https://doi.org/10.15388/vu.thesis.709
https://orcid.org/0000-0002-3968-3377

VILNIUS UNIVERSITY

Monika Tekoré

Universality
of Periodic Zeta-Functions
with Multiplicative Coefficients

DOCTORAL DISSERTATION

Natural Sciences,
Mathematics (N 001)

VILNIUS 2024



This dissertation was written between 2020 and 2024 at Vilnius University.

Academic supervisor:

Prof. Dr. Habil. Antanas Laurincikas (Vilnius University, Natural Sciences,
Mathematics — N 001).

Academic consultant:

Prof. Dr. Darius Siauti@nas (Vilnius University, Natural Sciences, Mathe-
matics — N 001).

Dissertation defence council:
Chairman — Prof. Dr. Habil. Artiras Dubickas (Vilnius University, Natural
Sciences, Mathematics — N 001).

Members:

Prof. Dr. Igoris Belovas (Vilnius University, Natural Sciences, Mathematics —
N 001),

Prof. Dr. Paulius Drungilas (Vilnius University, Natural Sciences, Mathemat-
ics — N 001),

Prof. Dr. Ramunas Garunkstis (Vilnius University, Natural Sciences, Mathe-
matics — N 001),

Prof. Dr. Arvet Pedas (University of Tartu (Estonia), Natural Sciences, Math-
ematics — N 001).

The dissertation will be defended at a public meeting of the Dissertation De-
fence Council at 3 pm on 16th December 2024 in room 102 of the Faculty of
Mathematics and Informatics of Vilnius University.

Adress: Naugarduko str. 24, LT03225, Vilnius, Lithuania.

Phone: +37052193050, e-mail: mif @mif.vu.lt.

Dissertation can be reviewed in library of Vilnius University or on the website
of Vilnius University:
www.vu.lt/It/naujienos/ivykiu-kalendorius.



https://doi.org/10.15388/vu.thesis.709
https://orcid.org/0000-0002-3968-3377

VILNIAUS UNIVERSITETAS

Monika Tekoré

Periodiniy dzeta funkcijy
su multiplikatyviaisiais koeficientais
universalumas

DAKTARO DISERTACIJA

Gamtos mokslai,
matematika (N 001)

VILNIUS 2024



Disertacija rengta 2020-2024 metais Vilniaus universitete

Mokslinis vadovas:

Prof. habil. dr. Antanas Laurincikas (Vilniaus universitetas, gamtos moks-
lai, matematika — N 001).

Mokslinis konsultantas:

Prof. dr. Darius Siau¢iiinas (Vilniaus universitetas, gamtos mokslai, matem-
atika N 001).

Gynimo taryba:
Pirminikas — prof. habil. dr. Artiiras Dubickas (Vilniaus universitetas, gamtos
mokslai, matematika — N 001).

Nariai:

Prof. dr. Igoris Belovas (Vilniaus universitetas, gamtos mokslai, matematika —
N 001),

Prof. dr. Paulius Drungilas (Vilniaus universitetas, gamtos mokslai, matema-
tika — N 001),

Prof. dr. Ramiinas Garunkstis (Vilniaus universitetas, gamtos mokslai, mate-
matika — N 001),

Prof. dr. Arvet Pedas (Tartu universitetas (Estija), gamtos mokslai, matematika
- N 001).

Diertacija ginama vieSame Gynimo tarybos posedyje 2024 m. gruodZio 16 d.,
15 valanda, Vilniaus universiteto Matematikos ir informatikos fakultete, 102
auditorijoje.

Adresas: Naugarduko g. 24, LT03225, Vilnius, Lietuva.

Tel. +37052193050, el. pastas mif @mif.vu.lt.

Disertacija galima perziiiréti Vilniaus universiteto bibliotekoje ir Vilniaus uni-
versiteto interneto svetainéje adresu:
www.vu.lt/It/naujienos/ivykiu-kalendorius.



Table of Contents

Notation 7
1 Introduction 8
1.1 Researchtopic. ... ... ... ... ... ... ... ..., 8
1.2 Aimandproblems. . . ... ... ... ... ......... 11
1.3 Actuality . . ... . ... 12
14 Methods . . . . .. .. ... 12
1.5 Novelty . .. ... ... . . 13
1.6 History of the problem and the mainresults . . . . . ... .. 13
1.7 Approbation . . . . . ... ... 31
1.8 Main publications . . . . . . ... ... 33
2 Universality of periodic zeta-functions with shifts involving the
Gram points 35
2.1 Statement of the main theorem . . . . . . ... .. ... ... 35
2.2 Statement of a limit theorem . . . . ... ... ... ..... 37
23 Alimitlemmaonthegroup€ ... ... ... ... .. ... 39
2.4 Case of absolutely convergent series . . . . . ... ... ... 41
2.5 Approximation of {(s;a) by (n(s;a) . . . . . .. ... ... 43
2.6 Proof of Theorem2.2 . . . ... .. ... ... ... ..... 52
2.7 Proofof Theorem2.1 . . . ... ... ... ... ... .... 56
3 Joint universality of periodic zeta-functions with shifts involving

imaginary parts of non-trivial zeros of the Riemann zeta-function 60

3.1
32
33
34
35

Statement of the main theorem . . . . . ... ... ... ... 61
Statement of a discrete joint limit theorem . . . . ... .. .. 62
A limitlemmaonthe group Q" . . . . . .. ... ... .... 63
Approximation of {(s;a) by ¢ (s;a) .. .......... 67
Proof of Theorem3.2 . . . . . ... ... ... .. ... ... 72



3.6 Proof of joint universality . . . . . . . ... .. ... ... 73

4 Universality of some compositions of periodic zeta-functions with
shifts of Chapter 3 77
4.1 Composition of Lipschitztype . . . ... ... .. ... ... 77
4.2 Convolutions of probabilistictype . . . ... ... ... ... 81
5 Joint continuous universality of periodic zeta-functions with gen-
eralized shifts 91
5.1 Statement of joint universality theorems . . . . . . . ... .. 91
5.2 Statements of limit theorems . . . . . .. ... ... ... .. 93
5.3 Limitlemmason Q" . ... ... ... 0oL 94
5.4 Case of absolutely convergent series . . . . . ... ...... 99
5.5 Meansquare estimates . . . . . . . ... ... ... 101
5.6 Limitlemmasfor{(s;a) . . .. ................ 107
5.7 Identification of the limit measures . . . . . . ... ... ... 111
5.8 Proof of Theorems 5.1 and52 . . .. ... ... ... .... 115
Bibliography 118
Santrauka (Summary in Lithuanian) 125
Tyrimoobjektas . . . . . . . .. ... .. ... 125
Tikslas iruzdaviniai . . . . . . . .. ... L oL 126
Aktualumas . . . . ... 127
Metodai . . . . . . . ... 128
Naujumas . . . . . . ... 128
Problemos istorija ir rezultatai . . . . . . . ... ... ... L. 128
Aprobacija. . . . . . ... 143
Pagrindinés publikacijos . . . . ... ... oo 144
I8vados . . . . . . . o 145
Trumpos Zinios apie autore . . . . . . . . ... ... 147
Acknowledgments 148
Publications by the Author 149



Notation

j7k7l7m7n

rTaERNZZ9

s=oc+it,o,t €R
D Am

Ax B

[TA4n

Am

measA

#A

H(G)

B(X)

EX

= ls

5)

¢(s)

((s,a)

a <, b,b>0

natural numbers

prime number

set of all prime numbers
set of all natural numbers
Nu {0}

set of all integer numbers
set of all real numbers

set of all complex numbers
imaginary unity: i = /—1
complex variable

direct sum of sets A,

Cartesian product of the sets A and B
Cartesian product of sets A,,

Cartesian product of m copies of the set A
Lebesgue measure of the set A C R
cardinality of the set A

space of analytic functions on GG
class of Borel sets of the space X
expectation of the random variable
convergence in distribution

Euler gamma-function

Riemann zeta-function

Hurwitz zeta-function

there exists a constant C' = C'(n) > 0
such that |a| < Cb



CHAPTER 1

Introduction

1.1 Research topic

In the dissertation, we consider the value distribution of periodic zeta-func-
tions. Let a = {a,, : m € N} be a periodic sequence of complex numbers
with minimal period ¢ € N, i. €., ay,14 = a, for all m € N. The periodic
zeta-function ((s; a), s = o + it, is defined by the Dirichlet series

oo
am
C(S;a)zzlrns, o> 1.
m=

Clearly, the sequence a is bounded, i. e.,
’am‘ g max(|a1\, R |aq’)

for all m € N. Therefore, the series for ((s;a) is absolutely and uniformly
convergent for o > 1 + ¢ with arbitrary £ > 0, hence, the function ((s;a)
is analytic in the half-plane ¢ > 1. To obtain the analytic continuation for
the function ((s; a) to the region o < 1, the classical Hurwitz zeta-function is
used. Let 0 < ae < 1 be a fixed parameter. The Hurwitz zeta-function ((s, @)
was introduced and studied in [16], and, for ¢ > 1, is defined by the Dirichlet
series - ,

5,) = —_.

((s,) mZ:jO CPE

Moreover, the function ((s, ) has the analytic continuation to the whole com-
plex plane, except for a simple pole at the point s = 1 with residue 1 [1, 41].
In other words, (s, «) is a meromorphic function.



In view of the periodicity of the sequence a, for o > 1, the equality

q 00 an q 00 1
C(3§a):2 Z %ZZGIZW

:lzq:al 1:12alg<s,l> 1)
¢ (k+l/9* ¢ q

is valid. Therefore, the mentioned analytic properties of the Hurwitz zeta-
function give the analytic continuation to the whole complex plane for the
function ((s, a) with a possible unique simple pole at the point s = 1 with

q
Z a. 12)
=1

If @ = 0, then the periodic zeta-function ((s; a) is entire one.

residue
~def
a =

|

The second property of the sequence a required in the dissertation is its
multiplicativity. We recall that the sequence a is called multiplicative if a; =
1, and amym, = Qm,Gm, for all coprimes mi,me € N ((my,mg) = 1).
Many arithmetic functions in number theory are multiplicative. Examples of
multiplicative functions:

1. The divisor function
d(m) = Z 1;
dlm
2. The Mobus function

0 if k" | m, ke N\ {1},
(=1)F ifm=p;---pp, p1,...,Dp} are different
prime numbers,
1 itm=1;

3. The Euler totient function
p(m) = #{1 <k <m: (k,m) =1}
4. Suppose that f : N — C is an additive function, i. e.,

f(mime) = f(m1) + f(mg), forall (my,ma) = 1.



Then the function e/ (") is multiplicative.

Example 4 is widely used in probabilistic number theory, see, for example,
[32], [8], [9], and [31], for investigation of limit distributions of real additive
functions. It is well known that the characteristic function of the distribution

function of f(m)

is .
gn(t) 1 3 et feR,
m=1

i.e, the problem is reduced to mean values of multiplicative functions. If gy, (¢),
as n — oo, converges to ¢(t) continuous at ¢ = 0, then the distribution func-
tion F,,(x), as n — oo, converges weakly to a distribution function with the
characteristic function g(t).

The simplest periodic and multiplicative arithmetic function is the Legen-

dre symbol. Let ¢ > 2 be a prime number. Then the Legendre symbol

0 if m = 0(mod q),
m
(> = 1 if m is a quadratic residue modulo ¢ and m # 0(mod ¢q),
—1 if m is a quadratic non-residue modulo g .

The symbol (%) is periodic with period ¢, and completely multiplicative, i. e.,

<m1m2> _ <m1> <m2> for all my, mg € N.
q q 9

m

Thus, the sequence a = { (;) :meN } is periodic and multiplicative.

A more general periodic multiplicative arithmetic function is every Dirich-
let character modulo ¢g. A full definition of Dirichlet characters is sufficiently
long and complicated, however, it is well known that every arithmetic function
x(m) satisfying the hypotheses

1. x(m) is completely multiplicative;

(m)
2. x(m) is periodic with period ¢;
(m)
(m)

(98]

x(m) = 0 for (m,q) > 1;

4. x(m) # 0 for (m,q) =1

10



coincides with a Dirichlet character modulo q.
Let x(m) be a Dirichlet character modulo ¢. Then the series

L(s,x) = i X(m), o>1,

L
is called a Dirichlet L-function, and used in the theory of distribution of prime
numbers in arithmetic progressions.
In the dissertation, approximation properties of the function ((s; a) with
periodic multiplicative sequence a are investigated. Note that in this case the
function ((s; a) has the Euler product

<(S;Q)ZH<1+Z;Z>’ o> 1.
=1

peP

We also note that multiplicativity of the sequence a describes a certain class of
approximated analytic functions.

1.2 Aim and problems

The aim of the dissertation is an approximation of analytic functions de-
fined in the strip D = {s € C : 1/2 < o < 1} by shifts (s + iT;a), 7 € R.
The problems are the following:

1. Approximation of a class of analytic functions by shifts ((s + iht,; a),
h > 0, where {t,, : n € N} is a sequence of Gram points.

2. Joint approximation of a collection of analytic functions by shifts ({(s+
thivg;a1),...,¢(s + ihyyks ar)), by > 0, where {v; : k € N} isa
sequence of positive imaginary parts of non-trivial zeros of the Riemann
zeta-function.

3. Approximation of a class of analytic functions by shifts F'({(s +
ih1yg; a1), ..., C(s + ih,v; a,)) with certain continuous operators F'
in the space of analytic functions.

4. Joint approximation of a class of analytic functions by generalized non-
linear shifts (¢(s +ip1(7);a1),...,C(s+ip,(7);a.)).

11



1.3 Actuality

Analytic functions are not only an object of function theory. They play an
important role in analytic and algebraic number theory, differential and inte-
gral equation problems, probability theory, functional analysis, mathematical
physics and other branches of mathematics, and also occur in solving some
problems of physics and other natural sciences. Therefore, problems arise in
simplifying complicated analytic functions, and this leads to the approxima-
tion of analytic functions by simpler ones. It is well known that every ana-
lytic function continuous on a compact set X with connected complement and
analytic inside of that set can be approximated by a polynomial, uniformly
on K. Thus, for every analytic function, there exists the corresponding ap-
proximating polynomial depending on the approximation function. Probably
fifty years ago, it became known that there are comparatively simple functions,
some zeta- and L-functions, having universal approximation property: shifts of
one and the same function approximate the whole class of analytic functions.
This unexpected progress in approximation theory opened new problems as
the description of classes of universal functions, effectivization of the univer-
sality, description of classes of approximating shifts, and, of course, applica-
tion of the universality phenomenon for solving mathematical and practical
problems. In many scientific mathematical centers (Australia, Canada, France,
Germany, India, Japan, S. Korea, Sweden, USA, etc.) groups investigating uni-
versality problems in approximation theory were created. The most numerous
such a group is successfully working in Lithuania (I. Belovas, R. Garunkstis,
R. Kadinskaité, A. Laurin¢ikas, R. Macaitiené, etc.). The Lithuanian group
obtained significant results in the effectivization of universality, extended the
class of universal functions, introduced new types of universality, applied for
approximation of new classes of shifts. However, as Professor A. Schinzel
said, every proved theorem raises three new problems. Since universality prob-
lems are interesting and important for many fields of science, the development
of universality is one of the modern directions of mathematics.

1.4 Methods

Probabilistic methods based on weak convergence of probability measures
and their properties in the space of analytic functions occupy a central place
in the proofs of universality theorems of the dissertation. Moreover, methods

12



of analytic number theory, including various mean square estimates, Cauchy’s
integral formula, integral representations and properties of polynomials are
applied.

1.5 Novelty

All results of the dissertation are new. Universality theorems for periodic
zeta-functions with generalized shifts including Gram points, imaginary parts
of non-trivial zeros of the Riemann zeta-function, and algebraic numbers lin-
early independent over Q earlier were not known.

1.6 History of the problem and the main results

Zeta- or L-functions usually are defined by ordinary Dirichlet series

y o)

m=1

for 0 > og with some o, or general Dirichlet series

o
Z b(m)e . o > oy,

m=1

where {a(m)} and {b(m)} are sequences of complex numbers, and {\,,} C

R, lim;,—s00 Ay, = +00. For example, the Riemann zeta-function ((s) is
defined by
=1
C(3)22$> o>1,
m=1

and by meromorphic continuation to the whole complex plane, except the point
s = 1 which is its unique simple pole with residue 1. The definition of the Ep-
stein zeta-function is more complicated. Let ) be a positive definite quadratic
n x n matrix, and [10], for z € Z", Q[z] = 2" Qx, where 27 denotes the
transposition of z. Then the Epstein zeta-function ((s; Q) for o > n/2 is
defined by the series

zeZ™\{0}

13



however, if Q[z] € Z for all z € Z", then

where rg(m) denotes the number of x € Z" such that Q[z] = m. Thus, we
have again an ordinary Dirichlet series. By the way, the function ((s; Q) can
be analytically continued to the whole complex plane, except for a simple pole
at the point s = n/2, and

n/2

Bes (5Q) = r vt o”

here I'(s) is the Euler gamma-function.
The Hurwitz zeta-function ((s, «) is defined by general Dirichlet series

00
§ :efslog m+a o> 17

m=0

i. e., with A, = log(m + «) and b(m) = 1.
Zeta-functions Z(s) of the type

00

alm

= E 7(718)’ o >0y,
m=1

are generating functions of the sequence {a(m)}, they are applied to obtain
information on the mean value

m(x) def Z a(m), x — oo.
m<x

There exist formulae of various forms involving a contour integral with the
function Z(s) which gives a representation for m(x) with some error term.
This can be clearly illustrated by the case of the function

:Zl, T — 00.

p<T

14



Let A(m) be the von Mangoldt function, i. e.,

A(m) = logp ifm=p" keN,
N 0  otherwise.

The mean value
ma(@) Y A(m), @ — oo,

m<x

is closely connected to 7 (z); the asymptotics for my (x) as = — oo leads to

that for 7(x). Therefore, the generating function

Za(s) Al

, o>1,

m=1

is considered. Moreover, it is easily seen that

_ ¢
ZMs) = 5y (13)

Thus, we can use the described above representation

o+100
ma(z) = L / r (—C (S)> ds + error term(7T', z, o),

2mi ) s ¢(s)
¢'(s) _ [ W
O zp: (s =, — p) + simple term,

where p are zeros of the function ((s) with Rep > 1/2. This, together with
(I3) gives the asymptotics for ma (z), and therefore, for 7w(x) as * — oo.
This example explains why it is important to study the zero-distribution of the
function ((s).

The above remarks show that, first of all, we have to study the value dis-
tribution of zeta-function and then apply the obtained results to solve other
problems.

Value distribution of zeta-functions includes analytic continuation, func-
tional equations, various estimates, asymptotics, and estimates for moments

T

/\Z(a + it)|?* dt,

0
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probabilistic limit theorems, zero-distribution, approximation properties, etc.
The zeta-function ((s; a) is an attractive analytic object, and was investi-

gated by numerous researchers. The first significant result for ((s;a) is the

functional equation obtained in [61]. For its statement, the notation

141 ,
b={bn:meZ}, by=- z:ale—le(m/q)7
q =0
b= {by : by = b_p,m € Z}

is used. The sequences b and b are periodic with period g. Therefore, we
have periodic zeta-functions ((s;b) and ¢ (s;ﬁ) that appear in the functional
equation [61]
S . . ~
(1= s5ia) = (55 ) Tls) (€7C/D¢(s30) + €™ (5:) )
™

The function ((s; a) is connected in a certain sense to the Riemann zeta-

function. Let by, = /@ by, and ¢; = {c, : ¢y = ™D 1y € N},

[e o]

Cm
C(Svcl) = z:l %7 o>1.
m=

Then in [18] it was proved that

.
((sia) = j%as) + \Z S inlsie)

Important results for {(s; a) were obtained by J. Steuding. He created [64]
the theory of zero-distribution for {(s; a). Denote by pq = 54 + 74 the zeros
of ((s;a),i.e., ((pqg;a) =0, and let

g = max{|am|: 1 <m<q}, mg=min{l <m < q: |ap| # 0}

and
CaMyg
Aa) = .
W
Then J. Steuding proved [64] that {(s; a) # 0 in the half-plane o > 1 + A(a).

bt
~ ~ ~ m>
incides with by, and b;f, is obtained from b, taking “+” in place in the

exponent. Define b~ = {Ef; :m € N} and B(a) = max{A(Eﬂ,A(E‘)}.

Moreover, in the above notation, let define the numbers b;,,, where Z;;L co-

[T3E2]

16



Then the following assertion is valid. Suppose that mg, = m;_, then in [65]
it was noted that the function ((s; a) has zeros only close to negative real axis.
If mg, # mg_, then ((s; a) has zeros near the line
t
P
log(mg- /mg4)
If 3 < —B(a), then the zeros pq = (34 + 7y, are called trivial, otherwise
non-trivial. Let N(T';a) be the number of non-trivial zeros of ((s;a) with
|7a] < T counted with multiplicity. Then the formula

T T
N(T;a) = —log 1
s 2wemg/mp—mMp+

is valid [65]. The monograph [65] also contains other results on the distribution

+ O(logT)

of zeros of ((s; a).

In [67], see also [46], the approximate functional equation for ((s; a) has
been proved involving finite sums and connecting the variables s and 1 — s.
Moreover, the asymptotics for the mean square

T

/\g(aT it a)[2 dt

0

with o7 = 1/2 and o — 1/2 + 0 as T" — oo was obtained. Also, joint limit
theorems for a collection of periodic zeta-functions ((s; a1), ..., ((s; a,) were
proved, i. e., the weak convergence for

%meas{T €0,7]: (¢(s+ir;a1),...,((s+it;a,)) € A},
A eB(X(G)),

as T" — oo was considered. Here X(G) is the space of analytic or meromorphic
on G = {s € C: o > 1/2} functions, and B(Y) denotes the Borel o-field
of a topological space Y, and measA stand for the Lebesgue measure of a
measurable set A C R.

Now, we focus on the approximation of classes of analytic functions by
shifts of zeta-functions Z(s + i7), in particular, by ((s + ¢7; a). This proper-
ty is called universality, and was discovered by S.M. Voronin in [72] for the
Riemann zeta-function.

17



Theorem 1. [72]. Suppose that 0 < r < 1/4 is fixed, the function f(s) is
continuous and non-vanishing on |s| < r, and analytic in |s| < r. Then, for

every ¢ > 0, there exists a number 7 = 7(g) € R such that

max
|s|<r

f(s)—C(s—i—i—i—iT)’ <e.

Voronin also wrote in [72] that a similar assertion is true for all Dirichlet
L-functions L(s, x). Voronin’s proof is based on the analogue of the Riemann
theorem in the rearrangement of series with terms in Hilbert spaces.

Sufficiently soon, Theorem 1 was extended and improved in the theses [3]
and [14]. At the moment, we have the following last version of Theorem 1.6.
Recall that D = {s € C: 1/2 < ¢ < 1}, K is the class of compact subsets
of the strip D with connected complements, and let Hy(K), K € K, denote
the class of continuous non-vanishing functions on K that are analytic in the
interior of K, and measA denotes the Lebesgue measure of a measurable set
A C R. Then the following statement is known, see [20, 35, 65, 51].

Theorem 2. Suppose that K € K and f(s) € Ho(K). Then, for every € > 0,

lim inf %meas {7’ €0,T] :sup |f(s) —((s+iT)| < E} > 0.

T—oo seK

Moreover, the limit

lim %meas {7’ €10, 7] :sup|f(s) = ((s+iT)| < 6}

T—o0 seK

exists and is positive for all but at most countably many € > 0.

The second assertion of the theorem is comparatively not old, it was ob-
tained independently in [53] and [45].

Later, it turned out that some other zeta- and L-functions also are universal
in the above sense (in the Voronin sense), however, it is not easy to prove that,
and there are non-universal Dirichlet series, see, for example, [65].

The first universality theorem for the periodic zeta-function ((s;a) has
been proven by Steuding in [64], see also [65]. Let H(K) with K € K denote
the class of continuous on K functions that are analytic in the interior of K.
Thus, H(K) is an extension of the class Hy(K).

Theorem 3. Suppose that the period q > 2, an, not a multiple of Dirichlet
character modulo q, and a,,, = 0 for (m,q) > 1. Let K € K, and f(s) €

18



H(K). Then, for every € > 0,

lim inf lmeas {7’ €10,T] :sup|f(s) —((s+it;a)| < 6} > 0.
T—oo T scK

We observe that, by [64], a periodic sequence satisfying the conditions of
Theorem 3 is not multiplicative.

J. Kaczorovski observed in [19] that not all Dirichlet series with periodic
coefficients are universal in the Voronin sense. He obtained necessary and
sufficient conditions that the function ((s; a) would be universal with prime
period q.

Theorem 4. [19]. Let q be a prime number and a # 0, the corresponding
function ((s; a) is universal in the Voronin sense if and only if one of the fol-

lowing possibilities holds:

1. Not all numbers aq, . ..,aq—1 are equal;
2. Wehaveay = ---=aq—1 =0;
3. We have a1 = --- = aqg—1 # 0 and
CLq ai
—— < or 1——| >q.
’ a1 Vi ' aq !

For example, suppose that g = 3, a1 = 1, as = 4, ag = 3. Then

2

ag
1- =2 =-<3.
| ;

ay

=2>+/3 and ‘1—a1

as

Therefore, the function ((s; a), in view of Theorem 4, in this case, is not uni-
versal.

The first universality theorem for ((s; a) with multiplicative sequence a
has been obtained in [47].

Theorem 5. Suppose that the sequence a is multiplicative. Let K € K, and
f(s) € Ho(K). Then, for every ¢ > 0,

1
lim inf meas {7‘ €[0,T]:sup|f(s) — ((s+ir;a)| < 8} > 0.

