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Notation and abbreviations

Notation Description

R The set of real numbers.
N The set of natural numbers, N = {0, 1, 2, ...}.
N+ The set of positive natural numbers, N = {1, 2, 3, ...}.
In n× n identity matrix.
1A Indicator function of a set A.
d
= Equality in distribution.
d→ Convergence in distribution.
P→ Convergence in probability.
∥x∥q ℓq-norm of a vector x = (x1, . . . , xd)

′, d ≥ 1, q ≥ 0.
⌊x⌋ The integer part of a real number x (�oor).
O(an) For sequences an, bn, we write bn = O(an) if there

exists constants N and C such that |bn| ≤ C|an| for
every n ≥ N .

OP (an) For a set of random variables Xn, we write Xn =

OP (an) if for every ε > 0 there exists constants Cε
and nε such that P(|Xn| ≤ Cεan) > 1 − ε for every
n ≥ nε.

o(an) For sequences an, bn, we write bn = o(an) if bn/an → 0,
n→ ∞.

oP (an) For a set of random variables Xn, we write Xn =

oP (an) if Xn/an
P→ 0, n→ ∞.

x≫ y x is much greater than y. I.e., there exists some im-
plicitly large C such that x > Cy.

diag D = diag(a1, . . . , an) is a diagonal matrix with ele-
ments a1, . . . , an on the main diagonal.
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Notation Description

≡ f(x) ≡ g(x), f and g are equivalent, if f(x) = g(x) for
any x.

∼ an ∼ bn means that an/bn → 1, as n→ ∞.
N (µ, σ2) Normal distribution with mean µ ∈ R and variance

σ2 > 0.
Np(µ,Σ) Multivariate normal distribution of a p-dimensional

random vector with mean µ ∈ Rp and covariance mat-
rix Σ ∈ Rp×p.

VG(r, θ, σ, µ) Variance-Gamma distribution with parameters r > 0,
θ ∈ R, σ > 0, µ ∈ R.

Γ(α, β) Gamma distribution with shape α > 0 and rate β > 0.
φX(t) Characteristic function of a random variable X at

point t ∈ R.
EX Expectation of a random variable X.
Var(X) Variance of a random variable X.
Corr(X,Y ) Correlation between random variables X and Y .
Cov(X,Y ) Covariance between random variables X and Y .
tr(A) Trace of a matrix A.
Li2(x) Real dilogarithm function, x ≤ 1, x ∈ R.

Abbreviation Description

i.i.d Independent identically distributed.
SNR Signal-to-noise ratio.
KMS Kac�Murdock�Szeg®, used de�ning a speci�c covari-

ance structure.
CDF Cumulative distribution function.
PDF Probability density function.
Q-Q plot A quantile-quantile plot.
RMSE Root mean square error.
GDP Gross domestic product.
GFCF Gross �xed capital formation.
PFCE Private �nal consumption expenditure.
PCA Principal component analysis.
LASSO Least absolute shrinkage selection operator.
LP A combination of LASSO and principal components

methods (LASSO-PC).
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Abbreviation Description

LARS Least Angle Regression
L0Lq Fast Best Subset Selection algorithm, q ∈ 1, 2.
SqL Square-Root LASSO.
SqP Square-Root LASSO-PC.
RL Relaxed LASSO.
AdL Adaptive LASSO.
AdP Adaptive LASSO-PC.
L0P, L0LqP A Fast Best Subset Selection algorithm, q ∈ 1, 2, com-

bined with the method of principal components.
LPX LASSO-PC-X. A modi�cation of LASSO-PC al-

gorithm, where the set of factors is expanded by in-
cluding a set of original variables.

DF Dynamic factor model.
SW, DI Stock and Watson (2002) di�usion index model.
BNDF A dynamic factor model, modi�ed as suggested by Bai

and Ng (2008).
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Introduction

The recent availability of large datasets, combined with advances in the
�elds of statistics, machine learning and econometrics, have generated
interest in predictive models with many possible predictors. In these
cases, standard techniques such as ordinary least squares, maximum like-
lihood, or Bayesian inference with uninformative priors perform poorly,
since the proliferation of regressors magni�es estimation uncertainty and
produces inaccurate out-of-sample predictions. As a consequence, vari-
ous new approaches aimed at dealing with this curse of dimensionality
have become increasingly popular (Giannone et al. (2021)). In the cur-
rent high-dimensional modelling literature two main schools of thought
can be discerned, di�ering by the assumption of either dense or sparse
structure for the underlying signal of the data generating process (Ng
(2013), Chernozhukov et al. (2017)).

Under the assumption of dense structures, the prevailing approach is
to make use of all of the available information for the analyst. While the
speci�cs of the used approach does vary based on the application �eld, in
the literature, among the more widely used dense methods, one could of-
ten �nd applications of factor models, ridge regression, weighted-average
least squares (WALS) and numerous other (see, e.g., Tikhonov (1963),
Hoerl and Kennard (1970), Magnus and De Luca (2016), Andreini et al.
(2020)). For instance, such approaches �nd wide applications for many
di�erent problems with large datasets in economics, see, e.g., Stock and
Watson (2002), Diebold (2003), De Mol et al. (2006) and Stock and
Watson (2009). These approaches are able to e�ectively use all of the
explanatory information passed to the model, even though the individual
e�ect of any separate variable might be reduced to a relatively small size.

On the other hand, under the assumption of sparse structures we
assume that only a small subset of explanatory variables are crucial and
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focus on the selection and estimation of such variables. After identify-
ing the key explanatory components, the remaining information is then
typically discarded or shrunk to zero. Among the more popular sparse
approaches is the Least Absolute Shrinkage Selection Operator (LASSO)
method, pioneered by Tibshirani (1996). This method employs the su-
pervised variable selection for modelling and shows great potential when
used for both variable selection and forecasting. Due to its simplicity of
use and attractiveness in di�erent contexts, it is favoured by both prac-
titioners and the academics, which in turn yielded many useful exten-
sions and modi�cations of the original methodology (see, e.g., Adaptive
LASSO (Zou (2006)), Relaxed LASSO (Meinshausen (2007)), Square-
Root LASSO (Belloni et al. (2011))). In Chapter 1 of this dissertation
we present a detailed review of popular sparse methods.

Sparsity can be motivated on economic grounds in situations where a
researcher believes that the economic outcome could be well-predicted by
a small (relative to sample size) number of factors but is unsure about
the identity of the relevant factors. For instance, Bai and Ng (2008)
�nd that large amounts of high-frequency data could often considerably
worsen the predictive performance, while Bulligan et al. (2015) show
that assuming a sparse structure of the underlying data can improve the
quality of short-run forecasts, when the �nal set of available information
is re�ned by supervised selection before modelling. However, it is un-
realistic to presume exact sparsity � typically it su�ces to assume that
all regressors potentially have a non-zero contribution to the regression
function, but no more than a small number of unknown regressors are
needed for approximating the regression function with a su�cient de-
gree of accuracy, while the remaining (not included) are hidden by the
variability of the irreducible error term.

Following the surge of advancements in the sparse modelling literat-
ure, the rise of new approaches led to solving a wide array of problems
in the high-dimensional regression context, introducing many promising
results. See, e.g., Shibata (1980), Ing (2007) for model selection problems
in autoregressive time series models; Belloni and Chernozhukov (2011),
Javanmard and Montanari (2014), Zhang and Zhang (2014), Caner and
Kock (2018), Belloni et al. (2018), Gold et al. (2020), Ning et al. (2020),
Guo et al. (2021) for applications on inference of high-dimensional mod-
els and high-dimensional instrumental variable (IV) regression models.
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In the aforementioned and related work, reliance on the exact or approx-
imate sparsity of the underlying model parameters is crucial in order
to achieve optimal convergence rates for the corresponding parameter
estimates (see, e.g., Bradic et al. (2021)).

Lately, however, there has been an in�ux of results presenting con-
tradictory �ndings and suggesting that no one speci�c type of modelling
approach can be universally best. It seems that no method comes as
a free lunch. Hence, the accuracy of any speci�c method often largely
depends on the underlying data generating process (see, e.g., Giannone
et al. (2021)). Unsurprisingly, such observations inspired further re�ne-
ments in the modelling approaches, leading to a growth of literature on
various modi�cations and combinations of both sparse and dense meth-
ods, generalizing and capturing the best of both worlds (see, among
many others, Targeted Di�usion Index models (Bulligan et al. (2015)),
Lava (Chernozhukov et al. (2017)), Fast Best Subset Selection (Hazi-
meh and Mazumder (2020)), Spike-and-Slab priors (Giannone et al.
(2021))), which show promising results in varying application setups.
In Chapter 3 we explore the aforementioned ideas in greater detail by
performing pseudo-real-time experiments for nowcasting and short-term
forecasting the US and EU GDP expenditure components. We compare
the short-term forecasts of LASSO and its' popular modi�cations with a
few variants of factor models as good dense structure alternatives based
on their known performance and popularity in the nowcasting literature.
We �nd that in many cases the sparse methods are able to outperform the
dense alternatives, however, that was not the case for every country or
indicator. In addition, we propose an adjustment that combines variants
of LASSO with the principal components method (LASSO-PC), that
deemed to improve the forecasting performance. We argue that LASSO-
PC could represent a viable combination of both sparse and dense ap-
proaches, thus the obtained results are consistent with the observations
from the aforementioned literature.

Likely, the underlying reason behind the contradicting results relates
with the viability of the assumption on sparse structures of the data
generating process. With such evidence in mind, Giannone et al. (2021)
suggest that sparsity should not be simply assumed as that is uncertain,
hence, should only be used in the presence of strong statistical evidence.
The straightforward approach is allowing for both sparse and dense solu-
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tions in the model speci�cation, leaving the �exibility for the statistical
method to select which solution is the most appropriate for a given prob-
lem (see, e.g., Chernozhukov et al. (2017), Cevid et al. (2020), Giannone
et al. (2021)).

The universal nature and the �exibility of such approaches can come
with a certain price in computational complexity and forecasting accur-
acy, through, e.g., limiting the underlying dynamics of the individual
forecasts. An interesting alternative approach would be a statistical test
for evidence on approximate sparsity in a given high-dimensional data
set. However, the literature on testing for sparsity in a regression model
is relatively scarce. Promising results were achieved by Dicker (2014,
2016) who consider the signal-to-noise ratio (SNR) estimation in the lin-
ear regression context, which, in some sense, can be understood as a
dual problem to testing for sparsity. Such observation is supported by
the �ndings of Carpentier and Verzelen (2019, 2021), who build on the
existing results from the SNR literature and consider the test for exact
sparsity in high-dimensional linear regression.

Motivated by the aforementioned ideas, in Chapter 2, we contribute
to the literature of SNR and sparsity testing by considering a speci�c
Kac�Murdock�Szeg® (KMS) covariance structure for the explanatory
variables and deriving both the exact and the asymptotic distributions
for the suitably centered and normalized squared norm of the product
between the predictor matrix, X, and the outcome variable, Y , i.e., the
statistic ∥X′Y ∥22, under rather nonrestrictive assumptions for the model
parameters βj . We deem that the derived results can be crucial for fur-
ther advancements in the sparsity testing and the related literature. We
note that the statistic ∥X′Y ∥22 is central in both the results by Dicker
(2014) and Carpentier and Verzelen (2019). While the authors derived
the relevant results through random matrix theory and Wishart distri-
butions, we approach the problem through the use of variance-gamma
distribution due to its attractive properties. Firstly, in addition to the
derivation of the asymptotic distribution, such approach allows us to
specify the exact distribution of the statistic. Secondly, our approach
can be easily extended towards other types of norms, instead of ℓ2-
norm. Finally, we assume approximate sparsity of the underlying data
generating process and perform a Monte Carlo simulation study, which
demonstrates that the statistic approaches the limiting distribution fairly
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quickly even under high variable multi-correlation and relatively small
number of observations, suggesting possible further applications to the
construction of statistical testing procedures.

Aims and problems

The aim of this dissertation is to analyse the sparsity assumption and
sparse methods in the high-dimensional linear regression framework. Our
objectives are the following:

� analyse the background assumptions and implications behind im-
portant sparse modelling techniques, with greater focus on the
LASSO and its popular modi�cations; inspect and compare the
performance of the sparse methods with dense alternatives by con-
ducting a pseudo-real-time short-term nowcasting experiment sim-
ulating the performance that would be observed in practice; exam-
ine the insights from recovered sparse structures within the ana-
lysed datasets; introduce a modi�cation of the LASSO by combin-
ing variants of LASSO with principal components methodology;

� introduce a test statistic ∥X′Y ∥22 and derive its exact and asymp-
totic distribution; specify conditions that allow simplifying certain
necessary calculations; demonstrate the accuracy of the results
and possible shortcomings under the assumption of approximate
sparsity in a Monte Carlo simulation study.

Novelty

We propose a combination of LASSO and principal components meth-
ods, which combine the sparse and dense structure approaches and show
promising results when forecasting US and EU GDP expenditure com-
ponents. Compared with dense methods, the proposed combination in
some cases is able to match or outperform the well known and widely
used dense models, while doing so at a signi�cantly smaller computa-
tional complexity and with greater short-term forecasting control. In
certain cases the proposed combination was able to generate similar or
more accurate forecasts when compared with the best of sparse methods.
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We derive exact and asymptotic distributions of the statistic ∥X′Y ∥22.
The asymptotic results do not impose strong restrictions on the model
parameters βj , we only assume that ∥β∥2 <∞. On the other hand, the
related literature relies on exact sparsity or certain approximations to
hold.

For the variable covariance structure, instead of the general covari-
ance matrix that deems to be estimable for practical purposes, we con-
sider a �exible KMS structure, which, when carefully chosen, is able to
well approximate a wide array of possible covariance structures.

We highlight the application of variance-gamma distribution used to
derive the aforementioned distributions. First, we contribute to the lit-
erature of variance-gamma by extending certain known results. The
variance-gamma distribution is demonstrated to have very attractive
properties when working with products of Gaussian random variables.
Second, along with the asymptotic distribution, this approach allows us
to formulate the exact distribution of the statistic for any number of
observations, n, and number of variables, p, as a certain combination
of Gaussian and gamma random variables. We deem that such a result
is much easier to work with than directly considering characteristic or
density functions of the statistic ∥X′Y ∥22.

By performing Monte Carlo simulation studies we �nd that under the
assumption of approximate sparsity of the model parameter vector β, the
resulting statistics ∥X′Y ∥22 fairly quickly approach the limiting distribu-
tions for various sets of initial parameters. We argue that these results
demonstrate the applicability of the statistics in approximately sparse
setting, hence, can be important in certain applications when consider-
ing testing for sparsity or constructing signal-to-noise ratio estimates.

Dissertation structure

This dissertation consists of three chapters, as well as Conclusions, Bib-
liography and Appendix chapters.

In Chapter 1 we present a short overview of sparse high-dimensional
linear regression modelling. We present the existing de�nitions of
sparsity and brie�y review several popular sparse models, that are often
found in various applications. We discuss the known shortcomings and
modi�cations of the approaches and end the chapter by introducing the
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latest advances in the construction of tests of sparsity and their relation
with the SNR literature.

In Chapter 2 we build on the results introduced in Chapter 1 and
derive the exact and asymptotic distribution of a central statistic, found
in the SNR and sparsity testing literature. The chapter consists of proofs
to the main formulated theorems, together with certain important auxil-
iary results. We end the chapter by presenting a Monte Carlo simulation
study, where we assume approximate sparsity of the underlying model
and examine the resulting sample distributions of the statistics.

In Chapter 3 we conduct pseudo-real-time experiments in order to
examine the short-term forecasting performance of the sparse models,
previously established in Chapter 1. We compare the performance of
both sparse and dense methods by forecasting GDP expenditure com-
ponents in US and selected EU countries. In addition, we present a de-
tailed overview and in-depth analysis of the performance gains brought
by the proposed combination of LASSO and principal components.

Finally, in Appendix A we present technical lemmas and proofs of
certain results, that were omitted from Chapter 2. In Appendix B
we present additional details, tables and �gures with results from the
pseudo-real-time experiments, that were omitted from Chapter 3.
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Chapter 1

Sparsity in high-dimensional

linear regression

In this chapter, we present a short overview of sparse high-dimensional
linear regression modelling. In Section 1.1 we introduce the necessary
notations, used throughout the chapter. In Section 1.2 we discuss the
de�nition of approximate sparsity, along with some possible extensions
and less restrictive alternative speci�cations. In Section 1.3 we introduce
and brie�y review several popular sparse models, often found in applic-
ations. We end the chapter with Section 1.4 by establishing the latest
advances in the construction of tests of sparsity and their relation with
the SNR literature.

1.1 Notations

Throughout this chapter we assume that Y := (y1, . . . , yn)
′ ∈ Rn×1

are n observations of outcome and X = (X1, . . . , Xn)
′ ∈ Rn×p are p-

dimensional predictors withX1, . . . , Xn being p×1 random vectors, Xi =

(X1,i, . . . , Xp,i)
′, p > n. We model

Y = Xβ + ε, (1.1)

where β = (β1, . . . , βp)
′ and ε = (ε1, . . . , εn)

′ is the error term.
Recall, ||v||q := (

∑d
j=1 |vj |q)1/q denotes the ℓq-norm, q ≥ 1, and

||v||0 :=
∑d

j=1 1{vj ̸=0} for q = 0, where v ∈ Rd for some d ∈ N+; In
denotes n× n identity matrix.
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1.2 Approximate sparsity

Sparsity refers to the condition that only s ≪ n elements of β are
nonzero, but allows the identities of these elements to be unknown.
Sparsity can be motivated on economic grounds in situations where a
researcher believes that the economic outcome could be well-predicted
by a small (relative to sample size) number of factors but is unsure about
the identity of the relevant factors. However, it is unrealistic to presume
exact sparsity � typically it su�ces to assume that all regressors poten-
tially have a non-zero contribution to the regression function, but no
more than s of unknown regressors are needed for approximating the
regression function with a su�cient degree of accuracy.

In this dissertation we assume approximate sparsity. We follow the
de�nition by Belloni and Chernozhukov (2011), namely, we assume that
the true β parameters have a form:

|βj | = Aj−α, j = 1, . . . , p, α ≥ 1, (1.2)

where the ordering and A ∈ R is arbitrary. We require that α ≥ 1 in or-
der to achieve asymptotic stability, however, depending on the structure
of Σ, this could be potentially relaxed. Belloni and Chernozhukov (2011)
argue, that for approximately sparse models, the regression function can
be well approximated by a linear combination of relatively few important
regressors, which is the reason of wide popularity of variable selection
approaches such as LASSO and its various modi�cations (see Section 1.3
for a detailed review). At the same time, approximate sparsity allows all
coe�cients to be nonzero, which is a more plausible assumption in many
real world settings.

According to Bradic et al. (2021), the assumption of approximate
sparsity can be motivated similarly to Newey (1997), who assumes that
the �rst s = sn series terms can approximate the nonparametric regres-
sion function well. We do not impose that the most important s = sn

terms are the �rst s terms, since the identity of the most important
terms is typically unknown (Belloni et al. (2011)). Therefore, series ap-
proximations are usually based on relatively few regressors, often many
fewer than the sample size. In contrast, approximate sparsity allows for
very many potential regressors (possibly many more than sample size),
when relatively few important regressors give a good approximation, but
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the identity of those few is not known. Approximately sparse and series
approximations are similar in that they both depend on a few regressors
giving a good approximation. However, they di�er in that series re-
gression requires that the identity of the important regressors is known,
while with approximate sparsity their identity need not be known. This
di�erence is useful in high dimensional settings, where potentially very
many regressors are needed to approximate a function of many variables.
Typically, economics and statistics provide little guidance about which
regressors are important. With approximate sparsity, such information is
not needed, since very many terms can be included among the potential
regressors.

Alternatively, Ing (2020) and Cha et al. (2021) �nd that in certain
cases the assumption of approximate sparsity can be relaxed. They show
that with the use of orthogonal greedy algorithm in conjunction with
high-dimensional Akaike's Information criterion (OGA+HDAIC) it is
possible to achieve optimal convergence rates under weaker sparsity as-
sumptions than (1.2). The authors discern approximate sparsity into
polynomial and exponential decay, as follows:

Lj−γ ≤ |β(j)| ≤ Uj−γ , (1.3)

and

L1 exp(−βj) ≤ |β(j)| ≤ U1 exp(−βj), (1.4)

where 0 < L ≤ U < ∞ and 0 < L1 ≤ U1 < ∞ and |β(1)| ≥ . . . ≥
|β(p)| is a rearrangement of model parameters in the decreasing order.
In addition, it seems that for certain algorithms these conditions can
be relaxed further. For instance, the assumption of polynomial decay
(1.3) is relaxed by requiring that there exists 0 < M < ∞ such that∑p

j=1 β
2
j < M ; and that there exists γ ≥ 1 and 0 < Cγ <∞, such, that

for every J ⊆ P ≡ {1, . . . , p}, the following inequality holds:

∑

j∈J
|βj | ≤ Cγ

(∑

j∈J
β2j

)(γ−1)/(2γ−1)
, (1.5)

where γ controls the sparsity of the model parameters.
In a similar manner, the exponential decay (1.4) can be relaxed fur-
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ther by assuming that there exists 0 < M0 <∞ such that max |βj | ≤M0

and that there exists M1 > 1, such that

∑

j∈J
|βj | ≤ M1max |βj |. (1.6)

The authors di�erentiate between the two types of sparsity and argue
that it is di�cult to attain optimal convergence rates without knowing
the degree of sparseness, thus they consider a data-driven approach in
order to determine the suitable number of iterations of the necessary
algorithms in order to generalize. Ing (2020) and Cha et al. (2021) �nd
that their proposed methods perform adequately under the assumptions
(1.5) or (1.6). Furthermore, they show that under the case of exact
sparsity, LASSO and OGA+HDAIC share the same error rates, but the
latter is more favourable for various time-series applications since they
do not require the independence between Xt and εt, t = 1, . . . , n. Im-
portantly, Wu and Wu (2016) note that LASSO can also be extended
for the aforementioned time series applications, albeit with higher error
rates.

However, throughout this dissertation we focus on the approximate
sparsity assumption, as de�ned by (1.2), due to its widest applicability
throughout the most popular sparse methods and the fact that it also
plays an important role in time series modelling (see, e.g., Shibata (1980)
and Ing (2007) for model selection problems in autoregressive time series
models).

1.3 Short overview of the LASSO methods

1.3.1 LASSO

The LASSO method (Tibshirani (1996)) is one of the possible solutions
dealing with p ≫ n problem, where the ordinary least squares (OLS)
method is infeasible due to the `curse-of-dimensionality', when the num-
ber of estimated parameters is much larger than the sample size. LASSO
attracts a lot of attention in the literature due to its favourable strictly
convex optimization problem, the solution path of which can be e�ect-
ively estimated by using the Least angle regression (LARS) algorithm
(Efron et al. (2004)).
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LASSO is an ℓ1-norm penalized least squares algorithm that solves
the following optimization problem:

β̂LASSO = argmin
β

(Y − Xβ)′(Y − Xβ) + λ||β||1, (1.7)

where the hyperparameter λ ∈ (0,∞) is �xed. With the value of λ
tending to ∞, the estimated coe�cients are shrunken towards zero, and
with a su�ciently large value of λ some of them are estimated as 0 due
to the properties of the ℓ1-norm retaining the most signi�cant features.
Besides, there exists such λ, starting from which none of the variables
are included in the model as signi�cant. However, decreasing the value
of λ the signi�cant variables are sequentially included to the modelled
regression. That is, in relation to the hyperparameter λ, LASSO pro-
cedure can be interpreted as a stepwise regression with an additional
shrinkage of the estimated model's parameters towards zero. Also, due
to the shrinkage of the estimated coe�cients it is often possible to in-
crease the accuracy of the forecasts, since the shrunken coe�cients are
able to reduce the variance of the forecasts by more than increasing the
bias, implying the solution to bias-variance trade-o�.

A lot of attention in the literature is given particularly to the variable
selection aspect of the LASSO. Zhao and Yu (2006) and Zou (2006) pro-
posed an almost necessary and su�cient condition � the Irrepresentable
Condition � which ensures asymptotically consistent variable selection
of the LASSO. The authors have shown that when a part of the insig-
ni�cant variables are strongly correlated with the signi�cant ones, the
LASSO might not be able to consistently distinguish them apart, re-
gardless of neither the chosen value of the hyperparameter λ nor the
sample size n. Additionally, the cited authors prove that the consistency
of the variable selection by the LASSO requires that the value of λ should
grow at a faster pace than

√
n. However, Knight and Fu (2000) show

that the LASSO estimator β̂LASSO is
√
n-consistent only under given

λ = λn = O(
√
n) and under certain regularity conditions. Therefore,

we cannot fully expect both consistent variable selection and parameter
estimation.

Let A := {j : βj ̸= 0} denote the true data generating process, where
|A| = p0 < n and β̂(δ) is a parameter estimator of a certain procedure δ.
Then, by Zou (2006), the procedure δ is said to have Oracle Properties
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if for the estimator β̂(δ) the following two asymptotic conditions hold:

(O1) let Aδ := {j : β̂j(δ) ̸= 0}, then Aδ = A; i.e., the true subset of
variables is identi�ed;

(O2)
√
n
(
β̂(δ)A − βA

) d→ N (0,Σ∗), where Σ∗ is the covariance matrix
knowing the true subset model.

It is often expressed by Fan and Li (2001) and other authors that
every adequate procedure, along with certain other optimality condi-
tions, should have the Oracle Properties. In this regard we can note
that LASSO does not possess the Oracle Properties.

1.3.2 Adaptive LASSO

In the literature many modi�cations of the LASSO can be found aiming
to overcome various shortcomings of the original method. One of the
most popular is the Adaptive LASSO, allowing to de�ne weights for
each individual explanatory variable used in the model:

β̂adaLASSO = argmin
β

(Y − Xβ)′(Y − Xβ) + λw′|β|, (1.8)

where |β| := (|β1|, . . . , |βp|)′ and w = (w1, . . . , wp)
′ is a vector of �xed

weights. Zou (2006) proves that when the weight vector w is data-driven
and appropriately chosen, the Adaptive LASSO is able to achieve the
Oracle Properties. In the literature often weights are suggested to be
chosen as ŵj := 1/|β̂∗j |γ , j = 1, . . . , p, γ > 0, where β̂∗ is

√
n-consistent

estimator of β. When p ≤ n, a natural choice could be β̂∗ := β̂OLS.
However, when the OLS estimates are infeasible (p > n) or the data is
strongly multicollinear, it is suggested to replace the β̂OLS with β̂ridge,
where coe�cients are estimated by the Ridge regression, de�ned by a
problem similar to LASSO (1.7), with the ℓ1-norm of the imposed pen-
alty replaced by the ℓ2-norm. It is argued that with the sample size
increasing, the weights of the insigni�cant variables should tend to in�n-
ity, while the weights of the signi�cant variables should converge to some
�nite non-zero constants. This way, the method allows for an asymp-
totically unbiased simultaneous estimation of large coe�cient and small
threshold estimates.
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The importance of the appropriate choice of the weight vector is also
stressed in Huang et al. (2008), since under high multicollinearity or due
to a large amount of noise variables the usage of Ridge or univariate OLS
may lead to overall weaker results than the original LASSO. Medeiros
and Mendes (2016) claim that in the case of p ≫ n it is su�cient that
the weights are chosen by a zero-consistent estimator. That is, it is re-
quired that such estimator would generate su�ciently small coe�cients
for the insigni�cant variables, n→ ∞, and that they would converge to
non-zero �nite values for the signi�cant variables. These requirements,
according to the authors, under certain regularity conditions, should be
satis�ed by the ordinary LASSO or the Elastic Net estimators. There-
fore, these methods can be used for the selection of optimal weights. In
fact, following these requirements, Liu (2014) successfully extended the
weight estimation to adjust for auto-regressive processes, and Konzen
and Ziegelmann (2016) adjust the method for lagged e�ects.

Most importantly, Medeiros and Mendes (2016) show that the Ad-
aptive LASSO can be widely applied when dealing with time series data.
The authors allow for both the residuals and the regressors to be non-
Gaussian and conditionally heteroscedastic � the features that are of-
ten observed in �nancial and macroeconomic data. Also, the proposed
method allows the number of variables, both in the search space and
retained in the �nal set A, to grow together with the sample size at
a polynomial rate. Under these conditions it is shown that the vari-
able selection by the Adaptive LASSO is consistent and that the Oracle
Properties hold. The geometric growth rate of the number of variables
is permitted under certain restrictions imposed on the residuals of the
model. However, when working with macroeconomic variables, such a
fast growth rate of the number of variables available is almost never ob-
served. Even if we have a �xed set of variables, by additionally including
lags of all of these variables into our design matrix X, the resulting
growth rate of the dimension of the full dataset is only linear with re-
spect to the size of the sample, but not polynomial. This suggests some
degree of freedom to additionally include non-linearities through, e.g.,
interactions between the variables or their power transformations. Also,
promising results were obtained in the simulation studies when analysing
the forecasting performance of models with heavy-tailed residuals hav-
ing GARCH structures, by using strongly correlated regressors as the
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explanatory variables (Medeiros and Mendes (2016)).
Finally, Liu (2014) observes that the Adaptive LASSO can be ef-

fectively performed by employing the LARS algorithm: let Ŵ :=

diag(ŵ1, . . . , ŵp), then the optimization problem of the Adaptive LASSO
(1.8) can be rewritten as:

β̂adaLASSO = argmin
β

(Y − XŴ−1Ŵβ)′(Y − XŴ−1Ŵβ) + λ||Ŵβ||1

= argmin
β̃

(Y − X̃β̃)′(Y − X̃β̃) + λ||β̃||1, (1.9)

where X̃ = XŴ−1, and β̃ = Ŵβ (i.e., β̃j = ŵjβj , ∀j), therefore all
of these parameters can be e�ectively estimated by using the LARS
algorithm just as the ordinary LASSO method.

1.3.3 Relaxed LASSO

Another popular modi�cation of the LASSO, dealing with some of its
shortcomings, is the Relaxed LASSO (Meinshausen (2007)). The main
idea of this method is to separate the selection of the signi�cant vari-
ables and the estimation of the model's coe�cients by introducing an
additional hyperparameter ϕ. Denote,

Mλ := {1 ≤ j ≤ p : β̂λj ̸= 0}, (1.10)

which corresponds with the active set of variables, preselected by the
LASSO method under a certain �xed value of λ. Then the Relaxed
LASSO is estimated as:

β̂RL = argmin
β

n−1
(
Y − X{β · 1Mλ

}
)′(
Y − X{β · 1Mλ

}
)
+ ϕλ||β||1,

(1.11)

where λ ∈ [0,∞) and ϕ ∈ (0, 1], with 1Mλ
being the indicator function,

returning the value of 1 for those variables, that were selected by the
LASSO as signi�cant under a �xed λ. That is, for a �xed λ, the following
holds for the set of signi�cant variables Mλ ⊂ {1, . . . , p}:

{β · 1Mλ
}k =

{
0, k /∈ Mλ,

βk, k ∈ Mλ,
(1.12)
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for every k ∈ {1, . . . , p}. In this way, the selection of signi�cant variables
is performed by using the LASSO and estimating only the hyperpara-
meter λ, while the appropriate estimation of the model's parameters and
the amount of shrinkage applied is re�ned by using a second hyperpara-
meter ϕ. When ϕ = 1, the estimator coincides with the case of the
LASSO, that is, no correction of the estimated coe�cients is performed,
while when ϕ approaches zero the estimator converges to Post-LASSO
estimator (Belloni and Chernozhukov (2013)).

Meinshausen (2007) prove that due to such separation of the variable
selection, the consistent estimates of the model's coe�cients are obtained
with the usual

√
n rate of convergence, independently from the growth

rate of the available information set. In addition, the authors demon-
strate that the Relaxed LASSO is able to outperform the LASSO, the
extent of which is highly dependent on the signal-to-noise ratio. Larger
improvements are expected when the signal is strong and the shrinkage
on the selected components is not necessary.

The authors expect that for most sparse high-dimensional problems
the estimator should lead to sparser estimators than LASSO and generate
more accurate predictions at almost no extra computational cost.

1.3.4 Square-Root LASSO

Another recent modi�cation of the LASSO is the Square-Root LASSO
(Belloni et al. (2011)). The authors propose modifying the original for-
mulation of the LASSO problem (1.7) by taking the square root of the
residual sum of squares term, as de�ned by the equation (1.13):

β̂sqrtLASSO = argmin
β

n−1/2
(
(Y − Xβ)′(Y − Xβ)

)1/2
+ λ||β||1. (1.13)

The attractiveness of the method follows from the original idea for
LASSO presented in Bickel et al. (2009), where rate-optimal value of
λ = 2σ

√
2 log(pn)/n depends on unknown value of σ. Belloni et al.

(2011) show that for the Square-Root LASSO the rate-optimal penalty
level reduces to λ =

√
2 log(pn)/n, which makes it having no user-

speci�ed parameters and therefore tuning free.
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1.3.5 Fast Best Subset Selection

Recently, Bertsimas et al. (2016) presented a mixed integer optimization
(MIO) formulation for the best-subset selection problem, achieving cer-
ti�able global optimality, which was further developed and extended by
Dedieu et al. (2021), Mazumder et al. (2022). Recall, the main motiva-
tion behind the LASSO and similar methods, trying to solve the curse
of dimensionality � the core argument was the fact that the best subset
selection, while viewed as the �holy grail� of estimators for sparse model-
ling in regression, was essentially unfeasible in real world scenarios due to
arising computational complexities (Natarajan (1995)). In fact, Natara-
jan (1995) state the problem as being NP-hard. In this sense, modelling
approaches that followed are sometimes seen as certain approximations
or heuristics of the best subset selection, used mainly out of the necessity
when the best subset selection was not computable. However, research
by Hastie et al. (2017) demonstrate that this is not the case. The authors
argue that di�erent modelling procedures have di�erent operating char-
acteristics, i.e., give rise to di�erent bias-variance trade-o�s as the tuning
parameters vary. In fact, in certain settings the bias-variance trade-o�
provided by the best subset selection may be more or less useful than
the trade-o� provided by the LASSO.

These observations are followed further by Hazimeh and Mazumder
(2020), who propose a Fast Best Subset Selection algorithm by making
use of the MIO and related algorithms, making the necessary computa-
tions feasible under certain heuristics. The authors propose the following
optimization problem:

β̂L0Lq = argmin
β

1

2
(Y − Xβ)′(Y − Xβ) + λ0||β||0 + λq||β||qq, (1.14)

where q ∈ {1, 2} determines the type of additional regularization. Here
the hyperparameter λ0 ∈ [0,∞) controls the number of variables selec-
ted, while the λq ∈ [0,∞) controls the shrinkage imposed on the estim-
ates. In this dissertation, by setting q = 0, denoted by L0, we assume
that (1.14) is reduced to the problem of best-subset selection. The goal of
the approach is to regularize the over�tting behaviour of the best-subsets
and obtain sparse models with good predictive power.

Importantly, Mazumder et al. (2022) argue, that the success of the
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performance of the best subset selection largely depends on the signal-to-
noise ratio (SNR). If the noise level is relatively small, the best-subsets
estimator leads to models with excellent statistical properties in terms
of prediction, estimation and variable selection (see, e.g., Bühlmann and
Van De Geer (2011), Zhang and Zhang (2012)). However, by Breiman
(1996b), the situation is di�erent when the noise level is high, when high
instability of the best subset selection can be observed. In other words,
in high-noise regimes the predictive performance of best-subsets deteri-
orates very quickly and thus is a signi�cant drawback of the approach.
Noteworthy, SNR alone does not control the di�culty of the underlying
statistical problem; model parameters p, n, X and the underlying sparsity
of the true model also a�ect the performance of the estimator.

Furthermore, Mazumder et al. (2022) demonstrate that in high noise-
level settings the best-subsets estimator is not the right approach, leading
to over�tting and poor predictive performance, which quickly deterior-
ates as SNR decreases. In those cases the method is outperformed by
LASSO or the Ridge regression. The authors argue that the over�tting
behaviour of best-subsets can be attributed to its aggressive search for
the best feature subset and not performing any shrinkage on the selected
coe�cients. They conclude that the classical best-subsets estimator is
not designed to be used in high-noise regimes.

By proposing the L0Lq approach, Mazumder et al. (2022) focus
on the predictive performance instead of the variable selection aspect.
The aim is to obtain a sparse linear model with predictive performance
better than best-subsets and comparable with Ridge regression or the
LASSO. The goal is an estimator with fewer non-zero coe�cients than
the LASSO, but of similar or greater predictive accuracy.

Depending on the choice of q, the estimator by (1.14) can be con-
trasted with the LASSO or Ridge regression, since the estimator (1.14)
separates out the e�ects of shrinkage (via λq||β||qq) and sparsity (via
λ0||β||0). The authors argue, that key bene�ts of such approach can be
observed when the SNR is low � in such case, the shrinkage imparted via
ℓq-regularization becomes critical, since the estimator (1.14) then prefers
to optimize for positive λq values to produce a good predictive model.
Further sparsi�cation may occur when ℓ1 penalty is chosen, since for
cases when λ0 would choose a large number of parameters, penalization
from the ℓ1 would act as a counter.
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By the results from simulations and experiments on real datasets,
Mazumder et al. (2022) expect superior predictive accuracy of L0L1 over
L0L2 for larger SNR values. In addition, the authors observe that when
the noise level is high, L0 performs poorly in terms of prediction accur-
acy. To mitigate its over�tting behaviour, L0 attempts to regularize by
selecting very sparse models � the best predictive model for L0 has fewer
non-zeros than the Oracle solution.

Moreover, based on the simulation results, the cited authors expect
the L0L1 and L0L2 methods to perform similarly or better than the
LASSO or Ridge regression. Importantly, they observe that the pro-
posed approaches lead to estimators that are signi�cantly sparser, while
showing similar or better predictive performance when compared with
LASSO and similar alternatives. In addition, they �nd L0 models to
generate the most sparse results when compared with L0L1 and L0L2,
however, L0 su�ers in terms of the prediction accuracy. Noteworthy, as
SNR increases, L0L1 and L0L2 is expected to become more similar to
L0 in terms of both sparsity and the prediction accuracy.

1.4 Signal-to-Noise Ratio and Tests for Sparsity

The importance of SNR levels was highlighted in several places in the
preceding section. Besides the assumption of underlying sparsity, the
amount of noise present in the model can be a crucial aspect, determin-
ing the optimal choice and performance of the sparse high-dimensional
linear model. By Mazumder (2020), when dealing with real world data
and problems, a researcher could expect high levels of signal in, e.g.,
marketing and retail applications, compressed sensing, image processing
and classi�cation problems, while, on the other hand, high levels of noise
should be expected in �nancial applications. The key takeaway is, even
if a wide range of SNR values may occur in practice, most of the time
practitioners may not know a priori what the SNR is for the applica-
tion at hand. Thus, it is often useful to have a suite of tools that are
applicable for both high and low SNR regimes.

However, the question of SNR estimation is much broader and not
limited to sparse linear regressions. It is often of great importance in
applications where the aim is to quantify to what extent the covariates
explain the variation of the response variable (see, for instance, the dis-
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cussion by Verzelen and Gassiat (2018), who focus on heritability estim-
ation in genome-wide association studies, where sparsity-based methods
could be questionable).

Denote SNR by:

η :=
β′Σβ
σ2ε

, (1.15)

where β denotes the parameter vector of the linear model, Σ denotes the
covariance matrix of the covariates X, and σ2ε denotes the error variance.

In the literature two main lines of research can be discerned for es-
timating σ2ε or η in a high-dimensional setting. Estimating the signal
strength is, up to a parametric loss, equivalent to estimating the propor-
tion of explained variation η, the quadratic function β′Σβ or the noise
level σ2ε . For instance, for the estimation of σ2ε , see Reid et al. (2016) for
a thorough review, as well as Janson et al. (2017) for recent advances,
the results of which strongly rely on the assumption of sparsity. Notably,
Verzelen and Gassiat (2018) build on the results by Dicker (2014) and
Dicker (2016) and consider the following U-type statistic:

V =
Y ′(XX′ − tr(XX′)In/n)Y

∥Y ∥22(n+ 1)
, (1.16)

which is demonstrated to concentrate exponentially fast around
β′Σ2β/Var(y1). Since the accuracy of their results largely depends on
the level of sparsity of the true model parameters β, the authors com-
bine their proposed statistics with the estimates by Square-Root LASSO
whenever the data allows it.

Furthermore, Verzelen and Gassiat (2018) note than whenever β is
dense, many previously considered approaches fail. Thus, the aforemen-
tioned results are extended further by Carpentier and Verzelen (2019)
and Carpentier and Verzelen (2021) who use this observation and adapt
(1.16) for testing of exact sparsity of the parameter vector β. The latter
result is a very interesting and valuable take, since currently the liter-
ature on testing of exact or approximate sparsity in a high-dimensional
linear regression setting is very scarce (see the review by Carpentier and
Verzelen (2021)). We argue that these results opens up an interesting av-
enue for further research in both the related SNR and testing for sparsity
literature.
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Chapter 2

Asymptotic normality in

linear regression with

approximately sparse

structure

In this chapter, we derive the exact and asymptotic distributions of the
statistic ∥X′Y ∥22. First, we motivate the reasoning and the importance
behind the derived results, and introduce the necessary assumptions and
notations used in order to formulate the main results, which are presen-
ted in Section 2.1. Next, in Section 2.2 we present a brief overview of
convenient properties of the variance-gamma distribution which are cru-
cial to certain proofs of the main results. In Section 2.3 we establish
auxiliary lemmas, used throughout the proofs of the main results. The
proofs are presented in Section 2.4, in addition, we formulate convenient
expressions for certain important terms, which are used in Section 2.5,
where we assume approximate sparsity of the underlying model para-
meters and perform a Monte Carlo simulation study.

Throughout this chapter we consider a linear regression model by
(1.1). In addition, we assume that X = (X1, . . . , Xn)

′ ∈ Rn×p are p-
dimensional predictors with X1, . . . , Xn being i.i.d. p×1 random vectors
Xi = (X1,i, . . . , Xp,i)

′, which are normally distributed with zero mean

and covariance matrix Σ, denoted Xi
d
= Np(0,Σ), i = 1, . . . , n. Further-
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more, we assume that the covariance matrix Σ has a form

Σ = (ϱ|i−j|)pi,j=1 =




1 ϱ . . . ϱp−1

ϱ 1 . . . ϱp−2

...
...

. . .
...

ϱp−1 ϱp−2 . . . 1



, (2.1)

if 0 < |ϱ| < 1, and Σ = Ip if ϱ = 0 (here and below Ip denotes the p× p

identity matrix). This matrix is often called the Kac�Murdock�Szeg®
(KMS) matrix, originally introduced in Kac et al. (1953). As the auto-
correlation matrix of corresponding causal AR(1) processes, KMS mat-
rix is positive de�nite and is considered due to the wide array of ap-
plications in the literature and its' well known spectral properties (see,
e.g., Fikioris (2018) for a thorough literature review). When carefully
chosen, such a structure could well-approximate a wide array of pos-
sible covariance structures (see, e.g., Yang et al. (2021) for a more gen-
eral approach with various Toeplitz covariance structures). Furthermore,
ε := (ε1, . . . , εn)

′ ∈ Rn×1 d
= N (0, σ2εIn) are unobserved i.i.d. errors with

Eεi = 0, Var(εi) = σ2ε > 0. In practice, the assumption that EXi = 0

can be untenable and it may be appropriate to add an intercept to the
linear model (1.1), however, for simplicity, throughout this chapter we
will assume that the intercept is known and the variables are centered.
Similar settings are considered when dealing with certain geospatial data,
longitudinal studies, microarray data, research on approximate message
passing algorithms (see, e.g., Liang and Zeger (1986), Rangan (2011),
Vila and Schniter (2013), Dicker (2014), Diggle and Giorgi (2019), Patil
and Kim (2020)).

This chapter is concerned with the derivation of the exact and asymp-
totic distributions for the suitably centered and normalized squared norm
∥X′Y ∥22 under the assumption of the KMS type covariance structure in
(2.1), where p and n are assumed large. Throughout the chapter we
assume that p, n → ∞ and p/n → c ∈ (0,∞). We are particularly in-
terested in cases where p > n. Statistics of such form arise in various
applications in the context of high-dimensional linear regression. One
notable example is presented by (1.16), general moments of which are
derived through random matrix theory and Wishart distributions (see,
e.g., Dicker (2014)). Dealing with such statistics typically require strong
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restrictions on the model parameters β, however, in this chapter we only
require that ∥β∥22 < ∞ is satis�ed. Moreover, our results could be ex-
tended by using β-generating functions (e.g., parameters of FARIMA
models). In comparison to the related papers, Carpentier and Verzelen
(2021) assume exact sparsity, while Dicker (2014) require certain approx-
imations to hold.

