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informatikos instituto jungtiṅeje Matematikos mokslo krypties taryboje.

Pirmininkas
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doc. dr. Marijus RADAVǏCIUS (Matematikos ir informatikos institutas, fiziniai
mokslai, matematika, 01 P).

Oponentai:
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Introduction

Problem of the dissertation. The Gaussian random values are very common
in practice, because if a random value depends on many additive factors, according
to the Central Limit Theorem (if particular conditions are satisfied), the sum is
approximately from Gaussian distribution. If the observed random value belongs
to one of the several classes, it is from the Gaussian distribution mixture model.
The mixtures of the Gaussian distributions are common in various fields: biology,
medicine, astronomy, military science and many others.

The most important statistical problems are problems of mixture identification
and data clustering. In case of high data dimension, these tasks are not completely
solved. The new parameter estimation of the multivariate Gaussian distribution
mixture model and data clustering methods are proposed and analysed in the dis-
sertation. Since it is much easier to solve these problems in univariate case, the
projection-based approach is used.

The aim of the dissertation. The aim of this work is the development of con-
structive algorithms for distribution analysis and clustering of data from the mixture
model of the Gaussian distributions.

The goals are as follows:
1. to explore whether the univariate data projections can be used to estimate the

distribution density and to cluster the data from the mixture model of the Gaus-
sian distributions.

2. to propose the constructive procedure for calculating the initial value of pa-
rameter, that ensures convergence of the recurrent EM algorithm to the maxi-
mum likelihood estimate.

3. to explore whether the usage of univariate data projections, in case of a small
sample size, can help to estimate parameter of the Gaussian distribution mix-
ture more precisely than the multivariate maximum likelihood estimate.

Scientific novelty of the results.The proposed projection-based model param-
eter identification and data clustering methods of the multivariate Gaussian distri-
bution mixture do not have analogues in the works of other authors.

1. The new non-parametric estimation method of univariate distribution density
is proposed and analysed.

2. The new procedure for estimation of the Gaussian distribution density based
on data projecting and the inversion formula is proposed and analysed.

3. The new procedures for estimation of the Gaussian distribution density based
on data projecting and the least squares method are proposed and analysed.
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4. The new geometric data clustering procedure based on pseudo-distances be-
tween sample points is proposed. The calculation of pseudo-distances are
based on the analysis of the projected data.

5. The new identification methodology of the Gaussian distribution mixture is
proposed and analysed. This methodology embraces the ideas of data projec-
tion, the proposed geometrical clustering, EM algorithm and the least squares
method. In case of small sample sizes for some model parameter values, the
estimates calculated using this methodology are more precise (by mean of
analysed errors) than the maximum likelihood estimator.

The main results:

1. The proposed non-parametric univariate distribution density estimation method
based on adaptive kernel estimator and the multiplicative bias correction pro-
cedure estimates the density of the Gaussian distribution mixture more pre-
cisely (by means of analysed errors) than the procedures implemented in a
popular statistical packages if smoothness of the density depends on the argu-
ment value.

2. The maximum likelihood estimator is the best estimator of classification prob-
abilities in most cases, however the geometric clustering procedure (G) often
estimates the Gaussian mixture density better in case of analysed (small) sam-
ple sizes, if the precision measure is the error in spaceL2.

3. The several-stage procedure (G−EM ), which embraces statistical estimation
of the univariate data projections parameters, geometric clustering based on
pseudo-distance, and the EM algorithm is constructive and reliable way for
calculation of the maximum likelihood estimator.

4. In case of a small sample, the procedure described in the third item and im-
proved by the least squares method for projected densities (LSD) is more
precise (by mean of all analysed errors) than the maximum likelihood estima-
tor, for some values of parameter.

Approval of the results. There are 10 scientific papers published and 15 con-
ference talks are given on the topic of the dissertation.

Also talks in seminars of the Applied Mathematics Department of Kaunas Uni-
versity of Technology and the Applied Statistics Department of the Institute of
Mathematics and Informatics were given.

