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General Characteristics of the Dissertation

Topicality of the problem. Mathematics and mechanics always had influence
on each other’s development, rising new scientific ideas and implementing them.
One of the examples of such close their relation is wide application of mathematical
programming in solving extreme mechanical problems. This theory also enables
problem formulation of adapted structures and their realization. Using mathematical
programming not only new optimization technique of bending plates at shakedown
is developed, but also relation between Kuhn-Tucker conditions and strain
compatibility (Saint-Venant) equations and dependences of associative yield law of
the deformable body mechanics is showed in the dissertation. That is why
investigations were done in functional space as well as using discrete models of
structures (deterministic formulation of problems was considered).

Calculation of the structures, taking in to account plastic strains and effect of
variable repeated loads, allows to relate optimization problems of structural
mechanics with practical design process. Adapted perfectly elastic-plastic structure
satisfies strength conditions and it is safe with respect to cyclic-plastic collapse. But
it can do not satisfy its serviceability requirements, for instance, stiffness ones.
Therefore, not only strength, but also stiffness conditions-constraints should be
included in the discrete mathematical models of bending plate parameter or load
variation bound optimization problems (exactly such problems are considered in the
dissertation). Mathematical models of nonlinear problems are constructed applying
method of equilibrium elements and are solved by iterations using Rosen project
gradient algorithm. The feature of this research work is that the theory of
mathematical programming accompanies investigation of optimization problem
from the construction of the mathematical model up to its numerical solution, at the
same time revealing mechanical meaning optimality criterion of applied Rosen
algorithm. Then, in the case of convex nonlinear programming (analogical to the
case of linear programming), the values of dual variables are determined at once.
That quickens realization of adapted structure optimization problems, especially
having in the mind, that stress-strain state of the dissipative systems depends on
loading history.

The main objective. To develop application of mathematical programming in
the theory of solid deformable body mechanics: to show that for extreme problem
formulated on the basis of Castigliano’s principle Kuhn-Tucker conditions are strain
compatibility equations. To create new methods and effective algorithms for solving
parameter and load distribution optimization problems of adapted elastic-plastic
bending plate under deflection constraints.

The research object. Kuhn-Tucker conditions in the extreme problems of
elasticity and plasticity theory. Mathematical models of optimization problems
(design and verification aspect) of perfectly elastic-plastic isotropic plate and their
solution algorithms.



Methodology of research. Extreme energy principles of deformable body
mechanics and theory of mathematical programming are used. Discrete
mathematical models of optimization problems are constructed on the basis of the
equilibrium finite element method. Investigations are performed and results of
numerical experiments are obtained according to assumptions of small
displacements.

Main tasks: 1) to reveal relation between Kuhn-Tucker conditions and the
main equations of adapted systems; 2) to make analysis of current calculation
methods of adapted structures including bending plates; 3) to construct general
mathematical models of plate analysis and optimization problems; 4) to determine
peculiarities of bending plate residual deflection variation and construct
mathematical model for their bound calculation problem; 5) to perform shakedown
load variation bound optimization of bending plates; 6) to optimize distribution of
bending plate parameters taking into account strength and stiffness conditions-
constraints; 7) to create algorithms to solve optimization problems with non-linear
Hubert-Mises yield conditions.

Scientific novelty: 1) In the dissertation, new potential of mathematical
programming theory, known as solution method of extreme problems, is revealed
for problem formulation in shakedown theory and their numerical solution. 2) The
role of Kuhn-Tucker conditions is discovered in formulating general equations of
deformable body mechanics via stresses (strain compatibility equations of elastic-
plastic structures). It is shown that in the problems of limit equilibrium Kuhn-
Tucker conditions also contain dependences of associated yield law. 3) Discovering
mechanical meaning of optimality criterion of Rosen project gradient method
enables to obtain dual solution of non-linear structure analysis problem at once.
4) Improved mathematical model for deflection variation bound calculation of
elastic-plastic bending plate enables to state stiffness conditions more exactly in the
optimization problems of plates at shakedown. At the same time the influence of
mathematical programming slackness conditions, which do not allow taking in to
account physical unloading phenomenon, is reduced. 5) New mathematical models
of adapted plate optimization problems (design and verification aspect) are created.

Approbation and publications. The main results of the dissertation were
submitted in 9 scientific conferences. Eleven scientific papers were published on the
topic of dissertation: 1 of them was published in the scientific journal included into
the master list of Institute for Scientific Information (ISI Master List), 1 — in the
proceedings of conference organized by international scientific organizations (ISI
Proceedings), 3 — in the reviewed scientific periodicals included the databases from
approved list by Lithuanian Scientific Council in 2006.

The scope of the scientific work. The thesis written in Lithuanian consists of
introduction, four main chapters, conclusions, a list of references (182 positions)
and a list of dissertation author’s publications (11 positions). The total scope of the
dissertation is 103 pages, 14 pictures and 12 tables.



1. The Main Calculation Principles of Structures at Shakedown

In the first chapter, development of the elastic-plastic body shakedown theory
is explored and recent tendency of its progress is described, talking about the
adapted structure optimization problem in detail.