We approach the problem following an observation by Gaunt (2013)
that the distribution of product of Gaussian random variables admits a
variance-gamma distribution, which results in a set of attractive proper-
ties. We contribute to the literature on variance-gamma distribution by
extending the results of Gaunt (2014, 2018, 2019). We demonstrate that,
along with the derivation of the asymptotic distribution of ∥X′Y ∥22, this
approach allows us to de�ne the exact distribution of the statistic given
any �xed values p, n, which can be expressed through a combination of
gamma and normal random variables. In the related literature we were
not able to �nd results for the exact distribution and asymptotic analysis
of the statistic ∥X′Y ∥22 based on the variance-gamma distribution. Fur-
thermore, we deem that such a result is much easier to work with than
when considering the characteristic or density functions of ∥X′Y ∥22 dir-
ectly. Therefore, in addition to the ℓ2-norm statistic, we argue that the
obtained results can be extended towards alternative forms of the stat-
istic, e.g., by using a di�erent norm, which would reduce the problem
to manipulating variance-gamma distribution, thus suggesting possible
further research cases and useful extensions.

Additionally, we examine a speci�c case of parameter β by consider-
ing βj = j−1, j ≥ 1. Similar structures of the vector β are often found in
the literature when approximate sparsity of the coe�cients in the linear
regression model (1.1) is assumed. See the discussion in Chapter 1 for
a thorough review of wide applications and the importance of such as-
sumption. Furthermore, by performing Monte Carlo simulations, we �nd
that the empirical distributions of the corresponding statistic approach
the limiting distribution reasonably quickly even for large values of ϱ and
c. Such observations suggest that the assumption of sparse structure can
be included in the applications and statistical tests, thus, the results of
this chapter could be further extended following the literature on test-
ing for sparsity or construction of signal-to-noise ratio estimators (see,
e.g., Dicker (2014), Dicker and Erdogdu (2016), Carpentier and Verzelen
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(2019), Carpentier and Verzelen (2021)).

In this chapter, d
=, d→ and P→ denote the equality of distributions,

convergence of distributions and convergence in probability, respectively.
C stands for a generic positive constant which may assume di�erent
values at various locations. 1A denotes the indicator function of a set A.

2.1 Main results

In this section, we formulate the main results on the normality of statistic
∥X′Y ∥22. Introduce the notations:

κ1,p :=

p∑

k=1

p∑

l=1

βkβlϱ
|k−l| = β′Σβ, (2.2)

κ2,p :=

p∑

k=1

( p∑

l=1

βlϱ
|k−l|

)2
= β′Σ2β, (2.3)

κ3,p :=

p∑

k,l,j,j′=1

βjβj′ϱ
|k−j|ϱ|l−j

′|ϱ|k−l| = β′Σ3β. (2.4)

It is easy to see that, under
∑∞

j=1 β
2
j <∞, there exist limits

κi = lim
p→∞

κi,p, i = 1, 2, 3.

Obviously, κ2,p ≥ 0. Moreover, since (ϱ|i−j|)pi,j=1 is positive semi-de�nite,
κi,p ≥ 0, i = 1, 3. Indeed,

∑p
k,l=1 ϱ

|k−l|akal ≥ 0, thus it su�ces to take
ak = βk for i = 1 and ak =

∑p
j=1 βjϱ

|k−j| for i = 3.
Our �rst main result is the following theorem.

Theorem 2.1. Assume the model in (1.1) with covariance structure in

(2.1). Let n→ ∞ and let p = pn satisfy

p→ ∞,
p

n
→ c ∈ (0,∞). (2.5)

Let also the βj satisfy

∞∑

j=1

β2j < ∞. (2.6)
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Then

∥X′Y ∥22 − n2κ2,p − pn(κ1,p + σ2ε)

n3/2
d→ N (0, s2), (2.7)

where variance s2 has the structure

s2 = 4κ22 + 4(κ1 + σ2ε) (2κ2c+ κ3) + 2c(κ1 + σ2ε)
2
(
c+

1 + ϱ2

1− ϱ2

)
. (2.8)

Our second main result deals with the case where the centering se-
quence in (2.7) is modi�ed to include the limiting values of κi,p, i = 1, 2.

Theorem 2.2. Let the assumptions of Theorem 2.1 hold. In addition,

assume that
∑∞

j=p+1 β
2
j = o(p−1/2) and supj≥1 |βj |jα <∞ with α > 1/2.

Then,

∥X′Y ∥22 − n2
(
κ2 + c(κ1 + σ2ε)

)

n3/2
d→ N (0, s2), (2.9)

where variance s2 has the structure by (2.8).

The proofs of these theorems are given in Section 2.4.

Remark 2.1. For alternative expressions of κ1, κ2 and κ3, see Lemma 2.5
below.

De�ne

β(x) :=

∞∑

j=1

β2j x
j , |x| ≤ 1.

The following corollary deals with the case when ϱ = 0, i.e., Σ = Ip.
The result easily follows from Theorem 2.2, noting that in this case
κi = β(1), i = 1, 2, 3.

Corollary 2.1. Assume a model (1.1) with covariance structure Σ = Ip.

Let assumptions (2.5) and (2.6) be satis�ed. In addition, assume that∑∞
j=p+1 β

2
j = o(p−1/2) and supj≥1 |βj |jα <∞ with α > 1/2. Then,

∥X′Y ∥22 − n2(β(1)(1 + c) + cσ2ε)

n3/2
d→ N (0, s2), (2.10)

where

s2 = 2β(1)2
(
4 + 5c+ c2

)
+ 4β(1)σ2ε

(
1 + 3c+ c2

)
+ 2σ4ε(c+ c2). (2.11)
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2.2 Properties of variance gamma distribution

In this section, we de�ne and provide important properties of the
variance-gamma distribution, which will be crucial in proving the main
results of this chapter.

Recall that the variance-gamma distribution with parameters r > 0,
θ ∈ R, σ > 0 and µ ∈ R has density

fVG(x) =
1

σ
√
πΓ(r/2)

eθ(x−µ)/σ
2

( |x− µ|
2
√
θ2 + σ2

)(r−1)/2

× K(r−1)/2

(√
θ2 + σ2

σ2
|x− µ|

)
, (2.12)

where x ∈ R, Kν(x) is the modi�ed Bessel function of the second kind.
For a random variable Q with density (2.12) we write Q d

= VG(r, θ, σ, µ).
Let Γ(a, b), a > 0, b > 0, denote the gamma distribution with density

fG(x) =
ba

Γ(a)
xa−1e−bx, x > 0.

It holds that

Q
d
= µ+ θWr + σ

√
WrU, (2.13)

where Wr
d
= Γ(r/2, 1/2), U d

= N (0, 1), Wr and U are independent. The
characteristic function of Q d

= VG(r, θ, σ, µ) has a form (see, e.g., Madan
et al. (1998), Kotz et al. (2001))

φQ(t) =
eiµt

(1 + σ2t− 2iθt)r/2
, t ∈ R. (2.14)

We note the following properties of the variance-gamma distribution.

1. If Q1
d
= VG(r1, θ, σ, µ1) and Q2

d
= VG(r2, θ, σ, µ2) are independent

random variables, then

Q1 +Q2
d
= VG(r1 + r2, θ, σ, µ1 + µ2).

2. If Q d
= VG(r, θ, σ, µ), then for any a > 0

aQ
d
= VG(r, aθ, aσ, aµ).
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The following proposition is crucial for our purposes.

Proposition 2.1. (i) If (ξ1, ξ2)
′ d

= N2(0,Σ), where Σ =
( σ21 ϱσ1σ2

ϱσ1σ2 σ22

)
, then

ξ1ξ2
d
= VG(1, ϱσ1σ2,

√
1− ϱ2σ1σ2, 0).

(ii) If (ξ1j , ξ2j)
′, j = 1, . . . , n, are i.i.d. random vectors with common

distribution N2(0,Σ), then

n∑

j=1

ξ1jξ2j
d
= VG(n, ϱσ1σ2,

√
1− ϱ2σ1σ2, 0)

and

n∑

j=1

ξ1jξ2j
d
= σ1σ2(ϱWn +

√
1− ϱ2

√
WnU),

where Wn
d
= Γ(n/2, 1/2) and U

d
= N (0, 1) are independent random vari-

ables.

(iii) Assume that (ξ
(1)
1j , . . . , ξ

(p)
1j , ξ2j)

′, j = 1, . . . , n, are i.i.d. copies of

(ξ
(1)
1 , . . . , ξ

(p)
1 , ξ2)

′ d= Np+1(0,Σ
(p)) and let ϱ(kl) := Corr(ξ

(k)
1 , ξ

(l)
1 ), ϱ(k) :=

Corr(ξ
(k)
1 , ξ2), (σ

(k)
1 )2 := Var(ξ

(k)
1 ), σ22 := Var(ξ2), k, l = 1, . . . , p. Then




∑n
j=1 ξ

(1)
1j ξ2j
...∑n

j=1 ξ
(p)
1j ξ2j




d
=




σ
(1)
1 σ2(ϱ

(1)Wn +
√
1− (ϱ(1))2

√
WnU1)

...

σ
(p)
1 σ2(ϱ

(p)Wn +
√
1− (ϱ(p))2

√
WnUp)


 ,

where (U1, . . . , Up)
′ d= Np(0,ΣU ), ΣU = (σ

(kl)
U ) with

σ
(k,l)
U = EUkUl =

ϱ(kl) − ϱ(k)ϱ(l)√
1− (ϱ(k))2

√
1− (ϱ(l))2

, k, l = 1, . . . , p. (2.15)

Proof. The statements in (i), (ii) are well-known, see e.g. Gaunt (2019).
The proof of part (iii) follows from Lemma 2.1.

Lemma 2.1. Assume that (ξ
(1)
1 , . . . , ξ

(p)
1 , ξ2)

′ has distribution

Np+1(0,Σ
(p)) and let ϱ(kl) := Corr(ξ

(k)
1 , ξ

(l)
1 ), ϱ(k) := Corr(ξ

(k)
1 , ξ2),
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(σ
(k)
1 )2 := Var(ξ

(k)
1 ), σ22 := Var(ξ2), k, l = 1, . . . , p. Then




ξ
(1)
1 ξ2
...

ξ
(p)
1 ξ2




d
=




σ
(1)
1 σ2

(
ϱ(1)W1 +

√
1− (ϱ(1))2

√
W1U1

)
...

σ
(p)
1 σ2

(
ϱ(p)W1 +

√
1− (ϱ(p))2

√
W1Up

)


 ,

where W1
d
= Γ(1/2, 1/2), (U1, . . . , Up)

′ is, independent of W1, zero mean

normal vector with covariances in (2.15).

Proof. It su�ces to prove that for any (t1, . . . , tp) ∈ Rp it holds

( p∑

k=1

tkξ
(k)
1

)
ξ2

d
= σ2

p∑

k=1

tkσ
(k)
1

(
ϱ(k)W1 +

√
1− (ϱ(k))2

√
W1Uk

)
.

(2.16)

Since

p∑

k=1

tkξ
(k)
1

d
= N

(
0,

p∑

k,l=1

tktlϱ
(kl)σ

(k)
1 σ

(l)
1

)
, ξ2

d
= N (0, σ22),

by Proposition 2.1(i) we obtain that

( p∑

k=1

tkξ
(k)
1

)
ξ2

d
= VG

(
1, σ2

p∑

k=1

tkϱ
(k)σ

(k)
1 , σ2

√√√√
p∑

k,l=1

tktlσ
(k)
1 σ

(l)
1 (ϱ(kl) − ϱ(k)ϱ(l)), 0

)
.

(2.17)

For the right-hand side of (2.16) write

σ2

p∑

k=1

tkσ
(k)
1

(
ϱ(k)W1 +

√
1− (ϱ(k))2

√
W1Uk

)

=

(
σ2

p∑

k=1

tkσ
(k)
1 ϱ(k)

)
W1 +

(
σ2

p∑

k=1

tkσ
(k)
1

√
1− (ϱ(k))2Uk

)√
W1.
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Here, by (2.15),

σ2

p∑

k=1

tkσ
(k)
1

√
1− (ϱ(k))2Uk

d
= σ2

( p∑

k,l=1

tktlσ
(k)
1 σ

(l)
1

√
1− (ϱ(k))2

√
1− (ϱ(l))2E(UkUl)

)1/2

U1

= σ2

( p∑

k,l=1

tktlσ
(k)
1 σ

(l)
1 (ϱ(kl) − ϱ(k)ϱ(l))

)1/2

U1.

Note that U1
d
= N (0, 1). So that,

σ2

p∑

k=1

tkσ
(k)
1

(
ϱ(k)W1 +

√
1− (ϱ(k))2

√
W1Uk

) d
=

(
σ2

p∑

k=1

tkσ
(k)
1 ϱ(k)

)
W1

+ σ2

( p∑

k,l=1

tktlσ
(k)
1 σ

(l)
1 (ϱ(kl) − ϱ(k)ϱ(l))

)1/2√
W1U1,

which, by representation (2.13), has the same VG distribution as that in
(2.17). This proves (2.16).

2.3 Some auxiliary lemmas

In this section, we establish some auxiliary results that will be used in
the proofs of Theorems 2.1 and 2.2. Here and throughout this chapter
we remove the upper indices when working with triangular schemes of
random variables, e.g., (V1, . . . , Vp) ≡ (V

(p)
1 , . . . , V

(p)
p ), whenever it is

clear from the context.

Lemma 2.2. Let V = (V1, . . . , Vp)
′ d= Np(0,Σ

(p)
V ), where Σ

(p)
V is positive

de�nite covariance matrix and tr((Σ
(p)
V )2) = o(p2), p→ ∞. Then

1

p

p∑

k=1

(
V 2
k − EV 2

k

) P→ 0 as p→ ∞. (2.18)

If, in addition, p−1 tr(Σ
(p)
V ) → 1, then

1

p

p∑

k=1

V 2
k

P→ 1 as p→ ∞. (2.19)
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Proof. Due to the Spectral Theorem, we have

V ′V =

p∑

k=1

V 2
k

d
=

p∑

j=1

λ
(p)
j Z̃2

j , (2.20)

where Z̃j are i.i.d. standard normal variables and λ(p)1 , . . . , λ
(p)
p are the

eigenvalues of Σ(p)
V . Observe from (2.20) that

EV ′V =

p∑

j=1

λ
(p)
j = tr(Σ

(p)
V ), (2.21)

Var(V ′V ) = Var
( p∑

j=1

λ
(p)
j Z̃2

j

)
= 2

p∑

j=1

(λ
(p)
j )2 = 2 tr((Σ

(p)
V )2). (2.22)

Thus, by (2.21)�(2.22), for any ϵ > 0

P
(∣∣∣1
p

(
V ′V − EV ′V

)∣∣∣ > ϵ
)

≤ Var(V ′V )

p2ϵ2
→ 0, p→ ∞,

and the relation in (2.18) follows due to assumption tr((Σ
(p)
V )2) = o(p2).

Finally, if p−1 tr(Σ
(p)
V ) → 1, by (2.21), the result (2.18) leads to (2.19).

Remark 2.2. The assumption on matrix ΣV = Σ
(p)
V in Lemma 2.2,

requiring that tr(Σ2
V ) = o(p2), is not overly restrictive: assume, for

example, that ΣV = (σ(i,j)) is any KMS type covariance matrix, as in
(2.1). Then it is straightforward to see that

tr(Σ2
V ) =

p∑

i,j=1

(σ(i,j))2 =

p∑

i,j=1

ϱ2|i−j|

=
∑

|m|<p
(p− |m|)ϱ2|m| ≤ p

∑

|m|<p
|m|ϱ2|m| = O(p).

Lemma 2.3. Assume that Z̃1, Z̃2, . . . are i.i.d. N (0, 1) random vari-

ables. For any p ∈ N de�ne

ζ
(p)
j := ν

(p)
j (Z̃2

j − 1) + γ
(p)
j

√
pZ̃j , j = 1, . . . , p, (2.23)

where ν
(p)
j , j = 1, . . . , p, are positive scalars, and γ

(p)
j , j = 1, . . . , p, are
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real scalars, such that

p∑

j=1

(ν
(p)
j )3 = o

(( p∑

j=1

Var
(
ζ
(p)
j

))3/2)
, (2.24)

p

p∑

j=1

(γ
(p)
j )2ν

(p)
j = o

(( p∑

j=1

Var
(
ζ
(p)
j

))3/2)
(2.25)

with Var(ζ
(p)
j ) = 2(ν

(p)
j )2 + p(γ

(p)
j )2. Then, as p→ ∞,

∑p
j=1 ζ

(p)
j√∑p

j=1Var(ζ
(p)
j )

d→ N (0, 1). (2.26)

Proof. The proof uses the method of cumulants and is structured as
follows:

1. we establish the moment-generating function of ζ(p)j , M
ζ
(p)
j

(t) :=

Eetζ
(p)
j , and log

(
M
ζ
(p)
j

(t)
)
;

2. we �nd G(t; p) which corresponds to the cumulant generating func-
tion of the sum

∑p
j=1 ζ

(p)
j ;

3. we �nd K(t; p) := G

(
t√∑p

j=1(2(ν
(p)
j )2 + p(γ

(p)
j )2)

; p

)
, which cor-

responds to the cumulant generating function of the left hand side
of (2.26);

4. �nally, in order to prove (2.26), we show that the cumulants κ(p)
j ,

generated by K(t; p), satisfy κ(p)
1 = 0, κ(p)

2 = 1 and κ(p)
d → 0,

d = 3, 4, . . . , as p→ ∞.

Step 1. First, rewrite

ζ
(p)
j = ν

(p)
j

(
Z̃j +

γ
(p)
j

√
p

2ν
(p)
j

)2

− ν
(p)
j −

(γ
(p)
j )2p

4ν
(p)
j

. (2.27)

Here, ψ(p)
j :=

(
Z̃j +

γ
(p)
j

√
p

2ν
(p)
j

)2
has a non-central chi-squared distribution
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with the following moment-generating function:

M
ψ
(p)
j

(t) := Eetψ
(p)
j = (1− 2t)−1/2 exp

{(
γ
(p)
j

2ν
(p)
j

)2

tp(1− 2t)−1

}
,(2.28)

for |t| < 1
2 . Therefore, by (2.27) and (2.28),

M
ζ
(p)
j

(t) = M
ψ
(p)
j

(ν
(p)
j t) exp

{
− tν

(p)
j − tp

(
γ
(p)
j

2ν
(p)
j

)2}

=
(
1− 2ν

(p)
j t
)− 1

2 exp

{
(γ

(p)
j )2

4ν
(p)
j

tp
(
1− 2ν

(p)
j t
)−1 − t

(
ν
(p)
j +

(γ
(p)
j )2p

4ν
(p)
j

)}
,

for |t| < (2ν
(p)
j )−1, and

log
(
M
ζ
(p)
j

(t)
)

=

(
γ
(p)
j

2ν
(p)
j

)2

ptν
(p)
j

(
1− 2ν

(p)
j t
)−1 − 1

2
log
(
1− 2ν

(p)
j t
)

− t

(
ν
(p)
j +

(γ
(p)
j )2p

4ν
(p)
j

)

=
1

2

(
(γ

(p)
j )2p+ 2(ν

(p)
j )2

)
t2 +

(γ
(p)
j )2p

2

∞∑

k=3

tk2k−2(ν
(p)
j )k−2

+
1

2

∞∑

k=3

2k(ν
(p)
j )ktk

k
.

Step 2. Since ζ(p)1 , . . . , ζ
(p)
j are independent, we have that

G(t; p) =

p∑

j=1

logM
ζ
(p)
j

(t) =
t2

2

p∑

j=1

(
(γ

(p)
j )2p+ 2(ν

(p)
j )2

)

+
p

2

∞∑

k=3

2k−2tk
p∑

j=1

(γ
(p)
j )2(ν

(p)
j )k−2 +

1

2

∞∑

k=3

2k

k
tk

p∑

j=1

(ν
(p)
j )k.

Step 3. It is straightforward to see that

K(t; p) = G

(
t√∑p

j=1

(
2(ν

(p)
j )2 + p(γ

(p)
j )2

) ; p
)
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=
t2

2
+

1

2

∞∑

k=3

2k−2tk
p
∑p

j=1(γ
(p)
j )2(ν

(p)
j )k−2

(∑p
j=1(2(ν

(p)
j )2 + (γ

(p)
j )2p)

)k/2

+
1

2

∞∑

k=3

2k

k
tk

∑p
j=1(ν

(p)
j )k

(∑p
j=1(2(ν

(p)
j )2 + (γ

(p)
j )2p)

)k/2 =
∞∑

k=1

κ(p)
k

tk

k!
,

where κ(p)
1 = 0, κ(p)

2 = 1, and for k ≥ 3,

κ(p)
k =

k!2k−3p
∑p

j=1(γ
(p)
j )2(ν

(p)
j )k−2 + (k − 1)!2k−1

∑p
j=1(ν

(p)
j )k

(∑p
j=1(2(ν

(p)
j )2 + (γ

(p)
j )2p)

)k/2 .

(2.29)

Step 4. In order to prove that (2.26) holds, it remains to show that, as
p → ∞, κ(p)

d → 0 for all d ≥ 3. By (2.29), it is equivalent to showing
that for any �xed k ≥ 3, as p→ ∞,

∑p
j=1(ν

(p)
j )k

(∑p
j=1

(
2(ν

(p)
j )2 + (γ

(p)
j )2p

))k/2 → 0, (2.30)

p
∑p

j=1(γ
(p)
j )2(ν

(p)
j )k−2

(∑p
j=1

(
2(ν

(p)
j )2 + (γ

(p)
j )2p

))k/2 → 0. (2.31)

In order to prove (2.30) we use induction. The case for k = 3 holds by
assumption. Assuming that (2.30) holds for �xed k ≥ 3, we have

∑p
j=1(ν

(p)
j )k+1

(∑p
j=1

(
2(ν

(p)
j )2 + (γ

(p)
j )2p

))(k+1)/2

≤
(∑p

j′=1(ν
(p)
j′ )2

)1/2∑p
j=1(ν

(p)
j )k

(∑p
j=1

(
2(ν

(p)
j )2 + (γ

(p)
j )2p

))(k+1)/2

≤
(∑p

j′=1

(
2(ν

(p)
j′ )2 + (γ

(p)
j′ )2p

))1/2∑p
j=1(ν

(p)
j )k

(∑p
j=1

(
2(ν

(p)
j )2 + (γ

(p)
j )2p

))(k+1)/2

=

∑p
j=1(ν

(p)
j )k

(∑p
j=1

(
2(ν

(p)
j )2 + (γ

(p)
j )2p

))k/2 → 0,

concluding that (2.30) holds for all k ≥ 3. The proof for (2.31) is analog-
ous: the case for k = 3 holds by assumption, thus, we repeat the same
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arguments as with (2.30) and conclude that (2.31) holds for all k ≥ 3.
This concludes the proof of the lemma.

2.4 Proof of the main result

In this section, we give the proofs of Theorems 2.1 and 2.2. Throughout
the proofs, we express corresponding constants in terms of κi,p and κi,
i = 1, 2, 3, introduced in (2.2)�(2.4). Recall that κi,p ≥ 0, and, by
Remark 2.3, κi <∞, for i = 1, 2, 3.

Proof of Theorem 2.1. Write

∥X′Y ∥22 = H2
1 + · · ·+H2

p =: H,

where

Hk :=
n∑

j=1

Xk,j

( p∑

l=1

βlXl,j + εj

)
, k = 1, . . . , p.

Denote Zj :=
∑p

l=1 βlXl,j + εj , j = 1, . . . , n. By covariance structure

(2.1) and Xk,j
d
= N (0, 1), εj

d
= N (0, σ2ε), we have Zj

d
= N (0, σ2Z), where

σ2Z =
∑p

l,l′=1 βlβl′ϱ
|l−l′| + σ2ε and Cov(Xk,j , Zj) =

∑p
l=1 βlϱ

|k−l|.

Applying Proposition 2.1(iii) with ξ(k)1j = Xk,j , ξ2j = Zj , and σ
(k)
1 =

1, σ2,p = σZ , θ
(p)
k := ϱ(k) = σ−1

Z

∑p
l=1 βlϱ

|k−l|, where ϱ(kl) = ϱ|k−l|, we
obtain that

∥X′Y ∥22
d
= σ22,p

p∑

k=1

(
θ
(p)
k Wn +

√
1− (θ

(p)
k )2

√
WnUk

)2
,

where Wn
d
= Γ(n/2, 1/2) and (U1, . . . , Up)

′ d
= N (0,Σ

(p)
U ) with

Σ
(p)
U = (σ

(k,l)
U ) de�ned as (see (2.15)):

σ
(k,l)
U =

ϱ|k−l| − θ
(p)
k θ

(p)
l√

1− (θ
(p)
k )2

√
1− (θ

(p)
l )2

, k, l = 1, . . . , p. (2.32)

By expanding the square we can write

∥X′Y ∥22
d
= σ22,p

(
(Wn − EWn + EWn)

2
p∑

k=1

(θ
(p)
k )2
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+ 2W 3/2
n

p∑

k=1

θ
(p)
k

√
1− (θ

(p)
k )2Uk

+ (Wn − EWn)

p∑

k=1

(
1− (θ

(p)
k )2

)
U2
k

+ EWn

p∑

k=1

(
1− (θ

(p)
k )2

)
U2
k

)
.

(2.33)

By further rearranging the right-hand side, we have

∥X′Y ∥22
n3/2

d
= I1 + I2 + I3 + I4, (2.34)

where

I1 :=
σ22,p

n3/2
(Wn − EWn)

2
p∑

k=1

(θ
(p)
k )2, (2.35)

I2 :=
σ22,p

n3/2
(Wn − EWn)

(
2EWn

p∑

k=1

(θ
(p)
k )2 +

p∑

k=1

(1− (θ
(p)
k )2)U2

k

)
,(2.36)

I3 :=
σ22,p

n3/2
2W 3/2

n

p∑

k=1

θ
(p)
k

√
1− (θ

(p)
k )2Uk

+
σ22,p

n3/2
EWn

p∑

k=1

(
(1− (θ

(p)
k )2)U2

k − 1
)
, (2.37)

I4 :=
σ22,p

n3/2

(
pEWn + (EWn)

2
p∑

k=1

(θ
(p)
k )2

)
. (2.38)

We will show that, as p, n → ∞, p/n → c ∈ (0,∞), the term
I1 = oP (1), while the terms I2 and I3 are asymptotically normal.
More precisely, we will show that I2

d→ N (0, s21) and I3
d→ N (0, s22),

where s21 and s22 are given by (2.44) and (2.62) below. Here, since Wn

and (U1, . . . , Up)
′ are mutually independent for each n, it follows that

I2 + I3
d→ N (0, s21 + s22). Finally, the term I4 de�nes the mean of the

statistic, i.e.

∥X′Y ∥22
n3/2

− I4
d→ N (0, s21 + s22). (2.39)
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Thus, we will conclude by establishing that I4 =
√
n(κ2,p + pn−1(κ1,p +

σ2ε)), while s
2
1 + s22 = s2, as in the statement of the theorem.

First, consider I1 de�ned in (2.35). We will show that I1 = oP (1).
Denote

c2 := lim
p→∞

p∑

k=1

(θ
(p)
k )2 = (κ1 + σ2ε)

−1κ2, σ22 := lim
p→∞

σ22,p = κ1 + σ2ε .

(2.40)

It is clear that c2 <∞ and σ22 <∞. Recall that, by CLT,

Wn − EWn

n1/2
d→ N (0, 2). (2.41)

Therefore,

I1 = O(1)n−1/2
(Wn − EWn

n1/2

)2
= o(1)OP (1) = oP (1). (2.42)

Second, consider I2, de�ned in (2.36). We will show that

I2
d→ N (0, s21) (2.43)

with s21 given by

s21 = 2σ42(2c2 + c)2 = 8κ22 + 8c(κ1 + σ2ε)κ2 + 2c2(κ1 + σ2ε)
2. (2.44)

Rewrite

I2 = σ22,p
Wn − EWn

n1/2

(2EWn

n

p∑

k=1

(θ
(p)
k )2 +

1

n

p∑

k=1

(1− (θ
(p)
k )2)U2

k

)
.

(2.45)

Applying (2.40) and (2.41) for the outer term of (2.45), we obtain

σ22,p
Wn − EWn

n1/2
d→ N (0, 2σ42).

We will show that the inner term of (2.45) approaches 2c2 + c. Since
EWn = n, by (2.40) and assumption p/n → c it su�ces to prove the
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convergence

1

p

p∑

k=1

(1− (θ
(p)
k )2)U2

k
P→ 1. (2.46)

Denote matrix

A := diag
(
1− (θ

(p)
1 )2, . . . , 1− (θ(p)p )2

)
. (2.47)

To prove (2.46) we apply Lemma 2.2 with Vj =
√

1− (θ
(p)
j )2Uj ,

j = 1, . . . , p, and Σ
(p)
V = A1/2ΣUA

1/2. Obviously, the condi-
tions of Lemma 2.2 will hold if tr((A1/2ΣUA

1/2)2) = O(p) and
p−1 tr(A1/2ΣUA

1/2) → 1, as p→ ∞. Observe, that

tr((A1/2ΣUA
1/2)2) = tr((AΣU )

2)

=

p∑

k=1

p∑

k′=1

(1− (θ
(p)
k )2)(1− (θ

(p)
k′ )

2)(σ
(k,k′)
U )2

=

p∑

k=1

p∑

k′=1

(
ϱ2|k−k

′| − 2ϱ|k−k
′|θ(p)k θ

(p)
k′ + (θ

(p)
k )2(θ

(p)
k′ )

2
)

=

p∑

k=1

p∑

k′=1

ϱ2|k−k
′| − 2(κ1,p + σ2ε)

−1κ3,p

+ (κ1,p + σ2ε)
−2κ22,p

=

p∑

k=1

p∑

k′=1

ϱ2|k−k
′| + o(p) ∼ p

1 + ϱ2

1− ϱ2
, (2.48)

since κi < ∞, i = 1, 2, 3 and κ1,p ≥ 0. Here we used (2.40) and the
observation that

p∑

k=1

p∑

k′=1

ϱ|k−k
′|θ(p)k θ

(p)
k′ =

κ3,p
κ1,p + σ2ε

→ κ3
κ1 + σ2ε

, as p→ ∞. (2.49)

Similarly, we have

1

p
tr(A1/2ΣUA

1/2) =
1

p

p∑

k=1

(1− (θ
(p)
k )2) = 1 − κ2,p

p(κ1,p + σ2ε)
→ 1,

since, by Lemma A.4, κ2,p = o(p), while κ1,p ≥ 0, κ1 < ∞. This
concludes the proof of (2.46).
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Next, consider I3, de�ned by (2.37). We will show that

I3
d→ N (0, s22), (2.50)

with s22 de�ned in (2.62). Write

I3 = σ22,p

(
2
W

3/2
n

n3/2
b′U + n−1/2(U ′AU − p)

)
,

where U = (U1, . . . , Up)
′, A is de�ned by (2.47), and

b =
(
θ
(p)
1

√
1− (θ

(p)
1 )2, . . . , θ(p)p

√
1− (θ

(p)
p )2

)′
.

Observe that n−3/2W
3/2
n

P→ 1 due to the Law of Large Numbers.
Thus, since Wn and U are independent for any n and p/n→ c, it follows
that

I3 = σ22,p

(
2b′U +

√
c

p

(
U ′AU − p

) )
+ oP (1). (2.51)

First, we consider the inner term of (2.51) and show, that, as p → ∞,

2b′U +

√
c

p
(UAU ′ − p)

d→ V2, (2.52)

where V2
d
= N (0, σ−4

2 s22). Then, (2.50) readily follows from (2.51).

Recall, that U d
= Np(0,ΣU ), ΣU > 0. Further, let Z̃ d

= Np(0, Ip).

Clearly, one has that U d
= Σ

1/2
U Z̃, where Σ

1/2
U denotes the symmetric

square root of ΣU . By the Spectral Theorem, we construct V := P ′Z̃,
where V d

= Np(0, Ip) and P is an orthogonal matrix that diagonalizes
Σ
1/2
U AΣ

1/2
U , such, that P ′Σ1/2

U AΣ
1/2
U P = Λ, with Λ = diag(λ

(p)
1 , . . . , λ

(p)
p )

comprised of the eigenvalues of Σ1/2
U AΣ

1/2
U . Then,

√
c√
p

(
U ′AU − p

)
+ 2b′U d

=

√
c√
p

(
V ′ΛV − p

)
+ 2b′Σ1/2

U PV

=

√
c√
p

( p∑

j=1

(
λ
(p)
j (V 2

j − 1) + g
(p)
j

√
pVj

))

=:

√
c√
p

p∑

j=1

Ṽ
(p)
j , (2.53)
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where (g
(p)
1 , . . . , g

(p)
p ) = 2c−1/2b′Σ1/2

U P , and

Ṽ
(p)
j := λ

(p)
j (V 2

j − 1) + g
(p)
j

√
pVj , j = 1, . . . , p. (2.54)

Clearly, EṼ (p)
j = 0 and E(Ṽ (p)

j )2 = 2(λ
(p)
j )2+(g

(p)
j )2p. Therefore, proving

the result (2.52) is equivalent to showing:

√
c√
p

p∑

j=1

Ṽ
(p)
j

d→ N (0, σ−4
2 s22), (2.55)

where

σ−4
2 s22 = c lim

p→∞
p−1

p∑

j=1

E(Ṽ (p)
j )2

= 2c lim
p→∞

p−1
p∑

j=1

(λ
(p)
j )2 + c lim

p→∞

p∑

j=1

(g
(p)
j )2. (2.56)

We prove (2.55) by applying Lemma 2.3 with ν(p)j = λ
(p)
j as the eigen-

values of Σ1/2
U AΣ

1/2
U and γ(p)j = g

(p)
j . By the conditions of Lemma 2.3,

we need to show that the following holds:

p∑

j=1

(λ
(p)
j )3 + p

p∑

j=1

(g
(p)
j )2λ

(p)
j = o

(( p∑

j=1

(
2(λ

(p)
j )2 + (g

(p)
j )2p

))3/2)
.

(2.57)

First, observe that p−1
∑p

j=1(2(λ
(p)
j )2 + (g

(p)
j )2p) → C ∈ (0,∞). Indeed,

we have that
∑p

j=1(g
(p)
j )2 → Cg ∈ (0,∞), since

p∑

j=1

(g
(p)
j )2 = 4c−1(b′Σ1/2

U P )(b′Σ1/2
U P )′ = 4c−1b′ΣUb

= 4c−1
p∑

j=1

p∑

j′=1

θ
(p)
j θ

(p)
j′

√
1− (θ

(p)
j )2

√
1− (θ

(p)
j′ )2σ

(j,j′)
U

= 4c−1
p∑

j=1

p∑

j′=1

θ
(p)
j θ

(p)
j′

(
ϱ|j−j

′| − θ
(p)
j θ

(p)
j′

)

→ 4c−1
(
κ1 + σ2ε

)−1
κ3 − 4c−1

(
κ1 + σ2ε

)−2
κ22 = Cg

(2.58)
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by (2.40) and (2.49).
Next, by (2.48), we �nd that p−1

∑p
j=1(λ

(p)
j )2 → Cλ ∈ (0,∞). In-

deed, by (2.48), we have

p∑

j=1

(λ
(p)
j )2 = tr ((Σ

1/2
U AΣ

1/2
U )2) = tr ((ΣUA)

2)

=

p∑

j=1

p∑

j′=1

ϱ2|j−j
′| + o(p) ∼ p

1 + ϱ2

1− ϱ2
. (2.59)

Thus, by (2.58) and (2.59), it follows that p−1
∑p

j=1(2c(λ
(p)
j )2 +

(g
(p)
j )2p) → C ∈ (0,∞) and condition (2.57) reduces to:

p∑

j=1

(λ
(p)
j )3 + p

p∑

j=1

(g
(p)
j )2λ

(p)
j = o(p3/2). (2.60)

We show that (2.60) holds. For the �rst term of (2.60), we have

p∑

j=1

(λ
(p)
j )3 = tr((Σ

1/2
U AΣ

1/2
U )3) = tr((ΣUA)

3)

=

p∑

i,j,k=1

(
1− (θ

(p)
i )2

)(
1− (θ

(p)
k )2

)(
1− (θ

(p)
j )2

)
σ
(i,j)
U σ

(i,k)
U σ

(k,j)
U

=

p∑

i,j,k=1

(
ϱ|i−j| + θ

(p)
i θ

(p)
j

)(
ϱ|i−k| + θ

(p)
i θ

(p)
k

)(
ϱ|k−j| + θ

(p)
k θ

(p)
j

)

= o(p3/2), (2.61)

where the last equality follows from Lemma A.5. For the second term of
(2.60), observe, that by Hölder's inequality and (2.61),

p

p∑

j=1

(g
(p)
j )2λ

(p)
j ≤ p

( p∑

j=1

|g(p)j |3
)2/3( p∑

j=1

(λ
(p)
j )3

)1/3

= p3/2O(1)

(∑p
j=1(λ

(p)
j )3

p3/2

)1/3

= o(p3/2).

This concludes with (2.60), ensuring that the conditions of Lemma 2.3
hold.

Now we can establish the expression for s22. By (2.40), (2.56), (2.58)
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and (2.59),

s22 = σ42 lim
p→∞

p∑

j=1

(
2p−1c(λ

(p)
j )2 + c(g

(p)
j )2

)

= σ42 lim
p→∞

2c

p

( p∑

k=1

p∑

k′=1

ϱ2|k−k
′| + o(p)

)
+ 4σ42

(
κ1 + σ2ε

)−1
κ3

− 4σ42
(
κ1 + σ2ε

)−2
κ22

= 2c
1 + ϱ2

1− ϱ2
(κ1 + σ2ε)

2 + 4(κ1 + σ2ε)κ3 − 4κ22. (2.62)

By (2.44) and (2.62), recalling that s2 = s21 + s22, we have that

s2 = 4κ22 + 4(κ1 + σ2ε) (2κ2c+ κ3) + 2c(κ1 + σ2ε)
2
(
c+

1 + ϱ2

1− ϱ2

)
.(2.63)

Finally, consider I4, de�ned by (2.38). Since EWn = n, we have that

I4 =
κ1,p + σ2ε
n3/2

(
n2

κ2,p
κ1,p + σ2ε

+ pn
)

=
√
n
(
κ2,p +

p

n
(κ1,p + σ2ε)

)
.

(2.64)

By (2.34), having established the 4 parts by (2.35)�(2.38), we proved
that (2.39) holds due to (2.42), (2.43), (2.50), (2.62), with terms (2.63)
and (2.64), as in the statement of the theorem, thus concluding the
proof.

Before proceeding with the proof of Theorem 2.2, we establish the
following lemma that ensures O(p−1/2) convergence rate for κ1,p and
κ2,p, appearing in Theorem 2.1, under additional restrictions for the
parameters βj .

Lemma 2.4. Assume that
∑∞

j=p+1 β
2
j = o(p−1/2) and

supj≥1 |βj |jα < ∞, α > 1/2, and |ϱ| < 1. Then,

1. κ1 = κ1,p + o(p−1/2),

2. κ2 = κ2,p + o(p−1/2).

Proof. For the proof see Appendix, Section A.2.
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Proof of Theorem 2.2. Rewrite the left-hand side of (2.9) as follows:

∥X′Y ∥22 − n2(κ2 + c(κ1 + σ2ε))

n3/2
=

∥X′Y ∥22 − n2κ2,p − pn(κ1,p + σ2ε)

n3/2

+
√
n(κ2,p − κ2) +

√
nc(κ1,p − κ1)

+ o(1).

It remains to apply Lemma 2.4 and Theorem 2.1 in order to conclude
the proof of the theorem.

We end this section by deriving two supporting results that allows us
to derive convenient alternative expressions for the terms κ1, κ2 and κ3.
For this, we introduce functions β(·) and b(·) by De�nition 2.1 below,
which, under the assumptions of Theorem 2.1 and a given structure of
βj 's, requires only to evaluate the terms β(1), β(ϱ), β(ϱ2) and b1(ϱ), b2(ϱ).
Then, due to Lemma 2.5 below, the expressions for κ1, κ2 and κ3 readily
follow.

Definition 2.1. Assume that
∑∞

j=1 β
2
j <∞ and |ϱ| ≤ 1. De�ne,

β(ϱ) :=

∞∑

j=1

β2j ϱ
j , (2.65)

b1(ϱ) :=

∞∑

j′=2

j′−1∑

j=1

βjβj′ϱ
j′−j , (2.66)

b2(ϱ) :=

∞∑

j=2

j−1∑

j′=1

βjβj′ϱ
j+j′ , (2.67)

and de�ne the following quantities which involve derivatives of (2.65)�
(2.67):

β(1)(ϱ) := ϱ
dβ(ϱ)

dϱ
=

∞∑

j=1

jβ2j ϱ
j , (2.68)

b
(1)
1 (ϱ) := ϱ

db1(ϱ)

dϱ
=

∞∑

j′=2

j′−1∑

j=1

βjβj′ϱ
j′−j(j′ − j), (2.69)

b
(1)
2 (ϱ) := ϱ

db2(ϱ)

dϱ
=

∞∑

j′=2

j′−1∑

j=1

βjβj′ϱ
j′+j(j′ + j), (2.70)

53



b(2)(ϱ) := ϱ2
d2b1(ϱ)

dϱ2
+ b

(1)
1 (ϱ) =

∞∑

j′=2

j′−1∑

j=1

βjβj′ϱ
j′−j(j′ − j)2. (2.71)

Note, that, by the rules of di�erentiation of power series, the functions
(2.68)�(2.71) are well de�ned.

Lemma 2.5. Let the assumptions of Theorem 2.1 hold. Let κ1, κ2 and

κ3 be given by (2.2), (2.3) and (2.4), respectively. Then, under notation

in De�nition 2.1, the following identities hold:

1. κ1 = β(1) + 2b1(ϱ),

2. κ2 = β(1)
1 + ϱ2

1− ϱ2
− β(ϱ2)

1

1− ϱ2

+ 2
(
b
(1)
1 (ϱ) + b1(ϱ)

1 + ϱ2

1− ϱ2
− b2(ϱ)

1

1− ϱ2

)
,

3. κ3 =
1

1− ϱ2
(
3b

(1)
1 (ϱ)(1 + ϱ2)− 2

(
b
(1)
2 (ϱ) + β(1)(ϱ2)

))
+ b(2)(ϱ)

+
1

(1− ϱ2)2
(1 + 4ϱ2 + ϱ4)(β(1) + 2b1(ϱ))

− 1

(1− ϱ2)2
(1 + 3ϱ2)(β(ϱ2) + 2b2(ϱ)).

Proof. See the proof in Appendix A.1.

Remark 2.3. From the assumptions of De�nition 2.1 it follows that
β(1), |β(ϱ)|, |b1(ϱ)|, |b2(ϱ)| < ∞ for |ϱ| < 1. Thus, it follows from
Lemma 2.5 that κi <∞, i = 1, 2, 3.

Proof of Remark 2.3. Cases for β(1) and β(ϱ) follow straightforwardly
from the assumptions. Consider b1(ϱ). Note, that for any p,

|b1(ϱ)| ≤
∞∑

l1,l2=1

|βl1 ||βl2 ||ϱ||l1−l2|

=

∞∑

l1,l2=1

(
|βl1 ||ϱ||l1−l2|/2

)(
|βl2 ||ϱ||l1−l2|/2

)

≤ (1/2)
∞∑

l1,l2=1

(
β2l1 |ϱ||l1−l2| + β2l2 |ϱ||l1−l2|

)

=

∞∑

l1=1

β2l1

∞∑

l2=1

|ϱ||l1−l2| ≤ β(1)
1 + |ϱ|
1− |ϱ| < ∞
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by (A.24). In a similar manner, it is easy to see that |b2(ϱ)| ≤ β(1) |ϱ|
1−|ϱ| .

2.5 Approximate sparsity: an example

In this section, we study the case when coe�cients βj decay hyperbolic-
ally, i.e., βj = j−1, j ≥ 1. This assumption is analogous to the assump-
tion of approximate sparsity, as de�ned by Belloni and Chernozhukov
(2011), reviewed in greater detail in Chapter 1.

In order to derive the quantities in Theorem 2.2, we apply the results
of Lemma 2.5. For this, we establish the expressions for the quantities
in De�nition 2.1.

De�ne the real dilogarithm function (see, e.g., Morris (1979)):

Li2(x) = −
∫ x

0

log(1− u)

u
du, x ≤ 1, x ∈ R. (2.72)

(Here and below,
∫ x
0 = −

∫ 0
x if x ≤ 0.) For |x| ≤ 1 the real dilogarithm

has a series representation,

Li2(x) =
∞∑

k=1

xk

k2
. (2.73)

Then,

β(1) =
∞∑

j=1

1

j2
=

π2

6
, β(ϱ) =

∞∑

j=1

ϱj

j2
= Li2(ϱ).

