https://doi.org/10.15388 /vu.thesis.723
https://orcid.org/0000-0001-5107-530X

VILNIUS UNIVERSITY

Ugne CiZikoviené

Investigations of Binomial Group
Testing Models

DOCTORAL DISSERTATION

Natural Sciences,
Mathematics (N 001)

VILNIUS 2025



This dissertation was written between 2020 and 2024 at Vilnius University.

Academic supervisor:
Assoc. Prof. Dr. Viktor Skorniakov (Vilnius University, Natural Sci-
ences, Mathematics — N 001).

Academic consultant:
Prof. Habil. Dr. Remigijus Leipus (Vilnius University, Natural Sciences,
Mathematics — N 001).

Dissertation Defence Panel:

Chair — Prof. Dr. Jurgita Markeviéiaité (Vilnius University, Natural
Sciences, Mathematics — N 001).

Members:

Prof. Dr. Jonas giaulys (Vilnius University, Natural Sciences, Mathem-
atics — N 001).

Prof. Habil. Dr. Vydas Cekanavi¢ius (Vilnius University, Natural Sci-
ences, Mathematics — N 001).

Assoc. Prof. Dr. Riita Levuliené (Vilnius University, Natural Sciences,
Mathematics — N 001).

Prof. Dr. Yaakov Malinovsky (University of Maryland, Baltimore
County, Natural Sciences, Mathematics — N 001).

The dissertation shall be defended at a public meeting of the Dissertation
Defence Panel at 27th of January, 2025 at the Institute of Mathematics of
Vilnius University. Address: Naugarduko str. 24, Vilnius, Lithuania, tel.
+370 5 219 3050; e-mail: mif@mif.vu.lt

The text of this dissertation can be accessed at the Library of Vilnius
University and on the website of Vilnius University:
www.vult/It/naujienos /ivykiu-kalendorius.



https://doi.org/10.15388 /vu.thesis.723
https://orcid.org/0000-0001-5107-530X

VILNIAUS UNIVERSITETAS

Ugneé Cizikovienée
Binominiy Grupinio Testavimo
Modeliy Tyrimai

DAKTARO DISERTACIJA

Gamtos mokslai,
matematika (N 001)

VILNIUS 2025



Disertacija rengta 2020 — 2024 metais Vilniaus universitete.

Mokslinis vadovas:
doc. dr. Viktor Skorniakov (Vilniaus universitetas, gamtos mokslai,
matematika — N 001).

Mokslinis konsultantas:
prof. habil. dr. Remigijus Leipus (Vilniaus universitetas, gamtos
mokslai, matematika — N 001).

Gynimo taryba:

Pirmininkeé — prof. dr. Jurgita Markeviciaité (Vilniaus universitetas,
gamtos mokslai, matematika — N 001).

Nariai:

prof. dr. Jonas giaulys (Vilniaus universitetas, gamtos mokslai, matem-
atika — N 001).

prof. habil. dr. Vydas Cekanavi¢ius (Vilniaus universitetas, gamtos
mokslai, matematika — N 001.)

doc. dr. Riita Levuliené (Vilniaus universitetas, gamtos mokslai, matem-
atika - N 001).

prof. dr. Yaakov Malinovsky (University of Maryland, Baltimore
County, gamtos mokslai, matematika — N 001).

Disertacija ginama vieSame Gynimo tarybos posédyje 2025 m. sausio 27
d. Vilniaus universiteto Matematikos ir informatikos fakulteto Matem-
atikos instituto 201 auditorijoje. Adresas: Naugarduko g. 24, Vilnius,
Lietuva, tel. +370 5 219 3050; el. pastas: mif@mif.vu.lt.

Disertacija galima perzitréti Vilniaus universiteto bibliotekoje ir Vil-
niaus universiteto interneto svetainéje adresu: www.vu.lt/lt/naujienos/
ivykiu-kalendorius.



Table of Contents

LIST OF ABBREVIATIONS
Notation

Introduction

1.1 Topic and early history of Group Testing . . . . ... ...
1.2 Examples of applications . . . . ... ............
1.3 Classification of Group Testing methods . . . . ... ...
14 StructureoftheThesis . ... ... ... ... .......

Background

2.1 Binomial Testing Assumptions . . ... .. ... ... ..
2.2 Several Group Testing procedures . .. ... .......
2.3 Typical Group Testingtasks . . ... ... .........

Results

3.1 Optimal configurations for Modified Dorfman, Sterrett,
and Square Array procedures . . . ... ... .......
3.1.1 Theoretical results . . ... ... ... .. .....
312 Examples . .......... ... ... ... ..

3.2 Algorithm for finding optimal cut-point . . . . . ... ..
3.21 Theoreticalresults . .. ... ....... .. ...
322 Examples . .......... ... .. .. ...

3.3 Probabilistic analysis of the Pairwise testing procedure

Discussion and conclusions

4.1 Aboutresultsof Section3.1 . .. ... ... .. ......
4.2 Aboutresultsof Section3.2 . ... . ... ... ......
4.3 Aboutresultsof Section3.3 . ... ... ... .. .....
44 Several concluding remarks . . ... ... ... ... ...

Proofs
5.1 Proofs of results stated in Section 3.1 . .. ... ... ...

26

26
26
29
33
33
36
43

46
46
47
49
50

52



5.2 Proofs of results stated in Section3.2 . . . ... ... ... 67

5.3 Proofs of results stated in Section3.3 . . . ... ... ... 69
Bibliography 78
Santrauka (Summary in Lithuanian) 87

Tyrimusritis . . .. ... oo o o 87

Tyrimuy objektas ir uzdaviniai . . ... ... ... ... . ..., 88

Savokos, Zymenys ir prielaidos . . . ... ... ... ... 88
Nagrinétimodeliai . ... .................. 89
Disertacijoje spresti Grupinio testavimo uzdaviniai . .. 92
Disertacijos strukttira . . . . ... ... ... . o0 94
Rezultatyapzvalga . .. ... ... ... .. ... .. ..... 94
Optimalios Modifikuotos Dorfman, Sterrett ir Kvadra-
tinés matricos procediiry konfigtiracijos . . . . . . 94
Optimalaus tikimybinio slenkscio paieskos algoritmas . . 97
Porinés testavimo procediiros analizé . . ... ... ... 100

ISvados . . ... .. .. 103

Rezultatunaujumas . . . . . ... ... ... .. . L. 103

Aprobacija . . ... ... 104

Publikacijos . . . ... ... .. . 104

Trumpos Zinios apieautore . . . . ... ... ... ... .. .. 105
Declarations 108
Publications by the Author 109



LIST OF ABBREVIATIONS

Abbreviation Explanation

a.s. Almost surely

A2 Square Array procedure

BTA Binomial testing assumptions
BGT Binomial group testing

Be(p) Bernoulli distribution with parameter p
CGT Combinatorial group testing
CLT Central limit theorem

COCP Continuous scale optimal cut-point
DOCP Discrete scale optimal cut-point
D Dorman procedure

GT Group testing

H Halving procedure

LDP Large deviation principle

LLN Law of large numbers

lhs Left-hand side

MD Modified Dorman procedure
MGF Moment generating function
ocp Optimal cut-point

PGT Probalistic group testing

PT Pairwise testing procedure

QC Quality control

rhs Right-hand side

ST Sterrett procedure

s.t. Such that

uUCP Universal cut-point

w.rt With respect to




Notation

Notation Explanation

Gx Average testing savings per item (aka gain)

Lx Loss function

N Cohort size

Ny Optimal value of the tested cohort size when applying
procedure X for the case of a known prevalence p

NX Optimal value of the tested cohort size when applying
procedure X for the case of an unknown prevalence p

N Derivative of a latent function N

Tx Random number of tests required to identify all defectives
when applying procedure X

0x Average number of tests required to identify all defectives
when applying procedure X

tx Average number of tests per single item in a cohort when
applying procedure X

DX,c Optimal continuous scale cut-point for procedure X

Py Optimal (discrete scale) cut-point for procedure X




Chapter 1

Introduction

1.1 Topic and early history of Group Testing

In many real-life settings, the task of testing is frequent. For example,
physicians routinely apply tests to screen for diseases, manufacturers
test goods to identify defective items, statisticians utilize tests to validate
hypotheses, etc. Group Testing (GT), also known as Pool Testing, refers
to a set of methods devoted to this task. The distinguishing feature of
any GT method is an attempt to save testing efforts by replacing single
items’ tests with tests of groups of items. Hence the name.

Today, more than 80 years have passed since the recorded historical
beginning of GT. It is usually associated with a seminal paper [19] pub-
lished by Robert Dorfman in 1943. In that paper, Dorfman addressed the
following problem. During World War II, the US Army conscripts had
to be tested for syphilis. Syphilis required an accurate blood test, known
nowadays as the Wassermann test, which was carried out after a sample
of each soldier’s blood had been taken. Under usual circumstances,
syphilis was a rare disease, and the vast majority of the tests carried
out came back negative. Therefore, Dorfman pointed out that the total
number of tests for syphilis testing could be significantly reduced by
pooling samples. This meant that blood samples from a large number
of soldiers had to be taken and mixed into a single pooled sample so
that the initial syphilis test was not performed on each soldier’s blood
sample. If the result was negative for the pooled sample, all soldiers
whose blood samples were included in the pooled sample were healthy
and free of syphilis. If the test was positive, one knew that at least one
of the soldiers in the group had syphilis, and the whole cohort needed

9



to be retested one by one. This first GT model demonstrated how to
save by testing groups. Unfortunately, as reported in [20], it was not put
into practice then, yet it inspired further investigations in this direction.
These investigations were not immediate since World War II ended, the
need for GT for massive testing disappeared, and the scientific com-
munity put it aside for quite a long time. In 1957, Sterret published a
paper [73] describing a new testing scheme! which has some advantages
compared with the original Dorfman’s, and it took two years more for
the seminal work by Sobel and Groll [72], the two Bell Laboratories
Scientists, to make a break-through. This long (74 page) paper published
in 1959 spawned a sequence of important GT-related papers to appear
in 1960’s [24, 25,70, 71, 79] and to set in motion GT field afresh.

1.2 Examples of applications

Although the concept of group testing was first formulated in the context
of medical testing of patients, it soon became apparent that use cases are
not limited to this field alone. Below, we provide a sample of various
applications illustrating its spread. The list is far from exhaustive yet
sufficient to give an impression of breadth.

Medicine and biology It is not surprising that GT counts down a vast
number of applications devoted to screening for a particular infectious
disease like HIV [58, 61, 65], hepatitis B [15, 23, 28, 60], and most recently
COVID-19 [13, 47,49, 52, 64]. There are, however, many others.

In DNA testing, one looks for true genomic sub-sequences in relat-
ively short fragments of DNA. The possibility of mixing samples taken
from patients means that one can apply group testing, significantly redu-
cing the number of tests and, hence, costs. The topic was so important
that Du and Hwang (two famous investigators in the GT field) have
published a dedicated monograph [41].

Another application in biology is the counting of infected /exposed
objects. Not all cases require the identification of every item that is infec-
ted. Often, only the proportion of infected matters. For example, when
monitoring the spread of diseases while preserving the confidentiality
of individuals [65], or inspecting the spread of diseases among a wide
variety of insects [21].

'it will be explicated in the sequel
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Communications and networking Multi-access channels are channels
that can be accessed, communicated, and messaged by multiple users.
The basic problem here is identifying the users having information to
transmit (active users). Hayes [35] was among the first who discovered
that the GT approach is applicable in this context and can be successfully
applied for the identification of active users. Several subsequent works
were discussed by Wolf [52], who related the communications com-
munity’s efforts to employ GT to the general GT theory developed so
far. Among many investigations after that, paper [50] by Goodrich and
Hirschberg is worth mentioning. Similar to predecessors, they studied
GT algorithms for resolving broadcast conflicts on multi-access chan-
nels and for identification of the dead sensors in a mobile and wireless
network. Their approach enriched the standard GT model, allowing the
result of each test to be non-binary and indicate the number of defective
items contained in the tested subset.

Cybersecurity, database systems, data compression An important
cybersecurity problem is to efficiently determine which files on a com-
puter/distributed storage have changed. In the general GT context, the
changed files correspond to the defective items. M. T. Goodrich, M. J.
Atallah, R. Tamassia [31] and T. Madej [51] proposed GT procedures
devoted to solving problems of this kind.

Another cybersecurity problem is the detection of various virtual
attacks. Khattab et al. [44], Xuan et al. [87] and Gurani et al. [32]
described how GT could be used to detect denial-of-service attacks.
They divided a server into several virtual servers and monitored which
received high traffic. This way, the highest traffic users are identified.

For effective database management, it may be helpful to classify items
as having high demand. Cormode and Muthukrishnan [26] suggested
how to use GT for achieving such item classification.

Hong and Ladner [36] described an adaptive algorithm for image
data compression, whereas Shavit et al. [67] did this for video data
compression.

Relation to Theoretical Computer Science There are many works
demonstrating a clear relationship between GT and Theoretical Com-
puter Science. For example, Hwang and coauthors in a series of papers
[27, 40, 85] employ the fact that GT procedures for finding a single de-
fective can be cast in terms of optimal binary search trees (aka Hu-Tucker
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trees). Chen et al. [11] propose GT procedures based on the Shannon-
entropy criteria, whereas Hsu [37] develops GT procedures based on the
Huffman lower bound and Shannon-entropy criteria. Triesch [78] and
later Allemann [6] employ hypergraphs to construct very effective GT
procedures. Among many others, Aldridge’s paper [4] delineates a rela-
tionship with coding theory, whereas his recent review with coauthors
[5] provides a systematic view of GT from the informational perspective
and contains many examples of applications.

Quality control The field of Quality Control (QC) is rich in GT appli-
cations, pretty much like that of medicine and biology. We do not list
here specific ones yet point out the monograph [47] and review [75].
Inspecting the references therein, the reader can find many various GT
procedures related to the field of QC.

1.3 Classification of Group Testing methods

There are several ways to classify GT procedures. The first and most
common is to distinguish between combinatorial GT (CGT) and pro-
babilistic GT (PGT). In CGT, one assumes that, given a set of N € N
objects, there can be at most or exactly 1 < d < N defectives®. In
order to identify these defective items and reduce the number of tests
utilized, combinatorial methods are applied. In CGT, the worst case
scenario (i.e., the one requiring the largest possible number of tests) is of
primary interest. In PGT, one assumes that each item to be classified has
a probability of defectiveness and also specifies dependence between
items. This way, the data-generating mechanism is introduced, and
because of randomness, the focus usually lies in reducing an average
number of tests by taking into account the data-generating mechanism.

The second way to classify GT procedures is to distinguish between
adaptive ones and non-adaptive ones. In adaptive procedures, testing
is done sequentially, and one can utilize the results of the tests carried
out so far in the subsequent tests. In non-adaptive procedures, all tests
usually run in parallel, and there is no opportunity to make use of
accrued information. Hybrid procedures are also met in the literature.

2or else contaminated, infected, etc.; in all the Thesis, we use these adjectives as well
as their counterparts (non-defective, pure, non-infected, etc.) interchangeably; in all
cases, they mean the same: an object or a group of objects having (respectively, not
having) property of interest
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There are several other criteria employed in the classification of GT
procedures. Some of them apply only to specific sub-classes (e.g., only
to adaptive procedures). Below, we list a few.

Test kit quality. In many practical applications, it is unreasonable
to assume that the test kit at hand obeys 100 percent sensitivity
and/or specificity. Therefore, one can split the GT procedures into
those assuming perfect testing and those assuming testing with
errors.

Cohort size. Often there are natural constraints preventing from
testing arbitrarily large groups. E.g., in medical screening, it is
common to observe the so-called dilution effect: pooling of too
many specimens inflates the test’s sensitivity /specificity drastic-
ally; thus, only procedures with upper bounded cohort size are
applicable. It is, therefore, possible to classify GT procedures into
size-constrained /unconstrained.

Nesting. One says that an adaptive GT procedure belongs to the
class of nested procedures provided the following holds: at each
testing stage (except the first one), the cohort to be tested next
is a subset of a contaminated items’ set, i.e., the set known to
contain defectives. The class of nested procedures is very large
and common in applications.

Test output. The procedures can also be classified by their output.
Most common scenario is that of binary procedures: given the set
to test, such procedure outputs 1 provided at least one item in
the tested set is contaminated and it outputs 0 provided all items
are pure; there are no further indications which items (if any) are
contaminated and how much items of this kind there are in the
tested set. However, some procedures can output the (estimated)
number of contaminated items.

In this Thesis, we investigate only size unconstrained binary PGT pro-

cedures corresponding to perfect testing and satisfying Binomial Testing
Assumptions described in Subsection 2.1. Almost all of them are nested.

1.4 Structure of the Thesis

The remaining part of the thesis contains three chapters. In Chapter
2, we give notation and provide all necessary background. It includes

13



description of:
(a) general Binomial Testing Assumptions under which all subsequent
analysis is done;
(b) several GT procedures, which are repeatedly used in the sequel;
(c) general GT results required for understanding of our ones;
(d) typical GT analysis tasks.
Chapter 3 is devoted to the statement of our results, some examples of
applications, and a related literature review. Corresponding proofs are

given in Chapter 5. Chapter 4 is devoted to discussion. Finally, there is
a summary in Lithuanian placed at the very end.
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Chapter 2

Background

2.1 Binomial Testing Assumptions

As mentioned in the Introduction 1, we consider only PGT models. How-
ever, even here, the most general model is intractable analytically and
concrete GT procedures are formulated under additional assumptions.
Before proceeding to their statement, we remind that, in the Thesis, we
consider only binary tests: when applied to the group at hand, such
test outputs one if the group contains at least one contaminated item,
and it outputs zero provided the group is pure. Generally, N stands for
the size of the initial cohort of the items to be tested. It can be further
parameterized by an integer n > 1, and such parametrization (including
a trivial one N(n) = n) depends on the algorithm of the procedure
under consideration (see Subsection 2.2 for concrete examples).

In what follows, we always assume that:
(BTA1) initially, each item in the cohort to be tested can be contaminated
with the same constant probability p € (0, 1);
(BTA2) items are independent;

(BTA3) test kit under consideration is perfect (i.e., sensitivity = spe-
cificity = 100%) and does not depend on the size of the tested

group.

Assumptions (BTA1)-(BTA3) are called Binomial Testing Assumptions
(BTA). Imposing them, we can formalize our setup by the following
probabilistic model:

15



e LetYy,...,Yy beiid. ~ Be(p) random variables (r.vs.) represent-
ing the cohort of interest;

¢ V; =1 <= item i is contaminated (then Y; = 0 <= item i is pure);
e For any testing procedure X and any non-empty A C {Y1,...,Yn},
X(A) =1{Zy,enY; > 0}.