Review of investigations and objective of the dissertation are presented in the first

subsection. Growing number of scientific works dedicated to adapted structure

calculation and optimization shows importance of researches in this field. Applying

the classical Melan and Koiter theorems, it is possible to analyse shakedown of only

simple systems by elementary methods. Meanwhile for civil engineering, applying

recent numerical methods, calculation of any complexity elastic-plastic structures,

including bending plates, subjected by variable repeated load is relevant. The

following tendency of shakedown theory current development showed up:

o extension of classical theorems for realistic material constitutive law, including
hardening;

e evaluation of cyclic temperature variation, dynamic loads;

o behavior analysis of geometrically non-linear structures at shakedown,

e restriction of residual displacements and strains at the sections of optimal
structure at shakedown.

The first studies about optimal design of structures at shakedown showed up in
1958. But only during the last three decades it was started to use the duality theory
of mathematical programming in the shakedown theory. Optimal design with
constrained deflections is difficult problem of optimal operating and there is still
small number of works concerning this field. In the dissertation it was achieved
even more: here mathematical programming is not only the tool for numerical
solving of shakedown optimization problems, but also instrument for constructing
of problem mathematical models using energy principles.

Generalized variables of structure shakedown problems are described in the
second subsection. The method of equilibrium finite elements is used for structure
discretization.  Stress state is defined by vector of internal forces

(k=L2,...,s, ke K) and v is the number of element nodes (sections), /=1,2,...,v,
leL). Strain vector O = (@1,@2,...,QQ)T is matching force vector .
Displacements u and load F (load variation bounds are F,,, F;, ) compound
the other couple of dual variables. Variation field of elastic forces §,, taking into
account all possible load combinations (their number is p=2"), is restricted by

convex and symmetrical, in respect to its own centre, polyhedron S, (t): aF (t) with
apexes S, (j=L2,...p):



S, =aF; (F,z <F(t)<F,,). (1.1)
Plasticity constant C of elastic-plastic structure relates to dimensions and

material, i.e. limit force S;, of discrete model. In this research it is assumed that
limit force Sy, (k € K ) is constant in whole finite element. Then yield conditions

<Pk1,j:Ck—fk1,j(Sekz,j+Srkz)20, keK, leL, jeJ (1.2)

are verified in each nodal point / of the k-th finite element for all load
combinations jeJ . Statically admissible residual forces S, satisfy equilibrium
equations A4S, =0 and yield conditions (1.2).
Kinematically possible residual displacements u, satisfy geometrical
equations:
A", =Ds, +0,. (1.3)

Here D is flexibility matrix, @, = (@pk,)r is vector of plastic strains:

T .
@ka:Z[V(pkl’j(Seklﬁj-k— Srkl)] Xk,,_/ 5 }\‘kl,jZO; kEK, ZGL, ]E.] (14)
J

Residual strains 6,=DS,+6, and displacements u, of structure at

shakedown can be non-unique: they depend on the particular loading history F(¢),
(Fiuy <F()< F,,, ), which was implemented in order to reach shakedown state.

Thus, if load is defined only by variation bounds F;,,, Fg,,, the calculation of

exact values of residual displacements becomes problematical, it is possible to
determine only their lower wu, ;r and upper u variation bounds

r, sup
(”r, inf su, (t) < ”r,sup )

Extreme energy principles and improvement of general mathematical models
conclude the first chapter. Here general mathematical models of cyclic-plastic
failure problems and with them related extreme energy principles are described
briefly, following shakedown analysis problem (principle of minimum
complementary energy of deformation):

find min%S,T DS, (1.5)
subject to AS, =0, (1.6)
fls.+s,)<c, jes (1.7)

is examined. Here vectors C and S,; are known. The global solution of analysis

problem S is connecting-link between stress and strain state describing equations



and dependences in optimization problems.

In the dissertation, general mathematical models are constructed with non-
linear yield conditions for their future orientation to Hubert-Mises criterion applied
to plates (Table 1).

Table 1. Mathematical models of shakedown state optimization problems

Verification problem Optimal design problem
find find
max(T}gf-Finf+Ts7,;stup) (1.8) min LTS, (1.14)
subject to subject to
min%SVT DS, (1.9) min%SrT DS, (1.15)
AS, =0, (1.10) AS, =0, (1.16)
0, =C—f;(8,48,;)20, jeJ (L11) | @;=C-£;(S,+5,)20, jeJ;(1.17)
Fop> 0, F,>0, (112 C=¢(Sy), Sp>0,
UyppinS Wy it + Uy Uy g~ (L13) | BrminS Wping > Uy sup < Uy max - (1.18)

The main difficulty for effective mathematical model creation of adapted
structure optimization problems is evaluation of loading history and with it related
unloading phenomenon. The loading history is taken into account by introducing

extreme values of elastic forces S,;, j €J and displacements u, ;,r, #, g, -

2. Kuhn-Tucker Conditions Composing the Main Equations of Structures at
Shakedown

The shakedown theory incorporates the main equations and dependences of
elastic and plastic state of deformable body mechanics and plasticity. In the second
chapter, applying the theory of mathematical programming, those equations and
dependences are investigated according to the Castigliano’s principle (analysis
problem (1.5)—(1.7)):

find min 7'(x) 2.1

subject to gi(x)SO, i=1,2,...,C, 2.2)

h(x)=0, i=1,2,..,m. (2.3)

For convex functions Kuhn-Tucker conditions are sufficiency criterion of initial

global solution: x* is optimal solution if such scalar multipliers J; (i=1,2, ...,()
and u; (i=1,2,...,m) exist that

v (v )+ v (v )1+ VA (x* Ju=o, (2.4)



ilg (x*)zo, (2.5)

iz0. (2.6)

Components of vectors 4 and wu are Lagrange multipliers, equalities
A g; (x")=0, 2;20, i=1,2,...,§ are complementary slackness conditions of

mathematical programming.

