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OPTIMALITY TESTING IN STOCHASTIC AND HEURISTIC
ALGORITHMS

�����	
���������	��� !"���	#��������$�	��������	�����������%

��������	�
����
���������	���������
�����	���
������	���������������  !�"	#�	
����	��
��	�

!$�%���������
���
�����	���������#��	����"	#�	
��&��	�	���������	��#�'�	(���	�)�
*�
#+���	���#�������������!��"	#�	
�������	��
��	�

,���	#-��(�	��.�/����#�������0(	�/�%#	
��#���!����#/��#��		�#�

1���	(���!�2���.������34�����%������5��
��)���� 

�&����'�(	:����
��;�;���@������
���������;;�
���
����������������
��
����������	�
��������;�
���
���
����������
����������
�#
�
���;�
�
6��
�����)��
����!�L����))������������������������
���
����������
������
�������������
�
������
�)������
����
��
���@�
���
��
�;��������������;�
���
�������
�)��������;;
�)�
����������
���;;��8
���
��������
��������������
�)
��)��
����!��������
�
����������
���;;������
���
����������
�)�����������������;;�
���
����������
�������;�
�
6��
������
5
�#;�� 
�)�;��	���!

��")����*	����������
��
����-����#2������
�����
��������
�������;�
�
6��
�����
��������������
�)����������
���;;��8
#
���
��!

�


�"$%�&'�"%�( )*�+�


�"'��&$�"$��*#)*,

��������	
�����
�
� ������
���
�
���
����


���	
����������
�����
��������������
��������
���

�������������	��
����
�

��������
����������������

1. Introduction

The stopping problem is topical in stochastic and heuris-
tic optimization algorithms. In this paper we consider the
application of order statistics to establish the optimality in
stochastic and heuristic optimization algorithms and to stop
the algorithm when the confidence interval of minimum be-
comes less than admissible value. Statistical inferences on
the maximal (minimal) value of a function are described by
Zilinskas and Zhigliavsky [1], and the application of the ex-
treme order statistics in the estimation of the location of the
maximum of a regression function can be found in Chen [2].

2. Method for testing the optimality by order statistics

The optimization problem is (minimization)

( ) minxf → � M"N

where ℜ→ℜn:f is a function bounded from below,

( ) ( ) −∞>==
ℜ∈

Axfxfmin *

x n , ∞<*x . Let this problem be

solved by the Markov type algorithm providing a sample

{ }N1  , ... , ηη=Η � M%N

which elements are function values )x(f kk =η . We sug-
gest a method for the estimation of confidence intervals of
minimum according to order statistics when the number of
iterations is finite. To estimate confidence intervals for mini-

mum A of the objective function it suffices to choose from

sample H only k+1 order statistic: ( ) ( )k, ηη , ... 0 , where

( )Nkk = , +∞→→ N,
N

k
  0

2

 [1]. Then the linear estima-

tors for A can be as follows:

( )∑
=

=
k

i
iik,N aA

0

η � M&N

where k is much smaller than N, a0 ,…, ak are some coeffi-
cients satisfying the condition

1
1

=∑
=

k

i
ia . Let us consider simple sets of coefficients

proposed by Hall [3]:
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Case II ( ) λλλ 111 −−− ΛΛ= Ta ,

where ( )T1 , ... 1, 1,=λ , Λ is the symmetric matrix which
elements are as follows:

 ( )
( )

� �
� �

�����
�

� �
��

� �

� �

� �

   Γ + + Γ + +   α α   λ = ≥
 Γ + + Γ + α 

7����������
( ) ( )

( )( ) ( )
1 1

1
21 1 1

T T

T T T

b b b b
a

b b b

λ λ

λ λ λ

− −
−

− − −

 Λ − Λ = Λ  
 Λ Λ − Λ 

�

where ( ) ( )1

1
1

   b    b  k10 +Γ






 ++Γ

==
i

i

b,...,,,bb i
α

, α  is the

parameter of distribution of extreme values. We examine a

choice of this parameter for continuous optimization

β
α n= � M'N

β  is the parameter of homogeneity of the function ( )xf  in
the neighbourhood of the point of minimum:

( ) ( )* *f x f x O x x
β − = −  

�O"��'P!