Additionally, we have

d

dϱ
Li2(ϱ) = − log(1− ϱ)

ϱ
. (2.74)

Thus, by (2.68) and (2.74), we establish

β(1)(ϱ) = ϱ
d

dϱ
β(ϱ) = ϱ

d

dϱ
Li2(ϱ) = − log(1− ϱ).
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Next, note that

b1(ϱ) =
∞∑

i=2

i−1∑

j=1

ϱi−j

ij
=

∞∑

i=2

i−1∑

k=1

ϱk

i(i− k)

=

∞∑

k=1

ϱk
∞∑

i=k+1

1

i(i− k)
=

∞∑

k=1

ϱk

k

k∑

l=1

1

l

=

∞∑

l=1

1

l

∞∑

k=l

ϱk

k
=

∞∑

l=1

1

l

∫ ϱ

0

xl−1

1− x
dx

= −
∫ ϱ

0

log(1− x)

x(1− x)
dx =

log2(1− ϱ)

2
+ Li2(ϱ), (2.75)

where we have used identities

∞∑

i=k+1

1

i(i− k)
=

1

k

k∑

l=1

1

l
, k ≥ 1,

∞∑

k=l

ϱk

k
=

∫ ϱ

0

xl−1

1− x
dx

and (2.72). Then, by (2.69), (2.74) and (2.75),

b
(1)
1 (ϱ) = ϱ

d

dϱ
b1(ϱ) = − log(1− ϱ)

1− ϱ
,

whereas by (2.71),

b(2)(ϱ) = ϱ2
d2b1(ϱ)

dϱ2
+ b

(1)
1 (ϱ) =

ϱ− ϱ log(1− ϱ)

(1− ϱ)2
.

Further, note that

b2(ϱ) =

∞∑

i=2

i−1∑

j=1

ϱi+j

ij
=

∞∑

i=2

ϱi

i

i−1∑

j=1

ϱj

j
=

∞∑

i=2

ϱi

i

∫ ϱ

0

i−1∑

j=1

xj−1 dx

=
∞∑

i=1

ϱi+1

i+ 1

∫ ϱ

0

1− xi

1− x
dx

= − log(1− ϱ)

( ∞∑

i=1

ϱi

i
− ϱ

)
−
∫ ϱ

0

( ∞∑

i=1

ϱi

i

xi−1

1− x
− ϱ

1

1− x

)
dx

= − log(1− ϱ)

∞∑

i=1

ϱi

i
−
∫ ϱ

0

∞∑

i=1

(ϱx)i

i

1

x(1− x)
dx

= log2(1− ϱ) +

∫ ϱ

0

log(1− ϱx)

x(1− x)
dx
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=
1

2

(
log2(1− ϱ)− Li2(ϱ

2)
)
, (2.76)

where the last equality follows from Lemma A.1. Next, by (2.69), (2.74)
and (2.76) we have

b
(1)
2 (ϱ) = log

(
1− ϱ2

)
− ϱ log(1− ϱ)

1− ϱ
.

Thus, we can apply Lemma 2.5(i) and arrive at the following expression
for κ1:

κ1 =
π2

6
+ log2(1− ϱ) + 2Li2(ϱ). (2.77)

Similarly, for κ2, by collecting and simplifying the terms, by
Lemma 2.5(ii) and Lemma A.1, we have

κ2 =
1 + ϱ2

1− ϱ2

(π2
6

+ 2Li2(ϱ)
)

− 2 log(1− ϱ)

1− ϱ
+ log2(1− ϱ)

ϱ2

1− ϱ2

=
1

1− ϱ2
(
(1 + ϱ2)κ1 − log2(1− ϱ)− 2(1 + ϱ) log(1− ϱ)

)
. (2.78)

Lastly, for κ3, by Lemma 2.5(iii), through simpli�cation of terms, we get

κ3 =
1

(1− ϱ2)2

(
(1 + 4ϱ2 + ϱ4)

(π2
6

+ 2Li2(ϱ)
)
+ log2(1− ϱ)ϱ2(1 + ϱ2)

− (3− ϱ+ 4ϱ2)(1 + ϱ) log(1− ϱ) + ϱ(1 + ϱ)2
)

=
1

(1− ϱ2)2

(
(−1 + ϱ+ 2ϱ2)(1 + ϱ) log(1− ϱ) + ϱ(1 + ϱ)2 − 2ϱ4κ1

)

+ κ2
1 + 3ϱ2

1− ϱ2
. (2.79)

This allows us to apply Theorem 2.2 under the considered speci�ca-
tion of the parameter β, and conclude with the following corollary.

Corollary 2.2. Assume a model (1.1) with (2.1) covariance structure

and consider βj := j−1, j = 1, . . . , p. Let p = pn satis�es

p→ ∞,
p

n
→ c ∈ (0,∞).
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Then

∥X′Y ∥22 − n2
(
κ2 + c(κ1 + σ2ε)

)

n3/2
d→ N (0, s2), (2.80)

where

s2 = 4κ22 + 4(κ1 + σ2ε) (2κ2c+ κ3) + 2c(κ1 + σ2ε)
2
(
c+

1 + ϱ2

1− ϱ2

)
,

(2.81)

and κ1, κ2 and κ3 are de�ned by (2.77), (2.78) and (2.79), respectively.

In order to illustrate the results of Corollary 2.2, we end this sec-
tion with a Monte Carlo simulation study, where we generate 1000 in-
dependent replications of the statistic ∥X′Y ∥22. The data is generated
following the assumptions of Corollary 2.2. We consider the following
parameter values: p = 100, 500, 1000, 1500, 2000, 3000, c = 1, 2, 5, 10,
σ2ε = 1, 2, 4, 10. Due to the large number of resulting �gures, we present
only selected cases in Figures 2.1�2.9, which demonstrate certain dispar-
ities in greater detail. Figures show the empirical cumulative distribution
function (CDF) and the empirical probability density function (PDF),
together with the limiting CDF and PDF of N (0, s2) by (2.80) for di�er-
ent parameter combinations. In addition, we present the corresponding
Q-Q plots in order to inspect the tails of the resulting distributions in
greater detail.

We �nd that for relatively small values of ϱ, the observed distribu-
tion of the statistic is fairly close to the limiting distribution even for
small values of p, n and larger σ2ε , c (see, e.g., Figures 2.1�2.4). However,
slower convergence is more evident with increasing values of ϱ. Further-
more, for moderate values of ϱ, c, σ2ε , only with larger values of p we
observe adequate convergence towards the limiting distribution (see Fig-
ures 2.5�2.6). Similar behaviour is observed when the relation between
the parameters ϱ, c, σ2ε is appropriately controlled: e.g., in Figure 2.7, we
see comparable results to those presented by Figure 2.6, where the e�ect
of the increase of parameter value ϱ is countered by a smaller value of
σ2ε . Alternatively, analogous e�ects can be achieved when reducing the
values of c, instead.

Finally, slow convergence is observed for large values of ϱ, c, σ2ε , as
expected (see Figures 2.8�2.9). In such cases, the simulation results
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suggest that even larger values of p, n would be needed for more accurate
results.

2.6 Discussion

In this chapter we considered a speci�c KMS covariance structure due
to its attractive properties and wide application possibilities for working
with real world datasets. Moreover, our results could be extended further
by considering a wider family of Toeplitz covariance structures. For
instance, under speci�c constraints, one could employ the approaches
proposed in Yang et al. (2021) in order to extend the application of our
results towards more complex covariance structures of the data.

Furthermore, for future work, it would be interesting to expand
and examine the results by removing the assumption of independence
between the observations Xi, i = 1, . . . , n.

Finally, we established both the exact and the asymptotic distribu-
tions of the statistic ∥X′Y ∥22 (see (2.34) and (2.7), (2.9)). Both distri-
butions could be used for estimating β, σ2ε or related measures (e.g.,
by applying the method of moments or maximum likelihood estimation)
in future research. Such research direction could open up interesting
avenues when compared with popular LASSO type methods in high-
dimensional linear regression. Similar approach is taken by Dicker and
Erdogdu (2016), who construct maximum likelihood estimators for the
signal strength ∥β∥22 in a high-dimensional regression context. Note that
the results by Dicker and Erdogdu (2016) are achieved under certain
strong restrictions, which are consistent with the related literature (see,
e.g., Bayati et al. (2013); Dicker (2014); Janson et al. (2017)). In our
case, we impose weaker assumptions; therefore, both asymptotic and
exact results could be used in order to extend the approaches in the
aforementioned literature.
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Figure 2.1: Comparison of the PDF and CDF (left) and the correspond-
ing Q-Q plots (right) after 1000 replications from the Monte Carlo sim-
ulation of the statistic (2.80) with the limiting distribution N (0, s2) by
Corollary 2.2 (in black) for ϱ = 0.3, c = 1, σ2ε = 2 and p = 100, 500, 1000.
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Figure 2.2: Comparison of the PDF and CDF (left) and the correspond-
ing Q-Q plots (right) after 1000 replications from the Monte Carlo simu-
lation of the statistic (2.80) with the limiting distributionN (0, s2) by Co-
rollary 2.2 (in black) for ϱ = 0.3, c = 1, σ2ε = 2 and p = 1500, 2000, 3000.
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Figure 2.3: Comparison of the PDF and CDF (left) and the correspond-
ing Q-Q plots (right) after 1000 replications from the Monte Carlo simu-
lation of the statistic (2.80) with the limiting distributionN (0, s2) by Co-
rollary 2.2 (in black) for ϱ = 0.3, c = 1, σ2ε = 10 and p = 100, 500, 1000.
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Figure 2.4: Comparison of the PDF and CDF (left) and the correspond-
ing Q-Q plots (right) after 1000 replications from the Monte Carlo simu-
lation of the statistic (2.80) with the limiting distributionN (0, s2) by Co-
rollary 2.2 (in black) for ϱ = 0.3, c = 1, σ2ε = 10 and p = 1500, 2000, 3000.
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Figure 2.5: Comparison of the PDF and CDF (left) and the correspond-
ing Q-Q plots (right) after 1000 replications from the Monte Carlo sim-
ulation of the statistic (2.80) with the limiting distribution N (0, s2) by
Corollary 2.2 (in black) for ϱ = 0.7, c = 5, σ2ε = 4 and p = 100, 500, 1000.
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Figure 2.6: Comparison of the PDF and CDF (left) and the correspond-
ing Q-Q plots (right) after 1000 replications from the Monte Carlo simu-
lation of the statistic (2.80) with the limiting distributionN (0, s2) by Co-
rollary 2.2 (in black) for ϱ = 0.7, c = 5, σ2ε = 4 and p = 1500, 2000, 3000.
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Figure 2.7: Comparison of the PDF and CDF (left) and the correspond-
ing Q-Q plots (right) after 1000 replications from the Monte Carlo simu-
lation of the statistic (2.80) with the limiting distributionN (0, s2) by Co-
rollary 2.2 (in black) for ϱ = 0.9, c = 5, σ2ε = 1 and p = 1500, 2000, 3000.

−200 0 200 400

0.00

0.25

0.50

0.75

1.00

0.0000

0.0050

0.0100

0 200 400 600

Values (CDF)

Values (PDF)

C
D

F

P
D

F

−100

0

100

200

300

400

−100 0 100
Limiting quantiles

O
bs

er
ve

d 
qu

an
til

es

Q−Q plot

Limiting p = 100 p = 500 p = 1000

ρ = −0.95, c = 10, σε
2 = 4

Figure 2.8: Comparison of the PDF and CDF (left) and the corres-
ponding Q-Q plots (right) after 1000 replications from the Monte Carlo
simulation of the statistic (2.80) with the limiting distribution N (0, s2)
by Corollary 2.2 (in black) for ϱ = −0.95, c = 10, σ2ε = 4 and
p = 100, 500, 1000.
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Figure 2.9: Comparison of the PDF and CDF (left) and the corres-
ponding Q-Q plots (right) after 1000 replications from the Monte Carlo
simulation of the statistic (2.80) with the limiting distribution N (0, s2)
by Corollary 2.2 (in black) for ϱ = −0.95, c = 10, σ2ε = 4 and
p = 1500, 2000, 3000.
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Chapter 3

Sparse structures: nowcasting

US and EU GDP components

In this chapter, we present a pseudo-real-time short-term forecasting ex-
periment, where we focus on the main GDP expenditure components of
US and selected EU countries. The goal is to investigate the assumption
of sparse structures by comparing and examining the forecasting per-
formance of the popular sparse methods, brie�y presented in Chapter 1,
with univariate ARMA models and well known dense alternatives, that
are most commonly found in the nowcasting literature.

In Section 3.1 we describe the importance of accurate nowcasting of
macroeconomic variables and introduce a variety of di�erent approaches
typically used by institutions. We highlight the possible bene�ts of sparse
linear models in contrast to widely used dense approaches. In Section 3.2
we describe the algorithm and the motivation behind the proposed com-
bination of LASSO and principal components methods. Furthermore, we
argue that the method can be extended further by tailoring or adjusting
the rotation matrix in some speci�c way, allowing further improvements
in the forecasting performance. In Section 3.3 we describe the settings
and methodology behind the pseudo-real-time experiments, the results
of which are presented in Section 3.4.

3.1 Nowcasting and sparsity

Information on the current state of the economy is crucial for various
economic agents and policymakers since the choice of the appropriate
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policy measures relies on the current knowledge of the macroeconomic
situation in the country. Although there are some higher frequency indic-
ators, covering many aspects of the economy, quarterly national accounts
still play a pivotal role in guiding economic policy decisions. Unfortu-
nately, the o�cial release of GDP and its components occurs with a
considerable delay after the reference period. For instance, the �ash es-
timates of the US and EU GDP are released one month after the reference
period, where only the supply side, i.e. production of goods and services,
is covered. While the demand side re�ected in GDP accounted by ex-
penditure approach is released with an even longer two months delay.
Bearing in mind economic policy implementation lags, the apt nowcast-
ing and short-run forecasting tools are crucial for the regular monitoring
and e�cient countercyclical policy implementation. The latter is vitally
important during severe downturn times like the global �nancial crisis
of 2007�2008 followed by the sovereign debt crisis in the EU, and the
COVID-19 led global lockdown.

At the same time, the agencies of national statistics announce vari-
ous short-term monthly indicators, such as business or consumer surveys,
the industrial production, retail or external trade indicators with a much
shorter delay. The monthly data allow getting a preliminary picture of
how the current economic activity evolves in various sectors of the eco-
nomy. One way of using higher frequency information is by conducting
the fundamental analysis. However, the quarterly and annual national
accounts data remain the core in guiding most of the economic policy
decisions, e.g. in the area of �scal rules. The need to extract the un-
derlying signals from the available higher frequency data and obtain the
lower frequency national accounts data sooner than the o�cial release
by the agencies of national statistics led to the development of several
econometric tools examined in this chapter.

The literature suggests many di�erent methods for bridging the
higher and lower frequency data, the mainstream of which are the factor
models and their modi�cations (Ba«bura et al. (2013)) altered to use all
available information. Therefore, such methods possess a density fea-
ture. On the other hand, the sparsity feature of the data hints that only
a small subset of all the available information might be su�cient for ad-
equate and timely estimation of the GDP or its components (Bai and
Ng (2008)).
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Throughout this chapter, we further explore the sparse structure ap-
proach under a large amount of monthly economic indicators, assuming
that only a small subset of them is signi�cant and valuable in forecast-
ing macroeconomic variables. Therefore, the underlying problem is the
optimal selection of useful predictors. Bai and Ng (2008) �nd that large
amounts of high-frequency data could often considerably worsen predict-
ive performance, raising a question of how much of high-frequency data
required for good predictions? On top of that, Bulligan et al. (2015)
among others show that assuming a sparse structure of the underlying
data improves the quality of short-run forecasts when the �nal set of
available information is re�ned by supervised selection before the applic-
ation of bridge equations modelling approach.

Recently a rapid growth in popularity among the practitioners and
the academics is seen applying LASSO and similar sparse methods. In
Section 1.3 we introduced and brie�y described several well known ap-
proaches, which will be considered throughout this chapter. In addition,
in Section 3.2 we propose a combination of the LASSO with the method
of principal components seeking to extract the signi�cant underlying in-
formation with greater accuracy. We evaluate the empirical performance
of the models by conducting pseudo-real-time short-run forecasting ex-
periments of real, in chain-linked volumes sense, GDP expenditure com-
ponents of these 5 economies: US, France, Germany, Spain and Italy.
We forecast the following GDP components: the Gross Fixed Capital
Formation (GFCF), Private Final Consumption Expenditure (PFCE),
Imports and Exports of goods and services. During the validation ex-
ercise, we estimate forecasts at four di�erent forecasting horizons: the
backcast of a previous quarter, the nowcast of the coinciding quarter and
1- and 2-quarter forecasts over the sample of 2005�2019. The results
are presented in Section 3.4. We �nd evidence of further improvement
of the forecasting performance while applying the proposed LASSO-PC
method.

The motivation for looking at the demand breakdown and not the
GDP itself is twofold. First, there is evidence in the literature (Heinisch
and Scheufele (2018)), that forecasting GDP by the bottom-up approach
can lead to more accurate forecasts than direct forecasts. This claim fol-
lows from the fact that we can examine the di�erent underlying and
sparse structures of the subcomponents by modelling them separately.

67



For example, investments and international trade are much more volat-
ile than aggregate GDP, while private consumption is typically smoother
than total activity (Artis et al. (2004)). Therefore, in this work, we aim
to study how do di�erent models compare in forecasting variables that
are behaving so di�erently over the business cycle. Second, it is evident
that the business cycle behaviour of the aggregate GDP is very di�er-
ent from that of its subcomponents. For example, investments tend to
trough before GDP, while consumption only takes momentum when an
expansion is well underway, peaking only after the cycle (Castro (2010)).
Therefore, forming models for the subcomponents of GDP can not only
improve the accuracy of the �nal aggregate GDP but also act as a comple-
ment to the �nal forecasts. Recovering information on the main drivers
of the economic activity by itself may allow for a more accurate read
on the cyclical phase by the economic agents. Additionally, forming a
di�erent model for each of the subcomponents admits the inclusion of
di�erent sets of predictors providing a richer story behind the speci�ed
equation.

3.2 Principal components and LASSO

In this section, we propose a combination of variants of LASSO (for a
detailed review see Section 1.3) together with principal components in
order to preserve speci�c strengths and to minimize the possible short-
comings for each of the methods combined.

We follow the arguments of Bai and Ng (2008), who show that the
use of targeted predictors with factor models helps achieve signi�cantly
better forecasts of macroeconomic data. Instead of the usual approach
to factor model forecasting, where the principal components follow from
the full data set, the authors suggest using only a subset selected by a
chosen hard/soft thresholding algorithms. In this way, an unsupervised
algorithm becomes supervised one, because the choice of the targeted
predictors now depends on the predicted variable. Following these argu-
ments, we propose employing the LASSO, Adaptive LASSO and Square-
Root LASSO for variable selection. These modi�cations deemed to more
accurately select variables due to their known asymptotic properties un-
der p ≫ n allowing for many highly correlated variables. From here on,
let us assume that Xλ ∈ Rn×q is a preselected matrix of signi�cant vari-
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ables under a �xed λ by some variant of LASSO, where 0 < q ≤ n, and
the variables are scaled and centered.

Following these arguments, we present the proposed algorithm in
Section 3.2.1, and follow with the explanation of the motivation behind
each step in Section 3.2.2. In Section 3.2.3 we discuss further �ne-tuning
of the proposed algorithm.

3.2.1 LASSO-PC

We propose the following six-step algorithm:

1. Use LASSO or some of its variant1 to select a subset of candidate
indicators Xλ ∈ Rn×q from the full dataset X ∈ Rn×p, under a
certain �xed λ, were 0 < q ≤ n, and the data is assumed as scaled
and centered.

2. Rotate Xλ by principal components to F = XλL, where L ∈ Rq×q is
a rotation matrix and F ∈ Rn×q is a principal components matrix.2

3. Forecast each series in Xλ by an appropriate ARIMA model. In
our case, we forecast at the monthly frequency, and forecasts are
aggregated back to quarterly frequency.

4. Aggregate time series forecasts to their factor representation using
the rotation matrix L, i.e., F̂ ∗

n+h = X̂λ
n+hL, for h = 1, 2, . . . .

5. Use LASSO to estimate the coe�cients in Yn = F̂nβ + εn.3

6. Produce the forecasts Ŷn+h = F̂n+hβ̂.

3.2.2 Motivation

Since we are interested in modelling macroeconomic data, it is likely
that signi�cant correlation will be observed, with some of the variables

1The interested reader may wish to try combining additional methods for the
better choice of candidate variables, e.g., by employing the Rolling Window variable
selection approach by Bulligan et al. (2015), or similar.

2Besides the classical PCA, one may consider alternatives, e.g., by �ne-tuning the
angles or scale of the rotation (brie�y discussed in Section 3.2.3), or using another
viable alternative, like Independent Component Analysis (see, for example, Kim and
Swanson (2018)).

3Further, one may want to consider expanding the estimation by estimating the
coe�cients in Yn = (F̂n, X

λ
n)β + εn. The motivation behind this step is discussed in

Section 3.2.3.

69



possibly even being nested. Therefore, our proposed modi�cation stems
from the initial variable selection step of the Relaxed LASSO. However,
instead of a direct parameter re-estimation of the selected variables, as
would be done on the second step of the Relaxed LASSO, we propose
rotating the data using the principal components methodology. In other
words, we propose extracting the main latent factors F = XλL, where
L ∈ Rq×q is a rotation matrix and F ∈ Rn×q is a principal components
matrix.

The main idea here is to extract the underlying information from
the data as orthogonal latent factors and to model them instead. Due
to probable inter-correlation and the supervised preselection done in the
�rst step � it is likely that such data will capture prevalent signals,
driving the particular market or the economic sector in question. If we
assume those signals being the main reason for macroeconomic growth,
it is a good idea to include them directly instead of the original data.

As for the parameter estimation, we expand on the idea, de�ned by
equation (1.9), and estimate:

β̂LASSO-PC = argmin
β

(Y − XλLL′β)′(Y − XλLL′β) + λ||L′β||1

= argmin
β̃

(Y − Fβ̃)′(Y − F β̃) + λ||β̃||1, (3.1)

since LL′ = Iq holds by the de�nition of principal components, β̃ = L′β;
all of which can be e�ciently estimated using the LARS algorithm. It
can be noted that LL′ = Iq holds for any q̃ ≤ q, so it is feasible to remove
the redundant components, which explain very little of the total variance
of the data and have very small loading coe�cients if there are any.

Our proposed approach di�ers from the one suggested by Bai and Ng
(2008), �rst of all, because the number of signi�cant factors is selected
not by the usual selection, based on various information criteria (such
as Akaike, Schwarz, t-statistics from OLS and similar), but by using the
LASSO approach. That is, both the selection of signi�cant factors and
the shrinkage of estimated parameters applied simultaneously deemed to
improve the forecasting accuracy, which is the main objective of short-
run forecasting.

The main strength of such an approach is when dealing with a large
amount of data, driven by one or only a few leading factors. In that case,
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the principal component transformation would allow us to extract those
latent factors and estimate only the predictive ones using the LASSO.
The �nal coe�cient vector β̂∗ :=

ˆ̃
βL would be comprised of the same

non-zero variables just as it would be in the classic (Relaxed or Adaptive)
LASSO case, but the estimated parameters would be set according to
the signi�cance and predictive performance in the latent space, rather
than directly. Noteworthy, such transformation would act as a �lter,
distinguishing the essential underlying signals from the data and possibly
allowing for more accurate forecasting performance.

Second, in contrast to Bai and Ng (2008) and other similar factor
forecasting related literature, we propose to base the �nal forecasts on
the predictions of individual variables Xλ

j , j = 1, . . . , q, rather than
on the predicted signi�cant factors Fj . That is, if we denote Xλ

t =

(Xλ
t,1, . . . , X

λ
t,q) as the data at a time moment t ∈ {1, . . . , n}, then for

every h > 0, the forecasts F̂ ∗
n+h = (F̂n+h,1, . . . , F̂n+h,q) can be calculated

as

F̂ ∗
n+h = X̂λ

n+hL = (X̂λ
n+h,1, . . . , X̂

λ
n+h,q)L,

where L is known and X̂λ
n+h,j , for every j = 1, . . . , q, are predicted using

time series ARIMA approach.
Such aggregation might induce a smaller loss in forecast accuracy of

factors F when we fail to accurately de�ne a direct model. First, form-
ing the extracted factors with weights of a similar size, such forecast ag-
gregation is equivalent to bagging (bootstrap aggregation as in Breiman
(1996a)). Second, it is possible, that the data generating process of Fj
might be from some family of complex, long memory processes. There-
fore, the aggregation of forecasts of simpler models of individual compon-
ents introduces some degree of freedom to make inaccurate estimations,
while still generating more accurate �nal predictions. Indeed, Granger
(1980) has shown that the aggregation of a low-order AR/ARMA pro-
cesses in particular cases may produce a process with more complex
dynamics. Extending these ideas to the aggregation of the forecasted
series allows recovering such complex dynamics in the �nal forecasts of
the original factors. We demonstrate the possible gains from such ap-
proach in this section by comparing the resulting forecasts both with
direct factor forecasts (see, e.g., Table 3.5) and Kalman �lter forecasts,
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used with the dynamic factors (see, e.g., Table 3.3 and similar).
Noteworthy, when the variables Xj are orthogonal, due to the prop-

erties of Principal Components, the transformation would reduce to the
base LASSO performance, since the total amount of information would
remain unchanged.

3.2.3 Tailoring the rotation of principal components

Having introduced the general idea of the transformation, it is possible
to extend the method by adding a certain degree of supervision to the
standard principal components approach. The classic transformation is
convenient in such a way that the rotation matrix can be tailored against
the speci�c modelled variable by modifying the scales or the angles of
the components.

Scale modi�cation might help the LASSO distinguishing the most
important signals since the components with larger-scale will enter the
solution path earlier than the other, smaller components. This idea
is discussed by Stak
enas (2012), who observes signi�cant improvement
when using Weighted PCA or Generalized PCA for the extraction of
factors when nowcasting Lithuanian GDP.

Alternatively, in this section, we discuss the idea of angle modi�cation
by sparsifying the rotation matrix, e.g., through Sparse PCA (Zou et al.
(2006)). The idea here is that we may achieve a more accurate factor
representation by losing the orthogonality of the transformation. The
main motivation is that, even though the data matrix Xλ is preselected
by the LASSO as a matrix, containing mainly signi�cant variables, it
is not clear that by rotating the variables to the latent space, all of
them will be signi�cant there. In other words, if there are two strongly
correlated variables preselected by LASSO as signi�cant, both having
roughly the same estimated weights (possibly with di�erent signs) in the
rotation matrix, it is likely that losing one of the two dimensions might
not change the predictive power of the resulting factor estimate.

Further, some of the variables denoted in what follows as Z, where
Z ⊂ {Xj : j = 1, . . . , q}, might be orthogonal to all other preselected
variables, meaning that the principal component solution does not ex-
tract the correct factor of it from the latent space. That is, in the latent
space, ideally, they would form a direction, where the coordinate vector
would have zeros for all other variables. However, in standard prin-
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cipal components that is mostly not the case. Every extracted factor
is a linear combination of all the variables used, even if the weights are
close to zero, it's unlikely for them to be exactly zero. Let us assume
that the model matrix Xλ is reordered such, that the block of variables
Z ∈ Rn×q0 , q0 < q, is able to capture signi�cant explanatory signals to
our modelling problem, orthogonal to the remaining block X̄, the LASSO
will try to extract as much information as possible from those variables.
Since the extracted factor matrix has the following structure:

F = XλL = (Z, X̄)L,

the j−th factor component will have the following structure:

fj = (Z, X̄)Lj = (Z, X̄)[Λq×q0 ,Φq×(q−q0)]
′
j .

Therefore LASSO, while trying to reconstruct the signal from Z, will
include too many factors fj to the �nal solution, since all of them will
have some information from Z. Some of those factors would not be
included if part of the rotation matrix would have zeros � the Φ block in
this example. Let's assume that G ⊂ {1, . . . , q} is a set of indices denoting
factors fj , which have been selected as signi�cant by the LASSO in the
�nal solution only because of non-zero loading weights in Φ′

j . Then, with
every additional fr, r ∈ G, included we will add some noise in the scale
of X̄Φ′

r to the data. And the more such factors are selected, the closer
the LASSO-PC solution is to the solution of the Relaxed LASSO.

From this discussion, we can see the bene�t of adding a step to the
LASSO-PC procedure. One way is to modify the rotation matrix L to
introduce some sparseness to it (e.g., by using Sparse PCA). An alternat-
ive way could be including the preselected data matrix Xλ together with
the extracted factors F and model them together as F̄ = (F, Xλ) using
the LASSO. While it may seem that in this way no new information
is added, it potentially gives the LASSO additional degrees of freedom
to select the necessary combination of variables, in essence recovering
the best �tting rotation matrix. Thus, the Sparse PCA, LASSO or the
LASSO-PC would potentially become speci�c cases, depending on the
estimated values of F̄j coe�cients.
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3.3 Preliminaries: data preparation

In this chapter, we consider the four main components of the GDP by the
expenditure approach: Gross Fixed Capital Formation (GFCF), Private
Final Consumption Expenditure (PFCE), Imports and Exports of goods
and services, all of which are quarterly and seasonally adjusted by the
source.

The monthly data used as explanatory variables are various openly
available indicators from the databases of St. Louis Bank of Federal Re-
serves (FRED) and Eurostat from 1990 to 2019, with up to 2400 various
macroeconomic time series used in total. Each time series used in the
modelling were either seasonally adjusted by the source or by using the
X13-ARIMA-SEATS procedure for seasonal adjustment. Avoiding the
problem of spurious regression, every time series were transformed to
stationary and appropriately adjusted for normality and against additive
outliers. Dealing with a large number of variables and relying on auto-
matic algorithms for variable selection without any prior expectations,
strict rules and conservative approach for data preparation allows ruling
out as much as possible noise (see Appendix B.1 for speci�c heuristics
and tests applied).

Comparing the forecasting performances of di�erent models in a real-
istic setting, during the pseudo-real-time experiments, the results of
which are presented in Section 3.4, we reconstructed the pseudo-real-
time dataset for every iteration of the exercise by adjusting the amount
of available data by the appropriate release lag for each monthly indic-
ator (see Table 3.1 for detailed illustration). During a full quarter, at
least three updates on the dataset are possible for every di�erent month
of the quarter. However, in this study, the results presented are of the
last month of the full quarter. Since we are also interested in now-
casting performance, analysing results of 3rd month helps to separate
it from forecasting due to available indicators with low publication lag.
Otherwise, we would just be comparing the predictive performance of
the ARIMA models, used for the individual predictions of the selected
monthly indicators, which is already inspected using 1- and 2-quarter
forecasts.

The monthly variables used in the dataset were aggregated to
quarterly by averaging, with up to four quarterly lags included, and
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Table 3.1: The timing and data availability framework for the pseudo-
real-time forecasting exercise

Target GFCF Backcast, Q1 Nowcast, Q2 Forecast, Q3 Forecast, Q4 Quarter
1 2 3 4 5 6 7 8 9 10 11 12 Month

Group

Industrial Production
Surveys
Interest Rates
Stock Market Indexes
Trade

Legend: Available data: Month of forecast: Forecasted data:

the ragged edges of the dataset were �lled by using the ARIMA time
series methods.

3.4 Pseudo-real-time forecasting experiments

This section presents the results of pseudo-real-time forecasting exer-
cise over 2005Q1�2019Q1. The main goal is to gauge the real-world
performance of the sparse methods in a high-dimensional environment.
As discussed in Section 3.3, we consider as much macroeconomic data
available as possible (potentially including some noise variables), and
are interested in 4 speci�c forecast horizons: one backcast, one now-
cast and two predictions of 1- and 2-quarters ahead. We focus on the
main four components of the GDP by expenditure approach (GFCF,
PFCE, Imports and Exports of goods and services) for �ve economies:
the US, France, Italy, Spain and Germany. We present the main results
and important discussion points using the US data, while the European
countries are presented as a robustness check to inspect how well do the
results translate between the di�erent datasets.

In sum, the expenditure components re�ect the main drivers of the
economy: the domestic demand, mainly consisting of private consump-
tion, investments and imports, and the foreign demand de�ned by ex-
ports. The international trade re�ects the openness of the economy and
drives international competitiveness that forces the search for new in-
novative and advanced solutions.

Out of these four variables, the most di�cult to accurately predict
is the GFCF composed of investments in many di�erent industries. The
investment spending deemed to be forward-looking and optimistic, ex-
panding rapidly during an economic boom when investors expect that
the future will require the extensive productive capacity, and falling fast
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when such expectations evaporate. Therefore, it is the most volatile of
the four variables. For private consumption, imports and exports, there
are �hard� coinciding monthly indicators available, allowing for an easier
nowcast. However, such variables are absent for the GFCF making good
nowcasts a more challenging task. Therefore, our primary focus in this
section is forecasting the GFCF, presented in greater detail. The fore-
casting results of the three remaining variables are then brie�y discussed.

The analysis aims to inspect the model robustness to the changing
nature of the economy, testing if the models can re�ect and respond to
possible structural changes, as the economy evolves and matures. There-
fore, we expect maximum �exibility by using all of the available data.
Further, we seek to test the signal recovery and identi�cation of the
sparse structures. On the one hand, we allow the inclusion of possible
noise variables in the datasets, for example, various indicators of foreign
economies. On the other hand, this inclusion provides the possibility for
the sparse models to recover signi�cant signals from large trade partners
and dependent parties without speci�c o�sets imposed by the analyst.
This exercise may present itself as a perfect tool for additional variable
consideration to the proprietary datasets, likely enhancing any existing
models with otherwise omitted stories, as we see later in this chapter.

3.4.1 Setting up the experiment

For every modelled component of the GDP, we consider the following
models and their corresponding notations: the Square-Root LASSO (in
the tables denoted as SqL), Relaxed LASSO (RL), Adaptive LASSO
(AdL), classic LASSO (L), the L0Lq best subset selection models (L0,
L0L1, L0L2) and a proposed combination LASSO-PC, where the data is
preselected by a speci�c variant of the LASSO, i.e., Adaptive LASSO-PC
(AdP), L0-PC (L0P), L0L1-PC (L0L1P), L0L2-PC (L0L2P), Square-
Root LASSO-PC (SqP) or the LASSO-PC (LP), and similar, as de-
scribed in Section 3.2. In what follows, the letter �P� is always appended
to any model abbreviation where the PCA transformation is applied.

Seeking to inspect the gains brought solely by performing the rota-
tion of the data to its principal components, we analyse the alternative
cases for AdP models �xing the preselected variables without the rota-
tion to the principal components. In a way, it becomes a mix between
Relaxed LASSO and Adaptive LASSO, denoted as AdRL in the tables.
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Additionally, in cases when there were signi�cant gains in forecasting ac-
curacy when using both the rotated and original data, we interpret such
cases as a cross between the LASSO and LASSO-PC methods denoting
them as LASSO-PC-X (LPX in the tables).

Each LASSO model is estimated using the cross-validated hyperpara-
meters unless speci�ed di�erently, where each hyperparameter is chosen
to maximize the out-of-sample accuracy (Chetverikov et al. (2021)). Be-
sides, the weights for Adaptive LASSO are chosen using Ridge estimates
(as discussed in Section 1.3.2) with γ ∈ {0.001, 0.01, 0.1, 0.2, 0.3, 0.5, 1,
1.5, 2} selected by cross-validation (Zou (2006)). The idea behind adding
values of γ very close to 0 is to allow the Adaptive LASSO optimize under
weights that can be close to the LASSO.

As benchmarks for the analysed models we use ARMA, where the or-
ders are selected to minimize the corrected Akaike information criterion
(AICc, Hyndman and Khandakar (2008)) during each quarter of the ex-
ercise. Additionally, we consider a few variants of factor models as good
dense structure alternatives based on their known performance in the
literature. Namely, we consider the static Di�usion-Index models (DI,
Stock and Watson (2002)) and Dynamic Factor models (DF, Giannone
et al. (2008), Banbura et al. (2011)), see Appendix, Section B.2.1 for
a detailed model speci�cation. For the dynamic factor estimation we
use the two-step Kalman Filter realization with quarterly aggregation
scheme (Angelini et al. (2011)). Additionally, for the DF models, we
consider the targeted predictor approach of Bai and Ng (2008) (denoted
in the tables as BNDF), i.e., instead of full model matrix, we preselect
the candidate variables using the LASSO. Lastly, for more clarity and
better comparison, during each iteration of the exercise, if some variant
of LASSO was used for initial variable selection, e.g., for LASSO-PC,
Relaxed LASSO and BNDF, the same variables will be used by these
models. This was done to eliminate the uncertainty from randomness
in variable selection. For all factor models, the number of signi�cant
factors was estimated based on the information criterion, de�ned by Bai
and Ng (2002). Additionally, for the DF models, the number of quarterly
factor lags is �xed to 2, while the number of shocks is estimated by in-
formation criterion, following the Bai and Ng (2007). See Appendix,
Section B.2.3 for a detailed speci�cation regarding the selection of afore-
mentioned parameters.
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Besides, we present the results of models, where, instead of the cross-
validated hyperparameters, we use the �xed number of selected variables
that provide a more parsimonious result. In those cases the results are
presented with an additional number next to their abbreviation, e.g.,
RL15 in Table 3.4, indicating that the model is selecting top 15 signi�c-
ant variables during the exercise following Bulligan et al. (2015), while
Bai and Ng (2008) claim that practical choice of top predictors should
not exceed 30. It is worth inspecting such results since the optimally
selected hyperparameter can result in a model of a too dense structure.
In this case, the LASSO wins a small amount of validation accuracy but
brings an additional forecast uncertainty with each of the extra variable
included.

During the forecasting exercise, the subsets of variables are reselected
for each analysed model and every quarter when the new pseudo-vintage
of data is formed. Instead of tailoring the set of possible variables to
match the predicted variable, we allow methods themselves to select the
signi�cant covariates. Likely, some indicators that drove the growth of
particular markets in the past are not signi�cant at a later stage. Hence,
these past drivers can be replaced on time with new indicators re�ecting
new products and services. For this reason, we study two di�erent ap-
proaches to forming the training sample: an expanding window approach
and a rolling window approach.

For the expanding window experiments, we use the sample from
1992Q1 to 2004Q4, the window is expanded by adding one additional
quarter during every iteration. The size of the window was chosen to
be moderate so that there would be an appropriate amount of available
historical monthly indicators, but su�cient for the methods to select a
large number of signi�cant variables if needed. Note, that under such an
approach it is likely that some of the variables are capturing the histor-
ical dynamics of the modelled series early in the training sample rather
than of the more recent events. Therefore, with a rolling window ap-
proach, we add some control over possible structural breaks (Bulligan
et al. (2015)). We chose a 13-year rolling window to capture at least one
full business cycle (see, e.g., Economic Cycle Research Institute (ECRI),
de Bondt and Vermeulen (2018)): starting from 1992Q1 to 2004Q4, the
window was rolled by adding a quarter to both the start and the end of
the period during every iteration.
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To indicate how well did the models forecast, we present the ratio of
the RMSE of the LASSO models to the list of benchmark models, in addi-
tion to RMSE and pairwise Diebold-Mariano (DM, Diebold (2015)) tests
on the forecast errors for the expanding window exercise, and pairwise
Giacomini and White (2006) (GW) tests for the rolling window exercise
(see Appendix, Sections B.2.4.1 and B.2.4.2 for detailed speci�cation of
the tests, respectively).

3.4.2 Expanding window: US Gross Fixed Capital Form-

ation

3.4.2.1 Main �ndings

In this section, we present the results of forecasting GFCF during the
period of 2005Q1�2019Q1. The results of RMSE of the forecasted values
are presented in Table 3.2 for all models and for all 4 forecast hori-
zons. The total period results were divided into three periods (2005Q1�
2007Q4, 2008Q1�2014Q4, 2015Q1�2019Q1) aiming to compare the mod-
els during di�erent stages of the economy: during the stable growth of
2005Q1�2007Q4, the crisis and the recovery period of 2008Q1�2014Q4,
and the stable growth of 2015Q1�2019Q1. Dividing up the total results
is also useful in inspecting whether there are models, dominating every
other competitor in the �horse race�. Also, in Table 3.3 the results of
Relative RMSE are compared with the performance of the benchmark
ARMA, BNDF, DF and SW models.

The results reveal that when forecasting the GFCF most of the sparse
models provide a rather similar forecasting performance, including the
BNDF with the LASSO based preselection of the set of variables. The
dense benchmark models (SW and DF) seem to fall behind, mostly due
to underpredicted shock period of 2008Q1�2014Q4. Finally, the ARMA
benchmark models show the least overall accurate predictions, except
for the period of 2005Q1�2007Q4 when forecasting 2-quarters ahead,
where they are able to outperform every other model by a small mar-
gin. Such a result is consistent with the literature: e.g., D'Agostino
and Giannone (2012) highlights the fact that during relatively steady
growths (the authors analysed the Great Moderation period in particu-
lar, where a sizeable decline in volatility of output and price measures was
observed) even sophisticated models can fail to outperform simple AR
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Table 3.2: RMSE of models forecasts during pseudo-real experiments
for GFCF. The labels B, N, Q1 and Q2 denotes the forecast horizons
� Backcast, Nowcast, Forecast-1Q and Forecast-2Q, respectively. The
bolded value is the smallest one for every column; the blocks correspond
to di�erent time periods, while the last block shows performance over
the full 2005�2019 period.

Model
2005Q1�2007Q4 2008Q1�2014Q4 2015Q1�2019Q1 2005Q1�2019Q1

B N Q1 Q2 B N Q1 Q2 B N Q1 Q2 B N Q1 Q2

L 0.70 0.92 1.14 1.27 0.80 1.72 2.48 2.74 0.58 0.82 0.90 0.85 0.65 1.09 1.45 1.56
LP 0.53 0.84 1.10 1.23 0.53 1.49 2.27 2.75 0.49 0.86 0.91 0.84 0.50 1.01 1.37 1.56
LPX 0.45 0.85 1.06 1.22 0.50 1.47 2.31 2.73 0.49 0.88 0.93 0.84 0.47 1.01 1.38 1.56
RL 0.52 0.84 1.05 1.19 0.52 1.44 2.32 2.69 0.45 0.92 0.97 0.87 0.47 1.03 1.41 1.55
SqL 0.70 0.89 1.11 1.25 0.71 1.67 2.49 2.76 0.58 0.82 0.88 0.84 0.62 1.06 1.44 1.57
SqP 0.52 0.89 1.01 1.16 0.44 1.60 2.44 2.68 0.51 0.83 0.86 0.83 0.48 1.05 1.39 1.52
AdL 0.07 1.04 0.98 1.35 0.19 1.85 2.56 2.88 0.22 0.87 0.95 0.92 0.18 1.18 1.47 1.65
AdP 0.07 0.99 1.01 1.30 0.12 1.85 2.47 2.87 0.21 0.92 0.96 0.91 0.16 1.17 1.44 1.64
AdRL 0.04 1.01 1.00 1.35 0.11 1.86 2.45 2.82 0.15 0.92 0.96 0.91 0.12 1.20 1.42 1.62
L0 0.58 1.09 1.10 1.28 1.12 2.02 2.52 2.58 0.56 0.88 1.04 0.83 0.74 1.23 1.49 1.50
L0p 0.57 1.13 1.09 1.31 1.07 2.07 2.59 2.60 0.56 0.87 1.05 0.83 0.72 1.25 1.52 1.51
L0L1 0.82 0.92 1.21 1.37 0.95 1.67 2.34 2.51 0.61 0.84 0.90 0.82 0.74 1.10 1.42 1.49

L0L1p 0.80 0.94 1.23 1.38 0.92 1.70 2.42 2.54 0.59 0.86 0.93 0.84 0.73 1.13 1.47 1.51
L0L2 0.82 0.95 1.22 1.36 1.05 1.76 2.32 2.50 0.60 0.74 0.87 0.84 0.77 1.11 1.40 1.49
L0L2p 0.80 0.95 1.24 1.39 0.99 1.87 2.48 2.50 0.56 0.77 0.90 0.87 0.73 1.16 1.48 1.50

ARMA 0.86 0.84 1.04 1.15 1.98 2.56 3.16 3.44 0.92 0.99 1.02 1.07 1.24 1.48 1.77 1.91
BNDF 0.78 0.92 1.16 1.36 1.09 1.46 2.36 3.03 0.75 0.83 0.90 0.85 0.81 1.00 1.39 1.70
DF 1.12 1.18 1.42 1.57 1.16 1.49 2.30 2.82 0.87 1.14 1.14 1.04 0.98 1.18 1.50 1.71
SW 1.40 1.45 1.57 1.69 1.47 1.96 3.39 3.98 0.89 0.90 0.83 0.85 1.14 1.30 1.86 2.13

Table 3.3: US: GFCF. Relative RMSE of model forecasts during the ex-
panding window pseudo-real-time experiments against four benchmarks:
ARMA, BNDF, DF and SW models. The labels N, Q1 and Q2 denotes
the forecast horizons � Nowcast, Forecast-1Q and Forecast-2Q, respect-
ively. The bolded values correspond to the greatest accuracy within
the forecast horizon, while the asterix denotes signi�cant performance
improvement as suggested by DM test with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.79 0.83 0.87 1.18 1.05 0.97 0.99 0.98 0.97 0.90 0.79 0.78
AdP 0.79 0.81 0.86 1.17 1.03 0.96 0.99 0.96* 0.96 0.90 0.77 0.77
AdRL 0.81 0.80 0.85 1.21 1.02 0.96 1.02 0.95* 0.95 0.92 0.76 0.76
L 0.73* 0.82 0.82 1.09 1.04 0.92 0.92 0.97* 0.92* 0.83 0.78 0.73
L0 0.83 0.84 0.79 1.23 1.07 0.89 1.04 0.99 0.88 0.94 0.80 0.70
L0L1 0.74* 0.80 0.78 1.11 1.02 0.88 0.93 0.95 0.87 0.84 0.76 0.70
L0L1p 0.76 0.83 0.79 1.13 1.05 0.89 0.95 0.98 0.88 0.86 0.79 0.71
L0L2 0.75* 0.79 0.78 1.11 1.01 0.88 0.93 0.94 0.87 0.85 0.75 0.70

L0L2p 0.79 0.83 0.79 1.17 1.06 0.89 0.98 0.98 0.88 0.89 0.79 0.70
L0p 0.85 0.86 0.79 1.26 1.09 0.89 1.06 1.01 0.89 0.96 0.81 0.71
LP 0.68* 0.77 0.82 1.02 0.98 0.92 0.86* 0.91* 0.92* 0.78* 0.73 0.73*
LPX 0.68* 0.78 0.82 1.02 0.99 0.92 0.86 0.92* 0.91* 0.78* 0.74 0.73*
RL 0.70 0.79 0.81 1.04 1.01 0.91 0.87 0.94 0.91* 0.79 0.76 0.73
SqL 0.72* 0.81 0.82 1.07 1.03 0.92 0.90* 0.96* 0.92* 0.81* 0.77 0.74
SqP 0.71 0.79 0.80 1.06 1.00 0.90 0.89 0.93* 0.89* 0.81 0.75 0.71*
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models. Therefore, analysis of the recession period of 2008Q1�2014Q4 is
the most interesting one, since then we are comparing the performance
of models during a unique event with no historical precedent. Overall,
these results further emphasize the value of additional monthly data in-
cluded in the modelling, especially during the more volatile periods of
2005Q1�2014Q4.