T—o00 seK

We note that, in [47], the additional requirement on the sequence a that,

19



for all p € P,

o0

‘ap‘l’
g <ec<l1
7 X )

a=1 pa/

was used, however, it is technical and can be easily removed. Thus, by Theo-
rem 5, all functions ((s; a) with multiplicative a are universal, i. e., have the
same approximation property as Dirichlet L-functions.

All the above-mentioned universality theorems are of continuous type be-
cause 7 in shifts ((s+7; a) can take arbitrary real values. There exists another
type of universality for zeta-functions, called the discrete universality, where
7 in approximating shifts takes values from a certain discrete set, for exam-
ple, from the arithmetical progression {hk}, k € Ny. Discrete universality
theorems were proposed by A. Reich in [59]. He proved a discrete univer-
sality theorem for Dedekind zeta-functions (x(s) of algebraic number fields.
When K = Q, then the class of Dedekind zeta-functions includes the Riemann
zeta-function. Therefore, a corollary of Reich’s universality theorem is the
following statement. Denote by # A the cardinality of a set A C R.

Theorem 6. Let K € K, f(s) € Hy(K) and h > 0 be fixed. Then, for every
e>0,

lim inf

A N+1#{O<R<NiSup|f(5)—C(s+ik:h)!<5}>0.

seK

Discrete universality theorems for zeta-functions using another method
were studied by B. Bagchi in [3].

The discrete universality for the function ((s; a) is more complicated. The
following result which is a consequence of a more general weighted universal-
ity theorem [50] is known. For A > 0, let

L(P;h,m) ={(hlogp:peP),2r}.

Theorem 7. [50]. Suppose that the set a is multiplicative, and the set L(P; h, )
is linearly independent over Q. Let K € K and f(s) € Hy(K). Then, for eve-
rye >0,

lim inf
Novoo N+ 1

#{O<k‘<N:sup]f(s)—((s+ikh;a)| <5} > 0.
seK

One of the ways of extension of universality is using the so-called general-
ized shifts ((s + i¢(7)) or (s + ip(k)) with certain function . For the Rie-
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mann zeta-function and Dirichlet L-functions, this was done by L. Parfikowski
in [57]. Let

) { R if a¢N,
(—00,0]U(1+00) if a€N.

Theorem 8. [57]. Suppose that o« € R, a is a positive real number. Let
K e K, f(s) € Hy(K). Then, for every € > 0,

1
lim inf —meas {T € [2,T] : sup | f(s) — ¢(s + iar®log’ )| < 5} > 0,
T—o0 T seK

and

liminfi# {2 <k < N :sup|f(s) — ¢(s +iak®logb k)| < 6} > 0.

N—oo N seEK

Theorem 8 generalizes the works [7] and [43].

Chapter 2 of the dissertation is devoted to a discrete universality theorem
for the function ((s;a) with generalized shifts involving the Gram numbers
that have an old and long history. The function ((s) satisfies, for all s € C, the
functional equation

77821 (g) C(s) = = (1=8)/2p (1;S> (1 —3s).

The main ingredient of this equation is the function g(s) def s/ 2I'(s/2). De-

note by (), t > 0, the increment of the argument of the function g(s) along
the segment connecting the points s = 1/2 and s = 1/2 + it. It is known [15]
that the function #(¢) is monotonically increasing and unbounded from above
fort > t*, t* = 6.289835 . . ., therefore, the equation

0t)=(n—-1)m, neN,

for t > t* has the unique solution ¢,,. The numbers ¢,, are now called the Gram
numbers because he considered them in connection with non-trivial zeros of
((s). Recall that zeros of ((s) lying in the strip {s € C : 0 < 0 < 1} are
called non-trivial, while zeros s = —2k, k € N, are trivial. By the Riemann
hypothesis, non-trivial zeros of {(s) are of the form p,, = 1/2+i,,. All known
non-trivial zeros at the moment support the Riemann hypothesis. J.-P. Gram in
[15] observed that each interval (t,_1,t,], n = 1,..., 15, contains precisely
one zero 1/2 + i, of the function ((1/2 + it) such that t,,_1 < v, < tp.
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Moreover, he conjectured that this is not true for n > 15. It turned out, that
the Gram hypothesis is true. For example, it was found [70, 17] that

t1o7 < y127 < Y128 < t128 and t134 < 7134 < 7135 < l135-

This was proved and analytically in [70], namely, that the sequence

Yn — tn
tn+1 - tn

is unbounded, therefore, the zero ~,, can’tlie in (¢,,—1, t,,| for sufficiently many
n.

The Gram points also were considered by A. Selberg [62], and very deeply
in [21] - [28].

In general, the points ¢,, are very interesting object because it is known that

lim — = 1.
n—oo ’.Yn

For the first time, approximation of analytic functions by shifts involving
Gram points was considered in [29].

Theorem 9. Let K € K, f(s) € Hyo(K) and h > 0 be fixed. Then, for every
e >0,

1
liminf —# {1 < k<N :sup|f(s)—((s+ihty)]| < 5} > 0.
N—oo N seK

Moreover, the limit
. 1 )
lim —# {1 < k< N:sup|f(s)—((s+ihty)]| < 6}
N—oo N seK

exists and is positive for all but at most countably many € > 0.

In [30], Theorem 9 was extended to short intervals. Namely, the assertion
of Theorem 9 is valid for the quantity

1
M+1

#{N<k<N+M:supf(s)—((s+ihtk)]<s}
seK
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with N — oo, and M restricted by

1/3
(371;\[) (log {(h +1)N})"/> < M < N.

The main result of Chapter 2 of the dissertation extends Theorem 9 to the
function ((s; a) [69].

Theorem 2.1. Suppose that the sequence a is multiplicative. Let K € I,
f(s) € Hy(K) and h > 0 be a fixed number. Then, for every ¢ > 0,

1
lim inf #{1 <k <N :supl|f(s) —((s+ihtg;a)] < 8} > 0.
N—oo N scK

Moreover, the limit

lim 1#{1 <k <N :sup|f(s)—((s+ ihtg;a)l <€}

seK

exists and is positive for all but at most countably many € > 0.

In Chapter 3, the generalized shifts ((s + ihyg; a), where 0 < y1 < 72 <

< 7, < - - - is the sequence of positive imaginary parts of non-trivial zeros
of the Riemann zeta-function, are discussed. Therefore, we recall some results
in this direction.

At the moment, it is known that more than five-twelfths of all non-trivial
zeros of ((s) lie on the critical line [58]. Moreover, the Riemann hypothesis
is supported by very big computer calculations. However, the Riemann hy-
pothesis until our days remains one of the six open Millennium problems of
mathematics [54].

In general, the distribution of the sequence {~ } is very complicated, there-
fore, some hypotheses are proposed. One of them, the Mongomery pair corre-
lation conjecture [55] asserts that

> 1
Ve n<T
(2man)/log T<vi—<(2ma2)/log T

T
/ 1— Smwu))dtm—é(al,az) 2—logT
T
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as T' — oo, where a1 < g are arbitrary real numbers, and

1 if 0€ [ar,an,
(5(041, 042) = .
0 otherwise.

In approximation by shifts ((s + ih~yy), the condition inspired by the above
Montgomery conjecture is used. Namely, in [13], the conjecture that, for
c >0,

> 1< TlogT (14)

Ve n<T
[ve—1|<c/logT

was proposed.

Theorem 10. [13]. suppose that estimate (14) is valid. Let K € K and
f(s) € Hy(K). Then, for every h > 0 and € > 0,

1
liminf —# {1 <k < N:sup|f(s)—((s+ihy)| < 5} > 0.
N—oo N seK

Moreover, for every h > 0, the limit

1
lim #{1 < k<N :suplf(s)—((s+ihy)| < 5}
N seK

exists and is positive for all but at most countably many € > 0.

In [11] and [12], Theorem 10 was derived assuming the Riemann hypothe-
sis instead (I4).

We note that recently in [63] the analogical result to Theorem 10 was ob-
tained for some subset of the set {7} without using the Mongomery conjec-
ture.

In [39], Theorem 10 was extended for the Hurwitz zeta-function ((s, )
with « such that the set {log(m + «) : m € Ny} is linearly independent over
the field of rational numbers.

Universality theorems for zeta-functions have their joint versions. In this
case, a collection of analytic functions is simultaneously approximated by a
collection of shifts of zeta-functions. The first joint universality theorem was
obtained by Voronin in [73] for Dirichlet L-functions.

The statement of the joint universality theorem involves the notion of non-
equivalent Dirichlet characters. Let x(m) be a Dirichlet character modulo g.
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The character x is called generated by a character y;(m) modulo ¢; | ¢ if

if
m) = 4 Xitm) i atm,
0 otherwise.

The character x is called primitive if it is not generated by any character mo-
dulo q; | g. Two characters x; and x3 are called non-equivalent if they are not
generated by the same primitive character.

Now, we state an improved version of the joint Voronin universality theo-
rem for Dirichlet L-functions obtained in [37].

Theorem 11. Suppose that the characters x1, . .., Xr are pairwise non-equi-
valent. For j = 1,...,r, let K; € K and f;(s) € Ho(K;). Then, for every
e >0,

lim inf lmeas {T €[0,7]: sup sup |f;(s) — L(s+i7,x;)| < E} > 0.
T—oo T 1<j<r sekK;

In the joint case, the approximating shifts must be in some sense inde-
pendent. In Theorem 11, this independence is realized by a pairwise non-
equivalence of Dirichlet characters x1, ..., Xxr. There exists an another way
which uses shifts (L(s + ip1(7), x1), - .-, L(s + iy (7), xr)) With arbitrary
characters. This was proposed by L. Pafkkowski in [57] with the functions
(1) = 1% log? 7, where a;j and §; are certain real numbers, j = 1,...,r.

Chapter 3 of the dissertation is devoted to a joint universality theorem for
periodic zeta-functions with multiplicative coefficients by using shifts (s +
ihjyg;a;), j = 1,...,r. The main result of the chapter is the following the-
orem [49]. Recall that a number « is algebraic if it is a root of a polynomial
with rational coefficients.

Theorem 3.1. Suppose that the sequences ai,...,a, are multiplicative, hq,
..., hy are positive algebraic numbers linearly independent over the field of
rational numbers, and estimate (14) is valid. For j = 1,...,r, let K; € K and
fi(s) € Ho(Kj). Then, for every e > 0,

N .
lwglofN#{l <k N: sup sup |fij(s) — (s + ihjv; a;)| < 5} > 0.

1<j<7‘ SGKJ'
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Moreover, the limit

1
lim {1 Sk<N: sup sup |f;(s) — ((s + ihjye; a5)] < 8}

N—oo 1<j<r se K
exists and is positive for all but at most countably many € > 0.

Theorem 3.1 is a certain joint generalization of Theorem 2.1.

One of the ways to extend the class of universal functions in the Voronin
sense is investigations of universality for some compositions. This way was
proposed in [36] for the Riemann zeta-function. Earlier, it was obtained in
[34] that the function ¢’(s)/((s) is universal, in this case the approximation
function f(s) is not necessarily non-vanishing, i. e., f(s) € H(K) for K € K.
In [38], it was obtained that universality remains valid for F'({(s)) for more
general operators F' : H(D) — H (D) of the Lipschitz type. More precisely,
F has the following properties:

1. For each polynomial p = p(s) and every set K € K, there exists an
element ¢ € F~1{p} C H(D) such that ¢(s) # 0 on K;

2. Forevery K € K, there exist a constant ¢ > 0,aset K1 € Kanda > 0
for which

sup [F(g1(s)) — F(g2(s))] < ¢ sup |gi(s) — ga(s)[*
seK seKy

holds for all g1, g2 € H(D).

Denote the above class of operators Lip(«). Then the following statement is
true [38].

Theorem 12. Suppose that F' € Lip(«). Let K € K and f(s) € H(K).
Then, for every € > (,

1
lim inf —meas {7‘ € [0,T]:sup|f(s) — F({(s+iT))| < 5} >0. (I5)
T—oo T scK

Now, let

S={g€ H(D):g(s) #0on D,or g(s) = 0}.

Then we have one more type of universal compositions [38].
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Theorem 13. Suppose that F' : H(D) — H (D) is a continuous operator such
that for any open set G C H(D),

FHG)NnS+a.

Let K € K and f(s) € H(K). Then inequality (I5) is true.

Also, in [38], there is a theorem on approximation of analytic functions
from some more narrow class than H (K) by shifts F'({(s + i7)).

In [44], the results of [38] were extended for zeta-functions of certain
cusp forms. Universality of compositions F'(((s + ikh,;a,b)), where I :
H"(D) — H(D), and (s + ikh, a; a,b) is a collection consisting from peri-
odic and periodic Hurwitz zeta-functions was obtained in [40].

In Chapter 4 of the dissertation, universality theorems for the composi-
tions F(¢(s;a1),...¢(s;a,)), where F' : H"(D) — H(D), by using shifts
F(¢(s+ih1yg; a1), - .., C(s+ihyyg; a,)) were obtained. Leta = (ay,...,a,),
g=1(91,--.,9,) € H"(D)and h = (h1,...,h;), h; > 0,5 =1,...,r. For
brevity, denote ¢ (s + ihyy; a) = (((s+ihivk;a1), ..., ((s+ih.yk;a,)), and
say that the statement A(a, h, (14)) holds if the sequences ay, . . ., a, are multi-
plicative, h1, ..., h, are positive algebraic numbers linearly independent over
Q, and statement (I4) is valid. For example, we may take a = (x1(m),...,
Xr(m)), where x1(m),...,x,(m) are Dirichlet characters modulo ¢ € N,
and h = (v/2,V/2,..., "'V/2) because the numbers /2, /2, ..., "V/2 are
linearly independent over Q.

Define the class Lip(«) of operators F' : H"(D) — H (D). We say that
F € Lip(a), if:

1. For every polynomial p = p(s) and sets K1, ..., K, € K, there exists
an element g € F~'{p} C H"(D) such that g;(s) # 0 on K}, j =

1,...,7.
2. Forevery K C IC, there exist the sets K1, ..., K, € K, aconstant ¢ > 0

and positive oy, . . ., ;. such that

sup |F(g,) — F(g,)| < ¢ sup sup [g1;(s) — g2;(s)|™

seK 1<j<r se K
forallg ,g, € H"(D).

The first universality theorem for compositions F'(¢(s;a)) is the following
statement [68].
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Theorem 4.1. Suppose that A(a, h,(14)) is valid, and F : H" (D) — H(D)
belongs to the class Lip(a). Let K € K and f(s) € H(K). Then, for every
e >0,

liminfl#{l <k < N:sup|f(s) — F (C(s+ ihyis a))| < s} > 0.
N—oo N scK -
16)

For example, the operator

F(glv'”agr):Clgl—i_'”—i_cﬁgra gla“'vgreH(D)a (17)

with complex ¢; # 0 belongs to the class Lip(1).
The dissertation contains also other classes of operators F', see [68].

Theorem 4.2. Suppose that A(a, h,(14)) is valid, and F : H" (D) — H(D)
is a continuous operator such that, for every open set G C H(D), the inter-
section (F~YG) N S is non-empty. Let K € K and f(s) € H(K). Then the
inequality (16) is valid. Moreover, the limit

1
Jim {1 <h<N:sup £(5) — F (¢(s + b 0))| < e} (I8)

exists and is positive for all but at most countably many € > 0.
The hypothesis (F~1G) N S” can be modified.

Theorem 4.3. Suppose that A(a, h,(14)) is valid, and F : H" (D) — H(D)
is a continuous operator such that, for every polynomial p = p(s), the inter-
section (F~1{p}) N S” is non-empty. Let K € K and f(s) € H(K). Then
the inequality (16) is valid, and the limit (18) exists and is positive for all but at
most countably many € > 0.

Obviously, the hypothesis (F~1{p} N S” # & is more convenient than that
(F~1G)N S" # @ for all open sets G C H(D).

For some classes of approximated functions, the set K € K can be re-
placed by an arbitrary compact set. This is given in the next theorem.

Theorem 4.4. Suppose that A(a, h,(14)) is valid, and F : H" (D) — H(D)
is a continuous operator. Let K C D be a compact set, and f(s) € F(S").
Then the assertion of Theorem 4.3 is true.
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Notice that it is difficult to describe the set F'(S™). The problem becomes
easier when it is known a certain simple set lying in F'(S™). It is realized in the
last theorem of the chapter. For distinct complex numbers cy, ..., ¢y, define
the set

He . cn(D)={9€ H(D):g(s)#cjforallse D, j=1,...,m}.

Theorem 4.5. Suppose that A(a, h,(14)) is valid, and F : H" (D) — H(D)
is a continuous operator such that H., ., (D) C F(S"). Form = 1, let
K CK, f(s) € HK) and f(s) —c1 € Hy(K). Form > 2,let K C D
be arbitrary compact set, and f(s) € He,, ., (D). Then the assertion of
Theorem 4.3 is true.

For example, the operator (I7) satisfies the hypotheses of the theorem. Ac-
tually, if g € H,, (D), then (g9 — ¢1)/b1 € S. Consequently, by the definition

of I,
g—c a
F “Lo...0)=g
< bi by ) /

This shows that g € F'(S").

Theorems 2.1 and 3.1 are of discrete type. The fifth chapter of the dis-
sertation is devoted to joint continuous universality theorems for periodic zeta-
functions. For this, continuous generalized shifts are used. Theorems of such a
type were considered in [42], however, with ordinary shifts. For j = 1,...,r,
let a; = {ajm : m € N} be a periodic sequence of complex numbers with
minimal period g; € N. Denote by g the least common multiple of the periods
q1y---5qrs bY U1, ..., 1y, where 71 = ©(q) is the Euler totient function, the
reduced system modulo ¢, and define the matrix

alll a2l1 . arll
A _ allz a2l2 . (Z,«l2
ail,, a2, .- Qrl,

Then, in [42], we find the following result.

Theorem 14. Suppose that the sequences a1, ..., a, are multiplicative and
rank(A) =r. Forj=1,...,r, let K; € K and f;(s) € Hyo(K;). Then, for
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every € > 0,

1
lim inf Tmeas{T € [0,T]: sup sup |fj(s) —((s+ir;a;)| < 5} > 0.

T—o0 1<j<r s€K;

We observe that in [42] a technical condition

- |(ijk| .
Zpk/z <ej <1, j=1,...,m

is employed, however, it can be easily removed.

Also, there are more joint universality theorems for zeta-functions. They
can be found in the survey paper [51].

In the dissertation, the condition rank(A) = r of Theorem 14 is replaced
by using non-linear shifts {(s + ip;(7); a;).

Denote by U1 (Tp), Ty > 0, the class of real increasing to co continuously
differentiable functions ¢ (7) with monotonic derivative ¢’(7) on [Ty, 00) such
that

1
©(27) max o0 LT, T—o00.

Now we state the first theorem of Chapter 5 [48].

Theorem 5.1. Suppose that the sequences ay, ..., a, are multiplicative, ay,
..., a, are real algebraic numbers linearly independent over the field of ra-
tional numbers Q, and o(1) € Uy(Tp). Forj = 1,...,r, let Kj € K and
fi(s) € Ho(Kj). Then, for every e > 0,

lim inf
T—o00 — 1

meas{T € [1o,T) :

sup sup [f;(s) — (s +ia;p(7);a;)] < 8} > 0.

1<<r SEK]'

Moreover, the limit

lim
T—oo T — 0

meas{T € [Tv,T) :

sup sup |f;(s) — ((s +iajp(7); a;)] < 6}
1<j<r se K

exists and is positive for all but at most countably many € > 0.
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The second joint universality theorem uses shifts (s + ip;(7);a;), j =
1,...,r, which are more general as in Theorem 5.1. Denote by U, (Tp) the
class of real increasing to infinity continuously differentiable functions 1 (7),

..y or(7) on [T, 0o) with derivatives

©5(1) = &i(r)(1 + o(1)),

where ¢1(7),...,¢,(7) are monotonic and are compared in the sense that,
for every subset J C {1,...,7}, #J > 2, there exists jo = jo(J) such that

;(7) = 0o(@jo (7)) for j € J, j # jo, and

. 1 .
(pj(QT)qulLag)éTm«T, j=1,...,r, T — oo.

Theorem 5.2. Suppose that the sequences a1, ..., a, are multiplicative, and
(p1(7), ...,op(1)) € Up(Tp). For j =1,...,r, let K; € K and f;(s) €
Ho(Kj). Then, for every € > 0,

1
lim inf T meas{T € [To,T) :

T—o0 — 1g

sup sup |fj(s) — ((s +ip;(7);a5)| < 5} > 0.

1<j<r se K

Moreover, the limit

lim
T—oo T — Tp

meas{T € [1v,T) :

sup sup |fj(s) — (s +ip;(7);a5)| < 8}

1<g<r SEKj

exists and is positive for all but at most countably many € > 0.

Denote by p, the rth prime number. Then in Theorem 5.1 we can take
(a1,...,ar) = (V2,V3,V5,...,/pr), and (1) = Tlog 7, 7 > 2. In The-
orem 5.2, we may use the functions ¢1(7) = Tlog7, o = 72logT, ...,
or(1) = 1" log T.

1.7 Approbation

The results of the dissertation were presented at:
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CHAPTER 2

Universality of periodic zeta-functions with shifts
involving the Gram points

Let ¢,, be a solution of the equation
0(t)=(n—1)m, neN,

where 0(t), t > 0, is the increment of the argument of the product 7 —5/%T'(s/2)
along the segment connecting the points 1/2 and 1/2 + it. The points ¢,, are
called Gram points in honor of the Danish mathematician Jgrgen Pedersen
Gram who tried to apply these points for investigations of non-trivial zeros
of the Riemann zeta-function, i. e., for zeros of ((s) lying in the critical strip
{s € C : 0 < o < 1}. In this chapter, we consider the approximation of
analytic functions by shifts ((s + ihty; a), h > 0, of the periodic zeta-function

oo

am
C(s;a)zzlﬂ’ls’ U>17
m=

with a periodic multiplicative sequence a = {a,, : m € N}.

2.1 Statement of the main theorem

We remind the objects that occur in the statements of universality theo-
rems. Thus, D = {s € C:1/2 < ¢ < 1} is the universality strip, X denotes
the class of the compact subsets of the strip D having connected complements,
Hy(K) with K € K is the class of continuous non-vanishing functions on K
that are analytic in the interior of K. As usual, # A stands for the cardinality
of a set A of real numbers.
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The main result of the chapter is the following theorem.

Theorem 2.1. Suppose that the sequence a is multiplicative. Let K € I,
f(s) € Hy(K) and h > 0 be a fixed number. Then, for all £ > 0,

1
lim inf #{1 < k<N :suplf(s)—((s+ihtg;a)] < 8} > 0.
N—o0 N seK

Moreover, the limit
) 1 .
lim —# {1 <k <N :supl|f(s) —((s+ihtg;a)| < 8}
N—oo N seK

exists and is positive for all but at most countably many € > .

The first assertion of Theorem 2.1 means that the set of shifts ((s+ihty; a)
approximating a given function f(s) € Hy(K) has a positive lower density.
Hence, it follows that this set is infinite. Thus, we have infinitely many shifts
((s + ihty; a) approximating the function f(s). On the other hand, Theo-
rem 2.1, as other universality theorems for zeta-functions, is not effective in
the sense that any concrete shift ((s + ihty; a) with approximating property is
not known.

The second assertion of Theorem 2.1 shows that the set of approximating
shifts has a positive density, however, with the exception of a not wide set
of values of approximation accuracy. We suspect that the above exception is
conditioned by the used probabilistic proof method.

We notice that Theorem 2.1 covers an analogical statement obtained in
[29] for the Riemann zeta-function.

Theorem 2.1 is stated in density terms, the ratio

i# {1 <k <N :sup|f(s) —((s+ihtg;a)] < 5}
N sek
with respect to ¢ is a probabilistic distribution function. Therefore, it is con-
venient to use a probabilistic approach. More precisely, for the proof of Theo-
rem 2.1, we apply a limit theorem on weakly convergent probability measures
in the space of analytic functions with an explicitly given probability limit

measure.

36



2.2 Statement of a limit theorem

Let X be a topological space. Denote by B(X) the Borel o-field of the
space X, i. e., a o-field generated by open sets of the space X. Let P,,, n € N,
and P be probability measures on (X, B(X)). By the definition, P,, converges
weakly to P as n — oo if, for every real continuous bounded function g on X,
the equality

lim [ gdP, = / gdP.
n—oo

X X
is valid.

It is difficult to prove weak convergence of probability measures by directly
using the definition. There are equivalents of weak convergence in terms of
some classes of sets of the space X. We will use the classes of open and
continuity sets. We remind that the set A € B(X) is called a continuity set of

the measure P is P(0A) = 0, where OA denotes the boundary of the set A.
Lemma 2.1. The following statements are equivalent:
(i) P, converges weakly to P as n — oo;

(ii) For every open set G C X,

liminf P,(G) > P(G);

n—oo

(iii) For all continuity sets A of P,

lim P,(A) = P(A).

The lemma is a part of Theorem 2.1 of the monograph [4].

In this dissertation, we are connected to the space H (D) of analytic on D
functions endowed with the topology of uniform convergence on compacta. In
this topology, a sequence {g,(s)} C H(D) converges to g(s) € H(D) if, for
every compact set K C D,

lim sup [gn(s) — g(s)[ = 0.

n—oo scK
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The space H (D) is metrisable. It is known that there exists a sequence { K, :
m € N} C D of compact sets such that

K,, C K41, forall m € N, and every compact set X' C D lies in a certain
set K. Let g1, g2 € H(D). Then, denoting

o0
o SUDse,, |91(8) — ga(s)|
; — 2 m m ,
plorg2) =D, 27" Sup,ek,, 191(5) — g2(5)]

m=1

we have that p is a metric on H (D) inducing its topology of uniform conver-
gence on compacta.

