
https://doi.org/10.15388/vu.thesis.678
https://orcid.org/0000-0002-4543-721X

VILNIUS UNIVERSITY

Nikolajus Kozulinas

Application of Navier–Stokes
Equations in Hemodynamics

DOCTORAL DISSERTATION

Natural Sciences,
Mathematics (N 001)

VILNIUS 2024



This dissertation was written between 2019 and 2023 at Vilnius university.

The research was supported by the project "Multiscale Mathematical and

Computer Modeling for Flows in Networks: Application to Treatment of

Cardiovascular Diseases" (No. 09.3.3-LMT-K-712-17-0003)

Academic supervisor:

Prof. Habil. Dr. Konstantinas Pileckas (Vilnius University, Natural

Sciences, Mathematics - N 001).

Academic consultant:

Assoc. Prof. Dr. Kristina Kaulakyt 
e (Vilnius University, Natural

Sciences, Mathematics - N 001).

This doctoral dissertation will be defended in a public meeting of the Disser-

tation Defence Panels (Vilnius University).

Dissertation Defence Panel:

Chairman - Prof. Dr. Art	uras ’tikonas (Vilnius University, Natural

Sciences, Mathematics - N 001).

Members :

Prof. Habil. Dr. Raimondas ƒiegis (Vilnius Tech, Natural Sciences, Mathe-

matics - N 001),

Prof. Dr. Pranas Katauskis (Vilnius University, Natural Sciences, Mathe-

matics - N 001),

Prof. Habil. Dr. Antanas Laurin£ikas (Vilnius University, Natural Sciences,

Mathematics - N 001).

Prof. Dr. Igor Paºanin (University of Zagreb, Croatia, Natural Sciences,

Mathematics - N 001).

The dissertation shall be defended at a public meeting of the Dissertation

Defence Panel at 2 p.m. on the 22nd of November 2024 in Room 201 of the

Faculty of Mathematics and Informatics, Vilnius University.

Address: Naugarduko st. 24, Vilnius, Lithuania.

Tel.: +370 5 219 3050; e-mail: mif@mif.vu.lt

The text of this dissertation can be accessed at the Library of Vilnius

University, as well as on the website of Vilnius University:

www.vu.lt/lt/naujienos/ivykiu-kalendorius.



https://doi.org/10.15388/vu.thesis.678

https://orcid.org/0000-0002-4543-721X

VILNIAUS UNIVERSITETAS

Nikolajus Kozulinas

Navj 
e ir Stokso lyg£iu� taikymai
hemodinamikoje

DAKTARO DISERTACIJA

Gamtos mokslai,

matematika (N 001)

VILNIUS 2024



Disertacija rengta 2019�2023 metais Vilniaus universitete. Moksliniai tyrimai

buvo remiami i² projekto �Daugiaskalis matematinis ir kompiuterinis sraut u�

modeliavimas tinkluose: taikymai ²irdies ir kraujagysliu� ligu� gydymui� (Nr.

09.3.3-LMT-K-712-17-0003)

Mokslinis vadovas:

prof. habil. dr. Konstantinas Pileckas (Vilniaus universitetas, gamtos

mokslai, matematika - N 001).

Mokslin 
e konsultant 
e:

doc. dr. Kristina Kaulakyt 
e (Vilniaus universitetas, gamtos mokslai,

matematika - N 001).

Gynimo taryba:

Pirmininkas - Prof. dr. Art	uras ’tikonas (Vilniaus universitetas, gamtos

mokslai, matematika N001);

Nariai:

Prof. habil. dr. Raimondas ƒiegis (Vilnius Tech, gamtos mokslai, matemati-

ka - N 001);

Prof. dr. Pranas Katauskis (Vilniaus universitetas, gamtos mokslai, mate-

matika - N 001);

Prof. habil. dr. Antanas Laurin£ikas (Vilniaus universitetas, gamtos mokslai,

matematika - N 001);

Prof. dr. Igor Paºanin (Zagrebo Universitetas, Kroatija, gamtos mokslai,

matematika - N 001).

Disertacija ginama vie²ame Gynimo tarybos pos
edyje 2024 m. lapkri£io m
en.

22 d. 14 val. Vilniaus universiteto Matematikos ir informatikos fakulteto

201 auditorijoje. Adresas: Naugarduko g. 24, Vilnius, Lietuva, tel. +370 5

219 3050; el. pa²tas mif@mif.vu.lt.

Disetracij¡ galima perºi	ur
eti Vilniaus universiteto bibliotekoje ir VU inter-

neto svetain
eje adresu:

www.vu.lt/lt/naujienos/ivykiu-kalendorius



Contents

Introduction 7

Actuality and literature review . . . . . . . . . . . . . . . . . 10

Aims and problems . . . . . . . . . . . . . . . . . . . . . . . . 11

Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

Novelty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

Structure of the dissertation and main results . . . . . . . . . 14

Dissemination . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2 Notation 16

3 Time-periodic Poiseuille-type solution with minimally regu-

lar �ow rate 19

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . 21

3.3 Notation and formulation of the main result . . . . . . . . . . 23

3.3.1 Function spaces . . . . . . . . . . . . . . . . . . . . . . 23

3.3.2 Formulation of the main result . . . . . . . . . . . . . 26

3.4 Construction of Galerkin approximations . . . . . . . . . . . . 27

3.5 A priori estimates of the Galerkin approximations . . . . . . . 32

3.6 Convergence of the Galerkin approximations. Proof of Theo-

rem 3.3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4 Poiseuille-Type Approximations for Axisymmetric Flow in

a Thin Tube with Thin Sti� Elastic Wall 44

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.2 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . 45

v



4.3 The variational framework of the problem . . . . . . . . . . . 53

4.4 Modi�ed variational formulation for the numerical setup . . . 57

4.5 Numerical scheme for the EWPE . . . . . . . . . . . . . . . . 64

4.6 Numerical comparison of the approximate 1D model and the

full-dimension problem . . . . . . . . . . . . . . . . . . . . . . 68

5 E�cient Computation of Blood Velocity in the Left Atrial

Appendage: A Practical Perspective 71

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.2 LAA classi�cation and Thrombogenesis . . . . . . . . . . . . 73

5.3 The Development of the Model . . . . . . . . . . . . . . . . . 74

5.3.1 Imaging. Cleaning. Making Geometry . . . . . . . . . 74

5.3.2 Formulation of the problem . . . . . . . . . . . . . . . 75

5.3.3 U�yand�Mindlin shell approximation . . . . . . . . . . 80

5.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

6 Conclusions 90

Bibliography 91

Santrauka (SUMMARY In Lithuanian) 102

Tyrimo objektas . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

Mokslin
es problemos istorija ir aktualumas . . . . . . . . . . . . . 103

Disertacijos tikslai . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

Disertacijos strukt	ura ir apimtis . . . . . . . . . . . . . . . . . . . . 106

Disertacijoje gautu� rezultatu� apºvalga . . . . . . . . . . . . . . . . 106

Periodinis laiko atºvilgiu Puazeilio tipo sprendinys su mini-

malaus reguliarumo srautu . . . . . . . . . . . . . . . 106

Puazeilio tipo srauto aproksimacija ploname cilindre padeng-

tame patvaria elastinga sienele . . . . . . . . . . . . . 110

Kraujo tek
ejimo grei£io skai£iavimas kairiajojo prie²irdºio

apendikse: Praktiniai taikymai . . . . . . . . . . . . . 113

I²vados . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

Curriculum Vitae . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

Publications by author . . . . . . . . . . . . . . . . . . . . . . 122

vi



Introduction

The Navier�Stokes equations, named in honor of Claude-Louis Navier

(1785�1836) and George Gabriel Stokes (1819�1903), were derived in the early

19th century. Navier initially presented an original but not well-grounded

justi�cation in 1822. Subsequently, the equations underwent rediscovery

by various mathematicians: Augustin-Louis Cauchy in 1823, Simeon Denis

Poisson in 1829, Adhemar Jean Claude Barre de Saint-Venant in 1837, and

�nally Stokes in 1845 (see [20]). These equations represent a set of partial

di�erential equations widely used in �uid mechanics to describe the dynamics

of incompressible viscous �uids, including water, oil, and blood among others.

The Navier�Stokes equations have the following form:

8
<

:
� u t � � � u + � (u � r )u + r ~p = � f;

div u = 0 ;

where u = u(x; t ) = ( u1(x; t ); : : : ;un (x; t )) and ~p = ~p(x; t ) are the unknown

velocity and pressure, respectively,f = f (x; t ) = ( f 1(x; t ); : : : ; f n (x; t )) is ex-

ternal force vector, x = ( x1; :::;xn ) is a space variable,t is time variable, � is

a constant density of the �uid, � is a constant dynamic viscosity of a �uid.

Within this thesis we consider in the domain 
 the time-periodic Navier�

Stokes problem expressed in non-dimensional form:
8
>>>>><

>>>>>:

u t � � � u + ( u � r )u + r p = f;

div u = 0 ;

uj@
 = 0 ;

u(x; 0) = u(x;T ); 0 < T < 1 ;

wherep= ~p
� and � = �

� is the constant kinematic viscosity of the �uid obtained

after we divide the Navier�Stokes equations in general case by� .

In addition to the theoretical signi�cance of the Navier�Stokes equations,

we can apply them in di�erent practical problems. These equations serve
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as the foundation for modeling diverse engineering and biological systems

that involve �uid dynamics. Given our focus on the application of Navier�

Stokes equations in medicine, particularly in the modeling of blood circulation

systems and cardiac dynamics, we concentrate our interest in the development

of simpli�ed theoretical models. These models aim to characterize �ow within

thin in�nite cylinders, o�ering a framework for simulating blood �ow in

small and ultra-small vessels. Furthermore, these models serve as a stepping

stone for the representation of more complicated systems, such as the human

heart, allowing us to advance our understanding of blood circulation in both

theoretical and practical contexts.

It is well known, that full 3D computations of the blood circulatory

system are presently time-consuming and realizable only for limited segments,

so a modern approach involves the creation of hybrid-dimensional models.

These models merge 1D reductions in regular zones, typically modelled in

straight vessels, with 3D analyses in small areas showing a singular behavior.

This method, rooted in the asymptotic partial decomposition of a domain,

was initially proposed by G. Panasenko and further advanced in subsequent

works such as [67], [59], [69], [70], and [71]. The adoption of these hybrid-

dimensional models results in a substantial reduction in computational

demands.

Of particular signi�cance within previously mentioned models are the

1D Poiseuille-type �ows in straight vessels. Note, that the steady-state

Poiseuille �ow in an in�nite straight pipe

� = f x = ( x0;xn ) 2 Rn : x02 � � Rn� 1; �1 < x n < 1 ; n = 2 ;3g

of a constant cross section� was described by Jean Louis Poiseuille in 1841

(see [72]). Poiseuille �ows are important in the study of �uid motion in

di�erent networks of pipes, where these �ows can be attained at very large

distances (see [8]). In order to compute the blood �ow velocity in the blood

vessels considered as cylinders, it becomes necessary to prescribe a �ow rate

(�ux) condition. Since in such case one usually does not have data de�ned

by smooth functions, it is important to study nonstationary Poiseuille-type

solutions assuming minimal regularity of data. Within the scope of this thesis

we prove the existence and the uniqueness of the solution of time-periodic

Navier�Stokes equations under minimally regular �ow rate.
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Moreover, the Navier�Stokes equations provide a framework for modeling

�uid motion in domains featuring moving walls. An approach being used to

describe this concept is Fluid-Structure Interaction (FSI), which involves

the interaction between an elastic and movable structure and the �uid

�ow within or surrounding it. The role of FSI is particularly signi�cant

in accurately modeling blood �ow within arteries considered as cylinders.

The corresponding mathematical model is represented by the FSI problem,

coupling two media with di�erent, often high contrast physical characteristics.

These problems attracted the interest of the mathematical community due

to their connection with the blood �ow models (see [22], [36] and [37]). The

existence of a solution for FSI problem in an elastic pipe was studied in [16],

[17] and [54].

In this thesis we consider the model of Navier�Stokes �uid motion in a

pipe surrounded by an elastic wall which was developed by G. Panasenko

and R. Stavre in [66]. Taking into account that physical properties of the

wall are constant in time and simplifying the functions which describe the

velocity of the �uid and the displacement of the wall we derive the 4th order

PDE which depends only on one space variable and time. Subsequently, we

make a comparative analysis of a numerical solution to the full Navier�Stokes

equations coupled with a moving wall and the derived4th order simpli�ed

PDE in two geometries: a cylinder and a Y-shaped network of cylinders.

Remarkably, in the case when the di�erence of prescribed velocities between

inlet and outlet of the cylinder is small, the solutions on cross sections in

the middle of a cylinder obtained from the both approaches do not have

signi�cant di�erence. Notably, the solution of the 4th order PDE demands

less computational time, resulting in resource savings.

Finally, for the computation of the blood �ow velocity within the left

atrial appendage (LAA) of the human heart, with the aim of identifying

stagnation zones which are linked to thrombosis according to the hypothesis

of medical doctors, we develop a fully coupled FSI model, where the blood

�ow is described by Navier�Stokes equations with the moving heart wall

(myocardium) considered as a shell. The human heart left arium (LA) �uid

domain is obtained from cross sectional computed tomography (CT) scans

of the human chest, while the boundary conditions for Navier�Stokes �uid
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motion are formulated by using measurements of blood �ow velocity on mitral

valve zone by echocardiography. As a result, this model is patient-speci�c.

Actuality and literature review

The Poiseuille type solutions can be de�ned also in the nonstationary

case (see [74], [75], [76], [77], [78], [79], [33] by K. Pileckas and [86] by S. S.

Sritharan). Moreover, in [69] by K. Pileckas and G. Panasenko the behaviour

of the nonstationary Poiseuille �ow was studied in a thin cylinder (with the

cross section of radius" ) and the asymptotics of it as " ! 0 was found. In

the time-periodic case such �ows are usually called Womersley �ows (see

[99]). Results concerning the existence of time dependent Poiseuille �ows

lead to inverse problems. Such problems were studied by di�erent authors,

starting by J. R. Cannon (see [18], [19]) and then by many other authors.

Particularly, H. Beirão da Veiga in [ 9] described a fully developed, time-

periodic motion of a Navier�Stokes �uid within an in�nite straight cylinder

of constant cross section� and proved the existence and uniqueness of the

solution when the prescribed �ow rate is su�ciently smooth. Furthermore,

in [29] G. P. Galdi and A. M. Robertson presented a simpler than in [9]

proof of the existence and uniqueness of the solution, moreover, they found

the relation between the �ow rate and the pressure slope.

It is known, that in practic applications of the Navier�Stokes equations

the �ow is often not de�ned by smooth functions, i.e. with minimal data

regularity. The nonstationary Poiseuille-type solution, characterized by a

prescribed initial condition and a given �ow rate F (t) belonging solely to

L 2(0;T), was investigated by K. Pileckas and R. ƒiegis in [80]. The objective

of Chapter 3 in this thesis is to extend the results of [80] to the time-periodic

case, and to prove the uniqueness and the existence of a solution within the

class of very weak solutions introduced in [80].

The interaction between a �uid and a deformable structure arises in

many areas of real life, such as engineering and biology. The corresponding

mathematical models are represented by the Fluid-Structure Interaction

(FSI) problems, coupling two domains: liquid and solid. In [22], [36], [37]

the existence of a solution for FSI problem for a �uid �ow covered by a solid

wall was proved. In [16], [17], [54] viscous �ows in a pipe with elastic wall

10



was modeled either by a two-dimensional shell or a full-dimensional elasticity

or visco-elasticity equations are studied. The goal of Chapter 4 is to study

the model described in [60], [61], [62], [63], [64] and �nalized in [ 65] and [66]

and reduce it to a 4th order PDE which describes the �uid �ow in a pipe

surrounded by an elastic wall. The developed FSI model for the solution to

the Navier�Stokes equations in a cylinder interacting with its elastic wall

described in Chapter 4 helps us in the computation of the blood velocity

within the human heart LAA in Chapter 5.

It is well-known that atrial �brillation is a key factor of thrombi formation

within the human heart LAA (see [11]). Moreover, the lower blood �ow

velocity in LAA, the higher risk of stroke caused by a developed thrombus (see

[47]). In order to explore stagnation zones within LAA, we need to compute

the blood velocity in the whole left atrium in tandem with the motion of the

heart wall. Two main directions are developed in this context: the �rst one

is related to the detailed mathematical modeling of the coagulation process

(coagulation cascade of reactions) combined with the hemodynamics (see [5],

[13], [25], [26], [41], [48], [81], [89], [90], [91], [92], [93], [100], [102]); while the

second one is the direct computer simulation of the blood �ow in the patient-

speci�c LAA with detection of stagnation zones as the probable places of

thrombogenesis (see [2], [38], [58]), particularly [ 34] by M. García-Villalba

et al. declares that in order to detect the stagnation zones in LAA blood

�ow kinetic energy (depending on the square of the velocity magnitude) can

be computed. In Chapter 5 we develop a model of the LA (left atrium) for

the computation of blood velocity which involves a numerical solution of

the time-periodic Navier�Stokes equations, fully coupled with the FSI which

demands less computational time comparing to [34].

Aims and problems

This thesis contains three di�erent aims and problems which are related

to hemodynamics.

