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Notation

Z Z 9=

0

[ RON

z, Sz

~.

s=o0+1it

rank(A)

prime number

set of all prime numbers

set of all positive integer numbers

set of all non-negative integer numbers

set of all integer numbers

set of all rational numbers

set of all real numbers

set of all complex numbers

the real part and imaginary part of z, resp., both are
of real numbers

imaginary unity, i.e., i = /—1

s is a complex number with Rs = o, s =t
the complex conjugate of s

rank of the matrix A

direct sum of sets A4,,

Cartesian product of the sets A and B
Cartesian product of sets A,,

Cartesian product of m copies of the set A
Lebesgue measure of the set A C R
cardinality of the set A

the boundary of the set A

class of Borel sets of the space X
expectation of the random variable

convergence in distribution
the prime counting function



H(G)
HY(K)
Hi(K)

Ke
Hop(K)

Euler gamma-function

Riemann zeta-function

Hurwitz zeta-function

periodic zeta-function

periodic Hurwitz zeta-function

there exists a constant A/ = M(n) > 0 such that
la|<Mb
thestrip{s € C:a <o <b},a,beR, a<b

an arbitrarily small positive number, not necessarily
the same at each occurrence

the distance in the space C™

space of analytic functions on GG

the set of continuous functions defined on K and
holomorphic in the interior of K for any subset K C
C

set of all elements of H°(K) that are non-vanishing
on K

class of compact subsets of the strip D(a, b) (or Dy,)
class of continuous non-vanishing functions on K that
are analytic in the interior of K



Chapter 1

Introduction

1.1 Research topic

Zeta- and L-functions play a central role in analytic number theory.
The theory of these functions is constantly and systematically develop-
ing in various directions. The starting point was the work by B. Rie-
mann [46], where he obtained a series of remarkable results for the
function ((s) as a complex-variable function defined by

It is well-known that the function ((s) has analytic continuation to the
whole complex plane, except the point s = 1, which is a simple pole
with residue 1.

On the other hand, there are other zeta-functions which do not have
Euler product. A classical example of such function is the Hurwitz zeta-
function ((s, «v) introduced by A. Hurwitz [12]. The function ((s, «)
with the real parameter o, 0 < o<1, is defined by Dirichlet series

= 1
((s,a) = Zm

m=0

for o > 1. Except for the special cases & = £ and o = 1, ((s, ) does



not have Euler product. Recall that this function has analytic continua-
tion to the whole complex plane, except for the point s = 1 which is a
simple pole with residue 1.

One of the most popular topics in modern number theory is inves-
tigations of approximation of the analytic functions by more general
functions. In 1952, S. Mergelyan has showed [39] that every complex-
variable function f(s), continuous on a compact set of a complex plane
C and analytic in the interior of this set, can be approximated uniformly
by polynomials in s.

A special interest in approximation became stronger after the fa-
mous result by S.M. Voronin [55] in 1975, where he discovered that
any analytic function in the complex plane can be approximated by the
shifts of the Riemann zeta-function ((s + i7), 7 € R, with a given
accuracy.

In nowadays analytic number theory, many Riemann zeta-function
((s) generalizations are known, such as the Dirichlet L-function L(s, x),
the Matsumoto zeta-function ¢(s), and other. It is also interesting to
study certain generalizations of {(s) which do not have Euler product,
such as the classical Hurwitz zeta-function ((s, o) mentioned before or
other Hurwitz type zeta-functions.

The main subjects of this doctoral dissertation are the zeta- and L-
functions, which generalize the Riemann zeta-function, too. More pre-
cisely, the subjects are L-functions belonging to the Selberg-Steuding
class S. , and the two zeta-functions with periodic coefficients, namely,
the periodic zeta-function ((s; () and the periodic Hurwitz zeta-function
((s, o B).

We start with the definitions of functions and their classes under our
interest.

The structure of the class S was studied by various authors (see, for
example, [20, 21, 22, 23, 43, 52]), but until now it is not fully described.
However, the class includes all main zeta- and L-functions, for example,
C(s), L(s, x), the zeta-functions of certain cusp forms, etc.

10



The class S consists of Dirichlet series

Lis)=Y “fn“;‘), a(m) € C,

satisfying the following hypotheses:

(1) Ramanujan conjecture. The estimate a(m) < mF is valid for any
€ > 0, where the implicit constant may depend on ¢.

(2) Analytic continuation. For some k € Ny, (s—1)¥L(s) in an entire
function of finite order.

(3) Functional equation. Let

Ar(s) = L($)Q T[T Oys + ),

where ¢ and \; are positive real numbers, and complex number
ft; such that %,>0. Then the functional equation

AL(s) =wAL(1 —73),

where |w| = 1, is valid.

(4) Euler product. Let

M8
=
=

log Ly(s) =
=1

with coefficients b(p') satisfying the estimate b(p') < p*, a < 1.

Then the representation

L(s) =[] L(s)

peP
holds.

J. Steuding was the first to study the class S with respect to univer-
sality [52]. He introduced the following axioms.

11



(5) An analogue of the prime number theorem. There exists k > 0
such that

: 1 2 _
JLI{}O%ZW@N =R

p<T

Moreover, in [52], it was required the Euler product of the type

X

(6)

L) =TI11 <1 - i)

peP j=1

with some complex «;(p).

The Selberg—Steuding class S is called the class of zeta- and L-
functions belonging to the Selberg class S and satisfying Axiom (5).

Note that, in the theory of the Selberg class S, the degree of the
functions is an important characteristic. Recall that the degree of L(s) €
S is defined by

Jo

Ay, =2 A

j=1

For example, if d, = 1, then L(s) coincides with the Riemann zeta-
function ((s), if d, = 2, then L(s) are L-functions associated with
holomorphic newforms f, and, if d;, = 4, then the Rankin—Selberg L-
function of any normalized eigenform is an element of the class S.

We are interested in the simultaneous approximation property and
its applications for two zeta-functions with periodic coefficients also.

The first periodic zeta-function under our interests was introduced
by W. Schnee [48], and now we call it a periodic zeta-function (s; ).

Let A = {a,, : m € N} be a periodic sequence of complex numbers
a,, with minimal positive period k£ € N. For ¢ > 1, the periodic zeta-

12



function ((s; ) is defined by Dirichlet series

The periodicity of the sequence 2 imply that, for o > 1,

1< q
QD:E;%C <S,E>,

where ((s, ) is a classical Hurwitz zeta-function. From here, combin-
ing with the properties of a function ((s, «), we see that the function
((s;2) can be analytically continued to the whole complex plane, ex-
cept possibly, for simple pole at the point s = 1 with residue

If a = 0, then the function ((s; %) is entire.
The second zeta-function with periodic coefficients under our con-

wh—‘

sideration is the periodic Hurwitz zeta-function ((s, «;B). Note that
this function was introduced by A. LaurinCikas in [27].

For the periodic sequence B = {b,, € C : m € Ny}, with a minimal
period k € Ny, and a fixed real o, 0 < a<1, the periodic Hurwitz zeta-
function ((s, «; B) is defined by the Dirichlet series

— b
C(SCY% Zm o> 1.

m:O

Since the sequence ‘B is a periodic sequence, then

_|_
((5,0:) = kszbmc( e,

From this, we deduce that the function ((s, «; B) has analytic continua-
tion to the whole complex plane, except for a simple pole at the point

13



s = 1 with residue
=
b=+ > b
m=0
If b = 0, then the function ((s, «v; B) is an entire function also.
In this research, we deal with simultaneous approximation of certain
target analytic functions by the suitable shifts of zeta- and L-functions

mentioned above, and consider some important applications of such ap-
proximations.

1.2 Aim and problems

The aim of the doctoral dissertation is to provide the generalizations
of the universality property for L-functions from the Selberg-Steuding
class S and certain results related to the mixed simultaneous approxi-
mation for the zeta-functions with periodic coefficients, namely, (s;2()
and ((s, a;*B).

The problems considered are the following:

1. A continuous joint universality theorem for the functions L(s)
and its modification.

2. A discrete joint universality theorem for the L-functions and its
modification.

3. The joint functional independence and density of periodic zeta-
functions.

4. A mixed simultaneous approximation of the tuples of analytic
functions by the shifts of collections of periodic zeta-functions and col-
lections of the periodic Hurwitz zeta-functions.

5. The mixed joint functional independence and density of the mul-
ticollections of periodic zeta-functions and collections of periodic Hur-
witz zeta-functions.

1.3 Relevance

Over the last three decades, an intensive development of the theory
of universality in different directions, such as joint mixed universality,

14



linear operators universality, or universality in short intervals, shows its
significant place in modern mathematics in a general sense. Consid-
ering the fact that zeta-functions and, particularly, discrete universality
has more wide applications in physics than continuous (see, for exam-
ple, [4, 10, 25, 36, 44]), investigations of the approximation of analytic
functions by the shifts of zeta- and L-functions became more attractive.

Together with the universality property for single zeta-function it
arrises a question on the directions for possible generalizations. One
of them is a generalization for the broad classes of zeta-functions, for
example, the Selberg class S, the extended Selberg class S#, the Mat-
sumoto zeta-functions class M, and so on. Another possible direction
could be studies of the simultaneous approximation for the classes. The
third direction is the investigations of so called mixed simultaneous ap-
proximation. This could be done by studying continuous and discrete
types of the universality property in one moment.

As it is known (see [19, 26, 37, 52]), many other related problems
can be solved using the property of universality, for example, the dense-
ness, functional independence of zeta- and L-functions, question on the
number of zeroes, effectivization problem, and so on.

Therefore, it is important to develop the theory on the approximation
of analytic functions by the suitable known classes of zeta-functions,
and to look for a new one that keeps approximating properties. In addi-
tion, the development of the theory of approximation by zeta-functions
is one of the most productive fields in the Lithuanian school of analyt-
ical number theory. Moreover, it is an obligation to young mathemati-
cians to keep and extend the traditions of Lithuanian mathematicians.

1.4 Methods

The proofs on universality theorems for the classes of zeta-func-
tions use the probabilistic and analytic methods, as well as the theory of
Megelyan on approximation of analytic functions by polynomials. The
probabilistic methods are based on limit theorems on weakly convergent
probability measures in the space of analytic functions with explicitly
given limit measure. For this purpose, the elements of Fourier analy-
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sis, Dirichlet series, properties of the weak convergence of probability
measures, and ergodic theory are applied.

1.5 Novelty

All results presented in the thesis are recent.

The joint simultaneous approximation for the L-functions belonging
to the Selberg-Steuding class Sin both, continuous and discrete, cases
are studied firstly. Note that in the aforementioned theorems the lower
density and the density for all but not most countable many accuracies
of approximating shifts of the sets are considered. Such type of approxi-
mation theorems for L-functions from Selberg-Steuding class S were
not studied before.

Joint mixed universality theorems for the zeta-functions with peri-
odic coefficients give two results in a sequel: joint functional indepen-
dence and denseness theorems. In general case, as they are presented in
the dissertation, also appear firstly.

1.6 History of the problem and the main re-
sults

The 1975’s famous paper [55] by S.M. Voronin gave the origin of
the universality theory for zeta- and L-functions. In that paper, it has
proved that a wide class of analytic functions on the discs of the right
side of the critical strip {s e C: % <o < 1} can be approximated
uniformly by vertical shifts of the Riemann zeta-function ((s + i7),

7 € R, with a given accuracy.

Theorem A. Suppose that 0 < r < 3. Let f(s) be a continuous non-
vanishing function on the disc |s| < r, and analytic in the interior of
this disc. Then, for every € > 0, there exists a real number T = T(¢)
such that

max < €.

|s|<r

C(s+§l+z‘7> — f(s)

16



This property of zeta-functions now is known as the universality in
the Voronin sense or the Voronin universality. Note that the existence
of the Euler product expression for the function ((s) is essentially used
in Voronin’s proof of his theorem. Later Voronin’s result (Theorem A)
was improved and extended (see, for example, [1, 9, 26, 52]).

Theorem B. Suppose that K C D(%, 1) is a compact set with con-
nected complement, and f(s) is a continuous non-vanishing function
on K and analytic in the interior of K. Then, for every ¢ > 0,

lim inf lmeas{T € [0,T] :sup |¢(s+i7) — f(9)| < 8} > 0.
T—oo T s€K

The proof of Theorem B is based on the limit theorem on the weak
convergence of probability measures in the space of analytic functions.
The latter method was proposed by B. Bagchi in his PhD thesis [1], and
was developed in the monographs [26], [30] and [52]. Therefore, one
natural way is to consider the generalization of universality to zeta- and
L-functions which have Euler products.

In 2013, the universality property in terms of density was proposed
by J.-L. Mauclaire [38] and independently by A. Laurincikas and L. MesS-
ka [34]. Therefore, the lower density in Theorem B can be replaced by
density, and we have the following statement.

Theorem C. Suppose that K and f(s) are the same as in Theorem B.
Then the limit

1
lim —meas{T €[0,T] :sup |C(s+iT) — f(s)| < E} >0
T—oo T seK

exists for all but at most countably many € > 0.

The first universality result related to the Selberg class S was ob-
tained by J. Steuding in [52]. Let, for L(s) € S,

1,1
o7, = Inax — —_
L 2" d;

and Dy, := D(op, 1). In addition to the hypothesis 4 of the class S, it

17



required the existence of a polynomial Euler product and analogous of
the prime number theorem (Axioms (6) and (5), respectively).

Denote by K, the class of compact subset of the strip Dy, with con-
nected complements, and by Hy;,(K), K € K, the class of continuous
non-vanishing functions on K that are analytic in the interior of /K. De-
note by S the class satisfying hypotheses of the class S, and Axioms 5
and 6. Then the following theorem is true (see [52]).

Theorem D. Suppose that L(s) € SNS. Let K € Ky and f(s) € Hoy.
Then, for every € > 0,

1
lim inf ?meas{T €10,T] :sup |L(s +iT) — f(s)| < 5} > 0.

T—o0 seK

We note that the class S NS consists of all functions satisfying the
Hypotheses 2 and 3 of class &, and Axioms 5 and 6.

In [42], Theorem D was improved by removing the condition of
Axiom 6. More precisely, Theorem D is valid for L(s) € S satisfying
Axiom 5 only. This is the first result on the universality of L-functions
from the Selberg-Steuding class S.

We discussed the universality of continuous type in the results o-
verviewed above. Now we turn on to one more direction of the Voronin
universality, i.e., we focus on the so-called discrete universality property
of zeta- and L-functions. Discrete universality deals with the approx-
imation of the analytic functions when the approximating shifts from
certain discrete set are taken.

The first result in this direction for the zeta-functions has been ob-
tained by A. Reich [45]. Let K be an algebraic number field. The
Dedekind zeta-function (i (s), for o > 1, is given by

=Y s 1 (- 5or)

where the sum is taken over all non-zero integral ideals, the product is

taken over all prime ideals of the ring of integers of K, and N(a) denotes
the norm of the ideal a. When K = Q, the Dedekind zeta-function (g(s)
is simply the Riemann zeta-function ((s). Therefore, Reich’s result is

18



a discrete analogue of Theorem B, i.e., the values of imaginary parts of
complex variables are taken from an arithmetic progression {kh, k €

Ng}.

Theorem E. Suppose that K and f(s) are the same as in Theorem B.
Then, for any real non-zero number h and every € > (),

N—o0 seK

1
lim inf N# {nggN csup |((s + tkh) — f(s)] < 5} > 0.

Recall that in all the discrete type universality theorems an essential
role goes to an arithmetic nature of the shifting parameter.

The discrete version of Theorem D has been obtained by A. Laurin-
Cikas and R. Macaitiené in [33].

Theorem F. Suppose that L(s), K and f(s) are the same as in Theo-
rem D. Then, for every h > 0 and € > (),

1
. ChEN - _—_—
thrgoréf N 1#{0\k\N :sup |L(s +ikh) — f(s)] < 6} > 0.

seK

The Voronin universality can be examined in a more broad historical
research frame of zeta- and L-functions, particularly, as a direction of
the studies on the denseness of values and functional independence.

In 1910, H. Bohr initiated the study of value-distribution of the Rie-
mann zeta-function ((s) using diophantine, geometric, and probabilistic
methods. He proved [5] the following result related to the frequency of
values of the function ((s).

Theorem G. For every 6 > 0, in the strip 1 < o < 1+ 6, ((s) takes

non-zero values infinitely many times.

Three years later H. Bohr and R. Courant studied the case for o<1,
and proved [6] the following result.

Theorem H. For every fixed 0, 3 < o<1, the set {({(0 +i7) : T € R}
is dense in C.

19



In 1972, S.M. Voronin obtained [53] the multidimensional generali-
zation of this denseness result.

Theorem 1. For every fixed distinct numbers s, . .., Sy, % < Rs; < 1,
1<i<n, and sy, # s; for k # 1, the set

{(C(31+i7),...,§(sn+i7)) T E R}

is dense in C™, n € N. Moreover, for every fixed number s, % <o <],
the set

{(Cls+in),((s+ir),....(" V(s +ir)) : T € R}

is dense in C™.

As we see, the last result is closely related to the functional indepen-
dence of the functions given by the Dirichlet series. This problem was
proposed by D. Hilbert who raised a list of 23 challenging problems of
the XX century during the 2nd International Congress of Mathemati-
cians (see [11]).

In 1973, S.M. Voronin proved [54] that the Riemann zeta-function
((s) is functionally independent. More precisely, it proves the follow-
ing.

Theorem J. The function ((s) does not satisfy any differential equation
having the form

$"EFn (C(5), ¢ (8), .., V() + ...
+ Fo(C(5),¢'(s), -, ¢V D(s)) = 0,

where Fy, ..., F,, are continuous functions, not all identically zero.

Later on the functional independence problem for zeta- and L-func-
tions was considered by many mathematicians (we refer to [26, 37, 52]).
It is necessary to mention that probabilistic methods can be adopted in
order to show the results of functional independence and the density
results, as well as the universality property. It has especially become
more attractive after the innovative PhD Thesis of B. Bagchi [1], where
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he proposed an alternative proof for the Voronin universality theorem.
The main novelty of the method proposed was involving the functional
limit theorem in the sense of weakly convergent probability measures
for the study of values of zeta-functions.