Given cohort C' = {Y7, ..., Yy} and test procedure X, let T’x denote the
random number of tests required to identify all contaminated in C' and
let Ox(N,p) = ETx be its average. Note that fx is a function of two
arguments: N € N,p € (0, 1). For convenience, ¢ stands for 1 — p in the
entire Thesis.

2.2 Several Group Testing procedures

In this subsection, we describe several binomial GT procedures serving
as examples and objects of investigation in the sequel. The graphic
schemes of the procedures are presented in figures 2.1-2.5.

Dorfman procedure D This procedure was already described in the
Introduction 1. It spans two steps:

Stepl: test initial pooled sample I P;
Step2: if I P tests negative, finish; otherwise retest each item indi-
vidually.

One can see that Tp =1+ N1{Y; + --- + Yx > 0}. Therefore,
Op(N,p) =1+ NEL{Y; +---+ Yy >0} =14+ N(1—¢"). (2.1)

Modified Dorfman procedure MD Sobel and Groll [72] observed
that the D procedure is inconsistent and suggested a fix: if the initial
pool tested positively and having retested N — 1 items there were no
defectives, there is no need to retest the last one. In what follows, we
denote this procedure MD. By description,

TMD:1+(N—1)]I{Y1+"'+YN>O}+]l{}/1+"'+YN71 >0}.
Therefore,

Orip(N,p) = l—i—(N—1)(1—qN)—&—1—qN*1 = 1—qu*1+N(1—qN). (2.2)

16



Sterrett procedure ST Sterrett [73] proposed another modification of
the D procedure. His testing algorithm is as follows:

In|[

Step1: test initial pooled sample I P;
Step2: if I P tests negative, finish; otherwise go to Step3;

Step3: retest each item one by one until the first contaminated is
identified; if the whole cohort is already tested, finish; otherwise,
treating the set of the remaining untested items as a new initial
cohort, go to Step1l and start over.

] it was shown that

OsT(N,p) =2¢—p (1 —¢"™) + (2—q)N. (2.3)

Pairwise testing algorithm PT Pairwise testing algorithm was invest-
igated by Yao and Hwang in [85]. Its description is as follows:

Step1: if there is only one item in the cohort C, test it and finish; if
there are no items at all, finish; otherwise proceed to Step2;

Step2: having a cohort of NV > 2, choose a pair of items, form a
pool, and test it;

Step3:

— if the pool tests negative, classify tested items as pure, set
N =N —-2,C =C {tested pair};

— if the pool tests positive, retest one item; in case that item
tests negative, classify the remaining item as contaminated,
set N = N—2,C = C\ {tested pair}; if that item tests positive,
set N=N —1,C = C\ {retested item}.

Step4: go to Stepl.

Remark 2.2.1. There is no difference which pair of items to choose in
Step 2. In what follows, we always choose the last two. O

In[

] it was demonstrated that

2—¢* ¢+q-1
1+4+4¢ (1+q)?

Opr(N,p) = N (1= (=)™ (2.4)
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Square Array procedure A2 This procedure was introduced by Phatar-
fod and Sudbury [63] and later generalized by Berger, Mandell and
Subrahmanya [9]. To apply it, one has to have N = n?,n € N, items in
total. Assuming this holds true, the algorithm reads as follows:

Stepl: put samples of all items on a square n x n matrix;

Step2: make n pools corresponding to rows and n pools corres-
ponding to columns; test them;

Step3: if all pools test negatively, finish; otherwise retest items I;;
satisfying condition "row ¢ and column j tested positively".

An average number of tests was computed by Phatarfod and Sudbury

[65]:

6’A2(Nup) =2n + n? (1 — 2qn + q2n71) _
NN (120 ).

Halving procedure H It is difficult to trace back who has introduced
this procedure first as it has tight relationships to binary search problem.
For the purposes of GT in quality control, it was discussed by Johnson
et. al. [42]. To apply it, one has to have N = 2" ,n > 1 items in total.
As the name suggests, the corresponding algorithm works by testing
halves. Below comes a precise description.

Step1: Test initial pool. If it tests negative, finish; otherwise, go to
Step 2.

Step2: Split the initial cohort into two equal subsets. Apply the
procedure recursively (i.e., starting from Step 1) to each half.

An average number of tests required by this procedure (see, e.g., [69])
equals

logy N k

1— 2
On(N,p)=1+2N Y —_1
k=1

2k

(2.6)
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Sample 1 Sample 2 Sample N
Joint sample
l Testing
Result
Negative Positive
Retesting

Testing concludes

Sample 1 | | Sample 2 | | | |Sa111pleN

Figure 2.1: Dorfman testing scheme [19].
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Sample 1 Sample 2 .

Joint sample

Sample N

Testing

Positive

Testing Testing

If any of Sample 1.

Testing concludes | Sample 1 | | Sample 2 | | | | Sample N-1 | Snnp?:;;l_)lliji);;im_e
we retest all samples..
| Negative | | Negative | | Negative | | Negative |

Last test is not necessary. we come to conclusion that the last sample is positive.

Figure 2.2: Modified Dorfman testing scheme [72].
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0 1 0
1 0 0 <« Positive sample row

Sij sample gets
retested

I

Positive sample column

Figure 2.3: Square Array testing scheme [63].
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Sample 1 Sample 2 Sample N

~N\/

Joint sample

Testing concludes

‘ Sample 1 I | Sample 2 ‘ ‘ . || Sample N/2 ‘ |Sa.mple N/2)+1 | ‘ . | ‘ Sample N

Jomt sample Joint sample

Testing

Testing concludes We are testing this group Testing concludes We are testing this group
according to the same according to the same
principle as the parent principle as the parent

positive group. positive group.

Figure 2.4: Halving testing scheme.
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Testing S; and concluding

fx-1

A A
N=2
Y
i Positive Positive
No Testing T »| Testing Sy :
Negative
Negative A4 ———
» N:=N-2 S:=SU{Sy.,}
S=¢? <

Yes

Conclude

Figure 2.5: Pairwise testing scheme [55].
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2.3 Typical Group Testing tasks

Let X be a procedure of interest. It is reasonable to assume that it differs
from other procedures not only w.r.t. the testing scheme but also w.r.t.
an average number of tests 6x (N, p). Since the primary aim of GT is
to minimize this quantity and the contamination probability p may be
regarded as fixed by nature, one of the typical GT tasks is to find the
optimal value of the tested cohort size NNV, (gt To state this optimization
problem formally, one usually considers the function

N

whose value is an average number of tests per single item in a cohort of
size N. Then, any minimizer of this function w.r.t. N is called optimal
configuration and denoted by N;. Note that we assume fixed p, i.e.
N, Xt € argminycy tx (N, p). Therefore, Nopt depends on p. This has
several important consequences discussed below.

N x (0,1) 3 (N, p) = tx(N.p) = 2.7)

The function (0,1) 3 p — N5, (p) shows how large should be the
sizes of the tested cohorts to have average testing savings per item (aka

gain)
Gx(p) == 1—tx(NX,(p),p) (2.8)

maximal (in the long run). It is intuitively clear that, for any reason-
able X, (0,1) > p — Ng,;t( ) should be non-increasing, and in all the
remaining parts of the Thesis, we assume this by default. Then values
of Gx(p) close to 1 should be observed for small p’s. In practice, testing
pools of arbitrarily large sizes may be infeasible because of the dilution
effect: large pool sizes change test kit characteristics (usually, sensitivity
drops down drastically). Knowing the maximal tolerable pool size Nyax
of the test kit at hand allows one to find the range Rx of p’s for which
Né’;t( ) < Nmax. For this, explicit functional form of (0,1) 5 p — N;X,(p)
is desirable.

An explicit form of the latter function yields an ability to address
another typical GT problem: a comparison of several competing pro-
cedures. Say, X;,i = 1,...,k, are procedures applicable to the problem
at hand. One can investigate both gains Gx,(p) (see Eq. (2.8)) and
sizes Nopt( ) for different values of p and, taking into account various
scenarios, choose preferable procedures.

Finally, there is one more typical GT task tightly related to No)f,t
finding optimal cut-point (OCP) pX € (0,1). As noted earlier, intuition
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suggests that group testing should be profitable only for sufficiently
small prevalence p. To be more specific, recall Dorfman procedure D:
if p is small, then testing will oftentimes end up after a single initial
pool test; however, if p is close to 1, almost every group of size N > 2
will be contaminated, and in addition to single pool test there will be N
individual tests; hence, instead of having only NV individual tests, one
will have N + 1 tests. The above OCP problem therefore translates to
finding value p € (0,1) s.t. Vp € (p2',1) Ny5i(p) = 1. In the general
BTA context, this problem was addressed by Ungar. In [79], he obtained
the following fundamental GT result.

Theorem 2.3.1. Binomial GT makes sense if and only if p € (0, %) for

p € (3_2‘/5, 1), there does not exist GT procedure performing better than

individual testing; for p € (0, 3_2‘/5) there always exists at least one procedure
X s.t. tX(No);t(p),p) <L

In the binomial GT, the value % is known under the name of Uni-
versal Cut-Point (UCP). For some GT procedures, it is achievable. That
is,

3-V5
Gx(p)=0<=p> 5

However, there are procedures for which

3
Gx(p) :0<:>p2p§ withpf < 5

Therefore, when investigating characteristics of a particular procedure
X, it is first of all important to find p.: if the problem at hand is s.t.
p > pX, one needs to resort to individual testing or look for another GT

procedure if pX < % Because of Theorem 2.3.1, in all the Thesis, we
restrict the range of p to (O, 3_2\/5) .

In the end, we mention that there are other binomial GT problems
not discussed here. Some of them are difficult and open for quite a
long period of time. In our opinion, those described above are the most
typical. Nonetheless, dealing with a particular procedure still poses a
challenge and requires extensive analysis.
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Chapter 3

Results

3.1 Optimal configurations for Modified Dorfman,
Sterrett, and Square Array procedures

3.1.1 Theoretical results

In Chapter 2, we have mentioned that finding N, 1s one of the typical
yet very important GT tasks because knowledge of N,X; allows to utilize
X most efficiently. As we know, there are no a lot of results providing

explicit expressions of N;.

For the case of the Dorfman procedure D, the optimal configuration
was derived by Samuels [66] quite long ago. He has demonstrated that,
for' p € (0,1—(1/3)"/%) % (0,0.31), N3 (p) € {[V/p~ " +1, [v/p~ 1] +2}

whereas, for p > 1 — (1/3)1/3, N2, (p) = 1 (the latter result also means

that optimal cut-point p? = 1—(1/3)/? is strictly less than UCP = 3_7‘/5
discussed in Subsection 2.3). However, at the start of our investigations,
we discovered that for the modified Dorfman procedure MD, the Sterrett
procedure ST, and the square array procedure A2, the analytical expres-
sions of N;,, were not completely made explicit. To be more precise,
for MD and ST procedures, Malinovsky and Albert [55] numerically
derived explicit analytical expressions of optimal configurations for a
wide range of p’s and conjectured that the same expressions are valid

'here and in the sequel, |z| denotes an integer part of z € R; [z] equals z if x € Z
and it equals |z | + 1 otherwise
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for all p € (0,UCP). In our paper [38], we justified the correctness of
their conjectures and proved the following statements.

Theorem 3.1.1. Let

! 1~ 2pg for pe <O, M) . (3.0)

90(p) = q(l_lnq\/%> 5

Then equation go(p) = 1 admits a unique solution p, ~ 0.1711 and the
following relations hold:

Nu(p) € { V2 1), Ve 1) +1} forp e (1,*, : _2\£> ;
5,00 € {21, LVarT) + LLVar) + 2} forp € (0p).

NS

Theorem 3.1.2. Forall p € (0, 3_2\/5)/

NP ) e {LVo T, Ve 1] +1}. (32)

The A2 procedure was investigated by Hudgens and Kim [38]. They
derived quite tight lower and upper bounds yet did not succeed in
providing exact expression of optimal A2 configuration and left explicit
formulae undiscovered. They also addressed the problem of finding
OCP (see Section 2.3) and actually found optimal value pA2.In [89], we
obtained expression for NV, (ﬁ,% (p) and along the way produced additional
insights about p#? (see clarifying Remark 3.1.5 below). Before stating our
results, we remind that, in the case of A2, cohort size IV is parameterized
by n € Nas follows?: N (n) = n?. Also, in the setting of A2, it was more
convenient for us to treat ¢ 42 as a function [2,00) X (UCP, 1) 3 (n,q) —
ta2(n, q) with n € [2, 00) ranging continuously rather than a function of
(N, p) with a domain {n? : n € N} x (0, UCP). Keeping this in view, our
results read as follows.

Theorem 3.1.3. Let g(q,n) = %—2qn+(12n_1 = taa(n, q)—1. The following
statements hold true:

Zgee Section 2.2 for the description of A2
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(i) Forany (q,n) € (1/2,1) x (2, 00), system of equations

n—1

1:nq"<1—q2

(3.3)

~=
|
b
vl 7
A

nlng=—

has a unique solution (q.,n.) ~ (0.748416,4.453524).

(ii) For any fixed q € (q«, 1) and with respect to n, equation g(q,n) = 0
admits two solutions nyp,ny : 2 < ngp < n, < ny < 0o. On (ng,ny),
n — g(q,n) attains values in (—oo, 0) whereas on (2,00) \ [nr,ny] it
attains values in (0, 00).

(iii) For any fixed q € (g, 1), the region (ny,ny) is the one where A2 is
efficient, i.e., ta2(q,n) < 1 for n € (np,ny). In that region, there
exists a unique (and, therefore, global) minimizer Ny, of (2,00) > n +—
ta2(q,n). For g € [0.755,1), it is given by

1

— + +0.2 4 3p* + t., (3.4)

p3

Nmin =

1
2ps3
for some t,. € [0, 1].

(iv) (2,00) 3 n — taa(n,q) also has a unique (and, therefore, global) max-

imizer located in the region (ny,00). For any fixed ¢ € (0,q4), A2 is
never optimal, i.e., (2,00) 3 n +— taa(n, q) attains values in (1, c0).

Corollary 3.1.4. Let g(q,n) be as in Theorem 3.1.3. Then g(q,5) = 0 has a
unique solution g5 ~ 0.750209961. For all ¢ € (g5, 1), nop(q) belongs to the
set

1 1
S+ —+3p2+02] 4+i:i=0,1,2. (3.5)
ps 2p3

Remark 3.1.5. Inspecting the statements above, it might be tempting to
conclude that our results are not exhaustive: it is unclear what happens
in the region (g¢., ¢5) and what is an expression for n.,(q) there. Apply-
ing Theorem 3.1.3 for a fixed ¢ € (g«, g5), we have that ¢t 42(nmin, ¢) <
1 with npin = nmin(q) of (iii). However, this n,in(q) € (4,5) and
min(taz2(4,q),ta2(5,q)) > 1 when ¢ € (g«, g5). We do not provide separ-
ate proof of this fact and only mention that technical details can be filled
in after inspection of the proofs presented in Chapter 5. Hudgens and
Kim [38] operated on the discrete scale and deduced that region (gs, 1)
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is the one where {5,6,...} > n > ta2(n, q) is efficient. Having proved
that n = 2,3, 4 are never optimal, they actually verified that (g5, 1) is
the region where practical application of A2 makes sense. Therefore, in
this direction, our input adds the missing part to the theoretical char-
acterization of A2. However, it is an honest deal to say that theoretical
findings about OCP, though interesting, have ho additional practical
value. O

3.1.2 Examples

In this subsection, we provide two examples illustrating the usefulness
of our results. The first of our examples is most interesting in the asymp-
totic regime as p — 0+. Since in this case Dorfman procedure D and
modified Dorfman procedure MD are equivalent, we exclude MD. Also,
in both examples, we switch back to our usual convention and treat ¢x
as a function of (N, p).

The figures and calculations were produced by making use of an
open-source computer algebra system SymPy [59] and the Python pack-
ages lying in the core kit for scientific numerical programming with
Python: NumPy [34], SciPy [80], Matplotlib [39] and Pandas [51], [77].
The same software was employed in the proofs provided in Chapter 5.

Example 1: Comparison of procedures To illustrate performance of
different procedures, we compare A2, D, S and H in terms of magnitude
of optimal configuration N, and gain (defined by Eq. (2.8)) across
the range p € (0,0.249790) where application of all of them seems
reasonable®. In what follows, NX stands for the unrounded optimal
configuration, i.e. the minimizer of the continuous argument function
[1,00) > N +— tx (N, p). We have chosen to operate on the continuous
scale and use tx (N;*(p), p) instead of ¢x(Ng5,(p),p) since it is much
easier to interpret information visually in comparison to the discrete
case. Recall that, in the case of A2, N = n?, where n is the number of
rows (columns) in the square array used in the definition of A2. In this
example (as well as in the second one), this reparametrization remains
in force: writing ¢t 42(V, p), we actually mean ¢ 42(1min(q), ¢) of Theorem
3.1.3 with nyy, given by (3.4). From results of [66], [69] and those above

*the restriction of the range is due to A2 which does not make sense for larger p’s
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it follows that

N2(p) =02, () = p 3 (L +0(1), NP(p)=+p1(1+0(1
N5(p) = v2p (1 +o(1)), NE(p)=- ngQq( o(1))
and that

ta2(N72(p),p) = 3p5 (1 +0(1)), tp(NP(p),p) = 2¢/B(1 + o(1)),
tst(N2(p),p) = v/2p(1 + o(1)),
tu(NF (p),p) = —(2plogy p)(1 + o(1))

as p — 0+.

Figure 3.1 shows the behavior of N;X and gain G x of the four proced-
ures considered. Due to the raise to the square of 7, N;“Q grows to
infinity much faster than the counterparts of the remaining schemes,
and, because of this, in the top left sub-figure, the range of p starts quite
far from the origin and the accompanying bottom left sub-figure on the
log scale is given. The latter clearly depicts the relationships

In (N2(p)) , In (NS(p)) ~ —5 In(p),
In (N () ~ ~Tn(p), I (N/2(p)) ~ — 3 In(p), (36)

following from the formulae given above and clearly showing that the
asymptotic slope of In (N/'?(p)) on the —In p scale is the largest one.

Talking about gains depicted in the right top sub-figure, one can see
that the D procedure always performs worse than other competitors.
However, each of A2, S and H have their own regions where they
perform best. The bottom right sub-figure illustrates that, for p tending
to zero, the H procedure’s gain growth rate is the biggest one.