I. Time-periodic Navier�Stokes problem. To prove the existence

and uniqueness of the solution of time-periodic Navier�Stokes prob-

lem in an in�nite cylinder with a prescribed time-periodic �ow rate

F (t) 2 L 2(0;2� ) under minimal regularity of data.
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II. FSI problem. To reduce the FSI model into a4th order simpli�ed

PDE when the physical properties of the shell are constant in time

and the functions which describe the velocity of the �uid and the

displacement of the wall are simpli�ed. To compute blood �ow

velocity in a single vessel considered as cylinder and a Y-shaped

network of vessels considered as connected cylinders utilizing two

approaches: the FSI model containing numerical solution of non-

stacionary Navier�Stokes equations with a moving wall and the

derived less time consumable4th order PDE in order to compare the

obtained results from each model.

III. The model of human heart left atrial appendage. The third

set of aims involves the study of the patient-speci�c human heart

left atrium:

a) Image processing, cleaning, geometry creation, and formulation

of boundary conditions,

b) Development of a numerical fully coupled LA model,

c) Computation of blood �ow velocity within the LAA.

Methods

Since this thesis includes several distinct tasks, the approaches for each

task are di�erent.

Chapter 2 is devoted to notation.

In Chapter 3 we prove the existence and uniqueness of a solution to

the inverse time-periodic problem for the heat equation where the right

hand side is unknown. We use methods of functional analysis, properties

of Sobolev spaces, partial di�erential equations theory, theory of integral

equations and Galerkin approximations.

In Chapter 4 we use an asymptotically developed FSI model from [66]

and we derive the4th order PDE using mathematical analysis. For blood

�ow velocity computation in the non-stacionary Navier�Stokes model with a

moving wall we utilize COMSOL Multiphysics code, and for the numerical

solution of the derived 4th order PDE we use MATLAB code developed by

V. ’umskas in [87].

12



In Chapter 5 we compute blood �ow velocity in human heart LA. Firstly,

we receive a patient-speci�c cross section computed tomography (CT) pic-

tures from medical doctors for image cleaning and geometry creation we use

3D Slicer (open source program) and Solidworks respectively. Then, for mesh

simpli�cation we used MeshLab (open source program). And �nally, for

blood �ow velocity computation in the left atrium (LA) we used COMSOL

Multiphysics code.

Novelty

To the best of our knowledge, all the results of this thesis are new.

In Chapter 3 the existence and uniqueness of the solution of time-periodic

Navier�Stokes problem in an in�nite cylinder with a prescribed �ow rate

F (t) 2 L 2(0;2� ) under minimal regularity of data was proven for the �rst

time.

In Chapter 4 we simplify the FSI model developed by G. Panasenko and

R. Stavre (see [66]) in 2020 to a less computation-time consumable4th order

PDE. When the di�erence in inlet and outlet boundary conditions is small,

the results obtained both from the numerical solution of non-stacionary

Navier�Stokes equations in a cylinder with a moving wall (FSI model) and

the derived 4th order PDE are remarkably similar.

In Chapter 5 we compute blood �ow velocity in the human heart left

atrium (LA) and subsequently in the left atrial appendage (LAA). A. Quar-

teroni and his team in [15] propose a non-patient-speci�c mathematical and

numerical model for the simulation of the heart function that couples cardiac

electrophysiology, active and passive mechanics and hemodynamics, and

includes reduced models for cardiac valves and the circulatory system. In

this thesis we select two real-life patients with atrial �brillation diagnosis:

the �rst one who has experienced a stroke and the second one who has not.

Our developed model shows that a patient who has experienced a stroke

has a lower blood �ow velocity in the LAA comparing with the second one.

Moreover, in [12] by G. M. Bosi et al. for blood �ow velocity computation

in LAA in order to �nd stagnation zones the myocardium was considered

as a hard wall, but since in the real life the wall of the heart is moving, we

utilize an FSI model to obtain more realistic results. Additionally, recent

13



work [34] by M. García-Villalba et al. reveals that, in order to determine

blood �ow kinetic energy (dependent on the square of velocity magnitude),

computations required 20 heartbeats until the model has stabilized, i.e. the

computed blood �ow velocity in the �rst 20 heartbeats was wrong; or, for

example, in [12] by G. M. Bosi et al. computation required 10 heartbeats.

In contrast, our LA model achieves stability after 3 heartbeats, resulting in

signi�cant computational time savings.

Structure of the dissertation and main results

The dissertation consists of �ve Chapters, Conclusions, Bibliography,

Summary in Lithuanian language and Curriculum Vitae of the author.

Chapter 1 is an introduction to the research �eld, including the history,

actuality of problems, methods and a brief description of results.

Chapter 2 outlines the notation and auxiliary results.

Chapter 3 delves into the theoretical analysis of time-periodic Navier�

Stokes equations in a thin in�nite cylinder with prescribed �ow rate under

minimal regularity of data.

In Chapter 4 we study the Poiseuille-type approximations for axisymmet-

ric �ow in a thin tube with thin sti� elastic wall. In this Chapter, our focus

will be on a comparative analysis of numerical solutions to the non-stacionary

Navier�Stokes problem in a cylinder with a moving wall (FSI model) and

to the elastic wall Poiseuille equation (EWPE), i.e. we derive the4th order

simpli�ed PDE.

In Chapter 5 we develop a model which allows to compute blood �ow

velocity in human heart LAA. We conduct a comparative analysis of two

patients both diagnosed with atrial �brillation, with one having experienced

a stroke and the other not.

Dissemination

The results of this thesis were presented at the following international

seminars and conferences:

1. Eighth European Congress of Mathematics, University of Primorska,

Portoroº, Slovenia, 22-06-2021;
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2. ICNAAM-2021 Conference, Rhodes, Greece, 22-09-2021;

3. Mathematical Modeling in Hemodynamics, Faculté des Sciences et

Techniques, Université Jean Monnet, 08-12-2021;

4. MMA-2023 Conference, J	urmala, Latvia, 06-06-2023;

5. MMA-2024 Conference, Pärnu, Estonia, 30-05-2024.

Furthermore, yearly results were disseminated during presentations at

conferences organized by the Lithuanian Mathematical Society from 2020 to

2024.

Contributing talks were given at the seminars at the Department of

Di�erential Equations (VU) on 25-04-2024, at the Department of Applied

Mechanics (Vilnius TECH) on 11-05-2023 and at the Department of Mathe-

matical Modelling (Vilnius TECH) on 12-03-2024.
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Chapter 2

Notation

Let V be a Banach space, with the norm of an elementu denoted as

kukV . Bold letters denote vector-valued functions, and for the spaces of

scalar, vector-valued, and tensor-valued functions we use di�erent notation.

A vector-valued function u = ( u1; : : : ;un ) belongs to a spaceV if ui 2 V for

i = 1 ; : : : ;n, and kukV =
P n

i =1 kui kV . The dual spaceV � of V is the Banach

space consisting of all linear continuous functionals

f : v 7! hf;v i ;

where hf;v i denotes the value of the functionalf at v. Alternatively, we

may write

f : v 7! f (v);

omitting duality pairing notation.

A sequencef vj g � V converges stronglyto v 2 V , denoted asvj ! v, if

lim
j !1

jj vj � vjjV = 0 ;

and f vj g � V converges weaklyto v 2 V , denoted asvj + v , if

lim
j !1

hf;v j i = hf;v i 8 f 2 V � :

Let D � V be a linear subset ofV . The closure ofD in the norm jj � jj V

is denoted by D jj�jj V . If D jj�jj V = V , then D is called densein V .

For function spaces we use standard notation. Let
 be an arbitrary

domain in Rn . The set C1 (
) represents all in�nitely di�erentiable functions

de�ned on 
 , and C1
0 (
) is the subset of functions from C1 (
) with
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compact support in 
 . For given non-negative integersk and q > 1, L q(
)

and W k;q(
) denote Lebesgue and Sobolev spaces respectively with the

norms

kukL q (
) =

 Z




jujq dx

! 1
q

and kukW k;q (
) =

 kX

j � j=0

Z




jD � u(x)jq dx

! 1
q

;

where D � u =
@j � ju

@x� 1
1 : : :@x� n

n
; j� j =

nX

j =1

� j .

For 1 < q < 1 the spaceL q(
) is re�exive. In the case q = 2 , the space

L 2(
) becomes Hilbert space with the inner product

�
u;v

�
L 2 (
) =

Z




u(x)v(x)dx:

Let u and v be locally summable functions in
 . Then for D � u = v the

following inequality holds for all test functions � 2 C1
0 (
) :

Z




uD � � dx = ( � 1)j � j
Z




v� dx:

Let @
 be a partial C1 class boundary of
 � Rn , u(x);v(x) 2 W 1;2(
) .

Then for integration by parts we use the following formula:

Z




@u(x)
@xk

v(x)dx = �
Z




u(x)
@v(x)
@xk

dx +
Z

@


u(x)v(x)cos(n;xk )dS;

where n = ( n1; :::;nn ) is unit vector of external normal to @
 boundary,

(n;xk ) is an angle between the normaln and axis xk .
�W k;q(
) is the closure ofC1

0 (
) in the norm of W k;q(
) .

L 1 (
) is the space of all essentially bounded function with the norm

kukL 1 (
) = esssup
x2 


ju(x)j:

The spaceL q(0;T;V ) is the space of functionsu such that u(�; t) 2 V for

almost all t 2 [0;T] and the norm

kukL q (0;T ;V ) =
� TZ

0

ku(�; t)kq
V dt

� 1
q < 1 ; 1 6 q < 1 :
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The de�nitions of other speci�c function spaces will be provided in the

Chapters where they are introduced for the �rst time.

Consider a positive numberT. The notation V} signi�es that elements

of the spaceV are T-periodic functions, i.e., u( � ; t) = u( � ; t + T). Without

loss of generality, we may assume thatT = 2 � . De�ne C1
} (0;T;V ) as the

set of 2� -periodic smooth functions u 2 C1 (R) such that u(t) = u(t + 2 � )

for all t 2 [0;2� ]. Two additional spaces of periodic functions,L 2
} (0;2� ) and

W 1;2
} (0;2� ), are introduced. These spaces are constructed through the inner

product of L 2(0;2� ) and W 1;2(0;2� ), respectively.

Let D (
) be the Hilbert space of vector functions formed as the closure

of C1
0 (
) in the Dirichlet norm kukD (
) = kr ukL 2 (
) generated by the

scalar product

[u;v ] =
Z




r u � r v dx;

where r u � r v =
nX

j =1

r uj � r vj =
nX

j =1

nX

k=1

@uj
@xk

@vj
@xk

.

Let f um g1
m=1 , u 2 W k;p(
) . We say um strongly converges to u in

W k;p(
) , written

um ! u in W k;p(
) ;

provided

lim
m!1

jjum � ujjW k;p (
) = 0 :

In this thesis the following inequalities are used:

Lemma 2.0.1. (Cauchy's inequality)

ab6 "a2 +
1
4"

b2 8" > 0; 8a;b > 0: (2.1)

Lemma 2.0.2. (Hölder inequality)

Z




jf (x)g(x)jdx 6

 Z




jf (x)jqdx

! 1
q
 Z




jg(x)jqdx

! 1
q

= jj f jjL 2 (
) jjgjjL 2 (
) :

(2.2)

For q = 2 (2.2) is called Cauchy�Schwarz inequality.

Lemma 2.0.3. (Poincar �e�Friedrich's inequality) The following inequality

kuk2
L 2 (
) 6 ckr uk2

L 2 (
) ; (2.3)

holds with the constantc in any bounded domain
 for u 2 �W 1;2(
) .
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Chapter 3

Time-periodic Poiseuille-type solution

with minimally regular �ow rate

3.1 Introduction

The steady state Poiseuille �ow in an in�nite straight pipe � = f x =

(x0;xn ) 2 Rn : x0 2 � � Rn� 1; �1 < x n < 1 ; n = 2 ;3g of constant cross

section � was invented by Jean Louis Poiseuille in 1841 (see [72], [8], [46]).

The Poiseuille �ow is described by the fact that the associated velocity

�eld has only one nonzero componentU(x0) directed along the xn -axis of �

which depends only onx02 � and the pressure functionp = p(xn ) is linear.

The Poiseuille-type solutions can be extended to the nonstationary case, as

demonstrated by K. Pileckas (see [74], [75], [76], [77], [78], [79], [33]) and S.

S. Sritharan in [86]. Moreover, in [69] by K. Pileckas and G. Panasenko the

behaviour of the nonstationary Poiseuille �ow was studied in a thin cylinder

(with the cross section of radius" ) and the asymptotics of it as " ! 0 was

found.

In practical applications, the primary focus lies in situations where U

(the velocity of �uid at cross section � ) is independent of time (referred to as

steady �ow) but, more generally, U shows periodic behavior with respect to

time (called time-periodic �ow or Womersley's �ow (see [99])). Within the

scope of this Chapter, our attention is directed toward the time-periodic �ow

under the minimal regularity of data, i.e. F (t) belonging only to L 2(0;T). It

is worth noting that Poiseuille �ow is signi�cant in the study of �uid motion

within "bent" pipes or pipes with varying cross sectional areas.
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Typically, there are two methods to determine Poiseuille �ow. These

approaches involve prescribing either the axial pressure slope (further denoted

as q(t)) or the �ow rate (represented as
R

� U(x0; t)dx0= F (t)). In the �rst

case, the problem simpli�es to solving a Poisson equation forU = U(x0)

with a constant forcing term q, in the steady-state case, or a heat equation

for U = U(x0; t) with a prescribed time-periodic forcing term q(t) in the

time-periodic case. Conversely, when we prescribe the �ow rateF (t), the

challenge is to solve the inverse problem for both unknownU(x0; t) and q(t),

making the problem notably more complex, particularly in the time-periodic

case. This complexity has been highlighted in [9] by H. Beirao da Veiga

where it is demonstrated that the task of determining U(x0; t) and q(t) can

be reduced to solving a non-standard parabolic equation that includes a

non-local term of the solution. The presence of this term arises from the

fact that the relationship between F (t) and q(t) depends on the velocity

�eld U(x0; t). Furthermore, in [29] by G. P. Galdi and A. M. Robertson

a fully developed, time-periodic �uid �ow in an in�nite straight pipe of

constant cross section� was studied. Moreover, in [29], authors established

a relationship between the axial pressure slope and the �ow rate, they

showed that the Fourier coe�cients of the �ow rate (�ux) are related by

an invertible, linear transformation depending only on cross section� . One

major consequence of this result is that the existence of a time-periodic

Poiseuille �ow with a prescribed �ow rate can be reduced to the resolution

of the problem with a suitable prescribed pressure gradient.

However, in the papers mentioned above the Poiseuille type solutions

were studied in the case when data is su�ciently regular, i.e. F 2 W 1;2(� ). In

real applications one usually does not have data de�ned by smooth functions,

and it is important to study the case of minimal regularity of data. The

nonstationary Poiseuille type solution with a prescribed initial condition

and given �ow rate (�ux) F (t) belonging only to L 2(0;T) was studied by

K. Pileckas and R. ƒiegis in [80] where a new class of weak solutions was

introduced and the existence and uniqueness of a solution in such class was

proved.

The goal of this Chapter is to extend the result obtained in [80] to the

case of time-periodic Poiseuille type solutions.
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3.2 Problem formulation

Let us consider the time-periodic Navier�Stokes problem describing the

motion of a viscous incompressible �uid in the in�nite cylinder � :
8
>>>>><

>>>>>:

u t � � � u + ( u � r )u + r p = 0 ; (x; t ) 2 � � (0;2� );

div u = 0 ; (x; t ) 2 � � (0;2� );

uj@� � (0;2� ) = 0 ;

u(x; 0) = u(x; 2� );

(3.1)

where u is the �uid velocity, p is the pressure function and� > 0 is the

constant kinematic viscosity of the �uid.

We look for the solution u of (3.1) satisfying the additional condition of

prescribed �ow rate (�ux) F (t):
Z

�

un (x; t )dx0= F (t); (3.2)

where F (0) = F (2� ). Without loss of generality we have supposed that the

period is equal to 2� .

We look for the solution
�
u(x; t );p(x; t )

�
of the problem (3.1) in the

following expression

u(x; t ) =
�
0; : : : ; 0;Un (x0; t)

�
; p(x; t ) = � q(t)xn + p0(t); (3.3)

with an arbitrary function p0(t). Putting (3.3) into (3.1), we obtain the

following problem on the cross section� :

Ut (x0; t) � � � 0U(x0; t) = q(t);

U(x0; t)
�
�
@� = 0 ; U(x0;0) = U(x0;2� );

(3.4)

where U(x0; t) = Un (x0; t) and q(t) are unknown functions, � 0 is the Laplace

operator with respect to x0. The nonlinear term vanishes because of the

structure of Poiseuille �ow (see 3.3).

The Poiseuille �ow can be uniquely determined either prescribing the

pressure slopeq(t) or the �ow rate (�ux) F (t). In the �rst case the problem

will be reduced to the standard time-periodic problem for the heat equation

for unknown velocity U = U(x0; t) with time-periodic forcing q(t). Problems

of such type are well studied (see, e.g., [44]). However, in the real world

applications the pressure is unknown, and only the �ow rate (�ux) of the
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�uid is given. Therefore, it is necessary to study the Poiseuille �ow with

prescribed �ow rate (�ux) condition
Z

�

U(x0; t)dx0= F (t); F (0) = F (2� ): (3.5)

In this case the solution of the problem (3.4), (3.5) is a pair of func-

tions
�
U(x0; t);q(t)

�
and one has to solve forU(x0; t) and q(t) more com-

plicated inverse parabolic problem: for given F (t) to �nd a pair of functions
�
U(x0; t);q(t)

�
solving the problem(3.4) with U(x0; t) satisfying the �ux con-

dition (3.5).

