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Chapter 1

Introduction

1.1 Scope and relevance of the problem

Investigation of various classes of heavy-tailed distributions attracted
intense attention from theoreticians as well as practitioners because
of their use in such fields as insurance, communication networks, eco-
nomics, physics, etc.

The most researched subclass of heavy-tailed distributions is regu-
larly varying distributions. This class was introduced by Karamata [35]
in the context of real analysis. The notion of regular variation was
introduced in probability theory by Feller [28] when considering limit
theorems for sums of i.i.d. r.v.s. Many analytical results on regularly
varying functions can be found in the monograph by Bingham et al. [4].
Some applications of regularly varying distributions to finance and in-
surance are presented by Embrechts et al. [25].

Besides regularly varying distributions, a number of classes, such
as subexponential, consistently varying, long-tailed, dominatedly vary-
ing distributions, became standard in recent studies of heavy-tailed dis-
tributions. For recent books dealing with the classes of heavy-tailed
distributions and their properties we mention Foss et al. [29] and Kon-
stantinides [37]. The class of consistently varying distributions was in-
troduced as a generalization of the regularly varying distribution class
in [14], and was named there as a class of distributions with ”intermedi-
ate regular variation”. The concept of consistent variation has been used

in various papers in the context of applied probability, such as queueing



Chapter 1. Introduction 1.2. Aim and objectives of research

systems, graph theory and ruin theory, see e.g. [2,5-9,15,29,38,45,69].

In particular, an important question studied in many recent pa-
pers is closure property of heavy-tailed and related distribution classes.
The closure property says that, assuming two or more distributions in
some specific class, their transformation (e.g., sum-convolution, product-
convolution, mixture, minima, maxima) belongs to the same class of dis-
tributions. This property is not only an auxiliary tool in proving various
asymptotic results related to heavy-tailed distributions, but also inter-
esting mathematical problem itself. The ’converse’ problem to the con-
volution closure is the so-called convolution-root problem, which raises
the question whether inclusion of convolution-power to the certain class
of distributions yields the inclusion to the same class of the primary
distribution. For important studies of closure properties of heavy-tailed
distributions we mention Embrechts et al. [24] and Cline and Samorod-
nitsky [15].

Other interesting problems related to heavy-tailed distributions in-
clude asymptotic behavior of various transformations of r.v.s. Among
such types of problems is asymptotic behavior of the left truncated mo-
ments of random sums. It was considered in various fields of applied
probability, including risk theory and random walks [17,18,51]. In ad-
dition, this quantity is closely related with the Haezendonck-Goovaerts

risk measure, see for instance [32,39,61] and [62].

1.2 Aim and objectives of research

The aim of this work is to derive asymptotic properties of heavy

tailed distribution classes. To do this, the following objectives are:

(i) Let {&1,&2, ...} be asequence of independent random variables, and
7 be a counting random variable independent of this sequence. We
consider conditions for random variables {£1,&2,...} and n under
which distribution function of random sum S, = § + & + ... +
&, belongs to the class of consistently varying distributions. In
our consideration random variables {1, &2, ...} are not necessarily
identically distributed.



1.3. Methodology of research

(i)

(iii)

Let {£1,&2,. .. } be a sequence of independent real-valued, possibly
nonidentically distributed, random variables, and let 1 be a non-
negative, nondegenerate at 0, and integer-valued random variable,
which is independent of {£1,&2,...}. We consider conditions for
{&1,&2, ...} and n under which the distributions of the randomly

stopped minimum, maximum, and sum are regularly varying.

We consider the sum S,, = &1 + ... 4+ &, of possibly dependent and
non-identically distributed real-valued random variables &1,...,&,
with consistently varying distributions. By assuming that collec-
tion {&1,...,&,} follows the dependence structure, similar to the
asymptotic independence, we obtain the asymptotic relations for
E ((Sn)a]l{sn>x}) and E ((Sn — x)+) a, where « is an arbitrary

nonnegative real number.

1.3 Methodology of research

The main results of the thesis are proved using the classical methods

of probability theory and mathematical analysis.

1.4 Conferences

The results obtained during the preparation of the thesis were pre-

sented in following conferences:

European Actuarial Journal Conference, 22-24 August 2022,

Tartu, Estonia.

The Conference of Lithuanian Mathematical Society, 20-21 June
2019, Vilnius, Lithuania.

The Conference of Young Scientists, 12 March 2019, Vilnius,

Lithuania.

1.5 Main publications

The thesis is prepared based on three publications, which are pub-

lished in journal indexed in Clarivate Analytics Web of Science:

9



Chapter 1. Introduction 1.6. Other publications

« Edita Kizinevi¢, Jonas Sprindys, Jonas Siaulys. Randomly
stopped sums with consistently varying distributions. Modern
Stochastics: Theory and Applications (2016).

« Jonas Sprindys, Jonas Siaulys. Regularly distributed randomly
stopped sum, minimum, and maximum. Nonlinear Analysis: Mod-
elling and Control (2020).

« Jonas Sprindys, Jonas Siaulys. Asymptotic formulas for the left
truncated moments of sums with consistently varying distributed

increments. Nonlinear Analysis: Modelling and Control (2021).

1.6 Other publications

During the preparation of the thesis some other publications, which
are published in journals indexed in Clarivate Analytics Web of Science,

were issued as well:

« Olga Navickiene, Jonas Sprindys, Jonas Siaulys. Gerber-Shiu dis-
counted penalty function for the bi-seasonal discrete time risk
model. Informatica (2018).

« Olga Navickiené, Jonas Sprindys, Jonas Siaulys. Ruin probability
for the bi-seasonal discrete time risk model with dependent claims.
Modern Stochastics: Theory and Applications (2019).

10



Chapter 2

Review on heavy tailed

distributions

In this chapter, we recall the definitions of some classes of heavy-
tailed distribution functions (d.f.s). We remark only that the tail func-
tion F(x) =1 — F(z) for all real z and an arbitrary d.f. F.

e A d.f. F is heavy-tailed (F € H) if for every fized 6 > 0

lim sup F(2)e’® = oc.
T—00
o A d.f. F islong-tailed (F € L) if for every y (equivalently, for
some
y>0)
F(x+y)~F(x).
e A d.f. F has dominatingly varying tail (F € D) if for every fixed
y € (0,1)
(equivalently, for some y € (0,1))
F(zy)

lim sup — < 0
x—)oop F(LL’)

e A d.f. F has consistently varying tail (F € C) if

F
lim lim sup f(xy) =1
Yl z—oco (.%')

11



Chapter 2. Review on heavy tailed distributions

o A d.f. F has regularly varying tail with index v > 0, written as
F eR,, if, for any y > 0, it holds that

lim F;(xy) = y 7.

e A d.f. F supported on the interval [0, 00) is subezponential (F € S)
if
lim L2 F@) (2.0.1)

If d.f. G is supported on R, then we suppose that d.f. G is
subexpo-
nential (G € S) if d.f. F(z) = G(x)ljg ) (x) satisfies relation
(2.0.1).
It is known (see, e.g., [12], [26], [36], and Chapters 1.4 and A3 in [25])

that these classes satisfy the following inclusions:

R:=|JR, cCcLNDCcSCLCH, DCH.
720

These inclusions are depicted in Figure 2.1.

H

Figure 2.1: Classes of heavy-tailed distributions.

The following two indices are important to the determination
whether d.f. F' belongs to the aforementioned heavy-tailed distribution

classes. The first index is the so-called upper Matuszewska index (see,

12



e.g., [4, Section 2], [15,46]), defined as

J;,L' = inf{—

y>1

log lim inf fi(xy) }
logy T—00 F(x)

Another index, so-called L-index, is defined as

F
Lr = limliminf 7(acy)
yll 700 F(1)

This index was used by [33,42,74], among others.
The definitions of the aforementioned heavy-tailed distribution

classes imply that

FeD & Jfi<oo & Lp>0,
FeC & Lp=1,
FeR, = Lp=1,Ji=".

In the thesis, we further consider the d.f.s from classes R and C.

The class R was introduced by Karamata [35] in the context of real
analysis. The notion of regular variation was introduced in probability
theory by Feller [28] when considering limit theorems for sums of inde-
pendent identically distributed (i.i.d.) random variables (r.v.s). Many
analytical results on regularly varying functions can be found in the
monograph by Bingham et al. [4]. Some applications of regularly vary-
ing distributions to finance and insurance are presented by Embrechts
et al. [25].

An important property following from the definition of R, is that
the tail function of an arbitrary regularly varying d.f. can be represented
in the form F(x) = 27 7L(x), where L is a slowly varying function, that

is,
lim L(zy)

=1
Z—00 L(aj)

for any y > 0.

The class C of consistently varying distributions was introduced as
a generalization of the class R in [14], and was named there as a class
of distributions with ”intermediate regular variation”. The concept of

consistent variation has been used in various papers in the context of

13



Chapter 2. Review on heavy tailed distributions

applied probability, such as queueing systems, graph theory and ruin
theory, see e.g. [2,5-9,15,29,38,45,69].

14



Chapter 3

Randomly stopped sums
with consistently varying

distributions

3.1 Introduction

Let {&1,&2,...} be a sequence of independent r.v.s with d.f.s
{Fe,, Fe,, ...}, and let n be a counting r.v., i.e. 7 be integer-valued,
nonnegative and not-degenerate at zero. In addition, suppose that r.v.
nandr.v.s {{1, &, ...} are independent. Let Sp = 0, S, = &1+&e+. . .+&,
for n € N and let

Sn = gk

\E

k=1
be the randomly stopped sum of r.v.s {£1,&2,...}.

In this chapter, we are interested in conditions under which d.f. of
Sh

o0
Fs, (z) =P(S, <x) =Y P(n=n)P(S, < x) (3.1.1)
n=0
belongs to the class of consistently varying distributions.
Throughout  this  chapter, f(z)=o0(g(x)) means that

li_}rn f(z)/g(z) =0 and f(x) ~ g(r) means that li_}rn f(z)/g(z) =1 for
arbitrary two vanishing (at infinity) functions f and g. Also, we denote

15
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distributions 3.1. Introduction

the support of counting r.v. n by
supp(n) :={n € No : P(n = n) > 0}.

There exist many results about sufficient or necessary and sufficient
conditions in order that the d.f. of randomly stopped sum (3.1.1) belongs
to some heavy-tailed distribution class. Here we present a few known
results concerning the belonging of d.f. Fg, to some class. The first
result about subexponential distributions was proved by Embrechts and
Goldie (see Theorem 4.2 in [23]) and Cline (see Theorem 2.13 in [13]).

Theorem 3.1.1. Let {1, &a, ...} be independent copies of a nonnegative
r.v. & with subexponential d.f. F¢. Let n be a counting r.v. independent
of {€1,62,...}. IfE(1+0)" < oo for some § >0, then d.f. Fs, € S.

Similar results for class D can be found in paper of Leipus and Siaulys

[40]. Below we present the assertion of Theorem 5 from this work.

Theorem 3.1.2. Let {{1,&2,...} be i.i.d. nonnegative r.v.s with com-
mon d.f. Fy € D and finite mean E§. Let n be a counting r.v. indepen-
dent of {£1,82,...} with d.f. F;, and finite mean En. Then d.f. Fs, € D
iff min{F¢, F,} € D.

