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Notation
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[T Am

Am

measA

#A

H(G)

B(X)

natural numbers

prime number

set of all prime numbers

set of all natural numbers
Nu {0}

set of all integer numbers

set of all rational numbers
set of all real numbers

set of all complex numbers
imaginary unit: i = /—1
complex variable

Cartesian product of the sets A and B
Cartesian product of sets A,,

Cartesian product of m copies of the set A
Lebesgue measure of the set A C R
cardinality of the set A

space of analytic functions on G
class of Borel sets of the space X
convergence in distribution

Euler gamma-function

Dirichlet L function

Riemann zeta-function

Hurwitz zeta-function

periodic zeta-function

periodic Hurwitz zeta-function

largest common divisor of m and &
a=0(b)



f(z) ~g(x),z —a lim, ggg =1

a <, b,b>0 there exists a constant C' = C(n) > 0
such that |a| < Cb

exp{s} e’



Chapter 1

Introduction

1.1 Research topic

The dissertation is devoted to approximation problems by certain Dirichlet
series. Let {a,, : m € N} C Cand s = o + i7. We recall that an ordinary

oo
Qm
Pt

m=1

Dirichlet series is of the form

while a general Dirichlet series is

9]
§ :amef)\ms7
m=1

where {\,, : m € N} C Ris an increasing sequence, n}gnoo Am = +00. The
convergence region and absolute convergence region of all Dirichlet series are
half-planes {s € C: 0 > 0¢} and {s € C: 0 > 0,}, respectively. Obviously,
04 = 0).

Dirichlet series is an object of general analysis, however, they are also used
in analytic number theory because the so-called zeta-functions are defined by
Dirichlet series. For example, the famous Riemann zeta-function ((s) is given,
for o > 1, by an ordinary Dirichlet series with coefficients a,, = 1, i.e.,

(=3 .
m=1

The function ((s) can be analytically continued to the whole complex plane,
except for a simple pole at the point s = 1 with residue 1. Note that the



function ((s) is the main tool for investigation of the distribution of prime
numbers in the set N. Namely, using the function ((s), it was obtained [16],
[54] that

pszT

/ du
le , & — 00.
log u

2

The function ((s) also can be defined as an infinite product over prime num-

C(s):H<l—pls>_1,0>1,

and this shows its link with distribution of prime numbers.

bers p

Let the function x : N — C have the following properties:

1° x(m) is completely multiplicative, i.e., x(mimz) = x(m1)x(ms)
for all mi,mo € N, and x(1) = 1;

2° x(m) is periodic with a minimal period ¢ € N, i.e., x(m + q) =
x(m) forall m € N;

3° x(m) = 0 for (m, q) > 1,

4° x(m) # 0 for (m,q) = 1.
Then x(m) coincides with one of Dirichlet character modulo g. The Dirichlet
L—function L(s, x) with character y, for o > 1, is defined by the Dirichlet

series -
x(m)
ms ’

L(S’X) =

m=1

and has the meromorphic continuation to the whole complex plane with a
possible simple pole at the point s = 1 (if the character x is principal, i.e.,
x(m) = 1 for all (m,q) = 1). Dirichlet L—functions were introduced [11]
for investigations of prime numbers in arithmetic progressions {an + b : n €
N}, (a,b) = 1. It is proved that

Z 1 1 /xdux—M)o
2 T 5 Jo Togu T
p=bmod a

where p(k) = #{1 < m < k: (m, k) = 1} is the Euler totient function.
Let 0 < o < 1 be a fixed parameter. The Hurwitz zeta-function ((s, «)

10



[17] is an example of general Dirichlet series. For o > 1, ((s, «) is defined by

in this case, we have \,, = log(m + «). If & = 1, then ((s, o) becomes the
Riemann zeta-function (). The function ((s, a), as {(s), is meromorphic, it
has a simple pole at the point s = 1 with residue 1.

In the dissertation, we consider Dirichlet series in connection to the so-
called periodic zeta-functions. Let a = {a,, : m € N} and b = {b,, : m €
N} be two periodic sequences of complex numbers, with periods ¢; € N and
q2 € N, respectively.

The periodic zeta-function ((s; a) and periodic Hurwitz zeta-function
((s, a; b) are defined, for o > 1, by Dirichlet series

((s;a) = Z %
m=1

and
- p) = - bm
C(Sv a3 ) - mEO: (m 4 a)s'

The periodicity of the sequences a and b implies the equalities
q
9=
and

C(s,a;b) = 15,2 ( )0>1.

k=

Hence, in view of the mentioned above properties of the Hurwitz zeta-function,
the functions ((s; a) and ((s, a; b) have the analytic continuation to the whole
complex plane, except for the point s = 1 that is a simple pole with residues

1 &
—>
q1 1
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and
q2—1

1
qZkZObka

respectively.
Let6 > % be a fixed number, and for u > 0,

) =esp{ - (2) ) m e
vu(m, ar) = exp{— (mq—i—a)e}’m € Np.

In the dissertation, we consider the Dirichlet series

and

i) = 3 )

ms
m=1

and
o0

Cu(sva; b) = Z IM’

m=0

where, as above, a and b are periodic sequences of complex numbers. Since

vy (m) and v, (m, o) are decreasing with respect to m exponentially, the series

for ¢y, (s; a) and (s, cv; b) are absolutely convergent for o > o with arbitrary

finite o for every v > 0. The dissertation is devoted to approximation of
analytic functions by shifts ¢, (s +i7;a) and (. (s +i7,a;b), 7 € R, with

a certain function up — oo as T' — o0.

1.2 Aims and problems

The aims of the dissertation are approximation of analytic functions by

shifts of absolutely convergent Dirichlet series (. (s; a) and (. (s, o; b). The

considered problems are the following:

1. Approximation of a class of analytic functions by continuous shifts

Cup (s +i1;0), 7 € R, with multiplicative sequence a.

2. Approximation of a class of analytic functions by discrete shifts

Cun (s +ikh;a),h > 0,k € Ny, with multiplicative sequence a.

12



3. Joint approximation of a class of pairs of analytic functions by continu-
ous shifts (CUT(S +im;a), Cup(s+iT, 0 b) ,7 € R, with multiplicative
sequence a.

4. Joint approximation of a class of pairs of analytic functions by discrete
shifts (guN(s +ikhy; a), Cup (5 + ikha, b),m > 0,hs > 0,k € Np,
with multiplicative sequence a.

1.3 Actuality

Approximation of analytic functions is cultivated and applied in many
branches of mathematics and other natural sciences. Many mathematical prob-
lems involve complicated analytic functions, therefore, a problem arises to re-
place them by simpler ones. This leads to approximation problems. It is well
known (Mergelyan’s theorem) that every analytic function, under certain con-
ditions on approximation region, can be approximated by polynomials. Thus,
for each analytic function, there exists a polynomial approximating that func-
tion. About 1970 — 1980, the number theorists (S. M. Voronin, B. Bagchi, S.
M. Gonek) found new analytic objects which approximate the whole classes of
analytic functions. These objects are given by Dirichlet series and include the
majority of zeta — and L — functions studied in analytic number theory. New
approximation objects have an universality property, the shifts of one and the
same object approximate a wide class of analytic functions. The discovery of
universal approximation objects raised new problems connected to effectiviza-
tion, joint aproximation, using of generalized shifts, etc. Therefore, the theory
of universality of Dirichlet series, including the zeta-functions, continues its
development. Many attention to universality problem of Dirichlet series is de-
voted in Lithuania. It is important to extend the class of universal functions
and simplify their structure. Therefore, in the dissertation, approximation of
analytic functions by shifts of absolutely convergent Dirichlet series is inves-
tigated. The simplicity of such series allows to describe easier approximated
functions.

1.4 Methods

We use a mix of analytic and probabilistic methods. Analytic methods in-
clude the Dirichlet series theory, integration, residue theory, application of the
Cauchy integral formula and Mergelyan theorem. Application of probabilistic

13



methods consists of weak convergence of probability measures, convergence
in distribution of random elements and properties of supports of probability

measures.

1.5 Novelty

All results of the dissertation are new. Universality of absolutely conver-
gent Dirichlet series connected to periodic zeta-functions are considered in the
dissertation for the first time.

1.6 History of the problem and the main results

Let {a(m) : m € N} be a certain sequence of complex numbers. Suppose
that we know a rule for calculation the numbers a(m). However, often, the set
of values a(m) is chaotic and gives a little information on the whole sequence.
Therefore, in place of individual values a(m), the mean value

M (z) o Z a(m),z — oo,

m<zx

is considered. For investigation of M (x), the generated Dirichlet series

> a(m)
Z(s) € Y S0 > o,

m=1

can be applied. There is a formula (called Perron’s formula) that connects Z(s)
and M (z), i.e.,

M (z) = integral operator involving Z(s) + error term.

For example, suppose that the series for f(s) is absolutely convergent for
o > 1, |a(m)| < b(m) with monotonically increasing b(m), and for
oc— 140,

> la(m)im™7 = O((c = 1)), > 0.
m=1

Then, forallag > a >1,T > 1andx =n + % the formula

1 et x® x® xb(2z) log x
M) =55 /HT J(s)5ds+0 (T(a—l)a) O <T>

14



is valid [S7]. Thus, the problem of the behavior for M (z) is reduced to analytic
properties of the function Z(s).
We present an example. Suppose that

d(m) = Zl

dlm

is the divisor function. The generating function of d(m) is ¢%(s), i.e.,

C(s) = Z dr(nm), o> 1

s
m=1

Using properties of the function ((s) leads to the formula

Z d(m) = zlogz + (285 — D + O(z?),

m<zx

where

y = lim ( 1 m) = 0.57721...

5 m;; — —log
is the Euler constant, and % <0< % The greatest lower bound of the numbers
0 is called the Dirichlet divisor problem. The last result belongs to M.Huxley
(2003) and is equal to i—i’é = 0.3149... . This example shows the importance of
the study of the Riemann zeta-function and other zeta-functions. By a work of
H.Bohr and R.Courant [6], it is known that the set of values of the function {(s)
is very rich, the set {¢(o +it) : t € R} with 5 < o < 1is dense everywhere
in C. This explains, in a certain sense, that the function ((s) appears in many
problems not only arithmetic but also other branches of mathematics, and even
some other natural sciences. For example, zeros of ((s) have relation to eigen-
values of some operators, ((s) has applications in cosmology [1] and even in
music for tuning problems [50].

In the eight decade of the later century, one more important property of
((s) and other zeta-functions was found. It turned out that the shifts {(s +
iT), T € R, approximate a wide class of analytic functions. More precisely,
S.M. Voronin proved [37], see also [26], the following property of ((s) and
called it universality.

Theorem A. Let 0 < r < % be a fixed number, f(s) a continuos nonvanishing
function on the disc |s| < r, and analytic in |s| < r. Then, for every ¢ > 0,

15



there exists a number T = 7(g) € R such that

max
|s|<r

g(s+%+¢7) —f(s)‘ <e.

Let D = {s eC:i<o< 1}. Denote by H (D) the space of ana-
lytic functions on D endowed with the topology of uniform convergence on
compacta. In this topology, {gn(s)} C H(D) converges to g(s) € H(D) as
n — oo if, for any compact set K C D,

i sup|gn(s) = g(s)| = 0.
The space H (D) is infinite-dimensional, therefore, Theorem A is an infinite-
dimensional version of the Bohr-Courant theorem [6].

The Voronin universality theorem was observed by members of the mathe-
matical community. A new method for the proof of Theorem A was found, the
assertion improved and extended for other zeta- and L—functions, for results,
see [15], [16], [52], [28].

Universality of zeta-functions is widely studied in Japan, Poland, Ger-
many, Canada, France, South Korea, Italy and other countries. New results
appear every year. For example, the paper [42] on the universality of the gen-
eral Dirichlet series was recently published. The last version of the Voronin
theorem uses the following notation. Denote by K the class of compact sub-
sets of the strip D with connected complements, and by Hy(K) with K C K
the class of continuous non-vanishing functions on K that are analytic in the
interior of K. Let measA stand for the Lebesgue measure of a measurable set
A C R. Then the following statement is valid, see, for example, [16], [52],
[28].

Theorem B. Suppose that K € K and f(s) € Ho(K). Then, for every € > 0,

1
lim inf —meas{T €[0,7T] : sup |{(s +iT) — f(s)] < 5} = 0.
T—o00 T seK

Moreover, the lower limit can be replaced by the limit for all but at most count-
ably many € > 0.

Theorem B shows that there are infinitely many shifts ((s + i7) approxi-
mating with accuracy ¢ a given function f(s) € Hy(K). On the other hand,
Theorem B is not effective in the sense that any approximating shift (s + i7)

16



is not known.

Partial solutions of effectivity for universality theorem can be found in
[13] and [14], see also [12]. In these works, the effectively computed inter-
val [Tp, 21p] containing 7 such that ((s + 47) is an approximating shift was
indicated.

There exists the Linnik-Ibragimov conjecture, see, for example, [52], that
all functions in some half-plane given by Dirichlet series, having analytic con-
tinuation to the left of this half-plane and satisfying some natural growth con-
ditions are universal in the Voronin sense. However, until our days there are
Dirichlet series whose universality is not proved. For example, the universal-
ity of periodic Hurwitz zeta-function with algebraic irrational parameter o is
unknown.

Now, we recall some results on the function {(s; a) with periodic sequence
a with minimal period ¢; € N. The value distribution of ((s; a) is systemat-
ically considered in the monograph [52], Chapter 11. For example, we find
there the functional equation

¢C(1—s,a%) = (i)sf/(;(exp{?} ((s,ai)—l—exp{—%is} C(s,ai))

for all s € C, where

q1

at = {afn: \/1(7 Zakexp{:t%rimk} :mEN}.

m=1

The latter equation was first proved in [51].

In [40], the zero distribution of ((s, a) also is described. It is obtained that
there exists a constant B(a) such that, for o < —B(a), the function ((s; a)
can only have zeros close to the negative real axis if m + = m,- with
Mg, = min {m 1<m<qal # 0}, and close to the straight line

T

o=14 —F—
log —=

m+

if mg+ # my-. Zeros ¢ = B + iy of (s, a) are called trivial if 5 < —B(a).
The non-trivial zeros lie in the strip —B(a) < o < 1 + A(a) with some
A(a) > 0.

Denote by N (T; a) the number of nontrivial zeros of ((s; a) with |y| < 7.

17



Then it is proved in [52] that

T T
N(T;a) = —log «
s 2memg/my— Mg+

+ O(logT),

i.e., for the function ((s; a) analogue of the von Mangoldt formula is valid.

The aim of the dissertation is approximation of analytic functions by shifts
closely connected to ((s + i7;a) and ((s + 7, a; b). Therefore, we recall
some results on universality of ((s;a) and ((s,a;b). The first result in this
direction is contained in [52]. Denote by H(K), K € K, the class of contin-
uous functions on K that are analytic in the interior of K. Thus, we have that
Hy(K) C H(K).

Theorem C. Suppose that q1 > 2, a is not a multiple of a Dirichlet character
modulo qi, and a,, = 0 for (m,q1) > 1. Let K € K and f(s) € H(K). Then,
for any € > (,

lim inf lmeaus{r € [0, 7] :sup (s +ir;a) — f(s)] < 5} > 0.
T—oo T seK
Note that, in [40], it has been obtained that, under hypotheses of Theorem
C, the sequence a is not multiplicative. We recall that the sequence a = {a,, }
is called multiplicative if a; = 1 and @y, my = G, A, forall (my, mo) = 1.
Universality of the function ((s; a) with multiplicative sequence a has been
given in [31].

Theorem D [31]. Suppose that the periodic sequence a is multiplicative. Let
K € Kand f(s) € Hy(K). Then, for every ¢ > 0,

.1 :
hTHi)IOIgf Tmeas{T € 10,77 Sslelg IC(s +iT;a) — f(s)] < 5} > 0.

Chapter 2 of the dissertation is devoted to universality of an absolutely
convergent Dirichlet series

Gulsia) = 3 Cmelm)
m=1

with v, (m) defined in Section 1.1. For the statement of the theorem, we need
some notation. Let v = {s € C : |s| = 1}, and P be the set of all prime

18



numbers. Define the set

Ql = H’Yp’

peP

where 7, = v for all p € P. As the Cartesian product of compact sets ,, the
infinite-dimensional torus €21, by the classical Tikhonov theorem, is a compact
topological Abelian group with respect to the product topology and operation
of pointwise multiplication. Let 5(X) stand for the Borel o-field of the space
X. Then on (€, B(€1), the probability Haar measure m;y exists, and we
have the probability space (1, B(Q1),m1p). Let w; = {wi(p) : p € P}
be elements of ;. On the probability space (21, B(£21), m1m), define the
H(D)— valued random element ((s,w; a) by

((s,wia) =] <1+§:W;’llls(m)_
=1

peP

Note that, for almost all wy € €, the last product converges uniformly on
compact subsets of the strip D.
The main result of Chapter 2 is the following theorem.

Theorem 2.1. Suppose that the sequence a is multiplicative, and that ur — o0
and ur < T? as T — oco. Let K € K and f(s) € Ho(K). Then the limit

lim %meas{r € (0,7) : sup [Cup (s +it;a) — f(s)| < 6} =

T—o00 scK

mu{w € Q: sup|¢(s,wia) - f(s)] < £}
seK

exists and is positive for all but at most countably many € > 0.

It follows from Theorem 2.1. that there exists a number
To = To(f, x,&) > 0 such that, for T" > Ty, there are infinitely many shifts
Cup (8 + i7; a) approximating a function f(s) € Ho(K) with accuracy e.

For the proof of Theorem 2.1, a limit theorem in the space H (D) for the
function (. (s; a) is applied.

The results of Chapter 2 are published in [18].

The above discussed universality of functions {(s, a) and (. (s, a) is called
a continuous universality because 7 in approximating shifts {(s + i7;a) and
Cuy (s +47; a) can take arbitrary real values.

Parallelly to continuous universality of zeta-functions, discrete universality
theorems are considered when 7 in shifts (s + i7;a) takes values from a

19



discrete set, for example, from {kh : k € No}, h > 0. Theorems of such a type
were proposed by A.Reich in [49]. Denote by # A the cardinality (number of
elements) of a set A C R, and suppose that N runs over the set Ny. Reich in
[49] considered Dedekind zeta-functions (k(s) of algebraic number fields K,
which are defined, for ¢ > 1, by

where [ runs over non-zeros ideals of the ring of integers of K and N (1) is
the norm of I. If K = Q, then (x(s) becomes the Riemann zeta-function.

Therefore, we state a discrete universality theorem for ((s).

Theorem E. Let K € K, f(s) € Ho(K) and h > 0. Then, for any ¢ > 0,

lim inf #{0 <k <N isup (s +ikh) — f(s)| < e} > 0.
N—oo

N +1 seK

We observe that Theorem E has a certain advantage against Theorem B
because it is easier to detect discrete approximating shifts than continuous
¢(s+ i) ones.

We recall one corollary of a discrete weighted universality theorem from
[55]. Define the set L(P, h, ) = {(logp : p € P), 27 }.

Theorem F. Suppose that the sequence a is multiplicative, and the set L(P; h, ), h >
1, is linearly independent over Q. Let K € K and f(s) € Ho(K). Then, for
everye > 0,

1
liminf—#{l <k < N :sup|((s+ikh;a) — f(s)] < 6} > 0.
N—oo N se K
In Chapter 3 of the dissertation, a discrete version of Theorem 2.1 is con-
sidered. We use the same notation as in Theorem 2.1.

Theorem 3.1. Suppose that the sequence a is multiplicative, the set L(IP; h, )
is linearly independent over Q, and uny — oo and uy < N? as N — oco. Let
K € Kand f(s) € Hy(K). Then the limit

1

im ——#{0< k< N: y kh: a) — -
J\}gnooN—i—l#{O\k\N sup |Cuy (s + ikh; a) f(s)\<5}

seK

mH{w € Q:sup|C(s,w;a) — f(s)] < 8}
seK
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exists and is positive for all but at most countably many € > 0.

The proof of Theorem 3.1 is based on a discrete limit theorem in the space
H (D) for the function (y, (s; a).

The results of Chapter 3 are published in [19].

The next results of the dissertation are devoted to the joint universality of
a pair (CuT (s,a), Cup (s, 05 b)> including its discrete version.

