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INTRODUCTION

An acceptable, i.e. standardized in codes reliability is managed non-directly using partial

safety factors (PSF) method and applying current Design Values (DV) codes of design and

evaluation of existing elements.

In Direct Probabilistic-Statistic (DPS) codes nor partial safety factors, nor design values are

used. The reliability is managed directly applying models of probability theory and mathematical

statistics. A design and existing elements evaluation criteria in DPS codes is chosen standardized

in DV codes reliability of resistance, for example, strength, stiffness.

Standardized in DV codes reliability of safety is investigated in details, what cannot be

stated about reliability of stiffness. It is not so widely studied.

The aim of the master’s degree thesis is to generalize the determination of stiffness

reliability standardized in different countries DV codes and international DV codes of flexural

reinforced concrete elements.

The generalization is based on unification and probabilistic calculation of standardized

stiffness reliability of short-term and long-term stiffness deterministic models, applied in different

DV design codes of flexural reinforced concrete elements.
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1 THE CRITERIA OF STIFFNESS DESIGN OF REINFORCED CONCRETE

ELEMENTS

1.1 THE SAFETY AND SERVICEABILITY STANDARDIZED RELIABILITY

DEPENDENCE ON DAMAGE IN CASE WHEN LIMIT STATE TAKES PLACE

The standardized reliability is chosen such that the sum of the initial investments for the

element manufacture and erection and the losses due to limit state occurrence will be minimal

taking into account different time period of these expenditures. These expenditures sum is

expressed [1]:

( ) ;,0,0 ααα αα ⋅+=+⋅+= CCCCC AAA         (1.1.1)

here

AC ,0   – initial investments needed for the element reliability assurance and which depend on

material consumption, for example on element cross-sectional area A;

αC   – losses due to limit state occurrence, for example due to structure or equipment destruction

or concession interruption (economic losses), hazard to people (social losses) which may be

expressed in money, i.e. as economic losses, taking into account insurance payments;

Aα  – probability of limit state occurrence due to insufficient cross-sectional area factor A;

α  – probability of limit state occurrence due to human mistakes in design, construction and

use of structure, A ααα += .

Table 1.1.1 The average human failure rate

Nr. A form of activity, where the mistake occured
Rate in

Europe, %

Rate in

Lithuania, %

1 Design 25 7

2 Structure manufacturing and construction 45 63

3 Exploitation 8 7

4
External influence (differential and large

foundation setting and slip, elements overloading)
15

5 Other mistakes 7

23
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The average human failure rate is determined based on different European countries

authors received data, also Lithuanian Inspection of Construction data received during the forty-

year period.

The expenses corresponding to summands from Table 1.1.1 take place at different time

intervals, so they are calculated at the beginning or at the end of structure working life, taking into

account the construction borrowing rate. As the example, in case of 10 % annual interest rate and

50 years of structure life cycle, calculating the expenses at the end of structure working life the

AC ,0  investments are multiplied by the coefficient 117.

10 -510 -410 -310 -2

0.999990.99990.9990.99

0

Total expenses
Expenses,

Lt

Manufacture
(construction) expenses

Losses and damage due
to limit states

Optimal (standardized)
reliability

a
P=1-a

Fig. 1.1.1 Optimal codified reliability of structural elements margin of strength

It is possible to determine optimal values of α  and α−= 1P , i.e., standardized reliability

by minimizing the expenses and requiring the following condition to be fulfilled [1]:

min,,0 →+ ααCC A            (1.1.2)

This procedure called economical-social reliability optimization is shown in Fig.1.1.1.
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Fig. 1.1.2 The α  limit state probability dependence on ACC ,0/αλ α=  relative damage due to limit state

occurrence; αC , α , AC ,0  – values according to (1.1.1); RC1, RC2, RC3 – element reliability classes

The standardized α  values dependence on λ  relative damage due to limit state occurrence

for simple elements, for example beams, columns is shown in Fig. 1.1.2. The reliability

differentiation from design values design codes is shown there, which is performed applying

different partial safety factors for loads and for materials. Often these coefficients for serviceability

limit state group are equal to unit and for ultimate limit state group coefficients are larger than unit,

they are within the interval 1.15÷1.5. So, using these factors the average serviceability and safety

reliability differentiation is done. The reliability difference for RC1, RC2, RC3 elements reliability

classes, which depend on element importance, is obtained applying additionally 0.9, 1.0, 1.1 Kf

coefficient.

 It is determined that Aαα 10≈ , see Fig. 1.1.3 (a). Moreover, when increasing the element

factor A, for example cross-sectional area, by 10%, the Aα  for ordinary elements decreases

approximately by 30%. And when α  value is not changed (because the α does not depend on

Aα , but depends on human mistakes control and application of preventive measures), the α  sum

of limit state probability decreases only about 3% according to (1.1.1), i.e. changes of α  value are

negligibly small (see Fig. 1.1.3, (b)). So, the wide spread opinion, that it is possible to decrease the

limit state probability by increasing the element cross-sectional area, is wrong. Another method of

decreasing the α  limit state probabilty sum is more effective – it is the decreasing of α  value. It
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is determined that if the funds, allocated for 10 % increment of factor A, are addressed for decrease

of α , for example by strengthening human mistakes control and preventive measures at all

structure construction and exploitation stages, the value of α  will decrease about 40 %. As the

result, the α  sum of limit state probability will decrease about 30 %, i.e. it will decrease 10 times

more than in alternative case of decrease of Aα  factor (see Fig. 1.1.3, (b) and (c)).

Fig. 1.1.3 The component parts of limit state risk: Aα  ir α – depending on structural material consumption, for

example on cross-sectional area A and on applying human errors management and preventive

measures; α – the sum according to (1.1.1) A ααα += ; a – standard environmental conditions, b

– when the funds are directed to increase the cross-sectional area A, c – when the same funds are

directed to make the human errors management and preventive measures stricter



15

Table 1.1.2 The data of annual fatalities calculated for 3.4 mln citizens

Type of fatality In West countries
In Lithuania

(for 2005 year)

1 Road accidents 918 892

2 Fallings 340 592

3 Fire and explosions 126 207

4 Accidents in water 98 389

5 Lightning stroke 0.3

6 Poisonous envenomations 0.2

7 Structure collapse during exploitation 0.7 0.6

8 Diseases (human of 15-45 age) 2470 3840

9 Murder 314

10 Suicide 1317

It is assumed, that the variable load partial safety factor should be increased up to 1.5

instead of the value of 1.3 restricted in STR code. But only developed EU countries are able to

afford this. The example could be Sweden, but in Sweden design codes for all variable loads the

partial safety factor is 1.3 and this is explained so, that to increase this coefficient it will cost for

Sweden several hundred millions euro. Taking into account the small influence of component Aα

of (1.1.1) expression decrement to the total element reliability and a relatively small number of

human fatalities in structures in comparison with fatalities from other accidents (see Table 1.1.2),

there was selected the same coefficient 1.3 in STR as in Sweden codes. It was considered to pay

more attention to decrease of the component α  in (1.1.1) expression, i.e. to strengthen human

mistakes control and preventive measures.
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1.2 THE ECONOMICAL OPTIMIZATION OF SAFETY AND SERVICEABILITY

RELIABILITY ACCORDING TO R. RACKWITZ

It is proposed [2] to use optimization for assessing targets with special reference to

earthquake resistant design. In particular, a distinction was made whether failure would occur upon

construction or never and at ‘‘large random disturbances’’ only. A second distinction was made

with respect to the reconstruction policy. In the extremes there are just two: no reconstruction after

failure and systematic reconstruction or repair after failure, respectively. Whereas it is true that

both types of failure should generally be considered depending on the type of loading on the

structure the matter of reconstruction policy was apparently overlooked in the past. In fact, for

almost all civil engineering structures systematic rebuilding after failure, be it caused by extreme

loading, bad construction, fatigue, other deterioration, loss of serviceability, or by demolition after

obsolesce, is mandatory, at least ideally because buildings serve the user and society. Optimization

for one ‘‘mission’’ is thinkable for certain construction operations only.

A suitable optimization scheme will be proposed. It will be demonstrated that failure rates

rather than time-dependent failure probabilities are the basis for setting up safety targets. Important

conclusions will be drawn with respect to code making, in particular when assessing safety targets

and when deriving partial safety factors for practical use.

According to Rosenblueth and Hasofer’s treatment it is assumed that the objective function

of a structural component is

)()()()( pDpCpBpZ −−= ,          (1.2.1)

B(p)  – the bene t from the existence of the structure,

C(p)  – the construction cost,

D(p)  – the expected damage cost,

p  – a design parameter vector.

Without loss of generality all quantities will be measured in monetary units. Statistical

decision theory dictates that the expected values for B(p), C(p) and D(p) have to be taken. B(p), in

general, will be unaffected or slightly decrease with each component of p but this will be neglected
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without substantial error so that B = B(p). C(p) increases with each component of p under normal

circumstances. Frequently, it can be approximated by ∑+≈ ii pcCpC 0)( . 0C  are those costs

which do not depend on p. In general, there is ∑>> ii pcC0 . D(p) decreases with p in some

fashion. For each involved party, i.e. the builder, the user and the society, Z(p) should be positive.

Otherwise one should not undertake the realization of the structure. This is illustrated in Fig. 1.2.1.

Bene ts, cost and damages are not necessarily the same for all involved parties. Therefore, the

intersection of the domains where Z(p) is positive is the domain of p, which makes sense for all

parties.

In general, the cost components have to be taken into account in an overall economical

consideration such as violations of the serviceability conditions and fatigue and other deterioration

usually implying immediate repair but also obsolesce. Also, many structures are inspected more or

less regularly. For simplicity the objective function now is written as

),()()()()()(*)( pDpApMpUpIpCBpZ −−−−−−=      (1.2.2)

where

)( pU   – is associated with serviceability failures,

)( pM  – with fatigue and other aging failure,

)( pA   – with obsolesce,

)( pD  – the expected cost for ultimate limit state failure. It is assumed that different failure types

do not interact,

)( pI   – all inspection and resulting maintenance cost.

First of all, the optimal solution for building facilities with or without a systematic

rebuilding policy is based on failure intensities and not on time-dependent failure probabilities. It

is neither necessary to de ne arbitrary reference times of intended use nor is it necessary to

undertake the complicated task to compute rst passage time distributions. No table of

recommended reference times of usage of structures is needed. The same targets, in terms of

failure rates, can be set for temporary structures and monumental buildings, given the same

marginal cost for reliability and failure consequences. Nevertheless, it is necessary to de ne a time
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unit. For civil engineering facilities this is no doubt one year in consideration of the length of their

life cycles. Other choices are possible provided that the failure intensities are small and much

smaller than the interest rate. Also, the optimum design parameters are independent of assumed,

highly variable lifetimes. This does not mean that lifetime aspects, especially in case of fatigue and

other deterioration, are ignored. Here, design must be directly for mean failure times which are

sufficient to derive the corresponding asymptotic renewal densities to be checked against target

failure rates.

