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Notation
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measA

#A

H(G)

B(X)

natural numbers

prime number

set of all prime numbers
set of all natural numbers
set of all even natural numbers
Nu {0}

set of all integer numbers
set of all real numbers

set of all complex numbers
imaginary unity: i = \/—1
complex variable

direct sum of sets A,,

Cartesian product of the sets A and B
Cartesian product of sets A,,

Cartesian product of m copies of the set A
Lebesgue measure of the set A C R
cardinality of the set A

space of analytic functions on G
class of Borel sets of the space X
expectation of the random variable
convergence in distribution

Euler gamma-function

Riemann zeta-function

Hurwitz zeta-function

there exists a constant C' = C'() > 0
such that |a|<Cb



Chapter 1

Introduction

1.1 Research topic

In the dissertation, approximation properties of certain zeta-functions are
investigated. Recall that zeta-functions are usually defined in a certain half-
plane of the complex plane by Dirichlet series

00
>
ms

m=1

with coefficients a,, € C having one or other arithmetical sense. The mother
of zeta-functions is the Riemann zeta-function ((s), s = o + it, defined, for
o > 1, by a very simple Dirichlet series

= 1
C(s) = Z e
m=1
Moreover, the function ((s) has the analytic continuation to the whole com-
plex plane, except for the point s = 1 which is a simple pole with residue
1. The function ((s) is not only used in various problems of analytic number
theory, but also in many other brunches of mathematics. Moreover, Riemann
zeta-function has found interesting applications in physics (quantum electrody-
namics), statistics, astronomy (astrophysics) and even in music, see, for exam-
ple [47], [13], [14], [1]. Also, zeta-function is very useful for the investigation
of the distribution of prime numbers. The asymptotic formula for the number
of prime numbers p



le/ , T — 00, (1.1)
log u

P<T 2

was proved using the fact that (s) # 0 for ¢ > 1. Moreover, the function has
good approximation properties, its shifts ((s+i7), 7 € R, approximate a wide
class of analytic functions.

In the dissertation, we consider a generalization of the function ((s), the
Hurwitz type zeta-functions. Let 0 < a < 1 be a fixed parameter. The Hurwitz
zeta-function ((s, a) is defined, for 0 > 1, by the Dirichlet series

1
(s, ) = Z m,

m=0

and, as ((s), can be analitically continued to the whole complex plane, ex-
cept for a simple pole at the point s = 1 with residue 1. The function ((s, «)
depends on the parameter «, and its analytic properties are governed by arith-
metic of that parameter. It is easy to see that (s, 1) = ((s), and ((s,3) =
(2° — 1)((s). However, in general, the functions ((s), ((s, «) have different
analytic properties and this difference is explained by the existence of the so-
called Euler product over primes

C(s):H<1—1>1,0>1. (1.2)

Also, we consider a generalization of the function ((s, &) which is called
the periodic Hurwitz zeta-function. Let a = {a,, : m € Ny}, be a periodic se-
quence of complex numbers with minimal period ¢ € N. The periodic Hurwitz
zeta-function (s, ; a) is defined, for ¢ > 1, by the Dirichlet series

(e o]

((s,a,a) = Z (mj—ima)s'

m=0

The periodicity of the sequence a implies, for o > 1, the equality

q—
CSO[CI %Z ( Z+Oé>

Therefore, the periodic Hurwitz zeta-function again has the analytic conti-

nuation to the whole complex plane, except for the point s = 1 that is a simple



pole with residue

If @ = 0, then ((s, ; a) is an entire function. Denote {1} = {a, : a,, = 1}.
Then we have (s, a; {1}) = (s, ) and ((s,1;{1}) = {(«). Thus, {(s, v, a)
is a generalization of the classmal zeta-functions ((s, ) and {(s).

The function ((s) with complex s was introduced in [58], the function
¢(s,)in [21], and {(s, o, a) in [30].

One more object of the dissertation is zeta-functions of cusp forms. Let

) b
SL(2,7Z) df{(“ d) :a,b,c,dEZ,ad—bc:l}
C

be the full modular group. Consider the function F'(z) which is analytic in the
half-plane Jmz > 0, and, for all elements

(Z Z) e SL(2,7),

satisfies the functional equation

az+0b\ .
F (cz—i—d) =(cz+d)"F(z) (1.3)

with certain x € 2N. Then F(z) is called a modular form of weight « for the
group SL(2,7). Clearly, F(z) is periodic with period 1, therefore, it has the
Fourier series expansion

F(z) = Z c(m)e*mim=

m=—0oQ

If ¢(m) = 0 for all m < 0, then F'(2) is called a cusp form of weight « for the
full modular group. For o > ”H , define

-y A

m=1

Then the function ((s, F') has the analytic continuation to the entire complex
plane and is called the zeta-function of a cusp form F'(z).

10



Let v € N and

To(v) = { (‘CZ Z) € SL(2,7Z) : ¢ = 0(mod v)}

be the Hecke subgroup of the full modular group of level v. If F'(z) satisfies
b
(1.3) for all ¢ J € T'o(v), then the cusp form F'(z) is called a cusp form
c

of weight « and level v. The zeta-functions of the latter cusp forms were
very important in the process of the proof of the last Fermat theorem that the

Diophantine equation

$n+ynzzn

has no of nontrivial solutions for n > 3. Let E be an elliptic curve over the
field Q given by the Weierstrass equation

v =23+ ax+ba,beZ,

with non-zero discriminant D = —16(4a® + 27b%). For a prime number p,
denote by E, the reduction of the curve £/ modulo p which is a curve over the
finite field IF,,. Denote by |E(IF,)| the number of points of E,, and define the
numbers A\(p) by the equality

[E(Fp)| =p+1—Ap).
The zeta-function (g(s) of the curve E is defined, for o > %, by the product
Ap -1 Ap 1 -1
wr =T 57) -3 m)
plA ptA

and can be continued analitically to the whole complex plane.

The Japanese mathematicians G. Shimura and Y. Taniyama stated a hy-
pothesis that the zeta-function of a cusp form of certain weight and level coin-
cides with that of the elliptic curve. Later, it was observed that the Shimura-
Taniyana conjecture implies the last Fermat theorem. Finally, A.Wiles [67]
proved a partial case of the Shimura-Taniyama hypothesis and obtained the
proof of the last Fermat theorem.

Suppose that F'(z) is a cusp form of weight « for the full modular group.
We additionally require that F'(z) would be the Hecke - eigenform, i.e., that
F(z) would be eigenfunction of all Hecke operators

11



Tnf(z) = RIZ Z f<az+b>m€N

a d>0 b(modd)
ad=m

Then the form F'(z) can be normalized, thus, we may suppose that ¢(1) = 1.
In this case, the zeta-function ((s, F) has, for o > HTH the Euler product

representation over primes

cer) =TT (1-21) " (1- 222

p

where a(p) and 3(p) are conjugate complex numbers such that a(p) + 8(p) =
c(p).

The majority of zeta-functions satisfy the functional equations. For exam-
ple, for the Riemann zeta-function the following functional equation

(3o = Fr(f5 e -

where I'(s) is the Euler gamma-function, is valid. From this equation, it fol-
lows that ((—2k) = 0 for £ € N. The numbers s = —2k are called trivial
zeros of ((s). Moreover, the function ((s) has infinitely many non-trivial

complex zeros p = [ + iy lying in the strip {s € C : 0 < 0 < 1}. Let
{71 : v >0, | € N} be the sequence of positive imaginary parts of non-trivial
zeros of ((s).

The zeta-function ((s, F') also has the functional equation

(2m)T(s)¢(s, F) = (=1)2 (2m)°"¢(k = s, F).

In the dissertation, we approximate a wide class of analytic functions by us-
ing shifts ((s + ihyg, F'),h > 0. Also, we obtain joint approximation re-
sults by collections of shifts (¢(s + iT,a1),...,((s + iT,0,)) and ({(s +
ikh,on),...,C((s + ikh,a,)) for arbitrary parameters o, ..., ;. The last
approximation results of analytic functions are devoted to shifts {(s+i7, «; a)
with arbitrary parameter a.

1.2 Aims and problems

The aims of the dissertation are approximation of analytic functions by
shifts of the zeta-functions of normalized Heckle-eigen cusp forms as well as

12



by shifts of the Hurwitz type zeta-functions. The problems considered are the
following:

1. Approximation of a wide class of analytic functions by zeta-functions of
normalized Hecke-eigen cusp-forms twisted by non-trivial zeros of the
Riemann zeta-function.

2. Joint continuous approximation of analytic functions by shifts of Hur-
witz zeta-functions with arbitrary parameters.

3. Joint discrete approximation of analytic functions by shifts of Hurwitz
zeta-functions with arbitrary parameters.

4. Approximation of analytic functions by shifts of periodic Hurwitz zeta-
functions.

1.3 Actuality

Approximation of analytic functions is a very important branch of Math-
ematics with respect to both theoretical and practical applications. By the
classical Mergelyan theorem, every analytic function can be approximated
uniformly on compact sets with connected complements with a given accu-
racy by polynomials. Later it turned out that some zeta-functions are much
more powerful than polynomials because a wide class of analytic functions
can by approximated by shifts of one and the same zeta-function. This ap-
proximation phenomenon generalizes the Bohr-Courant denseness results for
zeta-functions to the space of analytic functions and has a deep mathematical
sense. Therefore, it is important to develop the theory approximation of ana-
lytic functions by zeta-functions, to search new zeta-functions and their shifts
with approximating properties. Moreover, investigation of the approximation
theory of zeta-functions is one of productive fields of the Lithuanian school of
analytic number theory, and it is a duty of young mathematicians to continue
the researches of their colleagues.

1.4 Methods

The proofs of approximation theorems for zeta-functions use the methods
of Dirichlet series theory, zero-distribution theory of the Riemann zeta-function,
Fourier analysis and weak convergence of probability measures theory.

13



1.5 Novelty

All the results presented in the dissertation are new. The non-trivial zeros
of the Riemann zeta-function are applied for the first time in the approximation
of analytic functions by shifts of zeta-functions of cusp forms. Approximation
of analytic functions by shifts of Hurwitz type zeta-functions with arbitrary
parameters is also a new direction of analytic number theory.

1.6 History of the problem and the main results

Zeta-functions and Dirichlet series in general are the principal analytic
tools of analytic number theory. Let, for ¢ > oy,

Ay =Y % (1.4)
m=1

Analytical properties of the function A(s) allow to obtain a certain information
on the coefficients a,,, in particular, for the mean value

M(x) = Zam

m<zx

as x — oo. For example, the classical inverse formula asserts that if the series
(1.4) is absolutely convergent for o > 1, |a,,| < g(m) with positive monoton-
ically increasing g(m) and, for o — 1 + 0,

Sl o )90 >0,

m

then forevery b >b > 1, T>1, x =n+ % the formula

b+iT
1 a b 2z) 1
M(m):%/A(s)iderO(T(bx_ 1)L_L)+()(gcg(”cT)°gw) (1.5)
b—it

is valid. The latter formula is applied to obtain the asymptotic distribution law
of prime numbers. From the Euler product (1.2) for ((s), it follows that

Cls) _ 3 Am) oy, (1.6)

((s) ’

1

14



where A(m) is the von Mangoldt function,

A(m) logp if m = p¥, k>1,
m) =
0 otherwise.

Application of (1.5), (1.6) and the equality
¢'(s) < 1 1)

= + — ) + const,
¢(s) ; s=p P

where p runs over all non-trivial zeros of {(s), leads to

Z A(m) =z + o(x),z — o0,

m<x

and this proves the relation (1.1).
The function ((s, F') is also applied for investigations of the coefficients
c(m). For example, in [57] it was obtained that

Z (m) = Apz"™ + O(x“fg),x — 00,

m<x

with a certain constant Ar > 0. The result of P. Deligne is very deep [10]

|e(m)|<d(m)m =",

where d(m) is the divisor function. The function ((s, F') was also studied
itself. A lot of attention was devoted to the moments

T
(T, 0, F) = / C(o + it, ) dt.
0

The first result in this direction was obtained by H. S. A. Potter in [54]. He
proved the asymptotic formula

= A(m) K
I(T,0,F)~T ) 550 0>
m=1

, T — 00,

[\

and in [55] he found the bound

I(T, g F)<TlogT.

15



A.Good improved the latter result till [19],
K
L(T, 5 F) ~2kApT logT,
and [20]

26AFTlogT +O(T) if o = §,
K
(T, §»F) = Ap(0)T + O(TF1729) if & < o < 551
PARE K+1
Ap(0)T 4+ O((log T)?) if o > 534

with a certain constant Ay (o). M. Jutila gave [24] the estimate

I4(T, g,F) LT, >0

In [31], it was proved that, for k = L neN,

n’

(T, g F) < T(log T)¥"
The idea of application of zeta-functions for approximation of analytic
functions belongs to S.Voronin. In [66], he obtained the following important

result.

Theorem A. Suppose that 0 < r < i, the function f(s) is continuous non-
vanishing on the disc |s|<r, and analytic in the interior of this disc. Then, for

every € > 0, there exists a number 7 = 7(g) € R such that

max |((s + 3 +it) — f(s)] < e.
s|<r 4
Voronin called the latter property of (s) the universality. Really, Theorem
A has features of universality because a wide class of analytic functions is
approximated by shifts of one and the same function ((s).
The Voronin theorem was improved and extended by various authors. Let
D = {s eC: % <o < 1}. Denote by K the class of compact subsets of the
strip D with connected complements and by Hy(K') with K € K the class of
continuous non-vanishing functions on K that are analytic in the interior of K.
Let measA stands for the Lebesgue measure of a measurable set A C R. Then
we have the following modification of Theorem A, see, for example, [26].

16



Theorem B. Suppose that K € K and f(s) € Ho(K). Then, for every € > 0,

lim inf lmeas {7’ € [0,7] : sup [((s +iT) — f(5)] < 5} > 0.
T—oo T seK

Theorem B shows that the set of shifts ((s + i7) approximating a given
function f(s) € Hp(K) has a positive lower density, hence it is infinite. On
the other hand, any concrete value of 7 is not known.

In [48] and [35] it was observed independently that a lower density in
Theorem B can be replaced by density. Thus, the following complement of
Theorem B is true.

Theorem C. Suppose that K € K and f(s) € Ho(K). Then the limit

1
lim —meas {7‘ €[0,7] : sup |((s +iT) — f(s)] < 5} >0
T—)OOT seK

exists for all but at most countably many € > 0.

Denote by H (D) the space of analytic functions on D endowed with the
topology of uniform convergence on compacta. Since the space H(D) is
infinite-dimensional, the Voronin universality theorem can be considered as
an infinite-dimensional generalization of the Bohr-Courant theorem [8] on the
denseness, for every % < o < 1, of the set

{¢(c +1it) : t € R}.

The universality of the zeta-function ((s, F') was begun to study in [25]
under the hypothesis that there exists 17 > 0 such that, for § > %, the series

1 1-r
Z 757cp:c(p)p 2 9

<
converges. In [27], the above requirement was removed. Thus, the following
theorem is known. Denote Dp = {s € C: & <o < &1}, Let Kp be the
class of compact subsets of the strip Dy with connected complements and
Hor(K) with K € KF be the class of continuous non-vanishing functions on
K that are analytic in the interior of K.

Theorem D. Suppose that K € K and f(s) € Hop(K). Then, for every

17



e >0,

1
lim inf —meas {T € [0,7] : sup |((s + i1, F) — f(s)| < 5} > 0.
T—oo T scK

Theorem D has its discrete version. Let # A denote the cardinality of a set
A and N runs over the set Ny = N U {0}.

Theorem E. Suppose that K € Kp, f(s) € Hop(K) and h > 0. Then, for
every € > 0,

1
lim inf <k<N : ikh, F) — .
m inf - 1#{0 k Sg}g\f(s—i—zkh ) — f(s)] < 6} >0

Theorem E for / such that the number exp{%Tm} is irrational for all m €
Z \ {0} was obtained in [29] and the stated version in [38].

For approximation of analytic functions more general shifts ((s+ip(7), F')
in place of ((s + i7, F') can be used. This was done in [65]. Denote by
U(Tp),To > 0, the class of functions ¢(7) satisfying the conditions:

1° ¢(7) are differentiable real-valued positive increasing functions on [T, 00).

2° The derivatives ¢ (7) are monotonic continuous positive on [T}, o) and
(@'(1))"t =o(1) as T — 0.

3° The estimate

1
©(271)  max 0] L T, T — 00,

is valid.

Theorem F. Suppose that p(1) € U(Tp). Let K € Kp, f(s) € Hop(K),
Then, for every € > (),

lim inf
T—o0 —1p

meas{r € [To,T] : sup [((s +ip(T), F) — f(s)] < 5} > 0.
seK

Moreover, the limit

lim
T—oo T — T()

meas{T € [To, T) : sup |((s +ip(T), F) — f(s)| < 5} > 0.
seK

18



exists for all but at most countably many € > 0.

Theorem F has a discrete version. For its statement, the notion of uniform
distribution modulo 1 of sequences is needed. Let {u} denote the fractional
part of u € R, and let ; be the indicator function of the set /. The sequence
{z, : k € N} C R is called uniformly distributed modulo 1 if, for every
interval I = [a,b) < [0, 1),

1
nlgrl;oﬁ ;X[({l’k}) =b—a.

As in Theorem F, a certain class of functions is involved. Let kg € N. A
function (t) € U(ko) if the following hypotheses are satisfied:

1° ¢(t) is a real-valued increasing positive function on [kg — 3, 00);

2° (t) has a continuous derivative on [k — %, 00) satisfying the estimate

1 /
@(Qt)(téri%t o] + max ¢ (u)) <t, t— o0;
3° A sequence {ap(k) : k>ko} with every a € R\ {0} is uniformly
distributed modulo 1.
For example, the function ¢(t) = tlog®(¢) with 0 < a < 1 is an element
of the class U(2).
The paper [40] contains the following statement.

Theorem G. Suppose that p(t) € U(ko). Let K € Kp, and f(s) € Hop(K),
Then, for every € > (,

1
l}\rfrl)ioréfw#{koékgl\f : Sg}}g IC(s +ip(k), F) — f(s)] < z—:} > 0.

Moreover, the limit

1
im —m— <k<N : ) —
i~ P 1#{k0\k\N EEEIC(SHs@(’f),F) [l < 6} >0

exists for all but at most countably many € > 0.