Joint universality of zeta— and L—functions has a long and rich history.
The first result in this direction , as a discovery of universality for zeta-functions
in general, belongs to Voronin. He obtained in [56] the joint universality of
Dirichlet L—functions. For the statement, we need some notion. The charac-
ter y mod g is called generated by a character y; mod ¢, q1]q, if

The character xy mod ¢ is called primitive if it is not generated by any character
modqi, g1 < q. Two characters are called equivalent if they are generated by
the same primitive character. The modern version of the Voronin theorem [56]
has been presented in [35].

Theorem G. Suppose that x, ..., X, are pairwise nonequivalent Dirichlet
characters. For j = 1,...,r, let K; € K and fj(s) € Hy(Kj). Then, for
every € > 0,

1
lim inf —meas{T €[0,7]: sup sup |L(s+it,x;) — fi(s)] < 5} > 0.
T—oo T 1<j<r s€K;

It is easily seen that, in the case of joint universality, the approximating
functions must be independent in a certain sense. In Theorem G, their inde-
pendence is realised by nonequivalent characters.

Joint universality theorems are also known for other zeta-functions. Recall
such a theorem for Hurwitz zeta-functions. Define the set

L(al,...,ar):{log(m—i—aj):meNo,jzl,...,r}.

In [33], the following joint universality theorem has been proved.

Theorem H. Suppose that the set L(ayq, . . ., o) is linearly independent over
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Q. Forj=1,...,r let K; € K and fj(s) € H(K;). Then, for any € > 0,

lim inf lmeas{T € [0,T]: sup sup |((s+iT, ;) — fi(s)] < 8} > 0.
T—oo T 1<j<r s€K;

The numbers a4, . . ., . are algebraically independent over Q if there is no
polynomial p(sy, ..., s,) # 0 with coefficients in Q such that p(a1, ..., a,) =
0.

Note that the set L(ay, .. ., a;) is linearly independent over Q if the num-
bers a4, . . ., «, are algebraically independent over Q.

Theorems G and H are joint universality theorems for L— and zeta— func-
tions of the same type (Dirichlet L—functions and Hurwitz zeta-functions). H.
Mishou proposed in [46] a joint universality theorem for functions of two dif-
ferent types: for the Riemann zeta-function and Hurwitz zeta-function. The
number « is transcendental if there is no any polynomial p(s) # 0 with coef-
ficients in Q such that p(a) = 0.
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Theorem I [46]. Suppose that parameter « is transcendental. Let K1, Ko € IC
and fi(s) = Ho(K1), fa(s) = H(K2). Then, for every e > 0,

1
lim inf —meas{T € [0,T]: sup |¢(s+1iT) — f1(s)] < &,
T—oo T seK;

sup (s +it, ) — fa(s)] < 6} > 0.
s€EKo

The function ((s) has the Euler product over primes, while ((s, «) with
transcendent « has no such a product. Therefore, fi(s) € Hy(K;), while
fa(s) € H(K3). Theorem I is called a mixed joint universality theorem for
¢(s) and ((s, ).

Theorem I was generalized for ((s; a) and ((s, a; b) in [21].

Theorem J. Suppose that the sequence a is multiplicative, and the parameter
«a is transcendental. Let K1, Ko € K and f1(s) € Ho(K1), f2(s) € H(K»).
Then, for every ¢ > 0,

1
lim inf —meas{T €[0,T] : sup [((s+it;a) — fi(s)| < e,
T—oo T seK

sup |¢(s +i7,a50) — fa(s)| < 8} > 0.
s€Ko

Theorem J in [21] was applied to obtain the joint functional independence
for the functions ((s;a) and (s, a; b).

Obviously, Theorem J implies Theorem D, and universality of the func-
tion ((s, a;b) with transcendental « which, for the first time, was given in
[20]. Also, there is a series of works on joint universality of the functions
((s;aj),5 =1,...,r, see, for example, [34], and of the functions
((s,a;b),7 =1,...,r, see, for example, [32]. Moreover, the functions
(s, aj; b;) are involved in numerous works of R.Kacinskaité and K.Matsumoto,
see [22], [23], [24], [25].

Theorem I has a certain modification. Define

where v,,, = - for all m € Ny. Then, as in the case of €11, we have that {2 is
a compact topological Abelian group, and the probability Haar measure mog
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in (Q2, B(€22)) can be defined. Define one more Cartesian product
Q= Ql X QQ.

Then again (2 is a compact topological Abelian group, and on (2, B(€2), the
probability Haar measure m g exists. We observe that the measure my is the
product of the measures m1 g and mog. This means that if A = A; x As €
B(Q) with A; € B(2;),7 = 1,2, then

mp(A) = mig(Ar) - map(A2).

On the probability space (€2, B(£2), my), define the H?(D) = H(D)x H(D)—
valued random element

((s,w,a) = (C(s,wl), C(s,wa, a)),

where w = (w1, ws) € Qw1 € Q1,wy € Q9, and

C(5,w1) = H (1 _ wl(p))*l

peP ps
and
C(s,w2,a) = Z ms,wz = {wz(m) im € NO}.

meENy
In [39], the following version of Theorem I has been obtained.

Theorem K. Suppose that the set L(P, ) & {(logp :p €P), (log(m+ «a):

m € NO)} is linearly independent over Q. Let K1, Ko € K, and fi(s) €
Hy (K1), fa(s) € H(K2). Then, for every €1 > 0 and €3 > 0, the limit

1
lim —meas{T € 10,77 : sup |((s+iT) — fi(s)| < €1,
T—oo T s€K;

sup [C(s + i, @) — f(s)] < 52} _
seKo

mH{w € Q:sup [((s;w1) — fi(s)] < eq,
seK1

sup [C(siwa, @) = fo(s)| < 22}
seKo

exists and is positive for all but at most countably many €1 > 0 and €5 > 0.
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Theorem K for transcendental o was proved in [38]. In, [39],Theorem K

was also extended to absolutely convergent Dirichlet series. Define

Culs) = Z w;}(;n)
m=1

and
> vy (M, o)

Cu(87a) = pp
— (m+a)

Theorem L. Suppose that the set L(P,«) is linearly independent over Q
and up — oo and ur < T? as T — oo. Let K1, Ky € K, and f1(s) €
Hy (K1), fa(s) € H(K2). Then the limit

1
lim —meas{T € [0,T] : sup [Cup(s+i1) — f1(s)] < €1,
T—oo T’ seK1

SUp [Gup (5 + im,0) = fals)| < 22 f =
s€EKo

mH{w € Q:sup [((s;w1) — fi(s)] < e,
seEKy

sup [¢(siws, ) = fo(s)| < 22}
seKo

exists and is positive for all but at most countably many €1 > 0 and €2 > 0.

In Chapter 4 of the dissertation, Theorem K is extended to the functions
Cup(s;a) and Cyp (S, a;b). On the probability space (€2, B(£2), my), define
the H?(D) — valued random element

4(57 o, w;a, b) = (C(Sawl; Cl), C(Sa Q, W2, b))a

where ((s,w;;a) is the same H (D)—valued random element as in Theorem
1.1, and
bmwa(m)

C(s,a,wo; b) = Z m+a)

m=0

Theorem 4.1. Suppose that the sequence a is multiplicative, parameter « is
transcendental, and ur — oo and upr < T? as T — oo. Let K1, Ky € K,
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and fi(s) € Hyo(K1), fa(s) € H(K2). Then the limit

1
lim —meas{T €[0,T] : sup |Cup (s +it5a) — f1(s)| < €1,
T—oo T seKy

SUp (G (5 + 7,3 6) = fals)| < 22} =
s€EKo

mH{w €Q:sup |C(s,wr,a) — fi(s)] < e,
seKq

sup |¢(s,wa, ;b)) — fa(s)| < 52}
seKo

exists and is positive for all but at most countably many €1 > 0 and 5 > 0.

The results of Chapter 4 are published in [3].

The last chapter of the dissertation, Chapter 5, deals with a discrete version
of Theorem 4.1., therefore, we present the main results on a discrete version
of the Mishou theorem. The first result of such a type was obtained in [9]. Let
h > 0, and

2
L(P;a, h, ) = {(logp :p € P), (log(m + «) : m € Nyp), %}
Theorem M [9]. Suppose that the set L(P;«, h, ) is linearly independent

over Q. Let K1,Ks € K, and fi(s) € Ho(K1), fa(s) € H(K3). Then, for
every e > 0,

lim inf
N N+ 1

#{0 <k <n:sup [((s+ikh) — fi(s)] <e,
seEK

sup |¢(s +ikh,a) — fa(s)| < 5} > 0.
seKo

In [8], Theorem M was generalized by using shifts ((s + ¢kh1) and {(s +
ikhg, o) with different hy > 0and hy > 0. Let L(P; «, hy, ho, ) = {(hl logp :

peP), (halog(m+a):me NO),%}.

Theorem N [8]. Suppose that the set L(IP; «, hy, h2) is linearly independent
over Q. Let K1,Ky € K, and f1(s) € Ho(K1), f2(s) € H(K3). Then, for
everye > 0,

lim inf
Noeo N+ 1

#{0 <k <N s sup [C(s+ ikhy) — fi(s)] < e,
seK

sup [((s + ikha, o) — fa(s)| < z—:} > 0.
se€EKo
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Chapter 5 of the dissertation is devoted to a generalization of Theorem N,
for the functions ¢y, (s;a) and (y, (s, «; b). The statement of the theorem is
the following.

Results of Chapter 5 are published in [4].

Theorem 5.1. Suppose that the sequence a is multiplicative, the set

L (P;a, hy, ho,7) is linearly independent over Q, and uy — oo and uy <
N2as N — oo. Let K1,Ky € K, and f1(s) € Ho(K1), fa(s) € H(Ka).
Then the limit

1
i <k< : u ) ;a) — )
]\}I_I;((l)o N 1#{0 <k <N :sup [Cup(s+ikhisa) — fi(s)| < e

seKq
sup [Cuy (s +ikha, a; b) — fa(s)| < €2} =
seKo
mH{(wl,wg) € Q:sup |((s,wi;a) — fi(s)| < e1,
seKy

sup [C(s, a,wa5b) — fo(s)| < 22}
seKo

exists and is positive for all but at most countably many €1 and €.

We observe that L(P, o, h, ) and L(P, «, hy, ho, 7) are multisets, i.e., if
they contain two or more equal elements, these elements remain in the set.
The requirements ur < T?(uy < N?) appeared in the above theorems
are used in approximation in the mean (. (s; @), Cup (8, @; 6) (Cupn (85 0), Cup (8, 5 5))
by ((s;a) and ((s, a;b), respectively. In the case, when ((s;a) or ((s, «; b)
have no pole at s = 1, these requirements are not needed.

1.7 Approbation

The results of the dissertation were presented at the International MMA
(Mathematical Modelling and Analysis) conferences (MMA2023, May 30 —
June 2, 2023, Jurmala, Latvia), (MMA2024, May 28 — 31 d., 2024 Pirnu,
Estonia), at the international conference of probability theory and the num-
ber theory (ICPTNT2024, September 16 — 20, Palanga) at the conferences of
Lithuanian Mathematical Society (LMS2021, June 16 — 17, 2021, Vilnius),
(LMS2022, June 16 — 17, 2022, Kaunas), (LMS2023, June 21 — 22, 2023,
Vilnius), (LMS2024, June 27 — 28, Siauliai, 2024).
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Chapter 2

Approximation of analytic
functions by continuos shifts of
an absolutely convergent
Dirichlet series related to the
periodic zeta-function

Let a = {a,, : m € N} be a periodic sequence of complex numbers with
minimal period ¢ € N, i.e., Gyiq, = ap for all m € N. We recall that
the periodic zeta-function ((s,a), s = o + it, is defined, for & > 1, by the

Cls,a) =D =,

and, in view of the representation

1 & k
C(Sv ﬂ) = E Zak’ C (57 q> 9 (21)

b k=1

Dirichlet series

where ((s, q%) is the Hurwitz zeta-function with parameter q%’ has the mero-
morphic continuation to the whole complex plane with unique simple pole at
the point s = 1 with res1due = Z ak = a1 If @1 = 0, then the function
((s;a) is analytic in the Whole complex plane, i.e., it is an entire function.

In this chapter, we consider an absolutely convergent Dirichlet series con-
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nected to the function ((s; a). Thus, let § > % be a fixed parameter, and for
u > 0,

vy(m) = exp{ - (%)9},m e N.

Define the Dirichlet series

o0
Gulsa) = %ZZW) 2.2)
m=1
Since the sequence a is periodic, it is bounded. Thus, there exists a constant
C = C(a1,...,aq ) > 0 such that |a,,| < C for all m € N. The sequence
{vy(m) : m € N} is exponentially decreasing for any fixed u. Therefore, the
Dirichlet series (2.2) is absolutely convergent in any half-plane ¢ > o with

arbitrary fixed finite 0. Hence, the function ¢, (s; a) is entire.

This chapter is devoted to approximation of analytic functions by continu-
ous shifts (,,,.(s +i7;a), 7 € R, with multiplicative sequence a and a certain
function up. We recall that the sequence a is multiplicative if a; = 1 and
Gmimae = Gm,Qm, for all coprimes mj, ma € N. Also, we notice that, for
absolute convergence, it suffices to take 6§ > 0, however, for further aims, we
need 6 > %

2.1 Statement of the main theorem

For the statement of a theorem on approximation of analytic functions by
shifts (. (s + i7;a), we need some notation and definitions. We start with
one topological group. Let ~y be the unit circle on the complex plane, i.e., v =
{s € C:|s| =1}, and P the set of all prime numbers. Define the Cartesian

Q1 = H’Yp’

peP

product

where v, = «y for all p € IP. The infinite-dimensional torus {21, by the classical
Tikhonov theorem, see, for example [29], with the product topology and oper-
ation of pointwise multiplication, is a compact topological Abelian group. The
compactness implies the existence of the probability Haar measure miyg on
(Q1,B(821)), where B(X) denotes the Borel o - field of the space X. This gives
the probability space (21, B(21), m1p). Let D = {s eC: % <o < 1}. De-
note by H (D) the space of analytic on the strip D functions endowed with
the topology of uniform convergence on compacta. Let w;(p) stand for the
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pth component of an element w; € €21, p € P. Now, on the probability space
(Q1,B(21), m11), define the H (D) - valued random element

((s,wr;a) = H <1+Zapwl )

peEP

The latter infinite product is uniformly convergent on compact sets of the strip
D for almost all w; € 21 with respect to the measure mq f7. This can be found,
for example, in [16], [28]. Let K be the class of compact sets of the strip D
with connected complements, and Hy(K) with K € K the class of continuous
non-vanishing functions on K that are analytic in the interior of K.

We recall that @ <¢ b,b > 0, means that there exists a constant ¢ = ¢(&) >
0 such that |a| < ¢b

The main result of this chapter is the following theorem.

Theorem 2.1. Suppose that the sequence a is multiplicative, and ur — o0
andur < T? as T — oo. Let K € K and f(s) € Ho(K). Then the limit

1
lim —meas {7‘ € 10,77 : sup |Cup (s +iT;a) — f(s)] < 6} =
T—oo T scK

_ {w1 € 1 sup |C(s, w13 ) — £(8)] < }
seK

exists and is positive for all but at most countably many € > 0.

Since the density of shifts ¢, (s + ¢7; a), approximating the function f(s)
is positive, we have from Theorem 2.1 that there is a number Ty = Ty (f, K, &) >
0 such that we have infinitely many shifts (. (s + i7; a) for Ty > Ty with ap-
proximating property.

Since 7 takes arbitrary real values, Theorem 2.1 is of continuous type.
Moreover, Theorem 2.1 shows that the function (,, (s;a) has a similar ap-
proximation property as the function ((s;a) given by analytic continuation.
On the other hand, for s € D, the equality

Jim Cur(s;a) = ((s50a)

is not known.

31



2.2 Integral representation

A bit later, we will prove that ¢, (s; a) is close to ((s; a) in the mean for
s € D. For this, a certain integral representation for (,,.(s; a) is needed.

First of all, we recall some properties of the classical Euler gamma-function
I'(s). For o > 0, the function I'(s) is defined by the integral

I‘(s):/ e “u*"tdu.
0

Moreover, I'(s) is analytically continued to the whole complex plane, except

for simple poles s = —k, k € Ny, with residues
(1)t
Res I'(s) = —————.
s:e—sk (S) k!

Lemma 2.1. Suppose that a and b are positive numbers. Then

1 b+ico
— [(s)a%ds = e .
2mi b—ioco

Proof. The equality of the lemma is called the Mellin formula. Its proof
can be found, for example, in [53].

Lemma 2.2. Uniformly in o1 < o < o9 with arbitrary o1 < o9, the estimate
I'(s) < exp{—c|t|},c¢ > 0.
is valid.

Proof of the lemma can be found, for example, in [29].

Lemma 2.3. Let 0 be the number from definition of v, (m). Then, for o > %,

the representation

1 0+1ioco dz
Cu(S, Cl) = % Llw C(S + zZ, Cl) lu(2)7,
where
5,8,
lu(s) = gr(g)u
is valid.
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Proof. Using Lemma 2.1, we find

wim) e {- (1)} = o5 [ (%)) Tae=

200

L) () Ta)

t J1—ico

Since 6 > % and o > %, hence we have

O+ico —z
) =5 > [T S (5) (3) % -

0+ico > Ortico
. (luiZ) > )dz—l. ' C(s +230) Lu(2)dz.

271 Jo_ioo — mstz 271 Jo_ioo

The interchange of summation and integration is justified by an estimate of
Lemma 2.2.

2.3 Approximation in the mean

In this section, we will prove that the functions ((s; a) and ¢, (s;a) are
close in some sense in the strip D. For this, we will use the mean square
estimate for the function ((s; a).

Lemma 2.4. Suppose that o, < o < 1, is fixed. Then the estimate

T
/ IC(o +it;a)Pdt <oa T
-T

is valid.

Proof. It is well known, see, for example, [29], that, for the Hurwitz zeta-
function (s, «) and a fixed o, % < 0 < 1, the estimate

T
/ IC(0 +it,Q)|*dt g0 T
-T

holds. Hence, in virtue of equality (2.1), for these values of o, we have

T T q1
/ Clo +itsa)Pdt <4, /
T T k=1

dt <o

2
k
g arC <cr + it, ql>
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S/ ko)

Lemma 2.5. Suppose that K C D is a compact set, and ur — 0o and up <
T2. Then

dt <o T.

1 /T
lim / sup (s + iT;a) — Cup (s +iT;a)|dt = 0.
T—oo T 0 scK

Proof. By Lemma 2.3, we have

1 0+4ioco dz
Gulsi0) = 5 /e ()T 2.3)
Let K be an arbitrary fixed set in the strip D. We fix £ > 0 such that % +2e <
c<1l—cforalls =0+ 1t € K.Wetakeé?:%quandHl :J—%—e.
Then, 6; > 0. By properties of the functions I'(s) and ((s; a), the integrand in
(2.3) has simple poles z = 0 and z = 1 — s lying in the strip —6; < Rez < 0.
Therefore, moving the line of integration to the left, we obtain from the residue
theorem and (2.3) that, for s € K,

1 [—0itico dr 1y (1—s)

Cur(s30)—((s50) = i /—91—¢oo ((s+2z;a) luT(z)?+a UTlT
2.4)
Here ((s; a) is the residue at z = 0, and AZ”TI( ) the residue at z = 1 — s.