The structure of the dissertation. The dissertation consists of introduction,
four chapters, conclusions, references and appendices. The first chapter reviews the
papers of the other authors on the topic of the dissertation. In the second chapter
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the problem of adaptive estimation of the univariate distribution density function
is analysed. The estimation method is proposed. In the third chapter the proposed
statistical analysis procedures of the multivariate Gaussian distribution density are
proposed. The simulation methodology and results are presented in the fourth chap-
ter.
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Definitions

Kernel density estimator. Let X be a random value with an unknown distribu-
tion density functionf(x) andX = (X1, . . . , Xn) be the independent sample of
X. Then akernel density estimatoris defined

f̂h(x) =
1

n

n∑
i=1

Kh(x−Xi), (1)

where

Kh(x) =
1

h
K

(x

h

)
,

∫
K(x) dx = 1 (2)

is thekernel shape function, andh is bandwidthof the kernel.f̂h is thefixed band-
width kernel density estimatorif h = const, andf̂h is theadaptive kernel density
estimatorif h = h(x). The main problem of density estimation is selection of
bandwidthh.

The bias and variance of a kernel density estimator are

bh(x) =
c1f

′′(x)h2

2
+ o(h2) and (3)

σ2
h(x) =

c2f(x)

nh
+ O

(
1

n

)
, (4)

wherec1 andc2 depend on the kernel shape function andh = h(n)
n→∞−→ 0. There-

fore, the variable bandwidth

hAS(x) =

(
c2f(x)

(c1f ′′(x))2n

)1/5

(5)

and the fixed bandwidth

hAS =

(
c2f(x)

c2
1‖f ′′‖2

2n

) 1
5

(6)

are asymptotically optimal by means of loss function

E
(
f̂h(x)− f(x)

)2
= b2

h(x) + σ2
h(x). (7)

Gaussian distribution mixture model. The random vectorX ∈ Rd is from the
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Gaussian (normal) distribution mixture(Gaussian mixture, for short), if its distri-
bution density functionf(x) satisfies the equality

f(x) =

q∑
j=1

pjϕj(x)
def
= f(x, θ), pj > 0,

q∑
j=1

pj = 1. (8)

Here q is the number of clusters, andϕj(x) is the Gaussiandistribution density
function(density, for short) with meanMj and covariance matrixRj. Let us denote
the parameter of the model byθ = (pj,Mj, Rj, j = 1, . . . , q).

Let us denote the sample which consists of the independent copies of a random
vectorX by X = {X1, X2, . . . , Xn}. One of the most important statistical prob-
lems is the estimation of model parameterθ. When dimension of datad increases,
the dimension of model parameterθ increases rapidly, and estimation of parameter
becomes a complicated task.

In case of the Gaussian mixture model, the problem of data clustering is also an
important statistical problem. Let us expand the definition of the model. Let(X, ν)
be a random pair, whereX is the observed properties vector of an observed object
andν is the unobserved class number of that object. If conditional density ofX
givenν = j is Gaussian density, then unconditional densityf(x) of random vector
X satisfies (8), i.e.X satisfies the Gaussian mixture model.pj = P{ν(X) = j} is
a priori probability of the cluster.

Thesoft clusteringproblem is an estimation problem of a posteriori classifica-
tion probabilities

π(j, x) = P{ν(x) = j|X = x}, j = 1, q (9)

Thehard clusteringproblem is an estimation problem of an observed object class
numberν .

Using theplug-in approach, i.e. by replacing the unknown parameterθ with
estimatêθ, we obtain the estimates of the soft clustering probabilities

π̂(j, x) =
p̂jϕ̂j(x)

f(x, θ̂)

def
= πθ̂(j, x) (10)

from the Bayes’ formula.
The EM algorithm. It is natural to use theMLE (maximum likelihood estima-

tor) to calculate estimatêθMLE because this estimator is asymptotically efficient in
the case of Gaussian mixture. Unfortunately, the calculation problem ofθMLE is
complicated if data dimensiond is high. Usually theEM (expectation maximiza-
tion) algorithm is used to solve this task. The recurrent EM algorithm recalculates
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values of̂π andθ̂ using formula (10) and

p̂j =
∑

x∈X

π̂(j, x)

n
, M̂j =

∑

x∈X

π̂(j, x)

p̂jn
x, R̂j =

∑

x∈X

π̂(j, x)

p̂jn
xx′−M̂jM̂

′
j. (11)

Unfortunately, the EM algorithm converges locally and toθ̂MLE only if the initial
parameter of this recurrent algorithm is close enough toθ̂MLE. Other authors sug-
gest to use random start,k-mean method, hierarchical clustering or other heuristic
method for the initial value selection. However, the selection of this value is a
crucial problem and it is not completely solved. One of the dissertation goals is
selection of the parameter initial value.

The projection-based distribution analysis. Large dimension of data results
in: complicated selection of initial parameter value of EM algorithm, not suffi-
ciently expressed asymptotical properties of MLE, unidentifiable model due to di-
mension of a model parameter being larger than the sample size. In these cases the
projection-based approach should be used.

