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Abstract

In the dissertation, the problem of nonparametric testing for sparse contin-
gency tables is addressed.

Statistical inference problems caused by sparsity of contingency tables are
widely discussed in the literature. Traditionally, the expected (under null the
hypothesis) frequency is required to exceed 5 in almost all cells of the contin-
gency table. If this condition is violated, the y? approximations of goodness-
of-fit statistics may be inaccurate and the table is said to be sparse . Several
techniques have been proposed to tackle the problem: exact tests, alternative
approximations, parametric and nonparametric bootstrap, Bayes approach and
other methods. However they all are not applicable or have some limitations in
nonparametric statistical inference of very sparse contingency tables.

In the dissertation, it is shown that, for sparse categorical data, the likeli-
hood ratio statistic and Pearson’s y? statistic may become noninformative: they
do not anymore measure the goodness-of-fit of null hypotheses to data. Thus,
they can be inconsistent even in cases where a simple consistent test does exist.

An improvement of the classical criteria for sparse contingency tables is
proposed. The improvement is achieved by grouping and smoothing of sparse
categorical data by making use of a new sparse asymptotics model relying
on (extended) empirical Bayes approach. Under general conditions, the con-
sistency of the proposed criteria based on grouping is proved. Finite-sample
behavior of the criteria is investigated via Monte Carlo simulations.

The dissertation consists of four parts including Introduction, 4 chapters,
General conclusions, References and Appendices.

The introduction reveals the importance of the scientific problem, describes
the purpose and tasks of the thesis, research methodology, scientific novelty,
the practical significance of results The introduction ends in presenting the
author’s publications on the subject of the defended dissertation, offering the
material of made presentations in conferences.

In Chapter 1, an overview of the problem is presented and basic definitions
are introduced. Chapter 2 demonstrates the inconsistency of classical tests in
case of (very) sparse categorical data for both multinomial and Poisson sam-
pling scheme. In Chapter 3, extended Bayes model is introduced. It provides
a basis for smoothing and grouping of sparse (nominal) data. The consistency
of criteria based on grouping is proved. Finite-sample behavior of the classical
and proposed criteria is studied in Chapter 4. Details of the computer simula-
tion results are given in Appendix.



Santrauka

Disertacijoje sprendZiami neparametriniy hipoteziy tikrinimo uZdaviniai
iSretintoms dazniy lenteléms.

Problemos, susijusios su rety jvykiuy dazniy lentelémis yra placiai aptartos
mokslinéje literatiiroje. Yra pasitilyta visa eilé metoduy: tikslieji testai, alter-
natyviis aproksimavimo biidai parametriné ir neparametriné saviranka, Bayeso
ir kiti metodai. Taciau jie nepritaikomi arba yra neefektyvis neparametrinéje
labai iSretinty dazniy lenteliy analizéje.

Disertacijoje parodyta, kad labai iSretintiems kategoriniams duomenims
tikétinumo santykio statistika ir Pearsono 2 statistika gali pasidaryti neinfor-
matyviomis: jos jau néra tinkamos nulinés hipotezés ir duomeny suderinamu-
mui matuoti. Vadinasi, ju pagrindu sudaryti kriterijai gali biiti net nepagristi
net tuo atveju, kai egzistuoja paprastas pagristas kriterijus.

Darbe yra pasitlytas klasikiniy kriterijy patobulinimas iSretinty daZniy
lenteléms. Sidlomi kriterijai remiasi iSretinty kategoriniy duomeny grupavimu
ir glodinimu naudojant nauja iSretinimo asimtotikos modeli, kuris remiasi (i$-
pléstine) empirine Bayeso metodologija. Prie bendry salygu yra irodytas sit-
lomy kriterijy, naudojanciy grupavima, pagristumas. Kriterijy elgesys baig-
tiniy imCiy atveju tiriamas taikant Monte Carlo modeliavima.

Disertacija susideda i3 ivado, 4 skyriy, literatiros saraso, bendry i§vady ir
priedo.

Ivade atskleidZiama nagrinéjamos mokslinés problemos svarba, apraSomi
darbo tikslai ir uzdaviniai, tyrimo metodai, mokslinis naujumas, praktiné gauty
rezultaty reikSmeé. Ivado pabaigoje pateikiamos autoriaus publikacijy disertaci-
jos tema sarasas, konferencijose daryty praneSimy medzZiaga.

Pirmame skyriuje pateikiama nagrinéjamos temos apZvalga ir pagrindiniai
apibréZimai. Antrame skyriuje yra jrodytas klasikiniy kriterijy nepagristumas
labai iSretintiems kategoriniams duomenims polinominéje ir Puasono émimo
schemoje. Tre¢iame skyriuje ivedamas iSpléstinis Bayeso modelis. Juo remian-
tis atliekamas iSretinty (nominaliyjy) duomeny glodinimas ir grupavimas. Iro-
domas kriterijy, sudaryty naudojant grupavima, pagristumas. Klasikiniy ir darbe
pasidilyty kriterijy elgesys baigtiniy imciy atveju tiriamas ketvirtame skyriuje.
Detalesni kompiuterinio modeliavimo rezultatai yra sudéti i Prieda.



Symbols

N the number of observation;

n the number of outcomes;

Yj the frequency of outcome j;

I the expected frequency of outcome j;
15 the possible frequency of outcome j;
Dj the probability of outcome j;

Y vector of observed frequencies;

o vector of expected frequencies;

pe vector of possible frequencies;

P vector of probabilities;

X2 Pearson x? statistic;

G? likelihood ratio statistic (LR);

the variance of y;

the expectation of y;

the density function;

the probability function;
the set of natural numbers;

Notation

vii
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NOTATION

Z — the set of integer numbers;

R — the set of real numbers;

|l — denotes ¢ norm of fi;

1{A} — the indicator function of the set A;
Hy - the null hypothesis;

H; - the alternative.

Abbreviations

LNRE - Large Number of Rare Events;
MCMC - Markov chain Monte Carlo.
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Introduction

Scientific problem

In the subfield of numerical analysis, a sparse table is a table populated
primarily with zeros. The concept of sparsity is useful in combinatorics and
application areas such as network theory, which have a low density of signif-
icant data or connections. Statistical inference problems caused by sparsity of
contingency tables are widely discussed in the literature. Traditionally, the ex-
pected (under null the hypothesis) frequency is required to exceed 5 in almost
all cells of the contingency table. If this condition is violated, the x? approx-
imations of goodness-of-fit statistics may be inaccurate and the table is said
to be sparse Agresti (1990). Several techniques have been proposed to tackle
the problem: exact tests (see, overview by Agresti, 2007), alternative approx-
imations (Hu, 1999; Miiller and Osius, 2003), parametric and nonparametric
bootstrap (von Davier, 1997), Bayes approach (Agresti, Hitchcock, 2005; Con-
gdon, 2005) and other methods, but they all are not applicable or have some
limitations in nonparametric statistical inference of very sparse contingency
tables.

The dissertation is devoted to the problem of consistent nonparametric
testing for sparse contingency tables and the investigation of sparsity effect on
the test power.



2 INTRODUCTION

Topicality of the work

Recently amounts of information are very extensive, therefore problems
related to a large dimension and/or sparsity of data arise rather frequently.
The sparsity problem is especially topical for categorical data. Relationships
between continuous variables are usually described by covariance matrices.
Thus, the number of model parameters increases quadratically with n, the di-
mension of the data. For categorical data, the number of unknown parameters
grows exponentially with n. Consequently, even for a moderate number of cat-
egorical variables, many cells in the contingency table are empty or have small
counts. In fact, for categorical data, the number of cells in the corresponding
contingency table is even more important characteristic of sparsity than the di-
mensionality k itself. Sometimes the number of cells (the number of unknown
parameters) is even greater than the sample size (very sparse categorical data).

Examples of real sparse categorical data along with their statistical analy-
sis and discussion can be found in (Khmaladze, 1988, p. 3; Kvizhinadze, 2010,
p. 3; Agresti, 2007, p. 149; StatXact, 2011, p. 33; see also section 1.2, p. 10)

In general, consistent estimator for expected cell counts of sparse contin-
gency table does not exist. For categorical data of ordered variables, kernel
smoothing or grouping enables one to obtain consistent estimators of expected
cell counts under additional assumptions of their smoothness. For nominal
data, the main object of our study, both kernel smoothing and grouping are
not directly applicable.

Research object

The research objects are definitions of sparsity, sparse contingency tables
of nominal data, goodness-of-fit statistics based on power divergences, consis-
tency and finite-sample properties of nonparametric tests.

The aim and tasks of the work

The aim of this work is to investigate asymptotic and finite-sample behav-
ior of classical goodness-of-fit statistics and tests for sparse continency tables
and to propose improvements of the classical tests.

The tasks of this work are:

1. To propose improvements of the classical tests in order to increase their
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sensitivity to deviations from null hypotheses for sparse nominal data.
2. To prove the consistency of the proposed tests.

3. To compare the finite-sample performance of the classical and pro-
posed tests under alternatives of various types by means of computer
simulations.

Applied methods

Sparse asymptotics modeling is based on latent distribution model, struc-
tural distribution model for large number or rare events (Khmaladze (1988)),
and the empirical Bayes approach. Goodness-of-fit is measured by power di-
vergences (Cressie and Reed, 1988). Results for likelihood ratio criterion with
profile (spectral) statistics substituted for cell counts rely on general likelihood
theory and model-based cluster analysis. Chebyshev type inequalities are used
to establish the consistency (inconsistency) of the tests. Finite-sample perfor-
mance of the tests is studied by Monte-Carlo simulations. All calculations are
performed using the R software.

Scientific novelty

It is shown that, for (very) sparse data, the likelihood ratio statistic and
Pearson’s x? statistic may become noninformative: they do not anymore mea-
sure the goodness-of-fit of null hypotheses to data. For instance, they can be
inconsistent even in cases where a simple consistent test does exist.

A new sparse asymptotics model relying on (extended) empirical Bayes
approach is introduced. Tests based on MCMC smoothing, on smoothing by
grouping or on (finite) mixtures of Poisson distributions are proposed. The
consistency of the tests based on grouping is proved.

Practical value of the work results

The proposed nonparametric tests can be applied for statistical inference
of high-dimensional categorical (nominal) data frequently met in surveys with
large questionnaires, natural language and text processing, genetic data, etc.
The tests are easy to implement, they are computationally efficient and do not
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impose any specific requirements on the categorical (nominal) data they are
applied to.

Statements presented for defence

1.

For (very) sparse data, the likelihood ratio statistic and Pearson’s x>
statistic may become noninformative: they do not anymore measure
the goodness-of-fit of null hypotheses to data.

. Sparse asymptotics based on (extended) empirical Bayes approach en-

ables one to apply distribution model to sparse nominal data.

. In the empirical Bayes setting, MCMC smoothing, smoothing by grou-

ping and modeling by finite mixtures of Poisson distributions can im-
prove the power of classical tests especially for regular alternatives.

Under general conditions, the tests based on grouping are consistent.

. The effect of grouping (smoothing) significantly depends on the grou-

ping (smoothing) method as well as on its parameters (number of groups,
number of iterations, etc.).

For the irregular alternatives that differ from the null hypothesis by
centered independent Gamma random variables ("noise"), the grou-
ping tests which use the discrepancies between both the means and the
variances have much better power.

Approval of the work results

On the topic of dissertation there were 4 papers published in reviewed sci-
entific journals. The research results were reported at 5 scientific conferences.
The list of conference talks is as follows :

1.

3.

Testing problems for sparse contingency tables, International confe-
rence on applied mathematics and approximation theory, Ankara, Tur-
key, 2012.

Testing problems for sparse contingency tables, /0th international Vil-
nius conference on probability theory and mathematical statistics, Vil-
nius, 2010.

Profile statistics for sparse contingency tables, 9th international com-
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puter data and modeling conference on complex stochastic data and
systems, Minsk, Belarus, 2010.

4. Goodness-of-fit tests for smoothed categorical data, LMD 53th confe-
rence, Klaipéda, 2012.

5. Inconsistency of x? test for sparse categorical data under multinomial
sampling, LMD 52th conference, Vilnius, 2011.

The scope of the scientific work

The dissertation consists of the introduction, three chapters, the conclu-
sions, references, appendix and the list of author’s publications. The total scope
of the dissertation is 106 pages, 70 mathematical expressions, 29 tables, 31 fi-
gures and 62 items of reference.
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Historical overview and definitions

The statistical analysis of contingency table is a well studied area and has
drawn lots of attention in the statistical literature over the past decades. The
developments of appropriate models and test statistics are presented in mono-
graphs by Haberman (1974), Bishop et al. (1975), Fienberg (1980), Read and
Cressie (1988), Agresti (2002), Congdon (2005), Agresti (2007) and reviewed
by Agresti (1992), Fienberg (2000), Agresti and Hitchcock (2005), among oth-
ers.

Currently the amount of information is very extensive, therefore problems
related to a large dimension and/or sparsity of data arise rather frequently.

For quantitative (continuous) variables, (generalized) linear models are
usually applied. They describe relationships between the means of these vari-
ables or their covariance structures and hence the number of model parameters
grows at most as O(k?) with respect to the dimensionality k of the data. The
problem of high dimensionality is especially topical for qualitative (categori-
cal) variables. In this case, the number of model parameters generally increases
exponentially with k. Consequently, even for a moderate number of categori-
cal variables, a corresponding contingency table can be sparse, i.e. many cells
in the table are empty or have small counts. In fact, for categorical data, the
number of cells in the corresponding contingency table is even more impor-
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tant characteristic of sparsity than the dimensionality % itself. Sometimes the
number of cells (the number of unknown parameters) is even greater than the
sample size (very sparse categorical data).

Example. (cf. Khmaladze, 1988, p. 16, Case 3) Suppose a questionnaire
consists of k& = 10 questions, each with 2 possible answers. Then the total
number of cells in a contingency table of the answers is 2F = 210 > 103
Thus, for a sample with 103 respondents, the average of expected frequencies
in the contingency table is less than 1.

According to the rule of thumb expected (under the null hypothesis) fre-
quencies in a contingency table are required to exceed 5 in the majority of their
cells. If this condition is violated, the x? approximations of goodness-of-fit
statistics may be inaccurate and the table is said to be sparse (Cohran, 1954;
Agresti, 2007).