In this chapter, we will consider weak convergence of the probability mea-
sure

1
Pra(A) S#{1 <k <N:((s+ihtisa) € A}, A BH(D)),
as N — oo. For the statement of a limit theorem for Py 4, we need a defini-
tion of a limit measure. For this, we introduce a certain group defined by the
Cartesian product of unit circles. Let P denote the set of all prime numbers,
andy = {s € C : |s| = 1}. Define the set

Q:Hypa

peP

where y, = y for every p € IP. The set €2 consists of all functions w : P — y.
On (), the operation of pointwise multiplication and product topology can be
defined. Since y is a compact set, by the Tikhonov theorem, see, for example,
[60], €2 is a compact as well. Thus, we have that 2 is a compact topological
Abelian group. Hence, on (€2, B(£2)), the probability Haar measure m  exists.
This leads to the probability space (€2, B(£2), m ). Note that the Haar measure
myy is invariant with respect to elements from ). This means that, for all
AeB(2)andw € Q,

mp(A) =mpy(wA) = my(Aw).

Letw = (w(p) : p € P). Now, on the probability space (€2, B(2), m ), define
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the H (D)-valued random element

(s w50) = H(HZ%““’ )

peP

Note that the latter infinite product, for almost all w € £2, is uniformly conver-
gent on compact subsets of D, see Theorem 5.1.7 of [35]. Hence, it defines a
H(D)-valued random element.

Denote by P o the distribution of ((s,w; a), i. e., for A € B(H(D)),

Pro(A) =mp{weQ:((s,w;a) € A}.
Now we state the main ingredient of the proof of Theorem 2.1.

Theorem 2.2. The measure Py o converges weakly to P; o as N — oo.

The proof of Theorem 2.2 is divided into parts. First, we present a limit
lemma for probability measures on (€2, 5(£2)). This lemma is used for the
proof of a limit lemma for a probability measure defined by means of an ab-
solutely convergent Dirichlet series. The central place of the proof consists of
approximation of ((s; a) in the mean by an absolutely convergent Dirichlet se-
ries. The proof will be completed by application of a property of convergence
of random elements in distribution.

2.3 A limit lemma on the group (2

For A € B({2), define

VN(A):%#{lgk:gN:(p’ihtk:peP)EA}.

Lemma 2.2. The measure Vi converges weakly to the Haar measure mp as
N — cc.

The lemma was already used in [29], therefore, we only remind some mo-
ments of its proof.

We start with the notion of uniform distribution modulo 1. Recall that a
sequence {zj : k € N} C R is uniformly distributed modulo 1 if, for every
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interval [a,b) C [0, 1),

n—oo n

R
lim — > To)({21}) =b—a,
k=1

where I, ) is the indicator function of [a,b), and {z} denotes the fractional
part of .

For uniformly distributed modulo 1 sequences, the following Weyl crite-
rion is known.

Lemma 2.3. A sequence {xy, : k € N} C R is uniformly distributed modulo 1
if and only if; for every m € 7\ {0},

lim = E :627rzmark =0.

n—oo N

Proof of the lemma is given, for example, in [33].

Lemma 2.4. The sequence {aty : k > ko} with every real 0 # a € R is
uniformly distributed modulo 1.

Proof of the lemma is given in [29], Lemma 2.3.

Proof of Lemma 2.2. Since () is a group, it is convenient to use the Fourier
transform method. The characters x of €2 have the representation

= Hwkf’(p), weQ,

peP

where only a finite number of k, € Z are distinct from zero. Therefore, the
Fourier transform Fiy (k), k = {k, : p € P}, of the measure Vy is given by

/Hw ) dQn

peP

Zexp —zhtkz kylogp ¢, (2.3.1)

peP

where the star * means that only a finite number of k, € Z are non-zero. Let

= Z* kylog p.

peP
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Consider two cases: A(k) = 0 and A(k) # 0. It is well known that the
set {logp : p € P} is linearly independent over the field of rational numbers
Q. Therefore, A(k) = 0 if and only if £ = 0, where 0 = (0,0,...). If
k # 0, then, in view of Lemma 2.4, we have that the sequence {ht;A(k)} is
uniformly distributed modulo 1. Hence, by Lemma 2.3,

N
. 1
A}gnoo N ; exp{—htA(k)} = 0.

Since, for k = 0,

this and (2.3.1) prove that

lim Fy(k) = L if k=0,
N—oo 0 if k#0.

Thus, by the continuity theorem for the Fourier transform, we have that the
measure Vy, as N — oo, converges weakly to the measure defined by the

NPT 0 it k0,

1. €., to the Haar measure my. ]

Fourier transform

Lemma 2.2 is very important, it allows to prove a limit lemma in the space
of analytic functions for absolutely convergent Dirichlet series.

2.4 Case of absolutely convergent series

Let 8 > 1/2 be a fixed number, and

vn(m) = exp{— (m)ﬁ} m,n € N.

n

Define the series

Cn(s;a) =) am:;;‘s(m).
m=1

Since v, (m) decreases with respect to m exponentially and a,, < 1, the series
for ¢, (s; a) is absolutely convergent for all s € C.
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Extend the functions w(p), p € P, to the set N by the formula

wim) =[] «'@), meN,
pllm
pHtim

and define one more series

(n(s,wia) =) At (M) Un (M)

S
m=1 m
Since |w(m)| = 1, the latter series, as (,,(s; a), is also absolutely convergent
forall s € C.

In this section, we will consider weak convergence for probability measure
1
VNn(A) = N# {1<k<N:((s+ihtg;a) e A}, B(H(D)),

as N — oo. For this, we will apply Lemma 2.2 and the principle of preserva-
tion of weak convergence under continuous mappings. Let P be a probability
measure on (X, B(X)) and v : X — X; a (B(X), B(X;))-measurable map-
ping, i. e., u'B(X;) C B(X). Then the measure P defines on (X1, B(X1))
the unique probability measure Pu~! by the equality

Pul(A) = P(u™'A), AcB(X).

It is known that under certain hypotheses on the mapping u, the weak conver-
gence is preserved. More precisely, the following lemma is valid.

Lemma 2.5. Suppose that P,, n € N, and P be probability measures on
(X,B(X)), and v : X — Xj a continuous mapping. If P,, as n — oo,
converges weakly to P, then also P,u™" converges weakly to Pu™' as n —

oQ.

Proof. The lemma is a partial case of Theorem 5.1 from [4] which asserts that
P,u~tasn — oo if P(D,) = 0, where D, is the set of discontinuity points
of the mapping . O

Now we apply Lemma 2.5 for our aims. Define the mapping u,, — H (D)
by the formula

Un(w) = Cn(sa W Cl)-
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Since the series for (,(s,w;a) is absolutely convergent, the mapping w,, is
continuous. Moreover, by the definitions of Vi 4 and Vi, o, we have that, for
every A € B(H(D)),

1
VNna(A) = N#{l <k <N :(o(s+ihty;a) € A}
1 bt
= <k<N: ihty,
{1 <k <N iu, (p7 ip e P) € 4}
1 —ihty, —1
= — < < : k:
{1k <N (p i peP) € uyta]
= VN@(U,ZIA).

Hence, VN n.a = VNau, 1 This, continuity of u,, and Lemmas 2.5 and 2.2
prove the following statement.
Lemma 2.6. The probability measure Vi ,, o converges weakly to mpgu,* as

N — cc.

In order to prove Theorem 2.2, it remains to pass from the function (,(s; a)
to ((s; a). This place of the proof is the most complicated.

2.5 Approximation of {(s; a) by ¢, (s; a)

In this section, we will prove that (,,(s; a) is close to ((s; a) in the mean.
Let p be the metric in H (D) defined in Section 2.2. More precisely, we will
prove the following lemma.

Lemma 2.7. For any fixed h > 0, the equality

N
1
lim i — ihte;a), Cn(s + ihtg;a)) =
Jim ljrvnjilokaE:lp(C(sH k@), Cn(s + ihtg;a)) =0

holds.

For the proof of Lemma 2.7, we need several auxiliary results. First of all,
we use a continuous extension of the points .

Lemma 2.8. Suppose that t, T > 0, denotes the unique solution of the equa-
tion

0t)=(r— )
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satisfying 0'(t;) > 0, and T — co. Then

2nT loglog T
tr = 1 1 1
T log T < log 7 (L+of ))>
and ) losl
T oglog T
t = 1 1 1) ).
T logT < log T (L+of ))>

The proof of lemma is given in [21].
The next lemma deals with generalized mean squares.

Lemma 2.9. Suppose that o > 1/2 is fixed and h > 0. Then, fort € R,

T

[ 6o+ it s intrso)? dr <oan T+ )
0

and
T

/ ¢’ (o + it + iht.; a)|2 AT <gan T(1+ |t]).
0

Proof. tis well known that, for the Hurwitz zeta-function ((s, a), the estimate

T

/g(a Fit ) dt <ou T
0

is valid. This and equality (I1) show that

T

/ IC(o +it;a))? dt <0 T. (2.5.1)
0

Let X > 1. Then

2X 2X 1
/]C(a+it+iht7;a)|2 dT:/ﬂ|C(0+it+ihtT;a)|2 dt, (2.5.2)

T
X X

By Lemma 2.8, the derivative ¢’ is decreasing. Therefore, by the second mean
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value theorem,

2X

1
/ﬂ|((a—|—z't+iht7;a)| dtT_t,/K o+ it + ihtr; ) ds
T 2X
< 5 / 1< ( 0—|—zt+zht7,a)| dt,
tox
(2.5.3)
where X < £ < 2X. After change of variables, we have
2X htox
/ C(0 + it +iht,;a)? dt, = / C(0 + it + iu; a))* du
X htx
t+hts x
= / (0 + iu; a)]? du
t+htx
[t|+htax
< / (0 + u; a)]? du
—[t|=ht2x
<L [t + htax
in virtue of (2.5.1). Thus, (2.5.2), (2.5.3) and Lemma 2.8 yield
2X
/|C(a+it+iht7;a)] dr <o t, (] + htax)
2X
X
hX
log X | |t
Soa 108 (‘ [+ logX)
Lgah X (14 [t]).
Now, taking X = 727'~! and summing over [ = 0,1,..., we obtain the
bound
T
/ C(o + it + ikt )2 dr <gan T(1+|t]).
0

For the proof of the second estimate of the lemma, we apply the Cauchy
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integral formula. We have

J\r

271 7
L

where L is a simple closed contour enclosing the point s and lying in D
Hence,

Cz—i—zt a)
((o+it;a) = 27117{

Z—O'

dz,

where L is the corresponding contour. Therefore
z+it;a
('(o +it;a) <<%H|dz|,

and

. dz .
I (0 +it;a)|> < j{ |z|— l|4f|C(z+zt; a)|? |dz|.
L L

From this, we find

T

T
/|§’(a+it a)|2 dt <<L7{ /|C(z+it; aQ)2dt | |dz|
L 0

0

T+Imz

<y IC(Rez + it;a)|? dt | |dz|

SN

Coa T

by (2.5.1). Using the latter estimates, and repeating the arguments of the proof
of the first bound of the lemma, we obtain the second estimate of the lemma

O]

Estimates of Lemma 2.9 are of continuous type, while Lemma 2.7 deals

with discrete shifts. To pass from continuous moments to discrete ones, we
will apply the following Gallagher lemma.

Lemma 2.10. Suppose that Ty > 6, T > 6, § > 0, T is a non-empty finite set

46



in the interval [Ty +6/2,To + T — 6/2], and

Ns(r)= > 1, 7€T.
teT
[t—7|<d
Moreover, let the complex-valued function S(t) be continuous on [Ty, Ty + T,
and have a continuous derivative on (Ty, Ty + T'). Then

To+T
SN wIsor <5 [ s
teT 7
To+T To+T 1/2
+ /|S(t)y2dt / |S()|% dt
To To

Proof of the lemma is given in [55], Lemma 1.4.

Lemma 2.11. Forfixed1/2 < o <1, h > 0andt € R, the estimate

C(o + it + ihty; @) <pon N(1+ [t])

1M

is valid.

Proof. In Lemma 2.10, take 6 = 1, Ty = 1,7 = N and 7 = {3/2,2,3,

..., N, N +1/2}. In this case, N5(7) = 1. In view of Lemmas 2.10 and 2.9,
we find

N N+1/2

Z|C(U+it+ihtk;a)]2<<g,h,a / |C(o + it + ihty; a))? du
k=1

3/2
N+1/2 N+1/2 1/2
- / 1C(0 4 it 4 ihty, ; a)|? du / ¢ (0 + it + ihty; a)|® du
3/2 3/2

Lo ha N(1 4+ []).

O]

For the proof of Lemma 2.7, we also need the integral representation for
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the function ¢, (s; a). We recall that

B
vp(m) = exp {— (@) } , m,n €N,
with 5 > 1/2. Let
1 s
bn(s)==T{=|n®
=50 (3)
Lemma 2.12. Suppose that o > 1/2. Then

B+ioco

Cn(S;ﬂ)Z%m. / C(s+ z;a)by(2z) dz.

B—ioco

Proof. For arbitrary positive numbers a and b, the Mellin formula, see, for

example, [71],

1 b+ioo
3 I'(s)a®ds =e"*
b—ioco
is valid. Thus, we have
B+ico B+ico y
1 dz 1 z m\ —(28)/8 z
pi | W= [ F(g) (%) d(g)
B—ioco B—ioco
m\ B
= exp {— (*) } = vp(m)
n
Hence,
B+ioco
[oe)
am 1 dz
Cn(s30) = mE:l e | omi / n(z)iz
- —1400
1 B+ioco 0
am
" 2w (Z ms+z> bn(2) 2
—100 m=1
B+ioco
1
= — C(s+ z;a)by(z)dz
211
B—ioco
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Proof of Lemma 2.7. We observe that, in view of the definition of the metric
p, it suffices to show that, for every compact set K C D,

lim hmsup—Zsup\C s+ ihtg;a) — (u(s +ihtg;a)| =0.  (2.5.4)

n—=0 N0 —1 S€K

Thus, let K C D be an arbitrary compact set. Then there exists € > 0 such
that 1/2+2¢ < 0 < 1—¢ forany point s = o+ it € K. Wetake 5 = 1/2+¢
and @ = 0 —e—1/2. Then 6 > 0. The integrand of the integral of Lemma 2.12
has a simple pole at the point z = 0 (a pole of I'(s)), and a possible simple
pole at z = 1 — s (apole of ((s + z;a)). We recall that

a = szlsC(s;a).

Therefore, by Lemma 2.12 and the residue theorem, we have

Cn(s + thtg; a) — ((s + thtg; a) / C(s+ z;a)by(2)dz
+ Zglei C(s+ z;a)by(2).
Therefore, for s € K,
Cn(s + ihtg;a) — Cu(s + ihty; a)
—0+ioo

/ C(s+ ihty + z;a)bp(2) dz + aby (1 — s — ihty)

—f—ioc0
< / |C(s +ihty, — 0 +iT;a)| |bp(—0 + it)|dT
+ [al|bn (1 — s — ihty)]

[e.o]
1
= / ‘C (s+ihtk—a+2+€+i7;a>’
—00

+ |al|bn(1 — s — ihty)]|.

1
by, (2+5—0+i7>‘d7
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Hence, shifting ¢ + 7 to 7, we obtain, for all s € K,

|C(s + thtg;a) — Cu(s + ihty; a)
+oo
<</'C(;+e+i(7+htk);a)

+ |a| sup |bp (1 — s — ihty)|,
seK

sup
seK

1
by, <2+5—s—|—i7>‘d7

and

N
1
— sup |C(s + thtg; a) — Cu(s + thig;a
7 2 sl )= G )

o N
1 1 .
< / (N; C<2+5+z(7+htk);a>‘>
A =
1 N
X sup |bn ( +e—s+ iT) ’ dr + |a| Zsup |bn (1 — s — ihty)|
seK 2 k=1 seK
def
e+ L. (2.5.5)

It is well known (a corollary of the Stirling formula) that, uniformly in o €
[0, 1], the estimate

(o +it) < exp{—c|t|}, ¢>0, (2.5.6)

holds. Therefore, the definition of b, (s) shows that, for s € K,

nl/2te—o (1/2—1—5—0 i(T—t))‘
b (1/24¢e—s+1i1) K r +
o/ )< g B
c
Lgn fexp —=|t—T
8 p{ il \}
L g n Cexp{—ci|T|} (2.5.7)

because [t — 7| > |7| — t(K), where t(K) = sup,cx |Im s| + 1. Moreover,
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the Cauchy-Schwarz inequality and Lemma 2.11 give

;EN: ( + & +i(hty 4 7); )‘

< + & +i(hty 4 7); )

2) 1/2

(L5

Lo,a,h,K ( + )2,
This and (2.5.7) show that
o
I €ganrn © /(1 + |72 exp{—c1|7|} dr Loah kN S (25.8)
—00

Similarly as above, using (2.5.6), we find, for all s € K,
bn(1 — s —ihty) < K n =7 exp{—cohty} <K h nl/2-2¢ exp{—cahty}.

Then we have

1
L <kn nlﬂ—kﬁ oo+ Y exp{—cohty}
k<log N log N<k<N

log N 1 k
1/2—2¢ g _
LK ha N N + N E exp { C3hlog k}

k>log N
logN 1
Kgha P <ng +N)
log N
1/2—2¢ 108
LK,ha N N

This together with (2.5.5) and (2.5.8) show that

su s + thty; n(s+ ihty;a
ste£K ki @) = Gn( k@)

log N
Lgpan S0t/ %. (2.5.9)

We note that the implied constant in the above estimates depends on €. How-
ever, € depends on K. Therefore, we indicate the dependence on K, only.
Taking N — oo, and then n — oo in (2.5.9), we obtain equality (2.5.4),
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and this completes the proof of the lemma. 0

2.6 Proof of Theorem 2.2

We start with recalling the notation of convergence in distribution. Let X,,
n € N, and X be X-valued random elements on a certain probability space
((AZ, B, 1) with distributions P,, and P, respectively. We say that X, converges
to X as n — oo in distribution, and write X,, —— X if B, —— P.

n—oo n—oQ

We will use the following limit lemma on convergence in distribution.
Lemma 2.13. Suppose that the metric space (X, d) is the separable, and the
X-valued random elements X1, Y, n, k € N, are defined on the same proba-
bility space (Q, B, ). Let, forall k € N,

D
Xk — X,
n—00

and

D
X, — X.
k—o0

Moreover, let, for every € > 0,

lim limsup p {d(Xgn, Yn) = e} = 0.
k—00 n—oo
Then
Y, 2 X.

n—oo
Proof of the lemma is given in [4], Theorem 3.2.
Also, we remind the notions of tightness and relative compactness of fa-
milies of probability measures.
The family of probability measures on (X, 5(X)) is tight if, for every ¢ >
0, there exists a compact set K = K. C X such that

PK)>1-¢

forall P € {P}.

The family { P} is relatively compact if every sequence {P,,} C {P} con-
tains a subsequence { P,,, } weakly convergent to a certain probability measure
on (X, B(X)) as r — oo.

Relative compactness of families of probability measures is useful in inves-
tigations of weak convergence of probability measures. On the other hand, the
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proof of relative compactness is complicated as well. However, the Prokhorov
theorem implies that a relative compactness can be replaced by a tightness. We
state the Prokhorov theorem as a separate lemma.

Lemma 2.14. [f the family of probability measures { P} is tight, then it is

relatively compact.

Proof of the lemma is given in [4], Theorem 5.1.

T def _
Now, we return to Lemma 2.6 and its limit measure V,, o = mpu,,*.

Lemma 2.15. The sequence {V;, o : n € N} is relatively compact.

Proof. In view of Lemma 2.14, it suffices to show that the sequence {V}, 4} is
tight.

Take a random variable 6y defined on a certain probability space (ﬁ, B, ),
and having the distribution

1
wlon =hti} = . k=1,...,N.

Using 6y, define the H (D)-valued random element
XN,n,a = XN,n,a(s) = Cn(s + 0N Cl).

Moreover, let X, o = X, (s) be the H(D)-valued random element with dis-
tribution V;, 4. Then, by Lemma 2.6, we have

D
Xnma —— Xpa (2.6.1)
N—oo

Since the series for (,(s; a) is absolutely convergent, by Lemma 2.8, we obtain
that

T
1
sup lim sup — / (Ca(o + ihtr; ) dr
neN T—oo TO

htp

11
<suplimsup —-— / |Cn (0 + du; a)|2 du
neN T—oo htTT

1/2

I htr 1
= sup lim sup —
neN T—oo \ Thtl htr

htr
/ Go(o + s @) du
0
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2
<<hsupz|m| v (m )<< Z‘a”” < Cha < 0. (26.2)

nGN m=1

Using the Cauchy integral formula and (2.6.2), as in the proof of Lemma 2.9,
we analogically find that

sup lim sup — / ‘C (o + ihtr; a)} dr < Ch o < 00, (2.6.3)
neN T—oo

However, we consider the discrete case. Therefore, we have to estimate

N

suphmsup—Zsup|Cn(s+zhtk, a)l,
neN N-—oo Nk 1 S€K

with compact set K. Application of the Cauchy integral formula reduces prob-
lem to estimation for

L 1/2
sup lim sup (N Z |Cn (0 + ihty; a)|2>
k=1

neN N—oo

with a certain 0 > 1/2. Applying Lemma 2.10 and taking into account (2.6.2)
and (2.6.3), we see that

N

suphmsupr\Cn o+ ihty;a)|* < ah,a < o0
neN N—oo k=1

From this, using the Cauchy integral formula once more, we deduce that, for
every compact set K C D,

N

sup lim sup — Z sup |(n(s + ihty; a)| < Bpgx < 00. (2.6.4)
neN N—oo SEK

Since the topology in the space H (D) is of uniform convergence on compacta,
the mapping v : H(D) — R given by

u(f) =sup|f(s)], feHD),

seK

with arbitrary compact set K, is continuous. Therefore, relation (2.6.1) and
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Lemma 2.5 yield

sup ‘XN,n,a( )’ —> sup ’Xn a( )‘
seK N—oo sei

(2.6.5)

Now, let K = K,,, where K,,,, m € N, are compact sets from the definition
of the metric p. Fix ¢ > 0, and set R,,, = ome=10 h,af<m. Then, by (2.6.4)

and Chebyshev’s type inequality, we obtain

limsupu{ sup | Xnn,a(s) > Rm}

N—=o00 SEKm
< supli XN na(s)] < —
< sup lim sup sup | Xnna(s) < =—.
neN N—oo NR 1 s€Km 2m

Hence, in view of (2.6.5),

g
{50 10a(0)] > o <

Define the set

K=K()= {ge H(D): sup |g(s)| < Rm,meN}.

seKm

(2.6.6)

Then the set K is compact in the space H (D). Moreover, inequality (2.6.6)

implies that

{Xno € K(e)} =1 - pu{Xna & K(e) 1—52 =1-¢

for all n € N. Since the measure V/, 4 is the distribution of the random element

Xn,a, the latter inequality gives

Vha(K(€) 21—¢

for all n € N. This means that the sequence {V}, o : n € N} is tight. Therefore,

by Lemma 2.14, it is relatively compact.

O

Proof of Theorem 2.2. Introduce one more H (D)-valued random element

XN,a = XNJ(S) = C(S + i@N; Cl).
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Since, by Lemma 2.15, the sequence {V}, o : n € N} is relatively compact,
there exists a sequence {V;,, o} C {V,o} weakly convergent to a certain pro-
bability measure P, on (H (D), B(H(D))) as | — oo. Thus, the relation

Xppa —— Py 2.6.7)
=00
is valid. Now, return to Lemma 2.7. Its application, for every € > 0, gives

lim limsup g {p(Xnn,.a(5), Xna(s)) = €}

=00 N0

= hm lim sup N#{l k<N :p(C(s+ihtg;a),(n (s + ihtg;a)) > €}

=00 Noo
N

hm lim sup — Zp s+ ihty; a), Gy, (s + thtg; a)) = 0.

=00 Nooo k 1

This equality with relations (2.6.1) and (2.6.7) show that all hypotheses of
Lemma 2.13 are fulfilled because the space H(D) is separable. Thus, we
obtain the relation
Xno —2— P (2.6.8)
N—o0

This means that the measure Py o converges weakly to Py as N — oo. The re-
lation (2.6.8) also shows that the measure P, does not depend on the sequence
{Vi,.a}- From this, we have that V,, , converges weakly to P, as n — 0.

It remains to identify the measure P,. Define, on (H (D), B(H(D))), the

probability measure
1
Qra(A) = Tmeas{T €[0,7):{(s+ir;a) € A}, AeB(H(D)).

Then, in [47], it was obtained that Q1 4, as T" — 00, also converges to the limit
measure P, of Vj, o as n — oo, and that this measure P, coincides with the
measure ¢ . Thus, Py o converges weakly to P4 as N — oo as well. The
lemma is proved. 0

2.7 Proof of Theorem 2.1

For the proof of universality theorems, the Mergelyan theorem on approxi-
mation of analytic functions by polynomials [52] is usually applied. Therefore,
it is needed also for the proof of Theorem 2.1. We state the Mergelyan theorem
in a convenient form.
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Lemma 2.16. Let K C C be a compact set with connected complement, and
g(8) be a continuous function on K that is analytic in the interior of K. Then,

for every e > 0, there exists a polynomial p.(s) such that

sup [g(s) — p:(s)| < e.
seK

Proof of the lemma is given in [52], see also [75].