Fig. 1.2.1 Cost and bene t over design parameter p

On the basis of optimization studies an attempt is made to design a table of target values to

be used in practice as an alternative to similar tables in codes.

The proposed values agree with values proposed in the industry with high damage potential

and elsewhere for accidental situations (for example, the so-called safe shut down earthquake has a

return period of 10 000 years and the resulting return period of failure will be yet smaller). The

‘‘no safe shut down situation’’ would require a still smaller failure rate. For normal office, housing

and industrial buildings the marginal cost for reliability are very small. One therefore could argue

to lower the failure rate down to 10-5. The targets for serviceability limit states appear rather

conservative. Present practice appears to accept larger risks. The values are also compatible with
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the yearly risk for life and limb set in ISO 2394 as )(/10 6 FDPP −<  where )( FDP  is the

probability of a person being killed given that the structure collapses. The values in the table have

been set for structural components (failure modes). For structural systems they are meant for the

structural component dominating structural failure. If there are many components of the same

importance or many equally likely failure modes with comparable failure consequences the values

in the table have to be suitably lowered.

Table 1.2.1 Proposed target failure rates

Safety limit state failure

Expected failure consequences

Relative effort to achieve reliability Insignificant Normal Large

High 2.3   (10-2) 3.1   (10-3) 3.7   (10-4)

Normal 3.1   (10-3) 3.7   (10-4) 4.3   (10-5)

Low 3.7   (10-4) 4.3   (10-5) 4.7   (10-6)

Serviceability limit state failure

High 1.3   (10-1)

Normal 1.7   (5 10-2)

Low 2.3   (10-2)

Others than failures by ‘‘rare disturbances’’ include serviceability failures, fatigue failures

and ultimate limit state failures but also obsolesce. It is proposed that for almost all civil

engineering facilities the only reasonable reconstruction policy is systematic rebuilding or repair. It

is found that the failure rate (failure intensity, renewal density) is the decisive criterion for setting

up safety/reliability targets for high reliability structures. This is approximately true also for ‘‘one

mission’’ structures. Structures should be optimal. A general objective function is proposed. Tools

for its maximization in a rst order sense are presented. The principles of reliability veri cation

but also of reliability-based design are illustrated. Given codi ed admissible failure rates, for

example, related to one year, it is possible to derive partial safety factors so that a full probabilistic

analysis is in complete correspondence with a deterministic partial safety factor design. An

exception is fatigue and other deterioration where a more direct approach is necessary.
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1.3 THE PROBABILISTIC MEANING OF CHARACTERISTIC AND DESIGN

VALUES OF PERMANENT AND VARIABLE LOADS

To insure the needed marginal resistance of structural elements, the smallest design values

of material or soil strength and the largest design values of loads are used.

 The variable load is represented not only by characteristic, but also by other representative

values in designing and evaluating of safety and serviceability limit states. The graphical

interpretation of these values of the loading is shown in Fig. 1.3.1. The kF  characteristic value is

the main representative value of the load. The other representative values are determined by

multiplying kF  by 0ψ , 1ψ , 2ψ , which values are less than unit. The combinative value represents

the maximum of action effect occurrence of combination of two and more variable loads of the

same probability as one load. The frequentative value represents such value of variable load, which

the structure would be acted during the greatest part of T exploitation period, and the value larger

than the frequentative value would act small part of T period or its exceeding frequency would be

limited up to determined value. The quasi-permanent load represents such variable load, which is

acting the largest part of T exploitation design period. The mentioned representative values are

determined, i.e. the coefficients 0ψ , 1ψ , 2ψ  are selected in codes, by the probabilistic analysis of E

action effect from one variable load and from combination of several variable loads.

Fig. 1.3.1  The graphical interpretation of loading F(t) values
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2 CALCULATION OF ULTIMATE DEFLECTIONS OF REINFORCED

CONCRETE ELEMENTS USING DETERMINISTIC MODELS OF DIFFERENT

DESIGN CODES

2.1 INTRODUCTORY REMARKS

The aim of this chapter is to calculate deflection of bending reinforced concrete beam

under the action of distributed load according to STR 2.05.05:2005 [3], EN1992-1:2004 [4],

ACI318-2005 [5], SP 52-101-2003 [6] design codes. The obtained results will further be used for

determination of flexural reinforced concrete element reliability of stiffness. The following

iterative scheme will be applied:

Step 1

The permanent and variable load values are selected. The necessary condition is that the

ratio of permanent to variable load is 1/ =kk qg . Then according to the certain code the normal

section strength condition is checked and the reinforcement minimal cross-sectional area is

determined. Because of the system and random errors of calculations offered in design codes of

different countries, the required reinforcement area calculated using two different design codes can

differ even in case when the loading values are the same. The structural scheme of element under

investigation is shown in Fig. 2.1.1.

 l = 5.0 m

q

g

Fig. 2.1.1 The beam structural scheme when 1/ =kk qg

Step 2

Because the element is quite short, it can be assumed another way of how the failure may

develope. It is possible that the reinforced concrete beam under the bending action of distributed

load will crack before the ultimate deflection will be reached. The cracking moment needs to be



22

determined and the condition of cracks occurence has to be checked. However, the section will

probably be cracked.

Step 3

The previous step results will determine the further calculations. If the section is uncracked,

then there will be one way of deflection determination, and if the section is cracked, then the

deflection calculation procedure becomes more difficult. The deflection is calculated according to

the selected procedure. The value of deflection has to be such, that the difference between the

ultimate deflection wult and calculated deflection w will be negligibly small ( %2± ). Otherwise the

procedure continues in Step 1 and using iteration the values of loads kg  and kq  are chosen.
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2.2 DESIGN ACCORDING TO STR 2.05.05:2005 CODE

Initial data

The 5 meter-long beam is simply supported. The cross-section is: h = 360 mm, b = 200

mm. Concrete class is C20/25, reinforcement class is S400. The material properties are selected

according to the requirements of [3] Code, for the further calculations will be also used [7] Code.

The structural scheme of the element is shown in Fig. 2.1.1.

Characteristics of concrete C20/25 ([3], Chapter VII, subchapter I, Table 5):

GPaEcm 30=   – modulus of elasticity of concrete;

MPafck 20=   – characteristic value of compressive strength of concrete;

MPafcd 12=   – design value of compressive strength of concrete.

Characteristics of reinforcement S400 ([3], Chapter VII, subchapter II, Table 8):

GPaEs 200=  – modulus of elasticity of steel;

MPaf yk 400=  – characteristic value of tensile strength of steel;

MPaf yd 365=  – design value of tensile strength of steel.

Effective beam depth is d = 333 mm. Characteristic value of permanent load is '/5 mkNgk = ,

characteristic value of variable load is '/5 mkNqk = .

Design values of loadings ([7], Appendix 10, Table 2):

'/75.635.15 mkNgg Gkd =⋅=⋅= γ ;

'/5.63.15 mkNqq Qkd =⋅=⋅= γ .

Gγ   – partial safety factor for permanent load;

Qγ   – partial safety factor for variable load.
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2.2.1 CHECKING THE STRENGTH CONDITION

The selection of longitudinal reinforcement in rectangular section is performed using the

following algorithm. When the longitudinal reinforcement is in tensile zone, then As2 = 0.

The design concrete strength ([3], Chapter VII, subchapter I, expression 7.4):

MPaff 12
5.1

2019.0cckcccd =⋅⋅=⋅⋅= γαα ;

αcc and α – coefficients:

αcc = 1.0,

α = 0.9 – when in the structure the rectangular shape stress distribution diagram is evaluated and

characteristic strength of the concrete is ≤ 50 MPa,

fck  – characteristic strength of the concrete,

c  – reliability coefficient. For reinforced concrete structures 5.1c =γ .

Determination of ξlim. For this calculate the characteristics of the concrete compressed zone

ω  (Chapter VIII, subchapter II, Paragraph 72):

754.012008.085.0008.0 cd =⋅−=−= faω ;

a   – coefficient evaluating the type of the concrete. For heavy concrete 85.0=a ,

fcd  – design strength of the concrete.

Determination of relative height ξlim of the element compressed zone:

586.0

1.1
754.01

400
3651

754.0

1,1
11

lim,sc

lim,s
lim =







 −+

=








−+

=
ω

σ
σ

ω
ξ ;

lim,sσ  – stresses in the reinforcement taking into account yielding strength of the reinforcement,

lim,scσ  – limit stresses of the reinforcement in the compressed zone,
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use MPa500lim,sc =σ .

The strength condition has to be satisfied (Chapter VIII, subchapter III):

EdEd
2

cdRd MdbfM ≥⋅⋅⋅= µ .

The design value of the bending moment:

( ) ( ) MNmkNmlqgM dd
Ed

3
22

104.414.41
8

0.55.675.6
8

−⋅==
⋅+

=
⋅+

= .

The coefficient evaluating the compression zone of the cross-section:

156.0
333.0200.012

104.41
2

3

2
cd

Ed
Ed =

⋅⋅
⋅

==
−

bdf
M

µ .

Determination of relative height ξ  of the element compressed zone:

170.0156.0211211 Ed
eff

eff =⋅−−=−−== µξ
d

x .

Because the condition ξeff ≤ ξlim is satisfied, then

effcd1syd ξdbfAf = ;

24

yd

effcd
1s 1072.3

365
170.0333.0200.012 m

f
dbfA −⋅=

⋅⋅⋅
==

ξ .

I take 3∅14 (As1 = 462 mm2 = 4.62·10-4 m2).
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Fig. 2.2.1 The structural scheme of the normal section strength of bending element of the rectangular cross-

section

The strength of the element is enough, when the condition MEd ≤ MRd is satisfied. It is taken

that the element is not under-reinforced, if the condition ξeff ≤ ξlim is satisfied, then its strength is

calculated so:

( )effeffcdEd 0.5xdxbfM −⋅⋅≤ .

The depth of the compressed zone xeff  is caculated so:

effcd1syd xbfAf ⋅= ;

m
bf
Af

dx 0703.0
200.012

10462365 6

cd

1syd
effeff =

⋅
⋅⋅

=
⋅

⋅
==

−

ξ ;

( ) ( ) MNxdxbf 0503.0333.00703.0200.012 =⋅−⋅⋅⋅=−⋅⋅ 0.07030.50.5 effeffcd .

kNkN 4.413.50 >  it means .MM EdRd >

Because the resistance of the section is larger than the load action, the strength is enough.
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2.2.2 CHECKING THE CRACKING CONDITION

The condition crMM >  is checked according to [3], Chapter XIV, Subchapter I. If it is

satisfied, it means the element will crack.

M  – the design value of the bending moment acting in the section,

crM  – the cracking moment.