Examples of real sparse categorical data along with their statistical analy-
sis and discussion can be found in (Khmaladze, 1988, p. 3; Kvizhinadze, 2010,
p. 3; Agresti, 2007, p. 149; StatXact, 2011, p. 33; see also section 1.2, p. 10).

Actually, there are three main problems caused by sparsity in statistical
analysis of contingency tables:

1. The standard y? approximation for distributions of classical tests is not
sufficiently accurate (see, Agresti, 2007; Cressie, Read, 1984). Several
techniques have been proposed to tackle this problem: exact tests (see,
overview by Agresti, 2007; Filina, Zubkov, 2008; StatXact, 2011, and
references therein), alternative approximations (see, Hu, 1999; Miiller,
Osius, 2003; Filina, Zubkov, 2011), parametric and nonparametric boot-
strap (von Davier, 1997), Bayes approach (Agresti, Hitchcock, 2005;
Congdon, 2005) and other methods.

2. The classical tests are not longer (asymptotically) distribution free (see,
Khmaladze, 1988). The test is said to be distribution free if its (asymp-
totic) distribution is independent of the null hypothesis to be tested
and thus it leads to universal decision rules. The lack of this property
means that calculation of critical value of every testing problem is a
specific problem to be solved.

3. For (very) sparse data, the classical criteria become noninformative:
their test statistics do not anymore measure the goodness-of-fit of a
null hypothesis to data. For instance, the classical tests are inconsistent
even in cases where a simple consistent test does exist (Radavicius,
Samusenko, 2011; Samusenko, 2011; see also Khmaladze, 1988; Klas-
sen, Mnatsakanov, 2000).
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This work is devoted mainly to the third problem. It reveals that possibly
there is no sense to solve the former two problems.

In the next section, we present a brief overview of statistical problems
for sparse categorical data and different approaches to deal with sparsity. The
proposed extended empirical Bayes model of sparse asymptotics contains the
latent distribution and the structural distribution models as special cases.

1.1. Categorical data and contingency tables

Categorical variables have two main types of scales, nominal and ordinal.
In the dissertation main attention is given to the nominal data. There is only
one logic operation (comparison) exists between nominal variables equal / not-
equal which does not change information of the data. To determine whether
there is a relation between the variables they are structured, summarized and
displayed in cross tables (contingency table)

Table 1.1. Contingency table of two variables A and B

B
1 Yyii o Y12 .- Yij | Yi+
2 Y21 Y22 e Y25 | Y2
A
i Vil Y2 - Yij | Yit
Y+ Y+2 o - Y| ygs

Goodness-of-fit of a model and a contingency table with I number of rows,
J columns, and n = I x .J cells is typically measured by Pearson’s y? statistic
X? (Pearson 1900)

I J 2
bserved,;; — expected;;)
X2 = © i & 11
; ; expected;; ’ (1)

or the (doubled negative logarithmic) likelihood ratio statistic

observed;
=2 b dij 1 J 1.2
; ]Zl observed;; log (e:cpectedw> (1.2)



10 1. HISTORICAL OVERVIEW AND DEFINITIONS

Karl Pearson (1900) demonstrated that the large-sample distribution of a test
statistic, based on the standardized squared differences between the observed
and expected counts of categorical data generated from multinomial, hyper-
geometric or Poisson distributions, is x? distribution. This work was followed
by significant contributions by, among others, Yule (1912), R. A. Fisher (1924),
(1934), Yates (1934), Cochran (1936), (1954), Kendall and Stuart (1958), Good-
man (1968), see also textbooks (Agresti, 2002) and overview (Fienberg, 2000)
and references therein.

As a rule the selection of critical values of goodness-of-fit statistics is
based on the convergence of it’s distribution to the x? distribution with ap-
propriate degrees of freedom as a samples size tends to infinity. In practice
samples sizes are bounded and the question of accuracy of such approximation
arises naturally.

1.2. Sparse contingency tables

Goodness-of-fit of a model and a contingency table is typically measured
by Pearson’s x? statistic X2 or the (doubled negative) likelihood ratio statistic
G?. When the (expected) frequencies in cells of the contingency table go to co
the both statistics have asymptotic x? distribution. The decisions in hypothesis
testing rely on this x? approximation, see, e.g., (Neyman and Pearson, 1928;
Bishop, et al. 1975; McCullagh and Nelder, 1983; Agresti, 1990). However, the
x? approximation usually fails either the table is sparse or the sample size is
not large enough. Unfortunately, sparseness of the table is rather often encoun-
tered in practice. As Fienberg put it, "The fact remains ... that with extensive
questionnaires of modern-day sample surveys, and the detailed and painstaking
inventory of variables measured by biological and social scientists, the statisti-
cian is often faced with large sparse arrays, full 0’s and 1’s, in need of careful
analysis." (Fienberg, 1980, pp. 174-175). As the dimensionality of categorical
data increases, the sparseness is common even when the total sample size is
large. The x? approximation can also break down when the table is small but
contains very large as well as small cell counts (so-called unbalanced contin-
gency table). Even when the sample size is quite large, recent work has shown
that large-sample approximations can be very poor when the contingency table
is unbalanced (Haberman, 1988).

Real example of sparse contingency table presented in Table 1.2 It’s
briefly described and analyzed in "StatXact 5 User Manual" (StatXact, 2011).
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Here are cross-tabulated an index of competitiveness against the student to
faculty ratio.

Table 1.2. Student/faculty ratio versus competitiveness of state universities

Student/Faculty =~ Competitiveness of Institution =~ Row
Ratio Less Average Very Highly Most Total
2 0 0 0 1 0 1
7 0
8 0
9 0
10 1
11 1
12 0
13 1
14 3
15 1
16 1

3
0
0
2
0
0
0
0

17
18
20
21
22
23
24
70
Column Total 13

— = = O O NN UNNW W WO ==
S~ O R OO, OR—~=rMFL,~=)ONDO OO
— N = = DN W N W= NN

NO O DODDODDODO— OO~ OO —OO O
=l eNelolNelalelalelaelelelaleBelol

W
w
—_
w
(o
W

Unbalanced categorical data example. The data consists of measure-
ments of heart wall thickness of 947 athletes participating in 25 different sports.
The wall thickness > 13 mm is indicative of hypertrophic cardiomyopathy.
The average proportion of occurrence of the event "wall thickness > 13 mm"
is about 0,017 (16 occurrences) with the number of athletes in each kind of
sport activity ranging from 6 to 95 (38 in average) and the frequency of the
event ranging from O to 4 with O observed 14 times. The problem is to test
if probability of the event is related to the kind of sport activity. Example is
discussed in Senchaudhuri, Mehta, Patel (1995) and presented in Table 1.3.

Actually, it is not clear what does it practically mean "large expected fre-
quencies" and "large contingency tables". The same is true for "sparse contin-
gency tables". One rule of thumb, due to Cochran (1954), is: The minimum
expected cell count for all cells should be at least 5. The problem with this rule
is that it can be too conservative. Another rule of thumb, also due to Cochran
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Table 1.3. Left ventricular wall thickness versus sporting activity

Sports Thickness (mm) Total| Sports  Thickness (mm) Total
>13 <13 >13 <13

Weightlifting 1 6 7 Diving 1 10 11
Field wt. events 0 9 9 Boxing 0 14 14
Wrestling/Judo 0 16 16 Cycling 1 63 64
Tae kwon do 1 16 17 | Water Polo 0 21 21
Roller Hockey 1 22 23 | Yachting 0 24 24
Team Handball 1 25 26 | Canoeing 3 57 60
Cross-coun.Ski 1 30 31 Fencing 1 41 42
Alpine Skiing 0 32 32 Tennis 0 47 47
Pentathlon 0 50 50 Rowing 4 91 95
Roller Skating 0 58 58 |Swimming O 54 54
Equestrian 0 28 28 Soccer 0 62 62
Bobsledding 1 15 16 Track 0 89 89
Volleyball 0 51 51

(1954), is: For tables larger than 2 x 2, a minimum expected count of 1 is per-
missible as long as no more than about 20% of the cells have expected values
below 5. Various other rules of thumb are recited in (Hu, 1999, p.2).

Simulation studies by Koehler and Larntz (1980) have shown that these
rules are far too conservative but it is hopeless to expect simple guidelines to
indicate when asymptotic large-sample approximations are adequate (see also
Agresti, 2002, for further discussion).

A variety of practical remedies are suggested to solve the sparsity prob-
lem (see, e.g., Reiser and VandenBerg (1994), Joreskog and Moustaki (2001),
Kraus, 2012, pp.11,12, and references therein). They include

« collapsing or dropping the contingency table cells with small cell counts;
« adding constants to cells;

« considering only cells with observed or expected frequencies that ex-
ceed a certain values.

However, this leads to loss of information and unforeseen results (see, for ex-
ample, Baglivo et al., 1988).

Other alternatives are to use the exact tests (Agresti, 1992; StatXact, 2011)
or (parametric) bootstrap (Davier, 1997). Although this poses no new theo-
retical challenges it may be computationally expensive or infeasible to do so,
especially when the table is large.
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1.3. Classical test statistics

Let y := (y1,..., Yn) be a contingency table, i.e. a vector of observed
frequencies. Set © = Ey. Assume that the components of y are independent
Poisson random variables,

y ~ Poisson, (). (1.3)
A possible alternative might be
y ~ Multinomial, (N, p), wn:=p/N, (1.4)

where p is a n-dimensional vector probabilities summing to one.
Consider a simple testing problem

Hy: p= p° versus Hy : p # p°. (1.5)

Here pu° := (ug, ..., py) is a given vector of positive values.

A variety of statistics have been derived for goodness-of-fit testing such as
the Pearson chi-squared statistic (X 2), the log likelihood ratio statistic (G?),
the Freeman-Tukey statistic (F'2), the Neyman modified X2 (X2), and the log
likelihood ratio modified G? (an). All of the above statistics are embedded
in a family of power divergence statistics thoroughly discussed by Cressie and
Read (1984, 1988). For multinomial sampling scheme they are given by

o 2 - Yi A
Da=Daly: 1) = 537y 2w [(M) 1] .1
where A is a real-valued parameter. The cases A = 0 and A = —1 are defined
as the limits A — 0 and A — —1.

When the observed frequencies ¢ and the expected under the null hypoth-
esis Hy frequencies p° match exactly for each possible outcome, the power-
divergence statistic is zero (for any choice of A). In all other cases the statistic is
positive and becomes larger as the observed and expected frequencies diverge.

In almost all cases a reasonable choice of A will lie in the range A €
(—1, 2]. This conclusion is based on the results on the calculation of signifi-
cance levels for small samples Cressie and Read (1984, 1988). The two most
popular special cases of the power-divergence statistic are Pearson’s y? statis-
tic (1.1) (put A = 1) and the likelihood ratio statistic (1.2) (the limit as A — 0).
The chi-squared statistic X? is efficient for testing the equiprobable hypothesis
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against certain local alternatives in large sparse tables (Cressie and Read, 1984;
Ermakov, 1998). The loglikelihood ratio statistic G2 is more suitable for testing
against certain nonlocal alternatives with some near-zero probabilities. Cressie
and Read (1984, 1988) argued that the power-divergence statistic with A = 2/3
(we called small sample statistic the best choice for small n when there is little
or no knowledge of possible alternative models

n 2
9 i\ 3
D2/3:gzyl [<yo> —1]

=1

ey

This statistic lies between X2 and G? in terms of the parameter \.

Various other goodness-of-fit statistics have been proposed. These include
the Freeman-Tukey statistic (Freeman and Tukey, 1950; Bishop et al., 1975),
which, following Fienberg (1979) and Moore (1986), we define as a power
divergence statistics with A = —1/2,

F2:4zn:(\/@—\/;7§’)2,

also the symmetrized (logarithmic) likelihood ratio statistic

n

G2=> (yi—u) log <iz>

i=1 g

and the Le Cam or symmetrized X ? statistic

(g — pg)?
XZ=2) =i
N Z Yi + g

i=1
Zelterman (1987) proposed a statistic D? and compared it with X? for testing
goodness-of-fit to sparse multinomial distributions, where
*

D? = X% = 3" (yi/fin).

where /i; is the estimated expected count of the i-th cell, and >_* is the sum-
mation over all the cells such that fi; > 0. The D statistic is not a member of
the family of power divergence statistics.

The simulation experiment strongly recommends to use the D? test, in
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comparison with the X? test, for goodness-of-fit testing with a large sparse
contingency table due to its high sensitivity to the sample size and model dis-
crepancy (Kim et al., 2007).

1.4. General discrepancy measures

Here we introduce more general class of goodness-of-fit statistics which
includes the family of power divergences and, moreover, is suitable for Poisson
sampling scheme.

The Csiszzar ¢-divergence (Csiszar, (1967); Liese and Vajda, 1987, 2006;
Csiszar and Shields, 2004) between two vectors u, v € R’} is defined by

n

do(v; w) = vid(ui/v;).

=1

The function ¢ : Ry — R is convex, strictly convex at 1 with ¢(1) = 0. The
most of ¢-divergences widely used to measure distribution discrepancy belong
to power-divergence family (cf. Cressie and Read, 1984) with ¢ = ¢, and
A=a—1,cf (1.6):

t*—a(t—1)—1
ala—1) 7

Da(t) == ala—1)#0,

p1(t):=tlnt—t+1, ¢o(t):=—Int+t—1.

For ¢ = ¢, denote dy(v; u) := dy(v; u). Taking o = 1 and o = 2 produce
the classical (logarithmic) likelihood ratio statistic G? and Pearson X2 statistic
X2, respectively (see also Table 1.4).

