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1 Notation

survival function

distribution function of a random variable X

tail of distribution function

force of mortality (hazard rate)

central mortality rate

transformed survival function

density function of a random variable X

probability of an z-aged individual to live at least n years
probability of an z-aged individual to not live at least n years

partial remaining life expectancy of n upcoming years for an z-aged individual
cumulative hazard rate

estimated death counts at time moment x

estimated population exposed to risk at time moment x
loss function

mean squared error

class of heavy-tailed distribution functions

class of exponential-type distribution functions

class of subexponential distribution functions

class of regularly varying distribution functions with index «
class of all regularly varying distribution functions

class of dominatedly varying-tailed distribution functions
class of long-tailed distribution functions

class of generalized long-tailed distribution functions
class of consistently varying-tailed distribution functions
standard Gamma function



2 Introduction

2.1 Relevance of the topic

Analysis of the random variables properties has long been one of the main top-
ics in probability theory and statistics. Variety of random variables (also called
as random effect in this thesis) opens the possibility to construct different dis-
tribution functions with the special properties which are widely used not only
in theoretical mathematical studies but also in banking, life insurance and risk
theory. The tail of distribution function has a very important meaning as its be-
haviour can be analyzed separately in terms of regularity classes. It turns out
that the tail of distribution function can satisfy many different properties and
can be assigned to its own specific regularity class. Tail of distribution func-
tion is widely used in survival analysis, therefore, it is a synonym to a survival
function. In survival analysis, this function provides possibility to calculate
variety of mortality characteristics such as mortality probability, force of mor-
tality (also known as hazard rate), remaining life expectancy and similar. By
knowing exact expression of survival function of a specific population, it is
possible to compute mortality tables which can be used when calculating life
insurance premiums, technical provisions and other financial characteristics.
Additionally, some survival functions can be used for different populations by
simply applying different function parameter values. The special properties of
random variables and distribution functions have always been a relevant topic
for mathematicians, financial industry and even medicine. It turns out that
combination of different survival functions together with random variables at
once opens up new possibilities to create new mortality models, which will
be one of the main focus in this thesis. The following subsection will contain
clear objectives of the research.

2.2 Main goals

The main objectives of the thesis will be split into two parts: theoretical and
practical. Full definitions, formulas and properties will be provided in the later
sections while this section will contain short descriptions and will emphasize
the main goals of analysis.



2.2.1 Theoretical

Assume that we have a probability space (W, F, P) with a random variable X
defined on it. Let us define the distribution function (d.f.) of a random variable
X:

Fx(z) =P(X<z)=Plwe W: X(w) <z), zeR.
The tail of such distribution function is equal to
Fx(z)=1-Fx(z) =P(X > 1),

In survival analysis, the tail of distribution function is called a survival function
and has the expression

S(x) =P(T > x),

where 7' : W — R denotes random variable of the remaining life expectancy.
We note here that in survival analysis it is considered that the remaining life
expectancy 7' is an absolutely continuous non-negative random variable. In
such a case, the survival function S is related to the random variable density
fr by the usual equality

S(x) = /;o fr(u)du, x > 0.

Let’s assume that we have another positive random variable Z, defined on the
another probability space (2, .4,P). Now let’s denote the transformation of
survival function as

S(x) =E (5%(2)) = / (5(x))"dP(Z < w).

(0,00)

Our first theoretical objective will be to prove that S (x) is a new survival func-
tion, meaning that it maintains properties of a survival function. A theory will
be constructed based on this assumption in 4.1 and the proof will be provided
in Section 5.

Since survival function is equal to the tail of the distribution function, and
d.f. tails can be assigned to different regularity classes in terms of their be-
haviour, the same can be said about survival functions. Therefore, our second
theoretical objective will be to prove that if tail function F(z) = Fx(z) of



a random variable X belongs to a specific regularity class, then newly trans-
formed tail function

B((F@)?) = [ (F@)"drz <w)

(0,00)

with a positive random variable Z will also belong to the same regularity class.
The theorem of this assumption will be provided in 4.2 and the proof will be
shown in Section 5.

2.2.2 Practical

In the practical part, we will show that based on theorems constructed in 4.1
and 4.2, set of newly constructed transformed survival functions can be used in
survival analysis and can precisely describe specific population’s mortality be-
haviour based on real statistics. Two different practical applications are shortly
described in paragraphs below.

Baltic population mortality. Mortality data of Lithuanian, Latvian and Es-
tonian populations will be chosen. Variety of different (transformed) survival
functions will be applied to the dataset in order to calculate the best estimate
parameters of the survival functions based on the mean squared error metric.
Calculations will be done in R programming language, using the Mortality-
Laws library. Estimated functions will be used to calculate survival probabil-
ities of each population at each age. The main goal of practical part will be
firstly to select which of the survival functions can actually be used in mortal-
ity analysis. Later on, model fit for each survival function will be evaluated
through graphics as well as a mean squared error metric to determine which of
the analyzed models describe specific population’s mortality the best. Detailed
descriptions, calculations and conclusions are provided in Section 7.

Lithuanian prostate cancer screening data. Two sets of Lithuanian popu-
lation data will be analyzed. One dataset set will represent male groups who
were a part of the prostate screening program and the other datasets will consist
of people who were not a part of the program. We will compare the prostate
cancer survival probabilities as well as general survival probabilities between
the two datasets by applying Weibull mortality model (survival function) to
determine if the prostate cancer screening program in Lithuania has been ef-



fective. Weibull mortality model’s parameters will be calculated based on bi-
nomial loss function in R programming language, using the MortalityLaws
library. Detailed descriptions, calculations and conclusions are provided in
Section 8.

2.3 Publications

The main results of this thesis and other related results were published in these
scientific papers:

. éiaulys, J.; Puisys, R. Survival with random effect. Mathematics 2022,
10, 1097.

* PuiSys, R.; Lewkiewicz, S.; éiaulys, J. Properties of the random effect
transformation. Lith. Math. J. 2024, 64, 177-189.

» Skucaite, A.; Puvaciauskiené, A.; PuiSys, R.; giaulys, J. Actuarial anal-
ysis of survival among breast cancer patients in Lithuania. Healthcare
2021, 9, 383.

* Levickyte, J.; Skucaite, A.; giaulys, J.; Puiys, R.; VincerZevskiene,
I. Actuarial analysis of survival after breast cancer diagnosis among
Lithuanian females. Healthcare 2024, 12, 746.

2.4 Conferences

The results obtained during the preparation of the thesis were presented in
following conferences and seminars:

* R. PuiSys. Kelios iSgyvenamumo funkcijos su atsitiktiniu efektu, The
Conference of Lithuanian Mathematical Society, June 16-17, 2021.

* R. Puilys, J. Siaulys, S.Lewkiewicz. Kelios atsitiktinio efekto transfor-
macijos savybés. The Conference of Lithuanian Mathematical Society,
June 21-22, 2023, Vilnius, Lithuania.

e R. Puidys, J. Siaulys. Survival with random effect. Data Analysis Meth-
ods for Software Systems, November 30 - December 2, 2023, Druskinininkai,
Lithuania.

* R. PuiSys, J. Siaulys. Survival with random effect. 27th International
Congress on Insurance: Mathematics and Economics, July 8 - July 11,
2024. Chicago, Illinois, United States.



3 The main concepts

3.1 Distribution, tail and survival functions

Let X be a random variable, defined on a probability space (W, F, P).

Definition 1. The function, describing behaviour of random variable X :
W — R is called a distribution function (d.f.) and is defined as

Fx(z) =P(X<z)=Plwe W: X(w) <z), z€R. (1)

The properties of probability space imply the following properties of a d.f. F':

i 0<F(x)<1, z€R, (2)
(i) lim F@ =0, lm Fl)=1, 3)
(iii)) F is non-decreasing on R, 4)

(iv) F is right continuous and has a finite limit on the left at each a € R,

ie. xl_1>121+F(95) = F(a), and nggli F(z) exists for a € R. 5)

It is well known that pure random variables can be either discrete, contin-
uous or singular [27]. In the case of a discrete random variable, distribution
function has the expression:

Fx(z) =) P(X =u), (6)

Tr; <T
where z; € N and N = {x;} is a finite or countable set.

If X is absolutely continuous, then distribution function of X has the ex-

pression

1&@%:/fﬂWMxeR, 7)

where fx is a density function, i.e. measurable non-negative function such
that

7&@&:L

We remark only that the above equality (7) implies that fx (t) = F' (t) almost
surely on R.



Definition 2. Let F' = Fx be a distribution function of a random variable X.
Then
Fx(z)=1-Fx(z) =P(X > 1), 2 € R, (8)

is called a tail function of F'.

3.2 Concepts of survival analysis

Let T' > 0 be a non-negative absolutely continuous random variable, describ-
ing the life expectancy of a newborn. The main function describing mortality
of a population is the survival function (see [17, 18, 19]):

S(x) = Sr(z) =P(T > z).

Since S(z) = Sr(z) =1 —Fr(x) =1 —-P(T < z)and T > 0, the
survival functions satisfy the following properties:

(i) S(z) is non-increasing for x € [0, 00); )
(i) S(0) = (10)
(iii) S(o0) := xhﬁrrolo S(z) =0; (11)
(iv) S(z) is absolutely continuous on the interval [0, 00). (12)

According to the definition of absolute continuity, for an arbitrary ¢ > 0
there is § > 0, such that for every finite collection of pairwise disjoint intervals

{(a1,b1),..., (an,by)} with
> (b — ak)
k=1

it holds that

n

> (S(ar) — S(br)) < e

k=1
By the known results (see for instance [20]), function S(x) is absolutely
continuous if and only if:

— /OO fr(w)du, z >0, (13)

where fr is a density function, i.e. non-negative and integrable function such

that ~
/0 fr(u)du =

10



Additional population characteristics can be calculated with the usage of
survival function. For instance, probability of an z-aged individual to live at

least n years
S(x+n)

=— 14
probability that an x-aged individual will not live at least n years
S(x+n)
=1-—" 15

partial remaining life expectancy of n upcoming years for an x-aged individual

o 1 T+n
€y m = S(u)du. (16)

Another characteristic used in mortality analysis is called the force of mor-
tality, also known as the hazard rate, and is denoted as u,. Hazard rate is

calculated using following formula:

= - 7)

where z € [0, ), such that S(z) > 0.

Based on the last formula, survival function at each point x € [0, 00) can
be expressed by equality

S(z) = exp{ — uudu}. (18)
/

The behaviour of hazard rate function in interval [z, z+1) can be described
by the central mortality rate:

O

S(z + u)pgyydu
my = :S(:c)—S($+1). (19)
S(x + u)du (x + u)du

C—
C—r

If it is assumed that the force of mortality in [x, 2z + 1) is constant, i.e.
patt = by forany z € Ng = {0,1,...} and ¢t € [0,1),

then the central mortality rate can be compared with the hazard rate:

11



Mg = Ug, T € Np.

Additonally, the cumulative hazard rate function has the following expres-

sion:

Hy=—InS(z) = / frudu. (20)
0

3.3 Regularity classes

There is a variety of many different survival functions (tails of distribution
functions). Its behaviour at infinity can be split into various categories. Those
categories are called the regularity classes. Below we define a list of some
well-known regularity classes. A more extensive list can be found in [64], for
example.

Definition 3. A d.f. F is said to be heavy-tailed, F' € H, if for any fixed § > 0

lim sup e°* F(z) = co. (©3))
T—00
Definition 4. We say that d.f. F belongs to the exponential-type distribution
class L(~y) with v > 0 if for any y > 0

Flty)
xh_}rgo (o) =e Y. 22)

Definition 5. A d.f. F'is said to be regularly varying with index o > 0, denoted
F € Ry, iffor any y > 0 it holds that
Flzy)

xh_)ngo () =y % (23)

Set of all regularly varying functions is denoted as

R = U Ra-

a=0

Definition 6. A d.f. F is said to be dominatedly varying, F' € D, if

F
liircn_) sgp F((xxy)) < o0 24)

for any (equivalently for some) y € (0, 1).

12



Definition 7. A d.f. F is said to be long-tailed, F' € L, if

F(x—y) ~ F(x) (25)

T—r 00

for each (equivalently for some) y > 0.

Definition 8. We say that d.f. F belongs to the class OL if for any (or, equiv-
alently, for some) y > 0
Flr —
lim sup M < 0. (26)
Definition 9. A d.f. F' = Fx of a non-negative random variable X is said to
be subexponential, F' € S, if

. FxF(x)
xll)rgo 7?(:@ = 2. 27

Definition 10. We say that d.f. F' belongs to the class of consistently varying-
tailed distribution functions C if
F(zy)

lim i — =1. 28
ot el F(2) (28)

In this and in the next sections we will cover some basic examples behind
formulas and definitions described above.

3.4 Distribution functions assigned to specific regularity classes

List of distribution functions, used in this subsection, can be found in the Ap-
pendix.

Example 1. Let’s consider the Log-logistic distribution function with
shape parameter 3 = 2 and scale parameter & = 3. Then the survival function
(or tail of a d.f.) would be

F(z)=1 x> 0. (29)

94 g2’

We will prove that the Log-logistic d.f. belongs to the heavy-tailed distri-
bution class . This will be proven if for any fixed § > 0 we will get that

13



lim sup e** F(z) = oo.
Tr—00

We can calculate such limit by applying L’Hospital’s rule two times:

2 ox
lim sup e’*F(z) = lim (1 ° >e5w = lim e

—00 T—00 B 9+ 22 z—00 9 4 2
9 52 eém
= lim = 00.
T—00 2

Example 2. Let’s consider the Weibull distribution function with param-
eters « = 0 and ¢« = 1. Then the survival function (or tail of d.f.) would
be

F(z)=e¢" x>0. (30)

We will prove that this particular case of the Weibull d.f. belongs to the

exponential-type distribution class £(1). This will be proven if for any y > 0

we will get
F
lim M =e Y,
Let’s take y > 0. Then
. F(z+vy) ety
lim ——— = lim =e
T—00 F(l’) z—o0 e~ %

Example 3. Suppose we have the Peter and Paul d.f. with parameters
a = 1 and b = 3. The tail of such d.f. would be
_ 1\ Hogs z]
F(z) = (37w ) = (3) o>, (31)
where symbol |a| denotes the integer part of a real number a.
Peter and Paul d.f. has a dominatedly varying tail (F' € D), because it
satisfies the following property:
F(zy)

ligrcgs;p () < 00 (32)

14



with fixed y € (0,1). Namely, for y € (0, 1) we obtain

F(:L‘y) 1\ Logz(zy)]—logsz z]
lim sup —= = lim sup <)
1 |logs x+logs y] —|logs =]
= lim sup ()
T—r00

= lim sup

( 1 ) (logs x)+logs y—(logs z+logs y)
Z—00

<yl < oo,
where symbol (a) = a — |a] denotes the fractional part of a real number a.