Let Xτ = τ ′X be a univariate projection of a random vectorX to directionτ .
Let us denote the density function ofXτ by fτ . Since, ono-to-one correspondence

f ↔ {fτ , τ ∈ Rd} (12)

exists, it is natural to estimate the multivariate densityf using density estimateŝfτ

of the univariate data projections.
Notice that in the case of the Gaussian mixtures, the projection is also a mixture

of the (univariate) Gaussian distributions and

fτ(x) =

q∑
j=1

pj(τ)ϕj,τ(x)
def
= fτ(x, θ(τ)), (13)

whereϕj,τ(x) = ϕ(x; mj(τ), σ2
j (τ)) is the univariate Gaussian density. These

equations show the relation between parameterθ of the multivariate Gaussian dis-
tribution mixture and parameter of this mixture univariate projections

pj(τ) = pj, mj(τ) = τ ′Mj, σ2
j (τ) = τ ′Rjτ. (14)

Let us denoteθ(τ) = (pj(τ),mj(τ), σ2
j (τ)), j = 1, . . . , q.
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The Proposed Methods of Univariate Density Estimation

Method based on the second derivative of density estimator.The expression
of optimal bandwidth

h(x) = arg min
h

(
b̂2
h(x) + σ̂2

h(x)
)

= arg min
h

(
c1λ(x, h)h2

2
+

c2f̂h(x)

nh

)
(15)

follows from the asymptotical properties of a kernel density estimator. Hereλ(x, h)

denotesf̂ ′′h (x). Since

Q(y) = F (x + y)− F (x− y)− y

h
(F (x + h)− F (x− h))

=
f ′′(x)(y3 − yh2)

3
+ o(yh3),

(16)

we propose the following formula for calculation ofλ(x, h) :

λ(x, h) = arg min
λ

max
i
|ai + λbi| ,

where ai = Q̂(yi), bi = −y3
i − yih

2

3
,

(17)

whereyi is a discontinuity point of empirical distribution function̂F (x) in interval
[x− h; x + h], and

Q̂(y) = F̂ (x + y)− F̂ (x− y)− y

h

(
F̂ (x + h)− F̂ (x− h)

)
. (18)

The plug-in method. Since

bh(x) =

∫
K(y)f(x + hy) dy − f(x)

=

∫
(f(x + hy)− f(x))K(y) dy,

(19)

we propose the plug-in bias estimate

b̂h,∆(x) =

∫
(f̂∆(x + hy)− f̂∆(x))K(y) dy, (20)
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wheref̂∆ is also a kernel density estimator with bandwidth∆ > h. The optimal
bandwidth value can be calculated

h(x) = arg min
h

(
b̂2
h,∆(x) + σ̂2

h(x)
)

= arg min
h

(
b̂2
h,∆(x) +

c2f̂h(x)

nh

)
. (21)

The simulation analysis showed

∣∣∣̂bh,∆(x)
∣∣∣ =

∫ 1

0

∣∣∣f̂∆(x + hy)− f̂∆(x− hy) + 2f̂∆(x)
∣∣∣ K(y) dy (22)

to be better than (20) for calculation of the bias estimate.
The proposed kernel density estimator with bandwidth selected using (21), was

improved by bandwidth smoothing

h̄(x) =

n∑
i=1

h(Xi)Kh(x−Xi)

n∑
i=1

Kh(x−Xi)
, (23)

multiplicative bias correction

f̃(x) =
f̂h(x)

n

n∑

i=1

Kh(x−Xi)

f̂h(Xi)
(24)

and density estimate smoothing

¯̂
fh(x) =

n∑
i=1

f̂h(Xi)Kh∗(x−Xi)

n∑
i=1

Kh∗(x−Xi)
(25)

procedures, whereh∗ = h∗(x) = βh(x), β is parameter of the method.
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The Proposed Methods of Multivariate Gaussian Mixture
Analysis

The inversion formula based method (I method). The density functionf can
be obtained from the characteristic function using the inversion formula

f(x) =
1

(2π)d

∫

Rd

e−it′xψ(t) dt, (26)

whereψ(t) = Eeit′X denotes the characteristic function of a random vectorX.

