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Introduction
Problem Formulation

The numerical algorithms for non-stationary mathematical models in non-
standard domains are investigated in the dissertation. Problem definition domain is
represented by branching structures, which can be defined using the terminology
of oriented graphs. Problems of transportation through the narrow pipes, modeling
of electrical circuits and other may be considered on branching structures, and the
neuron simulation models are the most widely applied problems of such type.

Because of the special geometry of the neurons, when the length of the seg-
ments of a cell is hundreds times bigger then its diameter, locally one-dimensional
models are applied. During construction of numerical approximations of reaction-
diffusion systems on branched structures, very important problems arise due to
approximation of conjugation equations at branch points. Such models are often
nonlinear and require additional calculations in order to represent the solution the
system of linear equations. The structure and the amount of calculations signifi-
cantly grow up when groups of cells connected by lots of synaptic connections are
modeled. Computation needed to fit the mathematical model to experimental data
by exhaustively exploring the parameter space also grows exponentially with the
number of parameters. Therefore, there is a need to solve effectively these prob-
lems and one of the options is the parallelization of the algorithms.

The problem of the identification of nonlinear model is often challenging not
only due to the amount of computations, but also due to the choice of the optimiza-
tion algorithm and the limited facilities of parameters identifiability.

The parabolic or elliptic problems can be formulated not only in non-standard
domains, but also with non-classical boundary conditions. During recent decades
the nonlocal problems for partial differential equations are actively investigated.
Instead of classical boundary conditions the relationships between the solution
and its derivatives on the boundary of the domain and inside the domain are used.

Topicality of the Research Work

The parabolic reaction-diffusion model on branching structure investigated in
the dissertation represents a generalized model of cell excitation. The well known
example of this kind of models is given by the nonlinear Hodgkin-Huxley action
potential model. The problem is defined on the arbitrarily branching structure with
two different conjugation equations at the branch points. The first one describes a
conservation of the fluxes at vertexes, and the second conjugation condition defines
the conservation of the current flowing at the soma in neuron models.

f-implicit finite difference scheme and two predictor-corrector type finite dif-
ference schemes are investigated. The stability and convergence of the discrete
solution is proved, sequential algorithms are implemented and parallelized, the ef-
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ficiency and scalability analysis of the parallel algorithms is given.

The numerical analysis of classical parabolic problem becomes complicated
not only in non-standard domains, but also in the case of non-classical boundary
conditions. During recent decades problems with nonlocal boundary conditions
are actively investigated because of theoretical interest and also due to the prac-
tical need: many physical, chemical, biological and ecological processes are de-
scribed by mathematical models with nonlocal conditions. The numerical analysis
of one-dimensional parabolic problem with one class of nonlocal integral bound-
ary conditions is presented in the dissertation, the stability and convergence of the
discrete scheme is proved.

While investigating the nonlinear model of excited carrier decay in a semicon-
ductor the apriori estimates of the solution of differential problem is proved, the
analysis of linearized finite-difference scheme and fitting of nonlinear model to the
experimental results are performed.

Research Object

The main research objects of the dissertation are the numerical methods for
modeling of processes on branching structures, the stability and convergence of
obtained discrete schemes, parallel implementation of these algorithms; the sta-
bility and convergence of the discrete schemes approximating nonlocal boundary
conditions; problem of the identification of the nonlinear model.

The Aim of the Work

The aim of the dissertation is to construct and implement the numerical al-
gorithms for parabolic problems in non-standard domains or with non-classical
boundary conditions, to investigate the stability and convergence of obtained sche-
mes; to implement the parallel versions of these algorithms and investigate the
efficiency and scalability of parallel versions; to investigate the nonlinear model
identification problem.

Tasks of the Work

To achieve the aim of the work the following tasks are set:

1. To construct and investigate the efficient finite-difference schemes for lin-
ear parabolic problem on branching structure with different flux conserva-
tion equations defined at the branch points.

2. To develop and investigate the parallel versions of the sequential finite-dif-
ference schemes and perform the numerical experiment of neuron simula-
tion.

3. To perform the numerical analysis of parabolic problem with one class
of nonlocal integral boundary conditions and investigate the influence of
signs of coefficients in the nonlocal condition on the stability and conver-
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gence of the discrete solution.
4. To perform the numerical analysis of the nonlinear model of excited carrier
decay in a semiconductor. Carry out the model identification experiment.

Applied Methods

The numerical methods for partial differential equations and techniques for in-
vestigation of their stability and convergence, methods of applied functional anal-
ysis, methods of constructing and investigation of parallel algorithms, global opti-
mization methods and methods of parameter identifiability analysis for nonlinear
mathematical models are applied in this study. The programs for numerical ex-
periments are written in C++ using MPI library for parallel versions of codes and
software package Metis is used for graph partitioning; some numerical results
are compared with the results obtained with NEURON simulation environment.

Scientific Novelty

A significant part of the dissertation is dedicated to the linear parabolic model
on graphs, since the models of neuron excitation are conditionally linear and can
be decomposed into several linear systems. There are many scientific publications
on the numerical methods for the models of neuron excitation, but their stability
and convergence is proved only for one-dimensional case. Two flux conservation
equations at the branch points are studied in the dissertation, the methods for the
numerical analysis of boundary conditions of second and third type are applied
for the numerical analysis of flux equations. Besides the traditional for this type
of problems #-implicit finite difference scheme, two predictor-corrector type finite
difference schemes are investigated. The stability and conditional convergence of
these schemes is proved. It is also proved, that the efficiency of the parallel im-
plicit finite difference scheme employing the "exact domain decomposition" is
sufficiently high, and this scheme can be successfully used in parallel computa-
tions. The non-iterative linearized discrete scheme is proposed and studied for the
nonlinear model of excited carrier decay, the model identification problem is con-
sidered.