Now we turn our focus to the universality property again. We can
consider a simultaneous approximation of a tuple of analytic functions
by a tuple of shifts of zeta- or L-functions. This type of universality is
called the joint universality property of the zeta- and L-functions. This
phenomenon of Dirichlet series was also introduced by S.M. Voronin.
In [54], he considered the joint functional independence of Dirichlet
L-functions L(s, x), and for this, he used the joint universality.

We recall that the function L(s, x) attached to a character y (mod d),
d € N, for 0 > 1, is given by

-5 n-p)

m=1 peP
Theorem K. Let x4, ..., X, be pairwise non-equivalent Dirichlet cha-
racters, and L(s,x1), ..., L(S, xn) are the corresponding Dirichlet L-
functions. For j =1, ... n, let K; denote a compact subset of the strip

D(%, 1) with connected complement, and f;(s) be a continuous non-
vanishing function on K; and analytic in the interior of K;. Then, for

every e > (),

T—oo 1<j<nseK;

1
lim inf Tmeas(T € [0,7]: sup sup |L(s +iT,x;)—f;(s)] <5> >0.

Naturally, the joint universality is more complicated, on the other
hand, it is much more interesting for studies. Obviously, in the case of
joint universality, the approximating shifts require some independence
conditions. In order to obtain joint universality theorems, various ma-
trix conditions are frequently used. After Voronin’s result, mentioned
above, the joint universality theorems were proved for zeta-functions
that are defined by Dirichlet series with periodic coefficients, for Mat-
sumoto zeta-function, for automorphic L-functions (see, for results, a
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survey paper by K. Matsumoto [37] or monographs by A. Laurincikas
[26], and J. Steuding [52]).

Since the first decade of the XXI century, one more significant branch
of joint universality appeared. More precisely, joint simultaneous ap-
proximation involves two different types of zeta- and L-functions. One
of them has Euler product representations, while the other one does not.
This type of research originally is due to J. Steuding and J. Sandres
[47], and independently to H. Mishou [40]. They proved that a pair
of analytic functions is simultaneously approximated by shifts of a pair
(¢(s),¢(s, @) with transcendental «.. We state the result of Mishou.

Theorem L. Suppose that o is a transcendental number such that 0 <
a < 1. Let Ky and Ko be compact subsets of the strip D(%, 1) with
connected complements. Assume that functions f;(s) are continuous on
K; and analytic in the interior of K; for each j = 1,2. In addition, we
suppose that fi(s) does not vanish on K,. Then, for all positive ¢, it
holds

o1 :
lim inf Tmeas{T €1[0,7]: max (s +1i1) — fi(s)| <&,

T—oo

seKo

max |((s + i1, a) — fa(s)] < 6} > 0.

The Mishou proof is based on the Bagchi method, and the essential
novelty is that the linear independence of the set {log(m + «) : m €
No} U {logp : p € P} over the field of rational numbers Q, when « is
a transcendental number. While J. Sander and J. Steuding proved the
same type of result when « is a rational number using a totally different
method.

As in the universality for the Riemann zeta-function ((s), there is a
list of results for generalizations of mixed simultaneous approximation
of both, continuous and discrete, types. We refer to the survey paper by
R. Kacinskaité and K. Matsumoto [19].

The first result of mixed joint functional independence was obtained
by H. Mishou in 2007 (see [40]), who proved that the Riemann zeta-
function ((s) and the classical Hurwitz zeta-function ((s, o) with tran-
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scendental parameter o, 0 < o < 1, are functionally independent. The
result of Mishou’s type for periodic zeta-function ((s;2l) and periodic
Hurwitz zeta-function ((s, «; B) with transcendental o was proved by
R. Kacinskaité and A. LaurinCikas (see [14]).

Theorem M. Suppose that « is transcendental, and, for all p € P,
- |apd|
E —=<c < L.
/2
-1 P

Let, for each j = 0,1,...,n, F; : C*N — C be a continuous function
and, N € N,

n

D SF (C(S;QLLC’(S;QKL (T (s 0,

Jj=0

C(s,a;B), (s, a;B), ...,V (s, %)) = 0.

Then F; =0forj=0,1,...,n.

Along with the functional independence problem, the joint dense-
ness for the functions ((s;2) and ((s, v; B) have been solved.

The results obtained in the doctoral dissertation cover all the prob-
lems overviewed above. Now we will present our main results.

The dissertation’s Chapter 2 is devoted to the simultaneous approx-

imations of a collection of analytic functions (fi(s), ..., f-(s)) in the
strip D (o, 1) by a collection of shifts (L(s +iai7),. .., L(s +ia,T)),
where ay, ..., a, are real algebraic numbers linearly independent over

the field of rational numbers. The result of this chapter is published
in [15].

Since we examine a joint simultaneous approximation by the zeta-
and L-functions, certain independence of these functions is required. In
our case, we use the following A. Baker’s result (see [2]).

Lemma 2.1. Suppose that the logarithm log )1, . . . ,log )\, of algebraic

numbers \q, ..., \,. are linearly independent over Q. Then, for any al-
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gebraic numbers 3y, (1, . . ., B, not all simultaneously zero, the inequa-

lity
1Bo + Brlog Ay 4 ... + By log \| > h™¢,

where h is the maximum of the heights of the numbers By, b1, ..., B
and C'is an effective constant depending on r, \y, ...\, and the maxi-

mum of the powers of the numbers [y, (1, . . ., By, is valid.
Now, we state the main result of Chapter 2 of our dissertation.

Theorem 2.1. Suppose that L(s) € S, and real algebraic numbers
ai,...,a, are linearly independent over the field of rational numbers
Q. Forj=1,...,r,let K; € K, and f;(s) € Hor(K;). Then, for
every € > (),

1
lim inf —meas{T € [0,7]: sup sup |L(s+ia;7) — fi(s)] < 6} > 0.
T—oo T 1<j<r s€eK;

Moreover, lim inf can be replaced by lim for all but at most countably
many € > 0.

Our Theorem 2.1 can be approached as a multidimensional case of
the Theorem D, and a natural extension of the Voronin result stated in
Theorem K. The second part of the results generalizes Theorem C in
terms of the density.

In Chapter 3, we study another type of simultaneous approximation
as in Chapter 2, i.e., we turn to discrete approximation for L- functions
from the class S. There we use the linear independence over QQ of the
multiset A(P, h, 27) := {(hj logp : p e P),j=1,....,1; 27?} for
positive h;.

Then the main result is the following statement, published in [16].

Theorem 3.1. Suppose that L(s) € S, and the set A(P, h, 27) is linear-
ly independent over the field of rational numbers Q. For j = 1,...,r,
let K; € K(Dyp) and fi(s) € Ho(K;, Dr). Then, for every h € (R™)"
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and e > 0,

1
<k<N : (¢)— AN
ATl 1#{0\k\]\7. sup sup |f;(s) L(s+zkh])|<g}>0,

lim inf
1<j<r s€Kj

Moreover, for all but at most countably many € > 0, the limit

o |
RS N—H#{O<k<N : sup sup |f;(s) — L(s + ikhy)| < 5}

1<y<r s€K;
exists and is positive.

As can be seen, the last theorem generalizes Theorem F in terms of
lower density for L(s) € S, while the second part in terms of density is
quite new.

In Chapter 4 of the dissertation, two results for the periodic zeta-
function ((s;2) are obtained. There we discuss functional indepen-
dence and denseness for the collection consisting of r; number of pe-
riodic zeta-functions (¢(s;241), ..., ((s;24,,)). This result has fulfilled
the existing gap in the studies of periodic zeta-functions. The results of
Chapter 4 are published in [13].

Let A; = {a;» : m € N} be a periodic sequence of complex
numbers a;,,, with a minimal period k; € N, and let {(s;%;) be the
corresponding periodic zeta-function for j = 1,...,r;, 7y > 1. Let
k = [ki,..., k] be the least common multiple of k1, ..., k,,. Denote
by 11, ..., Ny areduced system of residues modulo &, where ¢ (k) is
the Euler totient function. Define a matrix A consisting of the coeffi-
cients of periodic sequences 2L, i.e.,

A1y A2y, c Ay
A = (1ny (29, cee Qrpp
Wiy D2npay -+ Gringy
Theorem 4.1. Suppose that the sequences Ay, ..., %, are multiplica-
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tive, rank(A) = 11, and inequalities

hold for all p € P. Let, for each g = 0,1,...,n, F, : CN"™ — C be a

continuous function and n, N € N,

n

Z SgFg (C(S; Q[1>a C,(S; Q[1)7 ce 7C(N_1)(S; EZl1)7 M)

g9=0

C@ﬂ%%@@ﬁMV~KW”N$%Q)EQ

Then Fy =0forg=0,1,...,n.

The second result of this chapter is intended for the denseness of the
set described recently.
Define the mapping p : R — CV™t by the formula

p(t) = (C(a +it;21), (o +it; Aq), . . .,C(N_l)(a +it;2Ay), ...,

Cw+ﬁﬂ%%C®+ﬁﬁ%%~WWL”w+ﬁﬂ%0

with 3 < o < 1.

Theorem 4.2. Suppose that all hypotheses on ;, j = 1,...,r1, and
rank(A) are as in Theorem 4.1. Then the image 11 of R is dense in
CNTI.

Three results for the mixed type of collection consisting of periodic
zeta- and periodic Hurwitz zeta-functions are presented in Chapter 5.

Suppose that [; is a positive integer, j = 1,...,7, B = {bmj :
m € Ny} is a periodic sequence of complex numbers with minimal
period k;; € N, «; is a real number, 0 < o;<1, ((s,a;;B;;) is the
corresponding periodic Hurwitz zeta-function, j = 1,...,r, [ =1, ..., 1},
and Kk = [ +...+[,. Let k be the least common multiple of the numbers
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ki1, ..., k:llll, ceey Kp1y oovy kg, Define the matrix

blll b112 b11l1 blrl b1r2 bl'r’lr

B = 6211 b212 b2111 bgrl bgrg b2rl,,-

bkll bk12 bklh bkrl bkr2 bkrlr

In this chapter, we study the tuple consisting of r; number of pe-
riodic zeta-functions and x number of periodic Hurwitz zeta-functions.
In other words, we compose into one more general result Theorems 4.1
and N (for a statement of the last one, see Subsection 5.1).

Theorem S.1. Suppose that the sequences Ay, ..., are multiplica-
tive, rank(A) = 1, and inequalities as in Theorem 4.1 hold. Let
1,aq, ..., be numbers algebraically independent over the field Q,
rank(B) = k. Suppose that the function Iy, : CN"+%) — C is conti-
nuous for each h = 0,1, ..., n, and the function

I
o)
>
=
7N
oy
~—~
R,
2
=
S—
s
—~
B
2
=
SN—
I
=
=
—
=
2
=
:_/

h=0

is identically zero. Then Fj, = 0 for h =1,...,n.

The mixed joint universality theorem for the functions ((s;2;), j =
1,...,r,and (s,0;;B5), j = 1,...,r, L = 1,...,1;, is essential in the
proof of functional independence and denseness results. The following

proposition is the most significant new result of the chapter.

Theorem 5.2. Suppose that the sequences 211, . ..,%2,. are multiplica-
tive, rank(A) = ry, and inequalities (4.1) hold. Let 1,4, ..., be
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numbers algebraically independent over the field Q, rank(B) = k. Let
fi(s), ..., fr,(s) be continuous functions without zeros in K, ..., K,,,
respectively, and analytic inside K, ..., K,,. Suppose that f;(s) is a
continuous function in K and analytic inside K, for each j =1, ..., r,
l =1,...,1l;. Then, for every e > 0,

T—o0

lim inf ;meas (7’ €[0,7]:

sup sup [((s +im; ;) — fi(s)] <,

1<5<rm SGKj

sup sup sup |¢(s+i7,a;;Bj) — fu(s)| < 5) > 0.

1<<r I<ILl s€eK

The third result presented in this chapter is the following general
denseness lemma.

Theorem 5.3. Suppose that all hypotheses of Theorem 5.2 are satisfied.
Then the image h(R) defined by the formula

h(t)
=(<<a+z't;at1>,c’<a+z’t;%>,. D (it 2,

Clo+it; Ar), ¢ (o+it; Ay )., (VY (o +it; A, ),
Clo+it,a1;B11), ((o+it, 003 B11),. .., (VY (o+it, a1;B11),. . .,
C(o+it,a1;Byy,), ¢ (o+it, a8y, ),. .., (VN V(o+it, aq;B,),. . .,
C(o+it, ay;B,), ¢ (o+it, ay; Ba),. .., (N YV (o+it, ar;B,4),. . .,

C(o+it, 13 B,), C(o+it, ar;B,),. .., (VDo +it, ay; m))

is dense in CN(ritr),

The results of Chapter 5 are published in [13].

1.7 Approbation

The results of the dissertation were presented at the following con-
ferences:
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Chapter 2

Simultaneous
approximation in the
Selberg—Steuding class

In this chapter, we will present a theorem on simultaneous approxi-

mation of a collection of analytic functions (fi(s),..., f-(s)) in the
strip D (o7, 1) by a collection of shifts (L(s+iai7), ..., L(s+1ia,T)),
where ay, ..., a, are real algebraic numbers linearly independent over

the field of rational numbers, and o, > % is a certain number depending
on L. More precisely, we prove that the set of the above shifts has
a positive lower density, or even positive lower density for all but at
most countable many accuracies of approximation. Thus, the set of
approximating shifts is infinite.

The result of this chapter is published in [15].

2.1 Statement of joint universality theorem

The main result of the chapter is the following theorem. Note that it
contains both cases, lower density, and density, of the joint universality
for L(s) € S.
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Theorem 2.1. Suppose that L(s) € S, and real algebraic numbers
ai,...,a, are linearly independent over the field of rational numbers
Q. Forj=1,...,r,let K; € K, and f;(s) € Hor(K;). Then, for
every ¢ > (),

1
lim inf —meas{T € [0,7]: sup sup |L(s+ia;7) — fi(s)] < 5} > 0.
T—oo T 1<j<r seK;

Moreover, lim inf can be replaced by lim for all but at most countably
many € > 0.

2.2 Limit theorems on a group

We begin to consider the weak convergence of probability measures
with a case of one compact group. Denote by B(X) the Borel o-field of
a topological space X, and define the set

Q=11 (2.1)

peP

and 7, = {s € C : |s| = 1} for all p € P. According to the classical
Tikhonov theorem, the infinite-dimensional torus {2, with the product
topology and operation of pairwise multiplication, is a compact topo-
logical Abelian group. Define one more set

Q"= x ... xQ,,

where ; = Q for all j = 1,...,7. Then, again, according to the
Tikhonov theorem, 2" is a compact topological Abelian group. There-
fore, on (§2", B(€2")), the probability Haar measure my can be defined.
This gives the probability space (2", B(£2"), my). For p € P, denote by
w;(p) the pth component of an element w; € €, j = 1,...,r, and by
w = (wy,...,w,) the elements of Q". Let, for brevity, a = (a, ..., a,).
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Now, we will consider a limit lemma on weak convergence for

QT,@(A)
1

_ Tmeas{T € 0,7]: ((p—w pEP), ... (T ipe IP’)) e A},

A € B(Q"), as T — oo. For its proof, we will apply Lemma 1.6.

Lemma 2.1. Suppose that a, . ..,a, real algebraic numbers are lin-
early independent over Q. Then (), converges weakly to the Haar
measure mg as’ 1 — oo.

Proof. For the proofs of weak convergence of probability measures on
groups, it is convenient to use a method of Fourier transforms. Thus,
denote by Fr4(ky, ... k), k; = (kjp 1 kjp € Zyp e P),j=1,...,m,

the Fourier transform of ()74, i.e.,
L
Fro(ky, ... k)= / (H H wjjp(p)dQT,a)7
Q N\ =1 pep

where the star * shows that only a finite number of integers k;, are
distinct from zero. By the definition of ()7 ,, we have

Fra(ky, ... k)

[ ()

= — pfa]' ipT dT
T Jo j=1 peP
I - x

= T/ exp{ — 4T ajz kip logp}dT. (2.2)

0 j=1 pcP
Obviously,
Fra0,...,0) =1, (2.3)

where 0 is a collection consisting of zeros. Now, suppose that (&, .. .,
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k.) # (0,...,0). Let, for brevity, k = (k,,...,k,),

Ak = Z ajz*k:jp logp = Z*cp log p,
7=1

j= peP peP

where

r

Cp = E :ajkjp'

J=1

In this case, there exists j such that Ej # 0. Therefore, kj, are
not all zero. Since the numbers a; are linearly independent over QQ, the
algebraic numbers ¢, are not all simultaneously zero. It is well known
that the set {logp : p € P} is linearly independent over Q. Therefore,
for A, ;, Lemma 1.6 is applicable, and we obtain that A, ; # 0. Hence,
integrazing in (2.2), we find B

1— exp{ — iTA%E}
FT,Q(EIV"?ET): ’LTA i —-

This together with (2.3) shows that

),
),

g e ooy

Uit (k.o k) =
lim FT,a(El, R 7E7’) = ! (—1’ 7_7«> (
T—o00 - 0 if (El?"‘?&r)#(

o 1o
o |1©

g ey

and the lemma is proved because the right-hand side of the last equality
is the Fourier transform of the Haar measure m . ]

We will apply Lemma 2.1 to obtain a joint limit lemma in the space
of analytic functions for absolutely convergent Dirichlet series. Denote
by H(Dp) the space of analytic on D functions equipped with topo-
logy of uniform convergence on compacta, and set

HT<DL> ZH(DL) X ... X H(DL)

N

-~
T
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Let 8 > 0 be a fixed number,

wntm) =exp { = )} m,n €N,

L(s)= ar(m)va(m)

mS

A

and

m=1
Since ar(m) < m* and v,(m) are decreasing exponentially with re-
spect to m, the latter series is absolutely convergent in any half-plane
o > 0. Extend the functions w;(p),p € P, j =1,..., 7, to the set N of
all positive integers by

wi(m) = [ wj(p), meN,

pllim

where p'||m means that p’|m but p'** { m, and define

L(s,w;) = i “L(m)”;iT)””(m), (2.4)

m=1

the series also being absolutely convergent for o > o. Define
L,(s,w) = (Ln(s, wi)y .-y Lin(s, wr)),

and h, : Q" — H"(Dp) by h,(w) = L,(s,w). Since the series
L,(s,w;),j=1,...,r, are absolutely convergent in any half-plane, the
mapping h,, is continuous. Therefore, every probability measure P on
(2, B(Q")) defines the unique probability measure Ph ' on (H"(Dy),
B(H"(Dyr))), where

Ph ' (A) = P(h;'A), AeB(H"(Dyp)).

