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General Characteristics of the Dissertation

Field and need of research. Optimization problems (to which is dedicated
this dissertation) of structural mechanics are introductory stage of structure
optimum design based on principles of solid deformable body mechanics,
mathematical programming theory, its methods and their mechanical interpretation.
In order to base calculation on real operating conditions of structure, it is necessary
evaluate as exact as possible structure material properties, external effects and other
factors in mathematical models of optimization problems. Partially it is achieved by
including plastic properties of material. Calculation and design of the structures,
taking in to account plastic strains, allows to use their bearing capacity more
efficiently and make more economic project (in this dissertation research is
developed on the basis of perfect plasticity theory). From the other side, real effect
for structure are often cyclic (variable repeated load character is also evaluated in
this work). In the dissertation it is assumed that load is quasi—static and is
characterised by load variation bounds (deterministic formulation of problems is
considered).

Under repeated loading a structure can lose its serviceability because of its
progressive plastic failure or because of alternating strain (usually both cases are
called cyclic—plastic collapse). But, if residual forces together with variable part
that do not violate the admissible bounds appear in the initial stage of loading, the
structure adapts to existing load and further behaves elastically. This phenomenon
is considered in shakedown theory. Applying the classical Melan and Koiter
theorems, it is possible to analyse only simple systems at shakedown by elementary
methods. Meanwhile for civil engineering, calculation of any complexity elastic—
plastic structures subjected by variable repeated load is relevant. That had influence
on the choice of research aspect of the dissertation: optimization of elastic—plastic
systems, subjected by variable repeated load, under stiffness and stability
constraints, applying extremum energy principles, theory of mathematical
programming, numerical methods and computer technologies. Growing number of
scientific works dedicated to adapted structure calculation shows importance of
these researches. But there is especially small number of works concerning
optimisation of adapted structures under stiffness and stability constraints. Solution
of structure optimization problems at shakedown is difficult as stress—strain state of
dissipative systems depends on loading history. Not only general point of adapted
structure analysis and optimization theory is solved in dissertation, but also new
methods and algorithms of bar—structure optimization are presented. That has also
practical value in civil engineering.

Main objective. Further development of theory of elastic—plastic adapted
system optimization, creation of new calculation methods and algorithms.

Main tasks: 1) to review calculation methods of systems at shakedown; 2) to
formulate extremum energy principles for perfectly elastic—plastic discrete systems
at shakedown; 3) to construct general non—linear mathematical models of analysis



and optimization problems; 4) to bring out connection between extremum problems
of adapted system optimization and theory of non—linear mathematical
programming; 5) to perform optimization of bar—structures taking in to account
stiffness and stability conditions according to requirements for the second group of
limit states: mathematical models of optimum design and load oriented problems,
solution methods and numerical experiments; 6)to create algorithm to solve
structure optimization problems, which do not have full initial information; 7) to
create technique of incremental analysis for unloading phenomenon fixation.

Scientific novelty. 1) New potential, which is provided by connections
between mathematical programming and extremum energy principles, are shown
for formulation of analysis and optimization problems of shakedown theory and
their numerical solution. 2) New non-linear mathematical models of load oriented
and optimum design problems with constraints ensuring shakedown and
serviceability of structure are created. 3) It is determined that Haar—Karman
principle is suitable only for systems with holonomic behaviour. 4) It is proved that
residual displacements are varying non—-monotonically. Dual problems of
mathematical programming can not be applied for analysis of stress—strain state of
unloading system. 5) It is proved that complementary slackness condition simulates
only holonomic deformation process during shakedown of structure. 6) It is shown
application possibilities of strain compatibility equations for formulation of new
mathematical models of residual displacement variation bound calculation
problems. 7) Technique of bar—structure optimization is implemented: new non—
linear mathematical models for frames (under strength and stiffness constraints) and
trusses (with stability conditions (EC3)) optimization problems, solution
algorithms, numerical experiments are carried out. 8) Optimization technique is
created for trusses subjected by moving load. 9) Technique of incremental analysis
for unloading phenomenon fixation is created; numerical experiment is carried out
for bending plate with non—linear von Mises yield conditions.

Approbation and publications. The main results of this work were submitted
in 10 scientific conferences. Thirteen papers were published on the topic of
dissertation: 6 of them were published in the acknowledged editions, 5 — in
proceedings of international conferences, 2 — in proceedings of republican
conferences.

The scope of the thesis. The Lithuanian written thesis consists of

introduction, five main chapters, conclusions and a list of references. The total
scope of the dissertation — 131 pages, 36 pictures and 10 tables.

Content of the Work

1. Review of Calculation Methods of the Structures at Shakedown
This chapter reviews methods of adapted system calculation. The important
part is comparative analysis of displacement calculation methods after shakedown.



2. General Mathematical Models of Optimization Problems
The main definitions and dependencies of discretized systems. Discrete
model of the structure, which degree of freedom is m , consists of s (k=1,2,...,s,

keK ) finite elements. Each £ element has s; nodal points (/=1,2,...,s;, [€L).
The total number of design sections is € < sxs; . Nodal internal forces of element
compound one n —vector of discrete model forces
Sz(Sl,Sz,...,SV,..., SQ )T = (Sz)T and strains — n —vector @z(@l,@z,...,@V,

..,QC)T :(@Z)T , v=L2,..,C (velV), z=L2,...,n. Load F(t) is characterized by
time—, /-, independent variation bounds F, = (Fl sup > T2 sup ...,Fm,sup)T ,
me (F1 mf’FZ inf oo F, mf) (F, inf < F(t) < F Sup ). Equilibrium 4S8 =F and

geometrical 4 Tu—D S =0 equations do not depend on characteristics of system
material and can be written via residual quantities as follow:

AS, =0, A'u =0

ro

0,=DS, +0,. @2.1)

Elastic displacements u, (t) and forces S, (t) of the structure are determined using

influence matrixes of displacements and forces, f# and a , respectively:

u()=pF(). S,()=aF(), p=(4KAT)" a=Ka"p. K=D'. (2

The number of all possible combinations F; of load bounds F,,, F;,, is p=2"

( mf = S Fsup):

S,=aF;, j=1.2,..p,(jeJ). (23)

In the case of two loads £}, F,, domain of
elastic force variation (locus) is shown in
Fig 1. Plasticity constant C of elastic—
plastic structure relates to dimensions and
material yield limit o, (limit force ;) of

discrete model. Limit force Sy, (k€K ) is

assumed as constant in whole finite element.
Non-linear yield conditions

Ses Ppr,j=Cr— fkl,j(sekl, it Srkl) 20,
Fig 1. Locus of elastic forces keK, leL, jeJ 24




are verified in each nodal point / of the k& —th finite element for all load
combinations j €J . For the entire structure the non-linear yield conditions

f (S) < C can be written as follows:
fi(8,+8,)<cC, jes. (2.5)

In that case, direct analysis of loading history is avoided.