We remark here that the class of dominatedly varying functions was intro-
duced by Feller [72] as a generalization of regularly varying distributions and
later was considered by many other authors, see [73, 62, 74, 88, 87, 75, 76, 80,
81, 61, 82], for instance.

Example 4. Let’s take the Burr distribution with parameters ¢ = 1 and
k = 2. Then the tail of such d.f. is

— 1
Flz) = ——— > 0. 33
Tail of the Burr d.f. belongs to the class of long-tailed distributions L,
because

3
T ) Y
for every y. Namely, for the fixed real y we have

i Pty o (42?7
sooe F(x) o000 (Lo +y)?

We remark that the class of long-tailed d.f.s was indroduced by Chistyakov
[83] in the context of branching processes. Class L, either alone or in inter-
section with the class D, was considered in [84, 86, 85, 65, 89, 77, 78, 79]. A
detailed analysis of distributions from the class £ is presented in Chapter 2 of
[65]. For instance, in Lemma 2.23 in [65], closure under mixture and closure

15



under maximum are established. Closure under mixture means that when d.f.
Fy € £ and either F;, € L or Fo(z) = o(F1(x)), then pFy + (1 — p)Fy € L
for any p € (0,1). Closure under maximum means that d.f. Fxyy € L if
Fx € L, Fy € L for two independent random variables X, Y.

Example 5. Let’s consider the Weibull distribution function with parame-
ters &« = —1/2 and a = 1/2. Then the survival function (or tail of d.f.) would
be

Fz)=eV® >0 (34)

Weibull d.f. has the generalized long-tailed distribution (' € OL) because
it meets the requirement of
F(z—y)

lim ——— <

for any y > 0. Namely, for fixed y € R we have

lim 7F(E_y) = lim eV* VZ¥

= lim evFviT =€’ = 1 < co.
Tr—00
Class OL was proposed by Shimura and Watanabe [79] as generalization
of the exponential-like-tailed distributions. The full range of the properties of
the class OL are presented in [57, 59, 24, 58, 60].

Example 6. Let’s analyze the Burr distribution function with parameters
c=1and k = 2 as in Example 4. The tail of such d.f. would be

_ 1 \?
F(m)zl—F(:z:):<1+x> , x> 0. (35)

In Example 4, it was shown that Burr d.f. belongs to class £. However, it
can also be proven that Burr d.f. also has a regularly varying tail (F' € R3)
because for any fixed y > 0 we have

_ 9 1 1 2
lim }i(xy):lim <1+x) = lim <af+ ) =y 2
zTY

Other popular distributions, which belong to class R, are Pareto, loggamma,

16



Cauchy. Historical notes, properties and different application of regularly vary-
ing functions are described in [63, 65, 69, 64, 66, 67, 68, 26]. Moreover, reg-
ular distributions contain variety of closure properties, for example, according
to Proposition 3.3 of [64] (see also Proposition on page 278 of [71] or Lemma
1.3.1 of [70]), the class of regularly varying d.f.s R is closed under strong tail
equivalence and convolution. The closure under strong tail equivalence means
that
F) € R, and F(x) e cFi(z),c>0 = F, eR.

Whereas the closure under convolution means that
Fi,Fhb e R = FixF, e€R,

where F} x F5 denotes the standard convolution of F; and Fb, i.e.

oo
Fi x Fy(z) = / Fi(z —y)dFs(y), = € R.
—00

Example 7. Let’s consider the Pareto distribution function with shape pa-
rameter o = 4 and scale parameter x,,, = 1. Then the survival function (or tail
of d.f.) would be

_ 1 \4
F(x):<1+x) , x> 0. (36)

We will prove that Pareto d.f. belongs to the subexponential distribution
class S. This will be proven if in interval [0, co)

lim LF(:C) = 2.
z—o0 | (:L‘)

Assume we have a random variable X, which has Pareto distribution with
d.f. F. Itis evident that d.f. F*?(x) = F % F(z) corresponds to the sum of
X1+ X5, where X; and X5 are independent copies of r.v. X. For any positive
x we have

F2(z) =P(X; + Xy > ) > P{X; > 2} U{Xs > 2})
P(Xl > x) + P(XQ > w) — P(Xl > x)IP(Xg > l’)

2F (z) — (F(x))*.
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Based on upper inequality we get

lim inf M > 2.

On the other hand, for any 0 < § < % and any x > 0

W(x) =P(X; + Xy > x)
SPH{X1 > (1 =0)z} U{Xo > (1—4d)a} U{X1 > dz, X5 > dz})
<2F((1 - 0)z) + (F(62))*.
We have
sy Lo@) o (2F(( = 0)) (F(&;))?)

T+2  \* (1+az)4
—21; S R R Lry
vy <1 Y- 5)x) LN e

=2(1 -6

Since ¢ is arbitrary from the interval (0, %) we have

F*2
lim sup 77(1:)
F

< 2.

From the inequalities above we conclude that

lim M =2.

Example 8. Let’s consider the Pareto distribution function with shape pa-
rameter o = 3 and scale parameter x,, = 1. Then the survival function (or tail
of d.f.) would be

_ 1 3
F(z) = <1+x> ,z>0. (37)

We will prove that Pareto d.f. belongs to consistently varying-tailed distri-
bution class C. This will be proven if we get that
F(zy)

lim lim sup — =1
1}?11 lalzigp F(x)
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Based on L’Hospital’s rule, we have

lim lim sup }i(xy) = lim lim sup (

=1.
yl z—oo F(JJ) ytl z—oco

1+x >3 1

=lim —

1 + Ty yT1 y3

Regularity classes, mentioned in both definitions and examples, satisfy the
following inclusions (see [70, 83], for instance):

RcCcLnDcSCLCH, ©DCH, D cCOL.

Figure 1: Regularity classes of heavy-tailed distributions

Additionally, it is evident from the definitions that

Lcoc, U £(v) coc.

>0

It is important to emphasize that tail functions in general do not require
absolute continuity, while in survival analysis, the survival function (or tail
function) must be absolutely continuous.

19



3.5 Survival function examples used in mortality analysis

Let’s consider the following hazard rate function:
L = az®, x>0, (38)
where a > 0, a > 0. Survival function of such force of mortality would be

a xa+l

S(z) =e atl , x> 0. (39)

These functions are called the Weibull hazard rate and the Weibull sur-
vival functions respectively. These functions were first introduced by Swedish
mathematican Waloddi Weibull back in 1939 [90]. A graph containing Weibull
survival function with different pairs of a and « values is provided below in

Figure 2.
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Figure 2: Weibull survival function

Another example of a hazard rate function would be the Gompertz force
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of mortality:
luit = Beaiﬂ7 €T 2 0) (40)

where B > 0, a > 0. Gompertz survival function has the following expres-

sion:
B(e®* 1)

S(z)=e o ,x>=0. (41)

These functions were proposed by British self-taught mathematician Benjamin
Gompertz in 1825 [53]. A graph containing Gompertz survival function with
different pairs of B and « values is provided below in Figure 3.

o |
— —— B=0.1,a=0.1
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Figure 3: Gompertz survival function

In 1860, English actuary and mathematician William Makeham proposed
a slightly modified version of the Gompertz hazard rate [53]:

Hy = A+ Be® x>0, (42)

where A > —B is age-independent term, while B and « are the same pa-
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rameters as in Gompertz functions. The Makeham (or Makeham - Gompertz)
survival function is equal to

S(z)=e "= x>0 (43)

It is evident that Gompertz functions can also be called the Makeham -
Gompertz functions with age-independent term equal to 0. A graph containing
Makeham survival function with different pairs of B and « values is provided
below in Figure 4.
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Figure 4: Makeham survival function
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4 Main results

4.1 The historical origin of the random effect concept

In 1979, James Vaupel, Kenneth Manton and Eric Stallard [21, 3] presented
the idea of modifying mortality force by applying random variable to it:

In such models Z is also called random effect or frailty parameter [22, 23].
Models, followed by presented equation, are called frailty models or random
effect models. In some instances, definition of Cox models may also be used,
see Lai [4] and Wienke [5], for instance. In frailty models, random effect Z
is defined on probability space (€2, .4, P), while random variable 7', which de-
notes the remaining life expectancy of a newborn and is used to calculate func-
tion i, is defined on another probability space (W, F,P). The purpose of
random effect models was to obtain more precise results compared to standard
mortality models. Frailty models and their applications to specific data sets
have been widely used and analyzed by Manton and Vaupel, who collaborated
with Stallard, Yashin, lachine, Begun [3, 6, 7, 8], as well as by Butt and Haber-
man [9], Moger and Allen [10], Hougaard [11], Finkelstein [12] and Pitacco
[13, 14]. The idea of frailty models was expanded as mixed hazard models
suggested the hazard rate to have a polynomial expression, see Spreeuw et al.
[15], while Assabil [16] analyzed frailty models with time-dependable random
effects.

However, in order to be sure that random effect models indeed can be an-
alyzed in survival analysis, all the necessary properties need to be satisfied. If
transformed mortality force has (44) expression, then function

S(z)=E (SZ(x)) =E (exp{ - Z/ Mudu}) (45)
0
should be a new survival function, and

_ S'(x '
() = — §((:z)) =—In (IE (Sz(z)» (46)

should be a new force of mortality. Previously mentioned statements are true if
requirements (9)-(12) are fulfilled, or equivalently, when function S (x) satis-
fies equality of type (13). Below we present a theorem which states that func-
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tion S (x), defined by formula (45), is a survival function in the case where
S(x) is such.

Theorem 1. Let S = S(x) be a survival function with a force of mortality
W = g, and let Z be a positive random variable. Then function S=5 (x),
defined by equality (45), is a new survival function.

4.2 Tail function with random effect

From (45) equality we see that random effect transformation can be applied
not only to a survival function, which is absolutely continuous, but also to any
tail function regardless, if that function is absolutely continuous or not. Based
on (45) formula, for any tail function F' we can define

FO)(z) :=E(F (2)) =E((F(x))”), 2 € R 47)

and the d.f. for this transformed t.f. is
D(x)=1—FD(z)=1—FE(F?
F)'2)=1-F@)(z)=1-E( F"(2)), z € R. (48)

The following theorem shows that random effect transformation maintains
the main properties of a distribution function.

Theorem 2. Let F' = F(x) be a distribution function, and let Z be a positive
random variable. Then function F% )(:L‘), defined by equality (48), is a new

distribution function.

Additionally, it turns out that in some cases application of random effect
does not affect d.f. properties in terms of specific regularity classes. Below we
present a theorem behind this statement.

Theorem 3. Let I be a distribution function, Z be a positive random variable,
and let F(%) pe d.f. with random effect Z defined by equality (48). Then the
following statements hold:
G) FeERy = F (2) ¢ Raa, Where a is the greatest lower bound of r.v.
Z, i.e:
P(Z>a)=1andP(Z > a+0) < 1 foranyd > 0;

(i) Fe £ = F9 e r;
(i) Fe OL = F% € OL;
(v) FeD = F% e D,
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5 Proofs of theorems

5.1 Proof of Theorem 1

The proof can be found in article [55].

Proof. Suppose that survival function S is absolutely continuous with the haz-
ard rate .. We will prove that function S satisfies equality of type (13). Ac-
cording to definition (45), we get:

S) = E(57(@)) = / §%(2)dFy(2)

[0,00)

X

= exps — 2z dudFz(z

[0,00) p{ /0 fu } 2(2)

for each x > 0, where F is a distribution function of the random effect Z.
Let us define two real numbers

a=sup{z >0:S5(x) =1},
b=inf{zx >0:S(x) = 0}.
It is obvious that 5(z) = 1if z € [0,a] and S(z) = 0 if z € [b, 00) in the case
of finite b.

It remains to consider 2 € (a, b). For these x we have that 0 < S(z) < 1.
Therefore, for z > 0 and i > 0 we have

S*(z + h) — S*(z)
h

5*(z)
h

*(2)
h

S#(x + h)
5%(x)

z+h
exp —z/ poudu p — 1
€T

1 z+h

_1’

W

Since S is absolutely continuous, derivative S’(z) exists almost every-
where on interval (a,b). If S’(x) exists, then

InS(z) —InS(z+h) < <1— al :B)) h
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for sufficiently small & > 0, which implies that

ISZ(:C +h) — S*(x)

) S’(x)>.

S(x)

< 25%(x) <1 -

For z > 0 and sufficiently small 4 < 0 the same estimate can be derived
analogously. In addition, it is obvious that integral

/ 257 (2)dFy(2)
0.00)

is finite if z € (a, b).
Therefore, due to the Lebesgue’s dominated convergence theorem we have
that

Sy . Sz +h) - 5%(z)
S'(x) = /[0700) %13% 3 dFyz(2)

= (5%(x)) dFz(2)
[0,00)

= *Ma:/ z2S8%(x)dFz(2)
[0,00)

for almost all z € (a, b).
Function p, is non-negative, bounded and integrable on interval [a, B]
with an arbitrary a < B < b, while function

/ 25%(z) dFz(2)
[0,00)
is continuous on interval (a, b).

Consequently, derivative S’ (x) is integrable on the interval [a, B] with
a < B <b. For z € [0,00), let us define
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Using the Tonelli’s theorem we get

7f(a:)dx: / (=5 /b ( / %ezof““dudFZ(z)>dx
0 a

a [0,0)

B / </b ( —z fﬂudu))sz(z)
[0.00)

_ / (5%(a) — 5(b)) dFy(z) = 1. (49)
0,00)

Similarly, for x € (a,b)

Oof(y)dy= (—5'(y))dy = b Zuye_zz#udusz(Z) dy
[ fwar= [ /(]

z T [0,00)
-/ (/bd<e_zof”"du>>sz<z>
[0,00) @
_ / (5(x) — 5(b)) dFz(2) = 8(x).
[0,00)

It follows from this that

= /:O fy)dy, = € [0,0)

for an integrable non-negative function with property (49).

The last equality has the form (13). Consequently, the function is abso-

lutely continuous and so S is a new survival function in the sense of survival

analysis. Theorem is proved. O

5.2 Proof of Theorem 2

The proof can be found in article [56].

Proof. Our considerations are based on equation (47). We use known tail func-

tion properties to prove that requirements for transformed distribution function
are also fulfilled.

27



e Since 0 < F(z) < 1, for all z € R we have:

FO(z) =1-E((F(x)”)

WV

0,

F@(z)=1- E( (F(x))z) <1
e According to the dominated convergence theorem

. (2) D L v
mll}r_nooF (x)=1 /(O’OO) (xgr_nooF(x)) dP(Z < u)

—1-P(Z>0)=0,

and, similarly, le F)(z) =1.
Tr—00

o If 21 < o, then F(x1) > F(x2) imply that
FO(zy) =1 - E( (F(x1))”)

<1-E((F(@))7) = F D) (xy).

e By using the dominated convergence theorem again, for each a € R we
get that

lim F%)(z) = —/(0 Oo)( lim F(w))ud}P’(Z < u)

T—a+ r—a+

- / (F(a))"dP(Z < u) = FD(q),
(0.00)

and, similarly,

lim F@(z)=1— /(0 _ (Fla)"ae(z <

T—a—

exists for each a € R. We can see from the derived relations that function
F(9) satisfies the standard properties (i) - (iv) of d.f., see (2)-(5).