We recall only (see pages 12-13), that d.f. F belongs to the class D if
and only if the upper Matuszewska index J;E < 00, where, by definition,

log (1215 inf 1;3) .

The random convolution closure for the class £ was considered, for
instance, in [1], [40], [70] and [71]. Below we present the particular

assertion of Theorem 1.1 from [71].

Theorem 3.1.3. Let {£1,&2,...} be independent r.v.s and n be a count-
ing r.v. independent of {&1,8&2,...} with d.f. F,. Then d.f. Fs, € L if

16



3.1. Introduction

the following five conditions are satisfied:

(i) P(np>=k)>0 for some k € N;
(ii) forall k> kK d.f. Fs, of sum Sy is long tailed;

(iii) supsup (Fs, (z) — Fs, (x — 1)) Vk < o0;
k>1 z€R
Fg (z—1
(iv) limsup sup  sup %L) =1;
200 k> ask(z—1)+z L5, ()

(v) Fylaz)=o (\/EFSK (ZL')) for each a > 0.

We observe that the case of identically distributed r.v.s is considered
in Theorems 3.1.1 and 3.1.2. In Theorem 3.1.3 r.v.s {&1,&2,...} are
independent, but not necessary identically distributed. Similar result,
but for r.v.s having d.f.s with dominatingly varying tails can be found

in paper [21]. Below we present Theorem 2.1 from this article.

Theorem 3.1.4. Let r.v.s {£1,&2,...} be nonnegative independent, but
not necessary identically distributed, and n be a counting r.v. indepen-
dent of {£1,&2,...}. Then d.f Fs, belongs to the class D if the following

three conditions are satisfied:

(i) Fe €D for some k € supp(n),

n

1 _
ii) limsupsup ——— Fe (x) < 00,
( ) x—>oop n}g TZFY&‘i ((l}) ; 52( )

(i) EnP™ < oo for some p > JI}: .

In this work, we consider randomly stopped sums of independent
and not necessarily identically distributed r.v.s. As was noted above,
we restrict our consideration on the class C. If r.v.s {1, &2, ...} are not
identically distributed then different collections of conditions on r.v.s
{€1,&2,...} and n imply that Fs, € C. We suppose that some r.v.s
from {&1, o, ...} have distributions belonging to the class C, and we find
minimal conditions for r.v.s {£1, s, ...} and n in order that distribution
of the randomly stopped sum S, remains in the same class. It should
be noted that we use methods developed in papers [21] and [22].

The rest of the chapter is organized as follows. In Section 3.2,

we present our main results together with two examples of randomly

17
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stopped sums S, with d.f.s having consistently varying tails. Section 3.3
is a collection of auxiliary lemmas, and the proofs of the main results

are presented in Section 3.4.

3.2 Main results

In this section, we present three assertions in which we describe the
belonging of a randomly stopped sum to the class C. In the conditions
of Theorem 3.2.1 counting r.v. 7 has a finite support. Theorem 3.2.2
describes the situation when no moment conditions on r.v.s {{1,&2, ...}
are required, but there is strict requirement for 1. Theorem 3.2.3 deals
with the opposite case: r.v.s {£1,&2, ...} should have finite means, while
the requirement for 7 is weaker. It should be noted that the case of
real-valued r.v.s {&1,&2,...} is considered in Theorems 3.2.1 and 3.2.2,

while Theorem 3.2.3 deals with nonnegative r.v.s.

Theorem 3.2.1. Let {{1,&2,...,€p}, D € N, be independent real-valued
r.v.s, and n be a counting r.v. independent of {&1,&2,...,{p}. Then d.f.
Fg, belongs to the class C if the following conditions are satisfied:

(a) P(n<D)=1,

(b) Fg €C,

(c) foreach k=2,...,D, either F, € C or F¢,(z)=0(F¢ (z)).

Theorem 3.2.2. Let {£1,&2,...} be independent real-valued r.v.s, and
n be a counting r.v. independent of {&1,&2,...}. Then d.f. Fs, belongs

to the class C if the following conditions are satisfied:
(a) F§1 € C7
(b) for each k > 2, either Fg, € C or Fe, (z) =0 (F¢ (2)),

n

1 _
¢) limsupsup —— Fe () < 00,
( ) x—>oop n}Il) anl(x) ; 62( )

(d) EnP™ < o for some p > J;E§ )
1

When {&1, &2, ...} are identically distributed with common d.f. F; €
C, conditions (a), (b) and (c) of Theorem 3.2.2 are satisfied obviously.

Hence, we have the following corollary.

18



3.2. Main results

Corollary 3.2.1. (see also Theorem 3.4 by [9]) Let {&1,&a, ...} be i.i.d.
real-valued r.v.s with d.f. Fz € C, and 1 be a counting r.v. independent
of {&1,82,...}. Then d.f. Fs, belongs to the class C if EnPtl < oo for
some p > J;fg.

Theorem 3.2.3. Let {£1,&2, ...} be independent nonnegative r.v.s, and
n be a counting r.v. independent of {&1,&2,...}. Then d.f. Fs, belongs

to the class C if the following conditions are satisfied:

(a) Fg €C,

(b) for each k > 2, either Fg, € C or Fe, (z) =0 (F¢ (2)),
(c) E& < oo,

(d) Fy(x)=o0(Fe(z)),

1 _
e) limsupsup ——— Fe () < o0,
( ) x—>oop n}Il) 7’LF€1 (ZL‘) zZ &( )

n

1
(f) limsupsup — Z E&, =

u—oo n>1M el

Similarly to Corollary 3.2.1, we could formulate the following asser-
tion. We note that in the i.i.d. case conditions (a), (b), (e) and (f) of
Theorem 3.2.3 are satisfied.

Corollary 3.2.2. Let {&1,&2,...} be i.i.d. nonnegative r.v.s with com-
mon d.f. Fg € C, and n be a counting r.v. independent of {£1,&2,...}.
Then d.f. Fs, belongs to the class C under the following two conditions:
E¢ < 0o and Fy(z) =0 (Fe(x)).

Further in this section, we present two examples of r.v.s {£1,&2, ...}

and 7 for which random sum Fg, has a consistently varying tail.

Example 3.2.1. Let {&1,&2,...} be independent r.v.s such that &, are

exponentially distributed for all even k, i.e.
Fe (x)=e", 220 ke {24,6,...},
while for each odd k r.v. & is a copy of r.v.
(1+U)29,

19
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where U, G are independent, U is uniformly distributed on interval [0, 1],

and G is geometrically distributed with parameter q € (0,1), i.e.
P(G=1)=(1-¢q)d, 1=01,....

In addition, let ) be a counting r.v independent of {&1, &2, ...} distributed

according to the Poisson law.

Theorem 3.2.2 implies that d.f. of the randomly stopped sum S,

belongs to the class C, because:

(a) Fg €C due to considerations in pages 122-123 of [7],

(b) Fg €Cforke {3 5,...}, and Fe¢, (z) =0 (F¢ (z)) for k € {2,4,6,...},
c) limsupsu F

( ) x—)oop n>I;n 51 Z &

(d) all moments of r.v. n are finite.

We should note that &; doesn’t satisfy the condition (c) of Theorem
3.2.3 in the case when ¢ > 1/2. Hence, Example 3.2.1 describes the

situation where Theorem 3.2.2 should be used instead of Theorem 3.2.3.

Example 3.2.2. Let {£1,8&o,...} be independent r.v.s such that & are
distributed according to the Pareto law (with tail index o = 2) for all
odd k, and & are exponentially distributed (with parameter equal to 1)

for all even k, i.e.

1
Fo(n)= 5 x> ke {135},

Fe (x)=e", 220, ke {24,6,...}.

In addition, let n be a counting r.v independent of {&1, &2, ...} which has

Zeta distribution with parameter equal to 4, i.e.

1

0= = @

m € Np,

where ¢ denotes the Riemann zeta function.

Theorem 3.2.3 implies that d.f. of the randomly stopped sum S,

20



3.3. Auxiliary lemmas

belongs to the class C because:

F£1 ecC,

E& =2,
d F’U(x) =0 (F&( )) s
(e) limsupsup ——— Z Fe(x

r—o00 n>=l n 51
f E&, = 2.
(f)  maxEe, =
Regarding the condition (d), it should be noted, that Zeta distribu-
tion with parameter 4 is a discrete version of Pareto distribution with
tail index 3.
We should note that 7 doesn’t satisfy the condition (d) of Theorem
3.2.2 because J;fs = 2 and En?® = co. Hence, Example 3.2.2 describes
1
the situation, where Theorem 3.2.3 should be used instead of Theorem
3.2.2.

3.3 Auxiliary lemmas

This section deals with the row of auxiliary lemmas. The first lemma
is Theorem 3.1 by [9] (see also Theorem 2.1 by [64]).

Lemma 3.3.1. Let {X1, Xo,...X,,} be independent real-valued r.v.s. If
Fx, €C for each k € {1,2,...,n} then

]P( z;:X > x) ~ gFXi(x)

The following assertion about subexponential distributions was
proved in Proposition 1 of [24], and later generalised to the broader
distribution class in Corollary 3.19 of [29].

Lemma 3.3.2. Let {X;, Xo,...X,} be independent real-valued r.v.s.
Assume that Fx,/F(x) — b; for some subezponential d.f. F' and some
T—00

21

)

b) Fg, €Cfor k€ {3,5,...}, and Fe, (z) =0 (F¢, (z)) for k € {2,4,6,...
)
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constants b; >0, 1 € {1,2,...n}. Then

n

Fx, *Fxgj---*FXn($) . b,
F(.’E) L300 4=
i=1

In the next lemma we show in what cases convolution Fx, * Fx, *

...x Fx, belongs to the class C.

Lemma 3.3.3. Let {X1, Xo,..., X}, n € N, be independent real-valued
r.v.s. Then d.f. Fy, of sum X, = X1+ Xo+...X,, belongs to the class

C if the following conditions are satisfied:
(a) FX1 ecC,
(b) For each k=2,...,n, either Fx, € C or Fx,(z)=0(Fx,(z)).

Proof. Evidently, we can suppose that n > 2, and we can split our proof
into two parts.
First part. Suppose that Fx, € C forall k € {1,2,...,n}. Insuch a case,

the assertion of the lemma follows from Lemma 3.3.1 and inequality

a1+a2+~o-+am<max{al CLQ am} (331)

by +by+ ...+ by b1 by’ by

provided if a; > 0 and b; > 0 for i € {1,2,...,m}.
Namely, using relation of Lemma 3.3.1 and estimate (3.3.1) we get
that

no__
= > Fx, (zy)
: Fy, (zy) T k=1 g
lim sup Fi() = limsup —,
T—r00 S\ X T—00 Z FXk(x)
k=1
FXk (xy)

< max limsup =
1<k<n 200 F)(,C (x)

for an arbitrary y € (0,1).

Since Fx, € C for each k the last estimate implies that d.f. Fy;,, has
consistently varying tail as desired.