Besides, the RL and SqL models are able to increase the predict-
ive performance of the regular LASSO just as expected. However, the
gains for Adaptive and L0Lq variants are not that evident: all of the
L0Lq models were able to improve the 2-quarter forecast performance,
with the L0L2 having the most accurate 2-quarter forecasts, without
signi�cant improvements for the nowcasts or 1-quarter forecasts. The
comparison between these groups can be interesting from the variable
selection perspective � in most cases throughout the experiment, the
AdL models were selecting the median of 55 variables, while the RL and
SqL ranged between 23-26 variables, and L0Lq models between 2-9 (L0
was the most sparse, with the median of 2 variables selected, which is
consistent with the observations by Mazumder et al. (2022)). Evidently,
these numbers translate well into the overall accuracy results: too large
amount of variables selected likely introduced additional level of noise
into the forecasts, while the too sparse models were likely able to only
capture the long term dynamics, but lacking information for nowcasts
and 1-quarter forecasts � the di�erences are most evident during the
2008Q1�2014Q4 period.

Moreover, the results show that the usage of PCA in the estimation
can additionally improve the predictive performance of the models: in
most of the cases proposed modi�cations are able to outperform their
Relaxed counterparts (the LP vs RL, SqP vs SqL, AdP vs AdL), even
though by a small margin. However, for the L0Lq models, likely due to
the small amount of variables selected the transformation gains were not
evident.

Additionally, in Table 3.3 we mark the signi�cance in forecast gains
based on the DM test with 5% signi�cance. First, it should be noted that
all of the LASSO models are able to outperform ARMA models when
nowcasting. Further, the LP and SqL are able to signi�cantly outperform
DF and SW models in nowcasting, while in 1- and 2-quarter forecasting
most variants of RL and SqL were able to signi�cantly outperform DF
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Table 3.4: RMSE of models forecasts during pseudo-real experiments for
GFCF. The bolded value is the smallest one for every row within the
same group by number of variables selected. For every block the last
line denotes the total error for the period 2005�2019.

LP10 RL10 LP15 RL15 LP20 RL20 LP30 RL30

Backcast

2005Q1�2007Q4 0.58 0.64 0.50 0.47 0.39 0.34 0.29 0.26

2008Q1�2014Q4 0.92 0.94 0.52 0.55 0.58 0.50 0.41 0.42
2015Q1�2019Q1 0.70 0.70 0.61 0.62 0.62 0.57 0.52 0.47

2005Q1�2019Q1 0.70 0.71 0.55 0.56 0.54 0.50 0.44 0.41

Nowcast

2005Q1�2007Q4 0.83 0.78 0.89 0.81 0.87 0.84 0.90 0.90
2008Q1�2014Q4 1.52 1.62 1.62 1.64 1.58 1.61 1.67 1.81
2015Q1�2019Q1 0.80 0.89 0.85 1.01 0.82 0.89 0.85 0.93
2005Q1�2019Q1 1.00 1.06 1.05 1.12 1.02 1.07 1.08 1.18

Forecast-1Q

2005Q1�2007Q4 1.05 1.05 1.00 0.93 1.05 1.03 1.02 0.97

2008Q1�2014Q4 2.46 2.46 2.40 2.51 2.51 2.59 2.44 2.59
2015Q1�2019Q1 0.85 0.87 0.87 0.90 0.88 0.94 0.89 0.95
2005Q1�2019Q1 1.42 1.43 1.39 1.43 1.44 1.49 1.42 1.50

Forecast-2Q

2005Q1�2007Q4 1.20 1.16 1.22 1.14 1.26 1.30 1.28 1.22

2008Q1�2014Q4 2.91 2.77 2.66 2.76 2.83 2.85 2.72 2.72
2015Q1�2019Q1 0.84 0.84 0.83 0.85 0.83 0.88 0.81 0.85
2005Q1�2019Q1 1.63 1.57 1.52 1.56 1.60 1.63 1.54 1.55

and SW models. Overall the most accurate nowcasts are generated by
the BNDF model4.

3.4.2.2 LASSO-PC: gains from transformation

Seeking to inspect directly the gains of using the principal compon-
ent transformation on the (relaxed) data, a few more comparisons were
made. First, in Table 3.4 the results of forecasting GFCF are presented,
when the number of preselected variables were �xed to 10, 15, 20, and
30. Note that the results in Tables 3.2 and 3.3 are generated by models
with cross-validated hyperparameters. Therefore, the estimated number
of signi�cant variables may di�er greatly during di�erent time periods

4It is worth highlighting the high computational complexity of the DF models in
comparison to sparse methods, making the estimation very resource demanding when
working with more than 2000 variables as in the case of this study, yet still showing
similar (or weaker) forecasting performance to various sparse methods.
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and between di�erent models. In this case, we found that restricting the
hyperparameter selection problem to select only a �xed amount of (the
same) variables is useful.

In Table 3.4 we examine the results of two models: LP, where the
preselected variables are transformed into principal components, and RL,
where no transformation is made, only the coe�cients are re-estimated
following the Relaxed LASSO de�nition. In both cases the same variables
are selected as signi�cant. The results provide evidence that LP in some
cases can improve the forecasting accuracy when compared with ordinary
methods.

Indeed, while some accuracy gains are visible in most cases, with
5% signi�cance the DM test suggests that LP15 and LP30 are able to
generate signi�cantly better 1-quarter forecasts than their respective RL
versions. However, the results are less conclusive for nowcasts and 2-
quarter forecasts due to larger estimated p-values of the DM test.

To sum up, the improvement can be visible even on a relatively sparse
number of variables selected, but the results suggest that the gains from
using the PCA transformation are larger when more variables are added.
This result is expected, since with larger samples we are likely to include
more tightly related variables, thus allowing for a clearer extraction of
the common factors. Indeed, this becomes apparent in Section 3.4.2.3,
where the 30 selected variables seem to form small correlated groups.
While such groups may help extracting clearer signals through the PCA,
the consequential collinearities can explain why in the RL case increasing
the number of included variables did not improve the forecasting results.

In general, the RL associated results are based on two hyperparamet-
ers: λ for the selection of variables, and ϕ for the amount of shrinkage ap-
plied. Seeking better understanding how the values of hyperparameters
a�ect the forecasting performance we chose a set of indicators, preselec-
ted as optimal by the LASSO, and ran the pseudo-real-time forecasting
exercise over the period of 2011Q1�2014Q4 for two cases: the �rst, where
the rotation to the principal components is used and the second, where no
transformation is applied and which roughly follows the Relaxed LASSO
ideas. Finally, the case of the AdL was included, which uses a di�erent
set of variables for the prediction. The results presented in Figure 3.1
show a slight improvement in both the average forecast accuracy � re-
lative mean RMSE comparing with benchmark model � and a smaller
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Figure 3.1: The results of forecasting accuracy during the pseudo-real-
time experiments over 2011Q1�2014Q4 with the set of preselected vari-
ables being �xed for the whole period, and the numbers (1.) and (2.)
enumerating the di�erent sets of variables used.

standard deviation for many di�erent values of the hyperparameter λ.
These results provide further evidence that the use of principal compon-
ents transformation might provide additional gains in forecast accuracy.

3.4.2.3 Sparse structures: implications from variable selection

The main advantage of sparse structures is higher interpretability of
the selected subsets of indicators. Figure 3.2 depicts the top indicators
frequently selected by the Relaxed LASSO during the pseudo-real-time
experiments.

We can see that there are several variables selected consistently dur-
ing every period, which we interpret as the main drivers for explaining
the investments in the US. Noteworthy, some of the variables form par-
ticular clusters, where one part describes the pre-crisis period while the
other part gets signi�cant after the crisis, indicating a possible structural
break in the underlying information.

Among the most frequently selected variables are the data re�ecting
the situation in the market of dwellings: the number of employees and
employment rate in construction, the number of building permits and
building completions, and industrial production of construction supplies.
These variables likely capture the Residential Investments part of the
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GFCF, following the evidence found in Lunsford (2015) and similar pre-
screened variables detected for Italy in Bulligan et al. (2015).

Table 3.5: RMSE of models forecasts during pseudo-real experiments for
GFCF. The bolded value is the smallest one for every row, and for every
block the last line denotes the total error of the period 2005�2019.

DirectPC AggregatedPC

Backcast

2005Q1�2007Q4 0.53 0.53

2008Q1�2014Q4 0.47 0.47

2015Q1�2019Q1 0.57 0.57

2005Q1�2019Q1 0.54 0.54

Nowcast

2005Q1�2007Q4 0.95 0.93

2008Q1�2014Q4 1.45 1.44

2015Q1�2019Q1 0.89 0.88

2005Q1�2019Q1 1.03 1.01

Forecast-1Q

2005Q1�2007Q4 1.21 1.16

2008Q1�2014Q4 2.55 2.22

2015Q1�2019Q1 0.95 0.91

2005Q1�2019Q1 1.51 1.36

Forecast-2Q

2005Q1�2007Q4 1.39 1.29

2008Q1�2014Q4 2.76 2.76

2015Q1�2019Q1 0.89 0.83

2005Q1�2019Q1 1.61 1.57

Second, the productive investment decisions are often determined by
the outlook in the related labour market, capturing the business cycle
dynamics over di�erent regions, industries and age groups. Such a broad
scope may help re�ning the signals from the labour market. On top
of that, Industrial Production Indices proxy the current state of the
economic cycle and the expectations in aggregated demand.

In this regard, the use of principal components to extract the un-
derlying common factor explaining the regional diversity in economic
activity is deemed necessary for more e�cient estimation of the model
parameters. These results, however, contrast with Bok et al. (2018),
who argue that disaggregated variables, such as employment by age or
industry, show no substantial gains in prediction accuracy.
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Figure 3.2: Most often selected variables during the expanding window
pseudo-real-time experiments for GFCF over 2005Q1�2018Q4. The num-
ber of times selected denotes only the number of the same variables se-
lected (e.g., the variable and a one-quarter lag) but not which lag was
most often selected. Acronyms described in Appendix, Table B.1.

3.4.2.4 Forecast aggregation

To evaluate the ideas of forecast aggregation, brie�y discussed in Sec-
tion 3.2, under real data, we conduct the following additional experiment.
In this experiment, �rst, we preselect a set of signi�cant variables by the
LASSO during every quarter of the pseudo-real-time exercise. Second, we
consider the post-LASSO model, which applies an OLS regression, using
the �rst �ve principal components ordered by their variance explained5

and treating the assessed factors as explanatory variables. However,
as discussed in Section 3.2, we examine two predicting approaches: the
�rst � by �tting an appropriate ARMA model for each of the components
and forecasting them directly (DirectPC); and the second � by forecast-
ing the preselected variables and aggregating their forecasts (Aggreg-
atedPC). Table 3.5 presents the resulting performance of both of these
approaches, and a few conclusions arise.

5It is often found in the literature (e.g., Bai and Ng (2002)) that a small number
of principal components is usually enough when the initial data sample is relatively
sparse. In our case, we noticed that typically around 10 to 30 variables are selected
during the exercise, so this number seems optimal since it is not too large for e�cient
OLS estimation and not too small to omit underlying data. Also, since the variables
are preselected by the LASSO, it is likely that principal components, explaining the
most variance, will be the most signi�cant in the OLS estimation.
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First, we can see that the nowcasting performance is as expected
very similar, with the aggregated method being able to explain the crisis
period more accurately than the direct approach. Indeed, since some
monthly information is already known during the nowcasted quarter and
the factors compared are the same, such comparison essentially depends
on the method used to �ll the ragged edges6.

Second, the forecasting accuracy for most of the periods visibly im-
proved using the aggregated forecast method, with the highest di�erences
during the crisis period of 2008Q1�2014Q4. An inferior forecasting per-
formance by direct approach can likely be caused by underestimating
the complexity of the extracted factors. Even if the amount of sample
data is relatively large, it may be not enough for e�cient estimation
of all ARMA parameters. Although the same holds for forecasting the
preselected variables, the aggregation of their forecasts appears to im-
prove the results. In this case, the most signi�cant gains were seen for
the 1-quarter ahead forecasts. Besides, following the discussion in Sec-
tion 3.2, we expect more persistent dynamics with a broader scope of
information explaining each of the subcomponents.

The bene�ts of the forecast aggregation are twofold: the creation
of a more complex dynamics of the �nal forecasts than by forecasting
directly; and a self-correction by smoothing out inaccurate individual
forecasts.

A few additional observations follow from these results. First, be-
cause of the complexity of modelling each component, the aggregation
is feasible for only a small subset of variables and is not applicable for
large and dense problems. However, the complexity of the problem with
preselected (targeted) predictors essentially reduces to the complexity
of the Relaxed LASSO method. Second, comparing the results from
Table 3.2 with Table 3.5, it can be seen that since the variables preselec-
ted in both cases are the same, the Post-LASSO solution with using only
the �rst few extracted principal components can even lead to comparable
results with LASSO and LP.

6In this exercise the ragged edges were �lled using the Holt-Winters approach. It
is not the most commonly used method for such a problem, but we have found it
producing adequate results. ARMA models are also a good alternative, but we did
not want to have coinciding nowcasts with the ones from the AggregatedPC.
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3.4.3 Rolling window: US Gross Fixed Capital Formation

In this section, we repeat the exercise by switching to a 13-year rolling
window. The size of the window re�ects the likely occurrence of struc-
tural breaks within both standard business cycle frequencies up to 8
years and supply-side driven medium run frequencies up to 13 years.
The primary goal of the rolling window is to inspect the impact of old
historical information, e.g., continuously chosen by the LASSO as signi-
�cant only because they help to explain the historical data at the start
of the sample but are less useful for the most recent predictions.

3.4.3.1 Main �ndings

The main results are presented in Tables 3.6 and 3.7. As in the expanding
forecast window, we can see that most analysed models can outperform
the dense benchmarks. The BNDF model generates the most accurate
nowcasts, while L0L1 generates respectively the most accurate 1- and
2-quarter forecasts.

Most variants of the LASSO generates signi�cantly more accurate
nowcasts as suggested by the GW test (see Table 3.7) when compared
with the ARMA and DF, SW benchmarks, however, the evidence against
BNDF is lacking. On the other hand, the evidence is more visible for
the 1- and 2-quarter ahead forecasts.

Overall results of the nowcasting performance tightly depend on the
variable selection or the accuracy of signal extraction. Therefore, the
di�erences are more visible when comparing dense methods with sparse,
bearing in mind that BNDF uses the same variable selection to LP, LPX
and RL methods. On the other hand, comparing LP with BNDF directly
we are inspecting the gains from the additional shrinkage and factor selec-
tion, brought by LP. Finally, examining the forecasting performance, the
di�erent approaches for variable forecasting comes in play. For longer,
2-quarter ahead forecasts, we observe the higher gains of ARMA vs Kal-
man �lter approaches, while the 1-quarter forecasts should also capture
the forecast aggregation gains, following the discussion around Table 3.5
and the ideas from Section 3.2.

Noteworthy, when comparing the main results with the ones from the
expanding window (see Tables 3.2 and 3.6), LP overall accuracy for the
full data sample is very similar in both cases. However, by inspecting the
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nowcasting performance during di�erent spliced periods, it appears that
the rolling window setup leads to lower accuracy during the crisis period,
but higher onward from 2015Q1. This �nding provides evidence for the
possible e�ect of structural changes in the composition of the selected
data. In essence, the loss of accuracy during the crisis period suggests
that the chosen 13-year window may be too small since the models miss
information during the �rst periods of the estimation. To test the idea,
we have repeated the estimation with a 16-year rolling window and were
able to increase the nowcasting performance. Although beyond the scope
of the exercise, this �nding reveals that the size of the rolling window may
be treated as a hyperparameter for structural change �exibility and can
be further explored, in combination with the resulting sparse structures.

3.4.3.2 Sparse structures

In Figure 3.3, the list of top variables, preselected by the LASSO dur-
ing the forecasting exercise, is presented. It can be seen that similar to
the results from the expanding window estimation, most of the consist-
ently selected indicators explain the construction and housing sectors in
the US. The employment rate in the construction sector, together with
numbers on building permissions and building completions, complemen-
ted by the Consumer Price Index in the housing sector provide a rather
detailed view on the situation in the housing market.

By comparing the di�erences between rolling and expanding win-
dows, two main e�ects occur. The �rst e�ect is the inclusion of more
informative variables that become accessible at later periods, e.g., addi-
tional indicators for the construction sector. The second is the �exible
adjustment to structural changes, e.g., the shift of regions for the employ-
ment variables that can be related to di�erent active economic activities,
or the exclusion of information that was relevant only during the crisis
period.
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Table 3.6: RMSE of models forecasts during pseudo-real experiments
with rolling window for US GFCF. The labels B, N, Q1 and Q2 denotes
the forecast horizons � Backcast, Nowcast, Forecast-1Q and Forecast-2Q,
respectively. The bolded value is the smallest one for every column, and
every block corresponds to a splitted time period, while the last block
shows the results for the full period over 2005�2019.

Model
2005Q1�2007Q4 2008Q1�2014Q4 2015Q1�2019Q1 2005Q1�2019Q1

B N Q1 Q2 B N Q1 Q2 B N Q1 Q2 B N Q1 Q2

L 0.49 0.86 1.02 1.12 0.85 1.84 2.62 2.95 0.44 0.77 0.90 0.93 0.57 1.10 1.50 1.67
LP 0.31 0.80 0.98 1.15 0.47 1.57 2.56 3.14 0.33 0.73 0.89 0.94 0.35 0.98 1.46 1.76
LPX 0.28 0.83 1.02 1.14 0.38 1.73 2.68 3.21 0.32 0.71 0.91 0.92 0.32 1.04 1.52 1.78
RL 0.19 0.77 0.97 1.14 0.38 1.81 2.66 3.16 0.29 0.79 0.92 0.92 0.28 1.09 1.52 1.76
SqL 0.55 0.84 1.04 1.16 0.69 1.78 2.67 2.96 0.44 0.77 0.90 0.92 0.52 1.08 1.51 1.68
SqP 0.38 0.84 1.00 1.16 0.43 1.74 2.62 2.99 0.36 0.75 0.91 0.94 0.37 1.06 1.49 1.69
AdP 0.07 0.71 0.82 1.04 0.15 1.87 2.54 2.94 0.09 0.74 0.94 0.96 0.10 1.09 1.45 1.66
AdL 0.10 0.72 0.84 1.03 0.19 1.91 2.58 2.91 0.12 0.75 0.94 0.93 0.14 1.12 1.47 1.64
AdRL 0.04 0.63 0.81 1.02 0.07 1.79 2.53 2.90 0.06 0.75 0.96 0.96 0.06 1.05 1.45 1.65
L0L1 0.77 1.17 1.25 1.23 1.01 1.76 2.12 2.51 0.58 0.86 0.91 0.94 0.74 1.19 1.35 1.52

L0L1p 0.75 1.15 1.27 1.23 0.98 1.83 2.15 2.57 0.51 0.91 0.93 0.93 0.70 1.22 1.37 1.54
L0 0.65 0.99 1.18 1.26 0.93 1.82 2.26 2.69 0.82 0.94 0.99 1.02 0.81 1.21 1.43 1.61
L0p 0.65 0.98 1.17 1.26 0.90 1.82 2.26 2.69 0.82 0.93 0.99 1.02 0.80 1.21 1.43 1.61
L0L2 0.75 0.99 1.26 1.23 1.01 1.94 2.50 2.61 0.56 0.81 0.94 0.94 0.73 1.20 1.51 1.55
L0L2p 0.75 1.00 1.26 1.24 0.94 1.99 2.61 2.70 0.54 0.84 0.93 0.92 0.70 1.23 1.54 1.58

ARMA 0.87 0.90 1.03 1.17 2.19 2.50 3.45 3.60 0.99 1.08 1.13 1.29 1.34 1.49 1.93 2.01
BNDF 0.54 0.83 1.06 1.20 0.75 1.48 2.72 3.65 0.55 0.68 0.89 0.97 0.56 0.94 1.55 1.99
DF 1.23 1.33 1.43 1.52 1.02 2.35 3.18 3.23 0.77 1.01 1.10 1.09 0.89 1.47 1.84 1.88
SW 1.31 1.42 1.53 1.59 1.74 2.32 3.40 4.15 0.86 0.95 1.01 1.14 1.18 1.46 1.92 2.28

Table 3.7: Relative RMSE to a set of benchmark models, during pseudo-
real experiments for GFCF over the full period of 2005�2019. The bolded
value corresponds to the best performance per forecast horizon. Asterix
indicates signi�cant di�erences in forecasting accuracy, when compared
with the according benchmark, based on GW test with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.75* 0.76* 0.82* 1.20* 0.95 0.83 1.03 0.95* 0.84* 0.77* 0.77* 0.72*
AdP 0.73* 0.75* 0.83* 1.17 0.94 0.84 1.00 0.93* 0.85* 0.75* 0.76* 0.73*
AdRL 0.71* 0.75* 0.82* 1.13 0.94 0.83 0.97 0.94* 0.85* 0.72* 0.76* 0.72*
L 0.74* 0.78* 0.83* 1.18 0.97 0.84 1.01 0.97 0.86* 0.76* 0.78* 0.73*
L0 0.81 0.74* 0.80* 1.29* 0.93 0.81 1.11 0.92 0.83 0.83 0.75 0.71*
L0L1 0.80 0.70* 0.75* 1.27* 0.88 0.76 1.09 0.87 0.78* 0.82 0.71* 0.67*

L0L1p 0.82 0.71* 0.77* 1.31* 0.89 0.77 1.12 0.88 0.79 0.84 0.71* 0.68*
L0L2 0.80 0.78* 0.77* 1.28* 0.98 0.78 1.10 0.97 0.80* 0.82* 0.79* 0.68*
L0L2p 0.82 0.80* 0.79* 1.31* 1.00 0.79 1.13 1.00 0.81 0.84 0.80* 0.69*
L0p 0.81 0.74* 0.80* 1.29* 0.92 0.81 1.11 0.92 0.83 0.83 0.74 0.71*
LP 0.66* 0.76* 0.87* 1.05 0.95 0.88 0.90 0.94* 0.90* 0.67* 0.76* 0.77*
LPX 0.70* 0.79* 0.88* 1.11 0.99 0.89 0.95 0.98 0.91* 0.71* 0.79* 0.78*
RL 0.73* 0.79* 0.88* 1.17* 0.98 0.89 1.00 0.98 0.90* 0.75* 0.79* 0.77*
SqL 0.72* 0.79* 0.83* 1.15* 0.98 0.84 0.99 0.98 0.86* 0.74* 0.79* 0.74*
SqP 0.71* 0.78* 0.84* 1.14* 0.97 0.85 0.97 0.96 0.87* 0.73* 0.78* 0.74*
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Figure 3.3: Most often selected variables by the LASSO during the rolling
window pseudo-real-time forecasting exercise for the GFCF. The number
of times selected denotes only the number of the same variables selected
(e.g., the variable and a one-quarter lag) but not which lag was most
often selected. Acronyms described in Appendix, Table B.2

3.4.4 US Private Final Consumption Expenditure

Compared with the investments, the behaviour of private consumption
is quite di�erent. First, it tends to show a much more stable growth
than investments. Second, it does not immediately respond to the vari-
ous stages of the business cycle � the private consumption tends to take
the momentum only when the expansion of the current cycle is well un-
derway, with reaching the peak after the cycle. Therefore, it is easier
to re�ect various shocks in the economy when generating nowcasts for
private consumption, since in particular markets some of the shocks could
be perceived much earlier. Additionally, for nowcasting, it is especially
convenient to use available �hard� monthly real personal consumption
indicators released with a relatively small publication lag. Furthermore,
this �nding highlights the importance of accurate individual forecast-
ing of such monthly indicators. It is very likely, that 1- and 2-quarter
forecasts of private consumption would be greatly improved if the fore-
casts of �hard� monthly indicators would be generated by employing more
sophisticated models, capable of including more explanatory information
than benchmark models.

The results of forecasting the PFCE are presented in Tables B.6 and
B.7 of the Appendix B.4 over a rolling 13-year window. The most ac-
curate nowcasts are produced by the L0L1P models, with rather similar
performance across most LASSO variants. Besides, the most accurate
1- and 2-quarter forecasts are generated by the BNDF and LP, respect-
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Figure 3.4: Most often selected variables by the LASSO during the rolling
window pseudo-real-time forecasting exercise for the PFCE. The number
of times selected denotes only the number of the same variables selected
(e.g., the variable and a one-quarter lag) but not which lag was most
often selected. Acronyms described in Appendix, Table B.3

ively. We note that while the nowcasting performance is rather similar to
the benchmark models (as suggested by GW test, see Table B.8), most
LASSO variants can signi�cantly outperform DF and SW benchmarks
for nowcasts and 1-quarter forecasts.

Figure 3.4 presents the top monthly variables most often preselec-
ted by the LASSO as signi�cant. When inspecting the results, we �nd
that the most frequently selected are the �hard� monthly indicators of
real personal consumption expenditure (expenditures on goods and ser-
vices) as was expected. Indeed, statistical agencies themself use �hard�
data as the primary sources for their preliminary nowcasts, con�rming
that LASSO can identify the main leading indicators from a large set of
available information.

3.4.5 US International Trade

Similarly to investments, the exports and imports of goods and services
are more volatile than the aggregate GDP. The cyclical properties of in-
ternational trade are quite appealing and follow from the balance of two
forces. First, the `loving-variety' economic agents that seek to smooth
consumption using international trade. Second, the additional cyclical
variability comes from the investments, that are permitted by the in-
ternational capital �ows. Although there usually exists a strong co-
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Figure 3.5: Most often selected variables by the LASSO during the rolling
window pseudo-real-time forecasting exercise for the Exports. The num-
ber of times selected denotes only the number of the same variables
selected (e.g., the variable and a one-quarter lag) but not which lag was
most often selected. Acronyms described in Appendix, Table B.4

movement between exports and imports, the response to the shocks may
have an opposite or supplementary impact on exports and imports. For
instance, appreciation of the real e�ective exchange rate can be expec-
ted to decrease exports due to the reduced price competitiveness, but
increase imports by lowering the relative import prices. Some strong
demand shocks, on the contrary, might pass through the global economy
leading to acceleration or are a�ected by global boom-bust cycles in eco-
nomic activity. For example, during acceleration, an initial increase in
imports due to the hike in the US domestic demand results in grow-
ing foreign exports and foreign income, which in turn increase domestic
exports. As in the case with private consumption, the nowcasting of
exports and imports is simpli�ed by the existence of �hard� monthly
indicators of external trade, published with a small delay.

The results of forecasting Exports and Imports are presented in
Table B.6 of the Appendix B.4 over a rolling 13-year window.

When nowcasting the Exports, all variants of the LASSO can out-
perform the ARMA models, however, are very close to the nowcasts of
BNDF, lacking evidence of signi�cance by the GW test. Despite this, the
lowest RMSE are generated by the LPX method. The latter provides fur-
ther evidence that additional forecasting accuracy can follow from using
a mixture between the two methods, where both the principal compon-
ents and the original preselected data are included in the model. Finally,
this �nding shows that tailoring the rotation matrix can help to reduce
the noise from the data, as discussed in Section 3.2.3.
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When forecasting 1- and 2-quarters ahead, the results are even closer
between all of the models, with BNDF having the most accuracy by a
small margin. However, these results are expected due to the existence
of �hard� monthly indicators � the nowcasting results highly depends on
the accurate variable selection part, while the forecasts re�ect the model
structure and the accuracy of the monthly indicator forecasts. Since the
forecasts are likely led by the monthly Exports of Goods and Services
variable (see Figure 3.5, Table B.4), we do not expect signi�cant forecast
accuracy improvements due to forecast aggregation as per the discussion
in Section 3.2.2, hence the very similar results between all of the model
forecasts.

When nowcasting the Imports, AdRL shows the best result, signi-
�cantly outperforming the DF model, as suggested by the GW test.
Additionally, SqL generates the best 1-quarter forecasts, while SqP gen-
erates the best 2-quarter forecasts. The GW test results are weaker for
the forecasts, suggesting that the large observed RMSE di�erences may
be caused by a few distinct points, most likely during the crisis period.

3.4.6 European countries

As a robustness check, we repeat the estimation procedure for four largest
Euro Area economies that are also the main contributors to the EU
budget: Germany, France, Italy and Spain. Replicating the estimation,
we cover the same four main components of the GDP accounted by the
expenditure approach. Although, due to the varying availability of the
historical data, we had to make certain adjustments. As with the US, it
is of interest to cover the �nancial crisis period in the experiments. How-
ever, for some series, the available GDP data starts later than 1992Q1
� in such cases, the rolling window is set to expand until it reaches the
previously de�ned 13-year window.

The results are presented in Appendix B.4. As can be expected, no
single forecasting approach dominates in the �horse race�. However, we
note that unlike with the results for the US data, there were cases when
the dense factor methods were able to outperform the sparse methods
(see Appendix B.4, Tables B.12, B.13, B.19, B.20 for Spain GFCF and
Exports, France PFCE and GFCF).

In fact, for Italy PFCE variable, both the sparse and dense meth-
ods were hardly outperforming the ARIMA models (see Appendix B.4,
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Figure 3.6: Most often selected variables by the LASSO during the rolling
window pseudo-real-time forecasting exercise for the Imports. The num-
ber of times selected denotes only the number of the same variables
selected (e.g., the variable and a one-quarter lag) but not which lag was
most often selected. Acronyms described in Appendix, Table B.5
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Table B.23) when nowcasting. This result naturally follows from the
scarce availability of data and the short historical periods for the avail-
able explanatory variables.

Some variants of the proposed LASSO-PC modi�cation were able to
generate the most accurate nowcasts for France Exports, Italy Imports
(see Appendix B.4, Tables B.21, B.26), and the most accurate 1- or 2-
quarter forecasts for Spain (GFCF, Imports), Germany (PFCE, GFCF,
Exports), France (GFCF, Exports, Imports), Italy (PFCE, GFCF, Im-
ports) (see Appendix B.4, Tables B.12, B.14, B.15, B.16, B.17, B.20,
B.21, B.22, B.23, B.24, B.26). While some of the gains are less evident
according to the estimated statistical signi�cance using the GW test, the
results extend the �ndings from the US forecasting results. Noteworthy,
in many cases the nowcasting performance for the DF and BNDF mod-
els were signi�cantly improved from applying commonly used monthly
aggregation strategies and the use of bridge equations for the nowcast es-
timation, as described in Ba«bura et al. (2013), which were not used for
the sparse methods. On the other hand, when comparing the 1- and 2-
quarter forecasting performance, the e�ects of such nowcasting solutions
are diminished and a clearer comparison can be made.

Comparing the performance by the forecasted GDP components, we
conclude that for all four countries, the PCA modi�cation consistently
showed improvements for the GFCF. However, for the remaining vari-
ables, the performance gains were less evident and less consistent. These
results con�rm the ideas discussed in Sections 3.4 and 3.4.2 for the US
data and provides further evidence that the structural complexity of the
GFCF component and the lack of �hard� leading indicators translates
well within Germany, Spain, France, and Italy. Hence, in such cases, we
can expect tangible gains from applying LASSO-PC against traditional
sparse methods.

Finally, in addition to inspecting only the best performing models,
we examine the median overall performance rankings of every model in
the �horse race�. Table 3.8 presents the results, where the models are
ordered by their median rankings throughout the �horse race�. Median
rankings can demonstrate the overall stability of the models, capturing
the relative model performance under varying data quality and availab-
ility. In this case, it follows that the LP and LPX models are able to
consistently generate adequate nowcasts and 1- and 2-quarter forecasts,
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while the remaining models show higher variability and higher probabil-
ity of producing relatively poor forecasts.

Table 3.8: Median model rankings during the pseudo-real experiments
for Euro Area GDP components over the full period of 2005�2019. The
values are sorted by the 1-quarter forecast performance in the ascending
order.

Model Nowcast Forecast-1Q Forecast-2Q

LPX 7 5 5.5

LP 5.5 6 7

L0L1 9 7.5 12

L 8 8 7

SqL 8 8 8.5

SqP 8.5 8 8

AdP 8 8.5 7.5

RL 10 8.5 6.5

L0L2p 10 9 10.5

AdL 7.5 9.5 9.5

L0L1p 11.5 10 12

DF 11 11 10.5

BNDF 6.5 11.5 12.5

L0L2 13 11.5 8.5

AdRL 8.5 12 9.5

L0 16 15 16

L0p 16 16 15

SW 17.5 17 8.5

ARMA 16 18 18
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Conclusions

In this dissertation important aspects of sparsity in high-dimensional
linear regression models were studied. A particular attention was paid
to approximate sparsity, which is the underlying assumption of many
popular sparse modelling techniques. The empirical performance of
sparse methods and its implications were investigated by a comprehens-
ive pseudo-real-time short-term forecasting study. Below we summarize
the main results of the dissertation.

In the �rst part of the dissertation, we studied the statistic ∥X′Y ∥22
and derived its exact and asymptotic distributions under certain condi-
tions. We highlight the application of variance-gamma distribution used
to derive the main results and deem that this approach can open up
interesting avenues for future work, e.g., in order to derive alternative
statistics of a similar nature.

By implementing a Monte Carlo simulation study under the assump-
tion of approximate sparsity of the underlying model coe�cients, we
�nd that the empirical distribution of the statistic ∥X′Y ∥22 fairly quickly
approaches the limiting distribution, suggesting applicability of the res-
ults in constructing tests for sparsity and the related SNR estimation
literature.

For future research the results could be extended further by dropping
the assumption of independence between the observations. Furthermore,
following the ideas of Dicker and Erdogdu (2016), the derived exact
distribution could be used in order to form likelihood functions, which
could be applied for further improvements in estimating the SNR or
∥β∥22.

In the second part of the dissertation, we studied the forecasting
accuracy of the LASSO and its widespread modi�cations, together with
the proposed approach of combining LASSO with the method of principal
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components. We found evidence that these methods can distinguish and
estimate the underlying explanatory variables for the nowcasting and
short-run forecasting problem.

We �nd that all LASSO methods showed acceptable forecasting
performance, outperforming the benchmark ARMA and factor models.
The advantages of including additional explanatory monthly information
were substantial during the crisis period of 2008Q1�2010Q4, where both
the nowcasts and one- and two-quarter forecasts in most cases provided
more accurate results than benchmark models. Furthermore, the num-
ber of variables selected by the methods was mostly relatively small,
suggesting that the sparseness assumption for the data generating pro-
cess holds.

Moreover, in most cases, the popular modi�cations of LASSO were
able to improve the forecasting accuracy of the LASSO, suggesting not
only theoretical, but also practical usefulness of looking into the modi-
�cations of the classic LASSO method.

Finally, while the LASSO is �t for generating adequate forecasts for
di�erent macroeconomic data, our suggested modi�cation (LASSO-PC)
showed additional gains in forecast accuracy. We found evidence that the
proposed combination often generates more accurate forecasts than the
Adaptive LASSO or the Relaxed LASSO, which already are substantial
modi�cations of the original LASSO that have Oracle Properties. There-
fore, we expect further gains in forecasting accuracy with additional work
on these methods. On the other hand, the methods we discussed never
�nd non-linearities if they are not in the initial search space. A more time
consuming yet interesting extension, in this regard, would be to consider
second- or third-order interaction terms between the variables or their
power transformations, which might result in further improvement of the
forecasting performance.

The short-term forecasting results might be improved further by
working in two speci�c directions. First, the usage of default weights for
the Adaptive LASSO often showed better pseudo-real-time forecasting
performance than the standard LASSO and benchmark models. We sup-
pose that the choice of the weights could be optimized or cross-validated
to better deal with the high-dimensionality problem. Second, when com-
bining the method of principal components with the LASSO, only the
standard estimation procedure of the principal components was con-
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sidered. However, the PCA part of the LASSO-PC might bene�t further
from tailoring the angles or scale of the rotation matrix for additional
gains in forecasting accuracy.
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Appendix A

Technical lemmas

Throughout the proofs we use the notation C to mark generic constants,
the speci�c values of which can change from line to line.

Lemma A.1. Assume that |ϱ| < 1. Then,

∫ ϱ

0

log(1− ϱx)

x(1− x)
dx = −1

2

(
Li2(ϱ

2) + log2(1− ϱ)
)
,

where Li2 denotes the real dilogarithm function. (Recall, that for ϱ < 0,

by
∫ ϱ
0 we denote −

∫ 0
ϱ .)

Proof. Write,

∫ ϱ

0

log(1− ϱx)

x(1− x)
dx =

∫ ϱ

0

log(1− ϱx)

x
dx +

∫ ϱ

0

log(1− ϱx)

1− x
dx.

By (2.72), we have

∫ ϱ

0

log(1− ϱx)

x
dx = −Li2(ϱ

2). (A.1)

It remains to show that
∫ ϱ

0

log(1− ϱx)

1− x
dx =

1

2

(
Li2(ϱ

2)− log2(1− ϱ)
)
. (A.2)

Indeed, by substitution v = ϱ− ϱx, we have

∫ ϱ

0

log(1− ϱx)

1− x
dx =

∫ ϱ

ϱ−ϱ2
log(1− ϱ+ v)

v
dv
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=

∫ ϱ

ϱ−ϱ2

log(1 + v
1−ϱ)

v
dv − log2(1− ϱ).(A.3)

Further, by substitution w = − v
1−ϱ , we have

∫ ϱ

ϱ−ϱ2

log(1 + v
1−ϱ)

v
dv = −

∫ −ϱ

− ϱ
1−ϱ

log(1− w)

w
dw

= Li2(−ϱ)− Li2

(
− ϱ

1− ϱ

)

= Li2(−ϱ) + Li2(ϱ) +
1

2
log2(1− ϱ) (A.4)

=
1

2

(
Li2(ϱ

2) + log2(1− ϱ)
)
, (A.5)

where for (A.4)�(A.5) we apply the easily veri�able identities (see, e.g.,
Maximon (2003)):

Li2

( x

x− 1

)
= −Li2(x)−

1

2
log2(1− x), x < 1,

Li2(x) + Li2(−x) =
1

2
Li2(x

2), |x| < 1.

Thus, (A.3) and (A.5) imply (A.2), which concludes the proof.

Lemma A.2. Assume that
∑∞

j=1 β
2
j < ∞ and |ϱ| < 1. Then, the fol-

lowing inequalities hold:

1.

∣∣∣∣
∞∑

l=p+1

∞∑

l′=l+1

βlβl′ϱ
l′−l
∣∣∣∣ ≤ C

∞∑

l=p+1

β2l .

2.

∣∣∣∣
∞∑

l=p+1

∞∑

l′=l+1

βlβl′ϱ
l′−l(l′ − l)

∣∣∣∣ ≤ C
∞∑

l=p+1

β2l .

3.

∣∣∣∣
p∑

l=1

∞∑

l′=p+1

βlβl′ϱ
l′−l
∣∣∣∣ ≤ C

∞∑

l=p+1

β2l .

4.

∣∣∣∣
p∑

l=1

∞∑

l′=p+1

βlβl′ϱ
l′+l
∣∣∣∣ ≤ C

∞∑

l=p+1

β2l .

Proof. See the proof in Appendix, Section A.3.
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Lemma A.3. Assume that supj≥1 |βj |jα <∞, α > 1/2 and that |ϱ| < 1.

Then,

∣∣∣∣
p∑

j=1

βjϱ
p−j
∣∣∣∣ = o(p−1/4).

Proof. We have

∣∣∣∣
p∑

j=1

βjϱ
p−j
∣∣∣∣ ≤

⌊√p⌋∑

j=1

|βj ||ϱ|p−j +
p∑

j=⌊√p⌋+1

|βj ||ϱ|p−j

≤ sup
j≥1

|βj |
⌊√p⌋∑

j=1

|ϱ|p−j + p−α/2
p∑

j=⌊√p⌋+1

|βj |pα/2|ϱ|p−j

≤ sup
j≥1

|βj |
⌊√p⌋∑

j=1

|ϱ|p−j + p−α/2 sup
j≥1

|βj |jα
p∑

j=⌊√p⌋+1

|ϱ|p−j

≤ C

( ⌊√p⌋∑

j=1

|ϱ|p−j + p−α/2
p∑

j=⌊√p⌋+1

|ϱ|p−j
)

≤ C
(
|ϱ|p−⌊√p⌋ + p−α/2

)
.

Here we used the fact that
∑p

j=⌊√p⌋+1 |ϱ|p−j → (1− |ϱ|)−1 <∞. Thus,

p1/4
∣∣∣∣

p∑

j=1

βjϱ
p−j
∣∣∣∣ ≤ C

(
p1/4|ϱ|p−⌊√p⌋ + p

1
4
−α

2

)
→ 0. (A.6)

Remark A.1. Obviously, the assumption supj≥1 |βj |jα < ∞, for
α > 1/2, implies that

∑∞
j=1 β

2
j <∞:

∞∑

j=1

β2j =
∞∑

j=1

β2j j
2αj−2α ≤ sup

j≥1
β2j j

2α
∞∑

k=1

k−2α < ∞.

Lemma A.4. Assume that the assumptions of Theorem 2.1 hold. Then,

κ2,p = o(p).
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Proof. Observe, that

κ2,p =

p∑

k=1

( p∑

l=1

βlϱ
|k−l|

)2

=

p∑

k=1

p∑

l1,l2=1

βl1βl2ϱ
|k−l1|+|k−l2|

≤
p∑

l1,l2=1

|βl1 ||βl2 |
p∑

k=1

|ϱ||k−l1|+|k−l2|

≤ C

( p∑

l=1

|βl1 |
)2

(A.7)

= o(p)

where (A.7) follows from (A.24). Meanwhile,
∑p

l=1 |βl1 | = o(p1/2), since

p∑

l=1

|βl| =

⌊p1/2⌋∑

l=1

|βl| +

p∑

l=⌊p1/2⌋+1

|βl|

≤ p1/4
( ∞∑

l=1

β2l

)1/2

+ p1/2
( ∞∑

l=⌊p1/2⌋+1

β2l

)1/2

= o(p1/2).

Lemma A.5. Assume that
∑∞

j=1 β
2
j < ∞ and |ϱ| < 1. De�ne θ

(p)
k =∑p

j=1 βjϱ
|k−j|. Then,

∣∣∣∣
p∑

i,j,k=1

(
ϱ|i−j| + θ

(p)
i θ

(p)
j

)(
ϱ|i−k| + θ

(p)
i θ

(p)
k

)(
ϱ|k−j| + θ

(p)
k θ

(p)
j

)∣∣∣∣ = o(p3/2).

(A.8)

Proof. See the proof in Appendix, Section A.4.