For A € B(H"(Dy,)), define

1
Prn.(A) = fmeas{T €10,T]: L,(s +iar) € A},
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where
L, (s +iar) = (L,(s + ia17),..., L, (s + ia,7)).

Moreover, a property of preservation of weak convergence under con-
tinuous mappings (see, for example, Theorem 5.1 of [3]), leads to the
following lemma.

Lemma 2.2. Suppose that ay,...,a, are real algebraic numbers li-
nearly independent over Q. Then Pr,, , converges weakly to the mea-

d
sure V, e myh tasT — cc.

Proof. By the definitions of Py, , and ()74, and the mapping h,,, for
every A € B(H"(Dy)), we have

PTJL,Q(A)
= %meas{T €0, T]:((p7"™ :peP),..,(p " ":peP)) €h,'A}
= QT@U%:lA) = QT,ghrzl(A»

Thus, Pr,. = Qr.h, !, This, the continuity of h,,, Lemma 2.1 and
Theorem 5.1 of [3] prove the lemma. ]

Consider one more measure
~ 1
Pr,a(A) = ?meas{T €[0,7]: L, (s +iar,w) € A}

for A e B(H"(Dy)).

Lemma 2.3. Suppose that a, ..., a, are real algebraic numbers li-
nearly independent over Q. Then Pr,, , with every 0 € Q" also con-
verges weakly to the measure V,, as T — 0.

Proof. Define the mapping h, : (" — H"(Dp) by /ﬁn(w) =L, (s,wb).
Then the mapping 5, remains continuous, and repeating the arguments
of the proof of Lemma 2.2, we obtain that Pr,, , converges weakly to

=~ d ~ .. ~
the measure V,, lef mph,, Las T' — oo. By the definitions of h,, and h,,,
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we have A, (w) = hy(h(w)) with h(w) = wi. At this moment, we use
the invariance of the Haar measure my, i.e., that

my(wA) = my(Aw) = my(A)
forall A € B(2") and w € Q". Thus, we find

Vo = my(hah) ™ = (mgh™)ht = myhy' = V.

n

2.3 Limit theorems

In this section, we will prove a joint limit theorem for the function
L(s) from class S. More precisely, we will consider the weak conver-
gence for

Pro(A) ™ %meaS{T € [0,T): L(s+iar) € A}, A€ B(H"(Dy)),

where
L(s+iar) = (L(s + ia17), ..., L(s + ia,7)),

as T" — oo. For the proof, we will apply Lemmas 2.2 and 2.3, some
ergodicity results and estimates for difference |L(s+iat)—L,, (s+iat)|.
We start with the latter problem.

Recall the metric in the space H"(Dy). For g1, g2 € H(D}), define

o

1 SUPye, [91(s) — g2(s)]
)= 27 ’ '
p(gl 92) ; 1+ SupSGKz |gl<5) - 92(5)|

Here {K; : | € N} C Dy is a sequence of compact embedded sets such

that .
U Kl = DL7
=1

and each compact set X' C Dy, lies in K for some /. Then p is a metric
in H(Dp) inducing the topology of uniform convergence on compacta.
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Forgl = (911, ce ’gh”)’gg = (ggl, c.s 792r) S HT(DL), taking

p(9,:9,) = max p(gis, 92;),

== 1<5<
we have a metric in H" (D) inducing the product topology.

Lemma 2.4. Suppose that ay, . . ., a, are arbitrary real numbers. Then

A
lim lim sup T / p(L(s +iar), L, (s + iat))dr = 0.
0

n—0o0 T—00 -

Proof. Let the number ¢ come from the definition of v,,(m), and

In(s) = gr (g) n’.

Then the Mellin formula
1 b+ioco

— ['(s)c®ds=¢€e"¢ b,c>0,

2mi b—ioco

implies the representation (see, for example, [52])

61+1i00 >
Lo(s) = —— /0 L(s + () Z

270 Jg, —ico z

where 6, > % Hence, by the residue theorem,

Ln(s) — L(s) = —— /_ T ey z)ln(z)% +R(s), (253)

27T7/ 602 —100

where 05 > 0 and

R(s) = Res L(s + z)l"(z) _g. =9

z 1—s '’ s=1

Let K C Dy be an arbitrary compact set. We fix ¢ > 0 such that
op +2e<o<l —eforalls =0+t € K,andputfy = 0 — o — €.
Then 6, > 0 for o + it € K. This and the Axiom 5, fors = o +it € K
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and a € R, gives

L,(s+iat) — L(s +iaT)

<</ |L(o, +e— 0+ 0 +it+iar +iv)|- oL te=o -zv) dv
_ o +&—o0+w
l,(1— ZCLT)
+ [a] s :
Taking v in place of ¢ + v, we have, for s € K,
L,(s+iat) — L(s +iaT)
< / |L(or, 4+ € + iaT + iv)| - sup (op+e=s 'w) dv
o sekK| op+te—s+w
N (1 —s—1iar
+ |a| sup ( , ) :
sek| 1—s—1tar
Hence,
1 T
= / sup |L(s + iat) — Ly(s + iaT)|dT
T seEK
L — '
/ ( / |L(op+ e+ z'a7—|—iv)|d7‘)sup lop+e-s —i—.w) dv
sE€K or+e—s+w
l,(1 —s—iar)
d
e T/O iy i pra
S 2.6)
It is known [52] that, for fixed o), < 0 < 1,
T
/ |L(o +it)]2dt <,p, T.
-
This, for the same o and v € R, gives
T 1 aT+v
/ \L(o + iar + iv)[2dr = —/ L(o + it)dt
0 a Jy
Loa T(1+ |0)). 2.7)
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Using the well-known estimate
['(o +it) < exp{—c|t|}, ¢>0, (2.8)

we find that, for all s € K,

ln(op +¢€—s+iv)

<<6 naL—I—a—a
o +e—s+iw

F($(0L+s—a+it+iv))'

<gn “exp{—ci|v—t|}
<gxr exp{—ca|v|}, 1,60 >0.

This and (2.7) show that

(o)

];1) <o 10,0,k K n_a/ (1+ |v|)% exp{—cz|v|}dv

<<5,L,9,a,K noe. (29)
Similarly, by (2.8), for s € K,

I, (1 —s—1ia
( T) <<9 nl—a

- expy—cs|t +ar
1—s—dar p{=csl }

<0 K.a n' o2 exp{—cy|7|}, 1 > 0.

Thus,

log T
T

G
]:(FQ) <o Ka n_ef/ exp{—c4|T|}dT <g.k0
0

The latter estimate, (2.9) and (2.6) prove that, for every compact set
K c Dy,

lim lim sup — / sup |L(s +iat) — L, (s + ia7)|dT = 0.

n—0 T 4,00 seK

Therefore, the lemma follows from the definitions of the metrics p and
p- 0
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Now, for w € 7, let

where -
L(s,wj) = ZM, j=1,...,7

m=1 m
Then it is known [52] that the latter series, for almost all w;, are uni-
formly convergent on compact subset of the half-plane o > o. Since
the Haar measure my is the product of the Haar measures m ;g on
(Q;,B(£2,)), we have that L(s,w) is the H"(D/,)-valued random ele-

ment. Moreover, an analogue of Lemma 2.4 is valid.

Lemma 2.5. Suppose that aq, . . ., a, are arbitrary real numbers. Then,
for almost all w € (07,

1 T
lim lim sup — / p(L(s + iar,w), L, (s + iat,w))dr = 0.
N0 oo 0o -
Proof. It is known [52] that, for almost all w € (),
T
/ L(o + it, w)Pdt <o 1 T.
=T

Therefore, repeating the proof of Lemma 2.4, we obtain that, for a com-
pact set K € Dy, and real number a,

1 (T
— / sup | L(s + iat,w) — L, (s + iat,w)|dT < poarx n ° (2.10)
T 0 seK

with certain € > 0. In this case, in the analogous of estimate (2.6), we
have not the second term on the right-hand side. Since my = mygy X

. X m,p, estimate (2.10), and the definitions of the metrics p and p
prove the lemma. O

Now we are ready to consider the measure Pr .

Theorem 2.2. Suppose that real algebraic numbers ay, ..., a, are li-
nearly independent over Q. Then, on (H" (D), B(H"(Dy))), there ex-
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ists a probability measure P such that Pr, converges weakly to P as
T — oo.

Proof. Recall that a family of probability measures {@} on (X, B(X))
is called tight if, for every ¢ > 0, there exists a compact set K =
K(r) C X such that

QK)>1—¢

for all ().

Denote by V,,; marginal measures of the measure V,,, 7 = 1,... 7.
Since the series for L, (s) is absolutely convergent, we obtain by a stan-
dard way that the sequence {V},; : n € N} is tight, j = 1, ..., 7. Then,
for every € > 0, there exists a compact set X; C H(D/,) such that, for
alln € N,

Vi (K)>1—-2, j=1,....m @2.11)
r
Let K = K;x...x K,. Then K is acompact setin H" (D ). Moreover,

by (2.11), forall n € N,

V.(H"(Dp) \ K)< Z V,;(H(Dp)\ K;) <e.
Thus,
VoK) >1—¢

for all n € N. Hence, the sequence {V,,} is tight. Therefore, by the
Prokhorov theorem (see [3]), the sequence {V,,} is relatively compact.
This means that every sequence of {V},} contains a subsequence {V,, }
weakly convergent to a certain probability measure P on (H "(Dy),
B(H"(Dy))) as k — oco.

Denote by X, the H"(Dy,)-valued random element having the dis-
tribution V/,,, and by D, the convergence in distribution. Then we have

X,, —— P. (2.12)

k—o0

On the certain probability space with measure p, define the random
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variable {7 which is uniformly distributed on [0, 7']. Moreover, let
Xrma = Xrna(s) = Ly (s + ialr)

and
Y14 = Yr4(s) = L(s +iar).

By Lemma 2.2,
D
Xrpag — Xn, (2.13)
- T—oo
and Lemma 2.4 implies, for every € > 0,

lim llmsup,u{p (Y7o, X7na)> }

n—0 T_s50

< lim lim sup —/ L(s +tar), L,(s + iat))dr = 0.

n—00 T _s~o

This, and relations (2.12) and (2.13) show that all hypotheses of Theo-
rem 4.2 from [52] are satisfied. Therefore,

Yig —2— P, (2.14)
- T—oo

and this proves the theorem. ]

By (2.14), the measure P is independent on the sequence {X,, }.
Since the sequence { X} is relatively compact, it follows that

X, — P. (2.15)

n—oo

On (H"(Dy),B(H"(Dy))), define one more measure
. 1
Pr,(A) = ?meaS{T €[0,T]: L(s +iar,w) € A}

for almost all w € €). Then, by (2.14), Lemmas 2.3 and 2.5, similarly
as above, we obtain the analogue of Theorem 2.2.

Theorem 2.3. Suppose that real algebraic numbers ay, ..., a, are li-
nearly independent over Q. Then Pr, also converges weakly to the
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measure P as T — .

2.4 Identification of the measure

For the proof of Theorem 2.1, the explicit form of the limit measure
in Theorems 2.2 and 2.3 is needed. For this, some elements of ergodic
theory can be applied.

For brevity, we set

a(r) = ((p_i“” ip € IP), ey (p_m” ip € ]P)), T E€R,

and define
E(r,w) =a(T)w, we.

Then E(7,w) is a measurable measure preserving transformation of the
group 2", and { E(7,w) : 7 € R} form a group of these transformations.
For A € B(Q"), let A(t) = E(1, A). If the sets A and A(7) differ one
from another at most by a set of my-measure zero, then the set A is
called invariant. All invariant sets form a o-field. If this field consists
only of sets of my-measure 1 or 0, then the group { F(7,w)} is called
ergodic.

Lemma 2.6. Suppose that real algebraic numbers ay, . .., a, are lin-
early independent over Q. Then the group {E(T,w) : 7 € R} is er-
godic.

Proof. The characters x of the group (2" are of the form

x@) =TT« ). (2.16)

j=1 peP

where the sign * means that only a finite number of integers k;, are not
zero. This already was used in the proof of Lemma 2.1 for the definition
of the Fourier transform of the measure ()7 ,. Suppose that A is an
invariant set with respect to { E(7,w)}, and x is a nontrivial character
of Q7 i.e., x(m) # 1. Then, by (2.16), (k,...,k,) # (0,...,0), and

y Lug
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thus A, ; # 01in the notation used in the proof of Lemma 2.1. Therefore,
there exists a real number 7y such that

x(a(m)) = exp{—imAgx} # L. (2.17)

Take the indicator function I 4 of the set A. By virtue of the invariance
of the set A, we have

Ia (Q(To)w) = I4(w)

for almost all w € Q". Hence, denoting by g the Fourier transform of a
function g, we find

Ia(x) = X(Q(To)) /T]IA(Q(TO)w)x(w)de
— v(a(n)) / Ly(w)x(@)dmu = x(a(m))Ea(x).

I

Therefore, in view of (2.17),

Ia(x) = 0. (2.18)

Now, suppose that x, denotes the trivial character of 2", and /I[\A(XO) =
c. Then, taking into account (2.18), we have

L) = ¢ | x(mdm, =20

for an arbitrary character x of Q". This shows that [4(w) = ¢ for
almost all w € Q". However, 14 is the indicator function of the A,
thus, [4(w) = 1 or [4(w) = 0 for almost all w € Q". In other words,
mpg(A) = 1ormy(A) =0, and the lemma is proved. O

Denote by P, the distribution of the H" (D, )-valued random ele-
ment L(s,w), i.e.,
Pr(A) =mp{w e Q : L(s,w) € A}, A€ B(H"(Dy)).

Lemma 2.7. The measure P in Theorems 2.2 and 2.3 coincide with Py,
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Proof. Suppose that A is a continuity set of the measure P, i.e., P(0A)
= 0, where 0A denotes the boundary of A. Then Theorem 2.3 along
with the equivalent of weak convergence of probability measure in terms
of continuity sets (see, for example, Theorem 2.1 of [3]) yields

lim Pry(A) = P(A). (2.19)

T—00

On (9", B(§2"), mp), define the random variable

1 if L(s,w) € A,

O(w) =
0 otherwise.

Lemma 2.6 implies the ergodicity of the random process H(E(T, w))
Therefore, by the Birkhoff—Khintchine ergodic theorem (see, for exam-
ple, [8]), we obtain

T
lim —/ 0(E(r,w))dr =Ef = PL(A), (2.20)
0

where [0 is the expectation of §. However, by the definitions of E(7, w)
and 0,

This and (2.20) show that

lim Pr,(A) = Py(A).

Thus, in view of (2.19), P(A) = Py (A) for all continuity sets A of P.
It is well known that continuity sets constitute the defining class. Thus,
P =P [

It remains to find the support of the measure Pr,. We recall that the
support of P, is a minimal closed set Sy, such that Pr(S.) = 1.
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Let
Sp={g9€ H(Dyr):g(s) =0org(s) =0}.

Lemma 2.8. The support of the measure Py, is the set S7.
Proof. It is known that the support of the measure

Po(A) ™ myp{w; € Q; : L(s,w;) € A}, A€ B(H(Dy)),

j =1,...,r, is the set S, (see [52] or [42]). Since the space H(Dy) is
separable, we have

B(H"(Dr)) = B(H(Dy)) x ... x B(H(Dy)).

N

-~
r

Therefore, it suffices to consider the measure P, on rectangular sets
A:Al X .. XAT, AJEB<H(DL)), jzl,...,T.

Moreover, myg = mig X ... X m,g. These remarks show that
my{w € N : L(s,w) € A} = Hij{wj €Q;: L(s,w;) € Aj}.
j=1

This and the minimality of the support prove the lemma. ]

2.5 Proof of continuous joint universality theo-

rems

Theorem 2.1 follows from Theorem 2.2, Lemmas 2.7 and 2.8, and
the Mergelyan’s theorem on approximation of analytic functions by
polynomials (see [39]). We separate the proof into two pieces: for the
case of lower density and the case of density.

Firstly, since the Mergelyan theorem plays an essential role in our
studies, we will give it in exact form.

Theorem 2.4. Let K € C be a compact set with connected comple-
ments, and the function f(s) be continuous on K and analytic in the
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interior of K. Then, for every ¢ > 0, there exists a polynomial p(s)
such that

s2£|f(s) —p(s)] <e.

Proof. The proof of the theorem can be found in [39]. ]

Secondly, we recall one more important statement which supports
the proof of universality.

We recall that a set A € B(.S) is said to be a continuity set of the
probability measure P if P(0A) = 0. Note that the set A is closed;
therefore, it belongs to the class B(5).

Theorem 2.5. Let P, and P be probability measures on (S, B(S)).
Then, the following assertions are equivalent:

(1) P, converges weakly to P as n — oo,
(2) lim P,(A) = P(A) for all continuity sets A of P.
n—oo
3) liminf P, (G)>P(G) for all open sets G.
n—oo

Proof. For the proof, see Theorem 2.1 of [3]. ]

2.5.1 Case of lower density

According to the Mergelyan theorem, there exists polynomials p; (),
.., pr(s) such that

sup sup | f;(s) — P < = (2.21)
1<j<r seK; 2

Let

G. = {(91,--.,90 € H'(Dy) : sup sup |g;(s) — €| < 6}-

1<]<7“ SEK]'

Then, in view of Lemma 2.8, (5. is an open neighborhood of an element
(epl(s), e ,epT(s)) of the support S} of the measure Pr. Therefore, by
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a property of the support,

PL(G.) > 0. (2.22)

Hence, by Theorem 2.2, Lemma 2.7 and the equivalent of weak conver-
gence in terms of open sets (see Theorem 2.5),

liminf Pr,(G.)>PL(G.) > 0.

T—o00

Thus, by the definitions of Pr. and G-,

1
lim inf Tmeas{T €[0,T]: sup sup |L(s+ ij)—er(s)| < g} > 0.

