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The main notations

N set of positive integers

Ny set of non-negative integers

R set of real numbers

Rt set of non-negative real numbers

class of heavy-tailed distributions

S class of subexponential distributions

os class of generalized subexponential distri-
butions

L class of long-tailed distributions

oL class of O-exponential distributions

L(7) class of exponential distributions

D class of dominatedly varying distributions

Fe(x) =P < o) distribution function of the random vari-
able &

Fe=1-F; tail of the distribution function Fp¢

|z | integer part of the real number z

() fractional part of the real number z

Ta(x) = {(1) i i Z j’ indicator function of the set A

d.f. distribution function

d.f.s distribution functions

r.v. random variable

r.v.s random variables

i.i.d. independent and identically distributed

supp(X) = {x € R:

P(X =x) > 0} support of the discrete random variable X



For positive functions f and g we have the

following notations:

denotes that hm L; 0

denotes that lim sup % < 00

T—00

denotes that hm L; c

denotes that
0 < lim inf fg )) hmsupfg ; < 00

T—00 T—00



1 Introduction

1.1 Research problem, topicality and novelty

The research objects of the thesis are the randomly stopped sum S,
the randomly stopped minimum ), maximum § () and the randomly
stopped minimum of sums S(,) and maximum of sums S, These

randomly stopped structures are defined in Chapter 2 by the following
equalitiess:
Sp=&i+ oty SH=0,
5(77) = max{0, &y, ... 7§77}7
SM = max{Sy, S1,...,S,},

€= 0 if n=0,
() = min{&,..., &} ifn>1,
g . 0 if n=0,
() = min{Si,...,S,} ifn=>1,

where {&1,&a,...} is a sequence of random variables and 7 is a counting
random variable.

In this thesis, we consider conditions under which distribution func-
tions of randomly stopped Sy, &), ¢, S S belong to the class
of generalized subexponential distributions and to the class of heavy-
tailed distributions. The results presented in this thesis complement the
closure properties of randomly stopped sums considered in monographs
[6, 30, [50] and in the references therein. In this thesis the primary ran-
dom variables are supposed to be independent and real-valued, but not
necessarily identically distributed. The counting random variable de-
scribing the stopping moment of random structures is supposed to be
nonnegative, integer-valued and not degenerate at zero. In addition,
it is supposed that counting random variable and the sequence of the
primary random variables are independent. The motivation for investi-
gating randomly stopped structures primarily arises from insurance and
finance, where questions related to extreme or rare events are tradition-
ally considered, see e.g., [3, 22 [62]. In particular, exponential, Pareto,
gamma, lognormal and loggamma distributions are extremely popular
in actuarial mathematics. Mathematical aspects of risk theory related
to the calculation of ruin probabilities are addressed in numerous works;
see 3l [7, B3, 34, 62, [63] and references therein. From the mathemat-
ical point of view, the success of any insurance business depends on
the asymptotic behavior of the distribution of S, S ) and Sy)- If the
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distribution of the individual claim size Z is light-tailed, i.e.,

Ee'? < 0o

for some v > 0, then the ruin probability of the corresponding risk
process is also relatively small for large values of the initial surplus and
decreases with an exponential rate; see, e.g., [3, 34, 62, 63]. If the
individual claim size is heavy-tailed, i.e.,

Ee"? = o

for all v > 0, then the ruin probability of the corresponding risk process
decreases much more slowly as the initial surplus increases; see, e.g., [63].
Therefore, it is worth finding out at the beginning of the investigation
whether the distribution of individual claim sizes is light-tailed or heavy-
tailed. One of the most significant research directions in risk theory is the
investigation of the ruin probability when the distribution of claim sizes
is heavy-tailed. We will consider the class of generalized subexponential
distribution OS. From the description of this class it follows that some
distributions in this class have heavy tails, while others have light tails.
However, even in the event that the random variable generating the
claim flow has the OS-class or similar regularity, it is possible to provide
some considerable information about the ruin probability of the model
[9, [43], [65], [661, [72], [76]. Results regarding the asymptotic behavior of the
ruin probability typically differ across classes.

The closure properties in probability theory have a long history, back
from the middle of the previous century. They appear as substantial
supports in reliability theory, queuing theory, branching processes, risk
theory, stochastic control, asset pricing and others fields. Bingham,
Goldie and Teugels [6], Seneta [64] and Resnick [61] were among the first
researchers to study closure problems. In the mentioned monographs,
these authors fully explored the properties of slowly varying, regularly
varying, and O-regularly varying functions, which are closely related to
the closure properties of distribution functions. It is worth mentioning
that the majority of the initial results related to the closure problems
were obtained for the d.f.s of identically distributed r.v.s. A detailed
analysis of closure problems for two random variables is given in the
book by Leipus et al. [50]. The main novelty of this thesis is that not
only identically distributed r.v.s and not only two, but also a random
number of primary r.v.s are considered.

11



1.2 Aim and tasks

The main aim of the thesis is to find conditions for the independent
random variables {{1, &2, ...} and the counting random variable n under
which the distribution functions of Sy, &), & ), Sy and S () belong to
some regularity classes of distribution functions.

To achieve the aim, the following tasks are raised:

« To establish conditions under which the randomly stopped sum S,
belongs to the class of generalized subexponential distributions.

» To find conditions under which the randomly stopped &), e,

Sy and S belong to the class of generalized subexponential
distributions.

e To determine the conditions on the primary random variables, un-
der which the randomly stopped structures are either heavy-tailed
or light-tailed.

1.3 Methodology of the investigation

Belonging to the classes of heavy-tailed distributions is usually associ-
ated with the tail behavior of the distribution function. Therefore, to
estimate tail probabilities for sums of random variables and the mini-
mum, maximum, minimum of sums, maximum of sums, we use standard
methods of probability theory in this thesis. To investigate the tails of
randomly stopped sums, randomly stopped maximums and minimums,
randomly stopped manimum and maximums of sums, the set of all pos-
sible values of the counting random variable is usually divided into a few
subsets, where the tails are studied separately using different methods.
The tails of sums of random variables are evaluated using classical meth-
ods when the values of the counting random variables are held constant.

1.4 Defended propositions

e Distribution function of randomly stopped sums belongs to the
class of generalized subexponential distributions if the first distri-
bution belongs to this class and other members do not interfere,
and the counting random variable has finite support.

12



1.5

Distribution of randomly stopped sum is generalized subexponen-
tial, if the counting random variable is ultralight-tailed and tails
of distributions of primary r.v.s are asymptotically equivalent to
the same generalized subexponential distribution.

If distributions of independent r.v.s along with an independent
counting r.v. belong to the class of generalized subexponential dis-
tributions, then their minimum and minimum of randomly stopped
sums of independent r.v.s. belong to the same class.

In order to satisfy the condition for maximum, it is required that
first distribution is generalized subexponential, other tails of dis-
tributions of primary r.v’s are asymptotically equivalent to the
first generalized subexponential distribution and a counting ran-
dom variable has finite expectation.

Conditions under which the distribution function of the randomly
stopped maximum of sums is generalized subexponential are as
follows: the distribution function of the first r.v. belongs to the
class of generalized subexponential distributions, other tails of dis-
tributions of primary r.v’s are asymptotically equivalent to the
first generalized subexponential distribution and counting random
variable has finite exponential expectation.

For light-tailed primary r.v’s there exist randomly stopped struc-
tures that belong to the class of heavy-tailed distributions.

Publications

Karaseviciené, J., Siaulys, J. (2023). Randomly stopped sums with
generalized subexponential distribution. Axzioms, 12: 641.

Karaseviciené, J., Siaulys, J. (2024). Randomly stopped mini-
mum, maximum, minimum of sums and maximum of sums with
generalized subexponential distribution. Azioms, 13: 85.

Leipus, R., Siaulys, J., Danilenko, S., Karasevi¢iené , J. (2024).
Randomly stopped sums, minima and maxima for heavy- tailed
and light-tailed distribution Azioms, 13: 335.
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1.6 Conferences

o Atsitiktinai sustabdytos apibendrinty subeksponentiniy skirstiniy
sumos. 64th conference of Lithuanian Mathematical Society, June
21-22, 2023, Vilnius.

e Randomly stopped sums with generalized subexponential distri-
bution, properties of min, max and min, max of sums. The inter-
national scientific conference dedicated to the 160th anniversary of
Prof. Dr Hermann Minkowski, June 20-22, 2024, Kaunas.

o Randomly stopped sums with generalized subexponential distribu-
tion, properties of min, max and min, max of sums. 11th Tartu
Conference on Multivariate Statistics, June 25-28, 2024, Tartu.

1.7 Structure of the thesis

In Chapters[I]—[2] the necessary notations is introduced and an overview
of the known results is given. In subsection 2.1} we formulate the main
notions and recall the definitions of the classes H, S, OS, L, OL, D
and L(v), v > 0, along with some other related classes. In addition,
we describe some interrelationships among the classes of heavy-tailed
distributios. In subsection [2.3] we give a number of typical examples of
d.f’s from all classes under consideration. In subsection[2.4] we formulate
a few known results for several classes of distributions.

In Chapters [3]|— 5] we present our main results.

In Chapter [3, we determine conditions under which the distribution
function of the randomly stopped sum S, = §1 +& + ... +§;, belongs to
the class of generalized subexponential distributions, where: {£1,&2. ...}
is a sequence of independent possibly differently distributed random vari-
ables with distribution functions {F,, F,,...} and 7 is a counting ran-
dom variable independent of the sequence {;,&2....}. Theorems and
proofs are based on the publication [40].

In Chapter [4, we determine conditions under which the distribution
functions of randomly stopped minimum, maximum, minimum of sums
and maximum of sums belong to the class of generalized subexponential
distributions. As in Chapter [3] the primary random variables are sup-
posed to be independent and real-valued, but not necessarily identically
distributed. The counting random variable describing the stopping mo-
ment of random structures is supposed to be nonnegative, integer-valued
and not degenerate at zero. In addition, it is supposed that a count-
ing random variable and the sequence of the primary random variables
are independent. In subsection [£.2] it is demonstrated how randomly

14



stopped structures can be applied to the construction of new general-
ized subexponential distributions. Theorems and proofs are based on
the publication [41].

Chapter [5]investigates the randomly stopped sums, minima and max-
ima of heavy- and light-tailed random variables. The conditions on the
primary random variables, which are independent but generally not iden-
tically distributed, and a counting random variable are given in order
that the randomly stopped sum, random minimum and maximum is
heavy- tailed or light-tailed. The results generalize several existing find-
ings in the previous literature. The examples illustrating the results are
provided. Theorems and proofs are based on the publication [51].

Finally, the conclusions are formulated in Chapter [6}

Chapters [3] - [f] present a collection of auxiliary lemmas, and the
proofs of the main results.

2 Preliminaries

2.1 Randomly stopped structures

In this subsection we define all randomly stopped structures which we

consider in Chapters Let {&1,&2,...} be a sequence of in-

dependent random variables (r.v.s) with distribution functions (d.f.s)

{F¢,, Fe,, ...}, and let n be a counting random variable, that is, a non-

negative, nondegenerate at 0, and integer-valued r.v. In addition, we

suppose that the r.v. n and the sequence {£1,&s, ...} are independent.
Let Sp:=0,8,:=& +...+&, for n € N, and let

n
Sy = Z Sk
k=1

be the randomly stopped sum of the r.v.s £1,&o, .. ..

By Fg, we denote the d.f. of S;), and by F we denote the tail function
(t.f.) of a d.f. F, that is, F(z) =1 — F(zx) for x € R. It is obvious that
the following equalities hold for positive x:

Fs,(z) =P(n=0)+ ) P(n=n)P(S, < )
n=1
Fis, () = > By = m)B(S, > 2)
n=1
For instance, if
1

15



and

1
Fe, (x) = ]I(_OQO)(.%') + mﬂ[o’w)(x)’ kel 2,3.
then
Fs, (z) = Z P(n = n)P(S, > z)

n=1

_! L + io: Fe, x F; * I

=5 (1 n x)g P 9 &1 &2 13
1 1 =1

_ iy o0 0
2(1+a)° +n§2n e'(@), =>0,

where Fy x Fy = [ Fi(z — y)dFa(y).
0

In Chapter [3, we consider a sequence {&1,&s,...} of independent and
possibly nonidentically distributed r.v.s. We suppose that some of the
d.f.s of these r.v.s belong to the specific class of distributions, and we
find conditions under which the d.f. Fgs, remains in that class.
In our thesis the main results are obtained for the class of generalized
subexponential distributions OS and the class of heavy-tailed distribu-
tions H. We present a discussion of these considered classes and related
classes in subsection 2.3
Other randomly stopped structures which we consider in this thesis are
randomly stopped minimum, randomly stopped maximum, randomly
stopped minimum of sums and randomly stopped maximum of sums.
Suppose, as before, that {{1,&2,...} is a sequence of r.v.s and 7 is a
counting r.v. independent of {&1,...,&,}.

Let §g) = 0, {ny = min{y, ..., &} for n € N, and let

0 if n=20,
€m) = min{¢ .
Loy i =1

be the randomly stopped minimum of r.v.s {£1,&2,...}.
Let €0 =0, £ = max{¢;,...,&,} for n € N, and let

max{&,..., &} ifn>1

be the randomly stopped mazimum of r.v.s {&1,&2,...}.
Let, as before, S, be the randomly stopped sum of r.v.s {&1,&2, ...}, then

g 0 if n=20,
) = min{Si,...,S,} ifn=>1

16



be the minimum of randomly stopped sums of r.v.s {£1, &, ...}, and

max{Si,..., S} ifn=>1

be the mazimum of randomly stopped sums of r.v.s {£1,&2, ...}
We observe that the following equalities hold for positive z:

Fe, (@ ZP =n),
Fewy(z Z]P’ =n),
Fg,( Z]P’ =n),
Fym(x Z P(S™ > 2)P(n = n),

where F¢ =1 — Fy = P(¢ > x) denotes the tail function (t.f.) of r.v. &
For instance, let {1, &2, ...} be a sequence of independent r.v.s such that
the first member & has the Pareto distribution:

F& ({L‘) = (1 - (1_’_1x)3)]1[0,oo)(x)

and other elements of the sequence are identically exponentially dis-
tributed:

ng ($) = (1 — e_$)]1[0700) (x) ke {2, 3,.. }

In the case of the discrete uniform counting r.v. n with parameter
N = 3, we have:

(e’ 3 n

Few (@)= S PE™ > 0P =n) = 3 P( U6 > :c}>IP’(n — n)
1 n=1 “k=1
1

w

i@(fj{wm})

IP) 51 >x +P((fl > $) (52 > $))

com—
/‘\3

HR((E > 0)U(& > 0)U (6 > )

(IP(£1 > 2) 4 P& > 2) + P& > &) — P(&1 > 2)P(& > @)

Lo =

17



+ P(fl > $) + P(fz > l‘) + P(fg > x)
—P(& > 2)P(& > z) —P(& > 2)P(&s > x) — P(§& > 2)P(&3 > )

FP(E > 2)P(E > )P(E > x))

1/ 1 1 ., "
SPRATE| S E S

3\(1+2)3  (1+2)3 (14 2)3
1 —x —x 2e”" —2z 8_2x
+(1+$)3+€ +e —m—e +(]_<|>J,‘)3>]I[O’oo)($)
1
. e—?x 1
+ (e -3 )(1 — § +$)3)>]I[O,oo)($).
Fe (z ZIF’ min{¢y, ..., &} > z)P(n =n)
=Y Py =n) ][] Fe,(z)
n=1 k=1
1 1 e ™
= lewo (@ +35(G7 2)3 " (14 )3
—2x
+ (1e+ :E)3) [0 oo)(x)
1
_]I(,ooo)(.’ll')-i-g(l_’_ ) (1+e +e2 )II[OOO)( )
Fsy (@ ZFS<n) P(n=n)
1 1— 1—
- §F5<1> T §F5<2> + §FS<3>
= P(Sl > 37)
= FS1 (SC), z = 0.
_ © 13,
Fgw(2) =Y Fgm(z) P =3 > Fgml(
n=1 n=1
%( (S1 > 2) + P(max (S1,52) > ) + P(max (S1, Sa, S3) > )
= L(B(S1 > ) + (S, > 2) + P(S3 > 0))
1 3 n
=32 M Fa@)
n=1k=1
= S(P(E > 0) + B+ 6 > 1) HRE + &+ &> 2), 020,

18



2.2 Regularity classes of distribution functions

In this subsection we describe OS,H and related classes of d.f.s.

DEFINITION 2.2.1. R.v. & is said to be heavy-tailed (F¢ € H) if for any
A>0

EeM = / A AFg(2) = oc.

— 00

The class of heavy-tailed random variables ‘H has a very rich struc-
ture. The most important subclasses of H are defined below.

Subexponential and long-tailed distributions were first introduced
and studied by Chistyakov [I0] in the context of the branching pro-
cess. In particular, he proved that the subexponential distribution class
is contained in the class of long-tailed distributions and in the class
of heavy-tailed distributions. Later subexponential distributions have
found broad application in probability theory, renewal theory and the
theory of infinitely divisible distributions (see, e.g., [24} 25 [30, 58, [71]).
The class of subexponential distributions was studied also by Athreya
and Ney [4], Chover et al. [II, 12], Embrechts and Goldie [23], Em-
brechts and Omey [26], Cline [14] and Cline and Samorodnitsky [15],
among others.

DEFINITION 2.2.2. A d.f. F¢ of a non-negative r.v. & is said to be
subexponential, denoted Fr € S, if

Fe x Fe(x) ~ 2F¢(z).
Here and subsequently, x denotes the convolution of d.f.’s.

o A d.f. F¢ of areal-valued r.v. § is called subezponential F¢ € S if:

F(x) = Fe(2)T[g,00)(2)

belongs to the class S.

The class of subexponential distributions was introduced by Chistyakov
[10] and later studied by Athreya and Ney [4], Chover et al. [I1} 12],
Embrechts and Goldie [23], Embrechts and Omey [26], Cline [14] and
Cline and Samorodnitsky [15], among others.

DEFINITION 2.2.3. A d.f. F¢ of a real-valued r.v. is said to be generalized
subexponential, denoted ¢ € OS, if

Fe x F,
lim sup M < 00,

19



DEFINITION 2.2.4. A d.f. F is said to be long-tailed (F € L) if for any
fized y > 0 we have

lim M =1.

