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Introduction

Problem of the dissertation. The Gaussian random values are very common
in practice, because if a random value depends on many additive factors, according
to the Central Limit Theorem (if particular conditions are satisfied), the sum is
approximately from Gaussian distribution. If the observed random value belongs
to one of the several classes, it is from the Gaussian distribution mixture model.
The mixtures of the Gaussian distributions are common in various fields: biology,
medicine, astronomy, military science and many others.

The most important statistical problems are problems of mixture identification
and data clustering. In case of high data dimension, these tasks are not completely
solved. The new parameter estimation of the multivariate Gaussian distribution
mixture model and data clustering methods are proposed and analysed in the dis-
sertation. Since it is much easier to solve these problems in univariate case, the
projection-based approach is used.

The aim of the dissertation. The aim of this work is the development of con-
structive algorithms for distribution analysis and clustering of data from the mixture
model of the Gaussian distributions.

The goals are as follows:

1. to explore whether the univariate data projections can be used to estimate the
distribution density and to cluster the data from the mixture model of the Gaus-
sian distributions.

2. to propose the constructive procedure for calculating the initial value of pa-
rameter, that ensures convergence of the recurrent EM algorithm to the maxi-
mum likelihood estimate.

3. to explore whether the usage of univariate data projections, in case of a small
sample size, can help to estimate parameter of the Gaussian distribution mix-
ture more precisely than the multivariate maximum likelihood estimate.

Scientific novelty of the results.The proposed projection-based model param-
eter identification and data clustering methods of the multivariate Gaussian distri-
bution mixture do not have analogues in the works of other authors.

1. The new non-parametric estimation method of univariate distribution density
Is proposed and analysed.

2. The new procedure for estimation of the Gaussian distribution density based
on data projecting and the inversion formula is proposed and analysed.

3. The new procedures for estimation of the Gaussian distribution density based
on data projecting and the least squares method are proposed and analysed.



The new geometric data clustering procedure based on pseudo-distances be-
tween sample points is proposed. The calculation of pseudo-distances are
based on the analysis of the projected data.

The new identification methodology of the Gaussian distribution mixture is
proposed and analysed. This methodology embraces the ideas of data projec-
tion, the proposed geometrical clustering, EM algorithm and the least squares
method. In case of small sample sizes for some model parameter values, the
estimates calculated using this methodology are more precise (by mean of
analysed errors) than the maximum likelihood estimator.

The main results:

1.

The proposed non-parametric univariate distribution density estimation method
based on adaptive kernel estimator and the multiplicative bias correction pro-
cedure estimates the density of the Gaussian distribution mixture more pre-
cisely (by means of analysed errors) than the procedures implemented in a
popular statistical packages if smoothness of the density depends on the argu-
ment value.

The maximum likelihood estimator is the best estimator of classification prob-
abilities in most cases, however the geometric clustering proce@refien
estimates the Gaussian mixture density better in case of analysed (small) sam-
ple sizes, if the precision measure is the error in sgace

The several-stage procedufe £ M), which embraces statistical estimation

of the univariate data projections parameters, geometric clustering based on
pseudo-distance, and the EM algorithm is constructive and reliable way for
calculation of the maximum likelihood estimator.

In case of a small sample, the procedure described in the third item and im-
proved by the least squares method for projected densiti€9)) is more
precise (by mean of all analysed errors) than the maximum likelihood estima-
tor, for some values of parameter.

Approval of the results. There are 10 scientific papers published and 15 con-
ference talks are given on the topic of the dissertation.

Also talks in seminars of the Applied Mathematics Department of Kaunas Uni-
versity of Technology and the Applied Statistics Department of the Institute of
Mathematics and Informatics were given.

The structure of the dissertation. The dissertation consists of introduction,

four chapters, conclusions, references and appendices. The first chapter reviews the
papers of the other authors on the topic of the dissertation. In the second chapter



the problem of adaptive estimation of the univariate distribution density function
is analysed. The estimation method is proposed. In the third chapter the proposed
statistical analysis procedures of the multivariate Gaussian distribution density are

proposed. The simulation methodology and results are presented in the fourth chap-
ter.