Let0 < 71 < 72 < ...<Y<Vk+1..- be the sequence of imaginary parts
of non-trivial zeros of the Riemann zeta-function. There are known discrete
universal theorems with shifts of zeta-functions involving the sequence {~ }.
The first result in this direction was obtained in [17]. The distribution of non-

19



trivial zero is mysterious, therefore, we have no sufficient information on the
sequence {~x}. In [17], it was used the following conjecture that, for ¢ > 0,

> ) 1<« TlogT,T — oo, (1.7)

Y <T n<T
|“/k*’}’l|<@

The latter estimate follows from the well-known Montgomery pair correlation
conjecture [52] that, for o < 3,

S5 e ([ (1 () s s ) P

Y <T 7 <T

2T _ 273
log T <Y¥e—N< log T

as T' — oo, where
1if0 € [a, 3],

0 otherwise.

(5(0&, /8) =

Thus, under the hypothesis (1.7) in [17] it was proved that the shifts {(s +
ih~yi) with every h > 0 approximate the functions of the class Hy(K), K €
K. In the paper [15], the same result was obtained by using the Riemann
hypothesis and the moment estimates from [16]. The paper [44] is devoted to
the approximation of analytic function by shifts (s 4 iyxh, «) of the Hurwitz
zeta-function with linearly independent set L(a) = {log(m + a) : m € Ny}
over Q.

Chapter 2 of the dissertation is devoted to the approximation of analytic
functions by shifts ((s + iyih, F'). The main result of the chapter is the fol-
lowing theorem.

Theorem 2.1. Suppose that the estimate (1.7) is true. Let K € Kp, f(s) €
Hyp(K) and h > 0. Then, for every € > 0,

1
lim inf #{1<k<N ssup (s +ivph, F) — f(s)] < 5} > 0.
N—oo N seK

Moreover, the limit

1
lim #{1<k<N ssup |C(s +ivkh, F) — f(s)| < E} >0
N—oo N sEK

exists for all but at most countably many € > 0.
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The proof of Theorem 2.1 is based on the weak convergence of

}V#{Kk@v (s 4 imph, F) € A},A & B(H(Dy)),

as N — oo. Here H(Dp) is the space of analytic on Dy functions endowed
with the topology of uniform convergence on compacta, B(H (D)) denotes
the Borel o-field of the space H(Dp).

Recently, Professor Joern Steuding has informed that the condition (1.7) in
the above theorem can be removed [61].

The results of Chapter 2 are published in [5].

The remaining chapters of the dissertation are devoted to approximation of
analytic functions by shifts of Hurwitz type zeta-functions. Denote by H (K)
with K € K the class of continuous functions on K that are analytic in the
interior of K. Thus, Hyo(K) C H(K). The approximation properties of the
function ((s, ) (or universality) are described by the following theorem. We
recall that the number « is transcendental if there is no any polynomial p(s) #
0 with rational coefficient such that p(a)) = 0. Otherwise, « is algebraic.

Theorem H. Suppose that the parameter « is transcendental or rational #-
1,1 Let K € K and f(s) € H(K). Then, for every ¢ > 0,

lim inf lmeas {7’ € [0,T] : sup |((s +iT,a) — f(s)| < 5} >0. (1.8)
T—oo T seK

Theorem H by different methods was obtained by B.Bagchi [2], S.M.Gonek
[18], see also [28]. In case of rational « the proof is usually reduced to the joint
universality of Dirichlet L-functions, while in case of transcendental « a prob-
abilistic approach is convenient.

A weighted generalization of Theorem H is given in [64].

In case of algebraic irrational «, the approximation of all functions from
the class H(K) (universality) is not known. In this case, the following result
is known [3]. Let H (D) denote the space of analytic on D functions.

Theorem 1. Suppose that the parameter « is algebraic irrational. Then there
exists a closed non-empty subset F,, C H(D) such that, for every compact set
K C D, f(s) € Fy and ¢ > 0, the inequality (1.8) is valid. Moreover, the
limit

1
lim meas{T € [0,T] : sup [((s + i1, ) — f(s)] < 6} >0
T—oo T s€EK
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exists for all but at most countably many € > 0.

In the latter theorem, the set Fy, is not explicitly given, only its existence is
proved.

The most important and very complicated result on universality of (s, )
with algebraic irrational o was recently obtained in [62] for all but finitely
many « of bounded degree. Moreover, the interval [T, 27" with 7 satisfying
(1.8) was given when K is a disc.

Theorem H has a certain joint generalization. The numbers oy, ..., a;
are called algebraically independent over QQ if there is no any polynomial
p(s1, ..., s) Z 0 with rational coefficients such that p(a, ..., ;) = 0.

L(on,...,op) = {log(m+aj) :meNy, j=1,...,r}.
Then the following extension of Theorem H is known [32].
Theorem J. Suppose that the set L(a, . .., «,) is linearly independent over

Q. Forj=1,...,r,let K; € Kand f;(s) € H(K;). Then, for every ¢ > 0,

1
liminf —meas ¢ 7 € [0,7]: sup sup |((s+iT, ;) — fi(s)] <ep >0.
T—oo T 1<j<r s€K;

It is not difficult to see that the algebraic independence of the parameters
aq, ..., o implies the linear independence of the set L(aq, . .., a;).

In Chapter 3 of the dissertation a joint generalization of Theorem I is
given.

Theorem 3.1. Suppose that the numbers o, 0 < o < 1, a; # % j =

N

1,...,r, are arbitrary. Then there exists a closed non-empty set F, .,
H" (D) such that, for every compact sets K1,...,K, C D, (fi,..., fr)
Fo, ... a.ande >0,

m

1
lim inf meas {T €[0,T7]: sup sup |[((s+iT,a;5) — fi(s)| < E} > 0.

T—oo 1<j<r seK;
Theorem 3.1 has a modification in terms of density.

Theorem 3.2. Suppose that the numbers o, 0 < o < 1, a; # % ] =
1,...,r, are arbitrary. Then there exists a closed non-empty set F, . ., C
H" (D) such that, for every compact sets K1, ..., K, C D and (f1,...,f) €
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Fal,...,ozr, the limit

1
lim meas {T € [0,T]: sup sup |((s+iT, ;) — fi(s)| < 6} >0

T—o0 1<j<r s€K;
exists for all but at most countably many € > 0.

For the proof of Theorems 3.1 and 3.2 the probabilistic approach is applied.
These theorems are published in [11].

The approximation of analytic functions by discrete shifts of the Hurwitz
zeta-function is also considered. In this case, an additional parameter h ap-
peares in shifts ((s + ikh, ). In [2], the following discrete theorem has been
obtained.

Theorem K. Suppose that o is a rational number, o < 1, o # % Let K € K
and f(s) € H(K). Then, for every € > 0,

1
im i <k N: ] - .
l}ﬁglofN—kl#{O\k\N Ssgfg\ﬁ(s—kzkh,a) f(s)\<£}>0
(1.9)

For the proof of Theorem K a probabilistic method and the representation
of ((s, ) by Dirichlet L-functions is used. By a different method, Theorem K
was proved in [59].

The discrete case with transcendental « is more complicated than that of
rational o and requires some relation between h and 7.

Theorem L. [33]. Suppose that the number exp{2X}, h > 0, is rational
and o is transcendental. Let K € K and f(s) € H(K). Then the inequality
(1.9) is true.

In [36], the rationality of exp{%’r} was replaced by a weaker condition.
Define the set

2
L(a,h,7) = {(log(m+a) :m € Np), Ij} :
Then the following extention of Theorem L is valid [32].

Theorem M. Suppose that the set L(«, h, ) is linearly independent over Q.
Let K € K and f(s) € H(K). Then the inequality (1.9) is valid.
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If the numbers « and exp{%’r} are algebraically independent over Q, then
it is not difficult to see that the set L(a, h, 7) is linearly independent over Q.
Therefore, by the Nesterenko theorem (7 and e™ are algebraically indepen-
dent), Theorem M is valid with o = % and rational h.

In place of the shifts ((s + ikh,«), generalized discrete shifts (s +
ip(k), ) can also be used. Let U(ky) be the same class of functions as in
Theorem G. Then in [39], the following theorem is given.

Theorem N. Suppose that the set L(«) is linearly independent over Q, and
o(k) € U(ko). Let K € K and f(s) € H(K). Then, for every ¢ > 0,

1
Moreover, the limit
1
]\}Enoo m# {ko Sk<SN: Sél}}gK(s—l—igo(kz),a) — f(s)] < 5} >0

exists for all but at most countably many € > 0.

For positive hy, ..., h,, define the set
L(ay, .oy apihyy ey by 2m) = {(h1 log(m +ay) :m € No),

<oy (hrlog(m + ay) : m € Ny), 21}
Then the joint discrete theorem for Hurwitz zeta-functions follows [37].

Theorem O. Suppose that the set L(a, ..., a5 h, ..., hy; 27) is linearly inde-
pendent over Q. For j =1,...,r, let K; € K and f;(s) € H(K;). Then, for
every e > 0,

lim inf
N—o0 +1

1<j<r seKj

#{O <k < N: sup sup [((s+ikhj,a5) — fi(s)] <8} > 0.

In Chapter 4, the discrete versions of Theorem 3.1 and 3.2 are obtained.
These results in a certain sense extend Theorem O for arbitrary o, ...cu..
Let, for brevity, « = (a1,...,a,) and h = (hy,..., h;).

Theorem 4.1. Suppose that the numbers 0 < o < 1, (o # %) and posi-
tive numbers hj;, j = 1,...,r, are arbitrary. Then there exists a closed non-
empty set I, , C H"(D) such that, for every compact sets K1, ..., K, C D,
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(fi,.. s fr) € Fypande >0,

lim inf

i +1#{0 <k <N : sup sup [((s+ikhj,a5) — fi(s)] <5} > 0.

1<j<r se K
A discrete version of Theorem 3.2 is of the following form.

Theorem 4.2. Suppose that the numbers 0 < o < 1, (o # % ) and posi-
tive numbers hj;, j = 1,...,r, are arbitrary. Then there exists a closed non-
empty set Fy , C H"(D) such that, for every compact sets K1, ..., K, C D,
(fi,..., fr) € Fyp, the limit

1
lim —— 0<k<<N: sup su s+ ikh;, ;) — fi(s)| <ep >0.
N—>ooN+1#{ Kjgrse}()j < g o) = fi(s)] }

exists for all but at most countably many € > 0.

Theorems 4.1 and 4.2 are published in [6].

Chapter 5 of the dissertation is devoted to a generalization of Theorem I
for the periodic Hurwitz zeta-function ((s, a; a).

The first result on the approximation of analytic functions by shifts (s +
iT, vy a) was obtained in [22] with transcendental parameter .

Theorem P. Suppose that the parameter « is transcendental. Let K € I and

f(s) € H(K). Then, for every € > 0,

1
lim inf meas {7’ €[0,T] : sup |((s +iT,a;a) — f(s)| < 5} > 0.

T—00 seK
A discrete version of Theorem P is given in [33].

Theorem Q. Suppose that the parameter « is transcendental number, and
h > 0 such that exp{ %X} is a rational number. Let K € K and f(s) € H(K).
Then, for every € > (,

1
1}\rfri>ioréfN+ 1# {O <k<N: §g£|C(s+ikh,a; a) — f(s)] < 8} > 0.
Joint universality theorems for periodic Hurwitz zeta-functions have been

studied in many works. We mention the paper [30]. In the joint case, the prop-
erties of the periodic sequences a; = {a,; : m € Ng},j = 1,...,7, play an
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important role. Let ¢ be the period of a;, r<q. Define the matrix

aplr aop2 ... apr

ailr a2 ... Qipr
A=

Aq1 Qg2 ... Qgp

Theorem R. Suppose that the « is a transcendental number and rank(A) =
r.Forj=1,..,r, let K; € K and f;(s) € H(Kj). Then, for every e > 0,

lim inf lmeas {7’ € [0,T]: sup sup |((s+iT,o;a5) — fi(s)| < 8} > 0.
T—oo T 1<j<r sek;

Generalizations of Theorem R with different parameters oy, ...c, and se-
quences a; with different periods were given in [60] and [43]. In this case, it
is required that the numbers a1, ..., would be algebraically independent over
Q, and ¢ in matrix A is replaced by the least common multiple of the periods

qi,---qr-
In the dissertation the following general results are proved.

Theorem 5.1. Suppose that the parameter o, 0 < o < 1, and the periodic
sequence a are arbitrary. Then there exists a non-empty closed set F, , C
H (D) such that, for every compact subset K C D, f(s) € Fqande > 0,

1
lim inf meas {7’ €[0,T] : sup |((s +iT,a;a) — f(s)| < 5} > 0.

T—o0 seK
The next theorem is a version of Theorem 5.1 in terms of density.

Theorem 5.2. Suppose that the parameter o, 0 < « < 1, and the periodic
sequence a are arbitrary. Then there exists a non-empty closed set F, , C
H (D) such that, for every compact subset K C D and f(s) € Fy q, the limit

1
lim —meas {7‘ €[0,7] : sup |((s +iT,a;a) — f(s)] < 5} >0
T—)OOT seK

exists for all but at most countably many € > 0.

Theorems 5.1 and 5.2 are generalized for certain compositions. The first
approximations by shifts of compositions F'({(s +i7)), F' : H(D) — H(D),
were discussed in [34]. For example, the shifts sin({(s+ 7)) approximate the
analytic functions on D which do not take values 1 and —1.
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In the dissertation, the following examples of approximations are pre-
sented.

Theorem 5.3. Suppose that the parameter o, 0 < o < 1, and the periodic
sequence a are arbitrary. Then there exists a non-empty closed set F, , C
H (D) such that if ® : H(D) — H(D) is a continuous operator such that, for
every polynomial p = p(s), the set (<I>_1{p}) N Fy o is non-empty, then, for
every compact subset K C D, f(s) € ® (Fy,q) and e > 0,

1
lim inf —meas {7’ €10, 7] :sup |® (¢(s+it,a)) — f(s)] < E} > 0.
T—oo T scK

The next theorem is a generalization of Theorem 5.2 for compositions.

Theorem 5.4. Suppose that the parameter o, 0 < o < 1, and the periodic
sequence a are arbitrary. Then there exists a non-empty closed set F, , C
H(D) such that if ® : H(D) — H(D) is a continuous operator such that, for
every polynomial p = p(s), the set (<I>_1{p}) N Fyq is non-empty, then, for
every compact subset K C D and f(s) € ® (Fy,q), the limit

1
lim —meas {7’ €10, 7] :sup |® (¢(s+it,5a)) — f(s)] < 5} > 0.
T—oo T s€eK

exists for all but at most countably many € > 0.

For the proof of above theorems, a probabilistic method is applied. The
results of Chapter 5 are published in [12].

1.7 Approbation

The results of the dissertation were presented at these conferences: the In-
ternational MMA (Mathematical Modelling and Analysis) conference (MMA-
2019, May 28 — 31, 2019, Tallinn, Estonia), at the XVII and XX International
Conferences «Algebra, Number Theory and Discrete Geometry and Multiscale
Modeling: modern problems, applications and problems of history» (Septem-
ber 23 — 27, 2019, Tula, Russia), (September 21 — 24, 2021, online), at the
conferences of Lithuanian Mathematical Society (LMS 2019, June 19 — 20,
2019, Vilnius, Lithuania), (LMS 2021, June 16 — 17, online), (LMS 2022,
June 16 — 17, Lithuania) as well as at the Number Theory Seminar of Vilnius
University.
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Chapter 2

Approximation of analytic
functions by zeta-functions of
cusp forms

It is known that zeta-functions ((s, F') of normalized Hecke-eigen cusp
forms F are universal in the Voronin sense, i.e., their shifts ((s+i7, F'), 7 € R,
approximate a wide class of analytic functions. In this chapter, under a weak
form of the Montgomery pair correlation conjecture, i.e., that with ¢ > 0 the
estimate

Y ) 1< TlogT, T — o, (1.5)

VST 72<T
\’Yk*'YzK@

is valid, it is proved that the shifts {(s + iyih, F'), where 71 < 72 < ... isa
sequence of imaginary parts of non-trivial zeros of the Riemann zeta function
and h > 0, also approximate a wide class of analytic functions.

We recall that ICr is the class of compact subsets of the strip D with
connected complements, and Hyp(K) with K € K is the class of continuous
non-vanishing functions on K that are analytic in the interior of K.

2.1 Statements of the Theorems

The main result of this chapter is the following theorem.

Theorem 2.1. Suppose that the estimate (1.5) is true. Let K € Kp, f(s) €
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Hor(K) and h > 0. Then, for every € > 0,
1
lim inf #{1<k<N ssup |C(s +iykh, F) — f(s)| < 8} > 0.
N—oo N scK
Moreover, the limit

1
lim #{1<k<N ssup [C(s +ivh, F) — f(s)| < 8} >0
N—oo N s€K

exists for all but at most countably many € > 0.

We recall that the condition (1.5) for the first-time was applied in [17] for
the approximation by shifts ((s+i7yxh), and in [42] for joint approximation by
shifts (¢(s+ivih), ((s+ivih, o)), where (s, cv) is the Hurwitz zeta-function

C(Sva): Zw, o>1,

m=0

with transcendental parameter «. In [41], the joint approximation by shifts of
Dirichlet L-functions involving the sequence {~;} was discussed. Finally, the
paper [4] is devoted to a generalization of [42] for shifts of the periodic and
periodic Hurwitz zeta-functions.

For the proof of Theorem 2.1, we will apply some results from [17] and
[27]. On the mentioned results, we will construct a probabilistic model.

2.2 Probabilistic model

Denote by B(X) the Borel o-field of the space X, and let H(Dp) be the
space of analytic functions on D endowed with the topology of uniform con-
vergence on compacta. In this section, we will consider the weak convergence
as N — oo for

def 1

#{1<k<N : ((s +iwh, F) € A}, A€ B(H(Dp)).

To state a limit theorem for Py r, we need some notation. Denote by -~y the
unit circle on the complex plane, by IP the set of all prime numbers, and define

the set
Q = H va
peP

30



where v, = « for all p € P. With the product topology and operation of
pointwise multiplication, the infinite-dimensional torus 2 is a compact topo-
logical Abelian group. Therefore, on (2, B(£2)), the probability Haar mea-
sure m  exists, and we have the probability space (2, B(€2), m ). Denote by
w = (w(p) : p € P) the elements of the torus (2, and on the above probability
space define the H (D )-valued random element

pEP

We note that the latter infinite product is uniformly convergent on compact
subsets of the strip Dy for almost all w € €, thus, it defines an H(Dp)-
valued random element. Denote by I the distribution of the random element
((s,w, F),ie., for A€ B(H(DF)),

Prp(A)=mpg{weQ:((s,w,F) e A}.