Shimura and Watanabe [65] introduced the class OL, which is the
direct generalization of the class £. In that paper, Shimura and Watan-
abe established the main properties of class £ and investigated some of
its subclasses.

DEFINITION 2.2.5. A d.f. F is said to be O-exponential (F € OL) if for
any fixed y € R we have

The last definition implies that F(z) > 0 for all z € R if F € OL.
It is obvious that F' € OL if and only if
F(z—1)

limsup ————= < o0, 2.2.1

or, equivalently,

F(z—1)
SuUp ———= < 00.
w20 F(z)

The last condition shows that the class OL is quite wide. Now we
describe the most popular subclasses of OL because we will present some
results on the random convolution of distributions from these subclasses
later.

DEFINITION 2.2.6. A d.f. F is said to belong to the class of exponential
distributions (F € L(vy)) with some v > 0 if for any fired y > 0, we have
F
lim FEHY)

DEFINITION 2.2.7. A d.f. F is said to be dominatingly varying (F € D)
if for any fized y € (0,1), we have
F(zy)

lim sup = < 00

The class of dominatedly varying d.f.s D was introduced by Feller
[28] and later considered in [6} [8, 45] 64 [69} [70] [75], among others.
The class L() with v > 0 was introduced by Chover et al. [IT] 12].
Later the various properties of long-tailed and exponential-like-tailed
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d.f.s were considered in [8] 22 3], 32 42, (9, [73]. Now we summarize
the interrelationships among the most important classes of heavy-tailed
distributions introduced above. Most of these interrelationships are well
known.

LNDCSCLCH, DCH.

Namely implication
LNnDcCcS

is proven in Proposition 1.4.4 in [25]. The inclusion
ScCL

is derived in Lemma 1.3.5 (a) at [25]. While the inclusion
LCH

follows from the representation formula (2.2.2). Namely, acording to
such formula (see Theorem 1.3.1 in [6]) for F' € £, we have that

F(logz) = a(x) exp {/ g(uu)du} x>0, (2.2.2)

1

where
Y
and
e(x) -0
xT o0

This implies that
F(z) = a*(z) exp {/5*(u)du} ,x >0,

with measurable functions a¢* and * such that

@)

and

£(z) 0.

Hence, for an arbitrary o > 0,

T—00 T—00

limsup F(z)e?* = limsupa®(z)exp {/(Q + z—:*(u))du}
0

= 0OQ.
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And F € H according to Definition [2.2.1
Figure [T] shows the interrelationships among the classes of heavy-tailed
distributions D, S, £ and H.

The above definitions imply directly the following interrelationships
which can be seen in Figure 2]

LcoL, DcoL and |JL(y) COL.

v>0

LNDcCcSCLCH, DCH

Figure 1: Interrelationships between d.f.s regularity classes

ccocL, pcoc, |JLk) cocL.

v>0
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Ch{ OL

U /L(y

v>,

/

Figure 2: Interrelationships between d.f.s regularity classes

2.3 Typical representatives of regularity classes

In this subsection, we give a number of d.f’s which belong to the classes
defined in subsection 2.2

ExamMpLE 2.3.1. The Pareto distribution with d.f.

F@ﬂ—1—<1+§> >0,

where b > 0 s the scale parameter and a > 0 is the shape parameter.

With a = 1, b = 5, we have Figure [3| with the tail function F(z).
For the Pareto distribution we show, that F' € LND. It is clear that
F(z) ~ (z/b)~% as © — oo. For this reason, the Pareto distribution is
sometimes referred to as the power-law distribution. The Pareto distri-
bution has finite moments of order k < a, whereas all moments of order
k > a are infinite. We have the following:
o [ € L for fixed y € R because

. Fl+y) .. (x+y\°
lim ——— = lim

)"

= lim (1+

T—r00

SHES
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Figure 3: Graph of the function F(x)= (1+z/5)7!

e ' € D for fixed y € (0,1) because

: F(zy) _ . zy\
lim sup — = limsup | —=
1 a
= lim sup <> < 00.
T—00 Yy

ExaMPLE 2.3.2. The Weibull distribution with d.f.

F(z) = (1 —exp{—= ()"} Tjp,00) (7)
is subexponential with oo € (0,1).

With a = 0.5, we have Figure 4 of the t.f. F(z).
Since F(x) =0 for x < 0, it follows that

F*Q
lmint 2o @) S o

On the other hand, for positive x,

P2@) = [ Fa-ydF()

(0,2]

[ P —par).
0
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Figure 4: Graph of the function F(:p) — o~ (@)°°
Therefore,

2 / dF(y / — y)dF(y)

/Fa;— (y).
0

Let the notation f(z) = O4(g(x)) means, that

lim sup @

=C, <
z—o0 g(T)

for some constant C,, depending on «.
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For any function ¢(z) with a property 0 < ¢(z) < z,

+a exp {z® — (z — y)* — y*Jy* 'dy
6(z)
+a / exp {z® — (z — y)* — y*Jy* 'dy
z—¢(x)
6(z)

=l+a / exp {z® — (z — y)* — y* 1y 'dy
0
2—¢(x)
+ o / exp {z® — (z —y)* — y* 1y 'dy
é(x)
é(x)

o [ expla® — (@ -y " Ho -y dy.
0

By choosing ¢(x) = log% x, we get

©-

(z)

a [ exp{z®— (z—y)* —y*}y* 'dy

&O\
—~

I
—

2
14+ Oq4 (ﬁ%if)) (1 — exp {— log? a:}) .

Il
7 N O©

26

)
exp {wa <az + Oq (ii)) }d(— exp (—y%))

(2.3.1)



In a similar manner,

<

(z)
exp{z® — (z —y)* — y*}Hz —y)* 'dy

Q
‘&O\

(z)

e o0 ) ) o
log% x #z) Y I—a o
1+Oa(x1_a )) 0/ (x_y) d(—exp (—y*))
2 2 I-a
1+ 0Oq (fﬁjf)) Oq (ﬁ%j) (1 — exp {— log? :c}) .

Finally, we can evaluate the remaining integral as follows:

|
—

I
N -~ N o

z—¢(z)

M) =a [ ep{a”— @y -y )y dy
o (z)

z—¢(x)
< max exp{—y* — (z —y)*texp{z®}la / a=1qy.
sy eyt = (@ y) T exp {af) s y*dy

When y € [¢p(x), z—¢(z)], the function acquires minima at the endpoints
of the interval. Hence,

I(z) < 2% exp{z® — ¢"(z) — (z — ¢(x))"}

= x%exp {xa (1 - <1 - @)a) —log2x}

After inserting the obtained integral estimates into the inequality (2.3.1)),
we have:

F2(x)

lim su
x—)oop F($)

2 2 -«
. loga x loga x 9
+ llgrgr;s;p <1 + Oq ( ia )) (1 + 04 (W) ) (1 —exp{—log x})

2
x® loga x
+limsup ——— 1+ 0 =2.
Pt exp {log? z} < “ ( xl-o ))

<1




From the established boundary relations it follows that

T2
lim Fi ()

EXAMPLE 2.3.3. The distribution from the paper by Cline and Samorod-
nitsky [15] with t.f.

F(x) =exp{ — |log(1 +z)|
—min {(1 + z)(log(1 4+ z) — [log(1 + z)]),1} },

where |z] denotes the integer part of z and (z) denotes the fractional
part of z.

10

08
I

04

1 1 T T
0 50 100 150

Figure 5: Graph of the tail function

The grapf of the tail function from example 2.3.3 is presented in
Figure 5| In this case, we have F' € D but F' ¢ L. By using the formula
of the t.f. we derive that

F(xz) =exp{ — [log(1+ z)] — min {(1 + z){log(1 + z)),1}}
<exp{— |log(l+x)]},

and

F(z) > exp{— |log(l +z)] —1},
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for any =z > 0.
Therefore, for each fixed y € (0, 1),

lim sup 7]*;(903/) < lim sup e~ Log(ttzy) [+ [log(1+a) | +1
T—00 X T z—o0
= elim sup 610g(1+x)—(log(l-l—w))—10g(1+;ry)+<log(1+zy)>
T—r00
. +x
= elimsup e(log(1 + zy)) — (log(1 + z))
T—00 Ty

_ ¢ lim sup 6(10g(1+xy)>—<log(1+x))
Y z—o0o
o2
< — < oo
Y
This estimate implies that F' € D.

By choosing the sequence x, =e"” —1, n € N we get that

F(z,) =exp{ — |log(e")| — min {(e")(log(e™)),1}}

—n

=e
and
F(xz, +1) =exp{— [log(e" +1)]
—min {(e" + 1)(log(e" + 1) — [log(e" +1)]), 1} }
e+ 1
_exp{—n—min{(e —|—1)log i 1}}
— efnfl
for large n.
The derived relations show that
F(z
lim sup g = 1
T—00 F(Jjn) (&

implying that F' ¢ L.

EXAMPLE 2.3.4. By Proposition 2.6 from [, an absolutely continuous
d.f. F belongs to the class L(7) if and only if

F(z) = exp { / (a(u) +b(u))du}

—0o0

for x € R, where measurable functions a and b satisfy the following
conditions:

(i) a(u) +b(u) > 0,u e R;
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(i) lim a(u) = 7;
(iii) Jim J a(u)du = oo;

(iv) Jim J b(u)du exists.

10

04

1 1 T T
1.0 15 20 25

Figure 6: Graph of the function
F(z) = exp {— <3$ + % + %arctanaz2 —4— g)}

If we choose

and

u
b(u) = (l—i—u4> ]I[l,oo) (u),
then we get the d.f. F' with the tail

30

1 1
F(z) = exp{— (330—1— -+ §arctana:2 —4-—
x

™

8

3.0

Vst

(2.3.2)

(2.3.3)



which belongs to the class £(3) because

. . 1y
Jig a(u) = Jim (3 - u) =3
/a(u)du = /(3—2>du—3x+—4—>oo,
u x T—00
x x u
lim / b(u)du = lim <4) du
T—00 T—00 1+u

1
= — lim (arctanz? — arctan1) = T
2 r—00

8

EXAMPLE 2.3.5. By Proposition 2.6 from [, an absolutely continuous
d.f. F belongs to the class OL if its tail F has the representation

T

F(:B)—exp{— / (a(u)+b(u))du} (2.3.4)

—0o0

for x € R, where some measurable functions a and b satisfy the following
conditions:

(i) a(u) +b(u) = 0,u € R;

(ii) limsup |a(u)| < oo;

U—00

(iii) lim inf [ a(u)du = co;

(iv) limsup| [ b(u)du| < cc.
T—r00 —00
If we choose
a(u) = (3 + cosu) My ooy (u) (2.3.5)
and
b(u) = (sinu0052 u) 1} o) (), (2.3.6)

then we get the d.f. F' with the tail

— 3 31
F(x)zexp{—<3x+sinx—cosx—3+COS —sinl |,z >1,

3 3
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Figure 7: Graph of the function
F(z) = exp{— (3:E+sin$— % -3+ % —Sinl)}

which belongs to the class OL because

limsup |a(u)| = limsup |3 + cosu| = 4,
€T x

liminf [ a(u)du = liminf [ (3 + cosu)du = oo,

T—r00 T—r00
—00 1
T x 1
lim sup L/ b(u)du| = lim sup /(3082 udcosu| < .
T—00 T—00 3
o0

In Figure [6] the tail function is presented according selected functions
2.32 and 2.3.3
In Figure [7] the tail function is presented according selected functions

2.3.5] and [2.3.6

EXAMPLE 2.3.6. Let the r.v. & have the generalized geometric distribu-
tion with parameters p € (0;1),0 < a < 1:

o ap®(1 —p) _
ST e (e e [ (R Ml
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For this r.v. tail of d.f. has the following form.:

— . - —a o - pk
Fe(z) = gﬁp(é“ =k)=ap(l—-p) k_%ﬂ (1— (1 —a)pF1)(1 — (1 — a)pk)

This distribution belongs to the class OL based on the results pre-
sented in [21]

EXAMPLE 2.3.7. Let the r.v. £ be distributed according to the Peter and
Paul law with parameters % and %

Since F¢ is a piecewise constant function, £ is a discrete random vari-

able.

04

03
I

0.1

In Figure[§] the tail function of d.f. Peter and Paul law is presented
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with parameters 1 and % For all z > 1, we have:

3
_ 1 1 — 1
Fe(w) = 3% 5=3 > =3 > &
3o sl S

1 1
= 3 + + ...
<7L}‘;§;§J+1 ol 42

_ | e (1 1 )
7 g3 3 7+72+...

long

7_Llog3
2 .

Therefore, this distribution belongs to the class D because

— log x
F 7L log 3 J

lim sup £ (y) = limsup loggyz
T—00 Fg(.%') T—>00 7L Tog 3 J

logz < log x >
7 log 3 log 3
= hm Sup logyz < logyz >
T—00 7 log3 log 3

_logy 0 I P §
7 log37 — 71+log310gy < 00

N

for any fixed y € (0,1).

EXAMPLE 2.3.8. Let & be r.v. having the t.f.

— e T sinzx
Fe(r) = T_oo,0)(7) + tap (1 + d) 1y o0 (),

where d > 2. According to the results of [16], the d.f. F¢ belongs to
class OS

In the particular case, if d = 3, then

— e T sin x
Fg(a;):(1+$)3<l+ 3 )
for x > 0.

The graph of this function is presented in Figure [0t
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Figure 9: Graph of the function
Fg(l‘) = ]I(—oo,O) (.%') (1+z) (1 + Sln;n) ]I[O oo)( )

EXAMPLE 2.3.9. The distribution with d.f.
F(z) = (1 —exp {— (72)})Ljp,c0) (2)

and the tail function

F(x) = exp {~ (v2)} Tjo,00) (%) + L(—o0,0)(2)
belongs to L(7), with v >0 but does not belong to OS .
Namely, for fixed y > 0,

lim M
_ i {1+ Y)}

vooexp{—yx}
=e V.

Hence F' € L(7).

On the other hand, according to the convolution formula:

F s F(z) = (1 exp {~ (y2)})(1 +72) L. 00)()
F F(z) = exp {~ (72)} (1 + 72) g ) () + T 0)(2).
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Figure 10: Graph of the function F(x)=e %®

Therefore,

T TF @)
_ oy P00 At yr)
vveeexp{—(y2)}

implying that F' ¢ OS.
The graph of the tail function with v = 2 is presented in Figure [I0]

2.4 Known results for several distributions classes

In this subsection, we will discuss the previously known results regarding
the classes under consideration.

For the class S the following result is obtained in Theorem 3.37 of
[31], (see also [4, 25] 2] 20]).

Theorem 2.4.1. Let {£1,&2,...} be a sequence of independent real-
valued r.v.s with a common distribution Fr € S, and let n be an inde-
pendent counting r.v. with an expectation En, such that E(1 +¢)" < oo
for some € > 0. Then,

Fs, () ~ EnFy(z),
and Fg, € S.
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e For any distribution F', define its Laplace-Stieltjes transform as

F(\) := / AMdF(z), A eR.
o A d.f. F¢ of a real-valued r.v. is said to belong to class F¢ € OS(7),
v =0, if R

F(y) <oo,  FeL(v),

and there exists finite limit

lim sup — = 2c < 00, ¢ — constant.

Theorem 2.4.2. Let {{1,&2,...} be independent real-valued r.v.s with
a common distribution F¢ € S(vy), v > 0, and let n be an independent
counting r.v. independent of {&1,&a,...}. If

> Py =n)max {(Fe(y) +¢)",1} < o0
n=0

for some e > 0, then Fs, € S(7).

We note that in Theorems [2.4.1] and 2.4.2] r.v.s in the sequences
{&1,&2, ... } are identically distributed. However, there are related reg-
ularity classes for which similar results can be obtained in cases where
r.v.s in {£1,&2,. ..} are not necessarily identically distributed. Here we
discuss two such classes.

The following assertion regarding Fs, € D is presented in Theorem
4 of [49].

Theorem 2.4.3. Let {&1,&2,...} be a sequence of independent real-
valued r.v.s with a common d.f. Fy € D, and let n be a counting r.v.
independent of {&1,&,...}. Then Fs, € D if EnP*! < oo for some

F
p > J;f = — lim log lim inf j(xy)
13 y—00 logy T—00 FE(J:)

In the inhomogeneous case, when sumands are not necessary identi-
cally distributed, the following statement is obtained in Theorem 2.1 of
[18].

Theorem 2.4.4. Let {&1,&a, ...} be a sequence of independent nonnega-
tive r.v.s, and let n be a counting r.v. independent of {&1,&2,...}. Then
Fs, € D if the following three conditions are satisfied:
(i)  Fe, € D for some s € supp(n) := {n € Ny : P(n = n) > 0},
no__
(ii) lim sup sup — L Fe (x) < oo,
1

00 n>x e (2) =

(iii) EnP™ < oo for some p > J;f5 .
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Examples of conditions for the function Fg, to belong to the class
L(7y) are provided in the theorems below. Theorem proved in [49]
present conditions for the homogeneous case for the class £ = £(0), while
Theorem [2.4.6) proved in [17] gives conditions for the inhomogeneous case
for the class £(y) with v > 0.

Theorem 2.4.5. Suppose that {£1,&2, ...} are independent nonnegative
r.v.s with a common distribution Fy € L, and let n be a counting r.v.
independent of {&1,&2,...}. If

F\(57) = o(VZ Fe(a)
for any 6 € (0,1), then Fs, € L.

Theorem 2.4.6. Let {£1,&2,. ..} be a sequence of independent r.v.s such
that for some v = 0

F
sup 7@@ +9) —e Y — 0
k>1 ng (33) T—00

for each fixed y > 0, and let n be a counting r.v. independent of

{&1.62,.. .} If

then Fs, € L(¥).

In the context of the randomly stopped sums, the class OS was
considered by Shimura and Watanabe [65]. In Proposition 3.1 of that
paper the following assertion is presented.

Theorem 2.4.7. Let {{1,&2,...} be a sequence of nonnegative indepen-
dent r.v.s with a common d.f. F¢, and let n be a counting r.v. such
that

P(n>1) >0, sup{x> 1:ZP(n:k)xk<oo} = 00.
k=0

Then Fg € OS if and only if F, (x) = Fe(x).