Definitions

Kernel density estimator. Let X be a random value with an unknown distribu-
tion density functionf(x) andX = (X,..., X,,) be the independent sample of
X. Then akernel density estimatas defined

fulr) = = 3" Kol — X0, W
=1
where
K(z) = %K (5). / K(z)dr = 1 @)

is thekernel shape functigrandh is bandwidthof the kernelfh is thefixed band-

width kernel density estimataf i = const, andfh is theadaptive kernel density
estimatorif h = h(x). The main problem of density estimation is selection of
bandwidthh.

The bias and variance of a kernel density estimator are

by(z) = %Ww(fﬂ) and 3)
1
oi(w) = ng;(fUO(E), @

n—oo

wherec; andc, depend on the kernel shape function @nég h(n) — 0. There-
fore, the variable bandwidth

oo f(z 1/5

hasta) = (25 ) ©)
and the fixed bandwidth

cof(x 5

s = (i) ®

are asymptotically optimal by means of loss function
—~ 2
E (fa(z) - f(@)) = (@) + o}(a). @)

Gaussian distribution mixture model. The random vectaX < R? is from the



Gaussian (normal) distribution mixtur@gGaussian mixturefor short), if its distri-
bution density functiory (x) satisfies the equality

T) = ijgoj(:c) déf f(z,8), pj>0, Zp] = 1. (8)
j=1

Here ¢ is the number of clusters, and;(z) is the Gaussiaulistribution density
function(density for short) with mean\/; and covariance matrig;. Let us denote
the parameter of the model By= (p,;, M;,R;,j =1,...,q).

Let us denote the sample which consists of the independent copies of a random
vectorX by X = {Xj, Xs,..., X,,}. One of the most important statistical prob-
lems is the estimation of model paramefeMVhen dimension of daté increases,
the dimension of model parametémcreases rapidly, and estimation of parameter
becomes a complicated task.

In case of the Gaussian mixture model, the problem of data clustering is also an
important statistical problem. Let us expand the definition of the model( Xet)
be a random pair, whet& is the observed properties vector of an observed object
andv is the unobserved class number of that object. If conditional density of
givenv = j is Gaussian density, then unconditional dengity) of random vector
X satisfies (8), i.eX satisfies the Gaussian mixture model.= P{v(X) = j} is
a priori probability of the cluster.

The soft clusteringoroblem is an estimation problem of a posteriori classifica-
tion probabilities

m(j,x) =P{v(r) =jlX =}, j=14¢ 9)

The hard clusteringproblem is an estimation problem of an observed object class
numberv .

Using theplug-in approach, i.e. by replacing the unknown paraméterith
estimate?, we obtain the estimates of the soft clustering probabilities

1

") =225 (g)) Y r0.) (10)

from the Bayes’ formula.

The EM algorithm. It is natural to use th&ILE (maximum likelihood estima-
tor) to calculate estimatg,,; z because this estimator is asymptotically efficient in
the case of Gaussian mixture. Unfortunately, the calculation problefy,of; is
complicated if data dimensiadhis high. Usually theEM (expectation maximiza-
tion) algorithm is used to solve this task. The recurrent EM algorithm recalculates



values ofr and@using formula (10) and

~ %(jax) Tr %(]737) FoN %(791.) ]
=Y M => S B =y B T MiM;. (1)
zeX zex J

reX

Unfortunately, the EM algorithm converges locally agol@\I@LE only if the initial
parameter of this recurrent algorithm is close enoughigr. Other authors sug-
gest to use random stakt;mean method, hierarchical clustering or other heuristic
method for the initial value selection. However, the selection of this value is a
crucial problem and it is not completely solved. One of the dissertation goals is
selection of the parameter initial value.