O

5.3 Proof of Theorem 3

The proof can also be found in article [56], written by thesis author, J. Siaulys
and S. Lewkiewicz. We present proofs of all parts of Theorem 3.
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Proof of part (i) If F is an arbitrary d.f. and o > 0, then

F
FEeR, & lim Flzy) _ Y=,

for any fixed y > 1.
Since a is the greatest lower bound of Z we can express tail of d.f. with
random effect F(4) by the following integral

FO@) = [ (F@)"dFsw).

[a,00)

Therefore, for an arbitrary fixed y > 1 and positive x we get

I (R (R ars)

sup EOwY) _ L)
vz F'(Z) (’U) v f (F(U))usz(u)
[a,00)
() ronrans
< sup a,00 7 _
ST (F) R
[a,00)
F a
< sup ( (vy))
vze \ F(v)
This estimate implies that
(2) F a
limsupm < lim sup ( F(xy)) =y " y>1,

because of F' € R,.
Consequently, to finish the proof of part (i) of Theorem 3 it is sufficient to
derive that

(2)
lim inf Fj(a:y) >y

—ax

for each fixed y > 1, or equivalently,

@)
lim sup FO(y) y~a (50)

foreach0 <y < 1.
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Let now y € (0, 1) be fixed. For any § > 0 and any = > 0 we have

— | (F(zy))"dFz(u) [ (Flay)"dFz(u)

F(2)(zy) _ laa+d) [a+3,00)
FO)(z) [ J ) (F(2))"dFz(u) [ J | (F(x))"dFz(u)
=I5 + Iss. (1))

Since 0 < y < 1, we have

| (F(zy)"dFz(u)

Enl at+d
J (F(z)) dFz(u) F(x)
[a,0-+5)

For the second term in (51), we obtain

[ (Flzy))"dFz(u)
[a+8,00)

S (F())"dFz(u)
la,a+6/2)

(F(xy)) " ""P(Z > a+ )
T (Fa)™ P Pla < Z < a+6/2)

C(Fay\"" s P(Za+0)
_<F(x)> (F(zy)) Pla<Z <a+6/2)

Iy <

Consequently, for each § > 0 we get

(2) Fal a+d
lim sup Fj(xy) < lim sup (F(xy))
! (Fwy))“é/z (Flay)"”B(Z > a+9)
+ limsup | =

—aa—ad
M

because F' € R, and a is the greatest lower bound of the random effect Z.
By passing 0 to zero, we obtain the required inequality (50) for each fixed
y € (0,1). The first part (i) of the Theorem 3 is proved. O



Proof of part (i) From definition of the class £ we have

F(zx—1
Fel & 1imsup(;f) < 1 (52)

Let us choose ¢ € (0, %) such that ]P’(Z e |0, é)) > 0. For sufficiently large
x, say x > x2, the following inequality holds:

Da—-1) _pie [1/e00)
() [Of | (F(x))"dFz(u) . f) (F(z))"dFy(u)

(F(z—1))"P(Z > 1/¢)
(F(@))/=P(Z € [0,1/¢))

P(Z > 1/e) )) '

S <(1 " 52)1/€<1 )

<(1+eH)e+

Since € can be as close to zero as desired, we get from the above inequality
that

lim sup ——— <
x~>oop F()(z)

)

which implies that F(4) € L. Part (ii) of the Theorem 3 is proved. O

Proof of part (iii) For an arbitrary d.f. F' we have

F(x—1 F(x—1
FeOL & 1imsup(f7)<oo & sup(ji)<oo.
T—00 F(l‘) TER F(.’L’)

31



Therefore, for each positive K under condition P(Z € [0, K)) > 1/2, we get

w FO(z—1) < [o,{o (Flz =) dFz(u)
ek FD(z) aek [ (F(2)"dFz(u)

This means that (%) € OL. Part (iii) of the Theorem 3 is proved. O

Proof of part (iv) From definition of the class D we have that

. F(3)
FeD & limsup= < 0 (53)

for an arbitrary d.f. F'. Let’s choose positive K such that P(Z € [0, K)) > 0.
For this K we get

D(3) _ o LKoo
F@(r) | (F@)'dFz() | (F(@) dFz(w)
[0,00) [0,00)
= JlK + JQK. (54)
Since F' € D, it follows from (53) that
F(3) <
F(z)

for some constant ¢; > 1 if x is sufficiently large, say x > x;. Therefore,

(FD)”  Fa))“dF, (u
Tire < [Oiﬂ () () dFa < (F("S))u < >
ST (F@) Pz () osugk \F(r)) S TSN
,K)

[0
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When z > x;, we get

I (F(5))"dFz(u)

T < ) . (FE) " P(Z=>K)
2K X - U e K
[Oé) (F(x))"dFz(u) ~ (F(2))"P(Z € [0,K))
P(Z > K)
K

SAUPZ e K)) (56)

From estimates (55) and (56) we derive
F2) (%) P(Z > K)
TP FD @ ST\ TRz e, K)))

which implies that (%) € D. Part (iv) of Theorem 3 is proved. O

5.4 Some remarks

Remark 1. Theorem 1 provides us a large set of survival functions with a
random effect. A new survival function can be constructed from any survival
function .S that meets its requirements (9)-(12) and any positive random vari-
able Z. The few examples below show that the random effect preserves ab-
solute continuity of the initial survival function but significantly changes its

type.
For instance, let us consider the exponential survival function

S(z) =e 09 >0

According to Theorem 1, function S(x) = ESZ(x) is a new absolutely con-
tinuous survival function in the case of the random effect Z under condition
P(Z >0)=1.

In particular, if Z is uniformly distributed on the interval [a, b] with 0 <
a<b<oo,thenforx >0

q 1 b - Tz 300 — azx — T
S(z) = b—a/ o032z 7, _ (b—a)m(e 0.0030z _ ~003bz),

If the random effect Z has exponential distribution with positive parameter

P(Z<z)=(1—e ) (2),
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then the function

A
=) 003:c+)\ d — 2 0
/ T 003z T

is a Pareto-type survival function.
If the random effect Z has the Bernoulli distribution
P(Z=1)=(1-p), P(Z=2)=p, pe(0,1),
then the function with random effect
S(z) = e 0032(1 _ p) 4 =006, 4 >
is a mixture of exponential survival functions.

If the random effect Z distributed according to the shifted Poisson law with
positive parameter A, then

P(Z=k)=e?

and, consequently,

5( )\k ! ~0.03x
— e Z k =" — 003z A(e 03 —1)’ z>0.

Finally, if Z has the classical Peter and Paul distribution

1

:ﬁ’kEN’

then

=1

~ _ ok
S(x):ZQTe 2 0.03:(:7 x>07
is the infinite mixture of exponential survival functions.

Remark 2. In the case of the integer valued random effect Z, the tail
function F(%) is the tail function of a randomly stopped minimum, considered,
for instance, in [24], [25], [26].

Suppose that { X1, X5, ...} are independent copies of the r.v. X with d.f.
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F and tail function F. In the case of P(Z = 1) = 1, we have that
FO(z) =E (F()?) = P(X; > z).

If P(Z =2) =1, then

F)(z) =P(X; > 2)P(X3 > z) = P(min{ X1, X2} > z).

If P(Z = 3) =1, then

F@)(z) = P(min{ X1, X2, X3} > z).

Finally, in the case of integer valued random effect Z such that P(Z € N) = 1,
we have

FO)(z) = iP(min{Xl,Xg, X} > ) P(Z = k)
=1

k
= P(min{Xl,Xg,.. . ,Xz} > JJ),

if random effect Z and the collection of random variables { X1, Xo,...} are
independent.

Remark 3. Theorem 1 justifies the use of a random effect in demographics
to find the expression of the mortality force that fits empirical data the best. It
is important to note that the random effect applies not only to the transforma-
tions of survival but also to other models used in various studies, for instance,
in medical research (see [28, 29, 30, 31]) or statistical analysis of certain prob-
lems (see [32, 33, 34, 35, 36, 37]). In [38, 39], probabilistic objects with
random effects are examined.

5.5 Several examples for Theorem 3.

Below we present some examples of transformed survival functions and their
behaviour in terms of regularity classes. These examples illustrate Theorem 3
from Section 4.2.

Example 1. Let I’ be the Burr d.f. with parameters ¢ = 1 and k£ = 2, i.e.

— 1

F(w):m,x>07
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and suppose that random effect Z has the uniform distribution, i.e. Z ~
U[0, 1]. It is easy to find that in the case under consideration

S _ / 1 v 2+
FO)(z) = E((F(ﬂs))z) = 0/ (mx)z> dv=30 +3€)2J1rn(i Fay vzl

Hence F € Ry and F9) ¢ Ro what is compatible with the statement of the
Theorem 3(i). Additionally, since it was already proven earlier that F' € L
(see Example 4 of 3.4) and F'(4) e £, the example is also compatible with the
statement of the Theorem 3(ii).

The differences of two tails £’ and F(%) are shown in the Figure 5 below.
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Figure 5: Comparison of tails F' and F(%) from Example 1.

Example 2. Let F' be the Peter and Paul d.f. with parameters a = 1 and
b = 3. According to [74], the tail of such d.f., when x > 1 has the form

F(x) = 37 loss=]

36



In addition, let’s assume that random effect Z obtains values {1,2,3} with

equal probabilities.
In the described case,

F(Z) (.%) — 3_1_\_10g3($)J (1 + 3_L10g3(x)J + 3_2L10g3(33”>7 z > 1.

It is easy to check that in this case F and F'(¢ ) belong to the class D, which is

compatible with the statement of the Theorem 3(iv). The tails of the functions

F and F%) are plotted in the Figure 6.

S |
— —— Original
—— Transformed
[ee)
g
(%} © _
s °
i3]
o
>
L <t
g
N
N
S
= T T T T T T T
0 5 10 15 20 25 30
X

Figure 6: Comparison of tails F and F'(4) from Example 2.

Example 3. Let us consider the Weibull distribution with parameters o =

—1/2 and a = 1/2. For such distribution

In addition, let us suppose that random effect in this example has the exponen-

tial distribution with parameter A = 1, i.e. Z ~ Exp(1).
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In the case under consideration,

1 >
3 X = .

F@)(z) = / (e7V®) e "du =
0

It is easy to see that in this case the tail of the d.f. F%) is significantly
heavier than the tail . However, both functions F’ and F(%) belong to classes
L C OL, which is consistent with statements (ii) and (iii) Theorem 3. The

graphs of t.f. F and F'(%) of this example can be seen in Figure 7.
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Figure 7: Comparison of tails F' and F(%) from Example 3.
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6 Some special survival functions

According to Theorem 1, we can construct new survival functions having a
basic force of mortality p, and a positive random variable. In this section,
several examples of popular survival functions and corresponding hazard rates
will be presented. From each selected survival function, a new survival func-
tions using well-known random effects will be constructed. For each selected
pair of survival function and random effect, analytical expression of the new
survival function and the analytical formula of the corresponding hazard rate
is found.

Below we present a couple of examples of modified mortality models
where random effect is applied to well-known Weibull and Gompertz hazard
rate functions, which have been analyzed by many researchers in the past, in-
cluding Juckett and Rosenberg [1] and Missov [2], among others.

6.1 Gamma - Weibull model

At the beginning, let us consider the Weibull force of mortality
e =azx®, x>0,

depending on two positive parameters ¢ and «. By choosing a Gamma dis-
tributed random variable Z ~ T'(k, \) for a random effect, we get the Gamma
- Weibull model described in [40] and [41], among others.

Gamma distributed random variable Z ~ I'(k, \) has the density

Ak
fz(x) = %xk_le_)‘x, x =0,

o0
where k and ) are positive parameters and I'(k) = [ t*~le~*dt is the standard
0

Gamma function.
The information above implies the following expression of Gamma - Weibull
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survival function

. —qutdt o0 —zfzat"‘dt Ak
SGW(:C) :E(e 0 ) = /e 0 %Zk—le—/\zdz
)\k 0 _z fat"‘dt—&-)\
= —/e (0 >zk_1dz.
I'(k)
0
By denoting w = z(f at“dt + )\), we get
0
) AR 1 7
Sew(z) = : /e*wwkfldw

L(k) (fatadt +A)
0

G azotl —k
(s +a)7 A

It is clear that the obtained survival function has derivative

k-1
A akz® [ az®t!
i 1 .

By using (46) formula, we obtain the following force of mortality expres-
sion for the Gamma - Weibull model

S/ k™
= —dowld) __eki? (57)
SGW(:C) a+1 + A

6.2 Gamma - Gompertz model
In the Gamma — Gompertz model, it is assumed that the basic force of mortality
has the Gompertz expression, i.e.

Mx = Beal" x 2 07 (58)

with positive parameters B and «. This expression can be derived from the
Gompertz - Makeham model (see [42], [43], [44] and [45], among others). It
should be noted that Gompertz force of mortality belongs to Perk’s family of
hazard rate functions and assumes that mortality increases exponentially with
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age [46], [47].

In the Gamma - Gompertz model random effect Z has the Gamma distri-
bution, identical as in the Gamma — Weibull model described in 6.1. Hence,
in order to find the expression of model’s survival function, identical calcula-
tions can be used to those that were performed while analyzing the Gamma —
Weibull model. The only difference — expression in the integral ct” should be
changed by Gompertz expression Be®®. After the detailed calculations we get
the following expressions

G B ar B ar et
S'GG4(:1:) = —k—e (1 + a(e — 1)> ,

B 5’504 (z) _ k’%ea’”
B

Seai(@) (14 &(ew —1) (59)

flz =

We can see that the above survival function Sg , and force of mortality /i,
depend on four parameters. In addition to this general case, a separate version
of the Gamma - Gompertz model with three parameters can be considered
which is obtained by supposing £ = A. It is obvious that for the Gamma -
Gompertz model with three parameters we have:

Beal
L+ B(eor — 1))

(60)

sonte = (1 )=

6.3 Poisson - Gompertz model

In the Poisson — Gompertz model force of mortality function has the Gompertz
expression (58), while random effect Z has the shifted Poisson distribution
with parameter A > 0, i.e.

.\ Akfl
(k—1)

P(Z=k)=e keN={12,.1}.