Then two-side confidence interval of the minimum of
the objective function is as follows

O εε +− k,Nk,N A,A P� M9N

where ( ) ( )( )
δ

ηηε α ⋅⋅Λ⋅⋅−⋅= aa
k

T

k 0

1

.

The one-side confidence interval of the minimum of the
objective function is as follows:

O ( ) ( ) ( )( ) ( )00,0 ,ηηηη γ −⋅− kkr P� M+N

where  

α

α

γ

γ

γ

1
1

1
1
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
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
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
+

=

k

k

k

k

c
r , γ  is the

confidence level.
The experimental research is a way of exploring the

behaviour of stochastic and heuristic algorithms [5] and,
thus, we investigate the implementation of the approach
developed for several algorithms by computer modeling.

3. Optimality testing in stochastic approximation

Let us consider the application of this approach to Si-
multaneous Perturbation Stochastic Approximation

(SPSA). Assume that function ( )xf  satisfies Lipshitz condi-

tion, ( )xf∂  is its generalized gradient, ( )ξ,xg  is a stochas-

tic gradient, ( ) ( )xf,xEg ∂=ξ , ( ) ∞<
2

ξ,xgE  [6].
The smoothing is a standard way for the optimization of

Lipshitz functions [6, 7]. We consider a smoothed function

( ) ( ) ( )� � �� � �� � �σ = +σξ ξ ⋅ �

where smoothing density p is Lipshitz function as well,

0≥σ  is the perturbation parameter. Functions smoothed
by this operator are twice continuously differentiable [6].
The gradient of the smoothed function may be expressed as
follows:

( ) ( ) ( )( ) ( )( )





 ∂⋅−+=

σ
ξσξσ plnxfxf

E,xg

and the stochastic gradient introduced:

( ) ( ) ( )( ) ( )( )
σ

ξσξξσ plnxfxf
,,xg

∂⋅−+= !

Let us introduce an optimising sequence:

� � ���� ��� �������� � �
�� � � �+ = −ρ ⋅ = � M4N

where ig  is the value of the stochastic gradient at point ix ,

iρ  is a scalar multiplier, �σ  is the value of the perturbation
parameter in iteration i, 0x  is the initial point. This sequence
used in the construction of sample (2) converges a.s. to the
solution of the optimization problem under convergence
conditions typical for Stochastic Approximation algorithms
[6].

4. Experimental results for stochastic approximation

The proposed method was tested with functions:

( ) Axaxf
n

j
jj +=∑

=1

β
 , where ja  and jb  are sets of

real numbers, 1=β . The coefficients of sequence (7) were

chosen according to the convergence conditions [6]:






=

ii
1

;1.0minρ ��
( )( )

( ) 




⋅

+⋅
++⋅= ϕσ

inn

nn
i

10
;1min

1

32
1.0 �

75.0=ϕ !

The estimate of minimum A, one-side and two-side con-
fidence intervals of minimum A of the objective function,
when coeficients a in (3) are computed according to all the
cases described above, are given in Tables 1 and 2.

The upper and lower bounds of the confidence interval
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of the objective function minimum value are given in Fig 1.
These bounds were estimated by Monte-Carlo method with
the number of trials N=500, when the confidence level was

95.0=γ and the coeficients in (3) were calculated accord-
ing to Case I. From the results of  Tables 1 and 2 and Fig 1
we can see that formulas (5) and (6) approximate the confi-
dence interval of minimum value rather well and that the
length of the confidence interval decreases when the num-
ber of iterations increases.

Thus, using formulas (5) and (6), we  can introduce the
stopping rule for the algorithm, namely, the algorithm stops
when the length of the confidence interval becomes less
than admissible value 0>ε . We can see the asymptotic
behaviour of the stopping rule in Fig 2 (e = 0.5, 0.2, 0.1,
0.05, 0.02, 0.01, 0.005, 0.002, 0.001, 0.0005, 0.0002,
0.0001, 0.00005, 0.00002, 0.00001). 5. Description of a simulated annealing algorithm

Let us consider the application of this approach to con-
tinuous global optimization by a simulated annealing algo-
rithm (SA).