Second part. Now suppose Fyx, ¢ C for some of indexes k €
{2,3,...,n}. According to the lemma conditions we have that Fx, (x) =
o(Fx,(x)) for such k. Let K C {2,3,...,n} be the subset of indexes
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under condition
k€K & Fx, ¢Cand Fx,(z)=0(Fx,(z)).

Due to Lemma 3.3.2
Fin ($) ~ FXI (l’),

where
So=X14 ) X
ke
Hence, -
Fs (zy F
lim sup ﬁ = limsup M (3.3.2)

for every y € (0,1).

Equality (3.3.2) implies immediately that d.f. Fg belongs to the
class C. Therefore d.f. Fy,, also belongs to the class C according to the
first part of the proof because

Sn=Sn+ Y X

kK
and Fx, € C for each k ¢ K. The lemma is proved. O

The following two statements about dominatingly varying distribu-
tions are Lemma 3.2 and Lemma 3.3 respectively by [21]. Since any con-
sistently varying distribution is also dominatingly varying, these state-

ments will be useful in the proofs of our main results concerning class

C.

Lemma 3.3.4. Let {X1, X2,...} be independent real-valued r.v.s, and
Fx

requirement holds:

€ D for some v = 1. Suppose, in addition, that the following

v

lim sup sup ——— g Fx,(x
T—00 nzv n Xu

Then for each p > J;X there exists a positive constant c1 such that

Fs, (2) < einP™Fx, () (3.3.3)
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foralln > v and z > 0.

Actually, Lemma 3.3.4 is proved in [21] for nonnegative r.v.s. But the
statement of the lemma remains valid for real-valued r.v.s. To see this it
is sufficient to observe that P(X1+Xa+...+ X, > 2) < P(X; + X5 ...+
X5 >2) and P(Xy, > ) =P(X;} > z), wheren € N, k € {1,2,...,n},

x >0, and a* denotes the positive part of a.

Lemma 3.3.5. Let {X1, X2,...} be independent real-valued r.v.s, and
Fx, €D for somev > 1. Let, in addition,

limsupsup ——— Z Fx,(

T—00 n>1/n Xu

and EX}, = EX: —EX, =0 for k € N. Then for each v > 0 there

exists a positive constant ca = ca(7y) such that
P(S, > x) < conFx, ()

forallx > ~vyn and alln > v

3.4 Proofs of the main results

Proof of Theorem 3.2.1. It is sufficient to prove that

Fg
lim sup lim supﬂ <1 (3.4.1)
yT1 T—00 an( )
According to estimate (3.3.1), for z > 0 and y € (0,1) we have
Z P(Sn > ay)P(n=n)
Fs, (zy) _ nEsupp(n) P (S, > zy)

< max

F 1<n<D W
Sy () Z P(S,>x)P(n=n)  nesupp(n) ( g
n=1
nesupp(n)
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Hence, by Lemma 3.3.3,

. . Fg,(xy) Fs, (zy)
limsuplimsup =—"——= < limsuplimsup max ————==

! T—$00 an () ! z—oo 1l<n<D  Fg (z )

nesupp(n)
F
< max limsuplimsup M =1,
1<n<D ytl r—00 an (JI)
n€supp(n)
which implies the desired estimate (3.4.1). Theorem is proved. U

Proof of Theorem 3.2.2. As in Theorem 3.2.1, it is sufficient to
prove inequality (3.4.1). For each K € N and x > 0 we have

P (S, > x) <Z+ Z ) (Sp>z)P(n=n).

= n=K+1

Therefore for x > 0 and y € (0,1) we have

K
2. P(Sn > ay)P(n=mn)

P(S, >0 _ o
P (S, > z) P(S, > 2)
> P(Sy>ay)P(n=n)
+ n=K+1
P (S, > x)
=: jl + jg. (342)

Random variable n is not degenerate at zero, so there exists a € N
such that P(n =a) > 0. If K > a, then using inequality (3.3.1) we get

Z P (Sn > ay)P(n=n)

INS n T
Z P (Sn > x) P (7’] = n) ne€supp(n)
n=1
nesupp(n)

Similarly as in the proof of Theorem 3.2.1, it follows that

F
limsuplimsup J; < max limsup limsup M =1. (3.4.3)
yTl T—00 1<n<K yT1 T—00 an (.Z')
n€supp(n)
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Since C C D, we can use Lemma 3.3.4 for the numerator of J5 to obtain
(o)
Z P (S, > ay) P (n=n) < csFe, (zy) Y. n"H'P(n=n)
n=K+1 n=K+1

with some positive constant c3. For the denominator of o, we have that

P(S,>z) = Z]P’(Sn > x)P(n=n)

> ?ILDESa >z)P(n=a).

Conditions of the theorem imply that

Sa=8&+ Y &+ > &,

keKa kKo

where g = {k € {2,...,a} : Fg, ¢ C,Fe,(x) = o( F¢,(2)) }.
According to Lemma 3.3.3 we have that d.f. F: 3, of sum

Se=&+ Y &
ke,

belongs to the class C. So, due to Lemma 3.3.2,

Fg (z)/Fe, (z) — 1.

T—00

If k ¢ Ko then F, € C by conditions of Theorem. This fact and Lemma
3.3.1 imply that

liminf ———~ (S > ) >14+ Z hmmfgkii).

Hence,
P(S, > 7) > 3 Fe,(2)P( = a) (3.4.4)
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if x is sufficiently large. Therefore,

lim sup lim sup Jo
yT1 T—r00

F o
< 263<lim sup lim sup 51(931/)) Z nP TP (n=13.4.5)
Pn=a)\" "y ave Fela) ), 52,

Estimates (3.4.2), (3.4.3) and (3.4.5) imply that

) . P (S, > xy) 2c3 1
limsuplimsup ——— "2 <14+ ——=  _FEpPtiq
A e P(S, > x) Bly=a) | 0

for arbitrary K > a.
Letting K to infinity we get the desired estimate (3.4.1), due to

Theorem’s condition (d). Theorem is proved. O

Proof of Theorem 3.2.3. Once again, it is sufficient to prove
inequality (3.4.1).
By Theorem’s condition (e), we have that there exist two positive

constants ¢4 and c5 for which
n
ZF&(:U) <esnFe (z), > ¢y, neN.
i=1

Therefore,

n cy [e’e)
ES, = ZE@ = Z < /+/ >F5j (u)du < cqn + csnEE =: con,
J=1 0 c4

(3.4.6)
for a positive constant cg and all n € N.
If K € Nand z > 4K cg, then we have

P(S,>z) = P(S,>z,n<K)
—i—]P’(S,]>:c,K<77<i>

C6

xr
IP(S : 7).
+ n>x 77>466
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distributions

Therefore,
P(Sy>zy) _ P(Sy>azy,n<K)
P (S, > x) P (S, > x)

P(S, > zy, K <n < 4%))

P (S, > x)

P(S, > zy,n > %)
P (S, > x)

= L1 +1o+ 13,

(3.4.7)

if zy > 4Kcg, x >0 and y € (0,1).
Random variable 7 is not degenerate at zero, so P(n=a) > 0 for

some a € N. If K > a, then

limsup limsupZ; < 1, (3.4.8)
yT1 T—00
similarly to the estimate (3.4.3) in Theorem 3.2.2.
For the numerator of 7o we have
T = ]P’(Sn > 2y, K <1 < ﬁ)
406
n n
SD I DGR RS o) TR
j=1

K<n<% =1

> P(Y@-Be) > tu)ra=n, (49

zY =
K<n<4c6 =1

N

according to inequality (3.4.6).

R.v.s 51 — Efl, 52 - Efg,

satisfy the conditions of Lemma 3.3.5.
Namely, E(§, —E&) = 0 for k£ € N and F¢,_g¢, € C C D obviously. In
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addition,

. 1o
limsup sup — > B (& — B/ Tie, re <)

n
u—oo n>1 =1

. 1 n
= limsup sup — Z E ((Eﬁk - 5k)]I{§k—1E£k<—u})

u—oo n>1MN 1

1
< limsupsup — Z E& =0

u—o00 n=1 1<k<n
X X
E&k>u

because of Theorem’s condition (f). So, using estimation of Lemma 3.3.5
in (3.4.9), we get

= (3
Ioy < c7 Z nF&(Zazy—l—Egl)]P’(n:n)
K<n<%

— /3
< orFg ( ny>E771[{n>K}

with some positive constant c;. For the denominator of Zo we can use
inequality

o0

P(S,>z) = Z]P’(Sn > x)P(n=n)

WV
M8

P (& > z)P(n=n)

\%
Rl

6 (@)P(n=a) (3.4.10)

because r.v.s {{1, &2, ...} are nonnegative due to Theorem’s conditions.
Hence,

7 Fe, (37y)
To < — 0 Bl oo 47
Py =a) " P (@)
If y € (1/2,1) then the last estimate implies that

3
. Cc7 . 1 \8
limsupZy < ——Enl limsup —=—2+% < cgEnl
x_mp 2 P(n = a) N>k} :C_)oop . LN Ln>K}

with some positive constant cg, because Iy, € C C D.
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Using inequality (3.4.10) again we obtain

P> 1 (i) Fa (32)
S P(S,>z) Pln=a)F '

N

13

Therefore, for y € (1/2,1) we get

limsupZs < lim su
x~>oop 3 P(?] = CL) x%oop F& (ny) T—00 F§1 x
6

because of Theorem’s condition (d).
Estimates (3.4.7), (3.4.8), (3.4.11) and (3.4.12) imply that

P
lim sup lim sup M

<1+ cgEnl
ytl - a—oo P (S > ) S > k)

for K > a.

Letting K tend to infinity we get the desired estimate (3.4.1), because
En < oo due to Theorem’s conditions (c¢) and (d). Theorem is proved.
Il
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Chapter 4

Regularly distributed
randomly stopped

structures

4.1 Introduction

Let {&1, &2, ...} be a sequence of independent random variables (r.v.s)
with distribution functions (d.f.s) {F¢,, Fg,, ...}, and let  be a counting
random variable (c.r.v.), that is, a nonnegative, nondegenerate at 0,
and integer-valued r.v. In addition, we suppose that the r.v.  and the
sequence {1, &2, ...} are independent.

Let Sp:=0,5,: =& +...+&, for n € N, and let

be the randomly stopped sum of the r.v.s £1,&s, .. ..
Next, let £©) =0, ¢ .= max{0,&1,...,&,} for n € N, and let

0 ifn =20,
max{0,&,...,&} ifn>1,

5(77) ._

be the randomly stopped mazximum of the r.v.s &1,&9,.. ..
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Similarly, let ) := 0, §) = min{&1,...,&,} for n € N, and let

0 ifn=20,

o) =
) min{&,..., &} ifn>1

be the randomly stopped minimum of the r.v.s &,&, .. ..

We denote by Fg( Fe, and Fyg, the d.fs of &) , €M and S,
respectively. We denote by F the tail of a d.f. F, that is, F( )=1-F(z)
for z € R. It is obvious that the following equalities hold for z > 0:

Fe, (x Z]P’ P(ny > ), Fem(z ZP ¢ > 1),

Fg,(z ZIP P(S, > ).