The problem with nonlocal integral boundary condition is also considered in
the dissertation. The systematic analysis of this class of nonlocal conditions is
performed in the plane of parameters (a, b). The stability analysis of the implicit
Euler scheme is performed in the maximum norm, the known stability results are
improved. In case of pure integral condition the estimate of the discrete problem
sensitivity to the integral condition is proved, showing the conditional convergence
of the scheme, and the regularization relation between discrete steps is suggested.
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Practical Value of the Work Results

The numerical algorithms for reaction — diffusion problems on branching
structures are implemented. The parallel versions of algorithms employing data
distribution paradigm are implemented for large simulations.

The optimization algorithm for the nonlinear model of excited carrier decay
in a semiconductor is implemented. The results of model parameter identifiability
analysis indicate, that some parameters are unidentifiable.

Statements Presented for Defence

1. The analysis methods for discrete mathematical models with boundary
conditions of the second and the third type are applicable for the analy-
sis of discrete mathematical models on graphs.

2. The efficiency of implemented parallel algorithms mostly depends on data
partitioning quality and memory bus saturation when 2 or 4 cores per node
are used.

3. The stability and convergence of the discrete scheme for one-dimensional
parabolic problem with nonlocal integral boundary condition depends on
the parameters of nonlocal condition.

4. The discrete solution of the nonlinear model of excited carrier decay mim-
ics the main properties of the solution of ODE. The identifiability of model
parameters with experimental data used in calculations is limited.

Approval of the Work Results

The research is performed at the Vilnius Gediminas Technical University. The
results of the dissertation are published in 7 publications, 6 of them in the reviewed
scientific journals. The results were presented at 13 Lithuanian and international
conferences and 4 seminars at the Department of Mathematical Modeling of Vil-
nius Gediminas Technical University.

The Scope of the Scientific Work

The dissertation consists of an introduction, 5 chapters, main conclusions, bib-
liography and the list of the author’s publications. The first chapter presents the
overview of mathematical models in non-standard domains or with non-classical
boundary conditions. The second chapter presents three numerical algorithms for
the linear parabolic problems on branching structures and the stability and conver-
gence analysis of these algorithms. The third chapter presents the parallel versions
of the algorithms, the efficiency and scalability analysis of parallel algorithms,
and the numerical experiments of the excitation of neuron. The fourth chapter
deals with one-dimensional parabolic problem with nonlocal integral boundary
condition. The implicit discrete scheme is presented, the stability and convergence
analysis of the scheme is performed systematically for a class of parameters (a, b)
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of nonlocal condition. In chapter five the nonlinear model of excited carrier decay
in a semiconductor is presented. The apriori estimate of the differential solution
is proved, the analysis of the linearized numerical scheme and the results of the
model fitting experiment using genetic algorithm are presented.

1. Mathematical Models in Non-Standard Domains or With Non-Classical
Boundary Conditions

The review on mathematical models on branching structures and problems
with nonlocal boundary conditions is given in the first chapter.

Mathematical Models on Graphs: the Models of Neuron Excitation. The
best-known models, described by reaction — diffusion — transportation equations
on branching structures are given by neuron simulation models, which are based
on the Hodgkin-Huxley (HH) nonlinear system:

ov a 0%V
mar = SR, 927 R(V), (D
R(V) = gen*(V = Vi) + gnamh(V — Vo) + 5(V — V1), (2)
d
d_;’ = an(V)(1 = n) — B(V)n, 3)
d dh
d_T = am,(V)(l - m) - 6m,(V)m7 E = Oéh(V)(l - h) - /Bh(v)h

The model adapted for one segment of giant squid axon became the foundation
for the whole modern theory of action potential in excitable cell. FitzHugh (1961)
proposed the simplified model, facilitating the understanding of action potential
generation, which is widely used for simulation of groups of cells. These models
served as a framework for other models of excitation, for instance, Morris-Lecar,
Hindmarsh-Rose, etc.

The well-known property of models of excitation is their conditional linear-
ity. The voltage equation (1) is linear, if gating variables m,n and h are known.
On the other hand, equations (3) are linear, the value of voltage V' is known. The
property of the conditional linearity allows to separate the initial nonlinear prob-
lem into two linear ones, which can be solved using Picard iterations. Mascagni
(1990) proved the convergence of the implicit Euler method with Picard itera-
tions for the Hodgkin-Huxley equations in Ly norm for sufficiently small values
of the time discrete step. Chiegis (1992) proved the stability and convergence of
the Crank-Nicolson scheme for a class of models of excitation. The stability and
convergence of the implicit Euler method with Picard iterations in maximum norm
is also proved in this work.

Typically neurons have a large number of long extensions called dendrites,
also the axons often are of tree-like structure. These segments can be studied as
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an extensively branched structures, where each cable segment is defined by its
diameter and membrane properties.

The most popular method for discretizing the branched structure was proposed
by Rall (1964). It is called the compartmental modeling method and it is based on
the discretizing the whole structure into small parts, whose membranes are isopo-
tential. The changes of membrane physical properties and action potential changes
appears not inside the sections, but between them. This method is employed by the
most popular environments for neuronal modeling, including NEURON (Hines,
Carnevale 1997) and GENESIS (Bower, Beeman 1998).