Statically admissible residual forces S, satisfy equilibrium equations (2.1)

r

and yield conditions (2.4). Kinematically possible residual displacements u, satisfy
geometrical equations (2.1): A4 Tur =DS,+0,. Components of vector

0,= (0 pk,)T are calculated according to formula:
kal ZZ[V(pkl,j (Sekl’j + Srk])]T ;\’kl,j . ;\’kl,j >0 5 keK , lel 5 _] eJ. (26)
J

Residual strains 6,= DS, +0, and displacements u, of structure at
shakedown can be non—unique: they depend on the particular loading history F(¢).

If load is defined only by variation bounds Fj,,, F,,, the calculation of exact
values of residual displacements becomes problematical because of unloading

phenomenon appearing at cross—sections: then displacements u, are varying non—
monotonically, it is possible to determine only their lower u, ;,» and upper u,. g,
variation bounds (u, ;,r < u,.(¢) <u, g, ).

Extremum energy principles and analysis problem

Static  formulation of analysis problem (principle of minimum
complementary energy) reads: find

min 7 (x)=

1 *
3 XSl Sy=a, @7
k

subject to
T
2 A8, =0, Srk:(SrkhSrkZ""’Srkl""’Srksk) ; 28
¥

0= Co— Su\Sua s+ 8) 20, Co=(So P, keK,leL, jeJ. (2.9)

Vectors of limit forces S, = (Sop S025 -5 Sogs->Son )T and quasi—elastic forces

S,; are known. As functions ¢ ; 20 are convex and matrix Dy is positively

defined, the optimal solution S of non-linear analysis problem (2.7) —(2.9) is
global.



-1
Matrix B = [— A"T(A' T) , I } allows analysis problem (2.7) — (2.9) rewrite
as follows: find
.1 1 ~
min Ez S""B, D, B[ S!= min EZS;' p,s!, (2.10)
k k

subject to
Pu,j = Ck—fkl,j(sekl,ﬁB/?[S:) 20, G =(So)?, keK , leL, jeJ . (2.11)

Optimal solutions S7* of the problem (2.10) — (2.11) are unknowns of the force

method.
Kinematic formulation of analysis problem (principle of minimum total
potential energy) reads: find

max {—% %S};chsrk_gzllzjv(ok,j(Sk,j )srk —g;zikl,j(ck _fkl,j(sk,j ))} ,
J J

(2.12)
subject to
DS, +3 Vo, (8 )] T4 - ATu, =0, 4 >0 2.13
k rk+z O, i\ S, o~ Aru,=0, 4 20, (2.13)
J
Si;i=Se;+Su). kek, leL, jeJ. (2.14)

Unknowns of the problem (2.12) — (2.14), which is dual to (2.7) — (2.9), are residual
forces S, , displacements u, and plasticity multipliers 4;, jeJ.

Complementary slackness conditions of the mathematical programming
j.kl’j(ck —fkl’j(Sk,j )): 0 . j‘kl,j > 0, kekK . lelL , ] EJ, (215)

which are included in to objective function of the problem (2.12) — (2.14), do not
allow direct evaluation of unloading phenomenon (it appears when exists 4 >0 and

@;>0, i=1,2,..,¢, iel during deformation process). Optimal solution S,
u,, 2; (je€J) of the problem (2.12) - (2.14) is obtained without consideration of
loading history. Nevertheless, particular loading history exists F(¢)

(F,s < F(t) < Fy,, ), which leads structure to shakedown with S, u, and 2;. It
becomes obvious, that the mathematical model of analysis problem (2.7) — (2.9) of
structure at shakedown can be obtained according to Haar—Karman principle

(structure with holonomic behaviour).



Residual strain compatibility equations are obtained after elimination of
residual displacements u, from geometrical equations (2.13):

~BO,=B,S,, 2.16)
@W:Z[V(pklﬁj (Sekl’j + srk[)]T Xkl,j . ;\’kl,j >0 5 keK . lel . ] eJ. (217)
J

-1
Here B, :—A"T(A’T) D'+ D" . Unknowns of the problem (2.12) — (2.16), (2.17)
become residual forces S, and vectors of plasticity multipliers 4;, jeJ.

Problem of optimal design. This work is more oriented to frames and beams
with I-shape section or plates with three—layered, “sandwich” type cross—section.
Residual displacements u, and forces S, are related to vector of plasticity

multipliers 4 (@p:diTl ) by influence matrixes H and G :

u =H®"J=H.), S,=Gd"1=G ], (2.18)
_ -1 _ _
H:(AKAT) AK, G=KA"H-K.

Here @ — matrix of peace—wise linearized yield conditions & (Sr +S, )S S, .

Structure optimal design problem is stated as follows:

when load variation bounds F;, Fy,, are prescribed, the vector of structure limit

forces S8, satisfying optimality criterion min l//(SO), strength and stiffness
conditions, are to be found.

Mathematical models of structure optimal design problem are presented in
Table 1: (2.19) — (2.22) has linear, (2.23) — (2.26) has nonlinear yield conditions.