A.1 Proof of Lemma 2.5

Here and throughout the proof we employ the notation as in De�nition
2.1.
(i) Note that, by (2.65) and (2.67), we have

κ1,p =

p∑

k=1

β2k + 2

p∑

k=2

k−1∑

l=1

βkβlϱ
k−l → β(1) + 2b1(ϱ) as p→ ∞.
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(ii) Write

κ2,p =

p∑

l=1

p∑

k=1

β2l ϱ
2|k−l| + 2

∑

l′>l

p∑

k=1

βlβl′ϱ
|k−l|ϱ|k−l

′|.

From here, it is straightforward to see that

κ2,p → β(1)
1 + ϱ2

1− ϱ2
− β(ϱ2)

1

1− ϱ2
(A.9)

+ 2
(
b
(1)
1 (ϱ) + b1(ϱ)

1 + ϱ2

1− ϱ2
− b2(ϱ)

1

1− ϱ2

)
. (A.10)

Technical details of the proof of (A.10) are presented in Appendix, Sec-
tion A.5.

(iii) Consider

κ3,p =

p∑

l=1

β2l J1(l) + 2
∑

l<l′
βlβl′J2(l, l

′), (A.11)

where

J1(l) :=

p∑

k,k′=1

ϱ|k−k
′|ϱ|k−l|ϱ|k

′−l|1{l=l′}, (A.12)

J2(l, l
′) :=

p∑

k,k′=1

ϱ|k−k
′|ϱ|k−l|ϱ|k

′−l′|1{l<l′}. (A.13)

Then, it is straightforward to see that, as p→ ∞, using the notation in
De�nition 2.1, we have that

p∑

l=1

β2l J1(l) → β(1)
1 + 4ϱ2 + ϱ4

(1− ϱ2)2
− β(ϱ2)

1 + 3ϱ2

(1− ϱ2)2

− 2

1− ϱ2
β(1)(ϱ2), (A.14)

and

∑

l′>l

β2l J2(l, l
′) → 1

2(1− ϱ2)2
(
b(2)(ϱ)(1− ϱ2)2 + 3b

(1)
1 (ϱ)(1− ϱ4)

+ 2b1(ϱ)(1 + 4ϱ2 + ϱ4)− 2b
(1)
2 (ϱ)(1− ϱ2)

− 2b2(ϱ)(1 + 3ϱ2)
)
. (A.15)
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Technical details of the proof of (A.14)�(A.15) are omitted here and
presented in the Appendix, Section A.6. This concludes the proof.

A.2 Proof of Lemma 2.4

Part (i). Write

κ1 − κ1,p = 2

p∑

l=1

∞∑

l′=p+1

βlβl′ϱ
l′−l +

∞∑

l=p+1

∞∑

l′=p+1

βlβl′ϱ
|l−l′|.

Here,

∣∣∣∣
p∑

l=1

∞∑

l′=p+1

βlβl′ϱ
l′−l
∣∣∣∣ = o(p−1/2)

by Lemma A.2(iii), while

∞∑

l=p+1

∞∑

l′=p+1

βlβl′ϱ
|l−l′| =

∞∑

l=p+1

β2l + 2
∞∑

l=p+1

∞∑

l′=l+1

βlβl′ϱ
l′−l

≤ C
∞∑

l=p+1

β2l = o(p−1/2)

by Lemma A.2(i), which concludes the proof. 2

Part (ii). Write

κ2 − κ2,p =

(
2

p∑

k=1

p∑

l=1

∞∑

l′=p+1

+ 2
∞∑

k=p+1

p∑

l=1

∞∑

l′=p+1

+

p∑

k=1

∞∑

l=p+1

∞∑

l′=p+1

+
∞∑

k=p+1

p∑

l=1

p∑

l′=1

+
∞∑

k=p+1

∞∑

l=p+1

∞∑

l′=p+1

)
βlβl′ϱ

|k−l|+|k−l′|

=: 2L1 + 2L2 + L3 + L4 + L5. (A.16)

We have

L1 =

p∑

l=1

∞∑

l′=p+1

βlβl′

p∑

k=1

ϱ|k−l|+l
′−k

=

p∑

l=1

∞∑

l′=p+1

βlβl′

( l∑

k=1

ϱl
′+l−2k +

p∑

k=l+1

ϱl
′−l
)
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=

p∑

l=1

∞∑

l′=p+1

βlβl′
( ϱl

′−l

1− ϱ2
− ϱl+l

′

1− ϱ2
+ (p− l)ϱl

′−l
)
.

Thus,

|L1| ≤
p∑

l=1

∞∑

l′=p+1

|βl||βl′ |
( |ϱ|l′−l
1− ϱ2

+
|ϱ|l+l′

1− ϱ2
+ (l′ − l)|ϱ|l′−l

)

≤ C

∞∑

j=p+1

β2j = o(p−1/2)

by Lemma A.2(ii)�(iv). For the term L2 we have

L2 =

p∑

l=1

∞∑

l′=p+1

βlβl′
∞∑

k=p+1

ϱk−l+|k−l′|

=

p∑

l=1

∞∑

l′=p+1

βlβl′

( l′∑

k=p+1

ϱl
′−l +

∞∑

k=l′+1

ϱ2k−l−l
′
)
.

Thus, by Lemma A.2(ii)-(iii),

|L2| ≤
p∑

l=1

∞∑

l′=p+1

|βl||βl′ |
(
(l′ − l)|ϱ|l′−l + ϱ2

1− ϱ2
|ϱ|l′−l

)
= o(p−1/2).

For the term L3 we have

L3 =

∞∑

l=p+1

∞∑

l′=p+1

βlβl′

p∑

k=1

ϱl+l
′−2k

=

∞∑

l=p+1

∞∑

l′=p+1

βlβl′

(
ϱl

′+l−2p

1− ϱ2
− ϱl+l

′

1− ϱ2

)
.

Thus,

|L3| ≤
∞∑

l=p+1

∞∑

l′=p+1

|βl||βl′ |
( |ϱ|l′+l−2p

1− ϱ2
+

|ϱ|l+l′

1− ϱ2

)

≤ 1

1− ϱ2

(( ∞∑

l=p+1

|βl||ϱ|l−p
)2

+

( ∞∑

l=p+1

|βl||ϱ|l
)2)
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≤ C

∞∑

l=p+1

β2l + o(p−1/2) = o(p−1/2),

since
∑∞

l=p+1 |ϱ|2(l−p) < ∞ and due to Hölder's inequality. Further, for
the term L4 we have

L4 =

p∑

l=1

p∑

l′=1

βlβl′
∞∑

k=p+1

ϱ2k−l−l
′
=

ϱ2

1− ϱ2

p∑

l=1

p∑

l′=1

βlβl′ϱ
(p−l)+(p−l)

=
ϱ2

1− ϱ2

( p∑

l=1

βlϱ
p−l
)2

= o(p−1/2),

by Lemma A.3. Finally, for L5 write

L5 =

∞∑

k=p+1

∞∑

l=p+1

β2l ϱ
2|k−l| + 2

∞∑

k=p+1

∞∑

l,l′=p+1, l′>l

βlβl′ϱ
|k−l|+|k−l′|.

For the �rst summand, we have

∞∑

k,l=p+1

β2l ϱ
2|k−l| =

∞∑

l=p+1

β2l

∞∑

k=p+1

ϱ2|k−l|1{k≥l}

+
∞∑

l=p+1

β2l

∞∑

k=p+1

ϱ2|k−l|1{k<l}

=
∞∑

l=p+1

β2l

∞∑

k=l

ϱ2k−2l +
∞∑

l=p+1

β2l

l+1∑

k=p+1

ϱ2l−2k

=

∞∑

l=p+1

β2l

(( 1

1− ϱ2

)
+
(
− ϱ2l−2p

1− ϱ2
+

1

ϱ2 (1− ϱ2)

))

≤ C
∞∑

l=p+1

β2l , (A.17)

where C <∞. Similarly,

∞∑

k=p+1

∞∑

l′>l

βlβl′ϱ
|k−l|+|k−l′|

=

∞∑

l=p+1

∞∑

l′=l+1

∞∑

k=p+1

βlβl′ϱ
2k−l−l′1{k≥l′>l} (A.18)
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+

∞∑

l=p+1

∞∑

l′=l+1

∞∑

k=p+1

βlβl′ϱ
l′−l1{l′>k≥l} (A.19)

+
∞∑

l=p+1

∞∑

l′=l+1

∞∑

k=p+1

βlβl′ϱ
l′+l−2k1{l′>l>k}. (A.20)

For (A.18), write

∞∑

l=p+1

∞∑

l′=l+1

∞∑

k=p+1

βlβl′ϱ
2k−l−l′1{k≥l′>l} =

∞∑

l=p+1

∞∑

l′=l+1

βlβl′
ϱl

′−l

1− ϱ2
.

Thus, by Lemma A.2(i), we have

∣∣∣∣
∞∑

l=p+1

∞∑

l′=l+1

∞∑

k=p+1

βlβl′ϱ
2k−l−l′1{k≥l′>l}

∣∣∣∣ ≤ C
∞∑

l=p+1

β2l ,

for C <∞. Next, for (A.19), write

∞∑

l=p+1

∞∑

l′=l+1

∞∑

k=p+1

βlβl′ϱ
l′−l1{l′>k≥l} =

∞∑

l=p+1

∞∑

l′=l+1

βlβl′ϱ
l′−l(l′ − l).

It follows from Lemma A.2(ii) that

∣∣∣∣
∞∑

l=p+1

∞∑

l′=l+1

∞∑

k=p+1

βlβl′ϱ
l′−l1{l′>k≥l}

∣∣∣∣ ≤ C
∞∑

l=p+1

β2l ,

for C <∞. Finally, for (A.20), we have

∞∑

k,l,l′=p+1

βlβl′ϱ
l′+l−2k1{l′>l>k}

=
∞∑

l=p+2

∞∑

l′=l+1

βlβl′

(
ϱ(l−p)+(l′−p)

ϱ2 − 1
+ ϱ2

ϱl
′−l

1− ϱ2

)
.

Thus, by Lemma A.2(i),

∣∣∣∣
∞∑

k,l,l′=p+1

βlβl′ϱ
l′+l−2k1{l′>l>k}

∣∣∣∣

≤ 1

2

∞∑

l=p+2

∞∑

l′=l+1

(
β2l ϱ

2(l′−p) + β2l′ϱ
2(l−p)

)
+ C

∞∑

l=p+1

β2l
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≤ C

∞∑

l=p+1

β2l .

Hence, (A.17) and the estimates for (A.18)�(A.20) yield

|L5| ≤ C

∞∑

l=p+1

β2l = o(p−1/2).

Equality (A.16) and estimates |Li| = o(p−1/2), i = 1, . . . , 5, complete
the proof of part (ii). 2

A.3 Proof of Lemma A.2

Proof. For inequality (i), we have that

∣∣∣∣
∞∑

l=p+1

∞∑

l′=l+1

βlβl′ϱ
l′−l
∣∣∣∣ ≤ 1

2

∞∑

l=p+1

∞∑

l′=l+1

(
β2l |ϱ|l

′−l + β2l′ |ϱ|l
′−l
)

=
1

2

( |ϱ|
1− |ϱ|

∞∑

l=p+1

β2l +
∞∑

l′=p+1

β2l′

(
− |ϱ|l′−p

1− |ϱ| +
1

1− |ϱ|

))

≤ C
∞∑

l=p+1

β2l .

For inequality (ii), note that

∣∣∣∣
∞∑

l=p+1

∞∑

l′=l+1

βlβl′ϱ
l′−l(l′ − l)

∣∣∣∣

≤ 1

2

∞∑

l=p+1

∞∑

l′=l+1

(
β2l |ϱ|l

′−l(l′ − l) + β2l′ |ϱ|l
′−l(l′ − l)

)

=
|ϱ|

(1− |ϱ|)2
∞∑

l=p+1

β2l

+
∞∑

l′=p+2

β2l′
|ϱ|l′−p

(1− |ϱ|)2
(
− (l′ − p)(1− |ϱ|)− |ϱ|

)

+
∞∑

l′=p+2

β2l′
|ϱ|

(1− |ϱ|)2
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≤ 2|ϱ|
(1− |ϱ|)2

∞∑

l=p+1

β2l −
∞∑

l′=p+1

β2l′
|ϱ|l′−p(l′ − p)

1− |ϱ|

−
∞∑

l′=p+1

β2l′
|ϱ|l′−p
1− |ϱ|

≤ C

∞∑

l=p+1

β2l .

For (iii), see that

∣∣∣∣
p∑

l=1

∞∑

l′=p+1

βlβl′ϱ
l′−l
∣∣∣∣ ≤

p∑

l=1

∞∑

l′=p+1

(
β2l |ϱ|l

′−l + β2l′ |ϱ|l
′−l
)

=

p∑

l=1

β2l

∞∑

l′=p+1

|ϱ|l′−l +
∞∑

l′=p+1

p∑

l=1

β2l′ |ϱ|l
′−l

=

p∑

l=1

β2l
|ϱ|p−l+1

1− |ϱ| +

∞∑

l′=p+1

β2l′

( |ϱ|l′−p
1− |ϱ| −

|ϱ|l′

1− |ϱ|

)

≤ o(1) + C

∞∑

l=p+1

β2l ,

where the last inequality follows from (A.25).
The proof of (iv) follow the same steps as that of (iii).

A.4 Proof of Lemma A.5

Proof. First, note, that by (2.40), Lemma 2.5 and Remark 2.3, it holds
that

lim
p→∞

p∑

k=1

(θ
(p)
k )2 = c2 < ∞. (A.21)

Then, we have that

p∑

i,j,k=1

(
ϱ|i−j| + θ

(p)
i θ

(p)
j

)(
ϱ|i−k| + θ

(p)
i θ

(p)
k

)(
ϱ|k−j| + θ

(p)
k θ

(p)
j

)

=

p∑

i,j,k=1

(
ϱ|i−j|+|i−k| + ϱ|i−j|θ(p)i θ

(p)
k + ϱ|i−k|θ(p)i θ

(p)
j + (θ

(p)
i )2θ

(p)
j θ

(p)
k

)
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×
(
ϱ|k−j| + θ

(p)
k θ

(p)
j

)

=

p∑

i,j,k=1

(
ϱ|i−j|+|i−k|+|k−j| + ϱ|i−j|+|k−j|θ(p)i θ

(p)
k + ϱ|i−k|+|k−j|θ(p)i θ

(p)
j

+ ϱ|k−j|(θ(p)i )2θ
(p)
j θ

(p)
k + ϱ|i−j|+|i−k|θ(p)k θ

(p)
j + ϱ|i−j|θ(p)i (θ

(p)
k )2θ

(p)
j

+ ϱ|i−k|θ(p)i (θ
(p)
j )2θ

(p)
k + (θ

(p)
i )2(θ

(p)
j )2(θ

(p)
k )2

)
.

In order to show (A.8), it su�ces to show that the following results hold,
since the remaining cases will be symmetric:

1.
∣∣∣∣

p∑

i,j,k=1

ϱ|i−j|+|i−k|+|k−j|
∣∣∣∣ = o(p3/2);

2.
∣∣∣∣

p∑

i,j,k=1

ϱ|i−j|+|k−j|θ(p)i θ
(p)
k

∣∣∣∣ = o(p3/2);

3.
p∑

i,j,k=1

ϱ|k−j|(θ(p)i )2θ
(p)
j θ

(p)
k = o(p3/2);

4.
p∑

i,j,k=1

(θ
(p)
i )2(θ

(p)
j )2(θ

(p)
k )2 = o(p3/2).

Case (i). We have

p∑

i,j,k=1

ϱ|i−j|+|i−k|+|k−j| =

p∑

i=1

p∑

k=1

ϱ2|i−k| + 2
∑

i>j

p∑

k=1

ϱ|i−j|+|i−k|+|k−j|,

where

p∑

i=1

p∑

k=1

ϱ2|i−k| =

p∑

i=1

( i∑

k=1

ϱ2(i−k) +
p∑

k=i+1

ϱ2(k−i)
)

= O(p), (A.22)

and

p∑

j=1

p∑

i=j+1

p∑

k=1

ϱ|i−j|+|i−k|+|k−j|

=

p∑

j=1

p∑

i=j+1

j∑

k=1

ϱ2i−2k +

p∑

j=1

p∑

i=j+1

i∑

k=j+1

ϱ2i−2j +

p∑

j=1

p∑

i=j+1

p∑

k=i+1

ϱ2k−2j

=
ϱ2

(1− ϱ2)3

(
p(1− ϱ2)(3ϱ2p + ϱ2 + 2)− 2(1 + 2ϱ2)(1− ϱ2p)

)
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so that

∣∣∣∣
p∑

j=1

p∑

i=j+1

p∑

k=1

ϱ|i−j|+|i−k|+|k−j|
∣∣∣∣ = O(p) = o(p3/2).

Case (ii). We have,

p∑

i,j,k=1

ϱ|i−j|+|k−j|θ(p)i θ
(p)
k ≤

p∑

i,j,k=1

(
ϱ2|i−j|+2|k−j| + (θ

(p)
i )2(θ

(p)
k )2

)

=

p∑

i,j,k=1

ϱ2|i−j|+2|k−j| + p

p∑

i,k=1

(θ
(p)
i )2(θ

(p)
k )2.

Observe, that by (A.21), we have p
∑p

i,k=1(θ
(p)
i )2(θ

(p)
k )2 = O(p). Addi-

tionally,

p∑

i,j,k=1

ϱ2|i−j|+2|k−j| =

p∑

i,k=1

ϱ2|k−i| + 2

p∑

j=1

p∑

i=j+1

p∑

k=1

ϱ2(i−j)+2|k−j|.

We use (A.22) and note that

p∑

j=1

p∑

i=j+1

p∑

k=1

ϱ2(i−j)+2|k−j| =

p∑

j=1

p∑

i=j+1

j∑

k=1

ϱ2(i−j)+2(j−k)

+

p∑

j=1

p∑

i=j+1

p∑

k=j+1

ϱ2(i−j)+2(k−j)

=
ϱ2

(1− ϱ2)3

(
p(1− ϱ2)(ϱ2p + ϱ2 + 1)

−(1− ϱ2p)(3ϱ2 +
1− 2ϱ2p+2

1 + ϱ2
)
)

= O(p).

Thus, it follows that

p∑

i,j,k=1

ϱ|i−j|+|k−j|θ(p)i θ
(p)
k = O(p) = o(p3/2).
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Case (iii). By (A.22) and (A.21),

p∑

i,j,k=1

(θ
(p)
i )2ϱ|k−j|θ(p)j θ

(p)
k =

p∑

i=1

(θ
(p)
i )2

p∑

k,j=1

ϱ|k−j|θ(p)j θ
(p)
k

≤
p∑

i=1

(θ
(p)
i )2

p∑

k,j=1

(
ϱ2|k−j| + (θ

(p)
j )2(θ

(p)
k )2

)

= o(p3/2).

Case (iv). By (A.21),

p∑

i,j,k=1

(θ
(p)
i )2(θ

(p)
j )2(θ

(p)
k )2 =

( p∑

i=1

(θ
(p)
i )2

)3

= o(p3/2).

Thus, this concludes the proof of (A.8).

A.5 Proof of result (A.10) of Lemma 2.5(ii)

Proof. Denote

K1(l) :=

p∑

k=1

ϱ2|k−l|, K2(l, l
′) :=

p∑

k=1

ϱ|k−l|+|k−l′|.

Then, we can write

p∑

k=1

( p∑

l=1

βlϱ
|k−l|

)2

=

p∑

l=1

β2l K1(l) + 2
∑

l′>l

βlβl′K2(l, l
′). (A.23)

First, note that

K1(l) =
−ϱ−2l+2p+2 − ϱ2l + ϱ2 + 1

1− ϱ2
→ −ϱ2l + ϱ2 + 1

1− ϱ2
as p→ ∞.

Then, using the notation by De�nition 2.1, it follows by the Dominated
Convergence Theorem (DCT) that

p∑

l=1

β2l K1(l) →
∞∑

l=1

β2l
1 + ϱ2 − ϱ2l

1− ϱ2
= β(1)

1 + ϱ2

1− ϱ2
− β(ϱ2)

1

1− ϱ2
.
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Next, consider K2(l, l
′), l′ > l. It's straightforward to see that,

l∑

k=1

ϱ|k−l|+|k−l′| =
l∑

k=1

ϱl−k+l
′−k =

(1− ϱ2l)ϱl
′−l

1− ϱ2
,

l′∑

k=l+1

ϱ|k−l|+|k−l′| =
l′∑

k=l+1

ϱk−l+l
′−k = (l′ − l)ϱl

′−l,

p∑

k=l′+1

ϱ|k−l|+|k−l′| =

p∑

k=l′+1

ϱk−l+k−l
′
=

ϱ−l−l
′+2(ϱ2l

′ − ϱ2p)

1− ϱ2
.

By simplifying, it follows that

K2(l, l
′) =

(l − l′ − 1)ϱl
′−l + ϱl+l

′
+ (−l + l′ − 1)ϱl

′+2−l + ϱ2p+2−l−l′

ϱ2 − 1

→ ϱl
′−l((l′ − l)(ϱ2 − 1)− 1− ϱ2) + ϱl+l

′

ϱ2 − 1
as p→ ∞,

therefore, using the notation of De�nition 2.1, we rewrite

∞∑

l′=2

l′−1∑

l=1

K2(l, l
′)

=

∞∑

l′=2

l′−1∑

l=1

βlβl′

(
ϱl

′−l(l′ − l) + ϱl
′−l 1 + ϱ2

1− ϱ2
− ϱl

′+l 1

1− ϱ2

)

= b
(1)
1 (ϱ) + b1(ϱ)

1 + ϱ2

1− ϱ2
− b2(ϱ)

1

1− ϱ2
,

which concludes the proof of (A.10).

A.6 Proof of results (A.14)�(A.15) of

Lemma 2.5(iii)

Proof. First, we establish the following observation:

p∑

l2=1

|ϱ||l1−l2| = |ϱ|l1
l1∑

l2=1

|ϱ|−l2 + |ϱ|−l1
p∑

l2=l1+1

|ϱ|l2

= |ϱ|l1 |ϱ|
−1(|ϱ|−l1 − 1)

|ϱ|−1 − 1
+ |ϱ|−l1 |ϱ|

l1+1(|ϱ|p−l1 − 1)

|ϱ| − 1
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=
1 + |ϱ| − |ϱ|l1 − |ϱ|p−l1+1

1− |ϱ| ≤ 1 + |ϱ|
1− |ϱ| . (A.24)

Consider J1(l) in (A.12). By (A.24), write,

J1(l) =

p∑

k,k′=1

ϱ|k−k
′|ϱ|k−l|ϱ|k

′−l|1{l=l′}

=

p∑

k=1

ϱ2|k−l| + 2
∑

k<k′
ϱ|k

′−k|+|k−l|+|k′−l|

=
1

1− ϱ2

(
1 + ϱ2 − ϱ2l − ϱ2(p−l+1)

)
+ 2

∑

k<k′
ϱ|k

′−k|+|k−l|+|k′−l|.

Observe, that

p∑

l=1

β2l ϱ
2(p−l+1) =

⌊√p⌋∑

l=1

β2l ϱ
2(p−l+1) +

p∑

l=⌊√p⌋+1

β2l ϱ
2(p−l+1)

≤ ϱ2(p−⌊√p⌋+1)

⌊√p⌋∑

l=1

β2l + ϱ2
p∑

l=⌊√p⌋+1

β2l → 0. (A.25)

Hence,

p∑

l=1

β2l

p∑

k=1

ϱ2|k−l| → 1 + ϱ2

1− ϱ2

∞∑

k=1

β2l − 1

1− ϱ2

∞∑

k=1

β2l ϱ
2l

= β(1)
1 + ϱ2

1− ϱ2
− β(ϱ2)

1

1− ϱ2
. (A.26)

Similarly,

∑

k<k′
ϱ|k

′−k|+|k−l|+|k′−l| =
∑

k<k′
ϱ2l−2k1{l≥k} +

∑

k<k′
ϱ2k

′−2k1{k<l≤k′}

+
∑

k<k′
ϱ2k

′−2l1{k′>l}.

The �rst term can be rewritten,

∑

k<k′
ϱ2l−2k1{l≥k} =

l∑

k=1

l∑

k′=k+1

ϱ2l−2k =
ϱ2l
(
−l + lϱ2 − ϱ2

)
+ ϱ2

(1− ϱ2)2
.
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We get

p∑

l=1

β2l
∑

k<k′
ϱ2l−2k =

p∑

l=1

β2l
ϱ2l
(
−l + lϱ2 − ϱ2

)
+ ϱ2

(1− ϱ2)2

→ ϱ2

(1− ϱ2)2
β(1) − 1

1− ϱ2
β(1)(ϱ2) − ϱ2

(1− ϱ2)2
β(ϱ2). (A.27)

Similarly,

∑

k<k′
ϱ2k

′−2k1{k<l≤k′} =
l∑

k=1

p∑

k′=l+1

ϱ2k
′−2k

= − ϱ2(p−l+1)

(1− ϱ2)2
− ϱ2(l+1)

(1− ϱ2)2
+

ϱ2(p+1)

(1− ϱ2)2
+

ϱ2

(1− ϱ2)2
,

where due to (A.25),

p∑

l=1

β2l
∑

k<k′
ϱ2k

′−2k1{k<l≤k′} →
∞∑

l=1

β2l

(
ϱ2

(1− ϱ2)2
− ϱ2(l+1)

(1− ϱ2)2

)

=
ϱ2

(1− ϱ2)2
β(1) − ϱ2

(1− ϱ2)2
β(ϱ2). (A.28)

Finally, observe that

∑

k<k′
ϱ2k

′−2l1{k′<l} =

p−1∑

k=l+1

p∑

k′=k+1

ϱ2k
′−2l

=
(p− l)ϱ2(p−l+1)

(1− ϱ2)2
− (p− l + 1)ϱ2(p−l+2)

(1− ϱ2)2

+
ϱ4

(1− ϱ2)2
,

where due to (A.25), it remains to see that, as p→ ∞,

p∑

l=1

β2l
∑

k<k′
ϱ2k

′−2l1{k′<l} →
∞∑

l=1

β2l
ϱ4

(1− ϱ2)2
=

ϱ4

(1− ϱ2)2
β(1). (A.29)
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Finally, by collecting the terms of (A.27), (A.28) and (A.29) and simpli-
fying, we get

lim
p→∞

p∑

l=1

β2l

p∑

k<k′
ϱ|k

′−k|+|k−l|+|k′−l| =
ϱ4

(1− ϱ2)2
β(1)− ϱ2

(1− ϱ2)2
β(ϱ2)

+
2ϱ2

(1− ϱ2)2
β(1) − 1

1− ϱ2
β(1)(ϱ2) − ϱ2

(1− ϱ2)2
β(ϱ2)

= β(1)
(ϱ2(ϱ2 + 2)

(1− ϱ2)2

)
− β(ϱ2)

( 2ϱ2

(1− ϱ2)2

)
− β(1)(ϱ2)

1− ϱ2
.

Therefore, from (A.26), (A.27), (A.28) and (A.29),

p∑

l=1

β2l J1(l) → β(1)
1 + ϱ2

1− ϱ2
− 1

1− ϱ2
β(ϱ2)

+ 2

(
β(1)

ϱ2(ϱ2 + 2)

(1− ϱ2)2
− β(ϱ2)

2ϱ2

(1− ϱ2)2
− 1

1− ϱ2
β(1)(ϱ2)

)

= β(1)
ϱ4 + 4ϱ2 + 1

(1− ϱ2)2
− β(ϱ2)

3ϱ2 + 1

(1− ϱ2)2
− 2

1− ϱ2
β(1)(ϱ2),

which concludes the proof of (A.14).

Next, consider J2(l, l′) in (A.13). According to the arrangement of
indices k, k, l, l′, we have 9 cases:

1. k, k′ ∈ {1, . . . , l},

2. k ≤ l, l < k′ ≤ l′,

3. k ≤ l, l′ < k′ ≤ p,

4. l < k ≤ l′, 1 ≤ k′ ≤ l,

5. k, k′ ∈ {l + 1, . . . , l′},

6. l < k ≤ l′, l′ < k′ ≤ p,

7. l′ < k ≤ p, 1 ≤ k′ ≤ l,

8. l′ < k ≤ p, l < k′ ≤ l′,

9. k, k′ ∈ {l′ + 1, . . . , p}.
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Case 1:

p∑

k,k′=1

ϱ|k−k
′|ϱ|k−l|ϱ|k

′−l′|1{k,k′≤l} = ϱl+l
′

l∑

k,k′=1

ϱ|k−k
′|−k−k′

=
(−(2l + 1)ϱ2l + (2l − 1)ϱ2l+2 + ϱ2 + 1)ϱl

′−l

(1− ϱ2)2
.

Case 2:

p∑

k,k′=1

ϱ|k−k
′|ϱ|k−l|ϱ|k

′−l′|1{k≤l,l<k′≤l′} = ϱl+l
′

l∑

k=1

l′∑

k′=l+1

ϱ−2k

=
(1− ϱ2l)(l′ − l)ϱl

′−l

1− ϱ2
.

Case 3:

p∑

k,k′=1

ϱ|k−k
′|ϱ|k−l|ϱ|k

′−l′|1{k≤l,l′<k′≤p} = ϱl−l
′

l∑

k=1

p∑

k′=l′+1

ϱ−2k+2k′

=
(1− ϱ2l)ϱ−l

′−l+2(ϱ2l
′ − ϱ2p)

(1− ϱ2)2
.

Case 4:

p∑

k,k′=1

ϱ|k−k
′|ϱ|k−l|ϱ|k

′−l′|1{l<k≤l′,1≤k′≤l} = ϱ−l+l
′

l′∑

k=l+1

l∑

k′=1

ϱ2k−2k′

=
(1− ϱ2l)ϱl

′−3l+2(ϱ2l − ϱ2l
′
)

(1− ϱ2)2
.

Case 5:

p∑

k,k′=1

ϱ|k−k
′|ϱ|k−l|ϱ|k

′−l′|1{l<k,k′≤l′} = ϱ−l+l
′

l′∑

k,k′=l+1

ϱ|k−k
′|+k−k′

= ϱ−l+l
′
( l′∑

k=l+1

l′∑

k′:k′≥k
1 +

l′∑

k=l+1

k−1∑

k′:k′≥l+1

ϱ2k−2k′
)

=
1

2
ϱl

′−3l

(
ϱ2l(−l′ + l − 1)(l − l′)
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+
2ϱ2
(
(1− ϱ2)ϱ2ll′ + ϱ2l

′ − (l + 1)ϱ2l + lϱ2l+2
)

(1− ϱ2)2

)
.

Case 6:

p∑

k,k′=1

ϱ|k−k
′|ϱ|k−l|ϱ|k

′−l′|1{l<k≤l′,l′<k′≤p} = ϱ−l−l
′

l′∑

k=l+1

p∑

k′=l′+1

ϱ2k
′

=
(l′ − l) ϱ−l

′−l+2(ϱ2l
′ − ϱ2p)

1− ϱ2
.

Case 7:

p∑

k,k′=1

ϱ|k−k
′|ϱ|k−l|ϱ|k

′−l′|1{l′<k≤p,1≤k′≤l} = ϱ−l+l
′

p∑

k=l′+1

l∑

k′=1

ϱ2k−2k′

=
(1− ϱ2l)ϱl

′−3l+2(ϱ2l
′ − ϱ2p)

(1− ϱ2)2
.

Case 8: We have

p∑

k,k′=1

ϱ|k−k
′|ϱ|k−l|ϱ|k

′−l′|1{l′<k≤p,l<k′≤l′} = ϱ−l+l
′

p∑

k=l′+1

l′∑

k′=l+1

ϱ2k−2k′

=
ϱ−3l−l′+2(ϱ2l − ϱ2l

′
)(ϱ2l

′ − ϱ2p)

(1− ϱ2)2
.

Case 9: We have

p∑

k,k′=1

ϱ|k−k
′|ϱ|k−l|ϱ|k

′−l′|1{l′<k,k′≤p} = ϱ−l−l
′

p∑

k,k′=l′+1

ϱ|k−k
′|+k+k′

= ϱ−l−l
′
( p∑

k=l′+1

k∑

k′=l′+1

ϱ2k +

p∑

k=l′+1

p∑

k′=k+1

ϱ2k
′
)

=
ϱ−l

′−l+2

(1− ϱ2)2
(
2(1− ϱ2)l′ϱ2p + ϱ2l

′
+ ϱ2l

′+2

− (2p+ 1)ϱ2p + (2p− 1)ϱ2p+2
)
.

Summing up the cases 1�9, we get

J2(l, l
′) =

1

2(1− ϱ2)2

(
ϱl

′−l((l′ − l)2(1− ϱ2)2 + 3(1− ϱ4)(l′ − l)
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+ 2(1 + 4ϱ2 + ϱ4)
)

+ ϱl+l
′(− 2(1− ϱ2)(l′ + l)− 2− 6ϱ2

)

+ ϱ2p−l−l
′(
2ϱ2(1− ϱ2)(l + l′ − 2p)− 6ϱ2 − 2ϱ4

)

+ 2ϱ2
(
ϱ2p+l

′−l + ϱ2p+l−l
′))

.

Observe, that

∣∣∣∣
p∑

l′=2

l′−1∑

l=1

βlβl′ϱ
2p−l−l′(l + l′ − 2p)

∣∣∣∣ ≤
∣∣∣∣

p∑

l′=2

l′−1∑

l=1

βlβl′ϱ
p−lϱp−l

′
(p− l)

∣∣∣∣

+

∣∣∣∣
p∑

l′=2

l′−1∑

l=1

βlβl′ϱ
p−lϱp−l

′
(p− l′)

∣∣∣∣.

(A.30)

The two summands of (A.30) are symmetric, therefore due to brevity
we consider only the �rst term. The proof for the second term will be
analogous. Note,

∣∣∣∣
p∑

l′=2

l′−1∑

l=1

βlβl′ϱ
p−lϱp−l

′
(p− l)

∣∣∣∣ ≤
p∑

l′=2

|βl′ ||ϱ|p−l
′
p−1∑

l=1

|βl||ϱ|p−l(p− l),

(A.31)

where

p−1∑

l=1

|βl||ϱ|p−l(p− l) ≤
( p−1∑

l=1

β2l

)1/2( p−1∑

l=1

ϱ2(p−l)(p− l)2
)1/2

< ∞

holds due to
∑∞

j=1 β
2
j <∞. It remains to note that

p∑

l′=2

|βl′ ||ϱ|p−l
′

=

⌊√p⌋∑

l′=2

|βl′ ||ϱ|p−l
′
+

p∑

l′=⌊√p⌋+1

|βl′ ||ϱ|p−l
′

≤ |ϱ|p−⌊√p⌋p1/4
( ⌊√p⌋∑

l′=2

β2l′

)1/2

+

( p∑

l′=⌊√p⌋+1

β2l′

)1/2( p∑

l′=⌊√p⌋+1

ϱ2(p−l
′)
)1/2

→ 0,
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since
∑⌊√p⌋

l′=2 β
2
l′ < ∞ and

∑p
l′=⌊√p⌋+1 |ϱ|2(p−l

′) < ∞. Thus, by (A.30)
and (A.31), it follows that

∣∣∣∣
p∑

l′=2

l′−1∑

l=1

βlβl′ϱ
2p−l−l′(l + l′ − 2p)

∣∣∣∣ → 0, as p→ ∞. (A.32)

Therefore, by DCT, as p→ ∞, we have

p∑

l,l′=1
l′>l

βlβl′J2(l, l
′) → 1

2(1− ϱ2)2

(∑

l′>l

βlβl′ϱ
l′−l((l′ − l)2(1− ϱ2)2

+ 3(1− ϱ4)(l′ − l) + 2(1 + 4ϱ2 + ϱ4)
)

+
∑

l′>l

βlβl′ϱ
l′+l(− 2(1− ϱ2)(l′ + l)− 2− 6ϱ2

)

=
1

2(1− ϱ2)2
(
b(2)(ϱ)(1− ϱ2)2 + 3b

(1)
1 (ϱ)(1− ϱ4)

+ 2b1(ϱ)(1 + 4ϱ2 + ϱ4)− 2b
(1)
2 (ϱ)(1− ϱ2)

− 2b2(ϱ)(1 + 3ϱ2)
)
,

which concludes the proof of (A.15).
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Appendix B

Details of pseudo-real-time

experiments

B.1 Data preparation

Due to the nature of p ≫ n problem, it is relatively easy for automatic
selection algorithms such as LASSO to �nd the spurious signal in the
noise. Applying linear regression, we could discard such noise variables
through cross-validation. However, the cross-validation becomes prob-
lematic when shrinkage is applied, since the spurious e�ects get smoothed
out in out-of-sample forecasts. For this reason, we use a strict set of rules
for variable pre-screening.

First, by performing the Kwiatkowski�Phillips�Schmidt�Shin (KPSS,
Kwiatkowski et al. (1992)) test, the stationarity of the time series was
tested (with 5% signi�cance). Second, the test for the unit-roots was per-
formed by using the Augmented Dickey-Fuller (ADF) test, accounting for
the probable deterministic part of the data. Additionally, since the test
statistic of the ADF test is the estimated value of the t−statistics from
an auxiliary regression model, its resulting residuals were also inspec-
ted for the possible presence of heteroscedasticity. If we could not reject
the heteroscedasticity hypothesis, according to Breusch-Pagan (BP) test
with 5% signi�cance level, the estimated value of the t-statistics might
be biased. Therefore, in such cases, we additionally perform nonpara-
metric Philips-Perron (PP) unit-root test, which can correct the possibly
incorrect results of the ADF test by bootstrapping the critical values of
the test statistic.
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In all cases, we determined the number of lags used in the auxil-
iary regressions by minimizing the Akaike information criterion. The
time series was found as statistically signi�cantly non-stationary if either
KPSS or unit-root tests suggested non-stationarity with 5% signi�cance.
In such case, the series were transformed by di�erencing, after which the
whole stationarity testing procedure was iterated until the �nal series
was found as statistically signi�cantly stationary1.

Since most of the macroeconomic indicators used in the study fol-
low multiplicative processes, it is instructive to apply logarithmic trans-
formation where relevant. By using the logarithmic transformation, we
transform the underlying multiplicative processes into additive, removing
most of the explosive e�ects and normalizing the variability of the data.
Finally, log-transformation does not alter the interpretation of the vari-
ables a lot, because the di�erences of log-transformed data approximate
the percentage growths of the original data.

We test the relevance of logarithmic transformation by estimating
and interpreting the parameter of Box-Cox transformation (Box and
Cox (1964)). A logarithmic transformation was applied if the Box-Cox
parameter estimate of the analysed indicator is smaller than 0.8. The
higher threshold value was chosen to safeguard against possible struc-
tural breaks in the trend of the data. Transformations of x

q−1
q , q ∈ (0, 1),

were not used in this dissertation since the focus is on extracting and
distinguishing the multiplicative e�ects if such were present, instead of
just normalizing the data.

Finally, some of the available data has relatively large spikes (out-
liers) at particular periods, with comparably small volatility during the
other remaining periods. Therefore, such a variable may be included in
the �nal model not as an explanatory variable, but rather as a dummy
variable, helping the model �tting some of the sudden shocks in the data,
but providing no additional information to the forecasts2. Therefore, we
applied an additional heuristic rule to �lter such variables from the �nal
dataset: the variable was not included in the �nal dataset if the ratio
of maximum to the average value, when adjusted by standard deviation,
was higher than 10. We found that the inclusion of such variables to the

1It can be noted that no series required more than 2 di�erences to achieve station-
arity.

2It is even worse if the sudden shock is relatively recent, since it may strongly
a�ect the individual forecasts of such a series.
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�nal dataset resulted in worsened forecasting accuracy, especially during
the crisis periods, when they were included in the models as dummy
variables to explain the sudden shock.

B.2 Methodological details

B.2.1 Dynamic factor models

We follow the approach described by Giannone et al. (2008), Angelini
et al. (2011) and Banbura et al. (2011). Assume the notation used in
Chapter 3, i.e., that Xt = (Xt,1, . . . , Xt,p), t = 1, . . . , n, is a 1× p vector
representing p stationary monthly time series, which have been stand-
ardized to mean zero and variance one. The general speci�cation of the
dynamic factor model is given by:

X ′
t = ΛF ′

t + ξt, ξt ∼ Np(0,Σξ), (B.1)

F ′
t =

m∑

j=1

AjF
′
t−j +Gηt, ηi ∼ Nq(0, Iq), (B.2)

where F ′
t is a r×1 vector of unobserved common factors and ξt is a p×1

vector of idiosyncratic components, which is assumed to be a multivariate
white noise with diagonal covariance matrix Σξ. Λ denotes the p × r

factor loading matrix of the variables. Furthermore, A1, . . . , Am are r×r
matrices of autoregressive coe�cients, and G = [Iq, 0q×(r−q)]′ is a r × q

matrix of full rank q, with ηt describing the white noise process of the
shocks to the common factors. In such a model, the number of common
factors (r) that is large relative to the number of common shocks (q)
aims at capturing the lead and lag relations among variables along the
business cycle.

In this dissertation we assume that m = 2 in order to make the res-
ults comparable between other considered modelling approaches. Fur-
thermore, the number of signi�cant factors r is estimated based on the
information criterion by Bai and Ng (2002), while the number of shocks
q is selected following Bai and Ng (2007). See Section B.2.3 for detailed
speci�cations behind the choice of the aforementioned parameters.

Finally, the nowcasting model is estimated through (B.1)�(B.2) by
employing a two-step Kalman Filter approach and a quarterly aggrega-
tion scheme, following Angelini et al. (2011).
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B.2.2 Di�usion index models

We follow the Di�usion Index approach proposed by Stock and Watson
(2002). The method �rst uses principal component analysis to estimate r
factors F ′

t from the predictors X ′
t, t = 1, . . . , n. Then, for a h-step-ahead

forecast we consider the model

Yt+h = αh + βh(L)F
′
t + γh(L)Yt + εt+h,

where the orders for βh(L) and γh(L) are selected by BIC. Note, that
here βh(L) and γh(L) are lag polynomials, modelled as having �nite
orders, with L denoting the lag operator, i.e., LFt = Ft−1. Furthermore,
here Yt+h is the h−step ahead variable to be forecasted.

The forecasts of Yn+h are constructed using a two-step procedure.
First, the sample data {Xt}nt=1 are used to estimate a time series of
factors (the di�usion indexes), {F ′

t}nt=1. Second, the estimators α̂h,
β̂h(L), γ̂h(L) are obtained by regressing Yt+h onto a constant, F ′

t and Yt.
The forecast of Yn+h is then formed as α̂h + β̂h(L)F

′
n + γ̂h(L)Yn.

B.2.3 Dynamic factor model parameter speci�cation

Consider a factor model and the notation used in Section B.2.1. Assume
that F̂ (r) denotes the n× r matrix of r estimated factors, e.g., by using
principal components. Also, assume that Λ̂ denotes the corresponding
r × r loading matrix. Denote,

σ̂2r :=
1

np

n∑

i=1

p∑

j=1

(Xij − F̂
(r)
i λ̂

(r)
j )2, (B.3)

where F̂ (r)
i is an 1 × r vector, r ≤ p, i = 1, . . . , n, and λ̂(r)j is an r × 1

vector, corresponding to the j−th row of the loading matrix Λ̂.
A model with r + 1 factors can �t the data no worse than a model

with r factors, but e�ciency is lost as more factor loadings are being
estimated. Thus, Bai and Ng (2002) de�ne the following information
criteria in order to choose the optimal number of factors r:

IC1(r) := ln(σ̂2r ) + r
(n+ p

np

)
ln
( np

n+ p

)
, (B.4)

IC2(r) := ln(σ̂2r ) + r
(n+ p

np

)
lnmin(n, p), (B.5)
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IC3(r) := ln(σ̂2r ) + r
( lnmin(n, p)

min(n, p)

)
, (B.6)

where σ̂2r is given by (B.3). The chosen number of factors r will then
correspond to argminr ICi(r) for i = 1, 2, 3. Bai and Ng (2002) suggests
that the information criterions (B.4)�(B.6) are asymptotically equival-
ent, however may nevertheless give di�erent results for �nite samples.

Next, Bai and Ng (2007) de�ne the selection of number of shocks
q. Assume that the number of factors r is chosen by some information
criteria (B.4)�(B.6), as described above. Given the estimated factors
F̂

(r)
t , t = 1, . . . , n, the authors propose forming an r-dimensional VAR

model by using F̂ (r)
t . Using the speci�ed VAR model, one should obtain

the model residuals ût. Selecting too few lags might be problematic, thus
the authors consider a VAR(2) model, suggesting that the results using
higher order models should be similar. Given ût, a r×r covariance matrix
Σ̂u is constructed. De�ne the eigenvalues of Σ̂u as c1 > c2 ≥ ... ≥ cr ≥ 0.
Let

D̂k :=
( c2(k+1)∑r

j=1 c
2
j

)1/2
, k = 1, . . . , r.

Then, for some 0 < m <∞ and 0 < δ < 1/2, de�ne

K := {k : D̂k < m/min(n1/2−δ, p1/2−δ)}.