In the case of the integer-valued random variable Z, the expression of the
survival function (45) gets the following form
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S(z) = iIF’(Z = k)exp{ - k/x puudt}. (61)
k=1 0

Therefore, for the Poisson - Gompertz model survival function has the fol-

lowing expression:

= (k—1)!
= 1 —sze“tdt !
= exp —)\—B/ etdt Z <)\ >
B
_ Z(] — oo E(l—e‘”) -1 }
exp{a( e )+/\(e )

with positive parameters «, B and A.
For the derivative of survival function we obtain

A A B QT !
Spa(e) = Srale) (41— ) + A (20
o
= —Spa(x)Be™® (Aeg(l_cw) + 1) :
Consequently, force of mortality for Poisson - Gompertz model is the fol-

lowing: .
fiz = Be™® (Aea“—e”) + 1) . (62)

6.4 Geometric - Gompertz model

In the Geometric — Gompertz model, mortality force function has the Gom-
pertz expression (58), and the random effect Z has the shifted Geometric dis-
tribution, i.e.

P(Z=Fk) =pl—p* Tt keN

Since random variable Z is discrete, by using equality (61), we obtain

oo

A _ T at
Sepa(x) = 3 p(1 —p)Flehly B
k=1
v g, & o o\ k1
= Pe_Bfo e > <(1 —p)e P Jo e tdt)
k=1

peg(l—e"‘x)

1—(1—peat=)
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with parameters o« > 0, B > 0 and p € (0, 1).

Derivative of survival function is

pBeaa:eg(l—e‘”')
5
(1— (1 p)et0==)

S/GEG(if) = -

and the hazard rate of the model has following expression:

Beax
fio = . (63)
1— (1 - plewd=e)

6.5 Discrete - Weibull model

In the Discrete - Weibull case, differently than in Subsection 6.1, we suppose
that force of mortality has the Weibull expression with modal age of death, i.e.
we suppose that

with positive parameters M and o.

Usually the parameter M is called the modal age of death, because at this
age population has the largest number of deaths, for details see [2], [51], [52],
[53], [54].

In the Discrete - Weibull model, random effect Z is supposed to be discrete
with finite support. We consider the case when random effect Z acquires three
different values 1, 2, 3. More precisely, we consider the Three - Point - Discrete
- Weibull model with Z having distribution P(Z = 1) = p, P(Z = 2) =
q, P(Z=3)=1—p—¢q,wherep,q € [0,1] and p+ ¢q < 1.

For the model under consideration, by using expression (61) we obtain

ng(SU) = pe_(%)M/g + qe_Q(%)M/U F(1l—p— q)e_3(%)1\l/a
Since
Sow () = (%)M/H (pem ()™ 20727 31— p - o277
we derive that
iz = % (%)M/H pe (™ 4 g 2(8)™ 150 —p— Q)eif;ij:” (64)

pef(%)M/o + qe*2(%)M/U + (1 —p— q)ef?)(ﬁ



We note that when p is equal to 1 the Discrete - Weibull force of mortality
(64) becomes the free Weibull force of mortality.

44



7 Applications to real mortality data of Baltic countries

In this section we apply the theoretical part to actual data - mortality mod-
els are applied to different data sets of Baltic population to evaluate survival
probabilities and determine which of the presented models with random effect
describe mortality and morbidity data the best.

We analyze the mortality data of Lithuanian, Latvian and Estonian popula-
tions in the XXI century. Chosen datasets were obtained from the Human Mor-
tality Database. For simplicity purposes, we are going to use the unisex data,
i.e. mortality for men and women will not be covered separately. Although
it is obvious that mortality of genders differs, we must take into consideration
the fact that in life insurance business companies are prohibited from using
gender as a risk factor when deciding life insurance premium, therefore, same
mortality tables are used for men and women. Our dataset will cover people
aged from O to 110. Since there is very little exposure of people older than
110, all of these individuals were added to the age group of 110. The dataset
contains both survival probabilities as well as central hazard rates for each
group. Mortality tables are usually constructed by observing many years of
data, therefore, we used average central hazard rates and survival probabilities
recorded since 2000 and not rely only on one year of obtained information.

The sample of the dataset is provided in Table 5 in the Appendix. In this
table §(x) denotes the empirical survival probabilities and m, denotes the
empirical central mortality rate values for each age = € {0, 1, ...,110}.

Moreover, we use previously mentioned assumption of mortality force be-
ing constant in the interval [z, x + 1). This means that i, = p, for any z €
Ny = {0,1,...} and ¢ € [0,1). Under such restriction the empirical central
mortality rate can be compared with the empirical hazard rate, i.e. m, =
Lz, T € N.

Application of mortality models to each population was performed using
calculations in programming language R with the help of package Mortality-
Laws - based on chosen loss function, best estimate paramaters of each mor-
tality model were calculated for each population separately by providing em-
pirical hazard rates as an input. In this analysis, we will consider one of the
most traditional and most often used metrics (loss functions) to estimate model
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parameters - the mean squared error:

where m(z) - empirical hazard rate, /i(x) - modelled hazard rate and N -
number of observations. In our case, N = 110.
We also use MSE when comparing different mortality models.
Comparison of models described in Section 6 for each country along with
estimated parameters, MSE values and hazard rate graphs are provided below.

In subsection 7.1 we present results for Lithuanian population.
In subsection 7.2 we present results for Latvian population.
In subsection 7.3 we present results for Estonian population.

In subsection 7.4 we present conclusion of the analysis.

7.1 Lithuanian mortality results

Empirical —— Gamma-Gomp 4 — Geo-Gomp Weibull
Gamma-Gomp 3 — Gamma-Weibull Pois—Gomp
15-
1.0-
<3 /
0.5-
0.0- —
(I) 3‘0 6‘0 9‘0
Age

Figure 8: Mortality models with random effect applied to Lithuanian data (all
ages)
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Figure 9: Mortality models with random effect applied to Lithuanian data (ages
50-70)

—— Empirical — Gamma-Gomp 4 — Geo-Gomp —— Weibull
—— Gamma-Gomp 3 — Gamma-Weibull —— Pois-Gomp
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Figure 10: Mortality models with random effect applied to Lithuanian data
(ages 70-90)
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Table 1: MSE for different models for Lithuanian population

Model Mean squared error (MSE) ‘
Gamma - Gompertz with four parameters 0.0001820656
Gamma - Gompertz with three parameters 0.0001824057
Gamma - Weibull 0.0003312705
Weibull (Discrete - Weibull with p = 1) 0.0003361133
Poisson - Gompertz 0.0008037022
Geometric - Gompertz 0.01091893

The best parameters for each model’s force of mortality function applied to

Lithuanian data:

e Gamma - Gompertz with four parameters, see (59):
{B =5.136861x10"7, a = 0.1250529, A = 1.320658, k = 7.800965};

e Gamma - Gompertz with three parameters, see (60):
{B =3.028194 x 1075, a = 0.1250734, \ = 7.798495};

e Gamma - Weibull, see (57):
{a = 5.497963 x 10713 k = 9347.058, A = 403176.2 x 102, a =
6.752323};

e Weibull (Discrete - Weibull with p = 1), see (64):
o = 10.38606, M = 79.78316, p = 1;

e Poisson - Gompertz, see (62):
{B = 0.0003768185, o = 0.06951546, \ = 5.637439 x 10~ "};

e Geometric - Gompertz, see (63):
{a=1.71132 x 1077, B =0.1451152, p = 0.1467799}.
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7.2 Latvian mortality results

—— Empirical —— Gamma-Gomp 4 — Geo-Gomp —— Weibull
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Figure 11: Mortality models with random effect applied to Latvian data (all
ages)
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Figure 12: Mortality models with random effect applied to Latvian data (ages
50-70)
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Figure 13: Mortality models with random effect applied to Latvian data (ages
70-90)
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Table 2: MSE for different models for Latvian population

Model Mean squared error (MSE) ‘
Gamma - Gompertz with four parameters 0.0001455127
Gamma - Gompertz with three parameters 0.0001830891
Gamma - Weibull 0.0002027425
Weibull (Discrete - Weibull with p = 1) 0.0002679813
Poisson - Gompertz 0.0007349811
Geometric - Gompertz 0.01031875

The best parameters for each model’s force of mortality function applied to

Latvian data:

e Gamma - Gompertz with four parameters, see (59):
{B = 0.003359441, a = 0.1071846, A\ = 2184.861, k = 10.74998};

e Gamma - Gompertz with three parameters, see (60):
{B =6.45048 x 107%, o = 0.1171701, X\ = 9.04615};

e Gamma - Weibull, see (57):
{a =1.359224 x 10714, k = 14.06893, A\ = 13115012, a = 9.822215};

e Weibull (Discrete - Weibull with p = 1), see (64):
o =10.4192, M =79.16829, p = 1;

e Poisson - Gompertz, see (62):
{B = 0.0004160514, o = 0.06882173, A = 1.653197 x 107°};

e Geometric - Gompertz, see (63):
{a=1.71132 x 1077, B =0.1451152, p = 0.1467799}.
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7.3 Estonian mortality results

Empirical —— Gamma-Gomp 4 — Geo-Gomp Weibull
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Figure 14: Mortality models with random effect applied to Estonian data (all
ages)
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Figure 15: Mortality models with random effect applied to Estonian data (ages
50-70)
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Figure 16: Mortality models with random effect applied to Estonian data (ages
70-90)
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Table 3: MSE for different models for Estonian population

Model ‘ Mean squared error (MSE) ‘
Weibull (Discrete - Weibull with p < 1) 0.0001198733
Gamma - Gompertz with three parameters 0.0001817575
Gamma - Gompertz with four parameters 0.0001832729
Gamma - Weibull 0.0001985111
Poisson - Gompertz 0.0006680722
Geometric - Gompertz 0.01013277

The best parameters for each model’s force of mortality function applied to
Estonian data are following:

e Gamma - Gompertz with four parameters, see (59):
{B = 0.03077626, o = 0.1198032, A = 61698.92, k = 8.989365};

e Gamma - Gompertz with three parameters, see (60):
{B =1.317173 x 107>, a = 0.1081533, A = 11.23144};

e Gamma - Weibull, see (57):
{a = 0.9190396, k = 0.004814763, A = 1.311606 x 107>, a =
15.05727};

e Weibull (Discrete - Weibull with p < 1), see (64):
o = 10.57929, M = 89.5228, p = 0.001071196, ¢ = 0.8634049;

e Poisson - Gompertz, see (62):
{B = 0.0002898264, o = 0.07195851, A = 9.621506 x 10*7};

e Geometric - Gompertz, see (63):
{a=1.71132 x 1077, B = 0.1451152, p = 0.1467799}.

7.4 Conclusion

Based on the results obtained, a conclusion can be made that for Lithuanian and
Latvian population the Gamma - Gompertz (with 3 or 4 parameters) models
fit the empirical mortality data the best, whereas the Discrete - Weibull model
(with p < 1) is the best fit for mortality of Estonian population. For Lithuanian
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data, Gamma - Gompertz models with 3 and 4 parameters have very similar
mean squared errors and forecasted hazard rates, therefore, their curves are
almost identical and cannot be distinguished in the graphs. As a result of suf-
ficiently small mean square error, all mortality force functions provided above
are suitable to approximate mortality of populations under consideration, ex-
cept the Geometric - Gompertz model, since force of mortality of this model is
similar to the step function which is not usual to describe mortality of real pop-
ulation. For the Gamma - Gompertz model, the forecasted mortality is lower
compared to statistics. Other analysis performed by Missov [48] and by Wang
and Brown [49] also suggest that the Gamma-Gompertz model increases hu-
man life duration compared to actual statistics. Such tendency is observed also
in other Gompertz frailty models (see, for instance, the Poisson - Gompertz
model results in [41, 50], however, for Baltic states such trend for Poisson -
Gompertz was not observed). For the Discrete - Weibull model, a conclusion
is made that introduction of additional parameters into force of mortality does
not reduce the error of approximation of real data.
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8 Morbidity analysis

For morbidity part, the application of models with random effect is relevant for
both medical and life insurance fields. Researchers in the medicine can apply
these models to determine the projection of a lifespan of people who suffer
from specific diseases, while life insurance market can use this information to
construct mortality or morbidity tables which might be used for dread disease
insurance, where the insured people pay premiums and receive payouts in case
of a diagnosed disease or death caused by a specific disease. The benefits of
an insured person may come in the form of a single payout after the diagnosis
or scheduled benefits, which cover hospital stays and treatments. The payouts
and the premiums heavily depend on survival probabilities computed from ac-
tual statistics.
One of the most common dread diseases for males is prostate cancer. Accord-
ing to Rebello et. al. (see [91]), it is a second leading cause of cancer diagnosis
and deaths, resulting in more than million new cases and 350 000 deaths per
year. Prostate cancer has been a significant topic of research in recent years as
investments for this purpose during 2016-2020 exceeded 1.2 billion US dollars
(see Mclntosh et. al. [92]). Part of the research includes potential diagnosis
without any signs or symptoms. This is done through prostate cancer screening
process, which involves blood tests to check the levels of prostate specific anti-
gen (PSA). According to Rebello et. al. (see [91]), some studies have shown
that prostate cancer screening reduces the prostate cancer mortality rates. Such
trend is observed based on Lithuanian data as well. In this section, analysis is
performed using the prostate cancer screening information data obtained dur-
ing 10-year span from January 1, 2006, until December 31, 2016 for Lithua-
nian men aged 50 — 75. Data was observed and shared with thesis author by
National Institue of Cancer. Data was split into two separate samples:

(i) men, who participated in the prostate cancer screening program and
who had PSA (prostate specific antigen) tests performed,

(ii) men, who did not participate in prostate cancer screening program, but
are still observed during the specified time interval.

The sample of raw data used is provided in Table 6 in the Appendix (full
data not provided since it consists of more than 650 000 records).

Analysis is split into two parts: analysis for prostate cancer deaths only
and analysis for all deaths (including prostate cancer). Based on the data set,
containing birth, death, departure, first PSA tests, start and end dates of obser-
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vation, we were able to calculate empirical values of 1-year death probabilities
qr = 19 (see formula (15)), where x denotes the time moment of observation,
which was constructed as follows:

(i) for screened population, the first moment z = 0, was set at the year of
first PSA test of each individual,

(ii) for unscreened population, the first moment x = 0, was set at the year
of start date when individual was started to be observed (i.e. the year when
person turned 50 years old or year 2006 (if person turned 50 before that time)).
Empirical death probabilities were used as an input for the Weibull mortality
model with p = 1, described in Subsection 6.5. For calculation of the model
parameters M and o, R statistical program and the MortalityLaws library were
used, where empirical mortality probabilities were specified with the following
binomial loss function

10
LF ==Y (DIn(1 =) = (B, — Dy)pia ),
=0
where D, is the estimated death counts at time moment x, F,, is the estimated
population exposed to risk at time moment x, (i, is the estimated model hazard
rate at moment x. All estimates are based on empirical death probabilities.
For the prostate cancer mortality, we get the following Weibull model param-
eters:
(i) for screened population: M = 20.93804, o = 4.150694,
(ii) for unscreened population: M = 28.58124, 0 = 8.154898.
For the first 10 years = € [0, 10], curves of survival functions S(z) are shown
in Figure 17.
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Figure 17: Survival functions for prostate cancer mortality

Using the relations from Section 3.2, we get the following particular char-
acteristics:

(i) For screened population: probability to live at least 6 years S(6) =
0.998174, probability to live at least 8 years S(8) = 0.992229, the remaining
10-year life expectancy 80@\ = 9.96048.