T—00

From the information presented, it is evident that that our main the-
orems [3.1.1] and [3.1.2] are in fact inhomogeneous versions of the formu-
lated theorem In [65], the class of distributions OS is considered
together with other distribution regularity classes. In that paper, several
closedness properties of the the class OS were proved. For example, it is
shown that class OS is not closed under convolution roots. This means
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that there exists r.v. ¢ such that the n-fold convolution Fg™ € OS for
all n > 2, but F¢g ¢ OS. In [5], the simple conditions are provided under
which the d.f. of the special form

Fe(z) =1- exp{ - /xq(u)du}
0

belongs to the class OS, where ¢ is some integrable hazard rate function.
For distributions of the class OS, the closure under tail-equivalence and
the closure under convolution are established in [75]. The detailed proofs
of these closures for nonnegative r.v.s are presented in [42] and for real-
valued r.v.s in [76]. The closure under convolution means that in the
case of independent r.v.s £1,& conditions Fy, € OS, Fe, € OS imply
that Fe, x Fy, = F¢ ¢, € OS. The closure under tail-equivalence means
that conditions Fy, € OS, Fg, () e Fe¢,(x) imply Fg, € OS.

A counterexample demonstrating that Fg , Fy, € OS for indepen-
dent r.v.s &,& does not imply that F¢ e, € OS can be found in [52].
Moreover, in that paper, the closure under minimum is established,
which means that F¢ ,Fy, € OS for independent r.v.s {1, implies
Fepne, € OS. The authors of the articles [46], 55] consider when the
distribution of the product of two independent random variables £, 6 be-
longs to the class OS. For instance, in [55], it is proved that d.f. Fgg
is a generalized subexponential if F; € OS and 0 is independent of &,
nonnegative and not degenerated at zero.

3 Randomly stopped sums with a generalized
subexponential distribution

3.1 Main results

In this subsection, we present the main results regarding randomly
stopped sums which belong to the class of generalized subexponential
distributions. Our first assertion describes the situation when the pri-
mary r.v.s. belong to the class OS and the counting r.v. has a finite
support.

Theorem 3.1.1. [f0] Let {{1, o, ...} be a sequence of independent r.v.s,
and n be a counting r.v. independent of {&1,&a,...}. If n is bounded,
Fe, € OS, and for other indices k # 1 either Fy, € OS or Fe, (x) =
O(F& (z)), then d.f. of the randomly stopped sum Fg, belongs to the
class OS.

Our second result describes situation when the counting r.v. can have
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unbounded support. In such a case primary r.v.s. satisfy the additional
requirements and the counting r.v. must have a very light tail.

Theorem 3.1.2. [f0] Let {n,&1,&s,...} be independent random vari-
ables, where counting r.v. n be such that Ee < oo for all A\ > 0. Then
Fs, € OS, if Fg; € OS and one of the conditions below is satisfied:

F
(i) P(n=1)>0 and limsupsup il (z) < 00;
T—00 k>1 Fél (.%')

F
(ii) 0 < lim inf inf —Sk (2 < lim sup sup —* (z) < o0.
T— 00 k=1 Ffl (a:) =00 k>1 Fgl (l‘)

R

3.2 Illustration of the results

In this subsection, we present two examples that demonstrate how The-
orems [3.1.1] and [3.1.2] can be used to construct distributions belonging
to the class OS. It is practically impossible to write the analytical ex-
pression of d.f Fig, in the general case, but according to Theorems
and [3.1.2] we can establish whether the constructed distributions are
generalized subexponential.

Example 1. Let & be r.v. having the t.f.

— e " sin z

Fe (2) = T_oo0) () + A+ap (1 + a) g 00y (),
where a > 2. According to the results of [16], the d.f. F¢, belongs to the
class OS. Therefore, Theorem states that the d.f. Fs, belongs to
OS for each sequence of independent r.v.s {£1,&2, ...} such that

ng(:c):O(( e ) ke{2,3,...),

1+ x)3

and for each bounded counting r.v. n independent of {{1, &2, ...}
In particular, the d.f. with the tail

— 1/—
Fs, () = Loo0)(0)+5 (Fey (2) 4 Fe, # Fey (2)+Fe, = Fi, » Fiy (2)) T o) ()

belongs to the class OS with

— e ¥ sin x
Fe (z) = T_0)(2) + 73 (1 + )]I[O,oo) (z),

_ e T si
Fey(z) = T_0)(7) + (14‘55)3<1 + >]I[0,oo)(93),

—x




Example 2. Let {7, &1, &2, ...} be independent r.v.s, where the count-
ing r.v. 7 is distributed according to the Poisson law with the parameter
p >0, and

Fe (z) = L_oony(@) +e' a2y oy () if ke{1,3,5,...},
T L oo)(®) +4e* 70 2 My oy (x) if ke{2,4,6,...}.

According to the results of [I3], d.f. F¢, belongs to the class OS. In
addition,

F
lim sup sup = Fe (%) =A4e.
r—00 k>1 Fg (.73)
Hence, the d.f. Fg, with the t.f.
Fs, () = Lo (@) +e* Z x By ko e () T o) (@)

is generalized subexponential due to Theorem [3.1.2]

3.3 Auxiliary results for Theorems |3.1.1H3.1.2

In this subsection, we will present and prove some auxiliary lemmas that
will be applied to the derivations of the main Theorems [3.1.1] and [3:1.2]
The first lemma will be used many times.

Lemma 3.3.1. Let X and Y be two real valued r.v.s with corresponding
d.f.s Fx and Fy. The following statements hold:

(i) Fx € OS if and only if sup FxxFx (@) o
z€R Fx(x)

(i) If Fx € OS and Fy(z) zfoofx(x), then Fy € OS.
(iii) If Fx € OS and Fy € OS, thenFX*Fyéos.
(iv) If Fx € OS, then Fx € OL i.e. limsup £ (95;1) < oo0.

T—00 X()
v) If Fx € OS and Fy(z) = O(Fx(z)), then Fx x Fy € OS and
Fx*Fy() = Fx({L')

T—00

Proof. A large part of the properties of the class OS listed in Lemma
mcan be found, for instance, in [42, [65] [75, [76]. However, for the sake
of exposition completeness, we present the full proof of the formulated
lemma.

Part(i). If Fx € OS, then

Fx x F
lim sup Fx + Fx() < 00 (3.3.1)
T— 00 FX(ZL‘)
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according to the definition. This estimate implies that Fx(z) > 0 for
each x € R. In addition, the inequality (3.3.1]) indicates that

Fx x Fx(x)

- <M
Fx(r)

if x > xpy for some M and z;.
If # < 2, then, obviously, Fx(z) > Fx(xp) and Fy * Fx(z) < 1.
Therefore, for each x € R we get that

Fx % Fx(z) s 1 ~
Fxlx) {M’ FX@:M)} <

because Fx(xpr) > 0. The last estimate finishes the proof of the Part
(i) because the condition

F F
sup DX Ex(@)
zeR FX(.Z')

implies (3.3.1)) obviously.

Part(ii). The condition Fy(z) =< Fx(z) implies
x

—00
F F
lim inf 73/(56) >0 and limsup 7y(:z:) < 0. (3.3.2)
z—oo [y :L') T—00 F)((I')

It follows from this that

Fy(x)
FX ((L‘)

<M7x>$M7

for some M and x;. If £ < 27, then

Fy(l’) < 1 < 00
Fx(x) = Fx(xM)

because Fx € OS implying that Fx(z) > 0 for each € R. According
to the derived estimates,
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Therefore, for each x € R,

[ Fy(z—y)

T+ Fy (z) = / < Fx(z —y)dFy(y)

This estimate implies that:

T—r00 y(l’) T—r00 Y(.%’)
Fx x F 1
C“lim sup XX (z)

T—00 Fx(z)  liminf Ey(@)
z—00 Fx(x)

due to the assumption Fy € OS and the first inequality in (3.3.2). The
last estimate indicates that the d.f. Fy belongs to the class OS. Part
(ii) of the lemma has been proved.

Part(iii). According to part (i) we have that

Fx x Fx(x)

su =(C] <o
vek  Px(z) !
and
Fy + F
zeR FY( )

Let X1, Xo,Y7,Ys be independent r.v.s. Suppose that X, X, are dis-
tributed according to the d.f. F'x, and Y7, Ys are distributed according
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to the d.f. Fy. For each z € R we get
(Fx * Fy)**(z) = (Fx = Fy) * (Fx * Fy)(z)

]P’(X1+Y1+X2+Y2>CE)
]P)(Xl—i-XQ—i-Yl—i-Yg) >w)

_ /P(X1+X2>x—y)dP(Y1+Y2<y)
oOF * Fx(x —vy)—
_ [ B EXE YR arm 1 vs <o)
Fx(r—y)

<o / Fx(z —y)dP(Y; + Ya < )

o
= Cl]P)(Xl—I-Yi +Y > JZ‘)

Fy *Fy(x - )
Fy(z —vy)

= Fy(z —y)dP(X; <)

< 0102 / Fy(ﬂ:‘ — y)dFX(y) = 0102FX * Fy(.ﬁl})

Hence,
F - )*2
sup( X * Y) ( )<0102
zeR  Fx * Fy ()
implying that Fx x Fy € OS by Part (i). Part (iii) of the lemma has
been proved.

Part(iv). From Part (i), we have

Fx x Fx(x)

su — =(C3 < o00.
veh Fx() ’
In addition, for x > 2, we obtain:
Fx + Fx(z / Fx(x — )dFx (1) / Fx(z — t)dFx(t)

(1,]
> Fx(w— 1)(Fx(x) - Fx(1))
By condition Fx € OS, we have that F x(z) > 0 for each x € R. Hence,
when z is large enough we have Fx(z) — Fx (1) > 0, and, therefore,
Fx(x—1)<Fx*Fx(x) 1
Fx(z) — Fx(z) Fx(z)—Fx(1)
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Implying that
Fx(:(} — 1) < 03

li < =
el Fx(z) S Fx(1)

and Part (iv) of the lemma has been proved.
Part(v). Since Fy (z) = O(Fx(z)), we have
Fy(z)
Fx(z)
with certain constants M and ;. If x < x4, then
Ey(m) <— 1
Fx(a}> FX (xM)

because Fx € OS implies Fx(zy) > 0. From both inequalities above
it follows that

< 00,

ngxeMa

< 00

1
sup <max { M, = =C}4
zeR Fx () { Fx(zm) }

Consequently, for z € R we get

[e.e]

PPy (@) = [ Py y)dFx(y)

<G / Fx(z— y)dFx(y)

= CyFx x Fx ((E) < 053(10 (3.3.3)
with some positive constant C5, where the last step in the above deriva-

tion follows from Part (i) of the lemma.
On the other hand, there exists a real b € R for which

Fy(b)=1-Fr(b) > |

For this b, we get

PR @) > [ Pt - ydfy(y)

(b,00)
>Fx(e-b) [ dFv(y)
(5 -
= Fx(e ~b)Fy(t) > L Fx(x)" )1;(;;(;)1))



Hence,

Fy = I 1 Fx(z—
iminf Y@ Ly e Fx(@ = b) (3.3.4)

In Part (iv) of the lemma we proved that Fx € OL. It is obvious that
Fx e OL& Fx(z—b) x;%OOFX(x) for each b € R.

Therefore, the estimate (3.3.4]) implies that
Fx « Fy(x)

lim inf ——

minf = > 0. (3.3.5)

From (3.3.3) and ([3.3.5]) inequalities it follows that Fiy * Fy (x) e Fx(x).

Moreover by Part (ii) of the lemma Fx * Fy € OS. This finishes the
proof of the last part of the lemma. O

Lemma 3.3.2. Let {X1, Xs...} be a sequence of independent r.v.s, for
which Fx, € OS, and for other indices k > 2 either Fx, € OS or
Fx,(z) = O(Fx,(x)). Then Fs, € OS for alln € N.

Proof. If n = 1, then the statement is obvious because 57 = X;. If
n = 2, then two options are possible: Fx, € OS or Fx, = O(Fx, (z)).
In the first case Fg, = Fx, * Fx, € OS according to Part (iii) of Lemma
In the second case Fs, € OS by the Part (v) of the same lemma.
Let now n > 2, denote

K={ke{2,..,n}: Fx,(z) = O(Fx,(x))}.

Initially let us assume that the set K is empty. In such a case, Fx, € OS
for all indices k € K¢ = {1,2,3,...,n}. By Part (iii) of Lemma [3.3.1] we
get that Fg, € OS.

Let now the index set K = {ki, ko, ..k} C {2,...n} be non-empty.
Since

F—Xkl (z) = O(FXI (2)),
Part (v) of Lemma implies that

Fx, « Fx, € 0S8, (3.3.6)
and
Fx, = Fx, (2) X (x). (3.3.7)
According the the relation (3.3.7)),
Fx, (z Fx, (z 1
lim sup &U < limsup fX’Q( ) —— <
z—oo Flx, * FXh () z—00 X, (z) limn inf Fxy+ x| (z)

T—00 Fx, (2)
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because FXk2 (z) = O(Fx,(x)) by definition of the set K. This means
that B
Fx,, (z) = O(Fx, * Fx, (z)).

Hence, according to (3.3.6) and part (v) of Lemma we get
FX1 *FXkl *Fsz = (FX1 *FXkl) *FX;Q S OS,

and

F‘X1 * kal * FXk2(£L') ac—>xooFX1 * FXk1 (ac)
By continuing the process, we obtain
T
Fic := Fx, M Fx,, = Fx, * Fx,, * Fx, * ...+ Fx, € OS,
j=1

and

FX1 *kal *FXk2 *...*FXkT(LL’)x_)XOOFxl *FXkl >|<F1Xk2 *"'*FXkr—l(‘T)‘

For the remaining indices k € K¢ = {2,3,...,n} \ {k1, k2, ..., ks }
d.f. Fx, € OS. By Part (iii) of Lemma we get

Fie := ] Fx, € O0S.
keKe

By using Part (iii) of Lemma again we derive that
Fs, = Fx * Fxe € 0S.
This finishes the proof of Lemma [3.3.2 O

Lemma 3.3.3. Let X1, Xo, ... be a sequence of independent random vari-
ables, for which Fx, € OS and

F
lim sup sup ﬂ < 0. (3.3.8)
=00  k>1 FX1 (33)
Then there exists a constant C for which
Fg, (z) <C" 'Fx, (2) (3.3.9)

for all x € R and for alln > 2.

Proof. The condition (3.3.8]) implies that




for all x > A with some positive constants Cg and A. If x < A, then

k>1 Fx, (z ) Fx, () = Fx, (A)
Therefore, for each x € R

< 0.

sup L (@) < max {06, Fl(A)} = (7. (3.3.10)
X3

In addition, the Part (i) of Lemma gives that
Fx, * Fx,(z) < CsFx, (x) (3.3.11)

for all z € R with some positive constant Cg. R
We will prove the inequality (3.3.9) with the constant C' = C7 Cs.
If n = 1, the inequality (3.3.9)) holds evidently because

F51 (x) = FX1 (QU)

If n = 2, then by (3.3.10) and (3.3.11]) for z € R we have
Fg,(x / Fx,(x —y)dFx, (y) < C7 / Fx, (z —y)dFx, (y)

= C7Fx, * Fx,(x) < C’FXI(x).
Suppose now that the inequality (3.3.9)) holds for n =m > 2, i.e.

Fsul®) am1 e,
FX1 (x)
After choosing n = m + 1, from this assumption and from (3.3.10)),

(B3.11) we get

FSm+1 /FS T — )dFXm+1( )
< Gm1 / Fx,(z —y)dFx,,., (1)
_ gm-1 / Fx, ..z —y)dFy, (y)
- o0
<C m—107 / Fxl (x - y)dFXl (y)



According to the induction principle, the inequality (3.3.9) holds for all
n € N. Lemma has been proved. Il

3.4 Proofs of Theorems [3.1.143.1.2]

In this subsection, we present proofs of the main results of this Chapter.

Proof of Theorem [3.1.1]
Suppose that 0 < n < L with P(yp = L) > 0 for some L € N. In such a
case, we have

L
Fs,(z) =) P(p=n)Fg,(z), > 0.

n=1

By Lemma we have that Fg, € OS implying that Fg, (x) > 0 for
all x € R. Hence, for each z > 0

Fs,(z) _ Py = ), (2)

— > — =P(n=1L)>0. (3.4.1)
FSL (ZL') FSL (l‘)
On the other hand,
o L-1
Fg,(z) =Y P(np=L—k)P(S,_j > x) (3.4.2)
k=0
For any random variable &, k € {1,2,...,L}, there exists a negative

number —ay, for which P(, > —ay) > 1/2. We have

P(SL_l > ac) = P(SL_l —aj > T — aL,éL > —CLL) —I—P(SL_l > iL‘,fL < —aL)

<P(Sp >z —ap) +P(Sp_1 > 2)P(€L < —ayr)
From this we derive that
P(Sp—1 > z) <2P(Sp >z —ar)
for each z € R. Similarly,
P(Sp—o >z) <2P(Sp—1 >z —ap—1) <4P(Sp >z —ap—1 —ayp)

also for each real number x. By continuing the process we obtain

k—1
IP)(SL,]C > x) < 2kP (SL >x — ZaL_j)
j=0
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for all x € R and for all £k =1,2,...,L — 1. After inserting the obtained
estimates into inequality (3.4.2), we get that

L-1 k—1

an(l‘) < Z P(n =L-— k) QkP(SL > — ZaL_j)
k=0 =0
L—1
é[P’(SL>:U—a)Z2kIP’(77:L—k)
k=0
=C"Fg,(z — a),

where

L-1 L
C*:Z2kP(77:L—k), and a:Zaj.
k=0 j=2

Consequently, for all z > 0

an (I) < C*FSL (.le — a)
FSL(‘T) N FSL (SU)

By Lemma and Part (iv) of Lemma it follows that Fg, €
OS C OL. Therefore

F
lim sup — 5 (@) < 0. (3.4.3)
T—00 FSL(I')

By (3.4.1) and (3.4.3)) we have,that:
an (:p) = FSL (.CE)

Therefore Fs, € OS together with Fg, by the part (ii) of Lemma m
Theorem [3.1.1] has been proved. O

Proof of Theorem [3.1.21 Part(i). Whereas
Fsye) = 3 Bln = n)Fs, (@), >0
n=1
by Lemma [3.3.3] we obtain that:
> C"1P(n = n)Fg, (@)

< =l _ < Ee® < o0, (3.4.4)
Fe, (z)

where C' is some positive constant.

On the other hand,

an (z)

Ffl (z)




Hence under conditions of Part (i), we have that Fg, () = Fe, (z).
T—r 00

Therefore Fg, € OS according to part (ii) of Lemma Part (i) of
Theorem [3.1.2 has been proved.