Proof of Theorem 2.1. Define the set

S ={g(s) e H(D): g(s) #0 or g(s) =0}.

In [35], it was obtained that the set .S is the support of the measure F¢ 4, i. €.,
S is a minimal closed subset of H (D) such that P;,(S) = 1. Moreover, S
consists of all g(s) € H(D) such that the inequality Py 4(G) > 0 is satisfied
for all open neighbourhoods G of ¢g(s).

For some polynomial p(s), define the set

G: = {9(8) € HD): ngg ‘g(s) — P(s)

<<
5 ("

Since eP(¥) =£ 0, the function eP(*) is an element of the support S. Thus, by a
property of the support,
Pg,a(GE) > 0.

Therefore, by Theorem 2.2 and (ii) of Lemma 2.1, we have
liminf Py o(Ge) > Prqo(Ge) > 0, (2.7.1)
N—o0

or, by the definitions of Py 4 and G-,

1
lim inf — # {1 <k <N :sup [e?®) — ((s + ihty; a)‘ < 5} >0. (2.7.2)
N—oo N seK 2

In virtue of Lemma 2.16, we can choose the polynomial p(s) satisfying

aup [ (6)
seK

£
= 2.7.3
<3 (213)
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Suppose that k € N satisfies

sup [eP®) — ((s + ihty; a)| <
seK

DN ™

Then, for such k,

sup | f(s) — ((s + ihtg; a)]

seK
< sup [eP®) — (s + ihty; a)‘ + sup ‘f(s) — eP®)
seK seK
BRI
2 2

in view of (2.7.3). This shows that

{1 <k < N :sup |eP®) —C(s—i—ihtk;a)’ < 8}
seK 2

C {1 < k< N :sup|f(s) —((s+ ihty;a) <5}.
seK

This remark together with (2.7.2) proves the desired inequality

1
lim inf #{1 < k<N :suplf(s)—((s+ihty;a)] < 5} > 0.
N—oo N seK

The first assertion of the theorem is proved.

For the proof of the second assertion of the theorem, we define one more
set

G. = {g(s) € H(D) :suplg(s) — f(s)| < E},

seK

and observe that the boundary 865 of the set @a lies in the set

{ot) € D) s suplato) - 79 = ¢}
seK

Thus, 8@81 N 8@52 = ¢ for different positive €1 and 3. Therefore, we have

that ngu(aés) > 0 for at most countably many ¢ > 0. Hence, the set G- is

a continuity set of the measure P¢ , for all but at most countably many ¢ > 0.

Therefore, Theorem 2.2 and (iii) of Lemma 2.1 give that

lim Pyqo(Ge) = Pro(G-)

N—oo



for all but at most countably many € > 0. This and the definitions of Py  and
CAJE show that

| . R
Jim o {1 <V s 17(6) = G5+ litia)] < £ = Pea(G

for all but at most countably many £ > 0. It remains to show that Pga(és) >
0. Similarly as above, using (2.7.2), we obtain that G, C CA?E. Therefore, by

(2.7.1) and monotonicity of measures, we have Pr o(G:) > 0. The theorem is
proved. O
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CHAPTER 3

Joint universality of periodic zeta-functions with shifts
involving imaginary parts of non-trivial zeros of the
Riemann zeta-function

In this chapter, we consider a simultaneous approximation of a given col-
lection (f1(s), ..., fr(s)) of analytic in the strip D functions by shifts ({(s +
ih1yk; a1), ..., C(s + thyyk; a,)), where hq, ..., h, are certain positive num-
bers, and {y; : k € N} =0 <y < -+ <9, < Ypy1 < -+ is a sequence
of imaginary parts of non-trivial zeros of the Riemann zeta-function ((s), i. .,
p =B+ iy, 0 < B < 1,is azeros of the Riemann zeta-function ¢(s):

C(B +iv) = 0.

It is well known that the sequence {7} is infinite. Let N (7") denote the num-
ber of zeros p = /3 + iy of ((s) lying in the rectangle {s € C : 0 < 0 <
1, 0 < t < T'}. Then the asymptotic formula

T T

T
log— — — +0(ogT), T — 0,

N(T) = —
() 2 2r 2w

with an absolute constant in O(...) is known, see, for example, [71], [65].
By the Riemann hypothesis, the real part of non-trivial zeros is § = 1/2, or,
equivalently, that {(s) # 0, foro > 1/2.

The classical de la Valée Poussin zero-free region is of the form: there
exists an absolute constant ¢ > 0, such that, in the region

C
>1-—
7 log(t] + 2)
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¢(s) # 0. The latter result was applied in [6] to prove the asymptotic distribu-
tion law of prime numbers that

21:/1§;u(1+o(1)), % = oo.
2

p<x
peP

The best result on zero-free regions says [65] that there exists an absolute con-
stant ¢ > 0 such that {(s) # 0 for
&

>1- . t>ty>0.
7 (logt)2/3(log log t)1/3 0

The first complete proof due to H.-E. Richert, and was published in [74]. Re-
cently, it has been proved [56] that ¢ = 55.241.

There are many equivalents of RH. One of them [3] is stated by terms of
self-approximation by shifts ((s + i7). More precisely, RH is true if and only
if, forevery K € K and € > 0,

1
lim inf —meas {7‘ € 0,77 : sup |{(s) — ((s+iT)| < 5} > 0.
T—o0 T seK

3.1 Statement of the main theorem

We recall definitions of some objects that occur in the statement of the
main result of the chapter.

A complex number a is called algebraic if there exists a polynomial p(s) #
0 with rational coefficients such that p(a) = 0.

The numbers h1, ..., h, are linearly independent over Q, if the equality

athi +---+ah, =0

with arbitrary aq,...,a, € Q implies thata; = --- = a, = 0.
Moreover, we will use the conjecture (I4), i. e., that, for ¢ > 0,

Z 1<« TlogT, T — o0.

Ve <T
[ve—vil<c/log T

Theorem 3.1. Suppose the sequences ay, . .., a, are multiplicative, hy, . .., hy
are positive algebraic numbers linearly independent over the field of rational
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numbers, and estimate (14) is true. For j = 1,...,r, let K; € K and f;(s) €
Ho(Kj). Then, for every € > 0,

1
liminf —# (1 <k <N : sup sup |fj(s) — (s +ihjye;a;)| <ep > 0.
N—oo N 1<j<r sekK;

Moreover, the limit

1
lim #{1 <k < N: sup sup |fj(s) — (s + thjv; aj)] <€}

1<j<7‘ SGKj
exists and is positive for all but at most countably many € > .

The proof of Theorem 3.1 is based on properties of the sequence {~;} and
probabilistic behaviour of the collection ({(s;a1),...,¢(s;a,)). We will de-
rive Theorem 3.1 from a limit theorem on the weak convergence of probability
measures in the r-dimensional space of analytic functions.

3.2 Statement of a discrete joint limit theorem

We preserve the notations D and H (D) used in previous chapters, and
define
H"(D)=H(D)x---x H(D).

Let, as in Chapter 2, €2 stand for infinite-dimensional torus, and set
Q" =01 x -+ xQ,,

where ; = Q) for j = 1,...,r. Then ()", as a Cartesian product of compact
topological Abelian groups, is again a compact topological group. Therefore,
on (Q",B(£)")), the probability Haar measure m/; can be defined, and this
gives the probability space (Q2", B(2"), m’;). Denote by w;(p) the pth com-
ponent, p € P, of an element w; € Q;, j = 1,...,r. Moreover, for brevity,
letw = (wi,...,wr) € A w1 € Qp,.oywp € Qa0 = (ag,...,0,), a =
{ajm :m € N}, j =1,...,r, and on the probability space (2", B(2"), m};),
define the H" (D)-valued random element

C(s,w;a) = (C(s,wisa1),...,C(s,wr;0r)),
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where

1 ajpwj(p) .
C(s,wj;aj)=H<1+Z“’plj , j=1,.r
=1

peP

All above products, for almost all w;, are uniformly convergent on compact
subsets of the strip D, see Section 2.2. Denote by P 4 the distribution of the
random element ((s,w; a), i. e.,

Pra(A)=mi{we Q" : {(s,w;a) € A}, Ae B(H'(D)).

Now, we will define a probability measure. Let h = (hq,...,h,). For A €
B(H" (D)), define

=
=
Il
=
$
N

k< N:((s+ihyga) € A),
where

C(s +ihyr;a) = (C(s + thayks a1), . .., C(s + ihpy; ap) .

Now, we state a joint limit theorem.

Theorem 3.2. Suppose the sequences a1, . .., a, are multiplicative, hy, . .., hy
are positive algebraic numbers linearly independent over Q, and estimate (14)
is valid. Then Py q converges weakly to P¢ o as N — o0.

We divide the proof of Theorem 3.2 into several parts. The first of them is a
limit lemma on the weak convergence of probability measures on (Q", B(2")).
In general, we will develop a scheme of a proof of Theorem 2.2 for r-dimen-
sional case.

3.3 A limit lemma on the group 2"

First we recall some facts needed for the proof of a limit lemma on §2".

Lemma 3.1. The sequence {avy, : k € N} with every a € R\ {0} is uniformly
distributed modulo 1.

Proof of the lemma is given in [66], and in the above form, was applied in
[13].
We also recall one result of the Diophantine type.
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Lemma 3.2. Suppose that Ay, ..., )\, € C are algebraic numbers such that
the logarithms log A1, ..., log A, are linearly independent over Q. Then, for

any algebraic numbers 0, . . ., By, not all zero, we have
180 + Bilog A\ + -+ 4 Brlog A | > H™C,

where H is the maximum of the heights of B, B1, ..., By, and C is an effec-
tively computable number depending on r and the maximum of the degrees of

507/817' . '7/87"

The lemma is the well-known Baker theorem on logarithm forms, see, for
example, [2].
For A € B(Q2"), define

Vi (A) :%#{1 <k<N:
((p*ihw’“ 'p € P) yeens (p*"h”k ip € ]P’)) € A}.

Lemma 3.3. Suppose that h1, ..., h, are positive algebraic numbers linearly
independent over Q. Then Vi ,. converges weakly to the Haar measure m'; as
N — .

Proof. The character group of )" is isomorphic to

é @ij,

j=1 peP

where Z;, = Z for j = 1,...,r, and p € IP. Therefore, the characters of the
group ()" are of the form

where the star * shows that only a finite number of integers k;, are distinct

from zero. Hence, the Fourier transform gy (&1, ..., k,) of the measure Vi

is

r *
gN(Eh s 7Er) = H H Wjjp(p) dVN,’I‘?
Or \J=1peP

where k; = (kjp : kjp € Z,p € P), j = 1,...,r. Thus, by the definition of
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N r
gN(Eb s ’E’/‘) — %Z H H*p_ihjkjp%k

k=1j=1peP
N
NZ exp —wkZh Z kjplogp o . (3.3.1)
k=1 j=1  peP
It is obvious that
gn(0,...,0) =1, (3.3.2)

where 0 = (0,0,...).

Now, suppose that k£ = (k;,...,k,) # (0,...,0). Then there exists j €
{1,...,7} such that k; # 0. Thus, there exists a prime number p such that
k;p # 0. Define

CLp = Z hjkjp-
j=1

Then, since the numbers hy, ..., h, are linearly independent, we have a, #
0. The numbers a, are algebraic, and the set {logp : p € P} is linearly
independent over QQ. Therefore, in view of Lemma 3.2,

akl7.,,£r(1£f2h Z kjplogp = Z aplogp # 0.

j=1 peP peP

Hence, in virtue of Lemma 3.1, the sequence

1
{%akl,..‘,k,,’}’k k€ N}

is uniformly distributed modulo 1. This together with (3.3.1) and Lemma 2.3
shows that, in the case (k;,...,k,) # (0,...,0),

gy (ks k) = 0.

Thus, in view of (3.3.2),

lim gN(Elv"- 7Er) -

N—oo

1 if (El)"'vkr) = (Qv"'ag)’
0 if (ky,....k.) #(0,...,0).

Since the right-hand side of the latter equality is the Fourier transform of the
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Haar measure m/’;, the lemma follows from the continuity theorem for Fourier

transforms. O]

Lemma 3.1 implies a limit lemma in the space H" (D) for absolutely con-
vergent Dirichlet series. Let v, (m) be the same as in Section 2.4. Define

>\ AjmUn(m _
Cn(s;aj)zzij ( ), j=1,...,r

ms
m=1

For j =1,...,r, the series for (,(s; a;) is absolutely convergent in the whole
complex plane. For B(H" (D)), define

1
Vima(A) = ~# {1 <k <N ¢ (s +ihnsa) € A,

where
¢, (s:0) = (Gu(sim), ..., Gulsian)) -

Moreover, let

and

gn(saw;g) = (Cn(sawl; a1)> R Cn(svwr; ar)) :

Define the mapping w,, : 2" — H" (D) by the formula

un<w) = Qn(sv w; Q)'

Clearly, the series for (,(s,wj; a;), j = 1,...,r, are also absolutely conver-
gent in the whole complex plane. Therefore, the mapping u,, is continuous,
thus, (B(Q2"), B(H"(D)))-measurable. Hence, we may define correctly the
probability measure V;, ; = m'u, !, where

“14), A€ B(H™(D)).

myu, ' (A) = mi(u,

Lemma 3.4. Suppose that h1, ..., h, are real algebraic numbers linearly in-
dependent over Q. Then the measure Vi, o converges weakly to V, o as
N — oo.

Proof. The lemma is a consequence of Lemmas 3.3, continuity of u,, and
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Lemma 2.5. O]

We observe that the limit measure V,, , in Lemma 3.4 is independent on h
and the sequence {~; }. Moreover, the following statement is true.

Lemma 3.5. Suppose that the sequences ay, ..., a, are multiplicative. Then

Vin,a converges weakly to P q as n — oo.

Proof. In the paper [42], the weak convergence of the measure
~ 1
Vra(A) = Tmeas {7‘ €[0,T]:((s+iT;a) € A} , AeB(H"(D)),

was considered, and it was obtained that V;,  as n — oo, and VT,E asT — oo
have the same limit measure P 4. Thus, we have that V;, 4 converges weakly
to Prqasn — oo. O

In view of Lemma 3.5, to prove Theorem 3.2, it suffices to show that Py 4,
as N — oo, and V;, s as n — o0, have the same limit measure. For this, a
certain closeness among collections ((s;a) and ¢ (s; @) is needed.

3.4 Approximation of {(s;a) by ¢ (s;a)

In Section 2.2, we introduced the metric p in the space H (D) inducing
its topology of uniform convergence on compacta. Now, we need a metric in
H" (D) inducing its product topology. For

gl - (9117 cee )ng)v QQ = (9217 cee 7g27‘) S HT(D)u

define

P9, 9,) = gfgrp(gu,gzj)-

Then p is the desired metric in H" (D) inducing its product topology.

The aim of this section is to show that ¢ (s;a) is close to ((s; a) in the
mean. Note that, in this section, we do not use multiplicativity of the sequences
aj,j=1,...,7.

We start with recalling the analytic behavior of the sequence {~ : k € N}.

Lemma 3.6. For k — oo,

27k
~logk

Vi (1+o0(1)).
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Proof of the asymptotic equality of the lemma can be found, for example,
in the monograph [71].
Now we state the approximation lemma.

Lemma 3.7. Suppose that the estimate (14) is true. Then, for every positive

numbers hi, ..., h, and sequences ai,. .., a,, the equality
N
lim limsupi Z <C(s +ihvi;a), ¢ (s + ihyg; a)) =0
N P 1YYk &), n7k; a

n—=00 N0 el - —n
holds.

Proof. By the definitions of the metrics p and p, it is sufficient to show, that
for every compact set K C D,

N

1 . )
lim lim sup N Z sup [((s + ihjvr; a5) — Cu(s +ihjye; a;)] =0 (3.4.1)

N0 N—oo 1—1 €K

forallj=1,...,7r.

Let h > 0 and a periodic sequence a be arbitrary. Consider the approxima-
tion of ((s + ih~yk; a) by (,(s+ihvyg; a). For this, we apply the representation
of ¢, (s; a) given in Lemma 2.12. Thus, in notation of Lemma 2.12, we have

—0+ico
Cn(s;a) —((s;a) = % / C(s+ z;a)by(2)dz + Ry(s;a), (3.4.2)

—6—ioco
where
Ry (s;a) = ab,(1 — s), 6:ReISC(s; a), 6> 0.
sS=
Let K C D be an arbitrary compact set, and € > O such that 1/2 + ¢ < 0 <

1—¢efors=o0+it € K. Take § = 20 — & — 1/2. Then, in view of (3.4.2),
fors € K,

[Cn(s30) = C(s30)] < / [C(s = 0 +im;a)|[bp (=0 + i) [ dT + | Rn(s; a)].
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From this, we derive that

ZsupK s+ ihye;a) — Cu(s + ihysa)| < I+ Z, (3.4.3)

SEK
where
/ <NZ C< + e+ thy, +iT; a)D
1
x sup |bp(1/2+e —s+ir)| dr
seK
and

Zsup [Ru(s + ihrye; )]
sEK

From estimate (2.5.1), for t € R, we have

T
/’C (;+s+z'¢+z't;a>
0

In view of integral Cauchy formula, analogical bound is valid for {'(s; a), i.

2
dr <. T(1+ |t]). (3.4.4)

2
dr <. T(1+ [t]). (3.4.5)

1
'<2+€—|—i7+it;a>

In the next step of the proof, we apply estimate (I4). Let § = ch(logyy)™*

Ns(hy) = > 1.

Ve VISYN
[vi—k] <6

and

Then, in view of (I4) and Lemma 3.6,

N
S Ns(hw) = D> Y 1 <qylogyy < N. (3.4.6)
k=1

Ve NSYN

[y —yil<c(logyn)~1
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Applying the Cauchy-Schwarz inequality, we find

<2+6+ih’yk+it;a>‘

k=
al 1/2 1
— Z (Ng(h’yk)N(; 1(h’yk)) / ¢ <2 + &+ ihy, + it; a> ‘
k=1
N N 1 2 1/2
< (Z Ns(hye) D Ny (hye) |€ <2 + €+ ihyy, + it; a) ) :
k=1 k=1

(3.4.7)

For the second sum in (3.4.7), we apply Lemma 2.10 with 7 = {hv14,...,
hynd}, and Ty = hyy —6/2, T = hyy —Tp+9/2. This with estimates (3.4.4)
and (3.4.5) yield

N 1 2
ZNgl(hﬂyk) ¢ (2 + & + thyg + iu; a>
k=1
2hy
1/ AP
<<55 ¢ 5+5+z¢+zu;a dr
0
2hyN ) 9
/‘C<2+6+i7+iu;a) dr
0

2hyN 9 1/2

(1 . .
X ¢ 5+€+z¢—|—2u;a
0

<Lena log(YN) YN (1 + [u]) + v (1 + |u) e pa N(1 4+ [ul).

dr

Therefore, (3.4.6) and (3.4.7) give the bound

N
ZN5 L(hye)
=1

1
<2 +e il + i a) ‘ Zepa NY2(N(1+ [u))/?
Copa N(L+[ul).  (3.4.8)

Using estimate (2.5.6) for the gamma-function, from the definition of b, (s),
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we obtain, that, for s € K,

1
by, <2 +e—s+ w> < n exp{—c|t —ul}

<g n “exp{—ci|ul}, ¢ >0.

This and (3.4.8) give
o0
I < parn© /(1 + |u|) exp{—ci|u|}du <k pe n"°. (3.4.9)
—o0

Similarly we estimate b, (1 — s — ihy). By (2.5.6), we have
bo(1 — 5 —ihyg) < P77 exp{—c|t + hy|} <x n' ™7 exp{—c1hy}.
Thus, for s € K,
bu(1 — s — ihy) <x n'/* 72 exp{—cihy}.

Hence, we obtain, by Lemma 3.6, that

nl/2—2e N
Z exp{—c1hy}
k=1

7 LK

nl/2—2

<K Yoo+ > | ew{-ahu}

k<log N  k>log N

log N c k
1/2—2¢ 108 1/2—2¢ Z _ay
<LKgn +n exp{ 5 logk}

k>log N

log N c log N
1/2—2¢ 108 1/2—2¢ _a, g
Kb T N eXp{ 2 "log log N

<K,h nl/2-2 exp {—Cl h log N } .

2 loglog N
This together with (3.4.9) show that

log N
I+ 7 <gpan + n1/2-2 exp {_Cl og }

2 log log N

From this and (3.4.3), equality (3.4.1) follows. The lemma is proved. O]
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3.5 Proof of Theorem 3.2

As in proof of Theorem 2.2, we use the language of convergence in distri-
bution (L).

Proof of Theorem 3.2. Remind that V,, 4 is a limit measure in Lemma 3.4. De-
note by X, , = X, ,(s) the H"(D)-valued random element having the distri-
bution V}, .. Then the statement of Lemma 3.5 can be written in the form

Xy —— Pra 3.5.1)

Now, let the random variable 1y be defined on a certain probability space
(€, A, 11), and having the distribution

1

—, k=1,...,N.
Nv ) )

plnn =} =
Define the H"(D)-valued random element
XNna=Xnnals) =¢ (s+ihnn;a)
where
G, (s +ihnnia) = (Gu(s +ihannsar),..., Ga(s + ihenns ).
Then the statement of Lemma 3.4 can be written as

D
XN,n,a ? &n,a'
= N—oo =

(3.5.2)
Define one more H" (D)-valued random element

ZN,Q = XN,Q(S) = Q(S + ibnN;E),

where

((s+ihnn;a) = (C(s + thinnsar), ..., (s +ihmnn;ar)) .
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Then Lemma 3.7 implies that, for every € > 0,

lim lim sup p {p( ( )7XN,n,g(s)) > 5}

n—=00 N_yo00

1
= lim limsup—#{l <kELN:
n—=00 N 00 N
P (Q(S +ihysa), ¢ (s + im;g;g)) > e}
N

< lim limsupL Zp (C(s + ihyk;a), ¢ (s 4+ ihy 'a)) =0

> B N Ne k_lf S Lk ) S, Wk, 8 .
This, (3.5.1) and (3.5.2) show that all hypotheses of Lemma 2.13 are satisfied
by the H"(D)-valued random elements X, ;, X v ,, , and Yy 4. Therefore, the
relation

=n,a’

D
XN,G PC:Q’
= N—oo =

is valid, which is equivalent to weak convergence of the measure Py g to P o
as N — oo. U

From the proof, we see that the important role is played by an algebraic na-
ture of the numbers hq, ..., h, (Lemmas 3.1 and 3.3) as well as by hypothesis
14).

3.6 Proof of joint universality

We begin with the explicit form of the measure F¢ q in Theorem 3.2. Let
m g be the Haar measure on (€2, 5(£2)), and

Pro(A) =mp{w e Q:((s,w;a) € A}, AeB(H(D)),

where ((s,w;a) is the H(D)-valued random element defined by
w
((s,w;a) = H<1+Z plls )
peP
Then, in [47], the following lemma has been obtained.

Lemma 3.8. Suppose that the sequence a is multiplicative. Then the support

of the measure P q is the set
S={ge€ H(D):g(s) #0org(s) =0}.
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Lemma 3.8 implies the form of the support of the limit measure F o in
Theorem 3.2.

Lemma 3.9. Suppose that the sequences ai, ..., a, are multiplicative. Then
the support of the measure P 4 is the set

ST=8%.-.-x§.
~——

T

Proof. Since the space H" (D) is separable it is known [4] that

B(H'(D)) = BUH(D)) x --- x BH(D)).

From this, it follows that it suffices to consider the measure I on the rectan-

gular sets

A=A x---x A, A,...,A € B(H(D)). (3.6.1)
Denote by mj;; the Haar measure on €2;, j = 1,..., 7. Then the Haar measure
m'y is the product of the measures m;y, j =1,...,7,1i. €.,

my(A) = mip(Ar) - mem(Ar)
if A is given by (3.6.1). Taking into account these remarks, we find

Pro(A) =my {weQ : ((s,w;a) € A}

=mig {w1 € N : ((s,w1501) € Ay} x -+
X mppg {wr € Qp: ((s,wp50,) € Ay} (3.6.2)

From Lemma 3.8, we have that the support of the measure
Peja;(Aj) = mjg {w; € Q5 ((s,wj505) € Az}, j=1,...m,

is the set S. Therefore, (3.6.2) and the minimality of the support prove the
lemma. O

Proof of Theorem 3.1. By Lemma 2.16 (Mergelyan theorem), there exist poly-
nomials p;(s), ..., pr(s) such that

sup sup fj(s)—epf(s) << (3.6.3)
1<j<r seK 2
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In view of Lemma 3.9, the set

<
2

G, = {(gl,...,gr) € H' (D) : sup sup |g;(s) — ePils)

lgng‘ SGK]'

is an open neighbourhood of an element (e”<s)7 ...,eP(8)) of the support of
the measure P 4 because (eP®), ... eP(9)) € §”_ Hence, by a property of the
support, B

Prq(G,) > 0. (3.6.4)

Define one more set

G. = {(gl,...,gr) € H'(D): sup sup |g;(s) — fi(s)] < 5}-

1<<r SEK]'

(o))

Then, assuming that (g1,...,9,) € G, we obtain that (g1,...,9,) €
Actually, if (g1, ..., 9r) € G, then, in view of (3.6.3),

e

sup sup |g;(s) — f;(s)|
<J<r seK;

. _ £ €
< sup sup |g;(s) — eP®| 4 sup sup |fi(s) —ePi®)| < = 42 =¢
<j<r sekK; <j<r seK; 2 2

Thus, (g1,...,9r) € Qe. This shows that G, C Qs Hence, by (3.6.4),
Pea(G.) > 0. (3.6.5)
Moreover, by Theorem 3.2 and Lemma 2.1,

liminf Py 4(G.) > Pr4(G.) > 0.