In the second subsection of the chapter, equations of elasticity theory are
considered in the context of Kuhn-Tucker conditions. Solution of elasticity theory
equations by means of stresses is associated with finding six components of stress

vector o= (G 11-922,033,012,013,0 23)T , satisfying three differential
equations of body equilibrium .4 6 =0 <V and six Beltrami-Michell dependences

2

0
(1+v)V3oy +—5 (011703 +033) =0,
6x1
................................................ in volume V 2.7)
22
(1+v)V2023+a (o11t0p +033)=0
Xp0X3

and boundary conditions. Here v2is Laplacian, v is Poisson’s ratio.

A direct integration of the nine differential equation system with partial
fluxions, in respect of six stress functions to be found, is difficult. Therefore, often
Castigliano’s variation principle, which allows to achieve identical satisfaction of
six Saint-Venant’s strain compatibility equations, is applied for solving the
boundary elasticity problem in terms of stresses. But the Castigliano’s variation
principle does not regulate the number of independent strain compatibility
equations. Thus, it remains unclear whether the elasticity problem equation system
in terms of stresses is over-defined or not. In the dissertation, three independent
strain compatibility equations are obtained for modified boundary conditions.

Optimality criterion of Rosen algorithm and Kuhn-Tucker conditions are
identical. For structures in limit state, Rosen criterion represents dependences of
associative plastic yield law and compatibility equations of plastic strain velocities.
For optimization problems of adapted structures, Rosen criterion is equations of
force or displacement method of structural mechanics. That depends on which
extreme principle (Castigliano or Lagrange) was applied for considered problem
mathematical model construction.

Investigation of strain compatibility equations of elastic and elastic-plastic
structures by means of united — energy and mathematical programming — principles
is new methodical view in calculation of structures at shakedown.

10



3. Shakedown Load Optimization of Plates under Stiffness Constraints

In the third chapter, plate shakedown load variation bounds Fy,,, F,,

satisfying optimality criterion max {Tsup pr-t-Tmf mf} , strength and stiffness

conditions of plate, are to be found. Weight factors 7 T, of optimality

sup >

criterion show the influence of separate load components to general objective
function.

Shakedown load optimization problem couples two different problems of
structure mechanics. The first problem is determination of statically admissible
residual bending moments of plate, which satisfy principle of minimum
complementary deformation energy (ensuring its strength, i.e. shakedown state).
The second problem is verification of plate stiffness constraints. The solution of the
first problem has influence to the results of the second one, i.e. calculation of
residual displacement variation bounds, which are included into stiffness
constraints, depends on it. Mathematical and mechanical interpretation of Rosen
criterion is connecting-link between both problems.

In the second formulation of load optimization problem, equations and
dependences of analysis problem are written according to full equation system of
the plasticity theory.

The first formulation of the problem mathematical model. The shakedown state

residual bending moments M, and optimal load variation bounds F, Sup , ;Ur are
to be found by solving following problem:
find max \TT o, +T1 Fop | =W G.1)
. 1 "~ "
subject to min 3 M. DM,
=C—Mp,  ®My >0, Cp=(My)
Prt,j =Lk Kl,j K,j=Y% k 0k > (3.2)
T "
My ;=M ;+M,y, M.=B'M,
Fr 20, F,, >0,
and U pin SU.=HO,<u, ..., keK,leL, jeJ. 3.3)

Residual moments M, are the force method variables obtained applying Jordan

. ' " T " .
transformations: M, = (M oM ,) , M,=B"M,; the matrix

-1
B:[(A”)T(A'T ) ,—I} contains sub-matrices A4’, A" of equilibrium equation

11



matrix 4. Then flexibility matrix of the plate is D=BDB’ . Having solved

analysis problem (3.2), plastic strains @, :(@pk,)T , which are included into

expressions of stiffness condition verification (3.3), are calculated as follows:
T
Opu =220, ] PMyy ; /bd,j(ck -Mj ; ‘DM/d,j) =0,
J
20, keK,lel, jeJ. (3.4

Thus, unknowns of the problem (3.1)—3.3) are not only Fy,,, F;,r, M , , but also
plastic multipliers 4 implicitly. Knowing vectors of multipliers 4, (jeJ),

residual deflections (or displacements) u, are calculated according to formula

u,.=HJ . Satisfaction of inequalities (3.3) u SHO,<u means that

r,min = r, max

stiffness conditions of adapted plate can be not violated; H is influence matrix of

residual deflections related to plastic strains, u u are vectors of

r,min > r,max

admissible limits of residual displacement variation bounds (known in advance).