In case of ideal cross—sectional form and homogenous yield condition, mini-

Table 1. Mathematical models of structure optimal design problem

Linear yield conditions Non-linear yield conditions
find find
min y(S,) =min LTS, , (2.19) min LTS, (2.23)
subject to subject to

0,=S)-®(Gi+5S,)20, (2.20)

min 7(S,)=min ~STDS,, (224)
=0, 2,20, (221) 2

AS, =0, ¢,=C—f;(5,+5,)20, jeJ,

A= 4ps Jed s Cc=C(S,), Sy>0, (2.25)
J

Uy min < ur,inf , u,.,sup < Uy max (222) Uy min < ur,mf > ur,sup < Uy max - (226)

10



mum weight correlates with linear objective function min L'S,. Here L is a

vector of weight factors of optimality criterion (2.19) and (2.23). In the case of
minimum volume structure design, all properties of material are prescribed, only

dimensions of element or cross—section can vary. Thus, vector of elastic forces S,

is varying and has to be recalculated in case of new geometry of cross—section. In
the problems (2.19)—(2.22) and (2.23) — (2.26) unknowns are vectors of limit

forces S, and plastic multipliers 4. Vector 4 can be determined applying Rosen

optimality criterion (in dissertation project gradient method is used for non—linear
problem solution):

1=(V¢(S*)[V¢(S*)]T) Vols 7). (2.27)

Here total forces $* =S, +S, are calculated using optimal solution S of analysis

problem (2.7) — (2.9): VT (S’;) is gradient of objective function (2.7). When yield

condition is not linear, matrix G depends on matrix of gradients
V= [(p (Sr +S, )]T , which is related with S,..

In the constraints (2.22), (2.26) vectors U, oy, U.min are known admissible

residual displacements. In constraints (2.22), (2.26) it is not difficult to evaluate
results of elastic calculation wusing vectors  u, g, =B, FoptBins Finr »

Ug inf :ﬂsup Fvirzf"'ﬂiansup :

Unin < ue,ir@f + ur,ir@f ’ ue,sup + ur,sup < Upmax -

(2.28)

Mathematical model of load optimization problem. General formulation of
load optimization problem is stated as follows:

when limit force vector S is prescribed, load variation bounds F,, Fy,,,

satisfying optimality criterion max (T S{,stup —Tl,];mef) shakedown and stiffness

conditions, are to be found.

Here Tj,,, T, are vectors of weight factors of optimality criterion. In case of

non-linear yield conditions following mathematical model of load optimization
problem corresponds aforementioned formulation: find

T T
max (Tsustup ~Ty Fypp ), (2.29)
subject to
¢;=C-f; (S, +Sej)2 0, (2.30)

11



,1]T¢j:(), i =0, ,1:2,1‘,, jedJ, (2.31)
J

Fyp20, —F, >0, (2.32)
ur,min < ur,inf ’ ur,xup < ur,max . (233)

Vectors of load variation bounds Fj,/, F,,, and plastic multipliers 4 are

unknowns of the problem (2.29) — (2.33). Constraints (2.30) ensure shakedown of
structure. Displacement constraints (2.33) are similar to those in the problem
(2.19) - (2.23).

3. Optimal design of frames at shakedown 3
Frame analysis problem. The No
characteristics ~ of  frame  cross—sectional
; L : ©) O]
resistance  are  limit bending  moment

M, =0, Wp, and axial force Ny= o, A; here M, Io) M, M

W, is plastic modulus of section, A is cross—

sectional area. For cross—section with ideal @ ©

shape, linear yield conditions read (Fig 2): /N,

MO
M|+ c|N[<My,  c= ~. - GD Fig 2. Linear yield conditions
0

In the case of two forces F;, F, it should be written four inequalities of yield
condition (3.1) for each locus apex j=1,2,3,4:

9, ;=M,,-®,S,,;20, I
Sv,j:(Mev,j“‘MrwNev,j+er)Ta @, = _11 fc]; ’ 32
v=1,2,...,C, j=12,...,p. -1 —¢
Yield conditions for whole structure read
0;=My-®5,20, §,=(M, +M, N, +N, )T, jes. (33

Elastic forces S, resulted by load combination, monotonically increasing loading
or distortion can be included into yield (3.2) as follow:

0, =Mo,~D, (S, +85,)20, v=12...0, j=12..p. (34

Mathematical models of frame analysis problem are presented in Table 2.

12



Table 2. Formulations of frame analysis problems

Static formulation

Kinematic formulation

find
min 7'( S, )= min %S,TDS, ,(3.5)

find

re> sy

maxf‘?"(Sr, u,, ~)= max{—% sTDs,

) p
subject to - Z/IJT.(MO—tpsej)} (3.8)
AS,=0, G6) | 0
@;j=My-®S,;20, (3.7) | subjectto
. P
Sj:Sej+Sr for all ]EJ DS;~+Z¢T}*j_ATur:05 (39)
j=1
2,20, jeJ. (3.10)

Optimal solution S of quadratic problem (3.5) — (3.7) is unique and corresponds

to the level of dissipated energy D,,,. Optimal solution of kinematic analysis

. po,
problem formulation (3.8)—(3.10) is S*, u., A, also @p:diT 2.4; and

roo ro js
J=1

P
magnitude D, = Zi;TMO ,jeJ .
j=l
Problems of residual displacement variation bound determination. Plastic
strains @, occur in the section v when complementary slackness conditions of

mathematical programming are satisfied:

2 (Mg, -#,8,,)=0 (or 2% ,0,,=0), 4,20,veV, jeJ. (.11

Yield condition satisfied as an equality ¢=0 can become an inequality ¢ <0

during future deformation process but plasticity multiplier remains A>0. Such

behaviour of the structure can not be evaluated because of complementary
. T .

slackness conditions 4, ; @, ;=0,velV, jeJ.