Let us denote the characteristic functions projected data byψτ . Since there is a
one-to-one correspondence between densities and characteristic functions, and

ψ(t) = Eeit′X = Eei|t|τ ′X = ψτ(|t|), whereτ = t/|t|, (27)

we obtain an equality

f(x) =
1

(2π)d

∫

τ :|τ |=1

ds

∞∫

0

e−iuτ ′xψτ(u)ud−1du, (28)

using the inversion formula (26) and performing the transformation to a spherical
coordinate system. The first integral in expression (28) denotes the surface integral
over unit sphere. By using the estimates ofψτ and replacing the surface integral by
a sum, we obtain the formula for calculation of an estimatef̂

f̂(x) =
c(d)

‖T‖
∑

τ∈T

∞∫

0

e−iuτ ′xψ̂τ(u)ud−1e−hu2

du, (29)

where‖T‖ denotes a size of setT . The setT is a finite set of points, uniformly dis-

tributed on the unit sphere,c(d) = d 2−d π−
d
2

Γ(d
2+1) , whereΓ denotes the Gamma function.

The extra multipliere−hu2

is used for additional smoothing of a density estimate.

The estimates of characteristic functionsψτ can be obtained from the parametric
estimation of the univariate projected densitiesfτ

ψ̂τ(u) =

q̂τ∑

j=1

p̂j(τ) eium̂j(τ)−u2σ̂2
j (τ)/2. (30)
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Formula (29) could be used to estimate not only a whole densityf(x), but also a
densityϕj(x) of a single mixture component. In this case,ψ̂τ(u) should be replaced
by the characteristic function of corresponding component in the formula.

The least squares method for projected parameters (LSP method). Since
equalities (14) exist, the parameter estimate of a multivariate mixture can be ob-
tained from the parameter estimates of the univariate distributions using the least
squares approach.

p̂j :
∑

τ

(pj − p̂j(τ))2 −→ min,

M̂j :
∑

τ

(τ ′Mj − m̂j(τ))
2 −→ min, (31)

R̂j :
∑

τ

(
τ ′Rjτ − σ̂2

j (τ)
)2 −→ min.

Estimateŝpj, M̂j andR̂j can be calculated using common technique.

Let us notice, thatI andLSP methods can be used for data clustering only if
cluster numbering is compatible among all projections.

The least squares method for projected densities (LSD method). Let us
define parameter estimate what would minimize distance between the projected
densities

θ̂ :
∑

τ

∥∥∥fτ(·, θ)− f̂τ(·)
∥∥∥

2

2
−→ min, (32)

wherefτ(·, θ) is a parametric expression of the density defined by (13), andf̂τ(·)
is any estimate of projected data density.

The latter equation could be rewritten

θ̂ :
∑

τ

∫

R

(
f 2

τ (x, θ)− 2fτ(x, θ)f̂τ(x)
)

dx −→ min. (33)

Heref̂ 2
τ (x) is omitted because it does not depend on minimization argumentθ.

In the analysed case either the parametric estimatef̂τ(·) can be used or the inte-
gral of second component can be replaced by the sum over projections of observa-
tions. We selected the latter case, because in this case there is no need to estimate
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the distribution parameters of the projected data. Hence, equation (33) is rewritten

θ̂ : Q(θ) =
∑

τ




∫

R

f 2
τ (x, θ) dx− 2

n

n∑

j=1

fτ(τ
′Xj, θ)


 −→ min. (34)

All unknown model parameters could be grouped into three groups

θ = (p u v)′, (35)

wherep is a vector of clusters probabilities,u is a vector of all mean parameters,
andv is a vector of all parameters of covariance matrices from all clusters. Since
equality

∫

R

ϕ(x; m1, σ
2
1) ϕ(x; m2, σ

2
2) dx = ϕ(m1 −m2; 0, σ

2
1 + σ2

2), (36)

exists, the function (34) has a shape

Q(θ) =
∑

i

wi(p)ϕi(u,v) −→ min, (37)

wherei is vector index consisting of projectionsτ ∈ T , clustersi, j ∈ {1, . . . , q}
and sample pointsl ∈ {1, . . . , n}, i.e. i ∈ T ⊗ {1, . . . , q} ⊗ {1, . . . , q} ⊗
{1, . . . , n}. Let us notice, that

ϕi =
1√
βi

exp

(
− αi

2βi

)
, whereαi =

(
(u− ai)

T ci
)2

, βi = bT
i v. (38)

Hereai, bi andci are vectors dependent only on sample data and projection direc-
tions, i.e. these vectors are constant when sample is fixed and projection directions
are selected.