The selection of critical values of goodness-of-fit statistics are based on
their asymptotic distributions as a samples size /N tends to infinity. For valid
Hj and fixed n, the number of cells in a contingency table, the goodness-
of-fit statistics based on ¢-divergences with the sufficiently smooth function
¢, in particular power-divergence statistics, are asymptotically equivalent and
x? distributed (with appropriate degrees of freedom). This equivalence is pre-
served even in case where the number n of cells tends to co provided n? =
o(N) and behavior of expected cell frequencies in the table are sufficiently
regular (see, e.g., Gyorfi and Vajda, 2002). For contingency tables with higher
sparsity this asymptotic equivalence is usually broken.
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Table 1.4. Goodness-of-fit statistics

Statistic A o Definition
Dayjs 23 513 95k Ly, ((y) —1
F2 2 e 421 L (VI = Vi)
G 10 2%, (ui log 4 + (i — uf))
G2 i (i — i) log fis
X3 25t e

In case of very sparse contingency tables, the classical statistics, at least
X2 and G2, are not appropriate for testing goodness-of-fit as shown by Ra-
davicius and Samusenko (2011) and Samusenko (2011).

1.5. Sparse asymptotics

Bishop et al. (1975) proposed another asymptotic framework, more suit-
able for modelling sparse contingency tables. This framework, called sparse
asymptotics, assumes that the number of cells n in the contingency table goes
to infinity along with the sample size V. In fact, testing goodness-of-fit for
large contingency tables with the number of cells n — oo have been con-
sidered earlier, see, for instance, Tumanyan (1954, 1956) and Steck 1957. Re-
sults of Haberman (1977) suggest that the usual advices (such as the rule of
thumb: expected cell counts should be not less than 5) are far too conservative,
at least for the parametric inference. Moris (1975) (see also Tumanyan (1954,
1956)) have shown that, for the Pearson statistic X2 and the likelihood ra-
tio statistic G2, x? approximation holds also when n = n(N) — oo pro-
vided the minimum of the expected cell counts goes to oo sufficiently fast (and
hence n = o(NV)). Here x? approximation means that distribution is asymp-
totically normal with mean n and variance 2n. Gyorfi and Vajda (2002) ex-
tended this result to goodness-of-fit statistics from the family of Csiszar’s -
divergencies. Under some regularly conditions, the asymptotic normality of
classical statistics is retained for n of the same order as V. The centering and
scaling now, however, depends on unknown expected cell frequencies (see,
e.g., Medvedev (1977) and survey by Ivanov, Ivchenko and Medvedev, 1984).
Consequently, the classical criteria are not distribution free in this case (see
also Khmaladze, 1988).



1. HISTORICAL OVERVIEW AND DEFINITIONS 17

A considerable literature available on limit theorems in allocation or occu-
pancy problems (Kolchin et al., 1978; Ivanov et al., 1984; Gnedin et al., 2007,
and references therein).

The asymptotic behavior of criteria based on the number of empty boxes
and other occupancy statistics (sometimes called spectral statistics, see Khmal-
adze, 1988, Kvizhinadze, 2009) is investigated in the book by Kolchin, Sev-
ast’yanov and Chistyakov (1978), see also Ivchenko and Medvedev (1980).

This short outline of asymptotic behavior of test statistics for contingency
tables with increasing number cells suggests that the actual effect of sparsity
shows up when N = O(n), n — oo and/or the expected cell frequencies (un-
der the null hypothesis H) show certain irregularity (unbalanced contingency
tables). In order to obtain reasonable results in case of sparse asymptotics one
needs to make some assumptions about asymptotic behavior of expected cell
counts in sparse contingency tables. In the next subsection approaches to spar-
sity modelling are briefly discussed.

1.5.1. Large number of rare events

We are interested in case where contingency tables are sparse. Informally
it means that the number of cells n is large and expected frequencies of a
significant part of cells are small.

The definition of sparsity is based on the sparse asymptotics (cf. Fienberg
and Holland,1972; Bishop et al., 1975; Khmaladze 1988). Let M — oo be some
asymptotic parameter. The sparse asymptotics assumes that n = n(M) —
oo and the expected cell counts o = p(M) with puy = (M) — oo as
M — oo. In what follows we usually hide the dependence on the asymptotic
parameter M though indicate it when introducing new objects and in cases we
need to stress this dependence.

Let

y ~ Poisson,(p)

be a contingency table of size n obtained by the Poisson sampling. The multi-
nomial sampling scheme,

y ~ Multinomial,, (N, p), p:=pN,

is obtained from the Poisson case by conditioning on the observed total y :=
>, y; and assuming y = N. Then also p4 := Ey; = N.
On the other hand, multinomial sampling can be reduced via poissoniza-
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tion to the corresponding Poisson sampling scheme which provides a good
approximation to the former (in case of sparse asymptotics, see, e.g., Mnat-
sakanov and Klassen, 2000; van Es et al., 2003). Alternative approximation
results are presented in (Cekanaviéius, 1999; Cekanavicius and Wang, 2003;
Zaitsev, 2005 and references therein).

Khmaladze (1988) introduced a general framework called large number of
rare events (LNRE). LNRE can be viewed as a definition of sparse categorical
data.

For k € Z, set

n

vn(k) = le{yi:k},

=1
v = Y Ly >0} = (k).
=1 k=1

A vector of observed cell counts y is called contingency table (categorical
data) with LNRE(I) and LNRE(II), respectively, if

Ev,(1
lim e ) g (1.7)
M—oc0 Ey+
respectively, if
Ev,(1
lim e =) g (1.8)

M—oco Euv,

(cf. Khmaladze, 1988, p. 6). Since y+ > v,, LNRE(I) implies LNRE(II).

Suppose that, for some constant My, u; < Mo Vi =1,..., n. Then
l1tlloe < Mo. (19)
Here and in the sequel || - ||, p > 1 or p = oo, denotes the /,-norm. Under

restriction (1.9), the LNRE conditions (1.7) and (1.8) are equivglent for the
both sampling schemes, Poisson and multinomial.

Radavic¢ius and Samusenko (2011) considered (very) sparse categorical
data (contingency tables). It means that (as M — o0)

ell3 = o (|[pell2) - (1.10)
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Remark 1.1. Condition (1.10) together with (1.9) implies
|l < Mon, (1.11)

and for arbitrary h > 0,

o(lulh), (112)
RPn+o(llplh) . (113)

R2{j « iy > b < ||pll3
hlpll < B2y < B} + [|pl3

IN

Here and later | A| stands for the number of elements of the set A.
From (1.11)—(1.13), it follows that

() =iy = B} = o(n), Vh>0,
lulll = o(n), q=1.2.

Consequently, the expected number of the nonzero cells Eny,(y), h € (0, 1), as
well as the expected value of the total frequency 1 = E||y||; is much smaller
than n. Thus, the contingency table y contains a lot of zeros. LNRE conditions
actually means that the contingency table contains a significant part of events
observed once in available categorical data (i.e., this part is proportional to
the number of observations or to the number of observed different events).
Conditions (1.10) and (1.9) insure that LNRE(I) and LNRE(I) are equivalent.

Below we briefly discuss two sparsity models: latent distribution and struc-
tural distribution.

1.5.2. Latent distribution model

One of the simplest way to deal with the sparsity is to suppose that the
expected frequencies g = (p1, ..., i) of an ordered variable are determined
by a latent distribution function F" on [0, 1] via representation

pi = pt (F(t) — F(ti-1)) (1.14)

where tg = 0, t; := i/n, i = 1,..., n (cf. Bishop et al., 1975; Aerts et
al., 2000). In this setting, it is usually assumed that there exists rather smooth
latent distribution density f, f(u) = dF'(u)/du. This assumption implies

,ui:,ui(M):O(%), M — oo.
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Thus, in this case the sparsity is expressed by the average expected fre-
quency p = p(M) := py/n. For multinomial sampling scheme (1.4) we
have uy = N where N is the sample size of the contingency table y. Hence
p(M) = N/n. A typical assumption for the sparse asymptotics is p = O(1).
In this case, the number of unknown parameters n — 1 is proportional to NV
and hence the consistent estimator of the parameters, in general, does not exist
(see, e.g., Aerts et al., 1997). The consistent estimator can be constructed under
the additional requirements on smoothness of the latent distribution density f.
Then standard (kernel) smoothing technique can be applied (see, e.g., Bishop
et al., 1975; Aerts et al., 2000).

The latent distribution model (1.14) with uniform with respect to M re-
strictions on the smoothness of the latent density f is inappropriate for nomi-
nal data. In this case, the expected frequencies p and their sparsity can be de-
scribed by the structural distribution function introduced by Khmaladze (1988)
(see also Klaassen, Mnatsakanov, 2000; Es, Klaassen, Mnatsakanov, 2003) to
characterize data with a large number of rare events (LNRE for short). Thus,
LNRE is Khmaladze’s definition of sparse categorical data.

1.5.3. Structural distribution model

When dealing with testing problem (1.5), one can suppose that the cell
numbering order is irrelevant. It means that the statement p = u° is replaced
by the statement {1, ..., un} = {pf, ..., uy}. Actually, it is the same as to
require the tests to be invariant with respect to permutations of the cell num-
bers. Then only permutation invariant hypotheses can be tested. This leads to
the testing problem

Hoy: FM = (FOYM) yersus Hy : FM) 2 (Fo) (M), (1.15)
where F'(M) is the empirical distribution function of {1, ..., fin},
1 n
F(M)(u) = E z; ]1{/1’2 < U}, u € ]R-i- = [07 00)7
1=

and (F°)™M) is a given discrete distribution function with [supp((F°)*))| <
n = n(M).

(|A] denotes the number of elements (cardinality) of the set A.)

Here we explicitly indicate the dependence of the statements on M, the
key parameter in the sparse asymptotics. In fact, testing problem (1.15) as well
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as (1.5) is a sequence of statements and it remains some uncertainty how they
should be combined. While it is quite natural to take Hy : pM) = ( ,u")(M )y
(sufficiently large) M, a reasonable definition of H; is not so clear. Using
ideas of the contiguous alternative approach, the testing problem is expressed
through asymptotic characteristics (parameters) of sample distributions.

Definition 1.1. (c¢f. van Es, Klaassen, Mnatsakanov, 2003) Define F,(t) :=
FO) (pt) with some scaling factor p = p(M) and suppose that F), converges
weakly to some distribution function F' as M — oo. Then F is called a struc-
tural distribution of the expected cell frequencies i (or simply of the table y)
with the scaling factor p.

Again, the sparsity scale is determined by p. For the multinomial sampling
scheme, setting p = N/n yields supp(F°) C [0, 1].

Khmaladze (1988) have shown in case of p := N/n = O(1), the direct
estimation of I’ by the empirical distribution function of ¥ gives an inconsistent
estimator of F'. Consistent estimators of F' have been constructed by Klaassen
& Mnatsakanov (2000) and van Es et al. (2003). Their main assumptions are
similar to that in the model of latent distribution (1.14). It reads as follows.

Let U ~ Uniform][0, 1] and distribution densities gy satisfy

FM (pt) = P{g,(U) < t}, VteRy,

and ||gn, — g|lcc — O for some function g. Here || - ||« stands for the supremum
norm.

Khmaladze (1988) pointed out that the structural distribution can be treated
as a latent mixing distribution in the empirical Bayes approach. A consistent
estimator of the mixing distribution of Poisson random variables is constructed
in (Mnatsakanov and Klassen, (2007)).

In Section 3.1 we extend the empirical Bayes approach to include the null
hypothesis in the Bayes model as well

In terms of the structural distribution the testing problem states

Hy:F = F° versus Hy : F # F°, (1.16)

where F° is a given distribution function with supp(F°) C Ry.

Khmaladze (1988) pointed out that the structural distribution can be treated
as a latent mixing distribution in the empirical Bayes approach. Below we ex-
tend this approach to include the null hypothesis in the Bayes model as well.






Inconsistency of common
goodness-of-fit tests

In this chapter simple conditions for the inconsistency of the classical gopdness-
of-fit tests in case of very sparse categorical data are given.

In the next section we introduce notation, present some background and
specify a sparsity condition. The inconsistency of Pearson’s \? test is proved
in Section 2.2. A simple example and simulation results provided illustrate the
inconsistency and reversed consistency phenomena for a finite sample.

Current Chapter results were presented in Computer Data Analysis and
Modeling conference and could be reviewed in (Radavic¢ius and Samusenko
2010, Samusenko 2011) publications.

2.1. Notation and background

Let y; denote an observed frequency of the category j € {1,..., n}ina
sample of [V iid observations.
Hencey := (y1,. .., Yn) ~ Multinomial,,(N, p) where p := (p1,..., pn) €

P and
n
PC{qG]R";qjZO,jzl,...,n,Zqizl},
i=1

23
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Let us assume that a simple hypothesis
Hy:p=p°versus Hi:peP (2.1

is to be tested on the basis of the observed frequencies y with a given p° =

(%, pn) > 0,p° ¢ P.
We consider very sparse categorical data (contingency tables). Here it
means that

n=n(M), N=o(n), p=pM), p°=p°M) (M- o)

We shall also use additional (technical) conditions related to the sparseness,
see Theorem 2.1.
In this case Perason’s y? statistic

n 0\2 n 2

(y; — Npj) Y;
X2 .= ASCINN LA J_ _N. 2.2
S =Y @2

j=1 j=1

Using moment generation function one can find the means

n 2 n

]EX2:(N_].) § ZL-Z)_’_ pi‘;_]\f7 EOX2:TZ—17 (23)
— pS :
j=1"J =17

DX? = Ly B +6<11> Y
N — (p39)? NJ)H

j=1
1 2\ « ()*
+ 4N<1—> <1—> z
N N Z;(p])Q
Ji
2
_ 1 nJ _<1_1> n& - (py)?
N j:lp; N j:lp;) j=1 p;
) 2
1 " (p;
— (4N —6) (1—) (pfo) , (2.4)
N j=1 Pj
l 1 n? 1
DX? = =) ———4+2(n-1(1-= 25
N.Zp<? v 2 )< N) 23)
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of the X2 statistic. Here and in the sequel E, D, and P (E,, D,, and P,) de-
note, respectively, the expectation, the variance, and the probability for ¥ ~
Multinomial, (N, p) (respectively, Y ~ Multinomial,, (N, p°).

2.2. Inconsistency of chi-square test under
multinomial sampling

In this section the inconsistency of the X? statistic is derived under addi-
tional conditions related to and quite natural for (very) sparse categorical data.

