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Introduction

The Navier—Stokes equations, named in honor of Claude-Louis Navier
(1785-1836) and George Gabriel Stokes (1819-1903), were derived in the early
19t" century. Navier initially presented an original but not well-grounded
justification in 1822. Subsequently, the equations underwent rediscovery
by various mathematicians: Augustin-Louis Cauchy in 1823, Simeon Denis
Poisson in 1829, Adhemar Jean Claude Barre de Saint-Venant in 1837, and
finally Stokes in 1845 (see [20]). These equations represent a set of partial
differential equations widely used in fluid mechanics to describe the dynamics
of incompressible viscous fluids, including water, oil, and blood among others.

The Navier—Stokes equations have the following form:

pur — pAu+p(u-Viu+Vp = pf,

{ divu = 0,
where u =u(z,t) = (u1(x,t),...,up(x,t)) and p = p(x,t) are the unknown
velocity and pressure, respectively, f = f(z,t) = (fi1(z,t),..., fn(z,t)) is ex-
ternal force vector, x = (x1,...,x,) is a space variable, ¢ is time variable, p is
a constant density of the fluid, p is a constant dynamic viscosity of a fluid.
Within this thesis we consider in the domain €2 the time-periodic Navier—

Stokes problem expressed in non-dimensional form:

u; —vAu+(u-V)u+Vp = f

diva = 0,
ulpo = 0,
u(z,0) = u(z,T7), 0<T < o0,

where p= %’ and v= % is the constant kinematic viscosity of the fluid obtained
after we divide the Navier—Stokes equations in general case by p.
In addition to the theoretical significance of the Navier—Stokes equations,

we can apply them in different practical problems. These equations serve



as the foundation for modeling diverse engineering and biological systems
that involve fluid dynamics. Given our focus on the application of Navier—
Stokes equations in medicine, particularly in the modeling of blood circulation
systems and cardiac dynamics, we concentrate our interest in the development
of simplified theoretical models. These models aim to characterize flow within
thin infinite cylinders, offering a framework for simulating blood flow in
small and ultra-small vessels. Furthermore, these models serve as a stepping
stone for the representation of more complicated systems, such as the human
heart, allowing us to advance our understanding of blood circulation in both
theoretical and practical contexts.

It is well known, that full 3D computations of the blood circulatory
system are presently time-consuming and realizable only for limited segments,
so a modern approach involves the creation of hybrid-dimensional models.
These models merge 1D reductions in regular zones, typically modelled in
straight vessels, with 3D analyses in small areas showing a singular behavior.
This method, rooted in the asymptotic partial decomposition of a domain,
was initially proposed by G. Panasenko and further advanced in subsequent
works such as [67], [59], [69], [70], and [71]. The adoption of these hybrid-
dimensional models results in a substantial reduction in computational
demands.

Of particular significance within previously mentioned models are the
1D Poiseuille-type flows in straight vessels. Note, that the steady-state

Poiseuille flow in an infinite straight pipe
M= {z=(z,2,) ER": 2’ €0 CR", —00 <, <00,n=2,3}

of a constant cross section ¢ was described by Jean Louis Poiseuille in 1841
(see [72]). Poiseuille flows are important in the study of fluid motion in
different networks of pipes, where these flows can be attained at very large
distances (see [§]). In order to compute the blood flow velocity in the blood
vessels considered as cylinders, it becomes necessary to prescribe a flow rate
(flux) condition. Since in such case one usually does not have data defined
by smooth functions, it is important to study nonstationary Poiseuille-type
solutions assuming minimal regularity of data. Within the scope of this thesis
we prove the existence and the uniqueness of the solution of time-periodic

Navier—Stokes equations under minimally regular flow rate.



Moreover, the Navier—Stokes equations provide a framework for modeling
fluid motion in domains featuring moving walls. An approach being used to
describe this concept is Fluid-Structure Interaction (FSI), which involves
the interaction between an elastic and movable structure and the fluid
flow within or surrounding it. The role of FSI is particularly significant
in accurately modeling blood flow within arteries considered as cylinders.
The corresponding mathematical model is represented by the FSI problem,
coupling two media with different, often high contrast physical characteristics.
These problems attracted the interest of the mathematical community due
to their connection with the blood flow models (see [22], [36] and [37]). The
existence of a solution for FSI problem in an elastic pipe was studied in [16],
[17] and [54].

In this thesis we consider the model of Navier—Stokes fluid motion in a
pipe surrounded by an elastic wall which was developed by G. Panasenko
and R. Stavre in [66]. Taking into account that physical properties of the
wall are constant in time and simplifying the functions which describe the
velocity of the fluid and the displacement of the wall we derive the 4" order
PDE which depends only on one space variable and time. Subsequently, we
make a comparative analysis of a numerical solution to the full Navier—Stokes
equations coupled with a moving wall and the derived 4" order simplified
PDE in two geometries: a cylinder and a Y-shaped network of cylinders.
Remarkably, in the case when the difference of prescribed velocities between
inlet and outlet of the cylinder is small, the solutions on cross sections in
the middle of a cylinder obtained from the both approaches do not have
significant difference. Notably, the solution of the 4" order PDE demands
less computational time, resulting in resource savings.

Finally, for the computation of the blood flow velocity within the left
atrial appendage (LAA) of the human heart, with the aim of identifying
stagnation zones which are linked to thrombosis according to the hypothesis
of medical doctors, we develop a fully coupled FSI model, where the blood
flow is described by Navier—Stokes equations with the moving heart wall
(myocardium) considered as a shell. The human heart left arium (LA) fluid
domain is obtained from cross sectional computed tomography (CT) scans

of the human chest, while the boundary conditions for Navier—Stokes fluid



motion are formulated by using measurements of blood flow velocity on mitral

valve zone by echocardiography. As a result, this model is patient-specific.

Actuality and literature review

The Poiseuille type solutions can be defined also in the nonstationary
case (see [74], [75], [76], [77], [78], [79], [33] by K. Pileckas and [86] by S. S.
Sritharan). Moreover, in [69] by K. Pileckas and G. Panasenko the behaviour
of the nonstationary Poiseuille flow was studied in a thin cylinder (with the
cross section of radius € ) and the asymptotics of it as € — 0 was found. In
the time-periodic case such flows are usually called Womersley flows (see
[99]). Results concerning the existence of time dependent Poiseuille flows
lead to inverse problems. Such problems were studied by different authors,
starting by J. R. Cannon (see [18], [19]) and then by many other authors.
Particularly, H. Beirdo da Veiga in [9] described a fully developed, time-
periodic motion of a Navier—Stokes fluid within an infinite straight cylinder
of constant cross section o and proved the existence and uniqueness of the
solution when the prescribed flow rate is sufficiently smooth. Furthermore,
in [29] G. P. Galdi and A. M. Robertson presented a simpler than in [9]
proof of the existence and uniqueness of the solution, moreover, they found
the relation between the flow rate and the pressure slope.

It is known, that in practic applications of the Navier—Stokes equations
the flow is often not defined by smooth functions, i.e. with minimal data
regularity. The nonstationary Poiseuille-type solution, characterized by a
prescribed initial condition and a given flow rate F'(t) belonging solely to
L?(0,T), was investigated by K. Pileckas and R. Ciegis in [80]. The objective
of Chapter 3 in this thesis is to extend the results of [80] to the time-periodic
case, and to prove the uniqueness and the existence of a solution within the
class of very weak solutions introduced in [80].

The interaction between a fluid and a deformable structure arises in
many areas of real life, such as engineering and biology. The corresponding
mathematical models are represented by the Fluid-Structure Interaction
(FSI) problems, coupling two domains: liquid and solid. In [22], [36], [37]
the existence of a solution for FSI problem for a fluid flow covered by a solid

wall was proved. In [16], [17], [54] viscous flows in a pipe with elastic wall
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was modeled either by a two-dimensional shell or a full-dimensional elasticity
or visco-elasticity equations are studied. The goal of Chapter 4 is to study
the model described in [60], [61], [62], [63], [64] and finalized in [65] and [66]
and reduce it to a 4" order PDE which describes the fluid flow in a pipe
surrounded by an elastic wall. The developed FSI model for the solution to
the Navier—Stokes equations in a cylinder interacting with its elastic wall
described in Chapter 4 helps us in the computation of the blood velocity
within the human heart LAA in Chapter 5.

It is well-known that atrial fibrillation is a key factor of thrombi formation
within the human heart LAA (see [I1]). Moreover, the lower blood flow
velocity in LAA, the higher risk of stroke caused by a developed thrombus (see
[47]). In order to explore stagnation zones within LAA, we need to compute
the blood velocity in the whole left atrium in tandem with the motion of the
heart wall. Two main directions are developed in this context: the first one
is related to the detailed mathematical modeling of the coagulation process
(coagulation cascade of reactions) combined with the hemodynamics (see [5],
[13], [25], [26], [41], [48], [81], [89], [90], [91], [92], [93], [100], [102]); while the
second one is the direct computer simulation of the blood flow in the patient-
specific LAA with detection of stagnation zones as the probable places of
thrombogenesis (see [2], [38], [58]), particularly [34] by M. Garcia-Villalba
et al. declares that in order to detect the stagnation zones in LAA blood
flow kinetic energy (depending on the square of the velocity magnitude) can
be computed. In Chapter 5 we develop a model of the LA (left atrium) for
the computation of blood velocity which involves a numerical solution of
the time-periodic Navier—Stokes equations, fully coupled with the FSI which

demands less computational time comparing to [34].

Aims and problems

This thesis contains three different aims and problems which are related
to hemodynamics.
I. Time-periodic Navier—Stokes problem. To prove the existence
and uniqueness of the solution of time-periodic Navier—Stokes prob-
lem in an infinite cylinder with a prescribed time-periodic flow rate

F(t) € L*(0,27) under minimal regularity of data.
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II. FSI problem. To reduce the FSI model into a 4*" order simplified
PDE when the physical properties of the shell are constant in time
and the functions which describe the velocity of the fluid and the
displacement of the wall are simplified. To compute blood flow
velocity in a single vessel considered as cylinder and a Y-shaped
network of vessels considered as connected cylinders utilizing two
approaches: the FSI model containing numerical solution of non-
stacionary Navier—Stokes equations with a moving wall and the
derived less time consumable 4" order PDE in order to compare the
obtained results from each model.

III. The model of human heart left atrial appendage. The third
set of aims involves the study of the patient-specific human heart
left atrium:

a) Image processing, cleaning, geometry creation, and formulation
of boundary conditions,
b) Development of a numerical fully coupled LA model,

¢) Computation of blood flow velocity within the LAA.

Methods

Since this thesis includes several distinct tasks, the approaches for each
task are different.

Chapter 2 is devoted to notation.

In Chapter 3 we prove the existence and uniqueness of a solution to
the inverse time-periodic problem for the heat equation where the right
hand side is unknown. We use methods of functional analysis, properties
of Sobolev spaces, partial differential equations theory, theory of integral
equations and Galerkin approximations.

In Chapter 4 we use an asymptotically developed FSI model from [66]
and we derive the 4*" order PDE using mathematical analysis. For blood
flow velocity computation in the non-stacionary Navier—Stokes model with a
moving wall we utilize COMSOL Multiphysics code, and for the numerical
solution of the derived 4** order PDE we use MATLAB code developed by
V. Sumskas in [87].

12



In Chapter 5 we compute blood flow velocity in human heart LA. Firstly,
we receive a patient-specific cross section computed tomography (CT) pic-
tures from medical doctors for image cleaning and geometry creation we use
3D Slicer (open source program) and Solidworks respectively. Then, for mesh
simplification we used MeshLab (open source program). And finally, for
blood flow velocity computation in the left atrium (LA) we used COMSOL
Multiphysics code.

Novelty

To the best of our knowledge, all the results of this thesis are new.

In Chapter 3 the existence and uniqueness of the solution of time-periodic
Navier—Stokes problem in an infinite cylinder with a prescribed flow rate
F(t) € L?(0,27) under minimal regularity of data was proven for the first
time.

In Chapter 4 we simplify the FSI model developed by G. Panasenko and
R. Stavre (see [66]) in 2020 to a less computation-time consumable 4 order
PDE. When the difference in inlet and outlet boundary conditions is small,
the results obtained both from the numerical solution of non-stacionary
Navier—Stokes equations in a cylinder with a moving wall (FSI model) and
the derived 4" order PDE are remarkably similar.

In Chapter 5 we compute blood flow velocity in the human heart left
atrium (LA) and subsequently in the left atrial appendage (LAA). A. Quar-
teroni and his team in [I5] propose a non-patient-specific mathematical and
numerical model for the simulation of the heart function that couples cardiac
electrophysiology, active and passive mechanics and hemodynamics, and
includes reduced models for cardiac valves and the circulatory system. In
this thesis we select two real-life patients with atrial fibrillation diagnosis:
the first one who has experienced a stroke and the second one who has not.
Our developed model shows that a patient who has experienced a stroke
has a lower blood flow velocity in the LAA comparing with the second one.
Moreover, in [12] by G. M. Bosi et al. for blood flow velocity computation
in LAA in order to find stagnation zones the myocardium was considered
as a hard wall, but since in the real life the wall of the heart is moving, we

utilize an FSI model to obtain more realistic results. Additionally, recent
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work [34] by M. Garcia-Villalba et al. reveals that, in order to determine
blood flow kinetic energy (dependent on the square of velocity magnitude),
computations required 20 heartbeats until the model has stabilized, i.e. the
computed blood flow velocity in the first 20 heartbeats was wrong; or, for
example, in [I2] by G. M. Bosi et al. computation required 10 heartbeats.
In contrast, our LA model achieves stability after 3 heartbeats, resulting in

significant computational time savings.

Structure of the dissertation and main results

The dissertation consists of five Chapters, Conclusions, Bibliography,
Summary in Lithuanian language and Curriculum Vitae of the author.

Chapter 1 is an introduction to the research field, including the history,
actuality of problems, methods and a brief description of results.

Chapter 2 outlines the notation and auxiliary results.

Chapter 3 delves into the theoretical analysis of time-periodic Navier—
Stokes equations in a thin infinite cylinder with prescribed flow rate under
minimal regularity of data.

In Chapter 4 we study the Poiseuille-type approximations for axisymmet-
ric flow in a thin tube with thin stiff elastic wall. In this Chapter, our focus
will be on a comparative analysis of numerical solutions to the non-stacionary
Navier—Stokes problem in a cylinder with a moving wall (FSI model) and
to the elastic wall Poiseuille equation (EWPE), i.e. we derive the 4" order
simplified PDE.

In Chapter 5 we develop a model which allows to compute blood flow
velocity in human heart LAA. We conduct a comparative analysis of two
patients both diagnosed with atrial fibrillation, with one having experienced

a stroke and the other not.

Dissemination

The results of this thesis were presented at the following international
seminars and conferences:
1. Eighth European Congress of Mathematics, University of Primorska,
Portoroz, Slovenia, 22-06-2021;
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3. Mathematical Modeling in Hemodynamics, Faculté des Sciences et

4.
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Techniques, Université Jean Monnet, 08-12-2021;
MMA-2023 Conference, Jurmala, Latvia, 06-06-2023;
MMA-2024 Conference, Parnu, Estonia, 30-05-2024.

Furthermore, yearly results were disseminated during presentations at

conferences organized by the Lithuanian Mathematical Society from 2020 to

2024.

Contributing talks were given at the seminars at the Department of
Differential Equations (VU) on 25-04-2024, at the Department of Applied
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Chapter 2

Notation

Let V be a Banach space, with the norm of an element u denoted as
|lullyv. Bold letters denote vector-valued functions, and for the spaces of
scalar, vector-valued, and tensor-valued functions we use different notation.
A vector-valued function u = (uy,...,u,) belongs to a space V if u; € V for
i=1,...,n,and ||ully =21, ||ui||v. The dual space V* of V' is the Banach

space consisting of all linear continuous functionals

froe(fo),

where (f,v) denotes the value of the functional f at v. Alternatively, we
may write
froe f(v),
omitting duality pairing notation.
A sequence {v;} C V' converges strongly to v € V, denoted as v; — v, if

lim [[v; — ||y =0,
j—00

and {v;} CV converges weakly to v € V, denoted as v; — v, if
lim (f,v;) = (f,0) VS € V™.
Jj—00

Let D C V be a linear subset of V. The closure of D in the norm || ||y
is denoted by plhv e pltllv = V, then D is called dense in V.

For function spaces we use standard notation. Let 2 be an arbitrary
domain in R™. The set C*°(Q2) represents all infinitely differentiable functions

defined on , and C3°(R) is the subset of functions from C*°(Q) with
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compact support in 2. For given non-negative integers k and ¢ > 1, L1(Q)

and W"4(Q) denote Lebesgue and Sobolev spaces respectively with the

norms
1 1
q q
HuHLq(m—( / |urqda:) and Huwwk,q(m—(z [ 1D qda:) ,
Q laj=0q
o olely ~
where D U:m, |OL|:2_:OZJ

For 1 < g < oo the space L1(12) is reflexive. In the case ¢ = 2, the space
L?(92) becomes Hilbert space with the inner product

(u,v)LQ(Q) = /u(:v)v(:v)dx

Q

Let v and v be locally summable functions in €2. Then for D%u = v the

following inequality holds for all test functions n € C§°(£2):

/uDo‘nd:r = (—1)|a|/v77d33.
Q

Q
Let 09 be a partial C! class boundary of Q C R”, u(z),v(x) € WH2(Q).

Then for integration by parts we use the following formula:

du(z) = _ qu@v(:n) T u(x)v(x)cos(n,z
e v(a)ds = ! (@) Gpd +8é (2)0(x) cos(n, z4)dS,

where n = (n1,...,n,) is unit vector of external normal to 992 boundary,
(n,zy) is an angle between the normal n and axis xy.
WH4(0) is the closure of C3°(€) in the norm of W*4(Q).

L*>°(Q) is the space of all essentially bounded function with the norm
[[ul| oo (@) = esssup [u()].
z€eQ

The space L1(0,7;V) is the space of functions u such that u(-,t) € V for
almost all ¢t € [0,7] and the norm

»QM—‘

lull ago,rsvy = /Hu <00, 1<g<oo.
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The definitions of other specific function spaces will be provided in the
Chapters where they are introduced for the first time.

Consider a positive number T". The notation V,, signifies that elements
of the space V are T-periodic functions, i.e., u(-,t) =u(-,t+7). Without
loss of generality, we may assume that 7" = 27. Define Cg°(0,7;V) as the
set of 2m-periodic smooth functions u € C*°(R) such that u(t) = u(t +2m)
for all ¢ € [0,27]. Two additional spaces of periodic functions, Lé(0,27r) and
WWI’Q(O, 27), are introduced. These spaces are constructed through the inner
product of L?(0,27) and W12(0,27), respectively.

Let D(€2) be the Hilbert space of vector functions formed as the closure
of C§°(2) in the Dirichlet norm |[uf|pq) = [[Vul|r2(q) generated by the
scalar product

[u, V] :/Vu‘Vvd:c,

Ou; (%]
8$k 8l‘k

where Vu-Vv = ZVUj Vv, = Z Z

j=1 j=1k=1
Let {um}®_q, u€ WFP(Q). We say u,, strongly converges to u in

WHP(Q), written
Uy — u in WHP(Q),

provided
im f[um —ullyyrs @) = 0.
In this thesis the following inequalities are used:
Lemma 2.0.1. (Cauchy’s inequality)
ab<sa2+£b2 Ve >0, Va,b>0. (2.1)

Lemma 2.0.2. (Holder inequality)

[ < (/ e \de>q<! o)

= [/l 9]l o)
For ¢ =2 (2.2) is called Cauchy—Schwarz inequality.

Lemma 2.0.3. (Poincaré—Friedrich’s inequality) The following inequality
lull () < ellVulZa ). (2.3)

holds with the constant ¢ in any bounded domain 0 for ue W12(Q).
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Chapter 3

Time-periodic Poiseuille-type solution

with minimally regular flow rate

3.1 Introduction

The steady state Poiseuille flow in an infinite straight pipe II = {z =
(o' 2,) ER": 2/ € 0 CR" 1, —00 < 2, < 00,n =2,3} of constant cross
section o was invented by Jean Louis Poiseuille in 1841 (see [72], [8], [46]).
The Poiseuille flow is described by the fact that the associated velocity
field has only one nonzero component U(z") directed along the x,-axis of II
which depends only on 2’ € o and the pressure function p = p(x,,) is linear.
The Poiseuille-type solutions can be extended to the nonstationary case, as
demonstrated by K. Pileckas (see [74], [75], [76], [77], [78], [79], [33]) and S.
S. Sritharan in [86]. Moreover, in [69] by K. Pileckas and G. Panasenko the
behaviour of the nonstationary Poiseuille flow was studied in a thin cylinder
(with the cross section of radius € ) and the asymptotics of it as ¢ — 0 was
found.

