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Prof. dr. Darius Šiaučiūnas (Vilniaus universitetas, gamtos mokslai, matem-
atika N 001).

Gynimo taryba:
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Notation

j, k, l,m, n natural numbers
p prime number
P set of all prime numbers
N set of all natural numbers
N0 N ∪ {0}
Z set of all integer numbers
R set of all real numbers
C set of all complex numbers
i imaginary unity: i =

√
−1

s = σ + it, σ, t ∈ R complex variable⊕
m

Am direct sum of sets Am

A×B Cartesian product of the sets A and B∏
m
Am Cartesian product of sets Am

Am Cartesian product of m copies of the set A
measA Lebesgue measure of the set A ⊂ R
#A cardinality of the set A
H(G) space of analytic functions on G

B(X) class of Borel sets of the space X
EX expectation of the random variable
D→ convergence in distribution
Γ(s) Euler gamma-function
ζ(s) Riemann zeta-function
ζ(s, α) Hurwitz zeta-function
a ≪η b, b > 0 there exists a constant C = C(η) > 0

such that |a| ≤ Cb
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CHAPTER 1
Introduction

1.1 Research topic

In the dissertation, we consider the value distribution of periodic zeta-func-
tions. Let a = {am : m ∈ N} be a periodic sequence of complex numbers
with minimal period q ∈ N, i. e., am+q = am for all m ∈ N. The periodic
zeta-function ζ(s; a), s = σ + it, is defined by the Dirichlet series

ζ(s; a) =
∞∑

m=1

am
ms

, σ > 1.

Clearly, the sequence a is bounded, i. e.,

|am| ⩽ max(|a1|, . . . , |aq|)

for all m ∈ N. Therefore, the series for ζ(s; a) is absolutely and uniformly
convergent for σ > 1 + ε with arbitrary ε > 0, hence, the function ζ(s; a)

is analytic in the half-plane σ > 1. To obtain the analytic continuation for
the function ζ(s; a) to the region σ ⩽ 1, the classical Hurwitz zeta-function is
used. Let 0 < α ⩽ 1 be a fixed parameter. The Hurwitz zeta-function ζ(s, α)

was introduced and studied in [16], and, for σ > 1, is defined by the Dirichlet
series

ζ(s, α) =
∞∑

m=0

1

(m+ α)s
.

Moreover, the function ζ(s, α) has the analytic continuation to the whole com-
plex plane, except for a simple pole at the point s = 1 with residue 1 [1, 41].
In other words, ζ(s, α) is a meromorphic function.
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In view of the periodicity of the sequence a, for σ > 1, the equality

ζ(s; a) =

q∑
l=1

∞∑
m=1

m≡l(mod q)

am
ms

=

q∑
l=1

al

∞∑
k=0

1

(kq + l)s

=
1

qs

q∑
l=1

al

∞∑
k=0

1

(k + l/q)s
=

1

qs

q∑
l=1

alζ

(
s,

l

q

)
(I1)

is valid. Therefore, the mentioned analytic properties of the Hurwitz zeta-
function give the analytic continuation to the whole complex plane for the
function ζ(s, a) with a possible unique simple pole at the point s = 1 with
residue

â
def
=

1

q

q∑
l=1

al. (I2)

If â = 0, then the periodic zeta-function ζ(s; a) is entire one.
The second property of the sequence a required in the dissertation is its

multiplicativity. We recall that the sequence a is called multiplicative if a1 =

1, and am1m2 = am1am2 for all coprimes m1,m2 ∈ N ((m1,m2) = 1).
Many arithmetic functions in number theory are multiplicative. Examples of
multiplicative functions:

1. The divisor function
d(m) =

∑
d|m

1;

2. The Möbus function

µ(m) =


0 if kr | m, k ∈ N \ {1},

(−1)k if m = p1 · · · pk, p1, . . . , pk are different
prime numbers,

1 if m = 1;

3. The Euler totient function

φ(m) = #{1 ⩽ k ⩽ m : (k,m) = 1};

4. Suppose that f : N → C is an additive function, i. e.,

f(m1m2) = f(m1) + f(m2), for all (m1,m2) = 1.
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Then the function ef(m) is multiplicative.

Example 4 is widely used in probabilistic number theory, see, for example,
[32], [8], [9], and [31], for investigation of limit distributions of real additive
functions. It is well known that the characteristic function of the distribution
function of f(m)

Fn(x)
def
=

1

n
#{1 ⩽ m ⩽ n : f(m) < x}

is

gn(t)
def
=

1

n

n∑
m=1

eitf(m), t ∈ R,

i.e, the problem is reduced to mean values of multiplicative functions. If gn(t),
as n → ∞, converges to g(t) continuous at t = 0, then the distribution func-
tion Fn(x), as n → ∞, converges weakly to a distribution function with the
characteristic function g(t).

The simplest periodic and multiplicative arithmetic function is the Legen-
dre symbol. Let q > 2 be a prime number. Then the Legendre symbol

(
m

q

)
=


0 if m ≡ 0(mod q),
1 if m is a quadratic residue modulo q and m ̸≡ 0(mod q),

−1 if m is a quadratic non-residue modulo q .

The symbol
(
m
q

)
is periodic with period q, and completely multiplicative, i. e.,

(
m1m2

q

)
=

(
m1

q

)(
m2

q

)
for all m1,m2 ∈ N.

Thus, the sequence a =
{(

m
q

)
: m ∈ N

}
is periodic and multiplicative.

A more general periodic multiplicative arithmetic function is every Dirich-
let character modulo q. A full definition of Dirichlet characters is sufficiently
long and complicated, however, it is well known that every arithmetic function
χ(m) satisfying the hypotheses

1. χ(m) is completely multiplicative;

2. χ(m) is periodic with period q;

3. χ(m) = 0 for (m, q) > 1;

4. χ(m) ̸= 0 for (m, q) = 1

10



coincides with a Dirichlet character modulo q.
Let χ(m) be a Dirichlet character modulo q. Then the series

L(s, χ) =
∞∑

m=1

χ(m)

ms
, σ > 1,

is called a Dirichlet L-function, and used in the theory of distribution of prime
numbers in arithmetic progressions.

In the dissertation, approximation properties of the function ζ(s; a) with
periodic multiplicative sequence a are investigated. Note that in this case the
function ζ(s; a) has the Euler product

ζ(s; a) =
∏
p∈P

(
1 +

∞∑
l=1

apl

pls

)
, σ > 1.

We also note that multiplicativity of the sequence a describes a certain class of
approximated analytic functions.

1.2 Aim and problems

The aim of the dissertation is an approximation of analytic functions de-
fined in the strip D = {s ∈ C : 1/2 < σ < 1} by shifts ζ(s + iτ ; a), τ ∈ R.
The problems are the following:

1. Approximation of a class of analytic functions by shifts ζ(s + ihtn; a),
h > 0, where {tn : n ∈ N} is a sequence of Gram points.

2. Joint approximation of a collection of analytic functions by shifts (ζ(s+
ih1γk; a1), . . . , ζ(s + ihrγk; ar)), hj > 0, where {γk : k ∈ N} is a
sequence of positive imaginary parts of non-trivial zeros of the Riemann
zeta-function.

3. Approximation of a class of analytic functions by shifts F (ζ(s +

ih1γk; a1), . . . , ζ(s + ihrγk; ar)) with certain continuous operators F

in the space of analytic functions.

4. Joint approximation of a class of analytic functions by generalized non-
linear shifts (ζ(s+ iφ1(τ); a1), . . . , ζ(s+ iφr(τ); ar)).
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1.3 Actuality

Analytic functions are not only an object of function theory. They play an
important role in analytic and algebraic number theory, differential and inte-
gral equation problems, probability theory, functional analysis, mathematical
physics and other branches of mathematics, and also occur in solving some
problems of physics and other natural sciences. Therefore, problems arise in
simplifying complicated analytic functions, and this leads to the approxima-
tion of analytic functions by simpler ones. It is well known that every ana-
lytic function continuous on a compact set K with connected complement and
analytic inside of that set can be approximated by a polynomial, uniformly
on K. Thus, for every analytic function, there exists the corresponding ap-
proximating polynomial depending on the approximation function. Probably
fifty years ago, it became known that there are comparatively simple functions,
some zeta- and L-functions, having universal approximation property: shifts of
one and the same function approximate the whole class of analytic functions.
This unexpected progress in approximation theory opened new problems as
the description of classes of universal functions, effectivization of the univer-
sality, description of classes of approximating shifts, and, of course, applica-
tion of the universality phenomenon for solving mathematical and practical
problems. In many scientific mathematical centers (Australia, Canada, France,
Germany, India, Japan, S. Korea, Sweden, USA, etc.) groups investigating uni-
versality problems in approximation theory were created. The most numerous
such a group is successfully working in Lithuania (I. Belovas, R. Garunkštis,
R. Kačinskaitė, A. Laurinčikas, R. Macaitienė, etc.). The Lithuanian group
obtained significant results in the effectivization of universality, extended the
class of universal functions, introduced new types of universality, applied for
approximation of new classes of shifts. However, as Professor A. Schinzel
said, every proved theorem raises three new problems. Since universality prob-
lems are interesting and important for many fields of science, the development
of universality is one of the modern directions of mathematics.

1.4 Methods

Probabilistic methods based on weak convergence of probability measures
and their properties in the space of analytic functions occupy a central place
in the proofs of universality theorems of the dissertation. Moreover, methods

12



of analytic number theory, including various mean square estimates, Cauchy’s
integral formula, integral representations and properties of polynomials are
applied.

1.5 Novelty

All results of the dissertation are new. Universality theorems for periodic
zeta-functions with generalized shifts including Gram points, imaginary parts
of non-trivial zeros of the Riemann zeta-function, and algebraic numbers lin-
early independent over Q earlier were not known.

1.6 History of the problem and the main results

Zeta- or L-functions usually are defined by ordinary Dirichlet series

∞∑
m=1

a(m)

ms

for σ > σ0 with some σ0, or general Dirichlet series

∞∑
m=1

b(m)e−λms, σ > σ0,

where {a(m)} and {b(m)} are sequences of complex numbers, and {λm} ⊂
R, limm→∞ λm = +∞. For example, the Riemann zeta-function ζ(s) is
defined by

ζ(s) =
∞∑

m=1

1

ms
, σ > 1,

and by meromorphic continuation to the whole complex plane, except the point
s = 1 which is its unique simple pole with residue 1. The definition of the Ep-
stein zeta-function is more complicated. Let Q be a positive definite quadratic
n × n matrix, and [10], for x ∈ Zn, Q[x] = xTQx, where xT denotes the
transposition of x. Then the Epstein zeta-function ζ(s;Q) for σ > n/2 is
defined by the series

ζ(s;Q) =
∑

x∈Zn\{0}

(Q[x])−s,

13



however, if Q[x] ∈ Z for all x ∈ Zn, then

ζ(s;Q) =

∞∑
m=1

rQ(m)

ms
, σ >

n

2
,

where rQ(m) denotes the number of x ∈ Zn such that Q[x] = m. Thus, we
have again an ordinary Dirichlet series. By the way, the function ζ(s;Q) can
be analytically continued to the whole complex plane, except for a simple pole
at the point s = n/2, and

Res
s=n/2

ζ(s;Q) =
πn/2

Γ(n/2)
√
detQ

,

here Γ(s) is the Euler gamma-function.
The Hurwitz zeta-function ζ(s, α) is defined by general Dirichlet series

ζ(s, α) =

∞∑
m=0

e−s log(m+α), σ > 1,

i. e., with λm = log(m+ α) and b(m) ≡ 1.
Zeta-functions Z(s) of the type

Z(s) =
∞∑

m=1

a(m)

ms
, σ > σ0,

are generating functions of the sequence {a(m)}, they are applied to obtain
information on the mean value

m(x)
def
=
∑
m⩽x

a(m), x → ∞.

There exist formulae of various forms involving a contour integral with the
function Z(s) which gives a representation for m(x) with some error term.
This can be clearly illustrated by the case of the function

π(x) =
∑
p⩽x

1, x → ∞.

14



Let Λ(m) be the von Mangoldt function, i. e.,

Λ(m) =

{
log p if m = pk, k ∈ N,
0 otherwise.

The mean value
mΛ(x)

def
=
∑
m⩽x

Λ(m), x → ∞,

is closely connected to π(x); the asymptotics for mΛ(x) as x → ∞ leads to
that for π(x). Therefore, the generating function

ZΛ(s)
def
=

∞∑
m=1

Λ(m)

ms
, σ > 1,

is considered. Moreover, it is easily seen that

ZΛ(s) = −ζ ′(s)

ζ(s)
. (I3)

Thus, we can use the described above representation

mΛ(x) =
1

2πi

σ+i∞∫
σ−i∞

xs

s

(
−ζ ′(s)

ζ(s)

)
ds+ error term(T, x, σ),

ζ ′(s)

ζ(s)
=
∑
ρ

(
1

s− ρ
− 1

ρ

)
+ simple term,

where ρ are zeros of the function ζ(s) with Reρ ⩾ 1/2. This, together with
(I3) gives the asymptotics for mΛ(x), and therefore, for π(x) as x → ∞.
This example explains why it is important to study the zero-distribution of the
function ζ(s).

The above remarks show that, first of all, we have to study the value dis-
tribution of zeta-function and then apply the obtained results to solve other
problems.

Value distribution of zeta-functions includes analytic continuation, func-
tional equations, various estimates, asymptotics, and estimates for moments

T∫
0

|Z(σ + it)|2k dt,

15



probabilistic limit theorems, zero-distribution, approximation properties, etc.
The zeta-function ζ(s; a) is an attractive analytic object, and was investi-

gated by numerous researchers. The first significant result for ζ(s; a) is the
functional equation obtained in [61]. For its statement, the notation

b = {bm : m ∈ Z}, bm =
1

q

q−1∑
l=0

ale
−2πil(m/q),

b̂ = {b̂m : b̂m = b−m,m ∈ Z}

is used. The sequences b and b̂ are periodic with period q. Therefore, we
have periodic zeta-functions ζ(s; b) and ζ(s; b̂) that appear in the functional
equation [61]

ζ(1− s; a) =
( q

2π

)s
Γ(s)

(
eπi(s/2)ζ(s; b) + e−πi(s/2)ζ(s; b̂)

)
.

The function ζ(s; a) is connected in a certain sense to the Riemann zeta-
function. Let b̃m =

√
q bm, and cl = {cm : cm = e2πim(l/q),m ∈ N},

ζ(s, cl) =

∞∑
m=1

cm
ms

, σ > 1.

Then in [18] it was proved that

ζ(s; a) =
b̃q√
q
ζ(s) +

1
√
q

q−1∑
m=1

b̃mζ(s; cl).

Important results for ζ(s; a) were obtained by J. Steuding. He created [64]
the theory of zero-distribution for ζ(s; a). Denote by ρa = βa + iγa the zeros
of ζ(s; a), i. e., ζ(ρa; a) = 0, and let

ca = max{|am| : 1 ⩽ m ⩽ q}, ma = min{1 ⩽ m ⩽ q : |am| ≠ 0}

and
A(a) =

cama

|ama |
.

Then J. Steuding proved [64] that ζ(s; a) ̸= 0 in the half-plane σ > 1 +A(a).
Moreover, in the above notation, let define the numbers b̃±m, where b̃−m co-
incides with b̃m, and b̃+m is obtained from b̃−m taking “+” in place “-” in the
exponent. Define b̃± = {b̃±m : m ∈ N} and B(a) = max{A(b̃+), A(b̃−)}.
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Then the following assertion is valid. Suppose that m
b̃+

= m
b̃− , then in [65]

it was noted that the function ζ(s; a) has zeros only close to negative real axis.
If m

b̃+
̸= m

b̃− , then ζ(s; a) has zeros near the line

σ = 1 +
πt

log(m
b̃−/mb̃+

)
.

If β < −B(a), then the zeros ρa = βa + iγa are called trivial, otherwise
non-trivial. Let N(T ; a) be the number of non-trivial zeros of ζ(s; a) with
|γa| ⩽ T counted with multiplicity. Then the formula

N(T ; a) =
T

π
log

qT

2πema
√
mb−mb+

+O(log T )

is valid [65]. The monograph [65] also contains other results on the distribution
of zeros of ζ(s; a).

In [67], see also [46], the approximate functional equation for ζ(s; a) has
been proved involving finite sums and connecting the variables s and 1 − s.
Moreover, the asymptotics for the mean square

T∫
0

|ζ(σT + it; a)|2 dt

with σT = 1/2 and σT → 1/2 + 0 as T → ∞ was obtained. Also, joint limit
theorems for a collection of periodic zeta-functions ζ(s; a1), . . . , ζ(s; ar) were
proved, i. e., the weak convergence for

1

T
meas {τ ∈ [0, T ] : (ζ(s+ iτ ; a1), . . . , ζ(s+ iτ ; ar)) ∈ A} ,

A ∈B(X(G)),

as T → ∞ was considered. Here X(G) is the space of analytic or meromorphic
on G = {s ∈ C : σ > 1/2} functions, and B(Y) denotes the Borel σ-field
of a topological space Y, and measA stand for the Lebesgue measure of a
measurable set A ⊂ R.

Now, we focus on the approximation of classes of analytic functions by
shifts of zeta-functions Z(s + iτ), in particular, by ζ(s + iτ ; a). This proper-
ty is called universality, and was discovered by S.M. Voronin in [72] for the
Riemann zeta-function.
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Theorem 1. [72]. Suppose that 0 < r < 1/4 is fixed, the function f(s) is
continuous and non-vanishing on |s| ⩽ r, and analytic in |s| < r. Then, for
every ε > 0, there exists a number τ = τ(ε) ∈ R such that

max
|s|⩽r

∣∣∣∣f(s)− ζ

(
s+

3

4
+ iτ

)∣∣∣∣ < ε.

Voronin also wrote in [72] that a similar assertion is true for all Dirichlet
L-functions L(s, χ). Voronin’s proof is based on the analogue of the Riemann
theorem in the rearrangement of series with terms in Hilbert spaces.

Sufficiently soon, Theorem 1 was extended and improved in the theses [3]
and [14]. At the moment, we have the following last version of Theorem 1.6.
Recall that D = {s ∈ C : 1/2 < σ < 1}, K is the class of compact subsets
of the strip D with connected complements, and let H0(K), K ∈ K, denote
the class of continuous non-vanishing functions on K that are analytic in the
interior of K, and measA denotes the Lebesgue measure of a measurable set
A ⊂ R. Then the following statement is known, see [20, 35, 65, 51].

Theorem 2. Suppose that K ∈ K and f(s) ∈ H0(K). Then, for every ε > 0,

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K
|f(s)− ζ(s+ iτ)| < ε

}
> 0.

Moreover, the limit

lim
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K
|f(s)− ζ(s+ iτ)| < ε

}
exists and is positive for all but at most countably many ε > 0.

The second assertion of the theorem is comparatively not old, it was ob-
tained independently in [53] and [45].

Later, it turned out that some other zeta- and L-functions also are universal
in the above sense (in the Voronin sense), however, it is not easy to prove that,
and there are non-universal Dirichlet series, see, for example, [65].

The first universality theorem for the periodic zeta-function ζ(s; a) has
been proven by Steuding in [64], see also [65]. Let H(K) with K ∈ K denote
the class of continuous on K functions that are analytic in the interior of K.
Thus, H(K) is an extension of the class H0(K).

Theorem 3. Suppose that the period q > 2, am not a multiple of Dirichlet
character modulo q, and am = 0 for (m, q) > 1. Let K ∈ K, and f(s) ∈
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H(K). Then, for every ε > 0,

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K
|f(s)− ζ(s+ iτ ; a)| < ε

}
> 0.

We observe that, by [64], a periodic sequence satisfying the conditions of
Theorem 3 is not multiplicative.

J. Kaczorovski observed in [19] that not all Dirichlet series with periodic
coefficients are universal in the Voronin sense. He obtained necessary and
sufficient conditions that the function ζ(s; a) would be universal with prime
period q.

Theorem 4. [19]. Let q be a prime number and a ̸= 0, the corresponding
function ζ(s; a) is universal in the Voronin sense if and only if one of the fol-
lowing possibilities holds:

1. Not all numbers a1, . . . , aq−1 are equal;

2. We have a1 = · · · = aq−1 = 0;

3. We have a1 = · · · = aq−1 ̸= 0 and∣∣∣∣1− aq
a1

∣∣∣∣ ⩽ √
q or

∣∣∣∣1− a1
aq

∣∣∣∣ ⩾ q.

For example, suppose that q = 3, a1 = 1, a2 = 4, a3 = 3. Then∣∣∣∣1− a3
a1

∣∣∣∣ = 2 >
√
3 and

∣∣∣∣1− a1
a3

∣∣∣∣ = 2

3
< 3.

Therefore, the function ζ(s; a), in view of Theorem 4, in this case, is not uni-
versal.

The first universality theorem for ζ(s; a) with multiplicative sequence a

has been obtained in [47].

Theorem 5. Suppose that the sequence a is multiplicative. Let K ∈ K, and
f(s) ∈ H0(K). Then, for every ε > 0,

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K
|f(s)− ζ(s+ iτ ; a)| < ε

}
> 0.

We note that, in [47], the additional requirement on the sequence a that,
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for all p ∈ P,
∞∑
α=1

|apα |
pα/2

⩽ c < 1,

was used, however, it is technical and can be easily removed. Thus, by Theo-
rem 5, all functions ζ(s; a) with multiplicative a are universal, i. e., have the
same approximation property as Dirichlet L-functions.

All the above-mentioned universality theorems are of continuous type be-
cause τ in shifts ζ(s+iτ ; a) can take arbitrary real values. There exists another
type of universality for zeta-functions, called the discrete universality, where
τ in approximating shifts takes values from a certain discrete set, for exam-
ple, from the arithmetical progression {hk}, k ∈ N0. Discrete universality
theorems were proposed by A. Reich in [59]. He proved a discrete univer-
sality theorem for Dedekind zeta-functions ζK(s) of algebraic number fields.
When K = Q, then the class of Dedekind zeta-functions includes the Riemann
zeta-function. Therefore, a corollary of Reich’s universality theorem is the
following statement. Denote by #A the cardinality of a set A ⊂ R.

Theorem 6. Let K ∈ K, f(s) ∈ H0(K) and h > 0 be fixed. Then, for every
ε > 0,

lim inf
N→∞

1

N + 1
#

{
0 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ikh)| < ε

}
> 0.

Discrete universality theorems for zeta-functions using another method
were studied by B. Bagchi in [3].

The discrete universality for the function ζ(s; a) is more complicated. The
following result which is a consequence of a more general weighted universal-
ity theorem [50] is known. For h > 0, let

L(P;h, π) = {(h log p : p ∈ P), 2π} .

Theorem 7. [50]. Suppose that the set a is multiplicative, and the set L(P;h, π)
is linearly independent over Q. Let K ∈ K and f(s) ∈ H0(K). Then, for eve-
ry ε > 0,

lim inf
N→∞

1

N + 1
#

{
0 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ikh; a)| < ε

}
> 0.

One of the ways of extension of universality is using the so-called general-
ized shifts ζ(s+ iφ(τ)) or ζ(s+ iφ(k)) with certain function φ. For the Rie-
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mann zeta-function and Dirichlet L-functions, this was done by Ł. Pańkowski
in [57]. Let

b ∈

{
R if a ̸∈ N,

(−∞, 0] ∪ (1 +∞) if a ∈ N.

Theorem 8. [57]. Suppose that α ∈ R, a is a positive real number. Let
K ∈ K, f(s) ∈ H0(K). Then , for every ε > 0,

lim inf
T→∞

1

T
meas

{
τ ∈ [2, T ] : sup

s∈K
|f(s)− ζ(s+ iατa logb τ)| < ε

}
> 0,

and

lim inf
N→∞

1

N
#

{
2 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ iαka logb k)| < ε

}
> 0.

Theorem 8 generalizes the works [7] and [43].
Chapter 2 of the dissertation is devoted to a discrete universality theorem

for the function ζ(s; a) with generalized shifts involving the Gram numbers
that have an old and long history. The function ζ(s) satisfies, for all s ∈ C, the
functional equation

π−s/2Γ
(s
2

)
ζ(s) = π−(1−s)/2Γ

(
1− s

2

)
ζ(1− s).

The main ingredient of this equation is the function g(s)
def
= π−s/2Γ(s/2). De-

note by θ(t), t ⩾ 0, the increment of the argument of the function g(s) along
the segment connecting the points s = 1/2 and s = 1/2 + it. It is known [15]
that the function θ(t) is monotonically increasing and unbounded from above
for t > t∗, t∗ = 6.289835 . . . , therefore, the equation

θ(t) = (n− 1)π, n ∈ N,

for t > t∗ has the unique solution tn. The numbers tn are now called the Gram
numbers because he considered them in connection with non-trivial zeros of
ζ(s). Recall that zeros of ζ(s) lying in the strip {s ∈ C : 0 < σ < 1} are
called non-trivial, while zeros s = −2k, k ∈ N, are trivial. By the Riemann
hypothesis, non-trivial zeros of ζ(s) are of the form ρn = 1/2+iγn. All known
non-trivial zeros at the moment support the Riemann hypothesis. J.-P. Gram in
[15] observed that each interval (tn−1, tn], n = 1, . . . , 15, contains precisely
one zero 1/2 + iγn of the function ζ(1/2 + it) such that tn−1 < γn < tn.
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Moreover, he conjectured that this is not true for n > 15. It turned out, that
the Gram hypothesis is true. For example, it was found [70, 17] that

t127 < γ127 < γ128 < t128 and t134 < γ134 < γ135 < t135.

This was proved and analytically in [70], namely, that the sequence

γn − tn
tn+1 − tn

is unbounded, therefore, the zero γn can’t lie in (tn−1, tn] for sufficiently many
n.

The Gram points also were considered by A. Selberg [62], and very deeply
in [21] – [28].

In general, the points tn are very interesting object because it is known that

lim
n→∞

tn
γn

= 1.

For the first time, approximation of analytic functions by shifts involving
Gram points was considered in [29].

Theorem 9. Let K ∈ K, f(s) ∈ H0(K) and h > 0 be fixed. Then, for every
ε > 0,

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihtk)| < ε

}
> 0.

Moreover, the limit

lim
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihtk)| < ε

}
exists and is positive for all but at most countably many ε > 0.

In [30], Theorem 9 was extended to short intervals. Namely, the assertion
of Theorem 9 is valid for the quantity

1

M + 1
#

{
N ⩽ k ⩽ N +M : sup

s∈K
|f(s)− ζ(s+ ihtk)| < ε

}
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with N → ∞, and M restricted by(
3πN

h2

)1/3

(log {(h+ 1)N})12/5 ⩽ M ⩽ N.

The main result of Chapter 2 of the dissertation extends Theorem 9 to the
function ζ(s; a) [69].

Theorem 2.1. Suppose that the sequence a is multiplicative. Let K ∈ K,
f(s) ∈ H0(K) and h > 0 be a fixed number. Then, for every ε > 0,

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihtk; a)| < ε

}
> 0.

Moreover, the limit

lim
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihtk; a)| < ε

}
exists and is positive for all but at most countably many ε > 0.

In Chapter 3, the generalized shifts ζ(s+ ihγk; a), where 0 < γ1 < γ2 <

· · · ⩽ γk ⩽ · · · is the sequence of positive imaginary parts of non-trivial zeros
of the Riemann zeta-function, are discussed. Therefore, we recall some results
in this direction.

At the moment, it is known that more than five-twelfths of all non-trivial
zeros of ζ(s) lie on the critical line [58]. Moreover, the Riemann hypothesis
is supported by very big computer calculations. However, the Riemann hy-
pothesis until our days remains one of the six open Millennium problems of
mathematics [54].

In general, the distribution of the sequence {γk} is very complicated, there-
fore, some hypotheses are proposed. One of them, the Mongomery pair corre-
lation conjecture [55] asserts that∑

γk,γl⩽T

1

(2πα1)/ log T⩽γk−γl⩽(2πα2)/ log T

∼

 α2∫
α1

(
1−

(
sinπu

πu

)2
)
du+ δ(α1, α2)

 T

2π
log T
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as T → ∞, where α1 < α2 are arbitrary real numbers, and

δ(α1, α2) =

1 if 0 ∈ [α1, α2],

0 otherwise.

In approximation by shifts ζ(s + ihγk), the condition inspired by the above
Montgomery conjecture is used. Namely, in [13], the conjecture that, for
c > 0, ∑

γk,γl⩽T

|γk−γl|<c/ log T

1 ≪ T log T (I4)

was proposed.