The system of equations obtained after discretizing the problem on branched
structure is no more tridiagonal because of branch points. Special methods for
solving this kind of systems must be applied, especially for big size real-world
problems. Hines (1984) proposed the method for the tree-like structures without
the closed loops. The point is the special algorithm for enumerating branches,
which gives the liner system matrix of a special form, this matrix is solved in
O(N) operations, where N is the number of points in the discrete grid.

Mascagni (1991) proposed algorithm, employing "the exact decomposition”.
The reaction — diffusion equations are approximated using implicit Euler scheme,
then using the modified forward factorization algorithm the solution on branches is
expressed as a sum of solutions at branch points. Substituting these solutions into
discrete flux conservation equations a reduced system of linear equations is ob-
tained, whose size equals to the number of connections of different compartments.

Rempe, Chopp (2006) proposed predictor-corrector finite difference scheme
for Hodgkin-Huxley model on branching structures. Equations on different edges
of the graph are decoupled into one-dimensional problems, which are efficiently

computed using factorization algorithm. The complexity of this algorithm is only
O(N).

Nonlocal Boundary Conditions. Problems with nonlocal boundary condi-
tions nowadays are actively studied in heat conduction and thermodynamics,
plasma physics and others. A class of the problems with integral conditions can be
distinguished among other nonlocal conditions. The nonlocal integral boundary
conditions are interpreted as a generalization of nonlocal conditions. The inves-
tigations of partial differential problems with integral boundary conditions were
started by Cannon (1963) and continued by Ciegis (2006), Day (1983), Dehghan
(2005), Ekolin (1991), Peciulyteé et al (2005), Sapagovas (2005) and many other
authors. The area of differential problems with nonlocal boundary conditions is
very wide, and only separate, though very important cases are studied thoroughly.
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2. Parabolic Problem on Graph

The linear parabolic problem on branched structure is studied in the second
chapter. Let P = {p;, 7 = 1,...,J} be a set of branching points. Some of
these points are joint by individual edges making a set of edges F = {ex =
(PkosPr;)s  ProDr, € P, k= 1,... K}, where py, is a starting point of
edge ey, and py, is an end point of the same edge. Let [ = |ex| be a length of
er, and let  be a distance along the interval (0, [;), which defines the given edge
in the geometrical domain. The given graph is oriented, this property is required
for formulation of conservation equations at vertexes of the graph. For each point
p; € P we denote the sets of edges going in and out of point, respectively:

Nt(p;)={er: er=(pj.,pj) €E, s=1,...,5;}
Ni(pj) = {ek e = (pj,pjf) ek, f=1,.. .,Fj}.
On the graph (F, P) we consider a system of parabolic linear problems for
functions {u”(z,t)}:
ouF 0 ( kc?uk)
ot Ox ox e
0<do <d"(z,t) <dur, q"(2,8) 20, f*=fa1), ©)
uF(z,0) =ul(z) O<az<ly, k=1,...,K. (6)

PP ff O<a<ly, k=1,....K, 4

Let us divide all branch points into three sets P = T'U P; U P», consisting
of the termination points 7" and branch points of the first and second type. The
point is assigned to a set T if there exists only one edge, which terminates at the
given point: T = {p,; : p; € P, N*(p;) =0 or N~ (p;) = 0 }. Boundary
conditions of the first type are given at the termination points.

Two flux conservation equations are given at the branch points of the first and
the second type:

Auk ou™
dF = = dm Vp; € P 7
> Ao . Z o Yen (7
en€NT(p;) em€NT (p;)
Oug
a, sths — dk ‘ ) Y s € Ps. 8
C@t +qu Z =0 Z J) m:lk+f p 2 ()

em €N (ps) er€NT

The continuity constraints are satisfied at all vertexes of the graph:
+
u™(pj,t) = u*(pj,t), Vpj € P1, em,ex € N (pj), )
+
U’S(t) = um(ps,t), Vps € P2, ey €N (ps)-

The Implicit Scheme. Using the #-method, differential equations (4) are ap-
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proximated by the finite difference equations with parameter 6 € [0, 1]. We prove,
that the discrete problem has a unique solution. The stability and convergence of
this scheme is studied in Ly, H; and L, norms. The maximum principle is applied
to show unconditional stability of the discrete scheme, though it is not suitable to
evaluate precisely the convergence rate. Using the energy estimate method the sta-
bility and convergence in Ly norm are proved, when ¢ € [%, 1]:

U™ —u™|| < OV (790 + h?),

where gy = 2, if § = 1/2, otherwise oy = 1. The proved rate of convergence in
H{ norm is
U™ —u™[; < CVEn (170 + h/2).

Using the technique of bounding functions and comparison theorems the conver-
gence rate for fully implicit scheme (f = 1) in L, norm is proved:

U™ —u™||lo < C(1 + h?).

The results of numerical experiment confirm the convergence rate O(77¢ + h?).

Predictor-Corrector Algorithm I. The predictor-corrector splitting and do-
main decomposition methods are widely used to speed-up calculations by apply-
ing parallel algorithms. We investigate two finite difference predictor-corrector
schemes based on different domain decomposition. The first scheme is obtained
by dividing some edges of the graph, therefore a set of problems on sub-graphs is
obtained and these subproblems can be solved efficiently in parallel:

1. Graph decomposition step. During the first step the problem domain is
decomposed into subdomains. Each grid on the edges, which connect ver-
texes belonging to different subdomains, is divided into two subgrids by
midpoints.