In practical applications, the primary focus lies in situations where U
(the velocity of fluid at cross section o) is independent of time (referred to as
steady flow) but, more generally, U shows periodic behavior with respect to
time (called time-periodic flow or Womersley’s flow (see [99])). Within the
scope of this Chapter, our attention is directed toward the time-periodic flow
under the minimal regularity of data, i.e. F(t) belonging only to L?(0,T). It
is worth noting that Poiseuille flow is significant in the study of fluid motion

within "bent" pipes or pipes with varying cross sectional areas.
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Typically, there are two methods to determine Poiseuille flow. These
approaches involve prescribing either the axial pressure slope (further denoted
as q(t)) or the flow rate (represented as [ U(a',t)da’ = F(t)). In the first
case, the problem simplifies to solving a Poisson equation for U = U(x')
with a constant forcing term ¢, in the steady-state case, or a heat equation
for U =U(2/,t) with a prescribed time-periodic forcing term ¢(¢) in the
time-periodic case. Conversely, when we prescribe the flow rate F(t), the
challenge is to solve the inverse problem for both unknown U(2/,t) and ¢(t),
making the problem notably more complex, particularly in the time-periodic
case. This complexity has been highlighted in [9] by H. Beirao da Veiga
where it is demonstrated that the task of determining U (z’,t) and ¢(t) can
be reduced to solving a non-standard parabolic equation that includes a
non-local term of the solution. The presence of this term arises from the
fact that the relationship between F'(t) and ¢(t) depends on the velocity
field U(2',t). Furthermore, in [29] by G. P. Galdi and A. M. Robertson
a fully developed, time-periodic fluid flow in an infinite straight pipe of
constant cross section o was studied. Moreover, in [29], authors established
a relationship between the axial pressure slope and the flow rate, they
showed that the Fourier coefficients of the flow rate (flux) are related by
an invertible, linear transformation depending only on cross section o. One
major consequence of this result is that the existence of a time-periodic
Poiseuille flow with a prescribed flow rate can be reduced to the resolution
of the problem with a suitable prescribed pressure gradient.

However, in the papers mentioned above the Poiseuille type solutions
were studied in the case when data is sufficiently regular, i.e. F € W'2(s). In
real applications one usually does not have data defined by smooth functions,
and it is important to study the case of minimal regularity of data. The
nonstationary Poiseuille type solution with a prescribed initial condition
and given flow rate (flux) F(t) belonging only to L?(0,T) was studied by
K. Pileckas and R. Ciegis in [80] where a new class of weak solutions was
introduced and the existence and uniqueness of a solution in such class was
proved.

The goal of this Chapter is to extend the result obtained in [80] to the

case of time-periodic Poiseuille type solutions.
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3.2 Problem formulation

Let us consider the time-periodic Navier—Stokes problem describing the

motion of a viscous incompressible fluid in the infinite cylinder II:

w, —vAu+(u-V)u+Vp = 0, (z,t) €IIx(0,2n),

0
diva = 8, (x,t) € II x (0,27), (3.1)

u|8H><(O,27r)
u(z,0) = wu(z,2n),

)

where u is the fluid velocity, p is the pressure function and v > 0 is the
constant kinematic viscosity of the fluid.

We look for the solution u of satisfying the additional condition of
prescribed flow rate (flux) F'(¢):

/un($7t) dz’ = F(t), (3.2)

oz

where F'(0) = F'(2r). Without loss of generality we have supposed that the
period is equal to 27.
We look for the solution (u(z,t),p(x,t)) of the problem (3.1)) in the

following expression

u(x,t) = (0,...,0,U,(',1)), p(x,t) = —q(t)zn +po(t), (3.3)

with an arbitrary function pg(t). Putting into (3.1)), we obtain the
following problem on the cross section o:
Up(2',t) —vA'U (2, t) = q(t), (3.4
U(l‘/,t)|ao =0, U(2,0)=U(2',27),
where U(2/,t) = U, (2/,t) and ¢(t) are unknown functions, A’ is the Laplace
operator with respect to z’. The nonlinear term vanishes because of the
structure of Poiseuille flow (see [3.3]).

The Poiseuille flow can be uniquely determined either prescribing the
pressure slope ¢(t) or the flow rate (flux) F(¢). In the first case the problem
will be reduced to the standard time-periodic problem for the heat equation
for unknown velocity U = U(2/,t) with time-periodic forcing ¢(¢). Problems
of such type are well studied (see, e.g., [44]). However, in the real world

applications the pressure is unknown, and only the flow rate (flux) of the
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fluid is given. Therefore, it is necessary to study the Poiseuille flow with

prescribed flow rate (flux) condition
/ U t)de = F(t), F(0)=F(2n). (3.5)

In this case the solution of the problem , is a pair of func-
tions (U(2',t),q(t)) and one has to solve for U(z/,¢) and ¢(t) more com-
plicated inverse parabolic problem: for given F(t) to find a pair of functions
(U(2',t),q(t)) solving the problem with U(2',t) satisfying the flux con-
dition ({3.5).

Thus, in the second case the relation between ¢(t) and F(¢) depends on
the solution of the inverse problem (in the stationary case the flux F' and the
pressure gradient ¢ are proportional and the problem remains very simple).
The solvability of the time-periodic problem with the assumption that the
flux F(t) is from the Sobolev space W12(0,27) was proved by H. Beirdo da
Veiga [9] and in [29] an elementary relationship between the pressure drop
q(t) and the flux F(t) was found. However, in applications and numerical
computations usually data is not regular. Therefore, in this Chapter we
study the problem (3.4), assuming only that F € L?(0,27), i.e. the
better smothness is unknown.

The problem (3.4] can be reduced to the case When all involved
functions have zero mean Values Let us denote by H = 0 H(t)dt the
mean value of a function H. Let (U,q) be a solution of the followmg problem

on o (the stationary Poiseuille solution corresponding to the flux F)

—vA’U( =4
/)‘30 =0 (3.6)
/ U(z)de' = F.

— -~ F
The solution U (') of (3.6) can be represented in the form U(2') = E—Uo(x’ )
0

where

— A/U ! - 17
v (3(56) (3.7)
Uo(')|os = 0,
and _
F
1= o= [Uhe)ae =v [ V0P >0 (ag)
0

g g
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We look for the solution (U,q) in the form

U, t) = V(' )+ (), qt)=s(t)+q. (3.9)

Then obviously, V (z')

0, s =0 and (V,s) is the solution of the problem

Vi(2',t) —vA'V (2 t) = s(t),
V(‘T,’t)ba = 0,
V(2',0) = V(a/,27), (3.10)

/ V(e de = B(),

where F(t) = F(t)—F. So, F =0 and without loss of generality, we assume
that F'=0.

Below we deal with a weak solution of the problem , which is
reduced to the case when involved functions have zero mean value and so
we will study only this case.

The rest of the Chapter 3 is organized in the following way. In the
Section |3.3| function spaces are defined and the main result is formulated. In
the Section the Galerkin approximations of the solution are constructed
and in the Section a priori estimates for these approximations are proved.
In the Section the main result of this Chapter, that is the existence and

the uniqueness of the solution, is proved.

3.3 Notation and formulation of the main result

3.3.1 Function spaces

Hereby we define the spaces and notation needed for this Chapter.

Let us consider the set of smooth periodic functions C5°(0,27) = {h €
C®(RY) : h(t) = h(t+2m) Vt € R}

Let L2(0,27) be a Lebesgue space on the interval (0,27). We extend the
functions from L?(0,27) to the whole line R! by putting f(t+27) = f(t)
for any t. To emphasize that functions are periodically extended to R! we
use the notation L2(0,27). Let L}(0,2m) = {h € L2(0,27) : [7" h(t)dt = 0}.
Clearly, L2(0,2r) is a closure of C§°(0,27) = {h € C°(0,27) : [§™ h(t)dt =0}

in L?(0,27)-norm and it is a proper subspace of L?)(O,27r).
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Denote by Wé’2(072ﬂ') be the closure of the set C5°(0,2) in Wt2.norm.
Since function f from W;;Q(O,QW) coincides with a continuous function on a
set whose complement is of measure zero, we may assume that f(0) = f(2x).

Let Wp_l’Q(O,QW) be dual of Wpl’z(O,Qw), ie.,

W, h2(0,2m) = (Wh2(0,2m))"

For any function f € Lz(0,27r) denote by S¢(t) its primitive:

to+2m

&@:—L/fm&yWMMmemﬂﬂiﬂmm+%L (3.11)
t
dS(t
Clearly, Scf;t( ) _ f(t), Si(to+2m)=0.
to+2m 27
If f € L2(0,27), then Sy (to) = — / ﬂﬂdw:i/ﬂwdzo
to 0
Moreover,
2 2w to+27 to+2m 27
[1sipar<en [ [ (p@)parat<an [ |p@)Par=an [150)Par,
0 0 t to 0
and Sy(t) is a periodic function:
to+27m to to+2m to+27m
Sp(t+2m) = - / f(T)dT:—/f(T)dTZ— / flr)dr + / f(r)dr
t+2m t t to

= Sy(t) = Sy(to) = S¢(t).

Thus, Sy € LZ(0,27). Note that functions Sy(t) defined by with
various tq differ from each other by a constant.

Note that the L2limit of a sequence {Sy, } C C5°(0,2m) is not necessary
a primitive of some function from L§ (0,27). In the lemma below we prove
that an element h € W, 1.2(0,27) possesses a primitive in the distributional

sense.

Lemma 3.3.1. Any functional h € Wp_l’2(0,2ﬂ') can be represented in the

form

2T
(h,n) = / H(ty/(t)dt vy e WE2(0,27) (3.12)
0

with a uniquely determined H € L%(O,QTF).
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Proof. Obviously the functional given by the formula obeys the esti-
mate
[P < IH 22 0,2m 11l 0,20y

and hence h € W 12(0,2n).

Let us take an arbitrary functional h € W 1.2(0,27) and show that it
can be represented in the form .

Consider the operator : 1€ W)2(0,27) — 17 € L%(O,QW) (due to period-
icity fozw n'(t)dt = n(2mw) —n(0) = 0). Since for any ¢ € L%(O,Qw) the equality
¢ =1’ holds with

27
n(t) = — / p(r)dr € WE2(0,27), (3.13)

we have R(0) = L?(O,Qﬂ') and the operator 0 is an isomorphism from
W$72(0,27T) to L%(O,Qﬂ'), where the bounded operator 97! : L§(0,27r) —
W}2(0,2n) is given by (3.13).

Since V € L§(0,27r; L?(0)), Sy is a primitive of V, i.e. (Sy); =V, and we
have the following inclusions Sy € L2 (0,2m; L*(0)), (Sv): € L% (0,275 L%(0)).
SvelL} (0,27;W12(5)). The condition that V]s, = 0 is understood in the
usual sense of traces (see [I]). If Sy € L? (0,27T;W1’2(0')), then
Sy = — [V (-, 7)dr € W'2(0) for a.a. t € (0,27) and [7"V(a/,7)dT|gs =0
in the sense of traces for such ¢. But then also V(z',t)g, = 0 in the sense of
traces for a.a. t € (0,2m).

For p € L%(O,Qﬂ') define the functional M (p) = (h,071¢). Clearly,

-1
|M(30)‘ < C||h||WK:1,2(0727T)||8 QDHWévQ(O,Qﬂ-) < C||h||WA;1’2(0,27T)||<70HL§(0727T)'

Hence there exists a uniquely defined H € L? (0,27) such that

M(p) = ZITFH(T)QD(T)C]T Vo e L?(O,Qw). Thus,

21 2

(ho) = (h,07¢) = [ HD)p(r)dr = [ HE ()T Vi € WE(0,20)
0 0
and (h,n) is represented in the form (3.12]). O

Remark 3.3.2. Note that if the functional h can be represented by Lg(O, 27)
function, that is (h,n) = OQWH(t)n(t)dt with H € L§(0,27T) and arbitrary
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ne Wh?(0,2r), then H(t) = — *"h(r)dr. Therefore, also in the case of
a general functional h for the distributional primitive H we will use the
notation H(t) = Sy(t).

3.3.2 Formulation of the main result

Definition of a weak solution. Let F' € L§(0,27r). By a weak solution
of the problem (3.10) we understand a pair (V,s) such that
Ve Lg (0,2m;L*(0)). s € W;12(0,2m), V(2/,t) satisfies the flux condition

[ v de = pi (3.14)

and the pair (V,s) satisfies the integral identity

2T 2T
//V(x',t)m(x',t)dx'dt+u//V’SV(x',t)-V’m(m’,t)dx’dt
0 o 07 (3.15)
= [ 5.0 [ mle' nasar
0 o

for any test function n € L2 (0, 2m; W12(c)) such that 7; € L§ (0,2m; W2(0)).

For a regular solution (V,s), taking into account that VV = (VSy),
s =S, the identity can be easily obtained multiplying the equation
(3.10)); by n, integrating over o and over the interval (0,27), and integrating
by parts with respect to ' and ¢. On the other hand, by uniqueness of
such weak solution (V,s) (see T heorem below), it follows that for
Fe Wﬁ1’2(0,27r) the solution (V,s) coincides with the regular one, that is
V€ L3(0,2m W2 (o) "\W22(0)), V; € L3(0,27;L2(0)), s € LF(0,27). Thus,

the proposed definition is an extension of the concept of weak solutions.

Theorem 3.3.1. Let F € L§(0,27r). Then the problem admits a
unique weak solution (V,s). There holds the estimate
2 2
//]V(:Jc’,t)‘zdx'dt+//‘V'Sv(:v',t)rdx’dt
0 o 0 o (3.16)
+/|SS(T){2dT <c/|F(7’)|2d7',
0

0

where the constant ¢ depends only on o.
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Remark 3.3.3. Since [Z™7/(t)dt = 0 for n € W}2(0,2m) and all primitives
of the function V' (2/,t) differ from each other by a function independent of ¢,
the integral identity (3.15) remains valid for any primitive function Sy and

we can assume, for example, that Sy is taken to be zero at the point ¢ = 27.

Theorem|3.3.1| will be proved applying some version of Galerkin approxi-
mations (see Sections 3 and 4). Notice that in order to get the estimates

of the approximate solutions ( M) (a',t),s M (t)) we have used primitive

t*+27r

functions defined over the integrals [, ., with specially chosen points

te = ti(a,N) € [0,27) and t € (t4,ts +27). Thus, the estimate (3.16) is

valid only for the primitive function Sy obtained as a limit of the sequence

{SVOEN)}.

3.4 Construction of Galerkin approximations

Let uy(2') € W2(0) and A be eigenfunctions and eigenvalues of the

Laplace operator:

{_VA’uk(x') = Mu('), (3.17)

= 0.

Uk($,)|ag

Note that A\;, >0 and klim A = 00. The eigenfunctions uy(z') are orthog-
ﬁ.

(o.9]
onal in L?(o) and we assume that u(2') are normalized in L?(c). Then

/\v’uk )2 da’ = Mg, /Vuk )V (2')dz' =0, k#I.

Moreover, {uy(z')} is a basis in L2(o) and W2(0) (see [56]).

We look for an approximate solution of the problem (3.10]) in the form

Z wk t)ug(x (3.18)

The coefficients w,(CN) (t) and the function s(™)(t) are obtained by solving

the following problems
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/V;(N)(l‘,,t)’ltk(x/)dl’,‘F V/V/V(N) (.%'/,t) . V,Uk(x/)d.’,U/
_ S(N)(t)/uk(g;/)daj/, k=1,2,....N,
(3.19)

which in virtue of the orthonormality of functions uy(x’) are equivalent

to the ordinary differential equations for the functions w,(gN)(t):

(V@Y + 200 = Bes(), te (0,2m),

(3.20)
N N
w(0) = w (),
where ;= [ up(2')da’.
Note that 372, Bruk(z’) =1 and 332, 87 = |o].
The solution of the problem (3.20)) has the form (see [57])
2m
w0 = o1 [ Gitt.r)s M (r)ar, (3.21)
0
where
6—/\k(t—7')
1 o2 0<7<t< 2,
Gk(taT) -
e~k (t—7+2m)
m, 0 < t < T g 2.
Indeed, if we substitute (3.21)) into (3.20)); we get
2m / 2m
( \ / Gi(t,m)s™) (T)dr> B / Giu(t,7)s™ (7)dr = Brs™ (1), ¢ € (0,27),
0 0
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—Agt AT

dividing the obtained expression by (i, separating e and e™*7 we get

t

ot eMT )\k T—2m) N) !
le k </1_62Mk d7-+/1_e 5o (T)dT)]

0

t
e Ak (t—7) k(t—7+2m)
()
+/\k< 1o dT+/ o (1)dr
0
t

B e AT )\k(‘r 27)
= —\e Akt(/ - —27r>\k (N) d7+/7—27r)\k (N)(T)d7'>
0

6—27r>\k

+ s () —

1 —e QTI')\k 1 _ 67271’)\,1C § )(t)

t
e~ Me(t—T) g (t—T+2m) N
+/\k< oo 8 dT+/ = sM(7)dr
0
- (N)( )7 (0727T)7

Moreover, since

2T A (0—7+2m7)
(&
’lU](cN) (0) = Bk’/ 1 —27 A\ (N)( )d'rv
0

and

k(2m—T)
27T Bk/ 1_ _27")% )(T)d'ra

we get that w,E;N) (0)= (N)(27r)

Substituting the expression (3.21]) into (3.18]) we obtain

N
VN )= B )M () dr ug, ().
k=1

O\w

Now the flux condition yields

F(t):/V(N)(:c',t)dx’:Zﬁk/Gk(t,T) () )dT/ (') da
o k=1 0 p
N 27
= ZB,%/Gk(t,T)S(N)(T)dT
k=1
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Thus for the function s) we derived Fredholm integral equation of the
first kind:

27TN

/Zﬁka (t,7)s™) (7)dr = F(t). (3.22)

It is well known (see, e.g., [45], [84]) that such equations, in general,
are ill-posed in L? setting. In order to regularize the equation (3.22)), we

consider the following Fredholm integral equation of the second kind:

27
/ B2Gy(t,7)s™) (r)dr = F (1), (3.23)
0 k=1

where later a will tend to 0, i.e., instead of the problem (3.19), (3.22)), we
study the regularized problem

/ V), (2!, yup(2)da! +v / YV (1) Vg (') da!

q

:S&N)(t)/uk(x’)dx', k=1,2,...,N,

g

(3.24)
VOSN)(x’ 0)= C51\0(:1:/,27r),

27rN

+/25£ka sV (r)dr = F (1),

where

N N
= Z wi™ (tyug (')

wka Bk/thT N)( )dT,

Lemma 3.4.1. Let F € L§(0,27T). Then the equation (3.23|) admits a unique
solution s € L§(0,27r).
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Proof. First we show that the equation ([3.23]) is well defined in the space
L3(0,27r). Obviously, if F' is periodic and sV is the solution of (3.23) , then

S&N) also is a periodic function. Assume that mean value F' = 0. Then
21
M+ / Z ﬂ,%sgv) / k(t,7)dtdT = 0. (3.25)
0
Since
2T 1 o -
/Gk(t,’r)dt: 1_6_27T>\k(/e—/\k(t—T)dt_‘_/e—)\k(t—'r+27r)dt>
0 Tt 2 0 t
2=24T 2=T
= v e~ Mk(t=7) 4 e AR(t=T+27) _ 1
)\k(l —6_27r)‘k) Y
=7 t1=0

2

the second term in (3.25)) is equal to Z 5V) and from (3.28) it follows
Ak

k=1
that

and thus, E&N) =0.

From this it follows that the mean value VOEN)(.’L'/ ) of Vi) («,t) also
vanishes: V4V )( "y =0.

It is well known that Fredholm integral equations of the second kind
satisfy the Fredholm alternative (e.g., [94]). So, it is enough to prove the
uniqueness of the solution to (3.23). Let F'(¢) = 0.

27 N
By construction, /ZBka (t,7)sM(1)dr = /VOSN) (2',t)dz’ and the
0 k=1 o
homogeneous equation (3.23]) gives

/chN)(x’,t)dx/ = —asM(t).

Multiplying (3.24); by w,ij\é) (t), summing by k from 1 to NV and integrat-
ing over the interval (0,2m) yields
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27 27
| [V v @ nadaery [ 1970 0P
07, 0o (3.26)

:/s /VOSN (2’ dedrdt——a/|s t)|2dt.
0 o

After integration with respect to t, taking into account the time-periodicity
of VAN (2/,t) and the fact that 1, (VA (2 #) M (2 $)da'dt
=3y ((VCSN))2)t($',t)dﬂc’ we obtain

//|VV (2',1)] dx/dt+a/|s t)[2dt = 0.