Example 2: Optimal configuration when the prevalence is unknown
In reference [54], the authors looked for the pool size leading to optimal
testing by making use of procedure D when the prevalence is unknown.
They employed two approaches. Both (approaches) were based on the
following loss function. Given procedure X, define

LX(N,p) = tx(N,p) — tx(Nov(p), D), (3.7)

X _ NX
where Nj,, = Ng,

uration when the prevalence p is known. It is clear that LX(N,p) >

(p) € argminyeqy o 3 tx(IV,p) is the optimal config-
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Figure 3.1: Graph showing the behavior of optimal pool sizes and gains
on original and log-log scales.

0 V(N,p) € N x (0,1) and, for a given p, L (N, p) = 0 precisely when
N € argminyegy oy tx(N,p). In what follows, to distinguish between
N, o)gt (p) and optimal configuration suitable for unknown p’s, the latter
configuration is denoted by N;*.

The first approach in [54] was to make use of mini-max strategy and
take NX as a minimizer of

{1,2,...} 3 N = sup LX(N, p). (3.8)
p

The second approach was to make use of the Bayesian paradigm and,
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after putting the prior 7 on p, to take N;* as a minimizer of

{1,2,...} 3 N = E-(L*(N,p)) = Ex(tx(N,p)) — ¢(n),
c(m) = Ex(tx (Noy(p),p)). (3.9)

In this example, we have adopted both approaches to the case of A2.
When using the Bayesian one, 7 was taken uniform over (0, 0.249790).
Thereby, we have modeled a situation when the only prior information
is that the application of A2 makes sense (see Corollary 3.1.4). Also, we
have modified (3.9) and used

{1,2,...} 3 N = Eo(LX(N,p))® = Bx (tx(N,p) — tx (NX,(p),p))
(3.10)

instead. To justify our choice, note that, in (3.9), ¢(7) does not depend on
N. Therefore, minimization of the target function amounts to minimiza-
tionof {1,2,...} 5 N — E,(tx (N, p)) and the corresponding minimizer
depends only on the prior 7. This way important information carrying
function p — tx (N, (ff,t (p), p) remains unutilized. It seems, however, more
reasonable to look for an estimate minimizing the distance to optimal
value function and depending on this function.

Figures 3.2-3.3 show graphs of (3.8) and (3.10) for the case of X = A2
and the previously mentioned prior 7. Numerical estimation yielded
the following values:

e NA2(p) = 122 for the case of mini-max approach;

e N2(p) = 72 for the case of Bayesian approach.

We did not make any attempt to rigorously prove that these values are
the only global minimizers of the target loss.

Finishing the example, it is important to note that, though the strategy
discussed above leads to sub-optimal testing in a stable environment
when the prevalence is close to constant and its reliable estimation is
possible, it appears to be a reasonable strategy when the prevalence is
varying rapidly and is difficult to capture by data at hand. Therefore,
at least in the initial stage, it can be considered as a good alternative
for optimal testing during pandemics like COVID-19. Of course, under
such circumstances, one can (and should) use various priors motivated
by expert knowledge and/or domain-specific factors.
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Figure 3.2: Graph of {2,3,...} 3 n+ sup,(ta2(n, q) — taz(nept(q), q)

3.2 Algorithm for finding optimal cut-point

3.2.1 Theoretical results

In Subsection 2.3, we have discussed the importance of finding OCP for a
given procedure X. However, to our best knowledge, Ungar’s Theorem
2.3.1 is the only result of the general nature addressing this problem.
All other works were tied to investigations of particular procedures.
In our work [90], we proposed an algorithm suitable for finding an
approximate value of OCP for a class of BTA satisfying procedures and
allowing to recover exact OCP in many cases. Along the way, we have
discovered an interesting connection of independent interest between
GT and Bifurcation Theory. Our method applies to the class of binomial
GT procedures satisfying the following constraints.

(MO0) 3¢ > 2 s.t. X is a-priori known to be useless for N € [1,¢).
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Figure 3.3: Graph of {2,3,...} 2 n— Ex(ta2(n,q) — tAg(nfﬁ(q), q))?

(M1) Function N x (0,UCP] 3 (N,p) — 6x(N,p) can be treated
as a continuous function on [c, c0) x (0, UC P] differentiable in the
whole interior of its domain.

(M2) VN € (¢,00) function (0,UCP] 5 p — 0x(N,p) is strictly
increasing.

(M3) VN € (¢,00)tx(N,UCP) > 1.
(M4) VN € (¢,00)dp € (0,UCP) : tx(N,p) < 1.

Our results are given in two propositions stated below. The first one
characterizes the properties of the OCP.

Proposition 3.2.1. Assume (M0)-(M4). Let px . = sup{p € (0,UCP) |
AN € (¢,00) : tx(N,p) < 1}. Then Vp € (0, px ) procedure X makes sense
on the continuous scale; Vp € (px ., UCP) it makes no sense at all, that is,

(N,p) € (¢,00) X (px,c, UCP] = tx(N,p) > 1. (3.11)
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The second proposition demonstrates that under (M0)-(M4), there exists
a generic procedure for finding px ., and it can be naturally cast in terms
of the Bifurcation Theory as follows. Treating p € (0, UCP] as a control
parameter and N € (c,00) as a function of some latent continuous
argument, consider an autonomous dynamical system

N =tx(N,p) — 1. (3.12)

Proposition 3.2.2. Assume (M0)-(M4). px . is a bifurcation point of the sys-
tem (3.12) and one can distinguish between three types of possible bifurcations.

(b0) px  is the only value of the control parameter for which (3.12) admits
fixed points in (c,00). In this case px . < UCP and all N € (c,o0)
solvetx (N,px,) = 1.

If there exists p; € (0, px ) for which (3.12) admits a fixed point N € (c, 00),
there are two possibilities:

(b1) (3.12) has fixed points in (¢, 00) for all p € [p;, px.c) yet there are
no fixed points corresponding to px ;

(b2) (3.12) has fixed points in (c, 0o) for all p € [py, px ] including px .
which then is necessary smaller than UCP.

In all cases, bifurcation curve induces a differentiable map (c,00) > N —
pN € (0,px.c]. Therefore, px . can be determined by finding its maximum.
For bifurcations of types (b0) and (b2), this amounts to solving a system

{ tX(va):lv

(3.13)

(with respect to both N and p) and then picking up a largest p value from the set
S ={(N,p) € (¢,00) x (0,UCP] | (N, p) solves (3.12)}. For the bifurcation
of type (b1), px . = max(limy_,c+ pn, imy_so0 p). In particular, this holds
true when (3.13) has no solution lying in (¢, 00) x (0,UCP].

In this subsection, we do not comment on the restrictiveness of condi-
tions (M0-M4) and postpone this to the dedicated Section of Chapter 4.
However, before proceeding to examples, we provide several clarifying
remarks.
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Remark 3.2.3. Prop. 3.2.2 establishes the procedure for finding OCP on
the continuous scale (COCP). In practice, one operates on the discrete
one since the number of tested items NV is integer. As a rule, discrete
scale OCP (DOCP), so far in the Thesis denoted as p., is lower than
COCP = px . of Prop. 3.2.1. However, the difference is usually small
(see examples in Section 3.2.2) whereas the determination of DOCP is
often times quite involved. Moreover, in the case of (b2), DOCP= pX
can often be recovered as follows:

* take N.s.t. (N, px ) solves (3.13);

e set DOCP = HlaX(pLNCJ,p[NC]).

In the case of (b1), DOCP is very likely to coincide with COCP. O

Remark 3.2.4. We have seen that, in some cases (like that of A2), cohort
size N = N(n) is a function of n € N and it is more convenient to
treat fx, tx and other related functions as functions of (n, p) rather than
functions of (N,p). Replacing N by n in (M0)—(M4) and then in all
functions in Propositions 3.2.1-3.2.2 does not change conclusions of
these Propositions provided (¢,o0) > n +— N(n) is differentiable and
strictly increasing. O

Remark 3.2.5. We are inclined to think that bifurcations (b1)—(b2) are
the prevalent ones since we are unaware of practical examples of (b0)
satisfying our assumptions. Yet Subsection 3.2.2.5 contains an example
showing that a counterpart of (b0) may occur on the discrete scale. We
were unable to exclude this type theoretically. Thus, appealing to the
mentioned example, we are inclined to think that (b0) is not a redundant
case but an exceptional one, corresponding to optimal procedures (see
the discussion in Chapter 4). O

3.2.2 Examples

In this section, we provide several examples demonstrating applications
of Prop. 3.2.2. We also provide two examples of the procedures violating
our conditions. Figures appearing in this subsection were produced by
making use of Desmos Graphing Calculator [17].
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3.2.2.1 Dorfman procedure D

Recall that
Op(N,p)=1-¢" +(N+1)(1—-¢")=N+1-Ng", (3.14)
Op(N,p) 1 N
= = 1 —_— .
tp(N,p) N + N q

We put ¢ = 2 in (M0) and have it (testing one item does not require D
procedure). (M1) obviously holds. Since a%t p(N,p) = N¢gV=1 > 0 for
all N € (2,00), (M2) holds as well. As for (M3), note that

d d 1 V5 —1 N

1 V5 —1 Nl V5 —1
TNz T2 e )

Equating this to zero (and solving numerically) one finds out that this
function has a unique minimum at Ny, ~ 2.888 and %l% tp(N,UCP) =~
>

tp(2.888,UCP) = 1.097. Moreover, it has a maximum at Ny,x =~ 5.75

and then decreases to A}im tp(N,UCP) = 1.Since tp(2,UCP) = % >
—00

1, (M3) holds. Finally, from (3.14) it follows that

1
VN € (2 lim tp(N,p) = —.
€ (2,00) i p(N,p) v

Therefore, (M4) holds as well.

Figure 3.4 shows a plot of the inverted bifurcation map N — py de-
scribed in Prop. 3.2.2. In this case, it admits analytical expression:

py =1— (%)% System (3.13) is given by

Q

=¢"Ing,

1 _ N
N — ’

. (3.15)

T NZ

and can be solved analytically too. Its solution is (N, pp.) = (e, 1 —
e_efl). Recall that Samuels’ [66] analysis led to DOCP = 1 — 3-37".
Our COCP is quite close. Moreover, we can recover DOCP by applying
the method described in the Remark 3.2.3. In this particular case the
method works and affirms Samuels’ result.
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5 10 15 20
N

Figure 3.4: plot of N — py (solid line) for the procedure D; dashed line

shows constant linep = UCP = 3_2\@ ; maximal value yields COCP =
1—e ' ~0.3078; value Prey=1-— 3737 is equal to DOCP.

3.2.2.2 Square Array procedure A2

As we know, in the case of A2,
0.42(N,p) = 2VN + N (1 VN 4 qWﬁfl) (3.16)

for N(n) = n?,n € N. Therefore, for the sake of convenience and in
view of Remark 3.2.4, we make a change of variables and treat both ¢ 42
and 642 as functions of (n,p). We carry this convention to all related
functions as well. This yields

2 2
taz(n,p) = ~4 1 2" + ¢*t = ~ (1—q¢")*+pg* 1. (3.17)

From the latter expression, it follows that A2 makes sense only for n > 2.
Bearing in mind the practical aspect (i.e., the fact that cohort sizes are
integers) we therefore set ¢ = 3 in* (M0). Note that, due to the design
of the procedure, this truncation actually restricts sizes of the tested
cohorts to start from 9 = 3 x 3 (not 3). It is obvious that (M1) holds.

*relying on results of Subsection 3.1.1, we could even set ¢ = 5
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Since Vp € (0, UCP]

0
%6A2(nap) = n2 (ann—l _ (2n _ 1)q2n—2) _

n2 (q2n72 + 2nqn71(1 o qnfl)) > 0’
(M2) holds as well.

Justification of (M3) can be done by accomplishing the following
steps:

¢ check that %tm(n,p) = —%—Zq” Ing(1—¢"')and aa—;tAg(n,p) =
& —2g" In? ¢(1 —2¢"1);

e numerically solve 2% ¢ n, = 0 and obtain two roots:
y on2 A2( p) p=UCP
ny ~ 5278, ng ~ 9448,

¢ verify that n; corresponds to the maximum whereas ny corres-
ponds to the minimum of n — a%t A2(n, UCP) and that

0
5, taz(n1, UCP) < ~0.0055 < 0;

e conclude that n +— t 42(n, UCP) is decreasing and (M3) holds since

lim t42(n,UCP) = 1.
n—oo

Finally, from the last expression given in (3.17), it follows that

tas(n,p) ——

2 2
p—0+ N

< —.
-3
Hence (M4).

Figure 3.5 shows the inverted bifurcation curve (3, c0) > n — pj, of Prop.
3.2.2. System (3.13) is given by

L "(1—-¢")Ing=0.

n2

{ 22"+l =0,

As can be seen from the curve, it has a unique solution (n.,paz.) ~
(4.454,0.252). Recall that Kim and Hudgens [35] analysis on the discrete
scale yielded DOCP = 0.2498. This point precisely coincides with pr,, ;.
Thus, the method described in 3.2.3 again led to the recovery of the
DOCP.
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(4.454,0.2516)|

Figure 3.5: plot of n — p,, (solid line) for the procedure A2; dashed line

shows constant linep = UCP = 3_2\@ ; maximal value yields COCP ~
0.2516; ps ~ 0.2498 is equal to DOCP.

3.2.2.3 Modified Dorfman procedure MD

For MD,

1— qu—l

tup(N,p) =1—¢" + N

(3.18)
We set ¢ = 2 and (MO) is satisfied (again, as in the case of procedure D,

testing one item does not require procedure MD). As usually, (M1) is
obvious. Since

]1, (@ = (N =1)pg"?) =

1 N -1
N-1 N-2
N—-—)+—— > 0
4 ( N) N M

)
— N,p) =Ng¥ 1 - —
8ptMD( D) q

for any fixed N € (2,00), (M2) holds. VN € (2,00) li%1+ typ(N,p) =
p—

% < 1. Hence (M4). Finally, verification of (M3) can be done in the same
way as in the case of procedure A2. Since an exercise is quite lengthy and
tedious, we omit the details as well as check that system (3.13) does not
admit solution lying in (2, co) x (0, UCP]. The latter means that we have
a bifurcation of type (bl). Since ty/p(2,UCP) = 1, we conclude that
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Figure 3.6: plot of N — py (solid line) for the procedure MD; dashed
line shows constant line p = UCP = 3_—2‘/5

PMD,c = Nhrr21 pn = UCP. Figure 3.6 provides graphical illustration of
-2+
the said.

As noted in the Remark 3.2.5, this time COCP = DOCP = UCP.

3.2.2.4 Sterrett procedure ST

As we know, for procedure ST,
20— (1—q)"'(1—¢")
N .

Setting ¢ = 2 in (MO0), one has that (M0)—-(M1) readily hold. A way
to verify (M2) lies in showing that (1 — UCP,1) 5 ¢ — tgr(N,p) is
decreasing. Since

B) 2 1 /1— gVt
—tstr(N,p)=(=—-1]——=|———
aqST( D) <N ) N( g ),
one sees that the term 2/N — 1 < 0 for any N > 2 and it suffices to note
that

tsr(N,p) =2 —q+ (3.19)

1—¢Ntt ' !
_ :(1+q+'~+qN) > 0.
l-q /, q
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(M4) follows by noting that, for any fixed N > 2,

1_N+1’
9 lim U7

) L B =1 (-9
pll)l’(l)g* tST(Nu p) - qligl, tST(Na p) =1+ N -
9 _ N+1 1
I+—1=—<1
* N N

As in the previous example, we omit verification of (M3). It amounts
to a careful analysis of the derivative of (2,00) > N — tsp(N,UCP).
One can also show that the system (3.13) does not admit solutions (N, p)
lying in (2, 00) x (0, UCP)]. Since UC'P solves tsr(2,p) = 1 (w.r.t. p), we
again have that pg7 . = limy_,24 py = UCP as in the previous example.
Figure 3.7 demonstrates that the bifurcation curve qualitatively exhibits
the same behavior too. Again, note that COCP = DOCP = UCP.

Figure 3.7: plot of N — py (solid line) for the procedure ST; dashed line

shows constant line p = UCP = 3*—2‘/5

3.2.2.5 Examples violating our assumptions

The first example is the PT procedure. Since

2—q2+q2+q—1
1+gq (14 q)?

Opr(N,p) = N (1—(—g)™),
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it is clear that one can not extend 6pr to the continuously differentiable
function w.r.t. N. Hence, (M1) does not hold. (M3) does not hold as well.

Indeed, UCP solves ¢ + ¢ — 1 = 0; also 22 —1and
ndee solves ¢ 4+ ¢q also 37, - an
2—q2 9
= <l<=0<q¢+q—1<pe(0,UCP). (3.20)
q

Another example of this kind is the procedure H. Recall that here the
cohort size N(n) = 2", n € N, and
1-— qQk

2k 7

n
Op(N,p)=1+2""%"
k=1

Thus, it again violates (M1).

3.3 Probabilistic analysis of the Pairwise testing pro-
cedure

In [85], it was proved that, for p € [1 — %, U CP} , the PT procedure

is optimal in the class of nested procedures. That is, for any nested
procedure X and for any N € N, 6pr(N,p) < 0x (N, p) uniformly over

peE |1— %, U CP} . Despite this fundamental property, the PT proced-

ure did not receive considerable attention in the literature. After getting
familiar with the PT and retrieving citing literature, we have discovered
that out of fifteen citing references [1-3, 12, 22, 29, 30, 43, 48, 53, 55, 56,

, 83, 84] retrieved by us® from Google Scholar, Malinovsky [53] was
the only who investigated a problem having a direct relationship to
the PT procedure. All other researchers touched the paper of Yao and
Hwang [85] merely as a reference having a connection to GT with a mild
relation to their own problem. These circumstances motivated us to
give a broader probabilistic characterization of the PT procedure [91].
We succeeded in deriving an exact analytical expression of the moment-
generating function (MGF) for the number of tests performed by the PT
procedure. With the help of the MGF, it was possible to obtain common
limiting theorems: strong law of large numbers (SLLN), central limit
theorem (CLT), and large deviations principle (LDP). To state formal
results, we need several notions.

For short, let Oy = Tpr denote the number of conducted tests re-
quired for an identification of all defectives in a given binomial set

Sthe list was generated on 28th of June, 2022; non-English references were excluded
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having NNV items, and let Y;,7 = 1, ..., N, be an indicator of an ith item
status (1 stands for the defective one). Then Y; ~ Be(p). Also, let
Y;:=1-Y,and

My = G 8) . M, = (? (1)> . (3.21)

Our first result gives an explicit expression for © y in terms of the above
quantities.