2. Predictor step. The new values of the solution at the splitting points are
computed in parallel. The explicit Euler approximation is used to discretize
the differential equation (4).

3. Domain decomposition step. Solutions on each subgraph are computed
in parallel using the implicit finite difference scheme. The predicted values
are used as the interface boundary conditions.

4. Corrector step. The values of the solution at the splitting points are up-
dated in parallel using the implicit finite difference scheme.

Using the energy estimates method the unconditional stability of the discrete
scheme in the special energy norm is proved. It is important to note, that only
conditional convergence can be proved in this norm:

U™ — w5 < Ct”(T—HL% + #)
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Solving the simplified one-dimensional problem the convergence estimate in
the maximum norm is proved:

2
U™ — 4o < C(T+ h? 4 %)

It is shown in dissertation, that the presented algorithm can be written as Dou-
glas type scheme, based on the domain decomposition method. For a simple case
of one dimensional parabolic problem, the convergence analysis is done by using
results from (Vabishchevich 2011). The optimality of asymptotical error estimates
is investigated. The presented results of numerical experiment confirm the estimate
of the splitting error O (%z) .

Predictor-Corrector Algorithm II. The second predictor-corrector algorithm
is based on the decomposition of the problem into simple one-dimensional prob-
lems on each edge, which can be efficiently solved by factorization algorithm:

1. Predictor step. The solution values at the branch points p; € P, U P are
calculated by using the explicit Euler approximation of the flux conserva-
tion equations.

2. Domain decomposition step. The solutions on edges are calculated us-
ing factorization algorithm. The predicted values are used as the interface
boundary conditions.

3. Corrector step. The solution values at the branch points p; € Py U P, are
updated by using the implicit Euler approximation of the flux conservation
equations.

The second predictor-corrector algorithm is also proved to be unconditionally

stable in special energy norm, but its convergence in the related norm is condi-
tional. Presented results of numerical experiment show the same splitting error

. 2
estimate O (T}—I) .

3. Parallel Algorithms

The parallel versions of the implicit algorithm and both predictor-corrector
algorithms are developed in the third chapter. All parallel algorithms are based on
data distribution paradigm.

The descriptions of three parallel algorithms, the estimates of their complex-
ity, theoretical efficiency and scalability are given in the dissertation. Theoretical
estimates show, that the efficiency of the algorithms mainly depends on domain
partition quality and negative effects of global memory usage by cores (bottleneck
effect).

Computations were performed on Vilkas cluster of computers at Vilnius Ged-
iminas Technical University, consisting of nodes with Intel®Core™ processor i7-
860 @ 2.80 GHz and 4 GB DDR3-1600 RAM. Each of the four cores can complete
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Table 1. Performance results for the parallel Crank-Nicolson solver for the Hodgkin-
Huxley model

pnxc) 1x2 2x1 1x4 2x2 4x1 2x4 4x2 8x1 4x4 8x2 8x4

To =947
T 478 470 273 240 235 138 121 114 69 63 34
Sp 1.98 2.01 347 395 403 686 7.83 831 137 150 279
E, 099 101 087 099 101 086 099 104 086 094 0.87

up to four full instructions simultaneously. The results of numerical experiments
confirm theoretical estimates.

The numerical simulation of neuron excitation based on the Hodgkin-Huxley
model is given in this chapter. The obtained performance results for the parallel
Crank-Nicolson solver are presented in Table 1. Here for each number of proces-
sors p = n X ¢, where n denotes the number of nodes and ¢ the number of cores
per node, the coefficients of the algorithmic speed up S, = Ty /T, and efficiency
E, = S, /p are presented. T}, denotes the CPU time required to solve the problem
by using p processors. The results confirm good efficiency of the parallel algo-
rithm.

4. Parabolic Problem with Nonlocal Integral Boundary Condition

Parabolic problem with nonlocal integral boundary condition is studied in the

forth chapter:
ou 0 ou
= %(d(x)%) —q(z)u(z) + f(z), O<az<1, t>0, (l10)
1
u0t) = o, au(l.t)+b [ A@ule s = g0, >0, b
0
u(z,0) =up(z), 0<x<1, (12)

0<dy <d(xz)<dn, q(x)>0, ~(x)=>0.

The differential problem is approximated by the implicit Euler scheme, the integral
condition is approximated using trapezoid rule. Three cases of the coefficients
(a,b) are studied:

1. Coefficients a = 1, b = —1. For sufficiently small parameter v(z) < vy
it is proven, that the discrete problem has the unique solution, which con-
verges to the solution of differential problem (10) — (12), and the following
estimates are valid:

lu(x;,t") = U < C(1 + h?), (x,t) € Op X ws.
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2.

Coefficients a = 1, b = 1. For bounded y(x) < 7,y itis proven, that, when
the real parts of eigenvalues of the discrete operator are nonnegative, the
discrete problem has the unique solution, which converges to the solution
of differential problem (10) — (12), and the following estimates are valid:

u(z;,t") = U < C(1 +h?),  (x,t) € @p X wr.