Part(ii). If P(n = 1) > 0, then the assertion of this part follows
from the proved part (i). Let now P(n = 1) = 0. Since EeM < oo for
each A > 0, the inequality (3.4.4]) implies that
Fs,(2)

lim sup =
T—00 & (.’E)

< o0. (3.4.5)

In addition, conditions of Part (ii) of the theorem give that

ka()
les()>A

for all z > xa and some positive A. If x < x, then

Fe,(x) Fg (2a) = ~
£ &k — inf k T >AF e
Inf Fe, (@) = jnf Fe,(on) & (ra) 2 AFg (za) :=C>0

due to the assumption F¢, € OS. The derived inequalities imply that
ka (z) > CF& (z)

for some positive constant C, and for all z € R, k € {1,2,...}.
Using the last estimate we get

; Fe (z —y) dFg, (y)
> C Ty, # Fe (z) > C Fe, (0)Fg, (), © € R.
Similarly,
FSB (:C)

Fe, (v —y) dFg, (y)

~ 9
= C F§1(O)FE1 *FE1(x) > C (F§1(O)) F§1(x)a z eR.
By continuing the process, we obtain that
J— ~ 1=
FSn(x) > C (Ffl(o))n FEl(x)

for all z € R and n € {2,3,...}.
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Therefore,

Pn=L)Fg.(x
lim inf S"( ) > lim inf ( ) (=)
T—00 a(x T—00 F§1 ($)
> P(n=L)C (F, (0)"" >0, (3.4.6)

where L = min{n > 2 : P(n = n) > 0}.
The derived inequalities (3.4.5) and (3.4.6) imply F'g, () = Fe, (2).
X o
By part (ii) of Lemma we get Fs, € OS. Theorem has been
proved.

4 Randomly stopped minimum, maximum, mi-
nimum of sums and maximum of sums with
generalized subexponential distributions

In this chapter we continue to consider the closure properties of the
class OS. We suppose that some elements of primary r.v.s. belong to
the class OS and we find conditions under which the randomly stopped
structures described in Chapter 2 remain in OS.

4.1 Main results

Our first result is on the randomly stopped minimum and the randomly
stopped minimum of sums.

Theorem 4.1.1. Let {&1,82,...} be a sequence of independent real-
valued r.v.s, and let n be a counting r.v. independent of {&1,&2,...}.
If Fe, € OS for each k, then Fe ., and Fg, belong to the class 0S8, and
it holds the following asymptotic relations:

%
Fg(n) (‘T) a:foo Fg(;{) (33) = ]H Fﬁk (.%‘), (411)
FS(n) (z) R FS(%) (), (4.1.2)

where » = min{k > 1: P(n = k) > 0}.

The second theorem states the conditions for the maximum of ran-
domly stopped, possibly differently distributed random variables to be-
long to the class OS.
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Theorem 4.1.2. Let {&1,&2,...} be a sequence of independent real-
valued r.v.s such that Fe, € OS, and let 1 be a counting r.v. independent
of {&1,&2, ...} with the finite expectation En. If

1 F
0<hm1nf1nf—z fk(x)
T—>00 n=ln

Fe, (2)
< lim sup su k
Fgl(l') x—>oop n>I1)n Z F&(CL‘)

< oo, (4.1.3)

then Fewy € OS and F o) (x) s Fe (z).

The third and the last theorem describes the conditions under which
the d.f. of the randomly stopped maximum of sums is generalized subex-
ponential.

Theorem 4.1.3. Let {&1,&2,...} be a sequence of independent real-
valued r.v.s such that F, € OS and the condition

F
lim sup sup —* (z) < 00 (4.1.4)
v—oo k21 Fg ()

is satisfied. Letn be a counting r.v. independent of {£1,&2, ...} such that
EeM < oo for all A > 0. Then Fgwy € OS and F g () xfooffl ().

4.2 Illustration of the results

EXAMPLE 4.2.1. Let {&1,&a, ..., } be a sequence of independent and iden-
tically distributed r.v.s such that

— e T sinx
Fe, (x) = ]I(_Oqo) (x) + )3 (1 + ) ]I[O,oo) (x), ke N.

(1+z 3

According to the results of [16], the d.f. F¢, belongs to the "edge" of
the class OS. In addition, requirements (4.1.3] - and - are certainly
satisfied. Therefore, Theorems can be applied for sequence
of independent and identically distm’buted r.u.s {&1,8, ..., }.

Theorem Ffl_j'l gives that d.f.s F =~ and Fg  belong to OS for each
counting r.v. 7 independent of {{1,&2,...}. In particular, if

P(n=mn)=(1-p)p" 2 ne{2,3,...}, pec(01), (4.2.1)
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then d.f.s Ff(n) and Fs(n) with tails

P, (@ Z Fe,, (2)P(n=n) = > (Fe, ()" (1 —p)p"
n=2
= (1= p)(Fe,(2))* > (Fe, (x))*p"
k=0
_0-p(Fa@)
- 1 - pF& (:U) ’ 7
F Z Fg,, (@)P(n =mn) (4.2.2)

= Z P(min{S1, Sy, ... 5.} > x)P(n = n)

n=2
=P(S1 > 2)P(n > 2) = Fe,(z), z >0,

belong to the class of generalized subexponential distributions.
Theorem implies that d.f. Fg belongs to the class OS for

each counting r.v. 1 independent of {1, s, ...} such that En < co. In a

special case, when the counting random variable is defined by the equal-

ity (4.2.1)), according to Theorem we obtain that the distribution
function with the tail

Fg(n) (z) = Z Fg(n) (@)P(n =n)
n=2

= Y B(max{n, 6. 60} > )

p n=2
_ 1p—2p ipn (1_P(max{§1752,_..§n} gm))
n=2
_l—p S n — - T
=3 (1 P(Dl{sk< })
1—2pz n (1_H]p>(§k<a:))
n=2 k=1
Iy (1—(F£1(96))n)
n=2
_l—p > n_l b - n N"
= ;::2 2 ;::219 (Fe, (2))
_q_1=p (pFg (@)’ —1-(1-p) Fe (@)



belongs to the class OS.

Finally, by Theorem [£.1.3] we obtain that d.f. Fg, is generalized
subexponential if a counting r.v. 7 is independent of {{1,&2,...} and
Ee?M < oo for each A > 0. In particular, if

1 o0
P(n=n)= —e_”Q, neN, Cyg= Ze_"Q,
Cg n=1
then d.f. Fg, with the tail
Fs(n) Z Fs(n) P(n=n)
Z ™™ P(max{S1,S52,...5,} > )

= F Z e P(S, > x)

Ze‘” P(& + o+ oo + & > 1)

n=1

Ze_n HF&C
n=1

\

belongs to the class OS.

EXAMPLE 4.2.2. Let {&1,&2,...} be independent r.v.s such that
. el—z
Fe (2) = T_oo 1y () + 2 I} oo (),

—T

ka(x) = ]I(foo,l)(iﬂ) + (e - A 1 1)6 ]I[l oo)( ), ke {2,3, .. }

According to the results of [13], [74)] d.f.s F, belongs to the class OS
for all k € N. In addition,

lim sup sup — Z =1, (4.2.3)

ka (z)

lim sup su =1, 4.2.4
:c—)oop k>If Fgl (.%’) ( )
and
" F 1
lim inf inf — Z & () =1-—. (4.2.5)
=00 nz2ln Ffl (l’) 2e
Hence, the sequence of r.v.s {£1,&a, ..., } also satisfies the conditions of

Theorems[3.1.1H4.1.1]
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Namely,

lim sup sup 75’“ (z)

T—00  k>2 Fg (CC)

(e 1 )e zfo

= lim sup sup kl ! 5
=00 >2 et
1
= limsupsup (1 - ——) = 1.
:Jc—>oop k}lg) ( e(k — 1))
Hence (4.2.3)) and (4.2.4) conditions hold.
Let’s check condition (4.2.5)), since for x > 1
Fi(z) =el™®z72
1 -
F =e—— ) "2 2 k=2
k(m) (e Lk — 1) 7k 73 5
we get that:
(a) n=1:
1Fy(z)
(b) n=2
1 F F
Fila) | Fofa),
2 ' Fi(x)  Fi(x)
1 e—1 1
= (1 —1- —
2( T ) 2e’
(c) n=3
1 F F F
( 1(@) | Fa(z) 73(3?))
3 Fi(z) Fi(x) Fi(z)
1 e—1 e—3
= (1 2
(R
1 3 1
——(3-2)=1-—
3( 2e) 2e

By continuing the process we derive condition (4.2.5]).

Theorem IZH_TI gives that d.f.s F¢, and Fg, belong to OS for each
counting r.v. 71 independent of {£1,&s,...}. In a particular case, when
r.v. n is distributed according to the geometric law (4.2.1)), distribution

56



functions Ff(n) and Fs,, belong to the class OS.
In our case, we have that

—X

_ 1—p)e & n 1
Fey (@) = Too ) (7) + ( pgp)e ) (exzp) 11 (e T r_1 )]I[Loo)(x)a
n=2 k=2

because for x > 1

Z Fﬁ(n) P(n=mn) = Ffl (%)F& (z)P(n = 2)

elfx 1 e %
el= 1 (e™® 1 (e™®
Tyl gy Ut
el= 1 ,e™®
Ty
_ e’ 1— n—2
(1—ple = re "p\n 1
=0 ;(ﬁ)kr_[(e—k_l)

In addition, FS(") (z) = F¢,(z) based on (4.2.2).

Similarly, Theorem Ffl_7| implies that d.f. Fy.) belong to the class OS
for each counting r.v. 7 independent of {£;,&s, ...} such that En < cc.
If the counting random variable is defined by equality , then by
Theorem [4.1.2] we obtain that the distribution function with the tail

Feop(z) = ]1(—00 1)(90)

Zka HFf ]I[loo )

n=2 k=1
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belongs to the class OS, because for x > 1

Fg(n) (z) = Z Fg(n) (x)P(n =mn)
n=2
e >
- 1p_2p an (1 _P(max{élag%-“{n} < .’B))
n=2

1— o0
= QPZP” pZ HP€k<fv
n=2 =
= pzp HFék
n=2 =

Theorem [4.1.3] states that d.f. Fgu,) belongs to the class OS if the
counting r.v. 7 is independent of {£1,&,...} and Ee < oo for each
A > 0. In particular, if n is distributed according to the Poisson law

n
P(n:n):%e*“, neNy={0,1,2,...}, u>0,

then d.f. Fg¢, with the tail

© n n
— Ay
Fgu(r) =e ”ZFHF&(%), =1,
n=1 """ k=1

because

n=1

= Z'u—' (max{Si,Ss,...S,} > x)
—e_“Z'u P(S, > x)

:e_“Z_: %P(§1+§2+...+§n > )

_e—uz H Ek 0,

belongs to the class OS.
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4.3 Auxiliary results for Theorems |4.1.1H4.1.3

In this subsection, we present Lemmas [£.3.1] and [£.3.3] that will be ap-
plied to the derivations of the main Theorems [4.1.1H4.1.3

The first new lemma which we use in the proofs is a refined version
of Lemma from subsection As a result, we present this lemma
together with a modified proof.

Lemma 4.3.1. Let { X1, X5...} be a sequence of independent real-valued
r.v.s, for which Fx, € OS, and for other indices k > 2, either Fx, € OS
or Fx, () = O(Fx,(z)). Then,

Fs.(e) = H Fx.(@) (4.3.1)
keA,
where Ay, := {k € {1,2,...,n} : Fx, € OS}, and hence, Fs, € OS for
all n € N.

Proof. If n =1, then the statement is obvious because 51 = X;. If n =
2, then two options are possible: Fx, € OS or Fx,(z) = O(Fx,(z)). In

the first case, Fis, = Fx, * Fx, In the second case, Fg,(x) = Fx, (z)
by Part (v) of the Lemma The asymptotic relation of the lemma
holds for both cases.

Let us suppose that the asymptotic relation is valid for some
n =N, i.e.,

Fg, () I~ H Fx, (x)= Fx, * Fy, *...Fx, () (4.3.2)
keAN
where Ay = {1,k1,..., k. } ={ke€{1,2,...,N}: Fx, € OS}.

The above relation and parts (ii), (iii) of Lemma imply that
Fs, € OS. The tail of any d.f. from class OS remains positive through-
out the set of real numbers. Hence, the relation (4.3.2]) implies that
F F
0 < inf —2X (z) < sup ﬂ) < 00. (4.3.3)

2R M Fy, () 2er M Fx,(7)
keAn keAN

For n = N + 1, we have two possibilities:
either Fx,,, € OS, or Fx,, (z) = O(Fx,(z)). If Fx, , € OS, then
according to (4.3.3]), it holds that

FSN+1($) = /O:O FSN (33 - y)dFXN+1(y)

o
< C1N/ H Fx.(z —y)dFx,,, ()
- keAn

=ciN HFXk(a:),a; eR
kEAN+1
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for some positive quantity ciny not depending on x, where Ay =
An U{N +1}. Similarly,

FSN-H (Jj) = CoN E[ka(x),x eR
k‘EAN+1

for some positive quantity cop.

The above two estimates imply the asymptotic relation in the
casen =N + 1.

If Fx,,, = O(Fx,(z)), then according to ([4.3.3)), for positive z, we
have

FXN+1 (:L') < L FXNH ($) < 1 FXNH (:17)
FSN(:U) coN K FXk(x) con 1 FXk(O) Fx, (:U)
keAn ke An\{1}
because
FXl(.%') H FXk (X1 > chl > 0,. XkT > 0)
ke An\{1}

<SP(X1+ Xg, +... 4+ Xg, > ),

where {ki,...,k.} = Ay \ {1}. Consequently, Fx, ., (z) = O(Fsy(x)),
and according to the Part (v) of Lemma we obtain that

Foyy(#) = Fsy # Fxy, (@) < Fsy(@ H Fx, (x
kGAN+1
with Anyy1 = Ap in the case.
We derived the asymptotic relation (4.3.1)) for n = N+1 by supposing

that this relation holds for n = N. Due to the induction principle, the
asymptotic relatlon is valid for all n € N. The assertion F; Sn € 0S

follows from after using part (ii) and (iii) of Lemma This

finishes the proof of the lemma.
O

For the maximum of sums S = max{S;, S,...,S,} the following
statement holds.

Lemma 4.3.2. Let {X1,Xo,...} be a sequence of independent real-
valued r.v.s, for which Fx, € OS and

F
lim sup sup —S (z)

< 00
=00  k>1 FX1 (x)

there exists a constant ca such that

Fgo (2) < ef Fx, (2)
for allz € R and n € N.
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Proof. If x € R and n € N, then
Fs(n) (Cl?) = P(max{Sl, SQ, . Sn} > LL’)

n

= [P(kul{sk > :L‘})

Z P{S; > x}.

k_

Let us suppose ¢4 = max{cs, 2}, with ¢3 = C from (3.3.9). According
to the estimate (3.3.9) from Lemma we have that

cpf —1
Fgom(z Zc?f "Fx, () < Fx, (2) 2
cy — 1
< ¢y FX1 (z).
The estimate of the lemma has been proved. ]
The next lemma is on the minimum X(,) = min{Xy,..., X,} of
a collection of independent r.v.s {Xi,...,X,}. The similar assertion

is presented in Lemma 3.1 of [52]. Unfortunately, the proof presented
there is suitable for nonnegative absolutely continuous r.v.s. Hence, we
present the detailed proof of the lemma below.

Lemma 4.3.3. Let {X1,Xo,... X}, n € N be a collection of indepen-
dent real-valued r.v.s with d.f.s {Fx,, Fx,,...Fx,}. If Fx, € OS for all
ke{1,2,...n}, then d.f. Fx,, of X(n) = min{ Xy, Xo,..., X} belongs
to the class OS as well.

Proof. If n = 1, then the assertion of the lemma is trivial. If n > 2, then
min{ Xy, Xo,..., X} = min { min{ Xy, Xo,..., X1}, Xy }.

It follows from this equality that it is sufficient to prove the statement
of the lemma for the case n = 2, i.e., it is sufficient for us to prove such
a statement:

X,Y independent r.v.s Fx € OS,Fy € OS = Fxay € OS.
(4.3.4)

o At first, let us suppose that X and Y are absolutely continuous
r.v.s. In such a case,

Frin(x,v) (%) = Fxay (z) = Fx(z)Fy(z)

:7k@@7h@®
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with density functions fx and fy. For x € R, we have

F)*(2/\Y($) _ 1

Fxav(z)  Fxay(z

) /FX/\Y(x —y)dFx vy (y)

1 T = = T
o e ZO Fx(z —y)Fy(z — y)dFx(y)Fy ()
_ 7 Fx(z—y)Fy(z —y)Fy(y)fx(y)dy
I Fx(x)FY(x)
[ Fx(z—y)Fy(z —y)Fxy)fr(y)dy
*_[o Fx@Fy (@) o)

If Y7 and Y5 are independent copies of Y, then

Fy(z—y)Fy(y) =P(Y1 > 2 —y)P(Ya > y) < P(Y1 + Y2 > z) = F}2(x).

for all z,y € R. Hence, the condition Fy € OS implies that

Fy(z —y)F Fy?
sup TYE-9IYG) @)
z,y€R Fy(x) zer Iy (z)

for some constant ¢5 according to Lemma [3.3.1fi). Similarly for
r.v. X, we obtain that

sup Fx(l“: Z/)FX(?J) < E)*(z(ﬂﬁ)
z,yeR Fx(l') z€R FX(:U)

for some another constant cg. Hence, according to the decomposi-

tion (4.3.5)),
FE TF d
sup 7X/\Y(x) g maX{C5,C6}Sup < / X(x:y)fX(y) Yy
ek Fxpy (@ zeR \ J Fx(z)

[ Fr(e—y)fvu)dy
+Zo Ty (2) >
= max{cs, cg} sup <F)*<2(x) + F;Q(x)>

zeR \ Fx(z) Fy(z)

< max{cs, c6}(c5 + ¢6),

which implies that Fx,y € OS due to Lemma m@) again.
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e Now, let us suppose that r.v.s X and Y are not necessarily abso-

lutely continuous.
At first, let us consider r.v. X. Since OS C OL (see Lemma
3.3.1{(iv)), we have that Fx € OL. If function F'x belongs to OL,
then the function Fx(logz), = > 0, is nonincreasing O-regularly
varying, according to Bingham [6], because

. Fx(logzy) Fx(logz +logy)

limsup =———>> = limsup S

oo Fx(logx) z—00 Fx(logx)

for an arbitrary y > 0.