Let us calculate derivatives of functionϕi:

dϕi

du
= −ϕi

βi
α′i = Ai(u− ai), whereAi = −ϕi

βi

[
cic

T
i

]
, (39)

dϕi

dv
= ϕi

(
αi

2β2
i
− 1

2βi

)
β′i = di −Biv, (40)

where di =
ϕiαi

2β2
i

bi, Bi =
ϕi

2β2
i

[
bib

T
i

]
.
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Hence derivatives ofQ are

dQ

du
=

∑

i

wi(p)Ai(u− ai) = Cu− e, (41)

whereC =
∑

i

wi(p)Ai, e =
∑

i

wi(p)Aiai,

and

dQ

dv
=

∑

i

wi(p)(di −Biv) = g −Dv, (42)

whereD =
∑

i

wi(p)Bi, g =
∑

i

wi(p)di.

Hereai, bi, ci, di, e andg are vectors,Ai, Bi, C andD are matrices. Since

θ̂ : Q(θ) −→ min ⇒ dQ

dp
(θ̂) = 0,

dQ

du
(θ̂) = 0,

dQ

dv
(θ̂) = 0, (43)

the recurrent procedure could be used to calculateθ̂

u(k+1) = C−1(θ(k)) e(θ(k)), v(k+1) = D−1(θ(k)) g(θ(k)). (44)

The vector of probabilitiesp is calculated in each step using common least squares
technique becausedQ

dp is the linear function ofp.

Geometric clustering procedure (G method). Let us describe the proposed
hard data clustering procedure. Letρ(x, y) be a non-negative pseudo-distance func-
tion defined for allx, y ∈ Rd. In general case, this function does not satisfy the
neither the triangular inequality norρ(x, x) = 0. Let us divide the set of observa-

tion numbersN
def
= {1, . . . , n} into non-intersecting subsetŝK1, ..., K̂q so as to

minimize the value of the functional

Q(K1, ..., Kq) =

q∑
j=1

1

‖Kj‖
∑

s,r∈Kj

ρ(X(s), X(r)). (45)

The main task is selection of the distance functionρ. Since the problem of data
clustering is being solved, the functionρ should express belonging of data to the
same cluster, but not an Euclidean distance between the points. Let us use pseudo-
distance function based on the estimates of classification probabilitiesπτ(j, x) =
P{ν = j|τ ′X = τ ′x} of projected data. These estimates can be calculated using
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distribution parameters of sample projections

π̂τ(j, x) =
p̂j(τ)ϕ̂j,τ(x)

fτ(x, θ̂(τ))
. (46)

We selected and analysed two functions of pseudo-distance between univariate
data projections. A function

ρτ(x, y) =

q̂τ∑
j=1

|π̂τ(j, x)− π̂τ(j, y)| (47)

and a function which estimates the probability of belonging to the same class

ρτ(x, y) = 1−
q̂τ∑

j=1

π̂τ(j, x)π̂τ(j, y), (48)

because

1−
q∑

j=1

πτ(j, x)πτ(j, y) = P{ν(X) 6= ν(Y )|X = x, Y = y}. (49)

The pseudo-distance between a multivariate sample data is based on the defined
pseudo-distance function of univariate data projections. Since clusters will overlap
in some directions and the sample points of multivariate data will be assigned to
the same cluster in a projection, such multivariate pseudo-distance function can be
selected

ρ(x, y) = max
τ

ρτ(τ
′x, τ ′y). (50)

However this definition of pseudo-distance is not robust. We suggest to calculate
the maximum after discarding someα part of directions with the highest values of
pseudo-distances between projected data.

Another way to make pseudo-distance more robast is to use average value

ρβ(x, y) = 1
‖T‖

∑
τ

ρβ
τ (τ

′x, τ ′y) (51)

instead of maximum. In this case,β is the parameter of the method. It can be
selected using the likelihood function.

Thus, the geometric hard clustering procedure consists of the following stages:
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• selection of a projection directions setT ;

• calculation of the maximum likelihood estimates

θ̂(τ) = arg max
θ(τ)

n∑
s=1

log fτ(τ
′X(s), θ(τ)) (52)

or their approximation for eachτ ∈ T ;

• estimation of a posteriori probabilities by means of the "plug-in" technique

π̂τ(j, x) =
p̂j(τ)ϕ̂j,τ(τ

′x)

fτ(τ ′x, θ̂(τ))
, τ ∈ T

and calculation of pseudo-distance matrix;

• calculation of a set of clusters

(K̂1, ..., K̂q) = arg min
K1,...,Kq

Q(K1, ..., Kq)

Despite similarity of this proposed method and thek-mean method, the loss
functional (45) depends only on distance values between data points. Distance
values between data point and centre of the cluster is not used. This particularity
of loss functional disabled us to use standard minimization procedure. Therefore
functional minimization procedure was developed.