Coefficients a = 0, b = 1. When the real parts of eigenvalues of the
discrete operator are nonnegative, the sensitivity estimate of the discrete
problem to the integral condition was proved, resulting the conditional

convergence in general:

h? ~

lu(z;,t") = US| < Ct" (/1 + \/—7__) (x,t) € W X wr.
A regularization of the discrete scheme is suggested by putting a relation
between the discrete steps. When function g(t) is continuous, a regular-
ization of the discrete scheme can be done by differentiating the boundary
condition:
B 1

Tu:=—
Y9,

V(@)ul, t)de = g'(¢).

5. Model of Excited Carrier Decay

The nonlinear mathematical model of excited carrier decay in a semiconductor
is investigated in the fifth chapter:

dn n

b I (t) — of v n(Ny—ny) + elng—ol vy n(Ny. — n,.) + ehn, — — (13)
0

dn

d_tt = ol vy n(Ny —ny) — elng, (14)

dnT r,n T r,P T

ar oV n(Nr — ny) — epny — opvgpne + e (Ny — nr), (15)

dp . . P

i I (t) — Upvfhpnr +ep(Np —ny) — s (16)

n(0) =0, n(0)=0, n.(0)=0, p0)=0, 17)

where n is the electron concentration, p is the hole concentration, n; and n,. are
the concentrations of electrons, occupying the trap level and recombination center,
respectively. o represents the capture cross section for the electrons (n) or holes
(p), where superscript ¢ means trap property and r means recombination center
property. N, and N, are the concentrations of the trap and recombination center,
vy, 1s thermal velocity of the carriers, 7 is the lifetime of free carriers. I;, =
Iy exp (— (ﬁ )2) is electron generation by the laser pulse from the valence band.
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The emission coefficients e are related to the capture cross section values by the
equations

FE E
_t . t ro_ _r o
e, = 0,V N €Xp ( _kT)’ e, = 0, Vtn N exp ( _kT)’
Ey - Er)

e, = 0,V N,y exp ( - —%7

where F indicates the energy levels of the trapping center, recombination center
and the bandgap, T is temperature, N. and N, are effective density of states for
conduction and valence band.

The apriori estimate of the solution of differential problem (13)—(17) is proved:

0<n(t) < Cpn, 0<ni(t) < Ny, 0<n,(t) < Ny, 0<p(t) < Cp,

where the constants
Cn =710(Io + €,N; + €, N,), Cp=10(Io+e,N,).

The analysis is performed for the linearized backward Euler method, as a good
starting point to construct more accurate and robust numerical solvers. For suf-
ficiently smooth solution of differential problem (13)—(17) it is proven, that there
exists a constant C' = C'(M, t*) such that the estimate holds

|75 < Cr, k=1,2,.. K,

where Z* defines the global error of the discrete solution:

||Zk’H = max (|z§|, |z§t , |z§ , |z}]; )

The model identification problem is also considered in this chapter. A genetic
algorithm (GA) was chosen for the calculations. Compared to the gradient-based
optimization methods, genetic algorithms are more suitable, when optimized func-
tion is discontinuous, nonlinear or/and is notorious for other complexities. The
fitness of the individual is evaluated using the least squares method.

The activity of the deep center in the bandgap is defined by the carrier cap-
ture cross sections ¢ and concentration of the center V. When one trapping cen-
ter and one recombination center is considered, the involved parameters vector is
0 = (ol,,05,,05, Ni, N;). Applying sensitivity-based and experimental methods
of parameter identifiability, the set of identifiable parameters § = (o, 0") is es-
tablished.

The results of numerical calculations are given on Fig 1. The solution with the
parameters set estimated by GA fits good the experimental data. This result is very
close to the parameters values proposed by physics. However, in the manufacture
of compensated semiconductors, parameters of the individual crystals can vary, so
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Electron decay n(t): the solid curve corresponds to the calculation results for

the parameters set proposed by physics, dashed curve — for the set identified by GA,

dots — to the experimental data

the task of parameters identification can be raised even for sufficiently investigated
materials.

Results and Conclusions

In

this work, some parabolic problems on branching structures and problems

with integral boundary conditions are investigated. The main results are the fol-
lowing:

1.

4.

For reaction-diffusion problems on branched structures the unconditional
stability of #-implicit finite difference scheme is proved, when parameter
0 ¢ [%, 1]. The convergence estimates obtained by classical maximum
principle are improved, the convergence rate O(7 + h?) in the maximum
norm is proved for fully implicit scheme. Theoretical results are confirmed
by numerical experiments.

The analysis of two predictor-corrector type discrete schemes is performed
by the energy estimates method. It was proven, that both schemes are
unconditionally stable, though their convergence in related norm is only
conditional because of the splitting error. Employing the equivalence of
predictor-corrector and Douglas splitting schemes, new stability estimates
are obtained. The analysis of simplified one-dimensional problem and
the results of numerical experiments show the splitting error estimate
O(72/h).

The parallel versions of algorithms are implemented. The given theo-
retical efficiency and scalability analysis of the parallel algorithms and
the results of numerical simulations show good scalability (linear for
predictor-corrector schemes and quadratic in the worst case for fully im-
plicit scheme). It is proven, that the efficiency reduction occurs mainly due
to the memory bus saturation when 2 or 4 cores per node are used.