From the representation Theorem - see Theorem 2.2.7 in [6], or
Theorem A.1 together with Definition A.4 and Remark on page
100 of [64] - we have that

Fx(logz) = exp {a(x) — A/ b(tt)dt}

for all z > A. Here, A is a positive number, ¢ and b > 0 are
bounded integrable functions. Therefore, for all x > log A

FX(x):exp{a*(x)— 7 b*(u)du} (4.3.6)
log A

with bounded and integrable functions a* and b* > 0. Since b* is
a positive-bounded and integrable function,

G(z) = (1 - exp{ — /x b*(u)dU}> Tjiog 4,00) (%)

log A

is an absolutely continuous d.f. from the class OL with a tail
function

T

é(x) = I[(foo,logA)(x) + eXp{ - / b*(u>du}ﬁ[log.4,oo) (1’)
log A

In addition, the boundedness of the function a* in (4.3.6)) implies
that B B
Fx(z) < G(z)

T—00

In a similar way, we derive that

Fy(z) =< H(x)



for some absolutely continuous d.f. H € OL. According to Lemma
3.3.1((ii) and the first part of the proof d.f. 1 —GH belongs to the
class OS, and from Lemma M(ii), again, we obtain Fx,y € OS
because - o

Fxny(x) = Fx(x)Fy(x) e G(z)H (z).

It follows from both parts of the proof that the relation (4.3.4)) holds.
At the same time, the assertion of the lemma has been proved. ]

The last technical lemma is an asymetric assertion for the assertion
of Lemma The lemma below can be used for the examination of
the randomly stopped maximum of sums. For the proof of the lemma
below, we use the revised episodes of the proof of Theorem [3.1.2]

Lemma 4.3.4. Let {Xi1,Xo,...} be a sequence of independent real-
valued r.v.s such that d.f. Fx, € OS and

lim inf inf M

>0,
T—00 k>1 FXl(x)

Then,

Fam F
s () > inf Fs,(z) > on-1
TzER FXI (:L') rER FX1 (x)

for alln > 1 and some c; > 0, where S, = X7 + ...+ X,, and S =
maX{Sl,SQ,...Sn}.

(4.3.7)

Proof. The conditions of the lemma give that

nf 20 S A (4.3.8)
k>1 FXI (:L‘)

for all z > xa and some positive A. If x < x, then

F - F F
uf 250 5 it B () = inf ZUA) By
k21 Fy, (z) ~ k21 k=1 Fix, (za)

> A Fyx (zp)i=cs >0

\

due to the assumption Fy, € OS. The derived inequalities imply that
Fx,(2) > cs Fx, (2)
for all z € R and k € {1,2,...}. Using the last estimate, we obtain

FXz (1’ — y)

Pat = | B2y

Fx,(z —y) dFx, (y)



Similarly,

FSQ (i’ - y)

Fs@= | Fo@=y

FXI (m - y) dFXS (y)
> ¢sFx, (0) / Fx, (- y) dFx,(y)
— cs 'y, (0) / Fx,(x —y)dFx, (1)

> ¢ Fx,(0) / Fx,(z —y)dFx, (y)

g Fx (O)Fxl*Fxl(ﬂﬂ)
g ( ) FXl(SU), z € R.

By continuing the process, we obtain

Fs,(z) > (esFx,(0)" " Fx, (2)

for all x € R and n € N. Hence, the second estimate in (4.3.7) holds
with ¢; = cg F'x, (0). The first inequality in (4.3.7)) is obvious because

Fg, () =P(S, > z) < P(max (S, S2,..5,) > z) = Fgm) ()
for an arbitrary real number x. Lemma has been proved. O

4.4 Proofs of Theorems [4.1.1H4.1.3

In this subsection, we prove all main results.

4.4.1 Proof of Theorem [4.1.1]

Proof. At first, let us consider the first part of the theorem. Due to

Lemma [3.3.1{(ii), it is enough to prove the asymptotic relations (4.1.1)
because F¢ € OS by Lemma @ By the definition of the randomly
stopped minimum for positive x, we have
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n=1
= FE(;{) (x)P(n = %) + Z Ff(n) (QZ)IP)(T] - n)
n=x+1
= P @ = )+ Fepy (@) > Bn=n) [] Fe(@)
n=x+1 k=sx+1
= Fey @F =1+ 5=y 3 Bu=n) TI Fa)
< Fe, (2)P(n = ») <1 + Fe )P(g(jf;”>

On the other hand, for all = > 0,
Ff(n) () 2 Fﬁ(z) (@)P(n = »).
On this basis, we can assert that

F €T f T
0 < liminf j("i)() < lim sup 75("7”

< 0.
e £\ T =00 FS(%) (z)

Hence, the relation holds, and by Lemma it follows that
Fﬁ(ﬂ) € OS.

Let us consider the second part of the theorem. By Lemma
we have that Fg, € OS for each k € N, and by Lemma we have
Fs., € OS. Hence, it suffices to prove the asymptotic relation
in order to obtain FS(n) € OS. Similar to the first part of the proof, we
obtain that

Fs(n) (z) < FS(%) (z)P(n = ») (1 + FS%_H (x)IP)—

P(n = »)
and
for all positive . Therefore,
FS T FS x
0< liminffwi)() < limsupf("i)() < 00,
Z—00 FS(%) x T—00 FS(%) (l‘)

and the desired relation (4.1.2)) follows. This finishes the proof of the
theorem. O
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4.4.2 Proof of Theorem [4.1.2]

Proof. For x > 0, we have

n=1
:ZP<U{§k>$}>P(T7:n)
n=1 k=1
:ZP<U (60> ﬂ{ﬁj<x})> (= n).
n=1 k=1 j=1
Therefore,
F£ Gl - 7&(1') Ml -
Fal 5 Z = 2 F L e

The condition (4.1.3) implies that
" ka (JJ)

kz::l Fe (x

for all n € N, some cg and sufficiently large x, say x > z1. Hence,

< cgn

~—

F
lim sup j(m Z P(n =n)n = coEn. (4.4.2)

T—00 51 (

In a similar way from (4.1.3)), we derive that there exists c¢19 > 0,
such that

zn: E&k(‘r) > clon
k=1 F€1($)

for all n and sufficiently large x, say > x9. The decomposition (4.4.1)
implies that for each N > 1,

o T N n k—1
lim inf ﬁ(ni)() > lim inf Z P(n=n) Z &k (z) Fe, ()
v=oo Fey (z) T T k=11 & (z) j=1
N n = k—
= Z P(n = n)lim inf Z Sk (z) 1F](x)
n=1 v o Fey(2) j=1
N n n—1
F
> P(n=n)liminf Fék (=) liminf ] Fe, (z)
n=1 k=11 & ([E) 7j=1
N
C10 Z nlP
n=1
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By passing N to infinity, we obtain

= c10En. (4.4.3)
Fe z)

Since 0 < En < oo, the derived relations and ( im-
ply that Fg(n) () = Fe¢, (z), and hence, Fg(n) € OS due to Lemma
r—00

3.3.1{(ii). Theorem has been proved. O

4.4.3 Proof of Theorem [4.1.3l

Proof. For x > 0, we have

P(S™ > 2)P(n = n).

NE

Fs(n) (37) =

Il
,_.

n

Therefore, for such x,

Fson (@) _ 5~ Fson (@)
Ffl(m) n=1 F&l(x)

Fyn
\g sup st )P(n:n)
1x>0 F51( )

1[M]8

(n=n)

<

M8

(c11) "P(n = n)

n=1

< E(cn)n < 00

with ¢17 > 2 due to the conditions of the theorem and Lemma
Consequently,

lim sup M < 00. (4.4.4)
Now, we check if
F
lim inf M > 0. (4.4.5)
T—00 F&( )

For positive z, it holds that

Fson (@) _ 5~ Fso (@)
F&(‘/E) nz:; F&("E) P(n )

_ Z P(max{&1, &, &n} > )

2 P >o) 0"
> i P(n =n)

n=1
=P(n>1)>0



The derived estimates (4.4.4)) and ([.4.5)) imply that F g, () = Fe, (z).
Hence, Fgi) € OS due to Lemma [3.3.1fii). Theorem has been
proved. ]

5 Randomly stopped sums, minima and max-
ima for heavy-tailed and light-tailed distri-
butions

In this chapter, we continue to explore the same structures, randomly
stopped sums, randomly stopped minimum, randomly stopped maxi-
mum, randomly stopped maximum of sums and randomly stopped min-
imum of sums. In the previous chapters, we focused on the class of
generalized subexponential distributions, and in this chapter we change
the main object of consideration to the class of heavy tailed distributions

H.

5.1 Main results

In this subsection we formulate the main results of the chapter. We
begin with the randomly stopped sums. We notice that the d.f. Fg,
can become heavy-tailed because of the heavy tail of some element in
{F¢,, Fe,, ...} or because of the heavy tail of the counting random vari-
able n.

Theorem 5.1.1. Let &1,&9, ... be independent real-valued r.v.s and let
n be a counting r.v. independent of the sequence {&1,&a,...}. The dis-
tribution Fs, is heavy-tailed if at least one of the following conditions is
satisfied:

(i) ]i€r>1flEeA5k > 1 for any A >0, and F,, € H;

(ii) I;I;ﬁ P(&; > a) =1 for some a >0, and F;, € H;

(iii) Fe, € H for some » > 1, and Fy(z) > 0 for all x € R;
(iv) Fe, € H for some 1 < s < maxsupp(n) and supp(n) is finite.
The distribution Fs, is light-tailed if at least one of the following condi-

tions is satisfied:
(v) Fe, € HE, F,) € HE, Fe,(x) >0 for all z € R and

F;
lim sup sup fg"i(x) < o0; (5.1.1)
T—o0  k>1 Ffl (IL‘)

(vi) supE e+ < 0o for some A > 0, and F,, € HE.
k>1
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Our next statement is about the randomly stopped maximum of r.v.s.
We observe that some conditions under which the distribution of the ran-
domly stopped maximum Fy, becomes heavy-tailed are the same as in
Proposition [5.1.1} Unfortunately, we were unable to construct a heavy-
tailed distribution Fy(, from the light-tailed primary r.v.s {£1,&2, ...}

Theorem 5.1.2. Let £1,&o, ... be independent real-valued r.v.s and let
n be a counting r.v. independent of the sequence {&1,&a, .. .}.

(i) If Fe, € H for some 5 >1 and Fy(z) >0 for all z € R, then
Fewmy € H;

(i) If Fe, € H for some » < max{supp(n)} < oo, then Feay € H;

(iii) The distribution Feu) belongs to the class HE if Fe, € HE,
Fe¢ (z) >0 for allz € R, En < oo and

1 - F
lim sup sup — T & (z)
z—00 n>1MN 1 F£1 (:L')

< 0. (5.1.2)

The statement below is on the distribution of the randomly stopped
minimum of r.v.s. From the formulation below, we observe that the tail
of the d.f. Ff(n) has significantly less chance of becoming heavy compared
to the d.t.s Fg, and Fe).

Theorem 5.1.3. Let £1,&o, ... be independent real-valued r.v.s and let
n be a counting r.v. independent of the sequence {&1,&a, .. .}.
(i) If Fe, € H and

F
liminf min M >0
S T, (o)

for 3¢ = min{supp(n) \ {0}}, then Fy, € H and
F&(n) (l‘) ~ P(U = %) Ff(u) (l‘),

(ii) If Fg, € H for 1 < k < 3 = min{supp(n)\{0}}, then F¢ € H".

The next two statements pertain to the heaviness of the randomly
stopped minimum of sums and randomly stopped maximum of sums. It
can be seen from the presented formulations that some of the conditions
were already present in the previous statements. However, for the sake
of clarity, we present the complete statements regarding the heaviness
of FS(?I) and FS(W) .

Theorem 5.1.4. Let £1,&9, ... be independent real-valued r.v.s and let
n be a counting r.v. independent of the sequence {&1,&a, ...}
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(i) If F¢, € H and 12}32 P(&; > 0) > 0 for » = min {supp(n) \ {0} },
then Fs(n) eHand

FS(TI)(:L') = F&(IL‘). (5.1.3)

T—00

(i) If Fe, € HE, then Fs, € H® for any r.v. 7.

Theorem 5.1.5. Let {£1,&2,...} and n be r.v.’s. as described in Theo-
rems [5.1.1{5.1.4) Then Fgu) € H if at least one of the following condi-

tions is satisfied:

(i) lir;fiEe)‘fk > 1 for all X\ >0 and F;,, € H;

(ii) ér>1f1 P(&; > a) =1 for some a >0 and F;) € H;

(ifi) Fe, € H;

(iv) Fg, € H for some » > 1 in the case of infinite supp(n) or for
some 1 < 3 < maxsupp(n) in the case of finite supp(n);

(v)  The distribution Fqy is light- tailed if

supE ek < 0o for some X > 0 and F, € He.

k>1

In the i.i.d. case, Theorem [5.1.1]immediately leads to following corol-

laries. It is worth noting that the first two corollaries can be found in
the monograph [31] as Problems 2.12 and 2.13.

Corollary 5.1.1. Let &1,&s, ... be i.i.d. real-valued r.v.s with a common
distribution F¢,, and let 1) be a counting r.v. independent of {£1,&2, .. .}.
If F¢, € HE and F,, € H® then Fgs, € H.

Corollary 5.1.2. Let &1,&, ... be i.i.d. nonnegative not degenerate at
zero r.v.s, and let n be a counting r.v. independent of {&1,&2,...}. If
F, € H then Fs, € H.

Corollary 5.1.3. Let £1,&9, ... be i.i.d. real-valued r.v.s with common
distribution Fe,, and let 1) be a counting r.v. independent of {&1,&2, .. .}.
If F¢, € H then Fg, € H.

Similar corollaries can be formulated for randomly stopped minima
and maxima.
5.2 Examples

In this subsection, we present two examples that demonstrate how heavy-
tailed distributions can be constructed using the randomly stopped struc-
tures discussed above.
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EXAMPLE 5.2.1. Let {&1,&2,...} be a sequence of independent r.v.s such
that the first member & has the Pareto distribution

Fo(@) = (1= 7 270) T @

and other elements of the sequence are identically exponentially dis-
tributed:

Fe, (x) = (1 — efx)]I[Oyoo)(.Z‘) ke {2,3, .. }

According to Theorem[5.1.1] (Parts (iii) and (iv)) and Theorem [5.1.5(iii)
distributions Fg, and Fg(, are heavy-tailed for any counting r.v. inde-
pendent of the sequence {&1,&2,...}. This is due to the fact that the
first primary distributions has a significantly heavier tail than the other
elements of the infinite primary sequence. For instance, in the case of a
discrete uniform counting r.v. with the parameter N > 2:

P(n=mn) = %, n=12,..N.
In this case we have:
e Ifk=1andz >0, then

1

Fg,(z) = Ffl (z) = m7

o If k=2andx >0, then
Fs,(x) =P(&1 + & > 2,6 > ) + P61 + & > a,& < )

~ Fe(a) + [ Feylo— y)dFey)
0

= Fe,(x) - / Fe (x—y)dFe,(y)
0

T

= Fe,(z) = Fe,(x = y)Fe, (y)

0

+ [ FelpdFe (o —y)
0

~ Fe,(a) - Fo (@) + Fe (o) + [ Fealy)dFe (o~ )
0

1 [y 1
:u+xﬁ+!e TP
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e If k> 2andz > 0, then similarly

Fg () =P& + &%+ .. +&>2)=P& + &+ o+ & > 2,8 > )
+PE + o+ .+ > a6 < 1)

— Fe(a) + / Feyr..re0)dFe (@ — 1)

e Yyl 1
1+:p Z/]l (14 (x—y))?*

Therefore, in the case of uniform discrete r.v. with parameter N > 2 we
have that distribution with the tail:

Fgon (@) = Y Fem (@)P(n =n) = 3 P([J{Sk > 2})P(n=n)
n=1 n=1 k=1
1 & 1 (Y 1
=—> Fg = —
Nkz::1 S N(g((lth)?’
L oYyl 1
*Flo/(y—l)! d(1+<x—y>>3>>
1 (R T 1
_<1+x>3+N,§j§<j—1>'!e e
1 1Nk [, 1
Tarr TN A <1<:—1>!0/e e

belong to the class H. Theorem [5.1.2](ii) implies that the distribu-
tion F¢( belongs to the class H for any counting r.v. 7 independent of
{&1,&2, . ..}. Meanwhile Theorem (i) and Theorem (i) imply
that Ff(n) and F S, are heavy-tailed for a counting r.v. under condition
1 € supp(n)-

In the case of the discrete uniform counting r.v. n with parameter N = 3,
we have that Fg =~ = Fe, and distributions with the following tails are
also heavy-tailed:



1+a)
—2x 1

+ (e_x — 3 )(1 — 7(1 n x)3>)]1[0700)(x).

Fe, (x) =Y P(min{éy, ..., &} > 2)P(n = n)
n=1
1
= ]I(foo,O) (.TC) + m(l + e ¥ —+ 6721)]1[0’00) (l‘)

Complete calculations are performed in subsection [2.1

EXAMPLE 5.2.2. Let {£1,&2,...} be a sequence of independent r.v.s uni-
formly distributed on the interval [0, 1], i.e.

Fe, (z) = 2o 1) (z) + T}y o0y (@)
for each k € N.
Obviously,

et — 1

1
h\ >

1
[ eM* :/ eMdx =
0

for any A > 0 and all k € N. Therefore, by Theorem [5.1.1](i) and The-
orem (1) we get that distributions Fs, and Fg, are heavy-tailed
for an arbitrary heavy tailed counting r.v. 7 independent of {£1,&a, .. . }.
Suppose that a counting r.v. n is distributed according to the zeta dis-
tribution with parameter 2:

1 1
P(n=n)=———
where
<1
C(S) —nE:1E, SEC,

denotes the Riemann zeta function. Such 7 is heavy-tailed. Theorems

(i) and [5.1.5|(i) imply that the distribution

s, (@) = Fyn(2) = 257 3 g FEr (@) T (o)
n=1
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belongs to the class H, where

| L
F¢ n'Z ()x—k)

is the well-known Irwin-Hall distribution with the parameter n, see | 35
36] or subsection 26.9 in [37]. Meanwhile Theorem [5.1.3](ii and- ii
imply that distributions with tails

Fgon(z) = Fg, (2),
F&(n) (z) = ]I(—oo,O) (z) + 6(12) Z %(1 — $)n]1[071)($)
n=1

are light-tailed despite the fact that the counting r.v. n distributed ac-
cording to the zeta distribution is heavy-tailed.