Theorem 10. [13]. suppose that estimate (I4) is valid. Let K ∈ K and
f(s) ∈ H0(K). Then, for every h > 0 and ε > 0,

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihγk)| < ε

}
> 0.

Moreover, for every h > 0, the limit

lim
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihγk)| < ε

}
exists and is positive for all but at most countably many ε > 0.

In [11] and [12], Theorem 10 was derived assuming the Riemann hypothe-
sis instead (I4).

We note that recently in [63] the analogical result to Theorem 10 was ob-
tained for some subset of the set {γk} without using the Mongomery conjec-
ture.

In [39], Theorem 10 was extended for the Hurwitz zeta-function ζ(s, α)

with α such that the set {log(m + α) : m ∈ N0} is linearly independent over
the field of rational numbers.

Universality theorems for zeta-functions have their joint versions. In this
case, a collection of analytic functions is simultaneously approximated by a
collection of shifts of zeta-functions. The first joint universality theorem was
obtained by Voronin in [73] for Dirichlet L-functions.

The statement of the joint universality theorem involves the notion of non-
equivalent Dirichlet characters. Let χ(m) be a Dirichlet character modulo q.
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The character χ is called generated by a character χ1(m) modulo q1 | q if

χ(m) =

{
χ1(m) if q1 ∤ m,

0 otherwise.

The character χ is called primitive if it is not generated by any character mo-
dulo q1 | q. Two characters χ1 and χ2 are called non-equivalent if they are not
generated by the same primitive character.

Now, we state an improved version of the joint Voronin universality theo-
rem for Dirichlet L-functions obtained in [37].

Theorem 11. Suppose that the characters χ1, . . . , χr are pairwise non-equi-
valent. For j = 1, . . . , r, let Kj ∈ K and fj(s) ∈ H0(Kj). Then, for every
ε > 0,

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

1⩽j⩽r
sup
s∈Kj

|fj(s)− L(s+ iτ, χj)| < ε

}
> 0.

In the joint case, the approximating shifts must be in some sense inde-
pendent. In Theorem 11, this independence is realized by a pairwise non-
equivalence of Dirichlet characters χ1, . . . , χr. There exists an another way
which uses shifts (L(s + iφ1(τ), χ1), . . . , L(s + iφr(τ), χr)) with arbitrary
characters. This was proposed by Ł. Pańkowski in [57] with the functions
φj(τ) = ταj logβj τ , where αj and βj are certain real numbers, j = 1, . . . , r.

Chapter 3 of the dissertation is devoted to a joint universality theorem for
periodic zeta-functions with multiplicative coefficients by using shifts ζ(s +

ihjγk; aj), j = 1, . . . , r. The main result of the chapter is the following the-
orem [49]. Recall that a number α is algebraic if it is a root of a polynomial
with rational coefficients.

Theorem 3.1. Suppose that the sequences a1, . . . , ar are multiplicative, h1,
. . . , hr are positive algebraic numbers linearly independent over the field of
rational numbers, and estimate (I4) is valid. For j = 1, . . . , r, let Kj ∈ K and
fj(s) ∈ H0(Kj). Then, for every ε > 0,

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

1⩽j⩽r
sup
s∈Kj

|fj(s)− ζ(s+ ihjγk; aj)| < ε

}
> 0.
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Moreover, the limit

lim
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

1⩽j⩽r
sup
s∈Kj

|fj(s)− ζ(s+ ihjγk; aj)| < ε

}

exists and is positive for all but at most countably many ε > 0.

Theorem 3.1 is a certain joint generalization of Theorem 2.1.
One of the ways to extend the class of universal functions in the Voronin

sense is investigations of universality for some compositions. This way was
proposed in [36] for the Riemann zeta-function. Earlier, it was obtained in
[34] that the function ζ ′(s)/ζ(s) is universal, in this case the approximation
function f(s) is not necessarily non-vanishing, i. e., f(s) ∈ H(K) for K ∈ K.
In [38], it was obtained that universality remains valid for F (ζ(s)) for more
general operators F : H(D) → H(D) of the Lipschitz type. More precisely,
F has the following properties:

1. For each polynomial p = p(s) and every set K ∈ K, there exists an
element q ∈ F−1{p} ⊂ H(D) such that q(s) ̸= 0 on K;

2. For every K ∈ K, there exist a constant c > 0, a set K1 ∈ K and α > 0

for which

sup
s∈K

|F (g1(s))− F (g2(s))| ⩽ c sup
s∈K1

|g1(s)− g2(s)|α

holds for all g1, g2 ∈ H(D).

Denote the above class of operators Lip(α). Then the following statement is
true [38].

Theorem 12. Suppose that F ∈ Lip(α). Let K ∈ K and f(s) ∈ H(K).
Then, for every ε > 0,

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K
|f(s)− F (ζ(s+ iτ))| < ε

}
> 0. (I5)

Now, let

S = {g ∈ H(D) : g(s) ̸= 0 on D, or g(s) ≡ 0}.

Then we have one more type of universal compositions [38].
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Theorem 13. Suppose that F : H(D) → H(D) is a continuous operator such
that for any open set G ⊂ H(D),

F−1(G) ∩ S ̸= ∅.

Let K ∈ K and f(s) ∈ H(K). Then inequality (I5) is true.

Also, in [38], there is a theorem on approximation of analytic functions
from some more narrow class than H(K) by shifts F (ζ(s+ iτ)).

In [44], the results of [38] were extended for zeta-functions of certain
cusp forms. Universality of compositions F (ζ(s + ikh, α; a, b)), where F :

Hr(D) → H(D), and ζ(s+ ikh, α; a, b) is a collection consisting from peri-
odic and periodic Hurwitz zeta-functions was obtained in [40].

In Chapter 4 of the dissertation, universality theorems for the composi-
tions F (ζ(s; a1), . . . ζ(s; ar)), where F : Hr(D) → H(D), by using shifts
F (ζ(s+ih1γk; a1), . . . , ζ(s+ihrγk; ar)) were obtained. Let a = (a1, . . . , ar),
g = (g1, . . . , gr) ∈ Hr(D) and h = (h1, . . . , hr), hj > 0, j = 1, . . . , r. For
brevity, denote ζ(s+ ihγk; a) = (ζ(s+ ih1γk; a1), . . . , ζ(s+ ihrγk; ar)), and
say that the statement A(a, h, (I4)) holds if the sequences a1, . . . , ar are multi-
plicative, h1, . . . , hr are positive algebraic numbers linearly independent over
Q, and statement (I4) is valid. For example, we may take a = (χ1(m), . . . ,

χr(m)), where χ1(m), . . . , χr(m) are Dirichlet characters modulo q ∈ N,
and h = (

√
2, 3

√
2, . . . , r+1

√
2) because the numbers

√
2, 3

√
2, . . . , r+1

√
2 are

linearly independent over Q.
Define the class Lip(α) of operators F : Hr(D) → H(D). We say that

F ∈ Lip(α), if:

1. For every polynomial p = p(s) and sets K1, . . . ,Kr ∈ K, there exists
an element g ∈ F−1{p} ⊂ Hr(D) such that gj(s) ̸= 0 on Kj , j =

1, . . . , r.

2. For every K ⊂ K, there exist the sets K1, . . . ,Kr ∈ K, a constant c > 0

and positive α1, . . . , αr such that

sup
s∈K

∣∣∣F (g
1
)− F (g

2
)
∣∣∣ ⩽ c sup

1⩽j⩽r
sup
s∈Kj

|g1j(s)− g2j(s)|αj

for all g
1
, g

2
∈ Hr(D).

The first universality theorem for compositions F (ζ(s; a)) is the following
statement [68].
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Theorem 4.1. Suppose that A(a, h, (I4)) is valid, and F : Hr(D) → H(D)

belongs to the class Lip(α). Let K ∈ K and f(s) ∈ H(K). Then, for every
ε > 0,

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K

∣∣f(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

}
> 0.

(I6)

For example, the operator

F (g1, . . . , gr) = c1g1 + · · ·+ crgr, g1, . . . , gr ∈ H(D), (I7)

with complex cj ̸= 0 belongs to the class Lip(1).
The dissertation contains also other classes of operators F , see [68].

Theorem 4.2. Suppose that A(a, h, (I4)) is valid, and F : Hr(D) → H(D)

is a continuous operator such that, for every open set G ⊂ H(D), the inter-
section (F−1G) ∩ Sr is non-empty. Let K ∈ K and f(s) ∈ H(K). Then the
inequality (I6) is valid. Moreover, the limit

lim
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K

∣∣f(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

}
(I8)

exists and is positive for all but at most countably many ε > 0.

The hypothesis (F−1G) ∩ Sr can be modified.

Theorem 4.3. Suppose that A(a, h, (I4)) is valid, and F : Hr(D) → H(D)

is a continuous operator such that, for every polynomial p = p(s), the inter-
section (F−1{p}) ∩ Sr is non-empty. Let K ∈ K and f(s) ∈ H(K). Then
the inequality (I6) is valid, and the limit (I8) exists and is positive for all but at
most countably many ε > 0.

Obviously, the hypothesis (F−1{p}∩Sr ̸= ∅ is more convenient than that
(F−1G) ∩ Sr ̸= ∅ for all open sets G ⊂ H(D).

For some classes of approximated functions, the set K ∈ K can be re-
placed by an arbitrary compact set. This is given in the next theorem.

Theorem 4.4. Suppose that A(a, h, (I4)) is valid, and F : Hr(D) → H(D)

is a continuous operator. Let K ⊂ D be a compact set, and f(s) ∈ F (Sr).
Then the assertion of Theorem 4.3 is true.
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Notice that it is difficult to describe the set F (Sr). The problem becomes
easier when it is known a certain simple set lying in F (Sr). It is realized in the
last theorem of the chapter. For distinct complex numbers c1, . . . , cm, define
the set

Hc1,...,cm(D) = {g ∈ H(D) : g(s) ̸= cj for all s ∈ D, j = 1, . . . ,m}.

Theorem 4.5. Suppose that A(a, h, (I4)) is valid, and F : Hr(D) → H(D)

is a continuous operator such that Hc1,...,cm(D) ⊂ F (Sr). For m = 1, let
K ⊂ K, f(s) ∈ H(K) and f(s) − c1 ∈ H0(K). For m ⩾ 2, let K ⊂ D

be arbitrary compact set, and f(s) ∈ Hc1,...,cm(D). Then the assertion of
Theorem 4.3 is true.

For example, the operator (I7) satisfies the hypotheses of the theorem. Ac-
tually, if g ∈ Hc1(D), then (g − c1)/b1 ∈ S. Consequently, by the definition
of F ,

F

(
g − c1
b1

,
c1
b2
, 0, . . . , 0

)
= g.

This shows that g ∈ F (Sr).
Theorems 2.1 and 3.1 are of discrete type. The fifth chapter of the dis-

sertation is devoted to joint continuous universality theorems for periodic zeta-
functions. For this, continuous generalized shifts are used. Theorems of such a
type were considered in [42], however, with ordinary shifts. For j = 1, . . . , r,
let aj = {ajm : m ∈ N} be a periodic sequence of complex numbers with
minimal period qj ∈ N. Denote by q the least common multiple of the periods
q1, . . . , qr, by l1, . . . , lr1 , where r1 = φ(q) is the Euler totient function, the
reduced system modulo q, and define the matrix

A =


a1l1 a2l1 . . . arl1
a1l2 a2l2 . . . arl2
. . . . . . . . . . . .

a1lr1 a2lr1 . . . arlr1

 .

Then, in [42], we find the following result.

Theorem 14. Suppose that the sequences a1, . . . , ar are multiplicative and
rank(A) = r. For j = 1, . . . , r, let Kj ∈ K and fj(s) ∈ H0(Kj). Then, for
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every ε > 0,

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

1⩽j⩽r
sup
s∈Kj

|fj(s)− ζ(s+ iτ ; aj)| < ε

}
> 0.

We observe that in [42] a technical condition

∞∑
k=1

|ajpk |
pk/2

⩽ cj < 1, j = 1, . . . , r,

is employed, however, it can be easily removed.
Also, there are more joint universality theorems for zeta-functions. They

can be found in the survey paper [51].
In the dissertation, the condition rank(A) = r of Theorem 14 is replaced

by using non-linear shifts ζ(s+ iφj(τ); aj).
Denote by U1(T0), T0 > 0, the class of real increasing to ∞ continuously

differentiable functions φ(τ) with monotonic derivative φ′(τ) on [T0,∞) such
that

φ(2τ) max
τ⩽u⩽2τ

1

φ′(u)
≪ τ, τ → ∞.

Now we state the first theorem of Chapter 5 [48].

Theorem 5.1. Suppose that the sequences a1, . . . , ar are multiplicative, a1,
. . . , ar are real algebraic numbers linearly independent over the field of ra-
tional numbers Q, and φ(τ) ∈ U1(T0). For j = 1, . . . , r, let Kj ∈ K and
fj(s) ∈ H0(Kj). Then, for every ε > 0,

lim inf
T→∞

1

T − T0
meas

{
τ ∈ [T0, T ] :

sup
1⩽j⩽r

sup
s∈Kj

|fj(s)− ζ(s+ iajφ(τ); aj)| < ε

}
> 0.

Moreover, the limit

lim
T→∞

1

T − T0
meas

{
τ ∈ [T0, T ] :

sup
1⩽j⩽r

sup
s∈Kj

|fj(s)− ζ(s+ iajφ(τ); aj)| < ε

}

exists and is positive for all but at most countably many ε > 0.
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The second joint universality theorem uses shifts ζ(s + iφj(τ); aj), j =

1, . . . , r, which are more general as in Theorem 5.1. Denote by Ur(T0) the
class of real increasing to infinity continuously differentiable functions φ1(τ),

. . . , φr(τ) on [T0,∞) with derivatives

φ′
j(τ) = φ̂j(τ)(1 + o(1)),

where φ̂1(τ), . . . , φ̂r(τ) are monotonic and are compared in the sense that,
for every subset J ⊂ {1, . . . , r}, #J ⩾ 2, there exists j0 = j0(J) such that
φ̂j(τ) = o(φ̂j0(τ)) for j ∈ J , j ̸= j0, and

φ̂j(2τ) max
τ⩽u⩽2τ

1

φ̂j(u)
≪ τ, j = 1, . . . , r, τ → ∞.

Theorem 5.2. Suppose that the sequences a1, . . . , ar are multiplicative, and
(φ1(τ), . . . , φr(τ)) ∈ Ur(T0). For j = 1, . . . , r, let Kj ∈ K and fj(s) ∈
H0(Kj). Then, for every ε > 0,

lim inf
T→∞

1

T − T0
meas

{
τ ∈ [T0, T ] :

sup
1⩽j⩽r

sup
s∈Kj

|fj(s)− ζ(s+ iφj(τ); aj)| < ε

}
> 0.

Moreover, the limit

lim
T→∞

1

T − T0
meas

{
τ ∈ [T0, T ] :

sup
1⩽j⩽r

sup
s∈Kj

|fj(s)− ζ(s+ iφj(τ); aj)| < ε

}

exists and is positive for all but at most countably many ε > 0.

Denote by pr the rth prime number. Then in Theorem 5.1 we can take
(a1, . . . , ar) = (

√
2,
√
3,
√
5, . . . ,

√
pr), and φ(τ) = τ log τ , τ ⩾ 2. In The-

orem 5.2, we may use the functions φ1(τ) = τ log τ , φ2 = τ2 log τ , . . . ,
φr(τ) = τ r log τ .

1.7 Approbation

The results of the dissertation were presented at:
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etuvos matematikų draugijos LXV konferencijos santraukos, birželio
27–28, Šiauliai, Vilniaus universitetas, Šiauliai, 2024, pp. 33.

34



CHAPTER 2
Universality of periodic zeta-functions with shifts

involving the Gram points

Let tn be a solution of the equation

θ(t) = (n− 1)π, n ∈ N,

where θ(t), t ⩾ 0, is the increment of the argument of the product π−s/2Γ(s/2)

along the segment connecting the points 1/2 and 1/2 + it. The points tn are
called Gram points in honor of the Danish mathematician Jørgen Pedersen
Gram who tried to apply these points for investigations of non-trivial zeros
of the Riemann zeta-function, i. e., for zeros of ζ(s) lying in the critical strip
{s ∈ C : 0 < σ < 1}. In this chapter, we consider the approximation of
analytic functions by shifts ζ(s+ ihtk; a), h > 0, of the periodic zeta-function

ζ(s; a) =

∞∑
m=1

am
ms

, σ > 1,

with a periodic multiplicative sequence a = {am : m ∈ N}.

2.1 Statement of the main theorem

We remind the objects that occur in the statements of universality theo-
rems. Thus, D = {s ∈ C : 1/2 < σ < 1} is the universality strip, K denotes
the class of the compact subsets of the strip D having connected complements,
H0(K) with K ∈ K is the class of continuous non-vanishing functions on K

that are analytic in the interior of K. As usual, #A stands for the cardinality
of a set A of real numbers.
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The main result of the chapter is the following theorem.

Theorem 2.1. Suppose that the sequence a is multiplicative. Let K ∈ K,
f(s) ∈ H0(K) and h > 0 be a fixed number. Then, for all ε > 0,

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihtk; a)| < ε

}
> 0.

Moreover, the limit

lim
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihtk; a)| < ε

}
exists and is positive for all but at most countably many ε > 0.

The first assertion of Theorem 2.1 means that the set of shifts ζ(s+ihtk; a)

approximating a given function f(s) ∈ H0(K) has a positive lower density.
Hence, it follows that this set is infinite. Thus, we have infinitely many shifts
ζ(s + ihtk; a) approximating the function f(s). On the other hand, Theo-
rem 2.1, as other universality theorems for zeta-functions, is not effective in
the sense that any concrete shift ζ(s+ ihtk; a) with approximating property is
not known.

The second assertion of Theorem 2.1 shows that the set of approximating
shifts has a positive density, however, with the exception of a not wide set
of values of approximation accuracy. We suspect that the above exception is
conditioned by the used probabilistic proof method.

We notice that Theorem 2.1 covers an analogical statement obtained in
[29] for the Riemann zeta-function.

Theorem 2.1 is stated in density terms, the ratio

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihtk; a)| < ε

}
with respect to ε is a probabilistic distribution function. Therefore, it is con-
venient to use a probabilistic approach. More precisely, for the proof of Theo-
rem 2.1, we apply a limit theorem on weakly convergent probability measures
in the space of analytic functions with an explicitly given probability limit
measure.
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2.2 Statement of a limit theorem

Let X be a topological space. Denote by B(X) the Borel σ-field of the
space X, i. e., a σ-field generated by open sets of the space X. Let Pn, n ∈ N,
and P be probability measures on (X,B(X)). By the definition, Pn converges
weakly to P as n → ∞ if, for every real continuous bounded function g on X,
the equality

lim
n→∞

∫
X

gdPn =

∫
X

gdP.

is valid.
It is difficult to prove weak convergence of probability measures by directly

using the definition. There are equivalents of weak convergence in terms of
some classes of sets of the space X. We will use the classes of open and
continuity sets. We remind that the set A ∈ B(X) is called a continuity set of
the measure P is P (∂A) = 0, where ∂A denotes the boundary of the set A.

Lemma 2.1. The following statements are equivalent:

(i) Pn converges weakly to P as n → ∞;

(ii) For every open set G ⊂ X,

lim inf
n→∞

Pn(G) ⩾ P (G);

(iii) For all continuity sets A of P ,

lim
n→∞

Pn(A) = P (A).

The lemma is a part of Theorem 2.1 of the monograph [4].
In this dissertation, we are connected to the space H(D) of analytic on D

functions endowed with the topology of uniform convergence on compacta. In
this topology, a sequence {gn(s)} ⊂ H(D) converges to g(s) ∈ H(D) if, for
every compact set K ⊂ D,

lim
n→∞

sup
s∈K

|gn(s)− g(s)| = 0.
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The space H(D) is metrisable. It is known that there exists a sequence {Km :

m ∈ N} ⊂ D of compact sets such that

D =
∞⋃

m=1

Km,

Km ⊂ Km+1, for all m ∈ N, and every compact set K ⊂ D lies in a certain
set Km. Let g1, g2 ∈ H(D). Then, denoting

ρ(g1, g2) =
∞∑

m=1

2−m sups∈Km
|g1(s)− g2(s)|

1 + sups∈Km
|g1(s)− g2(s)|

,

we have that ρ is a metric on H(D) inducing its topology of uniform conver-
gence on compacta.

In this chapter, we will consider weak convergence of the probability mea-
sure

PN,a(A)
def
=

1

N
#{1 ⩽ k ⩽ N : ζ(s+ ihtk; a) ∈ A}, A ∈ B(H(D)),

as N → ∞. For the statement of a limit theorem for PN,a, we need a defini-
tion of a limit measure. For this, we introduce a certain group defined by the
Cartesian product of unit circles. Let P denote the set of all prime numbers,
and y = {s ∈ C : |s| = 1}. Define the set

Ω =
∏
p∈P

yp,

where yp = y for every p ∈ P. The set Ω consists of all functions ω : P → y.
On Ω, the operation of pointwise multiplication and product topology can be
defined. Since y is a compact set, by the Tikhonov theorem, see, for example,
[60], Ω is a compact as well. Thus, we have that Ω is a compact topological
Abelian group. Hence, on (Ω,B(Ω)), the probability Haar measure mH exists.
This leads to the probability space (Ω,B(Ω),mH). Note that the Haar measure
mH is invariant with respect to elements from Ω. This means that, for all
A ∈ B(Ω) and ω ∈ Ω,

mH(A) = mH(ωA) = mH(Aω).

Let ω = (ω(p) : p ∈ P). Now, on the probability space (Ω,B(Ω),mH), define
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the H(D)-valued random element

ζ(s, ω; a) =
∏
p∈P

(
1 +

∞∑
α=1

apαω
α(p)

pαs

)
.

Note that the latter infinite product, for almost all ω ∈ Ω, is uniformly conver-
gent on compact subsets of D, see Theorem 5.1.7 of [35]. Hence, it defines a
H(D)-valued random element.

Denote by Pζ,a the distribution of ζ(s, ω; a), i. e., for A ∈ B(H(D)),

Pζ,a(A) = mH {ω ∈ Ω : ζ(s, ω; a) ∈ A} .

Now we state the main ingredient of the proof of Theorem 2.1.

Theorem 2.2. The measure PN,a converges weakly to Pζ,a as N → ∞.

The proof of Theorem 2.2 is divided into parts. First, we present a limit
lemma for probability measures on (Ω,B(Ω)). This lemma is used for the
proof of a limit lemma for a probability measure defined by means of an ab-
solutely convergent Dirichlet series. The central place of the proof consists of
approximation of ζ(s; a) in the mean by an absolutely convergent Dirichlet se-
ries. The proof will be completed by application of a property of convergence
of random elements in distribution.

2.3 A limit lemma on the group Ω

For A ∈ B(Ω), define

VN (A) =
1

N
#
{
1 ⩽ k ⩽ N :

(
p−ihtk : p ∈ P

)
∈ A

}
.

Lemma 2.2. The measure VN converges weakly to the Haar measure mH as
N → ∞.

The lemma was already used in [29], therefore, we only remind some mo-
ments of its proof.

We start with the notion of uniform distribution modulo 1. Recall that a
sequence {xk : k ∈ N} ⊂ R is uniformly distributed modulo 1 if, for every

39



interval [a, b) ⊂ [0, 1),

lim
n→∞

1

n

n∑
k=1

I[a,b)({xk}) = b− a,

where I[a,b) is the indicator function of [a, b), and {xk} denotes the fractional
part of xk.

For uniformly distributed modulo 1 sequences, the following Weyl crite-
rion is known.

Lemma 2.3. A sequence {xk : k ∈ N} ⊂ R is uniformly distributed modulo 1

if and only if, for every m ∈ Z \ {0},

lim
n→∞

1

n

n∑
k=1

e2πimxk = 0.

Proof of the lemma is given, for example, in [33].

Lemma 2.4. The sequence {atk : k > k0} with every real 0 ̸= a ∈ R is
uniformly distributed modulo 1.

Proof of the lemma is given in [29], Lemma 2.3.

Proof of Lemma 2.2. Since Ω is a group, it is convenient to use the Fourier
transform method. The characters χ of Ω have the representation

χ(ω) =
∏
p∈P

ωkp(p), ω ∈ Ω,

where only a finite number of kp ∈ Z are distinct from zero. Therefore, the
Fourier transform FN (k), k = {kp : p ∈ P}, of the measure VN is given by

FN (k) =

∫
Ω

∏
p∈P

∗
ωkp(p) dQN

=
1

N

N∑
k=1

exp

−ihtk
∑
p∈P

∗
kp log p

 , (2.3.1)

where the star ∗ means that only a finite number of kp ∈ Z are non-zero. Let

A(k) =
∑
p∈P

∗
kp log p.
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Consider two cases: A(k) = 0 and A(k) ̸= 0. It is well known that the
set {log p : p ∈ P} is linearly independent over the field of rational numbers
Q. Therefore, A(k) = 0 if and only if k = 0, where 0 = (0, 0, . . . ). If
k ̸= 0, then, in view of Lemma 2.4, we have that the sequence {htkA(k)} is
uniformly distributed modulo 1. Hence, by Lemma 2.3,

lim
N→∞

1

N

N∑
k=1

exp{−htkA(k)} = 0.

Since, for k = 0,
FN (k) = 1,

this and (2.3.1) prove that

lim
N→∞

FN (k) =

{
1 if k = 0,
0 if k ̸= 0.

Thus, by the continuity theorem for the Fourier transform, we have that the
measure VN , as N → ∞, converges weakly to the measure defined by the
Fourier transform

FN (k) =

{
1 if k = 0,
0 if k ̸= 0,

i. e., to the Haar measure mH .

Lemma 2.2 is very important, it allows to prove a limit lemma in the space
of analytic functions for absolutely convergent Dirichlet series.

2.4 Case of absolutely convergent series

Let β > 1/2 be a fixed number, and

vn(m) = exp

{
−
(m
n

)β}
, m, n ∈ N.

Define the series

ζn(s; a) =
∞∑

m=1

amvn(m)

ms
.

Since vn(m) decreases with respect to m exponentially and am ≪ 1, the series
for ζn(s; a) is absolutely convergent for all s ∈ C.
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Extend the functions ω(p), p ∈ P, to the set N by the formula

ω(m) =
∏
pl|m

pl+1∤m

ωl(p), m ∈ N,

and define one more series

ζn(s, ω; a) =
∞∑

m=1

amω(m)vn(m)

ms
.

Since |ω(m)| = 1, the latter series, as ζn(s; a), is also absolutely convergent
for all s ∈ C.

In this section, we will consider weak convergence for probability measure

VN,n(A) =
1

N
# {1 ⩽ k ⩽ N : ζn(s+ ihtk; a) ∈ A} , B(H(D)),

as N → ∞. For this, we will apply Lemma 2.2 and the principle of preserva-
tion of weak convergence under continuous mappings. Let P be a probability
measure on (X,B(X)) and u : X → X1 a (B(X),B(X1))-measurable map-
ping, i. e., u−1B(X1) ⊂ B(X). Then the measure P defines on (X1,B(X1))

the unique probability measure Pu−1 by the equality

Pu−1(A) = P (u−1A), A ∈ B(X1).

It is known that under certain hypotheses on the mapping u, the weak conver-
gence is preserved. More precisely, the following lemma is valid.

Lemma 2.5. Suppose that Pn, n ∈ N, and P be probability measures on
(X,B(X)), and u : X → X1 a continuous mapping. If Pn, as n → ∞,
converges weakly to P , then also Pnu

−1 converges weakly to Pu−1 as n →
∞.

Proof. The lemma is a partial case of Theorem 5.1 from [4] which asserts that
Pnu

−1 as n → ∞ if P (Du) = 0, where Du is the set of discontinuity points
of the mapping u.

Now we apply Lemma 2.5 for our aims. Define the mapping un → H(D)

by the formula
un(ω) = ζn(s, ω; a).

42



Since the series for ζn(s, ω; a) is absolutely convergent, the mapping un is
continuous. Moreover, by the definitions of VN,a and VN,n,a, we have that, for
every A ∈ B(H(D)),

VN,n,a(A) =
1

N
# {1 ⩽ k ⩽ N : ζn(s+ ihtk; a) ∈ A}

=
1

N
#
{
1 ⩽ k ⩽ N : un

(
p−ihtk : p ∈ P

)
∈ A

}
=

1

N
#
{
1 ⩽ k ⩽ N :

(
p−ihtk : p ∈ P

)
∈ u−1

n A
}

= VN,a(u
−1
n A).