. _ {0 1\ (01 _ (Y Y
Proposition 3.3.1. Let A = {(1 0) ) <0 1) } and By, = < 1 0 ) for

k=1,...,N. Then@2:3Y2+§72(1+Y1), @3:2+173Y2+Y3@2,und

On =14+ YN(Yn_1Yn_2+2)+ YN 1+
N-1
Z (Yio1Yj_o+Y;_1+1) (Y] +Y;11{ByBy_1---Bjj1 € A}) +
=3
Y, + Yol {BNBn_1---Bs € A} for N > 4. (3.22)

The expression above provides insight into the structure of © . Our
next result provides the announced explicit formula of the MGF.

Theorem 3.3.2. Let Mg, () denote the moment generating function of ©
at A € R. Set

1 .
a; = oi(A) = 5 <1®e2A + (—1)z\/172€4A +4ge’ (g +peA)> ,1=0,1;

2
(3.23)
N __N
iy = k() = % for N > 0. (3.24)
Then Mg, (\) =

2| (1= %™ +g(1 = )%™ + (1 = ¢?)e* + %) kv o+

q ((1 —q)%* +q(1 - q)(2 — q)e** +2¢*(1 — g)e* + q3> HN—B}
(3.25)

for N > 3.

The remaining results are the consequences of the previous one.
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R
Corollary 3.3.3. EOy = N%qu + q(li(fl)zl(l — (=™,

(1-4)
(¢+1)°
(o)™ Ca+4) (¢ +a-1) )+

(1- ")

(¢+1)*

Var@N =N

(a(a® +3¢* + 59+ 4) +

(q (5¢> +3¢—7) + (=)™ (¢ +q- 1)2) ,N > 3.
(3.26)

Corollary 3.3.4. The following asymptotic results apply to O as N — oo.

_ 3 2
CLT: VN (@TN - M) 4 N(0,02), 02 = 1 q)(‘zqﬁ;%q%)'

LDP: QTN satisfies the Large Deviation Principle with a good rate func-
tion I equal to the Legendre transform of R 3 X — In ag(\) with ap(N)
given by (3.23). That is, for any closed C' C R and any open O C R,

1 OnN
li —InP(—eC )< —inf I
oy iop (7 <€) = - g1
and

. el ON
— < . -
inf I(z) < liminf N InP < N S O> ,

zeO N—o0

where I(x) = supyep (zA — Inag(N)).

45



Chapter 4

Discussion and conclusions

In this chapter, we have collected several remarks about the results
stated in Chapter 3. In our opinion, these remarks fall out of the scope of
the related literature review yet are worth mentioning. For each section
of Chapter 3, we devote a separate section. The last section is devoted
to several concluding observations of a general nature.

4.1 About results of Section 3.1

It is always possible to obtain numerical solutions of optimal configura-
tions. However, examples given in Subsection 3.1.2 clearly demonstrate
that analytic expressions are very useful. Moreover, in an asymptotic
regime, numerical solutions are of minimal applicability because of com-
putational errors, and the absence of analytic expressions prevents the
asymptotic analysis.

To get a quick example, consider the asymptotic regime when p — 0+.
From results of Section 3.1

2+o0(1) ST 2+0(1)
tap (N’ (p),p) = ~rp— and tsr (Nt (p), p) = ~—g7 -
o Noyi” (0) o Noi (v)
Therefore, taking into account Theorems 3.1.1-3.1.2,
tvp (NP (p), p) o NE(p) B
p—0+ tsr(Noy (p),p) p—0+ Ny (p)

Hence, for small p’s, testing optimally by using the procedure MD results
in an average number of tests per object, which is approximately 1.4
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times larger than the average number of tests per object obtained by
applying procedure ST at its optimal configuration. Analyses of a similar
kind appear in the literature. E.g., in [57], the limit (4.1) appears with
MD replaced by D and is the same. This means that asymptotically the
original and the modified Dorfman procedures are identical. However,
their behavior differs for p’s far from the origin (see [55]).

4.2 About results of Section 3.2

In this Section, we discuss conditions (M0)—(M4) of Section 3.2 with a
focus on their meaning and restrictiveness.

(MO) may be viewed as a condition required to confine the range of
the dynamical system we make use of when looking for the COCP =
px,.. Together with (M3), it also defines the boundary value for the
determination of px . for the case px . = UCP. In a usual case, one can
set ¢ = 2 and have it since, in this context, ¢ = 2 means that taking one
item, we do not need any GT procedure: to identify the defectiveness of
a single item, one always needs one test'.

Constraint (M1) is the most restrictive since not all binomial GT
procedures can be naturally extended to have a differentiable mean with
respect to both arguments (though in the case of p this always holds
true). Nonetheless, this particular assumption is the one we heavily rely
on. It also enables us to draw the connection with the bifurcation theory.

Other constraints can be justified naturally and attributed to many
binomial GT procedures in general.

(M2) states that an average number of tests per batch spanning N
items should increase together with the rate of defectiveness. For justi-
fication, we mention another fundamental result due to Yao and Hwang
[86] who have demonstrated that VN € N, function (0,UCP] 3 p —
inf x 0x (N, p), with an infimum being taken over all possible BGT pro-
cedures, is strictly increasing.

At first glance, it may seem that (M3) rules out procedures having
px,. = UCP. As demonstrated by example, this is not the case. In
fact, it restricts the subset of GT procedures to those having px . on the
boundary of the domain of the bifurcation curve. We are inclined to

Isee examples in Subsection 3.2.2
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think that this way, we rule out optimal procedures, i.e., those which
are best performing in certain classes. However, we do not treat this
as a drawback since, for optimal procedures, one generally expects
PX,c = UCP.

Finally, (M4) in technical terms states that we focus on the procedures
applicable to any number of tested items, at least for some p’s in the
range of their sensibility. This is very often the case since many proced-
ures are suitable for large-scale testing when the rate of defectiveness is
small.

In case (M0)-(M4) hold, our algorithm appears to be efficient. There
is a word of caution: one has to choose c in (M0) carefully. The point is
that the dynamical system defined by (3.12), when viewed on a wider
domain, may exhibit more complicated bifurcations. Figure 4.1 provides
a convincing graphical illustration.

Turning to the types of bifurcations, one sees that, in terms suggested
by Strogatz [74], (b1) is usually the saddle point bifurcation, whereas
for (b2) the system admits fixed points for all but boundary value of
the control parameter p € (0, UCP]. We are inclined to think that the
dynamical system approach we took could be extended to GT proced-
ures violating (M1) and successfully used to investigate other general
properties of GT procedures, yet one needs to work on the discrete scale.

10

-10

Figure 4.1: plot of bifurcation curve for procedure A2 when the domain
of the dynamical system (3.12) is extended to the whole real line.
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We end by noting that relationships (3.20) uncover an interesting fact:
VN € (2, OO) tpT(N, UCP) =1,

which means that the PT procedure is "almost" of type (b0). Yao and

Hwang [55] proved that the PT is an optimal nested testing procedure

if and only if p € [1 — @, 3*2‘/5} . This suggests that procedures of type

(b0) are likely to be those which are optimal in some region.

4.3 About results of Section 3.3

We did not provide any specific examples of applications of results
stated in Section 3.3 beyond moment calculations presented in Corollary
3.3.3. Despite that, one can list several reasons supporting the relevance
of our analysis.

* Though the definition of an optimal procedure is usually tied
to an average number of tests, when choosing between several
procedures, it is desirable to evaluate their performance by taking
into account multiple aspects. For example, procedure Pr1 may
perform slightly better than Pr2 regarding an average number of
tests. However, Pr1 may have a considerably larger variance than
Pr2 and, therefore, the previously mentioned slight gain of Pr1
could be gladly traded by the practitioner in favor of Pr2.

* We have already mentioned that the importance of the PT re-
mained unrecognized in the literature, and there is more to say on
that.

— Many GT procedures described in the literature have limited
applicability in certain areas due to the dilution effect described
in 1.3. Recall that basically this means the following. Given
procedure X and fixed p, N, (p) may be too large and inflate
the operating characteristics (sensitivity and/or specificity)
of the test kit at hand making them unacceptably low (aka
diluting) for that particular application’. With respect to
this property, the PT procedure is a very favorable option: it
requires only pools of size N = 2, and this holds true for all

p’s in the region of its optimality [2;5/5, 3*2—*/5] .

%in theory, (BTA3) stated in Section 2.1 prevents from this; however, in practice, it
may be a serious obstacle
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— The region [2_2‘/5, 3_2‘/5} where the PT procedure performs

optimally is bounded away from zero in contrast to many
other GT procedures which do better for p’s close to zero.
In certain applications, this property may be of significant
importance. For example, when screening for a quite wide-
spread infectious disease.

* In [85] it was conjectured that there exists such py € {2_2‘/5, 3_2 }

that for p € [po, 3_2‘/5} the PT procedure is optimal over all (not

S

necessarily nested) procedures satisfying the BTA.

* Our Proposition 3.3.1 demonstrates that, despite apparently simple
recurrence governing the evolution of Oy (see Eq. (5.22)), the res-
ulting dependence structure is not so simple. At least we were
not able to analyze its behavior neither by making use of Markov
chains theory, nor by making use of martingale theory. A well-
developed apparatus of weakly dependent sequences also did not
promise easy deduction of Corollary 3.3.4. More than that, even
direct moment calculation exercise, though accomplishable for
E ©y at a reasonable price (see Lemma in Section 4 of [85]), be-
comes much more involved when it comes to Var © y and higher
order moments. This way, (Oy)n>2 yields an example of a se-
quence of positive integer-valued random variables having an
interesting probabilistic structure encountered in practical applica-
tion and not designed artificially for learning or other purposes.

Finally, we believe that our results may be useful for the solution of
several unresolved conjectures. Namely, the one stated in [85] and
mentioned above, and the generalized PT optimality conjecture stated
in [53].

4.4 Several concluding remarks

In the Thesis, we have focused on the PGT procedures satisfying the BTA.
Such a framework may seem too simplified for the real setting. However,
this is not generally true. For some applications (say, in quality control or
computer science), these assumptions are justifiable. Moreover, though
developed quite long ago, simple procedures like D, M D, and ST are not
outdated and still in use even in large scale projects. E.g., the American
Red Cross makes use of Dorfman procedure for the screening of blood
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donations for HIV and hepatitis [18] whereas, in Lithuania, Dorfman
procedure was not long ago applied to test for COVID-19 employees of
larger firms and pupils attending public schools [7]. There are several
reasons explaining why the BTA-based procedures are still in use.

Convenience. Even though since the original work of Dorfman many
procedures tied to particular needs of applications considered
were developed, the organizational flow of the whole project may
not afford to apply more elaborated procedures. In such cases,
simple procedures appear to be a good alternative, resulting in
cost savings.

Specifics of application. It appears that one of the reasons for the emer-
gence of A2 in genetic applications was testing equipment: it was
such that A2 was very handy option.

Tolerable errors. Though there exist a lot of generalizations allowing im-
perfectness of the test (e.g., [46], [45], [33], [], [10]), as noted by
several authors [9], [38], [55], procedures assuming perfect tests
can be quite accurate since modern tests exhibit very small errors.

Investigations of the BTA-based PGT procedures remain essential due
to other reasons as well.

For example, binomial testing procedures may serve as a basement
for more elaborated ones: procedures MD and ST were built on the top
of D; in [46] and [33], A2 serves as a basis for extensions incorporating
imperfectness of the test and dilution effect; in [5] extensions addressing
subject-specific risk characteristics and imperfect tests are proposed for
the D procedure whereas in [10] the authors do the same focusing only
on the heterogeneity of the population.

For another example of the usefulness of the BTA-based procedures,
consider benchmarking. The BTA-based procedures, being more simple
to treat analytically, provide theoretically justified benchmark thresholds
for more elaborated procedures that assume the imperfectness of the
test and/or other specific conditions.

In view of the said, our findings seem to be useful input to the existing
GT knowledge base.

51



Chapter 5

Proofs

5.1 Proofs of results stated in Section 3.1

Before proceeding to the proofs, we give several remarks. In [55] it
was demonstrated that, for a fixed p € (0, 3_2*/3), function [1,00) >
N +— tgr(N,p) admits a unique absolute minimum which is attained at
the unique zero of [1,00) 3 N aiNtST(N,p), say N2T(p). There-
fore, N5T(p) € {INZT(p)], [N (p)] + 1}, and the choice between
two possible values is made by evaluating whether ts7(| N2T (p) |, p) >
tsr([NZT(p)] +1,p) or tsr(INZT(p)], p) < tsr(INIT(p)] + 1,p) holds
true. For the case of the procedure MD, Pfeifer and Enis [62] have

obtained a quite similar result stated below.

Theorem 5.1.1. ) 372\/5),

function [1,00) > N +— typ(N,p) admits a unique absolute minimum
attained at the smallest zero of [1,00) 3 N +— Ztap(N,p), say NMP(p).
In the set

AMP — {(p,N) € <0, 3_2\/5> x [1,00) : tyup(N,p) < 1}7

NMP (p) is the only zero of N %tMD(N,p).

From (2.1) and (2.2) it follows that

qu,1

N

1
tD(va) =1- qN + N and tMD(va) = tD(Nap) -
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Therefore, tp(N,p) — tpp(N,p) = 2" 5 0. Hence, appealing to the
result of Samuels [66] mentioned in Sectlon 3.1, we thus conclude that
looking for N2 (p) corresponding to p € (0,1—(1/ 3)1/3), one can apply
the same algorithm as for XV, osp?( ) above: it is enough to find the unique
NMP(p) and then select NP (p) € {{NMP(p)], [INMP(p)| + 1}. In the

opt

region |1 — (1/3)1/3, 3T‘f> additional care is needed.

Proof of Theorem 3.1.1. Consider equation g otsr(N,p) = 0. Simple
rearrangement shows that it is equivalent to equality

1 1—2pg [1\VT
SR A (e — N. (5.1)
Ing Ingq q

Denote the lhs by 2(N). Then (5.1) means that N7 (p) is a fixed point of
h : [0,00) — RR. Since h is translated and scaled increasing exponential
function with ~(0) < 0, that fixed point is unique in agreement with the
results discussed above. Moreover, in view of these results, it suffices to

demonstrate that N27'(p) € { 2p~ L —1,/2p71 + 1} in order to deduce

that N7 (p) € {L\/Qp—lj +i:1€{-1,0, 1,2}}. Taking into account
the exponential form of A, the latter will follow provided we show that

h<\/§+1)>\/§+1 and h( 2—1><\F—1. (5.2)
p b b b

For each m € {—1,0, 1}, define a function (O, 3_2\/5) 3 p+— gm(p) by

i3

2

1 1 —2pq
gm(p) =~ (5.3)
T\ (1= f (1emy5))
By simple rearrangement, it follows that (5.2) is equivalent to
gi(p)>1 and g_i(p) <1 5.4)

Figure 5.1 shows the graphs of g1, go, and g_i. These suggest that
relationships (5.4) do hold outside the zero neighborhood though, due
to resolution issues, the true behavior close to the origin may be masked.

53



Functions g1, 90 and g_;

1.20 1

1.15 A

0.p0 0.05 0.10 0.15 0.20 0.25

1.05 A

Figure 5.1: Functions g,,, on (0, 3_2\/5): g1 plotted in blue, go plotted in
black, and g_; plotted in green.

To see that here ¢1(p) > 1 and g_;(p) < 1, consider expansion

In g, (p) =

\/g(ln(l —2pg) — (1+m)Ing —In <1 —1Ing <m+ \/z>>)
—Ing = \/g <p(1 +m — 2q) + p <1J;m - 2q2> +O(p3)> +
m\/glanr \/;(lnq)Q (1 +m §>2+§(lnpq)3 (1 +m\/§>3+

1 (lng)* 4
\/§(p3(/12) <1—|—m\/§> —|—O(p3). (5.5)
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Plugging in m = £1 yields

ng-1(p) = \/g (—2pq(1 + pg + O(p?)) — /B lng <1 _In q) B

2
e S S 1 )+ S (1-y8)

o@ﬂ:—V@@Hnm@+0@m—

(Ing)? (1 _ gmpq <1 . é’)S) +0 (p%) - —gpQ 0 (p%) .

and

VP(ng)? 2 (Ing)? p\’ | (ng)* P\’
o +3 ) <1+ 2>+ﬂp3 1+\/g>+

3
3\ _ 2 2lng p _ 1 5
O(p)—(lnq) <1+3p <1+ 2>>_3p +O(p2).

Hence, ¢1(0 +0) = g-1(0+0) = 1 and ¢1(p) > 1,9-1(p) < 1 for all
p € (0,6) provided ¢ > 0 is small enough. One can further show that

g} is positive on (0, 3_2‘/5), whereas, in case of ¢’ , the following hold

(Ing)*+

true: it has a unique zero zy € (0, 5;2‘/5), it is negative on (0, zg) and
3-V6
2

positive on (o, ); finally, lim ¢_; (z) ~ 0.9912. Calculations
e

being lengthy and tedious nonetheless require only standard calculus

and we, therefore, omit the details. Putting all together, relationships

(5.4) do hold. Taking into account all the said and then by the similar

argument as above, it follows that

NPT (p) € [\/210‘1 -1, 2p‘1] <= go(p) > 1

and

NfT(p) S [\/ 2p~ L \/2p71 + 1] <~ go(p) < 1.

Also, since (0, 3’2‘/5) 5> p — N2T(p) is continuous and strictly de-

creasing', go — 1 has a unique zero p, € (0, 3_2\/5) (see figure 5.2) and
sets g5 ' ((—o0, 1]), g *([1, 00)) are connected, i.e., intervals (0, g; ' ({1})],
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Function gg in the neighborhood of 0
1.003 -

1.002 A

1.001 A

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.}/75 0.200
1.000 p

0.999 1

0.998 -

Figure 5.2: The behavior of go near the origin: the point of inter-
section with 1 is the cut-off point p,. For p’s on the left from it,

NE(p) € {lvV2p7 1, [V2p 1] + 1, L\/ p~1] + 2}, whereas for p’s on
the right, N;f]g ye{lv2pt, [V2p7 ] + 1}

95" (1), 2
strate that L
a function

s =tsr (|5 ) oo (11 2) -

1{pe (3] ftsr ) —tor 2+
1 {p c (3 & ‘f) } (ts7 (2,) — ts (3,))

n (p*, 3_2‘/5) . It is left continuous and has a single point of discontinu-

2 3-V5
95 2

) respectively. To finish the proof, it remains to demon-
3—V5
2

RN

— 1 is never optimal on (p*, ) For this, consider

2
p

ity equal to 2. Since f’ is negative on (p., 3) U ( ), invoking left

'this needs some reasoning yet we omit the details
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continuity, we infer that its minimal values are f(2/9) on (p.,2/9] and

f (%—) on (%, 3’2\/‘?’) respectively. By direct substitution and be-

cause of left continuity, f (3’2—‘/5—) = (0, whereas numerical estimation

yields f(2/9) ~ 0.018976. The verification of the enumerated properties
of f requires only lengthy standard calculus and we omit it. The graph
of f illustrating its behavior is given in figure 5.3. [J

Function f
0.200 -

0.175 1
150 -
0.125
0.100 1
0.075 A
0.050 1

\ 0.025 -

6
0.20 0.25

0.30 0.35

Figure 5.3: The behavior of function f(p) = tsr (L\/EJ — 1,p> —

1 (2] ) on o)

Proof of Theorem 3.1.2. For the sake of clarity, we split the proof into
three steps. As in the proof of Theorem 3.1.1, some tedious details are
omitted and only the sketch is given.