Thus, in the second case the relation betweenq(t) and F (t) depends on

the solution of the inverse problem (in the stationary case the �ux F and the

pressure gradientq are proportional and the problem remains very simple).

The solvability of the time-periodic problem with the assumption that the

�ux F (t) is from the Sobolev spaceW 1;2(0;2� ) was proved by H. Beir~ao da

Veiga [9] and in [29] an elementary relationship between the pressure drop

q(t) and the �ux F (t) was found. However, in applications and numerical

computations usually data is not regular. Therefore, in this Chapter we

study the problem (3.4), (3.5) assumingonly that F 2 L 2(0;2� ), i.e. the

better smothness is unknown.

The problem (3.4), (3.5) can be reduced to the case when all involved

functions have zero mean values. Let us denote by�H = 1
2�

R2�
0 H (t)dt the

mean value of a functionH . Let ( �U; �q) be a solution of the following problem

on � (the stationary Poiseuille solution corresponding to the �ux �F )

8
>>>><

>>>>:

� � � 0�U(x0) = �q;
�U(x0)j@� = 0 ;Z

�

�U(x0)dx0 = �F :
(3.6)

The solution �U(x0) of (3.6) can be represented in the form�U(x0) =
�F

� 0
U0(x0)

where 8
<

:
� � � 0U0(x0) = 1 ;

U0(x0)j@� = 0 ;
(3.7)

and

�q =
�F

� 0
; � 0 =

Z

�

U0(x0)dx0= �
Z

�

jr 0U0(x0)j2dx0> 0: (3.8)
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We look for the solution (U;q) in the form

U(x0; t) = V (x0; t) + �U(x0); q(t) = s(t) + �q: (3.9)

Then obviously, �V (x0) = 0 ; �s = 0 and (V;s) is the solution of the problem

8
>>>>>>><

>>>>>>>:

Vt (x0; t) � � � 0V(x0; t) = s(t);

V (x0; t)j@� = 0 ;

V (x0;0) = V (x0;2� );Z

�

V(x0; t)dx0 = eF (t);

(3.10)

where eF (t) = F (t) � �F . So, �eF = 0 and without loss of generality, we assume

that �F = 0 .

Below we deal with a weak solution of the problem(3.4), (3.5) which is

reduced to the case when involved functions have zero mean value and so

we will study only this case.

The rest of the Chapter 3 is organized in the following way. In the

Section 3.3 function spaces are de�ned and the main result is formulated. In

the Section 3.4 the Galerkin approximations of the solution are constructed

and in the Section 3.5 a priori estimates for these approximations are proved.

In the Section 3.6 the main result of this Chapter, that is the existence and

the uniqueness of the solution, is proved.

3.3 Notation and formulation of the main result

3.3.1 Function spaces

Hereby we de�ne the spaces and notation needed for this Chapter.

Let us consider the set of smooth periodic functionsC1
} (0;2� ) = f h 2

C1 (R1) : h(t) = h(t +2 � ) 8t 2 R1g.

Let L 2(0;2� ) be a Lebesgue space on the interval(0;2� ). We extend the

functions from L 2(0;2� ) to the whole line R1 by putting f (t + 2 � ) = f (t)

for any t. To emphasize that functions are periodically extended toR1 we

use the notation L 2
} (0;2� ). Let L 2

] (0;2� ) = f h 2 L 2
} (0;2� ) :

R2�
0 h(t)dt = 0g.

Clearly, L 2
] (0;2� ) is a closure ofC1

] (0;2� ) = f h 2 C1
} (0;2� ) :

R2�
0 h(t)dt = 0g

in L 2(0;2� )-norm and it is a proper subspace ofL 2
} (0;2� ).
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Denote by W 1;2
} (0;2� ) be the closure of the setC1

} (0;2� ) in W 1;2-norm.

Since function f from W 1;2
} (0;2� ) coincides with a continuous function on a

set whose complement is of measure zero, we may assume thatf (0) = f (2� ).

Let W � 1;2
} (0;2� ) be dual of W 1;2

} (0;2� ), i.e.,

W � 1;2
} (0;2� ) =

�
W 1;2

} (0;2� )
� � .

For any function f 2 L 2
} (0;2� ) denote by Sf (t) its primitive:

Sf (t) = �

t0+2 �Z

t

f (� )d�; where t0 2 [0;2� ); t 2 [t0; t0 +2 � ]: (3.11)

Clearly,
dSf (t)

dt
= f (t); Sf (t0 +2 � ) = 0 .

If f 2 L 2
] (0;2� ), then Sf (t0) = �

t0+2 �Z

t0

f (� )d� = �

2�Z

0

f (t)dt = 0 .

Moreover,

2�Z

0

jSf (t)j2dt 6 2�

2�Z

0

t0+2 �Z

t

jf (� )j2d� dt 6 4� 2
t0+2 �Z

t0

jf (� )j2d� = 4 � 2
2�Z

0

jf (� )j2d�;

and Sf (t) is a periodic function:

Sf (t +2 � ) = �

t0+2 �Z

t+2 �

f (� )d� = �

t0Z

t

f (� )d� = �

t0+2 �Z

t

f (� )d� +

t0+2 �Z

t0

f (� )d�

= Sf (t) � Sf (t0) = Sf (t):

Thus, Sf 2 L 2
} (0;2� ). Note that functions Sf (t) de�ned by (3.11) with

various t0 di�er from each other by a constant.

Note that the L 2-limit of a sequencef Sf n g � C1
} (0;2� ) is not necessary

a primitive of some function from L 2
] (0;2� ). In the lemma below we prove

that an element h 2 W � 1;2
} (0;2� ) possesses a primitive in the distributional

sense.

Lemma 3.3.1. Any functional h 2 W � 1;2
} (0;2� ) can be represented in the

form

hh; � i =

2�Z

0

H (t)� 0(t)dt 8� 2 W 1;2
} (0;2� ) (3.12)

with a uniquely determinedH 2 L 2
] (0;2� ).
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Proof. Obviously the functional given by the formula (3.12) obeys the esti-

mate
�
�hh; � i

�
� 6 kH kL 2

] (0;2� )k� kW 1;2
} (0;2� )

and henceh 2 W � 1;2
} (0;2� ).

Let us take an arbitrary functional h 2 W � 1;2
} (0;2� ) and show that it

can be represented in the form (3.12).

Consider the operator@: � 2 W 1;2
} (0;2� ) 7! � 02 L 2

] (0;2� ) (due to period-

icity
R2�

0 � 0(t)dt = � (2� ) � � (0) = 0 ). Since for any ' 2 L 2
] (0;2� ) the equality

' = � 0 holds with

� (t) = �

2�Z

t

' (� )d� 2 W 1;2
} (0;2� ); (3.13)

we have R(@) = L 2
] (0;2� ) and the operator @is an isomorphism from

W 1;2
} (0;2� ) to L 2

] (0;2� ), where the bounded operator@� 1 : L 2
] (0;2� ) 7!

W 1;2
} (0;2� ) is given by (3.13).

SinceV 2 L 2
] (0;2� ;L 2(� )) , SV is a primitive of V , i.e. (SV )t = V , and we

have the following inclusionsSV 2 L 2
}

�
0;2� ;L 2(� )

�
; (SV )t 2 L 2

]
�
0;2� ;L 2(� )

�
.

SV 2 L 2
}

�
0;2� ; �W 1;2(� )

�
. The condition that V j@� = 0 is understood in the

usual sense of traces (see [1]). IfSV 2 L 2�
0;2� ; �W 1;2(� )

�
, then

SV = �
R2�

t V(�; � )d� 2 �W 1;2(� ) for a.a. t 2 (0;2� ) and
R2�

t V(x0; � )d� j@� = 0

in the sense of traces for sucht. But then also V (x0; t)@� = 0 in the sense of

traces for a.a. t 2 (0;2� ).

For ' 2 L 2
] (0;2� ) de�ne the functional M (' ) = hh;@� 1' i . Clearly,

jM (' )j 6 ckhkW � 1;2
} (0;2� )k@� 1' kW 1;2

} (0;2� ) 6 ckhkW � 1;2
} (0;2� )k' kL 2

] (0;2� ) :

Hence there exists a uniquely de�nedH 2 L 2
] (0;2� ) such that

M (' ) =
2�R

0
H (� )' (� )d� 8' 2 L 2

] (0;2� ). Thus,

hh; � i = hh;@� 1' i =

2�Z

0

H (� )' (� )d� =

2�Z

0

H (� )� 0(� )d� 8� 2 W 1;2
} (0;2� )

and hh; � i is represented in the form (3.12).

Remark 3.3.2. Note that if the functional h can be represented byL 2
] (0;2� )

function, that is hh; � i =
R2�

0 H (t)� (t)dt with H 2 L 2
] (0;2� ) and arbitrary
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� 2 W 1;2
} (0;2� ), then H (t) = �

R2�
t h(� )d� . Therefore, also in the case of

a general functional h for the distributional primitive H we will use the

notation H (t) = Sh(t).

3.3.2 Formulation of the main result

De�nition of a weak solution. Let F 2 L 2
] (0;2� ). By a weak solution

of the problem(3.10) we understand a pair
�
V;s

�
such that

V 2 L 2
]
�
0;2� ;L 2(� )

�
. s 2 W � 1;2

} (0;2� ), V (x0; t) satis�es the �ux condition
Z

�

V(x0; t)dx0= F (t) (3.14)

and the pair (V;s
�

satis�es the integral identity

2�Z

0

Z

�

V(x0; t)� t (x0; t)dx0dt + �

2�Z

0

Z

�

r 0SV (x0; t) � r 0� t (x0; t)dx0dt

=

2�Z

0

Ss(t)
Z

�

� t (x0; t)dx0dt

(3.15)

for any test function � 2 L 2
}

�
0;2� ; �W 1;2(� )

�
such that � t 2 L 2

]
�
0;2� ;W 1;2(� )

�
.

For a regular solution
�
V;s

�
, taking into account that r V = ( r SV )t ,

s = S0
s, the identity (3.15) can be easily obtained multiplying the equation

(3.10)1 by � , integrating over � and over the interval (0;2� ), and integrating

by parts with respect to x0 and t. On the other hand, by uniqueness of

such weak solution
�
V;s) (see Theorem 3.3.1 below), it follows that for

F 2 W 1;2
] (0;2� ) the solution

�
V;s) coincides with the regular one, that is

V 2 L 2
] (0;2� ; �W 1;2�

� ) \ W 2;2(� )
�
; Vt 2 L 2

] (0;2� ;L 2(� )) ; s 2 L 2
] (0;2� ). Thus,

the proposed de�nition is an extension of the concept of weak solutions.

Theorem 3.3.1. Let F 2 L 2
] (0;2� ). Then the problem (3.10) admits a

unique weak solution
�
V; s

�
. There holds the estimate

2�Z

0

Z

�

�
�V(x0; t)

�
�2dx0dt+

2�Z

0

Z

�

�
�
�r 0SV (x0; t)

�
�
�
2
dx0dt

+

2�Z

0

�
�Ss(� )

�
�2d� 6 c

2�Z

0

�
�F (� )

�
�2d�;

(3.16)

where the constantc depends only on�:
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Remark 3.3.3. Since
R2�

0 � 0(t)dt = 0 for � 2 W 1;2
} (0;2� ) and all primitives

of the function V (x0; t) di�er from each other by a function independent of t,

the integral identity (3.15) remains valid for any primitive function SV and

we can assume, for example, thatSV is taken to be zero at the point t = 2 � .

Theorem 3.3.1 will be proved applying some version of Galerkin approxi-

mations (see Sections 3 and 4). Notice that in order to get the estimates

of the approximate solutions
�
V (N )

� (x0; t);s(N )
� (t)

�
we have used primitive

functions de�ned over the integrals
Rt � +2 �

t :::, with specially chosen points

t � = t � (�;N ) 2 [0;2� ) and t 2 (t � ; t � + 2 � ). Thus, the estimate (3.16) is

valid only for the primitive function SV obtained as a limit of the sequence
�
S

V ( N )
�

	
.

3.4 Construction of Galerkin approximations

Let uk (x0) 2 �W 1;2(� ) and � k be eigenfunctions and eigenvalues of the

Laplace operator:
8
<

:

� � � 0uk (x0) = � kuk (x0);

uk (x0)
�
�
@� = 0 :

(3.17)

Note that � k > 0 and lim
k!1

� k = 1 : The eigenfunctionsuk (x0) are orthog-

onal in L 2(� ) and we assume thatuk (x0) are normalized in L 2(� ). Then

�
Z

�

jr 0uk (x0)j2 dx0= � k ;
Z

�

r 0uk (x0) � r 0ul (x0)dx0= 0 ; k 6= l:

Moreover, f uk (x0)g is a basis inL 2(� ) and �W 1;2(� ) (see [56]).

We look for an approximate solution of the problem (3.10) in the form

V (N ) (x0; t) =
NX

k=1

w(N )
k (t)uk (x0): (3.18)

The coe�cients w(N )
k (t) and the function s(N ) (t) are obtained by solving

the following problems
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Z

�

V (N )
t (x0; t)uk (x0)dx0+ �

Z

�

r 0V (N ) (x0; t) � r 0uk (x0)dx0

= s(N ) (t)
Z

�

uk (x0)dx0; k = 1 ;2; : : : ;N;

w(N )
k (0) = w(N )

k (2� ); k = 1 ; : : : ;N;
Z

�

V (N ) (x0; t)dx0= F (t);

(3.19)

which in virtue of the orthonormality of functions uk (x0) are equivalent

to the ordinary di�erential equations for the functions w(N )
k (t):

8
>>><

>>>:

(w(N )
k (t))0+ � kw(N )

k (t) = � ks(N ) (t); t 2 (0;2� );

w(N )
k (0) = w(N )

k (2� );

(3.20)

where � k =
R

� uk (x0)dx0.

Note that
P 1

k=1 � kuk (x0) = 1 and
P 1

k=1 � 2
k = j� j:

The solution of the problem (3.20) has the form (see [57])

w(N )
k (t) = � k

2�Z

0

Gk (t; � )s(N ) (� )d�; (3.21)

where

Gk (t; � ) =

8
>>>>>>><

>>>>>>>:

e� � k (t � � )

1� e� 2�� k
; 0 6 � 6 t 6 2�;

e� � k (t � � +2 � )

1� e� 2�� k
; 0 6 t 6 � 6 2�:

Indeed, if we substitute (3.21) into (3.20)1 we get

 

� k

2�Z

0

Gk (t; � )s(N ) (� )d�

! 0

+ � k � k

2�Z

0

Gk (t; � )s(N ) (� )d� = � ks(N ) (t); t 2 (0;2� );
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dividing the obtained expression by� k , separating e� � k t and e� k � we get

"

e� � k t

 tZ

0

e� k �

1� e� 2�� k
s(N ) (� )d� +

2�Z

t

e� k (� � 2� )

1� e� 2�� k
s(N ) (� )d�

!# 0

+ � k

 tZ

0

e� � k (t � � )

1� e� 2�� k
s(N ) (� )d� +

2�Z

t

e� � k (t � � +2 � )

1� e� 2�� k
s(N ) (� )d�

!

= � � ke� � k t

 tZ

0

e� k �

1� e� 2�� k
s(N ) (� )d� +

2�Z

t

e� k (� � 2� )

1� e� 2�� k
s(N ) (� )d�

!

+
1

1� e� 2�� k
s(N ) (t) �

e� 2�� k

1� e� 2�� k
s(N ) (t)

+ � k

 tZ

0

e� � k (t � � )

1� e� 2�� k
s(N ) (� )d� +

2�Z

t

e� � k (t � � +2 � )

1� e� 2�� k
s(N ) (� )d�

!

= s(N ) (� ); t 2 (0;2� );

Moreover, since

w(N )
k (0) = � k

2�Z

0

e� � k (0� � +2 � )

1� e� 2�� k
s(N ) (� )d�;

and

w(N )
k (2� ) = � k

2�Z

0

e� � k (2� � � )

1� e� 2�� k
s(N ) (� )d�;

we get that w(N )
k (0) = w(N )

k (2� ).