The procedure of SA algorithm for solving problem (1)
is described as follows [8].

Step 1. Choose initial point no Dx ℜ⊂∈ , initial tem-
perature value 0>oT , a kind of temperature-dependent
generation prob-ability density function, a corresponding
temperature updat-ing function, and a sequence }0;{ ≥iiρ
of monotonically decreasing positive numbers. Calculate

)( oxf . Set 0=i .
Step 2. Generate random vector iz  by using the gen-

eration prob-ability density function. If there exists
nj ≤≤1  such that  i

i
jz ρ< , where i

jz  is j-th component
of vector iz , repeat Step 2. Otherwise, generate new trial
point iy  by adding random vector iz  to current iteration
point ix ,

#�+	$(�����;���
��	����
�������������;;
�)������������
�)���

2����:�� 500,2,95.0 === Nnδ

#�+	 �!� 2���
������ 	������ ��� �
�
���� M�� Q� $N

500,2,95.0 === Nnγ

��&��	$(	38;��
�����������������������@�#�
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0.95γ =
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91

12
89

0

25
11

6

41
20

5

Averaged number of iterations
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iii zxy += � M.N

If Dyi ∉ , repeat Step 2; otherwise, calculate )( iyf .
Step 3. Use the Metropolis acceptance criterion to de-

termine the new iteration point 1+ix  [8]. Specifically, gen-
erate random number κ  with the uniform distribution over
(0,1), and then calculate probability ),,( i

ii TxyP  of accep-
ting trial point iy  as new itteration point 1+ix , given ix
and iT ,

( , , ) min{1,exp{[ ( ) ( )] / }}i i i i
i iP y x T f x f y T= − !

If ),,( i
ii TxyP≤κ , set ii yx =+1  and )()( 1 ii yfxf =+ ;

otherwise, set ii xx =+1  and )()( 1 ii xfxf =+ .

Step 4. If the prescribed termination condition is satis-
fied, then stop; otherwise, update the value of the tempera-
ture by means of the temperature updating function, and
then go back to Step 2.

The sequence - . !/� �ρ ≥  of positive numbers specified
in Step 1 of the above SA algorithm is used to impose a
lower bound on the random vector generated at each itera-
tion for obtaining the random trial point. This lower bound
should be small enough and monotonically decreasing as
the annealing proceeds. Since the temperature-dependent
generation probability density function is used to generate
random trial points, and since only one trial point is gener-
ated at each temperature value, SA algorithm considered is
characterized by a nonhomogeneous continuous-state
Markov chain. By applying the generation mechanism and
the Metropolis acceptance criterion, SA algorithm produces
three sequences of random variables. These are sequence

- . !/�	 � ≥  of random vectors generated by the generation
probability density function, sequence - . !/�
 � ≥  of trial
points generated by (8), and sequence - . !/�� � ≥  of itera-
tion points deter-mined by applying the Metropolis accep-
tance criterion as described in Step 3. These three sequences
- . !/�� � ≥  of random variables are all dependent on tem-
perature sequence  determined by the temperature updating
function.

The next conditions yield the global convergence pro-
perty of the objective value sequence induced by SA algo-
rithm as described above for solving problem (1) (see Theo-
rem 1 in [8] ).

For 0>ω , 0>λ , and 0>i , let

0- 1 2 /� � � � � �ω = ∈ < +ω �

0 0
� � - 1 2 � 3 /�
 � � � � � � �λω λ = ∈ +ω ≤ < +ω+ !

Let 1 2µ ⋅  denote Lebesgue measure on  �ℜ ,  and 1 � 2�� �⋅
denote the temperature-dependent generation probability
density function used to generate random vectors. Assume
that, for every !ω > , 1 2 !�ωµ >   holds and there exist

constants  !λ >  and  !� >  such that

� �1 2 3�
 � �λω λµ ≤ , for all !� > .