The numerical analysis of parabolic problem with one class of integral
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boundary conditions is performed. It is proven, that the stiffness and con-
vergence of the discrete implicit scheme depends on the signs of coef-
ficients in the nonlocal boundary condition. The known stability results are
improved. In the case of a pure integral boundary condition the conditional
convergence is proved and the regularization relation between discrete time
and space steps is proposed.
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NETIESINIU MATEMATINIU MODELIU GRAFUOSE
SKAITINE ANALIZE

Problemos formulavimas

Darbe nagrinéjami paraboliniai modeliai nestandarinése srityse arba su ne-
klasikinémis krastinémis salygomis. Matematiniy modeliy grafuose ypatumas yra
uzdavinio apibrézimo sritis — matematinés lygtys formuluojamos Sakotose strukti-
rose, kurios gali biiti aprasomos pasitelkus grafy teorijos terminija. Tokiose struk-
tirose yra formuluojami transportavimo siaurais vamzdziais, elektros grandinés
modeliavimo ir kiti uzdaviniai, taciau placiausiai Zinomi ir tiriami modeliai Sako-
tose struktiirose yra neurono suzadinimo modeliai.

Dél neurony geometrijos ypatumu, kai lastelés segmenty ilgiai yra Simtus kar-
ty didesni uz skersmenis, taikomi lokaliai vienmaciai modeliai. Konstruojant reak-
cijos — difuzijos modelio Sakotose strukttrose skaiting aproksimacija svarbiu uz-
daviniu tampa srauty tvermeés désniy iSsiSakojimo taskuose skaitiné aproksimaci-
ja. Tokie modeliai daznai pasiZymi netiesinémis savybémis. Modeliuojant lasteliy,
sujungty sudétingais sinapsiniais rySiais, grupes, smarkiai didéja struktiira kartu
su skai¢iavimy apimtimi. Skai¢iavimy apimtis taip pat spar¢iai auga sprendZiant
modelio identifikavimo uzdavini. Todél atsiranda poreikis ieSkoti biidy, kaip efek-
tyviai spresti tiesinés algebros uzdavinius ir algoritmy lygiagretinimas yra vienas
i§ sprendimo varianty.

Netiesinio modelio identifikavimo uzdavinys daZnai yra i$sikis ne tik dél di-
deles skaiciavimy apimties, bet ir dél tinkamo optimizavimo algoritmo parinkimo
bei riboty parametry identifikuojamumo galimybiy.

Klasikiniai uZdaviniai gali bati formuluojami ne tik nestandartinése srityse,
bet ir su neklasikinémis krastinémis salygomis. Pastaraisiais deSimtmeciais akty-
viai tiriami nelokalieji uzdaviniai diferencialinéms lygtims dalinémis iSvestinémis,
kuriuose vietoje klasikiniy krastiniy salygy naudojami sarySiai tarp ieSkomos funk-
cijos ir jos iSvestiniy ant srities konttro ir srities viduje.

Darbo aktualumas

Disertacijoje nagriné¢jamas vienmatis parabolinis reakcijos — difuzijos modelis
Sakotose struktiirose yra apibendrintas suzadinimo modelis, kurio vienas i$ konk-
retesniy ir placiausiai Zinomy pavyzdziy yra HodZkino ir Hakslio netiesinis mode-
lis, aprasantis aksono suzadinima. UzZdavinys formuluojamas Sakotose struktiirose
su dviejy tipy tvermés désniais i§siSakojimo taskuose. Sie désniai leidZia apragyti
kaip ir paprastg srauty persiskirstyma iSsiSakojimo taSkuose, taip ir sudétingesni
mazga, kuriame vyksta reakcija. Antrasis tvermeés désnis gali buiti naudojamas ap-
raSant soma neurono modelyje.

Tyrimy eigoje iStirtos svoriné ir dviejy tipy prediktoriaus ir korektoriaus baig-
tiniy skirtumy schemos, aproksimuojan¢ios matematini modeli. Atlikta Siy sche-
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my stabilumo ir konvergavimo analiz¢, sudaryti ir realizuoti algoritmai. Nuosek-
lieji algoritmai yra iSlygiagretinti, pateikta lygiagreciyjy algoritmy efektyvumo ir
iSpleiamumo analizeé.

Klasikinio parabolinio uzdavinio analizé tampa sudétingesne ne tik nagriné-
jant nestandarting sriti, bet ir naudojant neklasikines krastines salygas. Pastaraisias
desimtmeciais ypa¢ aktyviai tiriamos nelokalios krastinés salygos. Siy uzdaviniy
tyrimai salygojami ne tik teorinio intereso, bet ir praktinés biitinybés: daug fizi-
kiniy, cheminiy, biologiniy procesy aprasomi diferencialinémis lygtimis su nelo-
kaliosiomis salygomis. Darbe atlikta parabolinio uzdavinio su integraline krastine
salyga analize, iStirtas skai¢iavimo schemy stabilumas ir konvergavimas.

Nagrinéjant netiesini suzadinty kraivininky apsviestame puslaidininkyje re-
kombinacijos modeli irodytas diferencialinio sprendinio apriorinis jvertis, atlikta
linearizuotos schemos analiz¢, sprendZiamas netiesinio modelio parametry nusta-
tymo uZzdavinys.

Tyrimy objektas

Darbo tyrimo objektas yra skaitiniai metodai, skirti procesy modeliavimui $a-
kotose strukturose, sudaryty diskreciyjy schemy stabilumas ir konvergavimas, ju
pagrindu sudaryti lygiagretieji algoritmai; diskre¢iujy schemuy, skirty uzdaviniams
su nelokaliosioms krastinéms salygoms aproksimuoti stabilumas ir konvergavimas;
netiesinio modelio identifikavimo uzdavinys.