Substituting the expression (3.21) into (3.18) we obtain

V (N ) (x0; t) =
NP

k=1
� k

2�Z

0

Gk (t; � )s(N ) (� )d� u k (x0):

Now the �ux condition yields

F (t) =
Z

�

V (N ) (x0; t)dx0=
NX

k=1

� k

2�Z

0

Gk (t; � )s(N ) (� )d�
Z

�

uk (x0)dx0

=
NX

k=1

� 2
k

2�Z

0

Gk (t; � )s(N ) (� )d�:
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Thus for the function s(N ) we derived Fredholm integral equation of the

�rst kind:

2�Z

0

NX

k=1

� 2
k Gk (t; � )s(N ) (� )d� = F (t): (3.22)

It is well known (see, e.g., [45], [84]) that such equations, in general,

are ill-posed in L 2 setting. In order to regularize the equation (3.22), we

consider the following Fredholm integral equation of the second kind:

�s (N )
� (t) +

2�Z

0

NX

k=1

� 2
k Gk (t; � )s(N )

� (� )d� = F (t); (3.23)

where later � will tend to 0, i.e., instead of the problem(3.19), (3.22), we

study the regularized problem

Z

�

(V (N )
� )t (x0; t)uk (x0)dx0+ �

Z

�

r 0V (N )
� (x0; t) � r 0uk (x0)dx0

= s(N )
� (t)

Z

�

uk (x0)dx0; k = 1 ;2; : : : ;N;

V (N )
� (x0;0) = V (N )

� (x0;2� );

�s (N )
� (t) +

2�Z

0

NX

k=1

� 2
k Gk (t; � )s(N )

� (� )d� = F (t);

(3.24)

where

V (N )
� (x0; t) =

NX

k=1

w(N )
k;� (t)uk (x0);

w(N )
k;� (t) = � k

2�Z

0

Gk (t; � )s(N )
� (� )d�;

Lemma 3.4.1. Let F 2 L 2
] (0;2� ). Then the equation(3.23) admits a unique

solution s(N )
� 2 L 2

] (0;2� ).
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Proof. First we show that the equation (3.23) is well de�ned in the space

L 2
] (0;2� ). Obviously, if F is periodic ands(N )

� is the solution of (3.23) , then

s(N )
� also is a periodic function. Assume that mean value�F = 0 . Then

� �s(N )
� +

2�Z

0

NX

k=1

� 2
k s(N )

� (� )

2�Z

0

Gk (t; � )dtd� = 0 : (3.25)

Since

2�Z

0

Gk (t; � )dt =
1

1� e� 2�� k

 2�Z

�

e� � k (t � � )dt +

�Z

0

e� � k (t � � +2 � )dt

!

= �
1

� k (1 � e� 2�� k )

 

e� � k (t � � )

�
�
�
�
�

t2=2 �

t1= �

+ e� � k (t � � +2 � )

�
�
�
�
�

t2= �

t1=0

!

=
1
� k

;

the second term in(3.25) is equal to
NX

k=1

� 2
k

� k
�s(N )

� and from (3.25) it follows

that

 

� +
NX

k=1

� 2
k

� k

!

�s(N )
� = 0

and thus, �s(N )
� = 0 .

From this it follows that the mean value �V (N )
� (x0) of V (N )

� (x0; t) also

vanishes: �V (N )
� (x0) = 0 .

It is well known that Fredholm integral equations of the second kind

satisfy the Fredholm alternative (e.g., [94]). So, it is enough to prove the

uniqueness of the solution to (3.23). LetF (t) = 0 .

By construction,

2�Z

0

NX

k=1

� 2
k Gk (t; � )s(N )

� (� )d� =
Z

�

V (N )
� (x0; t)dx0 and the

homogeneous equation (3.23) gives

Z

�

V (N )
� (x0; t)dx0= � �s (N )

� (t):

Multiplying (3.24)1 by w(N )
k;� (t), summing by k from 1 to N and integrat-

ing over the interval (0;2� ) yields
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2�Z

0

Z

�

(V (N )
� )t (x0; t)V (N )

� (x0; t)dx0dt + �

2�Z

0

Z

�

jr 0V (N )
� (x0; t)j2dx0dt

=

2�Z

0

s(N )
� (t)

Z

�

V (N )
� (x0; � )dx0d� dt = � �

2�Z

0

js(N )
� (t)j2dt:

(3.26)

After integration with respect to t, taking into account the time-periodicity

of V (N )
� (x0; t) and the fact that

R
� (V (N )

� )t (x0; t)V (N )
� (x0; t)dx0dt

= 1
2

R
�

�
(V (N )

� )2�
t (x

0; t)dx0 we obtain

�

2�Z

0

Z

�

jr 0V (N )
� (x0; t)j2dx0dt + �

2�Z

0

js(N )
� (t)j2dt = 0 :

Thus, s(N )
� (t) = 0 for a.a. t 2 [0;2� ] and lemma is proved.

3.5 A priori estimates of the Galerkin approxima-

tions

Let the pair (V (N )
� (x0; t);s(N )

� (t)) be a solution of the problem(3.24) and

U0(x0) be the solution of problem (3.7).

Consider the integral
R

� V (N )
� (x0; t)U0(x0)dx0: Since the mean value

�V (N )
� (x0) = 0 , we have

2�Z

0

Z

�

V (N )
� (x0; t)U0(x0)dx0dt =

Z

�

U0(x0)

 2�Z

0

V (N )
� (x0; t)dt

!

dx0= 0 :

Therefore, by the Mean Value Theorem there existst � = t � (�;N ) such that
R

� V (N )
� (x0; t � )U0(x0)dx0= 0 : The point t � (�;N ) depends on� and N , but

in this section we denote it just t � in order to simplify the notation. By

periodicity we also have
R

� V (N )
� (x0; t � +2 � )U0(x0)dx0= 0 .

Let f 2 L 2
] (0;2� ). For t 2 [t � ; t � +2 � ] de�ne the notation

S�
f (t) = �

Rt � +2 �
t f (� )d� . Since the mean value off vanishes, we have

S�
f (t � +2 � ) = S�

f (t � ) = 0 . Moreover,
dS�

f (t)

dt
= f (t).
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Lemma 3.5.1. The following estimate

t � +2 �Z

t �

Z

�

�
�V (N )

� (x0; t)
�
�2dx0dt +

t � +2 �Z

t �

Z

�

�
�
�r 0S�

V ( N )
�

(x0; t)
�
�
�
2
dx0dt

+

t � +2 �Z

t �

�
�S�

s( N )
�

(� )
�
�2d� 6 c

t � +2 �Z

t �

�
�F (� )

�
�2d�

(3.27)

holds with a constantc independent of� and N .

Proof. De�ne 
 (N )
k;� (t) =

R2� + t �
t w(N )

k;� (� )d� , t � 6 t 6 2� + t � . Multiplying

(3.24)1 by 
 (N )
k;� (t), summing the obtained relation from k = 1 to k = N

and integrating them over the interval (t � ; t � +2 � ) we obtain

t � +2 �Z

t �

Z

�

(V (N )
� )t (x0; t)

t � +2 �Z

t

V (N )
� (x0; � )d� dx0dt

+ �

t � +2 �Z

t �

Z

�

r 0V (N )
� (x0; t)

t � +2 �Z

t

r 0V (N )
� (x0; � )d� dx0dt

=

t � +2 �Z

t �

s(N )
� (t)

t � +2 �Z

t

Z

�

V (N )
� (x0; � )dx0d� dt:

(3.28)

Using the relation

Z

�

V (N )
� (x0; t)dx0=

NX

k=1

� 2
k

2�Z

0

Gk (t; � )s(N )
� (� )d�

and (3.24)3 we derive
Z

�

V (N )
� (x0; t)dx0= F (t) � �s (N )

� (t):

Therefore, (3.28) can be written as

t � +2 �Z

t �

Z

�

�
V (N )

�
�

t (x
0; t)

t � +2 �Z

t

V (N )
� (x0; � )d� dx0dt

+ �

t � +2 �Z

t �

Z

�

r 0V (N )
� (x0; t)

t � +2 �Z

t

r 0V (N )
� (x0; � )d� dx0dt

=

t � +2 �Z

t �

s(N )
� (t)

t � +2 �Z

t

�
F (� ) � �s (N )

� (� )
�
d� dt:

(3.29)
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Then

t � +2 �Z

t �

s(N )
� (t)

t � +2 �Z

t

(F (� ) � �s (N )
� (� ))d � dt

=

t � +2 �Z

t �

dS�
s( N )

�
(t)

dt

t � +2 �Z

t

�
F (� ) � �s (N )

� (� )
�
d� dt

=

t � +2 �Z

t �

S�
s( N )

�
(t)F (t)dt � �

t � +2 �Z

t �

S�
s( N )

�
(t)s(N )

� (t)dt

=

t � +2 �Z

t �

S�
s( N )

�
(t)F (t)dt � �

t � +2 �Z

t �

S�
s( N )

�
(t)

dS�
s( N )

�
(t)

dt
dt =

t � +2 �Z

t �

S�
s( N )

�
(t)F (t)dt:

Calculating similarly two integrals J1 and J2 on the left hand side of

(3.29) we derive that

J1 =

t � +2 �Z

t �

Z

�

�
�V (N )

� (x0; t)
�
�2dx0dt; J 2 = 0 :

Hence the relation (3.29) takes the form

t � +2 �Z

t �

Z

�

�
�V (N )

� (x0; t)
�
�2dx0dt =

t � +2 �Z

t �

S�
s( N )

�
(t)F (t)dt: (3.30)

Now multiply (3.24)1 by (t � t � )
 (N )
k;� (t), the sum from k = 1 to k = N

and integrate over the interval (t � ; t � +2 � ):

t � +2 �Z

t �

Z

�

(t � t � )
�
V (N )

�
�

t (x
0; t)

t � +2 �Z

t

V (N )
� (x0; � )d� dx0dt

+ �

t � +2 �Z

t �

Z

�

(t � t � )r 0V (N )
� (x0; t)

t � +2 �Z

t

r 0V (N )
� (x0; � )d� dx0dt

=

t � +2 �Z

t �

(t � t � )s(N )
� (t)

t � +2 �Z

t

�
F (� ) � �s (N )

� (� )
�
d� dt:

(3.31)

34



Evaluating each of the three integrals in (3.31) and having in mind that

mean values of participating functions are zero, we obtain

t � +2 �Z

t �

Z

�

(t � t � )jV (N )
� (x0; t)j2dx0dt +

�
2

t � +2 �Z

t �

Z

�

jr 0S�
V ( N )

�
(x0; t)j2dx0dt

=

t � +2 �Z

t �

(t � t � )S�
s( N )

�
(t)F (t)dt �

�
2

t � +2 �Z

t �

�
�S�

s( N )
�

(t)
�
�2dt

�

t � +2 �Z

t �

S�
s( N )

�
(t)

t � +2 �Z

t

F (� )d� dt:

(3.32)

From (3.30) and (3.32) it follows that

t � +2 �Z

t �

Z

�

jV (N )
� (x0; t)j2dx0dt 6 "

t � +2 �Z

t �

�
�S�

s( N )
�

(t)
�
�2dt

+
1
2"

t � +2 �Z

t �

jF (t)j2dt;

(3.33)

and

�
2

t � +2 �Z

t �

Z

�

jr 0S�
V ( N )

�
(x0; t)j2dx0dt

6

�
�
�
�
�

t � +2 �Z

t �

(t � t � )S�
s( N )

�
(t)F (t)dt

�
�
�
�
�
+

�
�
�
�
�

t � +2 �Z

t �

S�
s( N )

�
(t)

t � +2 �Z

t

F (� )d� dt

�
�
�
�
�

6 "(4� 2 +1)

t � +2 �Z

t �

jS�
s( N )

�
(t)j2dt+

1
2"

t � +2 �Z

t �

jF (t)j2dt

+
1
2"

t � +2 �Z

t �

�
�
�

t � +2 �Z

t

F (� )d�
�
�
�
2
dt

6 (4� 2 +1)

 

"

t � +2 �Z

t �

jS�
s( N )

�
(t)j2dt +

1
2"

t � +2 �Z

t �

jF (t)j2dt

!

:

(3.34)

Let us estimate the integral
Rt � +2 �

t �

�
�S�

s( N )
�

(t)
�
�2dt. Let U0 2 �W 1;2(� ) be

a solution of the problem (3.7). Remind that the �ux of U0 is nonzero,

� 0 =
R

� U0(x0)dx0> 0 (see(3.8)). Since f uk (x0)g is a basis in �W 1;2(� ), U0

can be expressed as a Fourier series in�W 1;2(� ):

U0(x0) =
1X

k=1

akuk (x0); ak 2 R1:
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Let us multiply the relations (3.24)1 by ak and sum them overk. This

gives
Z

�

(V (N )
� )t (x0; t)U0(x0)dx0+ �

Z

�

r 0V (N )
� (x0; t) � r 0U0(x0)dx0

= s(N )
� (t)

Z

�

U0(x0)dx0= s(N )
� (t)� 0:

(3.35)

On the other hand, multiplying (3.7) by V (N )
� (x0; t) and integrating by

parts in � we obtain

�
Z

�

r 0U0(x0) � r 0V (N )
� (x0; t)dx0

=
Z

�

V (N )
� (x0; t)dx0= F (t) � �s (N )

� (t):
(3.36)

Substituting (3.36) into (3.35) yields
Z

�

�
V (N )

�
�

t (x
0; t)U0(x0)dx0+ F (t) � �s (N )

� (t) = s(N )
� (t)� 0;

i.e.,

(� 0 + � )s(N )
� (t) =

Z

�

�
V (N )

�
�

t (x
0; t)U0(x0)dx0+ F (t): (3.37)

Integrating (3.37) with respect to t from � to t � +2 � we obtain

(� 0 + � )

t � +2 �Z

�

s(N )
� (t)dt = � (� 0 + � )S�

s( N )
�

(� )

= �
Z

�

V (N )
� (x0; � )U0(x0)dx0+

t � +2 �Z

�

F (t)dt:

(3.38)

Here we have used the choice of the pointt � , that is
Z

�

V (N )
� (x0; t � )U0(x0)dx0=

Z

�

V (N )
� (x0; t � +2 � )U0(x0)dx0= 0 :

and hence,

t � +2 �Z

�

Z

�

�
V (N )

�
�

t (x
0; t)U0(x0)dx0dt = �

Z

�

V (N )
� (x0; � )U0(x0)dx0:
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From (3.38) it follows that

(� 0 + � )2
t � +2 �Z

t �

�
�S�

s( N )
�

(� )
�
�2d�

6 2

t � +2 �Z

t �

 Z

�

V (N )
� (x0; � )U0(x0)dx0

! 2

d� +2

t � +2 �Z

t �

 t � +2 �Z

�

F (t)dt

! 2

d�

6 2

t � +2 �Z

t �

Z

�

�
�V (N )

� (x0; � )
�
�2dx0

Z

�

�
�U0(x0)

�
�2dx0d� +2

t � +2 �Z

t �

jS�
F (� )j2d�

6 c

t � +2 �Z

t �

Z

�

�
�V (N )

� (x0; � )
�
�2dx0

Z

�

�
�r 0U0(x0)

�
�2dx0d� +2

t � +2 �Z

t �

jS�
F (� )j2d�

6 c

 t � +2 �Z

t �

Z

�

�
�V (N )

� (x0; � )
�
�2dx0d� +

t � +2 �Z

t �

jF (� )j2d�

!

:

(3.39)

Substituting (3.39) into (3.33) yields

t � +2 �Z

t �

Z

�

�
�V (N )

� (x0; t)
�
�2dx0dt 6 c"

t � +2 �Z

t �

Z

�

�
�V (N )

� (x0; t)
�
�2dx0dt + c"

t � +2 �Z

t �

�
�F (t)

�
�2dt

and choosing" su�ciently small we obtain

t � +2 �Z

t �

Z

�

�
�V (N )

� (x0; t)
�
�2dx0dt 6 c

t � +2 �Z

t �

�
�F (t)

�
�2dt: (3.40)

The estimates (3.40) and (3.39) give

t � +2 �Z

t �

�
�S�

s( N )
�

(� )
�
�2d� 6 c

t � +2 �Z

t �

�
�F (� )

�
�2d�: (3.41)

Finally from (3.34) and (3.41) it follows that

t � +2 �Z

t �

Z

�

�
�
�r 0S�

V ( N )
�

(x0; t)
�
�
�
2
dx0dt 6 c

t � +2 �Z

t �

�
�F (t)

�
�2dt: (3.42)

The constants in (3.40)�(3.42) are independent of� and N .
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3.6 Convergence of the Galerkin approximations.

Proof of Theorem 3.3.1

Proof of the existence. The constructed approximate solutions
�
V (N )

� (x0; t);s(N )
� (t)

�
satisfy the equalities (3.24)1. Multiplying these re-

lations by arbitrary functions dk (t) 2 L 2
} (0;2� ) such that d0

k (t) 2 L 2
] (0;2� );

summing over k from k = 1 to k = M;M 6 N , integrating with respect to t

and then integrating by parts, we obtain the integral identity

2�Z

0

Z

�

V (N )
� (x0; t)� t (x0; t)dx0dt

+ �

2�Z

0

Z

�

r 0S�
V ( N )

�
(x0; t) � r 0� t (x0; t)dx0dt

=

2�Z

0

S�
s( N )

�
(� )

Z

�

� t (x0; t)dx0dt

(3.43)

for test functions � having the form � (x0; t) =
MX

k=1

dk (t)uk (x0).

Recall that
�
V (N )

� (x0; t);s(N )
� (t)

�
obey the a priori estimate (3.27) with a

constant c independent of � and N .