Geometrical characteristics of the effective cross-section:

0751.01062.467.6360.0200.0 4
1 =⋅⋅+⋅=+= −

seceff AAA α  m2;

67.6
1030
10200

3

3

=
⋅
⋅

==
cm

s
e E

E
α ;

34 013.0027.01062.467.6180.0360.0200.0 mSeff =⋅⋅⋅+⋅⋅= − .

The distance from the bottom to centre of gravity:

174.0
0751.0
013.0

===
eff

eff
sc A

S
y  m.

The distance from the reinforcement to centre of gravity:

147.0027.0174.01 =−=sy  m,

.m1044.8147.01062.467.6
12

360.0200.0 4424
3

2
11

−− ⋅=⋅⋅⋅+
⋅

=⋅⋅+= sseceff yAII α

Cracking moment

ctkplcr fWM = ,

3
4

1049.8
174.0

1044.875.175.1 −
−

⋅=
⋅

⋅=⋅=⋅=
sc

eff
effpl y

I
WW γ  m3.

Then kNmMNmM cr 7.120127.05.11049.8 3 ==⋅⋅= − .

kNmkN 7.124.41 >  it means crr MM > . This means that the cracks will appear in the tensile zone.
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2.2.3   DETERMINATION OF LOAD CORRESPONDING TO ULTIMATE DEFLECTION

wult

The curvature of the bending element, in case when in the tensile zone there are cracks ([3],

Chapter XIV, Subchapter IV):

( ) 1ss

stot

mc,f

c

1ss

s1
AEd

N
EdbAEzd

M
r

ψ
ξϕ

ψ
⋅−













+
+= ,

M   – the bending moment from the loads about the centre of tensile reinforcement;

spd ePMM ⋅±±= 1 .

z  – the lever arm of the forces;

ψs  – the coefficient which takes into account the work of the compressed concrete in the

cracked zone;

ψc  – the coefficient which takes into account the compressed concrete layer deformations and

it is equal 1.0 for all concrete classes;

ξ  – relative height ξlim of the element compressed zone;

v  – the factor, which evaluate compressed concrete elasto-plastic deformations, 45.0=ν ([3],

Chapter XIV, Subchapter IV, Table 26);

Ntot  – axial forces;

0
1ss

stot =⋅
AEd

N ψ  – for flexural elements.

The total curvature of the element when the tensile zone is cracked:

321

1111






+






−






=

rrrr
,

here

1

1








r
  – the curvature from the action of short term loadings;
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2

1








r
  – the curvature from the action of short term permanent and quasi-permanent loadings;

3

1








r
  – the curvature from the action of long term permanent and quasi-permanent loadings.

The curvature from the action of short term loadings

( )

( )

[ ] ,
mm

1103.610980.4100195.11.415

45.0100.3333200201.00
9.0

4621000.2
942.0

5.299333
10414.0

1

698

45

8

11

−−− ⋅=⋅+⋅⋅=

=







⋅⋅⋅⋅⋅+

+
⋅⋅⋅

⋅
=

=












⋅⋅⋅+
+

⋅⋅
=








νξϕ
ψψ

cmwf

c

ps

s

EdbAEzd
M

r

ψc  = 0,9  – the coefficient which takes into account the compressed concrete layer

deformations ([3], Chapter XIV, Subchapter IV, Paragraph 184);

ν  = 0.45  – the factor, which evaluate compressed concrete elasto-plastic deformations.

The design value of bending moment:

( ) ( ) MNmkNmlqgM dd
Ed

3
22

104.414.41
8

0.55.675.6
8

−⋅==
⋅+

=
⋅+

= .

Determination of relative height ξlim of the element compressed zone:

( ) ( ) 201.0

67.600694.010
00933.0518.1

1

10
51
1

=

⋅⋅
+⋅+

+
=

⋅⋅
++

+
=

eαρ
λδ

β
ξ ,

where

β = 1.8 ([3], Chapter XIV, Subchapter IV, Paragraph 185).
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The reinforcement factor of the section:

( ) ( ) 00694.0
333.0200.0

1062.4 4
1 =

⋅
⋅

=
⋅

=
−

db
Asρ .

The coefficient δ :

0933.0
20333.0200.0

0414.0
22 =

⋅⋅
=

⋅⋅
=

ckw fdb
M

δ .

The coefficients fϕ  and λ :

( ) ( )
0

0
2

0
2 2

=
⋅







 ⋅+⋅−

=
⋅







 +−

=
db

bb

db

Ahbb

w

e
weff

w

s
e

fweff

f
ν

α
ν

α

ϕ ,

0
333

010
2

1 =





 −⋅=








−=

d
h f

fϕλ .

The lever arm of the forces:

( ) ( ) 5.299
201.002

201.00
333
0

1333
2

1
22

=
















+

+⋅
−⋅=



















+

+⋅
−=

ξϕ

ξϕ

f

f
f

d
h

dz  mm.

The factor which takes into account the tensile reinforcement deformations:

,0.1942.0308.0125.125,1 <=⋅−=⋅−= mss ϕϕψ l  I take 942.0=sψ ,

where

ϕ s =1.0,

308.0
0414.0

1049.85.1 3
1 =

⋅⋅
=

−

⋅
=

−

rpr

plctk
m MM

Wf
ϕ .
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The curvature from the action of short term permanent and quasi-permanent loadings

( )

( )

[ ] .
mm

11075.4107667.410394.957.335
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s

EdbAEzd
M
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The design value of bending moment from quasi-permanent load:

( ) ( ) kNmlqgMM dd
Egd 3.33

8
0.55.66.075.6

8

22
2 =

⋅⋅+
=

⋅⋅+
==

ψ ;

d = 333 mm  – effective height of the element cross-section;

ψc  = 0,9  – the coefficient which takes into account the compressed concrete layer

deformations;

ν  = 0.45  – the factor, which evaluate compressed concrete elasto-plastic deformations.

Determination of relative height ξlim of the element compressed zone:

( ) ( ) 210.0

67.600694.010
00751.0518.1

1

10
51
1

=

⋅⋅
+⋅+

+
=

⋅⋅
++

+
=

eαρ
λδ

β
ξ ,

β = 1.8.

The reinforcement factor of the section:

( ) ( ) 00694.0
333.0200.0

1062.4 4
1 =

⋅
⋅

=
⋅

=
−

db
Asρ .

The coefficient δ :

0751.0
20333.0200.0

0333.0
22 =

⋅⋅
=

⋅⋅
=

ckw fdb
M

δ .
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The coefficients fϕ  and λ :
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=
⋅
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e
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The lever arm of the forces:

( ) ( ) 298
210.002

210.00
333
0

1333
2

1
22

=
















+

+⋅
−⋅=



















+

+⋅
−=

ξϕ

ξϕ

f

f
f

d
h

dz  mm.

The factor which takes into account the tensile reinforcement deformations:

,0.1868.0382.0125.125,1 <=⋅−=⋅−= mss ϕϕψ l  I take 868.0=sψ ,

where

ϕ s =1.0,

382.0
0333.0

1049.85.1 3
1 =

⋅⋅
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−

⋅
=

−

rpr

plctk
m MM

Wf
ϕ .

The curvature from the action of long term permanent and quasi-permanent loadings
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d = 333 mm  – effective height of the element cross-section;

ψc  = 0,9  – the coefficient which takes into account the compressed concrete layer

deformations;

ν  = 0.15  – the factor, which evaluate compressed concrete elasto-plastic deformations.

The design value of bending moment from quasi-permanent load:

( ) ( ) kNmlqgMM dd
Egd 3.33

8
0.55.66.075.6

8

22
2 =

⋅⋅+
=

⋅⋅+
==

ψ .

Determination of relative height ξlim of the element compressed zone:

( ) ( ) 210.0
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00751.0518.1

1
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+⋅+

+
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++
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eαρ
λδ

β
ξ ,

β = 1.8.

The reinforcement factor of the section:

( ) ( ) 00694.0
333.0200.0

1062.4 4
1 =

⋅
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=
⋅

=
−

db
Asρ .

The coefficient δ :

0751.0
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=
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δ .

The coefficients fϕ  and λ :
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
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
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d
h f
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The lever arm of the forces:
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( ) ( ) 298
210.002

210.00
333
0

1333
2

1
22

=
















+

+⋅
−⋅=



















+

+⋅
−=

ξϕ

ξϕ

f

f
f

d
h

dz  mm.

The factor which takes into account the tensile reinforcement deformations:

,0.1868.0382.0125.125,1 <=⋅−=⋅−= mss ϕϕψ l  I take 868.0=sψ ,

where

ϕ s =1.0,

382.0
0333.0

1049.85.1 3
1 =

⋅⋅
=

−

⋅
=

−

rpr

plctk
m MM

Wf
ϕ .

The total curvature of the element

.
mm

1105.91095.71075.4103.61111 6666
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
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
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
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rrrr

The deflection of the beam is:

7.245000
48
5105.9

48
51 262 =⋅⋅⋅=⋅⋅






= −l

r
wm  mm.

The limited deflection of the beam (beam length l = 5000 mm):

25
200

5000
200

===
lwult  mm.

The deflection of the beam due to bending moment mw  is less than the limited

deflection ultw . The serviceability limit state condition is fulfilled.
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2.3 DESIGN ACCORDING TO EN 1992-1:2004 CODE

Initial data

The 5 meter-long beam is simply supported. The cross-section is: h = 360 mm, b = 200

mm. Concrete class is C20/25, reinforcement class is S400. The material properties are selected

according to the requirements of [4] Code, for the further calculations will be also used [8, 9]. The

structural scheme of the element is shown in Fig. 2.1.1.

Characteristics of concrete C20/25 ([4], Section 3, Table 3.1):

GPaEcm 29=   – modulus of elasticity of concrete;

MPafck 20=   – characteristic value of compressive strength of concrete;

MPafcd 3.13=  – design value of compressive strength of concrete.

Characteristics of reinforcement S400 ([4], Section 3.2):

GPaEs 200=  – modulus of elasticity of steel;

MPaf yk 400=  – characteristic value of tensile strength of steel;

MPaf yd 365=  – design value of tensile strength of steel.

Effective beam depth is d = 333 mm. Characteristic value of permanent load is '/5 mkNgk = ,

characteristic value of variable load is '/5 mkNqk = .

Design values of loadings ([9], Section 4; [16], Annex A, Table A1.2):

'/75.635.15 mkNgg Gkd =⋅=⋅= γ ;

'/5.75.15 mkNqq Qkd =⋅=⋅= γ .

Gγ   – partial safety factor for permanent load ;

Qγ  – partial safety factor for variable load.
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2.3.1 CHECKING THE STRENGTH CONDITION

The selection of longitudinal reinforcement in rectangular section is performed using the

following algorithm. When the longitudinal reinforcement is in tensile zone, then As2 = 0.

The design concrete strength ([4], Section 3, Paragraph 3.1.6):

MPaff 3.13
5.1

201cckcccd =⋅=⋅= γα .