Vectors of displacement bounds u, ;. , u,,, are obtained analysing all

possible loading histories F (t) Meanwhile vectors u,.,., u are such

r,sup

J— p—

approximate, safe bounds of residual displacement u,. ;, < u, -, u: sup < Up_sup -

Often there are restricted only residual displacements in optimal design problems,
then stiffness constraints (2.28) can be rewritten as follow:

u <u

u r,sup

7, min < ur,irgf' > 7, max * (312)

13



The first problem. Components U, , Uy g, i(=12,..,m of residual

displacement variation bound vectors ﬁr,W- , U,q, are obtained by solving the

following linear mathematical programming problem: find

- [a,
T =T = 12,m, (3.13)
min uri,inf
subject to
B, 1 =B,S', 120, (3.14)
i'TM,<D,,, . (3.15)

This mathematical model represents fictitious structure, i.e. system having
displacements ﬂ,’mf, ﬂr,mp, which “envelope” displacements u, of given

structure at shakedown. Vector §, and magnitude of D,,, are found according to

optimal solutions of the problem (3.8) — (3.10); M, o 1s a vector of limit moments of
fictitious structure:

]l7[0v=maxd§v(S:+S )20, veV, jeJ. (3.16)

ev,j

Elastic forces S, and matrix @° of such linear yield conditions

@;=M,—®S,;>0, which satisfy condition (3.16), are determined together with
vector ANIO . Then following equality is valid: ANIO =@ (S: + S:)

The second problem. Components u u i=12,...m of

rijinf > ri,sup

displacement variation bound vectors u u are obtained, due basic

rinf > r,sup

solution vectors of 4, =0 of strain compatibility equations B; 4, = B,.S, . Basic

variables Aj 20 compounding vector 4, =0, can be determined according to the
* -1 * . . [

formula 25 = (Bi ) B.S, . Let there would be 4, ,>0 satisfying conditions

(3.15), set of subscripts ®=1,2,...,0, is Q. Vectors of residual displacements

u, . are calculated according to the formula:
ug o=H"'2,, 0eQ. (3.17)
Vectors #, jurs Uy gy (Upjuy < U, s Wy gy S Uy g, ) are constructed by picking

components of all vectors #, ,, (® € €2) with maximal and minimal values.

14



Frame volume minimization at shakedown. Mathematical model of the
problem ( Fy,,, F,r, 6, Ly, k€K are known) reads: find

up >
min Y L, 4, , (3.18)
k
subject to
9, =M~ ®(Gi+5,)>0, (3.19)
P T p
Y il [My-0(Gars,)|=0, 2,20, a=321,, jeJ, (3.20)
j=1 j=l
A > A s kEK, (3.21)
”r,mins ur,iry" > ur,sup < Uy max - (3~22)

In the problem (3.18) — (3.22) unknowns are the cross—sectional areas A4; , k €K of
frame elements and vectors of plasticity multipliers 4,20, jeJ
(Mo =0y Wy 1= E_,(cyk,Ak), Noi =0, 4 are functions of the cross—sectional
area A4; and material yield limit &, ). Lower bounds of the cross—sectional areas

A min are included into constructive constraints (3.21). It is not difficult to

introduce elastic displacements into stiffness constraints (3.22) (see inequalities
(2.28)). Limit moments M|, influence matrixes a, f, G, H are related with

design variables A4, , k €K ; listed matrixes are recalculated during the solution

process of the problem (3.18) — (3.22).

From solution algorithm scheme (Fig3) it is possible to see that in the
beginning problem (3.18) —(3.22) is solved when stiffness conditions (3.22) are
changed into constraints corresponding to the holonomic deformation process:

u <HJ<u (3.23)

r,min 7,max *

After optimal solution of the problem (3.18)—(3.21), (3.23) is found, stricter
stiffness constraints (3.22) are verified using displacement bounds ﬂr,inf , ﬂr,su}, or

Uy inf > Wy gp - Numerical illustration is presented for frame shown in Fig 4a.

Mathematical models of frame load optimization, presented in the section
3, are constructed according to (2.29)—(2.33) and have the following objective
) _
function: max {ngp Fop=T Frpp =Y 0] [M0 —¢(G 0,+S, )]} :
J=1

Here unknowns are F,,, Fj,r and 4;, jeJ .
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Fig 3. Flowchart of the proposed solution algorithm

4. Optimal design of trusses

Evaluation of bar stability. For trusses stability conditions (besides strength
and stiffness requirements) are related with recommendations of EC3, when
admissible forces of compressive bars are obtained by reduction of their material

yield limit o, (vector of limit forces Ny (Ny;= 0,4, , k€K') is substituted by

Ny, )- Then yield conditions of discretized truss read:

Pmax = No—N, - N 20, ¢min:N0,cr+Nr+Ne,min 20. “4.1)

e,max =

Here Ny =@y Fop +@ip Fip s Nomin =@ Fiyp + @0 Fy,, are vectors of

minimal and maximal values of elastic forces; N, :(NOk )T > Noer :(NOk’cr )T ,
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Fig 4. Objects of numerical examples

Nox =0 A s Nogor =00 Ar, k€K . Ny, are calculated according to the
formulas:

1

No,erk =ONojgx> =

17
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when

o, =05(1+a(, ~02)-32), &y =B ——— [, . keK.
Ak wlEg /oy, ]

Here E; is an elasticity modulus of the 4—th bar; A, =L, /i, is bar slenderness,
where i, is the radius of gyration of the k—th bar. In the case of bar under pure
compression [, =1; value of imperfection factor a, { depends on the shape of
cross—sections and properties of applied material. Possible failure because of
stability lost is not evaluated when N .= Nj.

The problem of truss volume minimization. Project of minimum volume of

adapted truss is determined (when load variation bounds Fj,,,, Fj,, , material yield

limit 6,; and lengths L; ofall k (k €K ) elements are prescribed) by solving the

following problem: find truss of minimum volume V:ZLkAk (keK ), satisfying
k
requirements of strength, stiffness and stability.
Mathematical model of non—linear problem reads: find

min szAk R 4.3)
k

subject to

Prmax (A): NO - GQp - Ne,max 20 > @Pmin (A): NO,cr + Gap + Ne,min 20 5 (4-4)
T T

Ny =(No,k ) s Noer :(NO,k,cr) s Nox =0y A, No g or =010 A s (4.5)
A 2 Ap i > k€K, (4.6)
@p = }‘max - }“cr > (47)
lrrlrﬂlax¢max :0 H l£¢min :0 H j'max 20 ’ )“cr 20 s (48)
Uy min < ur,irgf' ’ ur,sup < Uy max - (4-9)

Unknowns are cross—sectional areas 4, , k€K of bars and vectors of plastic
multipliers A.,., 4. . Stiffness constraints (4.9) are realised via restriction of
nodal displacements. Influence matrixes e, f, H and G depend on design
variable A, , k€K . Possibility to evaluate load combinations, change of

temperature and distortions makes mathematical model (4.4) — (4.9) important for
practical design.