The equality (2.4) and the definition of ¢ imply

CuT(s;a)—C(s;a):;?T/_oo C(a+it+iv—o—+%+e;a)x

1 .
luT1(§+€—a—|jzv)dv+aluT(1—s)
ste—o+iv l—s

Thus, for s € K,
1 [ . . 1
Cup(s,a) = ((s,a) = — (it +iv+ - +e5a)x
27 J_ 2

lu (A 4+e—0+iv N
uT1(2 - )dv—l-a
5+e—o+iv I—s
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Hence, replacing v 4 ¢ by v, we find that, for s € K,
Cup(s+ir,a) —((s+iT,a) = / C —i—zs—i—w—l—w a)x

1 . .
luT1(§+€_8~|Tw)dv+ZiluT(1_8__”).
§+E—S+Z'U 1—s—ur

Therefore, for all s € K,

& 1
CUT(S+iT,a>—C(S+iT,a)<</ ’C<2+€+ir+iv;a) X
—0oQ

lup (3 +&—s+iv)
%+€—3+z’v

lyp (1 —s—iT)

su
P 1—s—ir

seK

dv + sup [a] (2.5)

seK

Taking into account Lemma 2.2 again, we can change the order of integration,
therefore, by estimate (2.5), we have

1z / SUP [Cup (5 + i3 0) — C(s + 75 0)|dr <o L(T) + I(T),  (2.6)

seK
where
< r1 (7 1 lup (3 +6— s+ 1v)
L(T :/ / (—i—a—&-h—l—iv;a) d’]’) sup |—£22 dv
1( ) —OO(T 0 C 2 36113 %+€—S+iv
and
1(T) 1/T lug (1= 5 —i7)| |
=— [ sup|————F—=|dr.
2 T Jo SGE 1—s—ir

Using Lemma 2.4, we find that, forallv € Rand T > 1

1T 2\’
f/ ( + &+ i1 +iv; a> dr < (T/ dT) <
0

1 1
1 T+|v| 1 2 2 T+ v 2
(T/ ‘ §(2+s+z’r;a) dr <<6,a< T' |) Lea (1+|v|)%.
—|v

(2.7)
Moreover, applying Lemma 2.2 once more, we see that, for all s € K,
r (1 + T+ 1 <
0\ 3 E—0—1 X c
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np exp{—g\t—v]} Lz K up” exp{—ci|v|},e1 >0

This estimate together with estimate (2.7) yields the estimate
(2.8)

o0
_ 1
1 (T) ek 15 / (1+ [o)¥ exp{—cilo]}dv e 47
—00

Similarly, as above, we find that, for all s € K

lyr(1 —s—iT _ 1_9
M ek up " exp{—alrl} <ok up - exp{-alr]}.

Hence, we conclude that

19.1 (T
IQ(T) <LK u% ‘ST/ exp{—61|7"}dt < K
0

1
5725

L 9.1 [ U
u?, sT/O exp{—ci|7|}dt < i T

1
=—2¢
2

UT

This, (2.8) and (2.6) show that
—&
up + T

/ sup |Cu(s +it;a) — ((s + im; ) |dT <q 6K

seK
the latter estimate proves the lemma

Since ur — ocoand up <€ T
We observe that the restriction ur < T comes from the pole of the func-
tion ((s; a) at the point s = 1. If @ = 0, then uy — oo can be arbitrary.

2.4 Limit lemmas
Theorem 2.1 follows from a limit theorem on the weak convergence of

probability measures in the space of analytic functions
Let P and P,,n € N, be probability measures on (X, B(X)). We recall
that P, converges weakly to P as n — oo if for every real continuous bounded

function g on X
lim [ gdP, = / gdP.
The definition of weak convergence of probability measures has some
equivalents. We recall these equivalents in terms of open and continuity sets.
A set A € B(X) is called a continuity set of the measure P if P(0A) = 0,
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where 0A is the boundary of the set A.

For the proof of universality for zeta-functions, usually the equivalent in
the terms of open sets is applied. By this equivalent, P,, as n — oo, converges
weakly to P if and only if, for every open set G C X,

lilginf P,(G) = P(G).

For example, this method is used for the proof of Theorem D.

Also, we recall the definition of the support of a probability measure P
on (X, B(X)). Suppose that the space X is separable. Then the support Sp of
the measure P is a minimal closed set of X such that P(Sp) = 1. The set
Sp consists of all z € X such that, for any open neighbourhood G of x, the
inequality P(G) > 0 is satisfied.

For A € B(H (D)), define

Prq(A) = %meas {r€0,T]:{(s+ir;a) € A}.

Moreover let P, be the distribution of the H (D) - valued random element
((s,w1;a) defined in Section 2.1, i.e.,

Pra(A) = mipg{wr € Q1 : ((s,wi3a) € A}, A € B(H(D)).

Then, in [18], the following statement was obtained.

Lemma 2.6. Suppose that the sequence a is multiplicative. Then Prq con-
verges weakly to P; o as T' — oo. Moreover, the support of the measure P o
is the set

S¥ 1ge H(D): g(s) £ 0 or g(s) = 0}.

We note that Theorem D can be complemented by the following statement
by using Lemma 2.6 and the equivalent of weak convergence of probability
measures in terms of continuity sets.

Proposition 2.1. Suppose that the sequence a is multiplicative. Let K € K
and f(s) € Ho(K). Then the limit

1
lim —meas{7 € [0,7] : sup |[((s+it;a) — f(s)| < e} =
T—o00 T seK

mig{wr € Q1 :sup [C(s,wi3a) — f(s)| < e}
seK
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exists and is positive for all but at most countably many € > 0.

For convenience, we recall the mentioned equivalent of weak convergence

in terms of continuity sets.

Lemma 2.7. Let P,,,n € N, and P be probability measures on (X, B(X)).
Then the weak convergence of P, to P as n — o0 is equivalent to the equality

lim P,(A) = P(A)

n—oo

for each continuity set A of the measure P.

Proof. The lemma is a part of Theorem 2.1 from [19], where its proof is
given.

We also need the Mergelyan theorem on the approximation of analytic
functions by polynomials, see [43].

Lemma 2.8. Let K € C be a compact set with connected complement, and
g(s) a continuos function on K and analytic in the interior of K. Then, for
every € > 0, there exists a polynomial p(s) = p. g i (s) such that

sup [g(s) — p(s)| <e.
seK

Proof of Proposition 2.1. Since f(s) # 0on K, by Lemma 2.8, there exists
a polynomial p(s) such that

sup | f(s) — e?®)| < = (2.9
seK 2

To obtain the latter inequality, it suffices to apply Lemma 2.8 for log f(s).
Consider the set

G. = {g € H(D) : sup |g(s) — e’ < 6}.
seK 2

It is obvious that eP(®) = 0, hence eP(*) € S. Therefore, by Lemma 2.6, the
set G is an open neighbourhood of an element of the support of the measure
P q. Thus, in virtue of properties of the support, we have

Pra(Ge) > 0. (2.10)
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Define one more set

@Ez{geHﬂﬂ:wm¢$f@N<8}

seK

The boundary 8@8 lies in the set

{se D) suplots) — )] =<
seK

Therefore, 8@51 N 8@,32 = @ for different positive €1 and 5. From this, it
follows easily that the set éa is a continuity set of the measure P 4 for all but
at most countably many € > 0. Actually, for any m € N, there are at most

m — 1 sets ég for which
PN 1
Pc,a(aGg) > i

m

From this, we obtain that there are at most countably many sets 8@5 such that
P o(0G.) > 0.

Hence, P<7a(8@€) = 0 for all but at most countably many € > 0, i.e., by the
definition, the set @5 is a continuity set of the measure P o for all but at most
countably many € > 0.

The latter remark and Lemmas 2.6 and 2.7 show that

lim Prg(G.) = Pra(G2) 2.11)
T—o0

for all but at most countably many € > 0. It remains to prove that Pga(és) >
0. Suppose that g € G¢. Then, by (2.9),

sup [g(s) — f(5)] < sup g(s) — e?)| + sup | f(s) — )| < = + = =&,
seK seK seK 2 2

This shows that g € @5. Consequently, G. C @e. Therefore, in view of (2.10),
we have PQa(@E) > 0. This inequality, (2.11) and the definition of the set @5
prove the proposition.
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2.5 Proof of the main theorem

This section is devoted to the proof of Theorem 2.1. For this, we will apply
a continuity correspondence between distribution and characteristic functions.

Let £ be a random variable defined on a certain probability space with a
measure P. Then the distribution function F'(z), x € R, of £ is defined by

F(X) = P{¢ < x}.

It is well known that every nondecreasing and left continuous function F'(x)
such that F'(+00) = 1 and F'(—o0) = 0 is a distribution function of a certain
random variable.

The characteristic function ¢(u), v € R, of the distribution function F'(x)
is defined by

o0 .
o(u) = / e"TdF (x).
—00

Let F,(x),n € N, and F(z) be distribution functions. We recall that
F,,(z) converges weakly to F'(z) as n — oo if
for all continuity points x of the function F(x).

The following continuity theorem between distribution and characteristic
functions is very useful, see, for example, [27].

Lemma 2.9. Let F,,(z),n € N, be the distribution function, and ¢, (u) the
corresponding characteristic function. If Fy,(x), as n — oo, converges weakly
to a certain distribution function, then ¢, (u) converges to the characteristic
function ¢(u) of F(x) as n — oo. This convergence is uniform in any finite in-
terval. On the other hand, if, for any u € R, the limit lim,_,o ¢n(u) = P(u)
exists, and the function ¢(u) is continuous at u = 0, then F,(x) converges
weakly to the distribution function F(x), and ¢(u) is the characteristic func-
tion of F(x).
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Proof of Theorem 2.1. For € > 0, define two functions

Fral®) = Pra(Go) = meas { € 0,71 sup ¢(s + imsa) — £(5)] < e}
T seK

and

FC,a(5) = PC,a(éa) =MmMi1H {wl € Q1 : Sfl:'llg |C(57W; Cl) - f(S)I < E} .

These functions are nondecreasing, left continuous, and take the values 0 at
€ = —ooand 1 ate = 4o0. Therefore, Fr o(¢) and Fy 4(¢) are the distribution
functions. In addition, a point ¢ is a continuity point of the function F 4(¢) if

and only if the set @E is a continuity set of the measure I ,. Indeed, since

9G. = {g € H(D): sup l9(s) — f(s) <ef\{g € H(D): sup lg(s) — f(s)] < e}

and
{9 € H(D) : sup |g(s) — f(s)| <e} C{g € H(D) : sup |g(s) — f(s)| < &},
seK seK
we have
P o(Ge) = Fea(e +0) — Fea(e). (2.12)

Hence, if P<7a(8@5) =0, then F¢ (e +0) = F¢q(e), i.e., the function F¢ 4(¢)
is right continuous at the point e. Since F 4(¢) is left continuous at this point,
F¢ o(¢) is continuous at the point €. If F¢ 4(¢) is continuous at the point , then
Feale +0) = Frq(e), and by (2.12), Pr4(8G.) = 0, ie., the set G- is a
continuity set of the measure P g.

Let ¢7q(u) and ¢¢ q(u) be the characteristic functions of the distribution
functions Frq(e) and F¢ 4(¢), respectively. Then, in view of (2.11) and above
remark, we obtain that Fr4(e), as T — oo, converges weakly to F¢ q(e).
Therefore, by Lemma 2.9, the convergence of the corresponding characteristic
functions follows, i.e.,

tliglo ¢T,a(u) = ¢C,a(u) (2.13)

for all u € R, and uniformly for |u| < C with arbitrary C' > 0.
Define one more distribution function

~ 1
Fra(e) = =meas{r € [0,T] : sup |Cu,(s +iT;0) — f(s)] < €},
T seK
and let aT,a(u) denote the characteristic function of ﬁ;[;a(a). We will estimate
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the quantity
def

Ara(u) Z [6r,a(u) = dra(u)].
By the definitions of ﬁTya(s) and Frg4(e), we find

AT a ‘/ Z'llEdF / 7'lLEdFT’u(€)

1 T
—/ exp {iu sup [Cup (s +iT30) = f(s)|}—
T Jo

exp {iu sup |((s +iT;a) — f(s)\})dT =
seK

T
%/ exp{iu sup C(s +iT5a) — f(8)|}<exp {iU(ngg |Gur (s +i750) — f(5)]—
sup|§(s—|—zr a) — f(s )|)} —1)dr.

seK

Hence, using the inequality |¢’* — 1| < |a|, a € R, we obtain

AT& < |/

and, by the triangle inequality

sup [Cug (s +17;0) — f(s)| — [C(s + im;0) — f(s)[| dt,
seK

| sup a — sup b| < sup |a — b|,

we find that

Are(u) < |/ sup |Cup (s +iT;a) — (s + iy a)|dr.
seK

Therefore, Lemma 2.5 implies, that uniformly in |u| < C for any C' > 0,
lim A7.(u) = 0.

n—o0

This, together with (2.13) shows that, for all u € R,
Jim Gra(u) = dcu(u).

An application of Lemma 2.9 and the weak convergence of Frr 4(¢) to F¢ 4(€)
as T" — oo gives the relation

Tim Fro(e) = Feu(e)
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for all continuity points € of F¢ 4(¢). It is well known that the set of discontinu-
ity points of a distribution function is at most countable. This and Proposition
2.1 show that the limit

lim %meas {T € (0,77 : sup |Cup (s +im5a) — f(s)] < 5} =

t—o00 seK

mig {wl € O sup [((s,wisa) — f(s)] < 5}
seK

exists and is positive for all but at most countably many € > 0.
The theorem is proved.
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Chapter 3

Approximation of analytic
functions by discrete shifts of an
absolutely convergent Dirichlet
series related to the periodic -
zeta function

This chapter is devoted to a discrete analogue of Theorem 2.1. In this case,
analytic functions are approximated by shifts (,, (s + ikh; a), where h > 0
is a fixed number, £ € Ny, and uy is a certain increasing sequence of real
numbers. We notice that approximation of analytic functions by disrete shifts
of zeta-functions is sometimes more convenient because of a possible easier
detection of approximating shifts.

We preserve the notation of Chapter 2. Recall that # A denotes the number
of elements of a discrete set A C R.

3.1 Statement of the main theorem

For h > 0, define the set
27
L(P;h,m) = {(logp :peP), h} )

Theorem 3.1. Suppose that the sequence a is multiplicative, the set L(IP; h, )
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is linearly independent over Q, and uy — 0o and uy < N? as N — oco. Let
K € Kand f(s) € Hy(K). Then the limit

N+1#{0 k< N:SSEICUN(SHM;G) —f(s)l <et =

mig{wi € Q1 :sup [((s,wr;a) — f(s)| < e}
seK

and is positive for all but at most countably many € > 0.

Theorem 3.1 implies that there exists a number Ny = No(f, K,e) € N
such that there are infinitely many shifts ¢, (s + ikh; a) for N > Ny approx-
imating with accuracy ¢ a given analytic function f(s).

We observe that the linear independence of the set L(IP; h, 7) can’t be re-
placed by that of the set

R P
L(P;h, ) & {logp : p e P} U {Ij}

Indeed, if h = ,po € P, then we have

10gp0
L(P;h,7) = {logp: p € P}

It is well known that the set of logarithms of primes is linearly independent
over Q, i.e. the set E(}P’; h, ) is linearly independent over @, while the set
L(PP; h, ) contains two equal elements, and is linearly dependant over Q.
Thus, we consider L(IP; h, ) as a multiset.

A proof of Theorem 3.1 is based on a discrete probabilistic limit theorem
for weakly convergent probabilistic measures in the space of analytic functions
H(D), and a discrete universality theorem for ((s; a).

We recall that a number a is transcendental, if it is not algebraic, i.e., is not
a root of any polynomial p(s) # 0 with rational coefficients. For example, the
numbers e, 7w and e™ are transcendental.

For example, we can take h = 2. If we suppose that k1, ..., k,, k € 7 are
not all zeros, and

kilogpr + ...+ ke logp, + km = 0,

then we obtain
k kyr E
pit..pret =1
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which contradicts the transcendence of the number e”.
Also, if h = 7 and,

ki log,, + ...+ kylog, +k =0,

then p’fl ...pPp& = 1, and this contradicts the transcendence of ¢ because
the Lindemann-Weierstrass theorem asserts that the number e* with algebraic
a # 0 is transcendental.

3.2 Discrete approximation in the mean

This section is devoted to discrete estimation in the mean between the func-
tions ((s;a) and (,(s; a). The estimate will be used for the proof of the uni-
versality for ((s; a) and Theorem 3.1.

Proposition 3.1. Suppose that K C D is a compact set, h > 0,a and u > 1
Then there exists ¢ = €(K) > 0 such that the estimate

: log N
N+1 kzojgp (s + ks @) = Culs + ikh; )| eon i u +uz™% ojgv
holds.

For the proof of Proposition 3.1, discrete mean square estimates are needed.
For this, the Gallagher lemma on connection between discrete and continuous
mean squares for some differentiable functions usually is applied.

Lemma 3.1. Suppose that § > 0, Ty > 0,T > 6, A # @ is a finite set lying in
the interval [Ty + 5, Ty + T — 3], and

>

€A
[t—z|<o

Let a complex-valued function g(t) be continuous in [Ty, To + T'] and have a
continuous derivative ¢'(t) in (Ty, Ty + T'). Then the inequality

TD+T To+T To+T 3
SNl < 5 [ lo@da ([ g [T 1w
T() TO

teA

holds.
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A proof of the lemma can be found in [44], Lemma 1.4. Also we recall the

Cauchy integral formula.

Lemma 3.2. Suppose that a function g(s) is analytic in a finite region G C C
and on its boundary OG which is a simple closed curve. Then, for every s € G,

the formula
1 9(2)
/
= — d
g (S 21 oG (Z - 8)2 ¥

is valid.

A proof of the lemma is given in all textbooks on the theory of function of
complex variable, see, for example, [53].

Lemma 3.3. Let% < o < landh > 0 be fixed. Then, for v € R, the mean
square estimate

N
> (o + ikh + iv; ) <gan N(1+ |v])
k=0

holds.

Proof. Repeating the proof of estimate (2.7), we obtain

T
/ (0 + i + i3 @) 2dr <on T(1+ |0]). 3.1
0

Let L be a simple closed contour lying in D and enclosing the point s. Then,

((s;a) = 217”/L (i(Z;s>)2dz.

Hence, for L; enclosing o,

by Lemma 3.1

1 C(z+iT;a)

— d
2wt Jp, (2—0)? :

('(o+it;a) =

and

((o+it;a) < / i

Ly ‘Z - 0-‘4

/ ¢z + i3 0)Pldz] <oty
Ly

/ |C(z + iT; a)]2|dz\.
L1
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Therefore, by (2.5) we find

T T
/ (o + ir; 0)Pdr <ot / dz / 1C(= + i7; ) Pdr <o,
,T Ll *T

T
/ |dz| / |C(Rez + Imz +it;a)|%dr <, T
L -T

because L depends on o. From this, we obtain that

T T+|v|
/ | (0447 +iv; a)|2dT < / (' (o+iT;0)|?dT <o T(1+0). (3.2)
0

—|v|
Now we apply Lemma 2.1. We take 6 = h, Ty = Th, T = Nh — h. Then we
have Ns(t) = 1, and Lemma 3.1 together with (3.1) and (3.2) gives

N (N+1)h
Z 1¢(o + ikh + iv;a)|* <o / IC(o 4 it +iv;a)2dr + (3.3)
k=2

3h
2

1

(N+1)h (N+1)h 3
[, C(0 + it + iv; a)|2dr / o+t +iv;0)2) Comn

3h

2 2

N(1+ |v]).

Since ((o + it,a) <o 1+ |t] [48], by (2.1), we have that also
(o +it;a) Ko (i + [t]).

Therefore,
> 1¢lo + ikh + iv; @) Kgan (14 [0]).
k=0

This and (3.3) prove the lemma.

Now, we are ready to prove Proposition 3.1.

Proof of proposition 3.1. As in the proof of Lemma 2.5, we use the integral
representation of Lemma 2.3. Let K C D be an arbitrary compact set. Then
K is bounded, thus, there exists & > 0 such that K lies in the strip {s € C :
%—1—25 < 0 < 1 — ¢}. For s from that strip, we have 6, d:efa— % —e>0.

Therefore, by Lemma (2.3) and the residue theorem, we obtain, for s € K,

—6; +ico a -
) —co =5 [ e mane T e

2mi —01—ioco
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Therefore, for s € K,

& 1
C(s+ikh;a)—§u(s+ikh;a)<</ ‘C<2+6+ikh+it+iv;a> X

lu(i +e—0o+iv)
%—l—e—a—l—z’v
sup

& 1
/ ’C<+€+ikh+iv;a>
—00 2 seEK

o lallu(1 = s — ikh)
Tl —s —ikh|

[al|lu(1 — 5 — ikh)]
|1 — s —ikh|

dv + <

lu(%+€—s—iv)

%+€—s—iv

dv+

Hence,
N

= _[C(s+ikhia) = Gu(s + ikh; )| < (3.4)

N+1 Pt
sup
seK

[ (a2
uw(l —s—1ikh)| q

k=0
1—s—1kh

l(3+¢e—s+iv)

T - dv+
5te—s+w

1
C<2+€+ikh+iv;a>

N+1Zsup —I+Z.

seK

The Cauchy inequality and Lemma 3.2 show that

N

NS

k:

< (3.5)

( + e+ ikh 4+ iv; a>

( =)
N+1k:
By the definition of /,,(s) and Lemma 2.2, for s € K,

1 /1 0
r ] 5+€—zt+w <

— ¢ - ¢
u” exp —e\v—t| Lok U Cexp —9|v] :

1 . . ’ 1
3 +e+ikh+iv;a Lean (1+]v])2.