The authors propose choosing the number of shocks as q = min{k ∈ K}.
Furthermore, it is observed that choosing values m = 1 and δ = 0.1

works well in practice.

B.2.4 Forecast accuracy comparison

Given observed performance records of any models in consideration, it
is inevitably the case that one set of forecasts will appear more accurate
than the other, even if only by a small margin. Therefore, a statistical
test is needed in order to answer whether these observed di�erences are
statistically signi�cant. In this dissertation we employ two such tests,
namely the Diebold-Mariano and Giacomini-White tests, presented in
Sections B.2.4.1 and B.2.4.2, respectively.
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B.2.4.1 Diebold-Mariano test

The Diebold-Mariano (DM, Diebold and Mariano (1995)) test is used
for comparing forecast accuracy of any two methods of consideration. In
this dissertation we employ the modi�ed version of the test, as proposed
by Harvey et al. (1997).

The original Diebold and Mariano (1995) framework of the test is
described as follows. Suppose that a pair of h-steps-ahead forecasts have
produced errors (e1,t, e2,t), t = 1, . . . , n. The quality of a forecast is
judged based on some speci�ed function g(e) of the forecast error e.
Typically g(e) = e2. The authors specify the following null hypothesis
of equality of expected forecast performance:

H0 : E(g(e1,t)− g(e2,t)) = 0.

Thus, by de�ning dt := g(e1,t)−g(e2,t), t = 1, . . . , n, the test is construc-
ted based on the sample mean:

d̄ = n−1
n∑

t=1

dt.

A known di�culty is that the series dt is likely to be autocorrelated
for any reasonably well-conceived set of forecasts, as is demonstrated by
Harvey et al. (1997). De�ne,

V(d̄) := n−1
(
γ0 + 2

h−1∑

k=1

γk

)
, (B.7)

where γk is the k-th autocovariance of dt. These autocovariances can be
estimated by:

γ̂k = n−1
n∑

t=k+1

(dt − d̄)(dt−k − d̄). (B.8)

Thus, the DM test statistic is then de�ned as:

S1 =
d̄√
V̂(d̄)

, (B.9)

where V̂(d̄) is obtained by substituting (B.8) into (B.7). Under the
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null hypothesis, the statistic S1 has an asymptotic standard normal
distribution. Diebold and Mariano (1995) found that for moderately
large samples the performance of the test was satisfactory when using
g(e) = e2. However, the test appeared to be over-sized for moderate
numbers of sample observations.

In order to address certain shortcomings, Harvey et al. (1997) pro-
pose a set of modi�cations to the original test, resulting in the following
statistic:

S∗
1 =

(n+ 1− 2h+ n−1h(h− 1)

n

)1/2
S1,

which follows from employing an approximately unbiased estimator of
the variance of d̄, here S1 is de�ned by (B.9). The authors propose that
the critical values for the test should be chosen from the Student's t
distribution with (n− 1) degrees of freedom.

B.2.4.2 Giacomini-White test

Giacomini and White (2006) expand the framework behind the DM test
by considering a conditional approach for out-of-sample predictive ability
testing. They focus on limited memory estimators, whose �nite sample
properties are preserved asymptotically. Such a setup arises, for instance,
when the forecasts are generated by a �rolling window� forecasting ap-
proach, which is a common strategy in many applications.

Assuming a speci�ed forecast horizon h > 0, the authors propose
testing the following conditional hypothesis:

H0 : E(g(e1,t+h)− g(e2,t+h) | Gt) = 0,

where Gt is some set of information.
The �rolling window� estimation scheme is de�ned as follows. Let n

be the total sample size, m being the size of the �rst estimation window.
The �rst h−step-ahead forecast is formulated at time m using data in-
dexed 1, . . . ,m, and these forecasts are compared against the observation
Ym+h. At time m+ 1 the second set of forecasts is formulated using the
previous m observations (although in a general case the window size can
vary), which are then compared with the realization Ym+h+1. Iterating
this procedure yields q := n − h − m + 1 out-of-sample forecasts and
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relative forecast errors.
The sequence of out-of-sample forecasts is evaluated by some loss

function g. In this dissertation we use g(e) = e2. De�ne dt := g(e1,t) −
g(e2,t), t = 1, . . . , n.

For h = 1, the conditional test statistic is de�ned as:

T1 := qZ̄ ′
qΩ̂

−1
q Z̄q,

where

Z̄q := q−1
n−1∑

t=m

Zt+1, Zt+1 := htdt+1,

and ht is some r × 1 test function, controlling the information included
in the conditional set Gt. The authors consider ht = (1, dt)

′ for the
test function, meanwhile, setting ht = 1 would reduce the test to the
unconditional variant. Finally,

Ω̂q = q−1
n−1∑

t=m

Zt+1Z
′
t+1.

Giacomini and White (2006) demonstrate that T1
d→ χ2

r , as q → ∞.
Similarly, for h > 1, the conditional test statistic is de�ned as:

T2 := qZ̄ ′
qΩ̂

−1
q Z̄q,

where

Z̄q := q−1
n−h∑

t=m

Zt+h, Zt+h := htdt+h,

and Ω̂q is a r × r covariance matrix of Zt+h, estimated by Newey and
West (1986) procedure. I.e., Giacomini and White (2006) specify it as
follows:

Ω̂q := q−1
n−h∑

t=m

Zt+hZ
′
t+h

+ q−1
h−1∑

j=1

n−h∑

t=m+j

wj [Zt+hZ
′
t+h−j + Zt+h−jZ

′
t+h],

140



where wj is an appropriately set weight function, e.g., wj = 1−j/h. The
authors demonstrate that T2

d→ χ2
r , as q → ∞.

B.3 Main variables used in the modelling

Table B.4: US Exports (rolling window): acronyms and full names of all
of the variables, used in presenting the modelling results. The acronyms
correspond to those originally used in the FRED database.

Acronym Transf. Lag Description

A36CTI ∆1 ln 2 Value of Manufacturers' Total Inventories for

Durable Goods Industries: Transportation

Equipment: Heavy Duty Trucks

ANXAVS ∆1 1 Value of Manufacturers' Shipments for Capital

Goods: Nondefense Capital Goods Excluding

Aircraft Industries

AUENSA ∆1 ln 2 Auto Exports

BOPTEXP ∆1 ln 2 Exports of Goods and Services, Balance of Pay-

ments Basis

CODENV5URN ∆1 ln 2 Unemployment Rate in Denver County/city, CO

EXBZUS ∆1 ln 1 Brazil / U.S. Foreign Exchange Rate

IPG3344S ∆2 ln 1 Industrial Production: Durable Goods: Semi-

conductor and other electronic component

IPHITEK2N ∆2 ln 1 Industrial Production: Computers, communica-

tions equipment, and semiconductors

IR3TIB01ESM156N ∆1 1 3-Month or 90-day Rates and Yields: Interbank

Rates for Spain©

IR3TIB01NLM156N ∆1 1 3-Month or 90-day Rates and Yields: Interbank

Rates for the Netherlands©

KORPROINDMISMEI ∆1 ln 2 Production of Total Industry in Korea©

PLEADUSDM ∆1 ln 1 Global price of Lead©

PORT941NAN ∆1 1 All Employees: Total Nonfarm in Portland-

Vancouver-Hillsboro, OR-WA (MSA)

SMU06310805000000001 ∆1 ln 1 All Employees: Information in Los Angeles-Long

Beach-Anaheim, CA (MSA)

SPASTT01KRM661N ∆1 ln 1 Total Share Prices for All Shares for the Republic

of Korea©

UCMSNO ∆1 2 Value of Manufacturers' New Orders for Con-

struction Materials and Supplies Industries

Table B.5: US Imports (rolling window): acronyms and full names of all
of the variables, used in presenting the modelling results. The acronyms
correspond to those originally used in the FRED database.

Acronym Transf. Lag Description

A31SNO ∆1 ln 1 Value of Manufacturers' New Orders for Durable

Goods Industries: Primary Metals
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Table B.5: (continued)

Acronym Transf. Lag Description

BSCICP03USM665S 1 Business Tendency Surveys for Manufacturing:

Con�dence Indicators: Composite Indicators:

OECD Indicator for the United States©

CANPROINDMISMEI ∆1 3 Production of Total Industry in Canada©

CES2023610001 ∆1 ln 1 All Employees: Construction: Residential Build-

ing

CEU4348800001 ∆1 1 All Employees: Transportation and Warehous-

ing: Support Activities for Transportation

CILLCBM027NBOG ∆1 ln 1 Commercial and Industrial Loans, Large Do-

mestically Chartered Commercial Banks

COMPU1UNSA ∆1 ln 1 New Privately-Owned Housing Units Completed:

1-Unit Structures

ESPPROINDMISMEI ∆1 ln 2 Production of Total Industry in Spain©

FRGSHPUSM649NCIS ∆1 ln 1 Cass Freight Index: Shipments©

GACDFNA066MNFRBPHI 0 Current General Activity; Di�usion Index for

FRB - Philadelphia District

HOUS448BP1FH ∆1 ln 1 New Private Housing Units Authorized by Build-

ing Permits: 1-Unit Structures for Houston-

Sugar Land-Baytown, TX (MSA)

I4248IM144SCEN ∆1 ln 2 Merchant Wholesalers, Except Manufacturers'

Sales Branches and O�ces Sales: Nondurable

Goods: Beer, Wine, and Distilled Alcoholic

Beverages Inventories

IPB54100S ∆1 ln 1 Industrial Production: Construction supplies

IPDMAT ∆1 ln 1 Industrial Production: Durable Materials

IPG3262N ∆1 ln 1 Industrial Production: Nondurable Goods: Rub-

ber product

IPG326S ∆1 1 Industrial Production: Nondurable manufactur-

ing: Plastics and rubber products

IPG332S ∆1 ln 1 Industrial Production: Durable manufacturing:

Fabricated metal product

IR3TBB01NZM156N ∆1 ln 1 3-Month or 90-day Rates and Yields: Bank Bills

for New Zealand©

MEXPROMANMISMEI ∆1 3 Production in Total Manufacturing for Mexico©

NCHALI0URN ∆1 ln 2 Unemployment Rate in Halifax County, NC

NCMFGN ∆2 ln 1 All Employees: Manufacturing in North Carolina

P4232MM157SCEN 2 Merchant Wholesalers, Except Manufacturers'

Sales Branches and O�ces Sales: Durable

Goods: Furniture and Home Furnishings Sales

RICH051UR ∆1 ln 2 Unemployment Rate in Richmond, VA (MSA)

SANF806NAN ∆2 ln 1 All Employees: Total Nonfarm in San Francisco-

Oakland-Hayward, CA (MSA)

SCMFGN ∆2 1 All Employees: Manufacturing in South Carolina

SMS48151800000000026 1 All Employees: Total Nonfarm in Brownsville-

Harlingen, TX (MSA)

SWEPROINDMISMEI ∆1 ln 2 Production of Total Industry in Sweden©

U34HUO ∆1 ln 2 Value of Manufacturers' Un�lled Orders for Dur-

able Goods Industries: Computers and Elec-

tronic Products: Electronic Components
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Table B.5: (continued)

Acronym Transf. Lag Description

UMDMIS ∆1 ln 2 Ratio of Manufacturers' Total Inventories to

Shipments for Durable Goods Industries

USFIRE ∆2 1 All Employees: Financial Activities

VAUR ∆1 ln 1 Unemployment Rate in Virginia

WPU071 ∆1 ln 1 Producer Price Index by Commodity for Rub-

ber and Plastic Products: Rubber and Rubber

Products

XTEXVA01JPM664N ∆1 ln 2 Exports: Value Goods for Japan©

XTEXVA01JPM664S ∆1 ln 2 Exports: Value Goods for Japan©

XTEXVA01KRM667S ∆1 ln 2 Exports: Value Goods for the Republic of

Korea©

B.4 Tables

Table B.6: RMSE of models forecasts during rolling window pseudo-real-
time experiments for US PFCE, Exports and Imports; here the bolded
values are the smallest ones for every row during the full time period of
2005Q1�2018Q4

LP LPX RL SqL SqP AdP AdL AdRL SW BNDF DF ARMA

PFCE:

Backcast 0.08 0.07 0.07 0.14 0.10 0.03 0.04 0.03 0.44 0.27 0.37 0.36
Nowcast 0.29 0.29 0.29 0.28 0.29 0.29 0.29 0.29 0.53 0.30 0.48 0.38
Forecast-1Q 0.38 0.38 0.38 0.40 0.37 0.39 0.39 0.39 0.57 0.37 0.54 0.42
Forecast-2Q 0.43 0.44 0.44 0.46 0.44 0.44 0.44 0.44 0.69 0.46 0.55 0.47
Exports:

Backcast 0.46 0.49 0.48 0.70 0.51 0.20 0.25 0.15 1.28 1.00 1.35 1.66
Nowcast 1.40 1.35 1.43 1.38 1.51 1.48 1.46 1.48 1.69 1.36 1.78 2.14
Forecast-1Q 2.19 2.20 2.21 2.11 2.18 2.12 2.22 2.19 2.25 2.00 2.13 2.32
Forecast-2Q 2.32 2.31 2.33 2.27 2.34 2.31 2.34 2.35 2.50 2.38 2.15 2.32
Imports:

Backcast 0.35 0.32 0.29 0.47 0.30 0.13 0.15 0.10 1.81 1.04 1.36 1.88
Nowcast 1.29 1.24 1.20 1.24 1.26 1.21 1.21 1.19 1.42 1.37 1.95 2.23
Forecast-1Q 1.75 1.69 1.66 1.60 1.63 1.70 1.63 1.62 2.25 1.95 2.35 2.84
Forecast-2Q 2.23 2.25 2.26 2.25 2.16 2.27 2.28 2.25 2.66 2.74 2.38 3.02
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Table B.1: US GFCF (expanding window): acronyms and full names
of all of the variables, used in presenting the modelling results. The
acronyms correspond to those originally used in the FRED database.

Acronym Transf. Lag Description
ANXAVS ∆1 1 Value of Manufacturers' Shipments for Capital Goods:

Nondefense Capital Goods Excluding Aircraft Industries
CACONS ∆1 ln 1 All Employees: Construction in California
CES6562000101 ∆1 1 All Employees: Education and Health Services: Health

Care
CUUR0000SETC ∆1 ln 1 Consumer Price Index for All Urban Consumers: Motor

vehicle parts and equipment
IAWARR1URN ∆1 ln 2 Unemployment Rate in Warren County, IA
IMPMX ∆1 ln 2 U.S. Imports of Goods from Mexico, Customs Basis
IPDMAN ∆1 ln 1 Industrial Production: Durable Manufacturing (NAICS)
KYMADI0URN ∆1 ln 2 Unemployment Rate in Madison County, KY
LNS12027659 ∆1 ln 1 Employment Level: Less than a High School Diploma, 25

years and over
LNU07400000 ∆1 ln 1 Labor Force Flows Employed to Unemployed: 16 Years

and Over
LREM25MAUSM156S ∆1 1 Employment Rate: Aged 25-54: Males for the United

States
MAURN ∆1 ln 1 Unemployment Rate in Massachusetts
MINAN ∆1 1 All Employees: Total Nonfarm in Michigan
MNBP1FH ∆1 ln 1 New Private Housing Units Authorized by Building Per-

mits: 1-Unit Structures for Minnesota
MOBPPRIVSA ∆1 ln 1 New Private Housing Units Authorized by Building Per-

mits for Missouri
MVMTD027MNFRBDAL∆2 ln 1 Market Value of Marketable Treasury Debt
PITAGRIDX ∆ 3 Economic Conditions Index for Pittsburgh, PA (MSA)
S4233SM144SCEN ∆1 ln 2 Merchant Wholesalers, Except Manufacturers' Sales

Branches and O�ces Sales: Durable Goods: Lumber and
Other Construction Materials Sales

SEAT653NA ∆1 ln 1 All Employees: Total Nonfarm in Seattle-Tacoma-
Bellevue, WA (MSA)

SMS11479000000000026∆ 1 All Employees: Total Nonfarm in Washington-Arlington-
Alexandria, DC-VA-MD-WV (MSA)

SMS34121000000000026∆ 1 All Employees: Total Nonfarm in Atlantic City-
Hammonton, NJ (MSA)

UNXANO ∆1 1 Value of Manufacturers' New Orders for Capital Goods:
Nondefense Capital Goods Excluding Aircraft Industries

WPU014102 ∆1 ln 1 Producer Price Index by Commodity for Farm Products:
Slaughter Chickens

WPU054321 ∆1 ln 1 Producer Price Index by Commodity for Fuels and Re-
lated Products and Power: Industrial Electric Power
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Table B.2: US GFCF (rolling window): acronyms and full names of all
of the variables, used in presenting the modelling results. The acronyms
correspond to those originally used in the FRED database.

Acronym Transf. Lag Description
CES2023800001 ∆1 ln 1 All Employees: Construction: Specialty Trade Contract-

ors
CES6562000101 ∆1 1 All Employees: Education and Health Services: Health

Care
INDI918NAN ∆1 1 All Employees: Total Nonfarm in Indianapolis-Carmel-

Anderson, IN (MSA)
IPG326S ∆1 1 Industrial Production: Nondurable manufacturing:

Plastics and rubber products
IR3TBB01NZM156N ∆1 ln 1 3-Month or 90-day Rates and Yields: Bank Bills for New

Zealand©
KYNAN ∆1 1 All Employees: Total Nonfarm in Kentucky
LREM25MAUSM156N∆1 1 Employment Rate: Aged 25-54: Males for the United

States©
MINN427NAN ∆1 1 All Employees: Total Nonfarm in Minneapolis-St. Paul-

Bloomington, MN-WI (MSA)
P4238MM157SCEN 2 Merchant Wholesalers, Except Manufacturers' Sales

Branches and O�ces Sales: Durable Goods: Machinery,
Equipment, and Supplies Sales

PNGASUSUSDM ∆1 ln 1 Global price of Natural Gas, US Henry Hub Gas©
RSBMGESD ∆1 1 Retail Trade: Building Materials, Garden Equipment and

Supplies Dealers
S4233SM144SCEN ∆1 ln 2 Merchant Wholesalers, Except Manufacturers' Sales

Branches and O�ces Sales: Durable Goods: Lumber and
Other Construction Materials Sales

SMS11479000000000026 1 All Employees: Total Nonfarm in Washington-Arlington-
Alexandria, DC-VA-MD-WV (MSA)

SMS34121000000000026 1 All Employees: Total Nonfarm in Atlantic City-
Hammonton, NJ (MSA)

TEMPHELPN ∆1 1 Professional and Business Services: Temporary Help Ser-
vices

TLPRVCONS ∆1 ln 2 Total Private Construction Spending
UMDMVS ∆1 1 Value of Manufacturers' Shipments for Durable Goods

Industries
VTUR ∆1 ln 1 Unemployment Rate in Vermont
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Table B.3: US PFCE (rolling window): acronyms and full names of all
of the variables, used in presenting the modelling results. The acronyms
correspond to those originally used in the FRED database.

Acronym Transf. Lag Description
ACDGNO ∆1 2 Value of Manufacturers' New Orders for Consumer

Goods: Consumer Durable Goods Industries
CABPPRIV ∆1 ln 1 New Private Housing Units Authorized by Building Per-

mits for California
CES2023700001 ∆1 ln 1 All Employees: Construction: Heavy and Civil Engineer-

ing Construction
CEU4244100001 ∆1 1 All Employees: Retail Trade: Motor Vehicle and Parts

Dealers
CEU5552000001 ∆1 1 All Employees: Financial Activities: Finance and Insur-

ance
CEU6562000101 ∆1 1 All Employees: Education and Health Services: Health

Care
CMRMT ∆1 ln 2 Real Manufacturing and Trade Industries Sales
CTUR ∆1 ln 1 Unemployment Rate in Connecticut
DEUCPIALLMINMEI ∆1 2 Consumer Price Index of All Items in Germany©
DGDSRC1 ∆1 ln 1 Personal Consumption Expenditures: Goods
DSERRA3M086SBEA ∆1 1 Real personal consumption expenditures: Services (chain-

type quantity index)
GAMFG ∆2 1 All Employees: Manufacturing in Georgia
IPG334S ∆2 ln 1 Industrial Production: Durable manufacturing: Com-

puter and electronic product
KYALURN ∆1 ln 2 Unemployment Rate in Allen County, KY
LREM55TTUSM156N ∆2 1 Employment Rate: Aged 55-64: All Persons for the

United States©
MNBPPRIVSA ∆1 1 New Private Housing Units Authorized by Building Per-

mits for Minnesota
PCEC96 ∆1 ln 1 Real Personal Consumption Expenditures
PCESC96 ∆1 ln 1 Real Personal Consumption Expenditures: Services
PCOCOUSDM ∆1 ln 1 Global price of Cocoa©
RSEAS ∆1 1 Retail Trade: Electronics and Appliance Stores
SANF806NA ∆2 ln 1 All Employees: Total Nonfarm in San Francisco-Oakland-

Hayward, CA (MSA)
SANF806NAN ∆2 ln 1 All Employees: Total Nonfarm in San Francisco-Oakland-

Hayward, CA (MSA)
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Table B.7: RMSE of models forecasts during rolling window pseudo-real-
time experiments for US PFCE, Exports and Imports; here the bolded
values are the smallest ones for every row during the full time period of
2005Q1�2018Q4

L L0L1 L0 L0L2 L0L1p L0p L0L2p SW BNDF DF ARMA

PFCE:

Backcast 0.11 0.18 0.25 0.19 0.17 0.25 0.18 0.44 0.27 0.37 0.36
Nowcast 0.28 0.29 0.43 0.32 0.27 0.42 0.30 0.53 0.30 0.48 0.38
Forecast-1Q 0.39 0.44 0.50 0.43 0.43 0.49 0.42 0.57 0.37 0.54 0.42
Forecast-2Q 0.43 0.46 0.54 0.47 0.46 0.53 0.48 0.69 0.46 0.55 0.47
Exports:

Backcast 0.63 0.67 0.99 0.97 0.55 0.98 0.86 1.28 1.00 1.35 1.66
Nowcast 1.41 1.41 1.57 1.57 1.45 1.59 1.58 1.69 1.36 1.78 2.14
Forecast-1Q 2.12 2.34 2.33 2.41 2.38 2.32 2.45 2.25 2.00 2.13 2.32
Forecast-2Q 2.26 2.30 2.29 2.32 2.30 2.29 2.35 2.50 2.38 2.15 2.32
Imports:

Backcast 0.38 0.77 1.07 1.02 0.75 1.06 0.83 1.81 1.04 1.36 1.88
Nowcast 1.21 1.42 1.68 1.54 1.31 1.72 1.62 1.42 1.37 1.95 2.23
Forecast-1Q 1.66 1.74 2.07 1.74 1.65 2.06 1.80 2.25 1.95 2.35 2.84
Forecast-2Q 2.27 2.21 2.32 2.35 2.26 2.28 2.35 2.66 2.74 2.38 3.02

Table B.8: Relative RMSE of model forecasts during the rolling window
pseudo-real-time experiments for US PFCE against four benchmarks:
ARMA, BNDF, DF and SW models. The labels N, Q1 and Q2 denotes
the forecast horizons � Nowcast, Forecast-1Q and Forecast-2Q, respect-
ively. The bolded values correspond to the greatest accuracy within
the forecast horizon, while the asterix denotes signi�cant performance
improvement as suggested by GW test with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.77 0.92 0.94 0.97 1.05 0.96 0.61* 0.72* 0.81 0.54* 0.68* 0.64*
AdP 0.76 0.92 0.92 0.96 1.05 0.94 0.60* 0.72* 0.80 0.54* 0.68* 0.63*
AdRL 0.77 0.92 0.93 0.98 1.05 0.95 0.61* 0.72* 0.80 0.55* 0.68* 0.63*
L 0.75 0.93 0.92 0.95 1.05 0.94 0.60* 0.72* 0.79* 0.53* 0.68* 0.63*
L0 1.13 1.19 1.14 1.43 1.36 1.16 0.89 0.93 0.98 0.80 0.88 0.78*
L0L1 0.76 1.04 0.98 0.96 1.19 1.00 0.60* 0.81 0.84* 0.54* 0.77 0.67*
L0L1p 0.72* 1.03 0.97 0.91 1.17 0.99 0.57* 0.80 0.83 0.51* 0.76 0.66*
L0L2 0.85 1.02 0.99 1.07 1.16 1.02 0.67* 0.80 0.86 0.60* 0.75 0.68*
L0L2p 0.80 1.01 1.01 1.01 1.15 1.03 0.63* 0.79 0.87 0.57* 0.75 0.69*
L0p 1.11 1.18 1.13 1.41 1.34 1.15 0.88 0.91 0.97 0.79 0.87 0.77*
LP 0.78 0.90 0.92 0.99 1.03 0.94 0.62* 0.70* 0.79* 0.55* 0.67* 0.63*

LPX 0.77* 0.92 0.94 0.98 1.04 0.96 0.61* 0.71* 0.81* 0.55* 0.68* 0.64*
RL 0.77 0.91 0.92 0.98 1.03 0.94 0.61* 0.71* 0.80 0.55* 0.67* 0.63*
SqL 0.75 0.96 0.96 0.95 1.09 0.98 0.59* 0.74* 0.83 0.53* 0.71* 0.66*
SqP 0.77 0.89 0.93 0.97 1.02 0.95 0.60* 0.69* 0.80* 0.54* 0.66* 0.63*
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Table B.9: Relative RMSE of model forecasts during the rolling window
pseudo-real-time experiments for US Exports against four benchmarks:
ARMA, BNDF, DF and SW models. The labels N, Q1 and Q2 denotes
the forecast horizons � Nowcast, Forecast-1Q and Forecast-2Q, respect-
ively. The bolded values correspond to the greatest accuracy within
the forecast horizon, while the asterix denotes signi�cant performance
improvement as suggested by GW test with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.68* 0.96 1.01 1.07 1.11 0.98 0.82 1.04 1.09 0.86 0.99 0.94
AdP 0.69* 0.91 1.00 1.09 1.06 0.97 0.83 0.99 1.07 0.88 0.94 0.93
AdRL 0.69* 0.94 1.01 1.09 1.10 0.99 0.83 1.03 1.09 0.88 0.97 0.94
L 0.66* 0.91 0.97 1.03 1.06 0.95 0.79* 0.99 1.05 0.83 0.94 0.90

L0 0.73 1.00 0.98 1.15 1.16 0.96 0.88 1.09* 1.06 0.93 1.03 0.92
L0L1 0.66* 1.01 0.99 1.04 1.17 0.97 0.79 1.10* 1.07* 0.84 1.04* 0.92
L0L1p 0.68* 1.02 0.99 1.06 1.19 0.97 0.81 1.11* 1.07* 0.86 1.05* 0.92
L0L2 0.73* 1.04 1.00 1.15 1.21 0.98 0.88 1.13* 1.08 0.93 1.07* 0.93
L0L2p 0.74* 1.05 1.01 1.16 1.23 0.99 0.89 1.15* 1.09 0.94 1.09* 0.94
L0p 0.74 1.00 0.98 1.17 1.16 0.96 0.89 1.09 1.06 0.94 1.03 0.91
LP 0.65* 0.94 1.00 1.02 1.09 0.98 0.78 1.02 1.08 0.83 0.97 0.93
LPX 0.63* 0.95 0.99 0.99 1.10 0.97 0.76 1.03 1.07 0.80 0.98 0.92
RL 0.67* 0.95 1.00 1.05 1.11 0.98 0.80 1.04 1.08 0.85 0.98 0.93
SqL 0.65* 0.91 0.98 1.02 1.06 0.95 0.78* 0.99 1.05 0.82 0.94 0.91
SqP 0.70* 0.94 1.01 1.11 1.09 0.98 0.85 1.02 1.09 0.89 0.97 0.94

Table B.10: Relative RMSE of model forecasts during the rolling window
pseudo-real-time experiments for US Imports against four benchmarks:
ARMA, BNDF, DF and SW models. The labels N, Q1 and Q2 denotes
the forecast horizons � Nowcast, Forecast-1Q and Forecast-2Q, respect-
ively. The bolded values correspond to the greatest accuracy within
the forecast horizon, while the asterix denotes signi�cant performance
improvement as suggested by GW test with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.54 0.57 0.75 0.88 0.84 0.83 0.62* 0.69 0.95 0.85 0.72 0.86
AdP 0.54 0.60 0.75 0.89 0.87 0.83 0.62* 0.72 0.95 0.85 0.76 0.85
AdRL 0.53 0.57 0.74 0.87 0.83 0.82 0.61* 0.69 0.94 0.84 0.72 0.84
L 0.54 0.58 0.75 0.88 0.85 0.83 0.62* 0.70 0.95 0.85 0.74 0.85
L0 0.76 0.73 0.77 1.23* 1.07 0.85 0.86 0.88 0.97 1.18 0.92 0.87
L0L1 0.64 0.61 0.73 1.04 0.90 0.81 0.73 0.74 0.93 1.00 0.77 0.83
L0L1p 0.59 0.58 0.75 0.95 0.85 0.82 0.67 0.70 0.95 0.92 0.73 0.85
L0L2 0.69 0.61 0.78 1.13 0.89 0.86 0.79 0.74 0.98 1.08 0.77 0.88
L0L2p 0.73 0.63 0.78 1.19 0.92 0.86 0.83 0.76 0.98 1.14 0.80 0.88
L0p 0.77 0.73 0.76 1.25* 1.06 0.83 0.88 0.88 0.96 1.20 0.92 0.86
LP 0.58 0.62 0.74 0.94 0.90 0.81 0.66* 0.75 0.93 0.91 0.78 0.84
LPX 0.56* 0.60 0.75 0.90 0.87 0.82 0.64* 0.72 0.94 0.87 0.75 0.85
RL 0.54 0.58 0.75 0.88 0.85 0.83 0.62 0.71 0.95 0.84 0.74 0.85
SqL 0.55 0.56 0.75 0.90 0.82 0.82 0.64* 0.68 0.94 0.87 0.71 0.85
SqP 0.57 0.58 0.71 0.92 0.84 0.79 0.65* 0.69 0.90 0.89 0.73 0.81
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Table B.11: Spain: PFCE. Relative RMSE of model forecasts dur-
ing the rolling window pseudo-real-time experiments against four
benchmarks: ARMA, BNDF, DF and SW models. The labels N,
Q1 and Q2 denotes the forecast horizons � Nowcast, Forecast-1Q
and Forecast-2Q, respectively. The bolded values correspond to the
greatest accuracy within the forecast horizon, while the asterix de-
notes signi�cant performance improvement as suggested by GW test
with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 1.07 1.33 1.19 1.04 1.19 1.14 1.03 1.10 1.13 0.97 0.91 0.92
AdP 1.03 1.29 1.22 1.01 1.15 1.17 1.00 1.06 1.16 0.94 0.88 0.94
AdRL 1.04 1.34 1.19 1.01 1.20 1.15 1.00 1.11 1.13 0.95 0.92 0.92
L 1.02 1.26* 1.19 0.99 1.12 1.14 0.98 1.04 1.13 0.93 0.86 0.92
L0 1.16 1.52 1.16 1.13 1.36 1.12 1.12 1.26 1.10 1.06 1.04 0.89
L0L1 0.97 1.24 1.03 0.95 1.11 0.99 0.94 1.03 0.98 0.89 0.85 0.79*
L0L1p 1.03 1.29 1.10 1.01 1.15 1.06 1.00 1.07 1.04 0.94 0.88 0.85
L0L2 1.01 1.16 0.96 0.98 1.04 0.92 0.97 0.96 0.91 0.92 0.79 0.74*

L0L2p 1.05 1.24 1.02 1.02 1.11 0.98 1.01 1.03 0.96 0.96 0.85 0.78*
L0p 1.12 1.50 1.16 1.09 1.35 1.12 1.08 1.24 1.10 1.02 1.03 0.90
LP 1.04 1.21 1.17 1.01 1.08 1.12 1.00 1.00 1.11 0.95 0.83 0.90
LPX 1.03 1.20* 1.17 1.00 1.08 1.12 0.99 1.00 1.11 0.94 0.82 0.90
RL 1.06 1.24* 1.18 1.04 1.11 1.13 1.02 1.02 1.12 0.97 0.84 0.91
SqL 1.00 1.23* 1.13 0.97 1.10 1.08 0.96 1.02 1.07 0.91 0.84 0.87
SqP 1.06 1.31* 1.24 1.03 1.17 1.19* 1.02 1.08 1.18 0.96 0.89 0.96

Table B.12: Spain: GFCF. Relative RMSE of model forecasts dur-
ing the rolling window pseudo-real-time experiments against four
benchmarks: ARMA, BNDF, DF and SW models. The labels N,
Q1 and Q2 denotes the forecast horizons � Nowcast, Forecast-1Q
and Forecast-2Q, respectively. The bolded values correspond to the
greatest accuracy within the forecast horizon, while the asterix de-
notes signi�cant performance improvement as suggested by GW test
with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.97 0.91 0.93 1.25 0.96 0.95 1.21 1.13 1.05 1.02 0.80 0.81
AdP 1.02 0.93 0.92 1.32 0.98 0.94 1.28 1.15 1.04 1.07 0.82 0.80
AdRL 1.06 0.94 0.91 1.36 0.99 0.92 1.32 1.16 1.03 1.11 0.83 0.79
L 0.91 0.89 0.92 1.17 0.93 0.93 1.13 1.10 1.04 0.95 0.78 0.80
L0 1.05 0.91 0.94 1.36* 0.96 0.96 1.31 1.12 1.07 1.11 0.80 0.82
L0L1 0.95 0.93 0.94 1.23 0.98 0.95 1.19 1.15 1.06 1.00 0.82 0.81
L0L1p 0.91 0.91 0.92 1.17 0.95 0.93 1.13 1.12 1.03 0.95 0.79 0.79
L0L2 0.96 0.94 0.97 1.23 0.99 0.98 1.20 1.16 1.09 1.01 0.83 0.84
L0L2p 0.93 0.88 0.92 1.20 0.93 0.93 1.16 1.09 1.04 0.98 0.77 0.80
L0p 1.07 0.91 0.95 1.37* 0.96 0.96 1.33 1.13 1.07 1.12 0.80 0.82
LP 0.90 0.86 0.89 1.16 0.91 0.90 1.13 1.06 1.00 0.95 0.76 0.77

LPX 0.91 0.87 0.90 1.16 0.91 0.91 1.13 1.07 1.01 0.95 0.76 0.78
RL 0.95 0.87 0.90 1.22 0.92 0.91 1.19 1.08 1.02 1.00 0.77 0.78
SqL 0.94 0.93 0.95 1.21 0.98 0.96 1.17 1.15 1.08 0.99 0.82 0.83
SqP 0.92 0.91 0.92 1.19 0.95 0.93 1.15 1.12 1.04 0.97 0.80 0.79

149



Table B.13: Spain: Exports. Relative RMSE of model forecasts
during the rolling window pseudo-real-time experiments against four
benchmarks: ARMA, BNDF, DF and SW models. The labels N,
Q1 and Q2 denotes the forecast horizons � Nowcast, Forecast-1Q
and Forecast-2Q, respectively. The bolded values correspond to the
greatest accuracy within the forecast horizon, while the asterix de-
notes signi�cant performance improvement as suggested by GW test
with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.73 0.78 0.90 0.84 0.93 0.98 0.93 0.89 0.91* 0.79 0.76 0.82
AdP 0.72 0.79 0.88 0.83 0.95 0.97 0.93 0.91 0.90* 0.78 0.78 0.81
AdRL 0.73 0.78 0.88 0.84 0.93 0.96 0.94 0.89 0.89* 0.79 0.76 0.80

L 0.75 0.80 0.89 0.86 0.96 0.98 0.96 0.91* 0.91* 0.81 0.78 0.81
L0 0.88 0.91 1.03 1.01 1.08 1.13 1.13 1.03 1.05 0.95 0.89 0.94
L0L1 0.85 0.88 0.97 0.98 1.05 1.07 1.09 1.01 0.99 0.92 0.86 0.89
L0L1p 0.87 0.86 0.97 1.00 1.03 1.07 1.11 0.98 0.99 0.94 0.84 0.89
L0L2 0.92 0.93 1.00 1.07 1.11 1.10 1.19 1.06 1.01 1.00 0.91 0.91
L0L2p 0.92 0.86 0.99 1.06 1.03 1.08 1.18 0.98 1.00 1.00 0.84 0.90
L0p 0.88 0.91 1.04 1.01 1.09 1.14 1.12 1.04 1.05 0.95 0.89 0.95
LP 0.75 0.77 0.91 0.87 0.92 1.00 0.96 0.88 0.93 0.81 0.75 0.83
LPX 0.71 0.76 0.89 0.82 0.91 0.98 0.91 0.87* 0.91* 0.77 0.74 0.81
RL 0.70 0.75 0.89 0.81 0.90 0.98 0.90 0.86* 0.90* 0.76 0.74 0.81
SqL 0.77* 0.83 0.95 0.89 1.00 1.04 0.99 0.95* 0.96 0.83 0.81 0.86
SqP 0.72 0.85 0.94 0.83 1.01 1.03* 0.92 0.97 0.95 0.78 0.83 0.86

Table B.14: Spain: Imports. Relative RMSE of model forecasts
during the rolling window pseudo-real-time experiments against four
benchmarks: ARMA, BNDF, DF and SW models. The labels N,
Q1 and Q2 denotes the forecast horizons � Nowcast, Forecast-1Q
and Forecast-2Q, respectively. The bolded values correspond to the
greatest accuracy within the forecast horizon, while the asterix de-
notes signi�cant performance improvement as suggested by GW test
with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.81 0.79 0.84 1.22 0.83 0.95 1.20 0.93 0.91 1.01 0.73 0.81
AdP 0.75 0.81 0.84 1.12 0.85 0.94 1.10 0.95 0.91 0.94 0.74 0.80
AdRL 0.80 0.79 0.83 1.20 0.84 0.94 1.18 0.93 0.90* 1.00 0.73 0.80*
L 0.80 0.79 0.81 1.20 0.83 0.92 1.18 0.92 0.88* 1.00 0.72 0.78
L0 0.80 0.88 0.98 1.21 0.93 1.10 1.19 1.04 1.06 1.01 0.81 0.94
L0L1 0.76 0.85 0.88 1.15 0.90 0.99 1.13 1.00 0.96 0.96 0.78 0.85
L0L1p 0.80 0.86 0.89 1.21 0.91 1.00 1.19 1.01 0.97 1.01 0.79 0.85
L0L2 0.78 0.85 0.86 1.17 0.90 0.97 1.15 1.00 0.94 0.97 0.78 0.83
L0L2p 0.78 0.85 0.86 1.17 0.89 0.97 1.15 0.99 0.94 0.98 0.78 0.83
L0p 0.79 0.88 0.98 1.19 0.93 1.10 1.17 1.04 1.06 0.99 0.81 0.94
LP 0.81 0.79 0.81 1.21 0.83 0.91* 1.19 0.92 0.88* 1.01 0.72 0.78*

LPX 0.79 0.79 0.82 1.19 0.84 0.92 1.17 0.93 0.89* 0.99 0.73 0.78
RL 0.80 0.79 0.81 1.21 0.83 0.91 1.19 0.92 0.88* 1.01 0.72 0.78
SqL 0.82 0.88 0.89 1.23 0.93 1.00 1.21 1.03 0.97 1.02 0.81 0.86
SqP 0.85 0.83 0.87 1.28 0.88 0.97 1.26 0.98 0.94 1.06 0.77 0.83

150



Table B.15: Germany: PFCE. Relative RMSE of model forecasts
during the rolling window pseudo-real-time experiments against four
benchmarks: ARMA, BNDF, DF and SW models. The labels N,
Q1 and Q2 denotes the forecast horizons � Nowcast, Forecast-1Q
and Forecast-2Q, respectively. The bolded values correspond to the
greatest accuracy within the forecast horizon, while the asterix de-
notes signi�cant performance improvement as suggested by GW test
with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.86 1.03 1.04 0.89 1.09 1.06 0.86 1.06 1.04 0.75 0.99 1.01
AdP 0.92 1.03 1.05 0.95 1.09 1.06 0.91 1.07 1.04 0.80 1.00 1.02
AdRL 0.88 1.05 1.05 0.91 1.11 1.06 0.88 1.08 1.04 0.77 1.01 1.01
L 0.91 0.97 0.99 0.94 1.03 1.00 0.91 1.00 0.99 0.79* 0.94 0.96
L0 0.97 1.14 1.02 1.00 1.20 1.03 0.96 1.17 1.01 0.84 1.09 0.98
L0L1 0.84 0.95 1.08 0.87 1.00 1.09 0.84 0.98 1.07 0.74 0.91 1.04
L0L1p 0.94 1.03 1.18 0.97 1.09 1.19 0.94 1.07 1.17 0.82 0.99 1.14
L0L2 0.93 0.94 0.96 0.96 1.00 0.97* 0.92 0.97 0.96 0.81 0.91 0.93
L0L2p 0.91 0.92 0.95 0.94 0.98 0.96 0.91 0.95 0.95 0.79 0.89 0.92
L0p 0.97 1.12 1.00 1.00 1.18 1.01 0.97 1.16 0.99 0.85 1.08 0.97
LP 0.85 0.93 0.97 0.88 0.98 0.99 0.85 0.96 0.97 0.74 0.90 0.94
LPX 0.82 0.95 0.98 0.85 1.00 0.99 0.82 0.98 0.97 0.72 0.91 0.95
RL 0.79 0.98 1.00 0.82 1.03 1.02 0.79 1.01 1.00 0.69 0.94 0.97
SqL 0.90 0.95 0.96 0.94 1.00 0.97* 0.90 0.98 0.96 0.79* 0.91 0.93
SqP 0.89 0.97 0.95 0.92 1.02 0.96 0.89 1.00 0.95 0.78 0.93 0.92
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Table B.16: Germany: GFCF. Relative RMSE of model forecasts
during the rolling window pseudo-real-time experiments against four
benchmarks: ARMA, BNDF, DF and SW models. The labels N,
Q1 and Q2 denotes the forecast horizons � Nowcast, Forecast-1Q
and Forecast-2Q, respectively. The bolded values correspond to the
greatest accuracy within the forecast horizon, while the asterix de-
notes signi�cant performance improvement as suggested by GW test
with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.77 0.95 0.96 0.95 1.01 1.00 0.89 1.07 1.02 0.79 0.93 1.01
AdP 0.78 0.94 0.96 0.97 1.01 1.00 0.90 1.07 1.02 0.81 0.93 1.01
AdRL 0.82 0.96 0.95 1.01 1.02 0.98 0.95 1.08 1.00 0.84 0.94 0.99
L 0.89 0.91 0.95 1.10 0.97 0.99 1.03 1.03 1.01 0.92 0.90 1.00
L0 0.68 0.94 0.97 0.85 1.00 1.00 0.79 1.06 1.03 0.70 0.93* 1.02
L0L1 0.84 0.93 0.97 1.04 0.99 1.00 0.97 1.05 1.03 0.87 0.92* 1.02
L0L1p 0.81 0.94 0.97 1.00 1.00 1.00* 0.93 1.06 1.02 0.83 0.92* 1.01
L0L2 0.87 0.91 0.96 1.08 0.97 0.99 1.01 1.03 1.02 0.90 0.90* 1.00
L0L2p 0.85 0.91 0.95 1.06 0.97 0.98 0.99 1.02 1.00 0.88 0.89* 0.99
L0p 0.69 0.94 0.97 0.86 1.00 1.00 0.80 1.06 1.03 0.71 0.92* 1.02
LP 0.89 0.94 0.95 1.10 1.00 0.98 1.03 1.06 1.01 0.92 0.93 1.00
LPX 0.90 0.95 0.94 1.12 1.01 0.97 1.04 1.07 0.99 0.93 0.93 0.98

RL 0.87 0.95 0.95 1.07 1.01 0.98 1.00 1.07 1.00 0.89 0.94 0.99
SqL 0.83 0.93 0.97 1.03 0.99 1.00 0.96 1.04 1.02 0.86 0.91* 1.01
SqP 0.85 0.93 0.97 1.05 1.00 1.00 0.98 1.05 1.03 0.87 0.92 1.02

Table B.17: Germany: Exports. Relative RMSE of model forecasts
during the rolling window pseudo-real-time experiments against four
benchmarks: ARMA, BNDF, DF and SW models. The labels N,
Q1 and Q2 denotes the forecast horizons � Nowcast, Forecast-1Q
and Forecast-2Q, respectively. The bolded values correspond to the
greatest accuracy within the forecast horizon, while the asterix de-
notes signi�cant performance improvement as suggested by GW test
with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.63 0.74 0.97 1.33 0.97 1.08 0.91 0.90 1.04 0.66 0.79 1.07
AdP 0.64* 0.75 0.94 1.35 0.99 1.05 0.92 0.92 1.01 0.66* 0.80 1.04
AdRL 0.63 0.72 0.97 1.34 0.96 1.08 0.92 0.89 1.04 0.66 0.78 1.07
L 0.65 0.82 0.98 1.38 1.08 1.09 0.95 1.00 1.05 0.68 0.88 1.08
L0 0.80 0.75 0.95 1.69* 0.99 1.06 1.16 0.92 1.02 0.83 0.80 1.05
L0L1 0.69 0.72 0.89 1.46 0.95 0.99 1.00 0.88 0.95 0.72 0.77 0.98
L0L1p 0.69 0.74 0.88 1.46 0.97 0.98 1.00 0.90 0.95 0.72 0.79 0.97