Load optimization problem. In mathematical model presented in
dissertation, limit axial forces N, N . and limits of residual displacements
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are prescribed. Optimal solution is F,,

u sup >

* * *
rmin> ¥ max Firgf and lmax ’ ;”cr'

Numerical examples are presented for 9—bar and 20-bar (in case of moving load)
trusses (see Fig 4b and Fig 4d).

5. Incremental structure analysis for unloading phenomenon fixation at
shakedown

Sequentially load variation field is extended in line with an arbitrary increment
not changing its form. Then mathematical model of incremental analysis problem
reads: find

.1 T
min EZ(S;«Z,I("'ASVZ/() Dk(Sr25k+ASVZk), (51)
k
subject to

T
ZAkASer :0, Aka =(Aka1,Akaz,...,Aka/,...,Akank) N (52)
k

P, = Ck‘fk/,j(scz,,kz,j + Asrzk/) 20, C=(S ). kek,

z z z-1 z z—1 .
Sc,kl,j:Se,kl,jJ'_SrZ,kl ZZASe’kI’j+AS€’k[’j +ZAS1‘,H 5 ZGL, _]GJ (53)
z z

The problem (5.1) —(5.3) optimal solution is vector of residual force increments
AS’; atthe end of z—th stage. For this problem Kuhn-Tucker conditions read:

DAS* +DS, s+ Ve 27 —Au?=0, 21p=0, 17>0, zeZ.

Plastic strain at the end of the z—th stage are calculated taking into account all
apexes jeJ ofelastic force locus:

*z z sz | T quz .
@kaZZ[V(”kI,_j (Sc,kl,j + Asrkl) j’kl,j . kekK 5 lelL s J eJ. (54)
J

T
At the end of loading process, when z=17, residual forces S;= > AS.",

z=1
displacements u and plastic strains @; are obtained.
Modified mathematical model. The mathematical model (5.1) — (5.3) can be
transformed by applying residual force influence matrix G and plastic strains

O 5 , at the beginning of the z—th stage. Then residual forces S,y =3 AS?™" are

z

px>

1

calculated by applying formula: S,y =G 0;’ . Expression of the objective

function is rewritten as follows:
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— T T —
%@;20 TDG@pan%(ASf) DAsf+(Asf) DGO,y (5.5)

. . 1
The first member of the expression (5.5) is constant 7 @;2 G¢'DG 0,5 = const

and does not influence the optimal solution AS,* of the problem (5.1)—(5.3).
Mathematical model of incremental analysis (5.1) — (5.3) obtains the form: find

(1 —
min (EAS,?TDAS,Z+AS,ZTDG@1,2J, (5.6)
subject to (5.2) and (5.3).
Optimal solution AS'* satisfies Rosen optimality criterion (Kuhn-Tucker
conditions):
DAS*+DG O, +Vp )7 —ATu=0, 1" p=0, 2720. (5.7)

About cross—section unloading phenomenon. In the section2 defined
requirements for unloading phenomenon

4>0, @=C—fi(8;)20, i=1,2,.,¢ iel. (5.8)

are taken into account by verifying the sign of plastic multiplier increments at each
calculation stage:

\WHIEVEYERS (5.9)

1

When AX% <0, unloading phenomenon is developing in the i —th cross—section.

This moment is fixed and analysis problem solution is continued in order to be sure
that unloading phenomenon really appeared in the cross—section, i.e. conditions
(5.8) are satisfied. Having fixed that, fictitious plasticity constant is introduced and
calculation process is continued.

Incremental analysis of bending plate. Mathematical model of static plate
analysis problem formulation is obtained from the problem (5.2) — (5.3),(5.6): find

min {% AMZTDAM? +AM5T1)6@,,2} , (5.10)
subject to

7l

\T
AAM? =0, AM, =(AMfk1,AM,ZkZ,...,AMfk,,...,AMfqu) . (5.11)

ZT z 2 z z z
Ou= Co— M, @Mf, 20, Co=(My ), Mj =M, +AM]
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z z z—1 z z-1
ek = Moy Moy =2 AMSy +AME y  + AM
z z
keK,leL, jeJ. (5.12)

Unknowns of the problem (5.10)—(5.12) are increments of residual moments
AM(} . After optimal solution AM? determination of each z-th loading stage,

*z

.~ are calculated.

the plastic deformations @;Z and residual displacements u

Numerical examples are presented for annular plate (Fig 4c).

Results and conclusions

1) The features of recent shakedown theory development and achievements in
field of structural optimization are shown. 2) New potential, which is provided by
connections between mathematical programming and extremum energy principles,
are shown for formulation of analysis and optimization problems of shakedown
theory and their numerical solution. 3) It is proved that residual displacements are
varying non—monotonically. Dual problems of mathematical programming can not
be applied for analysis of stress—strain state of unloading system. 4) New ways of
elastic force application in the conditions of stress state admissibility are proposed;
compatibility between continuum and discrete object of deformable body
mechanics is detailed. 5) It is determined that Haar—Karman principle is suitable
only for systems with holonomic behaviour. 6) New non-linear mathematical
models of load oriented and optimum design problems with constraints ensuring
shakedown and serviceability of structure are created. 7)It is proved that
complementary slackness condition simulates only holonomic deformation process
during shakedown of structure. Problem of adapted structure optimization is not a
classical mathematical programming problem. It is difficult to use complementary
slackness conditions when loading history is unknown. 8) Constructed
mathematical models are universal: when stiffness constraints are neglected optimal
solution is obtained according to cyclic—plastic failure, it is very easy to interpret
monotonically increasing loading. Type of cyclic—plastic collapse is identified using
complementary slackness conditions. 9) The possibility to apply strain
compatibility equations for formulation of new mathematical models of residual
displacement variation bound calculation problems is proved. Different from other
authors, who use global conditions for displacement restriction, in this work, the
possibility of using local restriction of displacements is created. 10) On the basis of
general mathematical models of analysis and optimization problems, the
optimization technique of adapted bar—structures is implemented: new non—linear
mathematical models for frames (under strength and stiffness constraints) and
trusses (with stability conditions (EC3)) optimization problems, solution algorithms
and numerical experiments are carried out. 11) Different from other authors, who
treat moving load as a separate type of load, in this dissertation such load is treated
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as a separate case of repeated load. It is proved that in such case locus of elastic
forces is non—symmetric. Optimization technique is created for trusses subjected by
moving load. 12) An algorithm for optimization problem solution which involves
holonomic elastic—plastic strain development process and allows taking into
account possible unloading phenomenon appearance at cross—sections is proposed.
The main part of the algorithm is common for both load oriented and optimum
design problems. 13) Software for non—linear problem solution (it is based on
Rosen project gradient method) is created. Rosen optimality criterion (Kuhn—
Tucker conditions) ensures compatibility of residual strains and makes possible
calculation of plastic strain and residual displacement increments without solving
dual analysis problems (it is a basis for incremental analysis). 14) Technique of
incremental analysis for unloading phenomenon fixation is created; numerical
experiment is carried out for bending plate with non-linear von Mises yield
conditions.
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TAMPRIU-PLASTINIU PRISITAIKANCIU SISTEMU
OPTIMIZACIJA SU STANDUMO IR STABILUMO SALYGOMIS