Darbo tikslas

Disertacijos tikslas yra sudaryti ir realizuoti skaitinius algoritmus, skirtus pa-
raboliniams uzdaviniams nestandartinése srityse arba su neklasikinémis krastiné-
mis salygomis spresti, iSnagrinéti sudaryty skaitiniy schemy stabiluma ir konverga-
vima; atlikti algoritmy lygiagretinima ir iStirti lygiagreciyjy algoritmy efektyvuma
ir i§pléc¢iamuma; iSnagrinéti netiesinio modelio identifikavimo uZdavini.

Darbo uZdaviniai

Igyvendinant numatytus darbo tikslus buvo sprendZiami Sie uzdaviniai:

1. Sudaryti ir i$tirti skaitinius algoritmus tiesiniam paraboliniam modeliui $a-
kotose strukttirose su skirtingais srauty tvermeés désniais i$siSakojimo tas-
kuose.

2. Atlikti neurono suzadinimo skaitini modeliavima, pritaikyti Siam uzdavi-
niui ir i$tirti lygiagreciuosius algoritmus.

3. Atlikti parabolinio uzdavinio su nelokaligja integraline krastine salyga
skaiting analiz¢, iSnagrinéti skirtingus nelokalios salygos koeficienty reiks-
miy atvejus.

4. Atlikti netiesinio impulso relaksacijos puslaidininkyje skaitini modeliavi-
ma ir skaiting analizg. Atlikti modelio identifikavimo eksperimentg.
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Tyrimy, metodika

Darbe atlikty tyrimy eigoje buvo taikomi diferencialiniy lyg¢iy dalinémis i$-
vestinémis skaitiniai sprendimo metodai, jy konvergavimo ir stabilumo analizés
metodai, taikomosios funkcinés analizés metodai, lygiagreciyjy algoritmy konst-
ravimo ir jy analizés metodai, globalios optimizacijos ir netiesiniy matematiniy
modeliy parametry identifikujamumo nustatymo metodai. Skaitiniy eksperimen-
ty programos paraSytos C++ kalba, naudojant lygiagreciaja biblioteka MPI, grafy
dalijimo iranki Met1is; kai kurie skai¢iavimo rezultatai lyginami su NEURON
paketo pagalba gautais rezultatais.

Darbo mokslinis naujumas

Disertacijoje didelis démesys yra skiriamas tiesiniams modeliams grafuose,
nes lasteliy suZadinimo modeliai pasiZzymi salyginiu tiesiSkumu ir gali biti skai-
domi i kelias tiesines sistemas. Daug mokslininky nagrinéja skaitinius metodus
suzadinimo modeliams, tac¢iau apsiribojama uZdaviniais viename segmente. Diser-
tacijoje istirti du tvermés désniai iSsiSakojimo taskuose, ju skaitinei analizei atlikti
pritaikyti biidai, naudojami tiriant antrojo ir tre¢iojo tipo krastines salygas. Be tra-
diciskai taikomos Sio tipo uzdaviniams svorinés schemos istirtos dvi prediktoriaus
— korektoriaus tipo schemos, jrodytas Siy schemy stabilumas ir salyginis konverga-
vimas. Parodyta, kad superpozicija grindZiamos neisreikstinés skai¢iavimo sche-
mos lygiagretinimo efektyvumas yra pakankamai aukstas, todeél ji gali biiti sék-
mingai naudojama lygiagreciuose skaiciavimuose. Netiesiniam kriivininky rekom-
binacijos apSviestame puslaidininkyje modeliui pasitlyta ir iSnagrinéta neiteraciné
skai¢iavimo schema, taikant kai kuriuos statistinius metodus iSnagrinétas modelio
identifikavimo uzdavinys.

Disertacijoje taip pat nagrinéjamas uzdavinys su nelokaligja integraline kras-
tine salyga. Atlikta sisteminga tokio tipo nelokalios salygos analizé visoje para-
metry (a, b) plok§tumoje. Pateikiama diskrec¢iosios neisreikstinés Eulerio schemos
stabilumo analiz¢ maksimumo normoje, pagerinti Zinomi rezultatai. Integralinés
krastinés salygos atveju irodytas uzdavinio jautrumo integralinés salygos atzvilgiu
jvertis, parodantis tik salygini konvergavima, ir pasitlytas reguliarizuojantis sary-
Sis tarp diskreciyjy Zingsniy.

Darbo rezultaty praktiné reiks§mé

Sudaryti ir realizuoti skaitiniai algoritmai, kurie leidZia modeliuoti reakcijos
— difuzijos procesus Sakotose struktiirose, tarp ju neurono suzadinimo procesa. Di-
deliy struktiiry tyrimams realizuoti lygiagretieji algoritmai, pagristi duomeny ly-
giagretumo principu.

Realizuotas netiesinio suzadinty kravininky rekombinacijos modelio optimi-
zavimo algortimas. Pateikti parametry identifikuojamumo tyrimo rezultatai rodo,
kad ne visus modelio parametrus imanoma nustatyti.
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Ginamieji teiginiai

1. Diskreciyjy matematiniy modeliy grafuose tyrimui taikytini metodai, nau-
dojami tiriant diskreciuosius modelius su antrojo ir treciojo tipo krastiné-
mis salygomis.

2. Realizuoty lygiagreciyjy algoritmy grafuose efektyvumas daugiausiai pri-
klauso nuo duomeny paskirstymo kokybés ir branduoliy konkurencijos dél
bendros atminties.

3. Vienmatés parabolinés lygties su nelokaligja integraline salyga diskrecio-
sios schemos stabilumo ir konvergavimo sritis priklauso nuo nelokaliosios
salygos koeficienty Zenkly.