Definition 2.1. Let Ty := T'(Sn) be a statistic of a sample Sy with N =
N (M) being the sample size. A test (criterion) based on the statistic T is
said to be consistent (as M — oo) for testing Hy versus Hy (2.1) with a given
P = PM iff there exists a sequence ¢y such that

P, {Tn > ey} +P{Tn < cy} =0, VpePM M — .

Otherwise, the test is called inconsistent.

Theorem 2.1. Suppose that, for some p € PM,

A =EX2-E X2 =Y 2 (N-) S N (n-1) <0, 26)
j=1%7 j=1%7
and the asymptotic relation
2 A3
Py = D—y — 00 (M — ) .7
M

is valid with Dy := VDo X2 + VIDX2. Then the X2 test is inconsistent.
On the other hand, the test based on the statistic T = Tyy := | X% —(n—1)|
is consistent with cp; = |Ayy|/2 provided (2.7) holds for all p € PV,

Proof of Theorem 2.1. The Tchebyshev’s inequality implies

P, {X2 <E.X%—2 ]DJOXQ} < 1/4, (2.8)
P {X2 > EX? + 2\/]D>X2} < 1/4. 2.9)
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Consequently,

Po{X?>cy} +P{X*<cm} >
> P, {X2 > max(cM,c?\/[)} —|—IP’{X2 < min(cM,c}‘V[)} , (2.10)

where ¢, := Eo X2 — 2Dy X2 and chy o= EX?2 + 2v/DX2. Since, in view
of (2.6) and (2.7),

Gy — Sy = A+ 2 <\/]D>OX2 + \/]DXQ) <0

for all sufficiently large M, we then get c¢j, > ¢}, and hence either
max(ca, ¢yy) = 3, or min(ep, ¢iy) = ¢}, From (2.8), (2.9) and (2.10) we
derive inconsistency of X? test:

Po{X?>cy} +P{X*<cy} >
max (Po {X? > ¢§,}, P{X* < c}/}) > 3/4.

The consistency of T} follows from (2.3) and the Tchebyshev inequality:

P {Tar > |Anr|/2} + P{Ty < |Ans]/2}
<P, {T% > A% /4} + P{|X? —EpX?| > |Am|/2}
E, 7%, +DX? 4
i ke SN RV SN
A P
M M
due to (2.7).

Theorem 2.1 shows that (2.6) is the key condition which determines the
inconsistency of x? test. When p° is the uniform distribution, A > 0 for any
p and hence, for any p, condition (2.6) is not satisfied. In the next section we
present a simple example when conditions (2.6) and (2.7) are fulfilled.

Remark 2.1. By definition (2.6)

n n

. mO° . 10)2
Ay =" pﬂ+(N—1)ZM. @.11)

Pj P

j=1 j=1

Since the second term in this expression is nonnegative the requirement A <
0 implies that the absolute value of the first term in (2.11) should dominate
second one.
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Fig. 2.1. Histograms of statistics under the hypothesis and under the
alternative: a) X2 statistic; b) G2 statistic
Example

For a given § > 1 and ¢°,q € (0, 1/2), set
M=N,m= |:NB:|,TL:2TI’L,

p;:qo/m, v]§m7 p;:(l_qo)/ma vj>m7

Then the conditions of Theorem 2.1 are fulfilled.
If ¢ = 0, means (2.3) and variances (2.5), (2.4) are given by

N -1 m

EX? = + — N, EX?>=n-1,
1—¢° 1-—¢°
m? n? 1
DoX? = —————— — —42(n—-1)(1-=
vri— - w0 (1-5),
DX2 = M 1_i .
(1—¢°)? N
Consequently,
1—2¢°
Ay =9 51 ON),

2 —2¢q°
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DX? = O(n), and

D0X2:n—2 ;—1 —I—O(n)
P N [4¢°(1—¢°)

on = —y | N4 [Ho(Nﬂ .
1—¢° n
A computer experiment illustrates the asymptotic findings in case of finite sam-
ples. In the simulations, the number of observations N = 200, the number of
cells n = 2m = 600. Two cases are considered: (a) ¢° = 0,2, ¢ = 0 and (b)
q° = 0,2, ¢ = 0,1. The number of repetitions is set to 100. The histograms

of the X? statistic for the null hypothesis Hj and the alternative H; are repre-
sented in Figure 2.1.

Thus

The figure clearly demonstrates the inconsistency of the X? statistic. Ac-
tually, in the first case (case (a)), the phenomenon of the reversed consistency
is observed: although the values of the X? statistic under the null hypothe-
sis Hy are significantly greater than its values under the alternative H; (the
data under the alternative fits the null hypothesis better than the data under the
null hypothesis itself) the latter is evidently separable from the former. Thus
Pearson’s 2 test is completely uninformative in this case.

2.3. Inconsistency of likelihood ratio test under
Poisson sampling

In this section 3.4 an adaptive procedure for nonparametric testing is de-
scribed. and some simulation results are presented.

In this section simple conditions for the inconsistency of the classical like-
lihood ratio test in case of very sparse categorical data are given. Though rather
restrictive, the conditions have the following interesting feature — reversed con-
sistency: the greater deviation from the null hypothesis the less power of the
test. Actually, the probability to reject some alternatives tends to O as their
deviations from the null hypothesis increase.

Lety;, j € {1,..., n}, denote independent Poisson observations. Hence
vy = (Y1,-.., Yyn) ~ Poisson,(pn) where pp := (p1,..., n) € M =
[0, Mp]™, My > 0. We consider very sparse categorical data (contingency
tables) y € 7. Here it means that n is an asymptotic parameter, E,(y) =
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p = p(n)and as n — oo
ez = o (llelln) - (2.12)
Let us assume for simplicity that a simple hypothesis
Hy: p = p° versus Hy : p # p’ (2.13)
witha given p° = (uf, ..., py) € My, My = MnN(0, oco)™, is to be tested

on the basis of the observed frequencies y. Consider the logarithmic likelihood
ratio (LLR) statistic

° " Yj o
G* = G(py):=2) |yjlog | =2 | + (13 —uj)|
i=1 Hi
G*(p°,y)

H(y) =

1 2H(y) +2L(p°, y),

M-

Il
—

J

n n
L(py) = pS — > yilog(u) + 1), p% =3 uS = .
j=1 j=1

It turns out that for sparse data the term L(u°, y) often dominates H (y).

Lemma 2.1. Assume sparsity (2.12). Then (n — o0)

E G*(p°, y) = 2E,L(p°, y) + O (||p]3) ,

VDuG (2, ) = 24/Du(L(®, ) + O (Ial2)

EuL(p®, y) = pS — Y pilog(us) + 1),
7=1

Du(L(p°, y)) = Y p(log(pg) + 1)%.
j=1

Proof of Lemma 2.1. To prove the lemma it suffices to note that for any 8 > 0

En Y (y5log(y;))” = O(lle3).
j=1
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Proposition 2.1. Suppose that u° € M4, p € M,

A, = = — p7)(log(pj) +1) >0, (2.14)
]:1
and
|ll3 + |°]13 = o(D3 (1) + Dy (1)), (2.15)
n . )
Di(p) ==y (log(p$) +1)°.
7j=1
If (2.12) holds, then
EuG*(1°, y) =BG (0% y)  — Aa+O(lpl3 + llell3)

(DpeG2(p°,y) + DuG2(pe, Y)Y (D2(w) + D2(p°))* (1 +0(1))

Corollary 2.1. For very sparse contingency tables (see (2.12)), the LR test is
inconsistent for testing problem (2.13) provided (2.14) and (2.15) hold and

el + 613 = o(An),  Di(n®) + Di(p) < (5 +0(1))A7, K <1

When x = 0 we obtain the reversed consistency: the probability to reject H
tends to 0 as n — oo.

Example. Let n = 20, uf = pf(n) = o(1), i =1,2; 0 < pf < ps,
€ (0, 1), and

p = py, Vi <n,  opg =g, Vi>n,

pi=1—pps, Vi <n, pj=ps+pus, Vj>n.

Then

Anzwlog(f@) >0,
2 1y

D*(p°) < D*(p) = nps(log(us))?.

Note that [|u°[|1 = [|pe]l1 and |3+l < (u5 + 208) lulls = o (lu]1)-
Thus, the conditions of Corollary are fulfilled if u$ < p1us, p1 € (0, 1),

(13)% = o (uf| Log(u)]) ,
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Vgl log (15) | .,
v W

Remark 2.2. Actually, the inconsistency stated in Corollary 2.1 is not an ex-
ceptional feature of the statistic G2. Analogous inconsistency results can be ob-
tained for the other goodness-of-fit criteria, for example tests based on power-
divergence statistics Cressie, Read (1984).

2.4. Conclusions of the second chapter

1. The classical tests are no longer (asymptotically) distribution free.

2. The classical tests became noninformative: they are inconsistent even
in cases where a simple consistent tests does exist.

3. For very sparse categorical data, common goodness-of-fit tests may be
inconsistent and hence there is no sense to approximate their distribu-
tions.






Hypotheses testing for sparse
categorical data

The goal of this chapter is to propose consistent nonparametric criteria in case
of sparse categorical data.

In the next section, an extended empirical Bayes model of sparse asymp-
totics is introduced. This model contains the latent distribution and the struc-
tural distribution models as special cases. In Section 2, the testing problem is
formulated without any assumptions about convergence of distributions. The
consistency of tests based on phi-divergences and grouping is proved. In Sec-
tion 3.3 a new likelihood ratio type criterion is introduced as an alternative to
classical tests in case of very sparse contingency tables. The criterion is de-
rived using the empirical Bayes approach and is based on the profile statistics
of the contingency table.

Proposed consistent nonparametric criteria in case of sparse categorical
data and modeling results were published in (Radavicius and Samusenko 2011).

3.1. Extended empirical Bayes model

Let us suppose that {(u, pi), @ = 1,..., n} are independent copies of a
random pair (7°, ) taking values in ]Ri and having distribution P = P(M )
where M is an asymptotic parameter, M/ — oo. Then the marginal distribu-

33
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tion P° of 4° (respectively, P7 of v) coincides with the structural distribu-
tion under the null hypothesis Hy (respectively, under the alternative H), see
(Khmaladze, 1988).

Fix M or set M = oo. Now the testing problem for structural distribution
(1.16) takes the following form:

Hy: P° = P" versus H;: P° # P".

Thus in this case only the marginal distributions of P are involved.

Let P) denote the conditional distribution of v given 7°:
PI(-la):=P{ye-|1"=a}, acRy
Then problem (1.5) can be extended in terms of P as follows:
Hy: P)(-|a) =04 Va € Qversus Hy: PJ(-| a) # d, Va € A.

Here J, is the Dirac measure with the support {a}, a € R4, Q and A are some
measurable sets satisfying, respectively, P°(€2) = 1 and P°(A) > 0.

Note that this extension of (1.5) can not be tested using the latent dis-
tribution model, nor the structural distribution approach. They both suggest
some convergence of distributions as M — oo, i.e. some regularity in the
sparse asymptotics of frequency tables. In the next section the testing problem
is formulated without any assumptions about convergence of distributions thus
providing more flexibility in applications.

3.2. Goodness-of-fit criteria based on grouping

Here we use the extended empirical Bayes framework described in 3.1.

Let P = P(M) be a class of probability distributions P = P(M ) on ]Ri =
R4 x Ry, hypothetical distributions of the random pair (y, 7°).

Suppose that a discrepancy measure d(P, Q) = d™)(P, Q) between
probability distributions P € P and ) € P satisfies conditions: d(P, Q) > 0,
d(Q, Q) =0.

Given QM) ¢ P(M) and § = §(M) > 0, consider the following testing

problem:
Ho: ¥V M, d(Q™M), p(M)y = g, (3.1)
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versus
Hy ¥V M, d(QW) Py > 5(M). (3.2)

Our proofs of the consistency of testing criteria are based on a general result
given below.

Given PM) ¢ PM) for all M, let Pp = IPEDM) denote the probability
distribution of an observed data D™) generated by making use of PM)_ Let
QM) € PM) pe a hypothetical distribution generating DM ).

Assumption C: Assume that for a given 6 = §(M) > 0, there exist an
estimator d(Q; P) of d(Q™); PM)Y and 7 = 7(M) € (0, 1) such that

P {J(Q; P)>(1— T(M))a(M)} 50, M—ooo, (3.3)

and for all P(M) ¢ p(M)

PR {d(Q; P) < d(@); POD) — r(MS(M)} =0, M — oo,

(3.4)

Lemma 3.1. Assume that Assumption C is valid. Then the criterion
K= {d(Q; P) > (1 r(M)3(M)},
is consistent as M — oo for testing (3.1) versus (3.2).

Proof of Lemma 3.1. Write 7 = 7(M), § = §(M) for short. If Hy is valid,

o~

PO (k) = BYY {d(@; P)>(1— 7)5} 50, M o0,
due to (3.3). If H; holds, then d(Q™); P(M)) > § and hence
PR () = PRY {d(@i P) < (1-7)4}
< ]P’EDM) {A(Q; P) < d(Q(M);P(M)) - 7'5} —0, M — oo,

by (3.4).

In order to apply Lemma 3.1 we need to specify the discrepancy measure
d, the class PM ) of distributions, the estimator d(Q; P), and the critical value
(1 —7(M)) §(M) for sparse asymptotics M — oo.
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Grouping

The observed data is

D =DM = {(17, y:), i =1,..., n},
where the conditional distribution of y; given the random pair (v, v;) =
(ug, p;) is the Poisson distribution with the mean pu;, and {(77, v;), @ =
1,..., n} are iid with the common distribution pM),

Let A = AM) .= [A; k = 1,..., K} be a partition of (0, u%] into
disjoint intervals Ay = (tx_1, tx] of the length |Ag| := tx — tx_q1 With tg =
0, tgk_1 < ui <tg < oo.