Step 1: slicing AMP_ In this step, we show that

{(p,;ﬁﬂ—;p):pe(0,3_2\/5>}§AMD, (5.6)
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where AMP is the same as in the statement of Theorem 5.1.1. To this
end, note that, by elementary rearrangement,

tup(N,p) <1+=1<¢" ' (Ng+p)=¢" " ((N-1)g+1) =
[denoting N — 1 =2z] = ¢*(1 +qz) <= 0 < zlng + In(1 + gz).

Plugging in N = /p~! + 1 — (5/2)p, we then obtain the condition we
need to check:

(-2 (10 (- 2)) 20

Putting y = ,/p this translates to checking that

fly) = (;—5;/2> In(1 —3?) +In <1+ (1-9?) (;— 52y2>>

is positive on its domain <0, \/ 3_2*/5> One can show that f is strictly

convex on <O7 \/ 3_2\/5> Consequently, f’ is non-decreasing and upper

bounded by  lim  f’(z) ~ —1.66. This, in turn, yields that f is

el

decreasing and lower bounded by  lim  f(z) ~ 0.024.

Step 2: bracing the optimal points. Rewrite equation z%tap(N, p) = 0
as follows:

N
q (N2+1 <1> >+1:N7
D Ing \ g Ing
and denote the function on the rhs by f(V,p). Then each fixed point
of N — f(N,p) is the zero of a%t mp(N,p). In particular, the statement
applies to NMP(p). In this step, by making use of this observation, we
show that NMP(p) (the detailed explanation of the latter fact is given

in Step 3) does not deviate a lot from /p~!. To achieve the goal, we
consider points

N:N(9)2<\}ﬁ+1—2p 9—}-(\}15—]))(1—9):

—p+9<1—3p> 6c0,1, (7)

%"—‘\/
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and demonstrate that

Vp € (o, 5 _2\/5> 310 € [0,1] : f(N(6),p) = N(0) <

Vp e (o, 5 _2\/5> 310 € 0,1] : p2 (F(N(0),p) — N(0)) =0. (5.8)

For convenience, put h(0,p) = p% (f(N(8),p) — N(0)). Calculating de-
rivative yields

%h(@,p) — p? (8?\7 (N,p) — 1) %N(g) -

and then, since %N (#) does not depend on 6,

(NI

ono =t (i) (o) =
—q\/p (2 + (;)N(e) In q) <1 — 3p>2 . (5.10)

N(9)
For a fixed p, consider the term (2 + (%) In q) . Since N () 1, itis
N(1
upper bounded by (2 + (%) W In q). By making use of the second

. N . .
derivative test, one can show that p — (2 + (%) In q> is strictly
concave and has negative derivative on (0, %) Therefore, it is lower

bounded by its left limit at 3’_7\@ The value of the latter is approx-

imately equal to 0.93. It follows then from (5.10) that, for any fixed

pE (0, 3_2‘/5>, 0 — %h(@,p) is negative on [0, 1]. Hence, for any fixed

p E (0, 3_2‘/5>, 0 — h(6,p) is concave and has therefore a decreasing

derivative. Inspection of p — %h(o,p) reveals that 0 — %h(@,p) is
negative for any fixed p meaning that the range of § — h(6, p) is equal
to [h(1,p), h(0, p)]. Finally, omitting the details of a tedious exercise of
verification that the range of p — h(1,p)h(0, p) lies in (—oo, 0), we finish
proof of this step and conclude that (5.8) indeed holds.

59



Step 3: the end of the proof. By Step 2, for each p € (0, 3= 5), there

exists N(p) € (# —p, %) +1- %p) which solves aiNtMD(Nm) = 0.
By Step 1, N(p) € AMP_ Therefore, by Theorem 5.1.1, N(p) is the unique
global minimizer of [I,00) 3 N  typ(N,p), i.e., N(p) = NMP(p).

This implies that NJ.P(p) € {[/p~'] — L, [v/p~']. [v/p~'] + 1}, and

it remains to exclude the point |/p~!| — 1. The route is as follows.
First, by making exactly the same technique as in Step 2, show that

N(p) € ( NG \/- +1- §p> for p € (0,0.3). Second, note that integer

parts of L P and ﬁ coincide for p € [0.3, %5) Figure 5.4 provides

a good visual summary of the whole proof and explains the need of this
workaround in particular. OJ

0

0.00 005 010 015 020 025 030 0.35

Figure 5.4: orange area corresponds to {(N,p) : tarp(N, p) < 1}; upper
and lower red lines show bracing functions p — +/p~ + (1 — (5/2)p)
and p — +/p~1 — p respectively; green line shows function p — /p~1;
blue line shows p — NMP(p)

We note that in the proof of Theorem 3.1.3 below, Step 1 is a repetition
of Lemma 1 in [38]. Nonetheless, we have decided to rewrite it here

60



because it is very short and, along the way, some notions used in the
sequel appear.

Proof of Theorem 3.1.3. Step 1. We first show that, for any fixed n €
(2, 00), there exists a unique ¢, € (0, 1) such that

9(gn,m) =0, g(g,n) <0Vq € (gn,1) and g(g,n) > 0Vq € (0,qn).

To this end, note that
0 n—1 2n—2
+-9(g,n) = =2ng""" + (2n —1)g™" " =
dq
2n —1
—2ng" ! <1 - T;qnl) < 0Vn € (2,00).
n

Thus, given n € (2,00), ¢ — g(g,n) is decreasing on (0,1). Since
9(0+,n) = 2 > 0and g(1—,n) = 2 — 1 < 0, the claim holds true.

Step 2. From Step 1 it follows that, for any fixed ¢ € (0, 1), we have
a well defined function n ~ ¢, which is given implicitly by equation
9(gn,n) = 0. Since this function is continuous, its range I C (0, 1) is an
interval. Next, fore € (0,1) andn =2 +¢,

g(l—e,n) = % — 21 —ne+0(EH))+ (1 —(2n—1)e+0(?)) =
—€

0(e?) > 0
2+€+8+ (%) ,

provided ¢ is small enough. Hence, analysis accomplished in Step 1
implies that ¢21- € (1—¢,1). Therefore, I = (¢, 1) for some ¢, € (1/2,1).
To justify the lower bound 1/2, note that

1
g(l/2,n)>0<:>2”>n<1—2n>.

Since the rhs holds true for all n > 2, it follows that Vn > 2 g(1/2,n) > 0.
Also note that V (¢,n) € (0,¢«) x (2,00) g(¢g,n) > 0 since an opposite
contradicts the definition of ¢..

Step 3. Fix q € (g«,1). By Step 1-Step 2, g(q¢,n) = 0 has at least one
solution n = n(q) (suffices it to take n such that ¢, = ¢). To show that

there are two solutions, put ¢ = 2—1(1, make a change of variable ¢" = z,
and rewrite g(¢,n) = 0 in a form
—Ing=—Inxz(z — cz?). (5.11)
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Consider function h(z) = —(x — cx?)Inx for = € (0, 1). Note that

d 1—cx
ah(:c) =—((1—-cr)+(1—-2cx)Inz) =0<= —Inz = T 20"
(5.12)

Sincel —cx >1—c¢>0and —Inz > 0 for all z € (0,1), it follows
that 1 — 2cx > 0 as well, provided z solves (5.12). Therefore, the range
of possible solutions of (5.12) shrinks to (0, ¢). Moreover, relationships
mllr&r %h(x) = 00, zlil{lﬁ %h(z) = ¢— 1 < 0 imply that (5.12) has at least

one solution. Since 11:2062 +Inz = 14 5 + Inx increases on (0, ¢),
the solution is unique. Denote it xy. Based on the sign of the derivative,
we have that » T on (0, z9) and h | on (xg, 1). Hence, at z, h attains its
maximum and (5.11) admits exactly two solutions if h(xp) > —Ing, one
solution if h(zp) = —In g, and has no solutions if h(zp) < —Ingq. By the

choice of ¢ (recall that ¢ > ¢,), the last case can not hold. To exclude the

11 > 3 ¢+ x¢(c) is well defined

second one, note that the function (5, %0

and decreasing since

—Inxg = 1 —cao
1 —2cxg
(o) = _%wo(c) _d 1—cwo _ %o + cdao(c)
de zo(c) dec1 — 2cxg (1 — 2cxp)?

2
d —x

— = < 0.
dcxo(c) (1 —2cx0)? + cxo

Therefore, (¢.,1) > q¢ — x0(q) is increasing. Taking into account that
¢ — —Ingq is decreasing, we finally deduce that h(zg) > —Ingq for all
q € (¢«,1). The monotonicity of g — z¢(¢) and ¢ — —In ¢ also leads to
the conclusion that g, can be solved from equation

—Ing. = h(zo(gx))
along with a unique n. € (2, c0). Hence (i).

Step 4. Assume the setting of Step 3. Let 0 < z, = ¢"V < a2y =
¢"t < ¢ denote two solutions of (5.11). By above, h(z) > —lng <=
x € (xr,zy). Reverting to (0,00) 3 n +— g¢(g, n), this reads as g(q,n) <
0 <= n € (ng,ny). Note that n — g(g,n) > 0 in the neighborhood
of co. Also, from Step 1-Step 2, we have that n — g(¢,n) > 0 in the
right neighborhood of 2 and that nyy € (2, 00). Therefore, continuity of
n — g(g,n) > 0yields that n;, € (2,00) as well. Finally, it is clear that
nr < ny < ny (see figure 5.5 for a graphical illustration). Hence (ii).
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1.0 4

0.8

function n»q,

0.6
(n«,qg+)

function n+~g(q, n)

0.0

0 N@ Nmin(@) 15 nu(q) 30 45

Figure 5.5: Graph illustrating relationships of n — ¢,, and related quant-
ities. The lower curve corresponds to g = 0.86.

Step 5. In this step, we identify the number and location of zeroes
of the derivative of (2, 00) > n — g(g,n) having fixed ¢ € (¢, 1). From
analysis given in Step 4, it follows that (2, 00) 3 n +— g¢(q, n) has at least
two extremes: there must be a minimum in (nr, ny) (since function is
negative here), and maximum in (n, 0o) (since the function is positive
here and lim,,,~ g(q,n) = 0+. To see that there are no other extremes,
consider an equation

8 2 n n—
%g(q,n) =3 2¢"Ing + 2¢** '1ng = 0, (5.13)

and rewrite it by making use of notions introduced in Step 3 as follows:

[ x 1
- 1 = _1 - - = . .
rlnr =+/—Ingq Iy , T € (0, 20) (O,q) (5.14)

Next, note that:
* hi(z) = —xlInz is strictly convex—up and positive on (0, 1) with
lim hi(xz) = lim hi(x) = 0+;
z—0+ z—1—

63



* hy(x) = /1% is strictly positive and increasing on (0, 5-) =
(0, ¢), it has one inflection point and xl_l)Igl+ ho(x) =0, mlg;lﬁ he(x) =
.

Taking this information into account, we conclude that (5.14) can have
at most two solutions and confirm thereby the assertion stated above.

Step 6. It remains to justify expression (3.4). Let

1
n(q,t) = — + +0.243p*+t, telo,1]. (5.15)
p3
It suffices to prove that, for all ¢ € [0.755, 1), the following statements
hold true:

2p%

(a) max(g(q,n(q,0)),9(q,n(q,1)) < 0; and

b) 3t € [0,1]: Zg(¢,n = 0.
(b) 0,1] : 5,9(q )n:n(qi)

Analytical calculations behind (a) and (b) are standard yet very lengthy
and tedious. Therefore, we omit the details and end up with a graphical
proof and a sketch of the analytical one.

Figures 5.6-5.7 show graph of ¢ — max(g(q,n(q,0)),g(q,n(g,1)))
from which it is evident that (a) holds. Analytical proof consists of the
following steps.

(s1) Calculate %g(q, n(q,i)),i =0, 1.

(s2) Check that a%g(q,n(q, i)) < 0,2 = 0,1 on [0.755,1) and deduce
that g(¢q,n(q,¢)) decrease on [0.755,1).

(s3) Conclude that (a) indeed holds since
9(0.755,1(0.755,0)) ~ —0.002258,  ¢(0.755,1n(0.755, 1)) ~ —0.013690.

Turning to (b), first rewrite (5.13) as follows:
—n?¢"Ing(l —¢" 1) =1.

Next, consider function h(t,q) = —n?(q,t)¢™%Y Ing(1 — ¢™@H)-1) — 1
with n(g,t) given by (5.15) and ¢ € [0.755,1). Since t — h(t, q) is con-
tinuous, it suffices to show that, for any ¢ € [0.755,1), (0, ¢) < 0 and
h(1,q) > 0. Figure 5.8 shows graphs of ¢ — h(0,q),q — h(1,q). These
confirm (b). Considering analytical part, the following is the suggested
route.
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0.95 1.00

—0.6 -

—0.8 A

_1‘0 4

Figure 5.6: Graph of ¢ ~— max(g(q,n(q,0)),9(q,n(q,1))) for
q €[0.765,1). For reference, a function identically equal to 0 is plot-
ted in red.

© T T
0.7160 0.762 0.764

0.756 0.758

—0.015 A

—0.020 A

—0.025 A

Figure 57: Graph of ¢ +~— max(g(¢,n(q,0)),9(¢,n(g,1)) for
q € [0.755,0.765]. For reference, a function identically equal to 0 is plot-
ted in red.

(s1) Calculate (%Zh(z} q),i=0,1.

(s2) Check that g—;h((}, q) > 0 whereas o> h(1,q) < 0on [0.755,1) and

e
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deduce that 2(0, ¢) is convex downwards whereas h(1, ¢) is convex
upwards on [0.755,1).

(s3) By making use of Taylor’s expansion, check that linln h(0,q) = 0—

g1

and lim Ah(1,q) = 0+.
q—1—
(s4) Conclude that (b) indeed holds since

h(0,0.755) ~ —0.2645889 and h(1,0.755) ~ 0.081749. O

0.15 -

ﬂ-_

0.05 A

0.75 0.80

Figure 5.8: Graphs of ¢ — h(0,q),q € [0.755,1) (plotted in blue) and
q+— h(1,q),q € [0.755,1) (plotted in green).

Proof of Corollary 3.1.4. Uniqueness of g5 was established in Step 1 of
the proof of Theorem 3.1.3. Hudgens and Kim [35] (Lemmas 2, 7, and 14)
have demonstrated that nq,(q) & {2,3,4} Vg € (0,1). From their results
we also have that Vg € (g«,0.755] ngpt(q) = 5. It is straightforward to
verify that

1

1
Vg€ (g5,0.755] | = + +3p+1.2| =5.

1
ps  2ps
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Hence the claim in the region (g5, 0.755]. For ¢ € [0.755, 1), it follows
from Theorem 3.1.3 by noting that at least one of numbers in the set (3.5)
belongs to {n € (2,00) : ta2(n,q) < 1} because of (a) in Step 6 of proof
of Theorem 3.1.3. OJ

5.2 Proofs of results stated in Section 3.2

Proof of Proposition 3.2.1. Take p € (0,px.). By the definition of px .,
there exists N € (¢, 00) : tx(N,p) < 1. Hence, Xmakes sense for that p.
Since p € (0,px,.) was arbitrary, it holds true for all p € (0,px ).

Next, assume that px . < UCP (otherwise implication (3.11) is ob-
vious) and take p € (px,, UCP]. Case "IN € (c,00) : tx(N,p) < 1"
contradicts the definition of px .. Hence, VN € (c,00) tx(N,p) > 1.
Assuming that tx (N, p) = 1 for some N € (¢, c0) again leads to contra-
diction. Indeed, take p’ € (px ¢, p) and employ (M2) to deduce that

tX(va/) < tX(N)p) =1 :>pX,c -
sup{p € (0,UCP) | AN € (c,0) : tx(N,p) <1} > p' > Px,e. O
(5.16)

Proof of Proposition 3.2.2. First, note that tx(N,px,.) > 1forall N €
(¢, 00) provided px . < UCP. Assuming an opposite leads to the same
contradiction as in (5.16). With this in view, we proceed to the analysis
of the distinct types of possible bifurcations.

Case (b0). Since px . solves tx (N, px,) = 1 for some N € (¢, o), (M3)
implies that px . < UCP. Further, note that

V(va) € (67 OO) X (Ova,c) tX(N>p) < 1. (517)

must hold since the existence of (N, p) € (¢, o0) x (0,px,c) s.t. tx(N,p) >
1 contradicts the premise” "px .. is the only value of the control parameter
for which dynamical system (3.13) admits fixed points in (¢, 00)".

Fix arbitrary (N1,p1) € (¢,00) x (0,px ) and take p2 € (px,, UCP).
By PI‘Op. 3.2.1, tX(Nl,pg) > 1. By (M2), [pl,pz] > p = tx(Nl,p)
is strictly increasing. Therefore, there exists unique py € (p1,p2) s.t.

%tx (N,p) = 1is clearly impossible; assuming strict inequality ¢x (N, p) > 1, to reach
a contradiction, employ (M2) and (M4)

67



tx(N1,po) = 1. By the premise, py = px,.. Since N; was arbitrary;, it
follows that

VN € (c,00)tx(N,px,c) =1 (5.18)

and px . is the unique value of the control parameter p € (0, UCP)
obeying this property. Differentiating both sides of (5.18) with respect
to IV one finds out that (3.13) holds as well.

Case (b1)—(b2). Assume that there exists (N, p;) € (¢, 00) x (0, px.c)
s.t. tx(N;,pr) = 1. Take arbitrary p € (p;, px.c). Since p > p;, it follows
that tx (IN;, p) > 1 because of (M2). On the other hand, by the definition
of px ., there exists N, € (¢, o0) s.t. tx (N, p) < 1. Therefore, by the In-
termediate Value Theorem and continuity of N — tx (N, p), there exists
Ny € (min(np, N;), max(ny, N;)) s.t. tx(N1,p) = 1. Since this holds for
any p € [pi,px,), we have (bl) provided VN € (¢,00)tx(N,px,c) > 1.
Otherwise, we have (b2) and px . then can’t be equal to UCP because of
(M3).