T—oo 1<j<r seK;

(2.23)

Define one more set

A = {(gl,‘..,gr) € H"(Dy) : sup sup |gj(s) — fi(s)| < 5}.

lgng SEKJ'

Then, in view of (2.21), we have GG, C A.. This and (2.23) show that

1
lim inf ?meaS{T € [0,7]: sup sup |L(s+ia;7)—f;(s)] < 5} > 0.

T—oo 1<j<r seK;

2.5.2 Case of density

The boundaries 0 A, of the set A, do not intersect for different values
of €. Therefore, P;,(0A:) > 0 at most for countable many ¢ > 0, i.e.,
A, is a continuity set of P, for all but at most countable many ¢ > 0.
Moreover, since G. C A., we have P(A.) > 0 by (2.22). Therefore,
Theorem 2.2, Lemma 2.7 and the equivalent of weak convergence in
terms of continuity sets (see Theorem 2.5) yield

lim PT,Q(A6> = PL(AE) >0

T—o00 -

for all but at most countably many ¢ > 0. This and the definitions of
Pr, and A, complete the proof of the theorem.
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Chapter 3

Discrete simultaneous
approximation in the
Selberg—Steuding class

This chapter of the dissertation is devoted to the joint discrete uni-
versality theorem for the function L(s) € S. Using the linear indepen-
dence over Q of the multiset {(hjlogp : p € P),j = 1,...,r;27}
for positive h;, we obtain that there are many infinite shifts (L(s +
ikh1),...,L(s +ikh,)), k = 0,1, ..., approximating every collection
(fi(s),..., fr(s)) of analytic non-vanishing functions defined in the
strip D(crL, 1) , where o, is a degree of the function L(s).

3.1 Statement of the discrete joint universa-
lity

Let hy, ..., h, be fixed positive numbers, and denote h = (hy, ..., h;).
We define the multiset

AP,k 2m) = {(hjlogp:p€P), j=1,...,1; 2r}.

Then the following theorem is the main result of this chapter.
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Theorem 3.1. Suppose that L(s) € S, and the set A(P, h,2m) is li-
nearly independent over the field of rational numbers Q. For j =
L,...,r, let K; € K(Dy) and fi(s) € Ho(K;,Dy). Then, for every
he (RT) ande >0,

lim inf
N—oo

1
1#{0</{;<N : sup sup |f;(s) — L(s + tkh;)| < e} > 0.

1<y<r SEKJ‘

Moreover, for all but at most countably many € > 0, the limit

1
m —#{0<k<N: sup sup |;(s) — L(s + ikhy)| <5}

li
N—oo N +1 1<j<r seK;;
exists and is positive.

It can be seen, that the latter theorem covers lower density and den-
sity cases.

3.2 Case of the torus

In this chapter, we preserve the same meaning for notations as in
Chapter 2.
The infinite-dimensional torus (2" is the set

Q=0 x...x0Q,

with; = Q,j =1,...,r. Aspreviously, we denote by w = (wy, .., w;),
w; € €15, the elements of ", where w; = (w;(p) :peP),j=1,...,r.
For A € B(Q)"), we set

Qnarn(A)

= —N1+ 1#{0<k<N : ((p‘““’“ peP),...,(p™ pe IP)) S A}.

In this section, we consider the weak convergence for Qn o, as
N — oo.
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Proposition 3.2. Suppose that the set A(P, h,2w) is linearly indepen-
dent over Q. Then, Qnarp — m"f, where m"™ is the probability
- n—oo

Haar measure on (Q", B(2")).

Proof. The characters of the 2" are of the form

[T«

j=1 peP

with integers [;,, where the symbol star indicates that only a finite num-
ber of [}, are not zeroes. Therefore, the Fourier transform Fy or »(l4, ..,
L), L= (lp:lj €Z,peP),j=1,...,r, can be represented by

.FN7Q77Z1’..’_ / HHw ”’ dQNth

j= lpEIF’

N = Z H H kv

k=0 j=1 peP

N+1Zexp {— szh Z l]plogp} (3.1)

= pEP

By the continuity theorem of the compact groups, to prove the Propo-
sition 3.2, it is sufficient to show that the Fourier transform
Fnarn(ly, - 1,) converges, as N — oo, to the Fourier transform

1 lf (117“'7&7*):(97"'79)7

0 otherwise

of the Haar measure m'!. Here, 0 = (0,0,...).
Equality (3.1), obviously, gives

FN79T7ﬁ(Q7 - aO) =1L (3.2)

Thus, it remains to consider only the case ({;,...,[,) # (0,...,0).
Since the set A(IP, h, 27) is linearly independent over @, we have, in
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this case,

>, log p} £1. (3.3)

peP

exp{—i h;
7=1

Actually, if (3.3) is false, then

i hjz*ljp logp = 2mm
7=1

j= peP

for some m € Z and the integers [, # 0. However, this contradicts the
assumption that the set A(PP, h, 27) is linearly independent. Now, using
(3.3) and the formula for the sum of geometric progressions, we deduce

from (3.1) that, for ({;,...,l,) # (0,...,0),

L—exp{—a(N+1)37_ h; > cpljplogp}
(N + 1)<1 —exp {_ iZ§:1 h; E;e[?’ Lip Ing}) .

fN’Qr7E<£1, e 717‘) ==

Hence,

lim ]:N,QT,E(LD e ,lT) =0

N—oo

for (1;,...,L.) # (0,...,0). This, together with (3.2), shows that
lim }—Nﬂr,h(élv Ce ,LT) = FmH(Ll, e ,lr),
N—o00

thus proving the Proposition 3.2. ]

We apply Proposition 3.2 for the proof of weak convergence for the
measures defined by means of certain absolutely convergent Dirichlet
series connected to the function L(s). We fix a number § > 3, and

vn(m; B) = exp{ _ (%)ﬂ} m,n € N.

53



We define the functions

and

Ln(s,w;) = Z a(m)w;(m)v,(m; 5)

where, for m € N,

wj(m) = H wh(p).

plfjm

If L(s) € S, then a(m) < m¢ with arbitrary £ > 0. Obviously,
v, (m; B) decreases exponentially with respect to m. Therefore, the se-
ries for L, (s) and L, (s,w;) are absolutely convergent for o > o, with
arbitrary finite o, and fixed n € N. Let

L, (s +ikh) = (Ln(s + ikhy), ..., Ly(s + ikh,))
and

L, (s,w) = (Ln(s,w1), .., Ln(s,w,)).

Moreover, let H (D, ) stand for the space of analytic on Dy, functions
endowed with the topology of uniform convergence on compact sets,
and let

r

H'(Dy) = [[H(Dy).

j=1

For A € B(H"(Dy)), we set

Py nn(A) #{0<k<N @ L, (s +ikh) € A}.

T N+1L

Proposition 3.3. On (H"(Dy), B(H"(Dy))), a probability measure P,
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exists such that Py ., —— P,.
7T N—oo

Proof. Let the mapping u, : Q" — H'(Dp) be given by u,(w) =
L, (s,w). The absolute convergence of the series for L, (s,w;), j =
1,...,r, implies the continuity of w,. Hence, u, is (2", H"(Dp))-
measurable. Therefore, every probability measure P on (2", B(2")) in-
duces the unique probability measure Pu,,* on (H"(Dy), B(H"(Dyg)))
given by

Pu ' (A) = P(u,

n n

'4), AeB(H(Dy)).
Let Q) or 5, be from Proposition 3.2. Then

Pnnp(A)
1 ik ‘ B
:—N—i— #{0 k<N : (( ikh; :pGIP’),] :1,...,7") GunlA}
= Qnarn(uy A) = Quarpuy, ' (A)

forevery A € B(H"(Dy)).
Hence, we have Py, = Qnarau, . Therefore, Proposition 3.2,
the continuity of u,, and Theorem 5.1 in [3] show that Py ,, NL> P,,
- —00

where P, = mfu L. O

We see that the measure P, is independent of h. This allows us to
obtain the weak convergence of P, as n — oo, and identify the limit
measure. Let

It is known [52] that the Dirichlet series for L(s,w;), for almost all
wj, is uniformly convergent on compact subsets of the strip Dy. Thus,
L(s,w;), for j = 1,...,r, is a H(Dy)-valued random element. The
probability Haar measure m* on (€, B(€2)) is the product of the Haar
measure mj on (€, B(Q;)), i.e., for A = A; x ... x A, € B(Q"),

mP(A) =miT(A)-...-mf(4,).
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The above remarks show that
L(s,w) = (L(s,w1),...,L(s,w,))

is a H"(Dyp)-valued random element defined on the probability space
(Q7, B(2")). We denote by P, the distribution of L(s, w).

The measure P,, coincides with that studied in the continuous case
(see Section 2.4). Therefore, we have the following proposition.

Lemma 3.1. The relation P, —— Py, holds. Moreover, the support of

. n—o0
the measure Py, is set as

({g € H(Dy) : either g(s) #0 or g(s) = O})T_

Proof. The first assertion of the lemma is contained in Lemma 2.6,
while the second one is in Lemma 2.8. [

3.3 Limit theorem

We begin this section with a mean value estimate for the collection
of L-functions we are interested in.
Let

L(s +ikh) = (L(s + tkhy),. .., L(s + ikh,)).

In this section, we estimate the distance between L(s + ikh) and
L,,(s+ikh) in the mean. Let d be the metric on the space H" (D), i.e.,

for g, = (g1y---5q1r), L =1,2,

1<m<r

and d is the metric in (D) which induces its uniform convergence
topology on compact sets.
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Lemma 3.2. For arbitrary positive fixed numbers hy, . .., h,,

lim lim Sup
n—=00  N_oo

Zd (s + ikh), L, (s + ikh)) = 0.

Proof. Since

[e.9]

Z - SUDck, l91(5) — g2(s)]

= s, 191(s) — ga(s)]

d(glng) - g1, g2 € 7-[<DL>7

where {K; : j € N} C Dy, is a certain sequence of compact sets, it
suffices to show that, for every compact set K C Dy,

N
> “sup|L(s + ikhy) = Ly(s + ikh;)| = 0, (3.4)

5—0 seK

lim lim sup
n—000 N_soo 1

j=1...r
We fix a compact set K, a positive number h, and L(s) € S. We
use the integral representation (see Section 2.3)

1 B+ioco

L,(s) = 5 - L(s+ 2)l,(z; B)dz, (3.5)

where

1 S\
and the fixed number 5 > % is the same as in the definition of v,,(m; ).
There exists 0 = 0(K) such that o + 26<o<1 — 0 for o + it € K.
Thus, (5, 5 o, —0 > 0. Let 8 = o1 + 9. The integrand in (3.5)
has a simple pole at the point z = 0, and a possible simple pole at the
point z = 1 — s. Therefore, by the residue theorem and (3.1),

1 —B1+ico
Lnls) — L(s) = = L(s + 2)lo(z: B)dz + r(s),

21 —B1—ico
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where
r(s) = Izile_ssL(s + 2)l,(z; 8) = l.(1 — s; 8),

and v = Res;— L(s). If &« = 0 in Axiom 2, then r(s) = 0. Hence, for
s=o0+it €K,

L(s +ikh) — L,(s + ikh)

1 o0
= o L(s+ikh+op — o+ 0+it)l,(op — o+ +ir; B)dr
T ) oo
+ (s +ikh)
1 (o ¢]
:2— L(UL+5+ikh+iT)ln<0'L—|—5—5—|—i7’)d7-+7*<5_|_2'kh>
T ) oo

< / ‘L(O’L + 0 +ikh + 27')‘ sup |l,(op +0 — s +i7)|dT
— o0 seK

+ sup |r(s + ikh)|.
seK

From this, we have

N
1
_— sup |L(s + ikh) — L,,(s + ikh
NET R Bl i) — Lo+ k)
oo 1 N
x sup |l,(of +0 — s +i7)|dT
seK
| X
—_— kh)l. .
+N+1kz:;§él£|r(s—l—z )| (3.6)

By the Cauchy—Schwarz inequality,

1 N N

1
——— Y |L(op+6+ikh+ir)| < (— > |L(0L+5+i/{5h+i7)|2) :
N+1~ N=

N

(3.7)

To estimate the last mean square, we apply the Gallagher lemma,
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see Lemma 1.4 in [41], and the known estimate [52]

T
/ |L(o +it)|*dt <, T, (3.8)
-T
which is valid for fixed o, 0, < o < 1. Application of the Gallagher
lemma gives

N
> |L(oy + 6+ ikh +iT)]?
k=2

Nh
<<h/ |L(op + 6 + iv +i7) P dv+
3

sh

Nh
+ (/ |L(of, + 6 + v + iT)|*dv
3

sh

2

Nh
x/ |L’(<7L—|—6+z'v+z'7)|2dv> : (3.9)

5h

The Cauchy integral formula along with (3.8) gives, foro; < o < 1,
the bound

T
/ |l (o + it)|2dt <, T.

-7
This, and (3.8) and (3.9) lead to the estimate

N
> |L(op + 6 + ikh +i7)|* <ns N(1 4 |7]). (3.10)

k=2

To estimate l,,(0, + 0 — s+ i7) for s € K, we use the well-known
estimate

T(o+it) < e ¢>0,

which is valid for large |¢| uniformly in any fixed strip. Thus, for s € K,
we find

(g +06 — s +i1) < nott07e 6T « o p=ocmerlr]
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with ¢; > 0. Now, the latter estimate, and (3.7) and (3.10) show that

[e's] seK

N
o 1
/_(NH;! (0L+5+zkh+w)\)sup!ln(aL+5 s+ im)|dr

o0

<K B.K,h,6 n_é/ e_cl‘ﬂ(l + |T|)%d7' <8, K,h,6 no.

oo

3.11)

Similarly, the definition of r(s) yields that, for s € K,
T(S + Zk’h) <<ﬁ n1—067§|kh+t\ <<5,K nl—UL—256—02kh

with ¢o > 0. Hence,

N
1
—_— sup |r(s + tkh
N Do suplr(s + k)
| N
<<B’K nl—O'L—Q(; _ Ze—cgkh

N
k=2

o as(logN 1 N,
-
N

k> log

1—07—26 log N'

<B,K,p T N

This, and (3.6) and (3.11) lead to the estimate

N
1
—_— sup |L(s + ikh) — L, (s + ikh
W DS s k) = Lo+ k)
log N
<B,K b6 (n“s + nl‘”L‘%—Of;V )

Therefore, taking N — oo and then n — oo, we obtain

N
lim lim inf Z sup |L(s + ikh) — L, (s + ikh)| = 0.

n—oo N—oo +1 1y SEK
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Since, obviously,
12
lim —— Z sup |L(s + ikh) — L, (s + ikh)| = 0,

N—oo N+ 1 —o seK

thus proving (3.4). [l

Now we are ready to prove the desired joint discrete limit theorem
for the collection of L-functions belonging to the class S. For A €
B(H" (D)), we set

1
Py n(A) = N—H#{O<k<N : L(s +ikh) € A}.

Let P, and P, be the same as in Lemma 3.1.

Theorem 3.4. Suppose that L(s) € S, and the set A(P, h,27) is li-
nearly independent over Q. Then Py, NL> Pr.
by Lo L

Proof. In view of Lemma 3.1, it suffices to show that F,, and Py j have
the same limit measure as n — oo and N — oo, respectively.

On some probability space (2*,.A, P), we define the random vari-
able &y by

1

P{§N=k‘}:N+1,

k=0,1,..., N.

Let the H"(Dy)-valued random elements Xy, , and Xy be de-
fined by

Xnnn = Xnnn(s) = Ly, (s + ih&y)
and
Xnp = Xnn(s) = L(s + ihéy).
Then the assertion of Proposition 3.3 can be written in the form

Xnmn —— P (3.12)
- N—oo
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Moreover, by Lemma 3.1,

X, —— Py, (3.13)

n—oo

where X, is the #"(Dy,)-valued random element with distribution P,.
Application of Lemma 3.2 and defining the above random elements
show that, for ¢ > 0,

lim hmsupP{d XN hs XNnh) = }

n—00 N_so0

= lim limsup
n—=00 N_oco

! 1#{0<k<N : c_i(L(s+ikh>,Ln(s+ikh))>s}

N
> " d(L(s+ikh), L, (s+ikh)) = 0.

N+1 ) &

Taking into account the separability of the space (H"(Dy),d), the
latter equality, and (3.12) and (3.13), we deduce that the hypotheses of
Theorem 4.2 in [3] are satisfied. Therefore, we have

D
XNh — Py
= N—oco =

From the last relation, we obtain an assertion of the theorem. ]

3.4 Proof of Theorem 3.1

The proof of Theorem 3.1 we derive from Theorem 3.4, Lemma 3.1
and the Mergelyan theorem (see Theorem 2.4).

Proof of Theorem 3.1. Since f;(s) # 0 on K, application of the Mege-
lyan theorem for log f;(s) implies the existence of polynomials ¢, (s), ..,
q¢r(s) such that

sup sup |f;(s) — eqf(s)| < g. (3.14)

1<]<T SEKJ'

In view of the second part of Lemma 3.1, the tuple (eql(s), ceey eq"'(s))
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is an element of the support of the measure P,. Therefore, the set

G(e) - {<gl, e g) €MD) ¢ sup sup lg(s) — 0] < f}

1<j<r s€k; 2

is an open neighbourhood of the support element, and thus by a property
of supports,

PL(G(e)) > 0. (3.15)

Now, Theorem 3.4 and Theorem 2.5 give
liminf Py 5 (G(€))2PL(G(€)) > 0. (3.16)
—00

Inequality (3.14) shows the inclusion of G(¢) C G; (), where

Gi(e) = {<gl, g €MD) sup sup lg(s) — f(s)] < }

1<j<7’ SGK]'

Therefore, by (3.16),
lim inf PNm’h(gl (5)) > 0,
N—oo -

and we have the first assertion of the theorem.

For the proof of second inequality of the theorem, we observe that,
for different values of ¢, the boundaries of G; (¢) do not intersect. This
remark implies that the set G (¢) is a continuity set of the measure Pp
for all but at most countably many € > 0. This result, Theorem 3.4 and
Theorem 2.5, in virtue of (3.15), imply

hNHi)io%f Pnywn(Gi(e)) = Pr(Gi(e))>PL(G(e)) > 0

for all but at most countably many £ > 0.
Theorem 3.1 is therefore proven. ]
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Chapter 4

Two results related to the
joint universality of
periodic zeta-function

In this chapter, we focus on two results for the periodic zeta-function
((s; ) that are derived from simultaneous approximation. More pre-
cisely, we discuss on a functional independence and denseness for the
collection consisting of r; number of periodic zeta-functions (C (s;21),
e (s, )) This result has fulfiled the existing gap in the investiga-
tions of periodic zeta-functions.