Thus, s&") (t) =0 for a.a. t € [0,27] and lemma is proved. O

3.5 A priori estimates of the Galerkin approxima-

tions

Let the pair (Vy (V) (2',t), (N)( t)) be a solution of the problem and
Uo(2') be the solution of problem (3.7).

Consider the integral [ Vi) (2',t)Up(2")da’. Since the mean value

v (z') =0, we have

2T 27
/ / VN (! ) U(a')da'dt = / Uo(x’)< / VLSN)(x’,t)dt>da:’:O.
0 o o 0

Therefore, by the Mean Value Theorem there exists ¢, = t.(c, N) such that
IV (N)( t«)Uo(2")dz’ = 0. The point t.(«, N) depends on o and N, but
in this section we denote it just ¢, in order to simplify the notation. By
periodicity we also have [ Vi) (@'t +2m)Up(2)da’ = 0.

Let f € L§(0,27r). For ¢ € [ts,t. + 27| define the notation

SH(t) =— tt*+27rf(7')d7'. Since the mean value of f vanishes, we have

* * asi()
Sf(t* +27) = Sf(t*) = 0. Moreover, a f().
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Lemma 3.5.1. The following estimate

tot2m ty42m

2
/ /]VOEN)(x',t)\de’dt—i— / /‘V'S"*/(N)(:U’,t)‘ da'dt
Ty o t« O
tx+2m w427 (327)
+ / ’S (N) | dr <c / ‘F(T)|2d7'
fa iy

holds with a constant c independent of o and N.

Proof. Define ’ylg\;) (t) = [Ft w,(;\;)( VA7, t <t < 27 +t,.. Multiplying
(3.24), by 7,&{\;) (t), summing the obtained relation from k=1 to k=N

and integrating them over the interval (t.,ts+ 27) we obtain

tet+27 tet+27
/ (VAN (2 1) / VN (2 7)drda’dt

«

ty o
tyw+2m tet2m

+v / /V'VOEN)(x',t) / V'V (&' 7)drda’dt (3.28)

ts o
ty+2m tw+2m

= / stV (1) / /VOSN)(J,‘/,T)dl’,det.

ty t g

Using the relation

N 2
/ VM@ e’ =S 87 / Gi(t, )5V (7)dr
g k=1 0

and ([3.24)5 we derive

/ V(o #)da! = F(t) — ast™(¢),

Therefore, (3.28) can be written as

te+2m te+2m
/V(N x't) / Va (2, 7)drdz’dt

tx O t

te 27 te+27
/ V'V (2 1) / V'V (2! 7)drda’dt (3.29)
t
te+27
_ / sg%) / (F(r) — as™ (r))drdt.
Ty t
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Then

tut+2m tu42m

/ s () / (F(r) = as™ (r))drdt

tx t

tet2m dS*(N) (t) te+2m
= / —Sa / (F(1)— asgN) (7))drdt
t

dt
t*
tx+2m txt2m
_ / S (D (1)t~ a / S0 (s (1)t
ty ° ta °
tut27m ) ts+2m ) dS:(N) (t) ts+2m )
- / S0 (F()dt —a / 8 (62— dt = / S (DF (1)L,
T Ts Tx

Calculating similarly two integrals J; and Js on the left hand side of
(13.29) we derive that

te+2m
Ji = / /|V§N)(x/,t)|2dx/dt, Ja=0.
te O

Hence the relation (3.29)) takes the form

te+2m tx+2m

/ / VN (! ) da’dt = / S (DF (D). (3.30)

ts o ts

Now multiply (3.24); by (t—t*)fy,g\;) (t), the sum from k=1 to k=N

and integrate over the interval (t.,t, + 2m):

tv+2m ty—42m

/ (t— ) (VIV), (o, 1) / VN (2! 7Y drdaldt
f:+27(:. te+2m
e / / (t—t)V' VIV (! 1) / VYV (! P)drda'dt (3.31)
[ o t
tet+2m tet+27m
_ / (t—t.)stM(¢) / (F(r) — as™ (r))drdt.
tx t
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Evaluating each of the three integrals in (3.31]) and having in mind that

mean values of participating functions are zero, we obtain

tu+2m tut2m
t— )V (@ 0)2da’dt + 2 V'S o (2, 1) 2’ dt
« 9 V( )

tx o ty o
tw—42m tet2m

* a *
_ / (t— ) (D F ()t — / 187 (1)t (3.32)
b tet+27m ts+2m b

- / S0 () / F(r)drdt.

@

[ t

From and it follows that
txt2m te+2m
[ [ npaac<e [ s @
b b (3.33)

and

tet2m
s [ 1Sy st

ty O
tx+2m tw42m

/ S0 () / F(r)drdt

@

te+2m
/ (= 1) (D F (1)1

ts

+

tot2m tx+2m
<e(dn?+1) / 187 (8) P / P (1)t (3.34)

tx tx
te+2m te42m

o0 / ] / F(T)dffdt

ta t
tw42m ty+2m

1
<(4772+1)<5 / 1870 (8) Pt + - / |F(t)|2dt>.
Ty tx

Let us estimate the integral ff*”” 15* ) (t)‘Zdt. Let Uy € W2(0) be

* Sa
a solution of the problem (3.7). Remind that the flux of Uy is nonzero,
ko = [, Up(2")dz’ > 0 (see ([B:8)). Since {uy(z')} is a basis in W2(0), Uy

can be expressed as a Fourier series in W12(o):

Uo(z') = apur(a’), ay € R
k=1
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Let us multiply the relations (3.24)), by a; and sum them over k. This

gives

/ (VI (26U (2)de’ + v / YV (& 1) - V'Uy(2')da’

o o (3.35)
M) / Up(a')dz’ = s (¢)ro

On the other hand, multiplying (3.7)) by VOSN) (2',t) and integrating by

parts in o we obtain

v / V'Uo(z')- V'V (o 1) da!

J (3.36)
_ /v<N> (2, t)da’ = F(t) — as™ ().

«

(e

Substituting (3.36)) into (3.35|) yields

[ VA0 (@ U (a)da” + F(0) - sl 1) = 5 (e

g
ie.,

(Ko +a)s4 =/ (z',)Uo(2")dz’ + F (t). (3.37)

[

Integrating (3.37) with respect to t from 7 to t. + 27 we obtain

te42m
(ro+a) [ V(0= ~(r0+a)S ) (7)
T ot (3.38)

- / VI (! 1)U (2 ) + / F(t)d.

T

Here we have used the choice of the point t,, that is
/ VO (2! 1)U (') da = / VI (!, 4 27) U (')’ = 0.
and hence,

tx+2m

/ / (VM) (&' 1) Up () da'dt = — / VO (! 7)o (') e

T (e
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From (3.38]) it follows that

ts+27
(Ko+a)? /| (N) |dT

te+2m te+2m , o427 2
<2 / </V(N) 2, 7)Up(x")dx > dr+2 / < F(t)dt) dr
t*+27r - t:+27r

<2 / / VN (! r)[2da! / Uo (') Pda’dr+2 / 1S5 (7)2dr

173
tut2m tut2m

<c [ [V@nPa [ [V Paaanse [ IsiPdr
12

tx o o

tye 27 te 27
<c< / /|V§N)(x/,7')|2dx'd7'+ / ]F(T)|2d7'>.

ts ta

Substituting (3.39)) into (3.33)) yields

ty+2m tx+2m tw—42m

/|VOSN)(x',t)|2dx'dt<cs / /|VOEN)(1:’,1€)|2dac'dt+cE /

ty O ty O Ty

and choosing ¢ sufficiently small we obtain

te+2m te+2m
/ /|V(§N)(:n’,t)|2dx’dt <ec / |F(t)[dt.
tx« O t

The estimates (3.40) and (3.39) give

ty42m tot2m
%00 (7)Pdr < c / |F(r)|dr.
Ts Tx

Finally from (3.34) and (3.41]) it follows that

tot2m 9 w27
/ /‘V’S;DEN) («/, )| da'dt < / |F(t)| dt.
ty o tx

The constants in (3.40)—(3.42)) are independent of o and N.
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3.6 Convergence of the Galerkin approximations.

Proof of Theorem[3.3.1]

Proof of the existence. The constructed approximate solutions
(VCSN)(x’ ,t),s((lN) (t)) satisfy the equalities (3.24),. Multiplying these re-
lations by arbitrary functions d(t) € L?p((),27r) such that d (t) € L§(0,27r),
summing over k from k=1 to k= M, M < N, integrating with respect to t
and then integrating by parts, we obtain the integral identity

2m
//VOSN) (' ) (2' 1)z’ dt
0 o

o / / V'S? o (@, t) - V(e £)da’dt (3.43)
0 o

/ (N) /77t o' t)da'dt

for test functions 1 having the form n(z’,t) Z di(t)ug(z

Recall that ( M (! 1), 80 (t)) obey the a priori estimate (3.27) with a

constant ¢ independent of o and N.
Since all functions in (3.27) are 2w-periodic, the inequality (3.27) is

equivalent to
2 2w 9
//|VOSN)(:L",t)|2d33'dt—|—//‘V'S;‘/{im (:E',t)’ da’dt
0o 0 o
2 2
+/|S:(N)(7')|2d7' < c/|F(T)]2d7'.
0 0

Let us fix N and choose a subsequences {a;} and {(VOEZN) (x’,t),sg]lv) (t)}
such that llim a; =0, {VOSZN)} converges weakly in L3(0,2m; L*(0)) to some
—00

(3.44)

v N, {S‘*/(N)} converges weakly in Lé(O,Qﬂ'; Wl’Q(U)) to Sy(v). Recall that
@y

for U € Lg(O,T; L?(0)), and Sy is the primitive of U. Moreover, {sgy)}
converges weakly in W’ 12(0,27) to s(N). The last convergence means that
2

lim [ 5% (%) / Sy (O (B)dt = (s ) v € WE2(0,27),

=00 Say
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where s(N) € Wp_l’g(O,Qw) and S v € L§(0,27r) is a primitive of s(V) in the

distributional sense.

Obviously, for the limit functions V) and S ), the estimate ([3.44)
remains valid with a constant ¢ independent of N. In (3.43) taking o = oy

and passing to the limit as a; — 0, we get

//V (2 ) (2!, t)da' dt

%w//VSwN@t)Vm@tMﬁ& (3.45)

—/SS(N) /ntx tdxdt

Let us show that V) (' #) satisfy the flux condition:

/V(N) (x',t)dx' = F(t) (346)
Integrating the equation (3.24), for v = oy from ¢ to 2 yields

21
m%w@+//%ﬁ@%ﬂﬁh:&@y (3.47)
Y

Obviously, the sequence { ( )= [ Ve (N) (', 7)da’ } is bounded in
L?(0,27). So we may assume, without loss of generality, that {cpl(N)} is

weakly convergent to ™) in L2(0,2n).

Then, the sequence of primitives SLP(N) (t)=-— fﬂ (N )( )dT = S, (t)
!
for all t € [0,27].

Hence HS%(N) —S,m HL2(0,27r)

From (3.47)) we have

—0asl— o0 (g —0).

||SSDZ(N) _SF||L2(0,277) = O‘lHszj;’) ||L2(0727r) <ecap—0 asl— oo.
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Therefore,
27 27
//V(N)(g;/’T)dajldT: /F(T)d’]’ for a.a. t €[0,27],
t o t

and differentiating this equality with respect to ¢ we get .

Now we choose a subsequence { (VM) (2/,), s(NVk) ()} such that {V (M)}
converges weakly in L§(0,27T;L2 (0)) to some V, {S,,(n,)} converges weakly
in L%(O,27T;Wl’2(0')) to Sy and {s("¥)} converges weakly in W 12(0,2n)

to s.

In (3.45) passing to the limit over the subsequence Ny — +o00, yields

2m 2m
//V(:c’,t)m(a:',t)dx'dt+V//V'Sv(az',t) Vin (2 t)da'dt
0 o 0o

. (3.48)
_ / Su(7) / m(@, t)da’dt

Exactly as above we can prove that V(z’,t) satisfies the flux condition
(3.14]). However, the integral identity (3.48) is proved, up to now, only for

test functions n which can be represented as the sums:
M
n(z',t) = Z dy (t)ug(x') with dy(t) € Lé(O, 2) such that dj (t) € L?(O, 2m).
k=1
After we have passed to the limit in (3.45) as N; — +o00, the subscript M

in these sums can be arbitrary large natural number. Such sums are dense in
the space V = {n: ne L2(0,2r; Wh2(a)), n € L7(0,2m;L%(0))}. This can be
proved exactly in the same way as it is done in the book [44] for the case of
an initial boundary value problem. Thus, they also are dense in the subspace
Vi={n:ne Lé(0,27r;ﬁ/1’2(cr)), N € L§(0,27T; W12(o))} €V and, therefore
(3-45) remains valid for Vi € V;. This proves that (V(2,¢), s(t)) satisfies the
integral identity and thus it is a weak solution of the problem (3.10)).
The estimate for (V(a/,t), s(t)) follows from the estimate for

the approximate solutions.
O
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Proof of the uniqueness. Assume that F'(t) =0. We have 7, €
L3(0,27r; Wh2(q)), consider

21
n(a’t) :/(Sv(IL‘/,T)—gv(IL‘/))dT

t
27 27 1 27 27
Z/(—/V(w’,u)dwf/ ', dudt
2770 J
t T

Obviously, 7 € V;. Putting this 7 into the integral identity (3.15)), we obtain

//V:/vt )(Sy(z',t) — Sy (') da’dt

v / / V'Sy (2/,8) - V' (Sy (2 1) — Sy (') da'dt (3.49)
0 21
_ / ) / (Sv (a',t) — Sy («)) da’dt.
0 o

Since

/V(x’,t) da’ = F(t) =0,

by Fubini’s theorem and the time-periodicity of the function V(2/,t), we

have

/(Sv(I/ t) — Sy (x /)>d$/:/(—7V($/ T)dT)dx/

o
21 21

///VwTdet
27r

21 21 21

/(/V(ZETd.’E dTJr—// /Vdeac det—

t

27

//V(m’,t)(SV(a:’,t)—SV( ))dx’dt_7$/|SV(1:’,t)|2dt

0 o
2

—f/ /SV 2’ t)Sy (z')dxdt = 0;

0
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2T
/ / V'Sy (2/,8) - V' (Sy (1) — Sy (') da'dt
0 o
27
- / / V' (S (2 t) — Sy (2'))|* da’dt

/ / V'S (2') - (Sy(a',t) — Sy (2')) da'dt

2m
://\V’(Sv(x',t)—§V(m’))|2dx’dt.
0 o

Therefore, from (3.49)) it follows that

2m
//|V’(Sv(x’,t) Sy () Pda’dt = 0.
0 o
Then V'(Sy(2',t) — Sy (2')) = 0 and, hence, Sy (z',t) — Sy (z) = m(t).
Integrating over o we get
2 2m

|o|m(t) //V:E 7)drda’ +f///V ' p)dpdrds’

21 21

:—/(/V(m 7)da’ dT+—// /v ' w)da’)dpdr =0,

Thus, Sy (2,t) = Sy (z'), and since Sy (2/,0) = Sy (2/,27) = 0, we con-
clude that Sy (2/,t) = 0 for a.a (2/,t) € o x [0,27], that is [*"V (2/,7)dT =0
for a.a. 2’ and ¢. This implies V(2/,t) = 0.

From the identity it follows that

2
/ S (1) / (@ D=0 Ve, (3.50)
0 o

In (3.50) we take n = b(t)Up(z'), where b € Wé’2(0,27r) is arbitrary and
Uo(2') is the solution of problem (3.7). Recall that [ Up(z')dz’ = ko # 0.
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Then (3.50) takes the form

27 27
/ S (t) / (@, £)dt = ko / Sy (B (1)t =0 vbe W22(0,27).
0 o 0

Thus, Ss(t) = const. Since Ss € L%(O,QTF), i.e., the mean value of Sq(t)
is equal to zero, we get that Ss(t) = 0. Therefore, the functional s = 0.
O
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Chapter 4

Poiseuille-Type Approximations for
Axisymmetric Flow in a Thin Tube with
Thin Stiff Elastic Wall

4.1 Introduction

The interaction between a fluid and an elastic wall arises in many real-life
applications like engineering and biology. The corresponding mathemati-
cal model is represented by the fluid—structure interaction (FSI) problem,
coupling two media with different, often highly contrasting physical char-
acteristics. The wall can be modeled either by a two dimensional shell or
by a three dimensional solid body; the stiffness of the wall is finite. The
stiffness of the wall as a large parameter was considered in [60], [6I] and
[62] by G. Panasenko, Y. Sirakov and R. Stavre, where the fluid—plate and
fluid—cylindric wall interactions were studied, and the wall was modeled by
a special boundary condition. In [49], [64], [65] by I. Malakhova-Ziablova, G.
Panasenko and R. Stavre the wall was modeled by the elasticity equation in
two or three dimensions as a thin plate or thin cylindric layer, but the fluid
domain was not thin. The asymptotic behavior of the solution when both
the thickness of the wall and the diameter of the pipe are small parameters,
and the wall has high stiffness, was first considered in [66] by G. Panasenko
and R. Stavre. Note that this setting is crucial for understanding an analog

of a Poiseuille flow in a tube with an elastic wall.
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The goal of this Chapter is to study FSI problem in a cylinder surrounded
by a stiff elastic wall. We take the model proposed by G. Panasenko and
R. Stavre in [65], [66] and we obtain from it a 4'* order simplified PDE
which depends only on one space variable and time and describes the fluid
flow in a pipe surrounded by an elastic wall as accurately as Navier—Stokes
model coupled with FSI. Subsequently, we make a comparative analysis of a
numerical solution (without swirlE[) to the full Navier-Stokes equations and
to the derived 4*" order simplified PDE in two geometries: a cylinder and a
Y-shaped network of cylinders. Remarkably, in the case when the difference
in prescribed velocities between inlet and outlet of the cylinder is small, the
solutions on cross sections of a cylinder obtained from the both approaches
do not show a significant difference. Notably, the solution of the 4** order

PDE demands less computational time, resulting in resource savings.

4.2 Problem formulation

Consider a fluid occupying the interior of a thin cylindrical tube with an
elastic wall (as shown in Figure . We define ¢; as the radius of the fluid
domain, € as the thickness of the elastic wall, the length of the tube equals
to one. The ratio between the radius of the fluid domain and the thickness
of the wall must be at least greater than 10, the ratio between the length of

the tube and the radius of the tube must be also at least greater than 10, i.e.
e<<er << 1. (4.1)
Let us denote the fluid domain by
CF = {(x1,29,23) e R?: 22 4+ 22 < &2, 23 € R},
and the domain of an elastic wall by
ce

£

= {(x1,29,23) €R3: &2 < x? + 23 < (61 +¢)% x3 €R}.

Supposing that the coupled problem is axisymmetric and denoting
r=/x?+ 23, we convert C/ into L/ and C¢ into L¢ in cylindrical coordinate

1. The idea is that this symmetry reduces the number of degrees of freedom in the
domain to two (the radial and the longitudial, but not the angular coordinate), so that

this approach simplifies computations
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Figure 4.1 — A thin tube with radius &1, covered by elastic wall of thickness €.

form:
Lf = {(z3,7) € R?: z3eR, re (0,e1)},

L¢={(z3,7) ER*: 23 € R, 7 € (61,61 +¢)}.

Let us denote by
F® = {(23,0) : w3 € R}

the axis of symmetry of the tube, by
e = {(x3,61) T3 € R}

the boundary of the fluid domain and the internal part of the elastic wall

(the coupling boundary), and by
Feite = {(1‘3,&?1 -1-6) T x3 € R}

the external boundary of the elastic wall.
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The characteristics of the elastic wall are represented by the variable
density pe = pe(€) depending on the radius of the tube and by the matrix-
valued coefficients flij = flij (€), 1,7 € {1,2,3} which depend on the Young’s
modulus E = E(¢) and on the Poisson’s ratio © = (), with & = r—gsl’

r € (e1,e1+¢). Since the density and the Young’s modulus characterizing

a solid phase (the elastic wall) may be very different from a material to
another, it is interesting to analyze the changes of the mathematical model
with respect to these physical characteristics. For this purpose, in [66] G.