Inversion of the bifurcation curve. When dealing with (b0), we have
already shown that the bifurcation curve defines a constant map (¢, 00) >
N — pN = px,. As for (b1)-(b2), note that, for any fixed N € (¢, c0),
the following applies:

* by the said in the very beginning of the proof and (M3),

VN tx(N,px.c) > 1; (5.19)
* by (M4),
VN 3p e (0,px,c) - tx(N,p) < 1 (5.20)

* (5.19)—(5.20) and (M2) imply existence of a unique px € (0, px ]
sit. tx(N,py) = 1.

Therefore, we have a well defined map (c,o0) > N — py € (0,px,c]-
By M1)-(M2), p — tx(N,p) is differentiable and increasing for any
N € (¢,00). Therefore, VN € (¢, 00) C%tx(]\f, p) > 0 and one can apply
the Implicit Function Theorem to ¢(N, p) = tx(N,p) — 1 to deduce that
N — py is differentiable as well. Moreover, differentiating both sides of
tx (N, pn) = 1 and applying the chain rule, we have that

0 0 0 B, Setx(N,py)

otx (N, pN)+ o tx (N, pN) 50PN =0 = =Py = — = .
ON 9p N N 213 (N,px)
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(5.21)

Therefore, looking for extremes of N — py one has to solve

0 0
87N75X(NapN) =0+ OWPN =0

with respect to N. Since py also solves tx(N,p) = 1, extremes and
corresponding values can be obtained by solving (3.13). For bifurcations
of type (b0) and (b2), maximal value px . is attained at some inner
point(s) N, € (¢, 00); for the bifurcation of type (b1), the maximal value
lies on the boundary of its domain. [J

5.3 Proofs of results stated in Section 3.3

Proof of Proposition 3.3.1. By the description of the testing procedure,

Oy =(1+On_2)L{YNy+YNn_1 =0} +
(24+On_1)1{YN+YN_1 >0} YN+
(2+0ONn_2)1{YN+YNn_1 >0} Yy =
Yn(1+Yn_1) +2Yy + On_1Yn + On_oYy (5.22)

since

1 {YN +Yy_1= 0} = YNYN—L 1 {YN +Yn_1> 0} Yn =Yy,
and 1 {YN +Yn_1 > 0} YN = YNYN—l-

Let

1 k=2 [ © k2 (Yi(1+ Y1) +2Y,
T = <0>’ A1:T1, Tk ; (@ k )7 Ak ; < k( ké)l) k>’
k—1

and let By, k > 1, be as in the statement of the Proposition. From (5.22)
it follows that

T~ =Ay + BNyTN_1=...=

N—-2
AN+ BvBy-1...By_js1An—+ By ... Bor =
k=1
N N
AN—l-Z By ... BjAj_1+BN ...Bom = AN+Z By ... BjAj—l-
=3 =2
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Define
10 01 10 01
Mo=(y o) mn=(3 o) ae=(5 1) 2n=(p ).
S = {My, M1, M, M3}, (5.23)

Then S forms a semi-group with respect to ordinary matrix multiplica-
tion since

Mg = My, MoM, = Ms, MoMs = Ms, My My = Mo, M7 = My,

MMz = M3, MsMy = My, M3M; = My, M3 = Ms. (5.24)
Let J; = {7 €{2,,...,n} | Y; =i},i =0,1. Note that Vi B; = Y; M, +
Y;M; € S and that M is an absorbing element of S. Therefore, by (5.24)
N
> By...BjAj 1= MAj 1= Y;MyA; 4
Jj€N j€N Jj=2

and

N
> By BiAya = Vi (1{By... BjMy = M} Mo+
jedo =2

ﬂ{BN...Ble:Ml}Ml—l-ﬂ{BN...Ble:MQ}MQ—F
1{By ... B;M, = Mg}M3>Aj,1.

To extract Oy from 7y, it suffices to multiply 7y by (1 0) from the left.
Since

0, fori = 1,3 and all j;
(10)M;Aj_y = }7]-71(1 +Y,_2)+2Y;_4, fori=0,2and j > 3;
1, fori =0,2and j = 2,

after the collection of terms, we finally end up with an expression (3.22).
O

Proof of Theorem 3.3.2. Step 1: auxiliary recurrence. For A1, A2 € R, let

M;n(A, o) =B (eM@N“Q@N—I | Xy = z) L i=0,1. (525
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By equation (5.22),

Mo n(A1,A2) = E (e’\l(HXN*lJr@N*?)“‘?@N*l> =
pE (e)\1(2+9N—2)+/\2@N—1 | Xn_q= 1) +
qE <e)\1(1+@N—2)+/\2@N—1 | Xn_1 = 0) —

pe? ' My n—1 (X, A1) + qe™ Mo n—1 (M2, A1);
Ml,N()\l, AQ) =FK <6A1(2+9N—1)+)‘2®N_1> _

&M (pMy n—1(A1 + X2,0) + ¢Mo ny—1(M1 + A2,0)) .
(5.26)

For A € R, let

myn = miN(A) = My n(X0), mon =mon(\) = Myn(A0),
mgN =m3n(A) = Min(0,)), man=man(A) = Mon(0,\);

A:A(A):e”(g g) B:B(A):<£ 9)

From (526) it then follows that myN = mN(/\) = (ml,N, ma N, M3 N, m47N)T
satisfies recurrent equation

N—-1
A B A B
mN:(c o) le:"':<c 0) m. (5.28)

A B\" [Ay By

c 0) \Cn Dn
and applying inductive argument, one finds out that the 2 x 2 blocks
AN, BN, CN, DN satisfy

Ay = AAN_1 + BCn_1, (5.29)
Cny=CAN_1; '
By = ABy_1+ BDn_1, (5.30)
Dy =CBn-_1; '
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with Ay = Dy = Id and Cy = By = O. Consider system (5.29). Since

e2r 0
A= ( 0 O> C, we have that

e2r 0 e2r 0
Axy = CAN_1+BCyn_1 = Cy+BCn_1. (5.31)
0 0 0 O
Therefore,
e2r 0
Cy=0C << 0 0) Cn_1+ BCN_2> . (5.32)

Let kn be defined by (3.24). We claim that Cy = xknyC solves (5.32). For
N =2 (aswellas N = 0, 1) the claim holds by the direct check. Assume
it holds for k£ < N with V > 2. Noting that

e 0 27 A A
C 0 0 C = pe**C, CBC = ge(q + pe™)C

and then applying inductive assumption and multiplication yields
e 0
Cni1 IC(KN ( 0 0>C+/€N130) =
(pe**kn + ge*(q + pe)rn-1)C = Ky C

since an expression for x given in (3.24) is precisely the solution of the
second order linear difference equation

kn+1 = pe iy + qetq+ pet)rn_1, K1 =1, Ko =0.
Substituting Cy = knC to (5.31), we obtain an expression for Ay.

System (5.30) is handled in the same way by noting that it is identical

to (5.29) and only the initial conditions differ leading thereby to the
following solution:

e2)\

DNy =kNn-1D2, By = ( 0

8) Dy + BDy_1 for N > 1. (5.33)

Step 2: final expression. From the results of Step 1, we obtain an expres-

sion for m,, given by (5.28) since m; is readily available and equal to®
(e* et 1, 1)

(e*An_1+ Byn_1) G)

(e*Cn-1+ Dn_1) G)

My =

*note that ©®; = 1,00 =0
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Noting that
Ee®Y = pE (eA@N | XN = 1) +qE (eAeN | Xy = 0) = pmi N+gma N,
we finally arrive to expression (3.25). [

Proof of Corollary 3.3.3. Recall that the k-th derivative of the moment
generating function evaluated at zero yields the k-th moment. Therefore,
to obtain the announced formulae, one simply needs to differentiate
expression (3.25). Though conceptually an exercise is trivial, the cal-
culations require tedious work. Therefore, we provide key steps and
some intermediate quantities, yet omit the detailed listing in order not to
overwhelm the Thesis with trivial content. For the sake of convenience,
we make a change of variables » = ¢* and work with the probability
generating function G(z) = Ex®V = Mg, (Inx). By (3.24)~(3.25) and a
slight abuse of notation,

G(z) = g1(x)kn—2(x) + g2(x)kN—3(x) with
(1—q)%2® + q(1 — q)*2* + q(1 — ¢*)z + ¢%)a?,

g1(@) = (

g2(x) = ¢ (1 = 0)*2° +4(1 = 9)(2 — 9)2° + 2¢°(1 — Q) + ¢°) 2,
a; = ai(x) = % (px2 + (=1)1/p2z4 + 4qz(q —|—p$)) , fori=0,1,
and Ky =kn(2) = o () — of (2) for N > 0. (5.34)

ap(x) — ag(z)

Then

EOx = G/(1) = gi(Dan-2(1) + g1 (Dl 1)+
g (V)r—s(1) + g2(1)y_s(1) (5.35)

and

EON(On — 1) = G"(1) = g (Drn—2(1) + 201 (1) o(1)+
g1 (RN _o(1) + g5 (1)rn—3(1) + 295(1)ry_5(1) + 92(1)%_3((?56)

Therefore, VarOy = G”(1) + G/(1) — (G'(1))* and to verify the an-
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nounced formulae, one needs to check the validity of the equalities

/ 2—(]2 / q2
Oé(](l) = 1, 041(1) = —q, 040(1) = I ¢ , al(l) = _1 n q’
1— 2 2(1 —q)* 2

g+1  (¢+1)% g+1  (qg+1)*
gl(l) - 17 92(]‘) =4dq,
91(1)=¢*—¢*—3q+5, gh(1)=—q(q*+2¢—5),

g7 (1) = 6¢° — 2¢* — 229 +20, g5 (1) =2q (¢* — 2¢> — 8¢ + 10),

_(_ N
F&N(l)zil 113) ;
, 2 — ¢? —N2-q(1 N) -2
(1) = (1+Z)2+( 9" ( (lq—i(-q—):CI) ) =2
o N0 (2400 (0™
() (q+1)? i
NN-1) (2=’ - (") -20-9) 3~ (1- (-")

(q+1)° -
OIN (=22 +5+ (—)V ' (242 + 1
(o essca™ ) | g
(¢+1) (¢+1)

substitute them into (5.35)—(5.36), and carefully compute the terms. [

Proof of corollary 3.3.4. Step 1: expansions. Applying Taylor’s formula, we
obtain the following equalities (for A — 0):

P2 4 4ge? <q+pex> _

AN 2—q\>
1 o\ [ —=2 o3
+(1+q)2+ <1+Q> o)

\/ p*ett + dger(q + pet) =

(1+¢q)?

?

22 2 ¢\’ 2 .
(1+4q) <1+(1+q>2+x2<<1+q> _(1+q>4>+0u3)>7
N 2—-¢* N (2 -9q)? 2 ,
a0—1+)\1+q —|—2<2(1—q)+ 0+ —(1+q)3>+0(/\3),
a ¢ N (2 -q)? 2
= e A g (200 - T+ g YOO,

(5.37)
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Let ¢;; denote a coefficient near M in the expansion of ( )Z forj =0,1,2
and i =0, 1. Then

N
In <O‘> - N <cl-1A + <c,-2 - 021> A2> + O(NN?). (5.38)
(—q) 2

Consequently,

o1
(040 - al),‘ﬂ}N<)\) = aév — aiv Nanlo _ (—l)NeNln<q*q) _

exp {N (001/\+ <Co2 - CO;) >\2> + O(N)\g)} -

(—1)N exp {N (cn)\ + <612 — C§1> )\2> + Nlng+ O(N)\S)} .
(5.39)

Finally, let g;(x) denote the same polynomials as given in (5.34). Taylor
expanding yields

91 =14+ 0(\), g2(e?) =q+O(N).

Combining all above, we then obtain the following asymptotic expan-
sion for the moment-generating function:

1+0(\)

Moy =13 om

(1 +O0N)eN-2(A) + (¢ + ON))rn-3(N))
(5.40)
with asymptotic expressions for ky_2, ky—3 stemming from (5.39).

Step 2: LLN. To prove relationship GTN L2, 21 T

lary 3.3.3,
(5 ) (% e %) 65 -
b e o) ol
To prove a.s. convergence, we bound the probability
(1% -8 -

On 2—(] )
Pl—=—-VN >~InN
(\/N 1+q¢q "

, note that, by Corol-




where v > 0 is arbitrary yet fixed constant. By Markov’s inequality,

On 2*(]2 )
P2 _VN-="9 5 ymN
<~/N L+ L

—\/NQ_ —vIn N on —\/72 —yIn N ( 1 )
e 1+q Eevy = T+q M, — ).
On \/N

From results obtained in Step 1 and after some rearrangement, it follows

that
1 1 \/N‘f‘ 6(2)1+O(1)
Moy (—=) = (140 (== )) (e Nrer=540(05) _
o (7) = (140 (7))

(71)N6611W+012*—+N1nq+0( 1 ))

4

Since ¢g; = 1 +q and

2 — ¢* ch 1
vVN— VN ——=4+Nlng=N1 1 —
c11 1+ g +c12 5 +Nlngq ng(1+0 TN ,

we obtain that

—\/ﬁz_q 1 —yIn N Cq
e T+ Mo, <\/N> =e 0(1) < N7
for some constant C;, € (0, 00) independent of +. In the same way,
@N 2 — q2 1I1N> N 2= In N ( 1 > C
P{—— < - NFT Ny, -—= ) <2,
( N 1tq¢ > 'UN o \TUN) SN

provided (|, in the previous inequality was chosen large enough. Taking
~v > 1, we then have that

> On 27q2 In N >
P > < 2C, — <
2 < N 1+q 7 'UN) " qNZ::lN >

N=2

Hence the claim.

Step 3: CLT. It suffices to show that

m(%vj;z)(t) o Me(t), &~ N(0,0%)
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for some fixed ¢ > 0 and any fixed ¢t € (—¢,¢). Applying expansions
obtained in the Step 1 and the reasoning similar to that of Step 2, we have

_ —q? t

M _ t) = t\/ﬁ21+qq M <> =
(s U v \Um
2
1 tCo1\/N+t2 002_6071 +O(L)
o—tcr VN <1 Lo ( . ( g ) -
vIN
2
1

N tCll\/N+t2(012—671>+N1nq+0(\/—1ﬁ)

(=1)%e

1 2 (00275(2)71)+O(L) 2 (0027%4)
<1+O(\/ﬁ>>e ’ N0 (¢N) ——e s

N—o0

z

2
€01

Direct calculations show that cg2 — 4+ = %2

Step 4: LDP. To prove the final claim, we apply Gértner-Ellis (GE)

Theorem (see [16], Section 2.3) to Zy = QTN. First, note that, for any
fixed A € R,

ao()\) > ‘al(A)’ = ]\}gnoo Zgzgi; - a()]éA) -

.1 .1
A(N) = lim N InMz,(NX) = J\;gnoo N In Mg, (N) =

N—oo

1
lim Nlnaév()\) =Inag(\) € R.

N—oo

Since R 3 A — A(]) is differentiable at every A € R, it follows that all
GE assumptions hold and © y satisfies LDP with a good rate function I
equal to the Legendre transform of A. [J
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Santrauka (Summary in
Lithuanian)

Tyrimy sritis

Grupinio testavimo® (GT) modeliai taikomi tais atvejais, kai reikia klasi-
fikuoti objektus pagal tyréja dominanti pozymi i dvi grupes — turincius
pozZymj ir neturin¢ius poZymio. Nuo jprasto istisinio testavimo, kai te-
stuojami visi objektai, GT modeliai skiriasi tuo, kad individualiuy objektu
testavimas atskirose viso testavimo proceso fazése kei¢iamas ju grupiu
(i$ ¢ia pavadinimas) testavimu taip bandant sutaupyti bendra testu
skai¢iy ir sumazinti su jais susijusias islaidas. Tradiciskai literattiroje
metodologijos pradininku laikomas R. Dorfman, straipsnyje [19] aprases
pirma grupinio testavimo procediira (toliau ja vadinsime D procediira),
skirta tirti JAV kariy, dalyvavusiy antrame pasauliniame kare, kraujo
meginius sifilio uzkratui rasti. Jo idéja buvo tokia. Turint N kraujo
méginiy, reikia juos sumaisyti ir iStirti gautaq grupés meginj. Jei testas
uzkrato nerodo, visi N tiriamuyju sveiki; jei rodo — reikia iStestuoti kiek-
viena tiriamaji individualiai. Reguliariomis salygomis sifilis néra dazna
liga, todél tokia metodika leidZia sutaupyti nemazai testy, nes testuojant
masiSkai N dydzio grupémis dominuos sveiky tiriamuju grupés, ku-
rioms vietoje N testu pakaks vieno testo, ir tik retais atvejais pasitaikys
grupeés su infekuotais asmenimis (tada grupei bus sunaudotas N + 1
testas).

Per 80 mety, praéjusiu nuo [19] straipsnio publikavimo, GT idéja
iSplito i ivairias Zmonijos veiklos sritis, kuriose reikia testuoti ir iden-
tifikuoti poZymij turincius objektus. Siandien $ie modeliai sutinkami
medicinoje (identifikuojant pacientus, sergancius infekcinémis (ir kito-
mis) ligomis kaip ZIV [58, 61, 65], hepatitas B [15, 23, 28, 60] ar COVID-

4kitaip — kaupiniy testavimo
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19 [13, 47, 49, 52, 64]), informaciniu technologiju sektoriuje (aktyviu
vartotoju [35, 52] ar neveikian¢iy jutikliy [50] komunikaciniuose tinkluo-
se paieSka; taikymai kibernetinio saugumo [31, 32, 44, 51, 7], duomeny
baziy valdymo [26], kodavimo teorijos ir duomenu sptidos [36, 67] srity-
se), kokybés kontroléje [42] ir kitur. Tai dinamiSka, aktyviai tebevystoma
ir tiriama sritis.

Tyrimy objektas ir uzdaviniai

Savokos, Zymenys ir prielaidos

Tyréja dominantis poZzymis priklauso nuo taikymo srities, todél ji tu-
rintys objektai skirtingose srityse vadinami skirtingai. Gamyboje — tai
defektiniai gaminiai, medicinoje — infekuoti pacientai, komunikacinia-
me tinkle — pasyviis mazgai ir t.t. Apibréztumo délei visoje tolimesnéje
santraukos dalyje poZymi turin¢ius objektus vadinsime defektiniais, o
jo neturin¢ius — gerais, nedefektiniais arba be defekto.