EXAMPLE 5.2.3. Let {£1,&2,...} be a sequence of independent r.v.s dis-
tributed according to the Burr type XII law, i.e.

F, (x)—(l—(1)3/2>]l (), k=1,2
&k 1_1_\/% [0,00) ) 3Ly ey

and let the counting r.v. n be independent of {&1,&2, ...} and distributed
according to the shifted Poisson law, i.e.

1
Since F¢, € H and

F 1 \3/2
lim inf min 7&@) = min (—) =37%/1 >0,
T00 1<k<3 F& (r)  1<k<3 \WVE

we get from Theorem (1) that Fe, =€ H and
_ 1
Fe (@ )w_wo S Fe, () (5.2.2)

with _

3
F§(3) (.13) = P(min{fh 52753} > -77) - H F&k (1‘)
k=1

1 3/2
N ((1+ Vo)1 +\/ﬂ)(1+@)> !

Fe () = > P(min{éy, ..., 6} > 2)P(n =n)

n=1
=" P(n=n) [] Fe, ()

n=1 k=1

1 1 n 1 3/2
_e§3<n—3>!kﬂl(1+%)



A graphical representation of the asymptotic (5.2.2)) is shown in Figure
11l

0.04 0.06 0.08 0.10 0.12
] | | ] |

0.02
|

T T T T T
0.5 1.0 1.5 2.0 2.5

Figure 11: Comparison of tails Ff(n) (blue line) and Fg(g)
(red line) from example

We note that Theorem i) can also be applied to other Burr
type XII distributions whose distribution functions have the form

F(z) = (1 ~(1+ (Z)a)_7> ljp,00) (),

where a, 3,7 are positive parameters, see [67] for instance.

EXAMPLE 5.2.4. Let {&1,&a,...} be a sequence of independent r.v.s such
that Fy, is distributed according to the Weibull law with the scale param-
eter 1 and the shape parameter 1/2, i.e.

Fe,(2) = T 0)(z) + 7V T o0y ().

Since F¢, € H, due to the Theorem [5.1.4(i) we get that d.f. of the
randomly stopped minimum of sums Fg, is heavy-tailed and

Fs(n) ($) = Fiﬁl($)

T—00

if 221}32%19’(& > 0) > 0 for s = min{supp(n) \ {0}}.
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For example, if

P&y = —1) = P(& = 1) = % ke{23,. ),

and 7 is distributed according to the shifted Poisson law ([5.2.1]), then
FS(n) € H and
() = e Ve,

FS(’?) z T—00

A graphical representation of the last relation is shown in Figure [12]
having in mind that

1 _ — _
4—66 ﬁng(n)(x)ge ‘/E,xZO,

and

1 o0

Py (@ ZP<H{S’“>$}>( I et

where

Agm(l')
e s

+ e~ Vat2(m—k)=2 ),me (2,3,...}; (5.2.3)
Agm1()
m—1
:22%2 (k;)( —/z+2(m—k) ) 4o VT +2(m—k)— )
k=0
2;@(1’:)@/5, me{1,2,...}. (5.2.4)

The last formula follows from the consideration below. Namely,

1 Yo ) 2
As(z) = Z(ef X2 eVl 4 Ze*‘/’z

1 /<3 o) /T
Ayx) = g(ef XS L emVXF2 | 3emVAHL | 367V
1
A5(ﬂf) _ 76(efx/x+4 + e~ Vx+3 + o~ VXH2 + 4efx/x+1) + 16;667\/;(7

Ag(z) = 32( VIS oV | e VRS 5oV | q0e VT 100V,

and in the general case we get (5.2.3)) and (5.2.4).
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Figure 12: Tail of d.f. FSW (blue line) and its bounds (red lines)

from example

5.3 Auxiliary results for Theorems

We formulate two lemmas that were used in the proofs of several main
theorems. Although the results of the lemmas are well-known and can
be found, e.g., in [3I], [50], [57], we provide the proofs for the sake
of convenience. the first lemma provides equivalent conditions for the
distribution F' to be classified as heavy or light tailed.

Lemma 5.3.1. Suppose that F is the d.f. of a real-valued r.v. The
following statements are equivalent:

(i) F is heavy-tailed, i.e. _f A dFe(z) = oo for any A > 0,

(ii) limsup e F(x) = oo for any A > 0,
Tr—00
(iii) limsup 2~ log F(z) = 0.
T—00
Similarly, the following statements are equivalent:

oo
(i) F is light-tailed, i.e. [ e*dFg(z) < oo for some A > 0,
—00
(ii’) lim sup e* F(x) < oo for some A > 0,
T—00
(iii’) limsup 2~ !log F(z) < 0.
T—r00

Proof. We prove only the first part of the lemma.
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(i) = (iii). Suppose that F(A) = oo for any A > 0. Let, on the contrary,

log I’
lim sup L(CL')

T—00 X

< 0.

Then there exist constants ¢ > 0 and x. > 0 such that z=!log F(x) < —¢
for x > x. or, equivalently,

F(z)<e ™ x> (5.3.1)

For any ¢ € (0, ¢), using (5.3.1)) and the alternative expectation formula
(see [53], for instance), we obtain

/ SUAF(u) = 146 / M (u)du
0
0.50)

=14 </1em + e:;) F(é‘llogu> du

5 511
< e Te _|_ e_C Ogudu

edze

5 o 51
= %% uw du.
e5zc

Since ¢6~! > 1, the last integral is finite, hence

~

F(8) < F(0) + PUdF(u) < oo,
[0,00)

leading to a contradiction.

(iii) = (ii). From the condition

limsupz ' log F(z) =0

T—00

we deduce that there exists an infinitely increasing sequence {x,} such
that
. -1 -
Jim 2, log F(z,) =0.

For any given A > 0, this implies that there exists n) > 1 such that
z 1 log F(z,) > —)\/2
for all n > ny. Equivalently,
A E (3,) > /2 n >y
Hence, e**» F(z,,) tends to infinity as n — oo, and thus

. AT . ATn T _
hgrgri}sgpe F(z) > Jim e F(z,) = .
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Since this holds for any A > 0, we have (ii).
(ii) = (i). Let

lim sup e F(z) = oo
T—00

for any A > 0. For any = € R we can write

[e.e]

/ MAF(u) > / MAF(u) > M F(x).
= (w,00)
Thus,
F(\) > limsupe™F(z) = oo for any A > 0.
Tr—00
Lemma [5.3.1] has been proved. O

The next lemma implies that H and H° are closed with respect to
weak tail equivalence.

Lemma 5.3.2. Let F' and G be two distributions of real-valued r.v.s.
(i) If F € H and

lim inf 28 5 ¢ (5.3.2)

then G € H.
(i) If F € HE, and G(z) < ¢F(x) for some ¢ > 0 and large x
(x > x¢), then G € HE.

Proof. Consider Part (i). By condition (5.3.2)) we obtain that
G(z) > ¢F(x)
for some ¢ and sufficiently large = (x > z;). Therefore,

limsup e G(z) > ¢ limsup e F(z) = 0o
T—00 T—00

for any positive A implying G € ‘H by definition.

The proof of Part (ii) can be constructed in a similar way by using
Lemma [5.3.1)(ii”) showing that
lim sup e*® G(z) < 0o

T—00

for some A > 0. Lemma has been proved. O

5.4 Proofs of Theorems 5.1.1H5.1.5|

In this subsection, we present the proofs of all the main propositions.
The proof of each proposition is assigned to a separate subsubsection.

80



5.4.1 Proof of Theorem [5.1.1]

Proof of Part (i). For any A\ > 0 and an arbitrary K > 1, we have

o0 [o¢]
Ee*" = E <e)\5n Z ]I{nn}> =E (Z eksn]l{nn}>
n=0 n=0
K
>E (Z e ]I{n=n}>

n=0
K

=Y Ee*"P(n=n) (5.4.1)

n=0
From the condition

inf Ee’k > 1
E>1

we derive that the estimate
[ ek > A

holds for some A = A(A) > 1 and all £ > 1. Therefore, for all n €
{1,..., K} we obtain

n
Ee*n = [[ Ee’ > A", (5.4.2)
k=1

This together with (5.4.1)) imply that

K
E e > Z A"P(n =n).
n=0
Since F}, € H, we have

K
A"P(n =n) = Ee"8 4] :
nZ:%) (n=mn) e {n<Ky 7

Hence, Ee* = oo implying Fs, € H by definition. Part (i) of the
theorem has been proved. ]

Proof of Part (ii). Let us fix an arbitrary A > 0. Due to the conditions
of part (ii), for such A we have

. A . A A
inf £ X = inf B (X g, >0 + € Tg, <o)

. A
2 I B e™ g >a)
> inf M P(&, >

= Infe (& > a)
—er > 1,

Hence the assertion of Part (ii) follows from Part (i) of the theorem. [
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Proof of Part (iii). The requirement F,(z) > 0 for all z € R implies
that a counting r.v. 7 has an unbounded support. Thus we can find
K > s such that P(n = K) > 0. Let A be any positive number and
M > 1. Then

K
EGASK > ]Eexp {)\ Z fk]l{ngM}}
k=1

K
= Eer s ] E rligamy o
el M —o0

k#x
because F,, € H and Ee** > 0 for each k € {1,...,K}. Therefore,
Fs, € H. By representation ([5.4.1)) we obtain that
EeMn > P(n = K)Ee M«

which implies that Fg, € H. This completes the proof of Part (iii) of
the theorem. O

Proof of Part (iv). Let K be such that P(n = K) > 0 and » < K.
Clearly, the conditions of Part (iv) imply the existence of such K. To
finish the proof of this part, it is sufficient to repeat the arguments of
Part (iii). O

Proof of Part (v). Suppose that 0 < § < A, and A > 0 is such that
EeMi < oo with &= §1lie, >01-
By the standard representation (5.4.1]) we have

oo
Ee’r =Y Ee’"P(n =n)

n=0
)
< Z Ee’ P(n =n), (5.4.3)
n=0
where S(()H =0 and
Sﬁf) = Z flj = Z fkﬁ{gkzo}a n c {1,2, .. }
k=1 k=1

Condition (b.1.1)) and the requirement
Fe(z) >0,z €R
imply that

T, () < 1T (a) (5.4.4)

82



for some ¢; > 0, all £ > 1 and all x € R. Therefore, by the alternative
expectation formula (see, for instance, [19]), we derive from (5.4.4) that

Ee’ =146 e For (u) du
0 &
<1+ (501/0 et Fe, (u) du
1 +
<1+ e (EeAXl — 1) = c2(9)

for any k£ > 1, where 1 < ¢2(0) < oo for 0 < § < A, and

limcy(0) = 1.
i 2(9)
Since ff, 5;, ... are independent r.v.s, we obtain

n
EedSh — 11 Ee'n < (ca(8))".
k=1

Hence, by inequality (5.4.3) and the condition F}, € H® we derive that

E e < Z (c2(6))" P(n = n) = Ee'820) < 50

n=0
if & € (0,2] is chosen to be sufficiently small. This implies that Fs, €
He. O

Proof of Part (vi). The statement of this part can be proved in manner
similar to that of Part (v). Namely, the conditions of part (vi) imply
that

+
sup E Mk = ¢y
k>1

for some constants A > 0 and ¢y > 1. Therefore, using the alternative
expectation formula, we derive

Eef =146 ™ Fe, (u) du
[0,00)

5 _
§1+<)\/ eA“F>udu>

A\ Jl0,00) & (v)
:1+§(CA_1)

for all 0 € (0,A) and k& > 1. The last estimation and inequality (5.4.3)
imply that

E e < Z H Ee‘sflJcrIF’(n =n) < Ee7710g <1+%(CA71)).



If 6 € (0, A] is sufficiently small, then the last expectation is finite because
of F,, € H¢. Hence Fg, € H® as well. Part (vi) of the theorem has been
proved. O

5.4.2 Proof of Theorem [5.1.2]

Proof of Part (i). By the standard representation we have

Fewy(x ZP ") > 2)P(n = n)
> IP’(f(K > z)P(n = K) (5.4.5)

for x > 0 and any K such that P(n = K) > 0, K > 3. Due to the
conditions of Part (i) there exists a sequence of numbers K with the
above property. Obviously,

P(EX) > 2) = P(max{0,&1,..., 65} > )
> P(& > x). (5.4.6)

Consequently, for an arbitrary A > 0, we get from (5.4.5)) and ( -

limsup e Fe, () > P(n = K) limsup ™ Fe, (2).

T—00 T—00
The assertion of Part (i) follows now from Lemma O

Proof of part (ii). The proof of this part is similar to the proof of part
(i), because the conditions of part (ii) imply that there exists at least
one K such that K > > and P(n = K) > 0. O

Proof of part (iii). The standard representation implies that
Fey(x Z P(¢ =n)

=ZP(U{fk>x})P<n=n>

n=1 k=1

< i P(n =n) z”: Fe, (z) (5.4.7)
k=1

for positive .
Due to Lemma there is A > 0 such that

lim sup e** Fe, (z) < oc. (5.4.8)

T—r0o0
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It follows from the estimate ([5.4.7]) that

o
lim sup e Few (z) < limsup e Z P(n =n) Z Fe, ().

T—00 T—00 n=1 k=1

Condition ((5.1.2)) of part (iii) implies that
n — —
> Fe,(2) < cankF, (z) (5.4.9)
k=1

for all n > 1, for some ¢4 > 0 and for sufficiently large = (z > x1).

Therefore, by (5.4.8) and (5.4.9)) we get that

lim sup e Few(z) < esEn h?ljgp M Fe¢ (x) < c0.

T—00

The assertion of part (iii) follows now by Lemma[5.3.1] O

5.4.3 Proof of Theorem [5.1.3|

Proof of Part (i). By the standard representation we have

n=1 k=1
- Fﬁ(%) (z)P(n = ») + Z P(n = TL)Fg( )(1‘) H ng (x)
n=sx+1 k=41
< Py @Pl =) (14 Feon g = ). (3410

and

F&(n) (.T}) > 75(%) (UC)P(U = %)

for each positive z. In addition, the conditions of Part (i) imply that
Fg(%) (x) > 0 for all positive z. Therefore

Ff(n) () ~ P(n= %)FE(%)(x)'

From this, by using Lemma we conclude that Fe, €H if Fe ., €
‘H. Hence, to prove the assertion of part (i) it is enough to prove that
Fy,, € H for 1 < 5 < min{supp(n) \ {0}}.
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Given the condition F¢, € H and applying Lemma we have
lim sup e** Fg, (z) = oo (5.4.11)
T—00

for an arbitrary A > 0. The requirement

F
liminf min —2& (z) >0
w00 1<k<x Fe (x)

implies that

ka (x> 2 C5F§1 <$)
for some positive c5, sufficiently large = (z > z2) and for all 1 < k < s.
Therefore, for any positive A and large = (x > z2) we obtain

By relation (5.4.11f) we derive that

1191;11)s;p e Fg(%)( x) =00

implying that F¢ , € H. Part (i) of the proposition has been proved.
]

Proof of Part (ii). According to inequality (5.4.10)) and Lemma
Fe, € H° if Fe, € H" Since s is finite, the conditions F;, € H¢,

ke€{1,2,...,»} and Lemma imply that
lim sup e** Fg, () < 00 (5.4.12)

T—00

for some A > 0 and each k € {1,2,...,s}. For this A\ and an arbitrary
positive z, we have

)\z FE(K) f[ ( )\:v/%F )

k=1
Since A/ < A, due to (5.4.12)),

lim sup e**/* Fe, (x) < 00

T—00

for each k € {1,2,...,5}. Therefore,

ligrcrf;p e Fg(%) (x) < o0

implying that Fg, € H® by Lemma m Hence F, € H® as well,
and Part (ii) of the proposition has been proved. ]
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5.4.4 Proof of Theorem [5.1.4]
Proof of Part (i). If 2 =1, then for x > 0 we have

Fg, (z) = >, Fs,, @)Pn=n)
n € supp(n)\{0}

> s, () By = 1)
= Ffl (z)P(n=1),

and

hE

Fs, (@) = > Fs,, (2)B(n=n)

i
I

M

P (min{Si,..., S} > z) P(n =n)

3
Il
N

M

P(ﬁ@%>xﬁwm=n>

1 k=1

3
I

IA
NE

P(S; > x)P(n =n)

3
I
—

!

31 (z)P(n > 1).