Coefficient αcc = 1.0,

fck  – characteristic strength of the concrete, MPa,

c  – reliability coefficient. For reinforced concrete structures 5.1c =γ ([4], Section 2, Table

2.1N).

Determination of relative height ξlim of the element compressed zone (see [9], example):

657.0

10200
3650035.0

0035.0

0035.0

0035.0

3
s

lim =

⋅
+

=
+

=

E
f yd

ξ ;

ydf  – design value of reinforcement yield strength;

sE  – modulus of elasticity of reinforcement.

The strength condition have to be satisfied ([4], Section 6, Part 6.1):

EdsEds
2

cdRds MdbfM ≥⋅⋅⋅= µ .

The design value of the bending moment:

( ) ( ) MNmkNmlqgM dd
Eds

3
22

105.445.44
8

0.55.775.6
8

−⋅==
⋅+

=
⋅+

= .

The coefficient evaluating the compression zone of the cross-section
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150.0
333.0200.03.13

105.44
2

3

2
cd

Eds
Eds =

⋅⋅
⋅

==
−

bdf
M

µ .

Determination of relative height ξ  of the element compressed zone:

204.0
1
150.0211

8.0
12111 Eds =









 ⋅
−−=










−−=

η
µ

λ
ξ .

λ  – reduction coefficient of compression zone of the cross-section. When the characteristic

compression strength of the concrete MPafck 50≤  then 8.0=λ ;

Edsµ  – the coefficient evaluating the compression zone of the cross-section;

η  – reduction coefficient of compression stresses acting in the cross-section. When the

characteristic compression strength of the concrete MPafck 50≤  then 0.1=η .

Because the condition ξeff ≤ ξlim is satisfied, then the following equilibrium takes place:

cdcd1syd νdbfAf = .

The coefficient describing the compression zone of the element:

163.0204.00.18.0cd =⋅⋅=⋅⋅= ξηλν .

The required area of the reinforcement in the tensile zone:

24

yd

cdcd
1s 1096.3

365
163.0333.0200.03.13 m

f
dbfA −⋅=

⋅⋅⋅
==

ν .

I take 2∅18 (As1 = 509 mm2 = 5.09·10-4 m2).
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Fig. 2.3.1 The structural scheme of the normal section strength of bending element of the rectangular cross-

section

The strength of the element is enough, when the condition MEds ≤ MRds is satisfied. It is

taken that the element is not under-reinforced, if the condition ξ ≤ ξlim is satisfied, then its strength

is calculated so:

;0554.0210.0
0.1
210.01333.0200.03.131 22 MNmdbfM =⋅






 ⋅

−⋅⋅⋅=⋅






 ⋅
−⋅⋅⋅=

0.50.5
cd

cd
cdRds ν

η
ν

where

210.0
333.0200.03.13

1009.5365 4

cd

s1yd
cd =

⋅⋅
⋅⋅

==
−

dbf
Af

ν ;

kNkN 5.444.55 >  it means .MM EdsRds >

Because the resistance of the section is larger than the load action, the strength is enough.
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2.3.2 CHECKING THE CRACKING CONDITION

The condition crMM >  is checked. If it is satisfied, it means the element will crack ([4],

Section 7).

M  – the design value of the bending moment acting in the section,

crM  – the cracking moment.

Geometrical characteristics of the effective cross-section:

0755.01009.590.6360.0200.0 4
1 =⋅⋅+⋅=+= −

seceff AAA α  m2;

90.6
1029
10200

3

3

=
⋅
⋅

==
cm

s
e E

E
α ;

34 0131.0027.01009.590.6180.0360.0200.0 mSeff =⋅⋅⋅+⋅⋅= − .

The distance from the bottom to centre of gravity:

173.0
0755.0
0131.0

===
eff

eff
sc A

S
y  m.

The distance from the reinforcement to centre of gravity:

146.0027.0173.01 =−=sy  m,

.m1052.8146.01009.590.6
12

360.0200.0 4424
3

2
11

−− ⋅=⋅⋅⋅+
⋅

=⋅⋅+= sseceff yAII α

Cracking moment

ctkplcr fWM = ,

3
4

1062.8
173.0

1052.875.175.1 −
−

⋅=
⋅

⋅=⋅=⋅=
sc

eff
effpl y

I
WW γ  m3.

Then kNmMNmM cr 9.120129.05.11080.8 3 ==⋅⋅= − .

kNmkN 9.125.44 >  it means crr MM > . This means that the cracks will appear in the tensile zone.
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2.3.3   DETERMINATION OF LOAD CORRESPONDING TO ULTIMATE DEFLECTION

wult

Calculation of curvature

Curvature under the action of the quasi-permanent load should be calculated based on both

the cracked and uncracked section. An estimate of an “average” value of curvature can be obtained

using ([4], Section 7, Part 7.4.3):

( )
uccr rrr







⋅−+






⋅=

1111
ζζ ,

where

crr






 1  – values of curvature calculated for the cracked case;

ucr






 1  – values of curvature calculated for the uncracked case;

ζ   – is a distibution coefficient.

A distibution coefficient:
2

211 





⋅⋅−=

M
M crββζ ;

1β   – bond coefficient: 11 =β  for high bond and 5.01 =β for plain bars;

2β   – load duration factor: 12 =β  for a single short term loading and 5.02 =β  for sustained

loads;

M  – acting bending moment in the tension reinforcement calculated on the basis of a cracked

section;

crM  – cracking moment in the tension reinforcement calculated on the basis of a cracked section

under the loading conditions causing first cracking.
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Calculation of curvature for the uncracked condition

The curvature from bending moment action:

mmhbE
M

r effc

Ed

uc

11033.5
36020010741

105.4412121 6
3

6

3
,

−⋅=
⋅⋅

⋅⋅
=

⋅⋅
⋅

=





 .

The effective modulus of elasticity taking into account the creep of concrete:

( )

2

0,
, /10741

7.11
290000

1
mmNEE

t

cm
effc =

+
=

+
=

∞ϕ
,

( )0,t∞ϕ  – the final creep coefficient of concrete.

For 365 age at loading and ( ) 129
2003602
20036022

=
+⋅
⋅⋅

=
u
Ac , ( ) 7.10, =∞ tϕ .

Calculation of curvature for the fully cracked condition

To calculate the curvature of the cracked section the I value of the transformed concrete

section must be calculated.

Calculate the neutral axis position. Taking area moments about the neutral axis:

( )xdAxxb se −⋅⋅=⋅⋅ α
2

;

( )xx
−⋅⋅=⋅ 333509

741.10
200

2
200

2

;

0315618.942 =−+ xx ;

mmx 231= .

Calculate the second moment of area of the cracked section:

( ) ( ) 442
3

2
3

102.9231333509
741.10

200
3

231200
3

mxdAxbI secr
−⋅=−⋅⋅+⋅=−⋅⋅+⋅= α .
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Calculate the curvature of the cracked section:

mmIE
M

r creffc

Ed

cr

1105.4
102.910741

105.441 6
8

6

,

−⋅=
⋅⋅

⋅
=

⋅
=






 .

Calculate the average of the cracked and uncracked curvature:

( )
uccr rrr







⋅−+






⋅=

1111
ζζ .

The cracking strength of the concrete MPafctm 2.2= . Hence from elastic bending theory

and considering the uncracked concrete section, the moment that will just sause cracking of the

section is:

kNmhbfM ctm
cr 5.9

6
360.02.02.2

6

22

=
⋅⋅

=
⋅⋅

= ;

977.0
5.44

5.95.00.111
22

21 =





⋅⋅−=






⋅⋅−=

M
M crββζ .

Calculate the average curvature:

( ) ( )
mmrrr uccr

11052.41033.5977.01105.4977.01111 666 −−− ⋅=⋅⋅−+⋅⋅=





⋅−+






⋅= ζζ .

Calculation of shrinkage curvature

for the fully cracked condition

mmI
S

r cr
ecs

cs

11047.3
102.9741.10

1019.5200103301 6
8

46
−

−

⋅=
⋅⋅

⋅⋅⋅⋅
=⋅⋅=






 αε ;

∞,csε  – the final shrinkage deformation, it is assumed oo
o

, /33.0−=∞csε ;

( ) ( ) 351019.5231333509 mxdAS s
−⋅=−⋅=−⋅= .
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for the uncracked condition

mmI
S

r uc
ecs

cs

11062.0
360200741.10

1079.720010330121 6
3

46
−

−

⋅=
⋅⋅

⋅⋅⋅⋅⋅
=⋅⋅=






 αε ;

( ) ( ) 351079.7180333509 mxdAS s
−⋅=−⋅=−⋅= .

Calculate the average shrinkage curvature:

( ) ( ) .11041.31062.0977.011047.3977.01111 666

mmrrr uccrcs

−−− ⋅=⋅⋅−+⋅⋅=





⋅−+






⋅=






 ζζ

Calculate the deflection:

Curvature due to loading   =
mm
1105.4 6−⋅ ;

Curvature due to shrinkage   =
mm
1104.3 6−⋅ ;

Total curvature    =
mm
1109.7 6−⋅ .

For a simply supported span subjected to a uniformly distributed load, the maximum

midspan deflection is:

.5.20109.75000
48
51 622 mm

r
lkw

m
effm =⋅⋅⋅=






⋅= −

The limited deflection of the beam is:

.20
250

5000
250

mmlwult ===

The deflection of the beam due to bending moment mw  is larger than the limited

deflection ultw . However, %4.2%100
5.20
205.20

=⋅
− .  It may be stated that the serviceability limit

state condition is fulfilled.
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2.4 DESIGN ACCORDING TO ACI 318-89 CODE

Initial data

The 5 meter-long beam is simply supported. The cross-section is: h = 360 mm, b = 200

mm. Concrete class is C20/25, reinforcement class is S400. The material properties are selected

according to the requirements of [5] Code, for the further calculations will be also used [10, 11].

The structural scheme of the element is shown in Fig. 2.1.1.

Characteristics of concrete C20/25:

GPaEcm 30=   – modulus of elasticity of concrete;

MPafck 20=   – characteristic value of compressive strength of concrete;

Characteristics of reinforcement S400:

GPaEs 200=  – modulus of elasticity of steel;

MPaf yk 400=  – characteristic value of tensile strength of steel;

Effective beam depth is d = 333 mm. Characteristic value of permanent load is '/5 mkNgk = ,

characteristic value of variable load is '/5 mkNqk = .

Design values of loadings ([5], Chapter 9, Part 9.2):

'/0.62.15 mkNgg Gkd =⋅=⋅= γ ;

'/0.86.15 mkNqq Qkd =⋅=⋅= γ .

Gγ   – partial safety factor for permanent load;

Qγ   – partial safety factor for variable load.
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2.4.1 CHECKING THE STRENGTH CONDITION

The selection of longitudinal reinforcement in rectangular section is performed using the

following algorithm. When the longitudinal reinforcement is in tensile zone, then As2 = 0.