Bendroji darbo charakteristika

Tyrimy sritis ir aktualumas. Statybinés mechanikos optimizavimo
uZzdaviniai, nagrinéjami Siame darbe, yra jZanginis konstrukcijy optimalaus
projektavimo etapas, pagristas kietojo deformuojamo kiino mechanikos principais,
matematinio programavimo teorija, jos metodais ir jy mechanine interpretacija.
Norint skai¢iavimag pritaikyti realioms konstrukcijos darbo salygoms, biitina
optimizavimo uzdaviniy matematiniuose modeliuose kuo tiksliau jvertinti
konstrukcijos medziagos savybes, iSorinius poveikius ir kitus veiksnius. I§ dalies tai
pasiekiama, jvertinus medziagos plastines savybes, kuriomis pasiZymi nemaZza
statybiniy  konstrukciju, ypa¢ metaliniy. Konstrukciju skaifiavimas ir
projektavimas, jvertinant plastines deformacijas, leidzia efektyviau iSnaudoti ju
laikomaja galia ir sudaryti ekonomiskesnius projektus (disertaciniame darbe tyrimai
plétojami vadovaujantis idealaus plastiSkumo teorija). Kita vertus, realls
konstrukcijos poveikiai dazniausiai yra cikliski — Siame darbe jvertinamas ir
kartotinés kintamosios apkrovos pobudis. Apkrova Siame darbe laikoma
kvazistatine, ji nusakoma ne konkrec¢ia apkrovimo istorija, o tik virSutinémis ir
apatinémis jégy kitimo ribomis (darbe nagriné¢jama deterministiné optimizavimo
uzdaviniy formuluoté).

Kai apkrova kartotiné, konstrukcija gali netekti savo laikomosios galios, t.y.
patirti cikling plastiSkaja suirtj dél susikaupusiu per dideliy plastiniy deformaciju
arba mazaciklio nuovargio. Taciau jeigu apkrovimo pradzioje dél plastinio tekéjimo
atsiradusios liekamosios irazos kartu su kintamaja jrazu dalimi niekur neiSeina uz
leistinyjy riby, konstrukcija prisitaiko prie duotosios apkrovos ir toliau dirba tik
tampriai. Si reiskini nagringja prisitaikomumo teorija. Taikant klasikines
prisitaikomumo teorijos Melano ir Koiterio teoremas, elementariais metodais
galima analizuoti tik nesudétingy sistemy prisitaikyma. Statybos inZinerijai aktualus
bet kokio sudétingumo kartotinai apkraunamy tampriyjy—plastiniy prisitaikanciy
konstrukeijy skaiciavimas Siuolaikiniais skaitiniais metodais. Tai 1émé ir Sios
disertacijos moksliniy tyrimy krypties ir metody pasirinkima, butent tampriyjy-
plastiniy sistemy, veikiamy kintamosios kartotinés apkrovos, optimizacija su
standumo ir stabilumo sqlygomis, taikant ekstreminius energinius principus,
matematinio programavimo teorijq, skaitinius metodus ir naudojant Siuolaikines
kompiuterines technologijas. Prisitaikan¢ioms konstrukcijoms skaiciuoti skirty
mokslo darby gaus¢jimas taip pat rodo Siy tyrimy svarba. Taciau Cia itin maza
darby, skirty prisitaikanc¢ioms konstrukcijoms su standumo ir stabilumo salygomis
optimizuoti. Prisitaikanc¢iy konstrukcijy optimizavimo uzdavinius spresti sudétinga
dar ir todél, kad disipaciniy sistemu jtempiy ir deformaciju biivis priklauso nuo
apkrovimo istorijos. Disertacijoje sprendziami ne tik bendrieji prisitaikanciy
konstrukcijy analizés ir optimizavimo teorijos dalykai, pateikti ir nauji strypiniy
konstrukcijy optimizavimo metodai ir algoritmai, turintys statybos inzinerijoje ir
prakting reik§me.
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Pagrindinis darbo tikslas. Tampriyjy-plastiniy prisitaikanciy sistemy
optimizacijos teorijos tolesné plétoté, naujy skai¢iavimo metodu ir algoritmy
kiirimas. Skaitiniy eksperimenty realizavimas.

Darbo uZdaviniai: 1) atlikti prisitaikanciy sistemy Siuolaikiniy skai¢iavimo
metody analizg; 2) suformuluoti idealiai tampriuyjy-plastiniy prisitaikanciy diskreti-
niy sistemy ekstreminius energinius principus; 3) sudaryti analizés ir optimizacijos
netiesiniy uzdaviniy bendruosius matematinius modelius; 4) iSryskinti prisitaikan-
¢iy sistemy ekstreminiy optimizacijos uzdaviniy ir netiesinio matematinio progra-
mavimo teorijos sasajas; 5) atlikti strypiniy konstrukcijy optimizacija, ivertinant ju
standumo ir stabilumo reikalavimus pagal antrosios ribiniy bliviy grupés nuorodas:
projektinio ir tikrinamojo uzdaviniy matematiniai modeliai, sprendimo metodai,
algoritmai, skaitiniai eksperimentai; 6) sukurti prisitaikiusios konstrukcijos optimi-
zavimo uzdaviniy, esant neiSsamiai pradinei informacijai, sprendimo algoritma;
7) sukurti skerspjuviy nusikrovimo inkrementinés analizés metodika.