The projection-based distribution analysis. Large dimension of data results
in: complicated selection of initial parameter value of EM algorithm, not suffi-
ciently expressed asymptotical properties of MLE, unidentifiable model due to di-
mension of a model parameter being larger than the sample size. In these cases the
projection-based approach should be used.

Let X, = 7/X be a univariate projection of a random vecforto directionr.
Let us denote the density function &f- by f.. Since, ono-to-one correspondence

fe{f, TeRY (12)

exists, it is natural to estimate the multivariate dengitysing density estimatefs
of the univariate data projections.

Notice that in the case of the Gaussian mixtures, the projection is also a mixture
of the (univariate) Gaussian distributions and

def

fr(@) = 3_pi(T)psn (@) = filw,0(7), (13)

where ;. (z) = ¢(z;m;(7),0%(7)) is the univariate Gaussian density. These
equations show the relation between param@teirthe multivariate Gaussian dis-
tribution mixture and parameter of this mixture univariate projections

pi(T) =p;, m(T) =1Mj, 032-(7) = 7'R;T. (14)

Let us denotd(7) = (p;(7), m;(7),03(7)),j =1,...,q.



The Proposed Methods of Univariate Density Estimation

Method based on the second derivative of density estimatofhe expression
of optimal bandwidth

hiz) = argmin () + 7))
= arg mhin (cl)\(:v , h)R? N eo f( )) (15)

2 nh

follows from the asymptotical properties of a kernel density estimator. Mergh)
denotesf;’(x). Since

Qly) = F(x +y) — F(x —y) = 2(F(z +h) — F(z — h))
f”(:c)( 3 _ hQ) h (16)
= 20 4 o(yh?),

3

we propose the following formula for calculation dfzx, h) :

Az, h) = arg mgn max |a; + Ab;|,

yi — yih® (17)

where aq; = @(yi), by = — 5

wherey; is a discontinuity point of empirical distribution functidﬁ(:c) in interval
[ — h;x + h], and

Qy) = Fla+y)—Fla—y) =7 (Fa+h) ~Fla—n). (8

(19)
/ Fla+ hy) — () K (y) dy,
we propose the plug-in bias estimate
buale) = [(Fala + hy) — Fale)) K y) dy @)



WherefA is also a kernel density estimator with bandwidth> /. The optimal
bandwidth value can be calculated

h(z) = arg m}jn @%A(x) + 8,%(:1:)) = arg m}}n (E%A(:L‘) + 02{%%)) . (21)

The simulation analysis showed

)] = [ [Rata ) - e — ) 2@ Ky dy - (22

to be better than (20) for calculation of the bias estimate.
The proposed kernel density estimator with bandwidth selected using (21), was
improved by bandwidth smoothing

h(z) = = : (23)

S Kz — X))

1=1

n

multiplicative bias correction

Flay = £12) g~ Kl = X) 24
fla) == le 5 X0 (24)

and density estimate smoothing

f:l Fun(X3) K- (2 — X;)

fn() (25)

S Kp(r — X;)
i=1

procedures, where* = h*(x) = Sh(x), ( is parameter of the method.

10



The Proposed Methods of Multivariate Gaussian Mixture
Analysis

The inversion formula based method { method). The density functiory can
be obtained from the characteristic function using the inversion formula

1 —it'z
@) = oz [ v (26)

Rd
wherey(t) = Ee X denotes the characteristic function of a random vegtor

Let us denote the characteristic functions projected data bysince there is a
one-to-one correspondence between densities and characteristic functions, and

Y(t) = EetX = EelllTX = v-(|t]), wherer =t/]t|, (27)
we obtain an equality

/ ds / —urTy, (w)utdu, (28)

Ti|7[=1

using the inversion formula (26) and performing the transformation to a spherical
coordinate system. The first integral in expression (28) denotes the surface integral
over unit sphere. By using the estimates/gfand replacing the surface integral by

a sum, we obtain the formula for calculation of an estinyate

C(d) I —iur'z T d—1 —hu?
S , du, 29
) 7] TeTO/e U (u)u® e U (29)

where||T’|| denotes a size of sét. The sefF is a finite set of points, uniformly dis-

d2-4
F( +1)

The extra multlpllere‘h“ is used for additional smoothing of a density estimate.

tributed on the unit sphere(d) = * wherel" denotes the Gamma function.