Use 2∅20 (As1 = 628 mm2 = 6.28·10-4 m2).

Assume a minimum thickness from ACI deflection table ([10], Section 5.12.1, Example

5.11):

mmml 5.3123125.0
16

0.5
16

=== .

Required factored moment:

( ) ( ) MNmkNmlqgM dd
u

3
22

1075.4375.43
8

0.50.80.6
8

−⋅==
⋅+

=
⋅+

= .

Required resisting moment:

MNmkNmMM u
n

3103.673.67
65.0
75.43 −⋅====

φ
;

φ   – a factor, for compression–controlled state 65.0=φ ([5], Section 9, Figure R9.3.2).

When the net tensile strain in the extreme tension fibers, ε , is small, such as in short

flexural members, being equal or less than a compression-controlled strain limit, a brittle mode of

failure is expected, with little warning of such an impending. For compression–controlled state:

6.0
400600

600
600

600
=

+
=

+
=

yfd
c , hence, compression–controlled ([5], Section 9, Figure R9.3.2).

The depth of the compression zone ([5], Section 9, Part 9.4; [10], Section 5.12.1, Example

5.11):

m
bf

fA
a

c

ys 074.0
200.02085.0
4001028.6

'85.0

4

=
⋅⋅

⋅⋅
==

−

.
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The compression stress:

KNMNabfC 252252.0074.0200.02085.0'85.0 c ==⋅⋅⋅=⋅⋅⋅= .

The balanced neutral axis depth

mmmac 87087.0
85.0
074.0

1

====
β

,

1β   – a stress block depth factor, for strengths below 30 MPa 85.01 =β  ([5], Section 9, Figure

R9.3.2).

Checking the strain limit. If the section corresponds to the compression–controlled or

tension–controlled state:

00085.0
87

87333003.0003.0 =





 −

⋅=





 −

⋅=
c

cd
ε , hence, compression–controlled.

The available nominal moment strength is :

.3.674.74
2
074.0333.04001028.6

2
4 kNmMrequiredkNmadfAM nysn =>=






 −⋅⋅⋅=






 −⋅⋅= −
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2.4.2 CHECKING THE CRACKING CONDITION

At a low load, a small bending moment develops, and the stress at the extreme tension

fibers will be less than the modulus of rupture of concrete, cr ff '7.0= ([5], Section 9, Paragraph

9.5.2.3). If the load is increased until the tensile stress reaches an average stress of the modulus of

rupture, rf , cracks will develop. If the tensile stress is higher than rf , the section will crack, and a

cracked section case will develop.

When the tensile stress , rf , is equal to the modulus of rupture, cr ff '7.0= , a crack may

start to develop, and the moment caues this stress is called the cracking moment ([11], Section 8).

c
I

fM g
rcr = ,

rf   – modulus of rupture of concrete;

gI   – gross moment of inertia;

c   – the distance from the neutral axis to the extreme tension fibers.

;13.3207.0'7.0 MPaff cr ===

;10776.7
12

360.0200.0
12

44
33

mbhIg
−⋅=

⋅
==

;180.0
2
360.0

2
mhc ===

.5.130135.0
180.0

10776.713.3
4

kNmMNmM cr ==
⋅

=
−

kNmkN 5.1375.43 >  it means cru MM > . This means that the cracks will appear in the tensile

zone.
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2.4.3   DETERMINATION OF LOAD CORRESPONDING TO ULTIMATE DEFLECTION

wult

Assume 60% live load sustained for 24 months ([11], Section 8, Example 8.13).

;2261020043.02400'043.0 5.15.1 MPafwE ccc =⋅⋅=⋅⋅=

cw   – for standard normal weight concrete 3/2400 mkgwc = ([5], Section 8, Part 8.5).

Modular ratio:

.85.8
22610
200000

===
c

s

E
En

Depth of neutral axis c:

);(
2

200 2

cdnAc
s −=

);333(62885.8100 2 cc −⋅⋅=⋅

;0185076.552 =−⋅+ cc

.167 mmc =

Cracking moment of inertia ([5], Section 9):

442
3

2
3

1064.4)167333(62885.8
3
167200)(

3
mcdnAbcI scr

−⋅=−⋅⋅+
⋅

=−+= .

Dead load:

MNmkNmlgM d
a

3
22

1075.1875.18
8

0.50.6
8

−⋅==
⋅

=
⋅

= ;

( ) 373.072.0
75.18
5.13 3

33

==





=









a

cr

M
M .
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Dead load + 60% live load:

( ) .064.04.0
0.256.075.18

5.13 3
33

==







⋅+
=









a

cr

M
M

Dead load + live load:

( ) .0294.0309.0
0.2575.18

5.13 3
33

==







+
=









a

cr

M
M

Effective moment of inertia:

.1
33

cr
a

cr
g

a

cr
e I

M
MI

M
MI ⋅




















−+⋅








=

Dead load:

.10810.51064.4627.010776.7373.0 4444 mIe
−−− ⋅=⋅⋅+⋅⋅=

Dead load + 60% live load:

.10841.41064.4936.010776.7064.0 4444 mIe
−−− ⋅=⋅⋅+⋅⋅=

Dead load + live load:

.10732.41064.49706.010776.70294.0 4444 mIe
−−− ⋅=⋅⋅+⋅⋅=

Short-term deflection ([5], Section 10):

.115
2261048

50005
48
5 22

mm
I

M
I

M
IE

lM
⋅=

⋅⋅
⋅⋅

=
⋅⋅
⋅⋅

=∆

Initial live-load deflection:

.9.6
10810.5

1075.18115
10732.4

10)0.2575.18(115
8

6

8

6

mmL =
⋅

⋅⋅
−

⋅
⋅+⋅

=∆



50

Initial dead-load deflection:

.7.3
10810.5

1075.18115
8

6

mmD =
⋅

⋅⋅=∆

Initial 60% sustained live-load deflection:

.3.4
10810.5

1075.18115
10841.4

10)0.256.075.18(115
8

6

8

6

mmLS =
⋅

⋅⋅−
⋅

⋅⋅+⋅=∆

Long–term deflection ([5], Section 9, Paragraph 9.5.2.5):

;4.213.465.17.30.29.6 mmLStDLLT =⋅+⋅+=∆+∆+∆=∆ ∞ λλ

∞λ   – long-term deflection multiplier, for 5 years or more 0.2=∞λ ;

tλ   – long-term deflection multiplier, for 24 months 65.1=tλ .

Deflection requirements ([5], Section 9, Table 9.5(a, b)):

8.20
240

5000
240

===
lwult  mm,

mmwm 4.21= .

The deflection of the beam due to bending moment mw  is larger than the limited

deflection ultw . However, %9.2%100
8.20

8.204.21
=⋅

− .  It may be stated that the serviceability limit

state condition is fulfilled.
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2.5 DESIGN ACCORDING TO SP 52-101-2003 CODE

Initial data

The 5 meter-long beam is simply supported. The beam cross-section is: h = 360 mm, b =

200 mm. Concrete class is B25, reinforcement class is A400. The material properties are selected

according to the requirements of [6] Code, for the further calculations will be also used [12] Code.

The structural scheme of the element is shown in Fig. 2.1.1.

Characteristics of concrete B25, compatible with C20/25 ([6], Section 5, Tables 5.1, 5.2):

GPaEcm 30=   – modulus of elasticity of concrete;

MPafck 5.18=  – characteristic value of compressive strength of concrete;

MPafcd 5.14=  – design value of compressive strength of concrete.

MPafctk 55.1=  – characteristic value of compressive strength of concrete;

Characteristics of reinforcement A400, compatible with S400 ([6], Section 5.2, Table 5.7):

GPaEs 200=  – modulus of elasticity of steel;

MPaf yk 400=  – characteristic value of tensile strength of steel;

MPaf yd 355=  – design value of tensile strength of steel.

Effective beam depth is d = 333 mm. Characteristic value of permanent load is '/5 mkNgk = ,

characteristic value of variable load is '/5 mkNqk = .

Design values of loadings:

'/75.63.15 mkNgg Gkd =⋅=⋅= γ ;

'/5.62.15 mkNqq Qkd =⋅=⋅= γ .

Gγ   – partial safety factor for permanent load ([12], Section 2, Table 1);

Qγ   – partial safety factor for variable load ([12], Section 3, Table 2).
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2.5.1 CHECKING THE STRENGTH CONDITION

The selection of longitudinal reinforcement in rectangular section is performed using the

following algorithm. When the longitudinal reinforcement is in tensile zone, then As2 = 0. It will e

selected 3∅14 (As1 = 462 mm2 = 4.62·10-4 m2) for the compressed zone. The concrete class C20/25

is the same as B25 in SP 52-102-2004 [6].

xe
ff

200

36
0

A s1

Acc

27
33

3

f ydA s1

f cdA cc

f cd

M Ed

Fig. 2.5.1 The structural scheme of the normal section strength of bending element of the rectangular cross-

section

The design concrete strength ([6], Section 5):

MPaff 5.14
3.1
5.18

c

ck
cd ===

γ
.

fck  – characteristic strength of the concrete,

c  – reliability coefficient. For reinforced concrete structures 3.1c =γ .

Determination of relative height ξlim of the element compressed zone ([6], Section 6.2.7):

531.0

0035.0
10775.11

8.0

1

8.0
3

,b

,s
lim =

⋅
+

=
+

= −

ult

el

ε
ε

ξ ;
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el,sε  – relative deformations of the reinforcement of tensile zone under the action of loading,

ult,bε  – relative deformations of compressed concrete when the stresses are equal to the strength

of the concrete,

3
3,s 10775.1

10200
355 −⋅=

⋅
==

s

yd
el E

f
ε .

The strength condition for bending elements ([6], Section 6.2):

ultMM < ,

MNmxdxbfM 0500.0)0566.05.0333.0(0566.0200.05.14)5.0(cdult =⋅−⋅⋅⋅=−⋅⋅⋅= .

The height of the compressed zone x is determined so:

m
bf
Af

x s 0566.0
200.05.14
10462355 6

cd

yd =
⋅

⋅⋅
=

⋅

⋅
=

−

.

The design value of the bending moment:

( ) ( ) MNmkNmlqgM dd
Ed

3
22

104.414.41
8

0.55.675.6
8

−⋅==
⋅+

=
⋅+

= .

The condition ultMM < is satisfied.

170.0
333.0

0566.0
===

d
x

ξ .

The condition limξξ ≤ is satisfied.
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2.5.2 CHECKING THE CRACKING CONDITION

The condition crMM >  ([6], Section 7.2) is checked. If it is satisfied, it means the element

will crack.

M  – the design value of the bending moment acting in the section,

crM  – the cracking moment.