(i) For unscreened population: probability to live at least 6 years S(6) =
0.995802, probability to live at least 8 years S(8) = 0.988535, the remaining
10-year life expectancy 80,@ = 9.94444.

For mortality in general (including the prostate cancer mortality), we ob-
tain the following Weibull model parameters:

(i) for screened population: M = 10.34769, o = 1.956164,

(ii) for unscreened population: M = 9.568636, 0 = 3.62983.

In the case of mortality in general, curves of survival functions S(x) are
shown in Figure 18.
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Figure 18: Survival functions for mortality in general

In the case under consideration, using the relations from Section 3.2 again,
we get the following particular characteristics:

(i) For screened population: probability to live at least 6 years S(6) =
0.945141, probability to live at least 8 years S(8) = 0.773109, the remaining
10-year life expectancy 80@\ = 8.92152.

(i) For unscreened population: probability to live at least 6 years S(6) =
0.746628, probability to live at least 8 years S(8) = 0.535927, the remaining
10-year life expectancy gO,ﬁ\ = 7.69986.

Based on the results computed with the Discrete - Weibull mortality model,
a conclusion can be made that the prostate screening program in Lithuania has
been somewhat effective and that screened individuals have higher partial re-
maining life expectancies and survival rates compared to unscreened individu-
als.
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9 Concluding remarks

In this thesis, author analyzes the tail of distribution function of random vari-
able X, defined on a probability space (W, F, P):

Fx(z)=P(X >z)=1-Fx(z), * € R,
where
Fx(z) =P(X <z2)=PlweW:X(w)<z), zeR

is a distribution function of X. The characteristics of Fy and F yx are de-
scribed and analyzed by providing the main properties of the functions as well
as providing some examples. Additionally, the behaviour of tail functions is
explained by splitting them into various categories, also known as the regular-
ity classes.

The main idea of the thesis is to check how and if the behaviour and prop-
erties of the tail functions change if they are transformed. Transformation is
obtained by applying a positive random variable Z to a standard tail function
of Fix:

FO)(2) =E(F’(2)) =E((F(2))”), z € R

The d.f. for transformed t.f. is
FO (@) =1-FA(2) =1-E(F(z)), 2 € R.

We remark only that in general the random variable Z is defined on a possi-
ble another probability space (€2, .4, P). Therefore, we use the symbol E for
expectation in this probability space.

Thesis author constructs a theorem, stating that F(%) is a new distribu-
tion function, satisfying all the required properties. Moreover, transformed tail
function maintains its behaviour in terms of specific regularity classes. There-

fore, author constructs and proves a theorem, stating that F(%) belongs to its
original regularity class before transformation:

G F e Ry = F (2) ¢ Raa, Where a is the greatest lower bound
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ofrv. Z,1e:

P(Z >a)=1and P(Z > a+ ) < 1forany § > 0;

G) FeL = F9 e ;
(i) F € OL = F%) ¢ Or;
(v) FeD = F% D,

where F'is a d.f. of X.

Tail functions can be analyzed when describing human mortality. If 7" is a
non-negative and absolutely continuous random variable, then the function

S(z) = Sr(z) =P(T > ) =1— Fr(z) = Fr(z),

is called a survival function, which is equal to the tail function of F7-. Survival
function is used in other mortality characteristics, such as the hazard rate:

_ f@) _ _S=)
Ha =55 = 5@ £ 20

Thesis author defines a transformed survival function by formula
S(z)=E (SZ(:C)) =E (exp { - ZJy ,uudu}).

In thesis, author constructs a theorem stating that S (x) is a new survival func-
tion which satisfies all the required properties meaning that both transformed
survival and hazard rate functions can be used when describing human mortal-
ity.

After the theoretical part of the thesis, practical part is provided with the
application of transformed survival and hazard rate functions to two sets of ac-
tual data. The first set covers Baltic population mortality since year 2000 split
into Estonian, Latvian and Lithuanian data. Thesis author applies a group of
different transformed mortality models to the data and calculates model’s pa-
rameters in order to evaluate which of the models describe certain population’s
mortality the best. The fit is validated through mean squared error metric. Af-
ter the analysis, it is determined that out of analyzed models, the Gamma -
Gompertz model provided the best fit for Lithuanian and Latvian mortality

data with the following survival function expression:

Sue, (@) = (1 4 %(ew - 1)) -
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For Estonia’s mortality, most precise results are obtained with the Discrete -
Weibull model (with parameter p < 1):

L)JM/O-

A z \M/o
Spw () Zpef(M )

z \M/o
+qe 2G4 (1—p— e 3G

5

The Discrete - Weibull model with p = 1 is used for the second dataset, which
covers the prostate screening program in Lithuania for males aged 50 - 75 be-
tween years 2006 - 2016. With the application of the model to the mortality
data of screended and unscreened individuals, 10-year survival probabilities
are obtained. With the help of the model it is determined that screened indi-
viduals have higher survival rate from both cancer mortality and mortality in
general compared to unscreened individuals.

Both practical and theoretical parts show that with the transformation it is
possible to obtain a variety of new survival and hazard rate functions. Trans-
formed functions can be thoroughly analyzed in terms of all available regular-
ity classes and not only the ones covered in this thesis. Moreover, it is shown
that the new functions can be applied to practical problems in medicine, fi-
nance and insurance. It is important to note that models, described in the
thesis, cannot be considered as unambiguously best applicable for mortality
forecasting, since the choice of model is highly dependent on the population
that we are studying. This work only includes a small amount of mortality
models. Therefore, the search for the unambiguously best applicable model
for mortality forecasting remains one of the unsolved tasks for mathematicians
and the life insurance market.
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10 Disertacijos santrauka

10.1 Temos aktualumas

Atsitiktiniy dydZiy (a.d.), taip pat Zinomy kaip atsitikiniy efekty, savybiy anali-
z¢ yra viena svarbiausiy temy tikimybiy teorijoje ir statistikoje. A.d. ivairove
suteikia galimybe konstruoti jvairias pasiskirstymo funkcijas su ypatingomis
savybémis, kurios placiai naudojamos ne tik teorinéje matematikoje, bet ir
finansy sektoriuje: bankuose, gyvybés draudime, rizikos vertinime. Pasiskirsty-
mo funkcijy uodegos yra labai svarbios konstruojant naujas pasiskirstymo funk-
cijas su norimomis savybémis. Pagal uodegy elgesj pasiskirstymo funkcijy
aibé skirstoma j reguliarumo klases. Pasiskirstymo funkcijos uodega yra pa-
grindiné i§gyvenamumo charakteristika iSgyvenamumo analizéje. Analizuo-
jant populiacijos iSgyvenamuma, jprastai pasiskirstymo funkcijos uodega vad-
inama iSgyvenamumo funkcija. Be to, iS§gyvenamumo analizéje jprastai laiko-
ma, kad ta pagrindiné charakteristika - iSgyvenamumo funkcija - yra absoli-
uciai tolydi. Tokia prielaida yra susijusi su individo teise numirti bet kuriuo
laiko momentu. ISgyvenamumo analizéje, Zinant i§gyvenamumo funkcijos
iSraiska, galima suskaiCiuoti jvairias mirtingumo charakteristikas: mirties tiki-
mybe, mirtingumo galig, likusia gyvenimo trukme ir pan. Turint konkrecios
populiacijos mirtingumo funkcijos i8raiSka, galima sukonstruoti mirtingumo
lenteles, kurios tiesiogiai naudojamos jvertinant gyvybés draudimo jmokas,
techninius atidéjinius ar Kitas finansines charakteristikas. Be to, tos pacios is-
gyvenamumo funkcijos gali biiti naudojamos skirtingoms populiacijoms, jeigu
pritaikome naujas parametry reikSmes. Taigi, iSgyvenamumo funkcijos ir pa-
siskirstymo funkcijos suteikia galimybe sukurti jvairius vadinamuosius mirtin-

gumo modelius, kurie bus viena pagrindiniy $ios disertacijos temy.

10.2 Disertacijos tikslas

Disertacija turi dvi dalis, teoring ir prakting. Teorinés dalies tikslas yra atsitik-
tinio efekto naudojimo pateisinimas i§gyvenamumo analizéje. Teorinéje da-
lyje jrodoma, kad i§gyvenamumo funkcija (pasiskirstymo funkcijos uodega)
paveikus atsitiktiniu efektu gaunama nauja iSgyvenamumo funkcija (pasiskirs-
tymo funkcijos uodega). Taip pat parodoma, kad atsitiktiniu efektu paveikta
pasiskirstymo funkcija daugeliu atvejy pasilieka toje pacioje reguliarumo klasé-
je, kuriai pasiskirstymo funkcija priklausé prie§ transformacija.

Praktingje dalyje naudojame realius Baltijos $aliy mirtingumo duomenis.
Praktinés disertacijos dalies tikslas yra nustatyti, kuris mirtingumo modelis
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su atsitiktiniu efektu labiausiai tinka pasirinktos populiacijos i§gyvenamumui
apraSyti. Papildomas praktinés dalies tikslas yra nustatymas, kiek veiksminga
yra Lietuvos prostatos véZio stebésenos programa. Pastarajam tikslui pasiekti
yra naudojami NVI duomenys ir specialios struktiiros mirtingumo modelis.
10.3 Pagrindinés sgvokos

10.3.1 Pasiskirstymo, uodegos ir iSgyvenamumo funkcijos

Tarkime, kad X yra atsitiktinis dydis, apibréZtas tikimybinéje erdvéje
(W, F,P).

Apibrézimas 1. Funkcija, nusakanti a.d. X : W — R elgesi, yra vadinama
pasiskirstymo funkcija (p.f.). Si funkcija nusakoma tokia lygybe:

Fx(z) =P(X<z2)=Plwe W: X(w) <z), z €R. (65)

Dél tikimybinés erdvés savybiy bet kuri p.f. I tenkina tokias savybes:

) 0<F(x)<1, z€R, (66)
(ii) xll}zloo F(z) =0, ngI}OOF(x) =1, (67)
(iii)) F yra nemaZéjanti aibéje R, (68)

(iv) F yra tolydi is desSinés ir turi baigtine ribq is kairés kiekviename a € R,

ty. lim F(z) = F(a), ir egzistuoja lim F(x)sua € R. (69)
r—a+ r—a—
Diskretaus a.d. atveju, pasiskirstymo funkcija turi iSraiska

Fx(z) =) P(X =u), (70)

T;<T

kur x; € N ir N = {x;} yra baigtiné arba skaiti realiy skaiiy aibe.
Jeigu X yra absoliuciai tolydus, tada

x
Fy(z) = / fx(B)dt, = € R, (71)
—0o0
kur fx yra tankio funkcija, t.y. mati, neneigiama funkcija, tokia, kad

_70 Fx(t)dt = 1.
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Formulé (71) reiskia, kad fx (t) = Fy(t) beveik visur aibéje R.

Apibrézimas 2. Tarkime, kad F' yra kokio nors atsitiktinio dydZio pasiskirstymo
funkcija. Tada

F(z)=1-Fx(z)=P(X > 1), 2 €R, (72)
vadinama pasiskirstymo funkcijos F uodega.

10.3.2 Isgyvenamumo analizés sgvokos

Tarkime, kad 7" > 0 yra neneigiamas absoliuciai tolydus atsitiktinis dydis,
nusakantis naujagimio tikéting gyvenimo trukme. Pagrindiné funkcija, nusakanti
populiacijos mirtinguma yra i§gyvenamumo funkcija:

S(zx) = Sr(z) =P(T > z).

Kadangi S(z) = Sp(x) =1 —Fp(z) =1 —-P(T < z)irT > 0, tai
iSgyvenamumo funkcijos tenkina salygas:

(i) S(x)yra nedldejantl su z € [0,00); (73)
(i) S(0) = (74)
(iii) S(o0) := :811_}120 S(z) =0; (75)
(iv) S(z) yra absoliuéiai tolydi intervale [0, c0). (76)

Pagal absoliutaus tolydumo apibrézima, pasirinktam £ > 0 egzistuoja § >
0, toks, kad kiekvienam baigtiniam nesikertanciy intervaly pory { (a1, b1), ...,
(an, bn)}, kur

n
D (b —a)
k=1
rinkiniui tenkinama salyga

i(S(ak) — S(bk)) <e

k=1

Funkcija S(z) yra absoliuciai tolydi tada ir tik tada, kai:

— / " fr(wdu, 2 >0, (77)
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kur fr yra tankio funkcija, t.y. tokia neneigiama ir integruojama funkcija, kad

/OOO Jr(u)du =

Zinant i§gyvenamumo funkcija, galima paskaiGiuoti papildomas charak-
teristikas, nusakancias mirtinguma. PavyzdZiui, tikimybé, jog x mety amzZiaus
individas gyvens bent n mety, yra lygi

S(x+n)
=—" 78
tikimybé, jog = mety amziaus individas negyvens n mety, yra lygi
S(x +n)
=1—— 79

daliné likusi gyvenimo trukmé z mety amZiaus individui per ateinancius n
mety

. 1 et
€| = S(x)/x S(u)du. (80)

Dar viena charakteristika, naudojama mirtingumo analizéje, yra vadinamoji
mirtingumo galia, Zymima pu,. Mirtingumo galia apskai¢iuojama pagal for-
mule:

=- (81)
kur z € [0, 00), toks, kad S(z) > 0

Remiantis auks¢iau esancia formule, iSgyvenamumo funkcijos reik§mé taske

S(z) = exp{ /uudu} (82)

Mirtingumo galios funkcijos elgesys intervale [x, 4 1) yra susijes su vad-

x uzraSoma lygybe

inamuoju centriniu mirtingumo dazniu:

Ot

S(x + u) pyyudu
— _S@)-Sz+1) (83)

S(x + u)du S(x +u)du

Cft— =
Cf—

Jeigu mirtingumo galia intervale [z, x + 1) yra pastovi, t.y.
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Uatt = fz betkuriam x € Ng = {0,1,...} irt € [0,1),
tai centrinis mirtingumo daZnis yra lygus mirtingumo galiai:

My = fg, T € NO-

10.3.3 Reguliarumo klasés

Pasiskirstymo funkcijos yra suskirstytos j reguliarumo klases atsiZvelgiant j ty
funkciju uodegy elgesj begalybes aplinkoje. Zemiau pateikiame pagrindiniy
reguliarumo klasiy apibrézimus. Pavyzdzius klasiy atstovy galima rasti pa-
grindiniame disertacijos tekste.