1
H :(AKATT AK , where K is element stiffness matrix. Taking into account

possible unloading phenomenon, inequality (3.3) should be transformed into the
following ones:

u <min H;A=u

ri, min = max Hi}‘:u <uri,max , i=L2,..,m. (35)

riyinf > ri,sup =

Here the index i is related to the displacement vector u components uy, uj ,..., U, .

Bounds of the residual displacements u are determined by solving the

ri,sup > Wriinf

following problem of linear programming:

~ ~ fu,
find Mg 7 =| e (3.6)
min Uyi inf
subjectto By A=B,M;, 120, I:(Ij), ZIJTESBWM. 3.7
J

Here 5max is maximum value of dissipated energy during shakedown process.

Then displacements , ;,; , u, 5, “envelop” the displacements u, of shakedown

process and state of the given structure.

The second formulation of the problem mathematical model. 1t is stated by
applying full equation system of the plasticity theory and including complementary
slackness conditions into objective function of optimization problem:

12



find max {Ts{w Fop+ T Fiy —%§z‘zk,“, (Ck -M[, oMy )} =W (3.8)
J

. T 2
subjectto (Pkl,j ZCk _Mkl,j(kal,j >0, Ck Z(M()k) 5 Mkl,j :Mekl,j +Mrk1 5 (39)
T
By, =BM,, 0,-(0,,)", 6, =25 Ay OMy ;|
J

iquJ-ZO, keK, leL, jeJ,; (3.10)
Fpr 20, Fy, 20,
and Up min SHO, <uy o 3.11)

Unknowns of the problem (3.8)-(3.11) are F,,, F;, M, , 4. For the variable

repeated loading it is not enough that ,softer” stiffness conditions (3.11) are
satisfied. In order to evaluate possible unloading phenomenon, it is necessary to
solve problem (3.6)—(3.7) analogically to the case of the problem (3.1)—(3.3).

Problem solution algorithm for implementation of both the first and the second
problem formulations is described bellow. About solving of the first formulation
problem (3.1)—(3.3) will be presented in detail. Solution of the optimization problem
(3.1)—(3.3) is changed into the successive solution of two separate problems. Thus,

calculation of optimal load variation bounds F;;p , Fi;f is performed step-by-step
according to the cyclic-plastic collapse condition. The size of the step v depends on

admissible increment of objective function AW . There are solved two problems of

structural mechanics at each step. The first problem is determination of statically

admissible residual moments M, of plate at shakedown state (3.2) from load Fy,,,

F,y; for each v -th step. When Fj;

up » Fiy are known, the solution of the problem

(3.2) v -th stage is M.". For the optimal solution of the problem (3.2) plastic

multipliers 2™ are obtained, which are used for calculation of plastic strains 0;"

according to formula O i =224, jPM ;- After plastic strains @, are
J

calculated, the second problem of structural mechanics is solved, i.e. verification of
plate stiffness conditions (3.3). For taking into account possible unloading
phenomenon of cross-sections, stricter stiffness conditions (3.5) must be checked. In
case these conditions are satisfied, the next v -th step of the problem (3.1)—(3.3) is
executed. When the conditions (3.5) are violated, the increment of objective

function AWV is reduced and solution procedure of the problem (3.1)~(3.2) is

repeated. Optimal solution Fg,) , F;J is achieved when one of conditions (3.5),

13



which are not violated, is satisfied as equality. According to proposed algorithm
only rational solution is obtained, as solution results of the problem (3.1)—(3.2)
depends on choice of initial point. Larger-scale flowchart of the problem (3.1)—
(3.3), (3.5) solution algorithm is presented in Fig 2.

Preparing input data

| Iteration beginning v=1 |->| Increment objective f. AW " selection

Y

Load optimization problem

> max {T'F,, +T}F, }= 3 AW" solution -
finding F,, , F,;, analysis probleﬁﬁ admissible point M,
Admissible increase L] Objective function
limit Analysis problem solution for known F, , F,} step ?ondilioned
S AW Finding: M, 2" by increment
= AW
A

i

Yes _ | Reducing

Stiffness constraints
u <HO pSu

Next increment

romin = r,max v
are failed? AW
A
Linear programming problem input »
v=v+l matrixes formation: H, B ;_’

A

tiffness constraints
Uy iy SN H 2

i, min

max H, A< i,

Linear programming problem solution
v ) I

R v )
Finding: w,;,,, ;5 2 i s

i, sup

are failed?

At least one condition
Uy yy STONDH 2

maxH, A<u, .
satisfied as equality?

Yes

Optimal solution F. ,F,

sup > inf

Fig 2. Flowchart of the load optimization problem (3.1)—(3.3), (3.5) solution algorithm
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Solution algorithm of the second problem formulation is mainly the same.

Numerical experiments for circular plates were performed according to the
first formulation of load optimization problem mathematical model (3.1)—
(3.3), (3.5) (Fig 3). Equilibrium finite elements, which ensure better satisfaction of

equilibrium equations, were used for plate discretization.