We will prove the following statement

Theorem 2.2. Suppose that the estimate (1.5) is true. Then Py p converges
weakly to the measure P p as N — o0 .

The proof of Theorem 2.2 consists from three limit theorems that will be
stated as separate lemmas.
For A € B({2), define

Qn(A) = Jb#{lgng: (pfmh ip € P) € A}.

Lemma 2.1. Q) converges weakly to the Haar measure mg as N — oo.

The lemma is proved in [17] by using the Fourier transform method. For
this, the uniform distribution modulo 1 of the sequence {av : & € N} with
every a € R\ {0} is applied.

The next lemma deals with absolutely convergent Dirichlet series. For its
proof, one property of weak convergence of probability measures is applied.
Suppose P is a probability measure on (X, B(X)) and a mapping v : X; — Xa.
This mapping is (B(X1), B(Xz)) - measurable when v~ 'B(Xy) C B(X1),i.e.,
for every A € B(Xy),

u A € B(Xy).
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Then P induces on (Xy, B(X3)) the unique probability measure Pu~! which
is defined by
Pu'(A) = P(u'4), AcB(X)

where u ! A is the preimage of A. If mapping v : X; — Xj is continuous then
itis (B(Xy), B(X2))-measurable. What is more, the following lemma is valid

[7].

Lemma 2.2. Suppose that v : X1 — Xy is a continuous mapping, and Py, n €
N, and P are probability measures on (X1, B(Xy)). If P,, converges weakly to

P asn — oo, then also Pyu™' converges weakly to Pu™"' as n — oo.

Let6 > % be a fixed number, for m,n € N, let
0
Un(m) = exp{ - <T> }7
n

Gl F) = 3 menlm),

mS

and

m=1
Then it is known [27] that the latter series is absolutely convergent for o > 3.
Consider the mapping u,, r : Q@ — H(Dp) given by u,, p(w) = (,(s,w, F),
where

and

pltlim
Obviously, the series for ¢, (s,w, F') is also absolutely convergent for o > .
Therefore, the mapping w,,  is continuous, hence it is (B(2), B(H(DF)))-
measurable. Therefore, the Haar measure my defines the unique probabil-
ity measure V,, p = mHu;} on (H(Dp),B(H(DF))), where, for A €
B(H(Dr)),
Vo r(A) = mHu;’lF(A) = mH(uglpA)

For A € B(H(Dr)), set

1
PN,n,F(A) = N#{lgng : Cn(S +i’ykh, F) S A}
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Lemma 2.3. Py, r converges weakly to the measure V;, p as N — oc.

Proof. By the definitions of Q) and Py, r, we have

Prnr(A) = %# {1<k<N : (p—i%h pe IP) e u;}A} = Qulu, R A).

—1
Thus, PN,n,F = QNun’F.
Therefore, the lemma is a corollary of Lemma 2.1, continuity of u,, 7 and

Lemma 2.2. O

The weak convergence of the measure V,, p as n — oo is very important
for the proof of Theorem 2.2. The following assertion is true. We recall that the
support of P i is a minimal closed set S C H(Dp) such that P p(S) = 1.
The set S consists of all g € H(Dp) such that, for every open neighbourhood
G of g, the inequality Pr p(G) > 0 is satisfied.

Lemma 2.4. V), i converges weakly to the measure P p as n — 0o. More-
over, the support of P  is the set

Sp = {g € H(Dp) : g(s) #0 or g(s) = O}.
Proof. The lemma is a result of [25] and [27] because V;, r, as n — oo, and
1
TmeaS{T €[0,T):¢{(s+ir,F) e A}, AecB(H(Dp)),

as T' — oo, have the same limit measure F¢ r. ]

To prove Theorem 2.2, it remains to show that the limit measure of Py r as
N — oo coincides with that of V;, g as n — oo. For this, some mean square
estimates will be applied. For convenience, we recall the Gallagher lemma
which connects discrete and continuous mean squares of certain functions.

Lemma 2.5. Let Ty and T > 6 > 0 be real numbers, and T # & be a finite
set in the interval [T + %, To+T — %] Define

Ns(x) = Z 1,

teT
[t—z|<o

and let S(t) be a complex-valued continuous function on [Ty, Ty + T having
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a continuous derivative on (1o, Ty + T'). Then

1T0+T To+T To+T %
Soawiswrsy [ isopa ([ isopa [ s
teT d T

TU TO

The proof of the lemma can be found in [51, Lemma 1.4].
Now, we recall a metric in the space H(Dp). For g1, g2 € H(Dp), let

sup [g1(s) — g2(s)|

o
1 seK;
p(g1,92) 2" ;
2 e ) s
- seK;

where { K; : [ € N} is a sequence of compact subsets of the strip Dy such that

Dr = J K,
=1

K; C Kjyq foralll € N, and if K is a compact subset of D, then K C K;
for some [ € N. Then p is a metric on H(Dp) that induces the topology of
uniform convergence on compacta.

Lemma 2.6. Suppose that the estimate (1.5) is true. Then the equality

n—0o0 N—o0o

N
1
lim lim sup N Zp (((s+ivgh, F), (u(s +ivgh, F)) =0
k=1

holds.

Proof. We start with some remarks on the mean squares of the function
¢(s, F). It is well known that, for fixed o, § < 0 < “7“, the bound

T

/|g(a +it, F)|?dt <, T
0

is true. Hence, it follows for the same o that, for 7 € R,

T
/]C(a—i—zﬁ'—l—it, F)|2dt <, T(1+ |7]). (2.1)
0
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Moreover, the Cauchy integral formula together with (2.1) leads to

T
/ | (0 4 i1 +it, F)|?dt <, T(1 + |7|). (2.2)
0

27r

Now, we apply Lemma 2.5. It is known that v ~ k as k — oo. Therefore,

Ve < logkk; with some ¢ > O forall k > 2. In Lemma 2.5, we take T =

{v1ih,...,ynh}, 6 =h <log ﬁ) , ’ylh—f and T = ’yNh—T(H—g.
Then, in view of (1.5), we find that

N
E s(kh) = E E 1= E E 1<y N.
= N
k=1 k= 1'”\hlogN 0<%7k<h1coﬁ
s
[ve—vl<y I—l<Z

Thus, applying Cauchy—Schwarz inequality, we obtain

N
Z|C(a+i7+i7kh,F)\
k=1

SIS

N
Z <N5 Yih) Ny (%h)> [((o + i1 + iyh, F')|
=1

1
2

N N
(Z s(vh) > Ny ' (wh)|¢(o + it + iph, F)|)
k=1 k=1

N 2
<<hN% (ZN 1 (vh)|C(o + i1 + iykh, F)| )
k=1

Now, by Lemma 2.5 for the function {(o + i7 + iyh, F'), and, taking into
account the estimates (2.1) and (2.2), we find
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N YNh—~vy1h+8
> [¢lo +iT + iph, F)| < Nz <logN / |C(o + it + it, F)[*dt

| |

[}
Y1ih—35

[NIES

5
yh—3 Th—35

c(h)N
log N

<uN2 (o +iT +it, F)|*dt

YNh— 'Vlh+5 yNh—~y1h+6
+ ( C(o 4 ir +it, F)[2dt / ]C'(U—i—iT—i—it,F)]th)
(logN

o\

c(h)N
log N % %
C(o + it +it, F)|*dt / |’ 0+z7’+th)|2dt> >

1 1
1 c(h)N 2 1 (e(h)N 2
< N2 <10gNlogN (1+ ]T\)) + N2 (logN(l—HTD

< N(1+|7)2 < N(1+ |7]).

_'_

(2.3)
Here c(h) is a certain positive constant depending of h.
Let the number 6 is the same as in the definition of v, (m), and
S (8
= G
nle) =5t (g)n
where I'(s) denotes the Euler gamma-function. Then we have [25]
0+ico d
Gl / (s + 2 F)l(=)
9 100
Hence, taking 61 > 0, we obtain
—01+ic0
1 dz
Cn(S,F)—C(S,F) = 27 C(3+Z7F)ln(z)7 (24)
Uy z
—601—ico

We take an arbitrary fixed compact subset K of the strip D, denote the points
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obeys:a+iv,ﬁx5>Osuch%+25<a<”T“—sforseK,and
choose
lea—g—g and 92%4—5.

Then the representation (2.4) shows that, for s € K,

dr.

) ) ) ) ln(—01 +1
C(s+ivkh, F)=Cu(s+ivkh, F) < / | (s+ivkh—01+iT, F) |‘91+;:|)|
— U1

Hence, after a shift 7 + v — 7, we have

C(s+ivgh, F) — Cu(s +ih, F) < /’C(g—i-s—i-z'(T—i—'ykh),F)'

\l (5 +e—s+ir)|

dr.
|5 +e—s+iT]

Therefore,

Zsup\( s +ivgh, F) — Co(s + iygh, F)|

SEK
1 lln(5 +€—s+ir)
+e+4i(r+ h,F) su 2 - dr.
/( z:lg( h) se}? |5 +e—s+ir]
—o0

(2.5)
It is well known that, uniformly in 07 < 0 < o with arbitrary o1 < 09,
[(o + i) < exp{—c|r|}, ¢>0.

Thus, taking into account the definition of the function /,,(s), we find that, for
se K,

In(§ 4+¢€—s+1ir)
5+e—s+ir

el —v|

0

<« n exp {— } <Lk n” exp{—c|T|}.

Therefore, by (2.5) and (2.3),

—ZsupK (s +ivih, F) — (u(s + ivkh, F)|
k— 156

37



o

i w7 [ (I explelrldr e

—0o0
This shows that, for every compact set K C Dp,

N
lim hmsup—Zsup |C s+ iyh, F) — Cn(S—i'i’Ykh»F)‘ =0,

n—=00 N0 1 SEK

and the assertion of the lemma follows from the definition of the metric p. []

Now, we are in position to prove Theorem 2.2.

For convenience, we recall one properthy of convergence in distribution.
Denote by D, the convergence of random elements in distribution, i. e., the
weak convergence of their distributions.

Lemma 2.7. Let the space (X, d) be separable, and the X - valued random
elements Yy, Xgn, n € N, k € N, be defined on the same probability space
with the measure pi. Suppose that for every k € N,

n

and for every € > 0,

hm lim sup p{d(Xgn, Yn)=c} = 0.

k—00 n—oo

Then
Y, -2 X.

n— oo
This lemma is Theorem 4.2 from [7].
Proof of Theorem 2.2. Let £y be a random variable on a certain probability

space (€2, A, 1) with the distribution

k=1,..N.

p{én = wh} = %,

Denote by X, i the H(Dp)-valued random element with the distribution V,, f,
where V,,  is the limit measure in Lemma 2.3, and, on the probability space
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(Q, A, 1), define the H (Dp)-valued random element
XN p = XNnr(s) =Cu(s +ién, F).
Then, in view of Lemma 2.3,
Xnnr =0 Xor. (2.6)

By Lemma 2.4, the measure V),  is weakly convergent to Py as n — oo.
Thus,

D
Xn,F — PQF. (2.7)
n—00

On the above probability space, define one more H (D )-valued random ele-
ment

YN,F = YN7F<S> = C(S + ZfN,F)

Then, applying Lemma 2.6, we find that, for every € > 0,

lim lim sup ,u{p(YMp, XN,n,F)25}
n—=00 N0
N

1
< lim limsup—Zp(((s—kah, F), Co(s + ivyih, F)) =0.

This equality together with (2.6) and (2.7) shows that all hypotheses of lemma
2.7 are satisfied. Therefore, we have

D
YNF—>PF
7 N—oo CF

in other words, Py r converges weakly to Pr p as N — oo. The theorem is
proved.

2.3 Proof of Theorem 2.1

The proof of Theorem 2.1 is quite standard, and is based on Theorem
2.2 and the Mergelyan theorem on the approximation of analytic functions
by polynomials [50]. For convenience we state it as lemma.

Lemma 2.8. Suppose that K C C is a compact set with connected comple-
ment and ¢(s) is a continuous function on K which is analytic in the interior
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of K. Then, for every ¢ > 0, there exists a polynomial p.(s) such that

sup [g(s) — p:(s)| < e
seK

Proof of Theorem 2.1. By the mentioned Mergelyan theorem, there exists
a polynomial p.(s) such that

sup ‘f(s) @] < £ (2.8)
seK 2

Define the set

G. - {g € H(Dy) : sup |g(s) — 1] < } .
seK 2

Clearly, eP=(s) € S. Therefore, in virtue of Lemma 2.4, the set G, is an open
neighbourhood of an element of the support of the measure P . Hence, by a
property of the support,

PC,F(GE) > 0, (29)

and Theorem 2.2 together with the equivalent of weak convergence of proba-
bility measures in terms of open sets [7, Theorem 2.1] implies

lim inf PN?F(GE)EPQF(G[;) > 0.
N—oo

This, the definitions of Py 7 and G., and (2.8) prove the first assertion of the
theorem.
For the proof of the second assertion of the theorem, define the set

G, - {g € H(Dr) s sup lg(s) — ()] < } |

Then the boundary OG.. lies in the set

{g€ 1D suplae) - 1) =}
seK

therefore, 0G¢, [ 0G., = @ for different positive £; and e2. This remark im-

plies that the set G is a continuity set of the measure P, r, i.e., P p(9G.) =

0, for all but at most countably many £ > 0. Therefore, Theorem 2.2 together

with the equivalent of weak convergence of probability measures in terms of
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continuity sets [7, Theorem 2.1] gives the equality

lim Py r(Ge) = P rp(Ge) (2.10)

N—oo

for all but at most countably many € > (. The definitions of the sets G and
C?a, and inequality (2.8) imply the inclusion G. C G’E. Hence, in view of (2.9),
we have P, F(G'E) > 0. The latter inequality, the definitions of Py, r and G.,
and (2.10) prove the second assertion of the theorem. The theorem is proved.
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Chapter 3

Joint approximation of analytic
functions by Hurwitz
zeta-functions

Itis well known that some zeta and L-functions are universal in the Voronin
sense, i.e., they approximate a wide class of analytic functions. Also, some of
them are jointly universal. In this case, a collection of analytic functions is
simultaneously approximated by a collection of zeta-functions. In this chapter,
a problem related to joint universality of Hurwitz zeta-functions is discussed.
It is known that the Hurwitz zeta-functions ((s, a1),...,((s, ;) are jointly
universal if the parameters o, ..., a, are algebraically independent over the
field of rational numbers Q, or, more generally, if the set {log(m + «;) : m €
No, j = 1,...,r} is linearly independent over Q. We consider the case of
arbitrary parameters ., . . . , &, and obtain that there exists a non-empty closed
set of analytic functions F,,, . o, on the strip D = {3 e C: % <o < 1} such
that, for every compact sets K1,...,K, C D, fi,...,fr € Fu,, . «, and
e > 0, the set {7’ € R : supiqje, SUPse, [C(s + 17, 05) — f(s)] < 5} has
a positive lower density. Also, the case of positive density of the latter set is
discussed.

3.1 Statements of the theorems

In this chapter we will prove a joint generalization of Theorem J, i.e., we
will prove a certain theorem on joint approximation by the functions (s, a1), ...,
((s, ) without using any independence condition.
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Theorem 3.1. Suppose that the numbers o, 0 < o < 1, aj # %, J =

N

1,...,r, are arbitrary. Then there exists a closed non-empty set Fy, .,
H (D) such that, for every compact sets Ky,...,K, C D, fi,...,fr
Fo, .. .. ande >0,

m

1
lim inf meas {7’ € [0,T]: sup sup |((s+iT,05) — fi(s)] < 5} > 0.

T—o0 1<j<r se K
Theorem 3.1 has the following modification.

Theorem 3.2. Suppose that the numbers o, 0 < o < 1, aj # %, Jj =

N

1,...,r, are arbitrary. Then there exists a closed non-empty set F, .,
H(D) such that, for every compact sets Ki,...,K, C D and fi,...,f;
Fa,...a. the limit

m

1
lim meas {T € [0,T]: sup sup |((s+iT,05) — fi(s)] < 6} >0

T— 00 1<y<r se K
exists for all but at most countably many € > 0.

For the proof of above theorems we will apply the probabilistic approach.
This is influenced in a certain sense by Yu. V. Linnik who was an expert not
only in number theory but also in probability theory and mathematical statis-
tics.

3.2 Auxiliary results

In this section, a joint limit theorem for the functions {(s, a1), ..., {(s, ay)
in the space of analytic functions will be proved. For A C B(H" (D)), define

1
Prgo = meas {re€0,T]:{(s+ir,a) € A},
where a = («, ..., q,) and

C(‘S’g) = (C(Sv Oq), R C(Sa O‘T)) :

Theorem 3.3. Suppose that the numbers o, 0 < o < 1, a; # % ] =
1,...,r, are arbitrary. Then, on (H"(D),B(H"(D))), there exists a proba-
bility measure Py, such that Pr , converges weakly to P, as T' — o.
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We divide the proof of Theorem 3.3 into lemmas.
Denote by -y the unit circle on the complex plane, and define the set

Q= H Yy

meENp

where y,,, = y for all m € Ny. By the classical Tikhonov theorem, the infinite-
dimensional torus {2 with the product topology and pointwise multiplication is
a compact topological Abelian group. Define one more set

O = H Q;,
j=1

where 2; = Q forall j = 1,...,r. Then again by the Tikhonov theorem,

Q" is a compact topological Abelian group. Denote by w = (w1, ...,w:),
wi € Q,...,wp € £y, the elements of " Moreover, let w;(m) be the m-th
component of the elementw; € Q,j =1,...,r, m € Ny.

For A € B(Q)"), define

1
Qro = 7 ieas {re]0,T]:

(m4+a1) ™ :meNy),...,(m+a,)"" :meNy)) € A

Lemma 3.1. On (2", B(SY")), there exists a probability measure Q) such that
Q.o converges weakly to Qq asT' — oo.