Apibrézimas 3. Pf. F vadinama sunkiauodege, Zymime F' € H, jei bet
kuriam fiksuotam § > 0

lim sup e F(z) = co. (84)
T—00
Apibrézimas 4. Sakoma, kad p.f. F priklauso eksponentiniy uodegy klasei
L(7y) su parametru vy > 0, jei bet kuriam y > 0
F
fim FEHY) oy (85)
Apibrézimas 5. Sakoma, kad p.f. F turi reguliariai kintanciq uodegq su
parametru o = 0, Zymime F' € R, jei bet kuriam y > 0 tenkinama savybé

F(zry)

lim =y (86)

Visuy reguliariai kintanciy p.f. aibé Zymima

R = U Rea.

a=0

Apibrézimas 6. Sakoma, kad p.f. F turi dominuojanciai kintanciq uodegq
(F € D), jeigu o
F(ry)

li — < 00. &7
el Fx) SO 7)

kiekvienam (ekvivalenciai, su kokiu nors)y € (0,1).
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Apibrézimas 7. Sakome, kad pasiskirstymo funkcija F' turi ilgq uodega, rasome
F e L jeigu
Fx—y) ~ F(x). (88)

T—00

Apibrézimas 8. Sakome, kad p.f. F priklauso O-eksponentiniy skirstiniy kla-
sei OL, jei su kiekvienu (arba, analogiskai, su kokiu nors) y > 0
Flr —
lim sup M < 0. (89)
Apibrézimas 9. Neneigiamo atsitiktinio dydZio X p.f. F = Fx yra sub-
eksponentine (F € S), jeigu

fim F2E@) o (90)

Apibrézimas 10. Sakome, kad p.f. F priklauso nuosaikiai kintanciy uodegy

klasei C, jeigu o
F
lim lim sup 7(:Ey) = 1. 91)
ytl z—o0 F(a;)

Auksciau i§vardintos reguliarumo klasés tenkina Siuos sarySius:
RcCcLnNnDcScCLCH, ©DCH, D cCOL.
IS apibréZimy taip pat nesunku pastebéti, kad

LcOocL, U £(y) c oc.

>0

Svarbu pazyméti, kad pasiskirstymo funkcijos uodegos neprivalo biiti ab-
soliuciai tolydZios, taciau iSgyvenamumo analizéje iSgyvenamumo funkcija
(arba uodegos funkcija) §ig savybe tenkinti privalo.

ISgyvenamumo funkcijas (p.f. uodegas) (analogiskai ir pacias pasiskirsty-
mo funkcijas) galima analizuoti jas transformavus. Vadinamoji atsitiktinio
efekto transformacija, taikoma i§gyvenamumo analizéje, gaunama mirtingumo
galia dauginant i§ teigiamo atsitiktinio dydZio Z, kuris iSgyvenamumo analizéje
vadinamas atsitiktiniu efektu:

68



Figure 19: Sunkiauodegiy skirstiniy reguliarumo klasés

ISgyvenamumo analizéje modeliai, turintys tokj pavidala, vadinami modeliais
su atsitiktiniu efektu. Siuose modeliuose atsitiktinis dydis Z yra apibréZtas
tikimybingje erdvéje (2, A, P), o atsitiktinis dydis 7', nusakantis likusig nau-
jagimio gyvenimo trukme ir naudojamas mirtingumo galios funkcijos p, skaici-
avimui, yra apibréztas tikimybinéje erdvéje (W, F, P).

Tiesa, norint naudoti modelius su atsitiktiniu efektu, privalu jsitiktinti, kad
transformuotos funkcijos tenkins visas originalias iSgyvenamumo funkcijos
salygas. Jeigu transformuotos mirtingumo galios funkcija turi (92) pavidala,
tada funkcija

S(z)=E (SZ(m)) =E (exp{ — Z/Ox uudu}> (93)

turéty biiti nauja i§gyvenamumo funkcija, o

fi(z) = —Sgl(‘%) =—In(E (SZ(:I;)))' (94)

turéty biiti nauja mirtingumo galios funkcija. Sie teiginiai bus teisingi tik tokiu
atveju, jeigu bus tenkinamos (73) - (76) salygos. Kitame skyrelyje pateik-
sime disertacijoje suformuluotas teoremas, jskaitant ir teorema, kuri teigia, jog

funkcija S (x), nusakyta formule (93), yra nauja iSgyvenamumo funkcija.
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10.4 Pagrindiniai darbo teiginiai

Teorema 1. Tarkime, kad S = S(x) yra iSgyvenamumo funkcija su mirtingumo
galia 1 = py, 0 Z yra teigiamas atsitiktinis dydis. Tada funkcija S=3 (z),

apibréZta formuléje (93), yra nauja isgyvenamumo funkcija.

I8 (93) formulés matyti, jog atsitiktinio efekto transformacija gali biiti pri-
taikyta ne tik iSgyvenamumo funkcijai, kuri yra absoliudiai tolydi, bet ir bet
kokiai uodegos funkcijai, nepriklausomai nuo to, ar ta funkcija yra absoliuciai
tolydi. Remiantis (93) formule, bet kuriai uodegos funkcijai F' galima apibréZti

F(2) =E(F (2)) =E((F(2)”), 2 € R, (95)

o pasiskirtymo funkcija Siai uodegai lygi
D) =1-FD(z)=1-E(F’
F)2)=1-F@)(z)=1-E( F"'(z)), z € R. (96)

Teorema 2. Tarkime, kad F' = F(x) yra pasiskirstymo funkcija, o Z yra

(2)

teigiamas atsitiktinis dydis. Tada funkcija F\“/, apibrézta formuléje (96), yra

nauja pasiskirstymo funkcija.

Negana to, kai kuriais atvejais atsitiktinis efektas nepakeicia pasiskirstymo

funkcijy savybiy kalbant apie specifines reguliarumo klases.

Teorema 3. Tarkime, kad F yra pasiskirstymo funkcija, Z - teigiamas atsitik-
tinis dydis, ir F\%) - p.f. su atsitiktiniu efektu Z, apibrézta (96) formule. Tokiu
atveju teisingi Sie teiginiai:

G FeRy = F (2) ¢ Reaa kur a yra didZiausiais a.d. Z apatinis

rézis, t.y.:
P(Z>a)=1irP(Z > a+6) <1 bet kuriam § > 0;

Gi) FeL = FY e ;
(i) F e OL = F9) e Or;
(iv) FeD = F¥ e D.

Detalius teoremy jrodymus galima rasti skyrelyje 5.1-5.3.
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10.5 Specialios iSgyvenamumo funkcijos
10.5.1 Gamma - Weibull modelis

Weibull mirtingumo galios funkcija yra
e = ax®, x>0,
su teigiamais parametrais a ir o.

Atsitiktinis dydis Z turi Gamma skirstinj, t.y. Z ~ T'(k, ), su tankio
funkcija

)\k
fZ(x) = F(k) xkilei)\za x 2 07

[e.@]

kur k ir \ yra teigiami parametrai, o I'(k) = [ t*~le~!dt yra standartiné
0

Gamma funkcija.

Atlikus skaiciavimus, remiantis formule (93), Gamma - Weibull iSgyvena-
mumo funkcija turés pavidala

& . A 1 7 —w, k-1
SGW(m)—F(k) — z [ e YT dw
atedt + A
(1 )0

Ak azotl —k
= = +1] .
(azfll n A)’f (a+1)A

Naudojantis (94) formule, randama modelio mirtingumo galios funkcija:

«

R __§’GW(x)_ akx

T T axotl

Sew (x) arl T A

7)

10.5.2 Gamma - Gompertz modelis

Gamma - Gompertz modelyje mirtingumo galios funkcija turi Gompertz pavi-
dalg:
le = Be™ x>0, (98)

su teigiamais parametrais B ir «, o Z turi Gamma skirstinj, tokj pati kaip
skyrelyje 10.5.1. Modelio transformuotos i§gyvenamumo ir mirtingumo galios
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funkcijos yra tokios:

. B —k
SGG4(33) = (1 + a(emlc — 1)) ,
e, pheow 0
’ Saa, () (1 + B (eor — 1))
«

Atveju k = ), turésime ne keturiy, o trijy parametry modelj:
. B —A Beo®
Scas () = (1 + a(e‘m — 1)) , fly = (100)

(1+ Z(eer—1))

10.5.3 Poisson - Gompertz modelis

Poisson — Gompertz modelyje mirtingumo galia turi Gompertz iSraiska (98), o
atsitiktinis dydis Z turi paslinkta Poisson skirstinj su parametru A > 0, t.y.

Akfl

P(Z =k) = e_’\m

, ke N={1,2,...}.

Diskretaus a.d. Z atveju, iSgyvenamumo funkcija (93) bus skaic¢iuojama
remiantis formule

S(z) = i P(Z = k) exp{ - k:/x Mtdt}. (101)
k=1 0

Taigi, Poisson - Gompertz modelio i§gyvenamumo funkcija bus lygi:

Spa(x) = e i A e kB [y et
2 1)
i 1 T at 1
_ S at fBj)e dt
_exp{ A\—B e dt}kz:l(k_l)! ()\e 0 >

su teigiamais parametrais «, B ir \.
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Atitinkamai, Poisson - Gompertz modelio mirtingumo galios funkcija yra

fiy = Be® (Aeg(l_em) + 1) . (102)

10.5.4 Geometrinis - Gompertz modelis

Geometriniame — Gompertz modelyje, mirtingumo galios funkcija turi Gom-

pertz iSraiska (98), o a.d. Z - paslinkta geometrinj skirstinj, t.y.
P(Z=Fk) =pl—p* Tt keN

Kadangi Z yra diskretus, naudojantis formule (101), gauname
A e T at
Sera(z) =) (1 —p)ite o et
k=1

T at 0 T ot
:pe—Bfo e*tdt Z ((1 _p)e—BfO e dt)
k=1

(1—e®®)

k-1

B
pee

1= (1—plen=e)

su parametrais o« > 0, B > 0irp € (0, 1).

Modelio mirtingumo galios funkcijos pavidalas:

1— (1 —pleati-e)’

Mz (103)
10.5.5 Diskretus - Weibull modelis

Diskretaus - Weibull atveju, skirtingai negu Gamma - Weibull modelyje, darysime
prielaida, kad mirtingumo galia turi Weibull funkcijos pavidala su modaliniu

mirties amZiumi, t.y.

M_q

su teigiamais parametrais M and . M - modalinis mirties amzius, ties kuriuo

populiacijoje ivyksta daugiausiai mirciy.

Diskreciame - Weibull modelyje, atsitiktinis efektas Z yra diskretusis ir
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baigtinis. Nagrinésime atvejj, kur Z jgyja reikSmes 1, 2,3 su tikimybémis
P(Z=1)=p P(Z=2)=¢q P(Z=3)=1-p—qkurp,qel[01]ir
p+qg<l

Remiantis formule (101), gauname modelio i§gyvenamumo funkcija

)]W/o' %)]\/[/o'

+qe +(1-p— qe (i

Sk

ng($) = pe_(

Mirtingumo galia bus lygi

. 1 ( T )]\/1/0'71 pe_(ﬁ)hl/g + 2qe_2(1\/I)AI/U + 3(1 —p— q)e—3(ﬁ

M pei(ﬁ)M/” +qei2(ﬁ)M/a + (1 —p—q)673(m

Svarbu paZyméti, jog atveju p = 1 Diskretaus - Weibull modelio mirtingumo
galia (104) pasidaro lygi klasikinei Weibull mirtingumo galios funkcijai su

modaliniu mirties amZiumi, apraSytai Sio skyrelio pradZioje.

10.6 Praktinis taikymas Baltijos salims
10.6.1 Baltijos saliy mirtingumo analizé

Mirtingumo duomenims analizuoti buvo pasirinkti Lietuvos, Latvijos ir Es-
tijos mirtingumo duomenys po 2000 mety. Duomenys yra vieSai prieinami
ir buvo gauti i§ Human Mortality Database duombazés (www.mortality.org).
Paprastumo délei buvo nagrin¢jami tik bendri duomenys, t.y. neskaidant pa-
gal lyti. Nors ir akivaizdu, kad motery ir vyry mirtingumas skiriasi, taciau
gyvybés draudimo rinkoje kompanijos negali naudoti skirtingy mirtingumo
lenteliy vyrams ir moterims norint paskaiciuoti draudimo jmoka, todél analizéje
bus naudojama bendra lentelé. | duomenis jtraukti individai nuo 0 iki 110 mety
amZiaus. Zmongés, esantys vyresni nei 110 mety amZiaus, buvo jtraukti j 110
mety grupe dél mazos imties. Duomenyse buvo pateiktos Sios charakteris-
tikos kiekviena amZiaus grupei: i§gyvenimo tikimybeés ir centrinis mirtingumo
daznis. Mirtingumo lenteléms sudaryti daZniausiai naudojami atsizvelgiant
1 ilgesnio laikotarpio duomenis, taigi, analizéje buvo pasielgta analogiskai -
iSgyvenimo tikimybés ir centriniai mirtingumo dazniai buvo paskaiciuojami
imant aritmetin] vidurkj i§ visy surinkty duomeny nuo 2000 mety.

Nagrinéti duomenys pateikti 11 skyriaus 5 lenteléje. Duomenyse S ()

Zymi empirines i§gyvenamumo tikimybes, o m, Zymi empirines centrinio mir-
tingumo daznio reik§mes kiekvienam amziui z € {0, 1, ..., 110}.
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Norint panaudoti empirinius duomenis, analizéje naudosime anksc¢iau miné-
ta prielaida, jog mirtingumo galia yra pastovi intervale [x, z + 1). Tai reiSkia,
kad pig4r = pg su kiekvienu x € Ng = {0,1,...} ir ¢ € [0,1). Remiantis
Siomis salygomis, centrinis mirtingumo daZnis gali biiti prilygintas empirinei
mirtingumo galiai, t.y. my; = i, © € Ny.

Ankstesniuose skyreliuose nagrinéty mirtingumo modeliy pritaikymas kiek-
vienai populiacijai buvo atliktas naudojant R programavimo kalba ir paketa
MortalityLaws. Remiantis pasirinkta paklaidos funkcija, buvo paskaiciuoti tik-
sliausi kiekvieno modelio funkcijy parametrai programai pateikiant empirinius
mirtingumo daznio duomenis. Analizéje buvo naudota viena populiariausiy
metriky (paklaidos funkcijy) - vidutiné kvadratiné paklaida (angl. mean squared

error):

kur m(x) - empiriné mirtingumo galia, i(x) - sumodeliuota mirtingumo galia
ir N - stebéjimy skaicius. Sios analizés atveju, N = 110.