Panasenko and R. Stavre introduced two additional parameters related to e:
wp, =€, wp=¢?, with o, €R (4.2)

and supposed that the density of the elastic tube is of order w, and its
Young’s modulus is of order wg, while the characteristic time, the dynamic
viscosity and the density of the fluid are supposed to be scaled so that they
are of order one. So, p. = wyp. and E= wpFE, with p. and E of order one.
With respect to the physical characteristics of the elastic wall, in [66] the

following assumptions were imposed:
w, <wp; €' <wp. (4.3)

Moreover, with respect to the magnitude of wg, in [66] the following
different cases were considered:

2

1) e Swp<<e™ 1_ ;
2) wp =¢ ter?
3)e ! lecwp<<e 513;
4) wp = _151_3;
o3
5) wg >>¢e el ”.

In most practical applications, the relation between the density of an
elastic wall and its Young’s modulus is w, << wpg. However, in order to

simplify the illustration, we start with the relation

Wp = WE; (4.4)
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and then, we pass to the case
wy << wWpg- (4.5)

Furthermore, in [66] G. Panasenko and R. Stavre showed that there is a

major difference between the cases and (| .

Consider the stiffness matrices flij having the elements flij = (df})lg k<3

which satisfy the relations

kl _ kl
j wEaZJ,

) 20
Kl
= (1 _2ﬁ5ik5jl+5ij5kl+5iléjk>7

Y5 T 91+ )

with the properties:

(1) a@l(g) - azl] (5) ”7?(5)7 Viajakvl € {1,2,3},V£ € [07 1]7
(i) 3 k>0 mdependent of ¢,e1 such that

3
S a @tk > 3" () VE € 0,11, = (esizs, with o=
i,5,k,l=1 Ji=1

The functions p., 7, F/ are supposed to be piecewise-smooth and p. satis-

fies the following condition

dm,, M, independent of ¢,e1,0<m, <M,, such that
my < pe(f) < Mpa V¢ e [071]'

(4.6)

So, the wall can be a natural laminate which is the case of blood
vessels. The characteristics of the viscous fluid, independent of €,¢1, are
the positive constants py and v representing its density and its dynamic

viscosity, respectively. They are supposed to be of order one.

In addition to the coeflicients p., E, 7 (for the elastic wall) and py,v (for
the viscous fluid), we also consider as data of the problem the forces g and
f which represent an external action on the elastic wall and on the fluid,
respectively. In the case of blood vessels, it corresponds to the action of the

surrounding tissues.
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The mathematical model of the periodic, axisymmetric, time dependent
interaction between an incompressible, Stokes fluid and a cylindrical, strat-
ified[l] tube with elastic wall uses the following notation and expressions
for:

— the linear elasticity operator

- 0 8U3 8’LL7~ 1
Lu-e3= 83:3(<A+2M)83:3+)\ ( 5 —i—rur>>

_|_2 <8u3+8ur> _|_E <8U3+6ur>
ar\F\or 0x3 r\or Ox3)’

0 Oous  Ou, 0 ous 1
Lu-e, = Ox3 (M< or +8x3)>+8r<>\ <8m3+rur>

ou,\ 2u (Ou, 1
+HA+2p) “>+“< - u)

or r \or r

— the divergence operator for a vector-valued function and a symmetric

tensor-valued function

. ous Ou, 1
diveu =G+ g TR
. [0S 10
lecS = (8333 + Tar(TSr?,)) €3
9S3 10 Soo
+(ax3 ﬂar(?""””)‘r)

— the gradient operator for a vector-valued function

Qug ) Jus
8.1?3 a’l“
1
vCu == O —Uyp O 5
r
ou, 0 ou,
0xs or
— the velocity strain tensor
De(w) = 5 (Veu+ (Vow)”)
C 2 C (&

1. The tube contains an elastic and fluid domains (see .
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Here (z3,7,0) are the cylindrical coordinates, e3 and e, are the unit
vectors of Oxs and Or axes, respectively, u represents a vector function, S

represents a tensorial axisymmetric function and

- ED B
T arn-20) "7 2110)

are Lamé parameters, F is Young modulus and 7 is Poisson ratio.

In cylindrical coordinates the velocity strain tensor can be expressed as

follows:
% 1 (8u3 L Our>
. O3 2\ Or  Ox3
D.(u) = 1 <au?,+ 8ur> ou, (4.7)
2\ 0r Ozs or

The mathematical model describing the fluid-elastic structure interaction

is given by (see [66]) :

2
wppe%tl; —wplu=¢"1g in LE x (0,T),
ov
— —2vdiv.D.(v)+Vp=f
1ot (V) +Vp in L' % (0,T),
div,v =0
vy =0 on F°x (0,T),
Ouz  Ou,
o o "
8u3 ou
1)— 1) +2u(1)) e1te
M1 Z2+ 1)+ 20(1) on B4 (0,7),
n A1) w =0
€1+e¢ (4.8)
—
- ot
v ((%3 + 81}7") =wpp(0) ((‘3U3 + 8u7°)
or  Ox3 or ~ Ox3 -
o, . Ous 0 on F& x (0,7,
_pi9 — et}
p2u 5t =wp(M0) 52+ (A0)
Ou,  A(0)
2 a. T Wr
#201(0)) 75 o+ )
u,v,p 1 — periodic in z3,
ou . .
u(0) = E(O) =0 in L¢,
v(0) =0 in L.
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Note that in the time interval (0,7") can be chosen arbitrarily,
independently of €,¢7.

In [66] G. Panasenko and R. Stavre constructed a complete asymptotic
expansion of the solution to (4.8]). Furthermore, the leading term of this
expansion was computed as some analogue of the Poiseuille flow for tubes
with elastic walls. In general, the classical Poiseuille flow is defined as a flow
with a given pressure drop at the ends of a tube. Since u,v,p are 1-periodic
in z3 the problem does not include such a case.

However, such a pressure drop can be constructed in a middle of a tube,
i.e. we can take two sufficiently close cross sections of a tube and consider
the difference of pressure on them as a pressure drop. Then the leading term
of the asymptotic expansion of the solution can be interpreted as a Poiseuille
type flow, the velocity of the fluid and the displacements of the walls are
expressed via three basic functions depending on the normal variable and

time only:

a) the scaled average velocity @, the averaged velocity is equal to 23Q;

b) the longitudinal displacement of the wall-fluid interface ws (w is the
displacement of the wall-fluid interface containing two components

w, and ws);
c¢) the leading term for the pressure g.

Moreover, in [66] G. Panasenko and R. Stavre derived the relation
between the leading term for pressure ¢ and the scaled average velocity @)

described by the equation

(fjg(:vg,t) 16vQ(s.t) = i, (4.9)

where f3 is a longitudial external force which represents action on a fluid.
So, it follows from (4.9)), that we can consider only two independent basic

functions ¢ and @ of the leading term in the asymptotic expansion.

Below the expressions obtained in [66] of the longitudial and radial
velocities of the fluid, pressure, longitudial and radial velocities of the elastic

wall are listed:
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2
U3($3,T, )_4E%< _82> Q(.’I)g,t)
1
2 2 2 3
w3 €1 T pr 0°ws 3
T3 (st —— - t t
o @ )+4< g§>< v o @Dt g e (s, )>’
2 2
3T rey 0Q r 0%ws
T s yt) = —¢&1— 2— =5 )— , 0) —&€1— ,
vp(x3,7,1) 3 €1< 5%)8:(:3 (z3,t) — &1 52, Di0zs (x3,1t)

3 2 3 4
ey r r pr 0°ws 0*ws
S [ Y I £)+ 2 (x3,t
16 €1 ( 5%) ( v 0t20x3 (w3, )+6t6x§ (w3, )>’
p(ws3,r,t) = q(z3,t),

t
_ 2
ws(az,r,t) = wa(az t) 4ot <8:1))/?9Q($3,9)d9
0

€

€1 6211)3 -1 / 1—-71
+2ax2(x3,t)> —Vwy €gq ( 0/ ) dr
+

9w (s t)> | (4.10)

- P A(7)
uT(l’g,T, t) = —€i) (1 —& 0/ £14eT )\(T) —I—QM(T) dT)

) Pl A7)
xo/(xg,ﬁ)dQ— <E21(1_€ 0/ €1+eT )\(T)+2N(T)dT)

Here, for the leading terms, we keep the same notation as for the exact

solution.
The radial displacement of the wall-fluid interface w, is approximately
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related with the third basic function w3 by equation

BQ 9 8w3
wr(xg,t) = —82%0 aim(x?”T)dT— 51873;3(:1:37t) (411)
or )
ow, 3 g1 0“ws
— g% - = . 4.12
gr ") = e @) = S ) (4.12)

For a continuous approximation of the velocity at the wall-fluid interface,

in [66] the following approximation of u, was derived:

_ & (_ps Ouws 0wy
ur($37t)_ 16( ) 8t8x3($3’t)+ 856% (1'372&) .

Relations (4.10)), (4.9) with basic functions @ and w3 can be used as
an ansatz in the frame of the method of asymptotic partial decomposition

of the domain (MAPDD) for the three-dimensional problem of the Stokes

or Navier—Stokes equations in a network of vessels with elastic walls (see
[49],[63]). This approach allows to reduce dimension to one in all cylindrical

parts of the network and reduces the computational costs.

4.3 The variational framework of the problem

In the first part of this section we define the functional spaces we are
dealing with. Since our functions are 1-periodic with respect to x3, we

consider the fluid motion in the 3D domain
QO = {(21,20,23) e R3: 22+ 22 < &2, 23 € (0,1)},
and the domain for the equation of the elastic wall is
Of = {(x1,72,23) ER?: e? <+ 23 < (e1+¢)% 23 €(0,1)}.

Since the coupled problem is axisymmetric and, as mentioned before
r = \/x?+23, we denote D/ which means the domain to ©/ in cylindrical
coordinates
DS ={(x3,r) eR?: 23 € (0,1),r € (0,e1)},

and D¢ which represents ()¢ in cylindrical coordinates

Dg ={(z3,7) € R?: z3¢€ (0,1),r € (e1,e1+¢)}.
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Furtermore, we denote the axis of symmetry of the tube by
1% = {(x3,0): x3 € (0,1)}.

The boundary of the fluid domain and the internal part of the elastic

wall we denote by
et = {(xg,é‘l) T3 € (0,1)},

and the external boundary of the elastic wall is
revte = {(z3,e1+¢) : 23 € (0,1)}.
In the fluid domain we consider the following function spaces

L*(DY)={4¢: D/ = R?: /r¢2(x3,r)dx3dr < o0},
Df
W2(Df) = {4 € LX(D) /r|Vci/)|2(x3,r)dx3dr < oo},
Df (4.13)
Wh(DF) = {4 e WD) :rp =0 on T},
W23(D7) = {yp e WH2(D7) /ryv |2 (23,7)dzsdr < oo},
Df

where
s \1 (0%0s\T s\ (0%, \ (9%,
2 2
Ved| _<3$§> +<ar2> T omor) Tz ) T\ o
0%, \° 1 [ (0s\2 (U2 L (O, 12
+2<8x38r> +r2<<8r) *2((%3) +3<a 1”’“) |

Since we deal with 1-periodic in x3 functions, we also need the definition

of corresponding spaces.

Let D(R') be a Hilbert space of functions defined on R'. By D,.,(R!)
we denote the subspace of 1—periodic with respect to z3 functions in D(R?).

Then we define Lebesgue and Sobolev spaces of 1-periodic functions in
the following way:

L3 (Df)={he L*(D7): h(x3) = h(x3+1) Va3 € R'}.

WL2(D))={h e W"2(DY): h(xz3) = h(z3+1) Yoz € R}

The space of the traces of functions from W2 (D/) is denoted by

per

w1/ 22(67Df ). If we are interested only in the properties of functions

per
on a subset I' C D7, we shall write Wéer1/2’2(F), for [ integer, [ > 1
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The space Wp_ey %2(T") represents the dual of the subspace of Wple/f 2(0D7)
which contains functions that vanish on 9D/ \T.

Denote also:

1
UR(DE) = {p € WD)+ [ or(an, s = 0},
0

1L.20pfy = L2nfy . di — _ 0
Vie2(DF) = {sp e W2(DY) 1 divep = 0, ¥, =0 on T}, (4.14)
. o). 0% 12 e
Hyer (D) ={p € WH(0, T3 Uy (D2)): 55 €L7(0, T3 Upey (D)},

HY (D))= {y e L*0,T;VL2(D')): aif e L2(0,T;V,.12(DH)L.

per y Vper s Vper

In order to define the space containing a function with the coupling
condition, we put for any ¢ defined on D{ and belonging to a certain

functional space H,
Vo={ypeV:ip=ponl} (4.15)

and then
SH:{(SOJJJ):SOGH:/‘#GVSO}‘ (416)

Note that the functions from H should have enough regularity for giving

sense to the trace of ¢ on I'°!.

Remark 4.3.1. In the axisymmetric case, we associate to any function
LT = R? or 4 L+ R? the function U0l =R or U Cf s RS,

respectively, such that

W(xy1,x9,23) is the 3D cartesian form of ¥ (xs,r)

(4.17)
for (x1,29,23) € Cf(or C), with \/z}+x3=r.
As in [66], we assume that
kl 00 -
) a’i'eL 0’1 77’7]’]{7l€ 17273 )

g e Wl2(0,T; L2, (D?)), f e Wh2(0,T; L2, (D')).

) per )y~ per

In the framework presented above, the variational formulation of system
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(4.8), proposed in [65] by G. Panasenko and R. Stavre, is given by

Find (u V) € HpUer X Hper, such that
d
Wy / 0" ot (ult). ) +py g [r(D)
Df
o / rDu(v(1)) : Do(th) = ! / re(t)- ¢
Df Dg

—i—/rf(t)-lp V(p,) € Sy, ae. in (0,7, (4.19)

Df
du 2 1/2,2
5=V in L2(0,T; W/ (<)),

Oou .
u(O) - E(O) =0 in Lzer(Da)7
v(0) =0 in L2,,.(D7),
where
B Oug Oz Ou, O,
ar(u,¢) = /r<'u(2<8x3 Oxs + or Or )
D (4.20)
8@03 6ur 8@3 89(%) Uy Py
— — 2—— Adiveoudive
+<8T+8x3)<0r+0x3 + )+ diveudivey

is the bilinear form associated to the elasticity operator L. The results

concerning the existence, the uniqueness and the regularity of the solution
of (4.19) are obtained in [65].
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4.4 Modified variational formulation for the nu-

merical setup

Now we will modify the boundary conditions at the ends of the tube.
Instead of the periodic solution with respect to the variable x3, we introduce
some given inflow and outflow supposing that the tube being clamped at
its ends. Namely, the periodic boundary conditions 10 are replaced by
given Poiseuille type velocities v, = ﬁ(zs% —12)gin(t),v3 =0 for 3 =0 and
Ur = 2(e3 —12)gout (t),v3 = 0 for z3 = 1 and by vanishing displacements u =0
for z3 =0 and x3 = 1. Here g;,, and g, are given differentiable functions.

The right-hand sides g and f are taken equal to zero. So, the problem takes

the form
2
wppeaaTl;waLu:O in LS x (0,T),
6
-, — 2vdi ctle +Vp=0
P~ 2AeDlV) VP in L' x (0,T),
div,v =0
v =0 on Fx (0,T),
Ous  Ou,
=3 -0
or + 8%3
A2 4 (A1) +20(1) 2 on &1 x (0,T),
Ox3 or
AL
+El(+)€ur =0
v ou (4.21)
ot
v (67}3 + avr) = wpp(0) <(9U3 + auT)
or Ox3 or o3 -
(%r 81},3 on F*©t x (OaT)v
o =) 52 +(0)
Ju, ~ A(0)
2 25
211(0)) 75 o+ )
Ur _ﬁ( 72)gin(t),v3=0,u=0 for z3 =0,
Ur _%(6%_74 )gout(t)avfizo,u:() for 17321,
u(0) = 20 =0 n I,
v(0)=0 in LS.

Respectively, the variational formulation is changed as follows:
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Find (u,v) € HY x HY, such that
1

- E(g% —72)gin(t),v3 =0,u =0 for x3 =0,
Uy = ﬁ(ef _T2)gout(t)7v3 = 0,11 =0 for T3 = 17 and
d odu(t)
wp& /T’pew : SO"‘wEaL(u(t)?(p)
De
d
tpr s [rv(0)p+20 [rDu(v(t) : D) =0
dt (4.22)
Df Df ’

a.e. in (0,7) V(p,%) € Sy,
such that |z,—0.1 =0,%|z5—01 =0,

%: =v in L2(0, T WH/22(0%)),
_Ou, 9 e

u(0) =—5-(0)=0 in L*(D¢),

v(0) =0 in L2(D').

Note, that the spaces HY and H" used in the (4.22)) are defined analo-

gously to (4.14) but without the periodicity condition and

Su={(e,¥): 0 HV, 9 €V, } (see (4.15) and (4.16)).
Integrating (4.22)4 with respect to ¢ over the interval [0;7] we get the

equivalent integral expression

Ur = ﬁ(&‘% T2)gin(t)7v3 = 0711 =0 for T3 = O,
“’”:ﬁ(g% 72)gout (t),v3 =0,u=0 for z3 =1, and
[ %) T
Wp TPe 12 -<pdt+/wEaL (u(t),p)dt
0 De
T

-I-/P / ¢dt+2/ /rD D.()dt =0 (4.23)

0
V(p,) € HY x HV such that ¢|z,—0.1 =0,
V| es—01 =0, and = in L2(0,T;W1/22(1e1)),

¢(0)=¢(T)=%(0)=%(T)=0 in L3(D5),

P(0)=4(T)=0 in L2(D7).
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Consider a set of test functions Sy = {(cp,'t,b) cpeHY 4 c VLP}. Since
in axisymmetric case u contains two components u3 and u,, ¢ contains two
components @3 and ¢,, v contains two components vs and v,, ¢ contains
two components 3 and ., by substituting and (4.20) into (4.23))4 we

obtain the following equation:

T
2us 9%u,
wp//Tpe t2 903—’_ (9752 @T)

T
Ous Ops  Ou, O,
—HUE//(Q'U (8x3 0x3 + or 8r)

0 De

(G ) (G ) w2

ol G ) e

+py / / al;" wr)

0 pf

T
—I—QV//r(aUS 8¢3+%(%+8W> (%+awr)

Ox3 0x3 or  0Oxs or  Ox3
0 Df
vy Oy o
+ or Or ) =0

Finally, we consider a projection of this variational formulation to the
"ansatz space" of test functions showed in with g given by with
arbitrary basic functions @) and ws from C§°([0,7] x [0,1]). We look for a
solution in the closure with respect to the norm HY x HY of the space of
functions having the form (4.10) with smooth base functions. Here 2£2Q) is
the average velocity, 27eQ is the flux.

In what follows we consider a simplified ansatz, assuming that w3z =0
and taking only a part of terms in . Namely, we consider the following

functions:
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et
r 2\ 0Q
T 77t __37 2— =)+ 7t7
orlanrt) = =1 - (2= ) g (et
t82
r—e1
ug(xz,r,t) =¢ 5 (5‘;’/&%% (x3,9)d9)
0
r—eq
F1—7
—8qu1551 / dr | Q(zs,1),
J ()
T—Eq (425)
[ 1 A(T)
r ,1t) = — i 1- / d
B R B LT

r—Eeq

¢ —
oQ 1 1—7
Xo/aa;g(x3’9)d9+wE € 0/ )\(T)—|—2u(7)dT

a3
X (21/5%32)(mg,t)+16y/Q(57t)ds> ,
0

where Q € L?(0,T;W%2(0,1)), Q¢ € L*(0,T;W?%2(0,1)) and
Qi € L2(0,T;W?2(0,1)). Further, we will replace the notation of the basic
function @ by the test function R.

Also, we assume that functions g;,, and g, satisfy the conditions (g, )7 =
(Gout)r = 0 and ([ gin ()47} = (JE gout (7)) = 0, where (7 = [T -dr.

We look for a solution with @ satisfying the relations (Q)r = (fy Q(7)dr)r =
0. The test functions are considered as well with R satisfying the same
relations: (R)r = (f¢ R(r)dr)7 = 0.