Proof. We apply the Fourier transform method. The dual group of 2" is iso-
morphic to
T
G=D D Zns:
7=1 meNgy

where Z,; = Zforall j =1,...,7, m € Ny. The element k = (ky,j : kmj €
Z,m € No, j =1,...,r) € G, where only a finite number of integers k,,,; are
distinct from zero, acts on §2" by

w—wk= H H w;?mj(m).

j=1meNy
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Therefore, the Fourier transform g7 (k) of Q74 is of the form

o) = [ (TTTT <) | dQra.

j=1meNp

/2

where the sign shows that only a finite number of integers k,,,; are distinct

from zero. Thus, by the definition of Q1 4,

T T ’
or) = 7 [ TLIT tm+ap)~rtwar

j=1meNy
1 T T ’
:T/o exp —iTZZ Emjlog(m + ;) pdr. (3.1)
7=1meNy

Define two collections of integers

(B} =S kmj 1> Y kmglog(m + a;) =0

j=1 meNy
and

{E"} = < kmj Z Z kmjlog(m + «aj) # 0
7=1 meNg
Obviously, in view of (3.1),
gr(k) =1 (3.2)

for k € {k'}. If k € {k"}, then integrating in (3.1), we find that

1 —exp {—iT 22:1 > meN, Fmg log(m + aj)}
gT(E) = K r 7 .
T Zj:l > meNy Fmj log(m + «;)

This and (3.2) show that

. 1 if ke {K'},
1 k) = ke {k
Tl_I)I;OgT(J { 0 if ke {K"}.

The right-hand side of the later equality is continuous in the discrete topol-

ogy. Therefore, by a continuity theorem for probability measures on compact
groups, we obtain that Q7 , as " — oo, converges weakly to a probability
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measure (), on (2", B(£2")) defined by the Fourier transform

)1 if ke K}
9(k) = { 0 if ke {£").

The lemma is proved. O

Unfortunately, the limit measure (), in Lemma 3.1 is given by its Fourier
transform, we do not know the explicit form of (), and this reflects in The-

orems 3.1 and 3.2 with non-effective set Fy, .. For example, if the set

;O *
L(ay,...,a,) is linearly independent over Q, then
1 if =0,
g(k) = o
0 if k#0,

and we have that the limit measure (), coincides with the Haar measure on
(Q", B(Q2")).

The next lemma is a joint limit theorem in the space H" (D) for absolutely
convergent Dirichlet series.

Let o( be a fixed number. For m € Ny and n € N, set

m+a;\7° ,
Un(m7aj):exp{_<n+ai7> }7 J:L"w?ﬂa
J

and define the functions

m=0

It is known [28] that the series for (, (s, a;) are absolutely convergent for o >
%. For brevity, let

gn(svg) = (Cn(sv 1), ... 7Cn(87 aT)) )

and
1 .
Prpo= meas {’7’ €0,7]:¢, (s+ir,a) € A} , AeB(H"(D)).

Lemma 3.2. On (2", B(Q")), there exists a probability measure P, , such
that Pr, o converges weakly to P,  asT' — oo.
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Proof. For w; € 2, define the functions

2. wi(m)vp(m, o)
o) = A Y =
Cn($7w]7a]) Z (m+aj)5 ) J ) T
m=0
Since |wj(m)| = 1, the series for ¢, (s,w;, a;) is also absolutely convergent
foro > % Let
gn(sv W,Q) = (C’n(sa Wi, al)v s 7Cn(sa Wy, a?‘)) :

Consider the function uy, o : " — H" (D) given by the formula

Upo(w) = Qn(s,w,g).

In virtue of the absolute convergence of the series for (,(s,w;, ), j =
1,...,r, the function u,  is continuous. Moreover,

U, o (((m +a1) T ime NO) R ((m +o,)" T ime NO))
zgn(s+i7',g).

Therefore, for every A € B(H" (D)),

Propo= %meas {rel0,T]: {((m+a1)™" :meNy),...,

((m+ )™ :m € No) € up b, A = Qra(uy, 4 A).

Hence, Pr, . = QT,gu;}Q. Therefore, Lemma 2.2, Lemma 3.1 and the conti-
nuity of the function w,, o, imply that Pr,, , converges weakly to the measure
Pio= qu;}g as T" — oo, where (), is the limit measure in Lemma 3.1. [J

The next step of the proof of Theorem 3.3 consists of the approximation
of ((s,a) by ¢, (s,a). For this, we recall the metric in the space H"(D). It
is known, see, for example, [9], that there exists a sequence of compact sets
{Kj :1 € N} C D such that

o0
D=|]JK,
=1

K; C K41 foralll € N, and, for every compact set K C D, there exists K
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such that K C Kj. Let, for g1, g2 € H(D),

[ee)
_; SUPsek, l91(s) — g2(s)]
pl91,92) = 2 .
o1, 92) ZZ 1+ Sup,eg, [91(5) — ga2(9))]

Then p is a metric in the space H (D) inducing the topology of uniform conver-
gence on compacta. Now, setting, forg1 = (911, .- ,ng),QQ =(921,.--,92r) €
H"(D),

p(9,,9,) = [max (9155 925)
gives a metric in the space H" (D) inducing its product topology.

Lemma 3.3. The equality

1 T
lim limsup/ p(C(s—i—iT,g),C (s—f—iT,g)) dr=0
T 0o

n—00 T_y~o - =n

holds.

Proof. The proof of the lemma does not depend on the arithmetic of the num-
bers aq, ..., a,, and can be found in [32], Lemma 7. ]

Now, we consider the sequence {P, , : n € N}, where P, , is the limit
measure in Lemma 3.2.

Lemma 3.4. The sequence P, , is tight, i.e., for every ¢ > 0, there exists a
compact set K = K. C H"(D) such that

Poo(K)>1—¢

forallm € N.

Proof. For an arbitrary o, 0 < o < 1, define
1
Pry.o(A4) = meas {r €0, T]: (s +ir,a) € A}, A€ B(H(D)),

and denote by P, . the limit measure of Pr, o as 1" — oo. Then, in [3], it
was obtained that the sequences { P, o, : n € N} is tight. Hence, the sequences

{Pro; :meN}, j=1,...,m
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are tight. Clearly, P, o, are the marginal measures of the measure P, 4, i.e.,

A€ B(H(D)), (3.3)

j =1,...,r. Since the sequence { P, o, } is tight, for every ¢ > 0, there exists
a compact set K; = K;(e) C H(D) such that

15 .
Puo,(Kj) > 1=~ j=1...n (3.4)

foralln € N. We put K = K; X --- x K,. Then the set K is compact in the
space H" (D). Moreover, in view of (3.3) and (3.4),

Poo(H(D)\ K)

j—1
T T c
:ZP’”O‘J‘(H(D)\KJ)g ;:5
7j=1 7j=1
for all n € N. Therefore,
Poo(K)>1—¢
for all n € N. The lemma is proved. 0

Proof of Theorem 3.3. We will use the language of convergence in distribution
(2>) Let the random variable 6 be defined on a certain probability space with
measure f, and be uniformly distributed on [0, 1]. Define the H" (D)-valued
random element by the formula

XTna = XT,mg(S) = Qn(s +i0T, ).

Moreover, let X, , = X, o(5) be the H"(D)-valued random element having
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the distribution P, . Then the assertion of Lemma 3.2 can be written in the
form
D
XTpa ——— Xna- (3.5)
T—o00

Since the sequence {P, , : n € N} is tight, by the Prokhorov theorem ([7,
Theorem 6.1]), it is relatively compact. Therefore, there is a subsequence
{Pn.a} C {Pnq} such that P, . converges weakly to a certain probabil-
ity measure P, on (H"(D),B(H"(D))) as k — oc. In other words, we have
the relation
Xppa —2— Py (3.6)
k—o0

Define one more H"(D)-valued random element X7 , by the formula
X710 = X1a(s) = ((s +1i0T, a).

Then, the application of Lemma 3.3 shows that, for every ¢ > 0,

lim limsup i {p (X710, X1n.0) =€}

n—=00 T 550

o 1 . :
= lim limsup meas {T €0,7]:p (g(s +iT,a), ¢ (s + i, Q)) >

n—oo T—00

1 (T
< nh_>ngo li;njolip 5T/0 p (g(s +it,),¢ (s +ir, g)) dr =0.
The latter equality together with relations (3.5) and (3.6) shows that all hy-
potheses of lemma 2.7 are satisfied. Therefore, we obtain the relation

D
XT,Q ” ng
T—o00

which is equivalent to the weak convergence of Pr, to P, as T" — oo. The
theorem is proved. ]

3.3 Proof of Theorems 3.1 and 3.2

Theorems 3.1 and 3.2 follow easily from Theorem 3.3. For this, the notion
of the support of a probability measure is applied. Denote by Fi,, . ., the
support of the limit measure P, in Theorem 3.3. We remind that F,, ., C
H"(D) is a minimal closed set such that P, (Fy,,,  ,) = 1. The set Fy,  q,
consists of all elements g € H" (D) such that, for every open neighborhood G
of g, the inequality P, (G) > 0 is satisfied.
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Also, we will use two equivalents of the weak convergence of probability
measures. We recall that a set A is a continuity set of the probability measure
P if P(0A) = 0, where 0A is the boundary of the set A.

Lemma 3.5. Let P,,, n € N, and P be the probability measures on (X, B(X)).
Then the following statements are equivalent:
1° P, converges weakly to P as n — oo;

2° For every open set G C X,

liminf P,(G) > P(G);

n—oo

3° For every continuity set A of the measure P,
lim P,(A) = P(A).
The lemma is Theorem 2.1 of [7].

Proof of Theorem 3.1. Suppose that I, ., is the support of the measure F,.
Then F,,, .., is non-empty closed set of the space H" (D).

Let f1,..., fr € Fa,,. .. . K1,..., K, are compact sets of the strip D and
€ > 0. Define

G. = {(gl,...,gr) € H"(D): sup sup |gj(s) — fi(s)| < E}.

1<j<7‘ SGK]'

Then the set G is an open neighborhood of the element (f1, ..., f,) which
belongs to the support of the measure P,. Therefore,

P, (Ge) > 0. (3.7)

Moreover, in view of Theorem 3.3, and 1° and 2° of Lemma 3.5, we have that
liminf Pr(G:) > Pa(Ge).
T—o0 - -

This, the definitions of Pr . and G, and (3.6) show that

T—o0 1<j<r s€K;

1
lim inf meas {T € 10,7 : sup sup |((s +iT, ;) — fi(s)] < 5} > 0.

O
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Proof of Theorem 3.2. We use the same notation as in the proof of Theorem 3.1.
We observe that the boundaries G., and 0G,, do not intersect for different
positive €1 and e2. Therefore, P, (G¢) > 0 for at most countably many ¢ > 0.
This shows that the set G is a continuity set of the measure P, for all but
at most countably many £ > (. Therefore, using Theorem 3.3, 1° and 3° of
Lemma 3.5, and inequality (3.6), we obtain that the limit

lim Pro(Ge) = Pa(Ge) > 0

T—o00 -

exists for all but at most countably many £ > 0. Thus, the definitions of Pr
and G, prove the theorem. O
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Chapter 4

Joint discrete approximation of
analytic functions by Hurwitz
zeta-functions

Let H(D) be the space of analytic functions on the strip D = {o +
it € C:1/2 < 0 < 1}. In Chapter 4, it is proved that there exists a
closed non-empty set Fy, o, C H(D) such that every collection of the
functions (fi,..., fr) € Fa,,.. «, is approximated by discrete shifts ({(s +
ikhi,a1),...,¢((s + ikhy, o)), hj > 0,5 = 1,...,r, k € NU {0}, of
Hurwitz zeta-functions with arbitrary parameters o, . . . , a.

4.1 Statements of the theorems

The aim of this chapter is a discrete version of Theorems 3.1 and 3.2. For
brevity, let « = (aq,...,a;) and h = (hq, ..., hy).

Theorem 4.1. Suppose that the numbers 0 < o; < 1, o # % and posi-
tive numbers hj;, j = 1,...,r, are arbitrary. Then there exists a closed non-
empty set F, , C H"(D) such that, for every compact sets K1, ..., K, C D,
(fi,. ., fr) € Fypande >0,

lim inf
Noeo N+ 1

#{O <k < N: sup sup [((s+ikhj, a;)—f;(s)] < 5} > 0.

1<j<r se K

Moreover, “liminf” can be replaced by “lim” for all but at most countably
many € > 0.
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It will be proved that the set F, 5, is the support of a certain H" (D)-valued
random element.

4.2 Probabilistic results

Denote by B(X) the Borel o-field of the space X, and, for A € B(H" (D)),
define

Pyan(A) = ——#{0< k<N :({(s+ikh,a) € A},
where

C(s +ikh,a) = ({(s+ ikh1,01),...,((s + ikhy, o)) .

In this section, we deal with weak convergence of Py o p as N — oo.
We start with definition of one probability space. Define

Q= H Yy

meENp

where vy, = {s € C: |s| = 1} forallm € Ny. By the Tikhonov theorem, with
the product topology and pointwise multiplication, the torus €2 is a compact
topological Abelian group. Therefore,

Q" =01 X -+ x Qp,

where €2; = Q forall j = 1,...,r, again is a compact topological Abelian
group. Thus, on (Q",B(€2")), the probability Haar measure my can be de-
fined, and we have the probability space (2", B(€2"), my ). Denote by w;(m)
the mth component of an element w; € €25, j = 1,...,r, m € N. Characters
of the group )" are of the form

[T 5 om)

J=1meNyp

T30k

where the sign “x” shows that only a finite number of integers k;,,, are distinct
from zero. Therefore, putting k = {kjm : kjm € Z, m € No}, j =,...,7,

we have that the Fourier transform g(k,,...,k,) of a probability measure p
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on (Q", B(Q2")) is given by

glky, ... k) / H H w; ham( dp. (4.1)

7=1meNy
Define two collections
A(a,h) =< (ky,...,k,) s exp —th Z kjmlog(m + ;) ¢ =1
= meENy
and
B(a,h) =< (ky,...,k,) : exp —th Z kimlog(m + ;) p #1
7j=1 meNy

Let ), », be the probability measure on (2", B(€2")) having the Fourier trans-

form

1 if (ky,.... k) € A(a, h),
Jan(ky, ... k) = : (K, - ) (. h)
0 if (kl, ., k,) € B(a,h).

For A € B(Q)"), define

Onan(A) = ——# {o <k<N: <((m+a1)—“€h1 m e N0> R

N+1
((m + o) kR o € N0)> € A} .

Lemma 4.1. Qy o 1, converges weakly to the measure Qo p, as N — oo.

Proof. In view of (4.1), the Fourier transform gn o (k1 ..., k,) of QN o,n 18
given by

T *
onan(En .. k) = /Q 11 )| Qv
j=1meN

r
HH -+ g
Jj=1meN

exp —szh Z kjm log(m + a;)

k=0 = meNg
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Thus, gnan(ky,s ... k) = 1for (ky,....k,.) € A(a,h). If (ky,...,k,) €
(a, h), then by the sum formula of geometric progression, we have

gN,g,ﬁ(El, . ’ET’)
1—exp{—i(N+1) Z hj Z* kjmlog(m+aj)}
- Jj=1 meNp

(N +1) (1 — exp {—z’ i hi > kjm log(m + aj)}>
j=1 mENy

Therefore,

k
I anlky, .k, ) = <
A gn.an (ks )= 0 if (ky,...,k,) € B(a, h),

This together with a continuity theorem for probability measures on compact
O

groups proves the lemma.

Now, let § > % be a fixed number, and, form € Ng,n € N

m—+ o o
vn(m,aj):exp{—(n_i_a?) }, j=1,...,7
j

Define
Qn(sag) = (Ca(s, 1), Cals,ar))

where

In view of the definition vy, (m, ), the latter Dirichlet series are absolutely
convergent for o > 3. For A € B(H"(D)), define

Vinan(4) = N N O hSN:( (st ikho) € Af.
To obtain the weak convergence for Viy , o.n as N — 00, introduce the map-

ping uy o : Q" — H"(D) given by
wr) € Q7

Uno(w) = gn(s,g,w), w=(wi,...,
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where

¢, (s,a,w) = (Cals,s an,wi), ., Ga(s, oy wy))

with
Cn(saajij) = = &Z—Oérgl)saj

m=0

, J=1..."

Obviously, the latter series also are absolutely convergent for o > % There-
fore, the mapping u,, is continuous, hence, itis (B(Q2"), B(H"(D)))-measurable.
Thus, the measure (), , defines the unique probability measure V,, ,, on (H" (D),
B(H"(D))) by the formula

Van(A4) = Qan(ungd), A€ B(H(D)).
Moreover, the definitions of Viy j, . and Q n o, imply the equality
VNman(A) = Qnan(u,nA), A€ B(H"(D)).

All these remarks together with Lemma 4.1 and Lemma 2.2 lead to the follow-
ing limit lemma.

Lemma 4.2. Vi, o 1, converges weakly to V,, o as N — oo.
To obtain a limit theorem for Py ., we need the estimation a distance

between ¢ (s,a) and ((s,a). Let g1, g2 € H(D). Recall that

[e.9]
_1 SUPsek, [91(s) — g2(s)]
Lgo) = 27! ’ ’
(g1, 92) Z 1+ sup,ek, 191(s) — ga(s)]

=1

where { K; : [ € N} is a certain sequence of compact subsets of the strip D, is
ametric on H (D) inducing its topology of uniform convergence on compacta.

Letgl = (gn, . .. 7glr), gy = (ggl, ce ,ggr) € HT(D) Then

p(9,:9,) = max (915, 925)

is a metric on H" (D) that induces the product topology.
Let 6 be the same parameter as in definition of v, (m, «;), and

ln(s,a) = %F <§) (n+a)”?,

where I'(s) is the Euler gamma-function. Then the following integral repre-
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sentation is known [28].