MSE taip pat naudojame lyginant gretimus mirtingumo modelius. Zemiau
pateikiame 10.5 skyrelyje nagrinéty mirtingumo modeliy palyginimus, mirtin-
gumo galiy grafikus ir vidutines kvadratines paklaidas kiekvienos Salies popu-

liacijai.

Pradzioje pateikiame Lietuvos populiacijos rezultatus. Latvijos ir Estijos
populiacijy rezultatai pateikti 7.2 ir 7.3 skyreliuose.
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Figure 20: Atsitiktinio efekto mirtingumo modeliai pritaikyti Lietuvos
duomenims (visos amZiaus grupés)
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Figure 21: Atsitiktinio efekto mirtingumo modeliai pritaikyti Lietuvos
duomenims (50-70 mety amzZius)

76



Empirical —— Gamma-Gomp 4 — Geo-Gomp Weibull

Gamma-Gomp 3 — Gamma-Weibull Pois-Gomp
0.20-
0.15-
<3
0.10-
0.05-
70 75 80 85 90
Age

Figure 22: Atsitiktinio efekto mirtingumo modeliai pritaikyti Lietuvos
duomenims (70-90 mety amzius)

Table 4: Kiekvieno modelio MSE Lietuvos populiacijai

Modelis | Paklaidos funkcija (MSE) |
Gamma - Gompertz (keturi parametrai) 0.0001820656
Gamma - Gompertz (trys parametrai) 0.0001824057
Gamma - Weibull 0.0003312705
Weibull (Diskretus - Weibull su p = 1) 0.0003361133
Poisson - Gompertz 0.0008037022
Geometrinis - Gompertz 0.01091893

Modeliy mirtingumo galios funkcijy parametrai Lietuvos duomenims:

e Gamma - Gompertz su keturiais parametrais (Zr. (99)):
{B =5.136861x1077, a = 0.1250529, A = 1.320658, k = 7.800965};

e Gamma - Gompertz su trimis parametrais (Zr. (100)):
{B = 3.028194 x 1075, a =0.1250734, \ = 7.798495};
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e Gamma - Weibull (Zr. (97)):
{a = 5497963 x 10713 k = 9347.058, A = 403176.2 x 102, a =
6.752323};

e Weibull (Diskretus - Weibull su p = 1) (Zr. (104)):
o = 10.38606, M = 79.78316, p = 1;

e Poisson - Gompertz (Zr. (102)):
{B = 0.0003768185, a = 0.06951546, A = 5.637439 x 10*7};

e Geometrinis - Gompertz (Zr. (103)):
{a=1.71132 x 1077, B = 0.1451152, p = 0.1467799}.

I8 gauty rezultaty daroma i§vada, jog Lietuvos ir Latvijos populiacijy mirtin-
gumg geriausiai nusako Gamma - Gompertz (tiek 3, tiek 4 parametry) mod-
eliai, o Estijos populiacijai geriausius rezultatus duoda Diskretus - Weibull (su
p < 1) modelis. Lietuvos atveju Gamma - Gompertz 3 ir 4 parametry modeliy
vidutinés kvadratinés paklaidos ir modeliuotos mirtingumo daznio reikSmés
beveik sutampa, todél grafikuose nubréZtos kreivés yra beveik identiskos. IS
rezultaty matyti, jog su visais nagrinétais modeliais gauta pakankamai maza
vidutiné kvadratiné paklaida, taigi, visos lentelése pateiktos transformuotos
mirtingumo galios funkcijos yra tinkamos aproksimuoti nagrinéty populiacijy
mirtinguma, i$skyrus Geometrinj - Gompertz modelj, kurio mirtingumo galios
funkcija yra panasi i laiptinio pavidalo funkcija, o tai néra tinkama apibtdinti
mirtingumui. Taip pat jJdomu pastebéti, jog Gamma - Gompertz modeliai linke
nuvertinti mirtingumo galig lyginant su realiais duomenimis.

10.6.2 Lietuvos prostatos vézio stebésenos programos rezultatai

Siame poskyryje analizuojami prostatos véZio stebésenos (angl. screening)
programos rezultatai Lietuvos duomenims, surinktiems 2006 m. sausio 1 d.
ir 2016 m. gruodZio 31 d. laikotarpiu. Duomenis rinko ir jais pasidalinti su-
tiko Nacionalinis VéZio Institutas. Programoje dalyvavo 50 - 75 mety amZiaus
vyrai, o duomenys buvo skirstomi j dvi imtis:

(i) vyrai, kurie dalyvavo prostatos vézZio stebésenos programoje ir kuriems
buvo atlieckami PSA (prostatos specifinio antigeno) testai,

(ii) vyrai, kurie nedalyvavo programoje, taciau buvo stebimi nurodytu laiko-

tarpiu.
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Naudoty duomeny pavyzdys yra pateiktas 11 skyriaus 6 lenteléje.

Analizé buvo dalinama j dvi dalis: pirmoje buvo nagriné¢jamas prostatos
véZio mirtingumas, o antroje - bendras mirtingumas (jskaitant prostatos vézj).
Remiantis gimimo, mirties, pirmy PSA testy, iSvykimo, stebésenos pradZios ir
pabaigos datomis, buvo iSskaiiuotos 1 mety mirties tikimybés ¢, = 1q, (pa-
gal (79) formulg), kur x Zymi laiko momenta, kuris buvo konstruojamas pagal
dvi taisykles:

(i) dalyvavusiems programoje, pirmasis momentas x = 0 buvo nustatytas
atsizvelgiant j pirmo PSA testo data kiekvienam individui,

(ii) nedalyvavusiems programoje, pirmasis momentas z = 0 buvo nustaty-
tas atsiZvelgiant j data, kada individas buvo pradétas stebéti (t.y. metai, kada
individui suéjo 50 mety arba kalendoriniai 2006 metai (jeigu 50 mety individui
sue¢jo anksciau Sio laiko)).

Empirinés mirtingumo tikimybés buvo naudojamos Weibull mirtingumo
modeliui su parametru p = 1, apras§ytam 10.5.5 skyrelyje. Modelio parametry
M ir o skai¢iavimui buvo naudojama R programa ir MortalityLaws biblioteka,
kuriose empirinés mirtingumo tikimybés buvo pateiktos jvertinimui su binomi-
ne paklaidos skai¢iavimo funkcija

10
LF == (Dpln (1 =) = (B, — Du)pa),
=0
kur D, yra mirciy skaiCius laiko momentu x, F, yra populiacijos skaicius
laiko momentu z, i, - mirtingumo galia laiko momentu x. Visi jverc¢iai buvo
paskaiciuoti atsizvelgiant j empirines mirtingumo tikimybes.

Prostatos vézio mirtingumui aproksimuoti, paskaiciuoti Weibull modelio
parametrai yra:

(i) dalyvavusiems programoje: M = 20.93804, o = 4.150694,

(ii) nedalyvavusiems programoje: M = 28.58124, 0 = 8.154898.

Pirmiems 10 mety = € [0,10], iSgyvenamumo funkcijos S(z) kreivés
nubréztos 23 grafike.
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Figure 23: ISgyvenimo funkcijos prostatos véZio mirtingumui

Naudojantis sarysiais i§ 10.3.2 skyrelio, gaunamos $ios charakteristikos:

(i) Dalyvavusiems programoje: tikimybé iSgyventi bent 6 metus S(6) =
0.998174, tikimybé¢ iSgyventi bent 8 metus S(8) = 0.992229, 10 mety likusi
gyvenimo trukme 807ﬁ| = 9.96048.

(ii) nedalyvavusiems programoje: tikimybe i§gyventi bent 6 metus S(6) =
0.995802, tikimybé iSgyventi bent 8 metus S(8) = 0.988535, 10 mety likusi
gyvenimo trukmé 8071—[” = 9.94444.

Bendram mirtingumui (jskaitant ir prostatos véZj) jvertinti, paskaiciuoti
Weibull modelio parametrai yra:

(i) dalyvavusiems programoje: M = 10.34769, o0 = 1.956164,

(ii) nedalyvavusiems programoje: M = 9.568636, o = 3.62983.

Pirmiems 10 mety x € [0,10], i§gyvenamumo funkcijos S(z) kreivés
nubréztos 24 grafike.
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Figure 24: ISgyvenimo funkcijos bendram mirtingumui

Naudojantis sarysiais i§ 10.3.2 skyrelio, gaunamos $ios charakteristikos:

(i) Dalyvavusiems programoje: tikimybé iSgyventi bent 6 metus S(6) =
0.945141, tikimybé¢ iSgyventi bent 8 metus S(8) = 0.773109, 10 mety likusi
gyvenimo trukme 807ﬁ| = 8.92152.

(ii) nedalyvavusiems programoje: tikimybe i§gyventi bent 6 metus S(6) =
0.746628, tikimybé iSgyventi bent 8 metus S(8) = 0.535927, 10 mety likusi
gyvenimo trukmé €; 15 = 7.69986.

Remiantis rezultatais gautais su Diskreciu - Weibull modeliu, daroma is-
vada, jog prostatos véZzio stebésenos programa Lietuvoje gali buti laikoma
s¢kminga ir kad programoje dalyvavusiy individy likusi daliné gyvenimo truk-
mé yra ilgesné lyginant su individais, kurie nedalyvavo programoje.

10.7 ISvados

Disertacijoje autorius analizuoja atsitiktinio dydZio X, apibréZto tikimybingje
erdvéje (W, F, P), pasiskirstymo funkcijos uodega:

Fx(x)=P(X >z)=1-Fx(x), z € R,
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kur
Fx(z)=P(X<z)=PlweW:X(w)<z),zeR

yra a.d. X pasiskirstymo funkcija. F'x ir F'x charakterisitkos yra aprasomos
ir analizuojamos pateikiant jy savybes ir pavyzdZius. Funkcijy uodegy elgesys
yra apraSomas skirstant funkcijas j atskiras kategorijas, vadinamas reguliarumo
klasémis.

Pagrindinis disertacijos tikslas yra patikrinti ar pasiskirstymo funkcijos
uodegos elgesys ir savybés pasikeicia, jeigu uodega yra transformuojama. Trans-
formacija yra atlickama uodegos funkcijai F'x pritaikant teigiama atsitiktinj
dydj Z:

FO)(2) =E(F"(2)) =E((F(2))”), s e R

Transformuota pasiskirstymo funkcija lygi
FO () =1-FA(2) =1-E(F(z)), 2 € R.

Vidurkiui naudojamas simbolis [, nes bendru atveju Z gali biiti apibréZtas ki-
toje tikimybinéje erdvéje (2, A4, P).

Disertacijos autorius pateikia teorema, kuri teigia, jog F(?) yra nauja pa-
siskirstymo funkcija, tenkinanti visus reikalavimus. Negana to, transformuota
pasiskirstymo funkcijos uodega islaiko savo savybes specifiniy reguliarumo

klasiy kontekste. Autorius pateikia ir jrodo teorema, kuri teigia, jog F (%) prik-
lauso originaliai reguliarumo klasei prie§ transformacija:

1) F e Ry = F@) ¢ Raa, kur a yra didZiausias a.d. Z apatinis
réZzis, t.y.:

P(Z>a)=1irP(Z > a+0) < 1 bet kuriam ¢ > 0;

() Fe £ = F@ e r;
(i) F e OL = F9) e OL;
(iv) FeD = F¥ e D,

kur F' yra kazkokio atsitiktinio dydzio pasiskirstymo funkcija.

Pasiskirstymo funkcijos uodegos gali biiti analizuojamos Zmoniy mirtingu-
mo kontekste. Jeigu 7" yra neneigiamas ir absoliuciai tolydus atsitiktinis dydis,
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tada funkcija
S(z) = Sp(x) =P(T >x)=1- Fp(x) = Fr(x),

yra iSgyvenamumo funkcija, kuri yra lygi uodegos funkcijai F. ISgyvena-
mumo funkcija naudojama nusakant ir kitas mirtingumo charakteristikas, pavyz-

dZiui, mirtingumo galia:

Disertacijos autorius apibréZia transformuota iSgyvenamumo funkcija pagal

formule
S(z)=E (SZ(:B)) =E (exp{ - ZJy uudu}>.

Autorius pateikia ir jrodo teorema, teigiancia, jog S (x) yra nauja iSgyvena-
mumo funkcija, tenkinanti visus reikalavimus. Tai reiskia, jog transformuotos
iSgyvenamumo ir mirtingumo galios funkcijos gali biiti naudojamos apraSant
Zmoniy mirtinguma.

Po teorinés dalies, praktinéje dalyje buvo pateikiamas transformuoty is-
gyvenamumo ir mirtingumo galios funkcijy pritaikymas dviems duomeny ti-
pams. Pirmajame pateikiamas Baltijos Saliy populiacijos mirtingumas nuo
2000 mety skaidant duomenis j Lietuvos, Latvijos ir Estijos populiacijas. Dis-
ertacijos autorius minétiems duomenims pritaiko skirtingus transformuotus mir-
tingumo modelius ir paskaiiuoja jy parametrus siekiant nustatyti, kurie i$
modeliy geriausiai aproksimuoja atitinkamy populiacijy mirtinguma. Modelio
tinkamumas validuotas pasitelkus vidutinés kvadratinés paklaidos metrika. At-
likus analiz¢ paaiskéjo, kad i$ nagrinéty modeliy Lietuvos ir Latvijos mirtingu-
mui aproksimuoti tinkamiausias yra Gamma - Gompertz modelis su §ia iSgyve-
namumo funkcijos iSraiska:

See (@) = (1 + %(ew _ 1))k |

Estijos duomenims tiksliausi rezultatai gauti su Diskreciu - Weibull modeliu
(su parametru p < 1):

N x /o
Spw(a) = pe ()"

Diskretus - Weibull modelis su p = 1 taip pat naudojamas antrajam duomeny
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tipui, kuriame pateikta prostatos véZio stebésenos programos Lietuvoje statis-
tika, apimanti 50 - 75 mety amZiaus vyrus 2006 - 2016 metais. Duomenims
pritaikius mirtingumo modelj buvo paskaiciuotos 10 mety iSgyvenimo tikimy-
bés. Po atliktos analizés paaiSkéjo, kad programoje dalyvaujantys individai
turi didesnes iSgyvenimo tikimybes tiek nuo prostatos vézio, tiek nuo ben-
dro mirtingumo lyginant su individais, kurie prostatos vézZio stebésenos pro-
gramoje nedalyvavo.