       Geometrical characteristics of the effective cross-section. The area redA  of the reduced section:

0751.01062.467.6360.0200.0 4
1 =⋅⋅+⋅=+= −

seceff AAA α  m2;

67.6
1030
10200

3

3

=
⋅
⋅

==
cm

s
e E

E
α ;

34 013.0027.01062.467.6180.0360.0200.0 mSeff =⋅⋅⋅+⋅⋅= − .

The distance from the bottom to centre of gravity:

174.0
0751.0
013.0

===
eff

eff
sc A

S
y  m.

The distance from the reinforcement to centre of gravity:

147.0027.0174.01 =−=sy  m,

.m1044.8147.01062.467.6
12

360.0200.0 4424
3

2
11

−− ⋅=⋅⋅⋅+
⋅

=⋅⋅+= sseceff yAII α

Cracking moment ctkplcr fWM =  ([6], Section 7.2.9),

3
4

1049.8
174.0

1044.875.175.1 −
−

⋅=
⋅

⋅=⋅=⋅=
sc

eff
effpl y

I
WW γ  m3.

Then kNmMNmM cr 7.120127.05.11049.8 3 ==⋅⋅= − .

kNmkN 7.124.41 >  it means crr MM > . This means that the cracks will appear in the tensile zone.
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2.5.3   DETERMINATION OF LOAD CORRESPONDING TO ULTIMATE DEFLECTION

wult

The total curvature of the section with cracks in the tensile zone ([6], Section 7.3.8):

321

1111






+






−






=

rrrr
,

where

1

1








r
  – curvature from characteristic action of short-term loadings;

2

1








r
  – curvature from characteristic action of short-term permanent and quasi-permanent

loadings;

3

1








r
  – curvature from characteristic action of long-term permanent and quasi-permanent

loadings.

The curvature from the action of short term loadings

mmD
M

r
Ed 11043.8

1091.4
0414.01 6

3
1

−⋅=
⋅

==





 .

The design value of bending moment:

( ) ( ) MNmkNmlqgM dd
Ed

3
22

104.414.41
8

0.55.675.6
8

−⋅==
⋅+

=
⋅+

= .

The bending stiffness of the reduced section ([6], Section 7.3.13):

( ) ( ) 91.4146.0333.02843.01062.410200 43
0, =−⋅⋅⋅⋅⋅=−⋅⋅⋅= −

msreds xhzAED .

The reduced modulus of elasticity of steel:
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GPaEE redss 200, == .

The distance from the centre of tensile reinforcement to the point of applied force in the

compressed zone ([6], Section 7.3.13):

mmxhz m 3.284146
3
1333

3
1

0 =⋅−=−= .

The depth of compressed zone ([6], Section 7.3.12):

( )

( ) ;146.08.241094.68.241094.628.241094.6333.0

2

3323

22
2

20

m

hx ssssssm

=





 ⋅⋅−⋅⋅⋅+⋅⋅⋅=

=




 ⋅−⋅+⋅=

−−−

αµαµαµ

3

0

1094.6
333200

462 −⋅=
⋅

=
⋅

=
hb

As
sµ .

The reduced modulus of elasticity of concrete:

MPaREE
redb

b
redbb

3

,1
,1, 10056.8

0018.0
5.14

⋅====
ε

.

The ratio of steel-to-concrete elastic modules:

8.24
10056.8

10200
3

3

,

=
⋅

⋅
==

redb

s
e E

E
α .

The curvature from the action of short term permanent and quasi-permanent loadings

mmD
M

r
Egd 11078.6

1091.4
0333.01 6

3
2

−⋅=
⋅

==





 .

The design value of bending moment from quasi-permanent load:
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( ) ( ) kNmlqgMM dd
Egd 3.33

8
0.55.66.075.6

8

22
2 =

⋅⋅+
=

⋅⋅+
==

ψ .

The bending stiffness of the reduced section ([6], Section 7.3.13):

( ) ( ) 91.4146.0333.02843.01062.410200 43
0, =−⋅⋅⋅⋅⋅=−⋅⋅⋅= −

msreds xhzAED .

The reduced modulus of elasticity of steel:

GPaEE redss 200, == .

The distance from the centre of tensile reinforcement to the point of applied force in the

compressed zone ([6], Section 7.3.13):

mmxhz m 3.284146
3
1333

3
1

0 =⋅−=−= .

The depth of compressed zone ([6], Section 7.3.12):

( )

( ) ;146.08.241094.68.241094.628.241094.6333.0

2

3323

22
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m

hx ssssssm
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
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−−−
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333200
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⋅

=
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=
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sµ .

The reduced modulus of elasticity of concrete:

MPaREE
redb

b
redbb

3

,1
,1, 10056.8

0018.0
5.14

⋅====
ε

.

The ratio of steel-to-concrete elastic modules:

8.24
10056.8

10200
3

3

,

=
⋅

⋅
==

redb

s
e E

E
α .
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The curvature from the action of long term permanent and quasi-permanent loadings

mmD
M

r
Egd 11006.11

1001.3
0333.01 6

3
3

−⋅=
⋅

==





 .

The design value of bending moment from quasi-permanent load:

( ) ( ) kNmlqgMM dd
Egd 3.33

8
0.55.66.075.6

8

22
2 =

⋅⋅+
=

⋅⋅+
==

ψ .

The bending stiffness of the reduced section ([6], Section 7.3.13):

( ) ( ) 01.3209.0333.0263.01062.410200 43
0, =−⋅⋅⋅⋅⋅=−⋅⋅⋅= −

msreds xhzAED .

The reduced modulus of elasticity of steel:

GPaEE redss 200, == .

The distance from the centre of tensile reinforcement to the point of applied force in the

compressed zone ([6], Section 7.3.13):

mxhz m 263.0209.0
3
1333.0

3
1

0 =⋅−=−= .

The depth of compressed zone ([6], Section 7.3.12):

( )

( ) ;209.03.381094.63.381094.623.381094.6333.0

2

3323

22
2

20

m

hx ssssssm
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 ⋅⋅−⋅⋅⋅+⋅⋅⋅=

=




 ⋅−⋅+⋅=

−−−

αµαµαµ

3

0

1094.6
333200

462 −⋅=
⋅

=
⋅

=
hb

As
sµ .

The reduced modulus of elasticity of concrete:
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MPaREE
redb

b
redbb

3
3

,1
,1, 1022.5

105.2
9.05.14

⋅=
⋅
⋅

=== −ε
.

The ratio of steel-to-concrete elastic modules:

3.38
1022.5
10200

3

3

,

=
⋅
⋅

==
redb

s
e E

E
α .

The deflection of the beam is ([6], Section 7.3.6):

( ) 02.335000
48
51006.1178.64.8

48
51 262 =⋅⋅⋅+−=⋅⋅






= −l

r
wm  mm.

The limited deflection of the beam, when the beam length is l = 5000 mm ([6], Section

7.3.3):

33
150
5000

150
===

lwult  mm.

The deflection of the beam due to bending moment mw  is less than the limited

deflection ultw . The serviceability limit state condition is fulfilled.
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2.6 GENERALIZATION OF DESIGN APPLYING DETERMINISTIC MODELS OF

DIFFERENT DESIGN CODES

In the performed calculations the flexural concrete members were designed for

serviceability using different design codes [3-6]. The members are considered to be safe if they are

designed according to equations and limitations defined by certain design code. Consequently, for

defined in advance geometrical properties of the members the reinforcement required to maintain

an internal moment capacity equal or greater than that of the external moment is determined. Once

the final dimensions were determined, the beam was checked for serviceability: cracks and

deflection.

 In this paper, there are discussed the design peculiarities, differences in the design

calculations as well as obtained results according to mentioned design codes.

 The strength condition defines the reinforcement areas and the acting loads. The most

conservative are the Eurocode and ACI norms, which require As1 = 5.09×10-4 m2 and As1 =

6.28×10-4 m2 correspondingly for '/5kk mkNqg == . The STR and SP norms require the same

reinforced area, it is As1 = 4.62×10-4 m2 for '/5kk mkNqg == . Such not equal results are needed

to satisfy different serviceability requirements of the design codes. And the main reason of such

not equal required reinforcement area is different values of partial safety factors for permanent and

variable loads. STR uses values 1.35 and 1.3, EN uses 1.35 and 1.5, ACI – 1.2 and 1.6, SP – 1.3

and 1.2 for permanent and variable loads correspondingly.

The largest deflection is allowable by SP norms, it is mml 33150/ = .Approximately the

same deflections are given by Eurocode and ACI norms, they are mml 20250/ =  and

mml 8.20240/ = . The STR code allowable deflection is mml 25200/ = .

Also the deflection calculations according to different design codes evaluate different load

actions or differently evaluate the same load action. However, deflection according to every design

code contains such parts as deflections from long-term and short-term load actions.

There are also differences in cracking moment calculations. When the applied external

moment exceeds the cracking moment, crM , a cracked section case is developed, and the concrete

in the tension zone is neglected. A transformed cracked section is used to calculate the cracking
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moment of inertia, crI , using the concrete area in compression and the transformed steel area snA .

Such definition uses all design codes, however the ACI code allows to use simplified expression,

where the section is said to be uncracked and instead of cracking moment of inertia the gross

moment of inertia is used. In fact, the cracking moment values according to different design codes

do not differ much.

 The calculated deflection values will be used further for calculation of stiffness reliability

of flexural reinforced concrete elements.

An additional calculation was performed in order to compare economical aspects of

different design codes for required reinforcement area. The value of load was taken

'/5kk mkNqg == . The ultimate deflection was assumed ml 31025200/ −⋅= . The same

procedure was carried out according to requirements of every design code for the value of ultimate

deflection ml 31025200/ −⋅= . By iterating required reinforcement area, the obtained deflection

value was maximally approached to the ultimate deflection value. Only SP codes was not included

in such comparison, because the calculated deflection was very close to ultimate deflection

ml 31033150/ −⋅= , and by decreasing the ultimate deflection up to ml 31025200/ −⋅= , the

reinforcement area also has to be decreased, but in such case the strength condition won’t be

satisfied. The calculation results for STR, Eurocode and ACI codes are shown in table 2.6.1.

Table 2.6.1 Comparing of required reinforcement area acoording to STR, EN and ACI codes for accepted

deflection value ml 31025200/ −⋅=  for load '/5kk mkNqg ==

Required reinforcement area As for ultw

according to STR, EN, ACI

Required reinforcement area

As for constl =200/ ,

As

Code
Load kk qg = ,

kN/m‘
ultw

×10-4 m2 %
×10-4 m2 %

STR [3] 200/l  4.62 100 4.62 100

EN [4] 250/l  5.09 110 4.52 98

ACI [5]

5

240/l  6.28 136 5.56 120
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3 MANAGEMENT OF STANDARDIZED STIFFNESS RELIABILITY OF

FLEXURAL REINFORCED CONCRETE ELEMENTS

3.1  INTRODUCTORY REMARKS

 In current design codes of Design Values (DV) based on method of Partial Safety Factors

the standardized reliability is chosen as criteria of resistance, for example strength, stiffness of

structural and foundation elements. To determine the standardized reliability it is necessary to

perform the analysis of marginal resistance management from DV codes. The standardized

methods of management of marginal reliability in DV codes are discussed in this paper. The

methods are proved by summation performed in [18] reference of deterministic models of stiffness

of flexural reinforced concrete elements, which are applied in international DV design codes and

DV design codes of different countries [3-7, 15-17]. Based on analysis of standardized in DV

design codes marginal stiffness management the following method of determination and use of

standardized reliability of stiffness factor in Direct Probabilistic-Statistical (DPS) codes is

discussed.