Hence, VN,n,a = VN,au
−1
n . This, continuity of un and Lemmas 2.5 and 2.2

prove the following statement.

Lemma 2.6. The probability measure VN,n,a converges weakly to mHu−1
n as

N → ∞.

In order to prove Theorem 2.2, it remains to pass from the function ζn(s; a)

to ζ(s; a). This place of the proof is the most complicated.

2.5 Approximation of ζ(s; a) by ζn(s; a)

In this section, we will prove that ζn(s; a) is close to ζ(s; a) in the mean.
Let ρ be the metric in H(D) defined in Section 2.2. More precisely, we will
prove the following lemma.

Lemma 2.7. For any fixed h > 0, the equality

lim
n→∞

lim sup
N→∞

1

N

N∑
k=1

ρ (ζ(s+ ihtk; a), ζn(s+ ihtk; a)) = 0

holds.

For the proof of Lemma 2.7, we need several auxiliary results. First of all,
we use a continuous extension of the points tk.

Lemma 2.8. Suppose that tτ , τ ⩾ 0, denotes the unique solution of the equa-
tion

θ(t) = (τ − 1)π
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satisfying θ′(tτ ) > 0, and τ → ∞. Then

tτ =
2πτ

log τ

(
1 +

log log τ

log τ
(1 + o(1))

)
and

t′τ =
2π

log τ

(
1 +

log log τ

log τ
(1 + o(1))

)
.

The proof of lemma is given in [21].
The next lemma deals with generalized mean squares.

Lemma 2.9. Suppose that σ > 1/2 is fixed and h > 0. Then, for t ∈ R,

T∫
0

|ζ(σ + it+ ihtτ ; a)|2 dτ ≪σ,a,h T (1 + |t|)

and
T∫
0

∣∣ζ ′(σ + it+ ihtτ ; a)
∣∣2 dτ ≪σ,a,h T (1 + |t|).

Proof. It is well known that, for the Hurwitz zeta-function ζ(s, α), the estimate

T∫
0

|ζ(σ + it, α)|2 dt ≪σ,α T

is valid. This and equality (I1) show that

T∫
0

|ζ(σ + it; a)|2 dt ≪σ,a T. (2.5.1)

Let X ⩾ 1. Then

2X∫
X

|ζ(σ + it+ ihtτ ; a)|2 dτ =

2X∫
X

1

t′τ
|ζ(σ + it+ ihtτ ; a)|2 dtτ (2.5.2)

By Lemma 2.8, the derivative t′τ is decreasing. Therefore, by the second mean
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value theorem,

2X∫
X

1

t′τ
|ζ(σ + it+ ihtτ ; a)|2 dtτ =

1

t′2X

ξ∫
X

|ζ(σ + it+ ihtτ ; a)|2 dtτ

≪ 1

t′2X

2X∫
X

|ζ(σ + it+ ihtτ ; a)|2 dtτ ,

(2.5.3)

where X ⩽ ξ ⩽ 2X . After change of variables, we have

2X∫
X

|ζ(σ + it+ ihtτ ; a)|2 dtτ =

ht2X∫
htX

|ζ(σ + it+ iu; a)|2 du

=

t+ht2X∫
t+htX

|ζ(σ + iu; a)|2 du

≪
|t|+ht2X∫

−|t|−ht2X

|ζ(σ + iu; a)|2 du

≪σ,a |t|+ ht2X

in virtue of (2.5.1). Thus, (2.5.2), (2.5.3) and Lemma 2.8 yield

2X∫
X

|ζ(σ + it+ ihtτ ; a)|2 dτ ≪σ,a
1

t′2X
(|t|+ ht2X)

≪σ,a logX

(
|t|+ hX

logX

)
≪σ,a,h X(1 + |t|).

Now, taking X = T2−l−1 and summing over l = 0, 1, . . . , we obtain the
bound

T∫
0

|ζ(σ + it+ ihtτ ; a)|2 dτ ≪σ,a,h T (1 + |t|).

For the proof of the second estimate of the lemma, we apply the Cauchy
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integral formula. We have

ζ ′(s; a) =
1

2πi

∮
L

ζ(z; a)

(z − s)2
dz,

where L is a simple closed contour enclosing the point s and lying in D.
Hence,

ζ ′(σ + it; a) =
1

2πi

∮
L

ζ(z + it; a)

(z − σ)2
dz,

where L is the corresponding contour. Therefore,

ζ ′(σ + it; a) ≪
∮
L

|ζ(z + it; a)|
|z − σ|2

|dz|,

and

|ζ ′(σ + it; a)|2 ≪
∮
L

|dz|
|z − σ|4

∮
L

|ζ(z + it; a)|2 |dz|.

From this, we find

T∫
0

|ζ ′(σ + it; a)|2 dt ≪L

∮
L

 T∫
0

|ζ(z + it; a)|2 dt

 |dz|

≪L

∮
L

 T+Imz∫
0

|ζ(Rez + it; a)|2 dt

 |dz|

≪σ,a T

by (2.5.1). Using the latter estimates, and repeating the arguments of the proof
of the first bound of the lemma, we obtain the second estimate of the lemma.

Estimates of Lemma 2.9 are of continuous type, while Lemma 2.7 deals
with discrete shifts. To pass from continuous moments to discrete ones, we
will apply the following Gallagher lemma.

Lemma 2.10. Suppose that T0 ⩾ δ, T ⩾ δ, δ > 0, T is a non-empty finite set
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in the interval [T0 + δ/2, T0 + T − δ/2], and

Nδ(τ) =
∑
t∈T

|t−τ |<δ

1, τ ∈ T .

Moreover, let the complex-valued function S(t) be continuous on [T0, T0+T ],
and have a continuous derivative on (T0, T0 + T ). Then

∑
t∈T

N−1
δ (t)|S(t)|2 ⩽1

δ

T0+T∫
T0

|S(t)|2 dt

+

 T0+T∫
T0

|S(t)|2 dt
T0+T∫
T0

|S′(t)|2 dt

1/2

.

Proof of the lemma is given in [55], Lemma 1.4.

Lemma 2.11. For fixed 1/2 < σ < 1, h > 0 and t ∈ R, the estimate

N∑
k=1

|ζ(σ + it+ ihtk; a)|2 ≪σ,a,h N(1 + |t|)

is valid.

Proof. In Lemma 2.10, take δ = 1, T0 = 1, T = N and T = {3/2, 2, 3,
. . . , N,N + 1/2}. In this case, Nδ(τ) = 1. In view of Lemmas 2.10 and 2.9,
we find

N∑
k=1

|ζ(σ + it+ ihtk; a)|2 ≪σ,h,a

N+1/2∫
3/2

|ζ(σ + it+ ihtu; a)|2 du

+

 N+1/2∫
3/2

|ζ(σ + it+ ihtu, ; a)|2 du
N+1/2∫
3/2

|ζ ′(σ + it+ ihtu; a)|2 du


1/2

≪σ,h,a N(1 + |t|).

For the proof of Lemma 2.7, we also need the integral representation for
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the function ζn(s; a). We recall that

vn(m) = exp

{
−
(m
n

)β}
, m, n ∈ N,

with β > 1/2. Let

bn(s) =
1

β
Γ

(
s

β

)
ns.

Lemma 2.12. Suppose that σ > 1/2. Then

ζn(s; a) =
1

2πi

β+i∞∫
β−i∞

ζ(s+ z; a)bn(z) dz.

Proof. For arbitrary positive numbers a and b, the Mellin formula, see, for
example, [71],

1

2πi

b+i∞∫
b−i∞

Γ(s)a−s ds = e−a

is valid. Thus, we have

1

2πi

β+i∞∫
β−i∞

bn(z)
dz

mz
=

1

2πi

β+i∞∫
β−i∞

Γ

(
z

β

)(m
n

)−(zβ)/β
d

(
z

β

)

= exp

{
−
(m
n

)β}
= vn(m).

Hence,

ζn(s; a) =

∞∑
m=1

am
ms

 1

2πi

β+i∞∫
β−i∞

bn(z)
dz

mz


=

1

2πi

β+i∞∫
β−i∞

( ∞∑
m=1

am
ms+z

)
bn(z) dz

=
1

2πi

β+i∞∫
β−i∞

ζ(s+ z; a)bn(z) dz.
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Proof of Lemma 2.7. We observe that, in view of the definition of the metric
ρ, it suffices to show that, for every compact set K ⊂ D,

lim
n→∞

lim sup
N→∞

1

N

N∑
k=1

sup
s∈K

|ζ(s+ ihtk; a)− ζn(s+ ihtk; a)| = 0. (2.5.4)

Thus, let K ⊂ D be an arbitrary compact set. Then there exists ε > 0 such
that 1/2+2ε ⩽ σ ⩽ 1−ε for any point s = σ+ it ∈ K. We take β = 1/2+ε

and θ = σ−ε−1/2. Then θ > 0. The integrand of the integral of Lemma 2.12
has a simple pole at the point z = 0 (a pole of Γ(s)), and a possible simple
pole at z = 1− s ( a pole of ζ(s+ z; a)). We recall that

â = Res
s=1

ζ(s; a).

Therefore, by Lemma 2.12 and the residue theorem, we have

ζn(s+ ihtk; a)− ζ(s+ ihtk; a) =
1

2πi

−θ+i∞∫
−θ−i∞

ζ(s+ z; a)bn(z) dz

+ Res
z=1−s

ζ(s+ z; a)bn(z).

Therefore, for s ∈ K,

ζn(s+ ihtk; a)− ζn(s+ ihtk; a)

=

−θ+i∞∫
−θ−i∞

ζ(s+ ihtk + z; a)bn(z) dz + âbn(1− s− ihtk)

≪
+∞∫

−∞

|ζ(s+ ihtk − θ + iτ ; a)| |bn(−θ + it)|dτ

+ |â||bn(1− s− ihtk)|

=

∞∫
−∞

∣∣∣∣ζ (s+ ihtk − σ +
1

2
+ ε+ iτ ; a

)∣∣∣∣ ∣∣∣∣bn(1

2
+ ε− σ + iτ

)∣∣∣∣ dτ
+ |â||bn(1− s− ihtk)|.
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Hence, shifting t+ τ to τ , we obtain, for all s ∈ K,

|ζ(s+ ihtk; a)− ζn(s+ ihtk; a)|

≪
+∞∫

−∞

∣∣∣∣ζ (1

2
+ ε+ i(τ + htk); a

)∣∣∣∣ sup
s∈K

∣∣∣∣bn(1

2
+ ε− s+ iτ

)∣∣∣∣ dτ
+ |â| sup

s∈K
|bn(1− s− ihtk)|,

and

1

N

N∑
k=1

sup
s∈K

|ζ(s+ ihtk; a)− ζn(s+ ihtk; a)|

≪
∞∫

−∞

(
1

N

N∑
k=1

∣∣∣∣ζ (1

2
+ ε+ i(τ + htk); a

)∣∣∣∣
)

× sup
s∈K

∣∣∣∣bn(1

2
+ ε− s+ iτ

)∣∣∣∣ dτ + |â|
N∑
k=1

sup
s∈K

|bn(1− s− ihtk)|

def
= I1 + I2. (2.5.5)

It is well known (a corollary of the Stirling formula) that, uniformly in σ ∈
[0, 1], the estimate

Γ(σ + it) ⩽ exp{−c|t|}, c > 0, (2.5.6)

holds. Therefore, the definition of bn(s) shows that, for s ∈ K,

bn (1/2 + ε− s+ iτ) ≪ n1/2+ε−σ

β

∣∣∣∣Γ(1/2 + ε− σ

β
+

i(τ − t)

β

)∣∣∣∣
≪β n−ε exp

{
− c

β
|t− τ |

}
≪ε,K n−ε exp{−c1|τ |} (2.5.7)

because |t − τ | ⩾ |τ | − t(K), where t(K) = sups∈K |Im s| + 1. Moreover,
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the Cauchy-Schwarz inequality and Lemma 2.11 give

1

N

N∑
k=1

∣∣∣∣ζ (1

2
+ ε+ i(htk + τ); a

)∣∣∣∣
⩽

(
1

N

N∑
k=1

∣∣∣∣ζ (1

2
+ ε+ i(htk + τ); a

)∣∣∣∣2
)1/2

≪σ,a,h,K (1 + |τ |)1/2.

This and (2.5.7) show that

I1 ≪σ,a,h,K n−ε

∞∫
−∞

(1 + |τ |)1/2 exp{−c1|τ |}dτ ≪σ,a,h,K n−ε. (2.5.8)

Similarly as above, using (2.5.6), we find, for all s ∈ K,

bn(1− s− ihtk) ≪β,K n1−σ exp{−c2htk} ≪K,h n1/2−2ε exp{−c2htk}.

Then we have

I2 ≪K,h n1/2−2ε 1

N

 ∑
k⩽logN

+
∑

logN⩽k⩽N

 exp{−c2htk}

≪K,h,a n
1/2−2ε

 logN

N
+

1

N

∑
k⩾logN

exp

{
−c3h

k

log k

}
≪K,h,a n

1/2−2ε

(
logN

N
+

1

N

)
≪K,h,a n

1/2−2ε logN

N
.

This together with (2.5.5) and (2.5.8) show that

1

N

N∑
k=1

sup
s∈K

|ζ(s+ ihtk; a)− ζn(s+ ihtk; a)|

≪K,h,a n
−ε + n1/2−2ε logN

N
. (2.5.9)

We note that the implied constant in the above estimates depends on ε. How-
ever, ε depends on K. Therefore, we indicate the dependence on K, only.

Taking N → ∞, and then n → ∞ in (2.5.9), we obtain equality (2.5.4),
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and this completes the proof of the lemma.

2.6 Proof of Theorem 2.2

We start with recalling the notation of convergence in distribution. Let Xn,
n ∈ N, and X be X-valued random elements on a certain probability space
(Ω̂,B, µ) with distributions Pn and P , respectively. We say that Xn converges
to X as n → ∞ in distribution, and write Xn

D−−−→
n→∞

X if Pn
w−−−→

n→∞
P .

We will use the following limit lemma on convergence in distribution.

Lemma 2.13. Suppose that the metric space (X, d) is the separable, and the
X-valued random elements Xnk, Yn, n, k ∈ N, are defined on the same proba-
bility space (Ω̂,B, µ). Let, for all k ∈ N,

Xnk
D−−−→

n→∞
Xk,

and
Xk

D−−−→
k→∞

X.

Moreover, let, for every ε > 0,

lim
k→∞

lim sup
n→∞

µ {d(Xkn, Yn) ⩾ ε} = 0.

Then
Yn

D−−−→
n→∞

X.

Proof of the lemma is given in [4], Theorem 3.2.
Also, we remind the notions of tightness and relative compactness of fa-

milies of probability measures.
The family of probability measures on (X,B(X)) is tight if, for every ε >

0, there exists a compact set K = Kε ⊂ X such that

P (K) > 1− ε

for all P ∈ {P}.
The family {P} is relatively compact if every sequence {Pn} ⊂ {P} con-

tains a subsequence {Pnr} weakly convergent to a certain probability measure
on (X,B(X)) as r → ∞.

Relative compactness of families of probability measures is useful in inves-
tigations of weak convergence of probability measures. On the other hand, the
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proof of relative compactness is complicated as well. However, the Prokhorov
theorem implies that a relative compactness can be replaced by a tightness. We
state the Prokhorov theorem as a separate lemma.

Lemma 2.14. If the family of probability measures {P} is tight, then it is
relatively compact.

Proof of the lemma is given in [4], Theorem 5.1.
Now, we return to Lemma 2.6 and its limit measure Vn,a

def
= mHu−1

n .

Lemma 2.15. The sequence {Vn,a : n ∈ N} is relatively compact.

Proof. In view of Lemma 2.14, it suffices to show that the sequence {Vn,a} is
tight.

Take a random variable θN defined on a certain probability space (Ω̂,B, µ),
and having the distribution

µ{θN = htk} =
1

N
, k = 1, . . . , N.

Using θN , define the H(D)-valued random element

XN,n,a = XN,n,a(s) = ζn(s+ iθN ; a).

Moreover, let Xn,a = Xn,a(s) be the H(D)-valued random element with dis-
tribution Vn,a. Then, by Lemma 2.6, we have

XN,n,a
D−−−−→

N→∞
Xn,a. (2.6.1)

Since the series for ζn(s; a) is absolutely convergent, by Lemma 2.8, we obtain
that

sup
n∈N

lim sup
T→∞

1

T

T∫
0

|ζn(σ + ihtτ ; a)|2 dτ

⩽ sup
n∈N

lim sup
T→∞

1

ht′T

1

T

htT∫
0

|ζn(σ + iu; a)|2 du

= sup
n∈N

lim sup
T→∞

 htT
Tht′T

1

htT

htT∫
0

|ζn(σ + iu; a)|2 du

1/2
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≪h sup
n∈N

∞∑
m=1

|am|2v2n(m)

m2σ
≪h

∞∑
m=1

|am|2

m2σ
⩽ Ch,a < ∞. (2.6.2)

Using the Cauchy integral formula and (2.6.2), as in the proof of Lemma 2.9,
we analogically find that

sup
n∈N

lim sup
T→∞

1

T

T∫
0

∣∣ζ ′(σ + ihtτ ; a)
∣∣2 dτ ≪ Ĉh,a < ∞. (2.6.3)

However, we consider the discrete case. Therefore, we have to estimate

sup
n∈N

lim sup
N→∞

1

N

N∑
k=1

sup
s∈K

|ζn(s+ ihtk; a)| ,

with compact set K. Application of the Cauchy integral formula reduces prob-
lem to estimation for

sup
n∈N

lim sup
N→∞

(
1

N

N∑
k=1

|ζn(σ + ihtk; a)|2
)1/2

with a certain σ > 1/2. Applying Lemma 2.10 and taking into account (2.6.2)
and (2.6.3), we see that

sup
n∈N

lim sup
N→∞

1

N

N∑
k=1

|ζn(σ + ihtk; a)|2 ⩽
̂̂
C h,a < ∞.

From this, using the Cauchy integral formula once more, we deduce that, for
every compact set K ⊂ D,

sup
n∈N

lim sup
N→∞

1

N

N∑
k=1

sup
s∈K

|ζn(s+ ihtk; a)| ⩽ Bh,a,K < ∞. (2.6.4)

Since the topology in the space H(D) is of uniform convergence on compacta,
the mapping u : H(D) → R given by

u(f) = sup
s∈K

|f(s)|, f ∈ H(D),

with arbitrary compact set K, is continuous. Therefore, relation (2.6.1) and
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Lemma 2.5 yield

sup
s∈K

|XN,n,a(s)|
D−−−−→

N→∞
sup
s∈K

|Xn,a(s)|. (2.6.5)

Now, let K = Km, where Km, m ∈ N, are compact sets from the definition

of the metric ρ. Fix ε > 0, and set Rm = 2mε−1 ̂̂C h,aKm. Then, by (2.6.4)
and Chebyshev’s type inequality, we obtain

lim sup
N→∞

µ

{
sup
s∈Km

|XN,n,a(s)| > Rm

}

⩽ sup
n∈N

lim sup
N→∞

1

NRm

N∑
k=1

sup
s∈Km

|XN,n,a(s)| ⩽
ε

2m
.

Hence, in view of (2.6.5),

µ

{
sup
s∈Km

|Xn,a(s)| > Rm

}
⩽

ε

2m
. (2.6.6)

Define the set

K = K(ε) =

{
g ∈ H(D) : sup

s∈Km

|g(s)| ⩽ Rm,m ∈ N
}
.

Then the set K is compact in the space H(D). Moreover, inequality (2.6.6)
implies that

µ{Xn,a ∈ K(ε)} = 1− µ{Xn,a ̸∈ K(ε)} ⩾ 1− ε
∞∑

m=1

1

2m
= 1− ε

for all n ∈ N. Since the measure Vn,a is the distribution of the random element
Xn,a, the latter inequality gives

Vn,a(K(ε)) ⩾ 1− ε

for all n ∈ N. This means that the sequence {Vn,a : n ∈ N} is tight. Therefore,
by Lemma 2.14, it is relatively compact.

Proof of Theorem 2.2. Introduce one more H(D)-valued random element

XN,a = XN,a(s) = ζ(s+ iθN ; a).
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Since, by Lemma 2.15, the sequence {Vn,a : n ∈ N} is relatively compact,
there exists a sequence {Vnl,a} ⊂ {Vn,a} weakly convergent to a certain pro-
bability measure Pa on (H(D),B(H(D))) as l → ∞. Thus, the relation

Xnl,a
D−−−→

l→∞
Pa (2.6.7)

is valid. Now, return to Lemma 2.7. Its application, for every ε > 0, gives

lim
l→∞

lim sup
N→∞

µ {ρ(XN,nl,a(s), XN,a(s)) ⩾ ε}

= lim
l→∞

lim sup
N→∞

1

N
# {1 ⩽ k ⩽ N : ρ(ζ(s+ ihtk; a), ζnl

(s+ ihtk; a)) ⩾ ε}

⩽ lim
l→∞

lim sup
N→∞

1

N

N∑
k=1

ρ(ζ(s+ ihtk; a), ζnl
(s+ ihtk; a)) = 0.

This equality with relations (2.6.1) and (2.6.7) show that all hypotheses of
Lemma 2.13 are fulfilled because the space H(D) is separable. Thus, we
obtain the relation

XN,a
D−−−−→

N→∞
Pa. (2.6.8)

This means that the measure PN,a converges weakly to Pa as N → ∞. The re-
lation (2.6.8) also shows that the measure Pa does not depend on the sequence
{Vnl,a}. From this, we have that Vn,a converges weakly to Pa as n → ∞.

It remains to identify the measure Pa. Define, on (H(D),B(H(D))), the
probability measure

QT,a(A) =
1

T
meas{τ ∈ [0, T ] : ζ(s+ iτ ; a) ∈ A}, A ∈ B(H(D)).

Then, in [47], it was obtained that QT,a, as T → ∞, also converges to the limit
measure Pa of Vn,a as n → ∞, and that this measure Pa coincides with the
measure Pζ,a. Thus, PN,a converges weakly to Pζ,a as N → ∞ as well. The
lemma is proved.

2.7 Proof of Theorem 2.1

For the proof of universality theorems, the Mergelyan theorem on approxi-
mation of analytic functions by polynomials [52] is usually applied. Therefore,
it is needed also for the proof of Theorem 2.1. We state the Mergelyan theorem
in a convenient form.
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Lemma 2.16. Let K ⊂ C be a compact set with connected complement, and
g(s) be a continuous function on K that is analytic in the interior of K. Then,
for every ε > 0, there exists a polynomial pε(s) such that

sup
s∈K

|g(s)− pε(s)| < ε.

Proof of the lemma is given in [52], see also [75].

Proof of Theorem 2.1. Define the set

S = {g(s) ∈ H(D) : g(s) ̸= 0 or g(s) ≡ 0} .

In [35], it was obtained that the set S is the support of the measure Pζ,a, i. e.,
S is a minimal closed subset of H(D) such that Pζ,a(S) = 1. Moreover, S
consists of all g(s) ∈ H(D) such that the inequality Pζ,a(G) > 0 is satisfied
for all open neighbourhoods G of g(s).

For some polynomial p(s), define the set

Gε =

{
g(s) ∈ H(D) : sup

s∈K

∣∣∣g(s)− ep(s)
∣∣∣ < ε

2

}
.

Since ep(s) ̸= 0, the function ep(s) is an element of the support S. Thus, by a
property of the support,

Pζ,a(Gε) > 0.

Therefore, by Theorem 2.2 and (ii) of Lemma 2.1, we have

lim inf
N→∞

PN,a(Gε) ⩾ Pζ,a(Gε) > 0, (2.7.1)

or, by the definitions of PN,a and Gε,

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K

∣∣∣ep(s) − ζ(s+ ihtk; a)
∣∣∣ < ε

2

}
> 0. (2.7.2)

In virtue of Lemma 2.16, we can choose the polynomial p(s) satisfying

sup
s∈K

∣∣∣f(s)− ep(s)
∣∣∣ < ε

2
. (2.7.3)
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Suppose that k ∈ N satisfies

sup
s∈K

∣∣∣ep(s) − ζ(s+ ihtk; a)
∣∣∣ < ε

2
.

Then, for such k,

sup
s∈K

|f(s)− ζ(s+ ihtk; a)|

⩽ sup
s∈K

∣∣∣ep(s) − ζ(s+ ihtk; a)
∣∣∣+ sup

s∈K

∣∣∣f(s)− ep(s)
∣∣∣

<
ε

2
+

ε

2
= ε

in view of (2.7.3). This shows that{
1 ⩽ k ⩽ N : sup

s∈K

∣∣∣ep(s) − ζ(s+ ihtk; a)
∣∣∣ < ε

2

}
⊂
{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihtk; a)| < ε

}
.

This remark together with (2.7.2) proves the desired inequality

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihtk; a)| < ε

}
> 0.

The first assertion of the theorem is proved.

For the proof of the second assertion of the theorem, we define one more
set

Ĝε =

{
g(s) ∈ H(D) : sup

s∈K
|g(s)− f(s)| < ε

}
,

and observe that the boundary ∂Ĝε of the set Ĝε lies in the set{
g(s) ∈ H(D) : sup

s∈K
|g(s)− f(s)| = ε

}
.

Thus, ∂Ĝε1 ∩ ∂Ĝε2 = ∅ for different positive ε1 and ε2. Therefore, we have
that Pζ,a(∂Ĝε) > 0 for at most countably many ε > 0. Hence, the set Ĝε is
a continuity set of the measure Pζ,a for all but at most countably many ε > 0.
Therefore, Theorem 2.2 and (iii) of Lemma 2.1 give that

lim
N→∞

PN,a(Ĝε) = Pζ,a(Ĝε)
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for all but at most countably many ε > 0. This and the definitions of PN,a and
Ĝε show that

lim
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihtk; a)| < ε

}
= Pζ,a(Ĝε)

for all but at most countably many ε > 0. It remains to show that Pζ,a(Ĝε) >

0. Similarly as above, using (2.7.2), we obtain that Gε ⊂ Ĝε. Therefore, by
(2.7.1) and monotonicity of measures, we have Pζ,a(Ĝε) > 0. The theorem is
proved.
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CHAPTER 3
Joint universality of periodic zeta-functions with shifts

involving imaginary parts of non-trivial zeros of the
Riemann zeta-function

In this chapter, we consider a simultaneous approximation of a given col-
lection (f1(s), . . . , fr(s)) of analytic in the strip D functions by shifts (ζ(s+
ih1γk; a1), . . . , ζ(s + ihrγk; ar)), where h1, . . . , hr are certain positive num-
bers, and {γk : k ∈ N} = 0 < γ1 < · · · ⩽ γk ⩽ γk+1 ⩽ · · · is a sequence
of imaginary parts of non-trivial zeros of the Riemann zeta-function ζ(s), i. e.,
ρ = β + iγk, 0 ⩽ β ⩽ 1, is a zeros of the Riemann zeta-function ζ(s):

ζ(β + iγk) = 0.

It is well known that the sequence {γk} is infinite. Let N(T ) denote the num-
ber of zeros ρ = β + iγ of ζ(s) lying in the rectangle {s ∈ C : 0 ⩽ σ ⩽

1, 0 < t ⩽ T}. Then the asymptotic formula

N(T ) =
T

2π
log

T

2π
− T

2π
+O(log T ), T → ∞,

with an absolute constant in O(. . . ) is known, see, for example, [71], [65].
By the Riemann hypothesis, the real part of non-trivial zeros is β = 1/2, or,
equivalently, that ζ(s) ̸= 0, for σ > 1/2.

The classical de la Valée Poussin zero-free region is of the form: there
exists an absolute constant c > 0, such that, in the region

σ ⩾ 1− c

log(|t|+ 2)
,
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ζ(s) ̸= 0. The latter result was applied in [6] to prove the asymptotic distribu-
tion law of prime numbers that

∑
p⩽x
p∈P

1 =

x∫
2

du

log u
(1 + o(1)), x → ∞.

The best result on zero-free regions says [65] that there exists an absolute con-
stant c > 0 such that ζ(s) ̸= 0 for

σ ⩾ 1− c

(log t)2/3(log log t)1/3
, t ⩾ t0 > 0.

The first complete proof due to H.-E. Richert, and was published in [74]. Re-
cently, it has been proved [56] that c = 55.241.