Tiek praktiné, tiek teoriné disertacijos dalys rodo, kad atlikus transforma-
cija galima gauti aibe naujy iSgyvenamumo ir mirtingumo galios funkcijy.
Transformuotos funkcijos gali biiti toliau analizuojamos visose jmanomose
reguliarumo klasése (jskaitant ir klases, nagrinétas Sioje disertacijoje). Negana
to, disertacijoje parodyta, jog naujos funkcijos gali biiti placiai pritaikomos
praktiniams klausimams medicinoje, finansuose, draudime. Svarbu paZymeéti,
kad disertacijoje aprasyti mirtingumo modeliai negali biiti laikomi vienareiks-
miSkai geriausiais mirtingumo prognozavimui, kadangi modelio pasirinkimas
stipriai priklauso nuo nagrin¢jamos populiacijos. Si disertacija apima tik ne-
didele dalj mirtingumo modeliy. Taigi, tiksliausio mirtingumo prognozavimui
modelio ieSkojimas ir toliau isliecka vienu i$ neiSspresty uzdaviniy matem-
atikams ir gyvybés draudimo rinkai.
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11 Appendix

11.1 Baltic population mortality table

Estonia Latvia Lithuania
Age mp S m. S m. S
0  0.0045 1 0.0071 1 0.0058 1
1 0.0005 0.9955 0.0006 0.9929 0.0005 0.9942
2 0.0003 0.995 0.0004 0.9923 0.0004 0.9937
3 0.0002 0.9946 0.0003 0.9919 0.0003 0.9933
4 0.0002 09944 0.0003 0.9916 0.0003 0.993
5 0.0003 0.9942 0.0003 0.9913 0.0002 0.9928
6  0.0002 0.9939 0.0002 0.9909 0.0002 0.9925
7 0.0002 0.9937 0.0003 0.9907 0.0002 0.9923
8 0.0002 0.9935 0.0002 0.9904 0.0002 0.9921
9 0.0001 0.9933 0.0002 0.9902 0.0002 0.9919
10 0.0002 0.9932 0.0002 0.9899 0.0002 0.9917
11 0.0002 0.993 0.0002 0.9897 0.0002 0.9915
12 0.0002 0.9928 0.0002 0.9895 0.0002 0.9913
13 0.0002 0.9927 0.0002 0.9893 0.0002 0.9911
14 0.0002 0.9924 0.0003 0.9891 0.0003 0.9909
15 0.0004 0.9922 0.0003 0.9888 0.0004 0.9905
16  0.0004 0.9918 0.0006 0.9884 0.0005 0.9901
17 0.0005 0.9915 0.0006 0.9879 0.0007 0.9896
18 0.0008 0.9909 0.0007 0.9873 0.0009 0.989
19 0.0008 0.9902 0.0009 0.9866 0.0011 0.988
20 0.0011 0.9894 0.001 0.9857 0.0011 0.987
21 0.001 0.9883 0.001 09848 0.0012 0.9859
22 0.0011 0.9874 0.0011 0.9838 0.0012 0.9847
23 0.0011 0.9862 0.0011 0.9828 0.0012 0.9835
24 0.0012 0.9851 0.0011 0.9817 0.0013 0.9823
25 0.0013 0984 0.0013 0.9806 0.0014 0.981
26 0.0013 0.9827 0.0013 0.9793 0.0016 0.9797
27 0.0013 0.9814 0.0015 0.9781 0.0016 0.9781
28 0.0014 0.9801 0.0015 0.9767 0.0017 0.9766
29 0.0015 0.9787 0.0018 0.9752 0.0018 0.9749
30 0.0016 0.9773 0.0017 0.9734 0.0019 0.9731
31 0.0017 0.9757 0.0019 09718 0.0022 0.9712
32 0.0018 0974 0.0021 0.9699 0.0023 0.9691
33 0.0018 0.9723 0.0023 0.9679 0.0024 0.9669
34 0.0018 0.9706 0.0026 0.9657 0.0026 0.9646
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35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
7
73
74
75
76

0.002
0.0019
0.0022
0.0024
0.0025
0.0028
0.0031
0.0034
0.0037
0.0042
0.0045
0.0051
0.0054
0.0056
0.0062
0.0069
0.0074
0.0079
0.0086
0.0092
0.0101
0.0106
0.0116
0.0122
0.0132
0.0144
0.0154
0.0159
0.0176
0.0186
0.0201
0.0213
0.0221
0.0244
0.0256
0.0279
0.0298
0.0328
0.0362
0.0385
0.0419
0.0453

0.9689
0.9669
0.9651
0.9629
0.9606
0.9582
0.9555
0.9526
0.9494
0.946
0.942
0.9378
0.9331
0.9281
0.9229
0.9172
0.911
0.9043
0.8972
0.8896
0.8815
0.8727
0.8637
0.8538
0.8436
0.8326
0.8208
0.8084
0.7957
0.7819
0.7677
0.7526
0.7369
0.721
0.7038
0.6862
0.6675
0.6482
0.6276
0.6056
0.5831
0.5596

0.0026
0.0028
0.0031
0.0033
0.0038
0.0039
0.0039
0.0044
0.0047
0.0053
0.0057
0.006
0.0066
0.0069
0.0082
0.0083
0.0089
0.0098
0.0105
0.0114
0.0121
0.0129
0.0136
0.0146
0.0162
0.0167
0.0179
0.0196
0.021
0.0224
0.0236
0.0245
0.0266
0.0279
0.0303
0.0322
0.0344
0.0377
0.0409
0.0445
0.048
0.0523
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0.9632
0.9607
0.9581
0.9551
0.952
0.9484
0.9447
0.941
0.9369
0.9325
0.9276
0.9224
0.9168
0.9108
0.9046
0.8972
0.8898
0.8819
0.8734
0.8644
0.8546
0.8444
0.8336
0.8224
0.8105
0.7976
0.7844
0.7705
0.7556
0.7399
0.7236
0.7068
0.6898
0.6717
0.6534
0.634
0.614
0.5934
0.5715
0.5488
0.5251
0.5007

0.0029
0.0028
0.0032
0.0034
0.0037
0.0039
0.0044
0.0046
0.0049
0.0051
0.0058
0.0061
0.0068
0.0072
0.0076
0.0084
0.0088
0.0098
0.0103
0.0109
0.0119
0.0124
0.0134
0.0142
0.0153
0.0164
0.0174
0.0184
0.0196
0.0206
0.0218
0.0228
0.0243
0.0256
0.0273
0.0292
0.031
0.0336
0.036
0.0392
0.0424
0.0462

0.9621
0.9593
0.9566
0.9536
0.9504
0.9469
0.9432
0.9391
0.9348
0.9302
0.9255
0.9202
0.9146
0.9084
0.9018
0.895
0.8875
0.8797
0.8712
0.8623
0.853
0.8429
0.8326
0.8215
0.81
0.7977
0.7848
0.7714
0.7573
0.7427
0.7276
0.7119
0.6959
0.6792
0.6621
0.6443
0.6258
0.6067
0.5868
0.5661
0.5444
0.522



77 0.0496 0.5352 0.0564 0.4754 0.051 0.4985
78  0.0548 0.5098 0.0624 0.4496 0.0562 0.4738
79  0.0595 0.4831 0.0682 0.4226 0.0628  0.448
80 0.0683 0.4557 0.0769 0.395 0.07  0.4209
81 0.0753 0.4262 0.0853 0.3661 0.0777 0.3926
82 0.0839 0.3959 0.0939 0.3365 0.0879 0.3634
83 0.0905 0.3648 0.1053 0.3067 0.0959 0.333
84 0.1036 0.3339 0.1169 0.2764 0.1076 0.3026
8 0.1134 0.3017 0.1264 0.2463 0.1212 0.2719
8 0.1305 0.2701 0.1457 0.2174 0.1322  0.241
87 0.1438 0.2378 0.1592 0.1883 0.1482 0.2112
88 0.1589 0.2066 0.1751 0.161 0.1579 0.1822
89 0.1766 0.1769 0.1944 0.1354 0.1886 0.1557
90 0.1946 0.1488 0.2148 0.1118 0.2008 0.1289
91 02151 0.123 0.2375 0.0904 0.2247 0.1055
92  0.237 0.0996 0.2588 0.0715 0.246  0.0843
93 0.2607 0.079 0.2833 0.0553 0.2735 0.0659
94 0.2858 0.0611 0.3093 0.0417 0.3029 0.0501
95 03126 0.0461 0.3366 0.0306 0.3283 0.0369
96 03407 0.0339 0.3651 0.0219 0.3572 0.0265
97 03702 0.0242 0.3946 0.0152 0.3871 0.0185
98 0.4007 0.0168 0.425 0.0102 0.4177 0.0125
99 04321 0.0113 0456 0.0066 0.4488 0.0082
100 0.4642 0.0073 0.4873 0.0042 0.4799 0.0052
101 0.4966 0.0046 0.5188 0.0025 0.5109 0.0032
102 0.5291 0.0028 0.55 0.0015 0.5415 0.0019
103 0.5615 0.0016 0.5809 0.0009 0.5712 0.0011
104 0.5933 0.0009 0.611 0.0005 0.5999 0.0006
105 0.6244 0.0005 0.6402 0.0003 0.6274 0.0003
106  0.6545 0.0003 0.6684 0.0001 0.6534 0.0002
107 0.6834 0.0001 0.6952 0.0001 0.678 0.0001
108 0.7109 0.0001 0.7207 0 0.7009 0
109  0.7369 0 0.7446 0 0.7223 0
110 0.7613 0 0.767 0 0.7422 0

Table 5: Empirical data table of Baltic population mortality in XXI cen-

tury
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11.2 Lithuanian prostate screening program data sample

Death

2013-06-01

2014-11-21

2013-10-21

2016-04-04

2014-07-25
2010-10-17

2011-07-28
2013-05-22
2015-05-25
2016-12-31
2014-07-21
2014-01-16
2016-04-28
2013-02-14
2008-08-17
2013-05-25
2010-07-21
2010-08-09

2011-06-09
2017-02-03
2013-04-27

Birth
1959-10-20
1959-10-20
1959-10-20
1959-10-20
1959-10-20
1959-10-20
1959-10-20
1959-10-20
1959-10-20
1959-10-20
1959-10-20
1959-10-20
1959-10-20
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1959-10-21
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-02
1931-01-03

Departure

Death cause

90

Start
2009-10-20
2009-10-20
2009-10-20
2009-10-20
2009-10-20
2009-10-20
2009-10-20
2009-10-20
2009-10-20
2009-10-20
2009-10-20
2009-10-20
2009-10-20
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2009-10-21
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01

End
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2013-06-01
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2014-11-21
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2016-12-31
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-02
2006-01-03

PSA
2010-01-21
2011-04-13
2012-10-18
2009-12-04
2014-01-27
2010-06-03
2013-02-05
2011-07-07
2014-07-11
2011-12-05
2010-05-28
2014-10-02
2011-11-15
2011-05-20
2010-12-10
2010-11-23
2012-05-28
2011-06-09
2010-02-04
2010-02-09
2011-12-02
2014-12-03
2014-09-05
2012-04-24
2010-04-01
2010-06-17
2012-07-31
2014-02-11
2016-12-29
2009-03-23
2014-04-03
2009-10-30
2014-10-28
2016-05-26
2012-09-12
2010-07-22
2006-06-12
2007-04-05
2007-11-28
2006-03-10
2007-10-17
2006-09-06
2008-06-11
2006-09-05
2006-06-05
2008-05-20
2007-03-02
2009-10-01
2006-06-23
2006-10-20
2008-02-12
2006-07-14
2006-01-22
2006-04-21
2008-05-26
2006-06-14
2006-03-20
2007-09-21
2006-06-23
2009-09-28
2006-12-05
2006-12-20
2006-03-24
2006-12-07
2006-03-24
2008-07-03
2006-10-26

Age at PSA
51
52
53
50
55
51
54
52
55
52
51
55
52
52
51
51
53
52
51
51
52
55
55
53
51
51
53
55
57
50
55
50
55
57
53
51
75
76
76
75
76
75
77
75
75
77
76
78
75
75
77
75
75
75
77
75
75
76
75
78
75
75
75
75
75
77
75



2009-02-23
2011-03-20
2009-12-20
2016-06-27
2015-02-01
2017-09-01
2008-02-09
2014-12-26
2008-09-08

2009-11-14
2012-01-13

2015-09-10
2012-08-23

2009-08-25
2016-06-27
2015-08-09
2011-07-06

2014-01-19
2014-09-04

2017-09-23

2011-05-08
2014-08-08

1931-01-03
1931-01-03
1931-01-03
1931-01-03
1931-01-03
1931-01-03
1931-01-03
1931-01-03
1931-01-03
1931-01-03
1931-01-03
1931-01-03
1931-01-04
1931-01-04
1931-01-04
1931-01-04
1931-01-04
1931-01-04
1931-01-04
1931-01-04
1931-01-05
1931-01-05
1931-01-05
1931-01-05
1931-01-05
1931-01-05
1931-01-05
1931-01-05
1931-01-06
1931-01-06
1931-01-06
1931-01-06
1931-01-06
1931-01-06
1931-01-06
1931-01-06

1693

1255
J449
1258

1251
1633

Co1
1251

A415
1635

1251
1258
Co1
K861

1251
D591

Co1

C438
1251

2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01
2006-01-01

2006-01-03
2006-01-03
2006-01-03
2006-01-03
2006-01-03
2006-01-03
2006-01-03
2006-01-03
2006-01-03
2006-01-03
2006-01-03
2006-01-03
2006-01-04
2006-01-04
2006-01-04
2006-01-04
2006-01-04
2006-01-04
2006-01-04
2006-01-04
2006-01-05
2006-01-05
2006-01-05
2006-01-05
2006-01-05
2006-01-05
2006-01-05
2006-01-05
2006-01-06
2006-01-06
2006-01-06
2006-01-06
2006-01-06
2006-01-06
2006-01-06
2006-01-06

2006-06-09
2006-03-09
2006-10-24
2008-11-14
2006-07-26
2006-03-29
2006-04-19
2008-11-05
2006-10-30
2006-02-14
2007-11-29
2006-09-08
2008-05-14
2006-08-22
2006-07-27
2006-06-14
2006-10-23
2007-04-20
2006-07-03
2007-01-19
2006-02-15
2006-09-28
2006-03-29
2006-05-23
2006-04-21
2006-05-16
2006-07-07
2008-02-27
2006-12-08
2006-09-12
2006-06-27
2006-06-27
2009-09-28
2006-11-10
2006-03-02
2006-02-22

Table 6: Small sample of empirical data table for prostate cancer screening program in Lithuania
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11.3 List of distribution functions

Log-logistic distribution

B

F(x):a[fﬁ,xko,a>0,ﬁ>0.

Weibull distribution

Fz)=1-¢ 1" 2>0,a>0, a>0.

Peter and Paul distribution

Fo)=1—@)lons 2> 1, 5> 1, a> 0.

Burr distribution

Flz)=1—-(1+2% 2>0,¢>0, k>0.

Pareto distribution

F(m)zl—(ﬁ_—mx)o‘,x>xm—l, Tm >0, a > 0.
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