N—oo =

This and the definitions of Py 4 and G, prove the first part of the theorem.

For the proof of the second statement of the theorem, we observe that the
boundary 0G, of G. lies in the set

{(91,-~-,gr)€H’"(D): sup sup !gj(S)—fj(S)!:€}~

1<]<r SEKJ'

Hence, 8@6_1 N 0@62 = @ for different positive £1 and €. Therefore, the set
G, is a continuity set of the measure P, for all but at most countably many
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€ > 0. This, Theorem 3.2, Lemma 2.1 and (3.6.5) show that the limit

lim PN&(QJ = P( a(ée)

N—o0 2=

exists and is positive for all but at most countably many € > 0, and the defini-
tions of Py 4 and G, prove the second statement of the theorem. The theorem
is proved. O
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CHAPTER 4

Universality of some compositions of periodic
zeta-functions with shifts of Chapter 3

Let F': H"(D) — H(D) be a certain operator. In this chapter, we extend
Theorem 3.1 for compositions using the same shifts as in Chapter 3. More
precisely, we approximate a given function f(s) € H(K), K € K, by shifts
F(¢(s + ihyy; a)) for some classes of operators F'. Recall that H(K') with
K € K denotes the class of continuous functions on K that are analytic in the
interior of K. Clearly, we have the inclusion Hyo(K) C H(K), where Hy(K)
is the subclass of non-vanishing functions of H(K).

Note that universality of compositions F'({(s;a1),...,((s;a,)) signifi-
cantly extends the class of universal functions. We consider two types of uni-
versality theorems for compositions F'(¢(s;a1),...,((s;a,)). The theorem
of the first type directly follows from Theorem 3.1 by using a property of the
operator F' similar to Lipschitz’s inequality. The second type of theorems are
obtained by using a probabilistic approach developed in Chapters 2 and 3.

4.1 Composition of Lipschitz type

We preserve the notation of previous chapters. For brevity, denote g =
(91,--.,9») € H'(D)and a = (a1, ..., ) € (RT)", where R is the set of
all positive numbers. F~1{g} denotes the preimage of g.

The operator F' : H"(D) — H(D) belongs to the class Lip(a) if the
following hypotheses are satisfied:

1. For every polynomial p = p(s) and sets K1,..., K, € K, there exists
an element g € F~'{p} C H"(D) such that g;(s) # 0 on K;, j =
1,...,7r.
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2. For every set K € IC, there exist a constant ¢ > (0 and the sets K7, ...,
K, € K such that

sup [F(g,) — F'(g,)| < ¢ sup sup [g1;(s) — g2;(s)|™

seK 1<j<r se K
forallg ,g, € H"(D).

For brevity, let the statement A(a, h,(3.3.1)) with a = (ay,...,a,) and
h = (h1,...,h,) be valid if the sequences ay, ..., a, are multiplicative, h1,
..., hy are positive algebraic numbers linearly independent over Q, and esti-
mate (3.3.1) is valid.

Theorem 4.1. Suppose that A(a, h,(3.3.1)) is valid, and the operator F :
H" (D) — H(D) belongs to the class Lip(a). Let K € K and f(s) € H(K).
Then, for every € > (),

liminfi# {1 <k <N :sup ‘f(s) - F (g(s —i—zﬁfyk;g))} < E} > 0.
N—oo N sEK
Proof. The theorem is a simple consequence of Lemma 2.16 (Mergelyan the-
orem) and the definition of the class Lip(a).
The function f(s) is continuous on K € K and analytic in the interior of
K, therefore, by Lemma 2.16, there exists a polynomial p. = p.(s) such that

sup | (s) = p-(s)] < . (4.1.)
seK

Now we will apply the properties of the class Lip(«a). In view of hypothesis 1,
we find an element g € F~'{p.} such that g;(s) # 0 on a given set K; € K,
Jj=1,...,r. Leta = mini¢;<, oj, and the sets K1, ..., K, € K correspond
the set K in hypothesis 2 of the class Lip(«). Suppose that the number k£ € N
satisfies the inequality

. “1/a e\ 1/a
sup sup |g;(s) — C(s+ ihjye;a)| < c (5) . (4.1.2)
1<j<r s€K
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Then, by hypothesis 2 of the class Lip(«), for the above k,
sup |pe(s) — F (¢(s + ihy; 0))|
seK

= sup [P (1(5), -+, 90(5)) = F (¢(s + ih; 0))|

< c sup sup |gj(s) — C(s + ihjyi; a;)]*
1<g<r SEKj

_15 g
Lec =,

2 2

In view of Theorem 3.1, the set of £ € N satisfying inequality (4.1.2) has a
positive lower density, i. e.,

1
im inf — <k K :
l}\r}n_gglofN#{l <kE<N

) “1/a g l/a
sup sup [g;(s) — (s + iyms ag)| < e () }>0'

1<j<r s€K 2

Therefore, the set of £ € N satisfying the inequality

sup |pe(s) — F (((s +ihy; )| < g (4.1.3)
seK

has a positive lower density as well, i. e.,

a1 , €
I%H_gélofﬁ# {1 <k<N: jél}g ‘pg(s) — F (¢(s +zﬁ7k;a))’ < 2} > 0.
(4.1.4)
It remains to pass from the polynomial p.(s) to the function f(s). For this, we
apply inequality (4.1.1). Suppose that & € N satisfies (4.1.3). Then, by (4.1.1),

sup | £(s) — F (C(s + hys )]
seK

< sup |F (s + hyes a)) — pe(s)| + sup | £(s) — pe(s)| < = + = =&
seK seEK 2 2

This shows that

{1 <k<N:sup]f(s)—F(g(s—FﬁVk;a))! <5}
seK

) {1 <k <N :sup |F (C(s + hp; a) — pe(s)]| < 6}-
seK - 2
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Therefore, in virtue of (4.1.4), we have

1
liminf#{l <k <N :sup ‘f(s) —F(((s—l—zﬁ’yk;g))} < E} > 0.
N—oo N scK -

The theorem is proved. 0

Unfortunately, Theorem 3.1 does not imply a version of Theorem 4.1 for
density.
We will prove that the operator F' : H" (D) — H(D) given by

F(g1,---,9:) =cgi1+ - +¢gry 91,---,9- € HD), ¢; € C\ {0},

is an element of the class Lip(1). Actually, if p(s) is a polynomial and K7,
..., K, € K, then there exist a € C such that

p(s)—a—(c1+ - +c2)#0

for s € K, because the polynomial p(s) has only a finite number of roots. Let

a

gl(S) = 17 SRR gT*Z(S) = 17 grfl(s) = )
Cr—1

p(s) —a—(c1+ - +c2)

9r(s) = c .

Then we have
F(g1,...,9:) = p(s).

Thus, hypothesis 1 of the class Lip(1) is satisfied.
Clearly, by the definition of F', we have

sup |F(g,(s)) — Flg,(s))

seK
= sup le1(g11(s) — g21(8)) + -+ + er(g1r(s) — g2, (5))]
EIS
< sup ler] [g11(s) — g21(s)[ + -+ + sup ¢ | |g17(8) — g2r(s)]
seK seK

.
< lejlsup [gui(s) — g2;(s)] < C sup sup |g1;(s) — ga;(s)|
=1 seK 1<y<r seK;

with C' = maxi¢j<r |¢;j| and K; = K for j = 1,...,r. The hypothesis 2 of
the class Lip(1) is also valid.
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4.2 Convolutions of probabilistic type

In this section, we present universality theorems for the convolutions
F(¢(s;a)), F' : H"(D) — H(D), whose proofs are based on probabilistic
arguments. Recall that

Sdéf{g € H(D) : g(s) #0forall s € D or g(s) =0}.
Theorem 4.2. Suppose that A(a, h,(3.3.1)) is valid, and F : H"(D) —
H(D) is a continuous operator such that, for every open set G C H(D),
the intersection (F~'G) N S” is non-empty. Let K € K and f(s) € H(K)
Then, for every € > (),

liminfi# {1 <k <N :sup ‘f(s) —F (C(s —i—zﬁ’yk;g))} < E} > 0.
N—oo N seK -
4.2.1)

Moreover, the limit

lim l# {1 <k <N :sup |f(s) = F (C(s +ihy; )| < 5} 4.2.2)
N—oo N seK -

exists and is positive for all but at most countably many € > 0.

Proof. The main ingredient of the proof is Theorem 3.2. For A € B(H (D)),
define

Py ra(A) = %# {1 <k <N:F(C(s+ihysa) € A}

Let Py 4 be the measure of Theorem 3.2, and I 4 its limit measure. Then, by
Theorem 3.2, Py 4 converges weakly P4 as N — oo. By the definitions of
Py rq and Py 4 we have that, for every A € B(H (D)),

1
Pora(A) = N# {1<k<N:({(s+ihy;a) € FT1A} = Pyo(F1A).
Thus,

PN,F,Q = PNVEFil.

Since F' : H"(D) — H(D) is a continuous operator, this, and Theorem 3.2
together with Lemma 2.5 imply that the measure Py, 4 converges weakly to
ProFlas N — oo

It remains to identify the support of the measure P, F' 1. We will show
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that the support is the whole of the space H (D). Actually, let g be an arbitrary
element of the space H (D), and G an arbitrary open neighborhood of g. Since
F is a continuous operator, the set F~'G (preimage of ) is open as well.
By the hypothesis of the theorem that (F~'G) N S™ # &, there exists an
element g, € F~1G lying in S”. By Lemma 3.9, the set S” is the support of
the measure P 4. Therefore, the set F~'G is an open neighbourhood of an
element g, of the support of the measure F; .. Hence, by a property of the
support,
P o(F71G) > 0.

Therefore,
PQQF_l(G) = P .(F'G) > 0.

Since g and G are arbitrary, we have that the support of PQQF_1 is the space
H(D).
For a polynomial p(s), define the set

G. = {g e H(D) : sup lg(s) — p(s)]| < }

seK 2

Since p(s) € H(D), the set G. is an open neighbourhood of the support of the
measure PQEF*l. Therefore, by a property of a support,

PaF~1(G:) > 0. 4.2.3)

Thus, the weak convergence of Py g g to Py q as N — 0o, and Lemma 2.1 for
open sets, give

limianN7F7a(ga) = PC,aFil(ge) > 0.
N—oo0 - -

Hence, the definitions of Py r4 and G, yield

liminf;f#{l <k <N :sup }p(s) —F(Q(s—i-iﬁ%;a))! < ;} > 0.

N—o00 s€K
(4.2.4)
Now, using Lemma 2.16, we choose the polynomial p(s) satisfying
€
sup | f(s) —p(s)] < 5- (4.2.5)

seK 2
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Suppose that k € N satisfies

sup |p(s) — F (¢(s + ihy;a))| < %
seK

Then, in view of (4.2.5), for such k,

sup ’f(s) - F (g(s + ihyg; Cl))‘
seK

< sup ‘p(s) - F (Q(s + ihyg; a))} +sup |f(s) — p(s)| < 3 + 5 = E.
seK scK

This shows that

{1 <k <N :sup |p(s) — F (C(s +ihyg; a)) | < 6}
seK - 2

C {1<k<N:sup‘f(s)F(C(s+ih7k;a))| <6}.
seK o

Therefore, by Lemma 2.1 again, (4.2.4) implies

el ,
lwgofN#{l <kSN:SEEV(S)—F(g(s—i-zﬁ’m;a))‘ <€}

1
> I%n_jglofN#{l <h<N:sup [p(s) = F (¢(s + ihs 0))| < ;} > 0.

This proves the first statement of the theorem.
To prove the second statement of the theorem, introduce one more open set

G. = {g € HD) s supla(s) - )] <.

seK

Then the boundary 8@; lies in the set

{g & H(D) : sup lg(s) — £(5)] = } |

seK

therefore, the boundaries 8921 and 6@2 do not intersect for different 1 > 0
and g2 > 0. Hence, in a standard way, it follows that

PeoF~(Ge) > 0

for at most countably many € > 0. In other words, the set QAE is a continuity
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set of the measure P o F' ~1 for all but at most countably many € > 0. There-
fore, the weak convergence of Py g4, as N — 00, to PQEF_1 together with
Lemma 2.1 for continuity sets implies the equality

lim Py,pa(Ge) = PraF (G2 (4.2.6)

N—o0

for all but at most countably many € > 0. By (4.2.4), we have

sup |g(s) = £(5)| < sup lg(s) = p(s)| +sup [ £(s) = p(s)| < 5 + 5 = .
seK seK seK

L and

Therefore, G, C QE. This, the monotonicity of the measure PQEF_
(4.2.3) show that

PeoF1(G2) > 0.

This, (4.2.6) and the definitions of Py, g4 and G\E prove that the limit

1
lim —# {1 <k < N:sup|f(s) = F (C(s+ ihyis a))| < 6}
seK -

exists and is positive for all but at most countably many € > 0. The theorem is
proved. O

The hypothesis of Theorem 4.2 that (FF~'G) N S” # @ is general but
not convenient for applications. It turns out that the latter hypothesis can be
replaced simpler one involving a polynomial in place of an open set G.

Theorem 4.3. Suppose that A(a,h,(3.3.1)) is valid, and F : H" (D) —
H(D) is a continuous operator such that, for every polynomial p = p(s
the intersection (F~*{p}) N S is non-empty. Let K € K and f(s) € H(K
Then inequality (4.2.1) is valid and limit (4.2.2) exists and is positive for all

),
).

but at most countably many ¢ > 0.

Proof. We will show that the hypothesis of the theorem (F~1{p}) N S" # @
for every polynomial p = p(s) implies that of Theorem 4.2 that (F~1G) N
S" # o for arbitrary open set G C H(D). Actually, let G be an arbitrary
non-empty open set of the space H (D). Then there is g € G. We will prove
that there is a polynomial p(s) € G. Fix € > 0 such that

Y o2ma g 4.2.7)

m>mgo

84



We use the metric p in the space H (D) defined in the Section 2.2. Let { K, :
m € N} C D be a sequence of compact sets in the definition of the metric
p- The sets K, can be chosen with connected complements, for example, we
can take the embedded rectangles. By Lemma 2.16, there exists a polynomial

p = p(s) such that

€
sup. [g(s) — p(s) < .
SeKmO
Since K,, C K11, the latter inequality is valid for all K,,, m < mg — 1.
Hence, by the definition of p and (4.2.7),

mo

_m_ SUPsci, |9(s) — p(s)] <
SN gem m - <e.
p(g,p) Z 1+ SUDscK,, |g(5) —p(s)’ i 2 )

m=1

This shows that if £ > 0 is sufficiently small, the polynomial p(s) lies in the
set G. Therefore, F~1{p} C F~1(G). Hence

(F'a)nS™ > FYp}nS" + o,
and the theorem follows from Theorem 4.3. O

The requirement that K € K in the above theorems is conditioned by
applications in the proofs of the Mergelyan theorem on approximation of an-
alytic functions by polynomials (Lemma 2.16). However, for some classes
of approximated functions, universality theorems remain valid with uniform
approximation on arbitrary compact sets. This situation is realized in the fol-
lowing theorem of the dissertation.

Theorem 4.4. Suppose that A(a,h,(3.3.1)) is valid, and F : H" (D) —
H(D) is a continuous operator. Let K C D be a compact set, and f(s) €
F(S"). Then the assertion of Theorem 4.3 is true.

Proof. 1t is not difficult to see that the support of the limit measure PC,QF_1 is
the set F'(S"). Actually, let g be an arbitrary element of F'(S"), and G be its
any open neighborhood. Then F~{g} € S, and lies in the open set F~'G.
Thus, by Lemma 3.9,

P o(F7'G) > 0.

Hence,
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Moreover,

PeaFH(F(S")) = Pea(FT'F(S")) = Pra(S7) = 1.
Since g is arbitrary element of F'(S"), we obtain that the support of FPe ol -1
is the set F'(S™).

Let G. be the same as in proof of Theorem 4.2. Since f(s) € F(S"), and
the support of PQEF*1 is F(S™), we have

~

P F7HG) > 0.

Therefore, by Lemma 2.1 and weak convergence of Py 4 to PQQF*1 as N —
00, we obtain
lim inf Py f4(Gz) > PoF~(G2) > 0.

N—o0

The second inequality of the theorem with limy_, Pp;, Eg(@) is obtained
in the same way as in the proof of Theorem 4.2. O

The next theorem of the chapter deals with a special subset of the set
F(S™). Letcy,...,cn be distinct complex numbers, and

He,.. c(D)={9€ HD):g(s) #¢;foralse D, j=1,...,m}.

Theorem 4.5. Suppose that A(a,h,(3.3.1)) is valid, and F : H" (D) —
H (D) is a continuous operator such that H., . ., (D) C F(S"). Form = 1,
let K C K, f(s) € HIK) and f(s) —c1 € Hy(K). Form > 2, let K C D
be arbitrary compact set, and f(s) € He,, ., (D). Then the assertion of
Theorem 4.2 is true.

Proof. In the proof of Theorem 4.4, it was obtained that the support of the mea-
sure P, oF'~1 is the set F(S™). From this and the inclusion He, .. (D) C
F(Sr)j it follows that the support of PC,QF*1 contains the set H, .. (D).
Since the support is a closed set, hence: the support of PC,QF_I contains the
closure of the set H,, .. ., (D). -

Further, we separate two cases.

1) m = 1. Since the function f(s) # ¢; on K, the function fi(s) CIZEff(s)—
c1 # 0 on K. Therefore, the principal branch of logarithm log f(s) satisfies
on K the hypotheses of Lemma 2.16. Thus, for every €1 > 0, there exists a
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polynomial p(s) such that

sup |log f1(s) — p(s)| < e1.
seEK

Hence, after a corresponding choosing of €1 = €1 (¢), we find

sup fl(S) — ePe1 (s) elog fls) _ oPe1 (s)

seK

= sup
seK

< sup |eP=1(®)
seK

elog f1(s)=p=y (s) _ 1‘ < % (4.2.8)
after using the inequality
le* —1] < |zl zecC.

Obviously,

fo(s) & ey + P € H, (D).

Therefore, by the above remark, f2(s) is an element of the support of the
measure PQEF_I. Let

6.~ {o e D) swplots) - fao)] < 5.
s€K
Then, (A;'g is an open neighbourhood of element of the support of PQQF*I, thus
PeoF~H(Ge) > 0. (4.2.9)
Moreover, for g € @5,

sup [g(s) = f(s)| < sup[g(s) = fa(s)| + sup [ f(s) = fa(s)]

seK seK seK
€
< = +sup ‘(fl(s) +c1)— (cl +ep51(5))’
2 seK
€ £ €
= —ePa )| « = 42—
2+§2£‘f1(5) e 2+2 €

This shows that @6 C Q\g, where

G. - {g € H(D) : sup lg(s) — £(5)] < } .

seK
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Therefore, by (4.2.9),
PeoF~1(G:) >0,

and weak convergence of Py q to P¢ g as N — 00 and Lemma 2.1 yield

~

liminf Py pa(G.) = PeoFH(G2) > 0.

N—oco 2=

The definitions of Py rq and Q\g gives the first statement of the case m = 1.
The second statement of the case m = 1 is obtained by repeating the arguments
of the proof of the second statement of Theorem 4.2.

2)m > 2. Since f(s) € He,..¢,, (D), we have that f(s) is an element of
the support of the measure P o F' —1. Therefore,

PQQF_I(Q\E) > 07

and it remains to apply weak convergence of Py gq to P oF 1 as N — oo,
as well as Lemma 2.1. O

We will give an example of the application of Theorem 4.5. We will prove
that Theorem 4.5 implies the universality of the function

F(gi,...,gr) =cos(gi+---+9gr), 91,-..,9r € H(D).

Let f € H_1 1(D). Consider the equation

cosg = f,

e + e
2

= ff2-1.
Since f(s) # £1, f + +/f? — 1 is well defined, and f + /f2 — 1 # 0 and

= 1. Therefore,
1
g= z1og(me/f?—1) €s.

= f.

From this, we find that

Moreover,
F(g,0,...,0) = f. (4.2.10)

Since g(s) € S and 0 € S, the collection (g,0,...,0) € S". Consequently,
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by (4.2.10),
f(s) € F(S").

Hence, since f lies in H_1 (D), we obtain that
Hfl,l(D) C F(ST)

Therefore, by Theorem 4.5, the functions f(s) € H_; 1(D) can be approxi-
mated by shifts

cos ((s + thiyg; a1) + - + C(s + ihyy; a))

where h = (hi,...,h,) and a = (ay,...,a,) and the sequence {7} satisfy
the hypotheses of Theorem 4.5.
Similar approximation properties are valid for

F(gl7°"7g7“) ZSin(gl+...+gr)7

F(g1,...,9r) =cosh(g1 + -+ gr)

and
F(g1,-..,9r) = sinh(g1 +---g;),

where sinh(s) and cosh(s) are sine and cosine hyperbolic functions, i. e.,

sinh(s) = ————

and
cosh(s) = ————

We also observe that the operator

F(gl""agT):blgl+"'+b7‘gﬁ gl,...,gTGH(D),bjGC\{O},
j=1...,r

of the example of Theorem 4.1, also satisfies the hypotheses of Theorem 4.5 of
the case m = 1. Actually, if g € H,, (D), then (g—c1)/b1 € S. Consequently,
by the definition of the operator F/,

g—c¢c C
F “o,...0)=
< by bo )

&9




This shows that g € F'(S") because

— 1 €1
g es,

— eS8 doesS.
b bze, and 0 €
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CHAPTER 5

Joint continuous universality of periodic zeta-functions
with generalized shifts

In Chapters 2—4, we considered approximation of analytic functions by
shifts of periodic zeta-functions ((s + ip(k); a) with some function (&),
where k runs the set N, and obtained that, under certain additional condi-
tions on the function (k) and sequence a, the set of approximating shifts
is infinite. More precisely, this set has a positive lower density or even posi-
tive density. In this chapter, we will consider simultaneously approximation
of a collection of analytic functions (f;(s),..., f-(s)) by continuous shifts
(C(s+ip1(T);a1),. .., (s+¢r(7); a,)) with a certain collection of functions
(p1(7), ..., r(7)) of continuous variable 7 € [Ty, T.

It is well known that in joint universality theorems, the approximating
shifts must be in a certain sense independent. In earlier researches, this in-
dependence was ensured by certain rank hypotheses for the sequences aj,
...,a., see, for example, [42]. However, the later rank hypothesis is diffi-
cultly verifiable. Therefore, in the dissertation, we propose, in place of rank
condition, to use generalized shifts connected with certain simply verifiable
conditions.

5.1 Statement of joint universality theorems

Let Tj be a positive fixed number. Suppose that ¢(7) is a real increasing
to +oo continuously differentiable function with monotonic derivative ¢'(7)
on [Tp, co) such that

©(27) Jmax o0 LT, T— 0.
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The class of such functions is denoted by U; (7).
For KC and Hy(K), we preserve the notion of previous chapters. We will
use two types of shifts.

Theorem 5.1. Suppose that the sequences ay,...,a, are multiplicative, ay,
..., a, are real algebraic numbers linearly independent over the field of ra-
tional numbers Q, and (1) € Ui(Tp). Forj = 1,...,r, let K; € K and
fj(s) € Ho(K;). Then, for every e > 0,

lim inf
T—o0 — 1p

meaS{T € [Tv, T :

sup sup |f;(s) — (s +iajo(1);a;)| < 5} > 0.
1<y<r seK;

Moreover, the limit

lim
T—oo T — 0

meas{T € 1o, 7] :

sup sup |f;(s) = C(s +iago(r);ay)| < s}
1<j<7‘ SEKJ'

exists and is positive for all but at most countably many € > 0.

In Theorem 5.1, the independence of approximating shifts is ensured by
the linear independence of the numbers a, . . ., a,, while the continuous inde-
pendent o(7) for all shifts is the same. The next theorem deals with the second
type of shifts with different functions o1 (7), ..., ¢, (7) in shifts.

Define one more class of functions. Let ¢1(7),. .., ¢,(7) be real increa-
sing to +oo continuously differentiable functions on [T, co) with derivatives
@i(1) = @;(1)(1 + o(1)), where $1(7),...,#r(7) are monotonic and are
compared in the sense that, for every subset J C {1,...,7}, #J > 2, there
exists jo = jo(J) such that

forj € J, 5 # jo, and

©;(21) max ——

<7,
T<u<L2T ©j (u)

j=1,...,r,as 7 — oc.
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Denote the class of such functions ¢1(7), ..., ¢, (7) by U, (Tp). Now, we
state the second joint continuous universality theorem on approximation of
analytic functions by shifts ({(s + ip1(7);a1),...,((s + ip(7); ar)).

Theorem 5.2. Suppose that the sequences a1, ..., a, are multiplicative, and
(p1(7),...,or(7)) € Up(Tp). For j = 1,...,1, let K; € K and f;(s) €
Ho(Kj). Then, for every € > 0,

1
lim inf T meaS{T € [To, T) :

T—o0 — 1p
sup s £5(5) = s i) ap)] < 2} 0.
1§j§rs€Kj
Moreover, the limit

y
7500 T — Tp

meas{T € 1o, 7] :

sup sup |f;(s) — C(s+ip;(1);a;5)] < E}

1<] <r SEK]‘
exists and is positive for all but at most countably many € > 0.

For the proof of Theorems 5.1 and 5.2, we will apply, as in Chapters 2—4,
the probabilistic approach based on limit theorems for probability measures in
the space of analytic functions H" (D). We will derive these theorems progres-
sively, starting with comparatively simple spaces. For brevity, we will use the
notation a = (a1,...,a,), (1) = (¢1(7),...,@r(7)). Other notations are

the same as in previous chapters.