Since all functions in (3.27) are 2� -periodic, the inequality (3.27) is

equivalent to

2�Z

0

Z

�

�
�V (N )

� (x0; t)
�
�2dx0dt +

2�Z

0

Z

�

�
�
�r 0S�

V ( N )
�

(x0; t)
�
�
�
2
dx0dt

+

2�Z

0

�
�S�

s( N )
�

(� )
�
�2d� 6 c

2�Z

0

�
�F (� )

�
�2d�:

(3.44)

Let us �x N and choose a subsequencesf � l g and
��

V (N )
� l (x0; t);s(N )

� l (t)
�	

such that lim
l !1

� l = 0 ,
�
V (N )

� l

	
converges weakly inL 2

] (0;2� ;L 2(� )) to some

V (N ) ,
n

S�
V ( N )

� l

o
converges weakly inL 2

} (0;2� ; �W 1;2(� )) to SV ( N ) . Recall that

for U 2 L 2
] (0;T;L 2(� )) , and SU is the primitive of U. Moreover,

n
s(N )

� l

o

converges weakly inW � 1;2
} (0;2� ) to s(N ) . The last convergence means that

lim
l !1

2�Z

0

S�
s( N )

� l

(t)� 0(t)dt =

2�Z

0

Ss( N ) (t)� 0(t)dt = hs(N ) ; � i 8 � 2 W 1;2
} (0;2� );
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where s(N ) 2 W � 1;2
} (0;2� ) and Ss( N ) 2 L 2

] (0;2� ) is a primitive of s(N ) in the

distributional sense.

Obviously, for the limit functions V (N ) and Ss( N ) , the estimate (3.44)

remains valid with a constant c independent ofN . In (3.43) taking � = � l

and passing to the limit as � l ! 0, we get

2�Z

0

Z

�

V (N ) (x0; t)� t (x0; t)dx0dt

+ �

2�Z

0

Z

�

r 0SV ( N ) (x0; t) � r 0� t (x0; t)dx0dt

=

2�Z

0

Ss( N ) (� )
Z

�

� t (x0; t)dx0dt:

(3.45)

Let us show that V (N ) (x0; t) satisfy the �ux condition:
Z

�

V (N ) (x0; t)dx0= F (t): (3.46)

Integrating the equation (3.24)3 for � = � l from t to 2� yields

� l Ss( N )
� l

(t) +

2�Z

t

Z

�

V (N )
� l

(x0; � )dx0d� = SF (t): (3.47)

Obviously, the sequence
n

' (N )
l (� ) =

R
� V (N )

� l (x0; � )dx0
o

is bounded in

L 2(0;2� ). So we may assume, without loss of generality, that
�
' (N )

l

	
is

weakly convergent to ' (N ) in L 2(0;2� ).

Then, the sequence of primitivesS
' ( N )

l
(t) = �

R2�
t ' (N )

l (� )d� ! S' ( N ) (t)

for all t 2 [0;2� ].

Hence



 S

' ( N )
l

� S' ( N )






L 2 (0;2� ) ! 0 as l ! 1 (� l ! 0).

From (3.47) we have




 S

' ( N )
l

� SF





L 2 (0;2� ) = � l



 S

s( N )
� l






L 2 (0;2� ) 6 c� l ! 0 as l ! 1 :
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Therefore,

2�Z

t

Z

�

V (N ) (x0; � )dx0d� =

2�Z

t

F (� )d� for a:a: t 2 [0;2� ];

and di�erentiating this equality with respect to t we get (3.46).

Now we choose a subsequencef
�
V (N k ) (x0; t); s(N k ) (t)

�
g such that f V (N k )g

converges weakly inL 2
] (0;2� ;L 2(� )) to someV ,

�
SV ( N k )

	
converges weakly

in L 2
} (0;2� ; �W 1;2(� )) to SV and f s(N k )g converges weakly inW � 1;2

} (0;2� )

to s.

In (3.45) passing to the limit over the subsequenceNk ! + 1 , yields

2�Z

0

Z

�

V(x0; t)� t (x0; t)dx0dt + �

2�Z

0

Z

�

r 0SV (x0; t) � r 0� t (x0; t)dx0dt

=

2�Z

0

Ss(� )
Z

�

� t (x0; t)dx0dt

(3.48)

Exactly as above we can prove thatV (x0; t) satis�es the �ux condition

(3.14). However, the integral identity (3.48) is proved, up to now, only for

test functions � which can be represented as the sums:

� (x0; t) =
MX

k=1

dk (t)uk (x0) with dk (t) 2 L 2
} (0;2� ) such that d0

k (t) 2 L 2
] (0;2� ):

After we have passed to the limit in (3.45) asN l ! + 1 , the subscript M

in these sums can be arbitrary large natural number. Such sums are dense in

the spaceV =
�
� : � 2 L 2

} (0;2� ; �W 1;2(� )) ; � t 2 L 2
] (0;2� ;L 2(� ))

	
. This can be

proved exactly in the same way as it is done in the book [44] for the case of

an initial boundary value problem. Thus, they also are dense in the subspace

V1 =
�
� : � 2 L 2

} (0;2� ; �W 1;2(� )) ; � t 2 L 2
] (0;2� ;W 1;2(� ))

	
� V and, therefore

(3.45) remains valid for 8 � 2 V1. This proves that
�
V(x0; t); s(t)

�
satis�es the

integral identity (3.15) and thus it is a weak solution of the problem(3.10).

The estimate (3.16) for
�
V(x0; t); s(t)

�
follows from the estimate (3.44) for

the approximate solutions.
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Proof of the uniqueness. Assume that F (t) = 0 . We have � t 2

L 2
] (0;2� ;W 1;2(� )) ; consider

� (x0; t) =

2�Z

t

�
SV (x0; � ) � �SV (x0)

�
d�

=

2�Z

t

�
�

2�Z

�

V(x0; � )d� +
1

2�

2�Z

0

2�Z

t

V(x0; � )d� dt
�
d�:

Obviously, � 2 V1. Putting this � into the integral identity (3.15), we obtain

2�Z

0

Z

�

V(x0; t)
�
SV (x0; t) � �SV (x0)

�
dx0dt

+ �

2�Z

0

Z

�

r 0SV (x0; t) � r 0� SV (x0; t) � �SV (x0)
�
dx0dt

=

2�Z

0

Ss(t)
Z

�

�
SV (x0; t) � �SV (x0)

�
dx0dt:

(3.49)

Since Z

�

V(x0; t)dx0= F (t) = 0 ;

by Fubini's theorem and the time-periodicity of the function V (x0; t), we

have

Z

�

�
SV (x0; t) � �SV (x0)

�
dx0=

Z

�

�
�

2�Z

t

V(x0; � )d�
�
dx0

+
1

2�

Z

�

� 2�Z

0

2�Z

t

V(x0; � )d� dt
�
dx0

= �

2�Z

t

� Z

�

V(x0; � )dx0
�
d� +

1
2�

2�Z

0

2�Z

t

� Z

�

V(x0; � )dx0
�
d� dt = 0;

2�Z

0

Z

�

V(x0; t)
�
SV (x0; t) � �SV (x0)

�
dx0dt =

1
2

2�Z

0

d
dt

Z

�

jSV (x0; t)j2dt

�
1
2

2�Z

0

d
dt

Z

�

SV (x0; t) �SV (x0)dxdt = 0;
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2�Z

0

Z

�

r 0SV (x0; t) � r 0� SV (x0; t) � �SV (x0)
�
dx0dt

=

2�Z

0

Z

�

jr 0� SV (x0; t) � �SV (x0)
�
j2 dx0dt

+

2�Z

0

Z

�

r 0�SV (x0) �
�
SV (x0; t) � �SV (x0)

�
dx0dt

=

2�Z

0

Z

�

jr 0� SV (x0; t) � �SV (x0)
�
j2dx0dt

�
Z

�

r 0�SV (x0) � r 0

 2�Z

0

�
SV (x0; t) � �SV (x0)

�
!

dt dx0

=

2�Z

0

Z

�

jr 0� SV (x0; t) � �SV (x0)
�
j2 dx0dt:

Therefore, from (3.49) it follows that

2�Z

0

Z

�

jr 0� SV (x0; t) � �SV (x0)
�
j2 dx0dt = 0 :

Then r 0� SV (x0; t) � �SV (x0)
�

= 0 and, hence,SV (x0; t) � �SV (x0) = m(t).

Integrating over � we get

j� jm(t) = �
Z

�

2�Z

t

V(x0; � )d� dx0+
1

2�

Z

�

2�Z

0

2�Z

�

V(x0; � )d� d� dx0

= �

2�Z

t

� Z

�

V(x0; � )dx0
�
d� +

1
2�

2�Z

0

2�Z

�

� Z

�

V(x0; � )dx0
�
d� d� = 0 :

Thus, SV (x0; t) = �SV (x0), and sinceSV (x0;0) = SV (x0;2� ) = 0 , we con-

clude that SV (x0; t) = 0 for a.a (x0; t) 2 � � [0;2� ], that is
R2�

t V(x0; � )d� = 0

for a.a. x0 and t. This implies V (x0; t) = 0 .

From the identity (3.15) it follows that

2�Z

0

Ss(t)
Z

�

� t (x0; t)dt = 0 8� 2 V1: (3.50)

In (3.50) we take � = b(t)U0(x0), where b2 W 1;2
} (0;2� ) is arbitrary and

U0(x0) is the solution of problem (3.7). Recall that
R

� U0(x0)dx0= � 0 6= 0 .
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Then (3.50) takes the form

2�Z

0

Ss(t)
Z

�

� t (x0; t)dt = � 0

2�Z

0

Ss(t)b0(t)dt = 0 8b2 W 1;2
} (0;2� ):

Thus, Ss(t) = const: SinceSs 2 L 2
] (0;2� ); i.e., the mean value ofSs(t)

is equal to zero, we get that Ss(t) = 0 : Therefore, the functional s = 0 .
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Chapter 4

Poiseuille-Type Approximations for

Axisymmetric Flow in a Thin Tube with

Thin Sti� Elastic Wall

4.1 Introduction

The interaction between a �uid and an elastic wall arises in many real-life

applications like engineering and biology. The corresponding mathemati-

cal model is represented by the �uid�structure interaction (FSI) problem,

coupling two media with di�erent, often highly contrasting physical char-

acteristics. The wall can be modeled either by a two dimensional shell or

by a three dimensional solid body; the sti�ness of the wall is �nite. The

sti�ness of the wall as a large parameter was considered in [60], [61] and

[62] by G. Panasenko, Y. Sirakov and R. Stavre, where the �uid�plate and

�uid�cylindric wall interactions were studied, and the wall was modeled by

a special boundary condition. In [49], [64], [65] by I. Malakhova-Ziablova, G.

Panasenko and R. Stavre the wall was modeled by the elasticity equation in

two or three dimensions as a thin plate or thin cylindric layer, but the �uid

domain was not thin. The asymptotic behavior of the solution when both

the thickness of the wall and the diameter of the pipe are small parameters,

and the wall has high sti�ness, was �rst considered in [66] by G. Panasenko

and R. Stavre. Note that this setting is crucial for understanding an analog

of a Poiseuille �ow in a tube with an elastic wall.
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The goal of this Chapter is to study FSI problem in a cylinder surrounded

by a sti� elastic wall. We take the model proposed by G. Panasenko and

R. Stavre in [65], [66] and we obtain from it a 4th order simpli�ed PDE

which depends only on one space variable and time and describes the �uid

�ow in a pipe surrounded by an elastic wall as accurately as Navier�Stokes

model coupled with FSI. Subsequently, we make a comparative analysis of a

numerical solution (without swirl 1) to the full Navier�Stokes equations and

to the derived 4th order simpli�ed PDE in two geometries: a cylinder and a

Y-shaped network of cylinders. Remarkably, in the case when the di�erence

in prescribed velocities between inlet and outlet of the cylinder is small, the

solutions on cross sections of a cylinder obtained from the both approaches

do not show a signi�cant di�erence. Notably, the solution of the 4th order

PDE demands less computational time, resulting in resource savings.

4.2 Problem formulation

Consider a �uid occupying the interior of a thin cylindrical tube with an

elastic wall (as shown in Figure 4.1). We de�ne"1 as the radius of the �uid

domain, " as the thickness of the elastic wall, the length of the tube equals

to one. The ratio between the radius of the �uid domain and the thickness

of the wall must be at least greater than 10, the ratio between the length of

the tube and the radius of the tube must be also at least greater than 10, i.e.

" << " 1 << 1: (4.1)

Let us denote the �uid domain by

C f = f (x1;x2;x3) 2 R3 : x2
1 + x2

2 < " 2
1; x3 2 Rg;

and the domain of an elastic wall by

Ce
" = f (x1;x2;x3) 2 R3 : "2

1 < x 2
1 + x2

2 < ("1 + ")2; x3 2 Rg:

Supposing that the coupled problem is axisymmetric and denoting

r =
q

x2
1 + x2

2, we convertC f into L f and Ce
" into L e

" in cylindrical coordinate

1. The idea is that this symmetry reduces the number of degrees of freedom in the

domain to two (the radial and the longitudial, but not the angular coordinate), so that

this approach simpli�es computations
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Figure 4.1 � A thin tube with radius " 1 , covered by elastic wall of thickness " .

form:

L f = f (x3; r ) 2 R2 : x3 2 R; r 2 (0; "1)g;

L e
" = f (x3; r ) 2 R2 : x3 2 R; r 2 ("1; "1 + ")g:

Let us denote by

F 0 = f (x3;0) : x3 2 Rg

the axis of symmetry of the tube, by

F " 1 = f (x3; "1) : x3 2 Rg

the boundary of the �uid domain and the internal part of the elastic wall

(the coupling boundary), and by

F " 1+ " = f (x3; "1 + ") : x3 2 Rg

the external boundary of the elastic wall.
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The characteristics of the elastic wall are represented by the variable

density ~� e = ~� e(� ) depending on the radius of the tube and by the matrix-

valued coe�cients ~A ij = ~A ij (� ); i; j 2 f 1;2;3g which depend on the Young's

modulus ~E = ~E(� ) and on the Poisson's ratio �̂ = �̂ (� ), with � =
r � "1

"
,

r 2 ("1; "1 + "). Since the density and the Young's modulus characterizing

a solid phase (the elastic wall) may be very di�erent from a material to

another, it is interesting to analyze the changes of the mathematical model

with respect to these physical characteristics. For this purpose, in [66] G.

Panasenko and R. Stavre introduced two additional parameters related to" :

! � = " � ; ! E = " � ; with �; � 2 R (4.2)

and supposed that the density of the elastic tube is of order! � and its

Young's modulus is of order! E , while the characteristic time, the dynamic

viscosity and the density of the �uid are supposed to be scaled so that they

are of order one. So,~� e = ! � � e and ~E = ! E E, with � e and E of order one.

With respect to the physical characteristics of the elastic wall, in [66] the

following assumptions were imposed:

! � 6 ! E ; " � 1 6 ! E : (4.3)

Moreover, with respect to the magnitude of ! E , in [66] the following

di�erent cases were considered:

1) " � 1 6 ! E << " � 1" � 2
1 ;

2) ! E = " � 1" � 2
1 ;

3) " � 1" � 2
1 << ! E << " � 1" � 3

1 ;

4) ! E = " � 1" � 3
1 ;

5) ! E >> " � 1" � 3
1 :

In most practical applications, the relation between the density of an

elastic wall and its Young's modulus is ! � << ! E . However, in order to

simplify the illustration, we start with the relation

! � = ! E ; (4.4)
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and then, we pass to the case

! � << ! E : (4.5)

Furthermore, in [66] G. Panasenko and R. Stavre showed that there is a

major di�erence between the cases (4.4) and (4.5).

Consider the sti�ness matrices ~A ij having the elements ~A ij = ( ~akl
ij )1� k;l � 3

which satisfy the relations

~akl
ij = ! E akl

ij ;

akl
ij =

E
2(1+ �̂ )

�
2�̂

1� 2�̂
� ik � jl + � ij � kl + � il � jk

�
;

with the properties:

(i) akl
ij (� ) = ail

kj (� ) = alk
ji (� ); 8 i; j;k; l 2 f 1;2;3g;8 � 2 [0;1];

(ii) 9 � > 0 independent of "; " 1 such that
3X

i;j;k;l =1

akl
ij (� )� l

j � k
i � �

3X

j;l =1

(� l
j )2;8 � 2 [0;1];8 � = ( � l

j )1� j;l � 3; with � l
j = � j

l :

The functions � e; �̂;E are supposed to be piecewise-smooth and� e satis-

�es the following condition

9m� ;M � independent of "; " 1; 0<m � <M � ; such that

m� � � e(� ) � M � ; 8 � 2 [0;1]:
(4.6)

So, the wall can be a natural laminate which is the case of blood

vessels. The characteristics of the viscous �uid, independent of"; " 1, are

the positive constants � f and � representing its density and its dynamic

viscosity, respectively. They are supposed to be of order one.

In addition to the coe�cients � e;E; �̂ (for the elastic wall) and � f ; � (for

the viscous �uid), we also consider as data of the problem the forcesg and

f which represent an external action on the elastic wall and on the �uid,

respectively. In the case of blood vessels, it corresponds to the action of the

surrounding tissues.
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The mathematical model of the periodic, axisymmetric, time dependent

interaction between an incompressible, Stokes �uid and a cylindrical, strat-

i�ed 1 tube with elastic wall uses the following notation and expressions

for:

� the linear elasticity operator

Lu � e3 =
@

@x3

 

(� +2 � )
@u3
@x3

+ �
�

@ur
@r

+
1
r

ur

� !

+
@
@r

 

�
�

@u3
@r

+
@ur
@x3

� !

+
�
r

�
@u3
@r

+
@ur
@x3

�
;

Lu � er =
@

@x3

 

�
�

@u3
@r

+
@ur
@x3

� !