4.1 Statements of results

First result of the chapter is devoted to the joint functional indepen-
dence for the periodic zeta-functions ((s;2(;), j = 1,..., 7.

Let A, = {aj, : m € N} be a periodic sequence of complex
numbers a;,,, with a minimal period k; € N, and let ((s;%;) be the
corresponding periodic zeta-function for j = 1,...,r;, 71 > 1. Let
k = [k1,..., k] be the least common multiple of k1, ..., k,,. Denote
by 71, ...,y areduced system of residues modulo k, where (k) is
the Euler totient function. Define a matrix A consisting of the coeffi-
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cients of periodic sequences 2, i.e.,

a1 a2ny v Oy
ap as ce (079
A = 2 2 172
Ungy  D2mgpy -+ Aringy

Moreover, we suppose that, for all p € P, the following inequality holds

= ’ajpd‘ .
Y Lo <1, =1 (4.1)
p?
d=1
Theorem 4.1. Suppose that the sequences Ay, ..., are multiplica-
tive, rank(A) = ry and inequalities (4.1) hold. Let, for each g =
0,1,...,n, F, : CN™* — C be a continuous function and n, N € N,

n

ngFg (Q(S;Qil), C'(5;21), ..., ¢V (s ), ...,

g=0
G510, ) 6D s, ) =0
Then Fy =0 forg=10,1,...,n.

The second result deals with the denseness of set under investiga-
tion.
Define the mapping i : R — CV™ by the formula

Mﬂz(dd+wﬂm5@+#ﬂmw~£w*mﬁﬂt%%~w

(o +it;A,,), ¢ (0 +it;2,,), ..., ¢V (o + it 91“))

with 1 <o < 1.

Theorem 4.2. Suppose that all hypotheses on U;, j = 1,...,r, and

rank(A) are as in Theorem 4.1. Then the image |1 of R is dense in
CNTl.
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4.2 Proof of Theorems 4.1 and 4.2

The powerful tool in the proof of functional independence of zeta-
functions is universality theorem in the Voronin sense. For the col-
lection of periodic zeta-functions ({(s;2), . ..,¢(s;2,,)), it has been
obtained by A. Laurincikas and R. Macaitiené in 2009.

Theorem 4.3. Suppose that the sequences Ay, ..., are multiplica-
tive, rank(A) = ry, and inequalities (4.1) hold. Suppose that fi(s),

.., fr,(s) are continuous functions without zeros in a compact subsets
Ky, ..., K, of the strip D(%, 1) and analytic inside K, ..., K,,, re-
spectively. Then, for every e > 0,

1
lim inf meas < sup sup |[((s+i1;U;) — fi(s)| < 5) > 0.

T—o0 1<j<ry s€K;

Proof. The proof of the theorem can be found in [32]. L]

Since for the proof of functional independence we use denseness re-
sult also, first of all, we will show a denseness of a collection of periodic
zeta-functions.

Proof of Theorem 4.2. Let
v = (U107 U115+ -y VIN=15+++5Ur0, U1,y - - - avrlN—l)

be an arbitrary point in the space CV"t. We prove that, for every £ > 0,
there exists a sequence {7,, : 7, € R}, lim,,, o 7 = 400, such that

|1(T) — v|evm < €.

This can be shown in a similar way as Lemma 2 from [28], where
the denseness of the collection of periodic Hurwitz zeta-functions is
considered.
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We define the polynomial

N-1 ’U'hSh
Pin(s) = Z Jh! ., J=1,..,r.
h=0
Then
h
PR (0) = v

forh = 0,1,...,N —1,757 = 1,...,r;. Now we fix the number o,
1 < o1 < 1. Let K be a compact subset of the strip D(3,1) such that
o1 is an interior point of K. By Theorem 4.3, there exists a sequence
{Tm : Tm € R}, lim,,, o 70, = 400 such that

oy’
sup su s+ i A) — Pin(s — o1)| < ———,
j =1,...,r, where 6y = min;<;<,, {do;} and dy; is the distance from

the number o, to the boundary of set K;. Using the integral Cauchy
formula, forall j =1,...,7,and h =0,..., N — 1, we have

[ (01 + iTm; RA;) — g
h_'/ 6 C(s—l—iTm;Qlj)—PjN(s—al)dS _ £
[s—o1|=

211 (S — 01)h+1 N?”l
This proves the theorem. []

Now we are ready to complete the proof of functional independence
for (C(S, 911)7 R C<S7 2[‘1"1))'

Proof of Theorem 4.1. Let g from Theorem 4.1 be a fixed number, and
let F, : CN™ — C such that

F, (g(s; A1), (5:2%1), ...,V D(s:Ay), ...,

Il
e

52,0, 5520 (Vs atm))
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We will prove, that /', = 0.

Assume the contrary. We suppose that F, # 0. Then there exists a
point v € C"™ such that F,(v) # 0. The fact that the function F), is
continuous implies that there exists a bounded domain G C CV™ such
that v € G and that the inequality

|F,(s)|=c>0 (4.2)

holds for all s € GG. Let % < o < 1. Then, by denseness Theorem 4.2,
there exist values of 7, such that

(C(J + it 1), (0 + iTm; A1), . (VD (o +ir; ),
C(o+imm;2A), (0 + i1 2y, - - ,C(N_l)(a + iTm;erl)) €Gq.

But this fact and (4.2) contradict the hypothesis that F, # 0.
Now, if we allow g to get values from 0 to n, we will have that
F,=0,...,Fy=0. The proof of Theorem 4.1 is complete. [
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Chapter 5

Generalized mixed joint
universality of the
zeta-functions with
periodic coefficients and
two consequences of it

This chapter is devoted to the quite general mixed simultaneous
approximation of analytic functions by the shifts of two types zeta-
functions with periodic coefficient. Here we also introduce the results
closely related to this approximation — the denseness and the func-
tional independence of the collection consisting of the tuples of peri-
odic zeta-functions, and tuples of periodic Hurwitz zeta-functions. In
order to prove it, we use certain matrices conditions for coefficients
of these zeta-functions and extra requirement on algebraically indepen-
dence over QQ of parameters appearing in the definitions of periodic Hur-
witz zeta-funtions.
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5.1 Statements of main results

In Chapter 4, we have shown that the collection of periodic zeta-
functions ({(s;21), ..., ¢(s;2,,)) is functionally independent and den-
se. Note that the functional independence of a collection of periodic
Hurwitz zeta-functions with parameters algebraically independent over
the field of rational numbers (Q, when to each parameter «;; a collection
of periodic sequences is attached, was obtained by A. Laurincikas (see
[28]).

Suppose that [; is a positive integer, j = 1,...,7, B = {bmj :
m € Ny} is a periodic sequence of complex numbers with minimal
period kj; € N, a; is a real number, 0 < «;<1, ((s,a;;B;) is the
corresponding periodic Hurwitz zeta-function, j = 1, ..., [ =1, ..., 5,
and Kk = [ +...+[,. Let k be the least common multiple of the numbers
ki1, ..., klul, coey Kp1y oovy kg, Define the matrix

blll b112 bllh blrl blr2 blrl,«
B = b211 b212 b21l1 b27‘1 b27"2 b2rlr
bkll bkl? bklll bkrl bkr2 bkrlr

Theorem N. Suppose that 1,a, ..., o, are numbers algebraically in-
dependent over the field Q, rank(B) = k. Suppose that the function
Fy, : CN* — C is continuous for each h = 0,1,...,n such that the
function

ShFh (C(S, a5 SB11), C’(& Q; sB11), ceey C(N_l)(S, Q5 ’Bn), ey

C(Sa Qq; %lh)a C/(S7 ar; %1l1>7 [ERE) C(N_l)(sa Qq; %lh); xE)
C(Sa (7 %7‘1)7 </(3> Q3 %rl)a sy C(Nil)(sa (07N %rl)a )

C(Sv Q) %Tl’,«)7 C/(sv Q] %Tlr)v (ERE) C(N_l)(sa Q] %Tl’,»))

is identically zero. Then Fj, = 0for h =1,...,n.
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In this chapter, we study the tuple consisting of r; number of peri-
odic zeta-functions and x number of periodic Hurwitz zeta-functions.
In other words, we compose into one more general result Theorems 4.1
and N.

Theorem 5.1. Suppose that the sequences 211, . ..,%2,. are multiplica-
tive, rank(A) = ry, and inequalities (4.1) hold. Let 1,0, ...,q, be
numbers algebraically independent over the field Q, rank(B) = k.
Suppose that the function F, : CN"+%) 5 C is continuous for each
h =0,1,...,n, and the function

G(s)

n

s"F), (C(S;Qll),(’(s;Qll), o ,C(N_l)(s;ﬁll), o

h=0
Cls: 2, ), C'(5:2,), - (Y (s12L,),

C(s,01;B11), C(s,al;%ll),...,C(N_l)(s,al;%ll),...,
C(s,00;B1,), (s, a1:B11,), .., (Y V(s a1;B1,), ...,
C(s,0:B01), (5,003 B1), o, CV V(s ;B 1),

C(Sv (67 %7’17)7 C/(Sa (67 %T‘lr)7 ceey C(N_l) (Sa (67 SBTZT))

is identically zero. Then F, = 0forh =1,....n

The mixed joint universality theorem for the functions ((s;2;), j =
1,...,r,and {(s,0;;B5), j = 1,...,r, L = 1,...,1;, is essential in the
proof of functional independence and denseness results. It is the most
significant new result of this chapter.

Theorem 5.2. Suppose that the sequences Ay, ..., are multiplica-
tive, rank(A) = 1, and inequalities (4.1) hold. Let 1,aq, ..., «, be
numbers algebraically independent over the field Q, rank(B) = k. Let
fi(s), ..., fr,(s) be continuous functions without zeros in K, ..., K,,,
respectively, and analytic inside K, ..., K,,. Suppose that f;(s) is a

continuous function in K, and analytic inside K, for each j =1, ...,
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l =1,...,1l;. Then, for every e > 0,

1
lim inf Fmeas (7’ €1[0,7]:

T—o0

sup sup [((s +im; ;) — fi(s)] <e,

1<5<r SEK]'

sup sup sup |¢(s+i7,a;;Bj) — fu(s)| < 5) > 0.

1<<r 1<I<l; s€ Ky

Here all K’s are subsets of the strip D(%, 1).
Finally, the third result presented in this chapter is a general dense-
ness lemma (we state it as theorem).

Theorem 5.3. Suppose that all hypotheses of Theorem 5.2 are satisfied.
Then the image h(R) defined by the formula

h(t)
({ (o4it; A1), ¢ (o4it: A1), .., ¢V V(o+it; 2y),. .

Clo+it; Ay), ¢ (o+it; A, )., (VY (o +it; A, ),
Clo+it,a1;B11), (' (o+it, 003 B11),. .., (Y V(o+it, a1;B11),. . .,
C(o+it,a1;Byy,), ¢ (o+it, a1; By, ),. .., (VN V(o+it, aq;B,),. . .,
C(o+it, ar;B,1), ¢ (o+it, ay; Ba),. .., (N YV (o+it, ar;B,1),. . .,

((o+it, a1;B,), (' (o+it, a3 By,),. ..., (N V(o +it, an; %m)>

is dense in CN(ritr),

Note that some results on the mixed joint universality for (( (s;2),
) C(S; le)a C(S, a5 SBl)a T ((S’ Qry; %7’2)) were proved by A. Lau-
rinikas in [29].

5.2 Proof of Theorems 5.1, 5.2 and 5.3

In the proof of Theorem 5.1, the main role plays the universality
(Theorem 5.2). For this, following the Bagchi method (see [1]), firstly
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we need the functional limit theorem in the sense of weakly conver-
gent probability measures for the functions ((s;%;), j = 1,...,ry, and
C(S, (D) Ele),j = 1, T, = 1, ey lj.

5.2.1 Generalized mixed joint limit theorem

Let

r1+kK

In this subsection, we consider the probability measure P defined by
1
Pr(A) =: neas {Te0,T]: Z(s+ir,a;A;B) € A}

for A € B(H(D)), where

(s + im0 2:58) (c<s;ml>7...,<<s;mm>,
C(sa Qg gB11)7 SR Q(S, Qar; s:Blll) R
C(Sa Q] %7'1>7 R C(Sa Qi %rlr)>
with o = (a17 s 7057')9 % = (9[17 (RS Q[ﬁ)’ 2 = (%117 LERE) %llu HS) s:87‘17
. B).
For the statement of limit theorems, we need a certain topological
structure. To avoid confusion with notations in previous sections, we

redefine some of them.
Now by (2; we mean the torus 2 defined by (2.1), i.e.,

Q1 = H’Ypa

peP

where 7, = v for all p € P. Define one more torus
QQ - H ’y'mn
m=0
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with v, = « for all m € Ny. Since, by the Tikhonov theorem, both
tori {21 and {2, are compact topological Abelian groups, on (€21, B(£2;))
and (€22, B(£22)), the probability Haar measures my; and mpys can be
defined, which lead to the probability spaces (€21, B(€2;),mpg1) and
(Qq, B(€22), mpo), respectively. We put

Q:§21XQ21X...XQ2T

with 25; = () forall j = 1,...,r. Again, by the Tikhonov theorem,
) is a compact topological Abelian group, and we have the probability
space (2, B(€2), my) (see [52]). Here my is the product of measures
mp and myg; foreach j =1, ..., 7.

Denote by ws (p) be the projection of w; € §2; to 7, p € P, and by
waj(m) the projection of wy; € o, t0 Yy, m € Ny, j =1,...,7. Letw =
(w1, wa1, ..., wa, ), and define on the probability space (£2, B(2), m ) the
H(D)-valued random element Z(s,w, a; 2, B) by the formula

Z(Sugag;guﬁ) = (C(Sawl;Q[l)? "‘JC(S7w1;Q’[T1)7
C(S, a1, W21, %11), ceny C(S,Oél,CL}Ql; %1[1), ceny

C(S, A, Wor; EBTl)? ceey C<57 Ay, War; %rlr>>

with
> ajmwi(m)
)= = —1
C(Sawlu ) mZ:1 ms ’ J yeeey Tl

and

2 by irwai (M .

C(S,Oéj,&)gj;%ﬂ) = (TT]Ll—l——%OE)S)’ ] = 1, Ty | = 17 ...,lj,
m=0 J

for s € D. These series are convergent for almost all w; € 2; and
waj € §d95, j = 1,...,7. Denote by Py the distribution of the random
element Z(s,w,a; 2, B), i.e., that Py is the probability measure on
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(H(D), B(H(D))) defined as

Py(A) =mpy(w e Q: Z(s,w, s A, B) € A).

Now we state the mixed joint functional limit theorem for the functions
C(S,Q[]),j = 1, T, and C(S, Qg %jl)7 ] = 1, ey Ty = 1, ceny lj.

Theorem 5.4. Suppose that the sequences i, ..., 2., are multiplica-
tive, and the numbers 1,aq, ..., o, are algebraically independent over

Q. Then Pr converges weakly to Py asT" — oo.

The proof of the theorem is similar to that of Theorem 2 from [29].
Therefore, we recall only some essential moments, and will begin with
a limit theorem on the torus €.

On (2, B(Q2)), define

meas{T € (0,17
(" ipeP),((m+a;)" " :meNy,j=1,..7)) € A}'

Lemma 5.1. Suppose that the numbers 1, a, ..., o, are algebraically
independent over Q. Then the measure QT converges weakly to the

Haar measure myg as'T' — oo.

Proof. This is Theorem 3 of [29]. It is important to mention that in the
proof essential role plays the fact that the system of numbers {logp :
p € P} U {log(m + a;) : m € Ny,j = 1,...,r} is linear independent
over Q. [l

Now, for a fixed o¢ > %, we put

o0
v(m,n) = exp{(m) }, m,n € N,
n

+a;\” ,
vj(m,n):exp{(m 04]> }, m,n €Ny, j=1,..,r1

n—+ q;

and
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Using the Mellin transform formula and contour integration, we can
show that the series defined by

Gulsiy) = 3 Gmtmn)

ms
m=1

and

bimjivj(m, n)

Gin(s, 055 Bj1) = (m -+ ;)°
J

R jzl,...,r, lzl,...,l]'7

converges absolutely for o > % (see [35] and [27], respectively).
Let, forn € N,

Gin(s,w1325) = >

ms 9 J= 17 yT'1,
m=1
and
> Dyiwai(m)vi(m,n)
Cjn<saw2]7a]7%]l) = Z 2 23( ) ]( )7 J = 17 s Ty [ = 17"'7lj7

(m + Oéj)s

m=0

and we extend w (p) to the set N using the formula

wi(m) =[] wi(p)

pY|Im

(in view of the factorization of m into primes). Note that the latter series
converges absolutely for o > % also.

Letw, = (W, W21, ..., We,) € 2 be fixed. Then, in view of Lemma 5.1,
we can prove that, for A € B(H (D)), the measures

Pr.(A) = %meas{T €[0,T): Z,(s+i1,0;2,B) € A}
and

Pr,,(A) = %meas{r €0,7): Z,(s+iT,wy, a; A, B) € A}
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both converge weakly to the same probability measure P, as 7' — oo.
Here, for s € D,

2,5, 8.3) = (G (5590) 0 G 5520,
Cln(S, g, EBH), ey Cln(S, Qaq; %111)7 .

Crn(‘S) (079 %rl)a ceey grn(sa (67 %rlr))

and

Zn(sqgog; 2‘7 2) = (C‘ln(sy @1; Qll)a ) <T1n(87 alu le"l)7
Cln(sa @21; aq; %11), e Cln(S, @22, aq; %111)7 oo

grn(sa @27“7 (07" %7’1)7 ceey CTTL(Sa @27‘7 (07 EBTU)) .