4. Netiesinio kriivininky rekombinacijos modelio diskretusis sprendinys at-
kartoja pagrindines diferencialinio sprendinio savybes. Modelio paramet-
ry identifikuojamumas su naudojamais eksperimentiniais duomenimis yra
ribotas.

Darbo rezultaty aprobavimas

Tyrimai atlikti Vilniaus Gedimino technikos universitete. Su disertacijos tema
susije rezultatai paskelbti 7 moksliniuose straipsniuose: 6 straipsniai publikuoti
recenzuojamuose mokslo leidiniuose, i§ ju 5 — leidiniuose itrauktuose i MII Web
of Science duomeny baze. Disertacijos tema perskaityti 13 praneSimy Lietuvos ir
kity Saliy konferencijose. Tyrimo rezultatai buvo pristatyti 4 Vilniaus Gedimino
technikos universiteto Matematinio modeliavimo katedros seminaruose.

Disertacijos struktira

Disertacija sudaro jvadas, 5 skyriai, iSvados ir literatiiros sarasas. 1-ajame sky-
riuje pateikta matematiniy modeliy nestandartinése srityse arba su neklasikinémis
salygomis uzdaviniy apZvalga. 2-ajame skyriuje formuluojamas tiesinis parabo-
linis uzdavinys grafuose, pateikiamos trys diskreciosios baigtiniy skirtumy sche-
mos, schemy stabilumo ir konvergavimo analizé. 3-ajame skyriuje aprasomi lygia-
gretieji algoritmai paraboliniams uZdaviniams grafuose, pateikiama §iy algoritmy
efektyvumo ir iSplé¢iamumo analize ir skaiciavimo eksperimenty rezultatai. Taip
pat Siame skyriuje apraSomas neuroniniy lasteliy grupés suzadinimo modeliavimo
eksperimentas. 4-ajame skyriuje nagrinéjamas vienmatis parabolinis uzdavinys su
nelokaligja integraline salyga. Pateikiama neisreistiné schema, schemos stabilu-
mo ir konvergavimo analizeé su skirtingomis nelokalios salygos koeficienty reiks-
meémis. Rezultatai lyginami su kity mokslininky peskelbtais rezultatais. 5-ajame
skyriuje nagrinéjamas netiesinis suzadinty kriivininky rekombinacijos uZdavinys.
Pateikiamas apriorinis sprendinio jvertis, neisreikstiné schema ir Sios schemos ana-
lizé. Nagriné¢jamos modelio parametry nustatymo galimybés, o optimizavimo uz-
davinys sprendZiamas pasitelkus genetinj algoritma. Pateikiami parametry optimi-
zavimo rezultatai.
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Bendrosios iSvados

Darbe buvo nagrinéjami paraboliniai uZdaviniai Sakotose strukttirose arba su

integralinémis krastinémis salygomis. Apibendrinsime pagrindinius rezultatus:

1. Sprendziant reakcijos — difuzijos uzdavini Sakotose struktiirose irodytas
neisreikstinés svorinés schemos besalyginis stabilumas, kai svorinés sche-
mos parametras 6 € [%, 1]. Pavyko pagerinti gautus taikant maksimumo
principa rezultatus ir jrodyti, kad konvergavimo greitis grafo vir§tinése yra
toks pat, kaip ir vienmacio parabolinio uZdavinio. Teoriniai rezultatai pa-
tvirtinti skaic¢iavimo eksperimento rezultatais.

2. Atlikta dviejy prediktoriaus — korektoriaus schemuy, grindziamy skirtin-
gu skaiciavimo srities padalijimu, analizé. Taikant energetinius metodus
irodyta, kad abi prediktoriaus — korektoriaus schemos yra besalygiSkai
stabilios, taCiau jy konvergavimas susijusioje normoje dél prediktoriaus
Zingsnyje inestos paklaidos yra salyginis. Naudojant prediktoriaus — ko-
rektoriaus ir Douglas schemy ekvivalentiSkuma, gauti rezultatai palyginti
su zinomu Douglas schemos konvergavimo iverciu. Atlikto skai¢iavimo
eksperimento rezultatai patvirtina, kad prediktoriaus Zingsnio netiktis yra
O(r2/h).

3. Aprasytos lygiagreciosios algoritmy versijos. Atlikta algortimy efektyvu-
mo ir iSple¢iamumo analizé ir skai¢iavimo eksperimentai rodo, kad predik-
toriaus — korektoriaus schemy iSplé¢iamumas yra tiesinis, o neisreikstinés
schemos blogiausiu atveju gali buti kvadratinis. [rodyta, kad skai¢iavimy
efektyvumas daugiausiai priklauso nuo duomeny paskirstymo kokybeés ir
atminties magistralés riboto pralaidumo, kai yra naudojami 2 ar 4 bran-
duoliai skai¢iavimo mazge.

4. Atlikta parabolinio uzdavinio su integraline krastine salyga stabilumo ana-
lizé maksimumo normoje ir jrodyta, kad diskreciosios schemos standumas
ir stabilumo srities spindulys priklauso nuo nelokalios krastinés salygos
koeficienty Zenkly. Pagerinti Zinomi stabilumo rezultatai. Paprastos integ-
ralinés krastinés salygos atveju irodytas salyginis konvergavimas ir pasit-
lytas reguliarizuojantis sarysis tarp diskreciyjy Zingsniy.
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