N raide Zymeésime testuojamos grupés dydj. Kai kuriuose GT mode-
liuose jis gali biti parametrizuojamas natiiraliu parametru n (konkretus
pavyzdys pateikiamas tolimesniame poskyryje); tada N bus n funkcija:
Non+— N(n)eN.

Nagrinésime binarinius testavimo modelius. Juose tariama, kad
grupés testo rezultatas gali biti tik dvireikSmis: jei grupéje yra bent
vienas defektinis objektas, testo rezultatas lygus 1; jei visi objektai be
defekto — rezultatas lygus 0. Jei grupei, kurioje yra daugiau nei vienas
objektas (vieno objekto grupés irgi galimos), pritaikytas testas teigiamas,
tai jis nenusako kurie objektai turi defekta.

Pagrindinés prielaidos, kuriomis remiasi disertacijoje nagrinéti mode-
liai, vadinamos binominio testavimo prielaidomis (BTP) ir formuluojamos
taip:

(BTP1) testavimo pradzioje kiekvienas objektas gali btiti defektinis su
ta pacia eigoje nekintancia tikimybe p € (0, 1);
(BTP2) objektai yra nepriklausomi;

(BTP3) naudojamas (fizinis) testas yra tobulas (jautrumas ir specifis-
kumas yra lygiis 100%) ir nepriklauso nuo testuojamos grupés
dydZzio.
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Remdamiesi BTP galime grieZtai apibréZti disertacijoje nagrinéta bendra
modelj.

¢ TeguYi,...,Yy yranepriklausomi vienodai pasiskirste Bernulio
atsitiktiniai dydziai (toliau a.d.);

¢ Y; = 1 <= i-asis objektas defektinis (toki atveju Y; = 0 <= i-asis
objektas yra be defekto);

¢ Bet kuriai testavimo procediirai X ir bet kokiai netus¢iai A C
{Y1,...,Yn} teisinga lygybé X (A) = 1 {Ey,caY; > 0}.

Turint grupe C = {Y1,...,Yn} ir testavimo procediira X, Tx Zymes
(atsitiktinj) testu skaiciy, reikalinga tam, kad identifikuoti visus defek-
tinius aibés C' elementus; 0x(N,p) = ETx zZymés a.d. Tx vidurki.
Atkreipsime démesj, kad 0 x yra dvieju argumentu (N € Nir p € (0, 1))
funkcija. Visoje santraukoje ¢ Zymeés dydj 1 — p.

Nagrinéti modeliai

Siame poskyryje pateikiami konkre¢iy disertacijoje tirtu GT procediry,
tenkinanciy BTP, algoritmai.

Dorfman procediira D  Sia procediira jau apraséme ivade. Ja sudaro
du Zingsniai.
Zingsnis nr. 1: testuojame visos grupés jungtini megini JM;
Zingsnis nr. 2: jei JM testas neigiamas, baigiame; prie$ingu atveju
pakartotinai testuojame kiekviena objekta individualiai.
IS procediiros aprasymo iSplaukia lygybe
Tp =1+ N1{Y1+---+ Yy > 0};
todeél,

Op(N,p) =1+ NEL{Y; +---+ Yy >0} =1+ N1 -¢"). (S1)
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Modifikuota Dorfman procediira MD Sobel ir Groll darbe [72] pa-
stebéjo, kad D procediiroje galimas perteklinis testas ir pasitilé tokia
pataisa: jeigu pradinis jungtinio meéginio testas buvo teigiamas ir pakar-
totinai iStestavus N — 1 objektu defektinis vis dar nebuvo aptiktas, tai
paskutinio objekto testuoti nebereikia (ir taip aiSku, kad jis defektinis).
Remiantis procediiros aprasymu

TMD:1+(N—1)]I{Y1+"'+YN>O}+]l{}/1+"'+YN71>0}.
Taigi,

Ormp(N,p) = 14+(N-1)(1—¢")+1-¢" ' = 1-pgd" '+ N(1-¢"). (S.2)

Sterrett procediira ST Sterrett [73] pasitle kita D procediiros modifi-
kacija, nusakoma tokiu algoritmu.

Zingsnis nr. 1: testuojame visos grupeés jungtini mégini JM;

Zingsnis nr. 2:jei JM testas neigiamas, baigiame; prie$ingu atveju
vykdome zZingsni nr. 3;

Zingsnis nr. 3: pakartotinai testuojame po viena objekta tol, kol
aptinkame pirmaq defektinj; jei iStestuota visa grupé, baigiame;
prieSingu atveju likusia netestuota grupeés dalj laikome nauja pra-
dine grupe ir jai taikome algoritma pradédami nuo Zingsnio nr.
1.

Darbe [72] buvo parodyta, kad

Os7(N,p) =2¢—p ' (1 —¢" )+ (2—q)N. (S.3)

Poriné testavimo procediira PT  Si procedira nagrinéta Yao ir Hwang
darbe [55]. Ji nusakoma Zemiau pateikiamu algoritmu, kurio kiekviena-
me zZingsnyje aibé C' Zymi testuojamu objektu aibe.

Zingsnis nr. 1: jei aibéje C' yra vienintelis elementas, atliekame jo
testavima ir baigiame; jei elelementy iSvis néra, baigiame; priesin-
gu atveju vykdome zZingsnj nr. 2;

Zingsnis nr. 2: i§ aibés C, turin¢ios N > 2 objekty, parenkame du;
suformuojame jungtini méginj ir iStestave ji vykdome Zingsnij nr.
3;
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Zingsnis nr. 3:

- jei jungtinio méginio testas neigiamas, priskiriame abu ob-
jektus grupei be defekto, N = N — 2, C = C'\ {testuota
pora};

- jei jungtinio méginio testas teigiamas, parenkame bet kurij
i§ dvieju objektu ir pakartotinai iStestuojame; jei jo testas
neigiamas, priskiriame netestuota objekta grupei su defektu,
N =N —2,C = C {testuota pora}; jei jo testas teigiamas,
N =N —1,C = C\ {pakartotinai testuotas objektas}.

Zingsnis nr. 4: pradeéti viska i$ naujo nuo Zingsnio nr. 1.

Darbe [85] i§vesta §i a.d. Tpr vidurkio formulé:

2—¢* ¢+q-1

HPT(Nap) =N

Kvadratinés matricos procediira A2 Procediira’ pasiiilyta Phatarfod
and Sudbury [63]; véliau apibendrinta Berger, Mandell ir Subrahmanya
[9]. Norint taikyti procediira, reikia, kad bendras meginiu skaicius
N biity pavidalo N = n% n € N. Galiojant $iai salygai, procediira
nusakoma Zemiau pateikiamu algoritmu.

Zingsnis nr. 1: iSdéstome turimus méginius ant n x n kvadratinés
matricos;

Zingsnis nr. 2: suformuojame n jungtiniy méginiy, atitinkanciy ei-
lutes, ir n jungtiniuy méginiy, atitinkanciu stulpelius; iStestuojame
$iuos 2n méginius;

Zingsnis nr. 3: jei visi testai neigiami, baigiame; priesingu atveju
pakartotinai testuojame objektus /;;, tenkinancius salyga ,eiluteés i
stulpelio j testai teigiami”.

Phatarfod ir Sudbury [63] apskai¢iavo vidutini A2 testy skaic¢iu:

QAQ(va) =2n + ’I’L2 (1 — 2q” + an—l) _
2NN (1=20 4 V) 85)

>%ymuo A2 nuo angl. square array
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Disertacijoje spresti Grupinio testavimo uzdaviniai

Pries jvardindami disertacijoje sprestus uzdavinius, aptarsime tipinius
GT uZzdavinius.

Tipniai Grupinio testavimo uZdaviniai

Tegu X — fiksuota GT procediira. Kadangi pagrindinis GT tikslas yra
minimizuoti O x (N, p) ir paprastai tikimybe p galima (bent jau trumpuoju
laikotarpiu) laikyti nekintancia, vienas tipiniy GT teorijos uZdaviniuy
— rasti optimaluy testuojamos grupés dydi N, kai tikimybé p laikoma
nekintancia. Formaliai problema nusakoma pasitelkiant funkcija

N x (0,1) 3 (N,p) — tx(N,p) := N

(5.6)
zymindia vidutinj testy skaiciuy, tenkanti vienam objektui tuo atveju,
kai testuojamos grupeés dydis yra N. Bet kuris globalus $ios funkci-
jos minimumo taskas N € arg min ey tx (N, p) vadinamas optimalia
konfigtracija ir Zymimas N;,,. Kadangi p yra fiksuota, N;X, = Ng).(p)
priklauso nuo p. I8 to iSplaukia keli svarbiis pastebéjimai.

Funkcija (0,1) 3 p — Ny, (p) rodo kaip kinta optimalios grupes
dydis, kai testuojame maksimizuodami vidutinj islosj

GX( ) =1- tX(Nopt(p) p) (87)

ilgoje testavimo (grupémis) serijoje. Intuityviai aisku, kad bet kuriai
tipinei testavimo procedirai X funkcija (0,1) > p — Nopt( ) bus ne-

. .. . X . .
didéjanti, Gx (p) [H—0+> 1—, 0 N;p(p) p_>—0+> oo. Kai kuriuose prakti-

niuose taikymuose egzistuoja nattiraliis apribojimai testuojamu grupiu
dydziams, kuriuos perZengus testo charakteristikos tampa nebepriim-
tinos — drastigkai sumazéja jautrumas ir/arba specifiskumas. Zinant
maksimalia slenkstine verte Ny ax, kuria perzengus stebimas minétas
efektas, galima rasti sriti Rx = {p € (0,1) : Nopt( ) < Npax}; tam reikia
isreikstinio funkcijos (0,1) > p — Ny, (p) pavidalo. Isreikstinis Sios
funkcijos pavidalas leidZia palyginti kelias procedtiras ir pasirinkti la-
biausiai tinkancia turimai problemai: jei X;,7 = 1,..., k, yra problemai
tinkancios }?rocedﬁros galima apskaiciuoti i8losius Gy, (p) ir grupiu
dydzius N,,;(p) skirtingoms p reikSméms bei kiekvienai p reikSmei atsi-
rinkti labiausiai tinkan¢ia procediira.
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Su funkcija N, o);(nt tampriai susijes dar vienas tipinis GT uzdavinys —
optimalaus tikimybinio slenks¢io (OTS) pX € (0, 1) radimas. Sio uzdavi-
nio apibrézima i$ pradziu paaisSkinsime neformaliai. Kaip minéta jvade
D procediiros atveju ir kaip sufleruoja intuicija, GT metodika turétu
pasiteisinti tik tada, kai defekto tikimybé p pakankamai maza. Pvz., pri-
siminus Dorfman procediira aisku, kad dideléms p reikSméms grupéje
i N objektu daZnai pasitaikys bent vienas defektinis ir tokiais atvejais,
uzuot naudoje N testu testuodami individualiai, taikydami D procediira
naudosime N + 1 testa; todél OTS radimo uzdavinys formuluojamas
taip: fiksavus procediira X reikia rasti tokia pX € (0, 1) reiksme, kad
Vp € (pX,1) NX,(p) = 1. Bendrame BTP kontekste $iq problema sprendé

op
Ungar. Darbe [79] jis gavo §j fundamentaly GT rezultata.

Teorema S.0.1. Binominiy GT procediiry taikymas turi prasme tada ir tik ta-
da, kai p € (O, 3_2\/5): jeip ¢ (3_2*6, 1), tai neegzistuoja GT procediiros, ku-

ri vidutiniskai naudoty maziau nei vienq testq objektui (t.y., tx (Ny%;(p),p) >

1 su bet kokia procediira X); jei p € (0, 3_2*/5), tai atsiras bent viena tokia
procediira X, kad tx (Ny5(p),p) < 1.

Binominio GT literatiiroje skaicius % daZnai vadinamas universaliu
tikimybiniu slenksciu (toliau UCP nuo angl Universal Cut-Point). Kai
kurioms GT procediiroms jis sutampa su p3, t.y.

3—+5
Gx(p)=0<=p> 2\[.

Kita vertus, egzistuoja tokios procediiros, kurioms

3-5
Gx(p) =0<=p>pl supl <=

Taigi, tiriant konkrecia procediira X, visu pirma svarbu surasti pf . Atsi-
zvelgiant i teorema S.0.1, visoje disertacijoje (ir santraukoje), funkcijos,

priklausancios nuo p, nagrinéjamos tik intervale (O, 3_2\/5)

Disertacijoje spresti uzdaviniai

¢ Trims GT procediiroms — MD, ST ir A2 — sprestas iSreikstinio
N, 31;5 pavidalo radimo uzdavinys.
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¢ Specifiniam procediiry poklasiui, tenkinan¢iam BTP, konstruotas
pX radimo algoritmas.

¢ leskotas btidas, leidziantis charakterizuoti a.d. Tpr skirstinj taip
ivertinant PT procediiros tikimybines savybes.

Disertacijos struktiira

Disertacija sudaro penki skyriai. Pirmasis skirtas jvadui. Jame aptariama
GT idéja, apZvelgiama raidos istorija, pateikiami taikymu pavyzdZiai
i$ ivairiu veiklos sri¢iy. Antrame skyriuje apibréZiamos disertacijoje
vartojamos savokos ir Zyméjimai, detaliai aprasomas disertacijos tyrimo
objektas. Tre¢iajame skyriuje suformuluoti teoriniai tyrimuy rezultatai,
pateikiami taikymu pavyzdziai. Ketvirtasis skyrius skirtas rezultatu
aptarimui ir baigiamosioms pastaboms. Paskutiniame skyriuje surinkti
teoriniu rezultaty jrodymai.

Rezultaty apzvalga

Kiekvienam disertacijoje sprestam uzdaviniui skiriamas atskiras posky-
ris, kuriame suformuluoti gauti teoriniai rezultatai ir aptariama susijusi
literatdira.

Optimalios Modifikuotos Dorfman, Sterrett ir Kvadratinés mat-
ricos procediiry konfigiiracijos

Misy ziniomis, darby, kuriuose ieSkota analiziné Ng;t iSraiska, néra
daug. D procediira nagrinéta Samuels straipsnyje [66]. Jame parodyta,
kad® ND.(p) € {[V/p ' + 1, [Vp '] + 2}, kaip € (0,1 — (1/3)1/3) =
(0,0.31) ir N2,(p) = 1, kai’ p > 1 — (1/3)'/%. Modifikuotos Dorfman
procediiros MD, Sterrett procediiros ST ir kvadratinés matricos pro-
cediiros A2 atvejais tikslios analizinés iSraiSkos NV, £t nebuvo Zinomos
ilga laika. Tiksliau tariant, MD ir ST atveju, Malinovsky ir Albert [55]

S¢ia ir toliau |z | Zymi sveikaja skaitiaus x € R dalj; [2] = 2, kaiz € Zir [2] =
|z] +1,kaiz € R\ Z
"pastarasis rezultatas taip pat rodo, kad procediiros D atveju p? = 1 — (1/3)'/? yra

grieZtai maZesnis uz universaly slenksti UCP = %
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skaitiSkai nuspéjo Sias iSraiSkas gana placiame p reikSmiu intervale ir
iskele hipoteze, kad jos tureéty bati tokios pat visoms p € (0, UCP) rei-
k8méms. Misu darbe [55] mes patvirtinome ju hipotezes jrodydami
Zemiau pateikiamas teoremas.

Teorema S.0.2. Tegu

go(p) :== 1 1 —2pq su pe (0, 3_2\/5> . (8.8)

i)

Aibé gyt ({1}) sudaryta i§ vieno tagko p. ~ 0.1711,

Noi(p) € {Lv 2p7t], V2t + 1},kaip € (p*, 3_\@) ;

[Mis]

2
Nt (p) € {LvV2p |, |V2p | + 1, [V2p | + 2} Kaip € (0,p.].

S

Teorema S.0.3. Su visomis p € (0, . ) reik§mémis

Ny (p) € {L L, Vet + 1}. (S.9)

A2 procediira tirta Hudgens ir Kim darbe [35]. Autoriams pavyko gauti
gana tikslius apatinius ir virSutinius XV, 0‘1‘,% (p) rézius, tatiau analizineé $ios
funkcijos iSraiska liko neZinoma. Jie taip pat nagrinéjo OTS problema ir
surado pA? reik§me. Darbe [89] mums pavyko i§vesti analizine N, 5‘;% (p)
iSraiska ir pateikti papildomu izvalgu apie p:? (Zr. pastaba S.0.6 apacio-
je). Prie$ formuluodami gautus rezultatus, priminsime, kad A2 atveju
testuojamos grupeés dydis /N parametrizuojamas nattiraliu parametru
n: N(n) = n% Be to, A2 atveju mums buvo patogiau traktuoti ¢ 2
kaip funkcija [2,00) x (UCP,1) 3 (n,q) — taz(n,q) su tolydziu argu-
mentu n € [2,00) uzuot laikius ja argumenty (N, p), kintan¢iu aibéje
{n?:n € N} x (0,UCP), funkcija. Zemiau pateikiamuose teiginiuose
Sis susitarimas galioja.

Teorema S.0.4. Tegu g(q,n) = 2 — 2¢" + ¢*" ! = tas(n,q) — 1.

(i) Srityje (q,n) € (1/2,1) x (2, 00) egzistuoja vienintelis sistemos

n—1

lznq”<1—q2

nlng = — (



sprendinys (g, n«) ~ (0.748416,4.453524).

(ii) natZvilgiu bet kokiai fiksuotai g € (g, 1) reikSmei lygtis g(q,n) = 0 turi
du sprendinius np,ny : 2 < ng, < n, < ny < oo. Intervale (ng,, nyr)
funkcijan — g(q,n) igyja neigiamas reikSmes, o aibéje (2, 00)\ [nr, ny]
— teigiamas.

(iii) Fiksuotai q € (qs, 1) reiksmei A2 procediira efektyuvi intervale (ny,, ny),
t.y. tas(q,n) < lsuvisaisn € (ng,ny). Siame intervale egzistuoja vie-
nintelis (ir todél globalus) funkcijos (2, 00) 3 n — ta2(q, n) minimumo
taskas npn. Jei g € [0.755, 1), tai

11
— +—1 +02+3p* +1,
ps  2p3

Nimin =

sut, €[0,1].

(iv) Fiksuotai q € (qx, 1) reikSmei intervale (ny;, 0o) funkcija (2,00) > n +—
ta2(n, q) taip pat turi vienintelj (ir todél globaly) maksimumo taskq. Bet
kokiai g € (0, q.) reikSmei A2 néra optimali: funkcija (2,00) > n —
ta2(n, q) igyja reikSmes intervale (1, 0o).