Plate design scheme Initial data/ results
a) 0<g<qg,, 0sM <M, Limit deflection of the plate:
Uyimax = 084 MR/ X .
q
Mg”' (R ;EM Optimal solution: q;‘;p =5.7716M0R_2,
| R R | o
w ! ! Mg, =0.8091 M,.
b) 0<¢<gqy,, 0SF<F,, Limit deflection of the plate:
. | (F Upimax =34MoR/ K .
i ;2,: L;xx‘&f 11V iiig Optimal solution: qj:p =6.7501M0R72 ,
77 OR e ba ’
" l—= | EY =0.0456 M
‘ ‘ ‘ sup — V- 0
©) 0<g<gqg,, 0SF<Fy,, Limit deflection of the plate:
. F| F uri’maXZO.lMOR/J{,
vy | ey Optimal solution: q:,‘;p =5.7472M0R_2,
77 OR ) e 77
*y
| R | R | Fopy =0.0290 M.
d) 0<g<qgq,, 0sM <M, Limit deflection of the plate:
¢ M M Upi max = 0.T3MyR/ K.
i | (g . . —
i R 7 |~ 2. | Optimal solution: Gsup =5.7011M R 2
1 R | R | #y
Mg, =0.1481 M.

Fig 3. Object of numerical examples for shakedown load optimization problem

Shortcoming of the proposed algorithm is that stiffness conditions (3.3) or
(3.11) do not have direct influence to the solution of the problem (3.1)—(3.3).
Conditions (3.3) or (3.11) perform verification function in respect to stiffness
conditions. Thus, such algorithm would not serve for bar-systems, where often yield
conditions are linear. For plates with Hubert-Mises yield conditions proposed
algorithm worked stabile and obtained results were practically the same for

calculations started from different initial points.
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Search for creation of the more successful algorithm made to include plastic
multipliers 4 into the set of the main unknowns in mathematical models. That is
done in the fourth chapter implementing solution of plate optimal parameter
distribution problems.

4. Optimal Shakedown Design of Plates under Stiffness Constraints

In the fourth chapter, optimal distribution of limit bending moments or

characteristic dimension of cross-section for adapted bending plate under strength
and stiffness constraints is to be found.
The first formulation of the problem. Following mathematical model for
determining optimal distribution of adapted plate parameters is created on the basis
of general mathematical models of adapted structures under strength and stiffness
constraints (Table 1):

find min ZLkMOk = min LTMO (41)
k
subject to min %MrTD M,
AM, =0, (4.2)

P, =(M0k)2—(Mek1,j +Mrk1)T‘b(Mek1,j +Mrkz)20=
Mo, >0, (43)
9, = (@pkl)T> O =Z[V(Pk1,j (Mekz,j +Mrkl)]T)“kl,j’
j

M j 20, 4; =0y ) keK, leL, jeJ; (4.4)
u <HO,<u 4.5)

r,min = r,max *

Components of the vector L=(L;,L,,...,L, )T are areas of finite elements of the plate

discrete model.
Unknowns of the problem (4.1)—(4.5) are vectors of limit M, residual M,

bending moments, plastic multipliers 4; (jeJ). Vectors u,. ., U, g are
known in advance, they restrict variation of the residual displacements u,. = HO,, .

Usually total deflections are restricted in the design codes, at that point stiffness

conditions (4.5) would obtain following form:
Upin < ue,inf + u,, ue,sup + u, < Uy - (46)

Solving the problem (4.2) plastic multipliers 4 are determined, though the fact
of their determination is not defined directly. The relation between residual
moments M, and plastic strains @, (plastic multipliers 1) is not used in
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mathematical model (4.1)—(4.5).
During shakedown process residual displacements «, vary non-

monotonically. Therefore condition (4.5) can be insufficient and following problem
should be solved:

Uiy =M H A, Uy gy =maxH; 2, i=12,..,m, (4.7)
B, i=BM, 3] C<D,y, %20, (4.8)
J
Then Uy min < Upinf > Ursup < Uy max - (4~9)

Summarizing, it should be noted that mathematical model of the first
optimization problem formulation (4.1)—(4.5) (together with (4.7)—(4.9)) has
verification character basically. Stiffness conditions do not have direct influence to
the solution of the optimization problem.

The second formulation of the optimization problem is stated assuming that the
main unknowns are M, and 1 (Fig4.). Applying non-linear von Mises yield
condition, influence matrix of residual moments G:KAT(AKAT TIAK -K

depends on Mr (Mr :G@p N @p Z(@pk[)r . @pkl :zzlkl,jdekl.j =
J

:[V(pk,’ j(M K, j)]Tkkl, ;)- Then, mathematical model of the optimization problem
reads:
find

min{% LMoy — %%Zikz,_/ [(Mok )? - (Mekl,j +Gya)" ‘p(Mekl,j + Ekll)}} (4.10)
J

subject to
Opr =(Moi ) - (M ekl,j + Ekl}“) Td’(M ekl,j + Ekl}“)z 0, (4.11)

G20, 2 =G )y =iy, )T kK, Iel, jed;  (4.12)
Moy 20, (4.13)
u, . <HA<u (4.14)

r,min = r,max *

Here matrix G is obtained multiplying matrix G by gradient matrices of yield

conditions [an i ]:

6:[0[Vgol],G[Vgoz],...,G[wp]]. (4.15)
Matrix H is determined analogously:
17:[H[V¢1],H[V¢2],...,H[V¢p]]. (4.16)
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Applying Rosen algorithm for implementation of the mathematical model (4.10)—
(4.14), matrices [V¢)1( 61+M ] [V¢2 M, +M ] [V¢>p( +M, )] which
are included into expressions (4.15), (4.16), are calculated using argument
(A_lej +M, ,) obtained in one solution step t behind.