L0L2 0.72 0.79 0.91 1.52 1.05 1.02 1.04 0.97 0.98 0.75 0.85 1.01
L0L2p 0.70 0.81 0.92 1.49 1.07 1.02 1.02 0.99 0.99 0.73 0.86 1.02
L0p 0.79 0.74 0.94 1.68 0.98 1.05 1.15 0.91 1.01 0.83 0.79 1.04
LP 0.61 0.77 0.98 1.28 1.02 1.10 0.88 0.95 1.06 0.63 0.83 1.09
LPX 0.58 0.79 1.00 1.23 1.04 1.11 0.84 0.96 1.07 0.60 0.84 1.10
RL 0.58 0.80 1.00 1.24 1.06 1.12 0.85 0.98 1.08 0.61 0.86 1.11
SqL 0.64* 0.81 0.92 1.37 1.07 1.03 0.94 0.99 0.99 0.67* 0.87 1.02
SqP 0.56* 0.77 0.90* 1.18 1.02 1.01 0.81* 0.94 0.97 0.58* 0.82 1.00
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Table B.18: Germany: Imports. Relative RMSE of model forecasts
during the rolling window pseudo-real-time experiments against four
benchmarks: ARMA, BNDF, DF and SW models. The labels N,
Q1 and Q2 denotes the forecast horizons � Nowcast, Forecast-1Q
and Forecast-2Q, respectively. The bolded values correspond to the
greatest accuracy within the forecast horizon, while the asterix de-
notes signi�cant performance improvement as suggested by GW test
with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.81 0.92 1.00 1.11 0.96 1.02 1.03 1.29 1.07 0.99 0.95 1.17
AdP 0.79 0.92 0.99* 1.07 0.96 1.01 0.99 1.29 1.06 0.95 0.95 1.16
AdRL 0.83 0.93 1.00* 1.13 0.97 1.01 1.04 1.31 1.07 1.00 0.96 1.17
L 0.83 0.98 0.99* 1.13 1.02 1.00 1.05 1.37 1.05 1.00 1.01 1.16

L0 0.73 0.87 1.09 0.99 0.90 1.11 0.92 1.22 1.17 0.88 0.90 1.28
L0L1 0.72 0.88 1.14 0.98 0.92 1.16 0.91 1.24 1.22 0.87 0.91 1.34
L0L1p 0.78 0.92 1.17 1.05 0.96 1.19 0.98 1.29 1.25 0.94 0.95 1.37
L0L2 0.71 0.90 1.11 0.97 0.94 1.12 0.90 1.26 1.18 0.86 0.93 1.29
L0L2p 0.75 0.94 1.17 1.03 0.98 1.19 0.95 1.32 1.25 0.91 0.97 1.37
L0p 0.73 0.87 1.08 0.99 0.91 1.10 0.92 1.22* 1.16 0.88 0.90 1.27*
LP 0.84 0.92 1.03 1.14 0.96 1.04 1.05 1.30 1.09 1.01 0.96 1.20
LPX 0.84 0.92 1.03 1.14 0.96 1.05 1.06 1.29 1.10 1.02 0.95 1.21
RL 0.84 0.95 1.03 1.14 0.99 1.04 1.05 1.33 1.10 1.01 0.98 1.20
SqL 0.78 0.97 0.99* 1.06 1.01 1.01 0.99 1.36 1.06 0.95 1.00 1.16
SqP 0.78 0.97 1.04 1.06 1.01 1.05 0.98 1.36 1.11 0.94 1.00 1.21

Table B.19: France: PFCE. Relative RMSE of model forecasts dur-
ing the rolling window pseudo-real-time experiments against four
benchmarks: ARMA, BNDF, DF and SW models. The labels N,
Q1 and Q2 denotes the forecast horizons � Nowcast, Forecast-1Q
and Forecast-2Q, respectively. The bolded values correspond to the
greatest accuracy within the forecast horizon, while the asterix de-
notes signi�cant performance improvement as suggested by GW test
with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.94 1.05 1.06 0.85 0.64 0.69 1.02 1.07 1.02 0.93 1.00 1.03
AdP 0.96 1.06 1.06 0.87 0.64 0.69 1.04 1.08 1.02 0.95 1.01 1.03
AdRL 0.94 1.08 1.08 0.84 0.66 0.70 1.02 1.10 1.03 0.92 1.03 1.05
L 0.98 0.98 1.03 0.88 0.59 0.67 1.05 1.00 0.98 0.96 0.93 1.00
L0 1.13 1.11 1.12* 1.01 0.67 0.73 1.22 1.13 1.07* 1.11 1.06 1.08*
L0L1 0.93 1.05 1.10 0.84* 0.64 0.71 1.01 1.08 1.05 0.92 1.00 1.06
L0L1p 0.95 1.11 1.14* 0.85 0.67 0.74 1.03 1.13 1.09* 0.93 1.06 1.10
L0L2 0.92 1.06 1.07 0.83* 0.64 0.70 1.00 1.08 1.03 0.91 1.01 1.04
L0L2p 0.96 1.06 1.14* 0.86 0.64 0.74 1.04 1.08 1.09* 0.94 1.01 1.11*
L0p 1.12 1.11 1.11* 1.01 0.67 0.72 1.21 1.13 1.07* 1.10 1.06 1.08*
LP 0.94 1.10 1.08 0.85 0.67 0.70 1.02 1.12 1.03* 0.93 1.04 1.04
LPX 0.98 1.08 1.09 0.88 0.65 0.71 1.06 1.10 1.04* 0.96 1.03 1.06
RL 1.01 1.07 1.10 0.90 0.65 0.71 1.09 1.09 1.05* 0.99 1.01 1.06
SqL 0.96 0.99 1.01 0.86* 0.60 0.66 1.04 1.01 0.97 0.94 0.94 0.98

SqP 0.97 1.06 1.09 0.87 0.64 0.71 1.05 1.08 1.04 0.95 1.01 1.05
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Table B.20: France: GFCF. Relative RMSE of model forecasts dur-
ing the rolling window pseudo-real-time experiments against four
benchmarks: ARMA, BNDF, DF and SW models. The labels N,
Q1 and Q2 denotes the forecast horizons � Nowcast, Forecast-1Q
and Forecast-2Q, respectively. The bolded values correspond to the
greatest accuracy within the forecast horizon, while the asterix de-
notes signi�cant performance improvement as suggested by GW test
with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 1.04 0.76 0.62 0.14 0.11 0.04 1.35 0.96 0.97 0.88 0.86 1.00
AdP 1.04 0.76 0.61 0.14 0.11 0.04 1.36* 0.98 0.96 0.88 0.88 0.99
AdRL 1.05 0.79 0.63 0.14 0.11 0.04 1.36 1.01 0.98 0.88 0.90 1.01
L 0.95 0.77 0.62 0.13 0.11 0.04 1.24 0.98 0.97 0.81 0.88 1.00
L0 1.01 0.81 0.71 0.13 0.11 0.04 1.32 1.04 1.11 0.86 0.93 1.14
L0L1 0.92 0.79 0.68 0.12 0.11 0.04 1.19 1.01 1.06 0.78 0.91 1.10
L0L1p 0.96 0.81 0.69 0.13 0.11 0.04 1.25* 1.03 1.08 0.81 0.93 1.11
L0L2 0.87 0.78 0.65 0.12 0.11 0.04 1.14 0.99 1.01 0.74* 0.89 1.04
L0L2p 0.86 0.74 0.62 0.11 0.10 0.04 1.12 0.94 0.97 0.73 0.84 1.00
L0p 1.01 0.81 0.71 0.13 0.12 0.04 1.32 1.04 1.11 0.86 0.93 1.14
LP 0.90 0.72 0.57 0.12 0.10 0.03 1.18 0.92 0.89 0.77 0.82 0.92
LPX 0.93 0.73 0.58 0.12 0.10 0.03 1.21 0.93 0.91 0.79 0.83 0.94
RL 0.95 0.73 0.57 0.13 0.10 0.03 1.24 0.93 0.89 0.81 0.83 0.92

SqL 0.95 0.77 0.62 0.13 0.11 0.04 1.24 0.98 0.96 0.81 0.88 0.99
SqP 0.92 0.71 0.59 0.12 0.10 0.04 1.20 0.90* 0.91 0.78 0.81 0.94

Table B.21: France: Exports. Relative RMSE of model forecasts
during the rolling window pseudo-real-time experiments against four
benchmarks: ARMA, BNDF, DF and SW models. The labels N,
Q1 and Q2 denotes the forecast horizons � Nowcast, Forecast-1Q
and Forecast-2Q, respectively. The bolded values correspond to the
greatest accuracy within the forecast horizon, while the asterix de-
notes signi�cant performance improvement as suggested by GW test
with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.80 0.93 0.89 0.75 1.00 0.93 0.84 0.94 0.96 0.74 0.95 1.04
AdP 0.85 0.94 0.90 0.80 1.02 0.94 0.89 0.95 0.97 0.78 0.96 1.04
AdRL 0.83 0.94 0.91 0.78 1.02 0.95 0.87 0.95 0.98 0.76 0.96 1.06*
L 0.80* 0.91 0.89 0.75 0.98 0.93 0.84 0.92 0.95 0.73 0.93 1.03
L0 1.10 1.13 1.01 1.04 1.22 1.05 1.16 1.14 1.08 1.01 1.16 1.17
L0L1 0.91 0.91 0.89 0.85 0.99 0.93 0.95 0.93 0.96 0.83 0.94 1.04
L0L1p 0.85 0.87 0.90 0.80 0.94 0.93 0.90 0.88 0.96 0.78 0.89 1.04
L0L2 1.04 1.01 0.89 0.97 1.09 0.93 1.09 1.02 0.95 0.95 1.03 1.03
L0L2p 1.02 1.02 0.91 0.96 1.10 0.95 1.08 1.03 0.98 0.94 1.04 1.06
L0p 1.11 1.11 0.99 1.04 1.20 1.03 1.16 1.12 1.06 1.01 1.14 1.15
LP 0.73* 0.85 0.88 0.69 0.92 0.92 0.77 0.86 0.94 0.67 0.88 1.02
LPX 0.78 0.89 0.89 0.73 0.97 0.92 0.82 0.90 0.95 0.71 0.92 1.03
RL 0.77 0.89 0.89 0.73 0.97 0.93 0.82 0.90 0.95 0.71 0.91 1.03
SqL 0.83* 0.90 0.89 0.78 0.97 0.93 0.88 0.91 0.96 0.76 0.92 1.04
SqP 0.86 0.86 0.88 0.80 0.94 0.91 0.90 0.87 0.94 0.78 0.89 1.02
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Table B.22: France: Imports. Relative RMSE of model forecasts
during the rolling window pseudo-real-time experiments against four
benchmarks: ARMA, BNDF, DF and SW models. The labels N,
Q1 and Q2 denotes the forecast horizons � Nowcast, Forecast-1Q
and Forecast-2Q, respectively. The bolded values correspond to the
greatest accuracy within the forecast horizon, while the asterix de-
notes signi�cant performance improvement as suggested by GW test
with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.81* 0.74 0.80* 1.04 0.94 1.03 1.08 0.86 0.95 0.84 0.76 1.04
AdP 0.79* 0.74 0.80* 1.00 0.94 1.02 1.04 0.87 0.94 0.81 0.76 1.03
AdRL 0.85 0.76 0.81* 1.08 0.96 1.03 1.13 0.88 0.95 0.88 0.78 1.04
L 0.78* 0.79 0.80* 0.99 1.00 1.02 1.03 0.92 0.94 0.80 0.81 1.03
L0 0.86 0.99 0.97 1.10 1.25 1.25 1.14 1.15 1.15 0.89 1.02 1.26
L0L1 0.81* 0.98 0.96* 1.03 1.23 1.23 1.07 1.14 1.13 0.83 1.00 1.24
L0L1p 0.81* 0.96 0.94* 1.04 1.21 1.21 1.08 1.12 1.11 0.84 0.98 1.21
L0L2 0.78* 1.04 0.99 1.00 1.31 1.27 1.04 1.21 1.17 0.81 1.06 1.28
L0L2p 0.77* 0.98 0.97 0.99 1.23 1.24 1.03 1.14 1.14 0.80 1.00 1.25
L0p 0.87 0.98 0.97 1.11 1.24 1.24 1.15 1.15 1.14 0.89 1.01 1.25
LP 0.80 0.75 0.78* 1.02 0.95 1.00 1.06 0.87 0.92 0.82 0.77 1.01
LPX 0.76* 0.74 0.77* 0.98 0.93 0.99 1.01 0.86 0.91 0.79 0.76 1.00

RL 0.81 0.75 0.78* 1.03 0.94 1.00 1.07 0.87 0.91 0.83 0.76 1.00
SqL 0.74* 0.77 0.82* 0.94 0.98 1.05 0.98 0.90 0.96 0.76 0.79 1.06
SqP 0.83 0.70 0.78* 1.06 0.89 1.00 1.10 0.82 0.92 0.85 0.72 1.01

Table B.23: Italy: PFCE. Relative RMSE of model forecasts dur-
ing the rolling window pseudo-real-time experiments against four
benchmarks: ARMA, BNDF, DF and SW models. The labels N,
Q1 and Q2 denotes the forecast horizons � Nowcast, Forecast-1Q
and Forecast-2Q, respectively. The bolded values correspond to the
greatest accuracy within the forecast horizon, while the asterix de-
notes signi�cant performance improvement as suggested by GW test
with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 1.08 1.04 0.84 0.96 0.93 0.85 0.85 0.92 0.79 0.75* 0.80* 0.71*
AdP 1.12 1.06 0.86 1.00 0.94 0.87 0.89 0.93 0.81 0.78* 0.81* 0.73*
AdRL 1.15 1.09 0.86 1.02 0.97 0.86 0.91 0.96 0.81 0.80* 0.83* 0.72*
L 1.02 0.89 0.81 0.90 0.79 0.82 0.81* 0.78 0.76* 0.71* 0.68* 0.68*
L0 1.15 0.99 0.84 1.02 0.88 0.85 0.91 0.87 0.79 0.81 0.75* 0.71*
L0L1 1.08 0.90 0.83 0.96 0.81 0.83 0.86 0.80 0.78 0.76* 0.69* 0.70*
L0L1p 1.13 0.92 0.81 1.00 0.82 0.81 0.89 0.81 0.76* 0.79 0.71* 0.68*

L0L2 1.40* 1.18 1.09 1.25* 1.05 1.09 1.11 1.04 1.02 0.98 0.90 0.91
L0L2p 1.07 0.89 0.85 0.95 0.79 0.86 0.85 0.78 0.80* 0.75* 0.68* 0.72*
L0p 1.11 0.96 0.82 0.99 0.86 0.82 0.88 0.85 0.77* 0.78* 0.74* 0.69*
LP 1.01 0.93 0.90 0.90 0.83 0.90 0.80 0.82 0.84 0.71* 0.71* 0.75*
LPX 1.02 0.94 0.90 0.91 0.84 0.91 0.81 0.83 0.85 0.71* 0.72* 0.76*
RL 1.01 0.95 0.87 0.90 0.85 0.88 0.80 0.84 0.82 0.71* 0.73* 0.73*
SqL 0.99 0.87 0.84 0.88 0.77 0.84 0.78* 0.76 0.79* 0.69* 0.66* 0.70*
SqP 1.00 0.97 0.86 0.89 0.86 0.87 0.79* 0.85 0.81* 0.70* 0.74* 0.73*
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Table B.24: Italy: GFCF. Relative RMSE of model forecasts dur-
ing the rolling window pseudo-real-time experiments against four
benchmarks: ARMA, BNDF, DF and SW models. The labels N,
Q1 and Q2 denotes the forecast horizons � Nowcast, Forecast-1Q
and Forecast-2Q, respectively. The bolded values correspond to the
greatest accuracy within the forecast horizon, while the asterix de-
notes signi�cant performance improvement as suggested by GW test
with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.92 0.99 0.86 1.11 1.06 0.88 0.85 0.88 0.87 0.81 0.88 0.85*
AdP 0.91 0.99 0.85* 1.10 1.07 0.87* 0.84 0.89 0.86 0.80 0.88 0.84*
AdRL 0.93 1.01 0.85* 1.11 1.09 0.87 0.86 0.91 0.86 0.81 0.90 0.84*
L 0.97 0.95 0.88 1.17 1.02 0.90* 0.90 0.85 0.89 0.85 0.85* 0.87*
L0 0.93 0.92 0.94 1.12 0.99 0.96 0.86 0.82 0.95 0.82* 0.82* 0.93*
L0L1 0.95 0.91 0.87 1.14 0.98 0.89* 0.88 0.82* 0.88* 0.83 0.81* 0.86*
L0L1p 0.93 0.91 0.86 1.12 0.97 0.88 0.86 0.81 0.87 0.82 0.81* 0.85*
L0L2 1.07 0.98 0.92 1.29* 1.05 0.94 0.99 0.88 0.94 0.94 0.87* 0.91
L0L2p 1.14* 1.02 0.90 1.37* 1.10 0.92 1.06 0.92 0.92 1.01 0.91 0.89*
L0p 0.92 0.92 0.94 1.11 0.98 0.97 0.86 0.82 0.96 0.81* 0.82* 0.93
LP 0.97 0.94 0.85* 1.17 1.01 0.87* 0.90 0.84 0.86* 0.85 0.83* 0.84*
LPX 0.95 0.92 0.84* 1.15 0.98 0.86* 0.88 0.82 0.85* 0.84 0.81* 0.83*
RL 0.95 0.94 0.83* 1.14 1.01 0.85* 0.88 0.84 0.84* 0.84 0.83* 0.82*

SqL 0.95 0.95 0.89 1.14 1.02 0.91* 0.88 0.85 0.90 0.83 0.84* 0.88*
SqP 0.96 0.93 0.84* 1.15 1.00 0.86* 0.88 0.84 0.85* 0.84 0.83* 0.83*

Table B.25: Italy: Exports. Relative RMSE of model forecasts dur-
ing the rolling window pseudo-real-time experiments against four
benchmarks: ARMA, BNDF, DF and SW models. The labels N,
Q1 and Q2 denotes the forecast horizons � Nowcast, Forecast-1Q
and Forecast-2Q, respectively. The bolded values correspond to the
greatest accuracy within the forecast horizon, while the asterix de-
notes signi�cant performance improvement as suggested by GW test
with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.91 0.94 1.05 1.13 0.99 1.02 0.80* 0.94 1.07 0.80 1.01 1.14*
AdP 0.91 0.93 1.02 1.14 0.97 1.00 0.80* 0.92 1.05 0.81 1.00 1.12

AdRL 0.88 0.92 1.05 1.09 0.96 1.02 0.77* 0.91 1.07 0.78 0.99 1.15*
L 0.88 0.95 1.05 1.10 0.99 1.02 0.77* 0.94 1.08 0.78 1.02 1.15
L0 1.09 1.02 1.13 1.36* 1.07 1.10 0.95 1.02 1.15 0.96 1.10 1.23
L0L1 0.92 0.92 1.03 1.15 0.96 1.00 0.81 0.91 1.06 0.82 0.99 1.13
L0L1p 0.97 0.91 1.04 1.21 0.95 1.01 0.85 0.90 1.06 0.86 0.98 1.13
L0L2 0.95 0.88 1.04 1.18 0.93 1.01 0.83* 0.88 1.06 0.84 0.95 1.13
L0L2p 0.94 0.90 1.07 1.17 0.94 1.04 0.82* 0.90 1.09 0.83 0.97 1.17
L0p 1.09 1.02 1.12 1.36* 1.07 1.09 0.95 1.02 1.15 0.96 1.10 1.23
LP 0.90 0.95 1.05 1.12 0.99 1.03 0.79* 0.94 1.08* 0.80 1.02 1.15*
LPX 0.93 0.96 1.06 1.16 1.01 1.04 0.81* 0.96 1.09 0.82 1.04 1.16*
RL 0.93 0.98 1.07 1.16 1.03 1.04 0.82* 0.97 1.09 0.82 1.06 1.17*
SqL 0.90* 0.94* 1.02 1.13 0.98 1.00 0.79* 0.93 1.05 0.80 1.01 1.12
SqP 0.93 0.94 1.04 1.15 0.99 1.01 0.81* 0.93 1.06* 0.82 1.01 1.13*
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Table B.26: Italy: Imports. Relative RMSE of model forecasts dur-
ing the rolling window pseudo-real-time experiments against four
benchmarks: ARMA, BNDF, DF and SW models. The labels N,
Q1 and Q2 denotes the forecast horizons � Nowcast, Forecast-1Q
and Forecast-2Q, respectively. The bolded values correspond to the
greatest accuracy within the forecast horizon, while the asterix de-
notes signi�cant performance improvement as suggested by GW test
with 5% signi�cance.

Model ARMA BNDF DF SW

N Q1 Q2 N Q1 Q2 N Q1 Q2 N Q1 Q2

AdL 0.85 0.74 0.80 1.04 0.83 0.81 0.91 0.92 1.02 0.86 1.01 1.06
AdP 0.81 0.74 0.79 0.99 0.83 0.80 0.87 0.92 1.02 0.82 1.01 1.05
AdRL 0.88 0.76* 0.78 1.06 0.85 0.79 0.94 0.94 1.01 0.88 1.04 1.04
L 0.81 0.74 0.82 0.99 0.83 0.82 0.87 0.92 1.05 0.82 1.01 1.08*
L0 0.99 0.91 0.97 1.20* 1.02* 0.98 1.06 1.13* 1.25* 1.00 1.24* 1.29*
L0L1 0.86 0.75* 0.89 1.04 0.84 0.90 0.92 0.93 1.14* 0.87 1.03 1.18*
L0L1p 0.91 0.82 0.99 1.10* 0.92 1.00 0.97 1.02 1.27 0.92 1.13 1.31
L0L2 0.89 0.73 0.80 1.08 0.82 0.81 0.96 0.91 1.02 0.90 1.00 1.06
L0L2p 0.88 0.76 0.84 1.07 0.85 0.85 0.94 0.94 1.09 0.89 1.04 1.12
L0p 0.97 0.91 0.97 1.18* 1.01* 0.98 1.04 1.12* 1.25* 0.98 1.24* 1.28*
LP 0.79 0.80 0.85 0.96 0.90 0.86 0.84 0.99 1.09 0.80 1.10 1.12
LPX 0.82 0.79 0.84 0.99 0.89 0.84 0.87 0.98 1.07 0.82 1.08 1.11
RL 0.81 0.77 0.81 0.99 0.86 0.82 0.87 0.95 1.04 0.82 1.05 1.07
SqL 0.81 0.74* 0.81 0.98 0.83 0.82 0.86 0.92 1.04 0.81 1.02 1.08
SqP 0.73* 0.70* 0.77* 0.88 0.78 0.78 0.78* 0.87 0.99 0.74 0.96 1.02
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Santrauka

Mokslin
e problema ir jos aktualumas

D
el nuolat did
ejan£ios duomenu� apimties bei prieinamumo pastaruoju
metu stebima stipri statistiniu� bei ma²ininio mokymosi metodu� paºan-
ga, geban£iu� tokio tipo duomenis modeliuoti. I�prastas tyr
eju� tikslas � i�
atliekamas analizes i�traukti kuo daugiau prieinamos informacijos. Ta£iau
ai²kinamu�ju� kintamu�ju� skai£iui augant spar£iau nei steb
ejimu� skai£iui,
klasikiniai statistiniai metodai, pvz., maºiausiu�ju� kvadratu�, didºiausio-
jo tik
etinumo ar Bajeso metodai su neinformatyviais aprioriniais skirs-
tiniais susiduria su parametru� vertinimo problemomis (angl. curse of

dimensionality, ºr., pvz., Giannone ir kt. (2021)). �iuo tikslu i²vystyta
aib
e speci�niu� metodu�, geban£iu� efektyviai panaudoti didelio matavi-
mo duomenu� masyvus. Literat	uroje galima i²skirti dvi tokiu� metodu�
kryptis, kurios skiriasi prielaidomis d
el modeliu� parametru� strukt	uru�:
formuluojama, jog modeliu� parametrai yra retos arba tankios strukt	uros
(Ng (2013), Chernozhukov ir kt. (2017)).

Tyr
ejas, darydamas tankios modelio parametru� strukt	uros prielaid¡
siekia analiz
eje efektyviai panaudoti vis¡ prieinam¡ didelio matavimo
informacij¡, net jeigu kiekvieno individualaus tyrime naudojamo kin-
tamojo svoris yra nykstamai maºas. Galimu� metodu� speci�ka skiria-
si priklausomai nuo taikymu� srities, ta£iau tarp daºniausiai sutinkamu�
literat	uroje galima i²skirti faktoriu� modelius, Ridge regresij¡, svertini�
maºiausiu�ju� kvadratu� metod¡ (WALS) ir kt. (Tikhonov (1963), Hoerl
ir Kennard (1970), Magnus ir De Luca (2016), Andreini ir kt. (2020)).
Min
etieji metodai daºnai naudojami taikymuose (ºr., pvz., Stock ir Wat-
son (2002), Diebold (2003), De Mol ir kt. (2006) and Stock ir Watson
(2009)).

Kitavertus, darant retos strukt	uros prielaid¡ yra tariama, jog tik
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nedidelis turimu� kintamu�ju� poaibis yra esminis tiriamajam uºdavi-
niui spr¦sti. Svarbiausias uºdavinys yra tokiu� signalu� atpaºinimas
ir i�vertinimas. Atpaºinus pagrindinius ai²kinan£iuosius kintamuosius
likusi informacija i² analiz
es yra pa²alinama uºnulinant atitinkamus
modelio parametrus. Vienas populiariausiu� retos strukt	uros metodu�
� Least Absolute Shrinkage Selection Operator (LASSO, Tibshirani
(1996)), kurio esminis privalumas yra geb
ejimas efektyviai vienu me-
tu atlikti tiek reik²mingu� kintamu�ju� atrank¡, tiek ir modelio parametru�
i�vertinim¡. D
el efektyvumo bei paprastumo LASSO daºnai sutinka-
mas literat	uroje sprendºiant aib¦ i�vairiu� uºdaviniu�, yra itin m
egstamas
tyr
eju� bei akademiku�. Papildomai, i²vystyta daugyb
e metodo pl
etiniu�
bei modi�kaciju�, sprendºian£iu� bei koreguojan£iu� i�vairius tr	ukumus (ºr.,
Adaptive LASSO (Zou (2006)), Relaxed LASSO (Meinshausen (2007)),
Square-Root LASSO (Belloni ir kt. (2011))). Svarbiausi retos strukt	uros
metodai i²samiai apºvelgiami 1 disertacijos skyriuje.

Retumo prielaida gali b	uti pagri�sta tais atvejais, kai tyr
ejas tikisi,
jog (santykinai, pagal imties dydi�) nedidelio kintamu�ju� rinkinio gali pa-
kakti siekiant tiksliai nusakyti tam tikr¡ stebim¡ ar modeliuojam¡ pro-
ces¡. Pavyzdºiui, Bai ir Ng (2008) pastebi, jog per dideli auk²to daºnio
duomenu� rinkiniai kai kuriais atvejais gali neigiamai veikti prognozes.
Kartu, Bulligan ir kt. (2015) teigia, jog retos strukt	uros prielaida tam
tikrais atvejais gerokai pagerina trumpalaikiu� prognoziu� tikslum¡. Kita-
vertus, tikslaus retumo prielaida (angl. exact sparsity), tik
etina, prak-
tikoje yra per grieºta � daºnai pakanka tarti, jog visi kintamieji turi
nenulini� poveiki� stebimam ar modeliuojamam procesui, ta£iau statis-
ti²kai i�manoma atrinkti nedideli� kintamu�ju� poaibi�, kurio pakaktu� uºtik-
rintai aproksimuoti modeliuojam¡ signal¡. Tokia prielaida literat	uroje
apibr
eºiama kaip apytikslio retumo (angl. approximate sparsity), pla£iau
apºvelgiama disertacijos 1.2 poskyryje.

D
el paskutiniu metu spar£iai augan£io retu� strukt	uru� metodu� po-
puliarumo literat	uroje sutinkama vis daugiau svarbiu� taikymu�. Pavyz-
dºiui, Shibata (1980), Ing (2007) nagrin
eja modeliu� atrankos problema-
tik¡ dirbant su autoregresiniu� laiko eilu£iu� modeliais; taip pat, Belloni ir
Chernozhukov (2011), Javanmard ir Montanari (2014), Zhang ir Zhang
(2014), Caner ir Kock (2018), Belloni ir kt. (2018), Gold ir kt. (2020),
Ning ir kt. (2020), Guo ir kt. (2021) pristato rezultatus taikant daugiama-
tes tiesines bei instrumentiniu� kintamu�ju� regresijas statistiniu� hipoteziu�
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testavimui. Svarbu pasteb
eti, jog min
etuose taikymuose apytikslio retu-
mo prielaida yra kertin
e.

Literat	uroje, lyginan£ioje retu� bei tankiu� strukt	uru� metodu� taiky-
mus, neretai sutinkama rezultatu�, rodan£iu�, jog negalime bet kuriam
sprendºiamam modeliavimo uºdaviniui rasti vieno universaliai geriau-
sio metodo. Akcentuojama, jog joks metodas n
era tobulas, o gaunamu�
rezultatu� tikslumas stipriai priklauso nuo nestebimo duomenis generuo-
jan£io proceso strukt	uros (ºr., pvz., Giannone ir kt. (2021) apºvalg¡). �ie
ir kiti pana²	us pasteb
ejimai atv
er
e keli¡ naujai tyrimu� kryp£iai, apjun-
gian£iai populiarius retu� bei tankiu� strukt	uru� metodus, sprendºian£iai
kiekvieno i² ju� tr	ukumus bei apribojimus (ºr., Targeted Di�usion Index

modelius (Bulligan ir kt. (2015)), LAVA (Chernozhukov ir kt. (2017)),
Spike-and-Slab priors (Giannone ir kt. (2021)), Fast Best Subset Sele-
ction (Hazimeh ir Mazumder (2020))). �ios id
ejos pla£iau apºvelgia-
mos disertacijos 3 skyriuje, kuriame lyginami populiar	us retu� bei tankiu�
strukt	uru� metodai atliekant pseudo-realaus laiko eksperimentus verti-
nant i²ankstines JAV bei ES BVP i²laidu� komponen£iu� prognozes.

Tik
etina, jog min
etieji rezultatai kiekvieno tyrimo atveju priklauso
nuo to, kiek tinkama tyr
eju� daroma prielaida d
el nestebimo duomenis
generuojan£io proceso strukt	uros. Nat	uralu, jog suformavus klaiding¡
retos strukt	uros prielaid¡ tankiam procesui tyrimo rezultatai gali neten-
kinti tyr
ejo poreikiu�. Ta£iau n
era lengva atsakyti, kaip ir kada tyr
ejas
gal
etu� spr¦sti, kuri¡ prielaid¡ konkre£iu atveju reik
etu� taikyti. Giannone
ir kt. (2021) si	ulo retum¡ suprasti kaip neapibr
eºtum¡ ir tyrimo metu ne-
daryti jokiu� esminiu� prielaidu� d
el parametru� strukt	uros. Kitaip tariant,
reti metodai tur
etu� b	uti taikomi tik turint stipriu� i�rodymu�, jog retumo
prielaida gali b	uti i²pildyta. Kitais atvejais tyr
ejas tur
etu� leisti metodui
i²mokti bei i�vertinti, ar min
etoji prielaida i²pildoma remiantis turimais
duomenimis. Tuo tikslu, Giannone ir kt. (2021) pristato universalius
metodus, geban£ius prisitaikyti prie duomenu� strukt	uros ir atliekan£ius
parametru� vertinim¡ nepriklausomai nuo tyr
ejo daromu� prielaidu� d
el mo-
delio parametru� strukt	uros (ºr., pvz., Chernozhukov ir kt. (2017), Cevid
ir kt. (2020), Giannone ir kt. (2021)).

Universaliu� metodu� lankstumas neretai reikalauja papildomu� skai£ia-
vimo resursu� bei neigiamai atsispindi modeliu� prognoziu� dinamiko-
je. �iuo atºvilgiu, ideali alternatyva b	utu� leisti statistiniam testui
i�vertinti, ar turimi duomenys suteikia pagrind¡ tyr
ejui formuluoti retos
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strukt	uros prielaid¡. Ta£iau literat	uros, nagrin
ejan£ios retumo testavim¡
daugiama£iu� tiesiniu� modeliu� kontekste, yra palyginti maºai. Svarb	us
rezultatai gauti Dicker (2014) bei Dicker (2016) sprendºiant signalo bei
triuk²mo santykio (angl. signal-to-noise ratio, (SNR)) vertinimo proble-
m¡. Papildomai, min
etasis uºdavinys prie tam tikru� papildomu� prielaidu�
yra glaudºiai susij¦s su retumo testavimo uºdaviniu, k¡ pastebi Carpen-
tier ir Verzelen (2019) bei Carpentier ir Verzelen (2021), pasi	ulydami
tikslaus retumo testus daugiama£iams tiesiniams modeliams. Min
etos
id
ejos disertacijoje pla£iau atskleidºiamos 1.4 poskyryje, kurias i²ple£ia
bei papildo 2 skyriuje pristatyti pagrindiniai disertacijos rezultatai.

Tyrimo objektas

Disertacijoje nagrin
ejama statistika ∥X′Y ∥22 bei su ja susij¦ skirsti-
niai. Taip pat, tyrin
ejami retos strukt	uros tiesin
es regresijos modeliai
makroekonominiu� laiko eilu£iu� kontekste. Vertinant modeliu� progno-
zavimo tikslum¡, nagrin
ejamos i²ankstin
es bei trumpalaik
es kintamu�ju�
prognoz
es.

Tikslas ir uºdaviniai

Retu� strukt	uru� prielaida yra labai svarbi tam tikrais taikymu� atvejais
daugiama£iu� tiesiniu� modeliu� kontekste. �ios prielaidos pagri�stumas
disertacijoje nagrin
ejamas i² teorin
es bei i² empirin
es pusiu�. Tuo tikslu,
suformuluojami du pagrindiniai disertacijos tikslai.

Pirmasis tikslas, analizuojant retumo prielaid¡ i² teorin
es pus
es, pa-
pildyti bei i²pl
esti svarbius SNR bei retumo testavimo literat	uroje ºino-
mus rezultatus. Antrasis, apºvelgti retumo prielaid¡ i² empirin
es pus
es,
lyginant populiarius retos bei tankios strukt	uru� metodus bei ju� progno-
zavimo tikslum¡.

�iems tikslams pasiekti, pirma, disertacijoje suformuluojami tiks-
lus bei asimptotinis statistikos ∥X ′Y ∥22 skirstiniai nagrin
ejant konkre£i¡
Kac�Murdock�Szeg® (KMS) tipo duomenu� kovariacin¦ strukt	ur¡. �is
uºdavinys bei jo sprendimas gali b	uti svarbus tolesniems tyrimams bei
rezultatams SNR bei retumo testavimo literat	uroje. Pastebime, jog ti-
riamoji statistika ∥X ′Y ∥22 yra kertin
e tiek Dicker (2014), tiek Carpentier
ir Verzelen (2019) darbu� rezultatuose.
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Antra, atliekami pseudo-realaus laiko eksperimentai, vertinant
i²ankstines bei trumpalaikes JAV bei didºiu�ju� Europos ekonomiku� BVP
i²laidu� komponen£iu� prognozes. Tikslus i²ankstinis makroekonominiu�
kintamu�ju� prognozavimas yra praktikoje svarbus uºdavinys, puikiai tin-
kamas lyginti daugiama£ius tiesin
es regresijos modelius.

Tre£ia, pasi	uloma bei apºvelgiama LASSO metodo modi�kacija, ku-
ria LASSO apjungiamas su pagrindiniu� komponen£iu� metodu (LASSO-
PC), kombinuojant retu� bei tankiu� strukt	uru� metodus. Potenciali pa-
si	ulyto metodo nauda analizuojama tiriant prognoziu� tikslum¡ bei ly-
ginant gautus rezultatus su kitu� eksperimentuose nagrin
ejamu� metodu�
rezultatais.

Tyrimu� metodika

Sudarant statistikos pasiskirstymo funkcijas naudojamas variance-

gamma skirstinys bei jo savyb
es. I�rodymuose taikomi ºinomi cent-
rin
es ribin
es teoremos rezultatai, kumulian£iu� metodas bei kiti bend-
ros tikimybiu� teorijos ir matematin
es statistikos metodai. Empirin
eje
dalyje dalis teoriniu� faktu� tikrinama taikant Monte Carlo simuliacijas.
Sudarant pseudo-realiuosius eksperimentus taikomi i�vair	us laiko eilu£iu�
analiz
es metodai.

Naujumas

Disertacijoje pasi	ulomas LASSO bei pagrindiniu� komponen£iu� me-
todo derinys (LASSO-PC), kurio efektyvumas bei papildoma nauda
i�vertinama atlikus pseudo-realaus laiko eksperimentus, vertinant i²anks-
tines JAV bei kai kuriu� Europos ²aliu� BVP komponen£iu� prognozes.
Gauti rezultatai rodo, jog pasi	ulytas metodas kai kuriais atvejais geba
pagerinti prognoziu� tikslum¡, lyginant su populiariais retu� bei tankiu�
strukt	uru� metodais.

Sudarytu� eksperimentu� rezultatai gali b	uti naudingi realiuose taiky-
muose kaip i²sami metodu� apºvalga i²ankstinio vertinimo uºdaviniuose.

Disertacijoje i²vedami tikslus bei asimptotinis statistikos ∥X′Y ∥22
skirstiniai. Gauti asimptotiniai rezultatai reikalauja tik ∥β∥2 <∞,
kuomet pana²	us rezultatai literat	uroje reikalauja tikslaus modelio
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koe�cientu� retumo arba priklauso nuo tam tikru� aproksimaciju� tikslu-
mo.

Disertacijoje i²skiriama variance-gamma skirstinio panaudojimo
svarba gautu� rezultatu� i²vedimuose. Pirma, disertacijos rezultatai pa-
pildo ºinomas variance-gamma skirstinio savybes. Antra, pasirinktas
skirstinys yra patogus dirbant su normaliai pasiskirs£iusiu� atsitiktiniu�
dydºiu� sandaugomis, tod
el dalis gautu� rezultatu� gali b	uti pritaikyti for-
muluojant asimptotinius pana²iu� strukt	uru� statistiku� skirstinius, pvz.,
kei£iant ℓ2-norm¡ kita.

Darbo strukt	ura

Disertacija sudaryta i² i�vado, apºvalginio skyriaus, glaustai pristatan£io
esmines darbe naudojamas s¡vokas bei metodologijas, ju� svarb¡ ir ºino-
mus tr	ukumus, bei dvieju� skyriu�, kuriuose pateikiami pagrindiniai diser-
tacijos rezultatai. Taip pat, pateikiamos i²vados bei literat	uros s¡ra²as.
Papildomai, dalis rezultatu� pateikiami priede, kuris yra i²skirtas i� dvi
dalis. Priedo A dalyje pateikiami ilgesni techniniai i�rodymai ir tarpi-
niai rezultatai, tuo tarpu priedo B dalyje pateikiamos technin
es pseudo-
realaus laiko eksperimentu� detal
es bei papildoma medºiaga. Disertacija
para²yta anglu� kalba.

Darbo apºvalga ir svarbiausi rezultatai

Darbo i�vade trumpai supaºindinama su disertacijoje nagrin
ejama prob-
lematika, i�vedama retumo s¡voka ir pristatomi pagrindiniai uºdaviniai
bei svarbiausi literat	uroje stebimi rezultatai, galiojant retumo prielai-
dai. Retu� strukt	uru� prielaida i²skiriama kaip alternatyva tankioms
strukt	uroms bei akcentuojama, jog tyr
ejui neretai a priori n
era ºi-
noma, kuria prielaida reik
etu� remtis tyrimo metu, siekiant optimaliu�
tyrimo rezultatu�. Vienas i² galimu� sprendimo b	udu� � analiz
eje naudo-
ti metodus, geban£ius prisitaikyti prie modeliuojamo uºdavinio nepri-
klausomai nuo modelio parametru� strukt	uros, arba slypin£i¡ strukt	ur¡
i�vertinti remiantis analizuojamais duomenimis. Kitas galimas variantas
� taikyti statistini� test¡. Literat	uros apie statistini� strukt	uru� testavim¡
n
era daug, perspektyv	us rezultatai glaudºiai siejasi su signalo bei triuk-
²mo santykio vertinimo uºdaviniais. Teorin
e disertacijos rezultatu� nauda
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siejasi su tam tikru� literat	uroje sutinkamu� rezultatu� i²pl
etimu bei papil-
dymu. Praktiniai poreikiai nagrin
ejami atliekant populiariu� tankiu� bei
retu� strukt	uru� metodu� palyginim¡ vertinant i²ankstines bei trumpalaikes
makroekonominiu� rodikliu� prognozes.

Pirmame, retumo daugiamat
eje tiesin
eje regresijoje, skyriuje
pateikiamos pagrindin
es disertacijoje bei literat	uroje sutinkamos s¡vo-
kos ir naudojamos prielaidos. Apºvalgoje i�vedami svarb	us disertacijoje
naudojami ºym
ejimai, taip pat trumpai aptariami skirtingi apytikslio
retumo apibr
eºimai.

Disertacijoje nagrin
ejamas daugiamatis tiesinis regresijos modelis

Y = Xβ + ε, (1)

£ia Y = (y1, . . . , yn)
′ ∈ Rn×1 yra vektorius sudarytas i² n priklausomo

kintamojo steb
ejimu�, X = (X1, . . . , Xn)
′ yra n×p matrica sudaryta i² p-

ma£iu� ai²kinan£iu�ju� kintamu�ju�, β = (β1, . . . , βp)
′ ∈ Rp×1 yra neºinomu�

modelio parametru� vektorius, bei ε = (ε1, . . . , εn)
′ ∈ Rn×1 yra modelio

liekanu� vektorius.
Paºymima, jog ²ioje disertacijoje pagrindinis d
emesys yra skiriamas

apytikslio retumo s¡vokai, pristatytai Belloni ir Chernozhukov (2011).
T.y., tariama, jog tikrieji modelio parametrai β tenkina:

|βj | = Aj−α, j = 1, . . . , p, α ≥ 1, (2)

£ia parametru� i²rikiavimas bei narys A > 0 n
era esminiai. I�prastai rei-
kalaujama, jog α ≥ 1, ta£iau priklausomai nuo kintamu�ju� kovariaciju�
matricos Σ strukt	uros, ²i� reikalavim¡ galima atlaisvinti.

Retos strukt	uros metodu� apºvalgoje pristatomi ²ie modeliai:

(i) LASSO (Tibshirani (1996)):

β̂LASSO = argmin
β

(Y − Xβ)′(Y − Xβ) + λ||β||1, (3)

£ia hiperparametras λ ∈ (0,∞) yra �ksuotas.

(ii) Adaptive LASSO (Zou (2006)):

β̂adaLASSO = argmin
β

(Y − Xβ)′(Y − Xβ) + λw′|β|, (4)
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£ia laikoma, jog |β| := (|β1|, . . . , |βp|)′ bei w = (w1, . . . , wp)
′ ºymi

speci�²kai parinkt¡ svoriu� vektoriu�. Reikalavimai svoriu� parinkimui
aptariami disertacijoje.

(iii) Relaxed LASSO (Meinshausen (2007)):

β̂RL = argmin
β

n−1
(
Y − X{β · 1Mλ

}
)′(
Y − X{β · 1Mλ

}
)

+ ϕλ||β||1, (5)

£ia λ ∈ [0,∞) bei ϕ ∈ (0, 1] yra hiperparametrai, 1Mλ
ºymi indika-

toriaus funkcij¡, i�gyjan£i¡ vienet¡ tik tiems kintamiesiems, kuriuos
LASSO metodas atrenka kaip reik²mingus prie �ksuotos λ reik²m
es.

(iv) Square-Root LASSO (Belloni ir kt. (2011)):

β̂sqrtLASSO = argmin
β

n−1/2
(
(Y − Xβ)′(Y − Xβ)

)1/2
+λ||β||1, (6)

£ia λ ∈ (0,∞). Svarbu, jog literat	uroje yra ºinoma optimali para-
metro reik²m
e: λ =

√
2 log(pn)/n.

(v) Fast Best Subset Selection (Mazumder ir kt. (2022)):

β̂L0Lq = argmin
β

1

2
(Y − Xβ)′(Y − Xβ) + λ0||β||0 + λq||β||qq, (7)

£ia q ∈ {1, 2} nurodo pasirinktos baudos tip¡, hiperparametras
λ0 ∈ [0,∞) kontroliuoja atrinktu� reik²mingu� kintamu�ju� skai£iu� mo-
delyje, tuo tarpu λq ∈ [0,∞) kontroliuoja modelio parametru�
reik²miu� sumaºinim¡ (angl. shrinkage).