5.2 Statements of limit theorems

For A € B(H"(D)), define two probability measures

1

meas {7 € [To, T] : (s + iap(7);a) € A},

and

1
CT-T,

meas {7 € [To, T] : {(s +ip(7);a) € A}.
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We recall that

(s +iap(T);a) = (C(s +iarpoT);ar), ..., ¢(s +iaro(T); ar))

and

Cls +ip(r);a) = (C(s +ipa(7);01), - -, C(s +ispr(7); 07)) -

Now, define the limit measure for P%?a and P}"’a as T — oo. Let " be the
same compact topological group with elements w = (w1,...,wy), and the
probability Haar measure m'; as in Section 3.2. On the probability space
(2", B(2"), m;), define the H"(D)-valued random element

C(s,wia) = (C(s,wiza1), ..., C(s,wrs ar))

where
© a,wh
C(s,wiiay) =[] 1+Z”’fj(p) s j=1.r
peP =1 p

Let, for A € B(H"((D))),

Pra(A) =miy {we Q" :((s,w;0a) € A},

i. e., P q is the distribution of the random element ((s,w;a). Now, we state
limit theorems for P Jand Pr .

Theorem 5.3. Suppose that the sequences ai, ..., a, are multiplicative, aq,
..., a, are real algebraic numbers linearly independent over Q, and p(T) €
Ui(Tp). Then P%7 o converges weakly to the measure P g as T — oc.

Theorem 5.4. Suppose that the sequences a1, ..., a, are multiplicative, and
(@1(7), ... r(7)) € Ur(T0). Then Pr. , converges weakly to the measure P o
asT" — oo.

5.3 Limit lemmas on 2"

We begin the proofs of Theorems 5.3 and 5.4 with the lemmas on the group
Qr.
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For A € B(Q)"), define

Vi (4) =

meas {T € [To,T) : (p_m“o(T) ip e IP’) ,

(i peP) e a}.

T T,

Lemma 5.1. Suppose that a and o(7) satisfy the hypotheses of Theorem 5.3.
Then Vr} converges weakly to the Haar measure m'y; as T' — oo.

Proof. As in the proof of Lemma 3.3, we have that the Fourier transform
Fr(ky,....k,), k; = {kjp : kjp € Z, p € P}, j = 1,...,r, of the mea-

s Dug

sure V7 has the representation

Frky,... k) / HHw“’p dvi,

qr \J=1lpeP

where the star “* " indicates that only a finite number of integers k;, are dis-
tinct from zeros. Hence, the definition of V% yields

FT(EI?“‘afr T T /HH p—ZanD(T ]pdT
0 Ty I= 1 peP
1o -
*
=57 /exp —icp(T)ZajZ kjplogp » dr.
A j=1  peP
(5.3.1)
Clearly,
F((0,...,0)) =1. (53.2)

Now, suppose that (kq,...,k,) # (0,...,0). We have

y oy

T
k défz Z kjplogp = Z 10nga] ip-

Jj=1  peP pEP
Let
Pmin = lnblnr IIllIl{p kjp € kﬁ k]P 7é 0}
and

DPmaz = 1mjag max{p : kjp € k;, kjp # 0}.
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Then there exists at least one p € [Pmin, Pmaz) such that k;, # 0 for some j.
Thus, by the linear independence over QQ of the numbers aq, ..., a,,

def

Bp = Zajkjp # 0.
j=1

The numbers 3, are algebraic, moreover, the set {logp : p € P} is linearly
independent over Q. Therefore, in view of Lemma 3.2,

Ag, ok, = Bplogp #0.

peP

By the second mean value theorem and properties of ¢'(7), we find that

T T

1 1 .
/cos (o(T) A,k ) d7 = A . /gp’(T) d (sin (¢(7)Ag,,..x,))
To EAN RARRRLAT Y TO

1 1 1
K 7/ max , ,
|Aky, . b, | (w’(T) cp’(To)>

and the same estimate holds for

Therefore, the equality (5.3.1) gives

Fhky,... k) <

[Am)T " (sO’(T)’ <p'(T0)) ' (5:3.3)

Since ¢(7) € Uy (Tp),

as T'— oo. Hence, by (5.3.3), in the case (k;,...,k,) # (0,...,0), we have
lim Fr(kq,..., k) =0.

T—o00

This together with (5.3.2) shows that

T—o00

lim F%(k):{ (1) " =
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Since the right-hand side of the above equality is the Fourier transform of the

Haar measure m'y, the lemma is proved. 0

For A € B(Q"), define
Vi (A) meas {7‘ € 1o, 7] : (p_i""l(T) ip€E ]P’) e

(p_w"(T) ipE ]P’) € A} .

1
CT-T,

Lemma 5.2. Suppose that (p1(7), ..., ¢r(7)) € Up(To). Then V. converges
weakly to the Haar measure m'y; as T' — oo.

Proof. As in the proof of Lemma 5.1, we consider the Fourier transform
Fp(kq,...,k,) of the measure V7, i. e.,

s v

. STk .
Filky, . k) = / I <@ | avz
Qr j:lpelp

T
1 s \
=77 /exp —ngoj(T)Z kjplogp o dr.
05 j=1 peP
(5.3.4)
Obviously,
Fr(o,...,0) = 1. (5.3.5)
Therefore, it remains to consider the case (k,...,k,) # (0,...,0). For
brevity, let
def *
b; =Y kjplogp.
peP

Since, the set {logp : p € P} is linearly independent over Q, we have b; # 0
fork; #0,7=1,...,r. Put

A(T) = bigs(7).
j=1

Suppose that k; # 0 forj € J C {1,...,7}, #J > 2. Then there exists
Jo € J such that
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for j € J\ {jo}. Therefore,

(1) =3 b () = 3035 (L+ 0(1)) = by By (T)(L + 0(1))

jeJ jeJ
and
")t = ! = L 0 T — 00
A = T o)~ b T T

in virtue of the identity

1 a

1+a = 1+a

, a# —1.

Hence, using the monotonicity of ¢;,(7) and the second mean value theorem,

we find
T T
/cosA / cos A(T)dr 4+ O(log T')
To log T

T
/ A cosA (1)dA(T) + O(log T)
T
T

cos 7)dA(T
g/ ]090]0 A( )d ( )

_oll) cos A(t T o
—l—log/T by (7) A(1)dA(T) + O(log T')

r 1
= / b5, A6 A

jo Pjo (T)
logT

T
o()(L+o(1) cos A(T T 0
+log/T () A(1)dA(T) + O(log T')
T

=o(T) + / o(1) cos A(T)dr + O(log T')
logT
=o(T), T — oo, (5.3.6)
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because 1/(#), (7)) = o(7) as 7 — co. By the same lines, we obtain

T

/ sin A(r) dr = o(T).

To

This, (5.3.6) and (5.3.4) show that, for (k;,...,k,) # (0,...,0),
lim Fi(ky,... k) =0, (5.3.7)
T—o0

because in the case #J = 1, we have A(7) = b;p;(7) for some j. Thus, by
(5.3.5) and (5.3.7),

1 if (ky,..., k) =(0,...
lim F{“(Ely-n,kr) — 1 (—17 777") (97 79),
T—o0 0 if (ky,...,k.) #(0,...,0),
and the proof of the lemma is completed. 0

5.4 Case of absolutely convergent series

Lemmas 5.1 and 5.2 allow us to prove limit lemmas in the space H" (D)
for measures defined by means of an absolutely convergent Dirichlet series.
We use the notation of Section 3.3, and, only for fullness, recall it. Thus,

Up(m) = exp{— (m>ﬂ}, B> %

n

form,n € N,

2\ jmvn(m)
Cn(s;aj)zz%, jzl,...,T,
m=1

the series being absolutely convergent in any half-plane ¢ > o, and

G, (8:8) = (Calsia1), - -5 Cnl(s507)) -

For A € B(H"(D)),

V%’H(A) = meas {T € [10,T]: ¢, (s +iap(r);a) € A}

T —Tp
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and

Vrn(A)

= T_Tomeas {7’ € [1o,T]: ¢, (s +ip(r);a) € A}.

Now, let, for w; € €,

2\ ajmwi(m)v,(m)
Cols,wjiag) = Y TS =,

m=1

where

wj(m) = H wé(p), j=1,...,r
plm
pHlm

The latter series also converges absolutely in every half-plane o > o0g. For
w e O, set

gn(S;W;Q) = (C’fl(sawl; Cll), SRR g'fl(saw’l‘; aT))

and, for A € B(H" (D)), define

Vinw(A) =

Tn,w

T Tomeas {T € [To,T]: ¢, (s +iap(T),w; a) € A}

and

1
Vi o(A) = meas {T € [To,T): ¢ (s+ip(T),w;a) € A}.
3Ty T _ TO 2n I
Moreover, let the mapping u,, : Q" — H" (D) be given by the formula
up(w) = ¢ (s,w;a).

Then the mapping u,, is continuous because of the absolute convergence of the

series for (,,(s,wj;a;5), j = 1,...,r. Moreover, in view of definitions of w,,,
1 T 1 T

Vi Vi, and Vi, Vi, we have

1 -1 T r, —1
VT,n = VTUn N VT,TL = VTU’H .

Therefore, application of Lemma 2.5, and Lemmas 5.1 and 5.2, show that V:% n
and V., converges weakly to the measure m';u,, Vas T — oo.
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Define one more mapping u,, : " — H"(D) by
un (@) = gn(s,w@;g), wen.

Then, similarly as above, we find that Vlemw and V7, , converge weakly to the
measure m’; U, 1. We will prove that m’, i, 1 = mhu, . Letu : Q7 — Q7 be
given by u(w) = wi. Then u, (W) = u,(u(w)). Since the Haar measure m’;
is invariant with respect to shifts by elements from 2", we find that

r ~—1 __ r -1 _ r  —1\, —1 __ r -1
Mty = my(un(u)) = (Mpu™ )y, =myu, .
Thus, we have that the measures V% nw and Vi also converge weakly to the
measure mgu, * as T — oo.

Summarising the above results, we have the following lemmas.

Lemma 5.3. Suppose that a and ¢(7) satisfy the hypotheses of Theorem 5.1.
Then V’Zl,n and Vj{mw converge weakly to the measure m';u,, LasT — oo.

Lemma 5.4. Suppose that (o1(7),...,:(7)) € Up(To). Then Py, and
Py

ro,,—1
T nw CONVerge weakly to the measure myu,~ as T — oo.

5.5 Mean square estimates

To pass from weak convergence for V% , and V1 to for VT1 and V7, re-
spectively, as 7' — 0o, a certain approximation of ((s; a) by ¢ _(s; a) is needed.
This approximation is based on the mean square estimates for ((s, a;).

Thus, let a be an arbitrary periodic sequence of complex numbers, and
aecR\{0}.

Lemma 5.5. Suppose that p(1) € Ui(Ty). Then, for every fixed o, 1/2 <
o<l andt € R,

T
/ |C(0 + tap(T) + it; a)|2 dr 4,00 T(1 + [t]).
To

Proof. From the estimate (2.5.1), it follows that

[t+lalio(7)
(0 +iu; a) [ du <o 0 (Jt] + |ale(7)).
To
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Therefore, for X > Tj, we have

2X 2X
)[K(a + iap(T) + it; a)]2 dr = iX 90,17_) |C (0 + iap(T) + it; a)\2 de(T)

2X t+ap(T)

1
<, _max /d / |C(0 + iu; a)|* du

X<r<2X ¢! (1)

X To

1
S (1] lalo(2)) max s e X(L+]1)
because ¢(7) € Uy(Tp). Taking T = 27%~1 and summing over k € Ny, give
the estimate of the lemma. O

Lemma 5.6. Suppose that (p1(7), ..., (7)) € Up(T0). Then, for every fixed
0,1/2<0<1,andt €R,

T
/|C(a—|—i<pj(7') +it;a)2dr <o TL+ L), j=1,...,m

To
Proof. Using the notation of Lemma 5.5 and the class U,.(Ty), we have

2X 2X
1
/ C(0 + ip;(r) + it )2 dr = / L (o +iy(r) + it @) 2 dy (7)
‘Pj(T)
X X
2X t+p;(7)

o) e
-/ S T/ clormiald

X
2X t+p;(7)

:/ D 4 / 1C(0 + iu; a)|* du
X To

2X t+p;(7)

+/O(1)(1+0(1))d / |¢(o + iu;a)|? du

/
(T
@5(T) i

ITx

2X
2y ey 1o 1) |2
Coa i (] +35(20) + [ oGl + igy(r) + itia) P
X
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Hence,

2X
/ |C(0 + ipj(T) +it; a)]2 AT <50 X(1+ [t) (1 + (X)) <50 X(1+ [E]),
X

where r(X) — 0 as X — oo. From this, the lemma follows in the same way
as Lemma 5.5. t

Lemmas 5.5 and 5.6 have their modifications for

2\ apmw(m)
. _ m
((s,w;a) = glms , o>1,
m=

with w € 2. We note that the latter series is uniformly convergent on compact
subsets of the strip D for almost all w with respect to the Haar measure on
(Q,B(2)), see, for example, Lemma 5.1.6 of [35].

Lemma 5.7. Suppose that a € R\ {0} and ¢(7) € Ui(Ty). Then, for every
fixedo,1/2 <o < 1,andt € R,

T
/ C(o + iap(r) + it w; a)[2 dr €apa T(1+ |£])
To

for almost all w € QL.

Proof. Since, for almost all w € €2,

T
/\g(a+z’t,w;a)|2dt <oa T, (5.5.1)
To
see [47], the proof coincides with that of Lemma 5.5. O

Lemma5.8. Let (01(7),...,00(7)) € Up(T0). Then, for every fixed o, 1/2 <
o<l andt € R,

T
[ 16+ iagy(n) + it dr <oa T+, 5=1,00 1
To

Sfor almost all w € (.
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Proof. We repeat the proof of Lemma 5.6 and apply the estimate (5.5.1). [

Now, we will apply Lemmas 5.5-5.8 for the approximation of ((s;a) by
¢, (s;a). Let p be the metric in H" (D) introduced in Section 3.4.

Lemma 5.9. Suppose that ay, .. .,a, € R\ {0} and p(7) € Ur(Ty). Then

T
Jim h;is;p T /p (Q(s +iap(T);a),¢ (s + zgw(f);g)) dr = 0.
To

(5.5.2)
Moreover, for almost all w € Q7

lim lim sup
n—=0 T 00 — Ty

T
X /P (§(3 +iap(T),w; a),¢ (s + zggo(r),w;g)) dr = 0.
To

Proof. From the definitions of the metrics p and p, it follows that it is sufficient
to prove that, for every compact set K C D,

lim lim sup
n—=0 T 00 — Ty

T

X /Sufg IC(s +ia;o(T);a5) — Cal(s +iajo(7);a5)| dT =0
IS
To

forall j =1,...,r.
Let a and a # 0 be arbitrary. We use the integral representation of Lem-
ma 2.12 for (,(s; a), namely

B+ioco
Cn(s;a):% / C(s + 2 a)bn (2)d. (553)

B—ioco

In what follows, we argue similarly to the proof of Lemma 2.7. Let K C D
be a compact set. Denote by s = ¢ + it the points of the set K, and fix e > 0
suchthat1/24+2s <o <1—c. Letf=1/2+candf = o —e —1/2. Then
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(5.5.3) and the residue theorem give

—0+ioco
Cnl(s;a) = ((s;a) = QLm / C(s+ z;a)b,(z)dz + ab, (1 — s),

—60—ioco

where @ is the residue of {(s; a) at the point s = 1. Hence, for s € K,
(s +iap(r); a) = Cu(s + iap(7); a)

< / IC(s +iap(T) — 0 + iu; a)|by(—0 + iu) du + |by (1 — s — iap(T))].

Thus,
T
/ Sup | (5 + iap(r): @) — o (s + iap(r); a)| dr < T+ I, (5.5.4)
T—-T0 ) sex
To
where
00 T
n= [ g [ (o (5+e+ it asmia) | d
1= T T, 5 Tetilutap(n));a T
—00 To
1 .
X sup |by <+55+zu) du,
seK 2
and
) T
I, = /su bn(1 — s —iap(T))|dr.
=1, | )
0

For estimation of the function b,(s), we apply the estimate (2.5.6) for the
gamma-function. Thus, for s € K,

1/24e—0c . S
>_n 1ﬂ(1/2+5 a+z(t u))

g g g
<Lgxr n “exp{—cilul}, ¢ >0.

1 .
bn, <2+€—s+zu =
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This together with Lemma 5.5 yields

oo

L €cqxgn© / (1 + |ul) exp{—c1|u|} du <carx n~° (5.5.5)

—0o0

because € depends on the set K. Similarly, we find that, for s € K,

bu(1 — s —iap(T)) <garx ' exp {—;t - a¢(7)|}

1/2—2¢

Lga,K N exp{—cap(7)}, c2>0.

Therefore, properties of the function ¢(7) show that

T

_ 1
Iy <ca i n'/? QEﬁ /eXp{—CZSO(T)}dT
To

T
_ logT 1
Ceak nl/2 2£<§’+T / exp{—@(p(T)}dT)

logT

_ logT 1 c

X / exp{f%cp(ﬂ} dT) =o(T)

logT

as T' — oo. This, (5.5.5) and (5.5.4) prove (5.5.2).

For almost all w € €, the function ((s,w; a) is analytic in the half-plane
o > 1/2. Therefore, the second assertion of the lemma is obtained similarly
to that of the first by using Lemma 5.7, and the representation

B+ioco
Cn(Saw;a)Z% / C(s+ z,w;a)by(2) dz

B—ioo

which is valid for almost all w € €. Also, we note, that in the case of the
function (s, w; a), we do have not the integral . O
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Lemma 5.10. Suppose that (p1(7), ..., or(7)) € Up(Tp). Then

T
lim 1i o(7): o(7): —0.
A leiipT—ToT/ p (Cls +ig(r);a).C (s +ig(r):a)) d7 =0
0

Moreover, for almost all w € €,

T
Jim ll;njolip 0 /p (g(s +ip(7),ws;a), ¢ (s +ip(T),w; g)) dr = 0.
To

Proof. We use Lemmas 5.6 and 5.8 and apply similar arguments as in the proof
of Lemma 5.9. O

5.6 Limit lemmas for {(s; a)

Let, for A € B(H" (D)),

Pr}’g’w(A) = 7 Tomeas {T € [To, T : ((s +iap(T),w;a) € A}

and

Pr . ,(A) = T _1 T meas {T € [To,T] : ¢(s +ip(7T),w;a) € A}.

0

Together with Pf o and Pr. ., we will consider the weak convergence for Pi 0w
7

and Pr, ,asT" — oo.

Lemma 5.11. Suppose that a and ¢(T) satisfy hypotheses of Theorem 5.1.
Then, on (H"(D),B(H"(D))), there exists a probability measure P} such
that Pi o and P}

T aw both converge weakly to Pg1 asT — oo.

Proof. Let 87 be a random variable defined on a certain probability space
(Q, B, 1), and uniformly distributed in the interval [Ty, T}, i. e., 07 has the
distribution density

0, x < Ty,
0, x>T.
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Define the H"(D)-valued random element

X%",n,g - X%,n,g(s) - Qn(s + ZQ(P(GT); Q)'

Moreover, denote by X }L:E = X il&(s) the H"(D)-valued random element
with the distribution V!, where V! = mpyu,!, and the mapping w,, is from
Lemma 5.3. Then the assertion of Lemma 5.3 can be written in the form

X7 —>wa X! (5.6.1)

==n,a*
The series for (,,(s;a;), j = 1,...,r, is absolutely convergent. Therefore, for
o>1/2,

T—oo T m

T
1 %) 2.2
lim /|Cn(0+it; aj)]2 dt = E 7|a]m\ ;}:(m)
0 m=1

o0

2
.
<yl e, <

m=1

From this, using properties of the function ¢ (7), by the same arguments as in
the proof of Lemma 2.15, we obtain that, for o > 1/2,

T
sup lim sup /|C(U +iajo(r);a;))? dr < Caoa; <00. (5.6.2)
neN T—oo 1 — TOT

0

Let K C D be a compact set. then the application of the Cauchy integral
formula and (5.6.2) lead to

T

/SUP [C(s +dajp(T);a;)] dr

seK

sup lim sup
neN T—oo 1 —1To
To

T 1/2

/sup 1C(s + dajp(r): a))|? dr
7 seK
0

< sup lim sup
neN T—oo - TO

< RQ7K7uj < 00.

From this, repeating the proof of Lemma 2.15, we derive that the probability
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measure

Vii(A)=V, | HD) x -+ x H(D) xA x H(D) x --- x H(D)

)

j—1
Ae HD), j=1,...,r,

is tight. This means that, for every € > 0, there exists a compact set K; C
H (D) such that

Vi) > 1=~ (5.6.3)
Moreover, let K = K; x --- x K,. Then K is a compact set in H" (D).
Moreover, by (5.6.3),

VINH(D)\K) =V, (j,@l (H(D) x -+ x H(D)

x (H(D)\ K;) x H(D) x - x H(D)))
< SV Ky < S or =
j=1

Thus,
VHEK) >1—¢,

n

i. e., the sequence {V,! : n € N} is tight. Therefore, by Lemma 2.14, this
sequence is relatively compact. Hence, there exists a subsequence {anl} C
{V,1} and the probability measure P, on (H"(D),B(H"(D))) such that V.,
as [ — oo, converges weakly to Pgl. In other words, we have

D
Xoa T Fa (5.6.4)

Define one more H" (D)-valued random element

Xy =X7,4(s) = ((s +iap(0r);a).
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Then, by the first assertion of Lemma 5.9, we find that, for every € > 0,

lim limsup p {B(X%p&(s),l%p’m?g(s)) > 5}

=X T 400
T

< T 1 } :

< nh_{r(; lquljolip " /p (g(s + zggo(T),g),gnl(s + ZQQD(T),Q)) dr
To

=0.

This, (5.6.1) and (5.6.4) show that all hypotheses of Lemma 2.13 are satisfied.
Therefore, we have the relation

X}y, —— P}, (5.6.5)
= T—oo =

or that P%,a converges weakly to Pg1 as T' — oo. Moreover, in view of (5.6.5),
the measure Pg1 is independent of the subsequence {anl }. Therefore, we have

X}, —— Py, (5.6.6)

To obtain the weak convergence for P}y introduce the H"(D)-valued

27 w ’
random elements

X%’,n,g,w = &%,n,g,w(s) = Qn(s + iQ‘ﬁ(eT)v w3 g)

and
X%ﬂ,g,w = X%ﬂg,w(s) = <(S + iQ@(eT)’ w3 9)'

Then, repeating the above arguments for X %",n,a,w and X %“,a,w’ and using rela-
tion (5.6.6), we obtain the weak convergence of PYI“,a,w to ]5a1 as T — oo. We
also observe that, in this case, all relations are true f(;r almog'[ allw € Q7. The
lemma is proved. O

Lemma 5.12. Suppose that (¢1(7),...,pr(7)) € U-(Ty). Then, on (H" (D),
B(H"(D))), there exists a probability measure Py such that Py , and Py, ,
both converge weakly to Py asT" — oo.

Proof. We use arguments similar to those of the proof of Lemma 5.11 with

application of Lemmas 5.4 and 5.10. O

It remains to identify the limit measure in Lemma 5.11. For this, elements
of ergodic theory will be applied.
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5.7 Identification of the limit measures

In this section, we identify the limit measures PQ1 and F; in Lemmas 5.11
and 5.12. For this, we will use some results of ergodic theory.
For brevity, let, for 7 > Tg,

L= <<p*i“1‘p(7) ip€E ]P’) e (p*ia“D(T) ipE P))

[S]

and
ar = ((p_wl(ﬂ ip € IP’) Yooy (p_i“”“(T) ip € JP’)) .

Clearly, Q}. and a’ are elements of ()". Now, on 2", define the families of
transformations {®! : 7 > Ty} and {®” : 7 > Ty}, where
Pl

Hw)=alw and @7 (w)=dlw, we.

T

Then {®1} and {®”} are families of measurable measure preserving (because
of invariance of the Haar measure m/; on (Q", B(2"))) transformations on 2.
Recall that a set A € B(2") is called invariant with respect to {®% : 7 > Tp}
if, for every 7 > Ty, the sets A and A, = ®%(A) can differ one from other
at most by a set of m;-measure zero, & = 1 or K = r. All invariant sets
forms a o-field. The family {®*} is called ergodic if its o-field of invariant
sets consists only from sets of m/;-measure zero or one.

Lemma 5.13. The families {®1} and {®"} are ergodic.

Proof. We consider only {®1} because the case {®”} is similar, and apply the
Fourier transform method. In the proof of Lemma 5.1, we already have used
that the characters y of the group )" are of the form

Therefore, if the character x is non-trivial (x(w) # 1), we have

r I8
x(ah) = [T T p7 ™) = exp{ —io(r) Y a; Y kjplogp
j=1peP Jj=1 peP

Since the character  is non-trivial, (k;,...,k,) # (0,...,0). Thus, as in the
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proof of Lemma 5.1, we have

> a; Y kjplogp # 0.
7j=1

j= peP

Therefore, there exists a value 7y > T{ such that

x(ar,) # 1. (5.7.1)

Now, let A be an invariant set with respect to {®1}, and let I 4 be its indicator
function. Then, for almost all w € 7,

Ii(atw) = Iy (w).