Preparing input data v =1

Calculation of elastic plate matrixes «, #

]

Solution of the analysis problem (4.2)

(]

Matrixes G, H formation

(]

Next increment Solution of the main mathematical
v=v+1 optimization problem (4.10)-(4.14)

A

A

Convergence of the plate
limit bending moments?

Optimal solution M,

Fig 4. Solution algorithm of the plate optimization problem

About efficiency of optimality criterion. In the case of plate minimal volume,

volume function LTk is introduced into optimality criterion directly. The main
problem (4.10)—(4.14), containing equilibrium, geometrical and physical (yield)
conditions in its constraints, allows to proceed to criterion of plate minimal volume
directly (for plates with solid or sandwich cross section).

Numerical experiments were performed for circular plate with solid cross-
section according to both formulations of optimal design problem (Fig 5).
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Convergence of the plate elements limit bending moments

STAGE Mo, Mo, My Moy M, s My L'M,
v=1 53.06 52.77 52.53 52.29 52.05 51.81 132.78
v=2 52.92 52.18 51.40 49.80 48.85 47.90 125.93
v=3 52.91 52.10 51.35 49.74 48.43 47.39 125.21
v=4 52.89 51.91 51.23 49.61 47.39 46.11 123.40
v=>5 52.77 51.71 51.07 49.39 47.08 44.23 121.52
v==6 52.37 51.56 50.66 48.72 46.02 42.64 119.07

Optimal solution

e 3.0572
M q
AITITLIITIT TTTIIIIIIT)
T R R T 2.8602
Initial Shakedown Cyclic-plastic collapse

Fig 5. Object of numerical examples for optimal shakedown design problem

5. The Main Results and Conclusions

1. The features of recent shakedown theory development and achievements in
field of structural optimization show topicality and need of research on structural
optimization.

2. In structural engineering real effects for structure are cyclic and often
application of shakedown theory is necessary requirement in evaluation of structural
safety.

3. It is proved that strain compatibility equations of deformable body mechanics
are Kuhn-Tucker conditions of mathematical programming.

4. It is shown that Rosen optimality criterion and Kuhn-Tucker conditions are
identical. Solving non-linear mathematical programming problem, that allows to
obtain also solution of its dual problem at once.

5. General mathematical models of structure shakedown optimization problems
with non-linear yield conditions are improved.

6. In the case of Hubert-Mises yield conditions, technique for construction of
plate elastic force locus by means of equilibrium finite elements is created.

7. Tt is shown that complementary slackness conditions do not allow to evaluate
local unloading phenomenon of cross-sections during shakedown process.

8. Improved technique for deflection variation bound calculation of bending
plates is proposed.
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9. Mathematical models of adapted plate verification and optimal design
problems with Hubert-Mises yield conditions are created. It is shown that
shakedown optimization problem is not classical mathematical programming one.
10. Possibilities of introducing plate shakedown analysis problems into the
mathematical models (design and verification aspect) are found.

11. Step-by-step solution algorithm for plate shakedown load and optimal
parameter distribution problems with strength and stiffness constraints is created.

12. Software for non-linear optimization problem solution of bending plates,
which are solved in the dissertation, is created with possible integration to the other
software.
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LENKIAMU PLOKSCIU OPTIMIZACIJA PRISITAIKOMUMO
SALYGOMIS

Mokslo problemos aktualumas. Matematika ir mechanika visada turéjo
itakos viena kitos raidai, keliant naujas mokslines idéjas ir jas igyvendinant. Vienas
tokio glaudaus rySio pavyzdziy yra matematinio programavimo teorijos platus
taikymas ekstreminiams mechanikos uzdaviniams spresti. Si teorija jgalina
formuluoti ir prisitaikan¢iy konstrukciju optimizavimo uzdavinius bei juos
realizuoti. Disertaciniame darbe, pasitelkus matematinio programavimo teorija,
iSplétota ne tik nauja lenkiamy prisitaikanciy ploks¢iy optimizavimo metodika, bet
atskleistos Kuno ir Takerio salygu sasajos su deformuojamo kiino mechanikos
deformacijy darnos (Sen-Venano) lygtimis bei asociatyvinio tekéjimo désnio
priklausomybémis. Konstrukcijy skai¢iavimas jvertinant plastines deformacijas,
kartu atsizvelgiant | apkrovy kintama kartotini poveiki, leidzia susieti statybinés
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mechanikos optimizavimo uzdavinius su realiu projektavimo procesu. Prisitaikiusi
ideali tampri plastiné konstrukcija tenkina stiprumo salygas ir yra saugi ciklinio
plastinio suirimo atzvilgiu. Taciau ji gali netenkinti eksploataciniy reikalavimy.
Todél lenkiamos plokstés parametry arba apkrovos kitimo riby optimizavimo
uzdaviniy diskretiniuose matematiniuose modeliuose turi biiti ne tik stiprumo, bet ir
standumo salygos apribojimai. Netiesiniy uzdaviniy matematiniai modeliai, sudaryti
taikant pusiausviry baigtiniy elementy metoda, sprendziami iteraciniu bidu,
pasitelkus Rozeno projektuojamyjy gradienty algoritma. Darbui biidinga tai, kad
matematinio programavimo teorija optimizavimo problemos nagrinéjima lydi nuo
matematinio modelio sudarymo iki jo skaitinio iSsprendimo, kartu atskleidziant
taikomo Rozeno algoritmo optimalumo kriterijaus mechaning prasmg. Tuomet ir
ikilojo netiesinio programavimo atveju i§ karto (analogiskai tiesinio programavimo
atvejui) nustatomos dualiyju kintamyju reikSmés. Tai spartina prisitaikanciy
konstrukeijy optimizavimo uzdaviniy realizacija, ypa¢ turint galvoje tai, kad
disipatyviniy sistemy itempiy ir deformacijy biivis priklauso nuo apkrovimo
istorijos.