The derived estimates imply the asymptotic relation ([5.1.3)) in the case
x =1
Let us now suppose that » > 1. Due to the conditions of Part (i)

P(&, > 0) > ¢

for some cg > 0 and all 1 < k < 5. Hence by the standard decomposition
we get that for positive x

—B((V{er o+ 6> 2} Bl = )
k=1

ZP(§1>LE,§QZO,...,§%ZO) P(T]:%)

P& > o) [] P& > 0)B(n = »)

k=2
> ¢f T P(n = %) Fe, (v). (5.4.13)
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On the other hand, similar to the case when s = 1, we have

Fg(n) (x) = Z ]P’( ﬂ {Sk > x})IP’(n =n)

n€supp(n)\{0} k=1

< Y P(Si>a)P(n=n)
n € supp(n)\{0}
= F¢, (2)P(n > ). (5.4.14)

Estimates ((5.4.13) and (5.4.14)) imply that the asymptotic relation
(5.1.3]) holds for any possible s. In addition, we observe that, by Lemma

the distribution Fyg,, belongs to H together with Fg,. Part (i) of
the theorem has been proved. ]

Proof of Part (ii). The statement of this part follows immediately from

the estimate (5.4.14)) and Lemma because

lim sup e*® Fg(n) (z) <P(n>1) lig;sgp A Fe, (2)

T—00

for any A > 0. O

5.4.5 Proof of Theorem [5.1.5|

Proof of Part (i). The proof of this part is similar to the proof of Part

(i) of Theorem Namely, for A > 0 and K > 2 by using (5.4.2)), we
get that

(m) (m)
Ec*"” > (M Icx)

K (n)
= ZEe)‘SnIP’(n:n)

with A = A(\)= ér>1f1 Ee*$k > 1. The condition F,, € H implies that

: og A
Aim E (e <) = oo

Therefore, Ee*S"” = o for an arbitrary A > 0, i.e. Fgiy € H. Part (i)
of the theorem has been proved. ]
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Proof of part (ii). The assertion of this part is obvious because condition
]ir>1f1 P(&; > a) = 1 with a > 0 implies that ér>1f1 Ee?ék > 1 for any A > 0.
The details of this implication are presented in the proof of Theorem
5.1.1|(ii). O

Proof of Part (iii). For positive  we have

Fgm(x) =Y Fom (x)P(n =n)
n=1

>p( O {Sk > 2})P(n = n)
k=1

1

3
Il

M2

> P(S; > x)P(n =n)
1

= Fe, (z)P(n > 1). (5.4.15)

The assertion of Part (iii) follows now from Lemma because by
G.4.15)

3
Il

lim sup e Fyw(z) > P(n > 1) limsup M Fe¢, ()

Tr—00 T—00
for an arbitrary positive . O
Proof of Part (iv). The conditions of this part and and Theorem
(parts (iii) and (iv)) imply that Fs, € H. In addition, for positive x

Fyw(z) = i P(max{Si,S2,..., 5.} > x)P(n =n)

n=1
[ee]
> Z P(S,, > z)P(n =n)
n=1
=Fs, ().
Hence Fy( € H according to the Lemma Part (iv) of the theorem
has been proved. O

Proof of Part (v). Let A > 0 be a positive number specified by the con-
dition of part (v), i.e.

sup EeMr = ¢,
E>1

with some positive constant ¢). For this A we have

AT AEF AEF
supEe™r =supE(e™r Tie, >ov + €7 Mg, o
K> > 1 ( {€k20} {&k< })

_ Ak
= sup E (e Lig >0y + ]I{£k<0})

Sé)\+17
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where & = &g, >0y for k € {1,2,...,}. Due to Theorem [5.1.1vi) d.f.
F (1) belongs to the class H¢ with r.v. ST(7+) =&+ + &
n

According to the standard representation, for positive x, we have

Fyw(z) = Z P(max{Si,Sa,...,5,} > x)P(n =n)
n=1

P(max{Sﬁ), S§+), S} > 2)P(np = n)

IA
hE

i
L

P(S$Y) > z)P(n = n)

M

‘3
Il
-

= FSr(FL) (,I)

By applying Lemma [5.3.2] we get that d.f. Fig(, is light-tailed due to
the light tail of d.f. F(). Part (v) of the theorem has been proved. [
n

6 Conclusions

In this thesis, we studied distribution functions obtained by randomly
stopping minimum, maximum, minimum of sums and maximum of sums
of random variables. Primary random variables are considered to be real-
valued, independent and possibly differently distributed. The random
variable defining the stopping moment is integer-valued, nonnegative
and not degenerate at zero. We have found conditions when the dis-
tribution functions of these randomly stopped structures belong to the
class of generalized subexponential distributions. The belonging of the
distributions of randomly stopped structures to the class of generalized
subexponential distributions can be determined either by primary ran-
dom variables or by counting random variables. In this thesis, we have
considered the case when a set of primary random variables has a de-
cisive value. Our main results are formulated in Theorems ELT.ITHAT.3]
The primary random variables considered in all theorems can be dif-
ferently distributed. However, additional conditions of all theorems are
satisfied in the case where the primary random variables are identically
distributed.

In the future, it would be interesting to study the case when some
randomly stopped structure belongs to the class of generalized subex-
ponential distributions due to the specific properties of the counting
random variable. In such cases, primary random variables would likely
need to have significantly lighter tails compared to the tail counting of
the random variable.
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On the other hand, it would be interesting to explore the closure
properties of randomly stopped structures that are not related to the
sum or maximum, but related to the product of random variables, as was
performed in paper [60], for instance. In the class of generalized subex-
ponential distributions, this investigation would be easier compared to
that of other classes due to the results obtained in article [55].
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7 Santrauka (Summary in Lithuanian)
7.1 Jlzanga
7.1.1 Moksliné problema, jos aktualumas ir naujumas

Disertacijoje nagrineéjama atsitiktinai sustabdyta suma S, = {1+ - -+,
So = 0, atsitiktinai sustabdytas minimumas

€= 0 kain =0,
() = min{&y,..., &} kain>1,

atsitiktinai sustabdytas maksimumas &(n) = max{0,&,...,&,} ir atsi-
tiktinai sustabdyty sumy minimumas
g 0 kai n =0,
() = min{Si,...,S,} kain>1,

atsitiktinai sustabdyty sumy maksimumas S,y = max{So, 51, ..., Sy},
kai {1, &2, ...} yra nepriklausomi atsitiktiniai dydziai, o n skai¢iuojan-
tis atsitiktinis dydis, nepriklausomas nuo atsitiktiniy dydziu {£1, &2, . . .}
Sakoma, kad 7 yra skaiCiuojantis atsitiktinis dydis, jei n yra neneigia-
mas, sveikareikSmis ir neiSsigimes taske 0. Disertacijoje tiriamos sa-
lygos, kurioms esant atsitiktiniy dydziu Sy, £, e, S S pa-
siskirstymo funkcijos Fg, , Fg(,,>aFg(n)a Fg(m, Fq priklauso apibendrin-
tai subeksponentiniy skirstiniy klasei. Taip pat analizuojamos salygos,
kada atsitiktiniy dydziy minimumas, maksimumas, bei atsitiktiniy dy-
dziy sumy maksimumas ir minimumas priklausys sunkiauodegiy skirs-
tiniy klasei. Sio tyrimo praktiné reikimé yra susijusi su draudimine ir
finansine veikla, kur tradiciskai nagrinéjamos problemos, atsirandancios
dél nenumatyty ekstremaliy jvykiy. Matematiniu poziuriu, bet kokio
draudimo verslo sékmé priklauso nuo asimptotinio atsitiktiniy dydziy
Sny Sy, S () pasiskirstymo funkcijy elgesio. Jei atsitiktiniy dydziy pa-
siskirstymo funkcijos uodegos yra lengvos, tai rizikos atstatymo mode-
lio bankroto tikimybé yra maza, kai pradinis kapitalas yra santykinai
didelis. Ipaprastai tokiomis salygomis si tikimybeé gesta eksponentiniu
grei¢iu pradiniam kapitalui neapréztai augant(zr. pvz., [3, 291 33 [34] 56
62, 63]). Jei dydziy S;, S, ar S () skirstiniai priklauso sunkiauodegiy
klasei, tada rizikos atstatymo modelio bankroto tikimybé didéjant pra-
diniam kapitalui gesta laipsniskai (zr. pvz., |27, 138}, 39, 44, [47] 148, 54, 63
68]). Taigi tyrimo pradzioje butina iSsiaiskinti, kaip "elgiasi" atsitiktiniy
dydziy pasiskirstymo funkcijy uodegos.
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Viena iS svarbiausiy rizikos teorijos ar draudimo matematikos tyrimy
kryp-¢iy yra bankroto tikimybés nagrinéjimas, kai ieskiniy dydziy pa-
siskirstymo funkcijos turi sunkias uodegas. Siuo atveju bankrotas jpras-
tai jvyksta dél vieno didelio ieskinio. Misy tyrimo ojektas - apibendrinti
subeksponentiniai skirstiniai. Todél aiskinsimés ar suminiy ieskiniy S,
Sys S () paskirstymai priklauso disertacijoje tyrinéjamiems apibendrin-
tiems subeksponentinams skirstiniams.

Antra vertus, darbe gauti rezultatai susije su klasikine uzdarumo
problema. Bingham, Goldie ir Teugels (zr. [6]) vieni i$ pirmujy tyrinéjo
sia sriti. Visi klasikiniai rezultatai, susije su uzdarumo problema, na-
grinéja vienodai pasiskirséiusius atsitiktinius dydzius {&1,&2,...}. Tuo
tarpu Sioje disertacijoje yra nagrinéjami ne tik vienodai pasiskirste atsi-
tiktiniai dydziai. Parodoma, kada atsitiktiniuy dydziu Sy, &), S¢,) pa-
siskirstymo funkcijos pasilieka apibendrinty subeksponentiniuy (3,4 sky-
riai) arba sunkiauodegiy skirstiniy klaséje (5 skyrius). Yra nagrinéjami
ne du atsitiktiniai dydziai, baigtinis juy skaicius, o atsitiktinai stabdytas
skaicius. Disertacijoje
pateikiami rezultatai atsitiktinai parinktam duomeny skaic¢iui. Visi di-
sertacijoje pateikti rezultatai yra nauji ir originalus. Disertacijos rezul-
tatai publikuoti 3 moksliniuose straipsniuose.

7.1.2 Tikslas ir uzdaviniai

Pagrindinis disertacijos tikslas - rasti salygas nepriklausomiems atsitik-
tiniams dydziams {&1, &2, . . .} ir skai¢iuojanciam atsitiktiniam dydziui 7,
kurioms esant Sy, (), § ), Sy ir S, priklauso apibendrinty subek-
sponentiniy skirstiniy klasei. Taip pat siekiama iSspresti uzdavinj, kada
sunkiauodegiy skirstiniy klasé yra uzdara atsitiktinai sustabdytos sumos,
minimumo, maksimumo, sumy minimumo ir maksimumo atzvilgiu. Tik-
slas pasiekiamas jrodzius sekancius teiginius:

o Atsitiktinai sustabdytos sumos pasiskirstymo funkcija priklauso
apibendrinty subeksponentiniy skirstiniy klasei tuo atveju, jei pir-
masis skirs-tinys priklauso Siai klasei, kiti jam "netrukdo", o skai-
¢iuojantis atsitiktinis dydis turi baigtine atrama.

o Atsitiktinai sustabdytos sumos skirstinys yra apibendrintai subek-
sponentinis, kai skai¢iuojantis atsitiktinis dydis yra labai lengvas,
o atsitiktiniy dydziy uodegos yra asimptotiskai suderintos su pir-
muoju, apibendrintai subeksponentiniu skirstiniu.
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o Jei nepriklausomy atsitiktiniy dydziy skirstiniai su nepriklausomu
nuo juy skaic¢iuojanciu atsitiktiniu dydziu priklauso apibendrinty
subeksponentiniy skirstiniy klasei, tai atsitiktinai sustabdytas min-
imumas ir atsitiktinai sustabdytos sumos minimumas taip pat prik-
lausys Siai klasei.

o Kad buty patenkintos maksimumo ir sumos maksimumo
priklausymo apibendrinty subeksponentiniy skirstiniy klasei saly-
gos, reikalaujama, kad pirmas skirstinys buity apibendrintai subek-
sponentinis, skai¢iuojantis atsitiktinis dydis turéty baigtinj vidurkj,
o sumos maksimumui - baigtinj eksponentinj vidurkj.

o Randamos salygos analogiskai uzduociai sunkiauodegiy skirstiniy
klaséje. Taip pat pateikiamas atsakymas, ar jmanoma is keleto
lengvauodegiy skirstiniy gauti sunky pagal atsitiktinai sustabdy-
tas strukturas.

7.1.3 Tyrimo metodika

Kuriai is skirstiniy klasiy priklauso tam tikras skirstinys yra susije su pa-
siskirstymo funkcijos uodegos elgesiu. Vertinant atsitiktinai sustabdytos
sumos, atsitiktinai sustabdyty sumy maksimumo ir minimumo uodegy
pasiskirstyma Sioje disertacijoje naudojami jprasti tikimybiy teorijos ir
matematinés analizés metodai. Visy jrodymy pradinis zingsnis atlieka-
mas pagal pilno vidurkio formule. Po to gautos sumos nariai analizuo-
jami skirtingais metodais. Tokioje analizéje svarbiausia isskirti iS sumos
pagrindinius narius.

7.2 Pagrindiniai rezultatai

7.2.1 Apibrézimai

Disertacijoje nagrinéjame apibendrinty subeksponentiniy skirstiniy klase,
taip pat sunkiauodegiy skirstiniy klase todél pateiksime jy ir su jomis
susijusiy klasiy apibrézimus: H, OS, OL, S, L ir L(v). Cia, ir toliau:
F(z) = 1 — F(z), z € R - pasiskirstymo funkcijos F' uodega. Svar-
biausius sunkiauodegiy skirstiniy klasiy apibrézimus pateiksime zemiau.
Pradésime nuo subeksponentiniy ir ilgauodegiy skirstiniy klasiy, kurias
pirmasis aprasé Chistyakov [I0]. Pavyzdziui, jis jrodé, kad subekspo-
nentiniy skirstiniy klasé yra ilgauodegiy skirstiniy klasés dalis.
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o Sakoma, kad pasiskirstymo funkcija F' turi sunkia uodega (F € H)
jeigu bet kuriam § > 0

lim sup F(x)e® = oc.
T—r 00

e Sakoma, kad neneigiamo atsitiktinio dydzio pasiskirstymo funkcija
F yra subeksponentiné (F € S) jeigu

fim L2 F@)

Cia ir toliau * reiskia pasiskirstymo funkcijos sasiika.

e Realias reiksSmes jgyjancio a.d. pasiskirstymo funkcija F' yra subek-
sponentine, jeigu
FrxF+
i )y

su F+(z) = F) L o) ()

o Sakoma, kad realaus kintamojo pasiskirstymo funkcija F' priklauso
api-bendrinty subeksponentiniy skirstiniy klasei (F' € OS), jeigu

) F x F(x)
lim sup ——— < o0.

e Sakoma, kad pasiskirstymo funkcija F' priklauso ilgauodegiy skirs-
tiniy klasei £ (F' € L) jeigu bet kuriam teigiamam y > 0:

lim M =1.

Shimura ir Watanabe [65] apraseé klase OL, kuri yra platesné uz klase
L, bet kazkiek panasi j ja savo struktura.

e Sakoma, kad pasiskirstymo funkcija F' yra O- subeksponentiné
(F € OL), jeigu bet kuriam fiksuotam y € R, turime:

F F
0< liminfM < 1imsup(i;7+y) < 00.

Faktiskai, pasiskirstymo funkcija F' priklauso klasei OL tada ir
tik tada, kai



Paskutiné salyga rodo, kad klasé OL yra gana plati. Dabar mes apibudin-
sime populiariausias OL poklases.

e Sakoma, kad pasiskirstymo funkcija F' priklauso eksponentiniy
skirstiniy klasei £(7y), v > 0, jeigu bet kuriam fiksuotam y > 0

lim M =e Y7,

Kai~ > 0, klasé £(+) buvo pirma karta nagrinéjama Embrechts ir Goldie
Kai v = 0, akivaizdu, kad L(v) = L.
Kita zinoma sunkiauodegiuy skirstiniy klasé - dominuojamai kintanciy
skirstiniy klasé D.

e Sakoma, kad pasisikirstymo funkcija F' priklauso dominuojamai
kintanéiy skirstiniy klasei D , jeigu bet kuriam fiksuotam y € (0, 1)

F
lim sup 7($y) < 00
T—>00 F(x)

Dominuojanciai kintanéiy skirstiniy klasé D minima Feller [2§8] ir véliau
tyrinéjama [6, 8, 45, 64 69 [70, [75], ir kitur. Ilgauodegiu skirstiniy
klase £ = £(0) pirma karta aprasé Chistyakov [10] sakojimosi proceso
kontekste. Chover ir kiti [II, 12] pirma karta aprase klase L£(y) su
v > 0. Véliau jvairios pasiskirstymo funkcijy su ilgomis uodegomis ir
su artimomis eksponentinéms uodegomis savybés buvo tyrinéjamos ir
aprasomos Siuose

veikaluose [8, 22} 31, 32} 42, (59| [73] .

Apibendrinsime anksciau pateikty pagrindiniy sunkiauodegiy skirs-
tiniy kla-siy tarpusavio rysius. Dauguma Siy tarpusavio sarysiy yra gerai
zinomi.

LNDCSCLCH, DCH.
Sarysis
LNnDcS

yra jrodytas 1.4.4. teiginyje [25]. Priklausomybeé
ScL
irodyta lemoje 1.3.5 (a) [25]. O sarysis

LCH

101



isplaukia is reprezentacinés formulés.

Breézinys|[I|demonstruoja sarysius tarp sunkiauodegiy skirstiniy klasiy
D, S, LirH.

Auksciau pateikti apibrézimai tiesiogiai reiskia Siuos tarpusavio rysius,
kuriuos galima paziuréti brézinyje 2]

LcoL, DcoL iv |JL(y)cocL.

>0

7.2.2 Atsitiktinai sustabdytos apibendrinty subeksponentiniy
skirstiniy sumos

Siame skyriuje pristatysime pagrindinius rezultatus apie atsitiktinai sustab-
dyty sumy priklausyma apibendrinty subeksponentiniy skirstiniy klasei.
Pirmas musy tvirtinimas apraso situacija, kai pradiniai atsitiktiniai dy-
dziai priklauso klasei OS, o skaic¢iuojantis atsitiktinis dydis turi baigtine
atrama.

TEOREMA 7.2.1. [f0] Sakykime {&1,&a, ...} yra nepriklausomy atsitik-
tiniy dydziy seka, atsitiktinis dydis n skaiciuojantis, nepriklausomas nuo
{&,&,...}. Jein yra apréztas, Fe, € OS, o kitiems indeksams k # 1
arba F, € OS arba F¢, (z) = O(F¢, (), tada atsitiktinai sustabdytos
sumos pasiskirstymo funkcija Fs, priklauso klasei OS.

TEOREMA 7.2.2. [{0] Sakykime {n,&1,&2, ...} yra nepriklausomi atsitik-
tiniai dydzZiai, o skaiciuojantis atsitiktinis dydis n turt baigting bet kurios
eilées X > 0 eksponenting momentq EeM < oco. Tada Fs, € OS, jeigu
Fe, € OS ir patenkinta kuri nors viena is Zemiau esanciy sqlygy:

F
(i) P(n=1)>0 ir limsupsupfg’“i(m) < 00;
T— 00 k>1 F£1 (.’L‘)

F F
(ii) 0 < liminf inf Sk (z) < lim sup sup —= (z) < o0
T—=00 k>1 F&(aj‘) z—00 k>1 F&(l‘)
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7.2.3 Atsitiktinai sustabdyti apibendrinty subeksponentiniy
skirstiniy minimumas, maksimumas, sumy minimumas,
sumy ma-ksimumas

Siame skyriuje mes pratesime klasés OS uzdarumo savybiy tyrimg. Tar-
dami, jog kai kurie pradiniai atsitiktiniai dydziai priklauso klasei OS,
ieskosime, kokiomis salygomis toje pacioje klaséje isliks struktiiros, aprasy-

tos [Tl

TEOREMA 7.2.3. Sakykime {&1,&a, ...} - seka nepriklausomy atsitiktiniy
dydziy, jgyjanciy realias reiksmes, o n skaiciuojantis atsitiktinis dydis,
nepriklausomas nuo {&1,&2,...}. Jei Fy, € OS kiekvienam k, tai Py,
ir Fs,, priklauso klasei OS, ir galioja sekantys asimptotiniai rysiai:

x

Fg(n) (:ZZ) wfooff(x) (‘T) = kl:[lfék (.T), (721)
Fg,,(z) = Fs, (), (7.2.2)

kur » = min{k > 1:P(n = k) > 0}.