Then, for any initial state �� �∈ , sequence

}0);({ ≥ixf i  of objective values converges in probability

to the global minimum 0�  if temperature sequence

}0;{ ≥iTi  determined by the temperature updating function

tends to zero, as � → ∞  and satisfies the following condi-
tions:

�

	4�1 � 3 2�
�

� �
∞ λ

=
− < ∞∑ �

�
�

��

��4 1 � 2 3 �

� � �

�
� 
 �


 � � �

� 
 � � � � � �τ
∈

− ≥ρ ≤ ≤

− ≤ ∀ ≥ �

�
�

��

�
� 1 � 2 3 � !

� � �

�
� 
 �


 � � �

� 
 � � � � �
∈

− ≥ρ ≤ ≤

− ≥ ∀ ≥ �

where !�� >  is an integer,  � !� >  and  � !� >  are con-
stants, and ! ��< τ <  satisfies �τ + λ > .

These conditions indicate that under suitable conditions
an appropriate choice of the temperature updating function
ensures the convergence of SA algorithm to the global mini-
mum of the objective function over the domain of interest.

The temperature updating functions are given below
corresponding to different kinds of generation probability
density functions to guarantee the global convergence of
SA algorithm.

Temperature updating 1. Suppose that the assumptions

described above hold. Let nr ℜ∈ , with components

jjDyxj yxr −= ∈,max , nj ≤≤1 . Let n/10 << λ ,

jnj r≤≤<< 10 min0 ρ , and n
i i 4/

0 / λρρ =  for all 1≥i ,

where }0;{ ≥iiρ  is the sequence used to impose lower

bounds on the random vectors generated in SA algorithm.

Let the temperature-dependent generation probability den-

sity function ),( iTp ⋅  be given by

� �

�

1 � 2 3 1 2�
�

�
� � � �

�

� 	 � � 	 � 	
=

= π + ∈ℜ∏ .

Then, for any initial point Dx ∈0 , sequence
}0);({ ≥ixf i  of objective values converges in probability

to global minimum *f , if temperature sequence }0;{ ≥iTi

determined by temperature updating function satisfies the
following condition:

�3
! 3

�
�� � �= �� ��������� =

where 00 >T  is the initial temperature value.

Temperature updating 2. Let nr ℜ∈ , with components



� "��6����
�+�	�������7�89�2��,:;<2�2&�<�*��1�,92<2��<�*�"=*�=��*�>���� ��"�#�?����<������>��

jjDyxj yxr −= ∈,max , nj ≤≤1 . Let 1≥m  be an integer,

1>c , }/,min{0 nmc<< λ , jnj r≤≤<< 10 min0 ρ , and
nmcm

i i )1(/
0/ +⋅= λρρ  for all 1≥i , where }0;{ ≥iiρ  is the

sequence used to impose lower bounds on the random vec-
tors generated in SA algorithm. Let the temperature-depen-
dent generation probability density function ),( iTp ⋅  be
given by

1 �23� 3

�

1 � 2 3 � 5 6 �
� ��

� �
� � ��

�

� 	 � � � 	 � 	
+

=
= + ∈ℜ∏ !

Then, for any initial state Dx ∈0 , sequence
}0);({ ≥iXf i  of objective values converges in probability

to global minimum *f  if temperature sequence }0;{ ≥iTi

is determined by the temperature updating function:

nm
i iTT /

0 /= �� ...,,2,1=i

where 00 >T  is the initial temperature value.
Temperature updating 3. Let nr ℜ∈ , with components

jjDyxj yxr −= ∈,max , nj ≤≤1 , 1>d , 1>c ,
c<< λ0 , jnj r≤≤<< 10 min0 ρ , and nc

i i ⋅= /
0/ λρρ  for all

1≥i , where }0;{ ≥iiρ  is the sequence used to impose lower
bounds on the random vectors generated in SA algorithm.
Let the temperature-dependent generation probability den-
sity function ),( iTp ⋅  be given by

�

1 � 2 1 �2 3 � 5 3 6-���5 3 6/ �

�

�
�

� � � � � �
�

�

� 	 � � � 	 � � 	 � �

	