The estimates of characteristic functianscan be obtained from the parametric
estimation of the univariate projected densitfes

§:m T ()T )2 (30)

11



Formula (29) could be used to estimate not only a whole derf$ity, but also a

densityy,(x) of a single mixture component. In this cage(w) should be replaced
by the characteristic function of corresponding component in the formula.

The least squares method for projected parameters{S P method). Since
equalities (14) exist, the parameter estimate of a multivariate mixture can be ob-
tained from the parameter estimates of the univariate distributions using the least
squares approach.

i Y (0= i(7))" — min,

T

=)

> (7'M — iy (1)* — min, (31)

R; Z (7'R;T — 3?(7))2 — min.

T

Estimate9;, ]\/ZJ and]% can be calculated using common technique.

Let us notice, thaf and LS P methods can be used for data clustering only if
cluster numbering is compatible among all projections.

The least squares method for projected densitiesI(SD method). Let us
define parameter estimate what would minimize distance between the projected
densities

By

where f, (-, ) is a parametric expression of the density defined by (13),]%(}()
is any estimate of projected data density.

£:,0) = F)|, — min (32)

The latter equation could be rewritten

g Z/ (ff(:c,e) —2fT(x,0)ﬁ(:z:)) dz —> min. (33)
TR

Heref}(m) is omitted because it does not depend on minimization arguénent

In the analysed case either the parametric estirﬁa(te can be used or the inte-
gral of second component can be replaced by the sum over projections of observa-
tions. We selected the latter case, because in this case there is no need to estimate

12



the distribution parameters of the projected data. Hence, equation (33) is rewritten
~ 2
0: Q) = 2(z,0)dr — = (T'X;,0 n. (34
Q0 =3 | [ 52w.0)a P 2 X0) | — i, (a8

All unknown model parameters could be grouped into three groups
6=p u v), (35)

wherep is a vector of clusters probabilities, is a vector of all mean parameters,
andv is a vector of all parameters of covariance matrices from all clusters. Since
equality

/ﬂ%mm@ﬂ%mm@wzwmrwmﬁﬁ+ﬁ% (36)
R

exists, the function (34) has a shape

Zwl p)yi(u, v) — min, (37)

wherei is vector index consisting of projectionsc T, clusters, j € {1,...,q}
and sample points € {1,...,n},ie. i€ T®{l,....q} ®{1,...,¢} ®
{1,...,n}. Letus notice, that

1 (0% T 2 T
0 = ﬁexp <—2—511) , whereq; = ((u — a;) ci) , i = bi v. (38)
Herea;, b; andc; are vectors dependent only on sample data and projection direc-
tions, i.e. these vectors are constant when sample is fixed and projection directions
are selected.

Let us calculate derivatives of functign:

d i i 1
di — —%0/ = Aj(u —a;), whered; = gi [aici ] (39)
dﬁﬂl Qi 1 /
i— di - Bi ) 40
2 (- 55 ) v (40)
Pily ¥i
where d; = 27 b, B; = 27 [bsby | -

13



Hence derivatives of) are
— = Zwi(p)Ai(u —a;) = Cu—e, (41)
whereC' = Zw, VA;, e = Zwl ) Ajag,

and

Z p)(d; — Biv) = g — Dv, (42)

whereD = Zwi p)Bi, g = Zwi(p)d

Herea;, b;, ¢, d;, e andg are vectorsA;, B;, C' and D are matrices. Since

~ d dQ) ~ dQ) ~
6: Q) — min = dg( ) =0, ﬁ(e) =0, £<9) =0, (43)

the recurrent procedure could be used to calcflate
u ) = oW g(pk)), vFHD = DLW g(9R)). (44)

The vector of probabilitiep is calculated in each step using common least squares
technique becauéj% is the linear function op.