We use the following three notations for the asymptotic rela-
tions of arbitrary positive functions f and ¢: f(z)=o0(g(x)) means
that limy oo f(2)/g(z) = 0; f(z) ~ cg(x), ¢ > 0, means
that limg, o f(z)/g(x) = ¢ and f(z) =< g(x) means that 0 <
liminf, ,~ f(2)/g(x) < limsup,_, f(z)/g9(z) < oo

In this chapter, we consider a sequence {&1,&a, ...} of possibly non-
identically distributed r.v.s. We suppose that some of the d.f.s of these
r.v.s belong either to the class R, with some o > 0 or to the classes
R = UazoRar R+ = UysoRa- We find conditions under which the
d.f.s Fes Feo, and Fg, are regularly varying.

We further present a few results on randomly stopped structures
related to regularly varying distribution functions.

The following two results present sufficient (Theorem 4.1.1) and nec-
essary (Theorem 4.1.2) conditions for the closure of random sum of reg-

ularly varying r.v.s, see [27], Propositions 4.1 and 4.8, respectively.

Theorem 4.1.1. Let &1,&9,... be independent and identically dis-
tributed (i.i.d.) nonnegative r.v.s, and let n be a counting r.v. inde-
pendent of {&1,&2,...}. Assume that the d.f. Fg, is regularly varying
with index a > 0, En < 0o, and Fy(x) = o (F¢, (). Then the d.f. Fs,
belongs to the class Rq, and Fg, (x) ~EnFe (z).
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Theorem 4.1.2. Let &1,&2,... be i.i.d. nonnegative r.v.s, and let n be
a counting r.v. independent of {£1,&2,...}. Assume that S, is regularly
varying with index a > 0 and En'VP < oo for some p > . Then the d.f.
Fy, belongs to the class Ry, and Fs, () ~EnFe ().

The following result on sufficient and necessary conditions for the
closure under random maximum of regularly varying r.v.s was obtained
in [34] (see Lemma 5.1(i)).

Theorem 4.1.3. Let &1,&o,... be i.i.d. real-valued r.v.s, and let n be
a counting r.v. independent of {&1,&2,...} such that En < oco. Then
Ff(n) (z) ~EnFe¢, (x), and hence Few) belongs to the class Rq if and only
if Fe, belongs to Re, o > 0.

Motivated by the presented statements and results obtained in
[7, 16, 19, 20, 41, 48-50, 52, 58, 69], we continue to consider conditions
under which the d.f.s Fg(m, Few, and Fg, belong to either the class
R, with some « > 0 or the class R. As we mentioned before, we deal
with the case where the sequence {&;,&s,...} consists of independent
but possibly nonidentically distributed r.v.s.

The rest of the chapter is organized as follows. In Section 4.2, we
present our main results. Section 4.3 consists of some auxiliary lemmas.
The proofs of the main results are given in Section 4.4. Finally, in
Section 4.5, we present two examples to expose the usefulness of our

results.

4.2 Main results

In this section, we present the main results of this chapter. In all
the statements, we suppose that the sequence {1, &, ...} and the c.r.v.
n are independent. Our first theorem describes properties of randomly

stopped minima.

Theorem 4.2.1. Let {£1,82,...} be a sequence of real-valued r.v.s.
Then Fe, € R for all k € N if and only if Fe) €R for every c.r.v. n.

The second theorem below describes sufficient conditions for the reg-
ularity of randomly stopped maxima and sums when the c.r.v. n has a

finite support.
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Theorem 4.2.2. Let &1,...,&n,m € N, be independent real-valued

r.v.s, and let n be a counting r.v. independent of {&1,...,&m} such
that P(n <m) = 1. Then the d.f.s Fs, and Fm) belong to the class

Ra, a =0, if the following two conditions are satisfied:

(i) Fe, € Ra,
(ii) for each k > 2 either Fg, € Ry or Fe (z) =0 (F¢ (2)).

Furthermore, under conditions (i)—(ii), the following tail equivalences

hold:

Fewy(x)~Fs,(v) ~va™® Z P(n=n) Z Li(x), (4.2.1)
n=1 ke,

where I, = {k = 1,...,n : Fr, € Ra}, and Ly are slowly varying

functions from the representations Fe, (x) = x~“Ly(z).

The following theorem describes properties of randomly stopped
sums and maxima when the c.r.v. has a finite support. Here we provide
both necessary and sufficient conditions for {£1,&s, ...}, but the initial
conditions for the collection of the primary r.v.s are more restrictive

than in the previous theorem.

Theorem 4.2.3. Let &1,&9,. .. be a sequence of independent real-valued
r.v.s such that F¢, (z) < Fg (x) for all k > 2. Then the following

statements are equivalent:

(i) Fg, € Ry forallk € N,

(ii) Fs, € Ry for any c.r.v. n with finite support,
(iii) Fewy € Ry for any c.r.v. n with finite support.

In the following theorem, we give sufficient conditions under which
the randomly stopped sum is regularly varying in the case of a general

C.I.V. 7).

Theorem 4.2.4. Let £1,&o, ... independent real-valued r.v.s, and let n

be a counting r.v. independent of {&1,&2,...}. Assume the following
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conditions are satisfied:

(i) Fe € Raya 20,

Fﬁk(x) —d
Fe, (x)

ii) limsupsup — ‘
( ) r%oop n>Il) n Z

constants {dy = 1,dg,ds, ...} such that limsup — de < 00,

(iii) EnP*' < oo for some p > a.

Then the following tail equivalence holds

FS F£1 ZIP’n—n de,

and hence Fg, € Ry.

The following result on sufficient and necessary conditions for the
closure under random maximum of regularly varying r.v.s is a direct

generalization of Theorem 4.1.3.

Theorem 4.2.5. Let {{1,&o, ...} be real-valued r.v.s such that Fe, (z) >
0 for all z € R, and let n be a counting r.v. independent of {&1,&a, ...}
In addition, suppose that

hmsupsup—z )ng(x) — dk‘ =0 and maX{En,E(Zn:dk)} < 00
k=1

z—oo0 n>1 T F§1 (:L‘)

for a sequence of nonnegative constants {dy = 1,ds,...}. Then

Fewy () ~ Fe, (2 ( Z dk>

and hence Fg) belongs to the class Rq if and only if F¢, belongs to Ra,
a = 0.
4.3 Auxiliary lemmas

In this section, we give several auxiliary lemmas. Some of these

lemmas are originally stated for wider heavy-tailed distribution classes,
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which include the class R as a subclass. Here we restate these lemmas
for regularly varying d.f.s. The first lemma follows from Theorem 3.1
of [9] (see also Theorem 2.1 from [64]). This lemma is a specific case of
Lemma 3.3.1.

Lemma 4.3.1. Let X1,... X, be independent real-valued r.v.s. If Fx, €
R for k € {1,2,...,n}, then

IP’( Zn:Xk > x> ~ anka(az). (4.3.1)

The next lemma is Theorem 4.1 from [56]. This lemma provides nec-
essary and sufficient conditions for the max-sum equivalence of regularly

varying distributions.

Lemma 4.3.2. Let {X;,Xs,... X, } be independent real-valued r.v.s.
Then Fx,, € Ra, a = 0, if and only if max{O, 1—->0 ka} € Ra,
where Fx, is d.f. of sum ¥, = Xq1+...+X,. In this case, the asymptotic
relation (4.3.1) holds.

The next lemma follows from Theorems 3.10, 3.11, and 4.1 by
Shimura [56]. It describes the decomposition property of regularly vary-

ing distributions.

Lemma 4.3.3. Let X be a real-valued r.v., and suppose that Fx € R.
Furthermore, suppose that X can be decomposed into independent r.v.s
X1 and Xo, that is, X = X1 + Xo. If Fx, € R4 and Fx,(z) < Fx, (),
then Fx, € R4.

The following statement was proved in Proposition 1 of [24] and later
was generalized to a broader distribution class in Corollary 3.19 of [29].

This lemma is a specific case of Lemma 3.3.2.

Lemma 4.3.4. Let {X1,...X,} be a collection of independent real-
valued r.v.s. Assume that Fx, (z)/F(z) = by for some regularly vary-
xr oo
ing d.f. F' and some constants b; > 0, i € {1,2,...n}. Then
n
P( Z X > :L'>

k=1
— — bk.
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In the next lemma, we show in which cases the d.f. Fy, of the
sum ¥, = X1 + ...+ X, and the d.f. Fy) of the maximum XM =
max{X1,..., X} belong to the class R,.

Lemma 4.3.5. Let X1,...,X, be independent real-valued r.v.s. Then
the d.f.s Fy,, and Fx ) belong to the class Ro, a > 0, if the following
conditions are satisfied:

(i) FX1 € Ra,

(ii) for each k =2,...,n, either Fx, € Rq or Fx,(z)=o0(Fx,(2)).

Furthermore, under these conditions,

Fyo(x)~Fs, (2) ~2™® Y Ly(a (4.3.2)
kEIn

where Ly are slowly varying functions from representations ka (x) =
e Ly(x), and I, = {k=1,...,n : Fx, € Ra}.

Proof. We first consider the sum >,. For n = 2, the statement is
well known (see, e.g., p. 278 in [28], Lemma 1.3.4 in [47], Proposition
4.2.5 in [55] or the case n = 2 of Corollary 3.19 of [29]). We use induction.
Suppose the statement of the lemma holds for n = K. This means that
Fy,, € Ry and, due to Lemma 4.3.2,

Fy,(

K ZLk

kelx k=

HMN
gl

According to the conditions of the lemma, either Fix, ., € Ry or
FXKH(QU) = O(FEK (x)) Since Yg+1 = Xx + Xk +1, in both cases, we
obtain that Iy, , € Rq and

K+1
FEKH(x) ~ Z Fx, (@) ~ a7 Z Li(x)
k=1 kei\-KJrl

by Proposition 4.2.5 from [55] and Proposition 1.3.6 from [4] on the prop-
erties of slowly varying functions. According to the induction principle,

the statement of the lemma holds for all sums X,,.
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The statement of the lemma for X" follows immediately from the

following asymptotic relations:

n

Fyim (@) = IP( x> x}) ~3 Fy(a) ~ 2 Y Li(e)
k=1

k=1 ke,

for each n € N by the classical Bonferoni inequalities and properties of

slowly varying functions. The lemma is proved. O

The following statement follows from Lemma 3.2 of [21].

Lemma 4.3.6. Let Xy,... be independent real-valued r.v.s, and let
Fx, € Ry for some v > 1 and o > 0. Suppose, in addition, that

Then, for any p > «, there exists a positive constant ¢ = c¢(p) such that
Fs, (z) < enP™Fy, () (4.3.3)

foralln > v and x > 0.

In fact, Lemma 3.2 in [21] is proved for nonnegative r.v.s, but the
statement remains valid for real-valued r.v.s. To see this, it suffices
to observe that P(X; + ... + X,, > x) < P(X{" ...+ X, > z) and
P(Xy > x) = IF"(Xk+ >zx) forneN, ke {l,2,...,n}, z > 0, where a*

denotes the positive part of a.

4.4 Proofs of main results

In this section, we give detailed proofs of our main results.