In the next step of the proof, we approximate the vectors Z (s, a;; 2, B)
and Z(s,w, a; 2, B) by the vectors Z,, (s, o; A, B) and Z,, (s, w, o; A, B),
respectively. On H (D) we define the metric inducing the topology of
uniform convergence on compacta as follows.

It is known (see [26]) that the metric on H (D) inducing its topology
of uniform convergence on compacta, for f,g € H(D), is defined by
the formula

L S [F(s) — g(s)|
e9) = 2 2 D T g

o0

Here {K} : k € N} is a sequence of compact subsets of D such that
D = U2 Ky, Ky, C K4y forall £ € N, and, for some k, K C K, if
K C Dis acompact. If, for f = (f1,..., fri; fi1, o fis fris oos fri)
and g = (g1, -+, Gr1» 911, -+, Gibys Irl» -+ Grt,) € H(D),

Q(i’ 2) = max ( max Q(fju%)? max max Q(fjlagjl))v

1<y<n 1<<r 1KIL

then ¢ is a metric on H (D) inducing its topology.
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Then, using relations from [35] and [27] together with (3) and (4)
from [29], we obtain that

1 T
lim lim sup ?/ Q(Z(s + Z.7—7 Q5 za E)vZn(S + iT? Qg %7 2))d7‘ =0
0

n—=00 T 00

(5.1)

and, for almost all elements w € (2,

1 (T
lim lim sup T/ Q(Z(S—i—iT,W,CK;Q[, %),Zn(s—i-h,c_u,g;ﬂ,@))dr:o
0

N0 7o S

(5.2)

if 1, aq, ..., a, are algebraically independent over the field of rational
numbers Q.

Now, on (H(D),B(H(D))), we define one more probability mea-
sure

1
Pr, = ?meas{T IS [O,T] 2Z(S + iT#«%QQ%aﬁ) S A}‘

Since both probability measures Pr, and Pr,, weakly converge
to the same limit measure, this fact together with the relations (5.1) and
(5.2), shows that both the measures Pr and Pr, converge to the same
probability measure P as " — oo.

Finally, applying arguments from ergodic theory we can show that
P =Py

5.2.2 Support of the measure P,

We recall that the support of the measure Pz is a minimal closed
subset Sp, € H(D) such that Pz(Sp,) = 1. The set Sp, consists
of all i € H(D) such that, for every neighborhood F of i , holds the
inequality Py (F) > 0.

Let S ={g€ H(D):g(s)#0org(s) =0}.

Theorem 5.5. Suppose that the sequences Ay, ..., 2., are multiplica-
tive, rank(A) = ry, and inequalities (4.1) are satisfied. Let 1, ..., o,
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be numbers algebraically independent over Q, and rank(B) = k. Then
the support of the measure Py is the set S x H"(D).

Proof. In Lemma 8 of [29], it was proved that the support of the random
element ({(s,w;2Ay), ..., ((s,w1;2A,.,)) is the set S™'. In Lemma 4.1 of
[31], it was shown that the support of the random element ( (s, a; wo; B)
is the whole space H (D).

The space H (D) is separable since the space of analytic functions
H(D) is separable. The measure my is defined as a product of the
Haar measures my; and mpyo; on (21, B(£21)) and (Qq;, B(€;)), j =
1,...,r, respectively. Thus, we find that, for A € B(H (D)),

Pz(A) =mpy (c_u €N:Z(s,w,; A, B) € A)

=My (g €Q: ((¢(s,wi; 1), o, (s, w13 2,,)) € A™),
(C(37W217@1§%11>7---7C<3>W21;a1;%1l1)a TP
<(87W2T7ar; %7’1)7 “'7C(S)w2ra %Tlr)) € AH)
=mMmpg1 ((C(Sawl;%1)7 "'7C<va1;m7‘1)) € A”)
X Mm21 (w21 € Qg : ((s, 1, w21;B11) € All) X
X Mm21 <w21 € Qg : (5,00, w21;Byy,) € Aul) X ...
X Mo, (wzr € Qo : ((8, ap, wop; Bp) € AH) X ...
X Mmooy <W2r S QZT . C(Saamu}%‘;%rh) S Arlr)
with A = A™ x AH, A" € B(Hﬁ(D)) and AH = AH X ... X A1l1 X
LA X x Ay, € B(HR(D)) foreach A € B(H(D)),j=1,...,r,
l — 1, ceey lj
This, under the hypotheses of the theorem, together with above re-

mark for supports of random elements (((s,wy; A1), ..., ((s,w1; 2, ))
and ((s, a; wy; B), completes the proof. O

79



5.2.3 Mixed joint universality theorem

Recall that the main place in the proof of functional independen-
ce and denseness results occupies the mixed joint universality theorem,
i.e., Theorem 5.2.

Proof. The proof of the theorem follows from Theorems 5.4 and 5.5
using the Mergelyan theorem on the approximation of analytic func-
tions by polynomials (see Theorem 2.4). [

5.2.4 Proof of denseness lemma

Now we will prove the general denseness lemma which is Theo-
rem 5.3 in our dissertation.

Proof. Let

z = (21107 2111y -+ + 9 R1IN—=1y - - = 3 217105 Rlrils - - - 5 Rlry N—1,
221109 +++3 R21IN =13+ + + y 2211109 + + - » 21 N—13 +++5 227105 +++)

R2rIN—15 +++ 22710, ~--22rl7»N—1)

be an arbitrary point in the space CN1+%) As in the proof of Lem-
ma 4.2, we will show that, for each £ > 0, there exists a sequence {7,,}
of real numbers, lim,,, _,, 7,,, = +00, such that

|u(Tm) — 2|eneem < €,

e, that, forg =0,1,..., N — 1 and every € > 0, the inequalities

. 9 .
‘C(g)(0+ZTm;Q{j)_leg’ < N_7“1> Jg=1...,m,
and
. 6 -
’g(g)<a+17—m7aj;%j)_22jl9| <N_7“2’ jzla'”ar7 l:]'?"'7lj7
hold.
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Define the polynomial

N-1 N-2
ZhdN—-1"S ZhdN—-2 " S Zhd0
Pran(s) =

N1 (~N—2r o

Here h = 1 for the function ((s;%(y), d = 1,...,ry, and h = 2 for the
function ((s, a;; B 4) with the meaning of d as double indexes ji, where
j=1,...,r,l=1,...,1;. Then we have

Péﬂv(o) = Zhdg

forg=0,1,...,N — 1.

We fix a number oy, % < 0p < 1, and choose a compact subset /'
of the strip D, so that the point o0y is its internal point. Then, by The-
orem 5.2, there exists a sequence {7, } of real numbers, lim,, o 7, =
400, such that

oy
sup su S+ 1Tm;A:) — Prin(s — 0p)| < ———
P, e It i) = Punle = < gy,
forj=1,...,r;,and
5+ i 55 B51) — Pa (s — o) < o
sup sup su S+ iTm, ;B ) — Pyyn(s — o —_
1<j£r 1<l<plj sefgl Al 2N 0 2NNINk

forj=1,...,rand [ = 1,...[;, where § = min(dy;,d2j;) and dy;, d2j
are the distances of o from the boundaries of the sets K;, 7 = 1,...,m
and K, 7 = 1,...,r, 1 = 1...,1;, respectively. Hence, applying the
Cauchy integral theorem, we see that, forall g =0,..., N — 1,

€9 (09 + iTim; Aj) — 21

g_'/ C(s 4 im; A ) —Ple(s—ao)dS P
271 |s—ao|:% (S—Ug)g+1 NTl
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forallj=1,...,r,and

€9 (00 + 1T, 003 Bj1) — 22514

- g' / C(S—i—iTm,Oéj;Ele) —nglN(S—Uo)d £
= | S| < —
211 |s—oo|=2 (8 — O'Q)g+1 Nk
forallj=1,...,r,l=1,..1.
This completes the proof of the theorem. [

5.2.5 Proof of Theorem 5.1

As for the proof of Theorem 4.1, we use the Voronin method. There-
fore, using Theorem 5.3, it is sufficient to prove that F} = 0 for a fixed
h. Assuming, on the contrary, we suppose that F};, # 0. Then there
exists a bounded region G C C"** such that the inequality

|Fr(s)] >c¢>0 (5.3)

is true for all points s := (81, ..., Syyy S11y ey Slys ooy Srly ooy Sp1,) € G

In view of denseness lemma, there exists a sequence {75}, lim 7, = oo,
k—o00

such that

(<(0-+Z7k7 Q‘l)?C/(U+Z.Tk; Q[1)7‘ . '7C(N_1)<0-+i7k; 22[1)7' Y

Clot+ime; 1) ,C(o+img ), . (VD (o+im; 2A,),

C(o4iT, 01:811).C (0 +ime, a1:B11),. . .C VD (o+im, a1:B11),. . .,
C(o4iT, 01;B1,,),¢ (0 +iTe, 1B, . (VY (o+im, a1:By, ), . .,
Clo+iTh, a1:8B,1),C (047, 013801, .., (VD (o4imy, a1:B,1),. . .,

C(o+iTh, a1;B,,),C (0407, 018, ), . . C VD (o +i7y, al;’Bm)>€ G.

However this and (5.3) contradicts our hypothesis for F}j,. Hence,
F,=0.

In the same way we can show that, for h = 0, ..., n, in Theorem 5.1
every continuous function F}, is identically equal to zero, i.e., F,
0,...,Fy =0.
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The proof of Theorem 5.1 is complete.
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Chapter 6

Conclusions

In the doctoral dissertation, the main attention is devoted to the
simultaneous approximation of wide classes of analytic functions by
the shifts of L-functions from the Selberg-Steuding class S, and the
mixed simultaneous approximation by periodic zeta-functions and pe-
riodic Hurwitz zeta-functions, as well as some applications of it. There-
fore, the dissertation results lead us to the following list of conclusions.

1. Joint continuous universality theorem for the L-functions from
the class S, namely, (L(s + ia17), ..., L(s + ia,T)), where the real
algebraic numbers ag, ..., a, are linearly independent over the field of
rational numbers, is valid.

2. The set of shifts of the collection (L(s + iai7), ..., L(s + ia,T))
that approximate on compact sets a tuple of given analytic functions
with accuracy € > 0 has a positive density for all but at most countably
many € > 0.

3. The first two conclusions are valid for discrete shifts using the
linear independence over Q of the multiset {(hj logp : p € P),j =
1,...,r; 2} for positive h;.

4. The collection consisting of 7; number of periodic zeta-functions
(¢(s;241), ..., C(s;2,,)) is functional independent and dense when the
rank of the matrix consisting of the coefficients of the functions and
these coefficients satisfy certain conditions.

5. Mixed simultaneous approximation for the multi-collections of
periodic zeta-functions and periodic Hurwitz zeta-functions is valid in
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continuous case. To fulfil this property, the following additional condi-
tions must be satisfied: the ranks for the coefficients matrices of these
functions to be rank(A) = r and rank(B) = k, the parameters 1, o, ..., a,
of periodic Hurwitz zeta-functions to be algebraically independent over
the field QQ, and certain estimates for the coefficients of periodic zeta-
functions.

6. Same, based on the situation in the 5th conclusion, the collection
of zeta-functions is functional independent and dense.
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Santrauka (Summary in
Lithuanian)

Tyrimo objektas

Analizingje skaiCiy teorijoje dzeta ir L funkcijos atlieka pagrindinj
vaidmenj. Siy funkcijuy teorija pastoviai ir sistemiskai vystosi jvairiomis
kryptimis. Atraminiu Sios teorijos tasku tapo B. Rymano (Riemann)
darbas [46], kuriame gauta eilé svarbiy rezultaty dabar taip vadinamajai
Rymano dzeta funkcijai ((s). Si funkcija buvo nagrinéjama kaip kom-
pleksinio kintamojo s = o + it funkcija, kuri pusplokStumeéje o > 1
yra apibréziama Dirichlé eilute arba Oilerio sandauga pagal pirminius

n-2)’

peP

skaicCius
((s) = f: 1
N m=1 m’ N

Funkcija ((s) yra analizi$kai pratgsiama j visa kompleksing plok$tuma,
iSskyrus taska s = 1, kuris yra paprastasis polius su reziduumu 1.

TacCiau yra dzeta funkcijy neturinéiy iSraiSkos Oilerio sandauga. Kla-
sikinis tokios funkcijos pavyzdys — dzeta funkcija (s, «), kurig apibrézé
A. Hurvicas (Hurwitz) [12]. PusplokS$tuméje o > 1 ir realiajam skaiCiui
a, 0 < a<1, ji yra apibréziama Dirichlé eilute

= 1
((s, ) = Z mta)

m=0
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Isskyrus atskirus atvejus, kai @ = 1 ir @ = 1, funkcija ((s, @) néra
iSreiSkiama Oilerio sandauga. Paminésime, kad $i funkcija taip pat yra
analiziSkai pratgsiama j visa kompleksing plokStuma, iSskyrus taska s =
1, kuris yra paprastasis polius su reziduumu 1.

Siuolaikingje skaiéiy teorijoje vienas i§ populiariausiy sprendZiamy
uzdaviniy — analiziniy funkcijy aproksimavimas bendresnémis funkci-
jomis. 1952 m. S. Mergelianas (Mergelyan) jrodé [39], kad kiekviena
kompleksines reik§mes jgyjanti funkcija f(s), kuri yra tolydi plokstu-
mos C kompaktiSkoje aibéje ir analiziné §ios aibés viduje, gali buti toly-
giai aproksimuojama s polinomais.

Ypatingai aproksimavimu susidométa po 1975 m. stipraus S.M. Vo-
ronino (Voronin) darbo [55]. Jame buvo parodyta, kad kiekviena ana-
lizing funkcija kompleksingje plokStumoje tam tikru tikslumu galima
aproksimuoti Rymano dzeta funkcijos postimiais (s + i7), 7 € R.

Dabar analizinéje skaiciy teorijoje yra Zinoma daugelis Rymano dze-
ta funcijos ((s) apibendrinimy, pavyzdziui, Dirichlé L funkcijos L(s, x),
Matsumoto dzeta funkcija ¢(s) ir kitos. Nataralu, kad taip pat yra
jdomas ir ((s) apibendrinimai, neturintys Oilerio sandaugos. Vienas
i§ ju — auk$c¢iau minéta Hurvico dzeta funkcija (s, «), taip pat ir kitos
Hurvico tipo dzeta funkcijos.

Sios daktaro disertacijos tyrimo objektai yra dzeta ir L funkcijos,
kurios taip pat apibendrina Rymano dzeta funkcija. O tiksliau — L
funkcijos, kurios priklauso Selbergo-Stoidingo (Selberg-Steuding) kla-
sei S, bei dvi dzeta funkcijos su periodiniais koeficientais — periodiné
((s;20) ir periodiné Hurvico ((s, a; 2B) dzeta funkcijos.

Pirmiausia pateiksime dzeta funkcijy, kuriy elgesj tirsime darbe,
apibrézimus.

A. Selbergas (Selberg) apibréze klase S (7Zr. [49, 50]), kuri dabar yra
Zinoma kaip Selbergo klasé. Nors Sios klasés strukttrg nagrinéjo daug
matematiky (pavyzdziui zr. [20, 21, 22, 23, 43, 52]), bet iki $iol ji néra
pilnai istirta. Taciau Zinoma, kad klasei S priklauso visos pagrindinés
dzeta ir L funkcijos, pavyzdziui, ((s), L(s,x), tam tikry paraboliniy
formy dzeta funkcijos ir pan.
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Klase S sudaro Dirichlé eilutés

Lis)=Y agp, a(m) € C,

kurios tenkina $ias hipotezes:

(1) RamanudZano (Ramanujan) hipotezé. Ivertis a(m) < m* galioja
su visais € > (; ¢ia tam tikra konstanta gali priklausyti nuo €.

(2) Analizinis pratesimas. Su tam tikru k € Ny, funkcija (s—1)*L(s)
yra sveikoji baigtinés eilés funkcija.

(3) Funkcine lygtis. Tegul

Jo
Ap(s) = L(s)Q [T (\js + wy);
j=1
Cia ¢ ir A; yra teigiami realieji skaiCiai, o kompleksinis skaiCius
f; yra toks, kad 41,>0. Tada yra teisinga tokia funkciné lygtis
AL(s) = wAL(1 —3);
¢ia |{w| = 1ir s Zymi s jungtinj skaiciy.

(4) Oilerio sandauga. Tegul

log Ly(s) = 3 22

s
=1 p

su koeficientais b(p') tenkinanciais jverti b(p') < p™, a <

N[

Tada teisinga tokia iSraiSka

L(s) = [[ Lu(s).

peP

J. Stoidingas (Steuding) pirmasis praéjo nagrinéti klase S univer-
salumo aspektu [52]. Jis panaudojo tokias aksiomas:
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(5) Pirminiy skaiciy teoremos analogas. Egzistuoja skaiCius k > 0
toks, kad

. 1 2 _ .
wh_{goﬁzm(pﬂ =R

pszT

Be to, [52] darbe buvo pareikalauta, kad egzistuoty tokio tipo Oi-
lerio sandauga:

(6)

a-M-22)

peP j=1

su tam tikrais kompleksiniais skaiCiais c;(p).

Selbergo-Stoidingo klase S vadiname dzeta ir L funkcijas, kurios
priklauso Selbergo klasei S ir tenkina 5-aja aksioma.

Pastebésime, kad Selbergo klasés teorijoje svarbi charakteristika yra
funkcijy laipsnis. Priminsime, kad funkcijos L(s) € S laipsnis dj, yra
apibréziamas taip:

Jo
d, =2 A
j=1

PavyzdZziui, jei d; = 1, tada L(s) sutampa su Rymano dzeta funkcija
((s), jei d, = 2, tada L(s) yra L funkcijos susietos su holomorfine
nauja forma f, o jeigu d;, = 4, tai kiekvienos normuotos tikrinés reikSmeés
Rankino-Selbergo L funkcija yra klasés S elementas.

Mus taip pat domina vienlaikio aproksimavimo savybeé ir jos taiky-
mai dviem dzeta funkcijoms su periodiniais koeficientais.

Pirmoji mus dominanti funkcija buvo apibréZta V. Sni (Schnee) [48],
dabar vadinama periodine dzeta funkcija ((s;21).