Without loss of generality one can assume that the sequence (4, i =

1,..., n) is nondecreasing. Define cumulative empirical sequences, the se-
quence for initial data,

j
B =Y pSo =0,
=1

and the sequences determined by the partition A,
n
phy = Y _us1{u%; € Mg},
i=1
n
per = Y 1{p%; € A},
i=1

n
Ykt = Zyiﬂ{uiieAk}-
=1

Suppose that Q) and PM) are the empirical distributions based on the
data

{(uispg), i=1,..., n}, (3.5)
and
gy i), i=1,..., n}, (3.6)

respectively. The discrepancy between Q) and PM) is measured by ¢-
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divergence for the grouped data:

K
d(Q™; PMY = dy QM) PUDY =N "pid b(pns f3y). (BT)

The straighforward plug-in estimator of d(Q™); P(M)) is given by

K
P) =" iy &(yrr /13- (3.8)

k=1

)

Let 7, ~ Poisson(u) and suppose that

E¢?(n,/v) < oo Y u,v > 0. (3.9)

Denote
a(v) = vEd(n./v), (3.10)
o?(v;u) = VvPE(d(n./v) — d(u/v))> (3.11)

Lemma 3.2. Suppose (3.9) is fulfilled. Then

Epd(Q; P) > d(QW);P(M)), (3.12)
K

Eo d(Q; P) = Zauk+ (3.13)
R K

Dp d(Q; P) < 202 M Hit)- (3.14)

=1

Proof of Lemma 3.2.

Since the function ¢(u/v) is convex with respect to u inequality (3.13)
follows from Jensen’s inequality. Further, in view of (3.11)

v De(1u/v) < VE(¢(1a/v) — 6(u/v))* = 0*(v, ).
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Consequently,
Dpd(P*; P) = (uiy) Dr ¢ (ysr /i)
k=1
K
S Z 02 (Nz-‘,—a Nk+)7
k=1
since yi+, k = 1, ..., K, are mutually independent Poisson random variables
(given 7y = p).
Consistency

From Lemma 3.2 it easy to derive the following result.

Theorem 3.1. Let Q™) and P™M) be the empirical distributions based on the
data (3.5) and (3.6), respectively. Suppose (3.9) is fulfilled and the discrepancy
measure between QM) and PM) s defined by (3.7) and estimated by (3.8). If

Vo(M) + V(M) = o(6(M) — A(M)), M — oo, (3.15)

where A(M), V(M) are introduced in (3.13), (3.14) and

K
VE(M) =0 (us 17y, (3.16)
k=1

then the criterion
K= {d(Q: P) > (M) + i (5(M) — A}

is consistent as M — oo for testing (3.1) versus (3.2) with any constant k1 €
(0, 1).

Proof of Theorem 3.1.

Let us check the first condition of Lemma 1 (3.3). Set 7(M) = (1—k1)(1—
A(M)/6(M)). Then (3.15), (3.13), (3.14), (3.16), and Chebyshev inequality
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imply
P {d(@; P) > (1= 7(M))s(M) |

Po {d(Q: P) = A(M) > i (65(M) — A(M))} <

Vi (M)
K (6(M) — A(M))?

IN

1

Similarly, for the second condition of Lemma 1 (3.4), we derive from
(3.15), (3.12), (3.14), and Chebyshev inequality

Pp {d(Q; P) < d(Q™); POD) —+(M)8(M)}

The proof is complete.

Remark 3.1. If the partition A = AM) with K = K(M ) — oo is such that

min

Appin = AWM .— min|Ay| = 0o, M = oo,

—

then the statistic d(Q; P) defined in (3.8) is asymptotically normal as M —
oo. This fact can be established by arguments of Gyorfi, Vajda, (2002) used in
the case of multinomial sampling scheme.

In the case of sparse asymptotics, however, the power of the test based

on the statistic d(Q; P) heavily depends on grouping. Thus, even weaker re-
quirement A%g

restrictive.

> ko with a pre-specified constant kg > 0 may be rather

In Section 4.4 we present (provide) some computer simulation results to
illustrate performance of the proposed criterion.
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3.3. Profile statistics

Let us assume that {J,,,, m = 1,..., M} is a partition of set {1,..., n}
into disjoint subsets such that p; = pp,, j € Jp,m =1,..., M, with some
po, = po.(n) € (0, M. Suppose that all alternatives with any p obtained via
permutations of the coordinates within J,,, m = 1,..., M, are equally likely
to occur. Then it is natural to assume that the tests under consideration are in-
variant with respect to permutations of the coordinates in .J,,,. This assumption
is consistent with the Bayes approach which assumes p to be a sequence of
random variables exchangeable within the each set J,,,.

Following the empirical Bayes approach, the parameter p is treated as
random and

{uj, j € Jm} areiid., pj~Gpm, j€Jm, m=1,..., M.

Here G, = Gy,(-|n) are unknown distributions on [0, My]. Thus, the un-
known parameters p = (i1, . . ., pi,) are replaced with the unknown distribu-
tions G = (G1,..., Gr). Let

ule™t

Mo
m(Gy) = /0 m(u) dGe(u), m(u) = ST leZy.

In this setting, the null hypothesis in (1.5) can be restated as follows:
H : Gp=640, m=1,..., M. (3.17)

Here 6, stands for the degenerate distribution centered on a. The LLR statistic
for (3.17) is given by

M
(G =2 m(m)log (7;1[(Gm)> :

el ez (15n)
m(m) = {yj,j € Jm 1 y; =1} (3.18)
Hence the statistic n = {n(m), m = 1,..., M} with n(m) := (g (m), | €
Zy), m = 1,..., M, is a sufficient statistic for G. Under the Poisson sam-

pling, n distribution is a product of M multinomial distributions with the infi-
nite number of outcomes, the probabilities of outcomes equal to 77, (u;,) :=
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(m(ps,), L € Z4), and nyy, == |J,,| independent trials (m = 1,..., M):
n(m) ~ Multinomialz, (N, 7z, (fio,))-

Components (3.18) of the statistic 1) are called the profile statistics of the con-
tingency table. Sometimes they are also referred to as the spectral statistics
or frequencies of frequencies. The asymptotic behaviour of 7,, in the case of
multinomial sampling have been investigated, for instance, by Kolchin, Sev-
astyanov, Chistyakov (1978). The profile statistics are also related to estimat-
ing problem of the structural distribution function of cell probabilities Es,

Klaassen, Mnatsakanov (2003).

Let G denote the (nonparametric) maximum likelihood estimator of G =
(G1, ..., Gi) (Geer (2003)). The inequality given in the next proposition al-
lows one to obtain a conservative critical value for the (logarithmic) likelihood

ratio statistic ¢(G).
Given s € N, denote

K(s):={2=(n—h,21,...) €ELZT : h:=z1+.. .+2zs < s; 2 =0, VI > s}.
Theorem 3.2. Suppose that u° € M satisfies sparsity condition (1.10) and

1; = My € Jmym = 1,..., M. Then, for any ¢t = t(n), t/log(t) >
max(Mo, [|p°[1),

Puo{0(G) >t} < H(t) e/ (3.19)
where
- t M oy, { Hoglog(t) + log(My) + 1)
10 = [k (|| +1)] e Tog ®) |
+ exp{t(log(H” ”ﬁloz(lsglog(t)ﬂ) - Hu"\h} (3.20)

and log(H (t)) = o(t) provided log(n) = o(t).
Proof of Theorem 3.2. Since

M
(&) <itm) =25 3" mim)log ("l(m)) ,

the inequality R X
Py {U(G) > t} < Ppofi(n) > 1} (3.21)
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holds. For s € N, let k(m) = (ki(m), l € Zy) € K(s )w1th N = k(M) 1=
2oki(m),m=1,..., M,and k := (k(m), m =1,..., M). Then using
Sanov (1957) arguments we obtain the inequality

Puo{n =k} < exp{—(1/2) {(k)}.

Introduce n* = (n;", | € Zy) where " := Zm 1m(m)7 | € Z. Notice
that n* € K(s) implies n(m) € K(s), Vm =1,..., M. Therefore

Puo{l(n) >t} < |K(s)|M exp{—t/2} + Ppe{n® ¢ K(s)}.  (3.22)

Denote

Ny = Zm = Zl{yj >0} < ||yl

7j=1

Since ||yl||1 ~ Poisson(||u°||1),

log (Pue{ns > s}) < slog <H”s”1) +s—||pu°]1- (3.23)

Similarly, for s > M,

My
P, max ] P >st<nexpeslo —I—S}
# {je{lv“'vn} y] } Z w {y] } P { & < )

7j=1
(3.24)
Note that 7y < s and max;cgy, . 535 < simply nT € K(s). Hence,

Pue{n & K(s)} < Pue{ny > s} +Ppe{ jemax }yj>8} (3.25)
Take s = [t/log(t)] + 1. Then inequality (3.19) with H(¢) given in (3.20)
follows from (3.21)—(3.25). The well-known fact that log | K (s)| = O(s) as
s — oo completes the proof.

In the next section a flexible and adaptive procedure taking advantage of
soft clustering in an auxiliary mixture model is described.

3.4. Likelihood ratio test with soft clustering

Here it is assumed that the both parameters, 1° and p, are sequences of in-
dependent identically distributed random variables satisfying a semi-parametric
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mixture model with a dummy class variable v; € {1,..., M}, j € {1,..., n}.
Specifically,
M
Plyj=m}=pn 20, Y pm=1 (3.26)
m=1

(15 | vj=m) ~ LogNormal(am, om), j€{l,...,n}, (3.27)

(jlvj=m) ~ G, je{l,...,n}, (3.28)
(yj | j) ~ Poisson(pj), je€{l,...,n}, (3.29)
m=1,.... M. (3.30)

Let
9 = (pmyamaam,Gm, m = 1,..., M)

be a collection of the parameters of the mixture. Notice that the values of p are

unobservable (latent). The observed data is (y;, uj), je{l,..., n}. Suppose
that p7 and pi; are conditionally, given v;, independent, and y;, given p;, is in-
dependent of the rest random variables (j € {1, ..., n}). Thus, the parameter

0 completely specifies the distribution of the observed data.

The (nonparametric) maximum likelihood method is applied to fit the
model to data. Let 0 := (P, Gm, O, Gy, m = 1,..., M) be the maxi-
mum likelihood estimator of 6. Obviously, the number of the support points of

G does not exceed Ymaz = MaXje(1 .. n} Yj- FOr sparse data, Ypmqy 18 small.

Thus, the probabilities m;(G,y,), | € Z, are expressed as the finite mixture of
Poisson distributions. Consequently, the initial semi-parametric model defined
in (3.26)—(3.30) can be approximated and, actually, replaced by a parametric
finite mixture model. In order to calculate the maximum likelihood estimator
of its parameters, the EM algorithm is used.

Let p(0 | Yj, ij) be the estimated posterior probability of the unob-
served class number v, given the observation (y;, 45),

pm(0 | yj, 1) :=Po{v; =m | y;, 15}, j€{l,...,n}, m=1,..., M.
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Form=1,..., Mand!l € Z, set

n

alm) = Y Ly =1} pm(0 ] g5, p15),
j=1

ap(m) = > m(d) pm(0 | ys, 1)
j=1

The symmetric logarithmic likelihood ratio (LLR) statistic based on soft clus-
tering and the empirical Bayes approach is defined by

M Ymazx

£01y) =3 > (ulm)=77(m) (log(m(Gm)) ~ log(m(exp{an}))
m=1 [=1
(3.31)

The performance of the criterion for testing (1.5) based on £(6 | y) is illus-
trated by simulations.

Computer experiment. The framework of the example in Section 2.3 is
adopted. The parameters x4 = 0,5, pus =1, py = pi(i) = p§ —0,05(i — 1),
po = pa(i) = ps +0,05(: — 1), i =1,..., 10, n = 2n = 40, the number of
simulations is equal 100. The parameters o, are kept fixed, o,,, = 0,5, m =
1,..., M. The number of clusters M = 4, the maximal number of support
points of G is setto 5.

A critical value for LLR statistic (3.31) is evaluated by the Monte Carlo
method.

The estimated powers of the classical LR test and the proposed criterion
based on the statistic £ are presented in (Radavi¢ius, Samusenko, 2011, p. 122).
The significance level o = 0,05. The index ¢ > 1, indicates the number of an
alternative. The case ¢ = 1 corresponds to the null hypothesis. In fact, the
power of the proposed test is close to the power of x? test with the additional
prior information p; = p11, Vj < n, p; = pi2, Vj > n, pi1 and pqo are
unknown.

3.5. Conclusions of the third chapter

1. A extended empirical Bayes model of sparse asymptotics introduced
in this chapter contains the latent distribution and the structural distri-
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bution models as special cases.

2. Under general conditions the nonparametric criteria based on based
on phi-divergences and grouping as well as likelihood ratio criterion
based on profile statistics and maximum likelihood estimator are con-
sistent.

3. The proposed likelihood ratio criterion based on the profile statistics
can be viewed as a composite likelihood ratio test for homogeneous
groups of cells obtained via hard clustering.






Modeling results

The goal of this chapter is to compare the finite-sample behavior of some clas-
sical goodness-of-fit tests and the proposed nonparametric criteria based on
the grouping method as well as MCMC smoothing algorithm.

There is a vast literature devoted to simulation studies of sparse contin-
gency tables. Some of them are mentioned in Section 4.1 In Section 4.2, good-
ness-of-fit criteria to be compared are specified and two new criteria based on
gamma (gamma-weighted) grouping and MCMC smoothing, respectively, are
introduced. In Section 4.3, specific models for sparse categorical data simula-
tion are described. The main simulation results are presented and discused in
Section 4.4.

Comparison of some classical goodness-of-fit tests, proposed nonparamet-
ric criteria and MCMC smoothing algorithm with some modeling results were
published in (Radavicius and Samusenko 2012).

4.1. Overview of experiments done before

There are many sources where Monte Carlo algorithms have been ap-
plied to show positive and negative effects of new method in comparison with
other already known methods. It enables one to enumerate a random subset

47
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of all the possible outcomes in the reference set when the exact approach is
computationally infeasible or it’s execution time is unpredictably long. Monte
Carlo sampling is a good compromise for handling large, sparse tables to esti-
mate precisely the inferential characteristics of interest, such as exact p-values
and confidence intervals. Some examples with simulating the conditional hy-
pergeometric Sampling distribution can be found in (Agresti, Wackerly and
Boyett, 1979; Boyett, 1979; Cox and Plackett, 1980; Patefield, 1981, 1982;
Kreiner, 1987; StatXact, 2011).