L (3 +e—s+iv)

1.
: ‘ <<6u2+5 o
5te—s+tw

This together with (3.5) implies the bound

o

I Lea,h, K UE/

—00

1 & _
(1 fohF exp {~ vl }dv <eqnic ™ (3.6)

49



Similarly, using Lemma 2.2, we obtain that, for all s € K,

W(l—o—ittikh) _ 1, ch,
X —_— .
1—o—it+ikh oK P17

Therefore,

1l 9. N
U2 chk
A <<57K7a Nﬁ kgo exp {_9 } <<57K7a

1 1 chk 1_o log N
NU2 2e Z —+ Z exp {—9} <<5,K,a,h u2 2e Ni
k<logT k>=logT

The latter estimate together with (3.6) shows that

log N
I + A <<67K7u7u7q7h u%*ZS%.

This and (3.4) prove the proposition.

3.3 Discrete universality of the function ((s; a)

The proof of the Theorem 3.1, as Theorem 2.1, uses a limit theorem and
universality theorem for the function ((s;a). The discrete versions of such
theorems in a more general form were obtained in [41].

Let w(t) be a non-increasing positive for ¢ > 1 function, which has a
continuous derivative satisfying the requirements: for h > 0, w(t) <y, w(ht)
and (w'(t))? <, w(t). Define

N
V(N,w) = w(k)
k=0
and suppose that
lim V(N,w) = +o0.

t—o00

Denote by V the class of the above functions w(t). Moreover, let I(A) be the
indicator function of the set A = {k}, i.e.,

L(A) 1, ifke A
k pu—
0 otherwise.

Then, in [41], the following weighted universality theorem for the function
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((s; a) has been proved.

Lemma 3.4. Suppose that w € V, the sequence a is multiplicative and the set
L(P; h, m) is linearly independent over Q. Let K € K and f(s) € Hy(K).
Then, for every ¢ > 0,

N
1
liminf —— )0 <k <N : kh;a)— 0.
P v 25 sup cotikti - f(9)] <} >

Moreover, "liminf" can be replaced by "lim" for all but at most countably

many € > 0.

Clearly, the function w(t) = 1 belongs to the class V. Thus, from Lemma

3.4 we have the following statement.

Lemma 3.5. Suppose that the sequence a is multiplicative and the set L(P; h, )
linearly independent over Q. Let K € K and f(s) € Hy(K). Then, for every
e >0,

liminf N 4+ 1#{0 < k < N :sup |((s + ikh;a) — f(s)] < e} =
N—o0 seK

mig{wr € Q¢ SUEK(S,M;“) — f(s)l <e}>0.
se&

Moreover, the limit

liminf #{1 < k < N :sup |((s +ikh;a) — f(s)| < e} =
N—oo seK

mig{wi € Q1 : su}g]((s,wl;a) — f(s)| <e} >0.
se

exists and is positive for all but at most countably many € > 0.

Proof. Clearly, W(N,1) = N, N + 1 and

I{0 < k < N :sup [((s +ikh;a) — f(s)| < e} =
seK

I

#{0 < k < N :sup |((s+ikh;a) — f(s)| < e}.
seK

Therefore, the lemma is a specific case of Lemma 3.4. The left-hand sides of
equalities of the theorems appear from the proof of Lemma 3.4, where these
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sides are

Pra= <{w1 € Qq :sup |((s,wisa) — f(s)| < 8}> .

seK

3.4 Discrete limit theorem

For A € B(H (D)), define
Pyon(A) = ——#{0 <k < N :((s+ikh;a) € A}.

The following limit theorem will be useful in the sequel.

Theorem 3.2. Suppose that the sequence a is multiplicative, and the set L(IP; h, )
is linearly independent over Q. Then Py q 1, converges weakly to Pr o as N —
00.

We divide a proof of Theorem 3.2 into lemmas. We use a similar but
simpler method as for a weighted limit theorem in [41]. We start with a limit
lemma for probability measures on (€21, B(€2;)). For A € B(£4), set

Qup(A) = ——#{0<N: (p ™ :peP)e A} (3.7)

N+1

Lemma 3.6. Suppose that the set L(P, h, ) is linearly independent over Q.

Then, QN converges weakly to the measure myy as N — o0.

Proof. We apply the Fourier transform method. Let gy (k) k = (k) :
k, € Z,p € P) be the Fourier transform of the measure Qy , i.e.,

i) = [ | T[t0) | dan

peP

where the star * indicates that only a finite number of integer numbers k,, are

not zeros. Thus, in view of (3.7),

gn.n(k N+1ZHP kph —

k=0 peP

N 1 Z exp{—ikh Z kplog p}. (3.8)

peP
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Since, for k£ = 0,

Af(h) =1, Ag(h) = exp{—ih Y k,logp},
peP
we have, by (3.2),
gN,h(Q) =1. (39)
In the case k # 0, we apply the linear independence of the set L(IP; h, 7). We

observe that, in this case,
Ag(h) # 1. (3.10)

Indeed, since the set {log p : p € P} is linearly independent over @), we have

> kplogp # 0. (3.11)

peP

Moreover, if Aj(h) = 1, then there exists 7 € Z such that

Ap(h) = €2,

Hence, by the definition of A (h),

thplogp =27ry,r1 € Z,
peP

and
- 2
kalogp—i-% —0,r9 € Z.
peP

However, the latter equality contradicts the linear independence over Q of the
set L(IP; h, 7). This and (3.11) show that (3.10) is valid.

Now, a simple application of the formula for the sum of geometric pro-
gression, and (3.10) and (3.8) give, for k # 0, that

1— AN (h)
gn.n(k) = (N+1)(1— Ax(h))
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This together with (3.9) shows that

ngnoo gnn(k) =

i.e., the Fourier transform of () x5, converges to that of the Haar measure m
as N — oo. This proves the lemma.

The next step of the proof of Theorem 2.2 is devoted to a limit lemma for
absolutely convergent Dirichlet series. We consider the Dirichlet series (2.2)
with u = n € N. For A € 3(H(D)), define

1

= <kE<SN:G kh; :
N+1#{O k Cn(s +ikh;a) € A}

Pn o n(A)

Moreover, let uy,  : 3 — H(D) be given by

un,a(m) _ Z amw1 (m)vp(m) def Cols, w15 ),

ms
m=1

where
wim)= [ «'(), meN.

ptlm
pHrim

The absolute convergence of the series for (,(s;a) ensures the continuity of
Uy o. Moreover, the definition of u,, o implies that

—1
Py pph = QN pty g

where
QN ptna(A) = Qnp(u, 1A, A € B(H(D)).

Those remarks and a standard way of preservation of weak convergence under
continuous mappings, Theorem 5.1 of [5], gives the following lemma.

Lemma 3.7. Suppose that the set L(P; h, ) is lineraly idependent over Q.

de
Then Py, 1, converges weakly to the measure Ry, q o mi Huﬁ,ﬁ as N — oo.

The weak convergence of R, o as n — oo is very important for the proof
of Theorem 3.2

Lemma 3.8. R, , converges weakly to P q asn — oo
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Proof. The measure R, o depends only on n and sequence a. The same
measure is involved in the proof of Lemma 2.6. It is proved that the measure
Pr 4 (in the notation of section 2.4), as T' — oo, and R,, o as n — oo converge
weakly to the same limit measure, and this limit measure is I q.

Now we recall the metric in the space H (D) which induces its topology
of uniform convergence on compacta. The desired metric p(g1, 92), 91,92 €
H(D), is defined by the formula

[e.9]

Z g—1_SUPsekK, |91(5) — g2(s)]
" 1+ supyeg, |91(s) — g2(s)]

p(91,92) =
Here { K : | € N} C D is a sequence of compact embedded sets such that
o0
D= U K,
=1
and if K C D is arbitrary compact set, then K lies in a certain set K.

Lemma 3.9. For every h > 0 and a, the equality

lim lim sup
n—=00 N_o0

N
: > " p(C(s + ikh;a) = Cu(s + ikhya)) = 0.
k=0

Proof. We use Proposition 3.1 with © = n. For every compact set K € D,

this gives
1 . 1_o log N
il Z 51612 IC(s+ikh;a) — (u(s+ikh;a)| <cankx N~ yn32e f;\f

Hence, for every n € N,

lim Sup — Z sup |((s + tkh;a) — (o (s + ikh;a)| Lcanx 1 °.
N—o0 k 0 SEK

Now, letting n — oo, we obtain the lemma.

The next lemma is a probabilistic statement on convergence in distribution
B LetX n, 1 € N, and X be X—valued random element defined on a certain
probability space (€2, A, 1), and P, and P their distributions, respectively, i.e.,
for every A € B(X),

P.(A) = {5 e€Q: X,@) € A}
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and
PA) ={0eQ: X(w) e A}.

D e .
We say that X,, —— X (converges in distribution) if the measure P, con-
n—o0
verges weakly to P as n — oo.

Lemma 3.10. Suppose that the metric space (X, d) is a separable, X—valued
random elements Xy, and Y,k € Nyn € N, are defined on the probability
space (ﬁ, A, 1), and

X ﬁ X, Vk €N,

and

D
X, -2 X,
k—o0

If, for every € > 0,

lim limsup p{@ € Q : d(Xpn (@), Yn(@)) = £} =0,

k—00 n—o0

then'Y, g X.

Proof of the lemma is given in [5], Theorem 4.2.

Proof of Theorem 3.2. We will apply Lemma 3.9 for H(D)— valued ran-
dom elements because it is well known that the space H (D) is separable. On
the probability space ((AZ, A, 1), define a random variable ( having the distri-
bution

1
=kh}=——k=0,...,N.
H{gN } N+17 OJ Y

Using the random variable £, define two H(D)— valued random elements

XN,n,a = XN,n,a(S) = C’rl(s + an, Cl)

and
XN,a = XNya(S) = C(S + an; a).

Moreover, let X, 4 be the H (D)—valued random element with the distribution
Ry q. Then, in view of Lemma 3.7, we have

D
XN,n,a — Xn,cu (3-12)
N—o00
while Lemma 3.8 implies
D
Xnag — P, . (3.13)
n—oo

56



Application of Lemma 3.8 and definitions of the above random elements give,
fore > 0,

lim limsup p{p (Xn.a(s), XNna(s)) =} =

n—=00 N_00

lim lim sup
n—oo N-—o0o

(O Sk SN2 p(Cls +ikhia), Guls + ikhia) > e} <

N

Zp (s +ikh;a),(n(s + tkh;a) = 0.
k=0

1
i msup oy

The latter equality together with (3.12) and (3.13) shows that all hypotheses of
Lemma 3.10 are satisfied. Thus, we have

D
XNag — P,
N—oo

and this is equivalent to the assertion of the theorem.

3.5 Proof of Theorem 3.1

First we state a lemma on the distance between ((s; a) and (, (s; a).

Lemma 3.11. Suppose that K C D is a compact set, and uy — oo and
un < N2. Then, for every h > 0, the equality

N
1
lim ——— 5up|((s+zk:h a) — Cuy (s +ikh;a)| =0
N—o00 N seK
k: 0
holds.

Proof. We take u = uyy in Proposition 3.1. This gives the estimate

1
N+1

N
1 2clog N
Zsup]( (s+ikh;a) —Cuy (s+ikh; )| Kcan Kk Uy +UR : ?V

b— OSG

Since uy < N2, this gives the equality of the lemma.
Proof of Theorem 3.1. Define the set

Ge={g€ H(D): Sg}glg(S) — f(s)l <e},

where K and f(s) are from Theorem 3.1. Consider the distribution functions
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1
Fyan(e) € Pran(Ce) = 5 # {o kSN :sup|((s +ikhia) = f(s)] < e

seK
Frian(@) S A # {0 < K <N sup G (ot ki) = £0)] <
and
Fra(e) © Pro(Ge) = mip{wr € O : sup [¢(s,w130) = f(3)] < e}
Since

9G: ={g e H(D): sup l9(s)=f(s)] <ef\{g € H(D): sup lg(s)=f(s)] < e},

we have

PC,a(aGa) =mig{ws € : Su}g IC(s,wisa) — f(s)] <ef—
sE

mig{wr € Q : Sup IC(s,w130) — f(s)| < e} = Frale +0) = Frale).
EIS

This shows that F¢ 4(€4+0) = F¢ 4(¢) if and only if P 4(0G.) = 0. Therefore,
the point € is a continuity point of the distribution function F¢ , if and only if
the set G is a continuity set of the measure F; . By Theorem 3.2, the measure
Py o, converges weakly to Pr q as N — oo. Therefore, in view of Lemma 2.7,
Pn o 1, converges to P 4(<),as N — oo, for all continuity sets G of P 4. This
and the above remark on continuity of the set G show that Fiy o ,,as N — o0,
converges to the distribution function F¢ 4(¢) at all its continuity points &, in
other words, Fy q p, converges weakly to F¢,q as N — oo.

Denote by ¢n qn(u), $N7a’h(u) and ¢¢q(u), u € R, the characteristic
functions of the distribution functions F'y o p(€), F N,an(€) and F¢o(u), re-
spectively. Since Fiqp(¢) converges weakly to Frq(e) as N — oo, by
Lemma 2.9, we have

nlggo d)N;a,h(u) - ¢C;a(u) (3-14)

uniformly in u in every finite interval. We have to show that ¢ N,a,n(u) also
converges to ¢¢.q(u) as N — oo. By the definitions of characteristic functions,

o0

N (1) = D (u) = /

— 00

eed (ﬁN,a,h(E) - FN,a,h(€)> =
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N
1
N1 Z (eXp {iu SUP |Cun (8 +ikhsa) — f(s)|}—

k=0

exp {zusup|{(s+zk‘h a ]})

seK

Hence, in the virtue of the equality |e®® — 1] < |z|,Vz € R, we find

N

Bran(w)=Owan(w)] < 3 3= exp {iu(sup Gy s +ikhi 0)—1(0)1-
sup (s ki a— £ (3)])} ~ ( L S sup G (o 850) 15
seK k: seK N

N
sup |((s+ikh; a)—f(s)\‘ < Z up|CuN (s+ikh;a)—((s+ikh;a)l.
seK k;

Here we have applied the triangle inequality. This and Lemma 3.11 show that

aN,a,h(u) - ¢N,a,h(u) = 0(1)

as N — oo uniformly in v in every finite interval. This together with (3.14)
implies that

lim G an(u) = dcalu)

uniformly in « in every finite interval. Therefore, by Lemma 2.9 again, we
obtain that the distribution function Fly o () converges weakly to Fy 4(c) as
N — oo. Thus, Fyqp(¢) converges weakly to F¢q(e) as N — oo in all
continuity points € of the function F 4(¢). However, the distribution function
has at most countably many of discontinuity points. This and the definitions of
the distribution functions F’ N,an(€) and F¢ o(e) show that the limit

lim 7#{0 k < N :sup|Cuy(s+ikh;a) — f(s)| <e} =

n—oo N + scK

mig{wr € Q1 :sup |((s + ikh;a) — f(s)] < e}
se K

exists and is positive for all but at most countably many €. The positivity of the
limit follows from Lemma 3.5. The theorem is proved.
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Chapter 4

Joint approximation of analytic
functions by continuous shifts
of absolutely convergent
Dirichlet series related to
periodic and periodic Hurwitz
zeta - functions

In Chapters 2 and 3, we approximated analytic functions by continuous
shifts . (s+i7; a) and discrete shifts (,, , (s+ikh; a) of absolutely convergent
Dirichlet series

Cur(s;0) = Y W

m=1

and

Gy (0 = 3 mtnl)

m=1

respectively, where a,, are coefficients of the periodic zeta-function

[e.o]

CuNsa:Z

m=1

60



We obtained (Theorems 2.1 and 3.1) that the above shifts, under restrictions
that up and uy increases to 400 not too fast (up < T?, uy < N 2)7 and
under requirement, that the set P(PP; h, 7) is linearly independent over Q, ap-
proximate a wide class of analytic functions, in other words, the functions
Cuy (s;a) and G, (s; @) are universal in approximating sense.

In this chapter, we consider a more complicated problems on simultaneous
approximation of a pair of analytic functions by a pair of continuous shifts of
absolutely convergent Dirichlet series. For this, we introduce for consideration
one more zeta-function — the periodic Hurwitz zeta-function.

Let b = {by,, : m € Ny} be a periodic sequence of complex numbers with
minimal period g2 € N, i.e., by,14 = by, for all m € Ny. The periodic Hurwitz
zeta-function (s, ; b), s = o + i7, with parameter o, 0 < o < 1, is defined,
for o > 0, by the Dirichlet series

— b
((sai0) =S —m
mZ:O (m+ )

The periodicity of the sequence b implies the equality

2] k+a
¢(s,;b) Z b < ) (4.1)

Since the Hurwitz zeta-function (s, k+a)

is analytic in the whole complex
plane, except for a simple pole at the point s = 1, equality (4.1) gives analytic
continuation for the function ((s, «; b) to the whole complex plane, except a

possible simple pole at the point s = 1 with residue

If b = 0, then the function ¢ (s,a; b) is entire. A traditional example of the
function ((s, «; b) is the Lerch zeta-function

— 27rz)\m

L(\ a,s) Zm—l—a o>1,

m=0

a 2m1¢m

with rational parameter A = ¢, a,b € N, because ¢“™"+™ is periodic with

period b. The theory of the Lerch zeta-function is given in [29]. The peri-
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odic Hurwitz zeta-function, as classical Hurwitz zeta-function, has no Euler’s
product over primes. Therefore, investigation of approximation of a pair of
analytic functions by shifts of a pair ({(s; a), ((s, a; b)) is an extension of the
Mishou theorem [46] proved for a pair (((s), ((s, a)) with transcendental c.
For 0 > %, and v > 0, define

vu(m, @) = exp{— (m:o‘)e}

and
o >\ b vy (m, @)
lmei®) = 2 Sy

Since the sequence {v,(m, ) : m € Ny} is exponentially decreasing with
respect to m, and the coefficients b, are bounded, the Dirichlet series for
Cu(s,a;b), as for (,(s;a), is absolutely convergent for every fixed u > 0
in any half-plane o > o¢ with arbitrary fixed finite oy.

In this chapter, we consider approximation of a pair of analytic functions
by continuous shifts (. (s + i7; a), (u, (s + @7, ; b) with some up — oo,
multiplicative sequence a and transcendental parameter c.

4.1 Statement of the main theorem

We preserve the notation of Chapter 2 concerning the function (,(s; a).
Additionally, we define one more torus

where v, = -y for all m € Nj. The finite-dimensional torus (2o, as the torus

)1, by the Tikhonov theorem, with product topology and operation of point-

wise multiplication, is a compact topological Abelian group. Therefore, on

(Q2, B(£2)2)), the probability Haar measure mop can be defined. Denote ele-

ments of {2y by way, and by wa(m) the mth component of wy € Qo, m € Ny.
Define one more product

9291XQ2.

Then, by the Tikhonov theorem again, €2 is a compact topological group be-
cause {21 and €29 are compact groups. Therefore, on (2, B(€2)), the probability
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Haar measure my exists, and we have the probability space (€2, B(€2), m ).
We note that the measure myy is the product of the Haar measures mz and
mopr. This means that if

A=A x AQ,Al € B(Ql),AQ S B(Qg)

then mH(A) = mlH(Al) . mQH(AQ). By w = (wl,wg),wl S Ql,wg S QQ,
denote elements of the group §2. Denote H2(D) = H(D) x H(D), and, on the
probability space (2, B(2), my), define the H?(D)—valued random element

C(sv o, Wi, wWo; a, b) = (<(87W1; a)’ C(Sv o, W23 b)) )

where -
amwi(m
((s,w1;0) = mZ::l n;S()
and -
C(s,a,wa; b) = n;)m

The main result of this chapter is the following statement.