Thus, in view of the invariance of the Haar measure m/’;, the Fourier transform
I4(x) is

Ta(y) = / N (@) La(w) dmly = / (@ @) Ta(ah w) dmiy
Qr Qr

~ x(al,) / x(@)La(w) dmiy = x(al)Ta(x)
Q’r‘

because of the multiplicativity of characters. Therefore, taking into account
(5.7.1), we obtain that
Ia(x) =0 (5.7.2)

for all non-trivial characters of 2".
Denote by xo the trivial character of Q" (xo(w) = 1), and suppose that

I(xo) = c. Then using the orthogonality of characters and (5.7.2) give the
equality
Fa) = [ x(w) dmy = el =)
O
for every character x of 2". This shows that I 4(w) = ¢ for almost all w € )"
Since ¢ = 0 or ¢ = 1 (I is the indicator function), we obtain that m/;(A) = 0,

or m’; (A) = 1. The lemma is proved. O

Now we recall some other notions of ergodic theory. Let ((AZ, B, ) be a
certain probability space, and 7 denote the parameter set. A finite real function
X(r,w), 7 € T,w € €, is said to be a random process if X (7,-) is a random
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variable for each fixed 7 € 7. When w € Q is fixed, the function X (-,w) is
called a sample path of the random process.

Let 7y, ..., Ty be arbitrary values of 7. Then the family of common distri-
butions of random variables X (7, w), ..., X (7, w), i. €.,

/L{X(Tlaw) < $17--'aX(Tm7w) < l'm}

for all m € N and all possible values of 7}, is called a family of finite-
dimensional distributions of the random process X (7, w).

A random process X (7,w) is said to be a strongly stationary process if all
its finite-dimensional distributions are invariant under the shifts 7 — 7 + u,
u € R.

Let Y be the space of real finite functions y(7), 7 € T. Then all finite-
dimensional distribution of a random process define a probability measure ()
on (Y, B(Y)). This gives the probability space (Y, B(Y), Q).

Let A € B(Y) and v € R. Then the set A, is obtained from A after
shifting all y(7) € Atoy(T +u). Aset A € B(Y) is called an invariant set of
the random process X (7,w) if, for each u € R, the sets A and A,, differ one
from another by a set of (J-measure zero.

A strongly stationary process X (7,w) is called ergodic if its o-field of
invariant sets consists only from sets having ()-measure zero or one.

For ergodic processes, the following statement, called the Birkhoff-Khint-
chine theorem, is true. Denote by EX the expectation of X.

Lemma 5.14. Suppose that the random process X (t,w) is ergodic, and
E|X (7,w)| < oo with sample paths integrable almost surely in the Riemann
sense over every finite interval. Then

T

. 1

TIEI;OT/X(T,LU)dT—EX(O,w)
0

for almost all w € Q.
Proof of lemma is given, for example, in [5].

Proof of Theorem 5.3. In view of Lemma 5.11, it suffices to show that Pgl =
1
P ¢.a’

~ Let A be a fixed continuity set of the measure Pgl. Then Lemmas 5.11
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and 2.1 imply

meas {7 € [Ty, T] : {(s +iap(7),w;a) € A} = P (A).
(5.7.3)
On the probability space (2", B(2"), m}; ), define the random variable

lim
T—oo T — Tp

0 otherwise.

O(w) = { 1 if ((s,w;a) € 4,

The expectation of §(w) is

EfO = /Hdqu =my{we N {(s,w;a) € A} = Po(A). (574
Qr

Lemma 5.13 implies the ergodicity of the random process (®L(w)). There-
fore, by Lemma 5.14, for almost all w € 2", we have

T
. 1 1
Tlgrgo T T, /9(®T(w)) dr = E6. (5.7.5)
To

On the other hand, the definitions of #(w) and ®! show that

T
1 1
T—T, /9(®T(w))d7
To
— T_lTOmeas {7‘ € [T, T : ¢(s +iap(T),w;a) € A}'

Thus, in virtue of (5.7.4) and (5.7.5),

lim

To,T) : j ; At =P (A).
THOOT_TOmeas{TE[ 0, T] : ¢(s +iap(T),w;a) € A} = Peqa(A)

This together with (5.7.3) implies the equality P} (A) = P 4(A) for all con-
tinuity sets A of P.l. Since all continuity sets of the measure constitute the
determining class [4], hence, Pl(A) = P 4(A) forall A € B(H"(D)). The
theorem is proved. B B 0

Proof of Theorem 5.4. We repeat the proof of Theorem 5.3 using other objects.
Thus, let A be a continuity set of the measure F;. Then, by Lemmas 5.12
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and 2.1 we have

lim

meas {7 € [Tp, T] : {(s + ip(7),w; a) € A} = P](A).
T—oo T — 0 - - =

(5.7.6)
By Lemma 5.13, the random process (P’ (w)) is ergodic, thus, in view of
Lemma 5.14,

T
1 r dr = E§. 1.7
Jim o [ 0@ w)dr — B (57.7)
To

By the definitions of #(w) and @7,

T
1 T
e [eerer
To

1
CT-T,

meas {7 € [Ty, T] : {(s + ip(7),w;a) € A}.
Hence, equalities (5.7.4) and (5.7.7) imply

lim
T—oo T — Tg

meas {T € [Ty, T : (s +ip(T),w;a) € A} = PQQ(A).

This and (5.7.6) show that Py (A) = F4(A) for all continuity sets of the
measure Pg , thus, Pg = P 4, and the theorem is proved. OJ

5.8 Proof of Theorems 5.1 and 5.2

Proofs of joint universality theorems 5.1 and 5.2 are based on limit theo-
rems 5.3 and 5.4, and are standard. We give them only for fullness.

Proof of Theorem 5.1. By Lemma 2.16, there exists polynomials p;(s),...,
pr(s) such that

sup sup fj(s)—epj(s) < (5.8.1)
1<j<r seK; 2

In view of Lemma 3.9, the support of the measure P 4 is the set S”, where

S=({ge H(D):g(s) #0org(s) =0}).
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Define the set

GE = {(917- . -797’) S HT(D) . Sup Sup g](s) —epj(s)

<&
1<j<r seK; 2(°
By the above remark, the set G is an open neighbourhood of the element
(epl(s), e ,epr(s)) of the support of the measure P 4. Hence,

P:(G.) > 0. (5.8.2)

Moreover, in view of (5.8.1), we have the inclusion G, C C:’E, where

~

G, = {(gl,...,gT) € H'(D): sup sup |gj(s) — fi(s)] < 5}.

1<]<T SEK]'

Therefore, by (5.8.2),

~

P{,Q(Gs) > 0,

and Theorem 5.3 and Lemma 2.1 give

lim inf P} (G.) > P;4(G.) > 0.

T—o0 = =
This, and the definitions of Pia and CA}E prove the first statement of the theo-
rem. )

To prove the second statement of the theorem, we observe that the sets
8@5 do not intersect for different ¢; > 0 and €9 > 0. Hence, the set @5 isa
continuity set of the measure P 4 for all but at most countable many € > 0.
Therefore, by Theorem 5.3 and Lemma 2.1,

lim Ppo(G.) = P 4(G.) >0
T—0c0 = ==

for all but at most countably many € > 0. This, and the definitions of P% . and

~

G, prove the second statement of the theorem. O

Proof of Theorem 5.2. We repeat the proof of Theorem 5.1 using Theorem 5.4
in place of Theorem 5.3. O
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Conclusions

The results of the dissertation lead to the following conclusions:

1. For the periodic zeta-function ((s;a) with multiplicative periodic se-
quence a, the discrete universality theorem on the approximation of an-
alytic functions by shifts ((s + ihty;a), where h > 0 and {tx} is a
sequence of Gram points, is valid.

2. For periodic zeta-functions ((s; a;) with multiplicative periodic sequen-
cesaj, j = 1,...,r, under weak Montgomery conjecture on correlation
of imaginary parts of non-trivial zeros ~;, of the Riemann zeta-function,
the joint discrete universality theorem on approximation of a collection
of analytic functions by shifts {(s + ih;ys; a;), where hq, ..., h, are
positive algebraic numbers linearly independent over the field of rational
numbers, is valid.

3. For some classes of operators F' in the multidimensional space of ana-
lytic functions, the compositions F'({(s+ih1vyg; a1), - . . C(s+ihvi; ar.))
are universal.

4. For periodic zeta-functions ((s; a;) with multiplicative periodic sequen-
ces aj, j = 1,...,r, joint universality theorems on the approximation
of a collection of analytic functions by generalized non-linear shifts
((s+1ip;(7); a;) are valid without any independence hypotheses on the
sequences a,.
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Santrauka
(Summary in Lithuanian)

Tyrimo objektas

Disertacijoje nagrinéjamas periodiniy dzeta funkcijy reikSmiy pasiskirsty-
mas. Tegul a = {a,, : m € N} yra periodiné kompleksiniy skaiciy seka su
minimaliuoju periodu ¢ € N, t. y. apy4q = @y, su visais m € N. Periodiné
dzeta funkcija ((s; a), s = o +it, pusplokStuméje o > 1 apibréziama Dirichlé

eilute
= a
. _ m
C(Sa Cl) - E ms .
m=1

Kadangi seka a yra aprézta, eilutés, apibréziancios funkcija ((s; a), absoliu-
Ciai ir tolygiai konverguoja pusplokStuméje o > 1 + € su bet kokiu ¢ > 0.
Vadinasi, ((s;a) yra analiziné minétoje pusplokS$tuméje o > 1. Tam, kad
gautume periodinés dzeta funkcijos ((s; a) analizinj pratgsima j sritj o < 1,
yra naudojama klasikiné Hurvico dzeta funkcija, kuri buvo pradéta nagrinéti
[16] straipsnyje. Tegul 0 < a < 1 yra fiksuotas parametras. Hurvico dzeta
funkcija pusplok§tumeéje o > 1 apibréZiama Dirichlé eilute

- 1
((s,0) =) mta)y
m=0
Be to, ((s, «v) yra analizi$kai pratgsiama j visa kompleksing plokstuma, i8sky-
rus taska s = 1, kuris yra jos paprastasis polius su reziduumu 1, Zr. [1, 41].

Kitaip tariant, (s, «) yra meromorfiné funkcija.
Kadangi seka a yra periodiné, su o > 1, galioja lygybé

Gloia) = 2> o ( ;) |

=1
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Deél anks¢iau paminéty analiziniy Hurvico dzeta funkcijos savybiy, funkcija
((s,a) galima pratesti j visa kompleksing plokstuma su tikétinu paprastuoju
poliumi taSke s = 1 su reziduumu

E

»Q\)—l

Jeigu a = 0, tai ((s; a) yra sveikoji funkcija.

Kita sekos a savybé, naudojama disertacijoje, yra jos multiplikatyvumas.
Primename, kad seka yra multiplikatyvioji, jeigu a1 = 1, 0 Gmymy = Qmy Gmsy
su visais tarpusavyje pirminiais mi,me € N ((mg,mg) = 1). Daugelis
skai€iy teorijos aritmetiniy funkcijy pasiZymi multiplikatyvumo savybe. Pa-
vyzdZiui: dalikliy funkcija, Miobuso funkcija, Oilerio funkcija, Dirichlé cha-
rakteriai ir kt.

Disertacijoje yra nagrinéjamos funkcijos ((s;a) su periodiniais multip-
likatyviaisiais koeficientais aproksimavimo savybés. Kadangi seka a yra mul-
tiplikatyvi, todél periodiné dzeta funkcija yra iSreiskiama Oilerio sandauga pa-
gal pirminius skaicius

C(s; };(”Z ls), > 1.

Pazymime, kad sekos a multiplikatyvumas apibrézia tam tikra aproksimuoja-
my funkcijy klase.

Tikslas ir uzdaviniai

Disertacijos tikslas — analiziniy funkcijy aproksimavimas postiimiais
C((s+it;a), 7 € R, juostoje D ={s e C:1/2 <o < 1}.
UZdaviniai:

1. Analiziniy funkcijy klasés aproksimavimas postimiais ((s + iht,; a),
h > 0, ¢ia {t,, : n € N} yra Rymano dzeta funkcijos Gramo tasky seka.

2. Analiziniy funkcijy rinkinio jungtinis aproksimavimas postiimiais
(C(s+ihiygsa1), ..., C(s +ihpyi;ap)), hy > 0, Cia {; : k € N} Ry-
mano dzeta funkcijos netrivialiyjy nuliy teigiamy menamyjy daliy seka.

3. Analiziniy funkcijy klasés aproksimavimas sudétiniy funkcijy posti-
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miais F'({(s + ih1vg; a1),...,C(s + ihyyg; a)) su analiziniy funkci-
ju erdvéje tolydZiaisiais operatoriais F'.

4. Analiziniy funkcijy klasés jungtinis aproksimavimas apibendrintais ne-
tiesiniais posttimiais (¢(s + iv1(7);a1),...,((s + iy (7); ar)).

Aktualumas

Analizinés funkcijos néra vien funkcijy teorijos objektas. Jos yra svar-
bios analizinéje ir algebringje skaiciy teorijoje, diferencialiniy ir integraliniy
lygciy uzdaviniuose, tikimybiy teorijoje, funkcinéje analizéje, matematinéje
fizikoje ir kitose matematikos srityse. Sios funkcijos taip pat yra naudojamos
spendZiant fizikos ir kity gamtos moksly uzdavinius. Todél iSkyla sudétingy
analiziniy funkcijy supaprastinimo uZdaviniai, vedantys prie analiziniy funk-
cijy aproksimavimo paprastesnémis funkcijomis. Gerai Zinoma, kad kiekviena
tolydZioji kompaktingje aibéje K su jungiuoju papildiniu ir analiziné tos aibés
viduje funkcija aibéje K gali biti tolygiai aproksimuojama polinomais. Va-
dinasi, kiekvieng analizing funkcija atitinka aproksimuojantis polinomas pri-
klausantis nuo aproksimuojamos funkcijos. Beveik prie$ penkiasdesimt mety
tapo zinoma, kad, palyginus paprastos, kai kurios dzeta ir L funkcijos pasiZymi
universalia aproksimavimo savybe: vienos ir tos pacios funkcijos postiimiais
aproksimuojame visa analiziniy funkcijy klasg. Sis netikétas aproksimavimo
teorijos progresas atvéré kelig platesniems uZdaviniams: universaliy funkcijy
klasés apibrézimui, universalumo efektyvizavimui, aproksimuojanciy postu-
miy klasiy apibiidinimui ir, be abejo, universalumo taikymui sprendZiant ma-
tematinius ir praktinius uZdavinius. Daugelyje matematikos mokslo centry
(Australijoje, Indijoje, Japonijoje, JAV, Kanadoje, Piety Koréjoje, Svedijoje,
Vokietijoje ir kt.) buvo suburtos aproksimavimo teorijoje universalumo uz-
davinius tiriancios grupés. Gausiausia tokiy grupiy sékmingai dirba Lietu-
voje (I. Belovas, R. Garunkstis, R. Kacinskaité, A. Laurinikas, R. Macaitiené
ir kt.). Si grupé pasieké reik§mingy universalumo efektyvizavimo rezultaty,
iSplété universaliy funkcijy klase, ivedé naujus universalumo tipus, aprasé nau-
jas postimiy klases. Kaip pasaké profesorius A. Sincelis, kiekviena jrodyta
teorema suformuluoja tris naujus uzdavinius. Kadangi universalumo proble-
mos yra jdomios ir svarbios daugeliui mokslo sri¢iy, universalumo plétra yra
viena i$ Siuolaikiniy matematikos krypciy.
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Metodai

Disertacijoje suformuluoty teoremy jrodymuose pagrinding vieta uzima
tikimybiniai metodai, paremti silpnuoju tikimybiniy maty konvergavimu ir jo
savybémis analiziniy funkcijy erdvéje. Be to, yra taikomi analizinés skaiciy
teorijos, jskaitant jvairius vidurkiy jvercius, metodai, Kosi integraliné formuleé,
intergralinés iSraiSkos ir polinomy savybés.

Naujumas

Visi disertacijoje jrodyti rezultatai yra nauji. Periodiniy dzeta funkcijy uni-
versalumo teoremos su apibendrintaisiais postimiais, jskaitant Gramo taskus,
Rymano dzeta funkcijos netrivialiyjy nuliy menamasias dalis ir tiesiSkai ne-
priklausomus vir§ racionaliyjy skaiCiy kiino QQ algebrinius skaiCius, anksciau
nebuvo Zinomos.

Problemos istorija ir rezultatai

Dzeta ir L funkcijos jprastai yra apibréziamos paprastosiomis Dirichlé

3 o)

m=1

eilutémis

pusplokStuméje o > o su tam tikru o, arba bendrosiomis Dirichlé eilutémis

o
Z b(m)e 5. & > oy,

m=1

¢ia {a(m)} ir {b(m)} yra kompleksiniy skai¢iy sekos, o {\;,} C R,

lim A, = +oo.
m—r0o0
Pavyzdziui, Rymano dzeta funkcija ((s) yra apibréZta paprastaja Dirichlé ei-

lute
1

Q(S):Zﬁ’ o>1,

m=1
ir meromorfiskai pratgsiama j visa kompleksing plokStuma, iSskyrus taska
s = 1, kuris yra parastasis polius su reziduumu 1.
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Hurvico dzeta funkcija ((s, «) yra apibréZiama bendraja Dirichlé eilute

00
§ :efslog m+a o> 17

m=0

t.y. Ay =log(m+a),0b(m) =1
Dzeta funkcijos Z(s), kuriy pavidalas

o0
alm
-y s

m=1

yra sekos {a(m)} generuojancios funkcijos. Jos yra taikomos gauti informa-
cija apie vidurkj

m(x) def Z a(m), x — o0.

m<x

Egzistuoja jvairios formulés, apimancios funkcijos Z(s) kontirinj integrala,
kurios duoda vidurkio m(x) iSraiska su tam tikru lickamuoju nariu. Tai gali
biti aiskiai iliustruota funkcijos

:ZL T — 00,

psz

atveju. Tegul A(m) yra Mangoldto funkcija, t. y.

A(m) logp, jeigum =p* k€N,
m) =
0, Kkitais atvejais.

Vidurkis
x) def Z A(m), x— oo,

m<zx

glaudziai susijes su funkcija 7(z). Vidurkio mp (x) asimptotika, kai x — oo,
veda prie funkcijos 7(x) asimptotikos. Tuo tikslu yra jvedama generuojanti

5) i A;T o> 1.

m=1

funkcija

Nesunku pastebéti, kad

_ )
Zp(s) = (s) )

Anksciau paminéti faktai parodo, kad pirmiausia reikia nagrinéti dzeta

129



funkcijy reikSmiy pasiskirstyma, o tada gautus rezultatus taikyti kitiems uz-
daviniams spresti.

Periodiné dzeta funkcija ((s; a) yra idomus analizinis objektas ir buvo na-
grinéta daugelio matematiky. Pirmasis reikSmingas rezultatas yra funkcijos
((s; a) funkcine lygtis, kuri buvo jrodyta [61] straipsnyje.

Funkcija ((s; a) tam tikra prasme yra susijusi su Rymano dzeta funkcija.

Tegul
1t , ~
b == ae ™D m e N, by = /qbm,
1=0 | .
¢ = {Cm 1 Cmp = eQﬂ-lm(l/q);m € N}? C(Su Cl) = ’mz_l %7 o>1.

Tuomet [18] straipsnyje buvo jrodyta, kad

.
((s:0) = j%qs) n \ja S inlsie)

Svarbiy rezultaty periodinei dzeta funkcijai jrodé J. §toidingas. Jis sukiiré
funkcijos ((s; a) nuliy pasiskirstymo teorija, kuri pateikta [64] straipsnyje bei
[65] monografijoje.

Artutiné funkciné lygtis funkcijai ((s;a), jtraukiant baigtines sumas ir
apjungiant kintamuosius s ir 1 — s, buvo jrodyta [67] disertacijoje (taip pat
galima Zr. [46]). Be to, [67] buvo gauta kvadratinio vidurkio

T

/ IC(or + it; a)]2 dt

0

asimptotika su o = 1/2ir op — 1/2 4 0, kai T' — oo. Taip pat periodiniy
dzeta funkcijy rinkiniui {(s; a1),...,{(s; a,) irodyta jungtiné ribiné teorema,
t. y. mato

%meas {r€[0,T]: ({(s+it;a1),...,((s+iT;a,)) € A},
A € B(X(G)),

silpnasis konvergavimas, kai T — oco. Cia X(G@) yra analiziniy arba mero-
morfiniy srityje G = {s € C : ¢ > 1/2} funkcijy erdve, B(Y) — topologinés

130



erdvés Y Borelio o kiinas, o measA — maciosios aibés A C R Lebego matas.

Toliau nagrinésime analiziniy funkcijy klasiy aproksimavima dzeta funk-
cijy postiimiais Z(s 4 7), jei tiksliau, postiimiais (s + i7; a). Si savybé yra
vadinama universalumu ir buvo atrasta Rymano dzeta funkcijai rusy matem-
atiko S. M. Voronino 1975 m., zr. [72].

1 teorema. [72]. Tarkime, kad 0 < r < 1/4 yra fiksuotas skailius,
funkcija f(s) yra tolydZioji, neigyjanti nuliy skritulyje |s| < r ir analiziné
skritulio |s| < r viduje. Tuomet su kiekvienu € > 0 egzistuoja toks skaicius
T=1(e) €R, kad

max
[s|<r

f(s)—C<s+i+iT>’<5.

Voroninas tame paCiame straipsnyje [72] parasé, kad analogiskas teiginys
yra teisingas ir visoms Dirichlé L funkcijoms L(s, x). Pastarosios teoremos
irodymas remiasi Rymano teoremos analogu apie eilutés nariy perstatyma Hil-
berto erdvése.

Pakankamai greitai 1 teorema buvo iSplésta ir patobulinta [3] ir [14] dak-
taro disertacijose. Tam, kad suformuluotume Siuolaiking Voronino teoremos
versija, mums reikia tam tikry Zymeny. Tegul D = {s € C: 1/2 < 0 < 1}
yra juosta kompleksinéje plokStumoje, X Zymi juostos D kompaktiniy poaibiy
su jungiaisiais papildiniais klas¢, Ho(K) su K € K yra tolydZiyjy, nejgyjanciy
nuliy aibéje K ir analiziniy aibés K viduje funkciju klasé, o measA — macio-
sios aibés A C R Lebego matas. Yra jrodyta tokia teorema, Zr. [20, 35, 65, 51].

2 teorema. Tarkime, kad K € K, o f(s) € Ho(K). Tuomet su kiekvienu
>0

lim inf %meas {7’ €10, 7] :sup|f(s) —((s+iT)| < 5} > 0.

T—o0 seK

Be to, riba

1
lim —meas {7’ €[0,T] :sup |f(s) —((s+i1)| < 5}
T—oo T’ seK

egzistuoja ir yra teigiama su visais € > 0, nebent isskyrus skaicigjq € > 0
reiksSmiy aibe.

Antrasis teoremos tvirtinimas yra palyginus nesenas ir nepriklausomai jro-
dytas [53] ir [45] straipsniuose.
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Véliau paaiSkejo, kad kai kurios kitos dzeta ir L funkcijos taip pat Voro-
nino prasme yra universalios, taciau ne taip paprasta tai jrodyti. Be to, yra ir
neuniversaliy Dirichlé¢ eiluciy, Zr, pvz., [65].

Pirmaja universalumo teorema periodinéms dzeta funkcijoms ((s; a) jirodé
J. Stoidingas, 7r. [64] arba [65]. Tegul H(K) su K € K Zymi tolydZiyjy aibéje
K ir analiziniy aibés K viduje funkcijy klasg. Taigi, H (K') yra klasés Hy(K)
plétinys.

3 teorema. Tarkime, kad periodas q > 2, a,, néra Dirichlé charakterio
moduliu q kartotinis, 0 a, = 0su (m,q) > 1. Tegul K € K, 0 f(s) € H(K).
Tuomet su kiekvienu ¢ > 0

1
lim inf —meas {7‘ €10, T) :sup|f(s) —((s+it;a)| < 5} > 0.
T—oo T seK

Pazymétina, Zr. [64], kad periodiné seka tenkinanti 3 teoremos salygas
néra multiplikatyvi.

Lenky matematikas J. Kacarovskis [19] straipsnyje jrodé, kad ne visos
Dirichlé eilutés su periodiniais koeficientais yra universalios Voronino prasme.
Jis suformulavo bitinas ir pakankamas salygas, kad funkcijos ¢(s; a) buty uni-
versalios su pirminiu periodu q.

Pirmoji universalumo teorema, su multiplikatyviaja seka a, periodinei dze-
ta funkcijai buvo jrodyta [47] straipsnyje.

4 teorema. Tarkime, kad seka a yra multiplikatyvioji ir su visais pirminiais
skaiciais p galioja nelygybé

Tegul K € IKC, 0 f(s) € Ho(K). Tuomet su kiekvienu ¢ > 0

1
liminfmeas{T €[0,T] :sup |f(s) —C((s+it;a)] < E} > 0.
T—oo T seK

Taigi, remiantis 4 teorema, visos funkcijos ((s; a) su multiplikatyviaja pe-
riodine seka a yra universalios, t. y. turi ta pacia aproksimavimo savybe kaip
ir Dirichlé L funkcijos.