Accuracy of various approximations to finite-sample distributions of (clas-
sical) goodness-of-fit test has been investigated via simulations by Koehler and
Larntz, (1980), Cressie and Reed, (1984,1988), Haberman (1988), Hu, (1999),
Finkler (2010), among others.

Additionally we can find some examples described in statistical applica-
tions user manuals, textbooks and on internet. Below we introduce some of
them.

Several statistical applications created to compute an exact p-value for a
data set whose sample size can be very high. StatXact 5 is one which has
great written user manual with real examples inside. It’s introduces you to Ex-
act Nonparametric Inference (also known as Permutational Inference) by dis-
cussing how exact tests are defined, why they are difficult to compute and the
role of Monte Carlo methods in producing reliable inference (StatXact, 2011).

Some of textbooks on nonparametric methods, for example, Manly (1991),
Sprent (1993), Good (1993), Edgington (1995) and Agresti (1990) devote con-
siderable space to exact and Monte Carlo methods of inference for categorical
data.

Introduction to our simulations

Classical Goodness-of-fit criterions and MCMC smoothing methods are
based on means. In our presented grouping methods means, variance or their
combinations could be used. In case of goodness-of-fit of means we will call
them (means), goodness-of-fit of variances (variances) and goodness-of-fit of
means and variances (both).

4.2. Compared goodness-of-fit tests

Goodness-of-fit tests considered in this section is based on power-diver-
gence statistics with a € {1, 0, —1, —2}, respectively A € {2, 1, 0, —1}.
The proposed criteria use the same power-divergence statistics, however they
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used grouped or smoothed categorical data. To improve classical tests (see
formula 3.8) three grouping rules are applied to cells of a contingency tables
ordered in ;° increasing order:

1. Grouping into groups with (approximately) equal expected counts (re-
ferred to as GC method).

2. Grouping into groups with (approximately) equal number of cells (re-
ferred to as GQ method; group bounds are quantiles of the empirical
structural distribution function £'°).

3. grouping into groups with approximately equal number of cells and
weighting with weights determined by Gamma distribution (referred
to as GG method, see Subsection 4.2.1).

Usually goodness-of-fit statistics are based on discrepancies between av-
erage values in each cell (category) or group. However, for alternatives with
(only) irregular deviations from null hypotheses (see Two step with variance
model in Subsection 4.3), criteria using such statistics have low power which
(as results of Section 4.4 shows) even decreases when smoothing effect in-
creases. This suggests to use discrepancies between group variances instead of
averages when calculating goodness-of-fit statistics and also to construct the
omnibus test by summing the both goodness-of-fit statistics. These modifica-
tions of the tests based on grouping are referred to by mean, var, and both,
respectively.

The goodness-of-fit test based on the MCMC (Markov chain Monte Carlo)
smoothing is a specific non-random (i.e. averaged) version of the semipara-
metric smoothing algorithm, see Faddy and Jones, (1998), Radavi¢ius and Zi-
danaviciat¢, (2009). Further comments and details of the algorithm are pre-
sented in Subsection 4.2.2.

The methods for improving the classical tests are summarized in Table 4.1.

4.2.1. Grouping and gamma weighing

The goodness-of-fit statistics for the test GG is constructed in the same
way as for the other tests based on grouping. The difference is only in using
weights when calculating observed and expected values to be compared.

More precisely, let A be the partition consisting of K disjoint intervals
with approximately equal number of p° values and let my, be the medians of
{g =+ py; € Ag, i =1,...,nk k=1,..., K. Let g(- | a,v),a,v >
0, denote a probability density of gamma distribution with a mean a and a



50 4. MODELING RESULTS

Table 4.1. Method used in computer experiments section

Name Description
GC Grouping of equal expected frequencies
e K — number of groups
GQ Grouping of equal group sizes
e K — number of groups
GG Gama kernel smoothing for groups of equal group sizes
e K — number of groups
MCMC smoothing (averaging) algorithm
e g € (0, 1) — percent of data to be updated
e k —number of updating (averaging) iterations

variance v. Fix a smoothing parameter h > 0 and define

UJk(Z) = Wk;_lg(:u"? ’ mg, mkh)7 /’Liz € Aka L= 17 cees Ty
n
Wi = Zg(,uf | e, mh)1{pS,; € Ap}, k=1,..., K,
i=1
B = Zﬂzwk ]1{“—&-1 € Ak}’
U = Zyzwk ]l{uJrz € Ak}

Then the goodness-of-fit statistics for the test GG is given by (for a specified
function ¢)

K
=) g &G/ 7). @.1)
k=1

4.2.2. Test based on Markov chain Monte Carlo smoothing

The construction of the test using MCMC (Markov chain Monte Carlo)
smoothing follows the general line used for the previous tests. Actually, it is
just another way to obtain smoothed values of p° and y. The procedure to
calculate these values are obtained in two steps:

¢ Markov chain Monte Carlo ( a local Gibbs) sampler is built up which
(asymptotically) generates random contingency tables with the expected
counts p°,

« instead of generating a new random value in the Markov chain, its con-
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dition distribution is used to calculate the conditional expectation of
this value.
The MCMC smoothing procedure depends on r ir k:
e 7 € (0, 1), percent of data will be update.

 k number of cycles.

MCMC smoothing algorithm:
1. Observed and expected frequencies ordered ascending by expected (un-
der the Hy) frequencies p°.

2. Temporal values calculation:

Yt = YitYitts Bgoi= GG, pi=pg/pg, j=15n-1

new

3. New values y™*" calculation:

yit = (L=r)yj+prys, j=1l+n-1,
yie? = =)y + (1= p)rys.

4. Update original values y:

newi news
Yty .
yj =y i =20 =L =yt g = g
5. Steps 2, 3 and 4 repeat k times.

Overall smoothing effect depends on the product r - k.

4.3. Models for sparse contingency table
simulation

Three different types of models (see Table 4.2) have been chosen to com-
pare the power of the classical tests and their improved versions presented in
the previous subsections.

For all simulated models, the expected cell counts both for the null hy-
pothesis and the alternative are generated as independent Gamma random vari-
ables:

wi ~ Gamma(a(i), v(i)), p; ~Gamma(a®(i), v°(i)), i=1,...,n
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Table 4.2. Descriptions of models used in computer experiments.

Name Description

Two step (2S) both p and p° are take only two different values,
and have close overall averages

Top split (TS) p differs from p° in the region
of high values of ©° ("Top")

Bottom split (BS) p differs from p° in the region
of low values of ° ("Bottom")

Two step with (2SV) averages of i are the same as u° but

variance (irregularity) 1 has high (random) variability (irregularity)

Here Gamma(a, v) denotes the Gamma distribution with the mean a and the
variance v.

""Two step'' model is one of the simplest sparse data models used in Monte
Carlo studies (see, for instance, Finkler (2010)). It is used in Chapter 2 to illus-
trate inappropriateness (non-informativity) of the classical tests.

In "Two step” model, the expected cell counts are approximated (a small
noise is added) by two-step functions both under the null hypothesis Hy and
the alternative H;. More precisely, (4.2) is applied with v°(i) = v(i) = 0,012,

a®(i) =05 1{i <n/2} + 1,6 - 1{i > n/2},
a(i) = agsos(i) == 0,2- 1{i < n/2} + 1,9 - 1{i > n/2},

a(i) = ags05(7) := 0,001 - 1{i < n/2} +2,1-1{i > n/2},
Graphical illustration of "Two step" model is given in (a) of Fig 4.1.

""Top split'" and ""Bottom split'' models allow one to compare power of
the tests in cases where the alternative H; differs from the null hypothesis
Hj in a region of larger expected cell counts ("Top split" model) versus cases
where this difference is in a region of smaller expected cell counts ("Bottom
split" model). In "Top split" model an additional step is added in the region of
larger expected cell counts (keeping the average value in the region approxi-
mately the same). In "Bottom split" model an additional step is added in the
region of smaller expected cell counts (keeping the average value in the region
approximately the same). Thus, (4.2) is applied with the the same as in (4.3)
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average a°, v°(i) = v(i) = 0,012,

a®(i) = 0,5- 1{i < n/2} + 1,6 - 1{i > n/2} + 0,0014,

a(i) = apsos(i) :=1,6 — 0,8 - 1{t < n/2} — 0,6 - 1{i < n/4},
and
a(i) = arsoes(i) == 0,54+ 0,5 1{i > n/2} + 1,2 - 1{i > 3n/4}.

Graphical illustration of "Bottom split" and "Top split" models are given
in (a) of Fig 4.6 and Fig 4.4, respectively.

""Two step with variance'' models are examples with irregular (random)
behavior of the expected cell frequencies under the alternative H; while keep-
ing the averages of the expected cell frequencies under the alternative H; close
to that under the null hypothesis Hy. This is achieved by setting the average a°
and the variance a° the same as in the previous models and

a(i) = aasvoes(i) == 0,5 1{i <n/2} + 1,6 - 1{i > n/2},

with variance v(i) = 0,5. Graphical illustration of "Two step with variance"
model is given in (a) of Fig. 4.10.

In computer simulations, the size n of contingency tables to be generated
is taken to be equal 200 and the Poisson sampling scheme is applied.

4.4. Computer experiment results

Only a part of the computer simulation results are presented here. Four the
most successful in some simulated models criteria are chosen: G2, X2, F' and
X ﬁl Tables of results, for these criteria, of Monte Carlo study with R = 1000
replications are given in Appendix, some of them are discussed in the next
subsections.

4.4.1. Two step models
In the ""Two step' model 2S03, the expected counts y under the alterna-

tive H; differ from the expected counts 1° under the null hypothesis Hy by
0,3 for all cells (Fig. 4.1(a)). The powers of the tests based on mean discrepan-
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cies (mean) and on both mean and variance discrepancies (both) are shown in
Figures 4.1 and 4.2, respectively.
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Fig. 4.1. Goodness-of-fit (means) tests power of MCMC, GQ, GG and GC
are compared in 2503 model

The classical tests have very low power (Figures 4.1(b) and 4.2(b)). The
best methods are GG grouping (mean) (Fig. 4.1(e)) and MCMC smoothing
(Fig. 4.1(c)). The goodness-of-fit test based on the symmetrized x? statistic
X2, the symmetrized likelihood ratio statistic G2, and the Hellinger distance
F? show the similar performance and are the best. The numerical values of
power of symmetrized x? statistic X2 and symmetrized likelihood ratio statis-
tic G? are presented in Table A.2 and Table A.1, respectively. The bold figures
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in the tables indicate the three highest powers.
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Fig. 4.2. Goodness-of-fit (both) tests power of MCMC, GQ, GG and GC are
compared in 2S03 model

In this case, deviations of the alternative H; from the null hypothesis Hy
are rather regular. As a result, variance discrepancies are irrelevant for testing
goodness-of-fit: powers of the tests based on both mean and variance discrep-
ancies are significantly worse than powers of the tests based on mean discrep-
ancies alone. For goodness-of-fit statistics (both), the modified x? statistic X%
seems to be the best (Fig. 4.2, line with filled squares; Table A.4).

The dependence of the tests power on MCMC smoothing parameters k
and q is illustrated in Fig. A.1. The dependence of the power of the GG tests
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(i.e., tests based on grouping by GG method) on the group number K is shown
in Fig. A.3.
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Fig. 4.3. Goodness-of-fit (means) tests power of MCMC, GQ, GG and GC
are compared in 2505 model

In the "Two step' model 2S05, the expected counts y under the alterna-
tive H, differ from the expected counts 1° under the null hypothesis Hy by 0,5
for all cells (Fig. 4.3(a)). The simulation results in this case are similar as in
the model 2503 but powers are much higher, see Figure 4.3 and Table A.5 as
an example.
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4.4.2. Split models

"Top split" model TS06. In the "Top split" model TS06, the values of
w differs from that of 1° by 0,6 for all cells with high values of u° and p is
generated with the same variance v(i) = 0,012 as u° (Fig. 4.4(a)).
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Fig. 4.4. Goodness-of-fit (means) tests power of MCMC, GQ, GG, GC are
compared for TS06 model

The classical tests and the tests using MCMC smoothing have very low
power (Figures 4.4(b,c) and 4.5(b,c)). The best method is GC grouping (mean)
(Fig. 4.4(e)). The goodness-of-fit test based on the x? statistic X2, the sym-
metrized x? statistic X2, the symmetrized likelihood ratio statistic G2, and
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Fig. 4.5. Goodness-of-fit (both) tests power of MCMC, GQ, GG, GC are
compared for TS06 model

the Hellinger distance F'? show the similar performance with X? being the
best. The numerical values of power of x? statistic X2 and symmetrized like-
lihood ratio statistic G2 are presented in Tables B.1 and B.2, respectively. The
powers of the tests based on both mean and variance discrepancies are signif-
icantly worse than the powers of the tests based on mean discrepancies alone
(Fig. 4.4). The dependence of the power of the GC tests on the group number
K is shown in Figure B.4.

""Bottom split' model BS03. In the "Bottom split" model BS03, the val-
ues of y differs from that of 1° by 0,3 for all cells with low values of u° and p
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is generated with the same variance v (i) = 0,012 as u° (Fig. 4.6(a)).
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Fig. 4.6. Goodness-of-fit (means) tests power of MCMC, GQ, GG, GC are
compared for BSO3 model

The classical tests and the tests using MCMC smoothing have very low
power (Figures 4.6(b,c) and 4.7(b,c)). The best method is GG grouping (mean)
(Fig. 4.6(e)). The goodness-of-fit test based on the modified x? statistic Xﬁl,
the symmetrized x? statistic X2, the symmetrized likelihood ratio statistic G2,
and the Hellinger distance > show the similar performance with X2, being
the best. The numerical values of power of modified x? statistic X2, and sym-
metrized likelihood ratio statistic G2 are presented in Table B.9 and Table B.6,
respectively. The powers of the tests based on both mean and variance dis-
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crepancies are significantly worse than the powers of the tests based on mean
discrepancies alone (Fig. 4.6).
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Fig. 4.7. Goodness-of-fit (both) tests power of MCMC, GQ, GG, GC are
compared for BSO3 model

The dependence of the power of the GG tests on the group number K is
shown in Figure B.7.
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4.4.3. Irregular model

In the "Two step with variance" model 2SV025 the average values of
and p° are the same (a(i) = a°(i), see Subsection 4.3) but  has the variance
v(i) = 0,52 (Fig. 4.8(a)). The powers of the tests based on mean discrepancies
(mean) and on both mean and variance discrepancies (both) are shown in Fi-
gures 4.8 and 4.9, respectively. Here the number of groups in the tests based
on grouping K = 10.
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Fig. 4.8. Goodness-of-fit (means) tests power of classical criteria MCMC,
GQ, GG and GC with K = 10 are compared in 2SV025 model

In contrast to the previous simulation results, the classical tests outper-
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Fig. 4.9. Goodness-of-fit (both) tests power of classical criteria MCMC,
GQ, GG and GC with K = 10 are compared in 2SV025 model

forms the tests which use grouping and the discrepancies only between the
means (Fig. 4.8(b) versus Fig. 4.8(d,e,f)). Note that in this case the MCMC
smoothing is the best method (Fig. 4.8(c)). Taking into account also the dis-
crepancies between the variances significantly improves the power of tests
based on grouping (Fig. 4.9). The GG grouping (both) (i.e., based on the dis-
crepancies between both the means and variances) is slightly than the MCMC
smoothing (Fig. 4.9 (e) versus Fig. 4.9 (c)).