There are many equivalents of RH. One of them [3] is stated by terms of
self-approximation by shifts ζ(s+ iτ). More precisely, RH is true if and only
if, for every K ∈ K and ε > 0,

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K
|ζ(s)− ζ(s+ iτ)| < ε

}
> 0.

3.1 Statement of the main theorem

We recall definitions of some objects that occur in the statement of the
main result of the chapter.

A complex number a is called algebraic if there exists a polynomial p(s) ̸≡
0 with rational coefficients such that p(a) = 0.

The numbers h1, . . . , hr are linearly independent over Q, if the equality

a1h1 + · · ·+ arhr = 0

with arbitrary a1, . . . , ar ∈ Q implies that a1 = · · · = ar = 0.
Moreover, we will use the conjecture (I4), i. e., that, for c > 0,∑

γk,γl⩽T

|γk−γl|<c/ log T

1 ≪ T log T, T → ∞.

Theorem 3.1. Suppose the sequences a1, . . . , ar are multiplicative, h1, . . . , hr
are positive algebraic numbers linearly independent over the field of rational
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numbers, and estimate (I4) is true. For j = 1, . . . , r, let Kj ∈ K and fj(s) ∈
H0(Kj). Then, for every ε > 0,

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

1⩽j⩽r
sup
s∈Kj

|fj(s)− ζ(s+ ihjγk; aj)| < ε

}
> 0.

Moreover, the limit

lim
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

1⩽j⩽r
sup
s∈Kj

|fj(s)− ζ(s+ ihjγk; aj)| < ε

}

exists and is positive for all but at most countably many ε > 0.

The proof of Theorem 3.1 is based on properties of the sequence {γk} and
probabilistic behaviour of the collection (ζ(s; a1), . . . , ζ(s; ar)). We will de-
rive Theorem 3.1 from a limit theorem on the weak convergence of probability
measures in the r-dimensional space of analytic functions.

3.2 Statement of a discrete joint limit theorem

We preserve the notations D and H(D) used in previous chapters, and
define

Hr(D) = H(D)× · · · ×H(D)︸ ︷︷ ︸
r

.

Let, as in Chapter 2, Ω stand for infinite-dimensional torus, and set

Ωr = Ω1 × · · · × Ωr,

where Ωj = Ω for j = 1, . . . , r. Then Ωr, as a Cartesian product of compact
topological Abelian groups, is again a compact topological group. Therefore,
on (Ωr,B(Ωr)), the probability Haar measure mr

H can be defined, and this
gives the probability space (Ωr,B(Ωr),mr

H). Denote by ωj(p) the pth com-
ponent, p ∈ P, of an element ωj ∈ Ωj , j = 1, . . . , r. Moreover, for brevity,
let ω = (ω1, . . . , ωr) ∈ Ωr, ω1 ∈ Ω1, . . . , ωr ∈ Ωr, a = (a1, . . . , ar), aj =

{ajm : m ∈ N}, j = 1, . . . , r, and on the probability space (Ωr,B(Ωr),mr
H),

define the Hr(D)-valued random element

ζ(s, ω; a) = (ζ(s, ω1; a1), . . . , ζ(s, ωr; ar)) ,
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where

ζ(s, ωj ; aj) =
∏
p∈P

(
1 +

∞∑
l=1

ajplω
l
j(p)

pls

)
, j = 1, . . . , r.

All above products, for almost all ωj , are uniformly convergent on compact
subsets of the strip D, see Section 2.2. Denote by Pζ,a the distribution of the
random element ζ(s, ω; a), i. e.,

Pζ,a(A) = mr
H

{
ω ∈ Ωr : ζ(s, ω; a) ∈ A

}
, A ∈ B(Hr(D)).

Now, we will define a probability measure. Let h = (h1, . . . , hr). For A ∈
B(Hr(D)), define

PN,a(A) =
1

N
#
(
1 ⩽ k ⩽ N : ζ(s+ ihγk; a) ∈ A

)
,

where

ζ(s+ ihγk; a) = (ζ(s+ ih1γk; a1), . . . , ζ(s+ ihrγk; ar)) .

Now, we state a joint limit theorem.

Theorem 3.2. Suppose the sequences a1, . . . , ar are multiplicative, h1, . . . , hr
are positive algebraic numbers linearly independent over Q, and estimate (I4)
is valid. Then PN,a converges weakly to Pζ,a as N → ∞.

We divide the proof of Theorem 3.2 into several parts. The first of them is a
limit lemma on the weak convergence of probability measures on (Ωr,B(Ωr)).
In general, we will develop a scheme of a proof of Theorem 2.2 for r-dimen-
sional case.

3.3 A limit lemma on the group Ωr

First we recall some facts needed for the proof of a limit lemma on Ωr.

Lemma 3.1. The sequence {aγk : k ∈ N} with every a ∈ R\{0} is uniformly
distributed modulo 1.

Proof of the lemma is given in [66], and in the above form, was applied in
[13].

We also recall one result of the Diophantine type.
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Lemma 3.2. Suppose that λ1, . . . , λr ∈ C are algebraic numbers such that
the logarithms log λ1, . . . , log λr are linearly independent over Q. Then, for
any algebraic numbers β0, . . . , βr, not all zero, we have

|β0 + β1 log λ1 + · · ·+ βr log λr| > H−C ,

where H is the maximum of the heights of β0, β1, . . . , βr, and C is an effec-
tively computable number depending on r and the maximum of the degrees of
β0, β1, . . . , βr.

The lemma is the well-known Baker theorem on logarithm forms, see, for
example, [2].

For A ∈ B(Ωr), define

Vn,r(A) =
1

N
#
{
1 ⩽ k ⩽ N :((

p−ih1γk : p ∈ P
)
, . . . ,

(
p−ihrγk : p ∈ P

))
∈ A

}
.

Lemma 3.3. Suppose that h1, . . . , hr are positive algebraic numbers linearly
independent over Q. Then VN,r converges weakly to the Haar measure mr

H as
N → ∞.

Proof. The character group of Ωr is isomorphic to

r⊕
j=1

⊕
p∈P

Zjp,

where Zjp = Z for j = 1, . . . , r, and p ∈ P. Therefore, the characters of the
group Ωr are of the form

r∏
j=1

∏
p∈P

∗
ω
kjp
j (p),

where the star ∗ shows that only a finite number of integers kjp are distinct
from zero. Hence, the Fourier transform gN (k1, . . . , kr) of the measure VN,r

is

gN (k1, . . . , kr) =

∫
Ωr

 r∏
j=1

∏
p∈P

∗
ω
kjp
j (p)

 dVN,r,

where kj = (kjp : kjp ∈ Z, p ∈ P), j = 1, . . . , r. Thus, by the definition of
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VN,r,

gN (k1, . . . , kr) =
1

N

N∑
k=1

r∏
j=1

∏
p∈P

∗
p−ihjkjpγk

=
1

N

N∑
k=1

exp

−iγk

r∑
j=1

hj
∑
p∈P

∗
kjp log p

 . (3.3.1)

It is obvious that
gN (0, . . . , 0) = 1, (3.3.2)

where 0 = (0, 0, . . . ).
Now, suppose that k = (k1, . . . , kr) ̸= (0, . . . , 0). Then there exists j ∈

{1, . . . , r} such that kj ̸= 0. Thus, there exists a prime number p such that
kjp ̸= 0. Define

ap =
r∑

j=1

hjkjp.

Then, since the numbers h1, . . . , hr are linearly independent, we have ap ̸=
0. The numbers ap are algebraic, and the set {log p : p ∈ P} is linearly
independent over Q. Therefore, in view of Lemma 3.2,

ak1,...,kr
def
=

r∑
j=1

hj
∑
p∈P

∗
kjp log p =

∑
p∈P

∗
ap log p ̸= 0.

Hence, in virtue of Lemma 3.1, the sequence{
1

2π
ak1,...,krγk : k ∈ N

}
is uniformly distributed modulo 1. This together with (3.3.1) and Lemma 2.3
shows that, in the case (k1, . . . , kr) ̸= (0, . . . , 0),

lim
N→∞

gN (k1, . . . , kr) = 0.

Thus, in view of (3.3.2),

lim
N→∞

gN (k1, . . . , kr) =

{
1 if (k1, . . . , kr) = (0, . . . , 0),
0 if (k1, . . . , kr) ̸= (0, . . . , 0).

Since the right-hand side of the latter equality is the Fourier transform of the
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Haar measure mr
H , the lemma follows from the continuity theorem for Fourier

transforms.

Lemma 3.1 implies a limit lemma in the space Hr(D) for absolutely con-
vergent Dirichlet series. Let vn(m) be the same as in Section 2.4. Define

ζn(s; aj) =

∞∑
m=1

ajmvn(m)

ms
, j = 1, . . . , r.

For j = 1, . . . , r, the series for ζn(s; aj) is absolutely convergent in the whole
complex plane. For B(Hr(D)), define

VN,n,a(A) =
1

N
#
{
1 ⩽ k ⩽ N : ζ

n
(s+ ihγk; a) ∈ A

}
,

where
ζ
n
(s; a) = (ζn(s; a1), . . . , ζn(s; ar)) .

Moreover, let

ζn(s, ωj ; aj) =
∞∑

m=1

ajmωj(m)vn(m)

ms
, j = 1, . . . , r,

and
ζ
n
(s, ω; a) = (ζn(s, ω1; a1), . . . , ζn(s, ωr; ar)) .

Define the mapping un : Ωr → Hr(D) by the formula

un(ω) = ζ
n
(s, ω; a).

Clearly, the series for ζn(s, ωj ; aj), j = 1, . . . , r, are also absolutely conver-
gent in the whole complex plane. Therefore, the mapping un is continuous,
thus, (B(Ωr),B(Hr(D)))-measurable. Hence, we may define correctly the
probability measure Vn,a = mr

Hu−1
n , where

mr
Hu−1

n (A) = mr
H(u−1

n A), A ∈ B(Hr(D)).

Lemma 3.4. Suppose that h1, . . . , hr are real algebraic numbers linearly in-
dependent over Q. Then the measure VN,n,a converges weakly to Vn,a as
N → ∞.

Proof. The lemma is a consequence of Lemmas 3.3, continuity of un and
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Lemma 2.5.

We observe that the limit measure Vn,a in Lemma 3.4 is independent on h

and the sequence {γk}. Moreover, the following statement is true.

Lemma 3.5. Suppose that the sequences a1, . . . , ar are multiplicative. Then
Vn,a converges weakly to Pζ,a as n → ∞.

Proof. In the paper [42], the weak convergence of the measure

V̂T,a(A) =
1

T
meas

{
τ ∈ [0, T ] : ζ(s+ iτ ; a) ∈ A

}
, A ∈ B(Hr(D)),

was considered, and it was obtained that Vn,a as n → ∞, and V̂T,a as T → ∞
have the same limit measure Pζ,a. Thus, we have that Vn,a converges weakly
to Pζ,a as n → ∞.

In view of Lemma 3.5, to prove Theorem 3.2, it suffices to show that PN,a,
as N → ∞, and Vn,a as n → ∞, have the same limit measure. For this, a
certain closeness among collections ζ(s; a) and ζ

n
(s; a) is needed.

3.4 Approximation of ζ(s; a) by ζ
n
(s; a)

In Section 2.2, we introduced the metric ρ in the space H(D) inducing
its topology of uniform convergence on compacta. Now, we need a metric in
Hr(D) inducing its product topology. For

g
1
= (g11, . . . , g1r), g2 = (g21, . . . , g2r) ∈ Hr(D),

define
ρ(g

1
, g

2
) = max

1⩽j⩽r
ρ(g1j , g2j).

Then ρ is the desired metric in Hr(D) inducing its product topology.
The aim of this section is to show that ζ

n
(s; a) is close to ζ(s; a) in the

mean. Note that, in this section, we do not use multiplicativity of the sequences
aj , j = 1, . . . , r.

We start with recalling the analytic behavior of the sequence {γk : k ∈ N}.

Lemma 3.6. For k → ∞,

γk =
2πk

log k
(1 + o(1)).
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Proof of the asymptotic equality of the lemma can be found, for example,
in the monograph [71].

Now we state the approximation lemma.

Lemma 3.7. Suppose that the estimate (I4) is true. Then, for every positive
numbers h1, . . . , hr and sequences a1, . . . , ar, the equality

lim
n→∞

lim sup
N→∞

1

N

N∑
k=1

ρ
(
ζ(s+ ihγk; a), ζn(s+ ihγk; a)

)
= 0

holds.

Proof. By the definitions of the metrics ρ and ρ, it is sufficient to show, that
for every compact set K ⊂ D,

lim
n→∞

lim sup
N→∞

1

N

N∑
k=1

sup
s∈K

|ζ(s+ ihjγk; aj)− ζn(s+ ihjγk; aj)| = 0 (3.4.1)

for all j = 1, . . . , r.
Let h > 0 and a periodic sequence a be arbitrary. Consider the approxima-

tion of ζ(s+ ihγk; a) by ζn(s+ ihγk; a). For this, we apply the representation
of ζn(s; a) given in Lemma 2.12. Thus, in notation of Lemma 2.12, we have

ζn(s; a)− ζ(s; a) =
1

2πi

−θ+i∞∫
−θ−i∞

ζ(s+ z; a)bn(z)dz +Rn(s; a), (3.4.2)

where

Rn(s; a) = âbn(1− s), â = Res
s=1

ζ(s; a), θ > 0.

Let K ⊂ D be an arbitrary compact set, and ε > 0 such that 1/2 + ε ⩽ σ ⩽

1 − ε for s = σ + it ∈ K. Take θ = 2σ − ε − 1/2. Then, in view of (3.4.2),
for s ∈ K,

|ζn(s; a)− ζ(s; a)| ≪
∞∫

−∞

|ζ(s− θ + iτ ; a)||bn(−θ + iτ)| dτ + |Rn(s; a)|.
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From this, we derive that

1

N

N∑
k=1

sup
s∈K

|ζ(s+ ihγk; a)− ζn(s+ ihγk; a)| ≪ I + Z, (3.4.3)

where

I =

∞∫
−∞

(
1

N

N∑
k=1

∣∣∣∣ζ (1

2
+ ε+ ihγk + iτ ; a

)∣∣∣∣
)

× sup
s∈K

|bn(1/2 + ε− s+ iτ)| dτ

and

Z =
1

N

N∑
k=1

sup
s∈K

|Rn(s+ ihγk; a)| .

From estimate (2.5.1), for t ∈ R, we have

T∫
0

∣∣∣∣ζ (1

2
+ ε+ iτ + it; a

)∣∣∣∣2 dτ ≪ε T (1 + |t|). (3.4.4)

In view of integral Cauchy formula, analogical bound is valid for ζ ′(s; a), i. e.,

T∫
0

∣∣∣∣ζ ′(1

2
+ ε+ iτ + it; a

)∣∣∣∣2 dτ ≪ε T (1 + |t|). (3.4.5)

In the next step of the proof, we apply estimate (I4). Let δ = ch(log γN )−1

and
Nδ(hγk) =

∑
γk,γl⩽γN

1

|γl−γk|<δ

.

Then, in view of (I4) and Lemma 3.6,

N∑
k=1

Nδ(hγk) =
∑∑
γk,γl⩽γN

1

|γk−γl|<c(log γN )−1

≪ γN log γN ≪ N. (3.4.6)
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Applying the Cauchy-Schwarz inequality, we find

N∑
k=1

∣∣∣∣ζ (1

2
+ ε+ ihγk + it; a

)∣∣∣∣
=

N∑
k=1

(
Nδ(hγk)N

−1
δ (hγk)

)1/2 ∣∣∣∣ζ (1

2
+ ε+ ihγk + it; a

)∣∣∣∣
⩽

(
N∑
k=1

Nδ(hγk)

N∑
k=1

N−1
δ (hγk)

∣∣∣∣ζ (1

2
+ ε+ ihγk + it; a

)∣∣∣∣2
)1/2

.

(3.4.7)

For the second sum in (3.4.7), we apply Lemma 2.10 with T = {hγ1δ, . . . ,
hγNδ}, and T0 = hγ1−δ/2, T = hγN−T0+δ/2. This with estimates (3.4.4)
and (3.4.5) yield

N∑
k=1

N−1
δ (hγk)

∣∣∣∣ζ (1

2
+ ε+ ihγk + iu; a

)∣∣∣∣2

≪ε
1

δ

2hγN∫
0

∣∣∣∣ζ (1

2
+ ε+ iτ + iu; a

)∣∣∣∣2 dτ

+

 2hγN∫
0

∣∣∣∣ζ (1

2
+ ε+ iτ + iu; a

)∣∣∣∣2 dτ

×
2hγN∫
0

∣∣∣∣ζ ′(1

2
+ ε+ iτ + iu; a

)∣∣∣∣2 dτ

1/2

≪ε,h,a log(γN )γN (1 + |u|) + γN (1 + |u|) ≪ε,h,a N(1 + |u|).

Therefore, (3.4.6) and (3.4.7) give the bound

N∑
k=1

N−1
δ (hγk)

∣∣∣∣ζ (1

2
+ ε+ ihγk + iu; a

)∣∣∣∣≪ε,h,a N
1/2(N(1 + |u|))1/2

≪ε,h,a N(1 + |u|). (3.4.8)

Using estimate (2.5.6) for the gamma-function, from the definition of bn(s),
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we obtain, that, for s ∈ K,

bn

(
1

2
+ ε− s+ iu

)
≪ n−ε exp{−c|t− u|}

≪K n−ε exp{−c1|u|}, c1 > 0.

This and (3.4.8) give

I ≪ε,h,a,K n−ε

∞∫
−∞

(1 + |u|) exp{−c1|u|}du ≪K,h,ε n
−ε. (3.4.9)

Similarly we estimate bn(1− s− ihγk). By (2.5.6), we have

bn(1− s− ihγk) ≪ n1−σ exp{−c|t+ hγk|} ≪K n1−σ exp{−c1hγk}.

Thus, for s ∈ K,

bn(1− s− ihγk) ≪K n1/2−2ε exp{−c1hγk}.

Hence, we obtain, by Lemma 3.6, that

Z ≪K
n1/2−2ε

N

N∑
k=1

exp{−c1hγk}

≪K
n1/2−2ε

N

 ∑
k⩽logN

+
∑

k⩾logN

 exp{−c1hγk}

≪K n1/2−2ε logN

N
+ n1/2−2ε

∑
k⩾logN

exp

{
−c1

2
h

k

log k

}

≪K,h n1/2−2ε logN

N
+ n1/2−2ε exp

{
−c1

2
h

logN

log logN

}

≪K,h n1/2−2ε exp

{
−c1

2
h

logN

log logN

}
.

This together with (3.4.9) show that

I + Z ≪K,h,a n
−ε + n1/2−2ε exp

{
−c1

2
h

logN

log logN

}
From this and (3.4.3), equality (3.4.1) follows. The lemma is proved.
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3.5 Proof of Theorem 3.2

As in proof of Theorem 2.2, we use the language of convergence in distri-
bution ( D−−→).

Proof of Theorem 3.2. Remind that Vn,a is a limit measure in Lemma 3.4. De-
note by Xn,a = Xn,a(s) the Hr(D)-valued random element having the distri-
bution Vn,a. Then the statement of Lemma 3.5 can be written in the form

Xn,a
D−−−→

n→∞
Pζ,a. (3.5.1)

Now, let the random variable ηN be defined on a certain probability space
(Ω̃,A, µ), and having the distribution

µ{ηN = γk} =
1

N
, k = 1, . . . , N.

Define the Hr(D)-valued random element

XN,n,a = XN,n,a(s) = ζ
n
(s+ ihηN ; a)

where

ζ
n
(s+ ihηN ; a) = (ζn(s+ ih1ηN ; a1), . . . , ζn(s+ ihrηN ; ar)) .

Then the statement of Lemma 3.4 can be written as

XN,n,a
D−−−−→

N→∞
Xn,a. (3.5.2)

Define one more Hr(D)-valued random element

Y N,a = Y N,a(s) = ζ(s+ ihηN ; a),

where

ζ(s+ ihηN ; a) = (ζ(s+ ih1ηN ; a1), . . . , ζ(s+ ihrηN ; ar)) .

72



Then Lemma 3.7 implies that, for every ε > 0,

lim
n→∞

lim sup
N→∞

µ
{
ρ
(
Y n,a(s), XN,n,a(s)

)
⩾ ε
}

= lim
n→∞

lim sup
N→∞

1

N
#
{
1 ⩽ k ⩽ N :

ρ
(
ζ(s+ ihγk; a), ζn(s+ ihγk; a)

)
⩾ ε
}

⩽ lim
n→∞

lim sup
N→∞

1

Nε

N∑
k=1

ρ
(
ζ(s+ ihγk; a), ζn(s+ ihγk; a)

)
= 0.

This, (3.5.1) and (3.5.2) show that all hypotheses of Lemma 2.13 are satisfied
by the Hr(D)-valued random elements Xn,a, XN,n,a and YN,a. Therefore, the
relation

Y N,a
D−−−−→

N→∞
Pζ,a,

is valid, which is equivalent to weak convergence of the measure PN,a to Pζ,a

as N → ∞.

From the proof, we see that the important role is played by an algebraic na-
ture of the numbers h1, . . . , hr (Lemmas 3.1 and 3.3) as well as by hypothesis
(I4).

3.6 Proof of joint universality

We begin with the explicit form of the measure Pζ,a in Theorem 3.2. Let
mH be the Haar measure on (Ω,B(Ω)), and

Pζ,a(A) = mH {ω ∈ Ω : ζ(s, ω; a) ∈ A} , A ∈ B(H(D)),

where ζ(s, ω; a) is the H(D)-valued random element defined by

ζ(s, ω; a) =
∏
p∈P

(
1 +

∞∑
l=1

aplω
l(p)

pls

)
.

Then, in [47], the following lemma has been obtained.

Lemma 3.8. Suppose that the sequence a is multiplicative. Then the support
of the measure Pζ,a is the set

S = {g ∈ H(D) : g(s) ̸= 0 or g(s) ≡ 0}.
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Lemma 3.8 implies the form of the support of the limit measure Pζ,a in
Theorem 3.2.

Lemma 3.9. Suppose that the sequences a1, . . . , ar are multiplicative. Then
the support of the measure Pζ,a is the set

Sr = S × · · · × S︸ ︷︷ ︸
r

.

Proof. Since the space Hr(D) is separable it is known [4] that

B(Hr(D)) = B(H(D))× · · · × B(H(D))︸ ︷︷ ︸
r

.

From this, it follows that it suffices to consider the measure Pζ on the rectan-
gular sets

A = A1 × · · · ×Ar, A1, . . . , Ar ∈ B(H(D)). (3.6.1)

Denote by mjH the Haar measure on Ωj , j = 1, . . . , r. Then the Haar measure
mr

H is the product of the measures mjH , j = 1, . . . , r, i. e.,

mr
H(A) = m1H(A1) · · ·mrH(Ar)

if A is given by (3.6.1). Taking into account these remarks, we find

Pζ,a(A) =mr
H

{
ω ∈ Ωr : ζ(s, ω; a) ∈ A

}
=m1H {ω1 ∈ Ω1 : ζ(s, ω1; a1) ∈ A1} × · · ·
×mrH {ωr ∈ Ωr : ζ(s, ωr; ar) ∈ Ar} . (3.6.2)

From Lemma 3.8, we have that the support of the measure

Pζj ,aj (Aj) = mjH {ωj ∈ Ωj : ζ(s, ωj ; aj) ∈ Aj} , j = 1, . . . r,

is the set S. Therefore, (3.6.2) and the minimality of the support prove the
lemma.

Proof of Theorem 3.1. By Lemma 2.16 (Mergelyan theorem), there exist poly-
nomials p1(s), . . . , pr(s) such that

sup
1⩽j⩽r

sup
s∈Kj

∣∣∣fj(s)− epj(s)
∣∣∣ < ε

2
. (3.6.3)
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In view of Lemma 3.9, the set

Gε =

{
(g1, . . . , gr) ∈ Hr(D) : sup

1⩽j⩽r
sup
s∈Kj

∣∣∣gj(s)− epj(s)
∣∣∣ < ε

2

}

is an open neighbourhood of an element (ep(s), . . . , epr(s)) of the support of
the measure Pζ,a because (ep(s), . . . , epr(s)) ∈ Sr. Hence, by a property of the
support,

Pζ,a(Gε) > 0. (3.6.4)

Define one more set

Ĝε =

{
(g1, . . . , gr) ∈ Hr(D) : sup

1⩽j⩽r
sup
s∈Kj

|gj(s)− fj(s)| < ε

}
.

Then, assuming that (g1, . . . , gr) ∈ Gε, we obtain that (g1, . . . , gr) ∈ Ĝε.
Actually, if (g1, . . . , gr) ∈ Gε, then, in view of (3.6.3),

sup
⩽j⩽r

sup
s∈Kj

|gj(s)− fj(s)|

⩽ sup
⩽j⩽r

sup
s∈Kj

∣∣∣gj(s)− epj(s)
∣∣∣+ sup

⩽j⩽r
sup
s∈Kj

∣∣∣fj(s)− epj(s)
∣∣∣ < ε

2
+

ε

2
= ε.

Thus, (g1, . . . , gr) ∈ Ĝε. This shows that Gε ⊂ Ĝε. Hence, by (3.6.4),

Pζ,a(Ĝε) > 0. (3.6.5)

Moreover, by Theorem 3.2 and Lemma 2.1,

lim inf
N→∞

PN,a(Ĝε) ⩾ Pζ,a(Ĝε) > 0.

This and the definitions of PN,a and Gε prove the first part of the theorem.

For the proof of the second statement of the theorem, we observe that the
boundary ∂Ĝε of Ĝε lies in the set{

(g1, . . . , gr) ∈ Hr(D) : sup
1⩽j⩽r

sup
s∈Kj

|gj(s)− fj(s)| = ε

}
.

Hence, ∂Ĝε−1 ∩ ∂Ĝε2 = ∅ for different positive ε1 and ε2. Therefore, the set
Ĝε is a continuity set of the measure Pζ,a for all but at most countably many
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ε > 0. This, Theorem 3.2, Lemma 2.1 and (3.6.5) show that the limit

lim
N→∞

PN,a(Gε) = Pζ,a(Ĝε)

exists and is positive for all but at most countably many ε > 0, and the defini-
tions of PN,a and Ĝε prove the second statement of the theorem. The theorem
is proved.
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CHAPTER 4
Universality of some compositions of periodic

zeta-functions with shifts of Chapter 3

Let F : Hr(D) → H(D) be a certain operator. In this chapter, we extend
Theorem 3.1 for compositions using the same shifts as in Chapter 3. More
precisely, we approximate a given function f(s) ∈ H(K), K ∈ K, by shifts
F (ζ(s + ihγk; a)) for some classes of operators F . Recall that H(K) with
K ∈ K denotes the class of continuous functions on K that are analytic in the
interior of K. Clearly, we have the inclusion H0(K) ⊂ H(K), where H0(K)

is the subclass of non-vanishing functions of H(K).
Note that universality of compositions F (ζ(s; a1), . . . , ζ(s; ar)) signifi-

cantly extends the class of universal functions. We consider two types of uni-
versality theorems for compositions F (ζ(s; a1), . . . , ζ(s; ar)). The theorem
of the first type directly follows from Theorem 3.1 by using a property of the
operator F similar to Lipschitz’s inequality. The second type of theorems are
obtained by using a probabilistic approach developed in Chapters 2 and 3.

4.1 Composition of Lipschitz type

We preserve the notation of previous chapters. For brevity, denote g =

(g1, . . . , gr) ∈ Hr(D) and α = (α1, . . . , αr) ∈ (R+)r, where R+ is the set of
all positive numbers. F−1{g} denotes the preimage of g.

The operator F : Hr(D) → H(D) belongs to the class Lip(α) if the
following hypotheses are satisfied:

1. For every polynomial p = p(s) and sets K1, . . . ,Kr ∈ K, there exists
an element g ∈ F−1{p} ⊂ Hr(D) such that gj(s) ̸= 0 on Kj , j =

1, . . . , r.
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2. For every set K ∈ K, there exist a constant c > 0 and the sets K1, . . . ,

Kr ∈ K such that

sup
s∈K

∣∣∣F (g
1
)− F (g

2
)
∣∣∣ ⩽ c sup

1⩽j⩽r
sup
s∈Kj

|g1j(s)− g2j(s)|αj

for all g
1
, g

2
∈ Hr(D).

For brevity, let the statement A(a, h, (3.3.1)) with a = (a1, . . . , ar) and
h = (h1, . . . , hr) be valid if the sequences a1, . . . , ar are multiplicative, h1,
. . . , hr are positive algebraic numbers linearly independent over Q, and esti-
mate (3.3.1) is valid.