TEOREMA 7.2.4. Sakykime {&1,&2,...}- nepriklausomy atsitiktiniy dy-
dziy, jgyjanciy realias reik$mes seka, tokia, kad Fe, € OS. Tegul n
skaiciuojantis atsitiktinis dydis, nepriklausomas nuo {&1,&a, ...} ir tur-
intis baigting vidurki En. Jeigu

§k(x) 1 & E§k(x)
51(

2

< lim sup sup —

< oo, (7.2.3
:L“) rz—o0 n>1 "N =1 Ffl (l’) ( )

1 n
0 < lim inf inf —

r—00 n>1

R

tada Fg(n) € OS ir Fg(n) (.CL‘) xfoo F& (33')

TEOREMA 7.2.5. Sakykime {&1,&2,...}- nepriklausomy atsitiktiniy dy-
dziy, jgyjanciy realias reiksmes seka, tokia, kad Fe, € OS ir tenkinama
sqlyga:
F
lim sup sup 75,“7(@ < 00. (7.2.4)
r—00 k>1 F& (l‘)
Tegul n skaiciuojantis atsitiktinis dydis, nepriklausomas nuo {&1,&a, ...}

ir turintis eksponenting vidurkj EeM < oo wvisiems A\ > 0. Tada Fgm €
oS ir Fs(n) (3?) a:foo F§1 (x) .
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7.2.4 Atsitiktinai sustabdyti sunkiauodegiy ir lengvauodegiy
skirstiniy minimumas, maksimumas, sumy minimumas,
sumy ma-ksimumas

Siame skyriuje mes pratesime ty paciy struktiiry: atsitiktinai sustab-
dyty sumy, atsitiktinai sustabdyty minimumo ir maksimumo, atsitik-
tinai sustabdyty sumy minimumo ir maksimumo tyrinéjima. Ankstes-
niuose disertacijos skyriuose mes tyrinéjome apibendrinty subeksponen-
tiniy skirstiniy klase, Siame skyriuje démesys bus koncentruotas j sun-
kiauodegiy skirstiniy klase H.

TEOREMA 7.2.6. Sakykime {&1,&2, ...} nepriklausomi, jgyjantys realias
reiks-mes atsitiktiniai dydziat, o n skaiciuojantis atsitiktinis dydis, neprik-
lausomas nuo sekos {&1,&2,...}. Skirstinys Fs, bus sunkiauodegis, jei
tenkinama bent viena s sqlygy:

(i) infEe’\Ek > 1 bet kuriam X\ > 0, ir Fj, € H;

(ii) ]?;f P(&; > a) = 1 kazkokiam a > 0, ir Fy, € H;

(iii) Fe, € H kuriam nors » > 1, ir Fy(x) > 0 visiems z € R;

(iv) Fe, € H kuriam nors 1 < 3 < maxsupp(n) < 00.
Skirstinys Fg, turés lengvg uodegq, jei bus patenkinta bent viena is sq-
lygu:

(v) Fe, € HE, Fy € HE, Fe (x) > 0 visiems v € R ir

F
lim sup sup & (@) < o0; (7.2.5)
00 k>1 Fgl(x)

(vi) sup E e+ < oo kuriam nors A > 0, ir F,, € HE.
k>1

TEOREMA 7.2.7. Sakykime {&1,&o,...} nepriklausomy atsitiktiniy dy-
dziy, jgyjanciy realias retkSmes seka , o n skaiciuojantis atsitiktinis dy-
dis, nepriklausomas nuo sekos {&1,&2,...}.

(i) Jei Fe, € H kuriam nors s > 1 ir Fy(x) > 0 visiems z € R,
tada F€<n) € H;

(ii) Jei Fe, € H kuriam nors » < max{supp(n)} < oo, tai Few) €
H;

(iii) Skirstinys Few) priklauso klasei H® jei Fe, € H°, Fe(z) >0
vistems x € R, En < oo ir

F
lim sup sup — Z & (v)

< 0. 7.2.6
T—00 n>1 n Fgl (l‘) ( )
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TEOREMA 7.2.8. Sakykime {&1,&2,...} nepriklausomy atsitiktiniy dy-
dziy, jgyjanciy realias reiksmes seka, o n skaiciuojantis atsitiktinis dy-
dis, nepriklausomas nuo sekos {&1,&2,...}.

(i) Jei Fe, € H ir

F
liminf min 75,9(55) > 0,
100 1<k<s Fe, ()

su > = min{supp(n) \ {0}}, tai F¢ € H ir

(ii) Jei Fe, € H®, su visais 1 < k < 3 = min{supp(n) \ {0}}, tai
Fg(n) € HE.

TEOREMA 7.2.9. Sakykime {&1,&o, ...} nepriklausomy atsitiktiniy dy-
dziy, jgyjanciy realias reiksmes seka, o n skaiciuojantis atsitiktinis dy-
dis, nepriklausomas nuo sekos {&1,&2,...}.
(i) Jei Fe, € H ir Win P(&k > 0) > 0, su s> = min {supp(n) \ {0}},
SRS >
tas Fs(n) eH ir
Fs,, (x) = Fe (). (7.2.7)

(i) Jei Fe, € HE, tai Fs, € H® bet kokiam atsitiktiniam dydZiui n.

TEOREMA 7.2.10. Sakykime {{1, &2, ...} irn teoremose|7.2.6 nusakyti
atsitiktiniai dydZiai. Tada Fgwmy € H jei patenkinta bent viena is sqlygy:

i) ]ir;flEe)‘gk > 1 bet kuriam A > 0 ir F,, € H;

i) Fe, €M,

iv) Fe, € H kuriam nors s > 1 tuo atveju, kai supp(n) yra begal-
iné, arba kuriam nors 1 < 3 < maxsupp(n) kai supp(n) yra baigtiné.
Skirstinys Fgm) turi lengvg uodegq, jeigu:

(i
(ii) Iir>lf1 P(&; > a) =1 kuriam nors a > 0 ir ) € H;
(
(

supE ek < oo kuriam nors A > 0 ir F, € H".
k>1

Nepriklausomy, vienodai pasiskirs¢iusiy atsitiktiniy dydziy atveju
teorema [7.2.0] leidzia daryti sekancias iSvadas. Atkreiptinas démesys,
kad pirmas dvi isvadas galima rasti monografijoje [31] (Problema 2.12
ir 2.13).
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ISvaDA 7.2.1. Sakykime {&1,&a, ...} nepriklausomi vienodai pasiskirste
atsitiktiniar dydziai, jgyjantys realias reiksmes su bendra pasiskirstymo
funkcija Fe,, o n skaic¢iuojantis atsitiktinis dydis, nepriklausomas nuo

{61,82,...}. Jei Fg, € HE ir ) € HC tada Fs, € HE.

ISVADA 7.2.2. Sakykime {&1,&2, ...} nepriklausomi,vienodai pasiskirste,
nenei-giams, netssigime nulyje, on skaiciuojantis atsitiktinis dydis, neprik-
lausomas nuo sekos {£1,&2,...}. Jei Fy € H tada Fs, € H.

ISvaDA 7.2.3. Sakykime {&1,&a, ...} nepriklausomi, vienodai pasiskirste
atsitiktiniai dydziai, jgyjantys realias reiksmes su pasiskirstymo funkcija
Fe,, o n skaiciuojantis atsitiktinis dydis, nepriklausomas nuo sekos

{1,82,...}. Jeigu Iy, € H tada Fs, € H.

Analogiskos isvados gali buti suformuluotos ir atsitiktinai sustab-
dytiems minimumui, maksimumui.

7.3 Papildomos lemos

Siame skyriuje pateiksime lemas, kuriomis buvo pasiremta jrodinéjant
pagrin-dines teoremas. Visos lemos jrodytos skyriuose [3] [] [}

7.3.1 Papildomos lemos teoremoms [7.2.1H7.2.2

Siame skyrelyje pateikiame lemas, kurios buvo pritaikytos teoremq
irodymams. Pirmoji lema — tai OS klasés pasiskirstymo
funkcijy pagrindiniy savybiy rinkinys. Si lema yra pilnai jrodyta skyri-
uje o atskiry lemos daliy jrodymus galima rast [65], [76], 42 [75].

LEmMA 7.3.1. Tegul X ir Y du atsitiktiniai dydZiai, jgyjantys realias
reitksmes su atitinkamomis pasiskirstymo funkcijomis Fx ir Fy. Tada
galioja sSie teiginiai:

(i) Fx € OS tada ir tik tada, kai sup F’;LX() < o0.
zeR x(2)

(ii) Jei Fx € OS ir Fy(x) mfmfx(x), tai Fy € OS.
(iii) Jei Fx € OS ir Fy € OS, tai Fx x Fy € OS.
(iv) Jei Fx € OS, tai Fx € OL t.y. limsup £ZxE=D — 1.
r—o0  Fx(2)
v) Jei Fx € OS ir Fy(z) = O(Fx(z)), tai Fx « Fy € OS ir
Fx*Fy( ) = Fx( )

T—r 00

LEMA 7.3.2. Tegul {X1, Xo...} nepriklausomy atsitiktiniy dydziy seka,
kuriy Fx, € OS, o kitiems indeksams k > 2 turi buti patenkinta viena
i dviejy salygy: arba Fx, € OS arba Fx,(z) = O(Fx,(z)). Tada
Fs, € OS visiems n € N.
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LEmMA 7.3.3. Tegul X1, Xo,... nepriklausomy atsitiktiniy dydZiy seka,
kuriy Fx, € OS ir B
FXk (x)

lim sup sup = < 00 (7.3.1)
=0 k>1 FXl (l‘)

Tada egzistuoja tokia konstanta 6’, su kuria teisinga nelygybé
Fg, (z) <C" 'Fx, (2) (7.3.2)

visiems x € R ir visiems n > 2.

7.3.2 Papildomos lemos teoremoms

Pirmoji Sio skyrelio lema yra rafinuotesné lemos [7.3.2] i§ skyrelio [7.3.]]
versija. Lema [7:3.4] su modifikuotu jrodymu pateikta skyriuje [4-3]

LEMA 7.3.4. Tegul {X1,Xs...} nepriklausomy atsitiktiniy dydziy, igy-
janciy realias reiksmes seka. Sakykime Fx, € OS, kitiems indeksams
k > 2, arba Fx, € OS arba Fx, (x) = O(Fx,(x)). Tada, Fs, € OS
visiems n € N ir

Fg, () = HEx. (=) (7.3.3)
keAn

su A, :={ke{l,2,...,n}: Fx, € OS}.
Sumy maksimumui S = max{Sy, Ss, ..., S,} galioja toks teiginys.
LEMA 7.3.5. Sakykime {X1, Xa,...} yra nepriklausomy atsitiktiniy dy-

dZiy, gyjanciy realias reiksmes seka, kuriai pasiskirstymo funkcija Fx, €

oS ir _
F
lim sup sup ——* (z) < 0.
=00 k>1 FX1 (.’E)

Tada egzistuoja tokia konstanta cy, su kuria
Fgo(z) < ¢f'Fx,(2)
vistems x € R irn € N.

Toliau pateikta lema yra apie nepriklausomy atsitiktiniy dydziy
{X1,..., Xy} minimumg X,y = min{Xy,..., X, } . Panasus teiginys
yra pateiktas in Lemoje 3.1 [52]. Ten pateiktas jrodymas - tik neneigiamiems
absoliuciai tolydiems atsitiktiniams dydziams. Musy jrodymas yra de-
talesnis ir pateiktas skyrelyje [£.3]

LEMA 7.3.6. Tegul {X1,Xs,..., X}, n € N yra rinkinys nepriklausomy
atsitiktiniy dydziy, jgyjanciy realias reiksmes ir turinciy atitinkamas
pasiskirstymo funkcijas {Fx,, Fx,,...,Fx,}. Jei Fx, € OS wvisiems
k € {1,2,...n}, tada atsitiktinio dydzio X,y = min{Xy, Xo,..., Xp}
pasiskirstymo funkcija Fx,, priklauso klasei os .
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LEMA 7.3.7. Tegul {X1,Xo,...} yra nepriklausomy atsitiktiniy dydZiy,
1gyjanciy realias reiksmes seka, kuriai galioja Fx, € OS ir
FX k (x )

liminf inf = > 0.
T—00 k>1 FXl(x)

Tada,

Fyn F
inf fs(im > inf 7Sn($) > crt (7.3.4)
z€R F‘X1 (ZL‘) z€R FX1 (:C)

visiems n > 1 ir kazkokiam c7 > 0, kai S, = X1+ ...+ X, ir S =
maX{Sl, Sz, cee Sn}

7.3.3 Papildomos lemos teoremoms |7.2.6

Mes suformuluosime dvi lemas, kurios naudojamos kai kuriy pagrindiniy
teoremy jrodymams. Nors lemy rezultatai gerai zinomi ir gali buti ran-
dami [31], [50], [57], pateikiame jas ir ju jrodymus skyriujeskaitytojo
patogumui.

LEMA 7.3.8. Tarkime, kad F yra atsitiktinio dydZio &, jgyjancio realias
retks-mes pasiskirstymo funkcija. Tada Zemiau pateikti teiginiai yra ek-
vivalentus:

(i) Ee* = oo bet kuriam X\ > 0,

(ii) limsup e’ F(x) = oo su visais A > 0,
T—00

(iii) lim sup = ! log F(x) = 0.
T—00

Taip pat ekvivalentus bus ir sie teiginias:

(i) Ee* < oo bet kuriam A > 0,

(ii’) lim sup e* F(x) < co kuriam nors A > 0,
T—r00

(iii’) limsup z~!log F(z) < 0.

T—r00

Sekanti lema reiskia, jog H ir H¢ yra uzdari silpno uodegos ekviva-
lentumo atzvilgiu.

LEMA 7.3.9. Tarkime, jog F ir G yra atsitiktiniy dydziy, jgyjanciy
realias reiksmes pasiskirstymai

(i) Jeigu F € H ir
G(z)

liminf —

>0, (7.3.5)
tat G € H.

(ii) Jeigu F € H¢, G(x) < ¢F(x) kazkokiai konstantai ¢ > 0 ir
dideliems x (x > xz), tai G € HE.
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7.4 ISvados

Sioje disertacijoje analizuojamos pasiskirstymo funkcijos, gautos atsi-
tiktinai sustabdzius atsitiktiniy dydziy suma, minimuma, maksimuma,
sumos minimuma, sumos maksimuma. Pirminiai atsitiktiniai dydziai
laikomi nepriklausomais, jgyjanciais realias reikSmes ir galimai skirtin-
gai pasiskirsciusiais. Atsitiktinis dydis, nusakantis stabdymo momenta
yra sveikareikSmis, neneigiamas ir neissigimes nulyje. Randame salygas,
kurioms esant atsitiktinai sustabdyty struktury pasiskirstymo funkci-
jos priklauso apibendrinty subeksponentiniy skirstiniy klasei. Atsitik-
tinai sustabdyty struktiry skirstiniy priklausyma apibendrinty subek-
sponentiniy skirstiniy klasei gali lemti arba pirminiai atsitiktiniai dy-
dziai, arba skai¢iuojantis atsitiktinis dydis. Sioje disertacijoje mes pa-
grindinai svarstome atvejj, kada pirminiy atsitiktiniy dydziy rinkinys
turi lemiama reikSme. Pagrindiniai rezultatai suformuluoti teoremose
ir Pirminiai atsitiktiniai dydziai Siose teoremose gali buti
skirtingai pasiskirste. Bet papildomos visy teoremy salygos yra tenk-
inamos ir tuo atveju, kai pirminiai atsitiktiniai dydziai yra pasiskirste
vienodai. Ateityje buty jdomu, kada kazkokios atsitiktinai sustabdy-
tos struktiros priklauso apibendrinty sub-eksponentiniy skirstiniy kla-
sei esant specifinéms skaiciuojanciojo atsitiktinio dydzio savybéms. Tuo
atveju pirminiy atsitiktiniy dydziy uodegos galimai turés buti zenkliai
lengvesnés uz skaiciuojanciojo atsitiktinio dydzio uodega. IS kitos pusés
biity jdomu patyrinéti atsitiktinai sustabdyty struktiry uzdarumo savy-
bes, kurios susijusios ne tik su suma ar maksimumu, bet ir su atsitik-
tiniy dydziy sandauga, kas jau analizuota pavyzdziui darbe [60]. Lyginti
apibendrintus subeksponentinius skirstinius su kitomis klasémis buty
lengviau naudojant straipsnio[55] rezultatus.

7.5 Rezultaty sklaida

Disertacijos rezultatai publikuoti Siuose moksliniuose straip-
sniuose

« Karaseviciené, J., Siaulys, J. (2023). Randomly stopped sums with
generalized subexponential distribution. Axioms, 12: 641.

o Karaseviciené, J., Siaulys, J. (2024). Randomly stopped mini-
mum, maximum, minimum of sums and maximum of sums with
generalized subexponential distribution. Azioms, 13: 85.

e Leipus, R., Siaulys, J., Danilenko, S., Karasevi¢iene , J. (2024).
Randomly stopped sums, minima and maxima for heavy- tailed
and light-tailed distribution Azioms, 13: 335.
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Konferencijos, kuriose pristatyti pranesimai disertacijos tema:

o Atsitiktinai sustabdytos apibendrinty subeksponentiniy skirstiniy
sumos. Lietuvos matematiky draugijos 64-o0ji konferencija, 2023
m. birzelio 21-22 d., Vilnius.

e Randomly stopped sums with generalized subexponential distri-
bution, properties of min, max and min, max of sums. The inter-
national scientific conference dedicated to the 160th anniversary of
Prof. Dr Hermann Minkowski, 2024,birzelio 20-22 d., Kaunas.

e Randomly stopped sums with generalized subexponential distri-

bution, properties of min, max and min, max of sums. 11th
Tartu Conference on Multivariate Statistics, 2024, birzelio 25-28
d., Tartu.
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