Proof of Theorem 4.2.1 Let 1 be an arbitrary c.r.v., and set

»x:=min{n > 1:P(n =n) > 0}.
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Then for any x > 0, we have

PR m PR

FEW) (.7)) = Z Ff(n) (95)[[’)(77 = n)
n=1

= Fe (x)P(n =)+ Z Fe., (x)P(n =n)

n=sx+1
= Py, (@)Pn=2) (1+ 2 ( 1 ng(x)) P(z Z)>
n=»x+1 \k=sx+1
Pt (1< P P220)

and
Fﬁ(n) (z) > Fﬁ(;{) (2)P(n = ).

Therefore we obtain

Fg(m(x) ~ P(n=x) Fg(%) (). (4.4.1)

T—00

NECESSITY. If F¢, € R for all k € N, then F¢, € Ra,, Fe, € Ray, - - -
for some nonnegative parameters aj, as,... This means that, for each
k € N, F¢, () = =% Ly (x) with a slowly varying function Lj. Hence,

for a finite nonrandom s,
Fe, € Rait..+as (4.4.2)

by the closure properties of slowly varying functions (see, e.g., Proposi-

tion 1.3.6 in Bingham et al. [4]) because

Fg(;{) ﬁF —ac (@1t +ax) HLk

for x > 0. Thus, it follows from (4.4.1) and (4.4.2) that
Fg(n) S Ra1+...+o¢% CR

for any c.r.v. n.
SUFFICIENCY. If F, = € R for an arbitrary c.r.v. , then from (4.4.1)
it follows that Fe,  €R for any fixed n € N. In addition, for all > 0,
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we have that F¢, (z) = F&@) (z) and

Fe (2) = M ke{23,...).

F E(k—1) ()
Therefore, by the closure properties of slowly varying functions (see,
e.g., Proposition 1.3.6 in Bingham et al. [4]), we obtain that Fr, € R
for each k£ € N. Theorem 4.2.1 is proved. O

Proof of Theorem 4.2.2 To verify that Fs, € R, it suffices to
prove that
Fg

n

(x) ~z~“L(x) (4.4.3)

for some slowly varying function L.

For all x > 0, we have
Fg,(x) =Y P(n=n)P(S, > x).

By Lemma 4.3.5 we conclude that for each n € {1,...,m},

Fg,(x)~2™ Y Ly(x),

k€L,

where Ly are slowly varying functions. Asymptotic relation (4.2.1) now
immediately follows.

By the closure properties of slowly varying functions (see Proposition
1.3.6 in Bingham et al. [4]) we conclude that asymptotic relation (4.4.3)

holds with slowly varying function

L) =S Plr=n) S Ly().
n=1 keln

Consequently, Fg, € Raq.
The proof of the theorem for the d.f. Fe() is identical to that for

Fg,, and hence we omit it. The theorem is proved. O

Proof of Theorem 4.2.3 The implication (i) = (iii) immediately

follows from Theorem 4.2.2.

Suppose now assumption (iii) holds, that is, Femy € Ry for any

40



4.4. Proofs of main results

c.r.v. 1 with finite support. From this assumption it follows that F, g €
Ra, for each n € N with some index «;,, > 0. Applying the classical

Bonferroni inequality, we obtain

]P’(g(") > x) =P (U{fk > x}) NZP(gk > ).
k=1 k=1

Therefore the d.f. max {O, 1-> Fk} belongs to the class R,,, as
well. Lemma 4.3.2 and the last asymptotic relation imply that Fg, €
Rq, and

P(S, > z) Z}P’ & > x) ~P(¢ () > ) (4.4.4)

for n € N.
Let us consider a c.r.v. n with finite support {0,1,...,m}, m > 1.

In such a case, by the asymptotic relation (4.4.4) we have

m m

Fs,(z) =Y P(n=n)P(Sy > ) ~ Y Py =n)P(¢" > ) = Fyep ().
n=1 n=1

Consequently, Fs, € Ry for cr.v. . The implication (iii) = (ii) is

proved.

Finally, we give a proof of the implication (ii) = (i). Since by as-
sumption (ii) Fs, € Ry for every c.r.v. n with finite support, it follows
that

Fs, € Ry (4.4.5)

for each n € N. In particular, Fy, € R4 and F¢ ¢, € Ry. Lemma
4.3.3 implies that Fy, € R, and Fg, € R, for some o > 0 because
Fe¢, (z) < Fg,(x) by the conditions of the theorem.

Let us continue by induction. Suppose that F;, € Rq, Fy, € Ra,
wisFepe € Ry with K > 2. Lemma 4.3.1 implies that Fg,, € Ry C Ry

and

Mw

Fg, (x (4.4.6)

k=1
The distribution function Fs, ., € R4 because of relation (4.4.5). In
addition, the conditions of the theorem imply that F¢, (z) < F¢, (z) <
Fep, (@) for each k € {1,2,...,K}. This, together with asymptotic
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relation (4.4.6), implies that Fig, () < F¢, ., (2). Using Lemma 4.3.3,
we obtain that F¢, , € Ry C R4. Now statement (i) of Theorem 4.2.3
follows by the induction principle. This completes the proof. O

Proof of Theorem 4.2.4 As in Theorem 4.2.2, it suffices to prove

the tail equivalence formula (4.4.3) with some slowly varying function
L.
For any K € N and all x > 0, define the function

i di. (4.4.7)

k=1

L*

Dgw

i
I

In addition, for all x > 0, define

L (z):= lim Lj(x).

K—oxo

We begin with the existence of this limit. First, for each fixed x, the
sequence L} (x) is nondecreasing. Second, for each fixed x, the sequence
L. (z) has an upper bound by conditions (ii) and (iii). Indeed, condition
(ii) implies that

n
Z dip < cn
k=1
for all n € N and some positive constant ¢;, and condition (iii) implies
that

K n 0o
Z[{D(n = n)de < CIZnIP’(n =n)=c1En < oo
n=1 k=1 n=1

for all K € N.
Besides that, the function LY (x) is slowly varying. Let us prove the

asymptotic relation
FS’I] (x) ~ m_aLZo <$)7

which is analogous to (4.4.3). For all K € N and = > 0, denote

K oo
j:w ) n;lIP’(Sn>x)]P’(77=n)+ n:;+1p(sn>x)p(n:n)
- Ly () L% (z)z—° I @)
= )+ R(K). (4.4.8)
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We have to prove the inequalities

liminf7 >1 and limsupJ < 1. (4.4.9)

T—00 T—00
Condition (ii) implies that

F

—dk’ —0
oo F‘El(x)

for each fixed k. Consequently, either F¢, (z) ~ dF, (z) for positive

di, implying that Fy, € R, or Fg, (z) = o(F¢ (x)). By Lemma 4.3.5,
for all n € N, we have Fg, € R, and

Fg,(x) ~ Y Fe(x) ~ 2 Li(z) ) _ dx.
k=1
From these asymptotic relations we get that
K n
P(n = d
liminf 73 (K) = limsup J1(K) = 2on=1 PO1=1) 3 oy i

T—00 T—00 B Zzozl IP)(T/ = n) qu?;:l d/f .

Using the obvious inequality liminf, ,» J > liminf, ,o J1(K) and

(4.4.10)

letting K tend to infinity, we derive from (4.4.10) the first inequality in
(4.4.9).

Since

n

1 _
lim sup sup ——— Z Fe (x)

r—o00 n>1 HF& (m) 1

F
< hmsupsup< Z‘ ng? ‘-i— de><oo

r—o00 n=1 F& $

by condition (ii) of the theorem, we can use Lemma 4.3.6 for the numer-
ator of Jo(K) to obtain

Z P (S, > z)P(n=n) < coF¢, () Z nPHP (n =n)
n=K+1 n=K+1
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with some positive constant co. Therefore

L oo
limsup J2(K) < cplimsup () Z nPHP(n = n)

*
T—00 T—00 Loo (SC) 41

oo
< 3 Y PP (n=n)
n=K+1

with some positive constant cs.
The last inequality together with (4.4.10) implies that

limsupJ < limsup J;(K) + limsup J2(K)

Tr—r 00 Tr—0Q0 Tr—00
SE Py =n) X0 dy
S0 Py =n) 5, di

Letting K tend to infinity, we get the second desired inequality in (4.4.9)

+ B (" Lz k)

by condition (iii) of the theorem. This completes the proof of Theorem
4.2.4. O

Proof of Theorem 4.2.5 Note that

n k—1
Fg(n) (z) = P(f(n) > ) = Zfﬁk (2) H 133 (2)
=1 j=1

for all x > 0 and n € N. Therefore

Fe(2) o " Fe () b
= ;5 = P(n=mn = Fe (z
Fow ~ &0 );F&(x)]l;[l ()
+ 3 wen (G- IR
n=K+1 k=1 Ffl (m) j=1
0 n k—1
+ > P=n)> di [] Fe, (@)
n=K+1 k=1 j=1
= Li(K) + L2(K) + L3(K) (4.4.11)

with an arbitrary K > 2.
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For the first term, we have

K n
lim £4(K) = Y Pn=n)) d (4.4.12)
n=1 k=1

because lim, o0 Fe, (7)/Fe¢, (x) = dj, for each fixed k.
In addition,

1 o~ [Fe(2)

La(K)| < Sy 2 g B . (4413

Lo (K)) sgg{n;‘%(m) (| E(Lger),  (4413)
n

L3(K) < E(deﬁ{n>K}>. (4.4.14)
k=1

Theorem 4.2.5 now follows from equalities (4.4.11), (4.4.12) and es-
timates (4.4.13), (4.4.14). O

4.5 Examples

In this section, we present two examples, which demonstrate the

applicability of Theorem 4.2.4.

Example 4.5.1. Consider a counting r.v. 7 and a sequence of i.i.d.
real-valued r.v.s {{1, &2, ...} such that F¢, € R,.

In this case, conditions (i) and (ii) of Theorem 4.2.4 are satisfied
with constants di = do = ... = 1. Hence the theorem implies that
Fg, () ~ EnFe, () if En'*P < oo for some p > ov.

Note that this example deals with the same i.i.d. r.v.s as in Theorem
4.1.1. The difference is that Theorem 4.2.4 imposes stricter conditions
on the c.r.v., which are sufficient for the d.f. of the random sum to be

regularly varying as well as for real valued summands

Example 4.5.2. Consider an example similar to that in [42]. Suppose
that n is an arbitrary counting r.v. and {£1,&2,...} is a sequence of

independent r.v.s distributed according to the two-sided Pareto laws

- +
a a
Fe (z) = 7|$Ta T_oo1) + (1= b — a; )My 1y (2) + (1 — l%)]l[l,oo) (z),
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where a > 0, and a, a:, and by are nonnegative constants such that
az>0anda,;—|—bk—|—a;r<1 for all £ € N.