=
= − + +

∈ℜ

∏

Then, for any initial point Dx ∈0 , sequence
}0);({ ≥ixf i  of objective function values converges in

probability to global minimum *f , if temperature sequence
}0;{ ≥iTi  determined by the temperature updating function

satisfies the following condition:

)exp( /1
0

dn
i ilTT ⋅−= �� ...,,2,1=i

where 00 >T  is the initial temperature value and 0>l  is

a given real number.
The descriptions above indicate that a different form of

the temperature updating function has to be used with
respect to a different kind of the generation probability
density function in order to ensure the global convergence
of the corresponding SA algorithm. Furthermore, the flatter
tail of the generation probability function implies the faster
decrement of the temperature sequence determined by the
temperature updating function.

6. Experimental results for simulated annealing
Experimental research is a way to explore the behaviour

of stochastic and heuristic algoritms (Pardalos (2000)). The
proposed method was tested with Beale functions:

 ( ) ( ) ( )
( ) ,625.2

25.25.1,
23

211

22
211

2
21121

xxx

xxxxxxxxf

⋅+−+

+⋅+−+⋅+−=

where the search domain is:

�Q�R#'!9�≤�@
"
�≤�'!9��#'!9�≤�@

%
�≤�'!9S�

and global minimum point is: (x1 , x2)
*=(3, 0.5) and mini-

mum function value is  f((x1 , x2)
*)=0.

The extreme value distribution parameter a was chosen
according to the homogeneity rule (4). From Figs 3 and 4
we can see the estimate of minimum A, confidence bounds
of this minimum value, the hitting probability to the confi-
dence interval of minimum A and its confidence bounds.
The results presented in these pictures have been obtained
using temperature updating 3. Similar results were obtained
for temperature updating 1 and 2.

7. Experimental results for Bin-packing

Modification of the Simulated Annealing method de-
scribed above was applied to Bin-packing problem.

The objective function was as follows:

( ) ∑
=

⋅=
n

i
ii yxxf

1
�

where nyyy ,...,, 21  are real positive numbers,
( )nxxxx ,...,, 21= , { }1;1−∈ix . Thus, set D consists of ver-

tices of the n-dimensional cube.

#�+	%(�3��
���������
�
�����

#�+	,(	2���
������ 	������ ��� ���� �
��
�)� ;��	�	
�
��� ��� ���
����
������
����������������
�
������������������
�����������

500,2,95.0 === Nnδ

Number of iterations

Number of iterations
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#�+	-(	3��
�������������
�
��������������5
�#�;�� 
�)

#�+	.(	2���
������	���������� �����
��
�)�;��	�	
�
��� ��� ���
����
������
����������������
�
������������������
�����������

100,15,95.0 === Nnδ

For comparison the real minimum value was established
by the full selection of   vertices  D.

8. Conclusions

The linear estimator for the minimum value of function
is proposed using the theory of order statistics and is stud-
ied in an experimental way. The estimators proposed are
simple and depend only on the parameter of the extreme
value distribution a. Parameter a is easily estimated using
the parameter of homogeneity of the objective function or
in a statistical way. Theoretical considerations and computer
examples have shown that the confidence interval of the
function minimum can be estimated with admissible accu-
racy when the number of iterations is increased. The stop-
ping rule using the minimum confidence interval has been
proposed and implemented in the Stochastic Approxima-
tion and Simulated Annealing.
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The optimality testing approach was explored by Monte-
Carlo method. The objective function was minimized by
SA method, where the numbers iy were randomly generated
with uniform distribution ( )1,0U  in each trial. Since in the
latter case the value of ( )xf  is asymptotically Gaussian,
the extreme value distribution parameter α is equal to 1.

In Figs 5 and 6 we can see the estimate of minimum A,
confidence bounds of this minimum value, the hitting prob-
ability to the confidence interval of minimum A and its con-
fidence bounds as well. The results presented in these pic-
tures have been obtained using temperature updating 1.

Number of iterations

Number of iterations
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