Theorem 4.1. Suppose that A(a, h, (3.3.1)) is valid, and the operator F :

Hr(D) → H(D) belongs to the class Lip(α). Let K ∈ K and f(s) ∈ H(K).
Then, for every ε > 0,

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K

∣∣f(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

}
> 0.

Proof. The theorem is a simple consequence of Lemma 2.16 (Mergelyan the-
orem) and the definition of the class Lip(α).

The function f(s) is continuous on K ∈ K and analytic in the interior of
K, therefore, by Lemma 2.16, there exists a polynomial pε = pε(s) such that

sup
s∈K

|f(s)− pε(s)| <
ε

2
. (4.1.1)

Now we will apply the properties of the class Lip(α). In view of hypothesis 1,
we find an element g ∈ F−1{pε} such that gj(s) ̸= 0 on a given set Kj ∈ K,
j = 1, . . . , r. Let α = min1⩽j⩽r αj , and the sets K1, . . . ,Kr ∈ K correspond
the set K in hypothesis 2 of the class Lip(α). Suppose that the number k ∈ N
satisfies the inequality

sup
1⩽j⩽r

sup
s∈Kj

|gj(s)− ζ(s+ ihjγk; aj)| < c−1/α
(ε
2

)1/α
. (4.1.2)
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Then, by hypothesis 2 of the class Lip(α), for the above k,

sup
s∈K

∣∣pε(s)− F
(
ζ(s+ ihγk; a)

)∣∣
= sup

s∈K

∣∣F (g1(s), . . . , gr(s))− F
(
ζ(s+ ihγk; a)

)∣∣
⩽ c sup

1⩽j⩽r
sup
s∈Kj

|gj(s)− ζ(s+ ihjγk; aj)|αj

⩽ c c−1 ε

2
=

ε

2
.

In view of Theorem 3.1, the set of k ∈ N satisfying inequality (4.1.2) has a
positive lower density, i. e.,

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N :

sup
1⩽j⩽r

sup
s∈Kj

|gj(s)− ζ(s+ ihjγk; aj)| < c−1/α
(ε
2

)1/α}
> 0.

Therefore, the set of k ∈ N satisfying the inequality

sup
s∈K

∣∣pε(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

2
(4.1.3)

has a positive lower density as well, i. e.,

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K

∣∣pε(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

2

}
> 0.

(4.1.4)
It remains to pass from the polynomial pε(s) to the function f(s). For this, we
apply inequality (4.1.1). Suppose that k ∈ N satisfies (4.1.3). Then, by (4.1.1),

sup
s∈K

∣∣f(s)− F
(
ζ(s+ hγk; a)

)∣∣
⩽ sup

s∈K

∣∣F (ζ(s+ hγk; a)
)
− pε(s)

∣∣+ sup
s∈K

|f(s)− pε(s)| <
ε

2
+

ε

2
= ε.

This shows that{
1 ⩽ k ⩽ N : sup

s∈K

∣∣f(s)− F
(
ζ(s+ hγk; a)

)∣∣ < ε

}
⊃
{
1 ⩽ k ⩽ N : sup

s∈K

∣∣F (ζ(s+ hγk; a)
)
− pε(s)

∣∣ < ε

2

}
.
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Therefore, in virtue of (4.1.4), we have

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K

∣∣f(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

}
> 0.

The theorem is proved.

Unfortunately, Theorem 3.1 does not imply a version of Theorem 4.1 for
density.

We will prove that the operator F : Hr(D) → H(D) given by

F (g1, . . . , gr) = c1g1 + · · ·+ crgr, g1, . . . , gr ∈ H(D), cj ∈ C \ {0},

is an element of the class Lip(1). Actually, if p(s) is a polynomial and K1,

. . . ,Kr ∈ K, then there exist a ∈ C such that

p(s)− a− (c1 + · · ·+ cr−2) ̸= 0

for s ∈ Kr because the polynomial p(s) has only a finite number of roots. Let

g1(s) = 1, . . . , gr−2(s) = 1, gr−1(s) =
a

cr−1
,

gr(s) =
p(s)− a− (c1 + · · ·+ cr−2)

cr
.

Then we have
F (g1, . . . , gr) = p(s).

Thus, hypothesis 1 of the class Lip(1) is satisfied.
Clearly, by the definition of F , we have

sup
s∈K

∣∣∣F (g
1
(s))− F (g

2
(s))

∣∣∣
= sup

s∈K
|c1(g11(s)− g21(s)) + · · ·+ cr(g1r(s)− g2r(s))|

⩽ sup
s∈K

|c1| |g11(s)− g21(s)|+ · · ·+ sup
s∈K

|cr| |g1r(s)− g2r(s)|

⩽
r∑

j=1

|cj | sup
s∈K

|g1j(s)− g2j(s)| ⩽ C sup
1⩽j⩽r

sup
s∈Kj

|g1j(s)− g2j(s)|

with C = max1⩽j⩽r |cj | and Kj = K for j = 1, . . . , r. The hypothesis 2 of
the class Lip(1) is also valid.
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4.2 Convolutions of probabilistic type

In this section, we present universality theorems for the convolutions
F (ζ(s; a)), F : Hr(D) → H(D), whose proofs are based on probabilistic
arguments. Recall that

S
def
={g ∈ H(D) : g(s) ̸= 0 for all s ∈ D or g(s) ≡ 0}.

Theorem 4.2. Suppose that A(a, h, (3.3.1)) is valid, and F : Hr(D) →
H(D) is a continuous operator such that, for every open set G ⊂ H(D),
the intersection (F−1G) ∩ Sr is non-empty. Let K ∈ K and f(s) ∈ H(K).
Then, for every ε > 0,

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K

∣∣f(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

}
> 0.

(4.2.1)
Moreover, the limit

lim
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K

∣∣f(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

}
(4.2.2)

exists and is positive for all but at most countably many ε > 0.

Proof. The main ingredient of the proof is Theorem 3.2. For A ∈ B(H(D)),
define

PN,F,a(A) =
1

N
#
{
1 ⩽ k ⩽ N : F

(
ζ(s+ ihγk; a)

)
∈ A

}
.

Let PN,a be the measure of Theorem 3.2, and Pζ,a its limit measure. Then, by
Theorem 3.2, PN,a converges weakly Pζ,a as N → ∞. By the definitions of
PN,F,a and PN,a we have that, for every A ∈ B(H(D)),

Pn,F,a(A) =
1

N
#
{
1 ⩽ k ⩽ N : ζ(s+ ihγk; a) ∈ F−1A

}
= PN,a(F

−1A).

Thus,
PN,F,a = PN,aF

−1.

Since F : Hr(D) → H(D) is a continuous operator, this, and Theorem 3.2
together with Lemma 2.5 imply that the measure PN,F,a converges weakly to
Pζ,aF

−1 as N → ∞.
It remains to identify the support of the measure Pζ,aF

−1. We will show
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that the support is the whole of the space H(D). Actually, let g be an arbitrary
element of the space H(D), and G an arbitrary open neighborhood of g. Since
F is a continuous operator, the set F−1G (preimage of G) is open as well.
By the hypothesis of the theorem that (F−1G) ∩ Sr ̸= ∅, there exists an
element g

1
∈ F−1G lying in Sr. By Lemma 3.9, the set Sr is the support of

the measure Pζ,a. Therefore, the set F−1G is an open neighbourhood of an
element g

1
of the support of the measure Pζ,a. Hence, by a property of the

support,
Pζ,a(F

−1G) > 0.

Therefore,
Pζ,aF

−1(G) = Pζ,a(F
−1G) > 0.

Since g and G are arbitrary, we have that the support of Pζ,aF
−1 is the space

H(D).
For a polynomial p(s), define the set

Gε =

{
g ∈ H(D) : sup

s∈K
|g(s)− p(s)| < ε

2

}
.

Since p(s) ∈ H(D), the set Gε is an open neighbourhood of the support of the
measure Pζ,aF

−1. Therefore, by a property of a support,

Pζ,aF
−1(Gε) > 0. (4.2.3)

Thus, the weak convergence of PN,F,a to Pζ,a as N → ∞, and Lemma 2.1 for
open sets, give

lim inf
N→∞

PN,F,a(Gε) ⩾ Pζ,aF
−1(Gε) > 0.

Hence, the definitions of PN,F,a and Gε yield

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K

∣∣p(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

2

}
> 0.

(4.2.4)
Now, using Lemma 2.16, we choose the polynomial p(s) satisfying

sup
s∈K

|f(s)− p(s)| < ε

2
. (4.2.5)
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Suppose that k ∈ N satisfies

sup
s∈K

∣∣p(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

2
.

Then, in view of (4.2.5), for such k,

sup
s∈K

∣∣f(s)− F
(
ζ(s+ ihγk; a)

)∣∣
⩽ sup

s∈K

∣∣p(s)− F
(
ζ(s+ ihγk; a)

)∣∣+ sup
s∈K

|f(s)− p(s)| < ε

2
+

ε

2
= ε.

This shows that{
1 ⩽ k ⩽ N : sup

s∈K

∣∣p(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

2

}
⊂
{
1 ⩽ k ⩽ N : sup

s∈K

∣∣f(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

}
.

Therefore, by Lemma 2.1 again, (4.2.4) implies

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K

∣∣f(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

}
⩾ lim inf

N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K

∣∣p(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

2

}
> 0.

This proves the first statement of the theorem.
To prove the second statement of the theorem, introduce one more open set

Ĝε =

{
g ∈ H(D) : sup

s∈K
|g(s)− f(s)| < ε

}
.

Then the boundary ∂Ĝε lies in the set{
g ∈ H(D) : sup

s∈K
|g(s)− f(s)| = ε

}
,

therefore, the boundaries ∂Ĝε1 and ∂Ĝε2 do not intersect for different ε1 > 0

and ε2 > 0. Hence, in a standard way, it follows that

Pζ,aF
−1(Ĝε) > 0

for at most countably many ε > 0. In other words, the set Ĝε is a continuity
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set of the measure Pζ,aF
−1 for all but at most countably many ε > 0. There-

fore, the weak convergence of PN,F,a, as N → ∞, to Pζ,aF
−1 together with

Lemma 2.1 for continuity sets implies the equality

lim
N→∞

PN,F,a(Ĝε) = Pζ,aF
−1(Ĝε) (4.2.6)

for all but at most countably many ε > 0. By (4.2.4), we have

sup
s∈K

|g(s)− f(s)| ⩽ sup
s∈K

|g(s)− p(s)|+ sup
s∈K

|f(s)− p(s)| < ε

2
+

ε

2
= ε.

Therefore, Gε ⊂ Ĝε. This, the monotonicity of the measure Pζ,aF
−1 and

(4.2.3) show that
Pζ,aF

−1(Ĝε) > 0.

This, (4.2.6) and the definitions of PN,F,a and Ĝε prove that the limit

lim
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K

∣∣f(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

}
exists and is positive for all but at most countably many ε > 0. The theorem is
proved.

The hypothesis of Theorem 4.2 that (F−1G) ∩ Sr ̸= ∅ is general but
not convenient for applications. It turns out that the latter hypothesis can be
replaced simpler one involving a polynomial in place of an open set G.

Theorem 4.3. Suppose that A(a, h, (3.3.1)) is valid, and F : Hr(D) →
H(D) is a continuous operator such that, for every polynomial p = p(s),
the intersection (F−1{p}) ∩ Sr is non-empty. Let K ∈ K and f(s) ∈ H(K).
Then inequality (4.2.1) is valid and limit (4.2.2) exists and is positive for all
but at most countably many ε > 0.

Proof. We will show that the hypothesis of the theorem (F−1{p}) ∩ Sr ̸= ∅
for every polynomial p = p(s) implies that of Theorem 4.2 that (F−1G) ∩
Sr ̸= ∅ for arbitrary open set G ⊂ H(D). Actually, let G be an arbitrary
non-empty open set of the space H(D). Then there is g ∈ G. We will prove
that there is a polynomial p(s) ∈ G. Fix ε > 0 such that

∞∑
m>m0

2−m <
ε

2
. (4.2.7)
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We use the metric ρ in the space H(D) defined in the Section 2.2. Let {Km :

m ∈ N} ⊂ D be a sequence of compact sets in the definition of the metric
ρ. The sets Km can be chosen with connected complements, for example, we
can take the embedded rectangles. By Lemma 2.16, there exists a polynomial
p = p(s) such that

sup
s∈Km0

|g(s)− p(s)| < ε

2
.

Since Km ⊂ Km+1, the latter inequality is valid for all Km, m ⩽ m0 − 1.
Hence, by the definition of ρ and (4.2.7),

ρ(g, p) <

m0∑
m=1

2−m sups∈Km
|g(s)− p(s)|

1 + sups∈Km
|g(s)− p(s)|

+
ε

2
< ε.

This shows that if ε > 0 is sufficiently small, the polynomial p(s) lies in the
set G. Therefore, F−1{p} ⊂ F−1(G). Hence

(F−1G) ∩ Sr ⊃ F−1{p} ∩ Sr ̸= ∅,

and the theorem follows from Theorem 4.3.

The requirement that K ∈ K in the above theorems is conditioned by
applications in the proofs of the Mergelyan theorem on approximation of an-
alytic functions by polynomials (Lemma 2.16). However, for some classes
of approximated functions, universality theorems remain valid with uniform
approximation on arbitrary compact sets. This situation is realized in the fol-
lowing theorem of the dissertation.

Theorem 4.4. Suppose that A(a, h, (3.3.1)) is valid, and F : Hr(D) →
H(D) is a continuous operator. Let K ⊂ D be a compact set, and f(s) ∈
F (Sr). Then the assertion of Theorem 4.3 is true.

Proof. It is not difficult to see that the support of the limit measure Pζ,aF
−1 is

the set F (Sr). Actually, let g be an arbitrary element of F (Sr), and G be its
any open neighborhood. Then F−1{g} ∈ Sr, and lies in the open set F−1G.
Thus, by Lemma 3.9,

Pζ,a(F
−1G) > 0.

Hence,
Pζ,aF

−1(G) = Pζ,a(F
−1G) > 0.
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Moreover,

Pζ,aF
−1(F (Sr)) = Pζ,a(F

−1F (Sr)) = Pζ,a(S
r) = 1.

Since g is arbitrary element of F (Sr), we obtain that the support of Pζ,aF
−1

is the set F (Sr).
Let Ĝε be the same as in proof of Theorem 4.2. Since f(s) ∈ F (Sr), and

the support of Pζ,aF
−1 is F (Sr), we have

Pζ,aF
−1(Ĝ) > 0.

Therefore, by Lemma 2.1 and weak convergence of PN,F,a to Pζ,aF
−1 as N →

∞, we obtain
lim inf
N→∞

PN,F,a(Ĝε) ⩾ Pζ,aF
−1(Ĝε) > 0.

The second inequality of the theorem with limN→∞ PN,F,a(Ĝε) is obtained
in the same way as in the proof of Theorem 4.2.

The next theorem of the chapter deals with a special subset of the set
F (Sr). Let c1, . . . , cm be distinct complex numbers, and

Hc1,...,cm(D) = {g ∈ H(D) : g(s) ̸= cj for all s ∈ D, j = 1, . . . ,m}.

Theorem 4.5. Suppose that A(a, h, (3.3.1)) is valid, and F : Hr(D) →
H(D) is a continuous operator such that Hc1,...,cm(D) ⊂ F (Sr). For m = 1,
let K ⊂ K, f(s) ∈ H(K) and f(s) − c1 ∈ H0(K). For m ⩾ 2, let K ⊂ D

be arbitrary compact set, and f(s) ∈ Hc1,...,cm(D). Then the assertion of
Theorem 4.2 is true.

Proof. In the proof of Theorem 4.4, it was obtained that the support of the mea-
sure Pζ,aF

−1 is the set F (Sr). From this and the inclusion Hc1,...,cm(D) ⊂
F (Sr), it follows that the support of Pζ,aF

−1 contains the set Hc1,...,cm(D).
Since the support is a closed set, hence, the support of Pζ,aF

−1 contains the
closure of the set Hc1,...,cm(D).

Further, we separate two cases.
1) m = 1. Since the function f(s) ̸= c1 on K, the function f1(s)

def
= f(s)−

c1 ̸= 0 on K. Therefore, the principal branch of logarithm log f(s) satisfies
on K the hypotheses of Lemma 2.16. Thus, for every ε1 > 0, there exists a
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polynomial p(s) such that

sup
s∈K

|log f1(s)− p(s)| < ε1.

Hence, after a corresponding choosing of ε1 = ε1(ε), we find

sup
s∈K

∣∣∣f1(s)− epε1 (s)
∣∣∣ = sup

s∈K

∣∣∣elog f(s) − epε1 (s)
∣∣∣

< sup
s∈K

∣∣∣epε1 (s)∣∣∣ ∣∣∣elog f1(s)−pε1 (s) − 1
∣∣∣ < ε

2
(4.2.8)

after using the inequality

|ez − 1| ⩽ |z|e|z|, z ∈ C.

Obviously,
f2(s)

def
= c1 + epε1 (s) ∈ Hc1(D).

Therefore, by the above remark, f2(s) is an element of the support of the
measure Pζ,aF

−1. Let

Ĝε =

{
g ∈ H(D) : sup

s∈K
|g(s)− f2(s)| <

ε

2

}
.

Then, Ĝε is an open neighbourhood of element of the support of Pζ,aF
−1, thus

Pζ,aF
−1(Ĝε) > 0. (4.2.9)

Moreover, for g ∈ Ĝε,

sup
s∈K

|g(s)− f(s)| ⩽ sup
s∈K

|g(s)− f2(s)|+ sup
s∈K

|f(s)− f2(s)|

<
ε

2
+ sup

s∈K

∣∣∣(f1(s) + c1)−
(
c1 + epε1 (s)

)∣∣∣
=

ε

2
+ sup

s∈K

∣∣∣f1(s)− epε1 (s)
∣∣∣ < ε

2
+

ε

2
= ε.

This shows that Ĝε ⊂ Ĝε, where

Ĝε =

{
g ∈ H(D) : sup

s∈K
|g(s)− f(s)| < ε

}
.
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Therefore, by (4.2.9),
Pζ,aF

−1(Ĝε) > 0,

and weak convergence of PN,F,a to Pζ,a as N → ∞ and Lemma 2.1 yield

lim inf
N→∞

PN,F,a(Ĝε) ⩾ Pζ,aF
−1(Ĝε) > 0.

The definitions of PN,F,a and Ĝε gives the first statement of the case m = 1.
The second statement of the case m = 1 is obtained by repeating the arguments
of the proof of the second statement of Theorem 4.2.

2) m ⩾ 2. Since f(s) ∈ Hc1,...,cm(D), we have that f(s) is an element of
the support of the measure Pζ,aF

−1. Therefore,

Pζ,aF
−1(Ĝε) > 0,

and it remains to apply weak convergence of PN,F,a to Pζ,aF
−1 as N → ∞,

as well as Lemma 2.1.

We will give an example of the application of Theorem 4.5. We will prove
that Theorem 4.5 implies the universality of the function

F (g1, . . . , gr) = cos(g1 + · · ·+ gr), g1, . . . , gr ∈ H(D).

Let f ∈ H−1,1(D). Consider the equation

cos g = f,

i. e.,
eig + e−ig

2
= f.

From this, we find that
eig = f ±

√
f2 − 1.

Since f(s) ̸= ±1, f +
√
f2 − 1 is well defined, and f +

√
f2 − 1 ̸= 0 and

̸= 1. Therefore,

g =
1

i
log
(
f +

√
f2 − 1

)
∈ S.

Moreover,
F (g, 0, . . . , 0) = f. (4.2.10)

Since g(s) ∈ S and 0 ∈ S, the collection (g, 0, . . . , 0) ∈ Sr. Consequently,
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by (4.2.10),
f(s) ∈ F (Sr).

Hence, since f lies in H−1,1(D), we obtain that

H−1,1(D) ⊂ F (Sr).

Therefore, by Theorem 4.5, the functions f(s) ∈ H−1,1(D) can be approxi-
mated by shifts

cos (ζ(s+ ih1γk; a1) + · · ·+ ζ(s+ ihrγk; a)) ,

where h = (h1, . . . , hr) and a = (a1, . . . , ar) and the sequence {γk} satisfy
the hypotheses of Theorem 4.5.

Similar approximation properties are valid for

F (g1, . . . , gr) = sin(g1 + · · ·+ gr),

F (g1, . . . , gr) = cosh(g1 + · · ·+ gr)

and
F (g1, . . . , gr) = sinh(g1 + · · · gr),

where sinh(s) and cosh(s) are sine and cosine hyperbolic functions, i. e.,

sinh(s) =
es − e−s

2

and

cosh(s) =
es + e−s

2
.

We also observe that the operator

F (g1, . . . , gr) = b1g1 + · · ·+ brgr, g1, . . . , gr ∈ H(D), bj ∈ C \ {0},
j = 1, . . . , r,

of the example of Theorem 4.1, also satisfies the hypotheses of Theorem 4.5 of
the case m = 1. Actually, if g ∈ Hc1(D), then (g−c1)/b1 ∈ S. Consequently,
by the definition of the operator F ,

F

(
g − c1
b1

,
c1
b2
, 0, . . . , 0

)
= g.
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This shows that g ∈ F (Sr) because

g − c1
b1

∈ S,
c1
b2

∈ S, and 0 ∈ S.
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CHAPTER 5
Joint continuous universality of periodic zeta-functions

with generalized shifts

In Chapters 2–4, we considered approximation of analytic functions by
shifts of periodic zeta-functions ζ(s + iφ(k); a) with some function φ(k),
where k runs the set N, and obtained that, under certain additional condi-
tions on the function φ(k) and sequence a, the set of approximating shifts
is infinite. More precisely, this set has a positive lower density or even posi-
tive density. In this chapter, we will consider simultaneously approximation
of a collection of analytic functions (f1(s), . . . , fr(s)) by continuous shifts
(ζ(s+ iφ1(τ); a1), . . . , ζ(s+φr(τ); ar)) with a certain collection of functions
(φ1(τ), . . . , φr(τ)) of continuous variable τ ∈ [T0, T ].

It is well known that in joint universality theorems, the approximating
shifts must be in a certain sense independent. In earlier researches, this in-
dependence was ensured by certain rank hypotheses for the sequences a1,

. . . , ar, see, for example, [42]. However, the later rank hypothesis is diffi-
cultly verifiable. Therefore, in the dissertation, we propose, in place of rank
condition, to use generalized shifts connected with certain simply verifiable
conditions.

5.1 Statement of joint universality theorems

Let T0 be a positive fixed number. Suppose that φ(τ) is a real increasing
to +∞ continuously differentiable function with monotonic derivative φ′(τ)

on [T0,∞) such that

φ(2τ) max
τ⩽u⩽2τ

1

φ′(u)
≪ τ, τ → ∞.
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The class of such functions is denoted by U1(T0).
For K and H0(K), we preserve the notion of previous chapters. We will

use two types of shifts.

Theorem 5.1. Suppose that the sequences a1, . . . , ar are multiplicative, a1,
. . . , ar are real algebraic numbers linearly independent over the field of ra-
tional numbers Q, and φ(τ) ∈ U1(T0). For j = 1, . . . , r, let Kj ∈ K and
fj(s) ∈ H0(Kj). Then, for every ε > 0,

lim inf
T→∞

1

T − T0
meas

{
τ ∈ [T0, T ] :

sup
1⩽j⩽r

sup
s∈Kj

|fj(s)− ζ(s+ iajφ(τ); aj)| < ε

}
> 0.

Moreover, the limit

lim
T→∞

1

T − T0
meas

{
τ ∈ [T0, T ] :

sup
1⩽j⩽r

sup
s∈Kj

|fj(s)− ζ(s+ iajφ(τ); aj)| < ε

}
exists and is positive for all but at most countably many ε > 0.

In Theorem 5.1, the independence of approximating shifts is ensured by
the linear independence of the numbers a1, . . . , ar, while the continuous inde-
pendent φ(τ) for all shifts is the same. The next theorem deals with the second
type of shifts with different functions φ1(τ), . . . , φr(τ) in shifts.

Define one more class of functions. Let φ1(τ), . . . , φr(τ) be real increa-
sing to +∞ continuously differentiable functions on [T0,∞) with derivatives
φ′
j(τ) = φ̂j(τ)(1 + o(1)), where φ̂1(τ), . . . , φ̂r(τ) are monotonic and are

compared in the sense that, for every subset J ⊂ {1, . . . , r}, #J ⩾ 2, there
exists j0 = j0(J) such that

φ̂j(τ) = o(φ̂j0(τ))

for j ∈ J , j ̸= j0, and

φ̂j(2τ) max
τ⩽u⩽2τ

1

φ̂j(u)
≪ τ,

j = 1, . . . , r, as τ → ∞.
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Denote the class of such functions φ1(τ), . . . , φr(τ) by Ur(T0). Now, we
state the second joint continuous universality theorem on approximation of
analytic functions by shifts (ζ(s+ iφ1(τ); a1), . . . , ζ(s+ iφr(τ); ar)).

Theorem 5.2. Suppose that the sequences a1, . . . , ar are multiplicative, and
(φ1(τ), . . . , φr(τ)) ∈ Ur(T0). For j = 1, . . . , r, let Kj ∈ K and fj(s) ∈
H0(Kj). Then, for every ε > 0,

lim inf
T→∞

1

T − T0
meas

{
τ ∈ [T0, T ] :

sup
1⩽j⩽r

sup
s∈Kj

|fj(s)− ζ(s+ iφj(τ); aj)| < ε

}
> 0.

Moreover, the limit

lim
T→∞

1

T − T0
meas

{
τ ∈ [T0, T ] :

sup
1⩽j⩽r

sup
s∈Kj

|fj(s)− ζ(s+ iφj(τ); aj)| < ε

}
exists and is positive for all but at most countably many ε > 0.

For the proof of Theorems 5.1 and 5.2, we will apply, as in Chapters 2–4,
the probabilistic approach based on limit theorems for probability measures in
the space of analytic functions Hr(D). We will derive these theorems progres-
sively, starting with comparatively simple spaces. For brevity, we will use the
notation a = (a1, . . . , ar), φ(τ) = (φ1(τ), . . . , φr(τ)). Other notations are
the same as in previous chapters.

5.2 Statements of limit theorems

For A ∈ B(Hr(D)), define two probability measures

P 1
T,a(A) =

1

T − T0
meas

{
τ ∈ [T0, T ] : ζ(s+ iaφ(τ); a) ∈ A

}
,

and

P r
T,a(A) =

1

T − T0
meas

{
τ ∈ [T0, T ] : ζ(s+ iφ(τ); a) ∈ A

}
.
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We recall that

ζ(s+ iaφ(τ); a) =
(
ζ(s+ ia1φ(τ); a1), . . . , ζ(s+ iarφ(τ); ar)

)
and

ζ(s+ iφ(τ); a) = (ζ(s+ iφ1(τ); a1), . . . , ζ(s+ iφr(τ); ar)) .

Now, define the limit measure for P 1
T,a and P r

T,a as T → ∞. Let Ωr be the
same compact topological group with elements ω = (ω1, . . . , ωr), and the
probability Haar measure mr

H as in Section 3.2. On the probability space
(Ωr,B(Ωr),mr

H), define the Hr(D)-valued random element

ζ(s, ω; a) = (ζ(s, ω1; a1), . . . , ζ(s, ωr; ar)) ,

where

ζ(s, ωj ; aj) =
∏
p∈P

(
1 +

∞∑
l=1

ajplω
l
j(p)

pls

)
, j = 1, . . . , r.

Let, for A ∈ B(Hr((D))),

Pζ,a(A) = mr
H

{
ω ∈ Ωr : ζ(s, ω; a) ∈ A

}
,

i. e., Pζ,a is the distribution of the random element ζ(s, ω; a). Now, we state
limit theorems for P 1

T,a and P r
T,a.

Theorem 5.3. Suppose that the sequences a1, . . . , ar are multiplicative, a1,
. . . , ar are real algebraic numbers linearly independent over Q, and φ(τ) ∈
U1(T0). Then P 1

T,a converges weakly to the measure Pζ,a as T → ∞.

Theorem 5.4. Suppose that the sequences a1, . . . , ar are multiplicative, and
(φ1(τ), . . . φr(τ)) ∈ Ur(T0). Then P r

T,a converges weakly to the measure Pζ,a

as T → ∞.