The dependence of the tests power on MCMC smoothing parameters k
and q is presented in Fig. C.1. In turn, the dependence of the power of the GG
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grouping tests (GC grouping tests) on the group number K and the type of the
discrepancies (mean), (var) or (both) is shown in Fig. C.3 (Fig. C.3).
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Fig. 4.10. Goodness-of-fit (means) tests power of classical criteria, MCMC,
GQ, GG and GC are compared in 2SV025 model

In Figure 4.10, the power graphs of the classical tests, the MCMC tests, and
the grouping tests GQ (both), GG (both), GQ (both) with the best number of
groups K € {10, 50,100} are presented. The greatest power has the grouping
tests GG (both), followed by the grouping tests GQ (both) and the MCMC
smoothing test.

In the 2SV025 model, the x? statistic X2 (lines with filled circles) and
the small sample statistic D3 (lines with point down triangles) seems to be
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the best, the symmetrized likelihood ratio statistic GE (lines with diamonds)
and symmetrized x? statistic X2 (lines with filled diamonds) have the notably
lower power, see also Tables C.1, C.2, C.3 and C.4.

4.5. Conclusions of the forth chapter

The overview of the simulation results lead to the following concluding
remarks:

1. For very sparse contingency tables, the classical tests may have very
low power.

2. For regular alternatives, when the expected cell counts under the alter-
native smoothly depends on the expected cell counts under the null hy-
pothesis, grouping or smoothing may considerably increase the power
of the goodness-of-fit tests.

3. The effect of grouping (smoothing) significantly depends on the grou-
ping (smoothing) method as well as on its parameters (number of groups,
number of iterations, etc.). Three grouping methods have been consid-
ered: grouping into groups of equal expected counts (GC), grouping
into groups of equal size (GQ), and grouping into groups of equal size
and weighting by making use of Gamma density (GG). Among these
grouping methods, the GG method demonstrates the best overall per-
formance.

4. For the irregular alternatives that differ from the null hypothesis by
centered independent Gamma random variables (noise), the grouping
tests which use the discrepancies only between the means have low
power which usually decreases when the number of groups decreases.
In this case, the grouping tests which use the discrepancies between the
variances have much better power. This suggests omnibus tests which
take into account the discrepancies between both the means and the
variances.

5. The MCMC smoothing, as distinct from the grouping methods, works
well for the irregular alternatives, however fails for the split models.

6. As noted in the previous studies, for sparse data unlike the standard
case, The goodness-of-fit criteria based on various divergences may
have quite different power. Our results confirm this observation.



General conclusions

Having solved the tasks listed in the introduction the following results were
obtained:

1.

For (very) sparse data, the likelihood ratio statistic and Pearson’s 2
statistic may become noninformative: they do not anymore measure
the goodness-of-fit of null hypotheses to data.

Sparse asymptotics based on (extended) empirical Bayes approach en-
ables one to apply distribution model to sparse nominal data.

Under general conditions, the tests based on grouping are consistent.

The effect of grouping (smoothing) significantly depends on the grou-
ping (smoothing) method as well as on its parameters (number of groups,
number of iterations, etc.).

In the empirical Bayes setting, MCMC smoothing, smoothing by grou-
ping and modeling by finite mixtures of Poisson distributions can im-
prove the power of classical tests especially for regular alternatives.

For the irregular alternatives that differ from the null hypothesis by
centered independent Gamma random variables (noise), the grouping
tests which use the discrepancies between both the means and the vari-
ances have much better power.
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Appendix A. Two step models

Table A.l.Goodness-of-fit tests power of Likelihood ratio symmetrized

statistic for 2S03 model

Appendices

Q@ Likelihood ratio symmetrized statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0113 0982 0976 0.986 0.795 0942 0955 0.535
0.1 0.081 0978 0.958 0.979 0.703 0.909 0939 0415
0.075 0.047 0968 0.945 0.970 0.639 0.875 0921 0.362
0.05 0.036 0951 0918 0956 0.546 0.821 0.896 0.291
0.03 0.021 0928 0.884 0.939 0.452 0.756 0.861 0.196
0.02 0.010 0900 0.844 0926 0.391 0.684 0.813 0.139
0.015 0.008 0.883 0.836 0.900 0.370 0.655 0.782 0.115
0.01 0.008 0.841 0.788 0.871 0.317 0.587 0.702 0.072
0.005 0.007 0761 0.695 0.845 0.166 0.504 0.638 0.045
0.001 0.000 0.645 0451 0.770 0.130 0.329 0.528 0.010
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Table A.2. Goodness-of-fit tests power of Chi-Square symmetrized statistic
for 2S03 model

@ Chi-Square symmetrized statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.114 0983 0975 0986 0.792 0.939 0955 0.529
0.1 0.077 0978 0.955 0.980 0.696 0.900 0.938 0.419
0.075 0.059  0.967 0945 0.971 0.615 0.872  0.920 0.352
0.05 0.035 0949 0924 0.956 0.543 0.817 0.891 0.287
0.03 0.023 0936 0.882 0.939 0.451 0.736  0.858 0.191
0.02 0.012 0911 0.850 0.926 0.383 0.702 0.812 0.141
0.015 0.010 0.892 0.842 0.902 0.366 0.639 0.768 0.107
0.01 0.007 0.853 0.802 0.883 0.317 0.571  0.691 0.071
0.005 0.005 0.791 0.763 0.858 0.158 0.512  0.623 0.048
0.001 0.000 0.626 0.534 0.760 0.122 0.259 0.508 0.009
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Table A.3. Goodness-of-fit tests power of Hellinger distance statistic for
2503 model

@ Hellinger distance statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.140 0982 0976 0.986 0.797 0.943 0956 0.539
0.1 0.084 0979 0958 0.980 0.707 0915 0.939 0.426

0.075 0.057 0967 0945 0.971 0.632 0.881 0.924 0.363
0.05 0.036 0951 0919 0958 0.544 0.827 0.897 0.298
0.03 0019 0931 0.885 0.940 0.456 0.764 0.865 0.194
0.02 0.014 0903 0850 0924 0.397 0.693 0.814 0.141
0.015 0.010 0.883 0.835 0.898 0.362 0.672 0.784 0.113
0.01 0.008 0.844 0.809 0.871 0.323 0.596 0.711 0.074
0.005 0.005 0.769 0.688 0.842 0.180 0.435 0.646 0.047
0.001 0.000  0.654 0.467 0.780 0.127 0.315 0.548 0.010

Table A.4. Goodness-of-fit tests power of Chi-Square modified statistic for
2503 model

«@ Chi-Square modified statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.037 0986 0.982 0.986 0.840 0.958 0.975 0.581
0.1 0.025 0978 0963 0.979 0.755 0.935 0955 0.482

0.075 0015 0971 0943 0974 0.677 0916 0.946 0.386
0.05 0.006 0953 0905 0.961 0.587 0.878 0919 0.327
0.03 0.002 0913 0.854 0.934 0.464 0.812 0.900 0.217
0.02 0.002 0.844 0.826 0.897 0.404 0.780 0.885 0.172
0.015 0.002 0.809 0.756 0.891 0.335 0.715 0.875 0.145
0.01 0.002 0.735 0.611 0.859 0.243 0.638 0.824 0.113
0.005 0.002 0.404 0344 0.801 0.138 0.355 0.758 0.046
0.001 0.001  0.236 0.058 0.562 0.083 0.046 0.600 0.017
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Table A.5. Goodness-of-fit tests power of Likelihood ratio symmetrized
statistic for 2S05 model
@ Likelihood ratio symmetrized statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.317 1.000 1.000 1.000 1.000 1.000 1.000 0.998
0.1 0.228 1.000 1.000 1.000 1.000 1.000 1.000 0.996
0.075 0.158 1.000 1.000 1.000 1.000 1.000 1.000 0.989
0.05 0.105 1.000 1.000 1.000 1.000 1.000 1.000 0.974
0.03 0.057 1.000 1.000 1.000 1.000 1.000 1.000 0.945
0.02 0.034 1.000 1.000 1.000 0.999 1.000 1.000 0.911
0.015 0.026 1.000 1.000 1.000 0.999 1.000 1.000 0.872
0.01 0.024 1.000 1.000 1.000 0.998 1.000 1.000 0.764
0.005 0.015 1.000 1.000 1.000 0.993 1.000 1.000 0.706
0.001 0.000 1.000 1.000 1.000 0.990 1.000 1.000 0.316
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Table A.6. Goodness-of-fit tests power of Chi-Square symmetrized statistic
for 2505 model

@ Chi-Square symmetrized statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.340 1.000 1.000 1.000 1.000 1.000 1.000 0.997
0.1 0229 1.000 1.000 1.000 1.000 1.000 1.000 0.986

0.075 0.169 1.000 1.000 1.000 1.000 1.000 1.000 0.967
0.05 0132  1.000 1.000 1.000 1.000 1.000 1.000 0.933
0.03 0.077  1.000 1.000 1.000 0.999 1.000 1.000 0.864
0.02 0.058 1.000 1.000 1.000 0.998 1.000 1.000 0.832
0.015 0.029 1.000 1.000 1.000 0.997 1.000 1.000 0.760
0.01 0.023  1.000 1.000 1.000 0.995 1.000 1.000 0.636
0.005 0.017  1.000 1.000 1.000 0.979 1.000 1.000 0.577
0.001 0.002 1.000 1.000 1.000 0.973 1.000 1.000 0.196

Table A.7. Goodness-of-fit tests power of Hellinger distance statistic for
2505 model

« Hellinger distance statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.350 1.000 1.000 1.000 1.000 1.000 1.000 0.999
0.1 0.238  1.000 1.000 1.000 1.000 1.000 1.000 0.997

0.075 0.180  1.000 1.000 1.000 1.000 1.000 1.000 0.993
0.05 0.107  1.000 1.000 1.000 1.000 1.000 1.000 0.980
0.03 0.051  1.000 1.000 1.000 1.000 1.000 1.000 0.953
0.02 0.033  1.000 1.000 1.000 0.999 1.000 1.000 0.930
0.015 0.029 1.000 1.000 1.000 0.999 1.000 1.000 0.892
0.01 0.023 1.000 1.000 1.000 0.999 1.000 1.000 0.811
0.005 0.014 1.000 1.000 1.000 0.993 1.000 1.000 0.763
0.001 0.000 1.000 1.000 1.000 0.991 1.000 1.000 0.390
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Table A.8. Goodness-of-fit tests power of Chi-Square modified statistic for
2S05 model

Q@ Chi-Square modified statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.016  1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.1 0.007  1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.075 0.004 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.05 0.003  1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.03 0.001  1.000 1.000 1.000 0.999 1.000 1.000 1.000
0.02 0.000 1.000 1.000 1.000 0.998 1.000 1.000 1.000
0.015 0.000 1.000 1.000 1.000 0.997 1.000 1.000 1.000
0.01 0.000 1.000 1.000 1.000 0.995 1.000 1.000 1.000
0.005 0.000 1.000 1.000 1.000 0.979 1.000 1.000 0.994
0.001 0.000 1.000 0.812 1.000 0.973 0.811  1.000 0.967
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Appendix B. Split models
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Table B.1. Goodness-of-fit tests power of Chi-Square statistic for TS06

model
o Chi-Square statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.155 0.231 0.622 0.769 0.316 0.468 0.585 0.209
0.1 0.106 0.180  0.546 0.689 0.221 0.375 0.501 0.146
0.075 0.077 0.134  0.496 0.648 0.186 0.337 0.445 0.123
0.05 0.054 0.094 0418 0.550 0.147 0.280 0.331 0.085
0.03 0.035 0.058 0.360 0.458 0.100 0.216 0.260 0.052
0.02 0.019 0.052 0.299 0.379 0.071 0.150 0.217 0.030
0.015 0.013 0.043 0.260 0.303 0.065 0.114  0.203 0.025
0.01 0.010 0.029 0.226 0.245 0.046 0.093 0.143 0.020
0.005 0.006  0.011 0.172 0.193 0.039 0.069 0.106 0.008
0.001 0.001 0.007  0.060 0.122 0.012 0.040 0.031 0.004
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Table B.2. Goodness-of-fit tests power of Likelihood ratio symmetrized
statistic for TS06 model

« Likelihood ratio symmetrized statistic
means both
* MCMC  GQ GG GC GQ GG GC
0.15 0429 0402 0.775 0.733 0.847 0.642 0.684 0.702
0.1 0.344 0300 0.715 0.658 0.781 0.566 0.593 0.616

0.075 0279 0246  0.667 0.601 0.735 0.513 0.530 0.576
0.05 0202 0195 0.605 0.555 0.673 0.447 0476 0.464
0.03 0.151 0.139  0.544 0.450 0.512 0.395 0.434 0.407
0.02 0118  0.107  0.487 0.363 0.451 0.358 0.372 0.349
0.015 0.104  0.091 0453 0316 0.429 0.335 0.299 0.314
0.01 0.073  0.070  0.390 0.247 0.399 0.295 0.270 0.258
0.005 0.057 0.033 0305 0115 0.313 0213 0.216 0.185
0.001 0.008  0.007 0120 0.029 0.230 0.064 0.073 0.078