Mokslinis naujumas. 1) Atskleistos matematinio programavimo, placiai
paplitusio ekstreminiy uzdaviniy sprendimo metodo ir ekstreminiy energiniy
principy sasajy teikiamos naujos galimybés, formuluojant prisitaikomumo teorijos
analizés ir optimizavimo uzdavinius ir juos skaitiSkai sprendziant. 2) Sudaryti nauji
prisitaikanc¢iy sistemy tikrinamojo ir projektinio optimizacijos netiesiniy uzdaviniy
matematiniai modeliai su uztikrinan¢iomis prisitaikomuma ir tinkamuma eksploa-
tuoti salygomis-apribojimais. 3) Nustatyta, kad Haar-Kérman principas tinka tik
holonominés elgsenos (nenusikraunan¢ioms prisitaikymo metu) sistemoms.
4) Irodyta, kad liekamieji poslinkiai prisitaikymo metu kinta nemonotoniSkai —
nusikraunanciy sistemy itempiy ir deformacijy biivio analizei netaikytini dualieji
matematinio programavimo uzdaviniai. 5) [rodyta, kad matematinio programavimo
grieztumo salyga modeliuoja tik holonominj deformavimo procesa konstrukcijos
prisitaikymo metu. 6) Parodyta liekamyjy deformaciju darnos lygciy taikymo
galimybé, formuluojant naujus liekamyjy poslinkiy kitimo riby skaiéiavimo
uzdaviniy matematinius modelius. 7) Realizuota prisitaikan¢iy strypiniy kons-
trukcijy optimizavimo metodika: sudaryti nauji rémy, atsizvelgiant i ju stiprumo ir
standumo, o santvary — dar ir { stabilumo (EN3) salygas, uzdaviniy netiesiniai
matematiniai modeliai, sprendimo algoritmai, atlikti skaitiniai eksperimentai.
8) Sukurta metodika santvaroms, veikiamoms judamosios apkrovos, optimizuoti
(projektinis ir tikrinamasis aspektai). 9) Sukurtas prisitaikanciy konstrukciju
nusikrovimo fiksavimo inkrementinis metodas, atliktas lenkiamosios plokstés su
Mizeso netiesine takumo salyga eksperimentinis skai¢iavimas.

Darbo aprobacija ir publikacijos. Pagrindiniai disertacinio darbo tyrimo
rezultatai aptarti deSimtyje moksliniy techniniy konferencijy. Disertacijos tema
publikuota trylika mokslo darbu, i$ ju Sesi — recenzuojamuose periodiniuose mokslo
leidiniuose, penki — tarptautiniy ir du — respublikiniy konferenciju pranesimy
leidiniuose.
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Darbo apimtis. Lietuviy kalba parasyta disertacija sudaro jvadas, penki atskiri
skyriai, i§vados, literatliros ir disertacijos autorés publikacijy sarasai. Disertacijos
tekstas pateiktas 131 puslapyje, tekste yra 36 paveikslai, 10 lenteliy.

Disertacijos turinys

Prisitaikanciy sistemy skaic¢iavimo metody apzvalgai skirtas pirmasis skyrius,
svarbi jo dalis yra lyginamoji prisitaikomumo buvio poslinkiy skai¢iavimo metody
analizé. Darbe rezultatai pateikti laikantis tokio principo: i§ pradziy pateikiami opti-
mizacijos uzdaviniy bendrieji matematiniai modeliai (2 skyrius), véliau jie taikomi
prisitaikiusiy rémy (3 skyrius) ir santvary (4 skyrius) optimizacijai, atsizZvelgiant {
kiekvienos konstrukcijos specifika, taciau i§laikant metodologing vienove.

Antrajame skyriuje sudarytieji analizés ir optimizacijos uzdaviniy
matematiniai modeliai remiasi kietojo deformuojamo kiino mechanikos
ekstreminiais energiniais principais. Tuo atveju matematinio programavimo teorija
padéjo formuluoti sudétingy plastiSkumo teorijos konstrukcijy prisitaikomumo
uzdaviniy matematinius modelius ir juos iSsprgsti  skaitiniais metodais.
Prisitaikiusios prie ciklinés apkrovos konstrukcijos lickamosios jrazos, poslinkiai ir
deformacijos, nenagrinéjant apkrovimo istorijos, randami sprendziant dualigsias —
stating ir kinemating — analizés uzdavinio formuluotes. Strypinés sistemos
pavyzdziu parodyta, kad tikruosius liekamuosius poslinkius pagal dualyji
matematinio programavimo uzdavini galima apskaiCiuoti tik tuo atveju, kai
prisitaikymo metu konstrukcijos skerspjiviai nusikrauna (tada ir liekamieji
poslinkiai prisitaikymo metu kinta monotoniskai). Antrasis skyrius baigiamas
optimizacijos uzdaviniy matematiniy modeliy analize, kuria parodyta, kad Sie
uzdaviniai néra klasikiné netiesinio matematinio programavimo problema:
standumo salygos suponuoja ne visos pradinés informacijos apribojima.

Treciasis ir ketvirtasis skyrius skirti rémams ir santvaroms optimizuoti.
Matematinio programavimo grieZtumo salyga neleidzia jvertinti skerspjaviy
nusikrovimo reiskinio: liekamyjy poslinkiy kitimo riboms skaiiuoti disertacijoje
sukurtas fiktyviosios konstrukcijos metodas, jo pagrindu sudarytas tiesinio
programavimo uZdavinys. Jo sprendimo rezultatai itraukiami | pagrindinio
optimizacijos uzdavinio salygas. Sudaryti nauji rémy, atsizvelgiant | stiprumo ir
standumo bei santvary, atsizvelgiant dar ir | stabilumo (EN3) salygas, uzdaviniy
netiesiniai matematiniai modeliai, sprendimo algoritmai, atlikti detaltis skaitiniai
eksperimentai. Ketvirtajame skyriuje sukurta metodika santvary, veikiamy
judamosios apkrovos optimizacijai.