After substituting (4.25) in (4.24) and integrating by parts, we obtain
the following integro-differential equation:
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~ 84Q($37t) ~ 82Q($3,t) ~ 82Q<x37t) ~ 84Q($3,t)
Ot T2 pp T 8x§ T 20

2
+C5//a dd0+C//an3’ 49dr

z3 0 (426)
82
+C // d@d —i—CgQ(xg, +Cg//Q (s,t)dsdd

84@ 1'3, aQ(l‘g,t) A 03Q(:L‘3,t) _
+C10// d@d +C1176t +01278x§8t =0,

where

5 4 gE 2 1le+1 11
olz—wppeelw wg'e )2 o gellletiben) 11,

4 _
* wE“<A+2u T 2471

(V&)Elg€1)2€(11€+1661) 64, e( wyle )2V262e(115+ 16¢1)

Cy =64
27 D ppe 120 o) U 120

~ 1
C3 = prpe&‘? (((252 +4e1e +2¢2) In?(

E+eq
€1

)

E+¢ée
€1

+(—2e% —4ere — 2e7) In( )+€2+2€1€)(

2
)\+2,u)

ete 1)—1—25 +4e1¢)

+((—4e? —8e1e—4e2)In(< - T

+2e2 + 4516>

-1 -1
vwy ee1y2e(1le+16¢eq) Wy €\2 9 4e+4e1
—64wE(2u—|—)\)( . ) 120 —4wE(2u—|—)\)(7)\+2M) VeI on
1 —1
Wi €\2 o 9e(1le+16e1) 2
+64wE,u()\+2M) ve] 120 +w (2,u+)\)()\ 2 ) Vet ((4e1e +2¢%)

x1In(eq +¢) — 32+ (—4eyIn(eq) — 261)e — 2e3In(e1))

vwplee) wpte (45 75—1—1561)7(” )\( wg'e >2 9 4 6

16wp\ - -
Hlowe A2u \15 60 Ntou) VT

—1
5 wp e 2 g(11e + 16¢1)
Co=—twope (35, ) Vel =155

wg'e )2]/2 e(1le +16¢eq)

05 = 7256pre<>\+2'u 120 ’
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~ e3(3e +4e
Cs =wp(2u+ )\)5(15u

12 ’
5 Ae1 \2. e4e 6/1, 3,e+el A
C’7—wE(2u+)\)()\+2u) In(— )+wE(2u+>\)51<§ln (T)(
+erl A eter 26 e+e. 1 e+er
C 2L 1 - L (] ~ In?
n( €1 ))\+2p+n( €1 )) wE)\+2,u(n( €1 ) n( €1 ))\+2u
2§ eter, 1. 5ete, A
_ ] _ Zp2(erEt
wE)\+2u< n( €1 ) o ( €1 ))\+2u)’

-1 -1
wole (2 e+ 4de vwp ee1\2e+4e
08 = —64WE(2/.L+)\)<)\_’E_2'U/) V2€% : —|—640)E,U( E/_L 1) 12¢ 1

wg'e )2]/2 e(11le + 16¢;)

2
+ 56“’E“<A+2u 120

—1
£1\2
F16wp(2u+\) (A”f Zu) V22672 ((4ee +26%) In(ey +¢) — 362

+(—4e11n(ey) — 261)e — 2e3In(eq)) — 16wE>\(:}f ;u) V2e?

nglesl wEls (45 Te+15eq

8wpA =
+owE At 2u\15 60

) +16ve,

-1

~ W €\2 €—|—4€1
= —64wp(2u+\) (£ 2

Cy 64wr (21 + )()\+2M> v 3z

-1
W E\2
+64wp(2u+ ) <)\fi2u) 1272 ((de1e +2¢7) In(ey + &) — 32
1

B B o2 B wg €12 2
+(—4e1n(er) —2e1)e — 2e71In(er)) 64wE/\<)\+2M) Vo

2
- 1
Cro = —wppuel (ee1+ %) - §wE,u5?(((252 +4515+25%)1n(

e1+¢
)

€1
eter
€1

—e? — 2¢¢7)

1
— 22 — 4551) — sz/,LE? (((252 +4e1e +2¢2) In?(

)

2
) + ((—4e® — 8e1e

A
A2
(2% —4e1e — 2¢9) ln(6 e

A
2
2 -
o )+e+ €1€)<)\+2M
e+er 2 A 9 le?
2 4 2 4 Ao———
- )+2e%+ €1€)>\+2M+ e“+ 615)+wE 20t 20

- )—e¢ 2516))\+2M 25),

—4e%) In(

612 2
— 4+ —wpA\ 2e“ —2¢7)1
SR SWE 51(((5 e1)In (

+wg
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11
24

Further we consider a shorter approximation of the solution:

~ ] ~
Cn = gpf5?7 Cra = —pyel.

U3($3>Tt 461( % $37 )
€1
(s, t) =~ (2= ) 2L (4
x3,1,t) = —¢ — x
35 161 8% O T3 3,b)
1_ 4.27
s, 1) = S / L rar | @tas 20
p(7)
0
e
1—7 2 0Q
up(z3,7,t) = 2wptev /)\ T 2u(r) T 6137%‘3@3’2&)'

We assume that Lamé parameters g and A are constant, so from (|4.27)

we obtain the following expressions:

37

wnlag,rt) == 2 (2-5) F )

2

v3(z3,r,t) =47 (1 2 Q(zs,t),

€1

2
€1 %

(4.28)

Svwilee) ;r—ep  (r—ep)?
U3(ZE3,T,t> - - 2 ( c - 252 ) Q(x?)at)v
Qwilter ;r—e (r—61)2
up(23,7,t) = )\f2,u ( - 922 )E%Q(ﬂj‘g,t).

By substituting (4.28]) into the following integral identity obtained dif-
ferentiating (4.24]) with respect to ¢:

d Ous ou, Ous Ops  Ou, Oy,
. e T 2 a. a
w”dtD/Tp (Geos+ “’)J“”ED/( W<ax3 x5 | Or o)

duz  Ou,\ (Dps  Dpr
(G + ) (o + )
GG e
+pfcclit/’r (U3T/}3 +vr¢r)
Df
8 oY 0 Ovy\ (O3 O\ Ovy, Oy
+2/ (o gt 5 (e o) (Gt o)+ e ) =0
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we obtain the 4" order differential equation describing the elastic wall
Poiseuille equation (EWPE):

0%Q(3,1) 9'Q(xs,t) 9Q(x3,1) 9°Q(w3,t)
C ’ C : C ’ C ’
Tz T Tazar T T ot T oo (w0
o* 't o2 , '
+C5 Q(af’ )+C6 Qs >+C7Q($37 t)=0,
Ox5 Ox3
where
o - 8w, pe wy?e2ed(16e1 + 11e) Oy  wpperPwyeted(16e; + 11e)
' 15, P 30(A+2p)2 ’
8ppel 11pgel ul/ 20213 (1661 + 11¢) 1168
Cs = Cy=— Cs = 2
AT 94 70 300\ + 2p0)2 TR
S8(A+2u)Pwileded (1661 +11e)  2\2wpcle(4er +¢)
Cﬁ = —WEg +
15u2 3(A+2p)?
2
+()\— 2u)v2el ((4e1e +2e3) In(eg +¢) —3e2 — (In(e 1) 4+ 261)e —ln(sfgl))
wie(A+2pu)?
— 4 2w tede? (1561 + Te) N 3202w eded
15M<)\+2M) 15p(A42p)

+ +
(A+2p)? 15#()\ +2p) 154(A +2p)

—2urwiede? (1561 + Te) 19¢9 49
—92 2
e 154 g T30

Mlwiiete? 202wl (1661 4 11¢) >+ —2uwiede? (151 + Te)
WE

161wy ?ele(4e) +¢)

4
3.2 +2v8¢e7.

C7 =wg

4.5 Numerical scheme for the EWPE

In this section, we describe the scheme from doctoral dissertation [87] by
V. Sumskas for numerical solution to the following boundary value problem
for the elastic wall Poiseuille equation (EWPE) (4.30)):
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9%Q(x3,t) 0*Q(x3,t) 0Q(x3,t) O*Q(xs,t)

@ o +O2 0301 O O 0
0*Q(x3,t 0°Q(x3,t

+Cs 8(;‘%3 ) +C% 8(55 ) +C7Q(x3,t) =0,
Q(0,t) = gin(t), Q(1,1) = gour(t), (4.31)
0Q(0,t) _ 9Q(L,t) _

8%3 B 8.%3 7
Qas,0) = 2900

Let us approximate the derivatives in (4.31)) numerically using the finite
difference method. See Figure below for a simplified visualisation of the

proposed numerical approximation of these terms (x3 is denoted by x).

Q tt Quatt Q t Q xxt Q TTTT Quz Q
! D O

@ O—2—D OO n® O
©

Figure 4.2 — A schematic visualisation of numerical approximation of terms involved in (|4.31)),
here the numbers inside circles correspond to the weights of coefficients of numerical points
for approximations of differential terms. Vertical direction corresponds stepping in time, while

horizontal direction corresponds stepping in space

A uniform numerical grid is used, as no localized effects are of interest
here and thus there is no need to thicken the mesh at some places. Let us
denote by Q7 the numerical solution to (4.31) at (x;,t,) = (ih,n7), here h

and 7 are step sizes in space and time, respectively, with
i=0,...,Np, h=L/Np,
n=0,...,N, 7=T/N,,

where L is the length of spatial domain and T is the length of time interval.
The computational molecule applied at numerical mesh interior point Q7 is
depicted in Figure
For simplicity, the following notations will be used in this section:

Cl 02 03 04
:7’ m :77 m :77 m :77

720 2T g2 T T YT R2r
G5 G
- ﬁ? me = ﬁ'}

m1

mr = 07.
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Qn+1 4

Q n—11

X

.

Qi,Q Clgi;l Qll Céi+1 Qi+2 -

Figure 4.3 — A computational molecule (stencil).

Now, let us find the coefficients of each point of the computational molecule:

?:1 M2+ My;
Q?H ©omy — 2meo +ms3 — 2my;
QMY 1 ma+my;

2 M

Tt —2mg—myg —4ms 4+ me;
QY o =2mq +4mg —m3+2my + 6my — 2meg +my;
Q1 ¢ —2mg—my—4ms+me;
Q?-&-? o ns;
QI 1 mo;
Q?il : o mq — 2mo;

;’»:__11 LMo,

As there are three points in the unknown time layer Q"*!, at each
time step the solution is implemented implicitly using the classical Thomas
algorithm for tridiagonal matrices.

Note that in general, the expected accuracy of this scheme is O(h% +7),
as forward differences are used to approximate derivatives of first order in
time, while the second and fourth order derivatives are approximated using
central differences.

Using the classical stability analysis, it is easy to show that for the
practical problems of our interest, the numerical stability Courant-Friedrichs-
Lewy (CFL) condition 7 < ch? holds with some constant ¢ that depends on

the parameters of the model.
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We seek the scaled average velocity @ in m/s inside a small elastic tube
or capillary with the Young modulus E = 10° Pa, the Poisson ratio # = 0.35,
the length of the tube 1073 m, the radius 5-107° m, the thickness e =2-107°
m and the dynamic viscosity of blood v =4-1073 Pa-s, the following set of

constants C; was obtained:
Cp =9.2287-10738, Cy = —2.0734-10742, C5 = 4.1667-1072,
Cy=—1.7904-10%, C5 = 7.1615-10%, Cs = —6.2500-1072, C7 = 4.000-10~%.

To test the accuracy of the constructed solver, let us define the error in
the maximum norm by e, also the experimental convergence rates in space

and time by e, and e;:

e(h,7) = max ‘U;,\[ —U(x™,T)

e(2h,7')> ’

, en(h) = log, ( c7)

o) (<2

Here U(2™,T) is a benchmark solution, which is computed using very
small step sizes. The results of experimental convergence tests are presented
in Table 4.1. Here the functions g, (t) = 0.005sin(2t), gour = 0.001e! were
used and the problem was solved for T'=1. Table 4.1 shows that the

experimental convergence rate agrees well with the theoretical estimate.

h e(h,T) en(h) T e(h,7)  er(7)

1-1074 3.1982-1076%  2.0019 5-107° 1.1683-107'° 1.0203
5-107° 7.9850-1077 1.9957  2.5-107° 5.7601-10~' 1.0409
2.5-107°  2.0022-1077 1.9984 1.25-107° 2.7996-10"'' 1.0900
1.25-107° 5.0111-107% 2.0105 6.25-107% 1.3152-10~'' 0.9782

Table 4.1 — Errors and experimental convergence rates for sequences of step sizes in space (left)
and time (right). The results confirm experimentally that the order of accuracy of the numerical
scheme is O(h? + 7).

The first order derivatives in the numerical implementation of boundary

and initial conditions respectively are approximated in the following form:

1_0o1 no__on
Qi) = L0106 and Q) = P o)

For additional details on stability, accuracy and numerical tests, please
refer to [87].
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4.6 Numerical comparison of the approximate 1D

model and the full-dimension problem

In the present section, we compare the numerical solutions of two prob-
lems: the full dimension Navier—Stokes equations with the fluid-structure
interaction (FSI) conditions for the tubes with an elastic wall and the EWPE

approximation.

Solution in a single vessel

We consider two types of inflow/outflow boundary conditions: first,
9in(t) = gout (t); second, with gout(t) = gin(t +06) and compare the solutions
in the middle point of the tube.

0.006 0.006
0.005 0.005
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Time, s Time, s

(a) (b)

Figure 4.4 — (a) the average velocity computed by EWPE (the 4¢" order PDE ([&.31)) )in time, (b)
the average solution (velocity) of the full Navier—Stokes model. In both cases, gin = 0.005sin(2t),
gout = 0.005sin(2¢ +0.02) and the solution was taken in the middle cross section of the tube.
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Figure 4.5 — (a) the average velocity according to the EWPE approximation in time, (b) the average
velocity of the full Navier—Stokes model. In both cases, gi, = 0.005sin(2t), gout = 0.005sin(2¢t+0.1)
and the solution was taken in the middle cross section of the tube. Note that here we purposely

simulate a case of large displacement of the wall, to explore the limitations of the ansatz.
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For § =0 and § = 0.1 the difference between the solutions is less than
10 percent. When § increases (§ = 0.2, 6 = 0.25), the difference is more
significant. It can be explained by important variations of the cross section

(more than two times).

Solution in a Y-shaped network of vessels
Next, we compare solutions acquired by and the full Navier—Stokes
in a Y-shaped network (see Figure , where the inflow is on the left and
two outflows are on the right. The corresponding boundary conditions are
gin = 0.005sin(2t) and gou: = 0.0025sin(2t +0.02) for each of the two outlets
to the right, while the Young modulus is E = 10% Pa for the tube-shaped
blood vessel wall and E = 10'° Pa for the sphere-shaped connection of three
tubes, the Poisson ratio # = 0.35, the length of each of the three tubes
102 m, the radius 10 m, the wall thickness ¢ = 10~* m and the dynamic
viscosity of blood v =4-1073 Pa-s. The large Young’s modulus of the wall
in the bifurcation zone simulates the no-slip boundary condition there. It
corresponds to the experimental observations that near the bifurcations the
vessels become much stiffer than the "tube" walls.
The EWPE approximation used the following junction conditions at the
bifurcation node (see Figure [4.6)):
1) the flux 47e}Q coming from the left tube is equal to the sum of the
fluxes going out into the right tubes (this condition corresponds to a
stiffer bifurcation zone of vessels),

2) the first derivatives 29 = 0 for all tubes at the bifurcation node.

Oxs
Q _

3) the second derivatives 5% = 0 at the bifurcation node for the tubes
3

on the right.

Qutlet

Inlet
Bifurcation node

Outlet

Figure 4.6 — The scheme of Y-shaped bifurcation model.
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Figure 4.7 — The geometry of Y-shaped bifurcation model.

Figures [4.8] and [4.9] display the graphs of averaged velocity in midpoints
of left and right vessels, respectively, up to T=10.
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Figure 4.8 — (a) the average velocity by the EWPE approximation (4.31) in time, (b) the
average velocity of the full Navier-Stokes model. In both cases, gin = 0.005sin(2t), gout =
0.0025sin(2t +0.02) and the solution was taken in the middle cross section of the left tube.
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Figure 4.9 — (a) the average velocity by the EWPE approximation(4.31) in time, (b) the average
velocity of the full Navier—Stokes model. In both cases, gin = 0.005sin(2t), gout = 0.0025sin(2t +

0.02), and the solution was taken in the middle cross section of either of the right tubes.

The inflows and outflows conserving the flux as well as without flux
conservation are tested. The obtained results show a good approximation
for the fluid-structure interaction model in the case of small displacements

of the wall and modest Reynold’s numbers.
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Chapter 5

Efficient Computation of Blood Velocity in
the Left Atrial Appendage: A Practical

Perspective

5.1 Introduction

Circulatory diseases are the leading causes of death in the world (see
[98]). These diseases are mostly related to the thrombus formation in
various parts of the circulatory system (see [98]). One of the most dangerous
scenarios is thrombogenesis at the left atrial appendage (LAA) of the heart
during the atrial fibrillation (AF). The choice of the treatment strategy
needs the detailed patient-specific information on the blood circulation in
LAA. The information obtained by the clinical investigations of a patient
by Magnetic Resonance Imaging (MRI), Computed Tomography (CT) or
Electrocardiogram (ECG) technique is not complete, that is why the modern
clinical practice uses some scores (see for example Table 5.1).

Such scores are not too reliable. That is why actually mathematical
modeling becomes an important tool to get much more precise information
on the blood flow in patient-specific LAA and to evaluate the thrombogenesis
risk. Two main directions are developed in this context: the first one is
the direct computer simulations of the blood flow in patient-specific LAA
with detection of stagnation zones as the probable places of thrombogenesis;
while the second one is related to the detailed mathematical modeling of
the coagulation process (coagulation cascade of reactions) combined with
the hemodynamics (see [5], [13], [25], [26], [41], [48], [81], [89], [90], [91],
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CHA3;DS5—VASc Score

C Congestive Heart Failure 1 point
H Hypertension 1 point
A, Age > 75 years 2 points
D Diabetes 1 point
So Stroke 2 points
A% Vascular disease 1 point
A Age > 65 years 1 point
Sc Sex category, female 1 point

Table 5.1 — CHA2DS>—VASc (or CHADS3) score system. Maximum total score = 10 points.
Anticoagulation Recommendations: Score = 0 no therapy. Score > 1 oral anticoagulation (see
52]).

[92], [93], [100], [I02]). The second direction allows to understand the
physiological mechanism of thrombogenesis but it needs the characterization
of multiple parameters regarding the reaction kinetics which is difficult to
obtain in clinical practice; also the models are sensitive to uncertainties
in these parameters. The main challenges in the first direction (see [12],
[34], [42], [51], [95], [97]) are: fluid dynamics simulations in patient-specific
(not idealized) complex geometry, which is in reality time dependent due to
the heart-wall motion. Thus, in recent paper [97] by D. Vella et al. LA is
modelled by a very simplified geometry, in [I2] by G.M. Bosi et al. the flow
in LA with rigid (not moving) wall is simulated.

In this Chapter we introduce a fluid-structure interaction (FSI) model
of the blood flow in the LA and provide two patient-specific studies of the
stagnation zones. One of the patients had a stroke and the second had
not. We will also discuss the challenges of the FSI simulations, such as
convergence of the numerical process. The research starts from CT imaging,
segmentation, cleaning (noise reduction), and subsequent domain generation.
The obtained domain is then employed to solve the Navier—Stokes equations
within the LA, accounting for the elastic behavior of the LA wall. By
applying the FSI model we compute the velocity and the pressure in the
LA, and in particular, in the LAA. The contraction of the LA is simulated

by the application of the outer pressure. The model was validated for the
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contraction force by controlling the 20 % decreasing of the volume of the
LA, for the inflow-outflow boundary conditions by comparing the computed
velocity with the measured by Doppler technique velocity at some points in

LA (note that measurement of the velocity inside the LAA is very difficult).

5.2 LAA classification and Thrombogenesis

The human heart comprises four chambers: the LA, Left Ventricle,
Right Atrium, and Right Ventricle (see Figure . LA is equipped with
an appendage known as the LAA. In case of AF the probability of thrombi
formation in LAA increases, leading to a heightened risk of cardioembolic

events.

Superior
caval vein

Figure 5.1 — In this specimen, the epicardium has been removed to show the spatial relationship of
the cardiac structures in relation to the LAA. The left atrium is located superiorly and posteriorly
to the right atrium. Note the close relationship of the anterior wall of the left atrium to the
ascending Aorta, and the LAA with the right ventricle outflow tract (see [35]).

The length of the LAA is on average 45 mm long, with a range from
27 to 60 mm. The types of LAA in [23] by L. Di Biase et al. are clas-
sified into the following geometries: "chicken wing" (48% of population),
"windsock"(19% of population), "cauliflower"' (3% of population), and "cactus"
(30% of population).

During normal sinus rhythm (when a person is healthy), the risk of a

thrombus formation is very low (see [43]), but during AF the blood flow
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velocity, which results from a combination of LAA contraction and filling, is
much lower when compared to the sinus rhythm.