Theorem 4.1. Suppose that the sequence a is multiplicative, the parameter o
is transcendental, and up — oo and up < T? as T — co. Let Ki, Ky € K,
and f1(s) € Ho(K1), f2(s) € H(K>). Then, the limit

1
lim —meas{7T € [0,7] : sup |Cu, (s +iT;a) — f1(s)| < &1,
T—oo T seKy

sup [Cup (s +i7,0;0) — fa(s)| < e2}

seKo

mp{w € Q: sup |((s1,wr;a) — fi(s)| < &1,
seEK
sup |C(S,W2,0t; b) - f2($)| < 52}
s€Ko

exists and is positive for all but at most countable many €1 > 0 and €2 > 0.

Theorem 4.1 implies that there is a number
To = To(f1, f2, K1, K2,€1,62) > 0

such that, for T' > Ty, there are infinitely many shifts (., (s +i7;a), Cup (s +
1T, b)) having approximating property.
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Theorem 4.1 extends the previous results on universality of Dirichlet series
with period coefficients because a pair of analytic functions in this theorem is
approximated simultaneously by shifts of absolutely convergent series. This
property is a certain advantage in the estimation of approximated functions
because it is more convenient to deal with absolutely convergent series.

The idea of the proof of Theorem 4.1 is similar to that of Theorem 2.1, a
difference is that we consider a pair of functions in place of one function in
Theorem 2.1.

Clearly, from Theorem 4.1, the following corollary follows.

Corollary 4.1. Suppose that the parameter « is transcendental, and up — o0
andur < T? as T — cc. Let K € K and f(s) € H(K). Then the limit

1
lim —meas{7 € [0,T] :sup |Cu, (s +iT,a;b) — f(s)| < e} =
T—oo T sEK

mam{ws € Qo 1811[1; |Cur (8, w2, 5 0) — f(s)| < e
se€

exists and is positive for all but at most countably many € > 0.

For the proof of the above corollary, it suffices to take € = oo in Theorem
2.1, and change a notation.

Theorem 4.1 also implies Theorem 2.1.

4.2 Integral representation

In this section, we recall the integral representation for the function ¢, (s, c; b).

Lemma 4.1. Let 0 be the number from the definition of v,(m, «). Then, for

o> %, the representation

O-+ioco
Cu(s,a;b) = 1 /+ C(s+z,a;b)lu(z)%,
9

27 Jo—ioo z

where

is valid.

Proof. Using of Lemma 2.1 gives

womer=en{-(222) 1= L [ () ((222)) o)

64




1 — Otico , /2 m+a\ ©
Culs; 0;b) = %Z T /9 0F<0)( . > dz =

m=0 100
1 0-+ico 00
— dz. 4.2)
271 Jo—ioo = (m + a)stz

Since 0 > % and o > %, we have Re(s + z) > 1. Therefore,

- b
D e = s+ za3b).
L= (m+ )t

This and (4.2) show that

O-+ico
Cu(s,az0a) = 1/ ' C(s+ z,a;b) lu(z)%.
0

278 Jo_ioo z

4.3 Approximation in the mean

Let, for brevity,

((s,a;a,b) = (¢(s;0),{(s,a;b))

and
Cop(8:050,0) = (Cur(5:0), Cur (5,03 b)).

In this section, we will approximate {(s, a; a, b) by ¢ wr (s, a;a, b) in the mean.
We start with recalling the metrics in the spaces H(D) and H?(D). Tt is
known that there exists a sequence {K; : [ € N} of compact subsets of the
strip D such that:
o0

1°D = {J K;;
I=1
2°K; C Kiy1,l €N
3°if K C D is a compact set, then K lies in a certain set K.
For example, we can take the sequence of embedded rectangles with edges

parallel to the axis.
For g1, g2 € H(D), define

(91, 2) i2 | SUDseg, |91(s) — g2(s)]
’ " 1+ super, l91(s) — g2(s)]
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Then p; is a metric on H (D) which induces its topology of uniform conver-
gence on compact sets.

Now, let g, = (911, 912), g, = (921, 922) € H?%(D). Then
pz(gng) = ]Hzl% p(915, 925)

is a metric in H?(D) which induces its product topology.

Lemma 4.2. Suppose that ur — 0o and upr < T? as T — oo. Then the
equality

1" . ,
lim T pQ(g(s +4T, Qs a, b),guT(s +iT, o a, b)) =0

—00 0
holds.

Proof. By the definition of the metric p2, it suffices to show that

T
lim 1/ p(¢(s+it;a),Cup(s +iT;a)) =0
0
and

o1 T . ,
TlgroloT/o p(C(S-l—l'ﬂa% b)aCuT(3+ZTva; b)) = 0.

The first of these equalities follows from Lemma 2.5 which states that, for
every compact set K C D,

1 T
Jim /0 sup (C(s +im5a) = Gup (s + T3 0))dt =0,

and from the definition of the metric p. To prove the second equality, we have
to show that, for every compact set K C D,

1 T
lim — / sup (C(s +it,a50) — Gup (s + i, 04 b))dt =0. (4.3)
T—oo T 0 seK

A proof of equality (4.3) is similar to that of Lemma 2.5 for the function
¢(s;a). In view of Lemma 4.1, for o > 3, we have

0+ico
C(s,a;b) = 1 / C(s+z,a;b) Iy, (z)% 4.4)
0

% —100
We fix an arbitrary compact set K C D, and € > 0 such that %—1—25 <o<1l—¢
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foralls =0+ it € K.Letf = %—keand@l =0 — % — & > 0. The function
I'(s) has simple poles s = —k with residues,

(-1t
k!

and the function ((s, cv; b) has a possible simple pole at the point s = 1 with
residue b. Therefore, the function I' (g) in the strip —0; < Rez < 6 has only
one simple pole at the point z = 0 with residue
. z ) zZ\ %
limT (5) = =lmr () 5-0 =9

Actually, since 6; > % +e—-1+e= —% + 2¢, the pole z = —0 = —% —€
does not lie in the mentioned strip. Therefore, by the residue theorem and
representation (4.4), we find, for s € K,

1 0+ico dz Alu (1 _ 8)
CUT(S’ a; b)_C(‘S?O‘; b) = TTI‘Z /G—ioo C(S—}—Z, a; b) luT(Z)7+bTIT.
Here ((s, a; b) is the residue of the integrand in (4.4) at the (4.5) pole z = 0,
and

bl (1—s) 1
ﬁ = Res,—1-s((s + z,a; b) luT(z); =
lim C(s+z,a;b)(z — (1 — 9))ln(2) _3 lyp (1 — S).

z=1-—s ¥4 1—s

From (4.5), we obtain that for all s € K,
, . I L1
Cup (84101, ;b)) —((s+iT, a5 b) = o C(o+zt—|—w+z¢+§+6,a; b) x
™ —00

1 .
luTl(§-|-5—a—|Tw)dv+/b\luT(l —s).
5+e—o+iv I—s

Now, shifting v + ¢ to v, gives, for s € K,

1 o0 1
CuT(s+iT,a;b)C(erz'T,oz;b):%/ C<2+8+i7+iv,a;b) X

—00

Lup (3 + & — 5+ iv) bl (1= s)

- —dv + —=% )
ste—s+w I—s
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The latter equality, for s € K, leads to the estimate

& 1
C(s+ir,a;b) — Cup(s+iT, a3 b) <</ ‘C <2—|—6+i7—|—iv,a;b>

lup (3 4+ —s+iv)

lup (1 —5)
%—i—&t—s—i—z’v '

dv + sup
seK

seK

From this, we find

/ sup € (s +i7,050) — Cup (s +iT, 05 0)| dt < J1(T') + J2(T), (4.6)

s€K
where
Ji(T) _/OO <;/T C<;+E+i7+iv,a;b>‘d7> sup l“Tl(i—i_s__Sfi”) do
- 0 seK 5 te—s+iv
and 1 [T Lo (1 — 5 — i)
R =g [ s

Here, as in section 2.3, we used the estimate of Lemma 2.2 for the gamma-
function.

Now, we need a mean square estimate for the function ((s, a;b) in the
strip % < o < 1. Using the estimate for the Hurwitz zeta-function,

T
1
/ (o +im @) €oa T,y <o <1,
-7

and the equality (3.1), we obtain that, for fixed % <o <1,

T T
/ 1C(o +iT, ;) * <4, /
-T -T

q@—1 .7 2
k

3 / ¢<U+it,+a>

P Q@

From this and the Cauchy-Schwarz inequality, we find that, for all v € R and

T>1,

dt <<o',a,b

q2—1 2
k
Z biC <a + it, +>
q2

dt <ob T.

dr <

< + e+t + 1w, q b>
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1
2\ 2
) <«

1
<<2+6+i7+iv,a;b)

1
2 2 1
T+ |v|\ 2 1
dT> <<E,b< T' ‘) <o (1H0])2.

&

1
C<+£+i7,a;b>

4.7)

2

( 1 /T+|v|
T Jp
For the second multiplier of integrand of .J1, the estimate

l L e s+
(5 ) Le a0,k Up- exp{—ci|v|},e1 >0

% +e—s+w
obtained in Section 2.3, is valid for all s € K. This and (4.7) implies the

estimate
Ji(T) <e.x up. (4.8)
In section 2.3, also it was obtained that, for all s € K, the bound
luT(l $—1iT)
rlmsmin) o s % exp{—ca|7|}, 0 > 0,
1—s—ir
is true. Thus,
19
Uz
I <. Kk T
This, and (4.8) and (4.6) show that
192
e, Up
Up~ + T

CuT (8 +iT7 «, b)‘dt <<€,U,[J,K

/ sup [((s+iT, o, b) —
seK

Since ur < T2, hence equality (4.3) follows, and lemma is proved

4.4 Limit theorem

We will apply a limit theorem for {(s, a; a, b) in the space H*(D). For
A € B(H?(D)), define
¢(s,a;0a,b) € A}.

1
Pra.qp(A4) = Tmeas{T €[0,T]:¢
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Moreover, let Pg,a;a,b be the distribution of the H 2(D)— valued random ele-
ment (s, a,w;a,b),ie.,

Pt asan(A) = mu{w € Q: {(s, o w;a,b) € A},

We state a result as the following lemma.

Lemma 4.3. Suppose that the sequence a is multiplicative and the parameter
a is transcendental. Then Pr .qp converges weakly to P¢ o.qp as T — oo.

Moreover, the support of the limit measure P ;a5 is the set
{g € H(D) : either g(s) # 0on D, or g(s) =0} x H(D).

Proof. The lemma is the union of Theorem C and Lemma 12 from [21].
Now we consider a limit theorem for Q'U«T (s,a;a,b). For A € B(H%(D)),
define

~ 1
Praap(A) = Tmeas{T €[0,7]: Cup(s+it,a;a,b) € A}.

Theorem 4.2. Suppose that the sequence a is multiplicative, the parameter o
is transcendental, and up — oo and up < T? as T — oo. Then Pr o

converges weakly to P¢ .qp asT — 0.

Before the proof of Theorem 4.2, we recall the equivalent of weak conver-
gence of probability measures in terms of open sets.

Lemma 4.4. Let P,,,n € N, and P be the probability measures on X, B(X).

The weak convergence of P,, to P as n — oo is equivalent to the inequality

limsup P, (F) < P(F)

n—oo

for each closed set of the space X.

Proof. The lemma is a part of Theorem 3.1 from [5], where its proof can
be found.

Proof of Theorem 4.2. Let 67 be a random variable defined on a certain
probability space ((AZ, A, 1), and uniformly distributed in [0, 7], i.e. its distri-
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bution function is

0 ifx >0,
w{fr <z} = Z ifo<z<T, zeR,
1 ifx>T.

Define the H?(D)— valued random elements

lT,a,a,b = XT,a,a,b(S) = (XT,G(S)v XT@J’(S)) ’

where
XT7a(S) = C(S + i@T; Cl), XT,a,b(S) = C(S + iQT, o, b),
and
XT,a,a,b = XT,a;a,b(s) = (XT,O(S)vXT,a;b(S)> )
where

X1.a(s) = Cup (s +i0750), X1,06(5) = Cup(s + i1, 05 b).
By the definitions of 07, X7, o and XTya’a’b, for A € B(H?(D)), we have

M{XT,a,a,b €A} = PT,Oc;a,b(A) 4.9)

and
:U’{KT,a,a,b € A} = PT,a;u,b(A)‘ (4.10)

Let F C H?(D) be a fixed closed set, and

F) = inf
p2(g, F) gllngz(gl,)

Moreover, for fixed € > 0, define

F.={ge€ H*D): ps(g,F) <}

Then the set F; is closed as well. Then Lemmas 4.3 and 4.4, together with
(4.9) imply

lim sup Pr a.q6(F:) = imsup p{ X7 a6 € Fr} < Praap(Fz).  (4.11)

T—o0 T—o0
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It is easily seen that
{XT,a;a,b S F} - {XT,a;a,b € FE} U {/02(XT,a;a,b7XT,a;a,b) > 5}' (4-12)

We observe that po (X .q 5, X T,a:0,6) is @ random variable, and, by the defi-
nition of f7, its expectation is

1 (T
T / p2(C(s + i, a;a,b), Cup (s +iT, 50, b) )dT. (4.13)
0
Therefore, by the inclusion (4.12),

X7 0 € FY < 1{X 7000 € Fe} + 1{02(X7.0000, X1 0000) = €}
and, in view of Chebyshev’s type inequality,

meas {7- €[0,7T]: p2 (Q(s +iT, @, a, b),guT(s + 4T, @, a, b)) > 5} <

1 (T
/ P2 (((s—i—iT, a,a,b), Gy (s+iT, , a, b))dT.
€ Jo

Thus, Lemma 4.2 implies

~ 1 .
N{pQ(XT,a,a,bviT,oz,u,b) 2 8} = TmeaS{T € [O’T] : PQ(Q(S +17, a5 a, b))a

Cor (s+it,a;a,b)) > e} <

1

— [ p2(¢(s +iT,a50,b), Cup (s + 07,0, a,b))dT = 0o(1)
ET O,T -

as T' — oo. Therefore, this and (4.13) give

lim sup M{XT,a,a,b € F} < lim sup :U’{XT,a,a,b € FE}’

T—o0 T—o00

and, by (4.9), (4.10) and (4.11), we have

lim sup ﬁT,a;a,b(F) < Pg,a;a,b(Fa>-

T—o0

Because F, — I as € — 0+, and the left-hand side of the latter inequality is
independent on ¢, we obtain that

lim sup ﬁT,a;a,b(F) < Pg,a;cub(F)'

T—o00
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This together with Lemma 4.4 proves that ]3T7a;a7b converges weakly to Pg,a;a, b
as T' — oo. The theorem is proved.

Let K1, Ko, € K and fi(s) € Ho(K1), fo(s) € H(K). For A € B(R?),
define

Qraes(4) = gmeas{r € [0,T): (sup [Gur (s + ims0) = fi(s)],
se K1

sup [Guy (s + i, a:b) — fa(s)]) € A}
scKo

Corollary 4.2. Under hypotheses of Theorem 4.2, QT q.qp converges weakly

to the measure

mir{wn, w2 € Q: ( sup [¢(s,1,0) — fa(s)]
SEK

sup [C(s, @, waib) — fa(s)]) € A}, 4 € BR?),

seKo

asT — oo.

Proof. Define the function v : H?(D) — R? by the formula

v(g1,92) = (sup [g1(s) — f1(s)|, sup [g2(s) — ga(s)))-
seK s€Ko

Because the space H (D) is equipped with the topology of uniform conver-
gence on compact sets, the function v is continuous. Actually, let (g,1, gn2)
converges to (g1, go) in H2(D) as n — co. Then we have

lim sup [gij(s) —gj(s)] =0,7 =1,2.

n—0o0 SGK

Since, by the triangle inequality,

‘sseup |gnj(s) — fi(s)] — ‘SSEUP lg;(s) — f](S)H <

Sup [(gn; (s) = £3(5)) = (9j(s) = £5(s)) = sup lgnj(s) = g;(s)], 5 = 1,2,

seK s€K;

from this, it follows that
V(gn1s gn2) —— v(91, 92)
n—oo
in the space R?, and the function u is continuous.
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Moreover, by the definitions of v, and ]3T7a;a7b and Q7 a:qp, for A € B(]RQ),
we have
PT:OGCthil(A) = PT,a;a,h(UilA) =

1
Tmeas{T €1[0,7]: QUT(S +iT,a;a,b) €v A} =

%meas{T € 10,T]: v(Cup (s + iT,050), Cup (s +iT, ;b)) € A} =

QT,0,0,6(4),

and
PQvO‘?uva_l<A) - Pg,a;a,b('l)_lA) =

mp{(wi,w2) € Q:((s,a, w1, waa,b) € v TAY =

mH{(w1’w2) €: ( sup ’C(S’wha) - fl(s)‘v
seKy

sup |((s, a,wa,b) — fz(s)\) € A}.
s€K>
Two latter equalities, Theorem 4.2, continuity of the function v, and the prop-
erty of preservation of weak convergence under continuous mapping (Theorem
5.1 of [5]) prove the corollary.
Let P be a probability measure on R%, B(IR?). To this measure, the distri-
bution function

F(x1,22) = P{(y1,y2) € R?: gy < z1,y2 > x9}, 1,9 € R,

can be attached.

Let P,,n € N, and P be probability measures on (R?, B(R)), and
F,(z1,%2) and F'(z1, z2) be the corresponding distribution functions.
F,(x1,z2) converges weakly to I, », as n — 0o, if

lim Fn(xl,l’g) = F(wl,xg)
n—00

for all continuity points (1, z2) of F/(z1, z2).

Lemma 4.5. The weak convergence of Py, to P as n — o0 is equivalent to the

weak convergence of F,(x1,x2) to F(x1,x2) as n — 0.

Proof. The lemma is proved in a general case on the space R* k € N, in §
3 of [5].
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Now, define the distribution functions corresponding the probability mea-
sure Q7 q:q,p and its limit measure in Corollary 4.2, namely,

1 .
Fraap(el,e2) = Tmeas{T €[0,7]: Su}? |Cup (s +iT;a) — fi(s)] < eq,
EISVA6]

sup |Cup (s + i1, a;b) — fa(s)| < 52}
se€Ko

and

Fe(e1,e2) = mpu{(wi,w2) € Q: Sup IC(s,w15a) — fi(s)] < e1
- SENK

sup [{(s, a, wa; b) — fa(s)] < €2}
sEKo

Then Corollary 4.2 and Lemma 4.5 imply the following convenient for us
corollary.

Corollary 4.3. Under hypotheses of Theorem 4.2, the distribution function
Froap(e1,€2) converges weakly to distribution function Fe o q(e1,€2) as
T — oo.

4.5 Proof of Theorem 4.1

Since the set of distribution points of a distribution function is at most
countable, by Corollary 4.3, the limit

lim FT,a;a,b(51’ 52) = F§,a;a,b(5l7 52)
T—o0 =

exists for all but at most countable many £; > 0 and €3 > 0. Thus, it remains
to prove the positivity of F¢ o.qp(€1,€2).

In view of Lemma 2.8 (Mergelyan’s theorem), there exists polynomials
p1(s) and pa(s) such that

sup |fi(s) — eP1(9)| < = (4.14)
seKq 2
and
€
sup |fa(s) — pa(s)] < 52 (4.15)
sEKo

By Lemma 4.3, the support S of the measure F is the set {g € H(D) : either
g(s) #0on D, or g(s) = 0} x H(D). Therefore, (e?1(*), py(s)) is an element
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of S because eP'(®) = 0. Hence, by a support property,

Pg,a;a,b(Gshez) > 0, (4.16)
where
— 2 . p1(s) €1
Geren = (91, 92) € H*(D) : sup |gi1(s) — "] < 5
seKy
€2
sup |ga(s) = pa(s)] < 2 |
seKo

is an open neighbourhood of (eP!(s), p2(s)). Define one more set

~

Geyer = {(91792) € H*(D) : sup |gi(s) = fi(s)| <1, sup |g2(s) = fals)] < 52}.

seKy seKso

Suppose that (g1, g2) € Ge, ,. Then, (4.14) implies

g g
sup [g1(s)—f1(s)] < sup |gi(s)—e™ |4 sup [ fi(s)—em )| < 42 =2y,
s€eKq seKq seKq 2 2

and (4.15) gives

€2

9 = &9.