Lemma 4.3. For s € D,
1 0+ico dz
C(s,a) = 3 /Hioo C(s+ z,a)ln(z,a)j.
We will use some mean square results of discrete type. For the proof of
them Gallagher lemma (Lemma 2.5) is useful.
Lemma 4.4. Suppose that 0 < o < 1, % < o < land h > 0 are fixed
numbers. Then, for everyt € R,

N
D [¢(o +ikh +it, @) agn N(1+ [t).
k=0

Proof. 1t is well known that

T
/!C(o+z’t,a)!2<<a,aT
0
and
T 2
/ (0 + it, a)|* <o T.
0

Therefore, an application of Lemma 2.5 with § = h gives the estimate of the
lemma. O

The next lemma is very important for the proof of weak convergence for

PN7Q7Q'

Lemma 4.5. For arbitrary 0 < o < landh; > 0,5 =1,...,r1,

n—o0 N_oo N -n

N
1
lim lim sup 1 ZE (g(s +ikh, ), (s+ ikh, g)) =0.
k=0
Proof. The definition of the metric p implies that it suffices to show the equal-
ity

N
1 1 >0 (C(s +ikh, @), Cals + ikh, ) = 0
+ k=0

lim lim sup
n—=0 N_00 N

for arbitrary 0 < o < 1 and 2 > 0. On the other hand, the latter equality is
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implied by

N

lim limsu su s+ ikh,a) — (u(s+ikh,a)| =0 (4.2)
lim N%OPNH,;%E’C( ) = Gal )

for every compact subset K C D.

Thus, let X' C D be an arbitrary compact set. There exists £ > 0 such that
all points of the set K lie in the strip {s € C : 3 + 26 < 0 < 1 —¢}. Let
s=o0c+1it € K,and

1
9120'—5_5>0.

Then, in view of Lemma 4.3 and the residue theorem,

—01+i00
1 d
Cn(S,OK) —C(S,Oé) = 277” / C(S—i—Z,O&)ln(Z,Od)?Z—|—Rn(8,04),
—01—ico

where ) " |
nll—8,«&
R,(s,a) = ljzels C(s+ z,oz)ln(z,oz); S P

Hence, for s € K,

Cn(s +ikh, ) — ((s + ikh, «)

(3 +e—s+ira)
%—FE—S—HT

sup
seK

T

<1
<</ ‘((2+e+z‘kh+i7,a)

—0o0

+ sup | Ry, (s + ikh, a)|.
seK

Therefore,
N
Lzsu IC(s +ikh, @) — Cu(s 4+ ikh,a)| < I + T (4.3)
N +1 ] se[}? ) n ) 1 25 .

where

N
o0 1 1 , .
I1:/OO <]\7—|—]_ E <(§+€+Zkh+'l7',04)

k=0

(3 +e—s+ira)

T - dr
5te—s+ar

X sup
seK
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and
N

1
sup | Ry (s + ikh, a)|.

Lh=——
? N+1kz_oseK

The crucial role in the estimation of [, (s, «) is played by the gamma-function.

It is well known that there exists ¢ > 0 such that, uniformly in 01 < 0 < 09,
I'(o + it) < exp{—c|t|}. 4.4)

This estimate leads, for o + it € K, to

(3 +e—o0—it+ir,a) (n—i—a)%“‘"
1 T <
5te—o—it+ir 0

< i (n+a) exp{—(c/0)|[}.

exp{—(c¢/0)[r —t|}

Therefore, in view of Lemma 4.4,

C(%—i—e—kikh—i—ina)

N
b 1
I <<9,K(n+a)€/ (NZ

o k=0

X exp { — (g) |r\} dr <oxen (n+a)~=. 4.5)
By estimate (4.4) again, we find that, for s € K,

ln(1 —s—ikh,a)

<o (n+ ) exp { — (%) |kh — t\}

1—s—1ikh
h
<ok (n+a)r Fexp { - (%)k}
Therefore,
3 1 o ch 1, log N
I <o (n+a)2 kz_:oexp { - (?)k} <gh (n+ a)i_QegT.
This, together with (4.5) and (4.3) proves the lemma. ]

Now, we define the marginal measures of V,, ., 5. For A € B(£2;) define

1

QN,aj,hj (A> = m

#{ogng: ((m+aj)*“<hj :m€N0> eA},

j=1...,r
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Then by Lemma 1 of [45], QN a;,n,; converges weakly to a certain probability
measure Qg n; on (€2, B(;)) as N — oo, j = 1,...,r. Let the mapping
Un,o; 5 — H(D) be given by

Un,a; (wj) = Culs, aj,wy).

Define

Vna], ( ) QO&J, h;j naj( ) QO!], ( na]A)
AeB(H(D)),j=1,...,r.
Then in [45, Lemma 4], the following statement has been obtained.

Lemma 4.6. For all 0 < o < land h; > 0, j = 1,...,r, the family of
probability measures {Vn,awhj :n € N} is tight, i.e., for every € > 0, there
exists a compact set K; = K;(e) C H(D) such that

Vn,ajJLj (KJ) >1-¢

foralln € N.

We apply Lemma 4.6 for the family of probability measures {V,, o 5 : 1 €
N}.

Lemma 4.7. The family {V,, o, : n € N} is tight.

Proof. Lete > 0 be an arbitrary number. By Lemma 4.6, there exists compact
sets K1, ..., K, C H(D) such that

Vn,aj,hj (KJ) >1- ; (4.6)

foralln € N. Let K = K X --- x K,. Then K is a compact set in H" (D).

Denoting

(H(D)\K;), = (H(D) x --- x H(D) x(H(D)\Kj)xH(D)x---xH(D)),

j—1
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by (4.6), we have

Vaan(H (DN\K) = Voan <jQ1(H (D)\Kj)> <D Vo, (H(D)\K;)
T j=1
<e

for all n € N. Thus,
Vng’ﬁ(K) >1—¢

foralln € N. O
Now we are in position to prove a limit theorem for Py o p.

Theorem 4.3. On (H"(D),B(H"(D))), there exists a probability measure
P, p such that Py o, converges weakly to Py, as N — oo.

Proof. Let £n be a random variable defined on a certain probability space
with measure p and having the distribution

1

=k}=——, k=0,1,...,N.
/'L{é-N } N _'_ 17 ) ) )
On the mentioned probability space, define the H"(D)-valued random ele-
ments
XNnah = XNnah(s) = Cu(s + iEnh, a)
and

XNah = XnNan(s) =((s +inh, a).

Moreover, let Y,, ,, 5 be the H"(D)-valued random element having the distri-
bution V;, o p. Then, in view of Lemma 4.2,

D
XN,TL,Q,Q Yn7g,b7 (4'7)
N—o0

where 25 means the convergence in distribution.

By the Prokhorov theorem, see, for example, [7], every tight family of
probability measures is relatively compact. Thus, in view of Lemma 4.7, the
family {V}, o} is relatively compact. Therefore, there exists a subsequence
{V3,.a.n} Weakly convergent to a certain probability measure P, j, as I — oco.
Hence,

Y ah —— Pap. (4.8)
l—o0
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Moreover, Lemma 4.5 implies that, for every € > 0,

lim lim sup u {Q (XN,Q,@, XN,n,g,b) = 5}

n—0o0 N—00
N

P (g(s + ikh, @), ¢, (s + ikh, g)) =0.

< lim limsup ¢ <,
k=0

n—=00 N_sco 5(]\7 + 1)
This, (4.7) and (4.8) together with Theorem 4.2 of [7] show that
D
XN’Q7E ngﬁ'
N—o00
Since the latter relation is equivalent to weak convergence of Py , j to Py as
N — 00, the theorem is proved. O
4.3 Proof of approximation

Denote by F, j, the support of the limit measure P, j, in Theorem 4.3. Thus
F,» C H"(D) is a minimal closed set such that P, ,(F, ») = 1. The set F, p,
consists of all elements g € H" (D) such that, for every open neighbourhood
G of g, the equality P, j,(G) > 1 is satisfied. Obviously, F, ;, # @.

Proof. (Proof of Theorem 4.1).
1. Let (f1(s), ..., fr(s)) € F, p- Define the set

lgng SEK]'

G. = {(gl,...,gr) € H" (D) : sup sup |gj(s) — fi(s)| < 8}.

Then G, is an open neighbourhood of an element of the support of the measure
P, », therefore P, ,(G:) > 0. Hence, by Theorem 4.3 and Lemma 3.5 (1°,
2°) in terms of open sets,

lim inf PN,a,h(Ge) > Pa,h(Gs) > 0.
N—oo - -

This, the definitions of Py, and G prove the first assertion of the theorem.
2. The boundary of the set G; lies in the set

{(gl,...,gr) € H'(D) : sup sup |g;(s) — fj(s)| = 5}.
1<y<r se K

Therefore, these boundaries do not intersect for different . Hence, the set
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G, is a continuity set of the measure P, j, for all but at most countably many
€ > 0. Therefore, Theorem 4.3 together with Lemma 3.5 (1°, 3°) in terms of

continuity sets implies that

lim Py p(Ge) = Pyn(Ge) >0

N—oo

for all but at most countably many € > 0, and the second assertion of the
theorem is proved. ]
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Chapter 5

Approximation of analytic
functions by the periodic
Hurwitz zeta-functions

It is known that the periodic Hurwitz zeta-function ((s, a; a) with tran-
scendental or rational « is universal, i.e., its shifts ((s + 97, «; a) approximate
all analytic functions defined in the strip D = {s eC: % <o < 1}. In this
chapter, it is proved that, for all 0 < a < 1 and a, there exists a non-empty
closed set I, o of analytic functions on D such that every function f € F, o
can be approximated by shifts (s + i7, a; a).

5.1 Statements of the theorems

The function ((s, a; a) is also connected with the Lerch zeta-function L(\,
a, s), A € R, which, for o > 1, is given by the series

2miAm

For rational \, the function L(\, «, s) becomes the periodic Hurwitz zeta-
function. Thus, the function ((s,«;a) is an extension of the Lerch zeta-
function with rational parameter .

The function ((s, a; a) depends on the parameter « and periodic sequence
a. The parameter « can be transcendental, rational or algebraic irrational. The
case of transcendental « is the simplest one, and the universality of ((s, o; a)
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in this case has been proved in [22]. The universality of the function (s, c; a)
with rational « has been studied in [46].

The universality of ((s, a; a) with algebraic irrational parameter « remains
an open problem until our days. Therefore, in this chapter, we propose the
following “approximation” to the universality of the function ((s, a;a). We
state the theorems for all parameters « and sequences a because they are a bit
different from universality theorems with transcendental or rational parame-
ter. Denote by H (D) the space of analytic functions on D endowed with the
topology of uniform convergence on compacta.

Theorem 5.1. Suppose that the parameter o, 0 < « < 1, and the periodic
sequence a are arbitrary. Then there exists a non-empty closed set F, , C
H (D) such that, for every compact subset K C D, f(s) € Fpqande > 0,

1
lim inf —meas {T € 0,77 : sup |{(s +iT,a;a) — f(s)| < 6} > 0.
T—o0 T sc K

The positivity of a lower density of the set of shifts ((s + i7, a; a) can be
replaced by the positivity of the density of that set. More precisely, we have
the following modification of Theorem 5.1.

Theorem 5.2. Suppose that the parameter o, 0 < o < 1, and the periodic
sequence a are arbitrary. Then there exists a non-empty closed set F, o C
H (D) such that, for every compact subset K C D and f(s) € F, q, the limit

1
lim —meas {T €10,T] :sup [{(s +it,a;a) — f(s)] < 8} >0
T—oo T scK

exists for all but at most countably many € > 0.

Unfortunately, the set F,, 4 is not explicitly given. We will prove, that this
set is the support of a certain probability measure.

Theorems 5.1 and 5.2 can be generalized for some compositions. We give
one example.

Theorem 5.3. Suppose that the parameter o, 0 < o < 1, and the periodic
sequence a are arbitrary. Then there exists a non-empty closed set F, , C
H (D) such that if ® : H(D) — H(D) is a continuous operator such that, for
every polynomial p = p(s), the set (<I>_1{p}) N Fyq is non-empty, then, for
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every compact subset K C D, f(s) € ® (Fy,q) and e > 0,

1
lim inf —meas {7’ €[0,T] : sup |® ({(s+it,;a)) — f(s)| < 5} > 0.
T—oo T s€K

The next theorem is an analogue of Theorem 5.2 for the composition ®(( (s
+iT, a5 a)).

Theorem 5.4. Suppose that the parameter o, 0 < o < 1, and the periodic
sequence a are arbitrary. Then there exists a non-empty closed set F, o C
H (D) such that if ® : H(D) — H(D) is a continuous operator such that, for
every polynomial p = p(s), the set (<I>_1{p}) N Fyq is non-empty, then, for
every compact subset K C D and f(s) € ® (F,,q), the limit

1
lim —meas {7’ €10, 7] :sup |® (¢(s+it,a)) — f(s)] < 5} > 0.
T—oo T scK

exists for all but at most countably many € > 0.

For the proof of above theorems, we apply a probabilistic approach based
on limit theorems for weakly convergent probability measures in the space
H (D). These limit theorems will be proved in the next section.

5.2 Limit theorems

In this section, we will prove a limit theorem for
1
Pra.(A) = meas {r €0, T]:{(s+it,a;a) € A}, A€ B(H(D)),

as T — oo.

Theorem 5.5. Suppose that the parameter o, 0 < a < 1, and the periodic se-
quence a are arbitrary. Then, on (H(D), B(H(D))), there exists a probability
measure Py, 4 such that Pr . q converges weakly to Py q asT' — oo.

First, we will prove a limit theorem for probability measures on (€2, B(£2)),

o9
Q= H Tm
m=0

and 7y, = {s € C : |s| = 1} for all non-negative integers m. Since the

where

unit circle is a compact set, by the Tikhonov theorem, the infinite-dimensional
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torus €2 with the product topology and pointwise multiplication is a compact
topological Abelian group. Denote by w(m), m € Ny, the m-th component of
an element w € Q. Clearly, ((m + a)™ : m € Ny) is an element of Q. For
A € (9,B()), define

Qra(A) = %meas {rel0,T]: (m+a)™:meNy) € A}.

In the sequel, we assume that the parameter o, 0 < « < 1, and the se-
quence a are arbitrary.

Lemma 5.1. On (92, B(R?)), there exists a probability measure Q,, such that
Qr,o converges weakly to Qq as'T' — oo

Proof. The dual group of € is isomorphic to
oo
D zn.
m=0

where Z,, = Z for all m € N. Therefore, the characters x of the group €2 are
of the form

x(m) =[] whn(m), wen,
m=0

where only a finite number of integers k,, are distinct from zero. Hence, the
Fourier transform g7 o q(k), k = (km € Z : m € Ny), of Q7,4 is defined by

97,0(k) = /Q (H w’“m“’”) dQT.a, (5.1)
m=0

where only a finite number of integers k,,, are distinct from zero. We consider
9T,« a8 T" — oo. Define two collections

El,a = {k = {km € Z} : Z /km log(m + a) = O}
m=0

and

m=0

koo = {k: {km €Z}: > 'k log(m + a) #o},

/o

where the sign means that only a finite number of integers k,,, are distinct
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from zero. In view of (5.1) and the definition of Q7 4,

T o0
gT,a(k) = ;_,/0 (H /(m+a)i7km> dr

m=0
—1/T ' i’k log(m +a) ¢ d
=7/, exp Wm:o m log(m + « T.

Obviously,
gra(k) =1 (5.2)

for k € {ky ,}. If k € {ky ,}. then after integration we have that

l—exp{—iT > ’kmlog(m+a)}
7 m=0
gT,a(E07a) — .

[oe)
iT > 'kplog(m + «)
m=0
Therefore, in this case,
lim grq(k)=0.

T—o0

This and (5.2) show that

fim gra() = I ES ok
T—o0” "’ 0 if EE {EZO‘}'

Therefore, we obtained that the Fourier transform of Q)7 ,, as T' — oo, con-
verges to a continuous function in the discrete topology. Thus, by a continuity
theorem for probability measures on compact groups, we deduce that Q7 ., as
T — oo, converges weakly to a probability measure @, on (2, 5(€2)) given

by the Fourier transform

1 if kEe{ki.}
ga(k) _ . v {fl, }
0 if E S {EQ’Q}-

O

Lemma 5.1 is applied for proving a limit theorem for absolutely convergent
Dirichlet series. Let 8 > % be a fixed number. Define

m+ « b
vn(m,a):exp{—< )}, m € Ng, n € N,

n—+ o
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and

Cnls,aym) =Y mn(m, @)

m=0 (m + a)s
Then it is known [23] that the latter series is absolutely convergent for o > %

For A € B(H(D)), let

1
Pr.aqa(A) = ieas {r€[0,T]: (u(s+it,a,a) € A}.

Lemma 5.2. On (H(D),B(H(D))), there exists a probability measure V,,  q
such that Pr, o« converges weakly to V;, o q as T — o0.

Proof.  Consider the function uy, o4 : 2 — H(D) given by

2. amw(m)v,(m, @)
Z (m £ o) , weE.

un7a7a(w) =
m=0
Since |w(m)| = 1, the latter series, as the series for (, (s, «, a), is absolutely

convergent for o > % Hence, the function u,, o q is continuous, therefore, it is

(B(Q2), B(H(D)))-measurable. Thus, the limit measure (), of Lemma 5.1 in-

duceson (H (D), B(H(D))) the unique probability measure V,, 4 o = Ui ty.a0

where

Qau’;,}x,a( ) Qa( naa ) AEB(H(D))
Clearly,

o0

. A Up TN, Od
Un,a,a ((m+a) T e No = Z (:;—:04 s+ir
=0

Therefore,
1 —4T -1
Pryaq(A) = Jmeas {T €[0,77: ((m +a):me No) € unva’/\A}
= QTa ( Up o aA) = QT,aurj,loz,a(A)‘

This shows that Pr,, q = Q70U,,
uous, and, by Lemma 5.1, (74, as T — oo, converges weakly to Q,, we

", a «- Since the function uy, o ¢ 1 contin-

obtain by Lemma 2.2 that Pr, o o converges weakly to V;, o q = Qaun a,a as
T — oco. OJ

Now, we will approximate in the mean the function (s, «; a) by {,, (s, a; a).
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Denote by p the metric in H (D) inducing the topology of uniform convergence
on compacta.

Lemma 5.3. The equality
1 T
lim limsup — / p(C(s+it,a5a),(p(s+iT,a5a)) dT =0
n—0 10 1T Jo

holds.