5.3 Limit lemmas on Ωr

We begin the proofs of Theorems 5.3 and 5.4 with the lemmas on the group
Ωr.
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For A ∈ B(Ωr), define

V 1
T (A) =

1

T − T0
meas

{
τ ∈ [T0, T ] :

(
p−ia1φ(τ) : p ∈ P

)
, . . . ,(

p−iarφ(τ) : p ∈ P
)
∈ A

}
.

Lemma 5.1. Suppose that a and φ(τ) satisfy the hypotheses of Theorem 5.3.
Then V 1

T converges weakly to the Haar measure mr
H as T → ∞.

Proof. As in the proof of Lemma 3.3, we have that the Fourier transform
FT (k1, . . . , kr), kj = {kjp : kjp ∈ Z, p ∈ P}, j = 1, . . . , r, of the mea-
sure V 1

T has the representation

FT (k1, . . . , kr) =

∫
Ωr

 r∏
j=1

∏
p∈P

∗
ω
kjp
j (p)

 dV 1
T ,

where the star “ ∗ ” indicates that only a finite number of integers kjp are dis-
tinct from zeros. Hence, the definition of V 1

T yields

FT (k1, . . . , kr) =
1

T − T0

T∫
T0

r∏
j=1

∏
p∈P

∗
p−iajφ(τ)kjp dτ

=
1

T − T0

T∫
T0

exp

−iφ(τ)
r∑

j=1

aj
∑
p∈P

∗
kjp log p

 dτ.

(5.3.1)

Clearly,
F 1
T ((0, . . . , 0)) = 1. (5.3.2)

Now, suppose that (k1, . . . , kr) ̸= (0, . . . , 0). We have

Ak1,...kr

def
=

r∑
j=1

aj
∑
p∈P

∗
kjp log p =

∑
p∈P

∗
log p

r∑
j=1

ajkjp.

Let
pmin = min

1⩽j⩽r
min
p

{p : kjp ∈ kj , kjp ̸= 0}

and
pmax = max

1⩽j⩽r
max

p
{p : kjp ∈ kj , kjp ̸= 0}.
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Then there exists at least one p ∈ [pmin, pmax] such that kjp ̸= 0 for some j.
Thus, by the linear independence over Q of the numbers a1, . . . , ar,

βp
def
=

r∑
j=1

ajkjp ̸= 0.

The numbers βp are algebraic, moreover, the set {log p : p ∈ P} is linearly
independent over Q. Therefore, in view of Lemma 3.2,

Ak1,...,kr
=
∑
p∈P

∗
βp log p ̸= 0.

By the second mean value theorem and properties of φ′(τ), we find that

T∫
T0

cos
(
φ(τ)Ak1,...,kr

)
dτ =

1

Ak1,...,kr

T∫
T0

1

φ′(τ)
d
(
sin
(
φ(τ)Ak1,...,kr

))
≪ 1

|Ak1,...,kr
|
max

(
1

φ′(T )
,

1

φ′(T0)

)
,

and the same estimate holds for

T∫
T0

sin
(
φ(τ)Ak1,...,kr

)
dτ.

Therefore, the equality (5.3.1) gives

F 1
T (k1, . . . , kr) ≪

1

|A(k)|T
max

(
1

φ′(T )
,

1

φ′(T0)

)
. (5.3.3)

Since φ(τ) ∈ U1(T0),
1

φ′(T )
= o(T )

as T → ∞. Hence, by (5.3.3), in the case (k1, . . . , kr) ̸= (0, . . . , 0), we have

lim
T→∞

F 1
T (k1, . . . , kr) = 0.

This together with (5.3.2) shows that

lim
T→∞

F 1
T (k) =

{
1 if k = (0, . . . , 0),
0 if k ̸= (0, . . . , 0).
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Since the right-hand side of the above equality is the Fourier transform of the
Haar measure mr

H , the lemma is proved.

For A ∈ B(Ωr), define

V r
T (A) =

1

T − T0
meas

{
τ ∈ [T0, T ] :

(
p−iφ1(τ) : p ∈ P

)
, . . . ,(

p−iφr(τ) : p ∈ P
)
∈ A

}
.

Lemma 5.2. Suppose that (φ1(τ), . . . , φr(τ)) ∈ Ur(T0). Then V r
T converges

weakly to the Haar measure mr
H as T → ∞.

Proof. As in the proof of Lemma 5.1, we consider the Fourier transform
F r
T (k1, . . . , kr) of the measure V r

T , i. e.,

F r
T (k1, . . . kr) =

∫
Ωr

 r∏
j=1

∏
p∈P

∗
ω
kjp
j (p)

dV r
T

=
1

T − T0

T∫
T0

exp

−i
r∑

j=1

φj(τ)
∑
p∈P

∗
kjp log p

 dτ.

(5.3.4)

Obviously,
F r
T (0, . . . , 0) = 1. (5.3.5)

Therefore, it remains to consider the case (k1, . . . , kr) ̸= (0, . . . , 0). For
brevity, let

bj
def
=
∑
p∈P

∗
kjp log p.

Since, the set {log p : p ∈ P} is linearly independent over Q, we have bj ̸= 0

for kj ̸= 0, j = 1, . . . , r. Put

A(τ) =

r∑
j=1

bjφj(τ).

Suppose that kj ̸= 0 for j ∈ J ⊂ {1, . . . , r}, #J ⩾ 2. Then there exists
j0 ∈ J such that

φ̂j(τ) = o(φ̂j0(τ)), τ → ∞,
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for j ∈ J \ {j0}. Therefore,

A′(τ) =
∑
j∈J

bjφ
′
j(τ) =

∑
j∈J

bjφ̂j(τ)(1 + o(1)) = bj0φ̂j0(τ)(1 + o(1))

and

(A′(τ))−1 =
1

bj0φ̂j0(τ)(1 + o(1))
=

1

bj0φ̂j0(τ)
(1 + o(1)), τ → ∞,

in virtue of the identity

1

1 + a
= 1− a

1 + a
, a ̸= −1.

Hence, using the monotonicity of φ̂j0(τ) and the second mean value theorem,
we find

T∫
T0

cosA(τ) dτ =

T∫
log T

cosA(τ) dτ +O(log T )

=

T∫
log T

1

A′(τ)
cosA(τ) dA(τ) +O(log T )

=

T∫
log T

1

bj0φ̂j0(τ)
cosA(τ) dA(τ)

+

T∫
log T

o(1)

bj0φ̂j0(τ)
cosA(τ) dA(τ) +O(log T )

=

T∫
log T

1

bj0φ̂j0(τ)
d(sinA(τ))

+

T∫
log T

o(1)(1 + o(1))

A′(τ)
cosA(τ) dA(τ) +O(log T )

=o(T ) +

T∫
log T

o(1) cosA(τ) dτ +O(log T )

=o(T ), T → ∞, (5.3.6)
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because 1/(φ̂′
j0
(τ)) = o(τ) as τ → ∞. By the same lines, we obtain

T∫
T0

sinA(τ) dτ = o(T ).

This, (5.3.6) and (5.3.4) show that, for (k1, . . . , kr) ̸= (0, . . . , 0),

lim
T→∞

F r
T (k1, . . . , kr) = 0, (5.3.7)

because in the case #J = 1, we have A(τ) = bjφj(τ) for some j. Thus, by
(5.3.5) and (5.3.7),

lim
T→∞

F r
T (k1, . . . , kr) =

{
1 if (k1, . . . , kr) = (0, . . . , 0),
0 if (k1, . . . , kr) ̸= (0, . . . , 0),

and the proof of the lemma is completed.

5.4 Case of absolutely convergent series

Lemmas 5.1 and 5.2 allow us to prove limit lemmas in the space Hr(D)

for measures defined by means of an absolutely convergent Dirichlet series.
We use the notation of Section 3.3, and, only for fullness, recall it. Thus,

vn(m) = exp

{
−
(m
n

)β}
, β >

1

2
,

for m,n ∈ N,

ζn(s; aj) =
∞∑

m=1

ajmvn(m)

ms
, j = 1, . . . , r,

the series being absolutely convergent in any half-plane σ > σ0, and

ζ
n
(s; a) = (ζn(s; a1), . . . , ζn(s; ar)) .

For A ∈ B(Hr(D)),

V 1
T,n(A) =

1

T − T0
meas

{
τ ∈ [T0, T ] : ζn(s+ iaφ(τ); a) ∈ A

}
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and

V r
T,n(A) =

1

T − T0
meas

{
τ ∈ [T0, T ] : ζn(s+ iφ(τ); a) ∈ A

}
.

Now, let, for ωj ∈ Ωj ,

ζn(s, ωj ; aj) =

∞∑
m=1

ajmωj(m)vn(m)

ms
, j = 1, . . . , r,

where
ωj(m) =

∏
pl|m

pl+1∤m

ωl
j(p), j = 1, . . . , r.

The latter series also converges absolutely in every half-plane σ > σ0. For
ω ∈ Ωr, set

ζ
n
(s, ω; a) = (ζn(s, ω1; a1), . . . , ζn(s, ωr; ar))

and, for A ∈ B(Hr(D)), define

V 1
T,n,ω(A) =

1

T − T0
meas

{
τ ∈ [T0, T ] : ζn(s+ iaφ(τ), ω; a) ∈ A

}
and

V r
T,n,ω(A) =

1

T − T0
meas

{
τ ∈ [T0, T ] : ζn(s+ iφ(τ), ω; a) ∈ A

}
.

Moreover, let the mapping un : Ωr → Hr(D) be given by the formula

un(ω) = ζ
n
(s, ω; a).

Then the mapping un is continuous because of the absolute convergence of the
series for ζn(s, ωj ; aj), j = 1, . . . , r. Moreover, in view of definitions of un,
V 1
T,n, V r

T,n and V 1
T , V r

T , we have

V 1
T,n = VTu

−1
n , V r

T,n = V r
T u

−1
n .

Therefore, application of Lemma 2.5, and Lemmas 5.1 and 5.2, show that V 1
T,n

and V r
T,n converges weakly to the measure mr

Hu−1
n as T → ∞.
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Define one more mapping ûn : Ωr → Hr(D) by

ûn(ω̂) = ζ
n
(s, ωω̂; a), ω̂ ∈ Ωr.

Then, similarly as above, we find that V 1
T,n,ω and V r

T,n,ω converge weakly to the
measure mr

H û−1
n . We will prove that mr

H û−1
n = mr

Hu−1
n . Let u : Ωr → Ωr be

given by u(ω) = ωω̂. Then ûn(ω̂) = un(u(ω)). Since the Haar measure mr
H

is invariant with respect to shifts by elements from Ωr, we find that

mr
H û−1

n = mr
H(un(u))

−1 = (mr
Hu−1)u−1

n = mr
Hu−1

n .

Thus, we have that the measures V 1
T,n,ω and V r

T,n,ω also converge weakly to the
measure mHu−1

n as T → ∞.
Summarising the above results, we have the following lemmas.

Lemma 5.3. Suppose that a and φ(τ) satisfy the hypotheses of Theorem 5.1.
Then V 1

T,n and V 1
T,n,ω converge weakly to the measure mr

Hu−1
n as T → ∞.

Lemma 5.4. Suppose that (φ1(τ), . . . , φr(τ)) ∈ Ur(T0). Then P r
T,n and

P r
T,n,ω converge weakly to the measure mr

Hu−1
n as T → ∞.

5.5 Mean square estimates

To pass from weak convergence for V 1
T,n and V r

T,n to for V 1
T and V r

T , re-
spectively, as T → ∞, a certain approximation of ζ(s; a) by ζ

n
(s; a) is needed.

This approximation is based on the mean square estimates for ζ(s, aj).
Thus, let a be an arbitrary periodic sequence of complex numbers, and

a ∈ R \ {0}.

Lemma 5.5. Suppose that φ(τ) ∈ U1(T0). Then, for every fixed σ, 1/2 <

σ < 1, and t ∈ R,

T∫
T0

|ζ(σ + iaφ(τ) + it; a)|2 dτ ≪a,σ,a T (1 + |t|).

Proof. From the estimate (2.5.1), it follows that

|t|+|a|φ(τ)∫
T0

|ζ(σ + iu; a)|2 du ≪σ,a (|t|+ |a|φ(τ)).
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Therefore, for X ⩾ T0, we have

2X∫
X

|ζ(σ + iaφ(τ) + it; a)|2 dτ =
1

a

2X∫
X

1

φ′(τ)
|ζ(σ + iaφ(τ) + it; a)|2 dφ(τ)

≪a max
X⩽τ⩽2X

1

φ′(τ)

∣∣∣∣∣∣∣
2X∫
X

d

 t+aφ(τ)∫
T0

|ζ(σ + iu; a)|2 du


∣∣∣∣∣∣∣

≪a,σ,a (|t|+ |a|φ(2X)) max
X⩽τ⩽2X

1

φ′(τ)
≪a,σ,a X(1 + |t|)

because φ(τ) ∈ U1(T0). Taking T = 2−k−1 and summing over k ∈ N0, give
the estimate of the lemma.

Lemma 5.6. Suppose that (φ1(τ), . . . , φr(τ)) ∈ Ur(T0). Then, for every fixed
σ, 1/2 < σ < 1, and t ∈ R,

T∫
T0

|ζ(σ + iφj(τ) + it; a)|2 dτ ≪σ,a T (1 + |t|), j = 1, . . . , r.

Proof. Using the notation of Lemma 5.5 and the class Ur(T0), we have

2X∫
X

|ζ(σ + iφj(τ) + it; a)|2 dτ =

2X∫
X

1

φ′
j(τ)

|ζ(σ + iφj(τ) + it; a)|2 dφj(τ)

=

2X∫
X

(1 + o(1))

φ̂j(τ)
d

 t+φj(τ)∫
T0

|ζ(σ + iu; a)|2 du


=

2X∫
X

1)

φ̂j(τ)
d

 t+φj(τ)∫
T0

|ζ(σ + iu; a)|2 du


+

2X∫
X

o(1)(1 + o(1))

φ′
j(τ)

d

 t+φj(τ)∫
T0

|ζ(σ + iu; a)|2 du


≪σ,a max

X⩽τ⩽2X
(|t|+ φ̂j(2X)) +

2X∫
X

o(1)|ζ(σ + iφj(τ) + it; a)|2 dτ.
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Hence,

2X∫
X

|ζ(σ + iφj(τ) + it; a)|2 dτ ≪σ,a X(1 + |t|)(1 + r(X)) ≪σ,a X(1 + |t|),

where r(X) → 0 as X → ∞. From this, the lemma follows in the same way
as Lemma 5.5.

Lemmas 5.5 and 5.6 have their modifications for

ζ(s, ω; a) =

∞∑
m=1

amω(m)

ms
, σ > 1,

with ω ∈ Ω. We note that the latter series is uniformly convergent on compact
subsets of the strip D for almost all ω with respect to the Haar measure on
(Ω,B(Ω)), see, for example, Lemma 5.1.6 of [35].

Lemma 5.7. Suppose that a ∈ R \ {0} and φ(τ) ∈ U1(T0). Then, for every
fixed σ, 1/2 < σ < 1, and t ∈ R,

T∫
T0

|ζ(σ + iaφ(τ) + it, ω; a)|2 dτ ≪a,σ,a T (1 + |t|)

for almost all ω ∈ Ω.

Proof. Since, for almost all ω ∈ Ω,

T∫
T0

|ζ(σ + it, ω; a)|2 dt ≪σ,a T, (5.5.1)

see [47], the proof coincides with that of Lemma 5.5.

Lemma 5.8. Let (φ1(τ), . . . , φr(τ)) ∈ Ur(T0). Then, for every fixed σ, 1/2 <

σ < 1, and t ∈ R,

T∫
T0

|ζ(σ + iaφj(τ) + it, ω; a)|2 dτ ≪σ,a T (1 + |t|), j = 1, . . . , r,

for almost all ω ∈ Ω.
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Proof. We repeat the proof of Lemma 5.6 and apply the estimate (5.5.1).

Now, we will apply Lemmas 5.5–5.8 for the approximation of ζ(s; a) by
ζ
n
(s; a). Let ρ be the metric in Hr(D) introduced in Section 3.4.

Lemma 5.9. Suppose that a1, . . . , ar ∈ R \ {0} and φ(τ) ∈ U1(T0). Then

lim
n→∞

lim sup
T→∞

1

T − T0

T∫
T0

ρ
(
ζ(s+ iaφ(τ); a), ζ

n
(s+ iaφ(τ); a)

)
dτ = 0.

(5.5.2)
Moreover, for almost all ω ∈ Ωr,

lim
n→∞

lim sup
T→∞

1

T − T0

×
T∫

T0

ρ
(
ζ(s+ iaφ(τ), ω; a), ζ

n
(s+ iaφ(τ), ω; a)

)
dτ = 0.

Proof. From the definitions of the metrics ρ and ρ, it follows that it is sufficient
to prove that, for every compact set K ⊂ D,

lim
n→∞

lim sup
T→∞

1

T − T0

×
T∫

T0

sup
s∈K

|ζ(s+ iajφ(τ); aj)− ζn(s+ iajφ(τ); aj)| dτ = 0

for all j = 1, . . . , r.
Let a and a ̸= 0 be arbitrary. We use the integral representation of Lem-

ma 2.12 for ζn(s; a), namely

ζn(s; a) =
1

2πi

β+i∞∫
β−i∞

ζ(s+ z; a)bn(z)dz. (5.5.3)

In what follows, we argue similarly to the proof of Lemma 2.7. Let K ⊂ D

be a compact set. Denote by s = σ + it the points of the set K, and fix ε > 0

such that 1/2+ 2ε ⩽ σ ⩽ 1− ε. Let β = 1/2+ ε and θ = σ− ε− 1/2. Then
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(5.5.3) and the residue theorem give

ζn(s; a)− ζ(s; a) =
1

2πi

−θ+i∞∫
−θ−i∞

ζ(s+ z; a)bn(z)dz + âbn(1− s),

where â is the residue of ζ(s; a) at the point s = 1. Hence, for s ∈ K,

ζ(s+ iaφ(τ); a)− ζn(s+ iaφ(τ); a)

≪
∞∫

−∞

|ζ(s+ iaφ(τ)− θ + iu; a)|bn(−θ + iu) du+ |bn(1− s− iaφ(τ))|.

Thus,

1

T − T0

T∫
T0

sup
s∈K

|ζ(s+ iaφ(τ); a)− ζn(s+ iaφ(τ); a)| dτ ≪ I1+ I2, (5.5.4)

where

I1 =

∞∫
−∞

1

T − T0

T∫
T0

(∣∣∣∣ζ (1

2
+ ε+ i(u+ aφ(τ)); a

)∣∣∣∣ dτ)

× sup
s∈K

∣∣∣∣bn(1

2
+ ε− s+ iu

)∣∣∣∣ du,
and

I2 =
1

T − T0

T∫
T0

sup
s∈K

|bn(1− s− iaφ(τ))| dτ.

For estimation of the function bn(s), we apply the estimate (2.5.6) for the
gamma-function. Thus, for s ∈ K,

bn

(
1

2
+ ε− s+ iu

)
=

n1/2+ε−σ

β
Γ

(
1/2 + ε− σ

β
+

i(t− u)

β

)
≪β,K n−ε exp{−c1|u|}, c1 > 0.
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This together with Lemma 5.5 yields

I1 ≪ε,a,K n−ε

∞∫
−∞

(1 + |u|) exp {−c1|u|} du ≪ε,a,K n−ε (5.5.5)

because ε depends on the set K. Similarly, we find that, for s ∈ K,

bn(1− s− iaφ(τ)) ≪β,a,K n1−σ exp

{
− c

β
|t− aφ(τ)|

}
≪a,a,K n1/2−2ε exp{−c2φ(τ)}, c2 > 0.

Therefore, properties of the function φ(τ) show that

I2 ≪ε,a,K n1/2−2ε 1

T − T0

T∫
T0

exp{−c2φ(τ)}dτ

≪ε,a,K n1/2−2ε

(
log T

T
+

1

T

T∫
log T

exp{−c2φ(τ)} dτ

)

≪a,a,K n1/2−2ε

(
log T

T
+

1

T
exp

{
−c2

2
φ(log T )

}

×
T∫

log T

exp
{
−c2

2
φ(τ)

}
dτ

)
= o(T )

as T → ∞. This, (5.5.5) and (5.5.4) prove (5.5.2).
For almost all ω ∈ Ω, the function ζ(s, ω; a) is analytic in the half-plane

σ > 1/2. Therefore, the second assertion of the lemma is obtained similarly
to that of the first by using Lemma 5.7, and the representation

ζn(s, ω; a) =
1

2πi

β+i∞∫
β−i∞

ζ(s+ z, ω; a)bn(z) dz

which is valid for almost all ω ∈ Ω. Also, we note, that in the case of the
function ζ(s, ω; a), we do have not the integral I2.
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Lemma 5.10. Suppose that (φ1(τ), . . . , φr(τ)) ∈ Ur(T0). Then

lim
n→∞

lim sup
T→∞

1

T − T0

T∫
T0

ρ
(
ζ(s+ iφ(τ); a), ζ

n
(s+ iφ(τ); a)

)
dτ = 0.

Moreover, for almost all ω ∈ Ω,

lim
n→∞

lim sup
T→∞

1

T − T0

T∫
T0

ρ
(
ζ(s+ iφ(τ), ω; a), ζ

n
(s+ iφ(τ), ω; a)

)
dτ = 0.

Proof. We use Lemmas 5.6 and 5.8 and apply similar arguments as in the proof
of Lemma 5.9.

5.6 Limit lemmas for ζ(s; a)

Let, for A ∈ B(Hr(D)),

P 1
T,a,ω(A) =

1

T − T0
meas

{
τ ∈ [T0, T ] : ζ(s+ iaφ(τ), ω; a) ∈ A

}
and

P r
T,a,ω(A) =

1

T − T0
meas

{
τ ∈ [T0, T ] : ζ(s+ iφ(τ), ω; a) ∈ A

}
.

Together with P 1
T,a and P r

T,a, we will consider the weak convergence for P 1
T,a,ω

and P r
T,a,ω as T → ∞.

Lemma 5.11. Suppose that a and φ(τ) satisfy hypotheses of Theorem 5.1.
Then, on (Hr(D),B(Hr(D))), there exists a probability measure P 1

a such
that P 1

T,a and P 1
T,a,ω both converge weakly to P 1

a as T → ∞.

Proof. Let θT be a random variable defined on a certain probability space
(Ω,B, µ), and uniformly distributed in the interval [T0, T ], i. e., θT has the
distribution density

pT (x) =


0, x < T0,

1
T−T0

, T0 ⩽ x ⩽ T ,
0, x > T .
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Define the Hr(D)-valued random element

X1
T,n,a = X1

T,n,a(s) = ζ
n
(s+ iaφ(θT ); a).

Moreover, denote by X1
n,a = X1

n,a(s) the Hr(D)-valued random element
with the distribution V 1

n , where V 1
n = mHu−1

n , and the mapping un is from
Lemma 5.3. Then the assertion of Lemma 5.3 can be written in the form

X1
T,n,a

D−−−−→
T→∞

X1
n,a. (5.6.1)

The series for ζn(s; aj), j = 1, . . . , r, is absolutely convergent. Therefore, for
σ > 1/2,

lim
T→∞

1

T

T∫
0

|ζn(σ + it; aj)|2 dt =
∞∑

m=1

|ajm|2v2n(m)

m2σ

⩽
∞∑

m=1

|ajm|2

m2σ
⩽ Cσ,aj < ∞.

From this, using properties of the function φ(τ), by the same arguments as in
the proof of Lemma 2.15, we obtain that, for σ > 1/2,

sup
n∈N

lim sup
T→∞

1

T − T0

T∫
T0

|ζ(σ + iajφ(τ); aj)|2 dτ ≪ Ca,σ,aj < ∞. (5.6.2)

Let K ⊂ D be a compact set. then the application of the Cauchy integral
formula and (5.6.2) lead to

sup
n∈N

lim sup
T→∞

1

T − T0

T∫
T0

sup
s∈K

|ζ(s+ iajφ(τ); aj)| dτ

≪K sup
n∈N

lim sup
T→∞

 1

T − T0

T∫
T0

sup
s∈K

|ζ(s+ iajφ(τ); aj)|2 dτ

1/2

≪ Ra,K,aj < ∞.

From this, repeating the proof of Lemma 2.15, we derive that the probability
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measure

V 1
n,j(A) = V 1

n

H(D)× · · · ×H(D)︸ ︷︷ ︸
j−1

×A×H(D)× · · · ×H(D)

 ,

A ∈ H(D), j = 1, . . . , r,

is tight. This means that, for every ε > 0, there exists a compact set Kj ⊂
H(D) such that

V 1
n,j(Kj) > 1− ε

r
. (5.6.3)

Moreover, let K = K1 × · · · × Kr. Then K is a compact set in Hr(D).
Moreover, by (5.6.3),

V 1
n (H

r(D) \K) = V 1
n

(
r
∪
j=1

(
H(D)× · · · ×H(D)

× (H(D) \Kj)×H(D)× · · · ×H(D)
))

⩽
r∑

j=1

V 1
n,j(H(D) \Kj) <

ε

r
· r = ε.

Thus,
V 1
n (K) > 1− ε,

i. e., the sequence {V 1
n : n ∈ N} is tight. Therefore, by Lemma 2.14, this

sequence is relatively compact. Hence, there exists a subsequence {V 1
nl
} ⊂

{V 1
n } and the probability measure P 1

a on (Hr(D),B(Hr(D))) such that V 1
nl

,
as l → ∞, converges weakly to P 1

a . In other words, we have

X1
nl,a

D−−−→
l→∞

P 1
a . (5.6.4)

Define one more Hr(D)-valued random element

X1
T,a = X1

T,a(s) = ζ(s+ iaφ(θT ); a).
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Then, by the first assertion of Lemma 5.9, we find that, for every ε > 0,

lim
nl→∞

lim sup
T→∞

µ
{
ρ(X1

T,a(s), X
1
T,nl,a

(s)) ⩾ ε
}

⩽ lim
n→∞

lim sup
T→∞

1

T − T0

T∫
T0

ρ
(
ζ(s+ iaφ(τ), a), ζ

nl
(s+ iaφ(τ), a)

)
dτ

= 0.

This, (5.6.1) and (5.6.4) show that all hypotheses of Lemma 2.13 are satisfied.
Therefore, we have the relation

X1
T,a

D−−−−→
T→∞

P 1
a , (5.6.5)

or that P 1
T,a converges weakly to P 1

a as T → ∞. Moreover, in view of (5.6.5),
the measure P 1

a is independent of the subsequence {V 1
nl
}. Therefore, we have

X1
n,a

D−−−→
n→∞

P 1
a . (5.6.6)

To obtain the weak convergence for P 1
T,a,ω, introduce the Hr(D)-valued

random elements

X1
T,n,a,ω = X1

T,n,a,ω(s) = ζ
n
(s+ iaφ(θT ), ω; a)

and
X1

T,a,ω = X1
T,a,ω(s) = ζ(s+ iaφ(θT ), ω; a).

Then, repeating the above arguments for X1
T,n,a,ω and X1

T,a,ω, and using rela-
tion (5.6.6), we obtain the weak convergence of P 1

T,a,ω to P 1
a as T → ∞. We

also observe that, in this case, all relations are true for almost all ω ∈ Ωr. The
lemma is proved.

Lemma 5.12. Suppose that (φ1(τ), . . . , φr(τ)) ∈ Ur(T0). Then, on (Hr(D),

B(Hr(D))), there exists a probability measure P r
a such that P r

T,a and P r
T,a,ω

both converge weakly to P r
a as T → ∞.

Proof. We use arguments similar to those of the proof of Lemma 5.11 with
application of Lemmas 5.4 and 5.10.

It remains to identify the limit measure in Lemma 5.11. For this, elements
of ergodic theory will be applied.
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5.7 Identification of the limit measures

In this section, we identify the limit measures P 1
a and P r

a in Lemmas 5.11
and 5.12. For this, we will use some results of ergodic theory.

For brevity, let, for τ ⩾ T0,

a1τ =
((

p−ia1φ(τ) : p ∈ P
)
, . . . ,

(
p−iarφ(τ) : p ∈ P

))
and

arτ =
((

p−iφ1(τ) : p ∈ P
)
, . . . ,

(
p−iφr(τ) : p ∈ P

))
.

Clearly, a1τ and arτ are elements of Ωr. Now, on Ωr, define the families of
transformations {Φ1

τ : τ ⩾ T0} and {Φr
τ : τ ⩾ T0}, where

Φ1
τ (ω) = a1τω and Φr

τ (ω) = arτω, ω ∈ Ωr.