Pagrindinis darbo tikslas. Plétoti matematinio programavimo teorijos
taikyma kieto deformuojamo kiino mechanikoje: parodyti, jog ekstremumo
uzdaviniui, suformuluotam pagal Kastiljano principa, Kuno ir Takerio salygos yra
deformacijy darnos lygtys. Sukurti naujus prisitaikanc¢iy tampriyjy plastiniy
lenkiamy ploks¢iy parametry ir apkrovos pasiskirstymy optimizavimo, ribojant jos
ilinkius, metodus ir efektyvius uzdaviniy sprendimo algoritmus.

Tyrimy objektas. Kuno ir Takerio salygos tamprumo ir plastiSkumo teorijos
ekstremumo uzdaviniuose. Idealios tamprios plastiSkos izotropinés plokstés
optimizavimo uzdaviniy (projektinis ir patikrinamasis aspektai) matematiniai
modeliai ir sprendimo algoritmai.

Tyrimo metodai. Pasitelkiami ekstreminiai energiniai deformuojamo kiino
mechanikos principai ir matematinio programavimo teorija. Optimizavimo
uzdaviniy diskretiniai matematiniai modeliai sudaromi pusiausviryju baigtiniy
elementy metodu. Tyrimai atlikti ir skaitiniy eksperimenty rezultatai gauti, laikantis
mazy poslinkiy prielaidos.

Darbo uZdaviniai: 1) atskleisti Kuno ir Takerio salyguy ir prisitaikanciy
sistemy pagrindiniy lygciu sasajas; 2) atlikti prisitaikanciy konstrukcijy, juy tarpe
lenkiamy ploksciy, Siuolaikiniy skai¢iavimo metody analizg; 3) sudaryti ploksciy
analizés ir optimizavimo uzdaviniy bendruosius matematinius modelius; 4) nustatyti
lenkiamy ploks¢iy lieckamyjy ilinkiy kitimo ypatumus ir sudaryti jy riby skaic¢iavimo
uzdavinio matematini modelj; 5) atlikti lenkiamy ploks¢iy apkrovos kitimo riby
optimizavima prisitaikomumo salygomis. 6) optimizuoti lenkiamos plokstés
parametry pasiskirstyma, {vertinant stiprumo ir standumo salygas apribojimus;
7) sukurti optimizavimo uzdaviniy, esant netiesinéms Hubero-Mizeso takumo
salygoms, sprendimo algoritmus.
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Mokslinis naujumas. 1) Darbe atskleidziamos matematinio programavimo
teorijos, placiai paplitusios kaip ekstreminiy uzdaviniy sprendimo metodas, naujos
galimybés formuluojant prisitaikomumo teorijos uzdavinius ir juos skaitiSkai
sprendziant. 2) ISaiskintas Kuno ir Takerio salygy vaidmuo formuluojant bendrasias
deformuojamo kiino mechanikos lygtis itempiais (tampriy plastiniy konstrukciju
deformacijy darnos lygtys). Parodyta, kad ribinés pusiausvyros uzdaviniuose Kuno
ir Takerio salygos apima savyje ir asociatyvinio tekéjimo désnio priklausomybes.
3) Rozeno projektuojamyjy gradienty metodo optimalumo kriterijaus mechaninés
prasmés isaiskinimas jgalina iSkarto gauti dualaus konstrukcijos netiesinio analizés
uzdavinio sprendinj. 4) Sudarytas pagerintas tamprios plastinés lenkiamos plokstés
liekamyjy ilinkiy kitimo riby skai¢iavimo uzdavinio matematinis modelis jgalina
tiksliau formuoti standumo salygas prisitaikanciy ploks¢iy optimizavimo
uzdaviniuose. Tuo paciu sumazinta neleidzianciy jvertinti fizinio nusikrovimo
reiSkinio matematinio programavimo grieztumo salygu itaka. 5) Sudaryti nauji
lenkiamy ploks¢iy optimizavimo (projektinis ir patikrinamasis aspektai)
prisitaikomumo salygomis uzdaviniy matematiniai modeliai.