€2
sup [g2(s)—f2(s)| < sup |ga(s)—pa(s)|+ sup |fa(s)—pa(s)| < 5+
s€EKo s€EKo s€EKo

This shows that if (g1, g2) € G¢, <,, thenalso (g1, g2) € @51752. Thus, we have

~

the inclusion G, o, C G¢, ¢,. This, together with (4.16) leads to inequality

ngava,b(@su-:z) > 0,

or
nga’a,b(€17 82) > 0.

The theorem is proved.

Proof of Corollary 4.1. 1t suffices to take £ = +o00 in Theorem 4.1.
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Chapter 5

Joint approximation of analytic
functions by discrete shifts of
absolutely convergent Dirichlet
series related to periodic and
Hurwitz zeta-functions

In this chapter, we give a discrete version of Theorem 4.1. More precisely,
we consider the simultaneous approximation of a pair of analytic functions by
discrete shifts ,,, (s + ikhi;a) and (y,, (s + ikha, a; b) with certain positive
h1 and hg, and k € Ny. As in previous chapters, we suppose that the sequence
a is multiplicative. Therefore, as in Chapter 4, we continue investigations
connected to the Mishou theorem on the approximation of a pair of analytic
functions by shifts of one zeta-function having the Euler product over primes,
and by shifts of another zeta-function without Euler’s product. In discrete ap-
proximation of a pair of analytic functions, one or two additional parameters —
the differences of arithmetical progressions appear. Therefore, some hypothe-
ses connecting the numbers h1, ho and other characteristics of the functions
((s;a) and (s, a; b) are needed. The most general result has been obtained in
[36]. For positive i1 and hs, define the set

L(P; v, hi,ho,m) = {(h1logp: p € P), (halog(m + «) : m € Ny), 27}.
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Using the linear independence over Q of the set L(P; «, hy, ho, ), in [36] it
was proved that, for K1, Ky € K, fi(s) € Ho(K1), f2(s) € H(K2) and all
e >0,

1

#{0< k< N : sup [((s+ikhi;a) — fi(s)| <e,
+1 seKq

lim inf
N—o0

N

sup |¢(s + ikha, a;b) — fao(s)| < e} > 0.
seKo

In this chapter, we use the notation of previous chapters.

5.1 Statement of the main theorem

Let €21 and €25 be the same infinite dimensional tori as in Chapter 4, and
Q = Q1 x Q. Elements of € are denoted by w = (w1, ws) with w; € 4, and
wa € Q2. We use the probability space (€2, B(2), my) with probability Haar
measure m 7. On that probability space, the H?(D)— valued random element

Q(S,OK,UJl,WQ; a, b) = (C(S,(/Jl; Cl), C(‘S?aan; b))v

where -
amwi(m
(o) = 32 o)
m=1
and
> bwa(m)
C(S7Q,WQ; b) = Z m7

m=0

is defined. The main result of the chapter is the following theorem.

Theorem 5.1. Suppose that the sequence a is multiplicative, the set
L(P; o, hy, ha, ) is linearly independent over Q, and uy — oo and uy <
N2as N — co. Let K1, Ky € K and f1(s) € Ho(K1), f2(s) € H(K3). Then
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the limit

li N : u khy;a) — )
v 1#{0 k< Sseujl()l |Cun (s +ikhi;a) — fi(s)] < e1
sup [Cuy (8 + ikha, a; b) — fa(s)| < e2} =
seEKo
mH{(wlaw2) € Su}() |<uN(57W1§ a) - f1(5)| <€y,
SEK
sup |CUN (8,0(,0)2; b) - fQ(S)’ < 52}
seKo

From Theorem 5.1, it follows that there exists a natural number Ny =
No(f1, f2, K1, K2, h1, ha,€1,€2) such that, for N > Ny, there are infinitely
many shifts ((u, (s + ikh1; a), Cuy (s + ikhe, o; b)) that approximate a given
pair (f1(s), fa(s))-

Theorem 5.1 implies the following discrete statement on approximation by
shifts Cy,. (s + ikh, o; b). Let, for A > 0,

2
L(a,h,7) = {(log(m +a):m e Ny), Z} :
Corollary 5.1. Suppose that the set L(c, h, ) is linearly independent over @,
and uy — oo and uy < N%?as N — oo. Let K € K and f(s) € H(K).
Then the limit

< : u . , O - =
Jim S #HO < <N sup G (5-+ kb sb) = (5] < <)

map{ws € Qo ZSUE\C(S,OZ,W% b) — f(s)| < e}
EIS

exists and is positive for all but at most countably many € > 0.

We note that discrete theorems on approximation of analytic functions have
a certain advantage against similar continuous theorems because it is easier to
detect a discrete approximating shifts in the set {k : 0 < k£ < N} than a
continuous shift in the interval [0, T].

We give an example of a linearly independent set L(P, o, hy, ho, 7). Con-
sider the set L(P
the contrary, that the latter set is linearly dependent over Q. By the Nesterenko

hi, he, ) with positive rational h; and hy. Suppose, on

771-7

theorem [45], mentioned in Introduction, the numbers 7 and e™ are alge-
braically independent. Hence, they are transcendental. Then there exist in-
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tegers ki, ..., ky, El, . ,ETQ and E, not all zeros, such that

~ 1
kihilogpi + ...+ krlhl logprl + k1ho log (ml + 7r> + ...+

™

1 ~
krahs log <mr2 + > + 2km =0,

where p1,...,pr are some prime numbers and my,...,m, are some non-
negative integers. Hence,

Iy [
I, 1 1\ 7
pll1 e Drf (m1—|—> ...(mrz—f—) e =1
T w

with some integers Iy,...,{, lAl, - ,ZAT2 and Z and this contradicts the alge-
braic independence of the numbers 7 and ™. Similarly, the equalities

~ 1
kihilogpr + ...+ kr by long1 +k1ho log (ml + 7r> +

~ 1
...+ kpyholog (mr2 + 7r> =0

and
k1hy logp1 +...+khilogp,, +kr=0

contradict the transcendence of the numbers 7 and e™, respectively. Moreover,
it is well known that the set {log p : p € P} is linearly independent over Q.

A proof of Theorem 5.1, as other approximation theorems of the disserta-
tion, is probabilistic, it is based on a joint discrete limit theorem in the space
H?(D) for the functions ((s;a) and (s, a; b) obtained in [36].

5.2 'The main equality

In this section, we consider the mean value of the distance between ((s +
ikh,c;a,b) and ¢ (s + ikh,«;a,b), where
2Uun
C(s+ikh,a;a,b) = ({(s +ikhi;a),((s + ikhe, a; b)),

QUN(S +ikh, a;a,b) = (Cuy (s +ikhi;a), Cuy (s + ikha, ;b))

andﬁ = (hl, hg).
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Recall that p is a metric in H (D) inducing its topology of uniform conver-
gence on compact sets.

Lemma 5.1. Suppose that uy — 0o and uy < N? as N — oo. Then, for
every hy > 0,

N
A}i_r}n@()J\f kz_op (s + ikhy;a), Cuy (s + ikhi;a)).

Proof. The lemma is a result of Lemma 3.11 and the definition of the

metric p, see Section 3.4.

Lemma 5.2. For every o > 5 L ho > 0andt € R, the estimate
N
> [¢(o +ikhy + it 05 )] g0 N(1+ [t])
k=0

is valid.

Proof. A proof of the lemma is given in [36]. This proof uses the bounds,
for o > %,

T
/ ’C(U + it, Q; b)‘th <<a,a,b T7
-T

T
/ |CI(0' +it, b)\th Lgab T,
-T
and Lemma 3.1.

Lemma 5.3. Under hypothesis of Lemma 5.1, the equality

N
: 1 , .
J\}ﬂo]\fiﬂ Eﬁ p(C(s +ikha, a;b), Cuy (s + ikha, ;b)) =0

is valid.

Proof. In virtue of the definition of the metric p, it is sufficient to show that
the equality

Noeo N+ 1 25’2}3‘43“’“@’0‘5) Gun (s + ikh2,;0) =0 (5.1)
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holds for every compact set K C D. To prove this, we apply the integral
representation (4.4), i.e., that, for o > %,

1 64ico ~
Cupn (S, 050) = — / C(s+z,a;b)l,,(2)dz, (5.2)
0

278 Jo_ioo

where )
() = T ()
We note that the lemma is a discrete analogue of the equality (4.3), therefore,
we will apply similar arguments as in the proof of Lemma 4.2
Thus we fix a compact set K C D. Then there exists a number 0 < € < %
suchthat%—i—% <o < 1—5f0rs =o+it € K. Take § = %—1—5, and denote
01 = % +e—o0.Then —5 + 2e < 01 < —e. Therefore, the integrand of (5.2),

in the strip 61 < 0 < 0, has a simple pole at z = 0 and a possible simple pole
at z = 1 — s. Hence, by the residue theorem, we find, for s € K,

1 61+00 R PN
CUN(S7 Qs b) - C(Sv Qs b) =5 / <(5+27 Qs b)luN (Z)dz+bluN(1 _5)'
6

271 Jo, — oo

The latter equality, for s = o 4 it € K, gives

Cupn (s +ikha, a;b) — ((s + ikha, a;b) =

1 [ /1 . ) ) ~ 1 .
— §+5+zt+2kh2+z7,a;b luy 54—5—04—17 dr+

2 J_ s

bluy (s + ikhy) <

~ (1
luy <2+5—3—|—i7)

sup |In(1 — s — ikhs)|.
seK

sup dr+

1
‘C ( + e+ tkho + i1, 5 b)
2 seK

Here we used the shift ¢t + © — 7. Therefore,

1
N+1

[+

Zsup Cun (5 + ikha, a; b) — C(s + ikha, a; b)| <

C( + e+ ikho + i1, b)D
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sup dr+
seK

~ 1
luN <2+5—8+iT>

) def
N+1Zsup|luN s—zkh2)|§IN+SN.
k= 036

(5.3)

Using Lemma 2.2, we find that, for s € K,
1 , ite—0o c e
l ste—s+iT | L uy exp{—§|7'—t|} ek Uy exp{—ci|7|}, e1 >0,

because of boundedness of ¢. This, and (5.3) show that
(5.4)

& 1
(1 +|7))2 dT e hya,b,K Uy -

—&
IN <<E,h2,a,b uN /

—0o0

Using Lemma 2.2 again, for s € K, we have

luy (1—s—ikhg) <. u}v_” exp{calkhe—t|} <¢ i exp{—cskha},ca,c3 > 0.

Therefore,
1_9:1 N
SN LeKab Uy > " exp{—eskhy} <c
k=0
Lo [logN 1 52 logN
ufy N N Y ep{—cskha} | €omapn vk N
k>log N

Thus, in view of (5.4),
2 log N

1
I+ SN Cegaph Uy +uy — —
Since uny — 0o and uy < N2, this shows that
lim (Iy 4+ Sy) =0,
N—oo
and, by (5.3), we have

Nl% N+1ZSEEKS+”€}127O‘ b) — Cupy (s +ikhe,a;b)] =0

The lemma is proved.
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Now we state the main result on the closeness of ((s, a; a,b) and QUN (s+
ikhg, vy a,b).

Lemma 5.4. Suppose that uy — 0o and uy < N? as N — oo. Then, for
every positive hy and hs,

N

Z 02 (g(s +ikh, a; a, b),guN(s + ikh, a; a, b)) =

lim ——
N—soo N +1 =0

Proof. By the definition of the metric p2, see Section 4.3, it suffices to prove
that

N
Z (s +ikh1;a), Cuy (s + ikhi;a)) =0

1m
N—ooo N

and

N
1 2 P(C(s + ikh2, 438), Cuy (5 + ikha, ;b)) = 0.
k:O

Nﬁoo

Therefore, the lemma is a consequence of Lemmas 5.1 and 5.3.

5.3 Limit theorems

The proof of Theorem 5.1 relies on a discrete limit theorem for
guN (s,c;a,b) in the space H2(D) on weakly convergent probability mea-
sures.

Recall that P is the distribution of the random element
¢(s, 0, wi, wa; a,%), ie

Pe(A) =mp{(wi,w2) € Q: ((s,,wr,wo50,b) € A}, A € B(H*(D)).

For A € B(H?(D)), define

PN,a,a,b,ﬁ(A) #{0 k< N: Q(S + Zkﬁ, o5 a, b) € A}

N+1

Lemma 5.5. Suppose that the set L(P,«, hq, ho,7) is linearly independent
over Q. Then Py o o, converges weakly to Pr as N — oo.

Proof. The lemma is proved in [36].
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Lemmas 5.4 and 5.3 lead to a limit theorem for guN(s, a;a,b). Let, for
A € B(H*(D)),

PN,uN,oc,a,b,ﬁ(A) ~—#HO0<E<N: QUN (s +ikh,a;a,a) € A}.

N—l—l

Theorem 5.2. Suppose that the set L(P; v, hy, ha, ) is linearly independent
over Q, and uy — 0o and uy < N? as N — oc. Then PN uy,a,a,6,n CON-
verges weakly to Pc as N — oo.

Proof. Let O be a random variable defined on a certain probability space
((AZ, A, 1), and having the distribution

1
O =kl=——Lk=0.1.....N.
piOn =k} Nl 0,1,...,

We will use Lemma 4.4, i.e., the equivalent of weak convergence in terms of
closed sets. Fix a closed set F' C H?(D), and, for ¢ > 0, define the set

F. ={g € H*(D)  inf {g2(9,9) < €}}-

Then the set F. is closed in the space H?(D) as well. Define two H?(D)—
valued random elements

Xy = Xu(s) =((s +1i0nh,a;a,b)

and

Yy=Y,.(s) = CuN(s +i0nh,a;a,b).

By the definition of the random variable 0y, the random elements X 5, and
Y y have the distributions Py o a6 p and Py a,0,6,4, TESPectively, i.e., for
A€ B(H(D)),

p{Xy € A} = ——#{0 <k < N:({(s+ifyh,a;a,b) € A}

N+1

and

p{Yv e A} = ——#{0<k<N: guN(s +i0nh,a;a,b) € A}.

N+1

Moreover, the inclusion
YyeF}c{XyeF}U{p (XN, Yy)>e}
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is valid. Hence, by properties of probability measures,

p(F) < p(Fe) + p{(Xy, Yn) > e},

and, by the above remark,

PN7uN7a,a7b,ﬁ(F) < PN,a,a,b@(Fe) + M{p2 (Xna Y, ) } (5.5)

By Lemmas 5.5 and 4.4, we have

limsup Py q,a,6,0(F) < Pe(F:). (5.6)

N—oo

An application of the Chebyshev type inequality and Lemma 5.4 gives

limsup p{p2(X,,,Y,) > €} =

N—o00
1 SkSN: kh, a;a,b),
ljrvnffopNH#{ p2(C(s + ikh, a5, b)
Qu (s + ikh,a;a,b)) > e} <
N
h]Ian;lope N+1 kZﬂm( C(s+ikh,a;a,b), Cu (s+ik@,a;a,b)> = 0.

Thus, in view of (5.5) and (5.6),

lim sup Py vy a.0,6.6(Fe) < Pe(Fy). (5.7

N—o0 -

If e — 40, then F_ tends to F'. Therefore, inequality (5.7) implies

1im Sup PN,'U‘N,OL,Cl,b,E(F) < PC (F)7

N—oo -

and Lemma 4.4 shows that Py, a6, converges weakly to P as N —
0.

Theorem 5.2 implies the weak convergence for the corresponding proba-
bility measures in the space R?. Let K1, Ko, and f1(s), f2(s) be the same as
in Theorem 5.1. For A € B(R?), define

Qneannld) = {0 <H SV s (D (G o+ ki) = (o)
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sup |Cuy (s + ikha, a5 b) — fa(s)|) € A}.
seKo

Corollary 5.2. Suppose that the set L(P; =, hy, ha, ) is linearly indepen-

; ﬂ—a
dent over Q, and uny — oo and uy < N? as N — oo. Let K1, Ky, and
f1(8), f2(s), be as in Theorem 5.1. Then QN q.q6 converges weakly to the

measure

mp{(wi,w2) € Q: ((sup [((s,w1;a) — fi(s)],
seK

sup [¢(s, a,w2ib) — fa(s)]) € A}, A € B(R?),

sEKo
as N — oo.

Proof. As in Section 4.4, we use the mapping v : H?(D) — R? given by

wmﬂg=<wpmw> <>wpm<>faw>ybmeH@»

se K1 s€Ko

In the proof of Corollary 4.2, the continuity of v was obtained. By the defini-
tions of v, PN uy a.a6.h @0d QN.uy a.a.6.h, for A € B(R?), we have

QNun,aa0n(A) = ——#{0 <k < N :v({(s+ikh,a;a,b)) € A} =

N+1

<k<N: ikh, o A =
N+1#{O Cy (8 +ikh,a;a,b) € v A}

Puncnaph(VTA) = Py aapnt” (A).

Since the set A is arbitrary, this shows that QN uy a.a0.h = PNy .aabs0  (A).
The latter equality, continuity of v, and Theorem 5.2 imply that the measure
QN,uy,a,0,6,n converges weakly to ng_l as N — o0, i.e. to

Pg(vflA) =mp{(wi,w2) € Q: {(s,q,w1,wa;a,b) € v 1A} =

mp{(wi,w2) € Q:v(((s,a,wi,wr;a,b)) € A} =

mi{ (wn,w2) € 2 (sup [(s,w130) = fils)],
seKy

sup [C(s, @,wa;b) — fa(s)]) € A}, A € B®?)

seKo
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5.4 Proof of Theorem 5.1

As in Chapter 4, for the proof of Theorem 5.1, we will apply two-dimensional
distribution functions and their weak convergence.

Proof of Theorem 5.1. Define the functions

1

m#{o <k <N :sup [Cuy (5 +ikhiza) — fi(s)] < e1,

seK

FNa,a6n(c1,62) =

sup |Cuy (8 + ikha, a;b) — fa(s)] < 52}
sEKo

and

F(El,{;‘g) = mH{(Wl,wz) €N: Su}l{) |C(S,W1;Cl) - f1(8)| < €1,
SE

sup [((s, a,wa; b) — fa(s)] < 52}.
sEKo

Note that F'(e1, £2) is the same as in Section 4.4. The function Fi o q.p,1(€1,€2)
corresponds the measure QN q.q6,h, While F(e1,e2) corresponds the limit
measure in Corollary 5.2. The above functions are non-decreasing and left
continuous with respect to €1 and €9,

FNaabh(—00,62) = FNaabn(E1,—00) = 0, Fyaabn(+00,+00) = 1,
F(—00,e9) = F(e1,—00) = 0 and F(+00,+00) = 1. Moreover, for every
rectangle A, say, a1 < €1 < ag,b; < g9 < by,

FN aa6h(02,02)—FN.a.a6h(a1,02)—FNaabn(a2,01)+FNaaphn(ar,b) =

1 )
m#{o Sk N: (SSEUII()l |Cuy (5 +1kh1;a) — fi(s)],
sup [Cuy (s +ikha, a;b) — fa(s)]) € A} >0,
seKo
and

F(CLQ, b2) — F(al, bg) — F(CLQ, bl) + F(al, bl) =

mp{(wi,ws2) € Q: (sup [((s,wi;a) — fi(s)],
seKq

sup |C(s, a,wa; b) — fa(s)]) € A} > 0.
sEKo
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Thus, the functions Fiy o q,p,5, and F'(e1, 2) are distribution functions.
Let, 1 > 0 and 2 > 0 be continuity points of the distribution functions
F(e1,400) and F (400, £2). Then, by Corollary 5.2,

]\}i—{noo FN,a,a,b,ﬁ(ElaSQ) = F(El,fz). (58)
Since the set of discontinuity points of a distribution functions is at most count-
able, equality (5.8) holds for all but at most countably many ¢ > 0. The posi-
tivity of F'(e1,2) is proved in Section 4.5. For this, Lemmas 4.3 and 1.8 are
applied. The theorem is proved.
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Chapter 6
Conclusions

Leta = {am tm € N} and b = {bm :m € Ny =NU {0}} be periodic
sequences of complex numbers, and, for 6 > % and u > 0,

vy(m) = exp{— (21)9} ,meN,neN,

m+ o o
vu(m,a):exp{—< > },meNo,neN.

u

In the dissertation, approximation of analytic functions by shifts of absolutely
convergent Dirichlet series

Cup(sia) = ) A Vuy (M)

m=1 m?
and
o > bV (M, )
CUT (87 Q@; b) - mz::o (m + a)s

withs =0 +it,s € C,t € R and up — oo as T’ — oo is considered.