Then {Φ1
τ} and {Φr

τ} are families of measurable measure preserving (because
of invariance of the Haar measure mr

H on (Ωr,B(Ωr))) transformations on Ωr.
Recall that a set A ∈ B(Ωr) is called invariant with respect to {Φk

τ : τ ⩾ T0}
if, for every τ ⩾ T0, the sets A and Aτ = Φk

τ (A) can differ one from other
at most by a set of mr

H -measure zero, k = 1 or k = r. All invariant sets
forms a σ-field. The family {Φk

τ} is called ergodic if its σ-field of invariant
sets consists only from sets of mr

H -measure zero or one.

Lemma 5.13. The families {Φ1
τ} and {Φr

τ} are ergodic.

Proof. We consider only {Φ1
τ} because the case {Φr

τ} is similar, and apply the
Fourier transform method. In the proof of Lemma 5.1, we already have used
that the characters χ of the group Ωr are of the form

χ(ω) =

r∏
j=1

∏
p∈P

∗
ω
kjp
j (p).

Therefore, if the character χ is non-trivial (χ(ω) ̸≡ 1), we have

χ(a1τ ) =

r∏
j=1

∏
p∈P

∗
p−iajkjpφ(τ) = exp

−iφ(τ)

r∑
j=1

aj
∑
p∈P

∗
kjp log p

 .

Since the character χ is non-trivial, (k1, . . . , kr) ̸= (0, . . . , 0). Thus, as in the
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proof of Lemma 5.1, we have

r∑
j=1

aj
∑
p∈P

∗
kjp log p ̸= 0.

Therefore, there exists a value τ0 ⩾ T0 such that

χ(a1τ0) ̸= 1. (5.7.1)

Now, let A be an invariant set with respect to {Φ1
τ}, and let IA be its indicator

function. Then, for almost all ω ∈ Ωr,

IA(a
1
τω) = IA(ω).

Thus, in view of the invariance of the Haar measure mr
H , the Fourier transform

ÎA(χ) is

ÎA(χ) =

∫
Ωr

χ(ω)IA(ω) dm
r
H =

∫
Ωr

χ(a1τ0ω)IA(a
1
τ0ω) dm

r
H

= χ(a1τ0)

∫
Ωr

χ(ω)IA(ω) dm
r
H = χ(a1τ0)ÎA(χ)

because of the multiplicativity of characters. Therefore, taking into account
(5.7.1), we obtain that

ÎA(χ) = 0 (5.7.2)

for all non-trivial characters of Ωr.
Denote by χ0 the trivial character of Ωr (χ0(ω) ≡ 1), and suppose that

Î(χ0) = c. Then using the orthogonality of characters and (5.7.2) give the
equality

ÎA(χ) = c

∫
Ωr

χ(ω) dmr
H = c1̂(χ) = ĉ(χ)

for every character χ of Ωr. This shows that IA(ω) = c for almost all ω ∈ Ωr.
Since c = 0 or c = 1 (IA is the indicator function), we obtain that mr

H(A) = 0,
or mr

H(A) = 1. The lemma is proved.

Now we recall some other notions of ergodic theory. Let (Ω̂,B, µ) be a
certain probability space, and T denote the parameter set. A finite real function
X(τ, ω), τ ∈ T , ω ∈ Ω, is said to be a random process if X(τ, ·) is a random

112



variable for each fixed τ ∈ T . When ω ∈ Ω̂ is fixed, the function X(·, ω) is
called a sample path of the random process.

Let τ1, . . . , τm be arbitrary values of τ . Then the family of common distri-
butions of random variables X(τ1, ω), . . . , X(τm, ω), i. e.,

µ {X(τ1, ω) < x1, . . . , X(τm, ω) < xm}

for all m ∈ N and all possible values of τj , is called a family of finite-
dimensional distributions of the random process X(τ, ω).

A random process X(τ, ω) is said to be a strongly stationary process if all
its finite-dimensional distributions are invariant under the shifts τ → τ + u,
u ∈ R.

Let Y be the space of real finite functions y(τ), τ ∈ T . Then all finite-
dimensional distribution of a random process define a probability measure Q

on (Y,B(Y )). This gives the probability space (Y,B(Y ), Q).
Let A ∈ B(Y ) and u ∈ R. Then the set Au is obtained from A after

shifting all y(τ) ∈ A to y(τ + u). A set A ∈ B(Y ) is called an invariant set of
the random process X(τ, ω) if, for each u ∈ R, the sets A and Au differ one
from another by a set of Q-measure zero.

A strongly stationary process X(τ, ω) is called ergodic if its σ-field of
invariant sets consists only from sets having Q-measure zero or one.

For ergodic processes, the following statement, called the Birkhoff-Khint-
chine theorem, is true. Denote by EX the expectation of X .

Lemma 5.14. Suppose that the random process X(τ, ω) is ergodic, and
E|X(τ, ω)| < ∞ with sample paths integrable almost surely in the Riemann
sense over every finite interval. Then

lim
T→∞

1

T

T∫
0

X(τ, ω) dτ = EX(0, ω)

for almost all ω ∈ Ω̂.

Proof of lemma is given, for example, in [5].

Proof of Theorem 5.3. In view of Lemma 5.11, it suffices to show that P 1
a =

P 1
ζ,a.

Let A be a fixed continuity set of the measure P 1
a . Then Lemmas 5.11
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and 2.1 imply

lim
T→∞

1

T − T0
meas

{
τ ∈ [T0, T ] : ζ(s+ iaφ(τ), ω; a) ∈ A

}
= P 1

a (A).

(5.7.3)
On the probability space (Ωr,B(Ωr),mr

H), define the random variable

θ(ω) =

{
1 if ζ(s, ω; a) ∈ A,

0 otherwise.

The expectation of θ(ω) is

Eθ =

∫
Ωr

θ dmr
H = mr

H

{
ω ∈ Ωr : ζ(s, ω; a) ∈ A

}
= Pζ,a(A). (5.7.4)

Lemma 5.13 implies the ergodicity of the random process θ(Φ1
τ (ω)). There-

fore, by Lemma 5.14, for almost all ω ∈ Ωr, we have

lim
T→∞

1

T − T0

T∫
T0

θ(Φ1
τ (ω)) dτ = Eθ. (5.7.5)

On the other hand, the definitions of θ(ω) and Φ1
τ show that

1

T − T0

T∫
T0

θ(Φ1
τ (ω)) dτ

=
1

T − T0
meas

{
τ ∈ [T0, T ] : ζ(s+ iaφ(τ), ω; a) ∈ A

}
.

Thus, in virtue of (5.7.4) and (5.7.5),

lim
T→∞

1

T − T0
meas

{
τ ∈ [T0, T ] : ζ(s+ iaφ(τ), ω; a) ∈ A

}
= Pζ,a(A).

This together with (5.7.3) implies the equality P 1
a (A) = Pζ,a(A) for all con-

tinuity sets A of P 1
a . Since all continuity sets of the measure constitute the

determining class [4], hence, P 1
a (A) = Pζ,a(A) for all A ∈ B(Hr(D)). The

theorem is proved.

Proof of Theorem 5.4. We repeat the proof of Theorem 5.3 using other objects.
Thus, let A be a continuity set of the measure P r

a . Then, by Lemmas 5.12
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and 2.1 we have

lim
T→∞

1

T − T0
meas

{
τ ∈ [T0, T ] : ζ(s+ iφ(τ), ω; a) ∈ A

}
= P r

a (A).

(5.7.6)
By Lemma 5.13, the random process θ(Φr

τ (ω)) is ergodic, thus, in view of
Lemma 5.14,

lim
T→∞

1

T − T0

T∫
T0

θ(Φr
τ (ω)) dτ = Eθ. (5.7.7)

By the definitions of θ(ω) and Φr
τ ,

1

T − T0

T∫
T0

θ(Φr
τ (ω)) dτ

=
1

T − T0
meas

{
τ ∈ [T0, T ] : ζ(s+ iφ(τ), ω; a) ∈ A

}
.

Hence, equalities (5.7.4) and (5.7.7) imply

lim
T→∞

1

T − T0
meas

{
τ ∈ [T0, T ] : ζ(s+ iφ(τ), ω; a) ∈ A

}
= Pζ,a(A).

This and (5.7.6) show that P r
a (A) = Pζ,a(A) for all continuity sets of the

measure P r
a , thus, P r

a = Pζ,a, and the theorem is proved.

5.8 Proof of Theorems 5.1 and 5.2

Proofs of joint universality theorems 5.1 and 5.2 are based on limit theo-
rems 5.3 and 5.4, and are standard. We give them only for fullness.

Proof of Theorem 5.1. By Lemma 2.16, there exists polynomials p1(s), . . . ,

pr(s) such that
sup

1⩽j⩽r
sup
s∈Kj

∣∣∣fj(s)− epj(s)
∣∣∣ < ε

2
. (5.8.1)

In view of Lemma 3.9, the support of the measure Pζ,a is the set Sr, where

S = ({g ∈ H(D) : g(s) ̸= 0 or g(s) ≡ 0}) .
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Define the set

Gε =

{
(g1, . . . , gr) ∈ Hr(D) : sup

1⩽j⩽r
sup
s∈Kj

∣∣∣gj(s)− epj(s)
∣∣∣ < ε

2

}
.

By the above remark, the set Gε is an open neighbourhood of the element(
ep1(s), . . . , epr(s)

)
of the support of the measure Pζ,a. Hence,

Pζ(Gε) > 0. (5.8.2)

Moreover, in view of (5.8.1), we have the inclusion Gε ⊂ Ĝε, where

Ĝε =

{
(g1, . . . , gr) ∈ Hr(D) : sup

1⩽j⩽r
sup
s∈Kj

|gj(s)− fj(s)| < ε

}
.

Therefore, by (5.8.2),
Pζ,a(Ĝε) > 0,

and Theorem 5.3 and Lemma 2.1 give

lim inf
T→∞

P 1
T,a(Ĝε) ⩾ Pζ,a(Ĝε) > 0.

This, and the definitions of P 1
T,a and Ĝε prove the first statement of the theo-

rem.
To prove the second statement of the theorem, we observe that the sets

∂Ĝε do not intersect for different ε1 > 0 and ε2 > 0. Hence, the set Ĝε is a
continuity set of the measure Pζ,a for all but at most countable many ε > 0.
Therefore, by Theorem 5.3 and Lemma 2.1,

lim
T→∞

P 1
T,a(Ĝε) = Pζ,a(Ĝε) > 0

for all but at most countably many ε > 0. This, and the definitions of P 1
T,a and

Ĝε prove the second statement of the theorem.

Proof of Theorem 5.2. We repeat the proof of Theorem 5.1 using Theorem 5.4
in place of Theorem 5.3.
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Conclusions

The results of the dissertation lead to the following conclusions:

1. For the periodic zeta-function ζ(s; a) with multiplicative periodic se-
quence a, the discrete universality theorem on the approximation of an-
alytic functions by shifts ζ(s + ihtk; a), where h > 0 and {tk} is a
sequence of Gram points, is valid.

2. For periodic zeta-functions ζ(s; aj) with multiplicative periodic sequen-
ces aj , j = 1, . . . , r, under weak Montgomery conjecture on correlation
of imaginary parts of non-trivial zeros γk of the Riemann zeta-function,
the joint discrete universality theorem on approximation of a collection
of analytic functions by shifts ζ(s + ihjγk; aj), where h1, . . . , hr are
positive algebraic numbers linearly independent over the field of rational
numbers, is valid.

3. For some classes of operators F in the multidimensional space of ana-
lytic functions, the compositions F (ζ(s+ih1γk; a1), . . . ζ(s+ihrγk; ar))

are universal.

4. For periodic zeta-functions ζ(s; aj) with multiplicative periodic sequen-
ces aj , j = 1, . . . , r, joint universality theorems on the approximation
of a collection of analytic functions by generalized non-linear shifts
ζ(s+ iφj(τ); aj) are valid without any independence hypotheses on the
sequences aj .

117



Bibliography

[1] T. M. Apostol, Introduction to Analytic Number Theory, Springer-Verlag,
New York, Heidelberg, Berlin, 1976.

[2] A. Baker, The theory of linear forms in logarithms, in: Transcendence
theory: advances and applications, Proc. Conf. Univ. Cambridge, Cam-
bridge 1976, Academic Press, Boston, Ma., pp. 1–27, 1977.

[3] B. Bagchi, The Statistical Behaviuor and Universality Properties of the
Riemann Zeta-Function and Other Allied Dirichlet Series, PhD Thesis,
Indian Statistical Institute, Calcutta, 1981.

[4] P. Billingsley, Convergence of Probability Measures, 2nd edition, John
Wiley & Son, New York, 1999.

[5] H. Cramér and M. Leadbetter, Stationary and Related Stochastic Pro-
cesses, Wiley, New York, 1967.

[6] Ch. J. de la Vallée Poussin, Recherches analytiques sur la théorie des
nombres premiers, I–III, Ann. Soc. Sci. Bruxelles 20 (1896), 183–256,
281–362, 363–397.
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[30] M. Korolev and A. Laurinčikas, A new application of the Gram points.
II, Aequat. Math. 94 (2020), 1171–1187.

[31] E. Kowalski, An Introduction to Probabilistic Number Theory, Cam-
bridge University Press, Cambridge, 2021.

[32] J. Kubilius, Probabilistic Methods in the Theory of Numbers, Transl.
Math. Monogr., Vol. 11, Amer. Math. Soc., Providence, RI, 5th ed., 1997.

[33] L. Kuipers and H. Niederreiter, Uniform Distribution of Sequences, Pure
and Applied Math., Wiley-Interscience, New York, London, Sydney,
1974.
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[40] A. Laurinčikas, Joint discrete universality for periodic zeta-functions. II,
Quaest. Math. 43 (2020), 1765–1779.
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Santrauka
(Summary in Lithuanian)

Tyrimo objektas

Disertacijoje nagrinėjamas periodinių dzeta funkcijų reikšmių pasiskirsty-
mas. Tegul a = {am : m ∈ N} yra periodinė kompleksinių skaičių seka su
minimaliuoju periodu q ∈ N, t. y. am+q = am su visais m ∈ N. Periodinė
dzeta funkcija ζ(s; a), s = σ+ it, pusplokštumėje σ > 1 apibrėžiama Dirichlė
eilute

ζ(s; a) =
∞∑

m=1

am
ms

.

Kadangi seka a yra aprėžta, eilutės, apibrėžiančios funkciją ζ(s; a), absoliu-
čiai ir tolygiai konverguoja pusplokštumėje σ > 1 + ε su bet kokiu ε > 0.
Vadinasi, ζ(s; a) yra analizinė minėtoje pusplokštumėje σ > 1. Tam, kad
gautume periodinės dzeta funkcijos ζ(s; a) analizinį pratęsimą į sritį σ ⩽ 1,
yra naudojama klasikinė Hurvico dzeta funkcija, kuri buvo pradėta nagrinėti
[16] straipsnyje. Tegul 0 < α ⩽ 1 yra fiksuotas parametras. Hurvico dzeta
funkcija pusplokštumėje σ > 1 apibrėžiama Dirichlė eilute

ζ(s, α) =
∞∑

m=0

1

(m+ α)s
.

Be to, ζ(s, α) yra analiziškai pratęsiama į visą kompleksinę plokštumą, išsky-
rus tašką s = 1, kuris yra jos paprastasis polius su reziduumu 1, žr. [1, 41].
Kitaip tariant, ζ(s, α) yra meromorfinė funkcija.

Kadangi seka a yra periodinė, su σ > 1, galioja lygybė

ζ(s; a) =
1

qs

q∑
l=1

alζ

(
s,

l

q

)
.
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Dėl anksčiau paminėtų analizinių Hurvico dzeta funkcijos savybių, funkciją
ζ(s, a) galima pratęsti į visą kompleksinę plokštumą su tikėtinu paprastuoju
poliumi taške s = 1 su reziduumu

â
def
=

1

q

q∑
l=1

al.

Jeigu â = 0, tai ζ(s; a) yra sveikoji funkcija.
Kita sekos a savybė, naudojama disertacijoje, yra jos multiplikatyvumas.

Primename, kad seka yra multiplikatyvioji, jeigu a1 = 1, o am1m2 = am1am2

su visais tarpusavyje pirminiais m1,m2 ∈ N ((m1,m2) = 1). Daugelis
skaičių teorijos aritmetinių funkcijų pasižymi multiplikatyvumo savybe. Pa-
vyzdžiui: daliklių funkcija, Miobuso funkcija, Oilerio funkcija, Dirichlė cha-
rakteriai ir kt.

Disertacijoje yra nagrinėjamos funkcijos ζ(s; a) su periodiniais multip-
likatyviaisiais koeficientais aproksimavimo savybės. Kadangi seka a yra mul-
tiplikatyvi, todėl periodinė dzeta funkcija yra išreiškiama Oilerio sandauga pa-
gal pirminius skaičius

ζ(s; a) =
∏
p∈P

(
1 +

∞∑
l=1

apl

pls

)
, σ > 1.

Pažymime, kad sekos a multiplikatyvumas apibrėžia tam tikrą aproksimuoja-
mų funkcijų klasę.

Tikslas ir uždaviniai

Disertacijos tikslas – analizinių funkcijų aproksimavimas postūmiais
ζ(s+ iτ ; a), τ ∈ R, juostoje D = {s ∈ C : 1/2 < σ < 1}.

Uždaviniai:

1. Analizinių funkcijų klasės aproksimavimas postūmiais ζ(s + ihtn; a),
h > 0, čia {tn : n ∈ N} yra Rymano dzeta funkcijos Gramo taškų seka.

2. Analizinių funkcijų rinkinio jungtinis aproksimavimas postūmiais
(ζ(s+ ih1γk; a1), . . . , ζ(s+ ihrγk; ar)), hj > 0, čia {γk : k ∈ N} Ry-
mano dzeta funkcijos netrivialiųjų nulių teigiamų menamųjų dalių seka.

3. Analizinių funkcijų klasės aproksimavimas sudėtinių funkcijų postū-
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miais F (ζ(s + ih1γk; a1), . . . , ζ(s + ihrγk; ar)) su analizinių funkci-
jų erdvėje tolydžiaisiais operatoriais F .

4. Analizinių funkcijų klasės jungtinis aproksimavimas apibendrintais ne-
tiesiniais postūmiais (ζ(s+ iγ1(τ); a1), . . . , ζ(s+ iγr(τ); ar)).

Aktualumas

Analizinės funkcijos nėra vien funkcijų teorijos objektas. Jos yra svar-
bios analizinėje ir algebrinėje skaičių teorijoje, diferencialinių ir integralinių
lygčių uždaviniuose, tikimybių teorijoje, funkcinėje analizėje, matematinėje
fizikoje ir kitose matematikos srityse. Šios funkcijos taip pat yra naudojamos
spendžiant fizikos ir kitų gamtos mokslų uždavinius. Todėl iškyla sudėtingų
analizinių funkcijų supaprastinimo uždaviniai, vedantys prie analizinių funk-
cijų aproksimavimo paprastesnėmis funkcijomis. Gerai žinoma, kad kiekviena
tolydžioji kompaktinėje aibėje K su jungiuoju papildiniu ir analizinė tos aibės
viduje funkcija aibėje K gali būti tolygiai aproksimuojama polinomais. Va-
dinasi, kiekvieną analizinę funkciją atitinka aproksimuojantis polinomas pri-
klausantis nuo aproksimuojamos funkcijos. Beveik prieš penkiasdešimt metų
tapo žinoma, kad, palyginus paprastos, kai kurios dzeta ir L funkcijos pasižymi
universalia aproksimavimo savybe: vienos ir tos pačios funkcijos postūmiais
aproksimuojame visą analizinių funkcijų klasę. Šis netikėtas aproksimavimo
teorijos progresas atvėrė kelią platesniems uždaviniams: universalių funkcijų
klasės apibrėžimui, universalumo efektyvizavimui, aproksimuojančių postū-
mių klasių apibūdinimui ir, be abejo, universalumo taikymui sprendžiant ma-
tematinius ir praktinius uždavinius. Daugelyje matematikos mokslo centrų
(Australijoje, Indijoje, Japonijoje, JAV, Kanadoje, Pietų Korėjoje, Švedijoje,
Vokietijoje ir kt.) buvo suburtos aproksimavimo teorijoje universalumo už-
davinius tiriančios grupės. Gausiausia tokių grupių sėkmingai dirba Lietu-
voje (I. Belovas, R. Garunkštis, R. Kačinskaitė, A. Laurinčikas, R. Macaitienė
ir kt.). Ši grupė pasiekė reikšmingų universalumo efektyvizavimo rezultatų,
išplėtė universalių funkcijų klasę, įvedė naujus universalumo tipus, aprašė nau-
jas postūmių klases. Kaip pasakė profesorius A. Šincelis, kiekviena įrodyta
teorema suformuluoja tris naujus uždavinius. Kadangi universalumo proble-
mos yra įdomios ir svarbios daugeliui mokslo sričių, universalumo plėtra yra
viena iš šiuolaikinių matematikos krypčių.
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Metodai

Disertacijoje suformuluotų teoremų įrodymuose pagrindinę vietą užima
tikimybiniai metodai, paremti silpnuoju tikimybinių matų konvergavimu ir jo
savybėmis analizinių funkcijų erdvėje. Be to, yra taikomi analizinės skaičių
teorijos, įskaitant įvairius vidurkių įverčius, metodai, Koši integralinė formulė,
intergralinės išraiškos ir polinomų savybės.

Naujumas

Visi disertacijoje įrodyti rezultatai yra nauji. Periodinių dzeta funkcijų uni-
versalumo teoremos su apibendrintaisiais postūmiais, įskaitant Gramo taškus,
Rymano dzeta funkcijos netrivialiųjų nulių menamasias dalis ir tiesiškai ne-
priklausomus virš racionaliųjų skaičių kūno Q algebrinius skaičius, anksčiau
nebuvo žinomos.

Problemos istorija ir rezultatai

Dzeta ir L funkcijos įprastai yra apibrėžiamos paprastosiomis Dirichlė
eilutėmis

∞∑
m=1

a(m)

ms

pusplokštumėje σ > σ0 su tam tikru σ0, arba bendrosiomis Dirichlė eilutėmis

∞∑
m=1

b(m)e−λms, σ > σ0,

čia {a(m)} ir {b(m)} yra kompleksinių skaičių sekos, o {λm} ⊂ R,

lim
m→∞

λm = +∞.

Pavyzdžiui, Rymano dzeta funkcija ζ(s) yra apibrėžta paprastaja Dirichlė ei-
lute

ζ(s) =
∞∑

m=1

1

ms
, σ > 1,

ir meromorfiškai pratęsiama į visą kompleksinę plokštumą, išskyrus tašką
s = 1, kuris yra parastasis polius su reziduumu 1.
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Hurvico dzeta funkcija ζ(s, α) yra apibrėžiama bendrąja Dirichlė eilute

ζ(s, α) =

∞∑
m=0

e−s log(m+α), σ > 1,

t. y. λm = log(m+ α), o b(m) ≡ 1.
Dzeta funkcijos Z(s), kurių pavidalas

Z(s) =

∞∑
m=1

a(m)

ms
, σ > σ0,

yra sekos {a(m)} generuojančios funkcijos. Jos yra taikomos gauti informa-
ciją apie vidurkį

m(x)
def
=
∑
m⩽x

a(m), x → ∞.

Egzistuoja įvairios formulės, apimančios funkcijos Z(s) kontūrinį integralą,
kurios duoda vidurkio m(x) išraišką su tam tikru liekamuoju nariu. Tai gali
būti aiškiai iliustruota funkcijos

π(x) =
∑
p⩽x

1, x → ∞,

atveju. Tegul Λ(m) yra Mangoldto funkcija, t. y.

Λ(m) =

{
log p, jeigu m = pk, k ∈ N,
0, kitais atvejais.

Vidurkis
mΛ(x)

def
=
∑
m⩽x

Λ(m), x → ∞,

glaudžiai susijęs su funkcija π(x). Vidurkio mΛ(x) asimptotika, kai x → ∞,
veda prie funkcijos π(x) asimptotikos. Tuo tikslu yra įvedama generuojanti
funkcija

ZΛ(s)
def
=

∞∑
m=1

Λ(m)

ms
, σ > 1.

Nesunku pastebėti, kad

ZΛ(s) = −ζ ′(s)

ζ(s)
. (S1)

Anksčiau paminėti faktai parodo, kad pirmiausia reikia nagrinėti dzeta
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funkcijų reikšmių pasiskirstymą, o tada gautus rezultatus taikyti kitiems už-
daviniams spręsti.

Periodinė dzeta funkcija ζ(s; a) yra įdomus analizinis objektas ir buvo na-
grinėta daugelio matematikų. Pirmasis reikšmingas rezultatas yra funkcijos
ζ(s; a) funkcinė lygtis, kuri buvo įrodyta [61] straipsnyje.

Funkcija ζ(s; a) tam tikra prasme yra susijusi su Rymano dzeta funkcija.
Tegul

bm =
1

q

q−1∑
l=0

ale
−2πil(m/q), m ∈ N, b̃m =

√
q bm,

cl = {cm : cm = e2πim(l/q),m ∈ N}, ζ(s, cl) =

∞∑
m=1

cm
ms

, σ > 1.

Tuomet [18] straipsnyje buvo įrodyta, kad

ζ(s; a) =
b̃q√
q
ζ(s) +

1
√
q

q−1∑
m=1

b̃mζ(s; cl).

Svarbių rezultatų periodinei dzeta funkcijai įrodė J. Štoidingas. Jis sukūrė
funkcijos ζ(s; a) nulių pasiskirstymo teoriją, kuri pateikta [64] straipsnyje bei
[65] monografijoje.

Artutinė funkcinė lygtis funkcijai ζ(s; a), įtraukiant baigtines sumas ir
apjungiant kintamuosius s ir 1 − s, buvo įrodyta [67] disertacijoje (taip pat
galima žr. [46]). Be to, [67] buvo gauta kvadratinio vidurkio

T∫
0

|ζ(σT + it; a)|2 dt

asimptotika su σT = 1/2 ir σT → 1/2 + 0, kai T → ∞. Taip pat periodinių
dzeta funkcijų rinkiniui ζ(s; a1), . . . , ζ(s; ar) įrodyta jungtinė ribinė teorema,
t. y. mato

1

T
meas {τ ∈ [0, T ] : (ζ(s+ iτ ; a1), . . . , ζ(s+ iτ ; ar)) ∈ A} ,

A ∈ B(X(G)),

silpnasis konvergavimas, kai T → ∞. Čia X(G) yra analizinių arba mero-
morfinių srityje G = {s ∈ C : σ > 1/2} funkcijų erdvė, B(Y) – topologinės
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erdvės Y Borelio σ kūnas, o measA – mačiosios aibės A ⊂ R Lebego matas.
Toliau nagrinėsime analizinių funkcijų klasių aproksimavimą dzeta funk-

cijų postūmiais Z(s+ iτ), jei tiksliau, postūmiais ζ(s+ iτ ; a). Ši savybė yra
vadinama universalumu ir buvo atrasta Rymano dzeta funkcijai rusų matem-
atiko S. M. Voronino 1975 m., žr. [72].

1 teorema. [72]. Tarkime, kad 0 < r < 1/4 yra fiksuotas skaičius,
funkcija f(s) yra tolydžioji, neįgyjanti nulių skritulyje |s| ⩽ r ir analizinė
skritulio |s| < r viduje. Tuomet su kiekvienu ε > 0 egzistuoja toks skaičius
τ = τ(ε) ∈ R, kad

max
|s|⩽r

∣∣∣∣f(s)− ζ

(
s+

3

4
+ iτ

)∣∣∣∣ < ε.

Voroninas tame pačiame straipsnyje [72] parašė, kad analogiškas teiginys
yra teisingas ir visoms Dirichlė L funkcijoms L(s, χ). Pastarosios teoremos
įrodymas remiasi Rymano teoremos analogu apie eilutės narių perstatymą Hil-
berto erdvėse.

Pakankamai greitai 1 teorema buvo išplėsta ir patobulinta [3] ir [14] dak-
taro disertacijose. Tam, kad suformuluotume šiuolaikinę Voronino teoremos
versiją, mums reikia tam tikrų žymenų. Tegul D = {s ∈ C : 1/2 < σ < 1}
yra juosta kompleksinėje plokštumoje, K žymi juostos D kompaktinių poaibių
su jungiaisiais papildiniais klasę, H0(K) su K ∈ K yra tolydžiųjų, neįgyjančių
nulių aibėje K ir analizinių aibės K viduje funkcijų klasė, o measA – mačio-
sios aibės A ⊂ R Lebego matas. Yra įrodyta tokia teorema, žr. [20, 35, 65, 51].