Blood flow velocities below 37 cm/s are linked to an elevated risk of
a thrombus formation (see [47]). Moreover, in [II] by J. L. Blackshear et
al. a comprehensive analysis was done by reviewing twenty-three distinct
studies where we can see that among the 3,504 patients with AF due
to rheumatic causes, 13% (446 patients) confirmed a thrombus in LAA.
Similarly, among the 1,288 patients with non-rheumatic AF, 17% (222
patients) had documented a thrombus in LAA.

The likelihood of experiencing a stroke or transient ischemic attack during
AF depends on the geometry of the LAA. In [85] by J. M. Smit et al., the
following data is shown: the incidence of stroke ar transient ischemic attack
varies according to different LAA geometries, with the highest rates observed
in patients with a cactus-shaped LAA (19%), followed by cauliflower-shaped
(8%), windsock-shaped (7%), and chicken wing-shaped (6%) LAAs.

5.3 The Development of the Model

5.3.1 Imaging. Cleaning. Making Geometry

The imaging process involved a chest Computed Tomography (CT) scans
which come in Digital Imaging and Communications in Medicine (DICOM)
format files. One such file consists of a set of images with headers. In the
case of a CT scan of the heart, the file includes images of about 500 slices of
the human chest. Figure shows one of the slices of a CT scan opened
in 3D-Slicer software, used for visualizing and processing 3D images. The
images, viewed in three planes (the axial, sagittal and coronal) were manually
segmented to separate the left side of the heart from surrounding tissues.
3D-Slicer produced a primary geometry of the left side of the heart with a
rough surface and parts of veins that were unnecessary for the calculations,
and therefore removed. The resulting .stl file was edited using Meshlab,
a software for processing 3D triangular meshes. The rough surface of the
primary geometry would have up to 300 000 triangular elements. To simplify
the process of editing the geometry, the number of mesh elements was

reduced to 30 000 elements.
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Figure 5.2 — CT of a human chest area

SolidWorks2022 was then used to edit the .ply file. This software is used
to design, analyse and visualize models of solid objects. The left ventricle
and parts of the pulmonary veins that extended the most were removed,
and mesh errors (such as inverted mesh elements and very fine elements
pointing outwards) were avoided. The surface was smoothened so that the
model would upload to COMSOL and the calculations would converge, but

the geometry remained as close to the original left atrium as possible (see
Figure [5.3)).
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Figure 5.3 — Left Atrium (LA) containing Left Atrial Appendage (LAA): Computation geometry

on the left hand side and computation mesh on the right hand side.

5.3.2 Formulation of the problem

The model considers the four pulmonary veins as inlets and the mitral
valve as the outlet. The whole interior part of the LA is considered as a
fluid domain G (see Figure [5.3)). We use the FSI model. The boundary of

domain G is presented as a union of three parts: the lateral wall of the LA
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(fluid-structure interface), denoted as I'y, four cross sections 751),...,754) of

the pulmonary veins (we denote I'y = U;l:l’yéi) ), and the mitral zone cross
section I's. (see Figure The wall is considered as a thin elastic layer
(shell) denoted G4, where d is a thickness of the shell. At rest it occupies
the space between surfaces I'y and I'y 4 at the distance d from I'1 in the
direction of the outer normal vector. The lateral boundary of the wall
0G4\(I'1UT'y g) is perpendicular to I'y and consists of five components. Four
of them correspond to the cross sections of the vein walls and are denoted
752, ...,752. The fifth corresponds to I'3 and is denoted 73 4.

The elastic wall moves and so I'; also moves. The fluid motion equations
are set in the time dependent domain G! between the current in time position
of the wall, I's and I'3. The current position of the wall is characterized
by the unknown displacement vector u(z,t), where z € G4, so that the
moving part of the boundary is I'} = {x +u(x,t) : x € ['1}. The equations

determining displacements u(z,t) in the elastic wall are defined further.

O] @ 3)
2

v
. /;‘TAF 4

I3

Figure 5.4 — Four pulmonary veins (inlets), mitral valve (outlet) domains and boundaries of

geometry: a) Fluid domain; b) Solid domain.

The blood flow in the LA (domain G?) is described by the Navier—Stokes

equations

pyvi—pfAv+p(v-V)v+Vp =

0,
5.1
divv = 0, (5-1)

where v is the blood velocity, p is the pressure function, py > 0 is the density
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of the blood, and py > 0 is the constant dynamic viscosity of the blood, with

the initial condition

v(z,0) =0, (5.2)

and boundary or interface conditions on I'1, I's, and I's, which will be
described below.

On I's the inflow boundary conditions are introduced as the given velocity

v(z,t)|r, = g(x,1), (5.3)
(i)

where on each component 7, ’ of I'y function g is defined as follows.
Let Z1,Z2 be the local in-plane coordinates of fyéi), let vp;(Z1,Z2,t),q(t)
be the solution of the inverse heat problem set on yéi) % (0,400):
Ovp;
ot

Py (Z1,%2,t) — ppAvp;(T1,22,t) = q(t),

VPl = 0, vpili=o =0,

(@)

/ UP,j(jlai'z,t)di'lde = d(¢) mes 7y
(%)

gpb)

with ®(¢) standing for the total inlet flux (see [76], [74]).

>j_ymes 5

The tangential components of g are equal to zero, while the normal

component g, (Z1,%2,t) on 'yéi) is defined as

n(Z1,%2,t) = vp,(Z1,T2,t).

Such structure of the inflow velocity corresponds to the non-stationary
Poiseuille flow corresponding to the given flux depending on time. It cor-
responds to the flow in an infinite tube with cross section 'yéi). So, these
inflows approximate the blood comming to the inlets through some cylin-
ders modeling the pulmonary veins. In this case the average velocity (flux
divided by the cross section area) is the same for all four inlet cross sec-

tions and is equal to F(t) introduced by the graph at Figure Here
F(t) = ®()(S )=y mes 75) 7"
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Figure 5.5 — Inlet average velocity F'(t): a) Atrial fibrillation; b) Sinus rhythm.

On I's the outflow boundary conditions are introduced as follows

v-(x,t)|ry =0, p(z,t)|r; =0. (5.4)

Here v, is the tangential velocity at the boundary. The boundary
condition p(z,t)|r, = 0 follows from a more general condition that the normal

component of the normal stress is equal to zero:

(—pI+Mf(VV+(VV)T)n) ‘n=0.

Taking into account the equation divv =0 and condition v, = 0 we derive
that p=0on I's.

The part 'y of the boundary 9G is the interface between the fluid and
the elastic solid. The wall corresponding myocardium is described by the
non-linear elasticity equations for the unknown displacement u(z,t) where
r € Gy:

2u
p@(x,t) —V-(JoF T =, (5.5)
where p > 0 is the density of the wall material, F = [ + Vu is the deformation
gradient, JoF~T is the 1% Piola-Kirchhoff stress, J = det F' is the Jacobian
determinant, o;; is the stress tensor satisfying the linear Hooke’s law (see
[68]):
3

05 = A Z 5kk5ij + 2,u€ij, (5.6)
k=1

where A\ and 1 are the Lamé parameters, d;; is the Kronecker’s delta:
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0 if i#j

1 if i=j,

ij =

while

1 /0u; | Ouy 3 Ouy, Ouy,
fij = 5(81‘] * 8%1 +k§1 82@ 87%)

is the strain tensor. In the linear theory it is linearized as

1 8ul au]'
€ij == ,
" 2 (81“] + 8931)
Note that the Lamé constants can be expressed via the Young modulus

E and the Poisson ratio v, £ >0, —1<v<1/2:

Ev E
S a0 -w) P (57)
This system of equations necessitates two initial conditions for u:
ou
u(z,0) =0, E(m,O) =0, z€Gy, (5.8)
boundary conditions on 0G4\(I't UT'; 4) (clamped ends):
u(z,t) =0, € dG\(I'TUT'1 ), (5.9)

boundary condition on I'; 4 (applied pressure pyan(t) simulating the contrac-
tions of the wall displayed in Figure |5.6)):

(JoF ' = —pean(t)n, ze€Tyyq, (5.10)

and finally the junction conditions on the moving interface I'y: the continuity

of the velocity at the moving interface

v(:n—l—u(:n,t),t):%—l;(x,t), x eIy, (5.11)
and the continuity of the stresses:
—(JoF ) 'n= (—pI + s (Vv+(Vv)T))n, z €Ty, (5.12)

u is an outer normal for G. As before we can replace the right-hand side of

this condition by —pn.
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Figure 5.6 — Pressure load pwa1i(t) on the shell: a) Atrial fibrillation; b) Sinus rhythm.

The parameters of the model are taken as follows: d =2.5-1073 m,
pr=p=1050 kg/m3, pus=3.5-10"3 Pa-s, v = 0.47, E belongs to the
interval [4-10% 8-10%] Pa. We considered the Young modulus depending on

time, following the contraction pressure pyan(t) graph:

E(t) =4-10* +pwall(t> (8 -10° —4- 104)/max Dwall,

i.e. strengthening when the heart wall muscles contract.

5.3.3 Uflyand—Mindlin shell approximation

To solve this problem numerically we used the COMSOL software.
The thin layer G4 was approximated by the Uflyand—Mindlin shell model.
According to the Uflyand—Mindlin shell theory the displacement vector u is

supposed to have the following form:

u(fl,jg,i’g,t) = 77(33175%” +‘7~:3C('i17j27t)7 (513)

where Z1 and Zo are the in-plane local coordinates of the shell, 3 €
[—d/2,d/2] is the normal coordinate, equal to zero on the mid-surface I'y 49
(at the distance d/2 from I'y and from I'y 4, see Figure , n(Z1,Z2,t) is
the displacement vector of the mid-surface of the shell and {(Z1,%2,t) is
the angular displacement of shell normal (¢-n =0). Further, for the shell
equations theory I'; 45 is replaced (approximated) by I';.
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Figure 5.7 — Local coordinates for shell

The first condition at the interface is the continuity of the velocity on
moving boundary:
on

V($+’r](a~31,f2,t),t):a(fl,fg,t). (5,14)

The second condition relates the unknown functions n, ¢ and the pressure
p by the system of equations of motion of the shell. This system consists of
two equations corresponding to the second order time derivatives of 1,¢ in
the left-hand side. To get these equations at some point Z of the interface I'y
let us expand the expression V- ((JoF~1)T) with u(#1,Zs,#3,t) replaced
by the sum according to the first order Taylor’s formula with respect

to the normal variable Z3:

V- ((JoF™1)T) = ®[n,¢|(31,72,t) + 2381, ¢] (F1, %2, t) + o(F3),

where ®[n, (], ¥[n, (] are expressions containing functions 1, and their
space derivatives of order one and two. Then the second condition has the

following form:

Pn o _
Pat;? (x17x2at) = q)[naC](xlvxZat)+d 1(*pwall+p)na
(5.15)
¢, . L
Ioatg ($17$27t) = ‘I'[’Oad(ffbiﬂ%t)-

The second equation here corresponds to the momentum balance.

The initial conditions for the shell are:
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0
7](.%1,[%2,0) :07 ai?t’](-%lai‘%o):ov C(.’Z’l,i‘Q,O):O,
oc (5.16)

f(.i'l,i'g,()) =0, Z1,22€T].

ot

The boundary conditions for the shell are chosen as follows:

N(Z1,T2,1) =0, C(Z1,22,t) =0, Z1,Z2€ 0 (5.17)

N(Z1,T2,1) =0, Mpn(ZT1,%2,t) =0, My (T1,22,t) =0, Z1,%2 €0, (5.18)

where M, is the normal moment at the boundary of I's, while 7 is
the tangential direction (for example, if x; is the normal direction, then

Mi1(Z1,22,t) =0, Ma1(Z1,%2,t) = 0).
/2

Here the moments are defined as M = / i3 JoF~Tdis (the leading

—d/2
part of the Taylor’s expansion).

Note that using the ALE technique with moving mesh the computed in
time dependent domain G velocity v and pressure p can be presented in
the points of the reference domain G, so that, for example, v(z,t), z € G* is
presented in the points (#,t¢), where z — & = u(Z,t) the displacement of the
point Z.

The direct COMSOL computations of this model often demonstrate bad
convergence. It is explained as follows. COMSOL uses the implicit numerical
schemes, and for each time step it needs to solve a big algebraic nonlinear
system of equations. The solver is based on Newton’s method which is very
sensitive to the choice of the initial approximation. That is why we solve
the FSI problem in two steps: first we solve the Navier—Stokes equations
with non-moving wall, i.e. in the domain G with initial condition ([5.2))
and boundary conditions on I'y and on I's, while the boundary

conditions on I'; are replaced by
v=0, x€Tl}y.

Then at the second step the FSI problem is solved using the initial
approximations from the first step. This approach improves the convergence

of the solver.
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5.4 Results

We possess data concerning two distinct patients diagnosed an AF: we
denote these as PATIENT A (with "chicken wing" geometry), who had a
stroke, and PATIENT B (with "windsock" geometry), who has not got a
stroke. After the stroke PATTENT A recovered to sinus rhythm and then the

blood flow velocity through mitral valve was measured by Doppler technique

(see Figure [5.8).

W1y T

Dit;-. IJ\ m.... l‘\ .Cd;....w '~....m.
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Figure 5.8 — Blood flow through mitral valve during sinus rhythm (PATIENT A specific data)

We utilize this graph to prescribe the average velocity F'(t) in boundary
condition (see Figure 5.5/ b))

Given the inherent limitations in capturing in vivo blood velocity mea-
surements within LAA, we are able to compute the magnitude of blood
velocity within this area. We validate our simulations comparing the com-
puted normal velocity at the inlet point of the LAA, known as the ostium,

with the measured one.
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Figure 5.9 — At the higher picture the measured normal blood velocity at the ostium of LAA of
PATIENT A is presented, on the lower one the computed normal blood velocity at the ostium of
LAA of PATIENT A is shown.

Figure [5.9 shows the similar order of the normal velocity at the ostium
of LAA (AF case), i.e. Doppler measurements are compared to the computer

simulations.
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Figure 5.10 — Blood flow velocity magnitude of PATIENT’ s A ostium of the LAA during AF
with Hard Wall on the left hand side and with FSI on the right hand side.
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Figure 5.11 — Blood flow velocity magnitude of PATIENT’ s A center of the LAA during AF with
Hard Wall on the left hand side and with FSI on the right hand side.
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Figure 5.12 — Blood flow velocity magnitude of PATIENT’ s A lateral part of the LAA during AF
with Hard Wall on the left hand side and with FSI on the right hand side.
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Figure 5.13 — Blood flow velocity magnitude of PATIENT’ s A ostium of the LAA during sinus
rhythm with Hard Wall on the left hand side and with FSI on the right hand side.
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Figure 5.14 — Blood flow velocity magnitude of PATIENT’ s A center of the LAA during sinus
rhythm with Hard Wall on the left hand side and with FSI on the right hand side.
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Figure 5.15 — Blood flow velocity magnitude of PATIENT’ s A lateral part of the LAA during
sinus rhythm with Hard Wall on the left hand side and with FSI on the right hand side.
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Figure 5.16 — Blood flow velocity magnitude of PATIENT’ s B ostium of the LAA during AF
with Hard Wall on the left hand side and with FSI on the right hand side.
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Figure 5.17 — Blood flow velocity magnitude of PATIENT’ s B center of the LAA during AF with
Hard Wall on the left hand side and with FSI on the right hand side.
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Figure 5.18 — Blood flow velocity magnitude of PATIENT’ s B lateral part of the LAA during AF
with Hard Wall on the left hand side and with FSI on the right hand side.
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Figure 5.19 — Blood flow velocity magnitude of PATIENT’ s B ostium of the LAA during sinus
rhythm with Hard Wall on the left hand side and with FSI on the right hand side.
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Figure 5.20 — Blood flow velocity magnitude of PATIENT’ s B center of the LAA during sinus
rhythm with Hard Wall on the left hand side and with FSI on the right hand side.
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Figure 5.21 — Blood flow velocity magnitude of PATIENT’ s B lateral part of the LAA during
sinus rhythm with Hard Wall on the left hand side and with FSI on the right hand side.

For each of two patients we fix three points in the LAA: one at the inlet
to the LAA (ostium), one in the middle of the LAA (center) and one near
the wall (lateral). Figures|5.10] [5.11} [5.12] present the results of computer
simulations (velocity magnitude) for the LAA of PATIENT A in case of AF
with a rigid (not moving) wall on the left and with FSI (moving wall) on the
right. Figures [5.13], [5.14] [5.15] present analogous simulations for the LAA of
the PATIENT A in the case of sinus thythm. Figures [5.16] [5.17], [5.18| show
the graphs of the velocity magnitude for the LAA of PATIENT B in case of
AF, and, finally, Figures [5.19] [5.20] [5.21] present the velocity magnitude for
the LAA of PATIENT B in case of sinus rhythm. All upmentioned pictures
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show the satisfactory stabilization of the velocity to a periodic regime after
three heartbeats. These pictures show that in the case of PATIENT A (the
one with a stroke) the magnitude order is similar for the rigid wall and FSI
computations in the case of AF, but differs significantly for the sinus rhythm,
while for the PATIENT B (the one without a stroke) the magnitude order
is the same in both AF and sinus rhythm cases. It shows that probably
the mobility of the wall is more important for the geometry of LAA of the
PATIENT A (who had a stroke) than for the geometry of the PATIENT B
(who had not). Thus, hypothetically one can use the comparison of the rigid
wall and FSI simulations for AF and sinus rhythm cases to evaluate the type
of geometry with a higher risk of stroke. Another guess can be done for
the case of AF simulations: the magnitudes of the velocity in the LAA are
similar for the rigid wall computations and for the FSI model. Note that the
rigid wall simulations are much simpler and less time-consumable than FSI.

As we can see on Figure PATIENT A had in LAA velocity magni-
tude which is obviously lower than PATIENT’ s B. So, the lower velocity
magnitude corresponds to the higher risk of thrombi formation. Notice, that
PATIENT A has "chicken wing" LAA geometry (which according to [85] is at
the lowest risk of stroke), while PATIENT B has "windsock" LAA geometry.
It shows that the prediction of the stroke via the simulations of the blood
flow in the LA may be more realistic than the statistical evaluation based

on the classification of the geometry of the LAA.

| f‘
1K

Figure 5.22 — Computed blood flow velocity magnitude (m/s) in the LAA during AF: Patient A
on the left, Patient B on the right (deep blue color corresponds to a lower velocity magnitude,

while light blue corresponds to a higher velocity.
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Since we notice that PATIENT A has got lower blood flow velocity
magnitude in the LAA, we choose several points and we compute maximal

blood flow velocity magnitude in these points as shown on Figure [5.23]

Point  Velocity magnitude, m/s

Py 0.0631
P 0.0534
Py 0.0478
Py 0.0508
Ps 0.0423
Ps 0.0389
Pr 0.0293
Py 0.0321
Py 0.0336
Pio 0.0585

Figure 5.23 — Computed blood flow velocity magnitude (m/s) in several points of the PATIENT’s
A LAA during AF.

In comparison with the center of the LAA (point Pjp) we can see, that
in the points F;, ¢ = 6,...,9 the computed blood flow velocity magnitude is
lower, so near these points could be stagnation zones where thrombogenesis

occurs.
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Chapter 6

Conclusions

For the accurate study and understanding of the hemodynamics several

aims were solved:

L

II.

The existence and uniqueness of the solution of time-periodic Navier—
Stokes problem in an infinite cylinder with a prescribed flow rate
F(t) € L*(0,T) under minimal regularity of data was proved.

The FSI model was reduced into a 4** order simplified PDE. Compu-
tation of blood flow velocity in a single vessel considered as cylinder
and a Y-shaped network of vessels considered as connected cylinders
utilizing both approaches: the FSI model containing numerical solu-
tion of non-stacionary Navier—Stokes equations with a moving wall
and the derived less time consumable 4" order PDE showed results

with no significant difference.

ITI. An FSI model of the blood flow in patient-specific LA is introduced.