Proof.  Let the number 6 be from the definition of the function v, (m, «).
Then it is known [23] that, for o > %,

1 0+i00

Cn(s,a50a) = / C(s+ z,a; a)ln(z,oz)%, (5.3)
0

21 Jo_ino

where
S s s
ln(37a) = gr (5) (TL + Oé) )

and I'(s) denote Euler gamma-function. For an arbitrary 8 > 0, the residue
theorem and (5.3) give

211

B+ico
Golsvai) — (5,00 =51 [ s+ nos

—B—ic0
In(z, )
+ Res ——=((s+ z,a;a). (5.4)
z=1—s ¥4
Since
ResC s, ;) Zaldef
we have l (1
Res 22 (o1 2 a0) = pnE =) (5.5)
z=1-—s z 1—s
By the definition,
.1 SUDex, 191(s) — g2(s)|
plg1,92) = ) 2 . 91,92 € H(D),

~  L4supse, [91(s) = g2(5)]

where { K : | € N} C D is a sequence of compact sets such that

o
D= U K,
=1
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K; C Kjy; foralll € N, and if K C D is a compact set, then K lies in some
K. Therefore, it suffices to prove that, for every compact set K,

1 [T

lim limsup — / sup [((s +iT,;a) — Gu(s +iT,;a)| dT = 0. (5.6)
n=0 T 400 0 seK

Thus let K be a fixed compact subset of D). Suppose that € > 0 is such that

2 + 2e < Res < 1 — ¢ for any point s € K. Denote by s = ¢ + iv the points

of K. Moreover, let

Then, from (5.4) and (5.5) we find

IC(s+im,a5a) — Cu(s +iT, a5 a)
1 > . . . ’ln (_5 + ita Oé)|
< o |C(s+z7'—ﬂ+’tt,a,a)| ’—ﬁ—i—’it‘
v ’\l ( —iT, )|
1—s—ir|

dt

Recall that s = o + 7v. We take ¢ in place of £ 4+ v in the above integral. This
shift gives

|§(s—i—z’7- a;a) — Cp(s+ir, a;a)
I, (1/2 4+ ¢ — s+ it,a)|

dt
27r ‘<< +€+Z(+T>O‘a> 11/2+¢— s+t
Iln( —s—ir,a)|
+Irl 1—s—ir| =
From this, we obtain
/ sup |¢(s +iT, a5 a) — Cu(s +iT,asa)| dr < 11 + Lo, (5.7
seK

where

I L[~ 1/TC l—l— +i(t+7) d
= — — —4¢ ja
1= 7/ 5 ) T), Q; T
I, (2 +e—s+it,a
><s.up|n(21 Hdt
seK ‘2
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and

e ln(1—s—i
12:r|/ sup|n( i Z,T’a)|d7'.
T Jo sexk [1—s—iT|

By the definition of [,,(s, &) and the estimate
D(o+it) < e ¢>0,

uniform for o1 < ¢ < o9, we find

L, (3 +e—s+it,a n+a) ¢ c
‘n(ﬁ—i—e—s—i—it )‘<<( 0) exp{—g\t—w}
2

_ c
<k (n+a) “exp {—§|t|} .

It is well known that, for

T 1 2
/ C(—I—E—H't,a) dt < T.
0 2
Hence, in view of (5.1)
T 1 2
/ C<2+€—|—it,a;a> dt < T.
0

Therefore,

r

1
C<2+E+i(t+7),a;a>‘ dr

< (T [

This and (5.8) imply the estimate

C<;+5+i(t+7),a;a>

o

I <9, K (n—i—a)s/

—00

0
Similarly as above, we obtain that

|l (1 — s —iT, )]

sup

l1—0o c
Dl < {~2lrl}-
N AT p—— 0.k (n+ ) "7 exp 6|7‘|
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(1 [ty exp { = It} dt <o (n+0)~F

(5.8)

2 2
d7> < T(1+]t]).

. (5.9)



Hence,

l1—0o
I <ok \r|(”+;f). (5.10)
Now, (5.7), (5.9) and (5.10) imply the equality (5.6). ]

Now, we will examine the sequence {V}, .o : n € N}, where V,, o 4 is the
limit measure in Lemma 5.2.

Lemma 5.4. The sequence {V;, o« : n € N} is relatively compact, i.e., every
subsequence {Vy, a.a} C {Vn.a.a} contains an another subsequence weakly
convergent to a certain probability measure on (H(D), B(H(D))).

Proof. 1In virtue of the Prokhorov theorem [7, Theorem 6.1], it is sufficient
to prove that the sequence {V}, oo} is tight, i.e., for every € > 0, there exists a
compact set K = K (¢) C H(D) such that

ViaaK)>1—¢

for all n € N.

Let £ be a random variable on a certain probability space with measure P
and uniformly distributed on [0, 1], and let Y}, o o = Y}, a,a(s) be the H(D)-
valued random element whose distribution is V;, o . Moreover, let

XT,n,a,a = XT,n,oz,a(S) = Cn(s + Z'Tf, g Cl).
Then the assertion of Lemma 5.2 is equivalent to the relation

D
XT,n,a,a T—> Yn,a,a' (5-11)

—00

We have mentioned that the series for (, (s, «; a) is absolutely convergent for
o > % Hence, by properties of absolutely convergent series, for fixed % <

o<1,

liml/ Calo + it, o 0) | dt = ZM

T—oo T m+a)
§ — < Cpa<o0. (5.12)
m—l—a 20 ’
m:O

Let K be a compact set from the definition of the metric p. Then (1.2) and the

74



Cauchy integral formula imply

, I ,
sup lim sup / sup [Gn(s +i7, a;a)| AT < Rya0 < 00.
neN T—oo 0 s€K;

Now, taking M = M; 4 q(c) = Rl7a,a215_1, where € > 0 is an arbitrary fixed
number, we find that

limsup P (SUP | X7 n,0,a(8)] > M)

T—o0 seK;
. 1 ,
= limsup —meas 7 € [0,7] : sup |Cu(s +iT,a;a)| > M
T—o0 T seK;

€
< suplimsu / su s+ir,a;a)|dr < = (5.13)
nGII\)T T—>oop T™ SEII?Z |Cn )| 21

for all [ € N. The set

K = K() = {g € H(D): sup lg(s)] < Mignale), 1 € N}

is compact in the space H (D), and, by (5.11) and (5.13),
]P(Yn’a,a ceK)>1-¢

for all n € N. Hence,
ViaaK)>1—¢

for alln € N. O

Now, we are in position to prove Theorem 5.5.

Proof of Theorem 5.5. In view of Lemma 5.4, there exists a subsequence
{Vir.ana} € {Vna,a} weakly convergent to a certain probability measure P, q
on (H(D), B(H(D))) as k — oo. Thus, we have the relation

D
Yo, 0.0 — Paga. (5.14)
k—o0

Define
XT,a,a = XT,a,a(s) = 4(5 + ZT&? Qs Cl).
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Then an application of Lemma 5.3 gives, for every € > 0,

lim limsup P (p (X7,0,0: XTm,0,0) = €)

n—oo T—00

1
= lim limsup meas {T €0, T]:p(l(s+ir,a;a),(u(s+iT,;0)) =€}

n—oQ T—00

1 T
< lim limsup/ p(C(s+irm,a5a), (s +iT,a5a)) dr = 0.
0

n=o0 T 00 €

This equality, and relations (5.11) and (5.14) show that the hypotheses of The-
orem 4.2 of [7] are satisfied. Hence,

D
XT,a,a ” Pa,aa
T—o0

or equivalently, Pr o converges weakly to P, 4 as T — oo.

Corollary 5.1. Suppose that ® : H(D) — H(D) is a continuous operator,
and, for A € B(H(D)),

Pro.au(A) = %meas {r €0, T]: ®({(s+it,a;a)) € A}.

Then Pr ¢« converges weakly to <I>*1Pa,a asT — oo.

Proof. It follows from the definitions of Pr ¢ o4 and Pr o that Pre oq =
PT7a7a<I>*1. Thus, the corollary is a result of Theorem 5.5, the continuity of ®
and Theorem 5.1 of [7]. ]

5.3 Proof of the main theorems

Proof of Theorem 5.1. Let I, 4 be the support of the limit measure P, 4 in
Theorem 5.5. By the definition of a support, 7, ¢ is a minimal closed set of
the space H (D) such that P, o (Fy,q) = 1. Thus, F, o # @, and consists of
all elements g € H (D) such that, for every open neighbourhood G of g, the
inequality P, o(G) > 0 is satisfied.

For f € F{, q, define the set

G. - {g e H(D) : suplg(s) — (s)] < } |

seK

Then G¢ is an open neighbourhood of the element f of the support of the
measure P, 4. Therefore P, 4(G.) > 0. Now, using the equivalent of weak
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convergence of probability measures in terms of open sets [7, Theorem 2.1],
we deduce from Theorem 5.5 the inequality

liminf Pr o o(Ge) = Pao(Ge) > 0.
T—o0

This and the definitions of Pr q and G prove the theorem.

Proof of Theorem 5.2. We preserve the notation of the set G.. The boundary
0G. of G, liesinthe set {g € H(D) : sup,cx |9(s) — f(s)| = €}. Hence, we
have that 0G., N 0G,, = @ fore; # €2, 1 > 0, £2 > 0. This shows that the
set G is a continuity set of the measure P, 4, i.e., P, 4(0G.) = 0, for all but at
most countably many € > 0. Applying the equivalent of weak convergence of
probability measures in terms of continuity sets [7, Theorem 2.1], we deduce
from Theorem 5.5 the inequality

lim Proq(G:) = Pa,o(Ge) >0
T—o0
for all but at most countably many ¢ > 0, and the definitions of Pr 4 and G,
prove the theorem.

Proof of Theorem 5.3. By Corollary 5.1, Pr ¢ o o converges weakly to POWCI)_1
as T' — oo. We will show that the support of the measure PWJAI)_1 contains
the closure of the set ®(Fy, q).

We suppose that, for every open set G # &, the set ((Ifl@> N Foqis
non-empty. Let g be an arbitrary element of the set ®(F, ), and G be its any
open neighbourhood. Then, the set ' is open, and contains an element
of the set I, .. However, F,, q is the support of the measure P, 4. Therefore,
Poo (®7'G) > 0, and

Poa® (G) = Poq (27'G) > 0.

Hence, the support of the measure Pmu@_l contains the set @(Fa,a), and, as a
closed set, contains the closure of ®(F, q).

Now, suppose that, for every polynomial p = p(s), the set (&~ {p})NFo q
is non-empty. We will show that then, for every open set G C H (D), the set
(<I)_1G) M F,q is non-empty. It is well known that the approximation in the
space H (D) reduces to that on compact sets with connected complements,
i.e., in the definition of the metric p we may take the sets K; with connected
complements. Let/X' C D be a compact set with connected complement, and

77



g € G. Then, by the Mergelyan theorem [50], for every ¢ > 0 there exists a
polynomial p = p(s) such that

3
sup |g(s) — p(s)] < .
seK

Then, by the above remark, we have that p(g, p) < € provided the set K is well
chosen. Thus, if € is small enough, then p € G. Therefore, <I>_1{p} c 1@,
and the set (®_1G) N Foo # 9 if ((13_1{]9}) NFoo# 2.

For f € ®(F, q), define the set

6. = {oe D) swplots) - 1) < <.

seK

Then G, is an open neighbourhood of the element f of the support of the
measure P, &~ 1. Thus P, ,®1(G.) > 0. Hence, by Corollary 5.1,

1iTm inf Prg .a(Ge) = Pao® H(G:) > 0.
—r00

This and the definitions of Pr ¢  q and G give the assertion of the theorem.

Proof of Theorem 5.4. We repeat with evident changes the arguments of the
proof of Theorem 5.2.
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Chapter 6

Conclusions

The results of the dissertation lead us to the following conclusions.

1.

The approximation of a wide class of analytic functions by the shifts
C(s 4+ iykh, F') of zeta-functions of cusp forms, where v, is a sequence
of imaginary parts of non-trivial zeros of the Riemann zeta function and
h > 0, is valid.

The theorem on joint continuous approximation of a certain set of an-
alytic functions by shifts of Hurwitz zeta-functions ((s + i, 1), ...,
((s 4 iT, o) with arbitrary parameters o ...c, is valid.

The theorem on joint discrete approximation of a certain set of analytic
functions by discrete shifts of Hurwitz zeta-functions ¢ (s+ikhy, 1), ...,
((s + ikh;, o) with arbitrary parameters o ...« and hj > 0 is valid.

The theorem on approximation of analytic functions by shifts of periodic

Hurwitz zeta-functions (s + 7, a; a) is valid.
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Santrauka (Summary in
Lithuanian)

Tyrimo objektas

Disertacijos tyrimo objektas - kai kuriy dzeta funkcijy aproksimavimo savybés.
Prisiminkime, kad dzeta funkcijos kurioje nors kompleksinéje o > og pus-
plokStuméje yra apibréZiamos Dirichlé eilute

< a0
2 s

su koeficientais a,, € C, turinCiais vienokia ar kitokia aritmeting prasmeg.

Dzeta funkcijy "motina" yra laikoma Rymano dzeta funkcija ((s), s = o + it,

kuri pusploks$tuméje o > 1 yra apibréZiama Dirichlé eilute

1
V=2

Funkcija ((s) yra analiziSkai pratgsiama j visa kompleksing plok§tuma, i$skyrus
taska s = 1, kuris yra paprastasis polius su reziduumu 1. Funkcija ((s) naudo-
jama ne tik analizinés skaiCiy teorijos uZdaviniuose, bet ir kituose matematikos
srityse. Be to, Rymano dzeta funkcija rado pritaikymus fizikoje (kvantiné elek-
trodinamika), statistikoje, astronomijoje (astrofizikoje)ir netgi muzikos teori-
joje (pavyzdziui, [47], [13], [14], [1]). Taip pat, ((s) yra naudinga pirminiy
skaiciy pasiskirstymo nagrinéjimui. Pirminiy skaiciy skaiciaus asimptotiné
formulé

le/ z - oo, (1.1)
logu’

p<T 2
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buvo jrodyta remiantis faktu, kad ((s) # 0, kai o > 1. Be kita ko, funkcija
turi ir geras aproksimavimo savybes, plati analiziniy funkcijy klasé¢ gali biti
aproksimuojama norimu tikslumu Sios funkcijos postamiais (s + i7), 7 € R.

Disertacijoje nagrinéjame funkcijos ¢ (s) apibendrinima, Hurvico tipo dzeta
funkcijas. Tegul 0 < « < 1 yra fiksuotas parametras. Hurvico dzeta funkcija
((s, a) pusplok§tuméje o > 1 yra apibréZiama Dirichlé eilute

o0

1
(s, ) = Z m;

m=0

ir taip pat, kaip ir ((s), yra analiziskai pratgsiama j visg kompleksing ploks-

tuma, i$skyrus paprastaji poliy taske s = 1 su reziduumu 1. Funkcijos ((s, @)

analizinés savybés priklauso ir nuo parametro « aritmetikos. Nesunku pastebéti,
jog ¢(s,1) = ¢(s) ir (s, 3) = (2° — 1)((s). Tatiau funkcijos ¢(s) ir {(s, @)

turi skirtingas analizines savybes. Sie skirtumai paaiskinami tuo, kad funkcija

(s) turi Oilerio sandauga pagal pirminius skai¢ius, o Hurvico dzeta funkcija

((s, ) bendruoju atveju tokios sandaugos neturi

1\"!
g(s):H(l—ps> , o> 1. (1.2)

Disertacijoje yra nagrinéjamas ir funkcijos ((s, ) apibendrinimas - pe-
riodiné Hurvico dzeta funkcija. Tegul a = {a,, : m € Ny} yra periodiné
kompleksiniy skai¢iy seka su minimaliuoju periodu ¢ € N. Periodiné Hur-
vico dzeta funkcija ((s, a; a) pusplok$tuméje o > 1, yra apibréZiama Dirichlé
eilute

[e.e]

((s,a,a) = Z (mj—ima)s'

m=0

IS sekos a periodiskumo iSplaukia, kad pusplokStuméje o > 1

q—1
o = L5 (2122).
A q

IS Sios lygybés gauname, kad periodiné¢ Hurvico dzeta funkcija yra analiziné

visoje kompleksinéje plokStumoje, iSskyrus paprastaji poliy taske s = 1 su
reziduumu
qg—1
. def 1
a = -

q =0
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Jeigu a = 0, tai {(s, a; a) yra sveikoji funkcija.
Dar vienas disertacijos tyrimo objektas yra paraboliniy formy dzeta funkci-

’ b
SL(2,Z) df{(“ d) cabe,d € Z, ad — be = 1}
C

yra pilnoji moduliné grupé. Jei funkcija F'(z) yra analiziné pusplok§tuméje

jos. Tegul

Jmz > 0 su visais elementais

<‘C’“ 2) € SL(2,7),

ir su kuriuo nors x € 2N tenkina funkcing lygybe

az+b
F = d)"F 1.3
(250) = e+ a1 o) (13)
tai F'(z) vadinama svorio x moduline forma grupes SL(2, Z) atzvilgiu. Aisku,

kad F'(z) yra periodiné funkcija su periodu 1, todél turi Furjé skleidinj

o0

F(z)= Z c(m)e?™imz,

m=—0oQ

Jei ¢(m) = 0 su visais m<0, tada F'(z) yra vadinama svorio x paraboline

k+1

forma pilnos modulinés grupés atZvilgiu. Kai o > “7=, apibéZiame

(s, F) =Y Cf:j).
m=1

Tada funkcija (s, F') turi analizinj pratgsima j visa kompleksing plok§tuma ir
yra vadinama parabolinés formos F'(z) dzeta funkcija.
Tegul v € Nir

To(v) = { (“ Z) € SL(2,Z) : ¢ = 0(mod v)}

c
pilnos modulinés grupés pogrupis. Jis yra vadinamas lygio v Heckés pogrupiu.
b
Jei F'(Z) tenkina (1.3) lygybe su visais “ y € I'g(v), tada paraboline
c

forma F'(z) yra vadinama svorio « ir lygio v paraboline forma. Pastaryjy
paraboliniy formy dzeta funkcijos buvo svarbios paskutiniosios Ferma teore-
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mos jrodymui, kad diofantiné lygtis
" 4 yn = 5

neturi netrivialiyjy sprendiniy, kai n > 3. Tegul E yra eliptin¢ kreivé vir§ Q,
duota VejerStraso lygtimi

v =22+ ax+b,a,beZ,

su diskriminantu D = —16(4a> + 27b%). Pazymékime E,, kreivés E redukcija
moduliu p, kuri yra kreivé vir§ baigtinio kiino [F),. Kreivés E), tasky skaiCiy
zymime |E(IF,,)|, o A(p) apibréZiame lygybe

[E(Fp)| =p+1—Ap).
Tuomet kreivés E dzeta funkcija (g (s), kai o > % apibréZiama sandauga

o T T )

plA ptA

ir gali buti analiziSkai pratgsiama j visa kompleksing plokStuma.