Darbo aprobavimas ir publikacijos. Pagrindiniai disertacinio darbo
rezultatai aptarti devyniose mokslinése konferencijose, paskelbti vienuolikoje
mokslo straipsniy. Tarp ju vienas leidinyje, jraSytame i Mokslinés informacijos
instituto pagrindinj sarasa (ISI Master List), vienas tarptautiniy mokslo organizacijy
organizuoty konferenciju praneSimy medziagoje (ISI Proceedings), trys Lietuvos
recenzuojamuose periodiniuose mokslo leidiniuose, jtrauktuose | bazes, nurodytas
LMT 2006 m. aprobuotame sarase.

Disertacijos apimtis. Lietuviy kalba paraSytaja disertacija sudaro: jvadas,
keturi atskiri skyriai, iSvados, literatiiros (182 poziciju) ir disertacijos autorés
publikacijy (11 pozicijy) sarasai. Disertacijos tekstas pateiktas 103 puslapiuose,
tekste yra 14 paveiksly, 12 lenteliu.

Disertacijos sandara. Prisitaikanciy konstrukcijy bendriesiems principams
skirtas 1-asis skyrius. Jame iSnagrinéta prisitaikomumo teorijos raida, apzvelgtos
Siuolaikinés jos vystymosi kryptys, aptarti bendrieji energiniai principai bei pateikti
konstrukciju ciklinio plastinio suirimo ir prisitaikymo biivio uzdaviniy matematiniai
modeliai. Antrajame skyriuje iSsamiau nagrinéjamos matematinio programavimo
teorijoje gaunamy priklausomybiy sasajos su tamprumo ir plastiSkumo teorijos
pagrindinémis lygtimis. Parodyta, kaip taikant Kuno ir Takerio salygas gaunamos
tamprumo teorijos lygtys itempiais bei asociatyvinio tekéjimo désnio iSraiskos
plastiSkumo teorijoje. TreCiajame skyriuje nagrinéjamos prisitaikiusiy ploksciy
apkrovos optimizavimo uzdaviniy formuluotés ir sprendimo algoritmai. Ketvirtas
skyrius skirtas prisitaikiusiy ploks¢iy parametry optimalaus pasiskirstymo uzdaviniy
ir ju sprendimo algoritmy formulavimui. Darbe prisitaikiusios plokstés
optimizavimo uzdaviniai formuluojami taikant netiesini matematini programavima.
Penktame skyriuje pateiktos darba apibendrinancios i§vados.
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Pagrindiniai darbo rezultatai ir iSvados

1. Siuolaikinés prisitaikomumo teorijos plétros bruozai ir idirbis teigia
prisitaikanciy konstrukceijy optimizavimo darby aktualuma ir poreiki.

2. Statybos inzinerijoje realiis konstrukcijos poveikiai cikliski, todél
prisitaikomumo teorijos taikymas konstrukcijy saugumo jvertinime yra svarbus,
daznai butinas reikalavimas.

3. Irodyta, kad deformuojamo kiino mechanikos deformacijy darnos lygtys yra
matematinio programavimo Kuno ir Takerio salygos.

4. Parodyta, kad Rozeno optimalumo kriterijus ir Kuno ir Takerio salygos yra
tapatingi. Tai leidzia, sprendziant netiesinio matematinio programavimo uzdavini, i§
karto gauti ir jam dualaus uzdavinio sprendini.

5. Patobulinti prisitaikan¢iy konstrukeijy optimizavimo uzdaviniy su netiesinémis
takumo salygomis bendrieji matematiniai modeliai.

6.  Sukurta tampriy plokstés irazy hodografo sudarymo pusiausvirais baigtiniais
elementais metodika, esant netiesinei Hubero-Mizeso takumo salygai.

7. Parodyta, kad matematinio programavimo grieztumo salygos neleidzia jvertinti
vietinio skerspjliviy nusikrovimo prisitaikymo proceso metu.

8.  Pasiiilyta patobulinta lenkiamy ploks¢iy ilinkiy riby skai¢iavimo metodika.

9. Sudaryti prisitaikanciy ploks¢iy, esant netiesinéms Hubero-Mizeso takumo
salygoms patikrinamojo ir projektinio uzdaviniy matematiniai modeliai. Parodyta,
kad prisitatkomumo biivio optimizavimo uzdavinys néra klasikiné matematinio
programavimo problema.

10. Surastos ploksCiy prisitaikomumo biivio analizés uzdaviniy jjungimo i
optimizavimo matematinius modelius (patikrinamasis ir projektinis aspektai)
galimybés.

11. Sukurtas ploks¢iy apkrovos ir parametry optimalaus pasiskirstymo
prisitaikomumo salygomis uzdaviniy, esant stiprumo ir standumo apribojimams,
etapinis sprendimo algoritmas.

12. Sukurta lenkiamuy ploks¢iu netiesiniy optimizavimo uZzdaviniy, spresty
disertaciniame darbe, realizavimo kompiuteriné programa su integracijos galimybe
su kitomis programomis.
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