The simulations including the imaging, segmentation, cleaning (noise
reduction), domain generation and FSI computational fluid dynamics
within patient-specific LA are provided. The computed blood flow
velocity in the developed model is compared with the obtained one
by Doppler measurements at the ostium of the LAA. The correlation
of the presence of stagnation zones in LAA with the stroke risk
is studied. The COMSOL simulations of the FSI model are quite
challenging and often the direct application of the code leads to
the fail of the convergence. It is pointed out that the two-step
computations (rigid wall at the first step, and FSI at the second step)

improves the convergence of the latter code.
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Summary (Santrauka)

Navjeé ir Stokso lygciu sistema (pavadinta K. Navjé ir G. Stokso vardais),

aprasanti klampaus nespudaus skyscio tekéjima, uzrasoma taip:

put—pAu+pu-Vju+Vp = pf,
divu = 0,
diau=u(z,t) = (ui(x,t),...,uy(x,t)) ir p=p(z,t) — atitinkamai skyscio
greicio vektorius ir slegis, f = f(x,t) = (fi(x,1),..., fu(x,t)) — skysti veikia-
néios iSorinés jégos vektorius, x = (z1,...,2,) — erdvés kintamieji, ¢ — laikas,
p — skyséio tankis, y — dinaminé skyséio klampa.
Laikydami, kad p = %, laiko atzvilgiu periodini Navjé ir Stokso uzdavini

srityje € uzrasykime tokiu budu:

u—vAu+(u-Vju+Vp = f

divu = 0,
u’@Q = Oa
u(z,0) = u(z,T), 0<T < o0,

dlav= % — kinematiné skyscio klampa.

Niutoninio skyscio tekéjimas, aprasomas Navjé ir Stokso lygtimis begali-
niame cilindre su pastoviu skerspjuviu, yra vienas is pagrindiniy ir labiausiai
nagrinéjamu hidrodinamikos uzdaviniy. Vienas is svarbiausiyu yra vadina-
masis Puazeilio tekéjimas. Kaip zinoma, Sis tekéjimas apibudinamas greicio
vektoriaus lauku, turinc¢iu tik vieng nenuline komponente, nukreipta isilgai
vamzdzio asies ir priklausancia tik nuo skerspjuvio taskuy koordinadiu ir
daznai nuo laiko. Atitinkamas slégis yra aprasomas (nenuliniu) asiniu gradi-
entu dar vadinamu slégio nuolydziu, kuris priklauso tik nuo laiko. Puazeilio
tekéjima galima aprasyti dviem budais: arba nurodant slégio nuolydi, arba

srautg. Antruoju atveju daznai neturima duomenuy apibréztu glodziosiomis
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funkcijomis, todél svarbu iSnagrinéti nestacionaryji Puazeilio tipo sprendini
turint minimaly duomeny reguliarumg. Sioje disertacijoje mes jirodome
periodinio laiko atzvilgiu Navjé ir Stokso uzdavinio sprendinio egzistavima
ir vienati esant minimaliai reguliariam srautui.

Be to, hemodinamikoje skyscio tekéjimo sritis (pvz. arterijos lumenas)
buna apsupta elastinga sienele (pvz. arterijos tunica). Tuomet nagrinéjamas
FSI (angl. Fluid Structure Interaction) uzdavinys (zr. pvz. [54]), kai skystis
saveikauja su sienele. Sioje disertacijoje i§ FSI modelio [66] pasiiilyto G.
Panasenko ir R. Stavre iSvedama ketvirtosios eilés supaprastinta diferencia-
liné lygtis dalinémis iSvestinémis priklausanti tik nuo laiko ir vieno erdvés
kintamojo ir aprasanti skyscio tekéjima cilindre su elastinga sienele. Toliau
atliekamas palyginimas tarp apskaiciuoty is iSvestos lygties ir pilnojo Navjé
ir Stokso (su FSI) modelio vidutiniu grei¢iy dviejose geometrijose: vamzdyje
ir Y-formos cilindry tinkle.

Galiausiai, panaudojus pilnaji FSI modeli su Navjé ir Stokso lygciu
sistema apskai¢iuojamas kraujo tekéjimo greitis zmogaus Sirdies kairiojo
priesirdzio apendikse. Manoma, kad mazesnis kraujo tekéjimo greitis Sioje
srityje skatina trombu susidaryma (zr. [47]). Taigi, Sioje disertacijoje
sukuriamas modelis, leidziantis apskaiciuoti konkretaus paciento kraujo
tekéjimo greiti bet kuriame kairiojo priesirdzio apendikso taske, tokiu butu

aptinkant stagnacijos zonas.

Tyrimo objektas

Sioje disertacijoje nagrinéjami trys uzdaviniai: irodomi laiko atzvilgiu
periodinio Puazeilio tipo Navjé ir Stokso lygciu sistemos sprendinio su
minimalaus reguliarumo srautu egzistavimas ir vienatis, atliekama Puazeilio
tipo sprendinio aproksimacija tekant skysciui vamzdyje su elastinga sienele,
bei sukonstruojamas modelis, leidziantis apskaic¢iuoti kraujo tekéjimo greiti

zmogaus Sirdies kairiojo priesirdzio apendikse.

Mokslinés problemos istorija ir aktualumas

Kaip minéta, Puazeilio tekéjima galima aprasyti dviem budais: arba

nurodant slégio nuolydi, arba srauta. Antruoju atveju, kai yra uzduodamas
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skysCio srautas, uzdavinys gali buti interpretuojamas kaip atvirkstinis uzda-
vinys. Pavyzdziui, 2005 metais G. P. Galdi ir A. M. Robertson nagrinéjo
periodini laiko atzvilgiu Navjé ir Stokso skyscio tekéjima uzdaro begalinio
cilindro skerspjuvyje ir irodé sprendinio egzistavima ir vienati (zr. [29]).
Cia srautas buvo apibréztas salyga F(t) € W2(0;27). Tadiau, Zinoma, kad
Navjeé ir Stokso lygéiu sistemos taikymuose srautas ne visada apibréziamas
glodziosiomis funkcijomis, todél K. Pileckas ir R. Ciegis 2020 metais irodé
Puazeilio tipo sprendinio egzistavima ir vienat], kai srautas priklauso tik
L?(0,T) (zr. [80]). Sioje disertacijoje pastarasis rezultatas praple¢iamas, t.y.
mes jrodome Puazeilio tipo sprendinio egzistavima ir vienati periodiniu laiko
atzvilgiu atveju toje pacioje funkciju klaséje, kaip nagrinéta [80]. Nauja
tendencija sprendziant tokius uzdavinius yra susijusi su hibridiniy matmenuy
modeliy kurimu, derinant vienmacius modelius iprastose srities vietose (pa-
vyzdziui, tiesiose kraujagyslése) su trimaciais priartinimais isskirtinio elgesio
srities zonose (pavyzdziui, kraujagysliu iSsiSakojimuose, kresuliy susidarymo
vietose). Vienmaciams uzdaviniams yra svarbus Puazeilio sprendiniai, o
trimaciai uzdaviniai modeliuojami Navjé ir Stokso lygtimis. Sis skirtingy
matmeny derinimo metodas leidzia gauti grieztai pagristus is dalies supa-
prastintus modelius, islaikant labai auksta aproksimacijos tiksluma. Be
to, tokiems hibridiniy matmeny modeliams reikalingi reikSmingai mazesni
skaic¢iavimo istekliai.

Siuolaikiniame pasaulyje matematinis modeliavimas vis daugiau naudo-
jamas fiziologijoje ir medicinoje, padédamas pasirinkti optimalia gydymo
strategija. Svarbi matematinio modeliavimo dalis susijusi su saveikos tarp
skyscio ir standZios struktiiros, dar vadinamo FSI. Sioje disertacijoje nag-
rinéjamas 2019-2020 metais pasiulytas G. Panasenko ir R. Stavre modelis [65]
ir [66], ir i$ jo iSvedama ketvirtosios eilés diferencialiné lygtis dalinémis isves-
tinémis aprasanti skysc¢io tekéjimg vamzdziu su elastinga sienele. Pastarosios
lygties skaitiniam sprendimui sudaroma neisreikstiné baigtiniy skirtumuy
schema (panaudota V. Sumsko disertacijoje [87]). Tuomet atlickamas gauto
sprendinio palyginimas su pilnu Navjé ir Stokso lygéiy sistemos modeliu
dviejose geometrijose: cilindre ir triju cilindry Y-formos tinkle su juda-
ncia sienele. Svarbu, kad iSvestajai ketvirtosios eilés diferencialinei lygciai

dalinémis iSvestinémis reikalingi zymiai mazesni skai¢iavimo resursai, nei
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pilnajam Navjé ir Stokso medeliui.

Saveikos tarp skyscio ir standzios strukturos uzdavinius galima spresti
sudétingesnése, nei cilindras arba ju tinklas, geometrijose. Sioje disertacijoje
nagrinéjamas skysc¢io (musy atveju kraujo) tekéjimas zmogaus Sirdies kairia-
jame priesirdyje. Santariskiy kliniky medikai teigia, kad esant priesirdziyu
virpéjimui, mazesnis kraujo tekéjimo greitis kairiojo priesirdzio apendikse
didina trombo susidarymo jame tikimybe (tai patvirtina daug Saltiniy, pvz.
[47]). Be to, M. Garcia-Villalba ir kt. tvirtina, kad stagnacijos zony nusta-
tymui kairiojo priesirdzio apendikse gali buti skaic¢iuojama kraujo tekéjimo
kinetiné energija (zr. [34]), kuri, kaip zZinia, priklauso nuo skyscio tekéjimo
grei¢io kvadrato. Be to, [12], [42], [51], [95], [97] kraujo tekéjimo kairiajame
priesirdyje skaiciavimai atliekami esant kietajai (nejudanciai) sienelei. D.
Vella ir kt. modelyje kairiojo priesirdzio geometrija supaprastina (zr. [97]),
[12] skaic¢iavimai stabilizuojasi tik po 10 Sirdies cikly, o [34] - netgi po 20.
Sioje disertacijoje sukurtas modelis itraukia Navjé ir Stokso lygéiu sistemos
bei kevalo (angl. Shell) teorijos lygciu taikyma hemodinamikos modeliavime,
o sienelé juda, kas labiau atitinka tikrove bei skaic¢iavimai stabilizuojasi po
3 sirdies cikly. Gaunamas dvieju pacienty kraujo tekéjimo greitis ju kairojo
priesirdzio apendikse esant priesirdziu virpéjimui. Pasirodo, kad paciento,
kurj istiko insultas, kraujo tekéjimo greitis kairiojo priesirdzio apendikse

buvo mazesnis, negu kito paciento, kurio insultas neistiko.

Disertacijos tikslai

Sioje disertacijoje nagrinéjami keli reikalingi hemodinamikos taikymuose

uzdaviniai, ir kiekvienam is ju keliami skirtingi tikslai:

I. Irodyti laiko atzvilgiu periodinio Navjé ir Stokso uzdavinio sprendinio
egzistavima ir vienati begaliniame cilindre, kai uzduotas srautas
F(t) € L*(0,T) esant minimaliam duomeny reguliarumui.

II. Supaprastinti saveikos tarp skyscio ir standzios strukturos (FSI)
modeli iki ketvirtosios eilés diferencialinés lygties dalinémis isves-
tinémis. ApskaiCiuoti kraujo tekéjimo greiti cilindre ir Y-formos
cilindry tinkle dviem budais: taikant FSI modeli sudaryta is skaiti-
nio Navjé ir Stokso uzdavinio sprendimo su elastinga sienele ir taikant

iSvesta ketvirtosios eilés diferencialing lygti dalinémis iSvestinémis;
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palyginti gautus rezultatus tarpusavyje.
III. Trecioji tikslu dalis susijusi su modeliu, skirtu kraujo tekéjimo

grei¢iui zmogaus Sirdies kairiajame priesirdyje, apskaiciuoti:

a) Darbas su grafika, skai¢iavimo srities konstravimas ir krastiniy
salygu formulavimas.

b) Kraujo tekéjimo kairiajame priesirdyje modelio sudarymas.

¢) Kraujo tekéjimo grei¢io apskai¢iavimas kairiojo priesirdzio apen-
dikse.

Disertacijos struktura ir apimtis

Disertacija prasideda nuo ivado (1 skyrius) ir pagrindiniy zyméjimu (2
skyrius).

Treciajame skyriuje nagrinéjamas periodinis laiko atzvilgiu Puazeilio
tipo Navjeé ir Stokso lygc¢iu sprendinys su minimalaus reguliarumo srautu,
irodomas sprendinio egzistavimas ir vienatis.

Ketvirtajame skyriuje atliekama Puazeilio tipo sprendinio aproksimacija
tekant skysciui vamzdyje su elastinga sienele.

Penktajame skyriuje taikydami Navjé ir Stokso lygciu ir kevalo sgveikos
modeli mes patikriname Siag mediky hipoteze: mazas kraujo tekéjimo greitis
kairiojo priesirdzio apendikse didina trombo susidarymo tikimybe.

Paskutiniai skyriai — tai iSvados, literaturos sarasas ir santrauka.

Disertacijoje gauty rezultaty apzvalga

Laiko atzvilgiu periodinis Puazeilio tipo sprendinys su mini-

malaus reguliarumo srautu

Puazeilio srautas begaliniame tiesiajame cilindre IT = {x = (2/,z,) €
R": 2/ €0 CR" !, —00 < 1, <00,n=2,3} su pastoviu skerspjuviu o buvo
atrastas J. L. Puazeilio 1841 metais (zr. [72], [§], [46]). Puazeilio srautas
aprasomas skyscio greicio lauku, turin¢iu tik viena nelygia nuliui komponente
U(z'), kurios kryptis sutampa su cilindro IT asimi x,,, o slégis p = p(x,,) yra
tiesinis. Mes nagrinéjame periodinj laiko atzvilgiu Navjé ir Stokso uzdavini,

aprasanti klampaus nespudaus skyscio tekéjima aukséiau aprasytame
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cilindre II:

u; —vAu+(u-V)u+Vp = 0, (z,t) €Ilx(0,2n),
divua = 0, (z,t)ellx(0,27),
@O elx©2m).
Ulprx(02r) = O,
u(z,0) = wu(z,2mn),
¢ia u yra skyscio greitis, p — slégi aprasanti funkcija ir v > 0 pastovi skyscio
kinematiné klampa.
Ieskosime ([S.1]) sprendinio u tenkinané¢io papildoma uzduoto srauto F'(t)
salyga:
/un(agt) dz' = F (1),

g
¢ia F(0) = F(2r). Nemazindami bendrumo, galime laikyti, kad periodas
lygus 2.
Uzdavinio (S.1)) sprendinys (u(z,t),p(x,t)) uzrasomas pavidalu

u(z,t) =(0,...,0,U,(2',1)), p(x,t) = —q(t)xn +po(t), (S.2)

¢ia po(t) — laisvai pasirenkama funkcija. [rase i gausime tokji
uzdavinj skerspjuvyje o:
U(2!,t) —vA'U (2, t) = q(t), ©.3)
U,t)|,, =0, U(,0)=U(a',2m),
¢ia U(2',t) = U, (2/,t) ir q(t) yra nezinomos funkcijos, A’ yra Laplaso opera-
torius pagal 2’. Netiesinio nario nelieka dél Puazeilio srauto (Zr. [S.2)).

Kaip zinia, Puazeilio srautas gali buti apibréztas vieninteliu budu uzduo-
dant slégio gradienta ¢(t) arba srauta F(t). Pirmu atveju uzdavinys su-
paprastinamas iki standartinés periodinés laiko atzvilgiu Silumos laidumo
lygties su nezinomu grei¢iu U = U(2/,t) ir laiko atzvilgiu periodiniu ¢(t).
Sio tipo uzdaviniai placiai isnagrinéti [44]. Taciau, praktiniuose taikymuose
slégis nezinomas, o turime tik skyscio tekéjimo srauta. Tokiu atveju, turime

nagrinéti Puazeilio srauta su uzduotu F(t):

/ U t)de = F(t), F(0)=F(2n). (5.4)

Tuomet uzdavinio (S.3)), (S.4) sprendinys — tai funkciju (U(2/,t),q(t))

pora, kuriai galime suformuluoti sudétingesni atvirksting parabolini uzdavini:
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duotajam F(t) apskaicivoti funkcijy (U(x',t),q(t)) porg issprendus (S.3)) su
U(a',t) tenkinanciu srauto sqlyga (S.4).

Taigi, antru atveju sarysis tarp ¢(t) ir F'(t) priklauso nuo atvirkstinio
uzdavinio sprendinio (stacionariuoju atveju srautas F' ir slégio gradientas
q proporcingi, taigi uzdavinys yra trivialus). Periodinio laiko atzvilgiu
uzdavinio sprendinio egzistavimas ir vienatis su prielaida, kad srautas F(t)
yra i§ Sobolevo erdvés W12(0,27) buvo jrodytas H. Beirdo da Veiga [9], be
to, G. P. Galdi ir A. M. Robertson rado sarysi tarp ¢(t) ir F(t) (zr. [29]).
Taciau, taikymuose ir skaitiniuose skaiciavimuose dazniausiai duomenys
nereguliarus. Todél, norédami pagerinti [9] ir [29] rezultata Sioje disertacijoje
mes nagrinéjame uzdavini , laikydami tik, kad F' € L2(0,27), t.y.
glodumas nezinomas.

Uzdavinys , gali buti supaprastintas iki atvejo, kai visos

reikalingos funkcijos turi vidurkius lygius nuliui. Toliau Zymeésime funkcijos

H vidurki tokiu budu: H = 02 T H(t)dt. Tegul (U,q) yra uzdavinio
—VA’ U(x’ ) = q,
/ ‘80’ = 07

/u/ ~ F

sprendinys skerspjuivyje o (stacionarusis Puazeilio sprendinys atitinka srauta

o _ F
F). U(2') gali buti uzrasytas pavidalu U(z') = H—Uo(a:’), Cia
0

—vA'Uy(z") = 1,
UO(x,)|8J = 0,
ir 3
~ F / / N2,
q= P mg:/Uo xzy/\VUo(:c)\ dz’ > 0.
Ieskome sprendinio (U, q) pavidalu
U t) =V )+ 0), qt) = () +4.
Tuomet akivaizdu, kad V(2') =0, 5 =0 ir (V,s) yra uzdavinio
Vi(2' ) —vA'V (2 t) = s(t),
V(Z,t)|oe = O,
V(2',0) = V(',2n), (S.5)
/ Vi de = B(),

g
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sprendinys, ¢ia F (t) = F(t) — F. Vadinasi, F= 0, be to, laikysime benduoju
atveju, kad F = 0.

Silpnojo sprendinio apibrézimas. Tegul F' € Lg(O,Zﬂ). Uzdavinio
silpnuoju sprendiniu laikysime porg (V,s) tokig, kad V € Lg(O7 2m; L2 (o)),
5€ Wp_l’Q(O,Qﬂ'). V(2',t) tenkina srauto sqlygq

/V@umf:F@

ir pora (V,s) tenkina integraline tapatybe

2T 27

//V(x',t)nt(x',t)dx'dt+u//V’Sv(aL",t)-V'nt(:n’,t)dx'dt

0 - 0@ (S.6)
= [5.0) [ mle' nasar

0 o

su bet kuria testine funkcija 1 € L2 (0,2m; W12(0)) tokia, kad
N € L§(0,27T;W1’2(U)).

Pastaba. Cia norédami pabrézti, kad funkcijos periodiskai pratestos R!
naudojame zyméjima L?D(O,Zw).

Tegul L2(0,27) = {h € L3(0,27) : [" h(t)dt = 0}. Zinoma, L}(0,2r)
yra C9°(0,2m) = {h € CZ(0,27) : 2T h(t)dt = 0} uzdarinys L2(0,27) nor-
moje ir yra L?p(O,Qﬂ') poerdvis. Wpl’2(0,27r) yra aibés C9°(0,27) uzda-
rinys W12(0,27) normoje. W51’2(0,27T) yra jungtiné W$’2(0,27r), t.y.,
W, 12(0,2m) = (Wh2(0,2m))".

V funkcijai f € LZ(O,Q’TF) zymime S¢(t) jos pirmykste:

to+2m
S(t)=— / f(r)dr, ¢&ia tg € [0,27),t € [to,to + 2.
t

Reguliariajam sprendiniui (V,s) laikant, kad VV = (VSy),, s = 5%, ta-
patybé gaunama dauginant lygti 1 iS n, integruojant srityje o
intervale (0,27), o paskui integruojant dalimis pagal 2’ ir pagal ¢. I$ kitos
pusés, kadangi silpnasis sprendinys vienintelis (V,s) (zr. Teorema*), iSplau-
kia, kad srautui F' € Wﬁ1’2(0,27r) sprendinys (V,s) sutampa su reguliariuoju,
ty. Ve Lg(O,Qﬂ';Wl’Q(O’) NW22(a)), V; € L%(O,QW;LQ(O’)), s€ L’?(O,Qﬂ').

Todél siulomas apibrézimas yra silpnyju sprendiniy koncepcijos pratesimas.
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Teorema*. Tequl F € L§(0,27T). Tuomet uzdavinys (S.5|) turés vieninteli

silpngji sprendini (V, s). Be to, galioja ivertis

2 21

0

¢ia konstanta ¢ priklauso tik nuo o.