Geometric clustering procedure (v method). Let us describe the proposed
hard data clustering procedure. l#tr, ) be a non-negative pseudo-distance func-
tion defined for allz,y € R% In general case, this function does not satisfy the
neither the triangular inequality ngfx, ) = 0. Let us divide the set of observa-

tion numbers\V {1 ,n} into non-intersecting subsefs, ..., K, so as to
minimize the value of the functional

Y p(X(s), X(r)). (45)

The main task is selection of the distance functionSince the problem of data
clustering is being solved, the functignshould express belonging of data to the
same cluster, but not an Euclidean distance between the points. Let us use pseudo-
distance function based on the estimates of classification probabititigsz) =

P{v = j|7'X = 7'z} of projected data. These estimates can be calculated using

14



distribution parameters of sample projections

() = pi(1) @~ (z) (46)

~ .

[ 8(7))

We selected and analysed two functions of pseudo-distance between univariate
data projections. A function

~

dr

pr(z,y) =Y [7:(j,2) — 7 (4,y)] (47)

J=1

and a function which estimates the probability of belonging to the same class

o~

qr
pr(,y) =1-=) 7:(j,2)7: (5. y), (48)
j=1
because
q
1= (oo)m (G.y) = PIv(X) £ v(Y)|X = 2,Y =y}, (49)

J=1

The pseudo-distance between a multivariate sample data is based on the defined
pseudo-distance function of univariate data projections. Since clusters will overlap
in some directions and the sample points of multivariate data will be assigned to
the same cluster in a projection, such multivariate pseudo-distance function can be
selected

p(z,y) = max p-(7'z, 7'y). (50)

However this definition of pseudo-distance is not robust. We suggest to calculate
the maximum after discarding somepart of directions with the highest values of
pseudo-distances between projected data.

Another way to make pseudo-distance more robast is to use average value

P(x,y) = php D Pl (T, 7'y) (51)

instead of maximum. In this casg, is the parameter of the method. It can be
selected using the likelihood function.

Thus, the geometric hard clustering procedure consists of the following stages:

15



e selection of a projection directions SEf

e calculation of the maximum likelihood estimates

~

(r) = arg max > log f-(r'X(s),6(7)) (52)
s=1

or their approximation for each € T’

e estimation of a posteriori probabilities by means of the "plug-in" technique

. pi(T)P; (T
T(j,x) = (1)8si ),

oz, 0(7))

and calculation of pseudo-distance matrix;

e calculation of a set of clusters

(I?l,...,[?q):arg min  Q(K7, ..., K,)

1y fig

Despite similarity of this proposed method and thenean method, the loss
functional (45) depends only on distance values between data points. Distance
values between data point and centre of the cluster is not used. This particularity
of loss functional disabled us to use standard minimization procedure. Therefore
functional minimization procedure was developed.

Methodology of Analysis and Results

The proposed methods were analysed by means of simulation. In this case, the
theoretical value of distribution density and parameters are known, and the errors
of estimates can be calculated.

The random sample was selected from the mixture of Gaussian distribution. Var-
lous values of parameter were selected to explore the properties of the proposed
methods.

Analysis of the univariate density estimation methodsThe univariate density
estimators were compared by means of errors

e(D) = IF = flh, (53)
e(f) = 1F =1l (54)

-~

N—

J
7

~—

16
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Figure 1. Comparison plot of the distribution density estimates. Solid line represents the plug-
in estimator with additional procedures applied. Dashed line represents the fixed bandwidth
estimator with bandwidth selected using well-known cross-validation method.

The Epanichnikov kernel shape function

_ [0 —2?), kailz]<1
K(x)—{‘JL R (59)

Y

was used.