Tarkime, kad 2 = {a,, : m € N} yra komplesiniy skaiéiy a,, seka
su minimaliu teigiamu periodu k£ € N. Pusploks§tuméje o > 1 periodiné
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dzeta funkcija ((s; ) yra apibrézta Dirichlé eilute

IS sekos 2A periodisSkumo seka, kad

ﬂ)z%ia&(s,%), o> 1;

Cia ((s, ) yra klasikiné Hurvico dzeta funkcija. Vadinasi, atsizvelgus j
funkcijos ((s, o) savybes, matome, kad funkcija ((s;2() gali buti anali-
zisSkai pratgsiama j visa kompleksing plokStuma, iSskyrus, galbiit taSka
s = 1, kuris yra paprastasis polius su reziduumu

Jei a = 0, tada funkcija ((s;2) yra sveikoji.

wh—‘

Antroji dzeta funkcija su periodiniais koeficientais, kurig nagrinéjame
Siame darbe, yra periodiné Hurvico dzeta funkcija ((s, a; B). Pastebe-
sime, kad Sia funkcija apibrézé¢ A. Laurincikas [27].

Dabar tegul 8 = {b,, € C : m € Ny} bus periodiné seka su
minimaliu periodu k£ € Ny, o o — fiksuotas realusis skaiCius, 0 < a<1.
Tada periodiné Hurvico dzeta funkcija ((s, «; B) yra apibréZta Dirichlé
eilute

—~  bn
C(SOJ% Zm o> 1.

m:O

Kadangi seka ‘B yra periodiné seka, todél

C(s,0;B) kszbmc( m”‘)

I ¢ia matome, kad funkcija (s, «; B) yra analiziskai pratgsiama j visa
kompleksing plokStuma, i§skyrus, galbiit taska s = 1, kuris yra papras-
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tasis polius su reziduumu
=
b=+ > b
m=0

Jei b = 0, tai {(s, «; B) taip pat yra sveikoji funkcija.

Siame darbe mes nagrinéjame vienlaikj tam tikry funkcijy aproksi-
mavimg tinkamais auk$c¢iau minéty dzeta ir L funkcijy postimiais bei
gauname svarbias su tuo susijusias iSvadas.

Tikslas ir uzdaviniai

Daktaro disertacijos tikslas — gauti L funkcijy, priklausanciy Sel-
bergo-Stoidingo klasei S, universalumo savybeés apibendrinimus ir tam
tikrus rezultatus, susijusius su miSriu vienalaikiu aproksimavimu dzeta
funkcijy su periodiniais koeficientais, tiksliau ((s;2l) ir {(s, a;*B), po-
stumiais.

UZdaviniai yra tokie:

1. Tolydi jungtinio universalumo teorema L funkcijoms ir jos modi-
fikacija.

2. Diskreti jungtinio universalumo teorema L fukcijoms ir jos modi-
fikacija.

3. Periodiniy dzeta funkcijuy jungtinis funkcinis nepriklausomumas
ir tirStumas.

4. Analiziniy funkcijy rinkiniy miSrus vienalaikis aproksimavimas
periodiniy dzeta funkcijy rinkiniy ir periodiniy Hurvico dzeta funkcijy
rinkiniy postiimiais.

5. Periodiniy dzeta funkcijy ir periodiniy Hurvico dzeta funkcijy
multirinkiniy miSrus jungtinis funkcinis nepriklausomumas ir tirStumas.

Aktualumas

Pastaruosius tris deSimtmecius universalumo teorija sparciai vys-
tosi jvairiomis kryptimis, pavyzdZiui, vykdomi jungtinio miSraus uni-
versalumo, tiesiniy operatoriy universalumo, unversalumo trumpuose
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intervaluose tyrimai ir pan. Tai parodo Sios teorijos svarba bendrai
matematikos moksle. Yra Zinoma, kad dzeta funkcijos ir jy univer-
salumas, ypac diskretus, placiai taikomi fizikoje (zr. [4, 10, 25, 36,
44)). Sis faktas analiziniy funkcijy aproksimavimo dzeta ir L funkcijy
postumiais tyrimus padaro dar labiau patraukliais.

Kartu su vienos dzeta funkcijos universalumo savybe iSkyla klausi-
mas apie galimy apibendrinimy kryptis. Viena i§ jy — aproksimavi-
mas placiomis dzeta funkcijy klasémis, pavyzdZziui, Selbergo klase S,
iSplésta Selbergo klase S*, Matsumoto dzeta funkcijy klase M ir pan.
Kita galima tyrimy kryptis — vienalaikis aproksimavimas klasémis. Tre-
¢ioji kryptis gali buti vadinamasis miSrus vienalaikis aproksimavimas.
Tai galima padaryti nagriné¢jant tolyduy ir diskrety dzeta ir L funkcijy
universalumo savybeés atvejus.

Kaip yra Zinoma (zr. [19, 26, 37, 52]), panaudojant universalumo
savybg, galima spresti eilg kity problemy: dzeta ir L funkcijy tirs-
tumo ar funkcinio nepriklausomumo, nuliy kiekio, efektyvumo prob-
lemas ir pan. Todél svarbu vystyti analiziniy funkcijy aproksimavimo
tinkamomis Zinomomis dzeta funkcijy klasémis teorija, taip pat ieSkoti
naujuy klasiy, kurios i§saugoty aproksimavimo savybes.

Be to, aproksimavimo dzeta funkcijomis teorijos vystymas yra vie-
nas i$ produktyviausiy moksliniy lauky Lietuvos analizinés skai¢iy teori-
jos mokykloje. Dar daugiau — jaunojo mokslininko pareiga yra iSlaikyti
ir plesti Lietuvos matematiky tradicijas.

Metodai

Dzeta funkcijy klasiy universalumo savybés jrodymuose taikomi
tikimybiniai ir analiziniai metodai bei Mergeliano analiziniy funkcijy
aproksimavimo polinomais teorija. Tikimybiniai metodai remiasi silp-
nojo tikimybinio mato konvergavimu ribinése teoremose analiziniy funk-
cijy erdvéje su iSreikStiniu mato pavidalu. Tam panaudojami Furjé ana-
lizés, Dirichlé eiluciy teorijos elementai, silpnojo tikimybiniy maty kon-
vergavimo savybes bei ergodiSkumo teorija.
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Naujumas

Sioje disertacijoje pateikiami naujai gauti rezultatai.

Jungtinis vienalaikis aproksimavimas L funkcijomis, kurios prik-
lauso Selbergo-Stoidingo klasei S abiem atvejais, tolydZziu ir diskreciu,
yra nagrinéjami pirma karta. Pastebésime, kad minétose teoremose yra
nagrinéjamas apatinis postimiy tankis ir tankis, iSskyrus daugiausiai
skaiCig aproksimuojanciy postiimiy tikslumo aibg. Tokio tipo aproksi-
mavimas L funkcijomis, priklausanciomis klasei S, i viso dar nebuvo
tyrinétas.

I8 jungtinio miSraus universalumo teoremy dzeta funkcijoms su pe-
riodiniais koeficientais gauti du rezultatai: jungtinis funkcinis neprik-
lausomumas ir tirStumas. Bendriausiu atveju — kokie yra disertacijoje —
taip pat pateikiami pirma karta.

Problemos istorija ir pagrindiniai rezultatai

1975 m. S.M. Voronino publikuotas straipnsnis [55] davé pradzia
dzeta ir L funkcijy universalumo teorijai. Jame buvo jrodyta, kad plati
analiziniy funkcijy klase skritulyje, priklausanciame kritinés juostos
{s € C:1 <o <1} deSiniajai pusei gali biti tam tikru tikslumu toly-
giai aproksimuojama vertikaliais Rymano dzeta funkcijos postimiais
((s+ir), T € R.

A teorema. Tarkime, kad 0 < r < 1,

nevirstanti nuliu skritulyje |s|<r bei analiziné to skritulio viduje. Tuomet

o funkcija f(s) yra tolydi ir
kiekvienam ¢ > 0 egzistuoja skaicius T = 7(g) toks, kad

max < €.

|s|<r

c(s+§l+z‘7> = f(s)

Si dzeta funkcijy savybé vadinama universalumu Voronino prasme
arba tiesiog Voronino universalumu. Pastebésime, kad funkcijos ((s)
iSraiSkos Oilerio sandauga egzistavimas buvo esminis faktas, Voronino
panaudotas Sios teoremos jrodyme. Véliau Voronino gautas rezultatas
(A teorema) buvo pagerintas ir prapléstas (pavyzdziui zr. [1, 9, 26, 52]).
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B teorema. Tarkime, kad K C D(%, 1) yra kompaktiné aibé, turinti
Junguji papildinj, o funkcija f(s) yra tolydi ir nelygi nuliui aibéje K
bei analiziné aibés K viduje. Tada visiems € > 0 yra teisinga nelygybé

lim inf lrneaus{T € [0, 7] :sup |¢(s +iT) — f(s)| < 5} > 0.
T—oo T seK

B teoremos jrodymas remiasi ribine teorema silpnojo tikimybiniy
maty konvergavimo terminais analiziniy funkcijy erdvéje. Pastarajj me-
toda pirmasis savo disertacijoje panaudojo B. Bagci (Bagchi) [1]. Véliau
jis buvo iSplétotas monografijose [26, 30, 52]. Tai reiSkia, kad naturalus
Sios teorijos vystymo kelias yra nagrinéti dzeta ir L funkcijy, kurios turi
Oilerio sandauga, universalumo apibendrinimus.

2013 m. Z. L. Mokleras (Mauclaire) [38] ir A. Laurincikas su
L. Meska [34], nepriklausomai vieni nuo kity, universalumo teorema
suformulavo ir jrodé tankio terminais. Tokiu buidu B teoremoje apatinis
tankis gali buti pakeistas tankiu ir teisingas yra toks tvirtinimas, kurj
pateikiame toliau.

C teorema. Tarkime, kad K ir f(s) yra tokie pat, kaip B teoremoje.
Tuomet riba

1
lim —meaS{T € [0,T] :sup|¢(s+iT) — f(s)| < 5} >0
T—oo T seK

egzistuoja su visais € > 0, isskyrus ne daugiau nei skaiciq ju aibe.

Pirmaja universalumo teorema L funkcijoms i§ Selbergo klasés S
irode J. Stoidingas (Steuding) [52]. Tegul funkcijoms L(s) € S

1,1
op=max | -,1 — —
L 2" d,

ir Dy = D(O’L, 1). Kartu su klasés S 4-aja hipoteze buvo reikalau-
jama, kad egzistuoty polinominé Oilerio sandauga ir pirminiy skaiciy
teoremos analogas, t. y. 5 ir 6 aksiomos.

K1, pazymékime kompatisky juostos D poaibiy klasg su jungiai-
siais papildiniais, o Hy(K), K € K, — tolydZiy nelygiy nuliui sri-
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tyje K funkcijy, kurios yra analizinés K viduje, klase. Taip pat S
pazymékime klase funkcijy, kurios tenkina Selbergo klasés S hipotezes
bei 5 ir 6 aksiomas. Tada yra teisingas toks teiginys (Zr. [52]).

D teorema. Tarkime, kad L(s) € SNS. Tegul K € Ky ir f(s) € Hyr.
Tuomet su kiekvienu € > 0 yra teisinga nelygybé

1
lim inf ?meas{T €10,7] :sup |[L(s +iT) — f(s)| < 5} > 0.

T—o00 sEK

Atkreipsime démesj, kad klasg S N S sudaro visos funkcijos, kurios
tenkina Selbergo klasés 2 ir 3 hipotezes bei 5 ir 6 aksiomas.

Véliau D teoremoje buvo atsisakyta 6-osios aksiomos reikalavimo
(Zr. [42]). Tiksliau tariant, D teoremos tvirtinimas lieka teisingas funkci-
joms L(s) € S, kurios tenkina tik 5-aja aksioma. O tai jau — pirmasis
universalumo rezultatas L funkcijoms i§ Selbergo-Stoidingo klasés S.

Auksciau apZvelgtuose rezultatuose buvo pristatytas tolydusis uni-
versalumas. Dabar pereisime prie dar vienos Voronino universalumo
krypties — dzeta ir L funkcijy diskretaus universalumo savybeés.

Diskretus universalumas nagrinéja analiziniy funkcijy aproksima-
vima funkcijy postimiais i§ tam tikros diskrecios aibés. Pirmaji Sios
krypties rezultata dzeta funkcijoms gavo A. Reichas (Reich) [45]. Tegul
K yra algebrinis skai¢iy kiinas. Dedekindo (Dedekind) dzeta funkcija
(k(s) pusplokStuméje o > 1 yra apibréZta taip:

<K<s>=;ﬁ:1;[(1—@)_l;

¢ia sumuojama pagal visus nenulinius integralumo idealus, o sandauga
skaiiuojama pagal visus sveikyjy skai¢iy Ziedo K pirminius idealus
(N(a) Zymi idealo a norma). Kai K = @Q, Dedekindo dzeta funkcija
Co(s) virsta Rymano dzeya funkcija ((s). Vadinasi, Reicho jrodytas
rezultatas yra B teoremos diskretus analogas, t. y. kompleksinio kinta-
mojo menamosios dalys yra imamos i$ aritmetinés progresijos {kh, k €
No} suh > 0.

E teorema. Tarkime, kad K ir f(s) yra tokie pat, kaip ir B teoremoje.
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Tada kiekvienam realiam skaiciui h, kuris nelygus nuliui, ir visiems € >
0 yra teisinga nelygybé

1 .
lim inf —# {Oék‘gN csup |¢(s +ikh) — f(s)| < 5} > 0.
N—oo N seK

Priminsime, kad visose diskretaus tipo universalumo teoremose po-
stimio parametro aritmetiné prigimtis atlieka lemiama vaidmen;.

D teoremos diskrety analoga jrodé A. LaurinCikas ir R. Macaitiené
(zr. [33]).

F teorema. Tegul L(s), K ir f(s) yra tokie pat, kaip D teoremoje.
Tuomet su kiekvienu h > 0 ir € > 0 yra teisinga nelygybé

o 1 :
thri}OI;f N 1#{0<k<N csup |L(s +ikh) — f(s)| < 8} > 0.

seK

Voronino universalumas gali biiti nagrinéjamas platesniame isto-
riniame dzeta ir L funkcijy tyrimy kontekste. Jis gali biiti laikomas
reikSmiy pasiskirstymo ir funkcinio nepriklausomumo tyrimy kryptimi.

1910 m. H. Boras (Bohr) pasiulé Rymano dzeta funkcijos reikSmiy
pasiskirstymo tyrimui panaudoti diofantinius, geometrinius ir tikimy-
binius metodus. 1911 m. jis gavo [5] tokij rezultata apie funkcijos ((s)
reikSmiy daznj.

G teorema. Su kiekvienu 6 > 0 juostoje 1 < o < 1+ ¢ funkcija ((s)
igyja bet kuriq nenuling reiksme be galo daug karty.

Véliau H. Boras ir R. Kurantas (Courant) nagrinéjo o<1 atvejj ir
irodé [6], kad

H teorema. Su kiekvienu fiksuotu o, 5 < o<1, aibé {{(o +iT) : T €
R} yra visur tirsta aibéje C.

1972 m. S.M. Voroninas nagrinéjo daugiamatj atvejj ir pastaraji
rezultata Zenkliai apibendrino (Zr. [53]).
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1

I teorema. Su visais fiksuotais skirtingais si,...,s, 3 < Rs; < 1,

1<i<n ir sy # s, su k # 1, aibé

{(((31+i7),...,§(sn+i7)) i TE R}

yra visur tirsta aibéje C", n € N. Kiekvienam fiksuotam s, % <o <1,
aibé

{(C(S+i7),<“’(s+i7),...,Q(”_l)(s+i7)) ;7 €R}

yra visur tirsta aibéje C".

Galima pastebéti, kad pastarasis teiginys yra glaudZiai susijgs su
dzeta funkcijy, apibréZiamu Dirichlé eilute, funkciniu nepriklausomumu.
Si klausima iskele D. Hilbertas (Hilbert), 2-ojo Tarptautinio matematiky
kongreso metu suformulaves 23 svarbiausiy XX a. problemy sarasa (Zr.
[11]). Taciau tik 1973 m. S. M. Voroninas jrodé [54], kad Rymano
dzeta funkcija ((s) yra funkciSkai nepriklausoma.

J teorema. Funkcija ((s) netenkina jokios diferencialinés lygties

s"Fp (C(s),¢(s), ... ,C(N’l)(s)) +...
+ Fy(¢(s),¢'(8), ... ,¢V(s)) =0,

Cia Fy, . . ., F,, — tolydZios funkcijos, is kuriy ne visos yra lygios nuliui,
N eN

Veéliau dzeta ir L funkcijy funkcinio nepriklausomumo uzdavinj
sprendé daugelis matematiky (Zr. [26, 37, 52]). Butina paminéti, jog
funkcinio nepriklausomumo ir tirStumo rezultatams bei universalumo
savybei jrodyti gali biiti taikomi tikimybiniai metodai. Ypac jie tapo
patraukliis po novatoriSkos B. Bagci daktaro disertacijos [1], kurioje
jis pasiulé alternatyvy Voronino universalumo teoremos jrodyma. Pa-
grindiné pasiilyto metodo naujové — funkcinés ribinés teoremos silp-
nai konverguojanciy tikimybiniy maty terminais panaudojimas dzeta
funkcijy tyrimui.

Dabar vel griSime prie universalumo savybés. Galima nagrinéti
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vienalaikj analiziniy funkcijy aproksimavimg dzeta arba L funckijy rin-
kiniais. Tai — jungtinis universalumas. Sia Dirichlé eilu¢iy savybe pir-
masis taip pat atrado S.M. Voroninas. Jis, nagrinédamas Dirichlé L
funkciju L(s, x) funkcinj nepriklausomuma, panaudojo jungtinio uni-
versalumo savybe (Zr. [54]).