Japony matematikai G. Simura (Shimura) ir Y. Tanijama (Taniyama) iSkélé
hipoteze, jog parabolinés formos su tam tikru svoriu ir lygiu dzeta funkcija
sutampa su elipsinés kreivés dzeta funkcija. Véliau paaiikéjo, kad i§ Simuros-
Tanijamos hipotezés iSplaukia paskutinioji Ferma teorema. Galiausiai, A. Vail-
sas (Wiles) [67] irodé dalinj Simuros—Tanijamos hipotezés atvejj ir gavo pasku-
tiniosios Ferma teoremos jrodyma.

Tarkime, kad F'(z) yra svorio x paraboliné forma pilnosios modulinés
grupés atzvilgiu. Papildomai reikalaujame, kad F'(z) buty Heckés-eigenforma,
t.y., kad F'(z) buty tikriné funkcija visy Heckés operatoriy

Tnf(z) = KIZ Z f<az+b>m€N

a d>0 b(modd)
ad m

atzvilgiu. Tada F'(z) forma gali bty normuojama, todél galime laikyti, jog

¢(1) = 1. Siuo atveju, dzeta funkcija ((s, F'), kai ¢ > "L, turi Oilerio

sandaugg pagal pirminius skaiCius

Tl ()"

p
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¢ia a(p) ir B(p) yra kompleksiniai jungtiniai skaiciai ir a(p) + B(p) = ¢(p).
Dauguma dzeta funkcijy tenkina funkcines lygtis. PavyzdZiui, Rymano

dzeta funkcijai turime tokia funkcing lygtj

(3o = r(f5 T )en -,

¢ia I'(s) yra Oilerio gama funkcija. IS Sios lygties iSplaukia, kad ((—2k) = 0,

kai k € N. Skai¢iai s = —2k vadinami funkcijos ((s) trivialiaisiais nuliais. Be
to, ((s) funkcija turi be galo daug netrivialiyjy kompleksiniy nuliy p = S+,
gulin¢iy juostoje {s € C : 0 < o < 1}. Tegul {y; : v > 0, | € N} yra
funkcijos ((s) netrivialiyjy nuliy teigiamy menamyjy daliy seka.

Dzeta funkcija ((s, F') taip pat turi funkcing lygtj

(2m) T(s)¢(s, F) = (~1)3 (2m)" *C(k — 5, F).

Disertacijoje placia analiziniy funkcijy klas¢ aproksimuojame postiimiais ¢ (s+
ihvyg, F'),h > 0. Be to, nagrin¢jamas jungtinis aproksimavimas postimiy
rinkiniais (C(s+i7, a1), ..., ((s+iT, o)) ir ({(s+ikh, ar), ..., ((s+ikh, o))
su bet kuriais a7, ..., o, parametrais. Paskutiniai analiziniy funkcijy aproksi-
mavimo rezultatai yra skirti postimiams ¢ (s + 7, «; a), su bet kuriuo .

Tikslas ir uzdaviniai

Disertacijos tikslas yra analiziniy funkcijy aproksimavimas normuoty Heckés-
eigen paraboliniy formy dzeta funkcijy ir Hurvico tipo dzeta funkcijy postiimiais.
Uzdaviniai yra Sie:

1. Placios analiziniy funkcijy klasés aproksimavimas normuotomis Heckés-
eigen paraboliniy formy dzeta funkcijy sasukomis su netrivialiaisiais
Rymano dzeta funkcijos nuliais.

2. Jungtinis analiziniy funkcijy aproksimavimas Hurvico dzeta funkcijy
posttimiais su bet kuriais parametrais.

3. Jungtinis diskretusis analiziniy funkciju aproksimavimas Hurvico dzeta
funkcijy postiimiais su bet kuriais parametrais.

4. Analiziniy funkcijy aproksimavimas periodiniy Hurvico dzeta funkcijy

postiimiais.
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Aktualumas

Analiziniy funkcijy aproksimavimo problemos yra vienos svarbiausiy Si-
uolaikinés tiek teoringje, tiek ir taikomojoje matematikoje. Pagal Mergeliano
teorema, kiekviena analiziné funkcija gali buti norimu tikslumu aproksimuo-
jama polinomais kompaktinése aibése, turiniuose jungyji papildinj. Véliau
paaiskéjo, kad kai kurios dzeta funkcijos yra kur kas galingesnés negu poli-
nomai, nes plati analiziniy funkcijy klasé gali biiti aproksimuojama vienos
ir tos pacios dzeta funkcijos postimiais. Sis aproksimavimas apibendrina
Boro-Kuranto (Bohr-Courant) tankio rezultatus dzeta funkcijoms ir turi gilig
matemating prasme. Todél, miisy nuomone, yra svarbu toliau vystyti analiziniy
funkcijy aproksimavimo teorija dzeta funkcijoms, ieskoti naujy dzeta funkcijy
ir ju postiimiy su aproksimavimo savybémis. Be to, aproksimavimo teorijos
tyrimas yra viena i§ Lietuvos analizinés skaiCiy teorijos mokyklos krypciy,
todél tai yra jauny matematiky pareiga testi vyresniy kolegy darbus Sioje sri-

tyje.

Metodai

Dzeta funkcijy aproksimavimo teoremy jrodymai remiasi Dirichlé eiluciy
teorija, Rymano dzeta funkcijos nuliy pasiskirstymo teorija, Furjé analizés bei
silpnojo tikimybinio mato konvergavimo teorija.

Naujumas

Visi disertacijoje pateikti rezultatai yra nauji. Rymano dzeta funkcijy netri-
vialus nuliai yra pirma karta panaudoti analiziniy funkcijy aproksimavime para-
bolinés formos dzeta funkcijy postimiais. Analiziniy funkcijy aproksimavi-
mas Hurvico tipo dzeta funkcijy postiimiais su bet kuriais parametrais yra taip
pat nauja kryptis analizinéje skaiciy teorijoje.
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Tyrimu istorija ir rezultatai

Dzeta funkcijos ir Dirichlé eilutés yra pagrindiniai analizinés skaiciy teori-
jos jrankiai. Tegul pusplokStuméje o > oy

Ay =Y % (1.4)
m=1

Funkcijos A(s) analizinés savybés leidzia gauti informacija apie koeficientus

am, Visy pirma, apie ju vidurkj

M(x) = Z A,

m<x

kai x — co. Pavyzdziui, pagal klasiking Perono formule, jeigu eiluté (1.4)
absoliuciai konverguoja, kai ¢ > 1,|a;,|<g(m) su teigiama monotoniskai
didéjancia g(m) ir, kai o — 1 + 0,

Z @] =0((c —1)%),a>0, (1.5)

ms

tada su kiekvienu bp>b > 1,721,z = n + % galioja formulé

b+it
1 x® b xg(2x) log x
M(.ﬁ) = % / A(S)?dS‘FO(m) +O(%)
b—ir

Pastaroji formulé naudojama pirminiy skaiciy asimptotinio pasiskirstymo désniui
gauti. I§ Oilerio sandaugos (1.2) dzeta funkcijai ((s) turime, kad

((s) <= A(m) ”
Ok > o> 1, (1.6)

¢ia A(m) yra Mangoldto funkcija,

m=1

A(m) logp if m = p*, k>1,
m) =
0 kitu atveju.
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I8 (1.5), (1.6) ir lygybés iSplaukia, jog
¢'(s) ( 1 1)

= + — ) + const,
¢(s) 2 s—p P

Cia p perbéga visus netrivialiusius ¢(s) nulius gaunama, kad

Z A(m) =z + o(x),x — o0,
mek
ir tai jrodo (1.1) asimptoting formulg.
Funkcija (s, F') taip pat yra naudojama koeficienty c(m) tyrimams. Pavyzdziui,
[57] darbe buvo gauta, jog

Z A(m) = Apz™ + O(:E’“%),x — 00,

m<x

su tam tikra konstanta Ar > 0. Svarbus yra ir P. Delinio (P. Deligne) rezultatas
[10]
le(m)|<d(m)m ™=,

ia d(m) yra dalikliy funkcija. Pati funkcija (s, F) buvo taip pat nagrinéjama.
Daug démesio buvo skiriama momentams

T
I(T,o, F) :/|C(a+it, F)|?kdt.
0

Pirma rezultata Sioje kryptyje gavo H. S. A. Poteris (H. S. A. Potter) [54]. Jis
irodé asimptoting formulg
Am) _n

o
L(T,o,F)~T o5 20 >

m=1

, T — 00,

\)

ir [55] darbe gavo jvertj
K
L(T, 5 F)<TlogT.

A. Gudas (A. Good) patikslino [19] pastaraji rezultatg iki

I(T, g F) ~2kApTlogT,



ir [20]
26ApT1ogT + O(T) kaio = §,
K
I(T, §7F) = Ap(0)T + O(T"T1729) kai §<o< ’%‘1,
Ap(0)T + O((log T)?) kai o > =L

su tam tikra konstanta Ap (o). M. Jutila gavo jvertj [24]
I4(T, g,F) <T*, >0

Straipsnyje [31], buvo jrodyta, kad kai k = X, n € N,

n’

(T, g F) < T(log T)¥".
Dzeta funkcijy taikymo analiziniy funkcijy aproksimavimui idéja priklauso S.

Voroninui. Darbe [66], jis gavo tokj svarby rezultata.

Teorema 1. Tarkime, kad 0 < r < %, o funkcija f(s) yra tolydi ir nevirstanti
nuliumi skritulyje |s|<r, bei analiziné to skritulio viduje. Tuomet kiekvienq
e > 0 atitinka toks 7 = 7(g) € R, su kuriuo yra teisinga nelygybé

max|C(s + > +ir) — f(s)] < e.
[s|<r 4
S. Voroninas pastaraja ((s) funkcijos savybe pavadino universalumu. Isties,

1 teorema turi universalumo savybe, nes plati analiziniy funkcijy klasé yra
aproksimuojama tos pacios dzeta funkcijos ((s) postamiais. Voronino teo-
rema sustiprino ir i§plétojo jvairts autoriai. Tegul D = {s eC: % <o < 1}.
Simboliu K Zymésime juostos D kompaktiniy aibiy, turin¢iy jungyji papildinj,
klasg, 0 Hy(K), K € K, bus funkcijy, tolydZiy ir nevirstan¢iy nuliu aibéje K,
bei analiziniy aibés K viduje, klas¢. Be to, measA tegul Zymi macios aibés
A C R Lebego mata. Tuomet yra teisinga tokia Teoremos 1 modifikacija

Teorema 2. Tarkime, K € K ir f(s) € Ho(K). Tuomet su kiekvienu ¢ > 0

yra teisinga nelygybé

1
lim inf —meas {T €[0,7] :sup [(s +iT) — f(5)] < e} > 0.
T—o0 T seK

2 teoremos nelygybé rodo, kad aibé postumiy ((s+i7), aproksimuojanciy
funkcija f(s) € Ho(K), yra begaliné, kadangi jos apatinis tankis yra grieztai
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teigiamas. Kita vertus, jokios konkrecios reik§més 7 mes neZinome.
Darbuose [48] ir [35], buvo jrodyta, jog 2 teoremos apatinis tankis gali buti
pakeistas tankiu. Taigi, yra teisingas toks 2 teoremos praplétimas.

Teorema 3. Tarkime, kad K € K ir f(s) € Ho(K). Tuomet riba

T—o00 seK

lim %meas {T €[0,T]: sup |{(s+iT) — f(s)] < 8} >0

egzistuoja su visais € > 0, iSskyrus ne daugiau negu skaiciq reiksSmiy aibe.

Sakykime, kad H (D) yra analiziniy juostoje D funkcijy erdve su toly-
gaus konvergavimo kompaktinése aibése topologija. Kadangi erdvé H (D) yra
begaliniamaté, tai j Voronino universalumo teorema galima zitréti kaip j Boro-
Kuranto teoremos [8] begaliniamatj apibendrinima.

Dzeta funkcijos ((s, F') universalumas buvo pradétas nagrinéti [25] darbe,
reikalaujant, kad egzistuoty toks n > 0, kad eiluté

1 1-r
Z 1?7617:0(]))]) 2 9

lelp<n

konverguoty su 6 > % Straipsnyje [27] Sis reikalavimas buvo panaikintas.
Tarkime, kad Dp = {s €eC:5<o< %1} Simboliu Kp Zymésime ju-
ostos Dp kompaktiniy aibiy, turinCiy jungyjj papildinj, klase, o Hop(K) su
K € Kp - funkcijy, tolydZiy ir nevirstanciy nuliu aibéje K, bei analiziniy

aibés K viduje, klasg.
Teorema 4. Tarkime, kad K € Kp ir f(s) € Hop(K). Tada su kiekvienu

e >0,

1
lim inf —meas {T €10, 7] :sup |((s + i, F) — f(s)] < 5} > 0.
T—oo T s€K

4 teorema turi ir diskrecigja versija. Tegul #A Zymi aibés A elementu
skaitiy, o N perbéga aibe Ny = N U {0}.

Teorema 5. Tarkime, kad K € K, f(s) € Hop(K) ir h > 0. Tuomet su
kiekvienu ¢ > 0 yra teisinga nelygybé

1
l}ggof N 1#{O§k<N : Sg}g\g(s +ikh, F) — f(s)] < 8} > 0.
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Jei exp{ 25} yra iracionalusis skaiCius su visais m € Z \ {0}, tai 5 teo-
rema buvo gauta [29] darbe, o auk$¢iau formuluota versija jrodyta [38] straip-
snyje.

Analiziniy funkcijy aproksimavimui galima naudoti bendresnius postimius
C(s+ip(r), F) vietoj ((s +i7, F). Tai ir buvo padaryta [65] darbe. Simboliu
U(Ty),To > 0, Zymésime funkcijy o(7), kurios tenkina Sias salygas, klase:

1° ¢(7) yra diferencijuojamos, teigiamos, didéjancios funkcijos, jgyjancios
realias reik§mes intervale [T}, c0).

2° I§vestinés ¢’ (7) yra monotoniskos, tolydZios, teigiamos intervale [T}, o)
ir (¢'(7))~! = o(7) kai 7 — oo.

3° Galioja jvertis

1
©(27) max o0 L T, T — 00.

Teorema 6. Tarkime, kad o(1) € U(Ty). Tegul K € Kp, f(s) € Hor(K),

Tuomet su kiekvienu ¢ > 0

1
lim inf meas{T € [To, T) : sup |{(s +ip(T), F) — f(s)] < E} > 0.
T—oo T —1Tp seK
Be to, riba
lim meas{T € [To,T) : sup [C(s +ip(7), F) — f(s)] < 8} > 0.
T—oo T — 0 scK

egzistuoja su visais € > 0, iSskyrus ne daugiau negu skaiciq reikSmiy aibe.

6 teorema turi diskreCig versija. Jos formulavimui yra reikalinga tolygaus
pasiskirstymo moduliu 1 savoka. Tegul {u} yra trupmeniné dalis u € R, o
X1 yra aibés I indikatorius. Seka {zj : k € N} C R yra vadinama tolygiai
pasiskirstanti moduliu 1, jeigu su kiekvienu intervalu I = [a,b) < [0, 1),

1
Jim ;XI({M}) =b—a.

Kaip ir 6 teoremoj , naudojame tam tikra funkcijy klasg. Tegul kg € N.
Funkcija ¢(t) € U(ko), jei patenkintos $ios salygos:
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1° ¢(t) yra reali, didéjanti, teigiama funkcija intervale [kg — 5, 00);
2° (t) turi tolydZig i§vesting intervale [k — %, 00), tenkinandia jvetrj

o(2t)(

D, ) + max, ¢'(u)) <t, t— o0;

3° Seka {ap(k) : k>ko} su kiekvienu a € R\ {0} yra tolygiai pa-
siskirs¢iusi moduliu 1.

Pavyzdziui, funkcija p(t) = tlog®(¢t) su 0 < a < 1 yra klasés U(2)
elementas.

Straipsnyje [40] pateiktas toks tvirtinimas.

Teorema 7. Tarkime, kad p(t) € U(ko). Tegul K € K ir f(s) € Hyp(K).

Tuomet kiekvienam ¢ > 0

1
iminf —— <k<N : ) - .
lim inf —— T 1#{k0\k\N sup [((s + ip(k), F) — f(s)| < 6} >0

seK
Be to, riba
1
lim ———— <k<N : ) ,F) —
Jin et Rk s sup (s + (8),F) — (9] < 2} >0

egzistuoja visiems € > 0, isskyrus ne daugiau negu skaiciq reiksSmiy aibe.

Tegul 0 < 71 < 712 < .<YE<Vk+1--- yra Rymano dzeta funkcijos
netrivialiy nuliy menamu daliy seka. Yra Zinomos universalumo teoremos su
dzeta funkcijy postimiais, apimancios seka {7y }. Pirmas Sios krypties rezul-
tatas buvo gautas [17] darbe. Netrivialiy nuliy pasiskirstymas yra mjslingas,
mes neturime pakankamai informacijos apie seka {~x }. Straipsnyje [17] buvo
panaudota prielaida, kad kai ¢ > 0,

> ) 1< TlogT, T — oo (1.7)

W <T n<T
|'Yk*’71|<@

Pastarasis jvertis iSplaukia i§ gerai Zinomos Montgomerio pory koreliacijos
hipotezés [52], kad su o <

DD DR </ﬁ(1—<512;r“)2> du+6(a,ﬁ)>T12O§T, T oo

Ve <T y<T

[e%
2T _ 27
log T <Ye—n< log T
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dia
S, ) = 4 LIELO € [ Bl
0 kitu atveju.

Taigi, naudojant (1.7) jverti darbe [17] buvo jrodyta, jog postimiai (s+ihvyg),
su kiekvienu A > 0 aproksimuoja klasés Ho(K), K € K funkcijas. Darbe
[15] tokie patys rezultatai buvo gauti naudojant Rymano hipotezg¢ ir momenty
ivercius i§ [16]. Darbas [44] yra skirtas analiziniy funkcijy aproksimavimui
Hurvico dzeta funkcijos postimiais ¢ (s + iyih, o) su tiesiSkai nepriklausoma
vir§ Q aibe L(«) = {log(m + «) : m € Ny}.

Antrasis disertacijos skyrius yra skirtas analiziniy funkcijy aproksimav-
imui postimiais ((s + iy,h, F'). Pagrindinis skyriaus rezultatas yra tokia teo-

rema.