+
@
@r

 

�
�

@u3
@x3

+
1
r

ur

�

+( � +2 � )
@ur
@r

!

+
2�
r

�
@ur
@r

�
1
r

ur

�
;

� the divergence operator for a vector-valued function and a symmetric

tensor-valued function

divcu =
@u3
@x3

+
@ur
@r

+
1
r

ur ;

divcS =
�

@S33

@x3
+

1
r

@
@r

(rSr 3)
�

e3

+
�

@S3r

@x3
+

1
r

@
@r

(rSrr ) �
S��

r

�
er ;

� the gradient operator for a vector-valued function

r cu =

0

B
B
B
B
B
B
@

@u3
@x3

0
@u3
@r

0
1
r

ur 0

@ur
@x3

0
@ur
@r

1

C
C
C
C
C
C
A

;

� the velocity strain tensor

Dc(u) =
1
2

�
r cu + ( r cu)T

�
:

1. The tube contains an elastic and �uid domains (see 4.1).
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Here (x3; r; � ) are the cylindrical coordinates, e3 and er are the unit

vectors of Ox3 and Or axes, respectively,u represents a vector function,S

represents a tensorial axisymmetric function and

� =
E �̂

(1+ �̂ )(1 � 2�̂ )
; � =

E
2(1+ �̂ )

are Lamé parameters,E is Young modulus and�̂ is Poisson ratio.

In cylindrical coordinates the velocity strain tensor can be expressed as

follows:

Dc(u) =

0

B
B
@

@u3
@x3

1
2

�
@u3
@r

+
@ur
@x3

�

1
2

�
@u3
@r

+
@ur
@x3

�
@ur
@r

1

C
C
A : (4.7)

The mathematical model describing the �uid-elastic structure interaction

is given by (see [66]) :
8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

! � � e
@2u
@t2

� ! E Lu = " � 1g in L e
" � (0;T);

8
><

>:

� f
@v
@t

� 2� divcDc(v)+ r p = f

divcv = 0
in L f � (0;T);

vr = 0 on F 0 � (0;T);
8
>>>>>>><

>>>>>>>:

@u3
@r

+
@ur
@x3

= 0

� (1)
@u3
@x3

+ ( � (1)+2 � (1))
@ur
@r

+
� (1)

"1 + "
ur = 0

on F " 1+ " � (0;T);

8
>>>>>>>>>>><

>>>>>>>>>>>:

v =
@u
@t

�
�

@v3
@r

+
@vr
@x3

�
= ! E � (0)

�
@u3
@r

+
@ur
@x3

�

� p+2 �
@vr
@r

= ! E

�
� (0)

@u3
@x3

+( � (0)

+2 � (0))
@ur
@r

+
� (0)
"1

ur

�

on F " 1 � (0;T);

u;v ;p 1� periodic in x3;

u(0) =
@u
@t

(0) = 0 in L e
" ;

v(0) = 0 in L f :

(4.8)
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Note that in (4.8) the time interval (0;T) can be chosen arbitrarily,

independently of "; " 1.

In [66] G. Panasenko and R. Stavre constructed a complete asymptotic

expansion of the solution to (4.8). Furthermore, the leading term of this

expansion was computed as some analogue of the Poiseuille �ow for tubes

with elastic walls. In general, the classical Poiseuille �ow is de�ned as a �ow

with a given pressure drop at the ends of a tube. Sinceu;v;p are 1�periodic

in x3 the problem (4.8) does not include such a case.

However, such a pressure drop can be constructed in a middle of a tube,

i.e. we can take two su�ciently close cross sections of a tube and consider

the di�erence of pressure on them as a pressure drop. Then the leading term

of the asymptotic expansion of the solution can be interpreted as a Poiseuille

type �ow, the velocity of the �uid and the displacements of the walls are

expressed via three basic functions depending on the normal variable and

time only:

a) the scaled average velocityQ, the averaged velocity is equal to2"2
1Q;

b) the longitudinal displacement of the wall-�uid interface w3 (w is the

displacement of the wall-�uid interface containing two components

wr and w3);

c) the leading term for the pressureq.

Moreover, in [66] G. Panasenko and R. Stavre derived the relation

between the leading term for pressureq and the scaled average velocityQ

described by the equation

@q
@x3

(x3; t) +16 �Q (x3; t) = f 3; (4.9)

where f 3 is a longitudial external force which represents action on a �uid.

So, it follows from (4.9), that we can consider only two independent basic

functions q and Q of the leading term in the asymptotic expansion.

Below the expressions obtained in [66] of the longitudial and radial

velocities of the �uid, pressure, longitudial and radial velocities of the elastic

wall are listed:
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v3(x3; r; t )=4 "2
1

 

1�
r 2

"2
1

!

Q(x3; t)

+
@w3
@t

(x3; t)+
"2

1

4

 

1�
r 2

"2
1

!  

�
� f

�
@2w3

@t2
(x3; t)+

@3w3

@t@x23
(x3; t)

!

;

vr (x3; r; t ) = � "3
1

r
"1

�
2�

r 2

"2
1

� @Q
@x3

(x3; t) � "1
r

2"1

@2w3

@t@x3
(x3; t)

�
"3

1

16
r
"1

 

2�
r 2

"2
1

!  

�
� f

�
@3w3

@t2@x3
(x3; t) +

@4w3

@t@x33
(x3; t)

!

;

p(x3; r; t ) = q(x3; t);

u3(x3; r; t ) = w3(x3; t) + "
r � "1

"

 

"3
1

tZ

0

@2Q
@x23

(x3; � )d�

+
"1

2
@2w3

@x23
(x3; t)

!

� � ! � 1
E "" 1

0

B
B
@

r � " 1
"Z

0

1� �
� (� )

d�

1

C
C
A

�

 

8Q(x3; t) �
� f

2�
@2w3

@t2
(x3; t) +

@3w3

@t@x23
(x3; t)

!

;

ur (x3; r; t ) = � "3
1

 

1� "

r � " 1
"Z

0

1
"1 + "�

� (� )
� (� ) +2 � (� )

d�

!

�

tZ

0

@Q
@x3

(x3; � )d� �

 
"1

2

�
1� "

r � " 1
"Z

0

1
"1 + "�

� (� )
� (� ) +2 � (� )

d�
�

+ "

r � " 1
"Z

0

� (� )
� (� ) +2 � (� )

d�

!
@w3
@x3

(x3; t)

+ ! � 1
E "

0

B
B
@

r � " 1
"Z

0

1� �
� (� ) +2 � (� )

d�

1

C
C
A

 

2�" 2
1

@Q
@x3

(x3; t)

� �
@2w3

@t@x3
(x3; t) � q(x3; t)

!

:

(4.10)

Here, for the leading terms, we keep the same notation as for the exact

solution.

The radial displacement of the wall-�uid interface wr is approximately
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related with the third basic function w3 by equation

wr (x3; t) = � "3
1

tZ

0

@Q
@x3

(x3; � )d� �
"1

2
@w3
@x3

(x3; t) (4.11)

or
@wr
@t

(x3; t) = � "3
1

@Q
@x3

(x3; t) �
"1

2
@2w3

@t@x3
(x3; t): (4.12)

For a continuous approximation of the velocity at the wall-�uid interface,

in [66] the following approximation of ur was derived:

ur (x3; t) = �
"3

1

16

 

�
� f

�
@2w3

@t@x3
(x3; t) +

@3w3

@x33
(x3; t)

!

:

Relations (4.10), (4.9) with basic functions Q and w3 can be used as

an ansatz in the frame of the method of asymptotic partial decomposition

of the domain (MAPDD) for the three-dimensional problem of the Stokes

or Navier�Stokes equations in a network of vessels with elastic walls (see

[49],[63]). This approach allows to reduce dimension to one in all cylindrical

parts of the network and reduces the computational costs.

4.3 The variational framework of the problem

In the �rst part of this section we de�ne the functional spaces we are

dealing with. Since our functions are 1-periodic with respect tox3, we

consider the �uid motion in the 3D domain


 f = f (x1;x2;x3) 2 R3 : x2
1 + x2

2 < " 2
1; x3 2 (0;1)g;

and the domain for the equation of the elastic wall is


 e
" = f (x1;x2;x3) 2 R3 : "2

1 < x 2
1 + x2

2 < ("1 + ")2; x3 2 (0;1)g:

Since the coupled problem is axisymmetric and, as mentioned before

r =
q

x2
1 + x2

2, we denoteD f which means the domain to
 f in cylindrical

coordinates

D f = f (x3; r ) 2 R2 : x3 2 (0;1); r 2 (0; "1)g;

and D e
" which represents
 e

" in cylindrical coordinates

D e
" = f (x3; r ) 2 R2 : x3 2 (0;1); r 2 ("1; "1 + ")g:
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Furtermore, we denote the axis of symmetry of the tube by

� 0 = f (x3;0) : x3 2 (0;1)g:

The boundary of the �uid domain and the internal part of the elastic

wall we denote by

� " 1 = f (x3; "1) : x3 2 (0;1)g;

and the external boundary of the elastic wall is

� " 1+ " = f (x3; "1 + ") : x3 2 (0;1)g:

In the �uid domain we consider the following function spaces

L 2(D f ) = f  : D f 7! R2 :
Z

D f

r  2(x3; r )dx3dr < 1g ;

W 1;2(D f ) = f  2 L 2(D f ) :
Z

D f

r jr c j2(x3; r )dx3dr < 1g ;

�W 1;2(D f ) = f  2 W 1;2(D f ) : r  = 0 on � " 1 g;

W 2;2(D f ) = f  2 W 1;2(D f ) :
Z

D f

r jr 2
c j2(x3; r )dx3dr < 1g ;

(4.13)

where

jr 2
c j2 =

 
@2 3

@x23

! 2

+

 
@2 3

@r2

! 2

+2

 
@2 3

@x3@r

! 2

+

 
@2 r

@x23

! 2

+

 
@2 r

@r2

! 2

+2

 
@2 r

@x3@r

! 2

+
1
r 2

 �
@ 3
@r

� 2

+2
�

@ r
@x3

� 2

+3
�

@ r
@r

�
1
r

 r

� 2
!

:

Since we deal with 1-periodic inx3 functions, we also need the de�nition

of corresponding spaces.

Let D(R1) be a Hilbert space of functions de�ned onR1. By Dper (R1)

we denote the subspace of1� periodic with respect to x3 functions in D(R1).

Then we de�ne Lebesgue and Sobolev spaces of 1-periodic functions in

the following way:

L 2
per (D

f ) = f h 2 L 2(D f ) : h(x3) = h(x3 +1) 8x3 2 R1g.

W l;2
per (D

f ) = f h 2 W l;2(D f ) : h(x3) = h(x3 +1) 8x3 2 R1g.

The space of the traces of functions fromW l;2
per (D

f ) is denoted by

W l � 1=2;2
per (@Df ). If we are interested only in the properties of functions

on a subset� � @Df , we shall write W l � 1=2;2
per (�) , for l integer, l > 1.
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The spaceW � 1=2;2
per (�) represents the dual of the subspace ofW 1=2;2

per (@Df )

which contains functions that vanish on @Df n� .

Denote also:

U1;2
per (D

e
" ) = f ' 2 W 1;2

per (D
e
" ) :

1Z

0

' r (x3;1)dx3 = 0g;

V 1;2
per (D f ) = f  2 W 1;2

per (D
f ) : divc  = 0 ;  r = 0 on � 0g;

H U
per (D

e
" )= f ' 2 W 1;2(0;T;U1;2

per (D
e
" )):

@2'
@t2

2L 2(0;T;U � 1;2
per (D e

" ))g;

H V
per (D

f ) = f  2 L 2(0;T;V 1;2
per (D f )) :

@ 
@t

2 L 2(0;T;V � 1;2
per (D f ))g:

(4.14)

In order to de�ne the space containing a function with the coupling

condition, we put for any ' de�ned on D e
" and belonging to a certain

functional spaceH ,

V' = f  2 V :  = ' on � " 1 g (4.15)

and then

SH = f (' ;  ) : ' 2 H;  2 V' g: (4.16)

Note that the functions from H should have enough regularity for giving

sense to the trace of' on � " 1 .

Remark 4.3.1. In the axisymmetric case, we associate to any function

 : L f 7! R2 or  : L e
" 7! R2 the function 	 : C f 7! R3 or 	 : Ce

" 7! R3,

respectively, such that

	 (x1;x2;x3) is the 3D cartesian form of  (x3; r )

for (x1;x2;x3) 2 C f (or Ce
" ); with

q
x2

1 + x2
2 = r:

(4.17)

As in [66], we assume that

� e; akl
ij 2 L 1 (0;1); i; j;k; l 2 f 1;2;3g;

g 2 W 1;2(0;T;L 2
per (D

e
" )) ; f 2 W 1;2(0;T;L 2

per (D
f )) :

(4.18)

In the framework presented above, the variational formulation of system
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(4.8), proposed in [65] by G. Panasenko and R. Stavre, is given by

8
>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>:

Find (u;v) 2 H U
per � H V

per ; such that

! �
d
dt

Z

D e
"

r� e
@u(t)

@t
� ' + ! E aL (u(t); ' ) + � f

d
dt

Z

D f

r v(t) �  

+2 �
Z

D f

rD c(v(t)) : Dc( ) = " � 1
Z

D e
"

r g(t) � '

+
Z

D f

r f (t) �  8(' ;  ) 2 SU ; a.e. in (0;T);

@u
@t

= v in L 2(0;T;W 1=2;2
per (� " 1 )) ;

u(0) =
@u
@t

(0) = 0 in L 2
per (D

e
" );

v(0) = 0 in L 2
per (D

f );

(4.19)

where

aL (u; ' ) =
Z

D e
"

r

 

�
�
2
� @u3

@x3

@'3
@x3

+
@ur
@r

@'r
@r

�

+
�

@u3
@r

+
@ur
@x3

� �
@'3
@r

+
@'r
@x3

�
+2

ur

r
' r

r

�
+ � divcu divc'

! (4.20)

is the bilinear form associated to the elasticity operator L . The results

concerning the existence, the uniqueness and the regularity of the solution

of (4.19) are obtained in [65].
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4.4 Modi�ed variational formulation for the nu-

merical setup

Now we will modify the boundary conditions at the ends of the tube.

Instead of the periodic solution with respect to the variablex3, we introduce

some given in�ow and out�ow supposing that the tube being clamped at

its ends. Namely, the periodic boundary conditions (4.8)10 are replaced by

given Poiseuille type velocitiesvr = 1
4� ("2

1 � r 2)gin (t);v3 = 0 for x3 = 0 and

vr = 1
4� ("2

1 � r 2)gout (t);v3 = 0 for x3 = 1 and by vanishing displacementsu = 0

for x3 = 0 and x3 = 1 . Here gin and gout are given di�erentiable functions.

The right-hand sides g and f are taken equal to zero. So, the problem takes

the form

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

! � � e
@2u
@t2

� ! E Lu = 0 in L e
" � (0;T);

8
><

>:

� f
@v
@t

� 2� divcDc(v)+ r p = 0

divcv = 0
in L f � (0;T);

vr = 0 on F 0 � (0;T);
8
>>>>>><

>>>>>>:

@u3
@r

+
@ur
@x3

= 0

� (1)
@u3
@x3

+ ( � (1)+2 � (1))
@ur
@r

+ � (1)
" 1+ " ur = 0

on F " 1+ " � (0;T);

8
>>>>>>>>>>><

>>>>>>>>>>>:

v =
@u
@t

�
�

@v3
@r

+
@vr
@x3

�
= ! E � (0)

�
@u3
@r

+
@ur
@x3

�

� p+2 �
@vr
@r

= ! E

�
� (0)

@u3
@x3

+( � (0)

+2 � (0))
@ur
@r

+
� (0)
"1

ur

�

on F " 1 � (0;T);

vr = 1
4� ("2

1 � r 2)gin (t);v3 = 0 ;u = 0 for x3 = 0 ;

vr = 1
4� ("2

1 � r 2)gout (t);v3 = 0 ;u = 0 for x3 = 1 ;

u(0) =
@u
@t

(0) = 0 in L e
" ;

v(0) = 0 in L f :

(4.21)

Respectively, the variational formulation is changed as follows:
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8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

Find (u;v) 2 H U � H V ; such that

vr = 1
4� ("2

1 � r 2)gin (t);v3 = 0 ;u = 0 for x3 = 0 ;

vr = 1
4� ("2

1 � r 2)gout (t);v3 = 0 ;u = 0 for x3 = 1 ; and

! �
d
dt

Z

D e
"

r� e
@u(t)

@t
� ' + ! E aL (u(t); ' )

+ � f
d
dt

Z

D f

r v(t) �  +2 �
Z

D f

rD c(v(t)) : Dc( ) = 0

a.e. in (0;T) 8(' ;  ) 2 SU ;

such that ' jx3=0;1 = 0 ;  jx3=0;1 = 0 ;
@u
@t

= v in L 2(0;T;W 1=2;2(� " 1 )) ;

u(0) =
@u
@t

(0) = 0 in L 2(D e
" );

v(0) = 0 in L 2(D f ):

(4.22)

Note, that the spacesH U and H V used in the (4.22) are de�ned analo-

gously to (4.14) but without the periodicity condition and

SU =
n

(' ;  ) : ' 2 H U ;  2 V'

o
(see (4.15) and (4.16)).