Methodology of Analysis and Results

The proposed methods were analysed by means of simulation. In this case, the
theoretical value of distribution density and parameters are known, and the errors
of estimates can be calculated.

The random sample was selected from the mixture of Gaussian distribution. Var-
ious values of parameter were selected to explore the properties of the proposed
methods.

Analysis of the univariate density estimation methods.The univariate density
estimators were compared by means of errors

ε1(f̂) = ‖f̂ − f‖1, (53)

ε2(f̂) = ‖f̂ − f‖2. (54)
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Figure 1. Comparison plot of the distribution density estimates. Solid line represents the plug-
in estimator with additional procedures applied. Dashed line represents the fixed bandwidth
estimator with bandwidth selected using well-known cross-validation method.

The Epanichnikov kernel shape function

K(x) =

{
3
4(1− x2), kai |x| < 1
0, kai |x| ≥ 1

(55)

was used.

The simulation analysis showed that the proposed univariate density estimation
method is not stable but the plug-in estimate was precise enough. Additional proce-
dures of bandwidth smoothing, multiplicative bias correction and density estimate
smoothing increased precision of the proposed procedure significantly. In the anal-
ysed cases, after application of the mentioned procedures, errorε1 decreased1.680
times and errorε2 decreased1.519 times on the average. The most effective proce-
dure was multiplicative bias correction.

Study of the multivariate Gaussian mixture analysis methods.Various com-
binations of the proposed methods were analysed, for example,G − EM , G −
LSP − EM , G − EM − LSD, etc. The classification precision of statistical
procedures and their combinations were measured by errors

επ = E
q∑

i=1

|π̂(j, X)− π(j,X)|, (56)

εν = P{ν̂(X) 6= ν(X)}. (57)
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Figure 2. Plot of the random start procedure and geometric clustering procedure. Both methods
were used to calculate an initial value of EM algorithm. The classification errors are presented.
Mixtures 1, 2 and 3 represent the case of significantly different clustering probabilities1.

The errors

εL2 = E
∫

Rd

(
fθ̂(x)− fθ(x)

)2
dx, (58)

εL2F = E
∫

Rd

(
fθ̂(x)− fθ(x)

)2
f(x) dx (59)

were used to measure the precision of parameter estimation.
Simulation study showed thatI method estimate of multivariate density is not

smooth enough. Therefore, the additional smoothing multipliere−hu2

was used.
The smoothing parameterh was selected using the likelihood function. Despite of
smoothing, the value ofε2 errors were larger than the errors of the other methods,
but value ofε2F errors were similar to the errors of the other methods. Hence, this
method can be used to estimate the density in region where density value is high.

EM algorithm with initial value calculated usingLSP method converges to the
MLE estimator in most cases. But this method requires a compatible cluster num-
bering among all projections. Therefore, it can be used only in combination with
other procedures in applications.

1Probabilities of mixtures clusters. Mixture 1:q = 2, p1 = 0.92, p2 = 0.08. Mixture 2: q = 3, p1 = p3 =
0.05, p2 = 0.9. Mixture 3: q = 2, p1 = 0.9, p2 = 0.1. Mixture 4: q = 4, p1 = p3 = 0.2, p2 = p4 = 0.3. Mixture
5: q = 3, p1 = p3 = 0.35, p2 = 0.3. Mixture 6: q = 4, p1 = p2 = p3 = p4 = 0.25.
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LSP method does not require the compatible cluster numbering, but it is a recur-
rent method and it requires the initial value of parameter (alike the EM algorithm).
A combination of methodsG − EM − LSD is more precise than the MLE (by
means of all calculated errors) in some analysed cases of a small sample.

G method neither requires a compatible cluster numbering nor an initial value
of mixture parameter. This method calculates the initial data clustering and helps
to obtain both: a compatible cluster numbering and an initial value of mixture pa-
rameter for the other methods. This is the base procedure for all other proposed
methods. It is precise enough and in most casesG ensures convergence ofEM
algorithm to the MLE.

Since the problem of an initial parameter value selection exists, many statistical
packages use the random start procedure to obtain an initial parameter value of the
EM algorithm. The comparison study of the random start procedure and geomet-
ric clustering procedure was performed. Even if a very large number of random
start points is used (we tested with 4000 start points), the EM algorithm does not
converge to the MLE if the probabilities of the clusters differ significantly. The
geometric clustering procedure improved by the EM algorithm does not have this
drawback. See, Fig. 2.
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Conclusions

1. The proposed non-parametric univariate distribution density estimation method
estimates the density of the Gaussian distribution mixture more precisely (by
means of analysed errors) than the procedures implemented in a popular sta-
tistical packages if smoothness of the density depends on the argument value.