In this case, if lim sup,, % S h_ia; < ooand En't? < oo for some

p > «, then conditions (i)—(iii) of Theorem 4.2.4 are satisfied, and

Particularly, if n is distributed according to the Poisson law with pa-
rameter A > 0 and o = 1/(k(k+1)), k> 1, then

— 1
Fg, (z) ~ X(ef’\ +A—1)z™“
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Chapter 5

Asymptotic formulas for

the left truncated moments

Let n € N:={1,2,...} and let {&,...,&,} be a collection of pos-
sibly dependent real-valued random variables (r.v.s) with heavy-tailed

distributions. Denote
Sy = &4+ & (5.0.1)

Throughout the chapter, we assume that random summands have
consistently varying distributions.
We explain some notations which will be used throughout the chap-

ter. For two positive functions f, g we write:

J(@)Sg(@) i limsup f(x)/g(z) < 1;
f() = Olg(a)) i lmsup f(a)/g(x) < oo
flz) = g(x) if f(z) = O(g(x)) and g(z) = O(f(z));
fl@)~g(x) if - lim f(x)/g(x) = 1.
In this chapter, we suppose that the random variables &1, ..., &, are

pairwise quasi-asymptotically independent. This dependence structure
was introduced in [9] and considered in [31, 43,44, 65,67] and other
papers. In the definition below and elsewhere, we use the standard

notations: z* := max{0,z}, = := max{0, —x}.
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Definition 5.0.1. Real-valued random variables &1, ..., &, with distri-
butions supported on R are called pairwise quasi-asymptotically inde-
pendent (pQAI), if for all pairs of indices k,l € {1,2,...,n}, k #1, it
holds that

P >z >2) . P >384 >a)

BB >0+ PG >0 | s > o +PE > a) |

The following statement is Theorem 3.1 in [9]. The statement pro-
vides the asymptotic results for tail probability of sums of pQAI r.v.s
having distributions from class C. This statement is similar to Lemma
3.3.1.

Theorem 5.0.1. Let {&1,...,&,} be a collection of real-valued pQAI
r.v.s., such that F, € C for k€ {1,...,n}. Then

P(S, > ) ol ngk(x)
k=1

The following assertion with slightly narrower dependence structure

and r.v.s from a wider class D is derived in Theorem 2.1 of [39].

Theorem 5.0.2. Let {&1,...,&,} be a collection of real-valued r.v.s.,
such that

lim supP(¢ > 2| >u) = lim supIP’(fk >z |6 > u)

T—00 U>$ T—00
= lim supP(§ >z |& >u) = 0
.T*)OOU>$
for all pairs of indices k,l € {1,2,...,n}. In addition, suppose that
Foy €D, Fey(2) = Fe,(2), Fo(2) = O(Fg (2)) for k€ {1,....,n}, and
E[&|™ < oo for some m € Ng :={0,1,...,}. Then

3

m 1 m
ZLFg (6" Nga) S E((Sn) Ts,>e ) 5 ; Ir, E(&" Tig>a)):
In this chapter, we obtain asymptotic relationships for
E((S0)" (5,501 (5.0.2)
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and
E((sn—2)")" (5.0.3)

for arbitrary power « € [0,00) and for r.v.s &, ..., &, following wider,

pQAI, dependence structure. Asymptotic behavior of the left truncated
moments of random sums was considered in various fields of applied
probability, including risk theory and random walks [17,18,51]. In
addition, quantity in (5.0.3) is closely related with the Haezendonck-
Goovaerts risk measure, see for instance [32,39,61] and [62]. To get the
precise asymptotic equivalence relationship we consider r.v.s with d.f.s
from class C. The main results on the asymptotics of (5.0.2) and (5.0.3)
are presented in Theorems 5.1.1 and 5.1.2 below.

The rest of the chapter is organized as follows. In Section 5.1 we
provide formulations of the main results. In Section 5.2 we present the
proofs of the asymptotic formulas for the left truncated moments of S,,.
The last Section 5.3 deals with the examples illustrating the obtained

results.

5.1 Main results

The first assertion generalizes results of Theorem 5.0.1 which can be
derived from theorem below by supposing o = 0. In addition, for class
C, theorem below gives an analogous result to Theorem 5.0.2 for r.v.s
&, ..., &, following a wider dependence structure and for a real-valued

nonnegative moment order «.

Theorem 5.1.1. Let {&1,...,&,} be a collection of real-valued pQAI
r.v.s, such that Fg, € C and E (&) “ < oo forallk € {1,...,n} and for

some o = 0. Then

n

E((S")Q]I{Sn”}) e 2B (6 Lgon) - (5.1.1)

The second theorem shows that the asymptotic behaviour of the left
truncated moments of sums depends on consistently varying distributed

increments but does not depend on asymptotically lighter increments.
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Theorem 5.1.2. Let {{1,...,€,} be a collection of real-valued r.v.s
such that, for each k € {1,...,n} it holds that F, € C or P (|§] > x) =
o (Fe,(z)). Suppose that Fy, € C andE (&) < oo forallk € {1,...,n}
and some o = 0. Let Z C {1,...,n} be a subset of indices k such that
Fy, € C. If the subcollection {&, k € T} consists of pQAI r.v.s, then, for
each 5 € [0, a,

E((Sn) BH{Snn}) ~ 2E (&fﬁ{mx}) ) (5.1.2)
kel
and, for B € (0,q], it holds that
E((Sn—x)Jr)ﬁ ~ ZE((@-@*)B. (5.1.3)
kel

We notice that the basic index in the formulation of Theorem 5.1.2,
which is equal to one, can be replaced by any index [ € {1,...,n}. In
addition, it should be noted that dependence of r.v.s &, k € Z¢, as well
as mutual dependence between the sets {{x, k € Z} and {&, k € Z¢} can
be arbitrary.

5.2 Proofs of main results

We present two auxiliary lemmas before providing proofs of the main

results,

Lemma 5.2.1. Let £ be a real-valued r.v. such that E(§T)P < co for

some p > 0. Then for any x > 0 we have

E(esyy) = aPP(E> ) +p/oo uPIP(E > u)du, (5.2.1)

T

and

E((¢—2)")" = p/oo(u — 2)P7IP(¢ > u) du. (5.2.2)
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PRrROOF. Both equalities of the lemma follow directly from the fol-

lowing well known formula
En? = p/ uP~ P (n > w) du (5.2.3)
0

provided that p > 0 and 7 is a nonnegative r.v. (see, for instance,
Corollary 2 on page 208 of [57]).
Namely, by supposing 7 = § Tj¢-,y, from (5.2.3) we obtain

E (& Tesay) = /0 WP (€ Tigspy > u) du

= pP(¢> :c)/ uP~du +p/ uPTIP(¢ > u) du,
0 T

and equality (5.2.1) follows.
Similarly, by supposing n = (£ — )T, from (5.2.3) equality (5.2.2)

holds because
B(E-a)") = »[ wR(E-0)" > ) du
= p/ooouff’1([?’((5—3;)+ >u,E>2)+P((E—2)" >u,§<x))du
= p/ooou”‘lp(g > 2+ u) du.

Lemma 5.2.2. Let § and n be two arbitrarily dependent r.v.s. If Fy € C
and P (|n| > ) = o (Fe¢(x)), then

P+n>xz) ~ Fe(a). (5.2.4)

T—00

PROOF of the lemma is presented in [75] (see part (i) of Lemma 3.3).
U

PrOOF OF THEOREM 5.1.1. In the case @ = 0, the assertion of
Theorem 5.1.1 follows from Theorem 5.0.1 immediately. Hence, further

we can suppose that « is positive. By Lemma 5.2.1, for all x > 0 we
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have

E((Sn)a]l{sn>a:}) P(S,, > x) +a [FCurTP(S, > u) du

T
Y k1 E(68 g >01) ko P& > @) + a [ et 3T PGk > u)du
< may ) _F(Sn > ) Jo u mzk 1 P(&e > u)du
2 k=1 P& > ) S ue Tt 3R P(6e > ) du

<max{ P(Snj ?) sup P(Snj w) }

ZZ:I FEk (33) ’ Uz EZ:l ka (u)

due to right inequality in min-max inequality

al apy ar+...+a, al Qar
gL T« R O 2.
mm{bl b} bit... 10 max{bl br} (5:2.5)
provided that a; > 0 and b; > 0 for i € {1,...,r}.
By Theorem 5.0.1, we get

E((80) 15,521 ) P(S, > u)

lim sup o < limsupsup ————*— = 1. (5.2.6)
o0 gy E(&f ]I{ék>:c}) zo0 uza Yy Fe, (u)
Similarly, using the left inequality in (5.2.5) we obtain
E (S )a]I Sp>x
lim inf ( ! }> > liminf inf Pl >u) =1. (5.2.7)

z=o0 S (fﬁ‘ﬂ{gkn}) T30 u>z 1F£k( u)

The derived estimates (5.2.6) and (5.2.7) complete the proof of The-
orem 5.1.1. N

PROOF OF THEOREM 5.1.2. If Z = {1,...,n}, then relation (5.1.2)
follows immediately from Theorem 5.1.1. Hence, let us suppose that
Z¢ # () and denote

=Y & ISP =) &
kel keZc

1)

Summands in 57(1 are pQAI r.v.s with consistently varying d.f.s.
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Hence, Theorem 5.0.1 implies that

P(SV > x) ~ > Fe (). (5.2.8)
kel

This asymptotic relation and inequality (5.2.5) imply that d.f.
Fs(l)(a:) =P (S,gl) < :c> belongs to the class C due to the following
estimate

(1) _
lim su M =1i M
p D im sup
z—oo P (57(1 > x) T—00 ZkeI ng( )

F
< max {hm sup Ek(y)}
kel 200 ng( )

provided that y € (0,1).

In addition, each r.v. & with index k € Z¢ satisfies condition P(|¢g| >
z) = o (F¢, (z)) according to requirements of the theorem. The fact that
F¢, € C C D and asymptotic equality (5.2.8) imply that

P <|S,(12)\ > :1;) =o0 (IP’ <S§l1) > x)) (5.2.9)
because
P(\S§2)1>x) P(kyﬁ{’ékbi}) ;F&c( x)
P(s0>2)  TFa@  p(sP>a)

<

Zp(lfk’> ) (g) ZFEk(
z) P

)

F& (%) F§1(
where r = |Z¢| < n — 1.
Consequently, Lemma 5.2.2 and asymptotic relations (5.2.8), (5.2.9)

imply that

P(S, >2z) ~ PS>z HOOZF& (5.2.10)

T—00
keZ

Hence the first relation (5.1.2) of Theorem 5.1.2 holds in the case

53



Chapter 5. Asymptotic formulas for the left truncated mdmekitamples

g =0. If B € (0,a], then using the first equality of Lemma 5.2.1 and
estimates of (5.2.5), similarly as in the proof of Theorem 5.1.1, we derive
that

B
— E((Sn) lI{sn>:c}) < limsupsup P(S, > u)
kel kel
B
lim infE((Sn) ;I{S”M} ) > liminf inf 0n> %)

kel kel

The relation (5.1.2) of Theorem 5.1.2 for 5 € (0, o] follows now from
(5.2.10).

The second asymptotic relation (5.1.3) can be obtained in a similar
way by using the second equality of Lemma 5.2.1, relation (5.2.10) and
estimate (5.2.5). Theorem 5.1.2 is proved. O

5.3 Examples

In this section, we provide two examples illustrating our main results.