Priminsime, kad Dirichlé L funkcijos L(s, x), susietos su charak-
teriu y (mod d), d € N, pusplok§tuméje o > 1 yra apibréZiama taip:

Lis.y) = i X;ﬂ:) Tl (1 - x(p))l'

s
m=1 peP p

K teorema. Tarkime, kad x1, ..., X yra poromis neekvivalentiis Diri-
chlé charakteriai, o L(s,x1),- .., L(s,xn) — atitinkamos Dirichlé L
funkcijos. Tegul K;, j = 1,...,n, yra kompaktinis poaibis juostoje
D(%, 1), turintis jungyji papilding, o funkcija f;(s) yra tolydi, nevirstanti
nuliu aibéje K; ir analiziné aibés K viduje. Tuomet su kiekvienu e > 0
yra teisinga nelygybé

lim inf lmeas <7’ € [0,7]: sup sup |L(s+it, x;)—fi(s)] < 5) >0.
T—oo T 1<j<n seK;

Be abejo, jungtinis universalumas yra sudétingesnis. Kita vertus,
jis Zenkliai jdomesnis. Nattralu, kad jungtinio universalumo atveju
aproksimuojantiems poslinkiams reikalingos tam tikros nepriklausomu-
mo salygos. Norint jrodyti jungtinio universalumo teoremas, daZnai
naudojamos jvairios matricy salygos. Po aukS$c¢iau minéto Voronino
rezultato, jungtinés universalumo teoremos buvo jrodytos dzeta funkci-
joms, apibréztoms Dirichlé eilutémis su periodiniais koeficientais, Mat-
sumoto dzeta funkcijai, automorfinéms L funkcijoms (Zr. apZvalgi-
niame K. Matsumoto straipsnyje [37] arba A. Laurinciko [26] ir J. Stoi-
dingo [52] monografijose).

XXT a. pirmajame deSimtmetyje atsirado dar viena reikSminga jung-
tinio universalumo tyrimy Saka — jungtiniam vienalaikiam aproksimavi-
mui naudojama pora, sudaryta i§ dviejy skirtingy tipy dzeta ir L funkcijy
(viena jy turi Oilerio sandauga, kita — ne). Pirmuosius Sio tipo rezulta-
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tus, nepriklausomai vieni nuo kity, gavo J. Stoidingas su J. Sandersu
(Sanders) [47] ir H. Misu (Mishou) [40]. Jie jrodé, kad analiziniy
funkcijy pora vienu metu yra aproksimuojama poros (((s), ((s, a)) po-
stamiais. Pateiksime MiSu gauta rezultata.

L teorema. Tarkime, kad o yra transcendentusis skaicius toks, kad 0 <
a < 1. Tegul K, ir Ky yra kompaktiniai juostos D(%, 1) poaibiai su
Jjungiaisiais papildiniais. Sakykime, kad funkcija f;(s) yra tolydi aibéje
K ir analiziné aibés K; viduje su kiekvienu j = 1,2. Be to, tegul
funkcija fi(s) yra nelygi nuliui aibéje K. Tada visiems teigiamiems
yra teisinga nelygybé

T—o0

1
lim inf —meas{T € [0,7] : max [((s +1iT) — fi(s)| <€,
T seKy

gréz;gd((s +iT, ) — fa(s)| < 8} > 0.

Misu jrodymas remiasi Bag¢i metodu, o esminis faktas jrodyme —
tiesinis aibes {log(m + a) : m € Ny} U {logp : p € P} elementy
nepriklausomumas vir§ Q, kai « yra transcendetusis skaicius. Tuo tarpu
Sanderis ir gtoidingas, naudodami kitokj metoda, jrodé analogiSka rezul-
tata, kai «v yra racionalusis skaiCius.

Kaip ir Rymano dzeta funkcijos ((s) universalumo atveju, yra Zi-
noma eilé abiejy tipy — tolydaus ir diskretaus — miSraus jungtinio aproksi-
mavimo apibendrinimy (Zr. R. Kacinskaités ir K. Matsumoto apzvalginj
straipsnj [19]).

Pirmaja miSraus funkcinio nepriklausomumo teorema 2007 m. jrodé
H. Misu [40]. Jis parodé, kad Rymano dzeta funkcijos ((s) ir klasikinés
Hurvico dzeta funkcijos ((s, «) su transcendenciuoju parametru o, 0 <
a < 1, pora yra funkciSkai nepriklausoma. MiSu tipo teoremag pe-
riodinei dzeta funkcijai ((s;%l) ir periodinei Hurvico dzeta funkcijai
((s,a;B) su transcendenciuoju « jrodé R. Kacinskaité ir A. Laurin-
Cikas [14].

M teorema. Tarkime, kad o yra transcendentusis skaicius ir visiems
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p € P yra teisinga

oo
|apd|
Wéc < 1.

d=1
Tegul funkcijos F; : C*N — C yra tolydZios su kiekvienuj = 0,1,...,n
ir N € N bei

iSij (C(S;Ql),é’(S;Ql), (T (s 0,
=0

C(s,0;8), ¢ (s,0;B), ...,V V(s %)) —0.

Tada F; =0suj=0,1,...,n.

Kartu su funkcinio nepriklausomumo uZdaviniu yra sprendZiamas
C(s;20) ir (s, ov; B) jungtinio tirStumo klausimas.

Disertacijoje gauti rezultatai aprépia visas anks¢iau apzZvelgtas prob-
lemas. Todél dabar pateiksime pagrindinius jos rezultatus.

2 skyriuje nagrinéjamas vienalaikis analizniy funkcijy rinkinio ( fi(s),

.., J+(s)) aproksimavimas rinkinio (L(s + iai7),..., L(s + ia,T))

postumiais juostoje D (aL, 1); Cia realieji algebriniai skaiiai ay, . . ., a,
yra tiesiSkai nepriklausomi vir§ racionaliyjy skaiciy ktino. Sio skyriaus
rezultatas yra publikuotas [15] straipsnyje.

Kadangi mes nagrinéjame jungtinj vienalaikj aproksimavima dzeta
ir L fukcijomis, reikalingas tam tikras Siy funkcijy nepriklausomumas.
Mes panaudojame tokj A. Beikerio (Baker) rezutata (Zr. [2]).

2.1 lema. Tarkime, kad algebriniy skaiciy Ay, . . . , \, logaritmai log A\,
..., log \, yra tiesiskai nepriklausomi virs Q. Tada visiems algebri-
niams skaiciams By, b1, . . . , By, tuo paciu metu ne visiems lygiems nu-
liui, yra teisinga nelygybé

1Bo + Brlog Ay 4 ... + By log \| > h™¢;

Cia h yra skaiciy By, b, . . . , B, aukstis, C' — konstanta priklausanti nuo
Ty A,y ... A ir skaiCiy Bo, B1, - - ., By laipsniy maksimumo.
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Tuomet pagrindinis 2 skyriaus rezultatas yra toks tvirtinimas.

2.1 teorema. Tarkime, kad L(s) € S ir algebriniai skaiciai ay, . . ., a,
yra tiesiskai nepriklausomi virs racionaliyjy skaiciy kino Q. Tegul
K; € Ky ir fj(s) € Hop(K;) suj = 1,...,r. Tada visiems ¢ > 0
teisinga nelygybé

1
lim inf — meas{T € [0, 7] : sup sup |L(s+ia;7) — f;(s)| < z—:} > 0.
Tooo T 1<j<r s€K;

Be to, liminf galima pakeisti lim visiems ¢ > 0, iSskyrus ne daugiau

nei skaiciq ju aibe.

12.1 teoremg galima Zitreéti kaip j daugiamatj D teoremos atvejj bei
kaip i Voronino rezultato, pateikto K teoremoje, praplétima. Antroji
teiginio dalis apibendrina C teoremg tankio terminais.

3 skyriuje nagrinéjame kitokj vienalaikio aproksimavimo atvejj nei
2 skyriuje. Cia mes pereiname prie diskretaus L funkcijy i§ klasés S
aproksimavimo. Tam naudojame multiaibés A(P, h, 27) := { hjlogp :
p € P),j=1,...,r;2n} tiesinj nepriklausomuma vir§ Q; &ia visi h;
yra teigiami skaiciai.

Tada teisingas toks tvirtinimas (publikuotas [16] straipsnyje).

3.1 teorema. Tarkime, kad L(s) € S ir aibé A(P, h,27) yra tiesiskai
nepriklausoma virs racionaliyjy skaiciy kiino Q. Tegul K; € KC(Dy,) ir
fi(s) € Ho(K;,Dy) suj=1,...,r. Tada visiems h € (RT)" ire >0
yra teisinga nelygybé

lim inf
N—oo

1
1#{O<k<N sup sup |f;(s)—L(s + tkh;)| < 6}>0

1<j<r s€K;

Be to, visiems ¢ > 0, iSskyrus ne daugiau nei skaiciq jy aibe, egzis-
tuoja riba

1
lim —#{O<k<N sup sup |f;(s) — L(s +ikh;)| < 5}

N—oo N +1 1<j<r seK;
ir ji yra teigiama.
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Kaip matome, pastarojo tvirtinimo pirmoji dalis apibendrina F teo-
rema apatinio tankio terminais funkcijai L(s) € S, o antroji dalis —
tankio terminais — visiSkai nauja.

4 disertacijos skyriuje gauti du rezultatai periodinei dzeta funkcijai
¢(s;2A). Mes nagrinéjame rinkinio (¢(s;21), ..., ((s;2,,)), sudaryto i§
r1-0s periodinés dzeta funkcijos, funkcinj nepriklausomuma ir tirStuma.
Gautieji rezultatai uzpildé buvusia spraga periodiniy dzeta funkcijy ty-
rime. Jie yra publikuoti [13] straipsnyje.

Tegul 2A; = {a;», : m € N} yra periodiné kompleksiniy skaiCiy
ajm, seka su maziausiu periodu k; € N, o ((s;2;) — atitinkama pe-
riodiné dzeta funkcija su j = 1,...,r;, r; > 1. Sakykime, kad k =
[k1, ..., k.| yra maZiausias skaiCiy ki, ..., k,, bendrasis kartotinis, o
M, - - - Ne(k) — redukuota liekany moduliu £ sistema (Cia ¢ (k) yra Oile-
rio funkcija).

ApibréZzkime matrica A, sudaryta i§ periodiniy seky 2(; koeficienty,
ty.

A1y A2my - - Qryyp
A = 1ny G2ny N ST
Uny  D2ngpy -+ Aringy
4.1 teorema. Tarkime, kad sekos Ay,...,2,., yra multiplikatyvios,

rank(A) = ry ir su visais p € P galioja nelygybés

Tegul su kiekvienu g = 0,1, ..., n funkcijos F, : CN™ — C yra toly-
dZiosirn, N € N, o

n

Z SgFg (C(S; Q[1>a C,(S; Q[1)7 ce 7C(N_1)(S; 22l1)7 M)

9=0

(i 2,). ¢ (520, ), . (VD mm) 0.
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Tada Fy =0sug=0,1,...,n.

Antrasis Sio skyriaus rezultatas skirtas ka tik aprasSyto rinkinio tir§-
tumui.
ApibréZime atvaizdj p : R — CN™ tokia formule:

:U’(t) = (C(O- + Zta 52[1)7 </<U + Ztu Ql1)7 ceey C(N_l)(o- + Ztv 22(1)7 ety
(o +it;2,), ¢ (0 + it ), ..., (VD (0 + it; %))

su%<a<l.

4.2 teorema. Tarkime, kad visos hipotezés seky 2l; koeficientams a;yy,,
j=1,...,m, irrank(A) yra tokios kaip ir 4.1 teoremoje. Tada aibés
R vaizdas y yra tirstas aibéje CN™.

Paskutiniame, 5 skyriuje, jrodyti trys teiginiai miSraus tipo multi-
rinkiniams sudarytiems i§ periodiniy dzeta ir periodiniy Hurvico dzeta
funkcijy rinkiniy.

Sakykime, kad [, yra natdiralusis skaiCius, j = 1, ...,7, Bj; = {bj :
m € Ny} — periodiné kompleksiniy skaiciy seka su maziausiu periodu
ki € N, a; —realus skaiCius, 0 < a;<1, ((s, ;B ;) yra atitinkama
periodiné Hurvico dzeta funkcija, 7 = 1,...,7, [ = 1,...;{;. Tegul
k=1l+...+1,, 0k yraperiody ki1, ..., k:lul, cees K1y ooy kyy, maZiausias
bendras kartotinis. Apibrézkime matrica

blll b112 b11l1 blrl bl'r2 bl'r’lr
B = 6211 b212 b2111 b27"1 b2r2 b2rl,,-
bkll bk12 bklll bkrl bkr2 bkrlr

Siame skyriuje nagrinéjamas rinkinys, sudarytas i§ 1-os periodinés
dzeta funkcijos ir x skaiCiaus periodiniy Hurvico dzeta funkcijy. Ki-
taip tariant, } vieng bendrg teiginj sujungiame 4.1 teorema ir N teorema
(pastaraja rasite 5.1 skyrelyje).
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5.1 teorema. Tarkime, kad sekos ., ..., yra multiplikatyvios,
rank(A) = ry ir galioja 4.1 teoremos nelygybé. Tegul 1, ..., o, yra
algebriskai nepriklausomi virs Q, o rank(B) = k. Tarkime, kad funkci-
jos Fy, : CNUWHR) s C yra tolydZios su kiekvienu h = 0,1,...,n, o
funkcija

I
w
>
e
VRS
S
—
b
2
=
N—
s
—~
o
2
=
N—
.8
=
=
oS
=
2
R
:_/

C(s,a03B,1.), ¢ (s, ar; By, ),y oo C(N_l)(s, ay; %m))

yra tapaciai lygi nuliui. Tada Fj, =0suh =1,...,n.

Misrioji jungtiné universalumo teorema funkcijoms ((s;2;), j =
L..,r,ir¢(s,a;;%85),7 =1,...,r, 1 =1, ..., [;, yra pagrindiné jrodant
funkcinio nepriklausomumo ir tirStumo rezultatus. Tai yra svarbiausias

Sio skyriaus teiginys.

5.2 teorema. Tarkime, kad sekos i, ...,2l., yra multiplikatyvios,

rank(A) = 7y ir galioja 4.1 teoremos nelygybé. Tegul 1,ay, ..., ,
yra algebriskai nepriklausomi vir§ kiino Q, o rank(B) = k. Tarkime,
kad fi(s),..., fr,(s) yra tolydZios, nelygios nuliui funkcijos atitinka-
mai aibése K, ..., K, ir analizinés jy viduje. Tegul f;(s) yra tolydi
funkcija aibéje K ir analiziné aibés K viduje su visais j = 1,...,r,
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[ =1,...,1l;. Tuomet su kiekvienu ¢ > 0 yra teisinga nelygybé

T—o0

1
lim inf Fmeas (T €1[0,7]:

sup sup |((s+i7;2;) = f;(s)] <,

1<5<r SEK]'

sup sup sup |C(s+iT, o3 B5)— fu(s)] < 5) > 0.

1<5<r 1<I<l; s€K
Treciasis 5 skyriuje jrodytas teiginys yra $i bendra tirStumo lema.

5.3 teorema. Tarkime, kad galioja visos 5.2 teoremos sqlygos. Tada
vaizdas h(R), apibréZtas formule

h(t)
({ (04it; A1), ¢ (o4it: A1), .., ¢V V(o +it; 2y),. .

Clo+it; Ay), ¢ (o+it; Ay )., (VY (o+it; A, ),
Clo+it,oq;B11), ' (o+it, 003 B11),. .., (Y V(o+it, a1;B11),. . .,
C(o+it,a1;Byy,), ¢ (o+it, a1; By, ),. .., (VN V(o+it, ar;B,),. . .,
C(o+it, ay;B,), ¢ (o+it, ay; Ba),. .., (N YD (o+it, aq;B,1),. . .,

C(O-+Zt7 a5 %rlr)a CI(O-_‘_Z.tv a5 %Tlr)a' Y C(N_l) (U+Zta Qg %7’[7)> )

yra tirstas aibéje CN(+r),

5 skyriaus rezultatai yra publikuoti [13] straipsnyje.

Isvados

Disertacijoje pagrindinis démesys skiriamas placiy analiziniy funk-
cijy klasiy vienalaikiam apr0k51maV1mu1 L funkcijy, priklausanciy Sel-
bergo-Stoidingo klasei S, postiimiais bei miSriam vienalaikiam aprok-
simavimui periodiniy dzeta ir periodiniy Hurvico dzeta funkcijy rin-
kiniais. Taip pat pastaryjy rezultaty taikymams. Todé¢l galima daryti
tokias i§vadas.
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1. L funkcijy, priklausanciy klasei g, rinkiniui (L(s + day7),
..., L(s +ia,T)) galioja jungtiné tolydi universalumo teorema, kai rea-
lieji algebriniai skaiciai a4, ..., a, yra tiesiSkai nepriklausomi vir§ racio-
naliyjy skaiciy lauko.

2. Rinkinio (L(s + ia17), ..., L(s + ia,7)) postimiy, kuriais kom-
paktiSkose aibése £ > 0 tikslumu yra aproksimuojamas duotas anali-
ziniy funkcijy rinkinys, aibé turi teigiama tankj visiems ¢, i§skyrus ne
daugiau nei skaicig jy aibg.

3. Pirmosios dvi i§vados galioja diskre€iy postumiy atveju, kai nau-
dojama multiaibés {(hj logp : p e P),j=1,....,m; 27r} elementy
tiesinio nepriklausomumo vir§ Q salyga; Cia h; yra teigiami skaiciai.

4. I8 ry periodiniy dzeta funkciju sudarytas rinkinys (¢(s;2), ...,
¢(s; Q[,.l)) iSlaiko funkcinj nepriklausomumag ir yra tirStas, kai matri-
cos, sudarytos i$ periodiniy seky koeficienty, rangas ir patys koeficien-
tai tenkina tam tikras salygas.

5. Periodiniy dzeta ir periodiniy Hurvico dzeta funkcijy multirink-
iniams galioja tolydaus misraus vienalaikio aproksimavimo savybé. Be
to, turi buti iSpildytos Sios salygos: 1§ funkcijy koeficienty sudaryty
atitinkamy matricy rangai yra rank(A) = 7 bei rank(B) = k, pe-
riodiniy Hurvico dzeta funkcijy parametrai 1, oy, ..., ;. — algebriskai
nepriklausomi vir§ QQ bei tam tikra salyga periodiniy dzeta funkcijy ko-
eficientams.

6. 5-oje i18vadoje apraSytu atveju rinkinj sudarancios dzeta funkcijos
yra funkciSkai nepriklausomos ir jos reikSmiy aibé yra tirSta.
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