The simulation analysis showed that the proposed univariate density estimation
method is not stable but the plug-in estimate was precise enough. Additional proce-
dures of bandwidth smoothing, multiplicative bias correction and density estimate
smoothing increased precision of the proposed procedure significantly. In the anal-
ysed cases, after application of the mentioned proceduressemecreased.680
times and erroe, decreased.519 times on the average. The most effective proce-
dure was multiplicative bias correction.

Study of the multivariate Gaussian mixture analysis methodsVarious com-
binations of the proposed methods were analysed, for exaraple, EM, G —
LSP — EM, G — EM — LSD, etc. The classification precision of statistical
procedures and their combinations were measured by errors

q
er = EY [7(j,X) - x(j, X)], (56)

1=1

e, = P{U(X) #v(X)}. (57)

17
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Figure 2. Plot of the random start procedure and geometric clustering procedure. Both methods
were used to calculate an initial value of EM algorithm. The classification errors are presented.
Mixtures 1, 2 and 3 represent the case of significantly different clustering probabhilities

The errors
€2 = E/ (f3(2) — folx))” da, (58)
R
iz = E [ (fia) = fu@) f(o) do (59)
Rd

were used to measure the precision of parameter estimation.

Simulation study showed thdtmethod estimate of multivariate density is not
smooth enough. Therefore, the additional smoothing muIti|@Ii‘é1“2 was used.
The smoothing parametérwas selected using the likelihood function. Despite of
smoothing, the value of; errors were larger than the errors of the other methods,
but value ofsyr errors were similar to the errors of the other methods. Hence, this
method can be used to estimate the density in region where density value is high.

EM algorithm with initial value calculated usingS P method converges to the
MLE estimator in most cases. But this method requires a compatible cluster num-
bering among all projections. Therefore, it can be used only in combination with
other procedures in applications.

IProbabilities of mixtures clusters. Mixture &:= 2,p; = 0.92,p, = 0.08. Mixture 2: ¢ = 3,p, = p3 =
0.05,p2 = 0.9. Mixture 3: ¢ = 2,p; = 0.9, p2 = 0.1. Mixture 4: ¢ = 4,p; = p3 = 0.2, p2 = ps = 0.3. Mixture
5:q¢=3,p1 = ps =0.35,p = 0.3. Mixture 6:q = 4,p; = p2 = p3 = ps = 0.25.

18



LS P method does not require the compatible cluster numbering, butitis a recur-
rent method and it requires the initial value of parameter (alike the EM algorithm).
A combination of methodé: — EM — LSD is more precise than the MLE (by
means of all calculated errors) in some analysed cases of a small sample.

G method neither requires a compatible cluster numbering nor an initial value
of mixture parameter. This method calculates the initial data clustering and helps
to obtain both: a compatible cluster numbering and an initial value of mixture pa-
rameter for the other methods. This is the base procedure for all other proposed
methods. It is precise enough and in most casesnsures convergence éfM
algorithm to the MLE.

Since the problem of an initial parameter value selection exists, many statistical
packages use the random start procedure to obtain an initial parameter value of the
EM algorithm. The comparison study of the random start procedure and geomet-
ric clustering procedure was performed. Even if a very large number of random
start points is used (we tested with 4000 start points), the EM algorithm does not
converge to the MLE if the probabilities of the clusters differ significantly. The
geometric clustering procedure improved by the EM algorithm does not have this
drawback. See, Fig. 2.
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Conclusions

1. The proposed non-parametric univariate distribution density estimation method
estimates the density of the Gaussian distribution mixture more precisely (by
means of analysed errors) than the procedures implemented in a popular sta-
tistical packages if smoothness of the density depends on the argument value.

2. The proposed Gaussian distribution mixture identification methodology based
on data projection is constructive and more precise than the other constructive
algorithms for calculation of the maximum likelihood estimator.