2. The proposed Gaussian distribution mixture identification methodology based
on data projection is constructive and more precise than the other constructive
algorithms for calculation of the maximum likelihood estimator.

3. In case of a small sample, the projection-based statistical procedure which
embraces geometric data clustering, the EM algorithm and the least squares
method for projected densities enables to estimate the parameter of the Gaus-
sian distribution mixture more precisely than the maximum likelihood estima-
tor.

4. It is advisable to use a projection-based data clustering to solve the Gaussian
distribution mixture identification and data clustering problems.
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Mindaugas Kavaliauskas

Daugiamǎcių Gauso skirstinių mišinio statistinė analiże,
taikant duomenų projektavimą

(daktaro disertacijos reziume)

Tiriama problema ir aktualumas. Gauso atsitiktiniai dydžiai ypǎc dažnai
sutinkami praktikoje. Tais atvejais, kai stebimas Gauso atsitiktinis dydis priklauso
vienai iš kelių klasių, steḃesime dydį, tenkinantįGauso skirstinių mišinio(toliau,
trumpumo ḋelei Gauso mišinio) modelį. Gauso skirstinių mišiniai sutinkami įvai-
riose srityse: biologijoje, medicinoje, astronomijoje, karyboje ar net tekstilėje. Ḋel
dažno Gauso skirstinių mišinio panaudojimo taikomuosiuose klasterizavimo tyri-
muose, šio modelio statistinio identifikavimo uždavinys yra ypač aktualus, tǎciau
iki šiol nėra iki galo išspręstas.

Parametrų įveřciams rasti galima taikytimaksimalaus tikėtinumo metodą(angl.
maximum likelihood method, toliau MTM), deja, tokių įveřcių apskaǐciavimas yra
rimta praktiṅe problema daugiamačiu atveju. Diḋejant duomenų dimensijai ir klas-
terių kiekiui, mišinio parametrų matavimų skaičius greitai auga. Klasikinių op-
timizavimo metodų taikymas neduoda gerų rezultatų. Todėl dažniausiai mišinių
analiżeje parametrų vertinimui ir imties klasterizavimui naudojamas rekurentinis
tikėtinumo maksimizavimo(angl. expectation maximization, toliau EM) algorit-
mas. EM algoritmas maksimizuoja tikėtinumo funkciją, toḋel gali b ūti naudojamas
MTM įvertiniui apskaǐciuoti. Deja, tik̇etinumo funkcija turi daug lokalių ekstremu-
mų, o EM algoritmas konverguoja lokaliai. Taigi MTM įvertinį galima pasiekti tik
parinkus pradinę vertinamo parametro reikšmę pakankamai arti tikrosios mišinio
parametro reikšṁes. B ūtent šios pradinės reikšṁes parinkimas vis dar yra aktuali,
galutinai neišspręsta problema, kuri ir buvo tiriama.

Parametrų įvertinimo ir duomenų klasterizavimo uždaviniai vienamačiam Gau-
so skirstinių mišiniui yra paprastesni ir juos galima konstruktyviai išspręsti. Todėl
disertacijoje buvo taikomas duomenų projektavimas ir bandoma daugiamačio miši-
nio analiżes uždavinius suvesti į suprojektuoto vienamačio mišinio analiżes užda-
vinio sprendimą įvairiose projektavimo kryptyse.

Darbo tikslas: konstruktyvių algoritmų, skirtų daugiamačių duomenų, tenki-
naňcių Gauso skirstinių mišinio modelį, pasiskirstymo analizei ir klasifikavimui,
suk ūrimas.Darbo uždaviniai:ištirti vienamǎcių duomenų projekcijų panaudojimo
galimybę daugiamǎcių Gauso skirstinių mišinio pasiskirstymo tankiui vertinti bei
duomenims klasterizuoti; sukurti proced ūrą, pakankamai tiksliai parenkančią pra-
dinę parametro reikšmę ir užtikrinančią rekurentinio EM algoritmo konvergavimą į
MTM įvertį.
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Tyrimų naujumas. Pasi ūlytas ir ištirtas naujas adaptyvus neparametrinis vie-
namǎcio pasiskirstymo tankio įvertis ir keturios naujos proced ūros, skirtos daugia-
mǎcio Gauso skirstinių mišinio parametrams identifikuoti ir duomenims klasteri-
zuoti. Pasi ūlyti daugiamačio Gauso skirstinių mišinio statistinės analiżes metodai
išsiskiria iš kitų žinomų metodų duomenų projektavimo panaudojimu.