3.2 PROBABILISTIC MODELING OF LOADS

 As shown in [18], using different DV design codes the total deflection w commonly is

determined as the sum of accumulated long-term deflection wl during the whole exploitation

period. The total deflection is composed from the deflection under the quasi-permanent load pl

action and short-term deflection wsh under the short-term load action:

.shl www +=            (3.2.1)

 The deflection wl accumulated at the end of exploitation period composes the major part

from the total deflection wl . To use the standardized reliability of stiffness in direct probabilistic-

statistical codes [21] it is necessary to choose the upper limit of standardized reliability of

stiffness, i.e. the maximum standardized value. Therefore, the standardized reliability of stiffness is

analyzed and it is determined for the end of exploitation period applying the randomly timed
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probability distribution of short-term loading. So, the upper limit of reliability of stiffness is

analyzed for the end of exploitation period.

 For this reason the total loading p is considered as the sum of pl and psh. ([16] 6.5.3

paragraph and [7] 90 paragraph):

.)1( 22 qqgppp shl ψψ −++=+=        (3.2.2)

where qgpl 2ψ+=  – permanent loading part composed from self-weight of structure g  and q

variable load quasi-permanent part qq 2ψ= . The characteristic value of this load is determined

from kkkl qgp 2, ψ+= ; here gk and qk – the characteristic values of loads, 2ψ – the coefficient

describing the quasi-permanent part of qk characteristic value and calculated depending on the

premise purpose (example according to [16] table A1.1), i.e. the random process probabilistic

properties of load q changing time t.

 One of the methods how to manage the standardized reliability of stiffness in different DV

design codes is to choose different jkshjksh qp ,,,, = , 3,2,1=j  characteristic values of short-term part

qsh of loading q, which for serviceability limit state corresponds the design values:

 1) if according to (3.2.1) w standardized value is limited due to esthetical requirements,

then characteristic value 01,,1,, == kshksh qp  is chosen,

 2) if w deflection is reversible, then kkshksh qqp )( 212,,2,, ψψ −==  characteristic value is

chosen,

 3) if w deflection is irreversible, then kkshksh qqp )1( 23,,3,, ψ−==  characteristic value is

chosen (see Fig 3.2.1).

 The coefficients 1ψ  and 2ψ  are chosen from the [16] table A1.1. The reliability of stiffness

depends on jkshq ,, , 3,2,1=j  values fraction compatibility, i.e. depends on difference between

jkshq ,, , 3,2,1=j  and mean value jkshshq q ,,, −µ , 3,2,1=j . The values of jkshq ,, , 3,2,1=j  and its

fraction compatibility is shown graphically in Fig.3.2.1 based on [1] Fig.2.13.

 When the upper limit of reliability of stiffness is determined, the load lp  according to

(3.2.2) distribution mean value lp ,µ  is determined applying kkkl qg 2, ψµ += . This equation is
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based on data from statistical analysis, which defined that the distribution mean value gµ of the

load g taking into account the weight of walls and fixed-site equipment is kg g≈µ (see example,

[21]). According to the description of the quasi-permanent part lq of the load q, its distribution

mean value corresponds to characteristic value kkllq qq 2,, ψµ == , i.e. the fraction compatibility of

characteristic value is 5.0)( ,,, =>= kllklq qqPα  (see Fig.3.2.1).

Fig. 3.2.1 The modeling of variable load shl qqq +=  quasi-permanent part lq  and short-term part according to

(3.2.2) equation using the probability distribution ( )lqh  and ( )shqh , which mean value

kkllq qq 2,, ψµ ==  and 0, =shqµ ; klq ,  and jkshq ,, , 3,2,1=j  are the characteristic values of

loads lq  and shq , used to satisfy esthetical requirements for determination of reversible and

irreversible deflections

 The part of the load shsh qp =  mean value 0, =shqµ , and the standard deviation is

determined from the condition that the fraction compatibility of the characteristic value 3,,kshq  of

the load shq  is 04.0)( 3,,3,,, =>= kshshkshq qqPα , i.e. the value of 3,,, kshqβ  reliability factor

7.13,,, =kshqβ  corresponding to 3,,kshq . The values of 3,,, kshqα  and 3,,, kshqβ  are determined from the

condition that the q load shl qqq +=  fraction compatibility of the characteristic value kq  is

02.0)(, ≈>= kkq qqPα , i.e. this compatibility corresponds to  load lq  maximum fraction
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compatibility of the kq  characteristic value 02.0)(, =>= klkql qqPα  [15, 16, 1]. So, assuming that

the lq  and shq  parts of loads are independent, 04.05.002.0,,,3,,, === klqkqkshq ααα , here

5.0)( ,,, =>= kllklq qqPα  (see Fig. 3.2.1).

 The standard deviation shq,σ  of the load shq  is determined from the condition:

( ) ( ) kkkkshqkshshq qqqq 24.016.07.11 223,,,3,,, =−≈−== ψψβσ ; here 7.13,,, =kshqβ  corresponds to

fraction compatibility 04.03,,, =kshqα  and also it was selected that kshqlq q24.0,, == σσ .

 In cases when the characteristic value ( ) kksh qq 212,, ψψ −=  is chosen (see Fig.3.2.1) the

reliability factor is determined from the condition:

.
1 2

21
3,,,2,,, ψ

ψψ
ββ

−
−

= kshqkshq           (3.2.3)

Here 1ψ and 2ψ  are the discussed coefficients. Because the ratio
2

21

1 ψ
ψψ

−
− for the most variable

loads is equal to 0.3, from the (3.2.3) follows 5.03.07.12,,, =⋅=kshqβ , i.e. the characteristic value

2,,kshq  fraction compatibility is 3.0)( 2,,2,,, =>= kshshkshq qqPα

(see Fig. 3.2.1).

 In case when the characteristic value 0,1,, == shqkshq µ  is chosen (see Fig. 3.2.1), then

01,,, =kshqβ  and 5.01,,, =kshqα .

3.3 THE MODEL OF STANDARDIZED STIFFNESS RELIABILITY MANAGEMENT

 Summarizing different [3-7, 15-17] DV codes it was determined [18], that standardized

marginal stiffness is managed in two ways 2,1=u  in cases of non-esthetic, reversible and

irreversible, i.e. 3,2,1=j  deflection limitation. By first 1=u  way, which was discussed in the

previous chapter the different standardized marginal stiffness is managed by choosing the different

jkshq ,, , 3,2,1=j  characteristic values of the short-term part shq  of the variable load q. By second
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2=u  way the different standardized marginal stiffness is managed by choosing the different

juultw ,, , 3,2,1=j  standardized in DV codes ultimate values of deflection. So in general the

marginal stiffness jujuultju wwZ ,,,, −=  taking into account (3.2.1) is determined so

),,...,,(),...,,(
),,,,,,(),,,,,,(

721,721,,,,,

,,,,

,,,,,,,,,,

XXXwXXXwww
qfgdEEwqfgdEEww

wwwwwZ

ushuljuulturefult

shlcscushllcsculjuult

jushjuljuultjujuultju

−−∆+=

=−−=

=−−=−=

θθ           (3.3.1)

2,1=u , 3,2,1=j .

Here julw ,,  and jushw ,,  correspond to lw  and shw  values from the (3.2.1) equation, urefultw ,, , 2,1=u ,

3,2,1=j  is the standardized reference value of limited deflection, juultw ,,∆  is the change of limited

deflection, )(, ⋅ulw  and )(, ⋅ushw  are the standardized deterministic models of long-term and short-

term deflections according to (3.2.1), cEX =1  and sEX =2  are the modules of elasticity of

concrete and reinforcement, dX =3 – is the effective depth of the cross-section, gX =4  – the load

from the self-weight of the structure, tcfX ,5 =  is the tensile strength of the concrete. In model

)(, ⋅ulw  the components lqX =6  and lwX ,7 θ=  are applied and in model )(, ⋅ushw  the components

shqX =6  and shwX ,7 θ=  are applied, here lq  and shq  are the discussed loads, lw,θ  and shw,θ  are the

errors of deterministic models )(, ⋅ulw  and )(, ⋅ushw  respectively.
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3.4 DETERMINATION OF STANDARDIZED STIFFNESS RELIABILITY

The methods of determination of standardized in DV design codes reliability of stiffness

 Further it is accepted that coefficients iX , 7,...,2,1=i  in (3.3.1) expression are not

correlated and their values are distributed by Gaussian law. If these conditions are not satisfied

then these values have to be decorrelated and normalized by the known way. The mean value,

standard deviation, characteristic value of these random values iX , 7,...,2,1=i  not correlated and

distributed by Gaussian law are defined as Xiµ , Xiσ , ikx  respectively. Moreover, the values of

Xiµ  and ikx , 7,...,2,1=i  hardly differ and most of them are equal. So using (3.3.1) expression the

standardized in DV design codes factor of stiffness reliability juDV ,,β , 2,1=u , 3,2,1=j  may be

determined applying expressions (3.4.1) and (3.4.2):
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Here , ,Z u jµ , , ,k u jz  = 0, u = 1, 2, j = 1, 2, 3 and Z are the mean value, characteristic value and

standard deviation of the ,u jZ ; w,l,w,sh  is the correlation factor of the deflections wl,u and wsh,u

calculated by the (3.2.1) expression.
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 In expressions (3.4.1) and (3.4.2) the standardized in different DV codes stiffness models

and standardized reliability of stiffness management parameter values are applied. They are

generalized by 2 types u = 1, 2 and by 3 cases j = 1, 2, 3.

 For values iX , 7,...,2,1=i  not correlated and distributed by Gaussian law, and for small

differences kctctf f ,, −  and jkshshq q ,1,,, − , j = 1, 2, 3 the probability distribution of random value Zu,j,

u =1, 2, j =1, 2, 3 is also approximated as Gaussian distribution. This assertion is valid when the

function (3.3.1) is not discontinued k,ctct,f f−  and ,q j,1,k,shq,sh − j =1, 2, 3 in two-dimensional

system, for example when there are no cracks. So it is necessary to check the condition when the

system is uncracked using expressions (3.4.1) and (3.4.2).