3. In case of a small sample, the projection-based statistical procedure which
embraces geometric data clustering, the EM algorithm and the least squares
method for projected densities enables to estimate the parameter of the Gaus-
sian distribution mixture more precisely than the maximum likelihood estima-
tor.

4. 1t is advisable to use a projection-based data clustering to solve the Gaussian
distribution mixture identification and data clustering problems.
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Mindaugas Kavaliauskas

DaugiamaCiy Gauso skirstiniy miSinio statistine analiz,
taikant duomeny projektavima

(daktaro disertacijos reziume)

Tiriama problema ir aktualumas. Gauso atsitiktiniai dydziai ygadaznai
sutinkami praktikoje. Tais atvejais, kai stebimas Gauso atsitiktinis dydis priklauso
vienai iS keliy klasiy, stetsime dydj, tenkinani{sauso skirstiniy misinidtoliau,
trumpumo @lei Gauso misinip modelj. Gauso skirstiniy miSiniai sutinkami jvai-
riose srityse: biologijoje, medicinoje, astronomijoje, karyboje ar net tejstiDel
dazno Gauso skirstiniy miSinio panaudojimo taikomuosiuose klasterizavimo tyri-
muose, Sio modelio statistinio identifikavimo uzdavinys yradyphtualus, téiau
iki Siol nera iki galo iSsprestas.

Parametry jvatiams rasti galima taikytmaksimalaus tiketinumo meto@ang|.
maximum likelihood methodoliau MTM), deja, tokiy jve€iy apskatiavimas yra
rimta praktire problema daugiantéai atveju. Digjant duomenuy dimensijai ir klas-
teriy kiekiui, miSinio parametry matavimy skais greitai auga. Klasikiniy op-
timizavimo metody taikymas neduoda gery rezultaty. eTathzniausiai misiniy
analizje parametry vertinimui ir imties klasterizavimui naudojamas rekurentinis
tiketinumo maksimizavim@ngl. expectation maximizatiortoliau EM) algorit-
mas. EM algoritmas maksimizuoja &knumo funkcija, todl gali b uti naudojamas
MTM jvertiniui apskatiuoti. Deja, tiketinumo funkcija turi daug lokaliy ekstremu-
mu, o EM algoritmas konverguoja lokaliai. Taigi MTM jvertinj galima pasiekti tik
parinkus prading vertinamo parametro reikSme pakankamai arti tikrosios misinio
parametro reikS@s. B utent Sios pradia reikSnes parinkimas vis dar yra aktuali,
galutinai neiSspresta problema, kuri ir buvo tiriama.

Parametry jvertinimo ir duomenu klasterizavimo uzdaviniai vienaama Gau-
so skirstiniy misiniui yra paprastesni ir juos galima konstruktyviai iSsprestielTod
disertacijoje buvo taikomas duomeny projektavimas ir bandoma daugjamai-
nio anali2s uzdavinius suvesti | suprojektuoto vien&inamisinio analies uzda-
vinio sprendima jvairiose projektavimo kryptyse.

Darbo tikslas: konstruktyviy algoritmy, skirty daugiardg duomenuy, tenki-
narciy Gauso skirstiniy misinio modelj, pasiskirstymo analizei ir klasifikavimui,
suk urimasDarbo uzdaviniai:istirti vienamatiy duomenu projekciju panaudojimo
galimybe daugian@ay Gauso skirstiniy misinio pasiskirstymo tankiui vertinti bei
duomenims klasterizuoti; sukurti proced ura, pakankamai tiksliai paréigkaira-
ding parametro reikSme ir uztikrinéia rekurentinio EM algoritmo konvergavima |
MTM jvertj.
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Tyrimy naujumas. Pasi ulytas ir iStirtas naujas adaptyvus neparametrinis vie-
namaio pasiskirstymo tankio jvertis ir keturios naujos proced uros, skirtos daugia-
macio Gauso skirstiniy miSinio parametrams identifikuoti ir duomenims klasteri-
zuoti. Pasi ulyti daugiariep Gauso skirstiniy miSinio statis&és analiezs metodai
ISsiskiria i$ kity zinomy metody duomenuy projektavimo panaudojimu.