Table B.3. Goodness-of-fit tests power of Chi-Square symmetrized statistic
for TS06 model

o Chi-Square symmetrized statistic
means both
* MCMC  GQ GG GC GQ GG GC
0.15 0436 0435 0.786 0.734 0.847 0.647 0.684 0.701
0.1 0371 0342  0.719 0.663 0.786 0.571  0.595 0.620

0.075 0311  0.285 0.675 0.603 0.734 0.513 0.529 0.574
0.05 0226 0.222  0.608 0.554 0.667 0452 0476 0.482
0.03 0.171 0175  0.557 0471 0.524 0.401 0.431 0.398
0.02 0136 0120 0.492 0.398 0.485 0.354 0369 0.358
0.015 0.120 0.099 0458 0318 0.447 0.337 0324 0.321
0.01 0.078  0.088  0.414 0.245 0417 0.286 0.280 0.272
0.005 0.065 0.038 0317 0.119 0.306 0.236 0.224 0.187
0.001 0.011  0.009 0112 0.070 0.222 0.071 0.077 0.073
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Table B.4. Goodness-of-fit tests power of Hellinger distance statistic for
TS06 model

@ Hellinger distance statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0416 0377 0.775 0.729 0.845 0.638 0.682 0.701
0.1 0.308  0.288  0.717 0.658 0.783 0.569 0.587 0.616

0.075 0260  0.230 0.664 0.599 0.733 0.513 0.531 0.576
0.05 0204 0.174  0.601 0.553 0.667 0.448 0.478 0.462
0.03 0.141 0124  0.541 0.445 0.512 0.393 0.433 0.404
0.02 0.110  0.090 0.487 0.358 0.446 0356 0377 0.351
0.015 0.081  0.071 0.448 0.315 0.422 0.324 0.294 0.314
0.01 0.072  0.062 0391 0.241 0.393 0.294 0.266 0.253
0.005 0.040 0.027 0301 0.111 0.310 0.224 0.212 0.198
0.001 0.007  0.007 0119 0.027 0.228 0.065 0.072 0.077

Table B.5. Goodness-of-fit tests power of Chi-Square modified statistic for
TS06 model

@ Chi-Square modified statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.337 0.153 0.702 0.684 0.809 0.600 0.657 0.685
0.1 0.246  0.101  0.596 0.574 0.730 0.489 0.567 0.590

0.075 0.198  0.080 0.511 0.530 0.665 0428 0.494 0.523
0.05 0145 0.049 0419 0432 0.548 0.342  0.427 0.436
0.03 0.088 0.031 0315 0.332 0.442 0.278 0.369 0.362
0.02 0.067 0.022 0261 0.267 0.339 0.236 0.282 0.289
0.015 0.058  0.019 0.200 0.207 0.281 0.210 0.246 0.248
0.01 0.036  0.017 0.164 0.141 0.249 0175 0.191 0.187
0.005  0.023 0.008 0.155 0.073 0.138 0.104 0.128 0.125
0.001 0.009 0.003 0.001 0.031 0.011 0.001  0.037 0.010
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Table B.6. Goodness-of-fit tests power of Likelihood ratio symmetrized
statistic for BS03 model
@ Likelihood ratio symmetrized statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.205 0.215 0.631 0.783 0.320 0.531 0.643 0.225
0.1 0.145 0.144 0.551 0.718 0.216 0422 0.556 0.154
0.075 0.110 0.121 0.503 0.663 0.175 0.366 0.500 0.113
0.05 0.078 0.097 0.444 0.583 0.131 0.303 0415 0.079
0.03 0.042 0.050 0369 0484 0.077 0.250 0.330 0.051
0.02 0.030  0.039 0.330 0.381 0.054 0.211  0.259 0.036
0.015 0.023 0.025 0.296 0.348 0.043 0.195 0.214 0.027
0.01 0.018 0.022 0.248 0.278 0.026 0.151 0.176 0.021
0.005 0.010 0.007 0.117 0.186 0.018 0.119 0.147 0.013
0.001 0.004  0.002 0.069 0.087 0.009 0.060 0.099 0.004
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Table B.7. Goodness-of-fit tests power of Chi-Square symmetrized statistic
for BSO3 model
« Chi-Square symmetrized statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0213 0212 0.626 0.772 0.327 0.515 0.635 0.222
0.1 0.140 0.144 0.543 0.714 0.215 0.411 0.535 0.153
0.075 0.109 0.119  0.485 0.647 0.177 0.332 0.464 0.114
0.05 0.070  0.092  0.427 0.567 0.142 0.278 0.393 0.082
0.03 0.056 0.050 0.345 0.494 0.091 0.228 0.310 0.051
0.02 0.037 0.036 0303 0.364 0.076 0.196 0.232 0.033
0.015 0.029 0.023 0.253 0.330 0.064 0.173  0.184 0.025
0.01 0.021  0.022 0.226 0.243 0.050 0.128 0.160 0.020
0.005 0.011 0.006 0.134 0.215 0.033 0.116  0.123 0.012
0.001 0.004  0.002 0.032 0.067 0.010 0.060 0.083 0.005
Table B.8. Goodness-of-fit tests power of Hellinger distance statistic for
BS03 model
« Hellinger distance statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.201  0.215 0.627 0.780 0.321 0.531 0.643 0.226
0.1 0.134  0.144  0.547 0.719 0.215 0421 0.556 0.157
0.075 0.110 0.119 0499 0.663 0.171 0.368 0.500 0.116
0.05 0.069 0.094 0.440 0.579 0.129 0.301 0415 0.078
0.03 0.037 0.050 0.368 0.482 0.075 0.246 0.330 0.050
0.02 0.022 0.039 0.328 0.391 0.050 0.214  0.259 0.036
0.015 0.020 0.025 0.291 0.350 0.043 0.193 0.214 0.029
0.01 0.013  0.023 0.247 0.275 0.0206 0.151 0.176 0.020
0.005 0.011 0.006 0.115 0.184 0.018 0.117 0.147 0.014
0.001 0.003  0.002 0.071 0.084 0.009 0.064 0.099 0.004
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Table B.9. Goodness-of-fit tests power of Chi-Square modified statistic for
BS03 model

o} Chi-Square modified statistic
means both
* MCMC  GQ GG GC GQ GG GC
0.15 0.156  0.195 0.651 0.784 0.350 0.565 0.687 0.253
0.1 0.106  0.147 0555 0.716 0.234 0.483 0.592 0.166

0.075 0.077 0119 0.489 0.678 0.178 0.408 0.536 0.137
0.05 0.056 0.079  0.404 0.600 0.129 0.334 0470 0.096
0.03 0.036  0.049 0319 0474 0.074 0.298 0.375 0.061
0.02 0.018 0.028 0.287 0.403 0.063 0.250 0.314 0.040
0.015 0.013  0.026 0.250 0.376 0.042 0.215 0.292 0.030
0.01 0.011 0.019 0.229 0.349 0.033 0.197 0.254 0.024
0.005 0.007 0.012 0.180 0.265 0.016 0.158 0.225 0.011
0.001 0.002  0.002  0.023 0.054 0.001 0.023  0.095 0.001
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Appendix C. Irregular model
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Fig. C.1. Goodness-of-fit tests power of MCMC smoothing compared for
different k£ and ¢ parameters in 2SV025 model
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model

Table C.1. Goodness-of-fit tests power of Chi-Square statistic for 2SV025

model
« Chi-Square statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.634 0632 0463 0.720 0.325 0.610 0.830 0.562
0.1 0.555 0.543 0.379 0.631 0.268 0.557 0.767 0.437
0.075 0.510 0496 0326 0.571 0.215 0.491 0.727 0.382
0.05 0.444 0440 0243 0.507 0.149 0.393 0.676 0.289
0.03 0.351 0.350 0.190 0438 0.112 0.312 0.608 0.210
0.02 0.325 0.315 0.138 0.387 0.088 0271 0.562 0.149
0.015 0.301 0.298 0.126 0.360 0.075 0.229 0.496 0.134
0.01 0.283 0.265 0.113  0.281 0.063 0.183 0.417 0.105
0.005 0.201 0.193 0.069 0.252 0.036 0.138 0.312 0.072
0.001 0.111 0.103 0.043 0.156 0.022 0.108 0.299 0.054
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model
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Table C.2. Goodness-of-fit tests power of Small Samples statistic for
25V025 model
Q@ Small Samples statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.645 0.599 0467 0.727 0.351 0.626 0.836 0.492
0.1 0.544 0.511 0408 0.647 0.282 0.555 0.769 0.396
0.075 0.507 0459 0355 0.596 0.232 0.516 0.733 0.331
0.05 0453 0368 0.268 0.513 0.163 0.400 0.676 0.264
0.03 0370 0.268  0.191 0.448 0.121 0.311 0.614 0.192
0.02 0339 0225 0167 037 0.092 0.260 0.551 0.158
0.015 0.309 0.195 0.143 0353 0.076 0.221 0.507 0.127
0.01 0.242  0.163 0.119  0.322 0.060 0.179 0395 0.112
0.005 0.190 0.125 0.078 0.268 0.048 0.144 0.326 0.083
0.001 0.114 0.050 0.030 0.138 0.029 0.106 0.299 0.053
Table C.3. Goodness-of-fit tests power of Likelihood ratio symmetrized
statistic for 2SV025 model
@ Likelihood ratio symmetrized statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.628 0.658 0.580 0.625 0.371 0.635 0.776 0.379
0.1 0.560 0.564 0.492 0.542 0.277 0.537 0.712 0.290
0.075 0498 0514 0405 0491 0.194 0.481 0.667 0.240
0.05 0.399  0.391 0.316 0.410 0.150 0408 0.577 0.182
0.03 0.301 0305 0.256 0.341 0.100 0.337 0.518 0.135
0.02 0253 0.263 0.174 0.266 0.085 0.262 0.428 0.100
0.015 0.217 0219 0.142 0.225 0.074 0.230 0.402 0.072
0.01 0.171 0.175  0.070 0.190 0.047 0.202 0.359 0.066
0.005 0.106  0.122 0.044 0.125 0.032 0.186 0.330 0.047
0.001 0.045 0.068 0.035 0.067 0.015 0.094 0.208 0.033
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Table C.4. Goodness-of-fit tests power of Chi-Square symmetrized statistic
for 2SV025 model

@ Chi-Square symmetrized statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.634  0.657 0.573 0.663 0.384 0.604 0.779 0.396
0.1 0.558 0.561 0.489 0.582 0.269 0.509 0.727 0.311

0.075 0.517 0.496 0422 0.525 0.213 0.448 0.661 0.257
0.05 0429 0418 0331 0431 0.163 0.376  0.597 0.205
0.03 0325 0314 0275 0351 0.128 0.317 0.498 0.134
0.02 0243 0240 0199 0.292 0.106 0.258 0.426 0.105
0.015 0.203  0.230 0.133 0.254 0.099 0.252 0392 0.093
0.01 0.187  0.174  0.081 0.197 0.065 0.188 0.378 0.077
0.005 0.107 0114 0.049 0.117 0.036 0.159 0.287 0.066
0.001 0.063  0.073  0.028 0.087 0.016 0.111 0.247 0.034

Table C.5. Goodness-of-fit tests power of Hellinger distance statistic for
25V025 model

Q@ Hellinger distance statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.588 0.635 0.550 0.565 0.356 0.629 0.748 0.365
0.1 0.502  0.541 0449 0469 0.277 0.529 0.675 0.274

0.075 0445 0.483 0383 0425 0.182 0469 0.594 0.218
0.05 0343 0366 0.276 0.350 0.137 0.415 0.528 0.181
0.03 0.247 0262 0.200 0.269 0.093 0.308 0.438 0.111
0.02 0205 0206 0.156 0.222 0.062 0.246 0.383 0.085
0.015 0.163 0.191  0.097 0.206 0.055 0.239 0.347 0.066
0.01 0.133  0.169 0.060 0.155 0.039 0.201 0.314 0.057
0.005 0.094 0106 0.041 0.083 0.028 0.127 0.270 0.041
0.001 0.029  0.057 0.031 0.045 0.012 0.081 0.166 0.028
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Table C.6. Goodness-of-fit tests power of Chi-Square modified statistic for

2SV025 model
« Chi-Square modified statistic
means both
* MCMC GQ GG GC GQ GG GC
0.15 0.337 0.248 0.269 0.270 0.279 0.377 0270 0.214
0.1 0.262 0.163 0.170 0.184 0.190 0.254 0.184 0.134
0.075 0.202 0.140 0.136 0.148 0.152 0.175 0.148 0.113
0.05 0.124 0.097 0.091 0.104 0.107 0.075 0.104 0.081
0.03 0.091 0.067 0.053 0.067 0.067 0.063 0.067 0.049
0.02 0.060 0.056 0.037 0.048 0.042 0.052 0.048 0.029
0.015 0.054 0.032 0.031 0.039 0.018 0.048 0.039 0.023
0.01 0.045 0.021 0.019 0.029 0.016 0.045 0.029 0.014
0.005 0.028 0.014 0.013 0.018 0.011 0.018 0.018 0.011
0.001 0.007 0.010 0.010 0.008 0.007 0.004 0.008 0.005




Pavel SAMUSENKO

NONPARAMETRIC CRITERIA
FOR SPARSE CONTINGENCY TABLES

Doctoral Dissertation
Physical Sciences, Mathematics (01P)

NEPARAMETRINIAI KRITERIJAI
RETU IVYKIU DAZNIU LENTELEMS

Daktaro disertacija
Fiziniai mokslai, matematika (01P)

2012 12 21. 11,5 sp. 1. Tirazas 20 egz.

Vilniaus Gedimino technikos universiteto leidykla ,,Technika®,
Saulétekio al. 11, LT-10223 Vilnius, http://leidykla.vgtu.lt
Spausdino UAB ,,Ciklonas®,

J. Jasinskio g. 15, LT-01111 Vilnius