 The reliability of stiffness was determined for the differently reinforced (0,5 %, 1,0 %,

1,5 %) 5 m long reinforced concrete beam with effective beam depth 333.0=d  m and width

200.0=b  m. The beam concrete class is C25/30, reinforcement class is S400 according to EN 1992

[4]. The beam is loaded by distributed permanent load g and distributed variable load q, which

characteristic value ratio is 1/ =kk qg . In the analyzed case the loads represent offices premises, for

which the characteristic value of quasi-permanent load is

pl,k = gk + 2qk = gk + 2gk = (1 + 2)gk = 1,3gk  and the qsh,k,j, j =1, 2, 3 characteristic values of qsh

short-term part of q variable load when qk = gk:

, ,1 0,sh kq =

qsh,k,2 = ( 1 – 2)qk =0,2gk,

qsh,k,3 = (1 – 2)qk =0,7gk ,

here 1 = 0,5 and 2 = 0,3 are coefficients taken from [16] table A1.1 and corresponding to short-

term load permanent and quasi-permanent part.
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Factors and models generalization features

 The deflections wult,ref,u, wult,u,j  and deterministic models and probability factors of their

parts of the expression (3.3.1) were generalized.

 The generalizing of ulw ,,Θ  and ushw ,,Θ ,  u = 1, 2 errors in different DV codes are evaluated

according to experementally determined „obs“ and applying the model of calculated „cal“ values

ratios. The errors are characterized by system errors callwobslwlw ,,,,,, /=Θ , calshwobsshwshw ,,,,,, /=Θ

and by the variation coefficient of random errors lw,,Θ , shw,,Θ .

 The wl,u (⋅) generalized errors of long-term deflection models were determined for the EN

[4] ir ACI [5] codes using the [22]. The errors 02,1EN,,, =Θ lw , 88,0ACI,,, =Θ lw  and 19,0EN,,, =Θ lw
,

28,0ACI,,, =Θ lw  were determined based on analysis of deflection errors of different authors [22].

There are about two hundred cases of flexural reinforced concrete elements of different span,

cross-section and reinforcement-to-concrete ratios. By generalizing the errors for the EN and ACI

codes, it is determined that 95,0,, =Θ lw  and 23,0,, =Θ lw . Such values were taken for SNIP, STR, SP

[18, 7, 10] codes as well. It is necessary to take into account in the calculation of βSR,u,j  values (see

table 4.4.1), that the system error of SP code model is 70,0SP,,, =Θ lw  and it differs from 95,0,, =Θ lw

chosen value. This error difference was determined not directly, performing the correlation

analysis of calculated deflection values according to selected codes models.

 The generalized errors of short-term deflections applying EN, ACI, SNIP, STR codes

models were determined according to data in [23] work. The data was obtained by 4 authors work

on analysis of deflection errors of 80 flexural reinforced concrete elements of different span, cross-

section and reinforcement-to-concrete ratios. The bending moment is M = 0,8 Mfr, where Mfr –

rupture moment. According to [23] table 4.5: 01,1EN,,, =Θ shw , 99,0ACI,,, =Θ shw , 0,1SNIP,,, =Θ shw ,

24,0EN,,, =Θ shw , 14,0ACI,,, =Θ shw , 13,0SNIP,,, =Θ shw , i. e. for EN, ACI, SNIP codes the generalized

errors values are 0,1,, =Θ shw , 17,0,, =Θ shw . Such generalized values of errors were selected for STR

and SP codes as well.

 It is necessary to mention that in expressions (3.4.1) and (3.4.2) partial derivatives

7...,,2,1,/,/ =∂∂∂∂ iXwXw ishil  correspond to generalization of the models wl,u (.) ir wsh,u (.)
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according to (3.3.1) expression of two-type u = 1, 2 three-case j = 1, 2, 3 for flexural reinforced

concrete elements with different reinforcement-concrete ratios, i. e. 0,5 %, 1,0 %, 1,5 % .

 It was also mentioned that for management of the standardized marginal stiffness by u = 1

type  in j = 1, 2, 3 cases for all DV codes the generalized qsh,k,1,j = qsh,k,j u = 1, j =  1,  2,  3

characteristic values were selected. The qsh,k,j, j = 1, 2, 3 values are determined for management of

marginal stiffness in the beginning of Chapter 3.4. The mentioned values were chosen for the case

of generalized serviceability limit state, when the ultimate deflection is mlwult 0125.0400/ == . It

is determined by accepting that the ratio 2/ =shl ww  according to the (3.2.1) expression

shlult www += . So, taking onto account the previously mentioned, it was determined:

mw lwultlw
3

,,,, 109261.123.00125.067.0
3
2 −⋅=⋅⋅=⋅= θθ δσ  and

mw lwultshw
3

,,,, 10701.017.00125.033.033.0 −⋅=⋅⋅=⋅⋅= θθ δσ .

 The generalized values of parameters Xi, i =1, 2,...,7 from (3.3.1) expression and

generalized values of parameters from (3.4.1) and (3.4.2) expressions are shown in table 3.4.1.
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Table 3.4.1 The unified values by areas of office premices ( 5,01 =ψ , 3,02 =ψ  according to [17] table A1.1) of il Xw ∂∂ / , ish Xw ∂∂ / ,  i =1, 2,...,7 partial

derivatives of the iX , 7,...,2,1=i  coefficients in (3.3.1) expression
iXµ   mean value,

iXσ  standard deviation, ikx  characteristic value and )(, ⋅ulw

and )(, ⋅ushw expressions for the flexural reinforced concrete beams  when 1/ =kk gq

models of the (3.3.1) expression

wl,u (⋅) = wl (⋅) wsh,u (⋅) = wsh (⋅)Parameters X1 =Ec X2 =Es X3 =d X4 =g X5 =fct

X6 =ql lwX ,7 Θ= X6 =qsh shwX ,7 Θ=

Xiµ 3,15 2,00 0,333 g kgµ = 2,56 2 kgψ 0,95 (0,70) 0 1,00

Xiσ 0,630 0,220 0,010 0,1gk 0,513 0,24gk 0,23 0,24gk 0,17

xid 3,15 2,00 0,333 gk 0,765 2 kgψ 0 qsh,k,j, j=1,2,31) 0

Measurement

units
104 MPa 105 MPa m kN/m MPa kN/m – kN/m –

l iw X∂ ∂ –2,09 –4,34 –1,40 1,78 –1,84 0,50 1,0 0,50 1,0

sh iw X∂ ∂ –0,47 –2,56 –0,44 –0,11 –0,07 0,79 1,0 0,79 1,0

Measurement

units
10–7 m/MPa 10–8 m/MPa

10–1

m/m

10–3

m2/kN

10–3

m/MPa

10–3

m2/kN
–

10–3

m2/kN
–

1) qsh,k,1 = 0, qsh,k,2 = ( 1 – 2)qk = 0,1gk, qsh,k,3 = (1 – 2)qk = 0,7gk.



72

Determination of standardized reliability index

 Standardized according to different DV codes SR,j reliability index values due to

expressions (3.4.1) and (3.4.2) are listed in table 3.4.2. The calculation of SR,j values was

performed by the following steps. The load gk  was determined by iteration and it corresponds to

ultimate deflection wult. When the value gk is determined,  the SR,j, j =1, 2, 3 values are calculated

according to (3.4.1) and (3.4.2) expressions, depending on which qsh,k,j, j =1, 2, 3 case is used to

reach limit state.

Table 3.4.2 Reliability index values jSR,β , j =1, 2, 3 according to (3.4.1)-(3.4.2) expressions and the

corresponding to it jSR,α probability, which were determined from different [3-7, 15-17] DV codes

generalizng the j =1, 2, 3 three cases of marginal stiffness management

σZ
1)

m

tfckctf ,, µ−

MPa
j

qsh,k, j – q,sh

kN/m
SR,,j SR,,j

1 0 0.3 0.38

2 1.0 0.5 0.310.00425 –0.76

3 3.5 1.0  0.16
1)Calculating Z according to (3.4.2) the w,l,w,sh = 0,7 value was used,

which was calculated applying experiment

Pecularities of standardized in DV codes reliability of stiffness use in direct probabilistic-statistic

(DPS) codes

 Applying DPS codes it is better to use as criteria standardized in DV codes reliability. The

values of the βSR,saf,T  reliability index corresponding the group of ultimate limit state, for example

strength, represent reliability during the whole T exploitation period. And the values of the βSR,u,j

reliability of stiffness according to (3.4.1)-( 3.4.2) represent reliability at the end of T exploitation

at the freely selected moment of time, i.e. represent the reliability of stiffness upper limit during

the whole T exploitation period. As it was discussed, this upper limit is chosen because of

pecularities of determination of standardized in DV codes marginal stiffness deterministic models.
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Different probabilistic meaning of βSR,saf,T and βSR,u,j reliability indeces is due to different

damage degree in case when the safety or serviceability limit state occurs, because in case of the

ultimate limit state the exploitation of element often is stopped. However, when the serviceability

limit state occurs, the structure is still being exploitated.

 The important advantage of βSR,u,j reliability of stiffness parameters determination and use

in DPS codes is that the reliability of stiffness is determined much accurately than in case if the

reliability of stiffness parameter would be determined during the whole T exploitation period. Such

T period corresponding SR, , , , , ,ser T Z ser T Z ser Tβ = µ σ values of reliability index are determined with

large relative error, because the mean values , ,Z ser Tµ  are very small for the whole exploitation

period. Because of this reason the relative error of determination βSR,ser,T  values several times is

larger than the relative errors of determination βSR,1,j  values according to (3.4.1)-( 3.4.2).
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4. CONCLUSIONS

 1. Generalizing different DV design codes it may be stated that the deflection of flexural

reinforced concrete elements is managed by choosing different jkshq ,, , 3,2,1=j  characteristic

values of the short-term part shq  of the variable load q. These values, first of all, are selected

depending on damage in case when the limit state occurs and correspond to esthetic requirements,

reversible, irreversible limit deflections.

 So, the stiffness reliability standardized management may be compared with the safety

reliability standardized management, which performance requires division into three reliability

classes RC1, RC2, RC3. These classes correspond to different damage in case of limit state

occurence.

 2.  The determined values of βSR,1,j , 3,2,1=j  standardized reliability index are 0.3, 0.5, 1.0

(see table 4.4.2), i.e. the minimum and the maximum values of this index differs about three times,

when the control of the reliability is performed by the first method. The more information about

standardized reliability of stiffness control is available in EN 1990 code [16].

 3. The determined interval of index βSR,j = 0.3 ... 1.0 is similar to the serviceability limit

state reliability index βSR = 0 ... 1.5 intervals in ISO 2394 [16] table E 4.2 and EN 1990 [17].

 4.  The determined values of βSR,1,j , 3,2,1=j  reliability index may be used in direct

probabilistic design and evaluation of existing structures of reinforced concrete elements.

 5.  The carried out calculations show that the least reinforcement area is needed in design

of stiffness according to STR code (100 %). In designing according to EN and ACI codes the

required reinforcement area is increased 10 % and 36 % comparing with STR code (see table

2.6.1).
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