The following results are obtained.

1. Suppose that a is a multiplicative sequence, and u7 < T2. Then the
set of shifts (,,.(s + ¢7; a), approximating uniformly on compact sets a
given analytic function defined on a strip D = {s € C : % <o <1}
has a positive density in the interval [0, T'].

2. Analogical result is true for the set of discrete shifts ¢, (s+ikh; a) with
uy —ooanduy < N?2asT — oo,h >0and k € {0,1,...,N}.
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3. Suppose that a is a multiplicative sequence, « is a transcendental pa-
rameter, and up < T2. Then the set of shifts (Cu, (s + i7; ), Cup (s +
iT, @ b)) approximating simultaneously uniformly on compact sets a
given pair (f1(s), f2(s)) of analytic functions on D, f1(s) # 0, has a
positive density in the interval [0, T'].

4. Suppose that the set { (h1 logp : p € P), (holog(m + a) : m € N), 2w},
h1 > 0,hg > 0, is linearly independent over field of rational numbers.
Then analogical result is true for the set of discrete shifts
(Cun (s+1kha;a), Cuy (s +ikho, ;b)) with uy — oo, uy < N2, and
ke {0,1,...,N}.
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Santrauka
(Summary in Lithuanian)

Tyrimo objektas

Disertacija yra skirta aproksimavimo problemoms kai kuriomis Dirichlé
eilutémis. Primename, kad paprastoji Dirichlé eiluté turi pavidala
[e.e]
Qm
2
m=1

¢ia {a, : m € N} C Cir s = o+it. Bendromis Dirichlé eilutémis vadinamos

00
§ : ame—)\ms7
m=1

¢ia {\,} C R yra didéjanti j +oo seka. Dirichlé eiluciy tiek konvergavimo,

eilutés

tiek ir absoliutaus konvergavimo sritis yra pusplokStumé.

Dirichleé eilutés yra bendrosios analizés tyrimo objektas, taciau jos daznai
naudojamos ir analizinéje skaiciy teorijoje, kadangi daugelis vadinamyjy dzeta
funkcijy yra apibréZiamos Dirichlé eilutémis. PavyzdZiui, garsioji Rymano
dzeta funkcija ((s) pusplokStuméje o > 1 apibréZiama Dirichlé eilute

t.y., a;, = 1. Funkcija ((s) yra analiziSkai pratgsiama j visa kompleksing
plokStuma, iSskyrus taska s = 1, kuris yra paprastasis polius su reziduumu
1. Pastebime, jog funkcija ((s) yra pagrindinis pirminiy skaiCiy pasiskir-
tymo aibéje N tyrimo instrumentas. Naudodami B.Rymano (Riemann) idéjas,
Adamaras (Hadamard) ir de la Valé Pusenas (de la Vallée Poussin) nepriklau-
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somai 1896 m. jrodé, kad

Funkcija ((s) gali bati apibréziama srityje o > 1 ir begaline sandauga pagal
pirminius skai¢ius

kas rodo jos sarysj su pirminiais skaiciais.
Tarkime, kad funkcija
x:N—>C

turi tokias savybes:

1° x(m) yra visiskai multiplikatyvi, t.y. x(m1,mz2) = x(m1)x(m2) su
visais m1, mg € Nir x(1) = 1;

2° x(m) yra periodiné su minimaliu periodu g € N, t.y., x(m+q) = x(m)
su visais m € N;

3° x(m) = 0 su visais (m, q) > 1;

4° x(m) # 0 su visais (m, q) = 1.
Tuomet x(m) sutampa su vienu i§ ¢(q) (¢(g) yra Oilerio funkcija) Dirichleé
charakteriu moduliu ¢. Dirichlé L funkcija L(s, x) su charakteriu x pusploks-
tuméje o > 1 yra apibréZiama Dirichlé eilute

L(s,y) = Z x(m)

L
ir yra analiziSkai pratgsiama j visa kompleksing plokS§tuma su vieninteliu gal-
imu paprastuoju poliu taske s = 1, kai charakteris x yra pagrindinis, t.y.
x(m) = 1 su visais (m,q) = 1. Dirichlé L funkcijas apibrézé L. Dirichlé
(Dirichlet) ir panaudojo jas pirminiy skai¢iy aritmetinése progresijose {an+b :
n € N}, (a,b) = 1, pasiskirstymo tyrimui. Yra jrodyta, jog

¢(a) Jo logu’ '

p<T
p=bmod a

Tegul 0 < o < 1 yra fiksuotas parametras. Hurvico dzeta funkcija (s, )
1882 m. pirma kartg panaudojo Hurvicas (Hurwitz). Srityje o > 1 ji yra
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apibréZiama eilute

[0.9] [e.9]
(s,0) = Z _ Z e—slog(m+a
(m+ )

taigi Siuo atveju A,, = log(m + «). Kai @« = 1, tada ((s;«) tampa Ry-
mano dzeta funkcija. Funkcija ((s, «), kaip ir {(s), yra meromorfing, ji turi
paprastaji poliy taske s = 1 su reziduumu 1.

Disertacijoje nagrinéjamos Dirichlé eilutés, susijusios su vadinamosiomis
dzeta funkcijomis. Tarkime, kad a = {a,, : m € N} ir b = {b,, : m € Ny}
yra dvi periodinés kompleksiniy skaiciy sekos atitinkamai su periodais ¢; € N
irga € N.

Periodiné dzeta funkcija ((s; a) ir periodiné Hurvico dzeta funkcija {(s, a; b)
pusplokStuméje o > 1 yra apibréZiamos Dirichlé eilutémis

o0 o0 b
<(3;a):mz:1mlrg(sozb mz::OTYH-OZ)

IS seky a ir b periodiskumo srityje o > 1 iSplaukia lygybés
a
= (vg)
4=

(-5

I3 Siy lygybiy ir Hurvico dzeta funkcijos savybiy turime, kad funkcijos ¢(s; a)

ir

C(s,a;b) = —s
43

ir {(s, a; b) yra analiziSkai pratesiamos j visa kompleksing plokstuma, iSskyrus
taska s = 1, kuris yra paprastasis polius atitinkamai su reziduumais

q2—1

fzaklerbk

Tarkime, jog 6 > % yra fiksuotas skaicius, u > 0,

vy(m) = exp{— <TZ>0} ,meN,
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ir

m+ o 0
vy (M, @) :exp{—< ) },meNo.
U

Kadangi v, (m) ir v, (m, a) mazéja eksponentiSkai m atzvilgiu, eilutés,
apibréziancios (,(s; a) ir (s, a; b), konverguoja absoliuciai pusplokstumeéje
o > 0@ su bet kuriuo baigtiniu og ir kiekvienu v > 0. Disertacija yra skirta
analiziniy funkcijy aproksimavimui postamiais . (s+i7; a) ir (. (s+i7, a5 b),
7 € R, su tam tikra funkcija ur — oo, kai T" — oo.

Tikslas ir uzdaviniai

Disertacijos tikslas yra analiziniy funkcijy aproksimavimas absoliuciai
konverguojanciy eiluciy ¢y, (s; a) ir Cy, (S, a; b) postimiais. Yra sprendziami

Sie uzdaviniai.

1. Analiziniy funkcijy klasés aproksimavimas tolydZiais postiimiais
Cup (s +i7;a), 7 € R su multiplikatyviaja seka a.

2. Analiziniy funkcijy klaseés aproksimavimas diskreciais postumiais ¢y, (s+
ikh;a),h > 0, k € Ny, su multiplikatyviaja seka a.

3. Analiziniy funkcijy pory klasés aproksimavimas tolydZiais postiimiais
(Cup(s+iT;a),Cup (s +iT,05b)), 7 € R, su multiplikatyviaja seka a.

4. Analiziniy funkcijy pory klasés aproksimavimas diskreciais postiimiais
(CUT(S + ikhy;a), QLT(S +ikhg, ;b)) ,hy > 0,he > 0,k € Ny, su
multiplikatyviaja seka a.

Aktualumas

Analiziniy funkcijy aproksimavimas yra vystomas ir taikomas daugelyje
matematikos ir kity mokslo sri¢iy. SprendZiant jvairius matematinius ir prak-
tinius uZdavinius, pasirodo sudétingos analizinés funkcijos, tod¢l iSkyla prob-
lema pakeisti jas paprastesnémis, kas veda prie aproksimavimo problemy. Ge-
rai Zinoma Mergeliano (Mergelyan) teorema tvirtina, kad kiekvieng analizing
funkcija su kai kuriais aproksimavimo srities apribojimais, galima aproksimuoti
polinomais. Taigi, kiekvieng analizing funkcija atitinka tg funkcija aproksimuo-
jantis polinomas. Apie 1970 - 1980 m. skaiciu teorijos specialistai S.M.
Voroninas (Voronin), S.M. Gonekas (Gonek), B.Bagcis (Bagchi) surado naujus
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analizinius objektus, kuriy kiekvienas aproksimuoja iStisa analiziniy funkcijy
klas¢. Tie objektai yra apibréZiami Dirichlé eilutémis ir apima daugelj anal-
izingje skaiciy teorijoje nagrinéjamy dzeta ir L funkcijy. Naujieji aproksimav-
imo objektai yra universalls, vieno ir to paties objekto postimiai aproksimuo-
jantys placia analiziniy funkcijy klasg. Universaliy aproksimavimo objekty
atradimas i$kélé naujas problemas, susijusias su aproksimavimo efektyvizav-
imu, jungtiniu universalumu, apibendrintyjy postiimiy naudojimu ir kt. Todél
Dirichlé eiluciy, jskaitant ir dzeta funkcijas, universalumo teorija yra vystoma
toliau. NemaZai démesio Dirichlé universalumo problemoms yra skiriama
ir Lietuvoje. Yra svarbu iSplésti universaliy funkcijy klase, supaprastinti jy
struktirg. Todél disertacijoje yra nagriné¢jamos analiziniy funkcijy aproksi-
mavimas naudojant absoliu€iai konverguojanc¢iy Dirichlé eiluciy postiimius.
Tokiy eiluéiy paprastumas leidZia lengviau charakterizuoti aproksimuojamas
funkcijas.

Metodai

Mes naudojame tiek analizinius, tiek ir tikimybinius metodus. Analiziniai
metodai apima Dirichlé eiluCiy teorija, integravima, reziduumy teorija, Kosi
integralinés formulés taikyma bei Mergeliano teorema. Silpnasis tikimybiniy
maty konvergavimas, atsitiktiniy elementy konvergavimas pagal pasiskirstyma,
tikimybiniy maty ir jy atramy savybés sudaro tikimybiniy metody taikymo
turinj.

Naujumas

Visi disertacijos rezultatai yra nauji. Absoliuciai konverguojanciy Dirichlé
eiluciy, susijusiy su periodinémis dzeta funkcijomis, universalumas disertaci-
joje yra nagrinéjamas pirma karta.

Problemos istorija ir rezultatai

Tarkime, turime kokia nors kompleksiniy skaiciy seka {a(m) : m € N}
ir mokame apskaiciuoti sekos narius a(m). Tatiau daznai reik§més a(m) yra
pasiskirste chaotiskai ir suteikia nedaug informacijos apie visa seka. Todél
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vietoje individualiy reik§miy a(m) yra nagrinéjamas jy vidurkis

M(x) = Z a(m),x — oo.

m<zx

M (x) tyrimui yra naudojamos sekos {a(m)}, generuojancios Dirichlé eilutes

Z(s) def i a(m) o > 0p.

S )
m=1

Yra Zinomos formulés, vadinamos Perono formulémis, suriSan¢ios M (z) su
Z(s), ty.,

M (z) = Z(s) integralinis operatorius + liekamasis narys.

Taigi, vidurkio M (x) tyrimo problema pakei¢iama funkcijos Z(s) analiziniy
savybiy nagrinéjimu.
Pateikiame dalikliy funkcijos

d(m) =Y 1,meN,

dlm

pavyzdj. Aritmetinés funkcijos d(m) generuojanti funkcija yra ¢2(s), t.y.,

C(s) = Z d7(nm)70 > 1.

s
=1

Panaudojus funkcijos ((s) savybes, yra gaunama formulé

S d(m) = wloga + (23 — D + 0(?),

m<zx
¢ia

~ . 1
7= lim (% e logn> =0,57721...
yra Oilerio konstanta ir % <0 < % Didziausias skaiCiy § apatinis réZis yra
vadinamas Dirichlé dalikliy problema. Geriausias rezultatas priklauso M.Haksliui
(Huxley, 2003) ir yra lygus % = 0.3149... . Sis pavyzdys rodo, kaip yra
svarbu tirti Rymano ir kitas dzeta funkcijas. IS H.Boro (Bohr) ir R.Kuranto

(Courant) straipsnio [6] yra Zinoma, kad funkcijos ((s) reik§miy aibé yra labai
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tanki, aibé {((c +it) : t € R} su i < o < 1 yra visur tirSta erdvéje C.
Tam tikra prasme, §is rezultatas paaiSkina, kodel funkcija ((s) pasirodo ne
tik daugelyje aritmetikos, bet ir kity matematikos Saky, ir netgi kai kuriy kity
gamtos moksly problemose. Pavyzdziui, funkcijos ((s) nuliai yra susij¢ su kai
kuriy operatoriy tikrinémis reikSmeémis, ((s) yra taikoma kosmologijoje [1] ir
netgi muzikoje tony derinimui [50].

Praéjusio amZiaus aStuntame deSimtmetyje buvo atrasta dar viena svarbi
funkcijos ¢(s) ir kity dzeta funkcijy savybé. Tapo Zinoma, kad postimiai (s+
iT), T € R, aproksimuoja pladia analiziniy funkcijy klase. Tiksliau kalbant,
S.M. Voroninas jrodé [37] tokia funkcijos ((s) universalumo savybe.

A teorema. Tegu 0 < r < % yra fiksuotas skaicius, o funkcija f(s) yra tolydi,
nevirstanti nuliu skritulyje |s| < r ir analiziné srityje |s| < r. Tuomet su
kiekvienu e > 0 egzistuoja toks T = 7(¢) € R, su kuriuo yra teisinga nelygybé

max
|s|<r

<<s+%+w) —f(s)‘ <e.

Tegul D = {8 eC:3<o0< 1}, o H(D) yra analiziniy juostoje

D funkcijy erdvé su tolygaus konvergavimo kompaktinése aibése topologija.
Sioje topologijoje seka g, (s) C H (D) konverguoja j funkcija g(s) € H(D)
kai n — o0, jei su kiekviena kompaktine aibe K C D,

A sup [gn(s) = g(s)] = 0.
Kadangi erdvé H (D) yra begaliniamaté, tai A teorema yra minétos Boro-
Kuranto teoremos [6] begaliniamaté versija.

Voronino universalumo teorema susilauké didelio matematiky susidoméji-
mo. Buvo sukurti nauji jos jrodymai, sustiprintas teoremos tvirtinimas, uni-
versalumo savybé iSplésta kitoms dzeta ir L funkcijoms. Minétus rezultatus
galima rasti disertacijose [2], [15], monografijose [28], [52], bei apZvalgini-
ame straipsnyje [42]. Paskutinioji Voronino teoremos versija naudoja tokia
terminologija. Tegul K yra juostos DD kompaktiniy aibiy su jungiaisiais pa-
pildiniais klasé, o Ho(K), K € K, tolydziy, nevirstaniy nuliu aibéje K ir
analiziniy aibés K viduje klasé. Simbolis measA Zymi macios aibés A C R
Lebego mata. Tuomet yra teisingas toks tvirtinimas [2], [28], [52].

B teorema. Turkime, kad K € K, o f(s) € Ho(K). Tuomet su kiekvienu
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€ > 0 yra teisinga nelygybé

1

lim inf —meas{T € [0,T] : sup |((s +iT) — f(s)] < 5} = 0.
T—00 T seK

Be to, apatiné riba gali biiti pakeista riba, iSskyrus ne daugiau negu skaiciq

€ > 0 reikSmiy aibe.

B teorema rodo, jog yra be galo daug postimiy((s+i7) aproksimuojanciy
norimu tikslumu ¢ duota funkcija f(s) € Ho(K). TaCiau B teorema néra
efektyvi ta prasme, kad joks konkretus aproksimuojantis postumis ((s + i7)
néra Zinomas.

Kai kurie universalumo teoremos efektyvinimo rezultatai buvo gauti [12] ir
[14] darbuose. Siuose darbuose efektyviai surastas intervalas [Tp, 27p], kuriam
priklauso toks 7, kad ((s + i7) yra aproksimuojantis postimis. Minéty darby
apzvalga duota [14].

Pagal Liniko (Linnik) - Ibragimovo (Ibragimov) hipoteze, Zr., pvz., [52],
visos funkcijos, kurioje nors pusplok§tumeéje apibréZiamos Dirichlé eilutémis,
analiziSkai pratgsiamos j kaire nuo Sios pusploks§tumés ir tenkinancios kai kurias
natiralias augimo salygas, yra universalios Voronino prasme. Taciau iki $iol
egzistuoja Dirichlé eilutés, kuriy universalumas néra jrodytas.

Todel priminsime kai kuriuos rezultatus apie funkcija ((s,a) su periodu
¢1 € N su periodine seka a. Funkcijos ((s, a) reik§miy pasiskirstymas metodiskai
yra nagrinéjamas [46] monografijos 11 skyriuje. PavyzdZiui, Cia su visais
s € C randame funkcing lygti

) = (2) T (e {57 e e {7 cn6)

éia
1 q1
+ + :
a-=<a, =—— akexp{:lz%mmk:}:meN .
i s
Pirma karta Si lygtis buvo gauta darbe [51].

[40] straipsnyje iSnagrinétas ir funkcijos ((s, a) nuliy pasiskirstymas. Buvo
gauta, jog egzistuoja tokia konstanta B(a), kad, kai 0 < —B(a), funkcija
((s;a) gali turéti nulius tik arti realiosios aSies, jei mg,+ = m,—, Mg, =
min {m 1<m<q: ai #* O}, ir arti tiesés

T

o=14 —F—
log

o
m 4+
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jei my+ # mg-. Funkcijos ((s,a) nuliai p = [ + iy yra vadinami triv-
ialiaisias, jei § < —B(a). Netrivialas nuliai yra juostoje —B(a) < o <
1+ A(a) su tam tikra konstanta A(a) > 0. Tegul N (7'; a) yra funkcijos ((s; a)
netrivialiyjy nuliy su |y| < 7" skai€ius. Tada monografijoje [52] jrodyta, jog

T T
N(T;a) = —log «
s 2memg/my— Mg+

kitaip tariant, funkcijai ((s,a) yra teisingas von Mangoldto (von Mangoldt)

+ O(logT),

formulés analogas, galiojantis Rymano dzeta funkcijai.

Disertacijos tikslas yra analiziniy funkcijy aproksimavimas postiimiais, ar-
timais postimiams ((s+i7; a) ir {(s+1i7, a; b). Todél priminsime kai kuriuos
funkeijy ((s; a) ir ((s, a; b) universalumo rezultatus. Pirmasis rezultatas yra
randamas [52] monografijoje. Tegul H(K), K € K, yra tolydziyjy aibéje K
funkcijy, kurios yra analizinés aibés K viduje, klaseé. Taigi, Hy(K) C H(K).

C teorema. Tarkime, kad q1 > 2, a néra Dirichlé charakterio moduliu q
kartotinis ir an, = 0, kai (m,q1) > 1. Tegul K € K ir f(s) € H(K). Tuomet

su visais € > 0 yra teisinga nelygybé

lim inf lmeas{T €[0,T] : sup |((s +it;a) — f(s)] < 8} > 0.
T—oo T scK
Pastebime, kad yra jrodyta [40], kad C teoremos salygos uZtikrina, jog
sekaa néra multiplikatyvi.
Funkcijos ((s; a) universalumas su multiplikatyviaja seka a jrodytas [31]
darbe. Teisinga tokia teorema.