Prisitaikanciy sistemy nusikrovimo inkrementinei analizei skirtas penktasis
skyrius — Cia vél griztama prie bet kokio sudétingumo konstrukcijos analizés
galimybés, skaitiniam eksperimentui pasitelkus zieding lenkiamaja plokstg su
Mizeso takumo salyga.

Pagrindiniai darbo rezultatai ir iSvados
1. Atskleisti Siuolaikinés prisitaikomumo teorijos plétros bruozai ir idirbis
konstrukciju optimizavimo srityje.
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10.

11.

12.

ISryskintos matematinio programavimo ir ekstreminiy energiniy principy sasaju
teikiamos naujos galimybés, formuluojant prisitaikomumo teorijos analizés ir
optimizavimo uzdavinius ir juos skaitiSkai sprendZziant.

Irodyta, kad liekamieji poslinkiai prisitaikymo metu bendruoju atveju kinta
nemonotoniSkai — nusikraunanciy sistemy jtempiy ir deformacijy biivio analizei
netaikytini dualieji matematinio programavimo uzdaviniai.

Pasitlyti nauji tampriujy iraZy panaudojimo jtempiy biivio leistinumo (takumo)
salygose variantai, detalizuotas kietojo deformuojamo kiino mechanikos
kontinualiy ir diskretiniy objekty suderinamumas (idealios formos skerspjiivis).
Nustatyta, kad Haar-Karmén principas tinka tik holonominés elgsenos
sistemoms.

Sudaryti nauji prisitaikanciy sistemy tikrinamojo ir projektinio optimizacijos
netiesiniy uzdaviniy matematiniai modeliai su uztikrinan¢iomis prisitaikyma ir
tinkamuma eksploatuoti salygomis-apribojimais.

[rodyta, kad matematinio programavimo grieztumo salyga modeliuoja tik holo-
nominj deformavimo procesa — prisitaikiusios konstrukcijos optimizavimo
uzdavinys néra klasikinis matematinio programavimo uzdavinys. Sunku naudo-
tis grieZtumo salygomis, kai apkrovimo istorija neZinoma arba nenagrinéjama.
Sudarytieji uzdaviniy matematiniai modeliai universaliis: atsisakius standumo
(dazniausiai {linkiy) apribojimy, gaunami optimalils sprendiniai pagal cikling
plastiSkaja suirtj, labai paprasta interpretuoti vienkart¢ apkrova. Ciklinés
plastiSkosios  suirties tipas identifikuojamas, pasitelkus matematinio
programavimo grieztumo salyga.

[rodyta liekamujy deformacijuy darnos lygciy taikymo galimybé, formuluojant
naujus lickamyju poslinkiy kitimo riby skai¢iavimo uzdaviniy matematinius
modelius (riby uzdavinys yra sudétiné optimizacijos uzdavinio dalis). Skirtingai
nuo kity autoriy, naudojanciy globaling poslinkiy ribojimo salyga, darbe sukurta
lokaliné poslinkiy ribojimo galimybeé.

Bendryjy analizés ir optimizavimo uzdaviniy matematiniy modeliy pagrindu
realizuota prisitaikanciy strypiniy konstrukcijy optimizavimo metodika: sudaryti
nauji rémy, atsizvelgiant { juy stiprumo ir standumo, o santvary — dar ir |
stabilumo (EN3) salygas, uzdaviniy netiesiniai matematiniai modeliai,
sprendimo algoritmai, atlikti skaitiniai eksperimentai.

Judamoji apkrova disertaciniame darbe, skirtingai nuo kity autoriy, iSskirianc¢iy
ja 1 atskirg apkrovy rusi, traktuojama tik kaip atskiras kartotinés apkrovos atve-
jis. [rodyta, kad tampraus irazy sprendimo hodografas tuo atveju biina nesime-
triSkas. Sukurta santvary, veikiamuy judamosios apkrovos, optimizavimo
metodika.

Sudarytas optimizacijos uZdaviniy sprendimo algoritmas, apimantis tiek
holonominj tampriyjy-plastiniy deformacijy vystymosi procesa, tiek leidziantis
atsizvelgti | galima skerspjiiviy nusikrovimg. Pagrindiné algoritmo dalis yra
bendra ir patikrinamajam, ir projektiniam uzdaviniui.
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13. Sukurta netiesiniy uzdaviniy sprendimo programa (Rozeno algoritmas). Rozeno
optimalumo kriterijus (Kuno ir Takerio salygos) uztikrina liekamuyju
deformacijuy darng ir leidzia skaiciuoti plastiniy deformacijy bei liekamyju
poslinkiy  prieaugius, nesprendziant analizés dualiyjuy  matematinio
programavimo uzdaviniy — pagrindas inkrementinei prisitaikomumo analizei.

14. Sukurtas prisitaikanc¢iy konstrukciju nusikrovimo fiksavimo inkrementinis
metodas, atliktas lenkiamosios plokstés su Mizeso netiesine takumo salyga
eksperimentinis skai¢iavimas.

Konstrukeijy, patirian¢iy kintamus kartotinius mechaninius ir kitus poveikius,
stiprumo, standumo ir stabilumo problemy sprendimas glaudziai susietas su
prisitaikomumo teorija. Sia teorija veiksmingai naudoti dar ir dabar trukdo
nepakankama matematiné kai kuriy uzdaviniy formalizacija ir nenuoseklus
matematinio programavimo teorijos ir jos metoduy panaudojimas. Disertaciniame
darbe sukurta bendra tampriyjy-plastiniy prisitaikan¢iy sistemy optimizacijos su
standumo ir stabilumo salygomis, taikant ekstreminius energinius principus,
matematinio  programavimo teorija, skaitinius metodus ir Siuolaikines
kompiuterines technologijas, metodika. Visos darbo teorinés iSvados ir pasitlytos
metodikos iliustruotos skaitiniais pavyzdZiais.
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