2 teorema. Tarkime, kad K ∈ K, o f(s) ∈ H0(K). Tuomet su kiekvienu
ε > 0

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K
|f(s)− ζ(s+ iτ)| < ε

}
> 0.

Be to, riba

lim
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K
|f(s)− ζ(s+ iτ)| < ε

}
egzistuoja ir yra teigiama su visais ε > 0, nebent išskyrus skaičiąją ε > 0

reikšmių aibę.

Antrasis teoremos tvirtinimas yra palyginus nesenas ir nepriklausomai įro-
dytas [53] ir [45] straipsniuose.
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Vėliau paaiškėjo, kad kai kurios kitos dzeta ir L funkcijos taip pat Voro-
nino prasme yra universalios, tačiau ne taip paprasta tai įrodyti. Be to, yra ir
neuniversalių Dirichlė eilučių, žr, pvz., [65].

Pirmąją universalumo teoremą periodinėms dzeta funkcijoms ζ(s; a) įrodė
J. Štoidingas, žr. [64] arba [65]. Tegul H(K) su K ∈ K žymi tolydžiųjų aibėje
K ir analizinių aibės K viduje funkcijų klasę. Taigi, H(K) yra klasės H0(K)

plėtinys.

3 teorema. Tarkime, kad periodas q > 2, am nėra Dirichlė charakterio
moduliu q kartotinis, o am = 0 su (m, q) > 1. Tegul K ∈ K, o f(s) ∈ H(K).
Tuomet su kiekvienu ε > 0

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K
|f(s)− ζ(s+ iτ ; a)| < ε

}
> 0.

Pažymėtina, žr. [64], kad periodinė seka tenkinanti 3 teoremos sąlygas
nėra multiplikatyvi.

Lenkų matematikas J. Kačarovskis [19] straipsnyje įrodė, kad ne visos
Dirichlė eilutės su periodiniais koeficientais yra universalios Voronino prasme.
Jis suformulavo būtinas ir pakankamas sąlygas, kad funkcijos ζ(s; a) būtų uni-
versalios su pirminiu periodu q.

Pirmoji universalumo teorema, su multiplikatyviaja seka a, periodinei dze-
ta funkcijai buvo įrodyta [47] straipsnyje.

4 teorema. Tarkime, kad seka a yra multiplikatyvioji ir su visais pirminiais
skaičiais p galioja nelygybė

∞∑
α=1

|apα |
pα/2

⩽ c < 1.

Tegul K ∈ K, o f(s) ∈ H0(K). Tuomet su kiekvienu ε > 0

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K
|f(s)− ζ(s+ iτ ; a)| < ε

}
> 0.

Taigi, remiantis 4 teorema, visos funkcijos ζ(s; a) su multiplikatyviaja pe-
riodine seka a yra universalios, t. y. turi tą pačią aproksimavimo savybę kaip
ir Dirichlė L funkcijos.

Anksčiau santraukoje suformuluotos universalumo teoremos yra tolydžio-
jo tipo, nes τ postūmiuose ζ(s + iτ ; a) gali įgyti visas realiasias reikšmes.
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Yra žinomas kitas dzeta funkcijų universalumo tipas, vadinamas diskrečiuoju
universalumu. Šiuo atveju, aproksimuojančiuose postūmiuose, τ gali įgyti
reikšmes iš tam tikros diskrečiosios aibės, pavyzdžiui, iš aritmetinės progre-
sijos {hk}, k ∈ N0. Diskretųjį universalumą pasiūlė nagrinėti A. Reichas.
Jis [59] straipsnyje įrodė diskrečiojo universalumo teoremą algebrinių skaičių
kūnų Dedekindo dzeta funkcijoms ζK(s). Kai K = Q, gauname Rymano dzeta
funkciją. Tegul #A žymi aibės A ⊂ R galią (elementų skaičių). Todėl Reicho
teoremos išvada yra toks teiginys:

5 teorema. Tegul K ∈ K, f(s) ∈ H0(K), o h > 0 yra fiksuotas skaičius.
Tuomet su kiekvienu ε > 0

lim inf
N→∞

1

N + 1
#

{
0 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ikh)| < ε

}
> 0.

B. Bagčis dakataro disertacijoje [3] dzeta funkcijų diskrečiojo universalu-
mo teoremoms įrodyti taikė kitus metodus.

Diskretusis funkcijų ζ(s; a) universalumas yra daug sudėtingesnis. Kai
h > 0, tegul

L(P;h, π) = {(h log p : p ∈ P), 2π} .

Periodinių dzeta funkcijų diskrečiojo universalumo teorema yra gauta iš daug
bendresnės svorinio universalumo teoremos, žr. [50].

6 teorema. [50]. Tarkime, kad seka a yra multiplikatyvioji, o L(P;h, π)
yra tiesiškai nepriklausoma aibė virš racionaliųjų skaičių kūno Q. Tegul K ∈
K, o f(s) ∈ H0(K). Tuomet su kiekvienu ε > 0

lim inf
N→∞

1

N + 1
#

{
0 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ikh; a)| < ε

}
> 0.

Vienas iš būdų išplėsti universalumą yra naudoti, taip vadinamus, apiben-
drintuosius postūmius ζ(s+ iφ(τ)) arba ζ(s+ iφ(k)) su tam tikra funkcija φ.
Rymano dzeta ir Dirichlė L funkcijoms tai padarė L. Pankovskis [57] straips-
nyje. Tegul

b ∈

{
R, jeigu a ̸∈ N,

(−∞, 0] ∪ (1 +∞), jeigu a ∈ N.

7 teorema. [57]. Tarkime, kad α ∈ R, o a yra teigiamas realusis skaičius.

133



Tegul K ∈ K, o f(s) ∈ H0(K). Tuomet su kiekvienu ε > 0

lim inf
T→∞

1

T
meas

{
τ ∈ [2, T ] : sup

s∈K
|f(s)− ζ(s+ iατa logb τ)| < ε

}
> 0

ir

lim inf
N→∞

1

N
#

{
2 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ iαka logb k)| < ε

}
> 0.

Ši teorema apibendrina [7] ir [43] straipsniuose gautus rezultatus.
Antras disertacijos skyrius yra skirtas įrodyti diskrečiojo universalumo teo-

remą funkcijai ζ(s; a) postūmiuose naudojant Gramo taškus. Yra žinoma, kad
funkcija ζ(s) su visais s ∈ C tenkina funkcinę lygtį

π−s/2Γ
(s
2

)
ζ(s) = π−(1−s)/2Γ

(
1− s

2

)
ζ(1− s).

Pagrindinis šios lygties narys yra funkcija g(s)
def
= π−s/2Γ(s/2). Pažymėkime

θ(t), t ⩾ 0, funkcijos g(s) argumento pokytį išilgai atkarpos jungiančios
taškus s = 1/2 ir s = 1/2 + it. Žinoma, žr. [15], kad funkcija θ(t) yra
monotoniškai didėjanti ir neaprėžta iš viršaus, kai t > t∗, t∗ = 6.289836 . . . .
Todėl lygtis

θ(t) = (n− 1)π, n ∈ N

su t > t∗ turi vienintelį sprendinį tn. Skaičiai tn yra vadinami Gramo taškais,
kadangi jis įrodė šių skaičių ryšį su funkcijos ζ(s) netrivialiaisiais nuliais.
Priminsime, kad Rymano dzeta funkcijos nuliai, esantys juostoje {s ∈ C : 0 <

σ < 1}, yra vadinami netrivialiaisiais, o nuliai s = −2k, k ∈ N, – trivialiaisi-
ais. Rymano hipotezė teigia, kad funkcijos ζ(s) netrivialiųjų nulių išraiška yra
ρn = 1/2 + iγn. Visi šiuo metu žinomi netrivialieji nuliai patvirtina Rymano
hipotezę. J.-P. Gramas [15] straipsnyje pastebėjo, kad kiekviename intervale
(tn−1, tn], n = 1, . . . , 15, yra tik vienas funkcijos ζ(1/2+ it) nulis 1/2+ iγn,
kad tn−1 < γn < tn. Be to, jis iškėlė prielaidą, kad tai nėra teisinga, kai
n > 15. Vėliau paaiškėjo, kad Gramo hipotezė yra teisinga. Pavyzdžiui, žr.
[70], [17], buvo gauta, kad

t127 < γ127 < γ128 < t128 ir t134 < γ134 < γ135 < t135.
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Pastarosios nelygybės analiziškai buvo įrodytos [70] straipsnyje, t. y., kad seka

γn − tn
tn+1 − tn

yra neaprėžta, todėl nulis γn, su pakankamai daug n reikšmių, negali būti in-
tervale (tn−1, tn].

Taškai tn yra labai įdomus analizinės skaičių teorijos objektas, nes yra
žinoma, kad

lim
n→∞

tn
γn

= 1.

Analizinių funkcijų aproksimavime Gramo taškai pirmą kartą buvo panau-
doti [29] straipsnyje.

8 teorema. Tegul K ∈ K, f(s) ∈ H0(K), o h > 0 yra fiksuotas. Tuomet
su kiekvienu ε > 0

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihtk)| < ε

}
> 0.

Be to, riba

lim
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihtk)− | < ε

}
egzistuoja ir yra teigiama su visais ε > 0, nebent išskyrus skaičiąją ε > 0

reikšmių aibę.

Pastaroji teorema [30] straipsnyje buvo išplėsta į trumpuosius intervalus.
Būtent, 8 teoremos tvirtinimas galioja dydžiui

1

M + 1
#

{
N ⩽ k ⩽ N +M : sup

s∈K
|f(s)− ζ(s+ ihtk)| < ε

}
kai N → ∞, o M yra iš intervalo(

3πN

h2

)1/3

(log {(h+ 1)N})12/5 ⩽ M ⩽ N.

Pagrindinis antrojo disertacijos skyriaus rezultatas funkcijai ζ(s; a) praple-
čia 8 teoremą.

2.1 teorema. Tarkime, kad seka a yra multiplikatyvioji. Tegul K ∈ K,
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f(s) ∈ H0(K), o h > 0 yra fiksuotas skaičius. Tuomet su kiekvienu ε > 0

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihtk; a)| < ε

}
> 0.

Be to, riba

lim
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihtk; a)| < ε

}
egzistuoja ir yra teigiama su visais ε > 0, nebent išskyrus skaičiąją ε > 0

reikšmių aibę.

Trečiajame disertacijos skyrius yra skirtas nagrinėti apibendrintuosius po-
stūmius ζ(s+ ihγk; a), čia 0 < γ1 < γ2 < · · · ⩽ γk ⩽ · · · yra Rymano dzeta
funkcijos netrivialiųjų nulių menamųjų dalių seka. Šios sekos pasiskirstymas
yra labai sudėtingas, todėl yra suformuluotos kelios hipotezės. Viena jų yra
Montgomerio prielaida, žr. [55], kuri teigia, kad∑

γk,γl⩽T

1

(2πα1)/ log T⩽γk−γl⩽(2πα2)/ log T

∼

 α2∫
α1

(
1−

(
sinπu

πu

)2
)
du+ δ(α1, α2)

 T

2π
log T

kai T → ∞, čia α1 < α2 yra bet kokie realieji skaičiai, o

δ(α1, α2) =

1, jeigu 0 ∈ [α1, α2],

0, kitais atvejais.

Aproksimuojančiuose postūmiuose ζ(s+ ihγk) yra naudojama sąlyga susijusi
su Montgomerio prielaida, žr. [13], kuri teigia, kad su c > 0∑

γk,γl⩽T

|γk−γl|<c/ log T

1 ≪ T log T. (S2)

9 teorema. [13]. Tarkime, kad galioja (S2) įvertis. Tegul K ∈ K, o
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f(s) ∈ H0(K). Tuomet su kiekvienu h > 0 ir ε > 0,

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihγk)| < ε

}
> 0.

Be to, su kiekvienu h > 0 riba

lim
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K
|f(s)− ζ(s+ ihγk)| < ε

}
egzistuoja ir yra teigiama su visais ε > 0, nebent išskyrus skaičiąją ε > 0

reikšmių aibę.

Pastaroji teorema [11] ir [12] straipsniuose buvo įrodyta naudojant Ry-
mano hipotezę. Pažymėsime, kad [63] straipsnyje buvo gautas analogiškas
9 teoremai rezultatas nenaudojant Montgomerio prielaidos. Taip pat ši teorema
[39] straipsnyje buvo išplėsta Hurvico dzeta funkcijai ζ(s, α) su parametru α

tokiu, kad seka {log(m+ α) : m ∈ N0} yra tiesiškai nepriklausoma virš Q.
Dzeta funkcijų universalumo teoremos gali būti jungtinės. Šiuo atveju

analizinių funkcijų rinkinys tuo pačiu metu gali būti aproksimuojamas dzeta
funkcijų postūmių rinkiniu. Pirmąją jungtinio universalumo teoremą Dirichlė
L funkcijoms [73] straipsnyje įrodė Voroninas.

Trečiajame disertacijos skyriuje yra įrodyta jungtinio universalumo teo-
rema periodinėms dzeta funkcijoms su multiplikatyviaisiais koeficientais nau-
dojant postūmius ζ(s + ihjγk; aj), j = 1, . . . , r. Primename, kad skaičius α
vadinamas algebriniu, jeigu jis yra polinomo su racionaliaisiais koeficientais
šaknis. Pagrindinis 3 skyriaus rezultatas yra tokia teorema:

3.1 teorema. Tarkime, kad sekos a1, . . . , ar yra multiplikatyvios, h1, . . . ,
hr yra teigiami algebriniai skaičiai tiesiškai nepriklausomi virš Q ir galioja
(S2) įvertis. Kai j = 1, . . . , r, tegul Kj ∈ K, o fj(s) ∈ H0(Kj). Tuomet su
kiekvienu ε > 0,

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

1⩽j⩽r
sup
s∈Kj

|fj(s)− ζ(s+ ihjγk; aj)| < ε

}
> 0.

Be to, riba

lim
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

1⩽j⩽r
sup
s∈Kj

|fj(s)− ζ(s+ ihjγk; aj)| < ε

}

egzistuoja ir yra teigiama su visais ε > 0, nebent išskyrus skaičiąją ε > 0
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reikšmių aibę.

3.1 teorema yra tam tikras 2.1 teoremos apibendrinimas.
Dar vienas būdas išplėsti universalių Voronino prasme funkcijų klasę yra

tam tikrų sudėtinių funkcijų universalumas. Šis būdas Rymano dzeta funkci-
jos atveju buvo pasiūlytas [36] straipsnyje. Anksčiau, [34] straipsnyje buvo
įrodytas funkcijos ζ ′(s)/ζ(s) universalumas. Šiuo atveju, aproksimuojama
funkcija f(s) nebūtinai yra neįgyjanti nulių, t. y. f(s) ∈ H(K), K ∈ K. [38]
straipsnyje buvo gauta, kad funkcija F (ζ(s)) yra universali su daug bendres-
niais operatoriais F : H(D) → H(D) iš Lipšico klasės. Tiksliau, operatorius
F tenkina sąlygas:

1. Su kiekvienu polinomu p = p(s) ir kiekviena aibe K ∈ K, egzistuoja
elementas q ∈ F−1{p} ⊂ H(D), kad q(s) ̸= 0 aibėje K;

2. Su kiekvienu K ∈ K, egzistuoja konstanta c > 0, aibė K1 ∈ K, α > 0

ir visiems g1, g2 ∈ H(D) galioja nelygybė

sup
s∈K

|F (g1(s))− F (g2(s))| ⩽ c sup
s∈K1

|g1(s)− g2(s)|α.

Šią operatorių klasę pažymėkime Lip(α). Tuomet teisingas tvirtinimas, žr.
[38].

10 teorema. Tarkime, kad F ∈ Lip(α). Tegul K ∈ K, o f(s) ∈ H(K).
Tuomet su kiekvienu ε > 0

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K
|f(s)− F (ζ(s+ iτ))| < ε

}
> 0. (S3)

Ketvirtame disertacijos skyriuje įrodytos universalumo teoremos sudėti-
nėms funkcijoms F (ζ(s; a1), . . . ζ(s; ar)), čia F : Hr(D) → H(D), naudo-
jant postūmius F (ζ(s+ ih1γk; a1), . . . , ζ(s+ ihrγk; ar)). Tegul, dėl trumpu-
mo, a = (a1, . . . , ar), g = (g1, . . . , gr) ∈ Hr(D), h = (h1, . . . , hr), hj > 0,
j = 1, . . . , r, ζ(s + ihγk; a) = (ζ(s + ih1γk; a1), . . . , ζ(s + ihrγk; ar)).
Sakysime, kad galioja tvirtinimas A(a, h, (S2)), jeigu sekos a1, . . . , ar yra
multiplikatyvios, h1, . . . , hr yra teigiami algebriniai skaičiai, tiesiškai nepri-
klausomi virš Q, ir galioja (S2) įvertis.

Apibrėžkime operatorių F : Hr(D) → H(D) klasę Lip(α). Sakysime,
kad F ∈ Lip(α), jeigu:
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1. Su kiekvienu polinomu p = p(s) ir aibėmis K1, . . . ,Kr ∈ K, egzistuoja
elementas g ∈ F−1{p} ⊂ Hr(D), kad gj(s) ̸= 0 aibėse Kj , j =

1, . . . , r.

2. Su kiekviena K ⊂ K, egzistuoja aibės K1, . . . ,Kr ∈ K, konstanta
c > 0 ir teigiami skaičiai α1, . . . , αr, kad

sup
s∈K

∣∣∣F (g
1
)− F (g

2
)
∣∣∣ ⩽ c sup

1⩽j⩽r
sup
s∈Kj

|g1j(s)− g2j(s)|αj

su visais g
1
, g

2
∈ Hr(D).

Pirmoji universalumo teorema sudėtinei funkcijai F (ζ(s; a)) yra toks tvirtini-
mas:

4.1 teorema. Tarkime, kad galioja tvirtinimas A(a, h, (S2)), o operatorius
F : Hr(D) → H(D) yra iš klasės Lip(α). Tegul K ∈ K, o f(s) ∈ H(K).
Tuomet su kiekvienu ε > 0

lim inf
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K

∣∣f(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

}
> 0.

(S4)

Disertacijoje įrodytos universalumo teoremos ir kitoms operatorių F kla-
sėms. Tegul

S = {g ∈ H(D) : g(s) ̸= 0 juostoje D, arba g(s) ≡ 0}.

4.2 teorema. Tarkime, kad galioja tvirtinimas A(a, h, (S2)), o F :

Hr(D) → H(D) yra toks tolydusis operatorius, kad su kiekviena atviraja
aibe G ⊂ H(D) sankirta (F−1G) ∩ Sr nėra tuščioji aibė. Tegul K ∈ K, o
f(s) ∈ H(K). Tuomet galioja (S4) nelygybė. Be to, riba

lim
N→∞

1

N
#

{
1 ⩽ k ⩽ N : sup

s∈K

∣∣f(s)− F
(
ζ(s+ ihγk; a)

)∣∣ < ε

}
(S5)

egzistuoja ir yra teigiama su visais ε > 0, nebent išskyrus skaičiąją ε > 0

reikšmių aibę.

Sąlyga, kad (F−1G) ∩ Sr, gali būti pakeista.

4.3 teorema. Tarkime, kad galioja tvirtinimas A(a, h, (S2)), o F :

Hr(D) → H(D) yra toks tolydusis operatorius, kad su kiekvienu polinomu
p = p(s) sankirta (F−1{p}) ∩ Sr nėra tuščioji aibė. Tegul K ∈ K ir
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f(s) ∈ H(K). Tuomet galioja (S4) nelygybė, o riba (S5) egzistuoja ir yra
teigiama su visais ε > 0, nebent išskyrus skaičiąją ε > 0 reikšmių aibę.

Akivaizdu, kad G ⊂ H(D) sąlyga (F−1{p}) ∩ Sr ̸= ∅ yra daug pato-
gesnė, negu (F−1G) ∩ Sr ̸= ∅, su visomis atvirosiomis aibėmis.

Kai kurioms aproksimuojamų funkcijų klasėms aibė K ∈ K gali būti
pakeista bet kokia kompaktine aibe. Tai pateikta kitoje teoremoje.

4.4 teorema. Tarkime, kad galioja tvirtinimas A(a, h, (S2)), o F :

Hr(D) → H(D) yra tolydusis operatorius. Tegul K ⊂ D yra kompaktinė
aibė, o f(s) ∈ F (Sr). Tuomet galioja 4.3 teoremos tvirtinimas.

Atkreipsime dėmesį, kad aibę F (Sr) sunku apibūdinti. Uždavinys tampa
paprastesniu, kai yra žinoma tam tikra paprasta aibė, kuri yra aibės F (Sr)

poaibis. Tai yra pateikta paskutinėje 4 skyriaus teoremoje. Su skirtingais kom-
pleksiniais skaičiais c1, . . . , cm apibrėžkime aibę

Hc1,...,cm(D) = {g ∈ H(D) : g(s) ̸= cj su visais s ∈ D, j = 1, . . . ,m}.

4.5 teorema. Tarkime, kad galioja tvirtinimas A(a, h, (S2)), o F :

Hr(D) → H(D) yra toks tolydusis operatorius, kad Hc1,...,cm(D) ⊂ F (Sr).
Kai m = 1, tegul K ⊂ K, f(s) ∈ H(K) ir f(s)− c1 ∈ H0(K). Kai m ⩾ 2,
tegul K ⊂ D yra bet kokia kompaktinė aibė, o f(s) ∈ Hc1,...,cm(D). Tuomet
galioja 4.3 teoremos tvirtinimas.

Visos anksčiau paminėtos disertacijoje įrodytos teoremos yra diskrečiojo
tipo. Penktas disertacijos skyrius yra skirtas periodinių dzeta funkcijų tolydžia-
jam jungtiniam universalumui įrodyti. Tam yra naudojami tolydūs apibendrin-
tieji postūmiai. Šio tipo teoremos buvo suformuluotos [42] straipsnyje, tačiau
su paprastaisiais postūmiais. Kai j = 1, . . . , r, tegul aj = {ajm : m ∈ N}
yra periodinės kompleksinių skaičių sekos su minimaliuoju periodu qj ∈ N.
Tegul q yra periodų q1, . . . , qr mažiausias bendrasis kartotinis, o l1, . . . , lr1 –
redukuotoji liekanų sistema moduliu q, čia r1 = φ(q) yra Oilerio funkcija.
Apibrėžkime matricą

A =


a1l1 a2l1 . . . arl1
a1l2 a2l2 . . . arl2
. . . . . . . . . . . .

a1lr1 a2lr1 . . . arlr1

 .

Tuomet [42] straipsnyje yra įrodyta tokia teorema:
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11 teorema. Tarkime, kad sekos a1, . . . , ar yra multiplikatyvios, o rangas
rank(A) = r. Kai j = 1, . . . , r, tegul Kj ∈ K, o fj(s) ∈ H0(Kj). Tuomet su
kiekvienu ε > 0

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

1⩽j⩽r
sup
s∈Kj

|fj(s)− ζ(s+ iτ ; aj)| < ε

}
> 0.

Pastebėsime, kad [42] straipsnyje naudojama sąlyga

∞∑
k=1

|ajpk |
pk/2

⩽ cj < 1, j = 1, . . . , r,

gali būti lengvai pašalinama.
Disertacijoje 11 teoremos sąlyga rank(A) = r yra pakeista netiesiniais

postūmiais ζ(s+ iφj(τ); aj).
Pažymėkime U1(T0), T0 > 0, realiųjų, neaprėžtai didėjančių, tolydžiai

diferencijuojamų funkcijų φ(τ) klasę su intervale [T0,∞) turinčią monotoninę
išvestinę φ′(τ), kad

φ(2τ) max
τ⩽u⩽2τ

1

φ′(u)
≪ τ, τ → ∞.

Dabar suformuluosime pirmąją 5 skyriaus teoremą.

5.1 teorema. Tarkime, kad sekos a1, . . . , ar yra multiplikatyvios, a1, . . . ,
ar yra realieji algebriniai skaičiai tiesiškai nepriklausomi virš Q, o φ(τ) ∈
U1(T0). Kai j = 1, . . . , r, tegul Kj ∈ K, o fj(s) ∈ H0(Kj). Tuomet su
kiekvienu ε > 0

lim inf
T→∞

1

T − T0
meas

{
τ ∈ [T0, T ] :

sup
1⩽j⩽r

sup
s∈Kj

|fj(s)− ζ(s+ iajφ(τ); aj)| < ε

}
> 0.

Be to, riba

lim
T→∞

1

T − T0
meas

{
τ ∈ [T0, T ] :

sup
1⩽j⩽r

sup
s∈Kj

|fj(s)− ζ(s+ iajφ(τ); aj)| < ε

}

141



egzistuoja ir yra teigiama su visais ε > 0, nebent išskyrus skaičiąją ε > 0

reikšmių aibę.

Antrojoje jungtinio universalumo teoremoje naudojami daug bendresni po-
stūmiai ζ(s + iφj(τ); aj), j = 1, . . . , r, negu 5.1 teoremoje. Pažymėkime
Ur(T0) realiųjų, neaprėžtai didėjančių, tolydžiai diferencijuojamų funkcijų
φ1(τ), . . . , φr(τ) klasę su intervale [T0,∞) turinčių išvestinę, kad

φ′
j(τ) = φ̂j(τ)(1 + o(1)),

čia φ̂1(τ), . . . , φ̂r(τ) yra monotoninės funkcijos ir susietos ta prasme, kad
kiekvienam poaibiui J ⊂ {1, . . . , r}, #J ⩾ 2, egzistuoja j0 = j0(J) toks,
kad φ̂j(τ) = o(φ̂j0(τ)), kai j ∈ J , j ̸= j0, ir

φj(2τ) max
τ⩽u⩽2τ

1

φ̂j(u)
≪ τ, j = 1, . . . , r,

kai τ → ∞.

5.2 teorema. Tarkime, kad sekos a1, . . . , ar yra multiplikatyvios, o (φ1(τ),

. . . , φr(τ)) ∈ Ur(T0). Kai j = 1, . . . , r, tegul Kj ∈ K, o fj(s) ∈ H0(Kj).
Tuomet su kiekvienu ε > 0

lim inf
T→∞

1

T − T0
meas

{
τ ∈ [T0, T ] :

sup
1⩽j⩽r

sup
s∈Kj

|fj(s)− ζ(s+ iφj(τ); aj)| < ε

}
> 0.

Be to, riba

lim
T→∞

1

T − T0
meas

{
τ ∈ [T0, T ] :

sup
1⩽j⩽r

sup
s∈Kj

|fj(s)− ζ(s+ iφj(τ); aj)| < ε

}

egzistuoja ir yra teigiama su visais ε > 0, nebent išskyrus skaičiąją ε > 0

reikšmių aibę.

142



Aprobacija

Pagrindiniai disertacijos rezultatai buvo pristatyti šiose konferencijose:

• LXI Lietuvos matematikų draugijos konferencijoje, 2020 m. gruodžio
4 d., Šiauliuose;

• XIX tarptautinėje konferencijoje „Algebra, skaičių teorija, diskrečioji
geometrija ir daugiamatis modeliavimas: šiuolaikinės problemos, taiky-
mai ir problemų istorija”, skirta akademiko P. L. Čebyševo 200 m. ju-
biliejui, 2021 m. gegužės 18–22 dienomis, Tuloje, Rusija;

• LXII Lietuvos matematikų draugijos konferencijoje, 2021 m. birželio
16–17 dienomis, Vilniuje;

• XX tarptautinėje konferencijoje „Algebra, skaičių teorija, diskrečioji ge-
ometrija ir daugiamatis modeliavimas: šiuolaikinės problemos, taikymai
ir problemų istorija”, skirta akademiko I. M. Vinogradovo 130 m. ju-
biliejui, 2021 m. rugsėjo 21–24 dienomis, Tuloje, Rusija;

• 25-tojoje tarptautinėje konferencijoje „Matematinis modeliavimas ir
analizė”, 2022 m. gegužės 30 d. – birželio 2 d., Druskininkuose;
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nomis, Palangoje;
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galioja universalumo teorema apie analizinių funkcijų aproksimavimą
postūmiais ζ(s+ ihtk; a), čia h > 0, o {tk} – Gramo taškų seka;

2. Periodinėms dzeta funkcijoms ζ(s; aj) su multiplikatyviosiomis peri-
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rio prielaidai apie Rymano dzeta funkcijos netrivialiųjų nulių menamųjų
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