Si ūlomi statistiniai metodai. Disertaciniame darbe pasi ūlyti ir ištirti šie nauji
statistiniai metodai:

• vienamǎcio pasiskirstymo adaptyvaus tankio įvertinimo proced ūra;

• Gauso mišinio tankio įvertis, paremtas apvertimo formule;Si ūlomas pa-
siskirstymo tankio įvertis

f̂(x) =
c(d)

|T |
∑

τ∈T

∞∫

0

e−iuτ ′xψ̂τ(u)ud−1e−hu2

du, (60)

čia c(d) yra konstanta priklausanti nuo stebėjimų dimensijosd, T — pasi-
rinktų projektavimo kryp̌cių aiḃe, ψ̂τ(u) — duomenų projekcijos į kryptįτ
charakteristiṅe funkcija,h — glodinimo parametras.

• mažiausių kvadratų metodas projektuotų duomenų parametrams.Si ūlo-
mas daugiamǎcio Gauso mišinio parametrų įvertis

p̂j :
∑

τ

(pj − p̂j(τ))2 −→ min,

M̂j :
∑

τ

(τ ′Mj − m̂j(τ))
2 −→ min, (61)

R̂j :
∑

τ

(
τ ′Rjτ − σ̂2

j (τ)
)2 −→ min,

čia p̂j(τ), m̂j(τ) ir σ̂2
j (τ) yra projektuotų į kryptįτ duomenų parametrų įve-

rčiai;

• mažiausių kvadratų metodas projektuotų duomenų tankiams.Si ūlomas
daugiamǎcio Gauso mišinio parametrų įvertis

θ̂ :
∑

τ

∥∥∥fτ(·, θ)− f̂τ(·)
∥∥∥

2

2
−→ min, (62)

čia fτ ir f̂τ yra projektuotų į kryptįτ duomenų pasiskirstymo tankis ir jo
įvertis;
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• geometrinė duomenų klasterizavimo proced ūra.Si ūloma proced ūra dau-
giamǎciamas duomenims klasterizuoti, kur klasėsK1, . . . , Kq randamos

K̂1, . . . , K̂q :

q∑
j=1

1

‖Kj‖
∑

s,r∈Kj

ρ(X(s), X(r)) −→ min, (63)

čia pseudo-atstumasρ randamas naudojantis projektuotų duomenų klasifika-
vimo tikimybėmis.

Metodų tyrimas. Pasi ūlytos statistinės proced ūros buvo tiriamos Monte-Karlo
b ūdu. Buvo skaičiuojamos paklaidos, atspindinčios pasiskirstymo tankio ir skirsti-
nio parametrų įvertinimo ir duomenų klasterizavimo tikslumą. Si ūlomos statistinės
proced ūros buvo lyginamos su žinomais ir populiariais metodais.

Išvados.Iš rezultatų, gautų atlikus metodų tyrimą, buvo padarytos išvados:

1. Pasi ūlyta neparametrinė vienamǎcio pasiskirstymo tankio statistinio įvertini-
mo proced ūra tiksliau vertina Gauso skirstinių mišinio tankį nei žinomuose
statistiniuose paketuose naudojamos neparametrinės vertinimo proced ūros, jei
tankio lokalaus glodumo charakteristikos labai priklauso nuo argumento.

2. Si ūloma duomenų projektavimu paremta Gauso skirstinių mišinių identifika-
vimo metodika yra konstruktyvi ir apskaičiuoja MTM įvertį tiksliau negu kiti
konstruktyv ūs algoritmai.

3. Mažų im̌cių atveju, naudojant duomenų projektavimu pagrįstą proced ūra su-
darytą iš geometrinio klasterizavimo, EM algoritmo ir mažiausių kvadratų
metodo, kai sumuojamos projektuotų duomenų pasiskirsymo tankių įverčių
paklaidosL2 metrikoje, galima gauti tikslesnius Gauso skirstinių mišinio pa-
rametrų įveřcius negu maksimalaus tikėtinumo metodo įveřciai.

4. Sprendžiant daugiamačių Gauso skirstinių mišinio identifikavimo ir duomenų
klasterizavimo uždavinius tikslinga naudoti duomenų projektavimą.
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