Example 5.3.1. Let r.v.s &1,. .., &, satisfy the assumptions of Theorem
5.1.1. Suppose that for each k r.v. & is a copy of r.v. & := (1 +U)29,
where U, G are independent, U is uniformly distributed on interval [0, 1],
and G 1is geometrically distributed with parameter q € (0,1), i.e. P(G =
)=(1-q)¢, | € Ng. We derive the asymptotic formulas for

[0}

E((Sn) "I(5,0)) and E((Sy—2)")
in the case of 0 < a <logy(1/q), where S, =& + ...+ &, as usual.

Due to considerations on pages 122-123 of [7], Fr € C\'R. In addition,
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for x > 1, we have

Fe(a) :ZP(U>§—1)P(§:1)
=0

- Y (-y)a-ad+ X a-od

log, x—1<li<log, x [>log, x
X
- (2- W> (1 — g)qllosee) 4 gliogaz] 41

_ logyx _ o(logy x) N —(log, ) 1—(log, )
q2(<222)(1Q)q2+q 2)
— xloggq (qf(logQ x) + (1 - q)qf(logQ x) (1 o 2(10g2 m)))
= 2'%29f ({logy @),

where symbol |a| denotes the integer part of a real number a, symbol

(a) denotes the fractional part of a and function f is defined by the

following equality

fw=q¢“+1-q@)q “(1-2"),0<u<l.

For the function f we have:

u oy (274 (= (1 me) o

f( )gf( max) <1_10g2q> : Cq,
— log, (2= @) log(1/q)

o = 1082 (1 og 3/ © (1)
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Consequently, for x > 1:
rlosa(1/a) Fe(r) < C, g~ log2(1/9),

log, (1 1
E (6" Tigar}) 2 lgflﬁqfq_)a een /1), o € [0,logy(1/q)),

Cqlogy(1/q) —1
E (£ pn ) < —L 22T pa—lon(1/9) o ¢ [0,10g,(1/q)),
(5 {&> }) 10g2(1/q) o [ gQ( /Q))

E((¢—-2)%)" < va/ (u — z)* tuloe29dy
= aCy B(a,logy(1/q) — oa)xa_logQ(l/Q), a € (0,logy(1/q)),

E ((€ —2)*)" > a B(a,logy(1/q) — a)2® 0/ q € (0,log,(1/q)),

where B denotes the Beta function

1
/ta 11—t dt,a > 0,6 > 0.
0

These relations and theorems 5.1.1, 5.1.2 imply that

nlogy(1/q) o og,(1/q) o nCqlogy(1/4) a—tog,(1/q)
207 loe(/0) < R ((5)° 1 o—loga(1/q
loga(1/0) — a S B Ms20) S o, (1g) —a

forn € N, ¢ € (0,1) and « € [0,logy(1/¢q)) and

E ((Sn — 3;)+)a S naCy B(a, logy(1/q) — a)l,()é—logz(l/q)’

T—00

E((S, —2)")" = naB(a,logy(1/q) — )z ozl/0

T—00

foralln € N, g € (0,1) and « € (0,logy(1/q)).
The derived asymptotic formulas imply the following particular

cases:

o e < m((S — ) < — "Caacleg,(1/g)
L n— T N x
logy(1/q) — 1 SEG=0) S g
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if ¢ € (0,1/2);

2n
E((S,—2)t)° 2 22 1oe2(1/0),
(S =2))" 2. Toma/a —Diogs/a) =2
E ((Sn o x)+)2 < 2an x2—10g2(1/‘1)

2500 (logy(1/q) — 1)(logy(1/q) —2)
if g € (0,1/4).
Example 5.3.2. Let r.v.s £1,&,...,&, n = 2, be pQAIL Suppose that
&1 is distributed according to the following tail function
Fe¢, (z) = exp {—Uog(l + )| + (log(1+ x) — [log(1 + a:)J)l/2} , v = 0.
For other indices k € {2,...,n} let us suppose that

Fe (x) = Mooy + e/ kﬂ{@o}-

Like in Example 5.5.1 we write asymptotic formulas for the left truncated

moments
«

E((Sn) Oé]I{Sn%B}) and E ((Sn — ZL')+)
in the case of suitable «.

It is obvious that P (|&| > z) = o (F¢,(z)) for k € {2,...,n}, and,
further, F¢, € C\ R due to results of [15] (see page 87).
Therefore, Theorem 5.1.2 implies that

E (5" Lis, o)) ~_E (7L on)

xT—

for o € [0,1), and

E((S,—2)")" ~ E((& -2)%)"

T—00

for a € (0,1).
Consequently,

P (S, > z) v XD {—Llog(l + )] + (log(1l + z) — |log(1 + x)j)l/Q} ,

T—

1
P(Sp,>e"—1) ~

M
n—oo el

o7
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and, for a € (0,1)

L a1 e? -1
x < E((Sp)“1 < x4,
1-a 2500 (( n) {Sn>x}) r500 1 — @
2
o a1l < R((S. — gy < _oTe o—1
sin(ar) v 2 5m0 (( n—7) ) 2500 Sin(a) o
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Chapter 6

Santrauka

6.1 Disertacinio darbo aprasymas

6.1.1 Disertacijos moksliné problema ir tyrimo objektas

Sunkiauodegiy skirstiniy klasiy tyrimai sulauké daug démesio tiek i$
teorinés, tiek iS praktinés pusés tokiose srityse kaip draudimas, komu-
nikacijos tinklai, ekonomika, fizika.

Labiausiai istirta sunkiauodegiy skirstiniy klasé yra reguliariai kin-
tantys skirstiniai. Si klasé buvo pristatyta Karamata [35] realaus kin-
tamojo funkcijy analizés kontekste. Reguliaraus kintamumo savoka
tikimybiy teorijoje buvo pristatyta Feller [28], kur nagrinéjamos ribinés
teoremos nepriklausomy ir vienodai pasiskirsc¢iusiy atsitiktiniy dydziy
sumoms. Daug analitiniy rezultaty apie reguliariai kintancias funkci-
jas galime rasti Bingham ir kt. [4] monografijoje. Reguliariai kintanciy
skirstiniy taikymai finansy ir draudimo srityse pristatomi Embrechts ir
kt. [25].

Salia reguliariai kintanéiy skirstiniy, pastaruoju metu sunkiauodegiy
skirstiniy tyrimuose taip pat sutinkamos tokios klasés kaip subekspo-
nentiniai, nuosaikiai kintantys, ilgauodegiai ir dominuojamai kintantys
skirstiniai. IS naujausiy knygy nagrinéjanciy sunkiauodegiy skirstiniy
klasiy savybes galima paminéti Foss ir kt. [29] ir Konstantinides [37].
Nuosaikiai kintanciy skirstiniy klasé buvo pristatyta kaip reguliariai kin-
tanciy skirstiniy klasés apibendrinimas [14], ir Siame straipsnyje pavad-

inta ”tarpiniais reguliariai kintanciais skirstiniais”. Nuosaikaus kitimo
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savoka buvo naudota daugelyje straipsniy taikomosios tikimybiy teori-
jos srityse, tokiose kaip eiliy teorija, grafy teorija ir rizikos teorija,
pvz. [2,5-9,15,29, 38,45, 69].

Svarbi pastaruoju metu nagrinéjama problema yra sunkiauodegiy
skirstiniy klasiy uzdarumas. Uzdarumo savybe reiskia, kad turint
kelis skirstinius i§ tam tikros klasés ju transformacija (pvz. sumos
sasuka, daugybos sasuka, miSinys, minimumas, maksimumas) priklauso
tai paciai skirstiniy klasei. Sios savybés tyrimas yra ne vien papildo-
mas jrankis jrodinéjant jvairius sunkiauodegiy skirstiniy klasiy asimpto-
tinius rezultatus, bet taip pat ir savaime jdomi matematiné problema.
Atvirkstiné problema sgsukos uzdarumui yra vadinama sasukos Saknies
uzdarumo problema, kuri kelia klausima ar skirstiniy sastkos priklausy-
mas tam tikrai klasei lemia pradinio skirstinio priklausyma siai klasei. Is
svarbiy straipsniy apie sunkiauodegiy skirstiniy klasiy uzdaruma galima
paminéti Embrechts ir kt. [24] bei Cline ir Samorodnitsky [15].

Tarp kity aktualiy uzdaviniy susijusiy su sunkiauodegiais skirstini-
ais galima paminéti asimptotinj jvairiy atsitiktiniy dydziy transforma-
cijy elgesj. Tokio tipo problema yra kairiyjy nupjautiniy atsitiktiniy
sumy momenty asimptotinis elgesys. Si problema buvo nagrinéta taiko-
mosios tikimybiy teorijos srityse, tokiose kaip rizikos teorija ir atsik-
tiniai klaidziojimai [17,18,51]. Taip pat $i atsitiktiniy dydziy transfor-
macija yra susijusi su Haezendonck-Goovaerts rizikos mato skaic¢iavimu

32,39,61].

6.1.2 Tyrimo tikslas ir pagrindiniai uzdaviniai

Sio darbo tikslas yra sunkiauodegiy skirstiniy klasiy asimptotiniy

savybiy tyrimas. Su Siuo tikslu susije Sie uzdaviniai:

(i) Tarkime, kad {&1,&2,...} yra nepriklausomy atsitiktiniy dydziuy
seka, ir n yra skaiciuojantis atsitiktinis dydis nepriklausantis nuo
sios sekos. Randamos salygos atsitiktiniams dydziams {1, &9, ...}
ir , prie kuriy atsitiktinai sustabdytos sumos S,, = & +&+...+§,
pasiskirstymo funkcija priklauso skirstiniy su nuosaikiai kintancia
uodega klasei. Musy rezultatuose atsitiktiniai dydziai {£1,&2,. ..}

yra nebutinai vienodai pasiskirste.
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(ii) Tarkime, kad {&1,&2,...} yra nepriklausomy realias reikSmes jgy-
janciy ir nebutinai vienodai pasiskirs¢iusiy atsitiktiniy dydziy seka,
ir  yra neneigiamas, neissigimes nulyje ir sveikareikSmis atsitikti-
nis dydis nepriklausantis nuo Sios sekos. Randamos salygos atsitik-
tiniams dydziams {1, &2, ...} ir n prie kuriy atsitiktinai sustabdy-
tos sumos, minimumo ir maksimumo pasiskirstymo funkcijos prik-

lauso skirstiniy su reguliariai kintanc¢ia uodega klasei.

(iii) Nagrinéjame suma S, = & + ... + &, kuria sudaro galimai prik-
lausomi ir nevienodai pasiskirste atsitiktiniai dydziai &1,...,&,,
kuriy skirstiniai turi nuosaikiai kintancia uodega. Darant prielaida,
kad {1, ..., &, } turi priklausomybés struktura panasia j asimptot-
inj nepriklausomuma, randamos asimptotinés israiskos kairiesiems

nupjautiniams atsitiktinai sustabdyty sumy momentams.