Si ulomi statistiniai metodai. Disertaciniame darbe pasi ulyti ir iStirti Sie nauiji
statistiniai metodai:

e vienamaCio pasiskirstymo adaptyvaus tankio jvertinimo proced ura;

e Gauso miSinio tankio jvertis, paremtas apvertimo formule; Si ulomas pa-
siskirstymo tankio jvertis

~ d T T S 2

flx) = % Z/e_“” by (w)ud e ™M du, (60)
| | TET 0

Cia ¢(d) yra konstanta priklausanti nuo stgiony dimensijosd, 7' — pasi-

rinkty projektavimo krygiy aibe, ¢, (u) — duomenuy projekcijos | krypty

charakteristig funkcija,h — glodinimo parametras.

e maziausiy kvadraty metodas projektuoty duomeny parametramsSi ulo-
mas daugiamao Gauso misinio parametry jvertis

i+ )y —Bi(r)" — min,

T

M; ) (7'M, — iy(r))* — min, (61)
2

Ej ; Z (7'R;T — /O\j(T)>2 — min,

T

Ciap;(r), m;(r) ir 8?-(7) yra projektuoty j kryptir duomeny parametry jve-
réiai;

e maziausiy kvadraty metodas projektuoty duomeny tankiams. Si ulomas
daugiamaio Gauso miSinio parametry jvertis

)

Cia f, ir ﬁ yra projektuoty | kryptjr duomenu pasiskirstymo tankis ir jo
jvertis;

£:,0) = F)|, — min (62)

26



e geometrine duomeny klasterizavimo proced ura.Si uloma proced ura dau-

giama&iamas duomenims klasterizuoti, kur kiad(, . . . , /X, randamos
. O |
Kl,...,Kq:Z T Z p(X(s), X (r)) — min, (63)
j=1 T s reK;

Cia pseudo-atstumasrandamas naudojantis projektuoty duomenu klasifika-
vimo tikimybemis.

Metody tyrimas. Pasi ulytos statis@s proced uros buvo tiriamos Monte-Karlo
b udu. Buvo skaiuojamos paklaidos, atspindiios pasiskirstymo tankio ir skirsti-
nio parametry jvertinimo ir duomenuy klasterizavimo tiksluma. Si ulomos stasistin
proced uros buvo lyginamos su zinomais ir populiariais metodais.

ISvados.IS rezultaty, gauty atlikus metoduy tyrima, buvo padarytos iSvados:

1. Pasi ulyta neparameginienamaio pasiskirstymo tankio statistinio jvertini-
mo proced ura tiksliau vertina Gauso skirstiniy miSinio tankj nei zinomuose
statistiniuose paketuose naudojamos neparanastuertinimo proced uros, jei
tankio lokalaus glodumo charakteristikos labai priklauso nuo argumento.

2. Siuloma duomeny projektavimu paremta Gauso skirstiniy misiniy identifika-
vimo metodika yra konstruktyvi ir apskauoja MTM jvertj tiksliau negu Kiti
konstruktyv us algoritmai.

3. Mazy intiy atveju, naudojant duomenu projektavimu pagrista proced ura su-
daryta iS geometrinio klasterizavimo, EM algoritmo ir maziausiy kvadraty
metodo, kai sumuojamos projektuoty duomeny pasiskirsymo tankigiyver
paklaidosL, metrikoje, galima gauti tikslesnius Gauso skirstiniy misinio pa-
rametry jve€ius negu maksimalaus 8knumo metodo jvéiai.

4. Sprendziant daugiarbign Gauso skirstiniy misinio identifikavimo ir duomeny
klasterizavimo uzdavinius tikslinga naudoti duomenuy projektavima.
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