Teorema 2.1. Tarkime, kad jvertis (1.7) yra teisingas. Tegul K € Kp, f(s) €
Hop(K) ir h > 0. Tuomet su kiekvienu ¢ > 0

1
lim inf #{1<kz<N ssup |C(s +ivkh, F) — f(s)| < 8} > 0.
N—oo N seK
Be to, riba

1
lim #{1<k<N ssup |C(s +ivkh, F) — f(s)| < E} >0
N—oo N sEK

egzistuoja su visais € > 0, iSskyrus ne daugiau negu skaiciq reikSmiy aibe.

Teoremos 2.1 jrodymas remiasi mato

}V#{Kkgzv  C(s +inph, F) € A},A € B(H(Dr))

silpnuoju konvergavimu, kai N — oo. Cia H (D) yra analiziniy juostoje D
funkcijy erdvé su tolygaus konvergavimo kompaktinése aibése topologija, o
B(H(Dp)) yraerdvés H(Dp) Borelio o kinas.

Neseniai, profesorius Jornas Stoidingas (Joern Steuding) informavo, kad
2.1 teoremoje reikalavimo, kad buty teisingas (1.7) jvertis, galima atsisakyti
[61].

Skyriaus 2 rezultatai paskelbti [5] straipsnyje.

Likusieji disertacijos skyriai yra skirti analiziniy funkcijy aproksimavimui
Hurvico tipo dzeta funkcijy postimiais. Simboliu H (K ), kai K € I, Zymésime
funkcijy, tolydziy aibéje K ir analiziniy aibés K viduje, klase. Taigi, Ho(K) C
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H(K). Funkcijos ((s,a) aproksimavimo savybés (arba universalumas) yra
apraSytos toliau pateiktoje teoremoje. Primename, kad skaicCius o vadinamas
transcendenciuoju, jeigu jis néra jokio polinomo p(s) # 0 su racionaliaisiais
koeficientais $aknis, t.y., p(a) = 0. PrieSingu atveju, o yra vadinamas alge-
briniu.

Teorema 8. Tarkime, kad parametras o yra transcendentusis arba racionalu-
sis skaicius # 1, % Tegul K € K ir f(s) € H(K). Tuomet su kiekvienu
e>0

lim inf lmeas {7’ € [0, 7] :sup |((s +ir,a) — f(s)| < E} >0. (1.8)
T—oo T se€K

Si teorema buvo gauta skirtingais metodais B. Baggi (B.Bagchi) [2], S. M.
Goneko (S.M.Gonek) [18], bei A. LaurinCiko ir R. Garunkscio [28] darbuose.
Atvejo su racionaliuoju « jrodymas remiasi jungtiniu universalumu Dirichlé
L-funkcijy, tuo tarpu, kai « yra transcendentusis, yra patogu taikyti tikimybinj
metoda.

Funkcijy i8 klasés H (K') aproksimavimas (arba universalumas), kai v yra
algebrinis iracionalusis skai¢ius, yra atvira problema. Siuo atveju, yra Zinomas
toks [3] rezultatas. Tegul H (D) Zymi analiziniy juostoje D funkcijy erdveg .

Teorema 9. Tarkime, kad parametras o yra algebrinis iracionalusis. Tuomet
egzistuoja toks uZdaras, netuscias poaibis F,, C H(D), kad su kiekviena kom-
paktine aibe K C D, f(s) € F, ir e > 0 galioja (1.8) nelygybé. Be to,

riba

1
lim meas{T € [0, 7] :sup [((s +iT,a) — f(s)| < 8} >0
T—)OOT seK

egzistuoja su visais € > 0, iSskyrus ne daugiau negu skaiciq reiksSmiy aibe.

Pastarojoje teoremoje aibé F, néra Zinoma, yra jrodytas tik jos egzistavi-
mas.

Labai svarbus ir sudétingas universalumo rezultatas funkcijai ((s, «) su
algebriniu iracionaliuoju o buvo neseniai gautas darbe [62]. Buvo jrodyta,
kad su visais algebriniais iracionaliaisiais «, i§skyrus baigting juy aibe, funkcija
((s, «) yra universali. Be to, nurodytas intervalas [T', 27", kuriame yra 7, tenk-
inantis (1.8), kai K yra skritulys.

Teorema 8 turi tam tikra jungtinj apibendrinima. Skaiciai oy, ..., ;. vadi-
nami algebriskai nepriklausomais vir§ Q, jei jie néra jokio polinomo p(si, ..., $;) Z
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0 su racionaliaisiais koeficientais Saknys, t.y., p(aq, ..., a;-) = 0. Tegul
L(oa,...,on) ={log(m+aj) :meNy, j=1,...,r}

Tuomet turime tokj 8 teoremos praplétima [32].

Teorema 10. Tarkime, kad aibé L(ayq,...,a,) yra tiesiskai nepriklausoma
virs Q. Tegul K; € K ir fj(s) € H(Kj), j = 1,...,r. Tuomet su kiekvienu
€ > 0 yra teisinga nelygybé

1
liminf —meas ¢ 7 € [0,7]: sup sup |((s+iT, ;) — fi(s)] <ep >0.
T—oo T' 1<j<r s€K;

Nesunku pastebéti, jog i§ parametry oy, ..., - algebrinés nepriklausomybés
iSplaukia aibés L(ay, . . ., a,) tiesiSka nepriklausomybé.

Disertacijos 3 skyriuje yra gautas jungtinis 9 teoremos apibendrinimas.

Teorema 3.1. Tarkime, kad skaiciai o, 0 < a; < 1, aj # %, j=1,...,7
yra bet kokie. Tuomet egzistuoja tokia uzdara netuscia aibé F, . ., C H" (D),
kad su visomis kompaktinémis aibémis K1, ..., K, C D, (f1,..., fr) € Fa,.,...a
ir e > 0 yra teisinga nelygybé

1
lim inf meas {7’ € [0,T]: sup sup |((s+iT,05) — fi(s)] < z—:} > 0.

T—o0 1<j<r s€K;

Teorema 3.1 turi modifikacija tankio prasme.

Teorema 3.2. Tarkime, kad skaiciai o, 0 < aj < 1, aj # %, j=1,...,7
yra bet kokie. Tuomet egzistuoja tokia uzdara netus¢ia aibé Fy,, .. ., C H"(D),
kad su visomis kompaktinémis aibémis K1, ..., K, C D, (f1,..., fr) € Fa,,...a
riba

1
lim ieas {7‘ € [0,T]: sup sup |((s+iT,05) — fi(s)| < 6} >0

T—o00 1<j<r seK;
egzistuoja su visais € > 0, iSskyrus ne daugiau negu skaiciq reiksSmiy aibe.

Teoremy 3.1 ir 3.2 jrodymui yra naudojamas tikimybinis metodas. Sios
teoremas publikuotos [11] darbe.

Analiziniy funkcijy aproksimavimas yra nagrin¢jamas ir su diskreciais Hur-
vico dzeta funkcijy postimiais. Siuo atveju postimiuose ¢ (s + ikh, ) atsir-
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anda papildomas parametras h. Straipsnyje [2] buvo gauta tokia diskrecioji

teorema.

Teorema 11. Tarkime, kad o yra racionalusis skaicius didesnis uz 0, o < 1,
a# L Tegul K € K ir f(s) € H(K). Tuomet su kiekvienu € > 0

lim inf
N—o00 +1

#{0 <k < N :sup [C(s+ikh,a) — f(s)] <£} > 0.
seEK
(1.9)

11 teoremos jrodymui yra naudojamas tikimybinis metodas ir funkcijos
((s, «) iSraiska Dirichlé L-funkcijomis. Kitu metodu $i teorema buvo jrodyta
[59] darbe.

Diskretusis atvejis su transcendenciuoju o yra sudétingesnis negu su raciona-
liuoju « ir reikalauja sarycio tarp h ir 7.

Teorema 12. [33]. Tarkime, kad skaicius exp{%’r}, h > 0, yra racionalusis,
o a yra transcendentusis. Tegul K € K ir f(s) € H(K). Tuomet galioja (1.9)
nelygybe.

Darbe [36], skaiCiaus exp{%’r} racionalumas buvo pakeistas silpnesne sa-

lyga. Tegul aibé

Lia, h, ) = {(log(m—l—a) ‘m e No),Q;LT}.

Tuomet galioja toks 12 teoremos praplétimas [36].

Teorema 13. Tarkime, kad aibé L(«, h, ) yra tiesiskai nepriklausoma virs Q.
Tegul K € K ir f(s) € H(K). Tuomet galioja (1.9) nelygybe.

Jeigu skaiciai «v ir exp{%’r} yra algebriskai nepriklausomi vir§ Q, tada
nesunku matyti, jog aibé L(«, h, ) yra tiesiSkai nepriklausoma vir§ Q. Taigi,

pagal Nesterenko teorema (7 ir €™ yra algebriskai nepriklausomi), 13 teorema
1

galioja su v = — ir racionaliuoju h.
Vietoje postamiy ¢(s + ikh, @) galima naudoti ir apibendrintus diskre¢ius
postimius ((s + ip(k), ). Tegul U(ko) yra ta pati funkcijy klasé kaip ir

Teoremoje 7. Sekanti teorema yra pateikta [39] straipsnyje.

Teorema 14. Tarkime, kad aibé L(«) yra tiesiskai nepriklausoma virs Q, o
o(k) € U(ko). Tegul K € K ir f(s) € H(K). Tuomet su kiekvienu ¢ > 0

1
iminf ——M <k< : ) — .
l}ﬁifzv—koﬂ#{%\k\]v SEEK(SH@(M’&) f(s)] <E} >0
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Be to, riba

1

lim ———— <k N: ) Q) —
NgnOON_kOJrl#{ko k fg}gl((sﬂw(k) a) f(S)!<6}>0

egzistuoja su visais € > 0, iSskyrus ne daugiau negu skaiciq reikSmiy aibe.

Teigiamiems Ay, ..., h,, apibrézkime aibg
L(aq, .co,ap;hyy oy hys 2m) = {(hl log(m+ay) :m € No),

<oy (hrlog(m + ap) : m € Ny), 21}
Tuomet seka jungtiné diskrecioji teorema Hurvico dzeta funkcijai [37].

Teorema 15. Tarkime, kad aibé L(a, ..., oy by, ..., hy; 27) yra tiesiskai neprik-
lausoma vir§ Q. Kai j = 1,...,r, tegul K; € K ir fj(s) € H(K}). Tuomet
su kiekvienu e > 0

lim inf

mmin N+1#{O < k< N: sup sup [((s+ikhj,a;) — fi(s)] <g} > 0.

1<] <r SGKJ'
Ketvirtame skyriuje yra pateiktos diskrec¢ios Theoremy 3.1 ir 3.2 versijos.
Tam tikra prasme Sie rezultatai praplécia 15 teorema bet kuriems asq, ...q.

Tegul, trumpumo délei, o = (a1, ..., ) irh = (hy,..., hy).

Teorema 4.1. Tarkime, kad skaiciai 0 < o; < 1, (aj # 1/2) ir teigiami
skaiciai hj, j = 1,...,r, yra bet kokie. Tuomet egzistuoja tokia uZdara ne-
tus¢ia aibé F,, j, C H" (D), kad su visomis kompaktinémis aibémis K1, . . ., K, C
D, (fi,....fr) € Fapire >0

lim inf
N—oco N +1 1<j<r sekK;

#{O <k < N: sup sup [((s+ikhj,a5) — fi(s)] <€} > 0.

Kita teorema yra teoremos 3.2 diskreti versija.

Teorema 4.2. Tarkime, kad skaiciai 0 < o < 1, (o # 1/2) ir teigiami
skaiciai hj, j = 1,...,r, yra bet kokie. Tuomet egzistuoja tokia uZdara ne-
tuscia aibé Fy, p, C H" (D), kad su visomis kompaktinémis aibémis K1, . .., K, C
D, (fi,..., fr) € Fyp riba

1

lim —— 0<kE<<N: sup su s+ ikh;,a;)— fi(s)|<ep >0
Nﬁ\ooN—i-l#{ Kjgrse}{)j’q J J) f]( )l }
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egzistuoja su visais € > 0, iSskyrus ne daugiau negu skaiciq reikSmiy aibe.

Teoremos 4.1 ir 4.2 yra publikuotos [6] straipsnyje.

Disertacijos penktas skyrius yra skirtas 9 teoremos apibendrinimui peri-
odinei Hurvico dzeta funkcijai (s, a; a).

Pirmajj analiziniy funkcijy aproksimavimo postimiais ¢ (s+i7, «; a) rezul-
tata su transcendenciuoju parametru « gavo A. Javtokas ir A. Laurincikas
(20006).

Teorema 16. Tarkime, kad parametras o yra transcendentusis. Tegul K € K
ir f(s) € H(K). Tuomet su kiekvienu e > 0

lim inf lmeaus {7’ €[0,T] : sup |((s +iT,a;a) — f(s)| < 5} > 0.
T—oo T seK

A. Laurincikas ir R. Macaitiené (2009) jrodé 16 teoremos diskreciaja ver-
sija.

Jungtinés universalumo teoremos periodinéms Hurvico dzeta funkcijoms
buvo nagrinéjamos daugelyje darby. Paminékime [30]. Jungtiniu atveju, periodiniy
seky a; = {am; : m € No},j = 1,...,7 savybés turi svarby vaidmenj. Tegul
q yra sekos a;, r<q periodas. ApibréZkime matrica

aplr aop2 ... Qor

ail a2 ... Qipr
A=

Qg1 Qg2 ... QGgp

Teorema 17. Tarkime, kad « yra transcendentus skaicius ir rank(A) = r.
Tegul K; € K, j =1,...,1, 0 fj(s) € H(K;). Tuomet su kiekvienu ¢ > 0

T—oo 1<j<r s€K;

1
lim inf meas {7’ € [0,7]: sup sup |((s+iT,;a5) — fi(s)| < 6} > 0.

17 teoremos apibendrinimai su skirtingais parametrais oy, ... ir sekomis
a; su skirtingais periodais buvo nagrinéjami [60] ir [43]. Siuo atveju reikalau-
jama, kad skaiCiai a1, ..., bty algebriskai nepriklausomi vir§ @, o ¢ matri-
coje A keiCiamas periodu ¢, ...q- maziausiu bendru kartotiniu.

Disertacijoje jrodytos tokios teoremos.

Teorema 5.1. Tarkime, kad parametras o, 0 < o < 1, ir periodiné seka a yra
bet kokie. Tuomet egzistuoja tokia uZdara netuscia aibé Fy,  C H(D), kad su
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kiekvienu kompaktiniu poaibiu K C D, f(s) € Fqqire > 0, yra teisinga
nelygybé

1
lim inf —meas {7’ €[0,T] : sup |{(s +iT,;a) — f(s)| < 5} > 0.
T—oo T s€eK

Kita teorema yra Theoremos 5.1 versija tankio terminais.

Teorema 5.2. Tarkinme, kad parametras o, 0 < o < 1, ir periodiné seka a
yra bet kokie. Tuomet egzistuoja tokia uZdara netuscia aibé F, , C H(D),
kad su kiekvienu kompaktiniu poaibiu K C D ir f(s) € Fy q riba

1
lim —meas {T € [0, : sup [((s +iT,a;a) — f(s)] < 8} >0
T—}OOT seK

egzistuoja su visais € > 0, iSskyrus ne daugiau negu skaiciq reiksmiy aibe.

Teoremos 5.1 ir 5.2 yra apibendrintos kai kurioms kompozicijoms. Pirmos
aproksimacijos kompozicijy postimiais F'(¢(s + 7)), F : H(D) — H(D)
buvo gautos [34] darbe. PavyzdZiui, postamiai sin({(s + ¢7)) aproksimuoja
analizines funkcijas, juostoje D nejgyjancias 1 ir —1.

Disertacijoje iSnagrinéti tokie kompozicijy universalumo atvejai.

Teorema 5.3. Tarkime, kad paramentras o, 0 < a < 1, ir periodiné seka a yra
bet kokie. Tuomet egzistuoja tokia netuscia uZdara aibé F, o C H(D), kad jei
® : H(D) — H(D) yra toks tolydus operatorius, kad su kiekvienu polinomu
p = p(s) aibé (q)_l{p}) N F, q yra netuscia, tada su kiekvienu kompaktiniu
poaibiu K C D, f(s) € ® (Fy,q)ire >0

1
lim inf imeas {T €[0,7] : sup |® (((s +iT,;a)) — f(s)| < 6} > 0.

T—o0 s€cK
Paskutinioji teorema yra teoremos 5.2 apibendrinimas kompozicijoms.

Teorema 5.4. Tarkime, kad paramentras o, 0 < a < 1, ir periodiné seka a yra
bet kokie. Tuomet egzistuoja tokia netuscia uZdara aibé F, o C H(D), kad jei
® : H(D) — H(D) yra toks tolydus operatorius, kad su kiekvienu polinomu
p = p(s) aibé (@fl{p}) N F, 4 yra netuscia, tada su kiekvienu kompaktiniu
poaibiu K C D, f(s) € ® (Fy.q) riba

lim %meas {T €[0,7] : sup |® ({(s +iT,a;a)) — f(s)| < 6} > 0.

T—o0 seK

104



egzistuoja su visais € > 0, iSskyrus ne daugiau negu skaiciq reikSmiy aibe.

Siy teoremy jrodymui yra taikomas tikimybinis metodas. 5 skyriaus rezul-
tatai yra paskelbti [12] straipsnyje.

Aprobacija

Pagrindiniai disertacijos rezultatai buvo pristatyti tarptautinése MMA (Math-
ematical Modelling and Analysis) konferencijose (MMA2019, geguzés 28 —
31, 2019, Talinas, Estija), XVII ir XX tarptautinése konferencijose «Algebra,
Number Theory and Discrete Geometry and Multiscale Modeling: modern
problems, applications and problems of history» (Rugséjo 23 —27, 2019, Tula,
Rusija), (Rugséjo 21 — 24, 2021, nuotoliné konferencija), Lietuvos matematiky
draugijos konferencijose (LMD 2019, birZelio 19 — 20, 2019, Vilnius, Lietuva),
(LMD 2021, birZelio 16 — 17, nuotoliné konferencija), (LMD 2022, birZelio 16
— 17, Kaunas, Lietuva), o taip pat Vilniaus universiteto skaiciy teorijos semi-

naruose.
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