Anksciau santraukoje suformuluotos universalumo teoremos yra tolydZio-
jo tipo, nes 7 postimiuose ((s + i7;a) gali jgyti visas realiasias reik§mes.
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Yra Zinomas kitas dzeta funkcijy universalumo tipas, vadinamas diskreciuoju
universalumu. Siuo atveju, aproksimuojandiuose postimiuose, 7 gali jgyti
reikSmes i§ tam tikros diskreciosios aibés, pavyzdZiui, i§ aritmetinés progre-
sijos {hk}, k € Ny. Diskretyji universalumg pasitilé nagrinéti A. Reichas.
Jis [59] straipsnyje jrodé diskreCiojo universalumo teorema algebriniy skaiciy
kuny Dedekindo dzeta funkcijoms (k (s). Kai K = Q, gauname Rymano dzeta
funkcija. Tegul # A Zymi aibés A C R galia (elementy skai¢iy). Todél Reicho
teoremos iSvada yra toks teiginys:

5 teorema. Tegul K € K, f(s) € Ho(K), o h > 0 yra fiksuotas skaicius.
Tuomet su kiekvienu £ > 0

lim inf
N—o0

! #{0§k<N:sup\f(s)—{(s—i—ikh)]<5}>0.
1 seK

B. Bagdis dakataro disertacijoje [3] dzeta funkcijy diskreciojo universalu-
mo teoremoms jrodyti taiké kitus metodus.
Diskretusis funkcijy ((s;a) universalumas yra daug sudétingesnis. Kai
h > 0, tegul
L(P;h,m) ={(hlogp:p e P),2r}.

Periodiniy dzeta funkcijy diskre¢iojo universalumo teorema yra gauta i§ daug
bendresnés svorinio universalumo teoremos, zr. [50].

6 teorema. [50]. Tarkime, kad seka a yra multiplikatyvioji, o L(P; h, )
yra tiesiskai nepriklausoma aibé virs racionaliyjy skaiciy kiino Q. Tegul K €
K, 0 f(s) € Hy(K). Tuomet su kiekvienu € > 0

1
im i <k N: — Lkh; .
l}\l};1;10fN+1#{0 <k<N SEEU(S) C(s +ikh;a)l <€} >0

Vienas i§ biidy iSplésti universaluma yra naudoti, taip vadinamus, apiben-
drintuosius postumius ((s + i¢(7)) arba ((s +ip(k)) su tam tikra funkcija .
Rymano dzeta ir Dirichlé L funkcijoms tai padaré L. Pankovskis [57] straips-
nyje. Tegul

b e R, jeigu a ¢ N,
(—00,0]U (1 +00), jeigu a€N.

7 teorema. [57]. Tarkime, kad o € R, o a yra teigiamas realusis skaicius.
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Tegul K € IC, 0 f(s) € Ho(K). Tuomet su kiekvienu ¢ > 0

1
lim inf —meas {T € [2,T] : sup | f(s) — ¢(s + iar®logh 7)| < 8} >0
T—o00 T seK

ir

1
liminf —# {2 <k < N :sup|f(s) — ¢(s +iak®logb k)| < 5} > 0.
N—oco N scK

Si teorema apibendrina [7] ir [43] straipsniuose gautus rezultatus.

Antras disertacijos skyrius yra skirtas jrodyti diskreciojo universalumo teo-
rema funkcijai ((s; a) postimiuose naudojant Gramo taskus. Yra Zinoma, kad
funkcija ((s) su visais s € C tenkina funkcine lygti

782D (g) ¢(s) = n—(=9)/2p (1 ; 8) ¢(1—s).

Pagrindinis $ios lygties narys yra funkcija g(s) def s/ 2I'(s/2). Pazymékime
0(t), t > 0, funkcijos g(s) argumento pokytj iSilgai atkarpos jungiancios
taskus s = 1/2 ir s = 1/2 + it. Zinoma, 7r. [15], kad funkcija 6(t) yra
monotoniSkai didéjanti ir neaprézta i§ virSaus, kai ¢ > t*, t* = 6.289836. . ..
Todél lygtis

0t)=(n—1)r, neN

sut > t* turi vienintelj sprendinj ¢,,. Skaiciai t,, yra vadinami Gramo taskais,
kadangi jis jrodé $iy skaiCiy ry$j su funkcijos ((s) netrivialiaisiais nuliais.
Priminsime, kad Rymano dzeta funkcijos nuliai, esantys juostoje {s € C : 0 <
o < 1}, yra vadinami netrivialiaisiais, o nuliai s = —2k, k € N, — trivialiaisi-
ais. Rymano hipotezé teigia, kad funkcijos ((s) netrivialiyjy nuliy iSraiska yra
pn = 1/2 + i7y,. Visi §iuo metu Zinomi netrivialieji nuliai patvirtina Rymano
hipotezg. J.-P. Gramas [15] straipsnyje pastebéjo, kad kiekviename intervale
(tn—1,tn),n =1,...,15, yratik vienas funkcijos ((1/2 +it) nulis 1/2 4 iy,
kad t,—1 < v, < t,. Be to, jis i8kélé prielaida, kad tai néra teisinga, kai
n > 15. Véliau paaiskéjo, kad Gramo hipotezé yra teisinga. PavyzdZiui, Zr.
[70], [17], buvo gauta, kad

t127 < Y127 < Y128 < 128 ir t134 < 7134 < 7135 < f135-
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Pastarosios nelygybés analizi§kai buvo jrodytos [70] straipsnyje, t. y., kad seka

Yn — tn
tn—l—l - tn

yra neaprézta, todél nulis y,, su pakankamai daug n reikSmiy, negali buti in-
tervale (tn—1,tn].
Taskai ¢, yra labai jdomus analizinés skaiciy teorijos objektas, nes yra
Zinoma, kad
t?’l

lim — =1.
n—oo ’)/n

Analiziniy funkcijy aproksimavime Gramo taSkai pirma karta buvo panau-

doti [29] straipsnyje.

8 teorema. Tegul K € K, f(s) € Hyo(K), o h > 0 yra fiksuotas. Tuomet

su kiekvienu € > 0

1
liminf —# {1 < k<N :sup|f(s)—((s+ihty)]| < 5} > 0.
N—o0 N seK

Be to, riba

1

lim #{1 < k<N :suplf(s)—((s+ihty) — | <6}
seK

egzistuoja ir yra teigiama su visais € > 0, nebent isskyrus skaicigjq € > 0
reikSmiy aibe.

Pastaroji teorema [30] straipsnyje buvo iSplésta j trumpuosius intervalus.
Butent, 8 teoremos tvirtinimas galioja dydZiui

1
M+1

#{N<k<N+M:supf(s)—((s+ihtk)]<€}
seK

kai N — oo, 0 M yra S intervalo

1/3
(325\]) (log {(h+ 1)N}H*/5 < M < N.

Pagrindinis antrojo disertacijos skyriaus rezultatas funkcijai {(s; a) praple-
Cia 8 teorema.

2.1 teorema. Tarkime, kad seka a yra multiplikatyvioji. Tegul K € K,
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f(s) € Hy(K), o h > 0 yra fiksuotas skaicius. Tuomet su kiekvienu € > 0

1
lim inf #{1 <k <N :supl|f(s) —((s+ihtg;a)] < 8} > 0.
N—oo N seK

Be to, riba

1 .
lim —# {1 <k < N:sup|f(s)—((s+ ihtg;a)| < 8}
seK

egzistuoja ir yra teigiama su visais € > 0, nebent isskyrus skaicigjq ¢ > 0

reitksmiy aibe.

Treciajame disertacijos skyrius yra skirtas nagrinéti apibendrintuosius po-
stamius (s + ihyg;a), Cia0 <y < y2 < -+ < % < - -+ yra Rymano dzeta
funkcijos netrivialiyjy nuliy menamyjy daliy seka. Sios sekos pasiskirstymas
yra labai sudétingas, todél yra suformuluotos kelios hipotezés. Viena jy yra
Montgomerio prielaida, zZr. [55], kuri teigia, kad

> 1
Yen<T
(2man)/log T<vi—<(2ma2)/log T

T
/ 1_ sanU> )du—}—é(al,ag) %logT

kai T' — oo, ¢ia a1 < o yra bet kokie realieji skaiciai, o

1, jeigu 0 € [a1,aq],
d(ar, 02) = .
0, Kkitais atvejais.

Aproksimuojanciuose postumiuose ((s + ih7y,) yra naudojama salyga susijusi
su Montgomerio prielaida, Zr. [13], kuri teigia, kad su ¢ > 0

> 1< TlogT. (S2)

Ve n<T
[ve—y1|<c/logT

9 teorema. [13]. Tarkime, kad galioja (S2) ivertis. Tegul K € K, o
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f(s) € Ho(K). Tuomet su kiekvienu h > 0 ir e > 0,

1
liminf#{l <k <N :supl|f(s) —((s+ihy)| < 8} > 0.
N—oo N s€cK

Be to, su kiekvienu h > 0 riba

i %# {1 <k<N: Sg}g\f(S) — ((s +ihy)| < 5}
egzistuoja ir yra teigiama su visais € > 0, nebent isSskyrus skaiCigjq € > 0
reikSmiy aibe.

Pastaroji teorema [11] ir [12] straipsniuose buvo jrodyta naudojant Ry-
mano hipotezg. PaZymésime, kad [63] straipsnyje buvo gautas analogiSkas
9 teoremai rezultatas nenaudojant Montgomerio prielaidos. Taip pat §i teorema
[39] straipsnyje buvo iSplésta Hurvico dzeta funkcijai ((s, @) su parametru o
tokiu, kad seka {log(m + «) : m € Ny} yra tiesi$kai nepriklausoma vir§ Q.

Dzeta funkcijy universalumo teoremos gali bati jungtinés. Siuo atveju
analiziniy funkcijy rinkinys tuo paciu metu gali biiti aproksimuojamas dzeta
funkcijy postumiy rinkiniu. Pirmaja jungtinio universalumo teorema Dirichlé
L funkcijoms [73] straipsnyje jrodé Voroninas.

Treciajame disertacijos skyriuje yra jrodyta jungtinio universalumo teo-
rema periodinéms dzeta funkcijoms su multiplikatyviaisiais koeficientais nau-
dojant postimius (s + ihjy,;a;), j = 1,...,7. Primename, kad skaicius o
vadinamas algebriniu, jeigu jis yra polinomo su racionaliaisiais koeficientais
Saknis. Pagrindinis 3 skyriaus rezultatas yra tokia teorema:

3.1 teorema. Tarkime, kad sekos a1, ..., a, yra multiplikatyvios, h1, . . .,
h, yra teigiami algebriniai skaiciai tiesiskai nepriklausomi virs Q ir galioja
(S2) jvertis. Kai j = 1,...,r, tegul K; € K, o fj(s) € Ho(K;). Tuomet su
kiekvienu ¢ > 0,

1
lim inf N#{l <k N: sup sup |fj(s) — ((s+ ihjv; a;)| < 5} > 0.

N—oo 1<j<r s€K

Be to, riba

1
lim #{1 <k < N: sup sup |fj(s) — ((s+ thjye; aj)] <€}

1<j<r s€ K

egzistuoja ir yra teigiama su visais € > 0, nebent isSskyrus skaicCigjq € > 0
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reikSmiy aibe.

3.1 teorema yra tam tikras 2.1 teoremos apibendrinimas.

Dar vienas buidas iSplésti universaliy Voronino prasme funkcijy klase yra
tam tikry sudétiniy funkcijy universalumas. Sis badas Rymano dzeta funkci-
jos atveju buvo pasiiilytas [36] straipsnyje. Anksciau, [34] straipsnyje buvo
irodytas funkcijos ¢’(s)/¢(s) universalumas. Siuo atveju, aproksimuojama
funkcija f(s) nebatinai yra nejgyjanti nuliy, t. y. f(s) € H(K), K € K. [38]
straipsnyje buvo gauta, kad funkcija F'({(s)) yra universali su daug bendres-
niais operatoriais ' : H(D) — H(D) i§ LipSico klasés. Tiksliau, operatorius
F tenkina salygas:

1. Su kiekvienu polinomu p = p(s) ir kiekviena aibe K € I, egzistuoja
elementas ¢ € F~1{p} C H(D), kad q(s) # 0 aibéje K;

2. Su kiekvienu K € K, egzistuoja konstanta ¢ > 0, aibé K1 € I, a > 0
ir visiems g1, g2 € H(D) galioja nelygybé

sup [F'(g1(s)) — F(g2(s))| < ¢ sup [g1(s) — g2(s)|*.
seK s€EK

Sia operatoriy klase pazymékime Lip(«w). Tuomet teisingas tvirtinimas, Zr.
[38].

10 teorema. Tarkime, kad F' € Lip(«). Tegul K € K, o f(s) € H(K).
Tuomet su kiekvienu £ > 0

lim inf lmeaus {7‘ €[0,T]:sup |f(s) — F({(s+iT))| < €} >0. (S3)
T—oo T €K

Ketvirtame disertacijos skyriuje jrodytos universalumo teoremos sudéti-
néms funkcijoms F'(¢(s;a1),...¢(s;a.)), ¢ia F' : H"(D) — H(D), naudo-
jant postamius F'({(s + ihiyk; a1), ..., (s + thyyg; a,)). Tegul, dél trumpu-
mo, a = (a1,...,a.), 9 = (91,...,9-) € H'(D), h = (h1,...,hy), hj >0,
jo=1...,m C(s + thya) = (C(s + thiygsar), ..., C(s + thyyks ar)).
Sakysime, kad galioja tvirtinimas A(a, h,(S2)), jeigu sekos aj,...,a, yra
multiplikatyvios, hi,...,h, yra teigiami algebriniai skaiciai, tiesiSkai nepri-
klausomi vir$ Q, ir galioja (S2) jvertis.

Apibrézkime operatoriy F' : H"(D) — H(D) klase Lip(a). Sakysime,
kad F' € Lip(a), jeigu:
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1. Sukiekvienu polinomu p = p(s) ir aibémis K1, ..., K, € K, egzistuoja
elementas g € F~'{p} C H"(D), kad g;(s) # 0 aibése K;, j =
1,...,r.

2. Su kiekviena K C K, egzistuoja aibés Ki,..., K, € K, konstanta
¢ > 0 ir teigiami skaiéiai o, . . ., o, kad

sup |F'(g,) — F(g,)| < ¢ sup sup [g1;(s) — g2;(s)[™
seK 1<y<r se K

suvisais g,, g, € H"(D).
Pirmoji universalumo teorema sudétinei funkcijai F'({(s;a)) yra toks tvirtini-

mas:

4.1 teorema. Tarkime, kad galioja tvirtinimas A(a, h, (S2)), o operatorius
F : H" (D) — H(D) yra is klasés Lip(a). Tegul K € K, o f(s) € H(K).
Tuomet su kiekvienu € > 0

1
1}&ioréfﬁ# {1 <k<N: sup |f(s) = F (¢(s + by a)| < 5} > 0.
(54)

Disertacijoje jrodytos universalumo teoremos ir kitoms operatoriy F' kla-
séms. Tegul

S ={g€ H(D):g(s) # 0 juostoje D, arba g(s) = 0}.

4.2 teorema. Tarkime, kad galioja tvirtinimas A(a,h,(S2)), o F
H"(D) — H(D) yra toks tolydusis operatorius, kad su kiekviena atviraja
aibe G C H(D) sankirta (F~'G) N S" néra tuscioji aibe. Tegul K € K, o
f(s) € H(K). Tuomet galioja (S4) nelygybé. Be to, riba

1
Jim {1 <k<N:sup £(5) — F (¢(s + b 0))] < s} (S5)

egzistuoja ir yra teigiama su visais € > 0, nebent isskyrus skaicigjq € > 0
reikSmiy aibe.
Salyga, kad (F~1G) N S, gali biiti pakeista.

4.3 teorema. Tarkime, kad galioja tvirtinimas A(a,h,(S2)), o F
H" (D) — H(D) yra toks tolydusis operatorius, kad su kiekvienu polinomu
p = p(s) sankirta (F~'{p}) N S” néra tus¢ioji aibé. Tegul K € K ir
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f(s) € H(K). Tuomet galioja (S4) nelygybé, o riba (S5) egzistuoja ir yra

teigiama su visais € > 0, nebent isskyrus skaicigjq € > 0 reikSmiy aibe.

Akivaizdu, kad G C H(D) salyga (F~1{p}) N S™ # @ yra daug pato-
gesné, negu (F~1G) N S” # @, su visomis atvirosiomis aibémis.

Kai kurioms aproksimuojamy funkcijy klaséms aibé K € K gali buti
pakeista bet kokia kompaktine aibe. Tai pateikta kitoje teoremoje.

4.4 teorema. Tarkime, kad galioja tvirtinimas A(a,h,(S2)), o F
H"(D) — H(D) yra tolydusis operatorius. Tegul K C D yra kompaktiné
aibé, o f(s) € F(S"). Tuomet galioja 4.3 teoremos tvirtinimas.

Atkreipsime démesj, kad aib¢ F'(S™) sunku apibudinti. Uzdavinys tampa
paprastesniu, kai yra Zinoma tam tikra paprasta aibé, kuri yra aibés F'(S")
poaibis. Tai yra pateikta paskutinéje 4 skyriaus teoremoje. Su skirtingais kom-
pleksiniais skaiciais cy, . . ., ¢, apibrézkime aibg

H

crrmem (D) ={9g€ H(D) : g(s) #cjsuvisaiss € D, j =1,...,m}.
4.5 teorema. Tarkime, kad galioja tvirtinimas A(a,h,(S2)), o F
H"(D) — H(D) yra toks tolydusis operatorius, kad He, ..., (D) C F(S").
Kaim =1, tegul K C K, f(s) € H(K) ir f(s) —c1 € Ho(K). Kaim > 2,
tegul K C D yra bet kokia kompaktiné aibé, o f(s) € He, . ¢, (D). Tuomet

galioja 4.3 teoremos tvirtinimas.

Visos anksCiau paminétos disertacijoje jrodytos teoremos yra diskreciojo
tipo. Penktas disertacijos skyrius yra skirtas periodiniy dzeta funkciju tolydZzia-
jam jungtiniam universalumui jrodyti. Tam yra naudojami tolydis apibendrin-
tieji postiimiai. Sio tipo teoremos buvo suformuluotos [42] straipsnyje, tatiau
su paprastaisiais postimiais. Kai j = 1,...,r, tegul a; = {ajm, : m € N}
yra periodinés kompleksiniy skaiciy sekos su minimaliuoju periodu ¢; € N.
Tegul q yra periody q1, . . ., ¢, maZiausias bendrasis kartotinis, 0 l1,...,l;, —
redukuotoji liekany sistema moduliu ¢, ¢ia 71 = ¢(q) yra Oilerio funkcija.
Apibrézkime matrica

alll a2l1 e arll
A _ allz a2l2 . (Z,«l2
CLUTl aglrl e arlrl

Tuomet [42] straipsnyje yra jrodyta tokia teorema:
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11 teorema. Tarkime, kad sekos ay, . .., a, yra multiplikatyvios, o rangas
rank(A) =r. Kaij =1,...,r, tegul Kj € K, o fj(s) € Ho(K;). Tuomet su
kiekvienu ¢ > 0

1
lim inf meas {7‘ €10,T]: sup sup |fj(s) —((s+it;a;)| < 8} > 0.

T—o0 1<j<r s€Kj

Pastebésime, kad [42] straipsnyje naudojama salyga

- |ajpk| .
> by <<l j=1..m

gali buti lengvai pasalinama.

Disertacijoje 11 teoremos salyga rank(A) = r yra pakeista netiesiniais
postimiais (s + i¢;(7); a;).

Pazymekime U, (7)), 1o > 0, realiyjy, neapréztai didéjanciy, tolydZiai
diferencijuojamy funkcijy ¢ (7) klasg su intervale [T, oo) turin¢ia monotoning
iSvesting ¢'(7), kad

©(27) [ max (0 LT, T —00.

Dabar suformuluosime pirmaja 5 skyriaus teorema.

5.1 teorema. Tarkime, kad sekos a1, ..., a, yra multiplikatyvios, a1, . . .,
a, yra realieji algebriniai skaiciai tiesiskai nepriklausomi virs Q, o o(1) €
Ui(To). Kaij = 1,...,r, tegul K; € K, o fj(s) € Ho(K;). Tuomet su
kiekvienu e > 0

lim inf
T—oo T —1Tj

meas{T € [1v,T) :

sup sup |fj(s) — (s +ia;p(T);a;5)| < 5} > 0.
1<j<r se K

Be to, riba

lim

Jim Tomeas{T € [1v,T) :

sup sup [f;(s) — C(s +ia;p(7); a5)] < 6}

lgng SEKj
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egzistuoja ir yra teigiama su visais € > 0, nebent isskyrus skaicigjq € > 0
retksmiy aibe.

Antrojoje jungtinio universalumo teoremoje naudojami daug bendresni po-
stimiai ((s + ip;(7);a;), j = 1,...,r, negu 5.1 teoremoje. PaZymékime
U, (Ty) realiyjy, neapréztai didéjanciy, tolydziai diferencijuojamy funkcijy
©1(7), ..., @ (7) klase su intervale [Tj, co) turiniy i§vesting, kad

©5(r) = &;(7)(1 + 0(1)),
¢ia ¢1(7), ..., (7) yra monotoninés funkcijos ir susietos ta prasme, kad
kiekvienam poaibiui J C {1,...,r}, #J > 2, egzistuoja jo = jo(J) toks,
kad ¢;(7) = o(¢;,(7)), kai j € J, j # jo, ir

©;(27) TI&E%TW LT, j=1,...,r1

kai 7 — oo.

5.2 teorema. Tarkime, kad sekos a1, . . ., a, yra multiplikatyvios, o (p1(T),
cor(1) € Up(Ty). Kaij = 1,...,1, tegul Kj € K, o fj(s) € Ho(Kj).

Tuomet su kiekvienu ¢ > 0

lim inf meas{T € [1v,T) :
T—o0 — 1o
sup sup |f;(s) = C(s 4+ ip;j(7);a5)] < 8} > 0.
lgng SEK]'
Be to, riba
lim

Ty, T :
Jim Omeas{TG[ 0,71

sup sup |f;(s) — ((s +ipj(T);a5)] < 5}

1<j<r se K

egzistuoja ir yra teigiama su visais € > 0, nebent isskyrus skaicigjq € > 0

reikSmiy aibe.
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Aprobacija
Pagrindiniai disertacijos rezultatai buvo pristatyti Siose konferencijose:

» LXI Lietuvos matematiky draugijos konferencijoje, 2020 m. gruodZio
4 d., Siaulivose;

» XIX tarptautingje konferencijoje ,,Algebra, skaiciy teorija, diskrecioji
geometrija ir daugiamatis modeliavimas: Siuolaikinés problemos, taiky-
mai ir problemy istorija”, skirta akademiko P. L. Ceby3evo 200 m. ju-
biliejui, 2021 m. geguzés 18-22 dienomis, Tuloje, Rusija;

o LXII Lietuvos matematiky draugijos konferencijoje, 2021 m. birzelio
16-17 dienomis, Vilniuje;

* XX tarptautinéje konferencijoje ,,Algebra, skaiCiy teorija, diskrecioji ge-
ometrija ir daugiamatis modeliavimas: Siuolaikinés problemos, taikymai
ir problemy istorija”, skirta akademiko I. M. Vinogradovo 130 m. ju-
biliejui, 2021 m. rugséjo 21-24 dienomis, Tuloje, Rusija;

* 25-tojoje tarptautinéje konferencijoje ,,Matematinis modeliavimas ir
analizé¢”, 2022 m. geguzés 30 d. — birzelio 2 d., Druskininkuose;

o LXIII Lietuvos matematiky draugijos konferencijoje, 2022 m. birZelio
16-17 dienomis, Kaune;

 Lietuvos tikimybiy teorijos ir skaiCiy teorijos konferencijoje, skirtoje
Lietuvos universiteto 100-meciui, Matematinés analizés katedros 100-
meciui ir Geometrijos katedros 100-meciui, 2022 m. rugséjo 5-10 die-
nomis, Palangoje;

» 26-tojoje tarptautinéje konferencijoje ,,Matematinis modeliavimas ir
analizé”, 2023 m. geguzés 30 d. — birzZelio 2 d., Jirmaloje, Latvija;

* LXIV Lietuvos matematiky draugijos konferencijoje, 2023 m. birzelio
21-22 dienomis, Vilniuje;

 Tarptautinéje tikimybiy teorijos ir skaiciy teorijos konferencijoje, skir-
toje profesoriaus Jono Kubiliaus 100 m. jubiliejui, profesoriaus Donato
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ISvados
IS disertacijos iSplaukia tokios iSvados:

1. Periodinei dzeta funkcijai ((s; a) su multiplikatyviaja periodine seka a
galioja universalumo teorema apie analiziniy funkcijy aproksimavima
postimiais (s + ihtg; a), ¢ia h > 0, o {t;} — Gramo tasky seka;

2. Periodinems dzeta funkcijoms ((s;a;) su multiplikatyviosiomis peri-
odinémis sekomis a;, 7 = 1,...,r, esant teisingai silpnajai Montgome-
rio prielaidai apie Rymano dzeta funkcijos netrivialigjy nuliy menamuyju
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daliy v koreliacija, galioja jungtinio universalumo teorema apie anali-
ziniy funkcijy rinkinio aproksimavima postimiais (s + ihj7yx; a;), ¢ia
hi,...,h, yra teigiami algebriniai skaiciai tiesiSkai nepriklausomi vir§
racionaliyjy skaiciy kiino;

. Daugiamatéje analiziniy funkcijy erdvéje sudétinés funkcijos F'(((s +
ith1vyk;a1), ... C(s + ihyg; a,)) yra universalios su tam tikromis opera-
toriy F' klasémis;

. Periodinems dzeta funkcijoms ((s;a;) su multiplikatyviosiomis peri-
odinémis sekomis a;, 7 = 1,...,r, nenaudojant jokio sekos a; neprik-
lausomumo reikalavimo, galioja jungtinio universalumo teoremos apie
analiziniy funkcijy rinkinio aproksimavima apibendrintais netiesiniais
postiimiais (s + ip;(7); a;).
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