D teorema [31]. Tarkime, jog periodiné seka a yra multiplikatyvi. Tegul K €
K ir f(s) € Ho(K). Tuomet su kiekvienu € > 0 yra teisinga lygybé

1
lim inf —meas{T €10,T]sup|((s+it;a) — f(s)| < 5} > 0.
T—oo T seK
Disertacijos 2 skyrius yra skirtas absoliuciai konverguojancios Dirichlé
eilutés

s = 3 ot
m=1

universalumui. Teoremos formulavimui reikalingi kai kurie objektai. Tegul P
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yra visy pirminiy skaiéiy aibé, vy = {s € C: [s| =1} ir
Q1 - H o>

¢ia vy, = 7y su visais p € IP. Toras (21 yra kompaktiniy aibiy Dekarto sandauga,

todel pagal klasiking Tichonovo teorema su sandaugos topologija ir pataskinés

daugybos operacija, yra kompaktiné topologiné Abelio grupé. Tarkime, B(X)

yra erdvés X Borelio o-kanas. Tada macioje erdvéje (1, B(1) egzistuoja

tikimybinis Haro (Haar) matas ir gauname tikimybing erdve (Q1, B(Q1), m1g).
Tegul wi = {wi(p) : p € P} yra toro ©; elementai. Tikimybinéje erdvéje
(1, B(Q1), my ) apibréziame H (D)— reik§m; atsitiktinj elementa

((s,wia) =] <1+§:C‘pl:llls(m)_
=1

peP

Si begaliné sandauga su beveik visais w; € ; konverguoja tolygiai juostos D
kompaktinése aibése.
Pagrindinis skyriaus rezultatas yra tokia teorema.

2.1 teorema. Tarkime, kad seka a yra multiplikatyvi, ur — oo ir up < T2,
kai T — oo. Tegul K € K ir f(s) € Ho(K). Tuomet su visais € > 0, iSskyrus

ne daugiau negu skaiciq ju reikSmiy aibe, egzistuoja teigiama riba

1
lim —meas {7‘ € [0,7] : sup |[Cuyp (s + im5a) — f(s)] < 8} =
T—oo T s€K

miH {wl € Oy rsup [((s,wiza) — f(s)] < 5}-
seK

I 2.1 teoremos iSplaukia, jog egzistuoja toks skaicius Ty = Ty (f, K,¢) >
0, kad su visais 7" > Tp yra be galo daug postamiy ¢y, (s+i7; a), aproksimuojanciy
tikslumu ¢ duota funkcija f(s) € Ho(K).

2.1 teoremos jrodymui yra naudojama ribiné teorema funkcijai (. (s; a)
erdvéje H(D).

2 skyriaus rezultatai yra paskelbti [18] straipsnyje.

Iki $iol minétos universalumo teoremos funkcijoms ((s; a) ir (. (s; a) yra
vadinamos tolydziomis, nes 7 aproksimuojanciuose postimiuose ((s + i7; a)
ir Gy, (s +47; a) gali jgyti bet kokias teigiamas reikSmes.

Lygiagreciai su tolydZiomis universalumo teoremomis dzeta funkcijoms
yra nagrinéjamos ir diskrecios universalumo teoremos, kai 7 postimiuose (s +
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iT; a) igyja reikSmes i§ kokios nors diskrecios aibés, pavyzdziui, i§ aritmetinés
progresijos {kh : k € Ng}, h > 0. Tokias teoremas pasitilé A.Reichas (Reich)
[49] straipsnyje. Tegul # A yra aibés A C R elementy skaiCius, o N perbéga
aibe Np. Reichas nagrinéjo [49] algebriniy kiing K Dedekindo (Dedekind)
dzeta funkcija ((s)xk, kuri srityje o > 1 apibréziama eilute

¢ia sumuojama pagal visus nenulinius kiino K sveikyjy skaiciy Ziedo idealus
I, o N(I) yra idealo I norma. Kai K = Q, funkcija (k(s) tampa Rymano
dzeta funkcija. Todél formuluojame diskrecia universalumo teorema funkcijai

¢(s).

E teorema. Tegul K € K, f(s) € Ho(K) ir h > 0. Tuomet su kiekvienu
€ > 0 yra teisinga nelygybé

lim inf

im in N+1#{0< kE < N :sup|C(s+ikh) — f(s)] <6} > 0.

€K

Pastebime, kad E teorema yra pranasSesné uZ B teorema, nes yra paprasciau
nustatyti diskrecius aproksimuojancius postimius ((s + ¢kh) negu tolydzius
C(s +1iT).

Primename viena diskre€ios svertinés universalumo teoremos funkcijai (s; a)
[55] i§vada. Tegul L(P; h, ) = {(logp : p € P), 27” .

F teorema. Tarkime, kad seka a yra multiplikatyvi, o aibé L(P; h,m),h > 1,
yra tiesiskai nepriklausoma virs Q. Tegul K € K ir f(s) € Ho(K). Tuomet
su kiekvienu € > 0 yra teisinga nelygybé

1
iminf — <k N: kh;a) — .
lmglofN#{l\k\N jg}g]((s—i—zkh,a) f(s)\<<€}>0

Disertacijos 3 skyriuje yra gaunama diskreti 2.1 teoremos versija. Naudo-

jame 2.1 teoremos Zymenis.

3.1 teorema. Tarkime, kad seka a yra multiplikatyvi, aibé L(P; h, ) yra tiesiskai
nepriklausoma virs Q, ir un_so0 bei uny < N2, kai N — oo. Tegul K € K ir
f(s) € Ho(K). Tuomet su visais € > 0, iSskyrus ne daugiau negu skaiciq ju
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reiksmiy aibe, egzistuoja teigiama riba

1
]\}EI})ON+1#{O\ k<N SSEK ~(s+ikh;a) — f(s)] <5}

mH{w € Q:sup|((s,w;a) — f(s)] < 5}.
seK

3.1 teoremos jrodymas remiasi diskre€ia ribine teorema funkcijai ¢, (s; a)
edveje H(D).

3 skyriaus rezultatai paskelbti [19] straipsnyje.

Kiti disertacijos rezultatai yra skirti jungtiniam poros (CUT (s,a),

Cup (8, a5 b)) universalumui, jskaitant jo diskreéiaja versija.

Jungtinis dzeta ir L funkcijy universalumas turi ilga ir turtinga istorijg. Pir-
masis tokio pobiidZio rezultatas, kaip ir dzeta funkcijy universalumo atradimas,
priklauso Voroninui. Jis gavo [56] Dirichlé L funkcijy jungtinj universaluma.
Teoremos formulavimui reikalingi kai kurie apibréZimai. Charakteris x
moduliu g yra generuotas charakterio x; mod ¢1, q1]g, jei

Xl(m) 7kai(m7 Q) = ]-a

x(m) = ,
0 ,kai(m, q) > 0.

Charakteris xy mod ¢ yra vadinamas primityviuoju, jei jis néra generuotas jokio
charakterio moduliu mod ¢1,¢q; < ¢. Du Dirichlé charakteriai yra vadinami
ekvivalenciais, jei jie yra generuoti to paties primityviojo charakterio. Formu-
luojame patikslintg Voronino teorema [56], jrodyta [35] straipsnyje.

G teorema. Tarkime, kad x, . . ., Xr yra poromis neekvivalentis Dirichlé charak-
teriai. Tegul K; € K ir fj(s) € Ho(Kj), j = 1,...,r. Tuomet su kiekvienu
€ > 0 yra teisinga nelygybé

lim inf lmeas{T € [0,7]: sup sup |L(s+it,x;) — fi(s)] < 5} > 0.
T—oo T 1<j<r s€K;

Lengva matyti, kad jungtinio universalumo atveju aproksimuojancios funkci-
jos tam tikra prasme turi buti nepriklausomos. G teoremoje tas nepriklauso-
mumas yra nusakomas charakteriy neekvivalentiSkumu.

Jungtinio universalumo teoremos Zinomos ir kitoms dzeta funkcijoms. Pri-
mename tokig teorema Hurvico dzeta funkcijoms. Tegul

L(al,...,ar):{log(m+ozj):meNo,jzl,...,r}.
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Tuomet yra teisinga tokia teorema [33].

H teorema. Tarkime, kad aibé L(a, . .., ) yra tiesiskai nepriklausoma virs
Q. Tegul K € Kir fj(s) € H(K;),j =1,...,r. Tuomet su kiekvienu ¢ > 0,
yra teisinga nelygybé

lim inf lmeas{T € [0,T]: sup sup |((s+iT,05) — fi(s)] < 5} > 0.
T—oo T 1<j<r s€K;

Primename, kad skaiciai a, . . . , o, yra vadinami algebriSkai nepriklauso-
mais vir§ Q, jei néra polinomo p(sy, ..., s,) #Z 0 su racionaliais koeficientais,
kad p(ag,...,a,) =0.

Pastebime, kad aibé L(ay, ..., a,) yra tiesiS8kai nepriklausoma vir§ Q, jei
skaiCiai aq, . . ., . yra algebriSkai nepriklausomi virs Q.

G ir H teoremos yra jungtinés universalumo teoremos L ir dzeta to paties
tipo funkcijoms (Dirichlé L funkcijoms ir Hurvico dzeta funkcijoms). H.Misu
(Mishou) jrodé [46] jungting universalumo teorema dviems skirtingy tipy funkci-
joms: Rymano dzeta funkcijai ir Hurvico dzeta funkcijai. Primename, kad
skaiCius « yra transcendentus, jei néra polinomo p(s) # 0 su racionaliais koe-
ficientais, kad p(«) = 0.

Formuluojame Misu teorema [46].

I teorema [46]. Tarkime, kad parametras « transcendentus. Tegul K1, Ko €
K ir fi(s) = Ho(K1), fo(s) = H(K2). Tuomet su kiekvienu € > 0 yra
teisinga nelygybé

1
lim inf —meaS{T € [0,77 : sup [((s +i1) — fi(s)| <,
T—oo T seKy

sup [((s +iT,a) — fa(s)] < 5} > 0.
s€Ko

Funkcija ((s) turi Oilerio sandauga pagal pirminius skaiCius, o funkcija
((s, @) su transcendenciu « tokios sandaugos neturi. Todel fi(s) € Ho(K7),
o fa(s) € H(K32). I teorema yra vadinama funkcijy {(s) ir {(s,«) misria
jungtine universalumo teorema.

Straipsnyje [21] I teorema buvo i$plésta funkcijoms ((s; a) ir {(s, a; b).

J teorema. Tarkime, kad seka a yra multiplikatyvi, o parametras « yra tran-
scendentus. Tegul K1, Ko € K ir fi(s) € Hy(K1), fa(s) € H(K2). Tuomet
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su kiekvienu € > 0 yra teisinga nelygybé

1
lim inf —meas{T €[0,T] : sup [((s+it;a) — fi(s)| < e,
T—oo T seK

sup [((s+iT,a;0) — fa(s)] < 8} > 0.
seKo

Straipsnyje [21]J teorema yra pritaikyta funkciju ¢ (s; a) ir {(s, ; b) funkcinio
neprilausomumo jrodymui.

Aisku, kad i§ J teoremos i$plaukia D teorema ir funkcijos (s, c; b) su
transcendenciu o universalumas, pirma karta jrodytas [20] darbe. Be to, yra
keletas darby apie funkcijy ((s;a;),j = 1,...,r, jungtinj universaluma, pvz.,
[34], ir funkciju ((s, ey ;b),5 = 1,...,r, jungtinj universaluma, pvz., [32].
Paminésime R.Kacinskaités ir K.Macumoto (Matsumoto) serija darbu [22],
[23], [24], [25], i kuriy teoremas jeina funkcijos ((s, a; bj).

I teorema turi modifikacija. ApibréZiame aibg

¢ia vy, = -y suvisais m € Ny. Tada 9, kaip ir €21, yra kompaktiSka topologiné
Abelio grupe, todeél erdvéje (22, B(£22)) egzistuoja tikimybinis Haro matas
mop . ApibréZiame dar viena Dekarto sandauga

Q:Q1XQQ.

Tada 2 vél yra kompaktiné topologiné Abelio grupé, ir erdvéje (€2, B(Q2) egzis-
tuoja tikimybinis Haro matas my. Pastebime, kad matas my yra maty my g ir
mop sandauga. Tai reiskia, kad jei A = A1 x Ay € B(Q)su A; € B(;),j =
1,2, tai tuomet

mp(A) = mig (A1) - map(Az).

Tikimybinéje erdvéje (2, B(2), my) apibréziame H%(D) = H(D)x H(D)—
reikSmj atsitiktinj elementg

((s,0,0) = (Cs:w1),C(s,02,0) )
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law = (wy,ws) € Qwi € Qy,we € Qg wo = {wg(m) im e NO}

C(s,w1) = H (1 _ wl(p))—l

S
peP p
ir (m)
wolm
)= 32 2
meENy

Straipsnyje [39] buvo gauta tokia teoremos I versija.

K teorema. Tarkime, kad aibé L(P, ) & {(ogp : p € P), (log (m + o) :

m € NO)} yra tiesiskai nepriklausoma virs Q. Tegul K1, Ky € K, 0 fi(s) €
Hy(Ky), fa(s) € H(K3). Tuomet su visais €1 > 0 ir eg > 0, iSskyrus ne
daugiau negu skaiciq jy reikSmiy aibe, egzistuoja teigiama riba

1
lim Tmeas{T € 10,77 : sup [((s+i1) — fi(s)| < e1,

T—o0 s€eK,

sup [((s +i7,0) — f(s)] <e2} =
s€EKo

mH{w € Q:sup [((s;w1) — fi(s)] < eq,
seKy

sup |C(s;wa, @) — fa(s)] < e2}.
seKo

K teorema su transcendenciu o buvo gauta [38] darbe. Straipsnyje [39], K
teorema buvo iSplésta ir absoliu¢iai konverguojancioms Dirichlé eilutéms

2. vy (m) 2. vu(m, )
. u . _ U ’ ]
CU(S) - T; ms Ir CU(S,Oé) mZ:O (m+ (X)S
L teorema. Tarkime, kad aibé L(P,«) yra tiesiskai nepriklausoma virs Q
irup — oo, ur K T2 kai T — oo. Tegul Ki,Ko € K, o fi(s) €

Ho(K1), f2(s) € H(K3). Tada su visais €1 > 0 ireg > 0, iSskyrus ne daugiau
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negu skaiciq ju reikSmiy aibe, egzistuoja teigiama riba

1
lim —meas{T € 10,77 : sup [Cup(s+i1) — fi(s)] < €1,
T—o0 T S€K1

sup |Cup (s +i1,a) — fa(s)| < 52} =
seKo

mH{w € Q:sup [((s;w1) — fi(s)] < eq,
se K1

sup [C(siwz, ) = fo(s)| < 22}
seKo

Disertacijos 4 skyriuje K teorema yra i$plésta funkcijoms (. (s; @) ir (. (s, a3 b).
Tikimybingje erdvéje (2, B(R2), my) apibréziame H?(D)—reikSmj atsitiktinj
elementa

(s, o, wia,b) = (C(s,wr5 ), (s, , wa; b)),

¢ia ((s,wr;a) yra tas pats H (D) reik§mis atsitiktinis elementas kaip ir 2.1

teoremoje, o
oo

((s,a,wo; b) = Z

m=0

bwa(m)

(m + )

Disertacijos 4 skyriuje jrodyta tokia teorema.

4.1 teorema. Tarkime, kad seka a yra multiplikatyvi, parametras « yra tran-
scendentus, ir ur — 00, up K T2, kai T — oo. Tegul K1, Ko € K, o

fi(s) € Ho(K1), fa(s) € H(K2). Tuomet su visais €1 > 0 ir eg > 0, iSskyrus
ne daugiau negu skaiciq ju reikSmiy aibe, egzistuoja teigiama riba

1
lim —meas{r € [0,7] : sup [Cup(s+it;a) — fi(s)| < e,
T—o0 T’ s€K

U [Gup (5 + 7, 03 6) = fals)| < &2} =
s€EKo

mH{w €Q:sup [¢(s,w1,q) — f1(s)] < €1,
seKq

sup [C(s,wa, a;b) — fa(s)| < 62}.
sEKo

Disertacijos 4 skyriaus rezultatai paskelbti [3] straipsnyje.
Paskutinysis disertacijos 5 skyrius yra skirtas 4.1 teoremos diskre¢iam vari-
antui. Pirma primename MiSu teoremos diskrecias versijas. Tegul A > 0 ir

2
L(P;a,h, ) = {(logp :p € P), (log(m + a) : m € Ny), %}
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M teorema [9]. Tarkime, kad aibé L(P;«, h, ) yra tiesiskai nepriklausoma
virs§ Q. Tegul K1, Ky € K, o fi(s) € Ho(K1), f2(s) € H(Kz). Tuomet su
kiekvienu € > 0 yra teisinga nelygybé

im i <k<N: jkh) —

l}\I/ﬂngof N 1#{0 <k<KN sseulg IC(s +ikh) — fi(s)| < e,
sup |¢(s +ikh, o) — fa(s)| < 5} > 0.
sEKo

Darbe [8] M teorema buvo apibrendinta posttimiams ( (s + ikhy) ir (s +
ikhg, o) su skirtingais hy > 0 ir hy > 0. Tegul

L(P;a, hy, ha,m) = {(hl logp:p € P),(halog(m+ «) :m € N()),27T}.

N teorema [8]. Tarkime, kad aibé L(P; o, hy, ho) yra tiesiskai nepriklausoma
virs Q. Tuomet, su kiekvienu € > 0 yra teisinga nelygybé

lim inf
N—oo

1
#{0 <k <N sup [((s + k) — fi(s)] < 2,
1 seKy

sup [C(s + ikhg, a) — fa(s)| < e} 0.
seKo

Disertacijos 5 skyrius yra skirtas N teoremos apibendrinimui funkcijoms
Cuy (83 0) ir Cyup (8, @3 b). Apibendrinimas suformuluotas 5.1 teoremoje.

5.1 teorema. Tegu seka ayra multiplikatyvi, aibé L (P; o, hy, ha, 7) yra tiesiskai
nepriklausoma virs Q, ir uy — oo ir uy < N?, kai N — oo. Tegu
Ki1,Ky € K, 0 fi(s) € Hyo(K1), fa(s) € H(K2). Tada su visais € > 0 ir
€9 > 0, iSskyrus ne daugiau negu skaiciq ju reik§miy aibe, egzistuoja teigiama
riba

1

A}i_l}loo m#{o <k N :L()’seu}()1 |Cup (s +ikhi;a) — fi(s)] < eq,

SUp [Gu (s + ikha, a3 b) = fals)| < &2} =
s€Ko

mir{ (wi,w2) € Q2 sup [C(s,w150) = fi(s)] < e,
seKq

sup |¢(s, a,wa; b) — fa(s)] < 82}
seKo

Disertacijos 5 skyriaus rezultatai yra pateikiami [4] straipsnyje.
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ISvados

IS disertacijos iSplaukia tokios iSvados:

1.

Tegu a yra multiplikatyvi skaiéiy seka ir up < T2. Tada postiimiai
Cup (s + i7;a) tolygiai ant kompaktiniy aibiy aproksimuojantys duotas
analizines funkcijas juostoje D = {s € C : % < o < 1}, turi teigiama
tankj intervale [0, 7).

Analogiskas rezultatas teigingas ir diskre¢iy postamiy aibei (,, (s +
ikh;a), uy — coiruy < N?, kaiT — oo, h > 0irk € {0,1,...,N}.

Tegu a yra multiplikatyvi skaiciy seka, o yra transcendentus parametras
ir up < T?. Tada postimiy aibé ((u, (s + i7;a), Cup (s + iT, 05 b))
tolygiai ant kompaktiniy aibiy aproksimuojanti duotg analiziniy funkcijy
pora (f1(s), f2(s)) juostoje D, f1(s) # 0, turi teigiama tankj intervale
[0, T7.

Tegu aibé {(hilogp : p € P), (holog(m + a) : m € Ny), 27}, hy >
0,hy > 0, yra tiesiSkai nepriklausoma virs racionaliyjy skaiciy kiino.
Tada analogiSkas rezultatas yra teisingas ir diskreciy postimiy aibei
(Cun (s + ikhy;a), Cuy (s + ikha, o5 b)), kai uy — oo, uy < N2 ir
ke {0,1,...,N}.
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