6.1.3 Tyrimy metodika

Pagrindiniai disertacijos teiginiai jrodyti naudojant klasikinius
tikimybiy teorijos ir matematinés analizés metodus.
6.1.4 Rezultaty aprobavimas

Disertacijoje gauti rezultatai buvo pristatyti siose konferencijose:

e European Actuarial Journal Conference, 22-24 August 2022,

Tartu, Estonia.

e The Conference of Lithuanian Mathematical Society, 20-21 June
2019, Vilnius, Lithuania.

e The Conference of Young Scientists, 12 March 2019, Vilnius,

Lithuania.
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6.2 Pagrindiniai disertacijos moksliniai rezul-

tatai

Skyriaus pradzioje pateiksime nagrinéjamy sunkiauodegiy skirstiniy
klasiy apibrézimus. Uodegos funkcija apibréziama F(x) = 1 — F(x)
visiems realiems z ir laisvai pasirinktai pasiskirstymo funkcijai (p.f.) F.

e P.f. F yra sunkiauodegé (F € H) jei kiekvienam fiksuotam 6 > 0

lim sup F(z)e’® = oo.
T—r00

e P.f. F turi nuosaikiai kintancig uodegq (F € C) jei

lim lim sup P;(my) =1.

YTl z—oo F(.Z')

o P.f. F turi reguliariai kintancig uodegq su indeksu v = 0, Zymima
F € Ry, jei kiekvienam y > 0 galioja lygybé
F(xy)

lim — = y .
w00 F(x) Y

6.2.1 Skirstiniy su nuosaikiai kintancia uodega atsitikti-

nai sustabdytos sumos

Tarkime, kad {£1, &2, ...} yra seka nepriklausomuy atsitiktiniy dydziy
(a.d.) su pasiskirstymo funkcijomis (p.f.) {Fg,, Fg,, ...}, ir n yra skaici-
uojantis a.d., t.y. n yra sveikareikSmis, neneigiamas ir neissigimes nulyje.
Taip pat tarkime, kad n ir {£1, &2, ...} yra nepriklausomi. Pazymékime
So=0,8 =& +&+ ...+ &, visiems n € N ir

n
Sn = Z gk
k=1

a.d. {£1,&,...} atsitiktinai sustabdyta suma.
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Mus domina salygos prie kuriy S, pasiskirstymo funkcija

Fs,(z) =P(S, < z) =Y _P(n =n)P(S, < x)
n=0

turi nuosaikiai kintanciag uodega.

Teorema 6.2.1.1. Tarkime, kad {£1,&2,...,¢p}, D € N, yra neprik-
lausomi a.d., ir n yra skaiciuojantis a.d. nepriklausomas nuo
{&1,&2,...,&p}. P.f. Fs, priklauso klasei C jei tenkinamos Sios sqlygos:

(a) P(n<D)=1,

(b) Fg €C,

(¢) kiekvienam k=2,...,D, Fe, € C arba Fe, (z)=o0 (F¢ (z)).

Teorema 6.2.1.2. Tarkime, kad {&1,&2, ...} yra nepriklausomi a.d., ir
n yra skaiciuojantis a.d. nepriklausomas nuo {&1,82,...}. P.f. Fs,
priklauso klasei C jei tenkinamos sios sqlygos:

(a) FE1 € C,

(b) kiekvienam k > 2, ng € C arba Fe, (z) =0 (F¢ (2)),

¢) limsupsu F

( ) :r%oop n>I; ’I’L §1 Z 51

(d) Enpft! < oo kazkumam p > JIJ«“; .
1

Teorema 6.2.1.3. Tarkime, kad {&,&2,...} wyra nepriklausomi
neneigiamsi a.d., ir n yra skaicivojantis a.d. mnepriklausomas nuo

{1,&2,...}. P.f. Fs, priklauso klasei C jei tenkinamos sios sqlygos:

(a) Fg €C,

(b) kiekvienam k > 2, F¢, € C arba Fe, (z) =0 (F¢, (z)),
(¢c) E& <o

(d) Fy(z) =o0(Fg(2)),

1 _
e) limsupsup ——— Fe (x) < 00,
( ) J:—)oop n}Ii) anl ((L‘) Z 52( )

n

1
(f) limsupsup — Z K&, =

n
u—oo n=1 k=1
Eék>u
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6.2.2 Reguliariai pasiskirsciusi atsitiktiné suma, minimu-
mas ir maksimumas

Tarkime, kad {1, &2, ...} yra seka nepriklausomy atsitiktiniy dydziy
(a.d.) su pasiskirstymo funkcijomis (p.f.) {F¢,, Fg,, ...}, ir n yra skaici-
uojantis a.d., t.y. n yra sveikareiksmis, neneigiamas ir neissigimes nulyje.
Taip pat tarkime, kad n ir {£1, &2, ...} yra nepriklausomi. Pazymékime
So=0,8 =& +&E+...+&, visiems n € Nir

[M]=

Sn = gk

k=1

a.d. {£1,&,. ..} atsitiktinai sustabdyta suma.
Pazymekime £©) := 0, € := max{0,£y,...,&,} visiems n € N, ir

5(’7) _ 0 jein =20,
max{0,&,...,&} jein=>1,
a.d. &1, &9, ... atsitiktinj maksimuma.

Pazymeékime £ := 0, §(,) := min{&s, ..., &y} visiems n € N, ir

0 jein =20,
Sy =9 .
min{&, ..., &} jein>1,
a.d. &1,&, ... atsitiktinj minimuma.

Mus domina salygos prie kuriy p.f. F§(n)’ Fe, ir Fg, turi reguliariai
kintancia uodega.

Teorema 6.2.2.1. Fy, € R visiems k € N tada ir tik tada, kai Ff(n) eER

kiekvienam skaiciuojanciam a.d. 1.

Teorema 6.2.2.2. Tarkime, kad P(n <m) = 1. P.f. Fs, and Fea

priklauso klasei Ry, o = 0, jei tenkinamos sios sglygos:

(i) F& € Ra,
(ii) kiekvienam k > 2 Fg, € Ry arba Fe, (z) =0 (Fg, () .
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Taip pat prie selygy (1)—(ii) galioja Sie sqrysiai:

Few () ~Fg, (@) ~a™®Y Pn=n) Y Li(x)

n=1 k‘EIn

kurZ, ={k=1,...,n: F, € Ra}, ir Ly yra létai kintancios funkcijos
i§ reprezentacijy Fe¢, (v) = = “Ly(z).

Teorema 6.2.2.3. Tarkime, kad Fe (v) < Fg () visiems k > 2.

Tuomet Sie teiginiai ekvivalentus:
(i) Fe, € Ry visiems k € N,
(ii) Fs, € Ry visiems 0 su baigtine atrama,
(i) Fewy € Ry visiems 1 su baigtine atrama.
Teorema 6.2.2.4. Tarkime, kad patenkintos Sios sqlygos:
(i) Fe € Ra,a 0,

—di| = 0 sekai neneigiamy

’Fsk (z)

(ii) limsup sup —
Fe, (z)

r—oo n>l 7’L
konstanty {dy = 1,da,ds, ...} su savybe limsup — de < 00,

n
n—oo k=1

(iil) EnP™ < oo kaZkuriems p > a.

Tada galioja sqrysis

Fg, (2)~Fe (x Z P(n=n)Y_d,
k=1

ir todél Fg, € Ra.

Teorema 6.2.2.5. Tarkime, kad F¢ () > 0 visiems x € R. Taip pat
tarkime, kad galioja sqlygos

1| F d
lim sup sup — ‘ & (@) —dp| =0 14r max {En,E(de)} < 00
z—o0 n>1 n F51 (m) —1

65



Chapter 6. Santraula2. Pagrindiniai disertacijos moksliniai rezultatai

sekai neneigiamy konstanty {dy = 1,ds,...}. Tada

n
Fg(n) (.CC) ~ Fﬁl (IL’) ]E( Z dk> R

k=1
ir todél F, () priklauso klasei R, tada ir tik tada, kai Fe, priklauso klasei
Rea, a = 0.

6.2.3 Asimptotinés formulés kairiesiems nupjautiniams
atsitiktiniy dydziy su nuosaikiai kintanciomis uode-

gomis sumy momentams

Sakykime, kad n € N := {1,2,...}, ir {&,...,&} yra seka a.d.,

kuriy skirstiniai turi nuosaikiai kintanc¢ias uodegas. Pazymékime

Sp = &+ + &
Laikykime, kad &i,...,&, yra poromis kvazi-asimptotiskai neprik-
lausomi. Pazymékime z ™ := max{0,z}, 2~ := max{0, —z}.
Apibrézimas 6.2.3.1. A.d. &,...,&, vadinami poromis kvazi-

asimptotiskai nepriklausomais (pQAI), jei visoms indeksy poroms k,l €
{1,2,...,n}, k #1, galioja lygybés
P& > a,6" > x) P& >, >w)

AR BE > ) HRE > ) | P o) PE e

Teorema 6.2.3.1. Tarkime, kad {&1,...,&.} yra seka pQAI a.d. tokiy,
kad F, € CirE (&) < oo visiems k € {1,...,n} ir kazkuriems a > 0.
Tada

n

2o Z E (& Lig,>ay) -

E((S0) Ls,50))
Teorema 6.2.3.2. Tarkime, kad {&1,...,&,} yra a.d.  seka tokia
kad, kiekvienam k € {1,...,n} galioja F¢, € C arba P (|| > x) =
o (Fe,(z)). Taip pat tarkime, kad Fg, € C ir E (&) < oo visiems
k e {1,...,n} ir kazkuriems « > 0. Tarkime, kad T C {1,...,n}
yra poaibis indeksy k tokiy, kad Fe, € C. Jei rinkinys {&k,k € I} yra
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sudarytas is pQAI a.d., tuomet kiekvienam 8 € [0, «| galioja
B B
E((Sn> ]I{Sn>z}) ~ ZE<51<; H{£k>x}),
kel

ir kiekvienam B € (0, «| galioja

E((S ") ~ YE(E-2")"

kel
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6.3 Trumpos Zinios apie disertantg

Gimimo data ir vieta
1993 m. gruodzio 3 d., Vilnius
ISsilavinimas

2012 — 2016 m. Vilniaus universitetas, Matematikos ir informatikos
fakultetas, finansy ir draudimo matematikos bakalauras

2016 — 2018 m. Vilniaus universitetas, Matematikos ir informatikos

fakultetas, finansy ir draudimo matematikos magistras
2018 — 2022 m. Vilniaus universitetas, Matematikos ir informatikos

fakultetas, gamtos moksly matematikos kryptis, doktorantiiros studijos
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6.4 Publikacijy sarasas

Pristatomos disertacijos rezultatai publikuojami moksliniuose straip-

sniuose:

« Edita Kizinevi¢, Jonas Sprindys, Jonas Siaulys. Randomly
stopped sums with consistently varying distributions. Modern
Stochastics: Theory and Applications (2016).

« Jonas Sprindys, Jonas Siaulys. Regularly distributed randomly
stopped sum, minimum, and maximum. Nonlinear Analysis: Mod-
elling and Control (2020).

« Jonas Sprindys, Jonas Siaulys. Asymptotic formulas for the left
truncated moments of sums with consistently varying distributed

increments. Nonlinear Analysis: Modelling and Control (2021).
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