Integrating (4.22)4 with respect to t over the interval [0;T] we get the

equivalent integral expression

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

Find (u;v) 2 H U � H V ; such that

vr = 1
4� ("2

1 � r 2)gin (t);v3 = 0 ;u = 0 for x3 = 0 ;

vr = 1
4� ("2

1 � r 2)gout (t);v3 = 0 ;u = 0 for x3 = 1 ; and

! �

TZ

0

Z

D e
"

r� e
@2u(t)

@t2
� ' dt +

TZ

0

! E aL (u(t); ' )dt

+

TZ

0

� f

Z

D f

r
@
@t

v(t) �  dt +2

TZ

0

�
Z

D f

rD c(v(t)) : Dc( )dt = 0

8(' ;  ) 2 H U � H V ; such that ' jx3=0;1 = 0 ;

 jx3=0;1 = 0 ; and
@'
@t

=  in L 2(0;T;W 1=2;2(� " 1 )) ;

' (0)= ' (T)=
@'
@t

(0)=
@'
@t

(T)= 0 in L 2(D e
" );

 (0) =  (T) = 0 in L 2(D f ):

(4.23)
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Consider a set of test functionsSU =
n

(' ;  ) : ' 2 H U ;  2 V'

o
. Since

in axisymmetric caseu contains two componentsu3 and ur , ' contains two

components' 3 and ' r , v contains two componentsv3 and vr ,  contains

two components  3 and  r , by substituting (4.7) and (4.20) into (4.23) 4 we

obtain the following equation:

! �

TZ

0

Z

D e
"

r� e

� @2u3

@t2
' 3 +

@2ur

@t2
' r

�

+ ! E

TZ
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� � @'3
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@'r
@x3

�
+2 �r

ur

r
' r

r

+ � r
� @u3

@x3
+

@ur
@r

+
ur

r

� � @'3
@x3

+
@'r
@r

+
' r

r

�
!

+ � f

TZ

0

Z

D f

r
� @v3

@t
 3 +

@vr
@t

 r

�

+2 �

TZ

0

Z

D f

r
� @v3

@x3

@ 3
@x3

+
1
2

� @v3
@r

+
@vr
@x3

� � @ 3
@r

+
@ r
@x3

�

+
@vr
@r

@ r
@r

�
= 0 :

(4.24)

Finally, we consider a projection of this variational formulation to the

"ansatz space" of test functions showed in (4.10) withq given by (4.9) with

arbitrary basic functions Q and w3 from C1
0 ([0;T] � [0;1]). We look for a

solution in the closure with respect to the norm H U � H V of the space of

functions having the form (4.10) with smooth base functions. Here2"2Q is

the average velocity,2�" 4Q is the �ux.

In what follows we consider a simpli�ed ansatz, assuming thatw3 = 0

and taking only a part of terms in (4.10). Namely, we consider the following

functions:
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v3(x3; r; t )=4 "2
1

 

1�
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Q(x3; t);

vr (x3; r; t ) = � "3
1

r
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0
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1� �
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1
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�

0

@2�" 2
1

@Q
@x3

(x3; t) +16 �

x3Z

0

Q(s; t)ds

1

A ;

(4.25)

where Q 2 L 2(0;T;W 6;2(0;1)), Qt 2 L 2(0;T;W 2;2(0;1)) and

Qtt 2 L 2(0;T;W 2;2(0;1)). Further, we will replace the notation of the basic

function Q by the test function R.

Also, we assume that functionsgin and gout satisfy the conditionshgin i T =

hgout i T = 0 and h
Rt

0 gin (� )d� i T = h
Rt

0 gout (� )d� i T = 0 , where h�iT =
RT

0 �d� .

We look for a solution with Q satisfying the relationshQi T = h
Rt

0 Q(� )d� i T =

0. The test functions are considered as well withR satisfying the same

relations: hRi T = h
Rt

0 R(� )d� i T = 0 .

After substituting (4.25) in (4.24) and integrating by parts, we obtain

the following integro-di�erential equation:
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@x43
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+ ~C3
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@x23
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(4.26)
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24

� f "8
1:

Further we consider a shorter approximation of the solution:
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(4.27)

We assume that Lamé parameters� and � are constant, so from(4.27)

we obtain the following expressions:
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(4.28)

By substituting (4.28) into the following integral identity obtained dif-

ferentiating (4.24) with respect to t:
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we obtain the 4th order di�erential equation describing the elastic wall

Poiseuille equation (EWPE):
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(4.30)
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4.5 Numerical scheme for the EWPE

In this section, we describe the scheme from doctoral dissertation [87] by

V. ’umskas for numerical solution to the following boundary value problem

for the elastic wall Poiseuille equation (EWPE) (4.30):
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>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

C1
@2Q(x3; t)

@t2
+ C2

@4Q(x3; t)
@x23@t2

+ C3
@Q(x3; t)

@t
+ C4

@3Q(x3; t)
@x23@t

+C5
@4Q(x3; t)

@x43
+ C6

@2Q(x3; t)
@x23

+ C7Q(x3;t)=0 ;

Q(0; t) = gin (t); Q(1; t) = gout (t);

@Q(0; t)
@x3

=
@Q(1; t)

@x3
= 0 ;

Q(x3;0) =
@Q(x3;0)

@t
= 0 :

(4.31)

Let us approximate the derivatives in (4.31) numerically using the �nite

di�erence method. See Figure 4.2 below for a simpli�ed visualisation of the

proposed numerical approximation of these terms (x3 is denoted by x).

Figure 4.2 � A schematic visualisation of numerical approximation of terms involved in (4.31),

here the numbers inside circles correspond to the weights of coe�cients of numerical points

for approximations of di�erential terms. Vertical direction corresponds stepping in time, while

horizontal direction corresponds stepping in space

A uniform numerical grid is used, as no localized e�ects are of interest

here and thus there is no need to thicken the mesh at some places. Let us

denote by Qn
i the numerical solution to (4.31) at (x i ; tn ) = ( ih;n� ), here h

and � are step sizes in space and time, respectively, with

i = 0 ; : : : ;Nh ; h = L=N h ;

n = 0 ; : : : ;N � ; � = T=N� ;

where L is the length of spatial domain and T is the length of time interval.

The computational molecule applied at numerical mesh interior point Qn
i is

depicted in Figure 4.3

For simplicity, the following notations will be used in this section:

m1 =
C1

� 2 ; m2 =
C2

h2� 2 ; m3 =
C3

�
; m4 =

C4

h2�
;

m5 =
C5

h4 ; m6 =
C6

h2 ; m7 = C7:
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Figure 4.3 � A computational molecule (stencil).

Now, let us �nd the coe�cients of each point of the computational molecule:

Qn+1
i � i : m2 + m4;

Qn+1
i : m1 � 2m2 + m3 � 2m4;

Qn+1
i � 1 : m2 + m4;

Qn
i � 2 : m5;

Qn
i � 1 : � 2m2 � m4 � 4m5 + m6;

Qn
i : � 2m1 +4m2 � m3 +2m4 +6m5 � 2m6 + m7;

Qn
i +1 : � 2m2 � m4 � 4m5 + m6;

Qn
i +2 : m5;

Qn� 1
i � 1 : m2;

Qn� 1
i : m1 � 2m2;

Qn� 1
i +1 : m2:

As there are three points in the unknown time layer Qn+1 , at each

time step the solution is implemented implicitly using the classical Thomas

algorithm for tridiagonal matrices.

Note that in general, the expected accuracy of this scheme isO(h2 + � ),

as forward di�erences are used to approximate derivatives of �rst order in

time, while the second and fourth order derivatives are approximated using

central di�erences.

Using the classical stability analysis, it is easy to show that for the

practical problems of our interest, the numerical stability Courant-Friedrichs-

Lewy (CFL) condition � 6 ch2 holds with some constantc that depends on

the parameters of the model.
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We seek the scaled average velocityQ in m/s inside a small elastic tube

or capillary with the Young modulus E = 106 Pa, the Poisson ratio �̂ = 0 :35,

the length of the tube 10� 3 m, the radius 5� 10� 5 m, the thickness" = 2 � 10� 5

m and the dynamic viscosity of blood� = 4 � 10� 3 Pa�s, the following set of

constants Ci was obtained:

C1 = 9 :2287� 10� 38; C2 = � 2:0734� 10� 42; C3 = 4 :1667� 10� 2;

C4 = � 1:7904� 101; C5 = 7 :1615� 101; C6 = � 6:2500� 10� 2; C7 = 4 :000� 10� 4:

To test the accuracy of the constructed solver, let us de�ne the error in

the maximum norm by e, also the experimental convergence rates in space

and time by eh and e� :

e(h; � ) = max
m

�
�
�UN

m � U(xm ;T)
�
�
� ; eh(h) = log 2

�
e(2h; � )
e(h; � )

�
;

e� (� ) = log 2

�
e(h;2� )
e(h; � )

�
:

Here U(xm ;T) is a benchmark solution, which is computed using very

small step sizes. The results of experimental convergence tests are presented

in Table 4.1. Here the functionsgin (t) = 0 :005sin(2t), gout = 0 :001et were

used and the problem was solved forT = 1 . Table 4.1 shows that the

experimental convergence rate agrees well with the theoretical estimate.

h e(h; � ) eh(h)

1� 10� 4 3:1982� 10� 6 2.0019

5� 10� 5 7:9850� 10� 7 1.9957

2:5� 10� 5 2:0022� 10� 7 1.9984

1:25� 10� 5 5:0111� 10� 8 2.0105

� e(h; � ) e� (� )

5� 10� 5 1:1683� 10� 10 1.0203

2:5� 10� 5 5:7601� 10� 11 1.0409

1:25� 10� 5 2:7996� 10� 11 1.0900

6:25� 10� 6 1:3152� 10� 11 0.9782

Table 4.1 � Errors and experimental convergence rates for sequences of step sizes in space (left)

and time (right). The results con�rm experimentally that the order of accuracy of the numerical

scheme is O(h2 + � ).

The �rst order derivatives in the numerical implementation of boundary

and initial conditions respectively are approximated in the following form:

Qt (x i ; t0) =
Q1

i � Q� 1
i

2�
+ O(� 2) and Qx (x i ; tn ) =

Qn
i +1 � Qn

i � 1

2h
+ O(h2).

For additional details on stability, accuracy and numerical tests, please

refer to [87].
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4.6 Numerical comparison of the approximate 1D

model and the full-dimension problem

In the present section, we compare the numerical solutions of two prob-

lems: the full dimension Navier�Stokes equations with the �uid-structure

interaction (FSI) conditions for the tubes with an elastic wall and the EWPE

approximation.

Solution in a single vessel

We consider two types of in�ow/out�ow boundary conditions: �rst,

gin (t) = gout (t); second, with gout (t) = gin (t + � ) and compare the solutions

in the middle point of the tube.

Figure 4.4 � (a) the average velocity computed by EWPE (the 4th order PDE (4.31) )in time, (b)

the average solution (velocity) of the full Navier�Stokes model. In both cases, gin = 0 :005sin(2t),

gout = 0 :005sin(2t + 0 :02) and the solution was taken in the middle cross section of the tube.

Figure 4.5 � (a) the average velocity according to the EWPE approximation in time, (b) the average

velocity of the full Navier�Stokes model. In both cases, gin = 0 :005sin(2t ), gout = 0 :005sin(2t +0 :1)

and the solution was taken in the middle cross section of the tube. Note that here we purposely

simulate a case of large displacement of the wall, to explore the limitations of the ansatz.
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For � = 0 and � = 0 :1 the di�erence between the solutions is less than

10 percent. When � increases (� = 0 :2, � = 0 :25), the di�erence is more

signi�cant. It can be explained by important variations of the cross section

(more than two times).

Solution in a Y-shaped network of vessels

Next, we compare solutions acquired by(4.31) and the full Navier�Stokes

in a Y-shaped network (see Figure 4.7), where the in�ow is on the left and

two out�ows are on the right. The corresponding boundary conditions are

gin = 0 :005sin(2t) and gout = 0 :0025sin(2t +0 :02) for each of the two outlets

to the right, while the Young modulus is E = 106 Pa for the tube-shaped

blood vessel wall andE = 1010 Pa for the sphere-shaped connection of three

tubes, the Poisson ratio �̂ = 0 :35, the length of each of the three tubes

10� 2 m, the radius 10� 3 m, the wall thickness " = 10 � 4 m and the dynamic

viscosity of blood � = 4 � 10� 3 Pa�s. The large Young's modulus of the wall

in the bifurcation zone simulates the no-slip boundary condition there. It

corresponds to the experimental observations that near the bifurcations the

vessels become much sti�er than the "tube" walls.

The EWPE approximation used the following junction conditions at the

bifurcation node (see Figure 4.6):

1) the �ux 4�" 4
1Q coming from the left tube is equal to the sum of the

�uxes going out into the right tubes (this condition corresponds to a

sti�er bifurcation zone of vessels),

2) the �rst derivatives @Q
@x3

= 0 for all tubes at the bifurcation node.

3) the second derivatives@2Q
@x23

= 0 at the bifurcation node for the tubes

on the right.

Figure 4.6 � The scheme of Y-shaped bifurcation model.
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Figure 4.7 � The geometry of Y-shaped bifurcation model.

Figures 4.8 and 4.9 display the graphs of averaged velocity in midpoints

of left and right vessels, respectively, up to T=10.

Figure 4.8 � (a) the average velocity by the EWPE approximation (4.31) in time, (b) the

average velocity of the full Navier�Stokes model. In both cases, gin = 0 :005sin(2t), gout =

0:0025sin(2t + 0 :02) and the solution was taken in the middle cross section of the left tube.

Figure 4.9 � (a) the average velocity by the EWPE approximation (4.31) in time, (b) the average

velocity of the full Navier�Stokes model. In both cases, gin = 0 :005sin(2t), gout = 0 :0025sin(2t +

0:02), and the solution was taken in the middle cross section of either of the right tubes.

The in�ows and out�ows conserving the �ux as well as without �ux

conservation are tested. The obtained results show a good approximation

for the �uid-structure interaction model in the case of small displacements

of the wall and modest Reynold's numbers.
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Chapter 5

E�cient Computation of Blood Velocity in

the Left Atrial Appendage: A Practical

Perspective

5.1 Introduction

Circulatory diseases are the leading causes of death in the world (see

[98]). These diseases are mostly related to the thrombus formation in

various parts of the circulatory system (see [98]). One of the most dangerous

scenarios is thrombogenesis at the left atrial appendage (LAA) of the heart

during the atrial �brillation (AF). The choice of the treatment strategy

needs the detailed patient-speci�c information on the blood circulation in

LAA. The information obtained by the clinical investigations of a patient

by Magnetic Resonance Imaging (MRI), Computed Tomography (CT) or

Electrocardiogram (ECG) technique is not complete, that is why the modern

clinical practice uses some scores (see for example Table 5.1).

Such scores are not too reliable. That is why actually mathematical

modeling becomes an important tool to get much more precise information

on the blood �ow in patient-speci�c LAA and to evaluate the thrombogenesis

risk. Two main directions are developed in this context: the �rst one is

the direct computer simulations of the blood �ow in patient-speci�c LAA

with detection of stagnation zones as the probable places of thrombogenesis;

while the second one is related to the detailed mathematical modeling of

the coagulation process (coagulation cascade of reactions) combined with

the hemodynamics (see [5], [13], [25], [26], [41], [48], [81], [89], [90], [91],
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CHA2DS2�VASc Score

C Congestive Heart Failure 1 point

H Hypertension 1 point

A2 Age > 75 years 2 points

D Diabetes 1 point

S2 Stroke 2 points

V Vascular disease 1 point

A Age > 65 years 1 point

Sc Sex category, female 1 point

Table 5.1 � CHA 2DS2 �VASc (or CHADS 2 ) score system. Maximum total score = 10 points.

Anticoagulation Recommendations: Score = 0 no therapy. Score > 1 oral anticoagulation (see

[52]).

[92], [93], [100], [102]). The second direction allows to understand the

physiological mechanism of thrombogenesis but it needs the characterization

of multiple parameters regarding the reaction kinetics which is di�cult to

obtain in clinical practice; also the models are sensitive to uncertainties

in these parameters. The main challenges in the �rst direction (see [12],

[34], [42], [51], [95], [97]) are: �uid dynamics simulations in patient-speci�c

(not idealized) complex geometry, which is in reality time dependent due to

the heart-wall motion. Thus, in recent paper [97] by D. Vella et al. LA is

modelled by a very simpli�ed geometry, in [12] by G.M. Bosi et al. the �ow

in LA with rigid (not moving) wall is simulated.

In this Chapter we introduce a �uid-structure interaction (FSI) model

of the blood �ow in the LA and provide two patient-speci�c studies of the

stagnation zones. One of the patients had a stroke and the second had

not. We will also discuss the challenges of the FSI simulations, such as

convergence of the numerical process. The research starts from CT imaging,

segmentation, cleaning (noise reduction), and subsequent domain generation.

The obtained domain is then employed to solve the Navier�Stokes equations

within the LA, accounting for the elastic behavior of the LA wall. By

applying the FSI model we compute the velocity and the pressure in the

LA, and in particular, in the LAA. The contraction of the LA is simulated

by the application of the outer pressure. The model was validated for the
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contraction force by controlling the 20 % decreasing of the volume of the

LA, for the in�ow-out�ow boundary conditions by comparing the computed

velocity with the measured by Doppler technique velocity at some points in

LA (note that measurement of the velocity inside the LAA is very di�cult).