//|V(x/,t)f2dx/dt+//’V'SV(arl,t)‘2d:c'dt+/
7 0o 0

27

2
|SS(T)|2dT gc/ |F(T
0

)[ar,

Puazeilio tipo srauto aproksimacija ploname cilindre padeng-

tame patvaria elastinga sienele

Siame skyrelyje nagrinéjamas FSI uzdavinys cilindre ir Y-formos cilindry

tinkle su elastinga sienele. Imamas modelis ([S.7) pasiulytas G. Panasenko

ir R. Stavre (zr. [65], [66]) ir i$ jo iSvedama ketvirtosios eilés supaprastinta

diferencialiné lygtis dalinémis iSvestinémis, kuri priklauso tik nuo vieno

erdvés kintamojo ir laiko.

0%u _
wppe@ —wplu=¢1g

divev=0

v =0

OJug  Ouy,
81‘3

o
A2 4+ (A1) +20(1)

A1)

=0

)
pfa%’ —2udiveD,(v)+ Vp =f

ou,
or

is LE x (0,7,
is L7 x (0,7),

is FOx (0,7,

is Feite x (0,7),

i§ F1 % (0,7),

1 — periodinés x3,
is LE,

is L7,
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Cia pe yra sienelés tankis, w, yra jo eilé, wg - Jungo modulio eilé, p; - skyscio
tankis, v - jo dinaminés klampos koeficientas ¢ - sienelés storis, €1 - vamzdzio
neiskaitant sienelés spindulys, u - sienelés poslinkis, v - skysc¢io greitis, p -
slégis, g ir f - iSorinés jégos veikiancios atitinkamai sienele ir skysti, A ir p -
Lameé parametrai. Taip pat modelyje naudojami Sie Zymejimai:

— tiesinis elastingumo operatorius

0 0 Ou, 1
Tues = 5 (2 5203 (5 )

20l
or H Or  Ozs r\ Or Ox3/)’
0 OJus Ou, 0 Ous 1
Lu-e, = — — — —
u-e 0xs (M< or +8$3)>+8r<>\<8x3+7“u>

Our\ 2u (Ou, 1
HA+2u) or > o ( or —Tur>,

— divergencijos operatorius atitinkamai vektorinei ir tenzorinei funkci-

joms
. B Oous Ou, 1
diven= 5 s T T3
) oS 10
leCS = (61}333 + T@?“(Tsrg)) €3

983 10 Sog
(G S = e

— gradiento operatorius vektorinei funkcijai

Oug — Ous
8%3 or
1
vcu: 0 —Up O 3
r
ou, 0 ou,
O3 or

— deformacijos greicio tenzorius
1 T
De(u) = 5 (Veut (Vaw)”).

Be to, (x3,7,0) - tai cilindrinés koordinatés, es ir e, vienetiniai atitinka-
mai Ozs ir Or asiy vektoriai u - vektoriné funkcija, S - tenzoriné funkcija.
Sritys naudojamos : L = {(z3,7) €R?: 23 € R, 7 € (0,1)} - skyscio
stitis, L¢ = {(x3,r) €R?: 23 €R, 7 € (61,61 +¢)} - elastingos sienelés sritis,

FY = {(23,0) : x3 € R} - vamzdzio simetrijos adis, F** = {(z3,e1) : 73 € R} -
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krastas tarp skyscio ir vidinés sienelés dalies, F*17¢ = {(z3,61 +¢) : 23 € R}
- iSorinis sienelés krastas.
Tuomet is ([S.7)) iSvedama ketvirtosios eilés diferencialiné lygtis dalinémis

iSvestinémis uzrasoma tokiu pavidalu:

82Q(a;3,t) 84Q($3,t) 8@(.%’3,15) 83Q<1'3,t)
@ o O 0301 O O o
0 ,t 0 ,t
+Cs %(jj; ) %(:fg ) 4 0w t) =0,
Q(()?t) :gin(t)a Q(lat) :gout(t)a (88)
9001 _ 900D
81‘3 - 3233 -
Q(x3,0) = w(;f’o) = 0.

Norédami atlikti palyginima tarp lygties ir Navjé ir Stokso modelio
su elastinga sienele, i abu modelius jrasome vienodus fizikinius dydzius.
Skaic¢iuodami skyscio vidutinj greiti @@ matuojama m/s esant Jungo moduliui
E =10° Pa, Puasono santykiui # = 0.35, vamzdzio ilgiui 10~2 m, spinduliui
5-107° m, elastingos sienelés storiui € = 2-107° m ir kraujo dinaminés
klampos koeficientui v = 4-1073 Pa-s, lygciai gauname Sias konstantas
Ci:

C; =9.2287-10738, Cy = —2.0734-107*2, C3 =4.1667-1072,
Cy=—1.7904-10", C5 =7.1615-10", Cg = —6.2500-10"2, C7 = 4.000-10*.

0.006 0.006
0.005 0.005
0.004 0.004
0.003 0.003
0.002 0.002
0.001 0.001

0 0
-0.001 -0.001

Average velocity, m/s

-0.002 0.002

-0.003 -0.003

0.004 -0.004

0,005 -0.005

-0.006 -0.006
Time, s Time, s

() (b)
1 pav. — (a) vidutinis skyséio tekéjimo greitis gautas is (S.8) laike, (b) vidutinis skyscio tekéjimo

greitis gautas i$ pilnojo Navjé ir Stokso modelio laike. Abiem atvejais, g;n = 0.005sin(2t), gout =

0.005sin(2¢ + 0.02) ir sprendinys buvo paimtas i§ vamzdzio skerspjuvio per vidurj.
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Sprendiniy palyginimui imame kelis cilindro arba Y-formos cilindry
tinklo skerspjuvius ir juose matuojame apskaié¢iuota kraujo tekéjimo vidutini
greiti.

Kaip matome [I| pav., esant nedideliam skirtumui tarp ,itekéjimo* i
cilindra ir ,iStekéjimo“ i§ cilindro (arba Y-formos cilindro tinklo) salygu,
skirtumas tarp iSvestos ketvirtosios eilés diferencialinés lygties dalinémis
iSvestinémis ir pilnojo Navjé ir Stokso lygciu su elastinga sienele modeliy

yra nereikSmingas.

Kraujo tekéjimo greicio skaic¢iavimas kairiajojo priesirdzio
apendikse: Praktiniai taikymai

Sioje dalyje skai¢iuojamas kraujo tekéjimo greitis zmogaus Sirdies kai-
riojo priesirdzio apendikse. SkaiCiavimas atlieckamas dviem zingsniais: pir-
majame skaic¢iuojame kraujo greiti kairiajame priesirdyje su kieta sienele,
o apskaicCiuota greiti naudojame antrajame zingsnyje, kuriame sienelé yra
judanti.

Keturios plauciy venos laikomos ,itekéjimo* sritimi, ,iStekéjimo* sritis -
mitralinio voztuvo zona, skyscio tekéjimo sritis G atitinka kairiji priesirdj.
Srities G krastas yra triju daliy sajunga: kairiojo priesirdzio lateraliné sienelé
I'y, keturi plauciy veny I'y = Ulefyéi) skerspjuviai 'yél), ...,754) ir mitralinio

voztuvo skerspjuvis I's (7r. [2| pav.).

O @ ©)
,YZ Yz YZ

‘/‘x“

4
i

I3

2 pav. — Keturios plauéiy venos (,itekéjimo* sritis), mitralinio voztuvo zona (,iStekéjimo® sritis)

geometrijoje: a) Skyséio tekéjimo sritis; b) Skyséio tekéjimo sritis su kevalu.
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Miokardas (sienelé) - tai plonas elastingas kevalas (angl. Shell) G4, d
yra jo storis. Kevalas formuojamas tarp pavirsiy I'1 ir I't 4 atstumu d nuo
I’y iSorinés normalés kryptimi. Lateralinis sienelés krastas 0Gg\(I't UT'1 4)
statmenas I'y ir sudarytas is penkiy daliu. Keturios is ju atitinka venu sieneliy
skerspjuvius 752,...,752. Penkta atitinka I'3 ir Zymima ~3 4. Elastinga
sienelé tarp pavirsiy I'y ir I'y 4 juda. Skyscio tekéjimo lygtys yra nuo laiko
priklausancioje srityje G* tarp I'y ir I's. Sienelés poslinkio vektorius u(x,t),
¢ia x € Gy, taigi judanti krasto dalis I} = {z +u(z,t) :x €T}

Srityje G kraujo tekéjima apraso Navjé ir Stokso lygéiu sistema

pivi— AV +pp(v-V)v+Vp = 0, (5.9)
divv = 0,
¢ia v yra kraujo tekéjimo greitis, p - slégio funkcija, py > 0 kraujo tankis,

py > 0 kraujo dinaminés klampos konstanta, pradiné sglyga
v(z,0) =0. (S.10)

Toliau iSvardinamos krastinés salygos ant 'y, I'y ir I's.

v(z,t)[r, = g(z,1), (S.11)
(

Kiekvienoje I's komponentéje 72i) funkcija g apibréziama tokiu budu:
Tegul 21,22 - lokaliosios fyéi) koordinatés plokstumoje, tegul pora
(vpi(Z1,22,t),q(t)) yra atvirksStinio Silumos laidumo uzdavinio sprendinys

srityje 'yéi) x (0,400):

vp;

(j17i2’t) 7uquvP,i(j:1,i2vt) = Q(t)a

UPilg, ) = 0, vpili=0=0,
2

mes fyéi)
()’

/ vp;(E1, T2, 1)dE1dTy = O(t) —5
djogmes 7y

o
¢ia O(t) - visas ,itekéjimo* srautas (zr. [76], [74]).
Tangentinés g komponentés lygios nuliui, o normalioji komponenté

gn(Z1,T2,t) ant Véi) apibrézta tokiu budu:

gn(fl,i’g,t) = ’URi(fl,fg,t).
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Si itekéjimo“ greicio struktura atitinka nestacionary Puazeilio tekéjima
su duotu nuo laiko priklausanciu srautu begaliniame cilindre, kurio sker-
spjuvis véi). Taip aprasomas kraujas jtekantis i plauc¢iu venas. Tada greicio
vidurkis (srautas padalintas i$ skerspjuvio ploto) yra vienodas visose ke-
turiose plau¢iu venose ir lygus F(t), pavaizduotas [3| pav. Cia F(t) =

(1)(S1_y mes 45) L.

velocity, m/s

08
time, s

3 pav. — ,Itekéjimo* greicio vidurkis F'(t) esant priesirdziy virpéjimui.
HIstekéjimo* srityje I's krastinés salygos suformuluojamos tokiu budu:

v (z,t)|ry =0, p(z,t)|r, =0. (S.12)

Cia v, yra tangentinis greitis ant kragto. Krastiné salyga p(z,t)|p; = 0

iSplaukia i$ bendrojo atvejo, kai normalioji itempiu komponenté lygi nuliui:

(—p[+uf(VV+(VV)T)n) ‘n=0.

Laikydami, kad divv =0 ir kai v, =0, gauname, kad p =0 ant I's.

Krasto 0G dalis I'1 yra tarp skyscio tekéjimo srities ir sienelés. Sienelés
judéjimas aprasomas netiesinémis elastingumo lygtimis esant nezinomam

poslinkiui u(z,t), x € Gg:
2u
p@(x,t) —V-(JoF T =, (S.13)
¢ia p > 0 - sienelés medziagos tankis, F = I 4+ Vu - deformacijos gradientas,
JoF~T yra 1-asis Piola ir Kirchofo jitempis, J = det F' Jakobiano determi-

nantas, o;; jtempiu tenzorius tenkinantis tiesini Huko désnj (zr. [68]):
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3
Oij =AY erlij + 2pueij, (S.14)
=1

¢ia A ir p yra Lamé parametrai, o d;; - Kronekerio delta:

0 if i35
i = #7
1if i=j,

ir

A Oxj  Om; = Ow; Ox;

yra deformacijos tenzorius. Tuomet linearizuodami gausime

1 8uz 8'&]'
i = i(a:(}j + 8:@)’

Lamé parametrus galime isreiksti per Jungo moduli F ir Puasono santyki
v, E>0, -1<v<1/2:

Ev E
A=—— ————— =—. S.15
A+v)(1—20) "~ 21+ (-15)
Siai sistemai reikalingos dvi pradinés salygos u:
ou

u(z,0) =0, a(x,()) =0, x€ Gy, (S.16)

krastinés salygos ant 0G4\(I'1 UT' 4) (uzspausti galai):

u(:c,t) =0, € 8Gd\(P1 UFLd), (817)

krastinés salygos ant I'y 4 (taikomas slégis pwan(t) vaizduojantis sienelés

susitraukimus pavaizduotas [4] pav.):
(JO‘F_T)TI’I = —pwau(t)n, x € Fl,d, (8.18)

ir galiausiai sujungimo salygos ant judancio krasto I';:

greicio tolydumas:

v(a?—l—u(:c,t),t)—aa::(x,t), x ey, (S.19)
ir jtempiy tolydumas:
—(JoF ) 'n= (—pIl +pus(Vv+(Vv)T))n, zeTy, (S.20)
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u yra iSoriné G normalé. Desiniaja (S.20) puse galime pakeisti —pn.

pressure, Pa

07 08
time, s

4 pav. — Slégis pwali(t) ant kevalo esant priesirdziy virpéjimui.

Modeliui pritaikyti parametrai: d =2.5-1073 m , ps=p=1050 kg/m?3,
pr=35-1073 Pa-s, v =047, E yra intervale [4-10%,8-10°] Pa. Jungo

modulis priklauso nuo laiko, t.y. pwan(t) :

B(t) =4-10" 4 pyan (t) (8- 10° —4-10%) / max pyal,

kadangi sirdies raumuo (miokardas) kietéja periodiskai.
Siam uzdaviniui ispresti skaitiniais metodais takome COMSOL prog-
rama. Plonas sluoksnis G4 buvo aproksimuojamas naudojantis Ufliando ir

Mindlino kevalo modeliu, kuriame poslinkio vektorius u uzrasomas pavidalu

u(y,T2,3,t) = n(Z1,T2,t) + 23C(T1, 72, 1), (S.21)
¢ia &1 ir Zo yra plokstumos lokaliosios kevalo koordinatés, &3 € [—d/2,d/2]
yra normalioji koordinateé, lygi nuliui pavirsiaus viduryje I'y 4/o (esanciu

atstumu d/2 nuo I'y ir nuo I'y 4, Zr. [5| pav.).

5 pav. — Kevalo lokaliosios koordinatés
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Tegul n(&1,Z2,t) yra kevalo poslinkio vektorius, o {(Z1,Z2,t) - kevalo
normalés kampinio poslinkio vektorius (¢-n = 0). Toliau, kevalo lygéiu
teorijoje I'y 4/ pakei¢iamas (aproksimuojamas) I'y.

Tuomet pirmoji (grei¢io tolydumo) salyga uzrasoma pavidalu:

v(z +n(21,72,t),t) = aa?(flafz,f),

Antroji salyga sieja nezinomasias funkcijas n, ¢ ir slégi p lygciu sistema,
aprasancia kevalo judéjima. Si sistema sudaroma i$ dvieju lygéiu, kuriose 1, ¢
antrosios eilés isvestinés laiko atzvilgiu yra kairéje puséje (zr. ) Taske
& ant krasto T'; Sioms lygtims gauti iSskleiskime V- ((JoF~T)T) pakeisdami
u(Z1,x2,23,t) suma pirmosios eilés Teiloro formule (pagal normalyji
kintamaji Z3):

V- (JoF™ )Ty = &[0, ¢) (71, %2,t) + T3¥[n, ] (F1, Fa, 1) + 0(E3),

¢ia ®[n,¢], ¥[n,¢] yra israiskos, sudarytos i$ funkciju n,¢ ir ju pirmosios
ir antrosios eilés iSvestiniu erdveés atzvilgiu. Tuomet antraja salyga galime

uzrasyti pavidalu:

%n ., o _
Paig(xlyx%t) = ®[n,(](Z1,72,t) +d 1(7pwall+p)nv
t
(S5.22)
¢ . .-
pW(l'b:L‘%t) = ‘I’[’I’],C}(l‘l,:ﬂ%t).
Antroji sistemos lygtis atitinka momenty balansa.
Pradinés salygos kevalui:
.- o, . -
n(T1,72,0) =0, —(&1,%2,0) =0, ¢(Z1,72,0)=0,
ot (S.23)
o¢ '
a(i‘l,fz,()) = 0, .f‘l,i‘Q S Fl.
Parenkame krastines salygas kevalui:
n(Z1,%2,t) =0, ((F1,T2,t) =0, T1,¥2 €00y (S.24)
n fl,fg,t :0, M, jl,fg,t :0,
( ) nn( ) (5.25)

M, (%1,%2,t) =0, Z1,T2 € 0T,
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¢ia M, yra normalusis momentas ant I's krasto, o 7 - tangentiné kryptis (pa-
vyzdziui, kai z1 yra normalioji kryptis, tai M11(Z1,Z2,t) =0, Moy (Z1,%2,t) =

0).
/2

Momentai apibréziami formule M = / i3JoF~Tdis (pagrindiné Tei-

—d/2
loro skleidinio dalis).

Svarbu pazymeti, kad tiesioginiai Sio modelio COMSOL skaic¢iavimai
blogai konverguoja. COMSOL kode naudojamos neisreikstinés skaitines
schemos, kuriose kiekviename laiko zingsnyje reikia spresti didele netiesing
lygciu sistema. Skaic¢iuoklé remiasi Niutono metodu, kuris yra labai jautrus
pradinés aproksimacijos pasirinkimui. Todél mes sprendziame FSI uzdavini
dviem zingsniais: pirmajame zingsnyje sprendziame Navjé ir Stokso sistema
su nejudancia sienele, t.y. srityje G su pradine salyga ir kras-
tinémis salygomis ant 'y ir ant I's, kuomet krastinés salygos
ant I'; pakei¢iamos

v=0, xeTl}j.

Konvergavimui gauti antrajame zingsnyje sprendziamas FSI uzdavinys nau-
dojant pirmajame zingsnyje gautas pradines aproksimacijas.

Pritaike aprasyta modeli ir apskaiciave dvieju pacientyu kraujo tekéjimo
greicius kairiojo priesirdzio apendiksuose (zr. |§| pav.), matome, kad Paciento
A, kuri istiko insultas, kraujo tekéjimo greitis kairiojo priesirdzio apendikse
yra mazesnis, negu neistikto insulto Paciento B, nors abiem pacientams buvo

diagnozuotas priesirdziy virpéjimas.

' Hﬁj .

6 pav. — Pacienty A (kair¢je) ir B (deSinéje) apskaic¢iuotas kraujo tekéjimo greitis kairiojo

priesirdzio apendikse. Tamsiai meélyna spalva atitinka maza greiti, zydra - dideli greitj (skaléje

nurodytas kraujo tekéjimo greic¢io modulis, m/s).
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ISvados

Sioje disertacijoje buvo iSnagrinéti trys uzdaviniai:

L.

II.

Irodytas laiko atzvilgiu periodinio Navjé ir Stokso uzdavinio begalinia-
me cilindre su uzduotu srautu F(t) € L?(0,T) sprendinio egzistavimas
ir vienatis esant minimaliam duomenuy reguliarumui.

FSI modelis supaprastintas iki ketvirtosios eilés diferencialinés lygties
dalinémis isvestinémis. Atlikti kraujo tekéjimo greicio skaiciavimai
cilindre ir Y-formos cilindry tinkle taikant du budus: Sudaromas
pilnas FSI modelis (nestacionarioji Navjé ir Stokso lygciu sistema su
judancia sienele) ir gauta supaprastinta diferencialiné lygtis dalinémis
iSvestinémis. Pastaroji reikalauja mazesniy resursy, o gaunami rezul-

tatai skiriasi nereikSmingai.

III. Pristatytas FSI modelis, pritaikytas konkretaus paciento kraujo

tekéjimo greiciui kairiajame priesirdyje apskaiciuoti. Modeliavimas
itraukia vaizdo generavima, segmentacija, valyma (triukSmy mazini-
ma), skaic¢iavimo srities sudaryma. Modelio validavimas pagristas
palyginimu su Doplerio matavimais kairiojo priesirdzio apendikso
ostiume. ISnagrinéta koreliacija tarp stagnacijos zonu (ne)buvimo ir
insulto rizikos. COMSOL skaic¢iavimai, pritaikyti FSI modeliui, kelia
Paaiskinta, kad tokiu atveju skai¢iavimai dviem zingsniais (su kieta-
ja sienele pirmajame zingsnyje, ir FSI antrajame) suteikia modelio

konvergavima.
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