Isvada S.0.5. Tegu g(q,n) tokia pati kaip teoremoje S.0.4. Lygtis g(q,5) =0
turi vienintelj sprendinj g5 ~ 0.750209961. Visoms q € (g5, 1) reiksmeéms
nopt(q) priklauso aibei

1 1
S+ ——+3p2+02] +i:i=0,1,2p.
ps 2p3

Pastaba S.0.6. Gali susidaryti isptidis, kad pateikti rezultatai néra iSsa-
ms (neaiSku kokia yra nqp(q) reikSme, kai ¢ € (g«, ¢5)). Taip néra: re-
miantis teorema S.0.4, bet kokiai ¢ € (g, g5) reiksmei t g42(Nmin, ¢) < 1su
kia, kad nin(q) € (4,5) ir min(ta2(4,q), ta2(5,q9)) > 1, kai ¢ € (g«, gs5).
Hudgens ir Kim [35] analizavo A2 diskrecioje skaléje, t.y. tardami, kad
n € N. Jie jrodé, kad:

* imantn = 2,3, 4 ir bet kokia ¢ reikSme procediira A2 néra optimali;

* Vg € (g5,1) funkcija {5,6,...} > n — taz(n,q) igyja reikSmes
mazesnes uz 1.
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Faktigkai ju rezultatai reiskia, kad (g5, 1) — tai tas intervalas, kuriame
A2 efektyvi arba kitaip — kad pA2 = 1 — ¢5. Kaip matome, masy analizé
pateikia papildomu iZvalgu apie p/? ir procediiros A2 elgesi tolydZioje
skaléje. IZvalgos idomios i$ teorinés puses, ta¢iau pridétinés praktinés
vertés nesuteikia. O

Optimalaus tikimybinio slenkscio paieskos algoritmas

OTS paieska pX — svarbi problema: konkretioje situacijoje zinodami,
kad p > p¥, iskart Zinome, kad procediiros X taikymas prasmés neturi.
Vis délto, miisu Ziniomis, teorema S.0.1 yra vienintelis bendro pobtidZio
rezultatas, skirtas $iai problemai. Kitu autoriuy darbuose pX radimas
siejamas su konkrecios procediiros analize. Darbe [90] mes pasitiléme
algoritma, leidZiantj surasti apytikre OTS reikSme ir daZnais atvejais
rekonstruoti tikslia reikSme pf gana placiai BTP tenkinanciuy procediiry
klasei. Analizés metu mes taip pat atskleidéme jdomu rysj tarp GT
ir dinaminiy sistemu bifurkaciju teorijos. Pasitilytas algoritmas tinka
binominio testavimo procediiroms, tenkinan¢ioms $iuos apribojimus.

(MO) 3¢ > 2 toks, kad a-priori Zinoma, jog procediira X neefektyvi,
kai N € [1,¢).

(M1) Funkcija N x (0,UCP] > (N, p) — 0x (N, p) gali bati traktuo-
jama kaip tolydziai kintan¢iy argumentu funkcija aibéje [c, o) x
(0,UCP] ir yra diferencijuojama $ios aibes viduje.

(M2) YN € (¢, 00) funkcija (0,UCP] 35 p — 0x(N,p) yra grieztai
didéjanti.

(M3) VN € (¢,00)tx(N,UCP) > 1.
(M4) VN € (¢,00)3dp € (0,UCP) : tx(N,p) < 1.

Misu rezultatai pateikiami dviejuose Zemiau suformuluotuose teigi-
niuose. Pirmasis charakterizuoja OTS savybes.

Teiginys S.0.1. Tarkime, kad tenkinamos prielaidos (M0)—(M4). Tegu px . =
sup{p € (0,UCP) | 3N € (c,00) : tx(N,p) < 1}. Tada Vp € (0,px.c)
procediira X efektyvi tolydZioje skaléje; Vp € (px ., UC P] ji neefektyvi jokia
prasme, t.y.

(N,p) € (c,00) x (px,e;UCP] = tx(N,p) > 1.
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Antrasis teiginys rodo, kad galiojant (M0)—(M4) egzistuoja px . radimo
algoritmas, kuris gali baiti aprasomas bifurkaciju teorijos terminais. I$
tikruju, traktuodami p € (0, UCP] kaip kontroliuojama parametra, o
N € (¢,00) — kaip latentinio tolydaus kintamojo funkcija, iveskime
dinamine sistemaq, apibréziama lygtimi

N =tx(N,p) — L. (S.10)

Teiginys S.0.2. Tarkime, kad tenkinamos prielaidos (M0)—(M4); tada px .
yra sistemos (S.10) bifurkacijos taskas ir galima i$skirti tris Zemiau aprasytus
bifurkacijy tipus.

(b0) px  yra vienintelé kontroliuojamo parametro reik§mé su kuria (S.10)
turi fiksuoty tasky intervale (c,00). Siuo atveju px . < UCP ir bet
kuris N € (c, 00) yra lygties tx (N, px ) = 1 sprendinys.

Jei egzistuoja tokia reiksmé p; € (0, px ), kad (S.10) turi fiksuotq taska N €
(¢, 00), tai galimi du atvejai:

(b1) (5.10) turi fiksuoty tasky intervale (c, 0o) su visomis p € [py, px.c)
reiksmémis, taciau néra fiksuoty tasky, atitinkanciy reikSme px .;

(b2) (S.10) turi fiksuoty tasky intervale (¢, 00) su visomis p € [p;, px ]
reik§mémis jskaitant px . reiksme, kuri Sivo atveju yra grieZtai maZesné
uz UCP.

Visais atvejais bifurkacijos kreivé indukuoja diferencijuojama atvaizdj (c, 00) >
N — pn € (0,px.¢] ir px,c lygus jo maksimumui. Turint (b0) ir (b2) tipy
bifurkacijas, sis taskas gali biiti surastas sprendZiant dviejy kintamuyjy sistemq

{ tX(va):lv

(S.11)

(t.y. N ir p atZvilgiu) ir parenkant maksimalia p reikSme is aibés S = {(N, p) €
(¢,00) x (0,UCP] | (N,p) yra sistemos (S.10) sprendinys}. Turint (b1) tipo
bifurkacijq px . = max(imy_,c4 pn, limy_o0 pN); pastaroji lygybé galioja
ir tuo atveju, kai sistema (S.11) neturi sprendiniy aibéje (¢, 00) x (0, UCP].

Pateiksime kelias aiskinamasias pastabas.
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Pastaba S.0.7. Remiantis teiginiu S.0.2 galima rasti OTS tolydZioje skaléje
(TOTS). Praktikoje testuojamos grupés dydis N yra sveikaskaitinis; todeél

dirbama diskrecioje skaléje. Paprastai diskretus OTS (toliau DOTS),

iki 8iol Zymetas ir toliau Zymimas tuo paciu simboliu p;, yra maZes-
nis uz TOTS = px, i$ teiginio S.0.1, ta¢iau skirtumai daZniausiai

nezymis (pavyzdZziai pateikiami disertacijoje). Kadangi p2X radimas

daznai sudétingas, px . yra nebloga aproksimacija. Be to, kaip iliustruo-
ja disertacijoje pateikiami pavyzdZiai, (b2) atveju DOTS neretai galima

surasti naudojantis tokiu algoritmu:

e parenkame tokj N, kad pora (N, px,) yra (S.11) sistemos spren-
dinys;

* imame DOT'S = max(p|n.,|,P[nN.])-
(b1) atveju DOTS daZnai sutaps su TOTS. O

Pastaba S.0.8. Procediiros A2 pavyzdys rodo, kad kai kuriais atvejais
grupeés dydis N = N(n) yra argumento n € N funkcija ir patogiau
traktuoti fx, t x bei kitas susijusias funkcijas kaip argumento (n, p) (o ne
(N, p)) funkcijas. Kei¢iant N i n salygose (M0)—(M4) ir visose susijusiose
funkcijose, nekeicia tvirtinimy S.0.2-5.0.1 isvadu jei (¢, 00) 3 n — N(n)
yra diferencijuojama ir grieZtai didéjanti. O

Pastaba S.0.9. Miisu manymu, bifurkacijos (b1)—(b2) yra dominuoja-
néios — mes nesugebéjome rasti pavyzdzio, atitinkancio tipa (b0). Kita
vertus, mes nesugebéjome eliminuoti $io atvejo teoriskai. O

Baigdami trumpai aptarsime salygu (M0)—(M1) prasme ir stipruma.

(MO) galima traktuoti kaip salyga, reikalinga apriboti dinamineés sis-
temos (5.10) kitimo sriti. Jos neapribojus, bifurkacijos kreivés forma
galéty smarkiai pasikeisti (atitinkamas pavyzdys pateikiamas disertaci-
joje). Kartu su salyga (M3), ji apibreZia krastine reikSme px . radimui
tais atvejais, kai px . = UCP. Tipinéje situacijoje galima imti ¢ = 2; tada
(MO) bus tenkinama, o lygybé ¢ = 2 jokio esminio apribojimo nededa,
nes nagrinéjamame kontekste ji tereiskia, kad testuojant aibe i$ vieno
elemento jokia GT nereikalinga — vienam elementui visada reikia vieno
testo.

Salyga (M1) yra stipriausia. Ja tenkina toli graZzu ne visos procediiros.
Pvz., procediirai PT ji negalioja — i$ lygties (S.4) matome, kad 0pr (N, p)
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neiSeina pratesti iki funkcijos aibéje [c, c0) x (0, UCP), igyjancios rei-
ksmes intervale [0,00). IS esmés $i salyga ir apibreézia klase, kuriai
miisy pasitilytas metodas tinka, nes kitas salygas galima traktuoti kaip
,Mattiralias” ir tinkancias daugeliui GT procediiry, tenkinan¢iy BTP.

(M2) reiskia, kad didéjant defekto tikimybei vidutinis testu skaicius,
tenkantis N dydZio grupei, irgi turéty augti. Salygos pagristumui gali-
ma pamineéti fundamentalu Yao ir Hwang darba [56], kuriame parodyta,
kad VN € N funkcija (0,UCP] 5 p — infx 6x (N, p), kurioje infimumas
imamas pagal visas galimas BTP tenkinancias procediiras, yra grieZtai
didéjanti.

Gali pasirodyti, kad (M3) eliminuoja visas procediiras, kurioms
px,. = UCP. Disertacijoje pateikiami pavyzdZiai rodo, kad taip néra.
Miisy manymu, (M3) eliminuoja optimalias procediiras®. Tai néra
triikumas, nes optimalioms procediiroms lygybé px . = UCP labai

tikétina.

Galiausiai (M4) techniskai iSreiskia fakta, kad mes nagrinéjame tik
tas procediiras, kurios savo efektyvioje srityje turi prasme bet kokiam
testuojamu objekty skaiciui bent jau atskiroms defektyvumo tikimybiu
reikiméms. Si salyga galioja daugeliui procediiry, nes, kaip minéta

anksc¢iau, dazniausiai N(f;t (p) — oc.
p—0+

Porinés testavimo procediiros analizé

Tarp disertacijoje tirtu procediiry PT uzima isskirtine vieta: darbe [55]
buvo parodyta, kad intervale p € [1 — %, U C’P] PT procediira yra

globaliai optimali idétuju procediiru (angl. nested procedures) klaséje’.
Kitaip tariant, imant bet kokia idétaja procediira X ir bet koki N € N,

Opr(N,p) < O0x(N,p) tolygiaip € [1 — %, UC’P] atzvilgiu. Nepaisant
to, PT procediira nebuvo pla¢iai nagrinéjama GT literattiroje. Nusprende
ja tirti ir perzitiréje [35] citavusius straipsnius'’ e-platformoje Google

Scholar, aptikome, kad i$ penkiolikos surastu straipsniu [1-3, 12, 22, 29,

8t.y. tokias, kurioms vidurkis 6x (NN, p) minimalus kazkuriame (a,b) C (0,UCP)

°Procediira vadinama ideta, jei testai atliekami nuosekliai vienas po kito ir ji tenkina
8iuos reikalavimus: 1) kiekviename testavimo Zingsnyje galima naudotis visa ankstesne
testavimo metu sukaupta informacija; 2) Zinant, kad aibé, turinti daugiau nei viena
elementa, yra defekting, kitame Zingsnyje testuojamas tikrinis jos poaibis. Si klase labai
plati. M D, ST ir PT procediiros jai priklauso.

!%sarasas generuotas 2022 mety birZelio 28 d.; straipsniai paradyti ne anglu kalba
nenagrinéti
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, 43,48, 53, 55,56, 76, 83, 84] vienintelis Malinovsky [53] nagrinéjo
problema, turindia tiesiogini rysi su PT procediira. Visi like tyréjai
citavo Yao ir Hwang darba [85] tik kaip turintj rysj su ju sprendZiamais
uzdaviniais. Perzitreéta literattira lémeé pasirinkima pateikti detalesne
tikimybine PT procediiros charakterizacija. Darbe [91] mums pavyko
iSvesti a.d. Tpr momenty generuojancios funkcijos (MGF) israiska ir
jos pagalba irodyti kelias ribines teoremas — centrine ribine (CRT),
didZiuyju skaic¢iu désnj (DSD) ir dideliu nuokrypiu principa (DNP). Pries
pateikdami rezultaty formuluotes, ivesime kelis paZyméjimus.

Tegu O = Tpr Zymi bendra testu skaiciu, kurio reikia norint identi-
fikuoti visus defektinius objektus dydzio N aibéje. Tegu Y; ~ Be(p),i =
1,..., N Zymi i-ojo objekto biisenos indikatoriu (1 atitinka defektinj).
Galiausiai, tegu Y; :=1 — Y} ir

My = G 8) M, = (2 (1)) . (S.12)

Pirmasis rezultatas nusako © y struktiira ivestu dydziu terminais.

- (0 1\ (0 \). . (Y& Vi),
Teiginys S.0.3. TeguA—{(l O)’(O 1>}”Bk_<1 0>’k_

1,...,N.Tada@2=3YQ+YQ(1+Yl), @3=2+}7:),Y2+Y3@2,

On =14+ Yn(Yn_1Yn_2+2)+ YN 1+
N—

(YVj1Yj2+Yja+1) (Y + YL {ByBy-1 - Bjs1 € A}) +
3

—

]:
Yo+ Yol {ByBy_1---Bs € A}, kai N > 4.

Kitas rezultatas apraso minéta iSreikstini MGF pavidala.

Teorema S.0.10. Tequ Mg, (\) Zymi a.d. ©n MGF taske A € R. Api-
brézkime

1 .
a; = a;(N\) = = <pe2>‘ + (—1)Z\/p2e4>‘ + 4qe?M(q +pe)‘)) ,i=0,1;

2
(S.13)
N __N
iy = rn(\) = % sulN > 0. (S.14)
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VN > 3 teisinga lygybé Mg (\) =
| (1= 076" + 401 = %™ + (1 = @) +¢°) Aot
0 (1= )%™ +q(1 = )2~ ) +2¢%(1 — @)e* + ¢*) 3]

Like rezultatai iSplaukia i8 teoremos S.0.10.

I$vada S.0.11. EOQy = 1+q + ‘1(11‘2)21(1 — (=)™,

(1-49) 3 2
VarOy = N q(q° +3¢° +5q+4)+
(q+1)3( ( )

(—0)V (2g+4) (¢ +q—1) )+

(1—(—Q)N> ) o i
(q+1)4(q(5q +3¢—7)+(—9)" (" +q—-1) ),N>3,

Isvada S.0.12. Jei N — oo, tai a.d. © y tenkina Zemiau nurodytus sarysius.

.On L2 2-¢% - On bu. 2-¢2
DSD: — o N T g

] o 2—g2\ d oy 9 a(1—q)(a®+3¢>+5q+4)
CRT: VN (% = 355 ) % N(0,0%), 02 = o .
DNP: @TN tenkina dideliy nuokrypiy principqa (DNP) su nuokrypiy
funkcija I, lygia R 5 X\ — Inag(N) LeZandro transformacijai (og(\)
apibréZiama (5.13)). Kitaip tariant, bet kokiai uzdarai C' C R ir bet
kokiai atvirai O C R,

1 OnN
li —hP|(—€eC|<—inf [
oy op (7 <€) ==
ir

1 OnN
—inf I <liminf —InP | —
inf () < liminf 5 In (N €0>

su I(x) = supyeg (zA — Inag(N)).
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ISvados

Apie disertacijos turinj Siame disertaciniame darbe istirtos keturios
grupinio testavimo procediiros — modifikuota Dorfman (MD), Ster-
rett (ST), kvadratinés matricos (A2) ir porinio testavimo (PT). MD ir ST
procediiroms matematiskai pagristos iki tol literatiroje hipotetinémis
laikytos analizinés optimaliu konfigtiraciju iSraiSkos. A2 procediiros op-
timalios konfigiiracijos analizinés iSraiskos pavidalas buvo neZinomas.
Disertacijoje jis surastas ir matematiskai pagristas.

PT procediirai surasta testy skaiciaus skirstinio momentu generuo-
janti funkcija. Pasinaudojant ja (tinkamai transformuotam testy skai¢iui)
irodytos trys ribinés teoremos — centriné ribiné teorema, didZiuyju
skai¢iy désnis ir dideliy nuokrypiu principas.

Be jau aprasytuy uzdaviniy iSsprestas dar vienas — pasitilytas pro-
cediiros apytikrio optimalaus tikimybinio slenksc¢io radimo algoritmas,
tinkantis gana placiai binominio testavimo procediiruy klasei.

Visais atvejais gauti rezultatai iliustruoti taikymu pavyzdZiais.

Apie rezultaty reik8me Disertacijoje nagrinétos tikimybinio testavimo
procediiros, tenkinanc¢ios binominio testavimo prielaidas. Vienuose tai-
kymuose 8ios prielaidos yra pateisinamos (pvz., gamyba, kompiuteriu
mokslas), kituose per daug ribojancios (pvz., kai kurie medicininiai ar
socialiniai taikymai), todél disertacijos rezultatai tinka bitent pirmuju
atvejy analizei. Nepaisant to, kad grupinio testavimo procediiros, tinka-
néios specifiniams atvejams, aktyviai tebevystomos, disertacijoje nag-
rinétosios néra pasenusios ir daznai naudojamos masiniame testavime.
Geras pavyzdys — neseniai praéjusi COVID-19 pandemija, kurios metu
Dorfman procediira buvo naudojama ir Lietuvoje testuojant moksleivius
mokyklose [7] bei kitose Salyse [14]. Atsizvelgiant i iSsakytas pastabas,
binominio testavimo procediiru tyrimai islieka aktualiis ir disertacijoje
gautus rezultatus galima laikyti naudingu indéliu j binominio testavimo
teorija.

Rezultaty naujumas

Autores Ziniomis, visi disertacijoje gauti rezultatai yra nauji ir iki Siol
literattiroje jokia forma nepublikuoti.
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