5.2 LAA classi�cation and Thrombogenesis

The human heart comprises four chambers: the LA, Left Ventricle,

Right Atrium, and Right Ventricle (see Figure 5.1). LA is equipped with

an appendage known as the LAA. In case of AF the probability of thrombi

formation in LAA increases, leading to a heightened risk of cardioembolic

events.

Figure 5.1 � In this specimen, the epicardium has been removed to show the spatial relationship of

the cardiac structures in relation to the LAA. The left atrium is located superiorly and posteriorly

to the right atrium. Note the close relationship of the anterior wall of the left atrium to the

ascending Aorta, and the LAA with the right ventricle out�ow tract (see [35]).

The length of the LAA is on average 45 mm long, with a range from

27 to 60 mm. The types of LAA in [23] by L. Di Biase et al. are clas-

si�ed into the following geometries: "chicken wing" (48% of population),

"windsock"(19% of population), "cauli�ower"( 3% of population), and "cactus"

(30% of population).

During normal sinus rhythm (when a person is healthy), the risk of a

thrombus formation is very low (see [43]), but during AF the blood �ow
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velocity, which results from a combination of LAA contraction and �lling, is

much lower when compared to the sinus rhythm.

Blood �ow velocities below 37 cm/s are linked to an elevated risk of

a thrombus formation (see [47]). Moreover, in [11] by J. L. Blackshear et

al. a comprehensive analysis was done by reviewing twenty-three distinct

studies where we can see that among the 3,504 patients with AF due

to rheumatic causes,13% (446 patients) con�rmed a thrombus in LAA.

Similarly, among the 1,288 patients with non-rheumatic AF, 17% (222

patients) had documented a thrombus in LAA.

The likelihood of experiencing a stroke or transient ischemic attack during

AF depends on the geometry of the LAA. In [85] by J. M. Smit et al., the

following data is shown: the incidence of stroke ar transient ischemic attack

varies according to di�erent LAA geometries, with the highest rates observed

in patients with a cactus-shaped LAA (19%), followed by cauli�ower-shaped

(8%), windsock-shaped (7%), and chicken wing-shaped (6%) LAAs.

5.3 The Development of the Model

5.3.1 Imaging. Cleaning. Making Geometry

The imaging process involved a chest Computed Tomography (CT) scans

which come in Digital Imaging and Communications in Medicine (DICOM)

format �les. One such �le consists of a set of images with headers. In the

case of a CT scan of the heart, the �le includes images of about 500 slices of

the human chest. Figure 5.2 shows one of the slices of a CT scan opened

in 3D-Slicer software, used for visualizing and processing 3D images. The

images, viewed in three planes (the axial, sagittal and coronal) were manually

segmented to separate the left side of the heart from surrounding tissues.

3D-Slicer produced a primary geometry of the left side of the heart with a

rough surface and parts of veins that were unnecessary for the calculations,

and therefore removed. The resulting .stl �le was edited using Meshlab,

a software for processing 3D triangular meshes. The rough surface of the

primary geometry would have up to 300 000 triangular elements. To simplify

the process of editing the geometry, the number of mesh elements was

reduced to 30 000 elements.
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Figure 5.2 � CT of a human chest area

SolidWorks2022 was then used to edit the .ply �le. This software is used

to design, analyse and visualize models of solid objects. The left ventricle

and parts of the pulmonary veins that extended the most were removed,

and mesh errors (such as inverted mesh elements and very �ne elements

pointing outwards) were avoided. The surface was smoothened so that the

model would upload to COMSOL and the calculations would converge, but

the geometry remained as close to the original left atrium as possible (see

Figure 5.3).

Figure 5.3 � Left Atrium (LA) containing Left Atrial Appendage (LAA): Computation geometry

on the left hand side and computation mesh on the right hand side.

5.3.2 Formulation of the problem

The model considers the four pulmonary veins as inlets and the mitral

valve as the outlet. The whole interior part of the LA is considered as a

�uid domain G (see Figure 5.3). We use the FSI model. The boundary of

domain G is presented as a union of three parts: the lateral wall of the LA
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(�uid-structure interface), denoted as � 1, four cross sections
 (1)
2 ; :::; 
 (4)

2 of

the pulmonary veins (we denote� 2 = [ 4
i =1 
 (i )

2 ), and the mitral zone cross

section � 3. (see Figure 5.4) The wall is considered as a thin elastic layer

(shell) denoted Gd, where d is a thickness of the shell. At rest it occupies

the space between surfaces� 1 and � 1;d at the distance d from � 1 in the

direction of the outer normal vector. The lateral boundary of the wall

@Gdn(� 1 [ � 1;d) is perpendicular to � 1 and consists of �ve components. Four

of them correspond to the cross sections of the vein walls and are denoted


 (1)
2;d ; :::; 
 (4)

2;d . The �fth corresponds to � 3 and is denoted
 3;d.

The elastic wall moves and so� 1 also moves. The �uid motion equations

are set in the time dependent domainGt between the current in time position

of the wall, � 2 and � 3. The current position of the wall is characterized

by the unknown displacement vector u(x; t ), where x 2 Gd, so that the

moving part of the boundary is � t
1 = f x + u(x; t ) : x 2 � 1g. The equations

determining displacementsu(x; t ) in the elastic wall are de�ned further.

Figure 5.4 � Four pulmonary veins (inlets), mitral valve (outlet) domains and boundaries of

geometry: a) Fluid domain; b) Solid domain.

The blood �ow in the LA (domain Gt ) is described by the Navier�Stokes

equations

8
<

:
� f v t � � f � v + � f (v � r )v + r p = 0 ;

div v = 0 ;
(5.1)

where v is the blood velocity, p is the pressure function,� f > 0 is the density
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of the blood, and � f > 0 is the constant dynamic viscosity of the blood, with

the initial condition

v(x; 0) = 0 ; (5.2)

and boundary or interface conditions on � 1, � 2, and � 3, which will be

described below.

On � 2 the in�ow boundary conditions are introduced as the given velocity

v(x; t )j � 2 = g(x; t ); (5.3)

where on each component
 (i )
2 of � 2 function g is de�ned as follows.

Let ~x1; ~x2 be the local in-plane coordinates of
 (i )
2 , let vP;i (~x1; ~x2; t);q(t)

be the solution of the inverse heat problem set on
 (i )
2 � (0;+ 1 ):

� f
@vP;i

@t
(~x1; ~x2; t) � � f � vP;i (~x1; ~x2; t) = q(t);

vP;i j@
( i )
2

= 0 ; vP;i jt=0 = 0 ;

Z


 ( i )
2

vP;j (~x1; ~x2; t)d~x1d~x2 = �( t)
mes 
 (i )

2
P 4

j =1 mes 
 (j )
2

with �( t) standing for the total inlet �ux (see [76], [74]).

The tangential components of g are equal to zero, while the normal

component gn (~x1; ~x2; t) on 
 (i )
2 is de�ned as

gn (~x1; ~x2; t) = vP;i (~x1; ~x2; t):

Such structure of the in�ow velocity corresponds to the non-stationary

Poiseuille �ow corresponding to the given �ux depending on time. It cor-

responds to the �ow in an in�nite tube with cross section 
 (i )
2 . So, these

in�ows approximate the blood comming to the inlets through some cylin-

ders modeling the pulmonary veins. In this case the average velocity (�ux

divided by the cross section area) is the same for all four inlet cross sec-

tions and is equal to F (t) introduced by the graph at Figure 5.5. Here

F (t) = �( t)(
P 4

j =1 mes
 (j )
2 ) � 1.
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Figure 5.5 � Inlet average velocity F (t ): a) Atrial �brillation; b) Sinus rhythm.

On � 3 the out�ow boundary conditions are introduced as follows

v � (x; t )j � 3 = 0 ; p(x; t )j � 3 = 0 : (5.4)

Here v � is the tangential velocity at the boundary. The boundary

condition p(x; t )j � 3 = 0 follows from a more general condition that the normal

component of the normal stress is equal to zero:

�
� pI + � f

�
r v + ( r v)T �

n
�

� n = 0 :

Taking into account the equation divv = 0 and condition v � = 0 we derive

that p = 0 on � 3.

The part � 1 of the boundary @Gis the interface between the �uid and

the elastic solid. The wall corresponding myocardium is described by the

non-linear elasticity equations for the unknown displacementu(x; t ) where

x 2 Gd:

�
@2u
@t2

(x; t ) � r � (J� F � T )T = 0 ; (5.5)

where � > 0 is the density of the wall material, F = I + r u is the deformation

gradient, J� F � T is the 1st Piola-Kirchho� stress, J = det F is the Jacobian

determinant, � ij is the stress tensor satisfying the linear Hooke's law (see

[68]):

� ij = �
3X

k=1

" kk � ij +2 �" ij ; (5.6)

where � and � are the Lamé parameters,� ij is the Kronecker's delta:
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� ij =

8
><

>:

0 if i 6= j

1 if i = j;

while

" ij =
1
2

� @ui
@xj

+
@uj
@xi

+
3X

k=1

@uk
@xi

@uk
@xj

�

is the strain tensor. In the linear theory it is linearized as

" ij =
1
2

� @ui
@xj

+
@uj
@xi

�
;

Note that the Lamé constants can be expressed via the Young modulus

E and the Poisson ratio � , E > 0; � 1 < � < 1=2:

� =
E�

(1+ � )(1 � 2� )
; � =

E
2(1+ � )

: (5.7)

This system of equations necessitates two initial conditions foru:

u(x; 0) = 0 ;
@u
@t

(x; 0) = 0 ; x 2 Gd; (5.8)

boundary conditions on @Gdn(� 1 [ � 1;d) (clamped ends):

u(x; t ) = 0 ; x 2 @Gdn(� 1 [ � 1;d); (5.9)

boundary condition on � 1;d (applied pressurepwall (t) simulating the contrac-

tions of the wall displayed in Figure 5.6):

(J� F � T )T n = � pwall (t)n; x 2 � 1;d; (5.10)

and �nally the junction conditions on the moving interface � 1: the continuity

of the velocity at the moving interface

v(x + u(x; t ); t) =
@u
@t

(x; t ); x 2 � 1; (5.11)

and the continuity of the stresses:

� (J� F � T )T n = ( � pI + � f (r v + ( r v)T ))n; x 2 � 1; (5.12)

u is an outer normal for G. As before we can replace the right-hand side of

this condition by � pn.

79



Figure 5.6 � Pressure load pwall (t ) on the shell: a) Atrial �brillation; b) Sinus rhythm.

The parameters of the model are taken as follows:d = 2 :5 � 10� 3 m,

� f = � = 1050 kg/ m3, � f = 3 :5 � 10� 3 Pa� s, � = 0 :47, E belongs to the

interval [4� 104;8� 105] Pa. We considered the Young modulus depending on

time, following the contraction pressure pwall (t) graph:

E(t) = 4 � 104 + pwall (t)(8 � 105 � 4� 104)=max pwall ;

i.e. strengthening when the heart wall muscles contract.

5.3.3 U�yand�Mindlin shell approximation

To solve this problem numerically we used the COMSOL software.

The thin layer Gd was approximated by the U�yand�Mindlin shell model.

According to the U�yand�Mindlin shell theory the displacement vector u is

supposed to have the following form:

u(~x1; ~x2; ~x3; t) = � (~x1; ~x2; t) + ~x3� (~x1; ~x2; t); (5.13)

where ~x1 and ~x2 are the in-plane local coordinates of the shell,~x3 2

[� d=2;d=2] is the normal coordinate, equal to zero on the mid-surface� 1;d=2

(at the distance d=2 from � 1 and from � 1;d, see Figure 5.7),� (~x1; ~x2; t) is

the displacement vector of the mid-surface of the shell and� (~x1; ~x2; t) is

the angular displacement of shell normal (� � n = 0 ). Further, for the shell

equations theory � 1;d=2 is replaced (approximated) by � 1.
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Figure 5.7 � Local coordinates for shell

The �rst condition at the interface is the continuity of the velocity on

moving boundary:

v(x + � (~x1; ~x2; t); t) =
@�
@t

(~x1; ~x2; t): (5.14)

The second condition relates the unknown functions� ; � and the pressure

p by the system of equations of motion of the shell. This system consists of

two equations corresponding to the second order time derivatives of� ; � in

the left-hand side. To get these equations at some point~x of the interface � 1

let us expand the expressionr � ((J� F � T )T ) with u(~x1; ~x2; ~x3; t) replaced

by the sum (5.13) according to the �rst order Taylor's formula with respect

to the normal variable ~x3:

r � ((J� F � T )T ) = � [� ; � ](~x1; ~x2; t) + ~x3	 [� ; � ](~x1; ~x2; t) + o(~x3);

where � [� ; � ]; 	 [� ; � ] are expressions containing functions� ; � and their

space derivatives of order one and two. Then the second condition has the

following form:

8
>>><

>>>:

�
@2�
@t2

(~x1; ~x2; t) = � [� ; � ](~x1; ~x2; t) + d� 1(� pwall + p)n;

�
@2�
@t2

(~x1; ~x2; t) = 	 [� ; � ](~x1; ~x2; t):

(5.15)

The second equation here corresponds to the momentum balance.

The initial conditions for the shell are:
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� (~x1; ~x2;0) = 0 ;
@�
@t

(~x1; ~x2;0) = 0 ; � (~x1; ~x2;0) = 0 ;

@�
@t

(~x1; ~x2;0) = 0 ; ~x1; ~x2 2 � 1:
(5.16)

The boundary conditions for the shell are chosen as follows:

� (~x1; ~x2; t) = 0 ; � (~x1; ~x2; t) = 0 ; ~x1; ~x2 2 @� 2 (5.17)

� (~x1; ~x2; t) = 0 ; M nn (~x1; ~x2; t) = 0 ; M n� (~x1; ~x2; t) = 0 ; ~x1; ~x2 2 @� 3; (5.18)

where M nn is the normal moment at the boundary of � 3, while � is

the tangential direction (for example, if x1 is the normal direction, then

M 11(~x1; ~x2; t) = 0 ;M 21(~x1; ~x2; t) = 0 ).

Here the moments are de�ned asM =

d=2Z

� d=2

~x3J� F � T d~x3 (the leading

part of the Taylor's expansion).

Note that using the ALE technique with moving mesh the computed in

time dependent domainGt velocity v and pressurep can be presented in

the points of the reference domainG, so that, for example, v(x; t ); x 2 Gt is

presented in the points (x̂; t ), where x � x̂ = u(x̂; t ) the displacement of the

point x̂.

The direct COMSOL computations of this model often demonstrate bad

convergence. It is explained as follows. COMSOL uses the implicit numerical

schemes, and for each time step it needs to solve a big algebraic nonlinear

system of equations. The solver is based on Newton's method which is very

sensitive to the choice of the initial approximation. That is why we solve

the FSI problem in two steps: �rst we solve the Navier�Stokes equations

(5.1) with non-moving wall, i.e. in the domain G with initial condition (5.2)

and boundary conditions (5.3) on � 2 and (5.4) on � 3, while the boundary

conditions on � 1 are replaced by

v = 0 ; x 2 � 1:

Then at the second step the FSI problem is solved using the initial

approximations from the �rst step. This approach improves the convergence

of the solver.
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5.4 Results

We possess data concerning two distinct patients diagnosed an AF: we

denote these as PATIENT A (with "chicken wing" geometry), who had a

stroke, and PATIENT B (with "windsock" geometry), who has not got a

stroke. After the stroke PATIENT A recovered to sinus rhythm and then the

blood �ow velocity through mitral valve was measured by Doppler technique

(see Figure 5.8).

Figure 5.8 � Blood �ow through mitral valve during sinus rhythm (PATIENT A speci�c data)

We utilize this graph to prescribe the average velocityF (t) in boundary

condition (5.3) (see Figure 5.5 b)).

Given the inherent limitations in capturing in vivo blood velocity mea-

surements within LAA, we are able to compute the magnitude of blood

velocity within this area. We validate our simulations comparing the com-

puted normal velocity at the inlet point of the LAA, known as the ostium,

with the measured one.
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Figure 5.9 � At the higher picture the measured normal blood velocity at the ostium of LAA of

PATIENT A is presented, on the lower one the computed normal blood velocity at the ostium of

LAA of PATIENT A is shown.

Figure 5.9 shows the similar order of the normal velocity at the ostium

of LAA (AF case), i.e. Doppler measurements are compared to the computer

simulations.

Figure 5.10 � Blood �ow velocity magnitude of PATIENT' s A ostium of the LAA during AF

with Hard Wall on the left hand side and with FSI on the right hand side.
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Figure 5.11 � Blood �ow velocity magnitude of PATIENT' s A center of the LAA during AF with

Hard Wall on the left hand side and with FSI on the right hand side.

Figure 5.12 � Blood �ow velocity magnitude of PATIENT' s A lateral part of the LAA during AF

with Hard Wall on the left hand side and with FSI on the right hand side.

Figure 5.13 � Blood �ow velocity magnitude of PATIENT' s A ostium of the LAA during sinus

rhythm with Hard Wall on the left hand side and with FSI on the right hand side.

Figure 5.14 � Blood �ow velocity magnitude of PATIENT' s A center of the LAA during sinus

rhythm with Hard Wall on the left hand side and with FSI on the right hand side.
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