Pristatytu� metodu� privalumai, tr	ukumai bei svarbios savyb
es i²sa-
miai apºvelgiamos disertacijoje.

Skyrius uºbaigiamas glausta SNR literat	uros apºvalga, jos s¡ry²iu
su retos strukt	uros tiesiniais modeliais bei aktualiais retumo testavimo
rezultatais. I²skiriamas vienas svarbus SNR literat	uros rezultatas kaip
esmin
e motyvacija 2 disertacijos skyriuje pristatytiems rezultatams.

Antrame, asimptotinio normalumo tiesin
eje regresijoje su

apytiksliai reta strukt	ura, skyriuje pristatomi pagrindiniai disertaci-
jos rezultatai. Tiriamas (1) tiesinis modelis, ta£iau papildomai tariama,
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jog Xi = (X1,i, . . . , Xp,i)
′ turi normalu�ji� pasiskirstym¡ su nuliniu vidur-

kiu bei kovariacine matrica Σ, t.y., Xi
d
= Np(0,Σ). Taip pat, daroma

prielaida, jog Σ turi ²i¡ form¡:

Σ = (ϱ|i−j|)pi,j=1 =




1 ϱ . . . ϱp−1

ϱ 1 . . . ϱp−2

...
...

. . .
...

ϱp−1 ϱp−2 . . . 1



, (8)

£ia 0 < |ϱ| < 1, bei Σ = Ip jeigu ϱ = 0 (£ia ir kitur Ip ºymi p×p vienetin¦
matric¡). �i kovariacin
e matrica vadinama Kac�Murdock�Szeg® (KMS)
matrica, pasi	ulyta Kac ir kt. (1953). Kaip AR(1) proceso autokoreliaciju�
matrica, ji yra teigiamai apibr
eºta ir disertacijoje pasirinkta d
el itin
pla£ios galimu� taikymu� srities literat	uroje, bei d
el ºinomu� spektriniu�
matricos savybiu� (Fikioris (2018)). Tinkamai parinkta ²i strukt	ura
gali gan
etinai tiksliai aproksimuoti pla£i¡ ²eim¡ kovariacijos strukt	uru�
(ºr., pvz., Yang ir kt. (2021)). Taip pat, ²iame skyriuje tariama, jog
ε := (ε1, . . . , εn)

′ ∈ Rn×1 d
= N (0, σ2εIn) yra nestebimos n.v.p. paklaidos

su Eεi = 0, Var(εi) = σ2ε > 0.
Pagrindiniai ²io disertacijos skyriaus rezultatai � tikslaus bei asimp-

totinio statistikos ∥X′Y ∥22 skirstiniu� i²vedimas. Daroma prielaida, jog
modelio kintamu�ju� kovariacij¡ nusako (8) KMS strukt	ura. Papildomai,
tariama, jog p, n→ ∞ bei p/n→ c ∈ (0,∞). I�prastai pana²	us rezultatai
literat	uroje gaunami pasitelkiant atsitiktiniu� matricu� teorij¡ beiWishart

skirstinius (ºr., Dicker (2014), Dicker ir Erdogdu (2016), Carpentier ir
Verzelen (2019), Carpentier ir Verzelen (2021)), ta£iau ²iame disertacijos
skyriuje pristatomi rezultatai remiasi variance-gamma (VG) skirstiniu
bei jo savyb
emis. Pasirinktas i²vedimo b	udas leidºia uºra²yti tiksli¡ sta-
tistikos pasiskirstymo funkcij¡ bet kurioms p, n, ϱ reik²m
ems, kas kartu
atlaisvina kai kuriuos modelio parametrams daromus reikalavimus. Pa-
pildomai, gauta forma gali b	uti pritaikoma kitiems pana²iu� strukt	uru�
duomenims, pavyzdºiui, kei£iant ℓ2-norm¡ kita.

Pagrindiniai statistikos ∥X′Y ∥22 asimptotini� normalum¡ nusakantys
rezultatai suformuluojami 1 bei 2 teoremose. Tuo tikslu i�vedami ²ie
paºym
ejimai:

κ1,p :=

p∑

k=1

p∑

l=1

βkβlϱ
|k−l|, (9)
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κ2,p :=

p∑

k=1

( p∑

l=1

βlϱ
|k−l|

)2
, (10)

κ3,p :=

p∑

k,l,j,j′=1

βjβj′ϱ
|k−j|ϱ|l−j

′|ϱ|k−l|. (11)

Svarbu pasteb
eti, kad, galiojant prielaidai
∑∞

j=1 β
2
j <∞, egzistuoja ²ios

ribos:

κi = lim
p→∞

κi,p, i = 1, 2, 3. (12)

Taip pat, κi,p ≥ 0, i = 1, 2, 3, ∀p.
�emiau pateikiamos pagrindiniu� ²iame skyriuje i�rodytu� rezultatu� for-

muluot
es.

1 teorema. Tarkime, jog turime (1) modeli� su (8) kovariaciju� strukt	ura.
Tegul n→ ∞ ir p = pn tenkina

p→ ∞,
p

n
→ c ∈ (0,∞). (13)

Taip pat tarkime, jog βj tenkina

∞∑

j=1

β2j < ∞. (14)

Tada

∥X′Y ∥22 − n2κ2,p − pn(κ1,p + σ2ε)

n3/2
d→ N (0, s2), (15)

£ia dispersija s2 yra:

s2 = 4κ22 + 4(κ1 + σ2ε) (2κ2c+ κ3) + 2c(κ1 + σ2ε)
2
(
c+

1 + ϱ2

1− ϱ2

)
. (16)

2 teoremoje patikslinami 1 teoremos rezultatai, i�traukiant papildomu�
reikalavimu� modelio parametrams βj . Tai leidºia modi�kuoti statistik¡
centruojanti� nari� (15), kei£iant κi,p nariu� reik²mes ribin
emis, i = 1, 2.

2 teorema. Tegul galioja 1 teoremos prielaidos. Taip pat tarkime, kad
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∑∞
j=p+1 β

2
j = o(p−1/2) bei supj≥1 |βj |jα <∞ su α > 1/2. Tada

∥X′Y ∥22 − n2
(
κ2 + c(κ1 + σ2ε)

)

n3/2
d→ N (0, s2), (17)

£ia dispersija s2 apibr
eºta (16) lygtimi.

Papildomai, suformuluojama i²vada, kurioje nagrin
ejamas ϱ = 0 at-
vejis, t.y., tariama, kad Σ = Ip. �iuo tikslu i�vedamas ºym
ejimas:

β(x) :=
∞∑

j=1

β2j x
j , |x| ≤ 1.

I²vadoje suformuluotas rezultatas seka i² 2 teoremos, pastebint, kad tokiu
atveju κi = β(1), i = 1, 2, 3.

3 i²vada. Tarkime, jog turime (1) modeli� su kovariaciju� matrica

Σ = Ip. Tegul galioja (13) ir (14) prielaidos. Taip pat tarkime, kad∑∞
j=p+1 β

2
j = o(p−1/2) bei supj≥1 |βj |jα <∞ su α > 1/2. Tada

∥X′Y ∥22 − n2(β(1)(1 + c) + cσ2ε)

n3/2
d→ N (0, s2), (18)

£ia

s2 = 2β(1)2
(
4 + 5c+ c2

)
+ 4β(1)σ2ε

(
1 + 3c+ c2

)
+ 2σ4ε(c+ c2). (19)

Pagrindiniu� ²iame skyriuje pristatytu� rezultatu� i�rodymui svarbus
variance-gamma (VG) skirstinys. �emiau pristatomos pagrindin
es ²io
skirstinio savyb
es.

VG skirstinys yra nusakomas parametru� r > 0, θ ∈ R, σ > 0 ir
µ ∈ R, bei turi ²i¡ tankio funkcij¡:

fVG(x) =
1

σ
√
πΓ(r/2)

eθ(x−µ)/σ
2

( |x− µ|
2
√
θ2 + σ2

)(r−1)/2

× K(r−1)/2

(√
θ2 + σ2

σ2
|x− µ|

)
, (20)

£ia x ∈ R, Kν(x) yra modi�kuota antros r	u²ies Bessel funkcija.
Atsitiktini� dydi� Q su tankiu (20) ºymime Q d

= VG(r, θ, σ, µ). Tegul
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Γ(a, b), a > 0, b > 0, ºymi gama skirstini� su tankiu:

fG(x) =
ba

Γ(a)
xa−1e−bx, x > 0.

Tada

Q
d
= µ+ θWr + σ

√
WrU, (21)

£ia Wr
d
= Γ(r/2, 1/2), U d

= N (0, 1), Wr ir U yra nepriklausomi. Cha-
rakteristin
e atsitiktinio dydºio Q d

= VG(r, θ, σ, µ) funkcija turi ²i¡ form¡
(ºr., pvz., Madan ir kt. (1998), Kotz ir kt. (2001)):

φQ(t) =
eiµt

(1 + σ2t− 2iθt)r/2
, t ∈ R. (22)

Atsitiktiniams dydºiams, turintiems VG pasiskirstym¡, galioja ²ios sa-
vyb
es:

1. Jei Q1
d
= VG(r1, θ, σ, µ1) ir Q2

d
= VG(r2, θ, σ, µ2) yra nepriklauso-

mi atsitiktiniai dydºiai, tada

Q1 +Q2
d
= VG(r1 + r2, θ, σ, µ1 + µ2).

2. Jei Q d
= VG(r, θ, σ, µ), tada bet kuriam a > 0

aQ
d
= VG(r, aθ, aσ, aµ).

4 teiginys. (i) Jei (ξ1, ξ2)′
d
= N2(0,Σ) su Σ =

( σ21 ϱσ1σ2

ϱσ1σ2 σ22

)
, tada

ξ1ξ2
d
= VG(1, ϱσ1σ2,

√
1− ϱ2σ1σ2, 0).

(ii) Jei (ξ1j , ξ2j)′, j = 1, . . . , n, yra n.v.p. atsitiktiniai vektoriai turintys

N2(0,Σ) pasiskirstym¡, tada

n∑

j=1

ξ1jξ2j
d
= VG(n, ϱσ1σ2,

√
1− ϱ2σ1σ2, 0)
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ir

n∑

j=1

ξ1jξ2j
d
= σ1σ2(ϱWn +

√
1− ϱ2

√
WnU),

£ia Wn
d
= Γ(n/2, 1/2) ir U

d
= N (0, 1) yra nepriklausomi atsitiktiniai

dydºiai.

(iii) Tarkime, kad (ξ
(1)
1j , . . . , ξ

(p)
1j , ξ2j)

′, j = 1, . . . , n, yra n.v.p. kopi-

jos (ξ
(1)
1 , . . . , ξ

(p)
1 , ξ2)

′ d
= Np+1(0,Σ

(p)) ir tegul ϱ(kl) := Corr(ξ
(k)
1 , ξ

(l)
1 ),

ϱ(k) := Corr(ξ
(k)
1 , ξ2), (σ

(k)
1 )2 := Var(ξ

(k)
1 ), σ22 := Var(ξ2), k, l = 1, . . . , p.

Tada




∑n
j=1 ξ

(1)
1j ξ2j
...∑n

j=1 ξ
(p)
1j ξ2j




d
=




σ
(1)
1 σ2(ϱ

(1)Wn +
√
1− (ϱ(1))2

√
WnU1)

...

σ
(p)
1 σ2(ϱ

(p)Wn +
√
1− (ϱ(p))2

√
WnUp)


 ,

£ia (U1, . . . , Up)
′ d= Np(0,ΣU ), ΣU = (σ

(kl)
U ) su

σ
(k,l)
U = EUkUl =

ϱ(kl) − ϱ(k)ϱ(l)√
1− (ϱ(k))2

√
1− (ϱ(l))2

, k, l = 1, . . . , p. (23)

Disertacijoje pateiktas 4 teiginio i�rodymas, kuriame remiamasi ºemiau
suformuluota 5 lema.

5 lema. Tegul (ξ
(1)
1 , . . . , ξ

(p)
1 , ξ2)

′ yra (p + 1) × 1 atsitiktiniai vektoriai,

turintys Np+1(0,Σ
(p)) pasiskirstym¡, bei tegul ϱ(kl) := Corr(ξ

(k)
1 , ξ

(l)
1 ),

ϱ(k) := Corr(ξ
(k)
1 , ξ2), (σ

(k)
1 )2 := Var(ξ

(k)
1 ), σ22 := Var(ξ2), k, l = 1, . . . , p.

Tada




ξ
(1)
1 ξ2
...

ξ
(p)
1 ξ2




d
=




σ
(1)
1 σ2

(
ϱ(1)W1 +

√
1− (ϱ(1))2

√
W1U1

)
...

σ
(p)
1 σ2

(
ϱ(p)W1 +

√
1− (ϱ(p))2

√
W1Up

)


 ,

£ia W1
d
= Γ(1/2, 1/2), bei (U1, . . . , Up)

′ yra, nepriklausomai nuo W1,

nulini� vidurki� turintys normalaus pasiskirstymo atsitiktiniai vektoriai su

kovariaciju� matrica, nusakyta (23) lygtimi.

5 lemos i�rodymas pateiktas disertacijoje. Toliau pristatomos kelios pa-
galbin
es lemos.
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6 lema. Tegul V = (V1, . . . , Vp)
′ d
= Np(0,Σ

(p)
V ), £ia Σ

(p)
V yra teigiamai

apibr
eºta kovariacijos matrica bei tr((Σ
(p)
V )2) = o(p2), p→ ∞. Tada

1

p

p∑

k=1

(
V 2
k − EV 2

k

) P→ 0, kai p→ ∞. (24)

Papildomai, jeigu p−1 tr(Σ
(p)
V ) → 1, tada

1

p

p∑

k=1

V 2
k

P→ 1, kai p→ ∞. (25)

6 lemos i�rodymas pateiktas disertacijoje.

7 lema. Tarkime, kad Z̃1, Z̃2, . . . yra n.v.p. N (0, 1) atsitiktiniai dydºiai.

Bet kuriam p ∈ N apibr
eºkime

ζ
(p)
j := ν

(p)
j (Z̃2

j − 1) + γ
(p)
j

√
pZ̃j , j = 1, . . . , p, (26)

£ia ν
(p)
j , j = 1, . . . , p, yra teigiami skaliarai, taip pat γ

(p)
j , j = 1, . . . , p,

yra real	us skaliariai, tenkinantys

p∑

j=1

(ν
(p)
j )3 = o

(( p∑

j=1

Var
(
ζ
(p)
j

))3/2)
, (27)

p

p∑

j=1

(γ
(p)
j )2ν

(p)
j = o

(( p∑

j=1

Var
(
ζ
(p)
j

))3/2)
, (28)

£ia Var(ζ
(p)
j ) = 2(ν

(p)
j )2 + p(γ

(p)
j )2. Tada, kai p→ ∞,

∑p
j=1 ζ

(p)
j√∑p

j=1Var(ζ
(p)
j )

d→ N (0, 1). (29)

7 lemos i�rodymas pateiktas disertacijoje.
Prie² pristatant 2 teoremos i�rodym¡, disertacijoje suformuluojama

lema, uºtikrinanti κ1,p bei κ2,p nariu� O(p−1/2) konvergavimo greiti� prie
papildomu� reikalavimu� modelio parametrams βj .

8 lema. Tarkime, kad
∑∞

j=p+1 β
2
j = o(p−1/2) bei supj≥1 |βj |jα < ∞,

α > 1/2 ir |ϱ| < 1. Tada

1. κ1 = κ1,p + o(p−1/2),
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2. κ2 = κ2,p + o(p−1/2).

8 lemos i�rodymas pateiktas disertacijoje.
�emiau pateikti keli papildomi rezultatai, leidºiantys i²vesti alter-

natyvias κ1, κ2 bei κ3 nariu� i²rai²kas. �iuo tikslu i�vedamos pagalbin
es
funkcijos β(·) bei b(·), nusakytos 9 apibr
eºimu. Tuomet, tarus, jog 1 teo-
remos s¡lygos yra i²pildytos bei βj parametru� strukt	ura yra ºinoma, κ1,
κ2 bei κ3 i²rai²koms rasti pakanka i�vertinti ²iuos narius: β(1), β(ϱ), β(ϱ2)
ir b1(ϱ), b2(ϱ). Min
etosios i²rai²kos suformuluotos 10 lemoje.

9 apibr
eºimas. Tegul
∑∞

j=1 β
2
j <∞ ir |ϱ| ≤ 1. Apibr
eºkime

β(ϱ) :=
∞∑

j=1

β2j ϱ
j , (30)

b1(ϱ) :=
∞∑

j′=2

j′−1∑

j=1

βjβj′ϱ
j′−j , (31)

b2(ϱ) :=

∞∑

j=2

j−1∑

j′=1

βjβj′ϱ
j+j′ , (32)

bei

β(1)(ϱ) := ϱ
dβ(ϱ)

dϱ
=

∞∑

j=1

jβ2j ϱ
j , (33)

b
(1)
1 (ϱ) := ϱ

db1(ϱ)

dϱ
=

∞∑

j′=2

j′−1∑

j=1

βjβj′ϱ
j′−j(j′ − j), (34)

b
(1)
2 (ϱ) := ϱ

db2(ϱ)

dϱ
=

∞∑

j′=2

j′−1∑

j=1

βjβj′ϱ
j′+j(j′ + j), (35)

b(2)(ϱ) := ϱ2
d2b1(ϱ)

dϱ2
+ b

(1)
1 (ϱ) =

∞∑

j′=2

j′−1∑

j=1

βjβj′ϱ
j′−j(j′ − j)2. (36)

10 lema. Tegul galioja 1 teoremos s¡lygos. Tarkime, jog κ1, κ2 ir

κ3 yra nusakytos (9)�(12) lygtimis. Tada, pasinaudojant 9 apibr
eºimo

ºym
ejimais, yra teisingos ²ios lygyb
es:

1. κ1 = β(1) + 2b1(ϱ),
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2. κ2 = β(1)
1 + ϱ2

1− ϱ2
− β(ϱ2)

1

1− ϱ2

+ 2
(
b
(1)
1 (ϱ) + b1(ϱ)

1 + ϱ2

1− ϱ2
− b2(ϱ)

1

1− ϱ2

)
,

3. κ3 =
1

1− ϱ2
(
3b

(1)
1 (ϱ)(1 + ϱ2)− 2

(
b
(1)
2 (ϱ) + β(1)(ϱ2)

))
+ b(2)(ϱ)

+
1

(1− ϱ2)2
(1 + 4ϱ2 + ϱ4)(β(1) + 2b1(ϱ))

− 1

(1− ϱ2)2
(1 + 3ϱ2)(β(ϱ2) + 2b2(ϱ)).

10 lemos i�rodymas pateiktas disertacijoje.
Likusioje 2 disertacijos skyriaus dalyje teoriniai rezultatai iliustruoja-

mi atliekant Monte Carlo imitacinius eksperimentus. Daroma prielaida,
jog duomenis generuojantis procesas yra apytiksliai retos strukt	uros, t.y.,
galioja βj = j−1, j ≥ 1.

Norint pritaikyti 2 teoremos rezultatus, pasinaudojama 10 lemoje
gautomis i²rai²komis. �iuo tikslu yra randamos pagalbin
es i²rai²kos:
β(1), β(ϱ), β(ϱ2) ir b1(ϱ), b2(ϱ).

Apibr
eºkime realaus dilogaritmo funkcij¡ (ºr., pvz., Morris (1979)):

Li2(x) = −
∫ x

0

log(1− u)

u
du, x ≤ 1, x ∈ R. (37)

(�ia ir kitur laikoma, jog
∫ x
0 = −

∫ 0
x jeigu x ≤ 0.) Galiojant |x| ≤ 1,

realus dilogaritmas turi ²i¡ i²rai²k¡:

Li2(x) =

∞∑

k=1

xk

k2
. (38)

Tuomet,

β(1) =
∞∑

j=1

1

j2
=

π2

6
, β(ϱ) =

∞∑

j=1

ϱj

j2
= Li2(ϱ). (39)

Kadangi

d

dϱ
Li2(ϱ) = − log(1− ϱ)

ϱ
, (40)
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turime, jog

β(1)(ϱ) = − log(1− ϱ). (41)

Analogi²kai gaunamos likusios reikalingos i²rai²kos:

b1(ϱ) =
log2(1− ϱ)

2
+ Li2(ϱ), (42)

b
(1)
1 (ϱ) = − log(1− ϱ)

1− ϱ
, (43)

b(2)(ϱ) =
ϱ− ϱ log(1− ϱ)

(1− ϱ)2
, (44)

b2(ϱ) =
1

2

(
log2(1− ϱ)− Li2(ϱ

2)
)
, (45)

b
(1)
2 (ϱ) = log

(
1− ϱ2

)
− ϱ log(1− ϱ)

1− ϱ
. (46)

Pasitelkus (39)�(46) bei 10(i) lemos rezultatus, gaunama ²i κ1 i²rai²ka:

κ1 =
π2

6
+ log2(1− ϱ) + 2Li2(ϱ). (47)

Analogi²kai, naudojant 10(ii) lem¡, i²vedama κ2 i²rai²ka:

κ2 =
1 + ϱ2

1− ϱ2

(π2
6

+ 2Li2(ϱ)
)

− 2 log(1− ϱ)

1− ϱ
+ log2(1− ϱ)

ϱ2

1− ϱ2

=
1

1− ϱ2
(
(1 + ϱ2)κ1 − log2(1− ϱ)− 2(1 + ϱ) log(1− ϱ)

)
. (48)

Taip pat, naudojant 10(iii) lem¡, i²vedama κ3 i²rai²ka:

κ3 =
1

(1− ϱ2)2

(
(1 + 4ϱ2 + ϱ4)

(π2
6

+ 2Li2(ϱ)
)
+ log2(1− ϱ)ϱ2(1 + ϱ2)

− (3− ϱ+ 4ϱ2)(1 + ϱ) log(1− ϱ) + ϱ(1 + ϱ)2
)

=
1

(1− ϱ2)2

(
(−1 + ϱ+ 2ϱ2)(1 + ϱ) log(1− ϱ) + ϱ(1 + ϱ)2 − 2ϱ4κ1

)

+ κ2
1 + 3ϱ2

1− ϱ2
. (49)

Apytikslio retumo prielaida bei (47)�(49) i²rai²kos leidºia pritaiky-
ti 2 teorem¡ ir apibendrinti ²io poskyrio rezultatus ºemiau pateikta 11
i²vada.
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11 i²vada. Tarkime, kad turime (1) modeli� su (8) kintamu�ju� kovariaci-

jos matrica. Taip pat tarkime, kad βj := j−1, j = 1, . . . , p. Tegul p = pn

tenkina

p→ ∞,
p

n
→ c ∈ (0,∞).

Tada

∥X′Y ∥22 − n2
(
κ2 + c(κ1 + σ2ε)

)

n3/2
d→ N (0, s2), (50)

£ia

s2 = 4κ22 + 4(κ1 + σ2ε) (2κ2c+ κ3) + 2c(κ1 + σ2ε)
2
(
c+

1 + ϱ2

1− ϱ2

)
, (51)

bei κ1, κ2 ir κ3 nusakyti (47), (48) bei (49) lygtimis, atitinkamai.

2 disertacijos skyrius uºbaigiamas atliekant Monte Carlo imitacinius
eksperimentus. Generuojama 1000 nepriklausomu� statistikos ∥X′Y ∥22
repliku� pagal 11 i²vados prielaidas. Analizuojamos ²ios parametru�
reik²m
es: p = 100, 500, 1000, 1500, 2000, 3000, c = 1, 2, 5, 10, σ2ε =

1, 2, 4, 10. Pagrindiniai rezultatai pristatyti disertacijoje, 2.1�2.9 pa-
veiksluose, kuriuose iliustruojamas gautu� empiriniu� skirstiniu� pana²u-
mas i� ribinius skirstinius, nusakytus 11 i²vadoje. Paveiksluose vaizduo-
jamos empirin
es pasiskirstymo funkcijos (ºymimos CDF), empirin
es tan-
kio funkcijos (ºymimos PDF) bei atitinkami kvantiliu� gra�kai (ºymimi
Q-Q plots), padedantys ai²kiau iliustruoti empiriniu� skirstiniu� elgesi� bei
ju� skirtumus.

Rezultatai rodo, kad maºoms parametro ϱ reik²m
ems empiriniai
skirstiniai yra arti teorinio ribinio skirstinio net ir palyginti maºoms
parametru� p, n reik²m
ems, bei auk²toms c reik²m
ems. ϱ reik²mei au-
gant stebimas l
etesnis konvergavimas. Prie vidutiniu� parametru� ϱ, c, σ2ε
reik²miu� tik su palyginti auk²tomis p reik²m
emis stebimas adekvatus
empiriniu� skirstiniu� pana²umas i� ribinius. Analogi²ki rezultatai stebi-
mi ir augant kitoms parametru� reik²m
ems, jeigu lik¦ parametrai yra
atitinkamai kontroliuojami. Pavyzdºiui, maºinant parametru� σ2ε arba c
reik²mes bei atitinkamai didinant ϱ galima i²laikyti norim¡ skirstiniu� pa-
na²umo lygi�. Galiausiai, auk²toms parametru� ϱ, c, σ2ε reik²m
ems stebimi
didºiausi nukrypimai nuo ribinio skirstinio, leidºiantys teigti, kad tokiais
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atvejais reikalinga itin daug steb
ejimu� n arba kintamu�ju� p norint kuo
pana²esniu� i� ribini� skirstini� rezultatu�.

Tre£iame, retu� strukt	uru�: i²ankstinio JAV bei ES BVP

komponen£iu� vertinimo, skyriuje pristatomi pseudo-realaus laiko
i²ankstiniu� prognoziu� vertinimo eksperimentai, prognozuojant JAV bei
didºiu�ju� Europos ²aliu� BVP i²laidu� komponentes. Pagrindinis sudarytu�
eksperimentu� tikslas � prakti²kai palyginti populiarius retos strukt	uros
metodus su ºinomais tankios strukt	uros metodais, daºnai sutinkamais
i²ankstinio vertinimo literat	uroje. Papildomai, ²iame skyriuje pasi	uloma
bei i²samiai apºvelgiama LASSO-PC modi�kacija, apjungianti LASSO
metodo variantus su pagrindiniu� komponen£iu� metodu.

Praktiniam metodu� palyginimui disertacijoje pasirinkta spr¦sti
i²ankstinio makroekonominiu� rodikliu� prognozavimo uºdavinius. Tikslus
²iu� uºdaviniu� sprendimas yra svarbus tiek institucijoms, tiek ir i�vairiems
ekonominiams agentams, kadangi savalaikis makroekonomin
es situaci-
jos nustatymas gali reik²mingai lemti svarbius politinius sprendimus ar
veiklos bei rizikos strategij¡. �i svarba ypatingai i²ry²k
eja ekonominiu�
neramumu� laikais, pavyzdºiui, 2007�2008 m. �nansin
es kriz
es metu.

Pagrindinis d
emesys ²iame skyriuje skiriamas nacionaliniu� s¡skaitu�
rodikliams. O�cialiai statistikos institucijos BVP bei jo komponen£iu�
i�ver£ius publikuoja su reik²mingu uºdelsimu po atitinkamo ketvir£io pa-
baigos. Pavyzdºiui, pirmieji BVP i�ver£iai JAV bei ES yra publikuojami
pra
ejus vienam m
enesiui po atitinkamo ketvir£io pabaigos stebint tik eko-
nomikos pasi	ulos dali� (BVP gamybos komponentes), tuo tarpu paklau-
sos dalis (BVP i²laidu� komponent
es) skelbiamos net su dvieju� m
enesiu�
v
elavimu.

Apºvelgiant i²ankstinio vertinimo literat	ur¡ disertacijoje pastebima,
jog empiriniuose taikymuose labiausiai paplit¦ tankiu� strukt	uru� metodai.
Kadangi praktikoje yra prieinama visa aib
e auk²to daºnio informacijos su
palyginti nedideliu publikavimo uºdelsimu, tyr
ejai tikisi vis¡ ²i¡ informa-
cij¡ panaudoti i²ankstinio vertinimo modeliuose. �iuo tikslu daºniausiai
naudojami i�vair	us faktoriu� modeliai, gebantys apibendrinti didºiulius in-
formacijos kiekius latentin
eje erdv
eje bei atpaºinti pagrindinius duomenu�
rinkinio signalus.

Kitavertus, makroekonominiu� indikatoriu� modeliavimo uºdaviniu�
speci�ka leidºia daryti retu� strukt	uru� prielaid¡ � tarti, kad i² visos
turimos didelio matavimo informacijos galima atpaºinti kelis svarbiau-
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sius rodiklius, kuriu� pakaktu� tinkamai i�vertinti i²ankstin¦ ekonomikos
situacij¡. Min
etoji prielaida ²iame disertacijos skyriuje tikrinama em-
piri²kai, bandant atsakyti i� klausim¡, ar retu� strukt	uru� metodais gali-
ma atpaºinti bei i�vertinti pagrindinius indikatorius, tinkamus i²anksti-
niam BVP i²laidu� komponen£iu� vertinimui. Taip pat, ar pasitelkus ²iuos
indikatorius gautos trumpalaik
es prognoz
es bus tikslesn
es lyginant su
populiariausiu� tankiu� strukt	uru� metodu� prognoz
emis.

Papildomai, ²iame skyriuje pristatomas bei apºvelgiamas LASSO bei
pagrindiniu� komponen£iu� metodo derinys LASSO-PC, apjungiantis tiek
retu�, tiek ir tankiu� strukt	uru� metodus. Bai ir Ng (2008) pastebi, jog
dirbant su makroekonominiais duomenimis kintamu�ju� atranka prie² at-
liekant bet koki¡ analiz¦ gali b	uti labai svarbi, padedanti i²valyti turim¡
duomenu� imti� nuo triuk²mo. Tai savo ruoºtu gali prid
eti papildomo
prognozavimo tikslumo, ypa£ dirbant su faktoriu� modeliais. Disertaci-
joje si	uloma naudoti LASSO, Adaptive LASSO arba Square-Root LAS-
SO pradinei kintamu�ju� atrankai d
el ju� asimptotiniu� kintamu�ju� atrankos
savybiu� dirbant su didelio matavimo duomenimis.

Toliau tekste laikoma, jog Xλ ∈ Rn×q ºymi atrinkt¡ reik²mingu�
kintamu�ju� poaibi� naudojant pasirinkt¡ LASSO atmain¡, £ia λ yra ati-
tinkamas modelio baudos hiperparametras, 0 < q ≤ n. Taip pat, ta-
riama, jog duomenys normalizuoti. Disertacijoje suformuluojamas ²is
LASSO-PC algoritmas:

1. Pasinaudojant LASSO ar kuria jo modi�kacija atrinkti reik²mingu�
kintamu�ju� poaibi� Xλ ∈ Rn×q i² duomenu� rinkinio X ∈ Rn×p, tam
tikrai �ksuotai hiperparametro λ reik²mei, £ia 0 < q ≤ n.

2. I�vertinti imties Xλ pagrindines komponentes, sudarant F = XλL,
£ia L ∈ Rq×q yra transformacijos matrica bei F ∈ Rn×q ºymi
pagrindiniu� komponen£iu� matric¡.

3. Sudaryti kiekvieno atrinkto reik²mingojo kintamojo Xλ prognoz¦
pritaikant ARIMA laiko eilu£iu� metodus. �ioje disertacijoje prog-
nozuojami m
enesinio daºnumo duomenys, gautos prognoz
es agre-
guojamos i� ketvirtini� daºnum¡.

4. Gautas prognozes agreguoti i� ju� faktoriu� i²rai²k¡ pasinaudojant
transformacijos matrica L, t.y., sudaryti F̂ ∗

n+h = X̂λ
n+hL, kur h =

1, 2, . . . .
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5. Naudojant LASSO i�vertinti modeli� Yn = F̂nβ + εn. Papildo-
mai, analiz¦ galima prapl
esti i� vertinamo modelio speci�kacij¡
i�traukiant ir duomenu� matric¡ Xλn. Tokiu atveju, vertinti modeli�
Yn = (F̂n, X

λ
n)β + εn.

6. Sudaryti galutines prognozes Ŷn+h = F̂n+hβ̂.

Kadangi 3 disertacijos skyriuje analizuojami makroekonominiai duo-
menys, tik
etina, jog atrinkti reik²mingieji kintamieji pasiºym
es stiprio-
mis tarpusavio koreliacijomis. Papildomai, gali b	uti stebimos sud
etingos
netiesin
es priklausomyb
es. Pasi	ulyta LASSO-PC modi�kacija stipriai
paremta Relaxed LASSO metodo id
ejomis. Pastarojo formuluot
e lei-
dºia atskirti kintamu�ju� atrankos bei parametru� vertinimo proced	uras i�
dvi dalis, siekiant tikslesniu� modelio parametru� i�ver£iu�. LASSO-PC me-
todas taip pat reikalauja atskiro kintamu�ju� atrankos ºingsnio. Ta£iau
parametru� vertinimo proced	ura papildoma ²iuo ºingsniu: prie² vertinant
modelio parametrus, atrinkti reik²mingieji kintamieji yra transformuoja-
mi i� pagrindines komponentes. Pastarasis ºingsnis motyvuojamas id
eja,
jog dalis atrinktu� kintamu�ju� gali b	uti vedami to paties ekonominio sig-
nalo. Teisingai ²iuos signalus atpaºinus bei modeliuojant juos tiesiogiai,
tik
etina, jog b	utu� galima pagerinti modeliuojamo proceso prognoziu� tiks-
lum¡. Parametru� vertinimui pasinaudojama Adaptive LASSO id
ejomis,
suformuluojama:

β̂LASSO-PC = argmin
β

(Y − XλLL′β)′(Y − XλLL′β) + λ||L′β||1

= argmin
β̃

(Y − Fβ̃)′(Y − Fβ̃) + λ||β̃||1, (52)

£ia LL′ = I galioja bet kuriam q̃ ≤ q pagal konstrukcij¡ d
el pagrindiniu�
komponen£iu� metodo, β̃ = L′β; visi parametrai gali b	uti efektyviai
i�vertinti naudojant LARS algoritm¡. Taigi, metodas leidºia sutraukti
arba pa²alinti silpnus signalus latentin
eje erdv
eje.

Disertacijoje pasi	ulytas LASSO-PC metodas skiriasi nuo Bai ir Ng
(2008) pasi	ulyto metodo tuo, kad reik²mingi faktoriai parenkami pa-
sitelkiant LASSO metodus, o ne informacinius kriterijus. T.y., tiek
reik²mingu� faktoriu� atranka, tiek modelio parametru� vertinimas bei
ju� sutraukimas yra atliekamas kartu, kas gali teigiamai veikti mode-
lio prognoziu� rezultatus bei ju� tikslum¡. Galutiniai modelio koe�cien-
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tai β̂∗ :=
ˆ̃
βL suformuojami naudojant t¡ pa£i¡ kintamu�ju� aib¦ kaip ir

klasikiniu (Relaxed arba Adaptive) LASSO atveju, ta£iau koe�cientu�
reik²m
es koreguojamos priklausomai nuo i�vertintu� signalu� stiprumo bei
reik²mingumo latentin
eje erdv
eje.

Modelio i�vertintu� faktoriu� prognozes disertacijoje si	uloma sudaryti
remiantis individualiu� atrinktu� kintamu�ju�Xλ

j , j = 1, . . . , q, prognoz
emis.
Paºym
ekime Xλ

t = (Xλ
1,t, . . . , X

λ
q,t) atrinktu� kintamu�ju� vektoriu� laiko

momentu t ∈ {1, . . . , n}. Tuomet, kiekvienam h > 0, prognoz
e F̂ ∗
n+h =

(F̂1,n+h, . . . , F̂q,n+h) konstruojama kaip:

F̂ ∗
n+h = X̂λ

n+hL = (X̂λ
1,n+h, . . . , X̂

λ
q,n+h)L,

£ia matrica L yra ºinoma bei X̂λ
j,n+h, kiekvienam j = 1, . . . , q, yra prog-

nozuoti naudojant ARIMA laiko eilu£iu� metodus.
Toks prognoziu� agregavimo b	udas gali sumaºinti prognoziu� paklaidas

formuojant galutinius faktorius F tais atvejais, kai mes negalime tiksliai
i�vertinti individualiu� faktoriu� dinamikos. Pirma, jeigu reik²mingus fak-
torius sudarantys transformaciju� svoriai yra pana²aus dydºio, min
etasis
prognoziu� agregavimas ekvivalentus bagging proced	urai (bootstrap aggre-

gation, Breiman (1996)). Antra, tik
etina, jog Fj generuojantis procesas
gali b	uti sud
etingas, ilgos atminties procesas, kuri� tiesiogiai i�vertinti laiko
eilu£iu� metodais gali b	uti sunku, ypa£ dirbant su trumpomis istorin
emis
eilut
emis. Kitavertus, tiesioginis individualiu� kintamu�ju� prognoziu� agre-
gavimas suteikia papildomos laisv
es suklysti, kadangi agreguotos prog-
noz
es gali i²laikyti teising¡ galutinio signalo krypti�. Papildomai, Gran-
ger (1980) parod
e, jog maºos eil
es AR/ARMA procesu� agregavimas tam
tikrais atvejais gali generuoti gerokai sud
etingesn
es dinamikos procesus.
Taikymuose tikimasi, kad naudojant prognoziu� agregavim¡ tam tikrais
atvejais pavyks atkurti sud
eting¡ Fj eilut
es dinamik¡, taip pagerinant
modelio prognoziu� tikslum¡. �io metodo praktin
e nauda apºvelgiama
disertacijoje, 3.5 lentel
eje.

Pristatytas LASSO-PC metodo id
ejas galima toliau pl
esti, siekiant
geresniu� prognozavimo rezultatu�. �iame disertacijos skyriuje pristato-
mos dvi galimos pagrindiniu� komponen£iu� metodo modi�kaciju� kryp-
tys: koreguojant signalu� dydºius (angl. scale transformation) bei
komponen£iu� transformacijos kampus (angl. angle transformation).

Signalo dydºio transformacijos tikslas � modi�kuoti algoritmo
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i�vertinamas pagrindines komponentes santykinai padidinant pasirinktu�
vertinime naudojamu� kintamu�ju� svorius. Klasikiniu pagrindiniu�
komponen£iu� atveju visi naudojami kintamieji yra normalizuoti. �iuo
atveju, tikimasi, jog tinkamai padidinus svarbiu� kintamu�ju� svorius su-
darant pagrindines komponentes pavyktu� tiksliau atpaºinti aktualius
ekonominius signalus bei tiksliau prognozuoti dominanti� proces¡. Pa-
na²ios id
ejos aptariamos Stak
enas (2012), £ia autoriai pastebi reik²ming¡
prognoziu� tikslumo pager
ejim¡ naudojantWeighted PCA bei Generalized
PCA metodus, prognozuojant Lietuvos BVP.

Kita kryptis � pagrindiniu� komponen£iu� transformacijos kampu� mo-
di�kacija, kuri b	utu� gaunama atsisakius komponen£iu� ortogonalumo
s¡lygos. Tai pasiekti galima praretinant (pvz., pritaikant Sparse PCA

(Zou ir kt. (2006))) arba kitu b	udu� modi�kuojant komponen£iu� trans-
formacijos matric¡ L. Tik
etina, jog kai kuriais atvejais tokia modi�kacija
gal
etu� leisti tiksliau atpaºinti duomenyse slypin£ius signalus, kas galimai
leistu� pagerinti modelio prognoziu� tikslum¡. �i id
eja motyvuojama ºe-
miau pristatytu pavyzdºiu.

Paºym
ekime poaibi� kintamu�ju� Z ⊂ {Xj : j = 1, . . . , q}, ortogonaliu�
visiems kitiems atrinktiems analiz
eje dalyvaujantiems kintamiesiems.
Tarkime, jog kintamu�ju� matrica Xλ yra perrikiuota taip, kad kintamu�ju�
blokas Z ∈ Rn×q0 , q0 < q, pilnai apima svarbu� signal¡, kurio d
eka
tyr
ejas gal
etu� s
ekmingai modeliuoti ji� dominanti� proces¡. Taip pat, tar-
kime, jog ²is blokas yra ortogonalus likusiam blokui X̄. Tuomet LASSO,
dirbdamas su tokiu b	udu generuotomis pagrindin
emis komponent
emis,
m
egins i�traukti kuo daugiau ai²kinan£iosios informacijos i� modeliuojam¡
uºdavini�. Kadangi suformuotos komponent
es tur
es ²i¡ strukt	ur¡:

F = XλL = (Z, X̄)L,

j−oji komponent
e tur
es ²i¡ strukt	ur¡:

fj = (Z, X̄)Lj = (Z, X̄)[Λq×q0 ,Φq×(q−q0)]
′
j .

Taigi, LASSO, rekonstruodamas Z bloke slypinti� signal¡ i�trauks per
dideli� skai£iu� faktoriu� fj i� galutini� modeli�, nes kiekvienas i² i�trauktu�
faktoriu� tur
es informacijos i² Z bloko. Dalis ²iu� faktoriu� i� modeli� neb	utu�
i�traukti, jeigu atitinkami komponen£iu� transformacijos matricos nariai
b	utu� lyg	us nuliui � ²iame pavyzdyje tai atitiktu� blok¡ Φ. Tarkime, jog
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G ⊂ {1, . . . , q} ºymi rinkini� indeksu�, kuriems fj buvo atrinktas kaip reik²-
mingas panaudojant LASSO tik d
el min
etu�ju� nenuliniu� svoriu� transfor-
macijos matricoje Φ′

j . Tuomet, su kiekvienu tokiu papildomai i�trauktu
faktoriumi fr, r ∈ G, i� modeli� kartu i�traukiama triuk²mo, priklausan-
£io nuo X̄Φ′

r lygio. Taigi, kuo daugiau tokiu� kintamu�ju� i�traukiama, tuo
LASSO-PC b	udu sudarytas modelis yra pana²esnis i� Relaxed LASSO
modeli�.

Tod
el disertacijoje si	uloma LASSO-PC proced	ur¡ i²pl
esti papildo-
mu ºingsniu, modi�kuojant transformacijos matric¡ L. Vienas b	udas,
modi�kuoti transformacijos matric¡ L j¡ praretinant (pvz., pritaikant
Sparse PCA). Kitas galimas b	udas � apjungiant atrinktu� reik²mingu�
kintamu�ju� matric¡ Xλ su i�vertintu� faktoriu� matrica F ir modeliuo-
jant juos kartu, konstruojant F̄ := (F,Xλ). �iuo b	udu LASSO atliktu�
reik²mingu� kintamu�ju� atrank¡ bloke F̄ . Toki¡ proced	ur¡ galima inter-
pretuoti kaip tam tikr¡ transformacijos matricos L modi�kacij¡. Tokiu
atveju, Sparse PCA, LASSO bei LASSO-PC proced	uros atitiktu� speci�-
nius atvejus, priklausomai nuo i�vertintu� F̄j koe�cientu�.

Likusioje 3 disertacijos skyriaus dalyje pristatomi atliktu� pseudo-
realaus laiko eksperimentu� rezultatai. Nagrin
ejamos keturios pagrindin
es
BVP i²laidu� komponent
es: Bendrojo Pagrindinio Kapitalo Formavimas
(BPKF), vartojimo i²laidos, importas bei eksportas. Tyrime naudoja-
mi duomenys yra sezoni²kai i²lyginti bei stacionarizuoti. Taip pat, kai
kuriais atvejais atliktos kintamu�ju� transformacijos bei pa²alintos adity-
vios i²skirtys. Visos atliktos kintamu�ju� transformacijos i²samiai apºvelg-
tos disertacijos Priedo B.1 skyrelyje. Priklausomai nuo modeliuojamos
²alies, tyrime naudojami kintamieji i² Eurostat arba FRED duomenu�
baziu�, apimantys laikotarpi� nuo 1990 iki 2019. JAV atveju, modeliuo-
jant naudojama daugiau nei 2400 m
enesinio daºnumo indikatoriu�.

Siekiant, kad prognozavimo eksperimentai kuo tiksliau atspind
etu�
reali¡ situacij¡, kiekvienos tyrime atliktos iteracijos metu buvo imituoja-
mas duomenu� prieinamumas sudarant realisti²k¡ duomenu� publikavimo
tvarkara²ti�. Tokio tvarkara²£io pavyzdys pateiktas 1 lentel
eje. Kiekvie-
n¡ eksperimento ketvirti� stebime bent 3 duomenu� atnaujinimus, ta£iau
²iame tyrime pagrindiniai rezultatai buvo gauti tariant, jog prognoz
es su-
daromos kiekvieno ketvir£io paskutini� m
enesi�. Tokio pasirinkimo tikslas
� kokybi²kai atskirti trumpalaikes 1 ketvir£io prognozes nuo i²ankstiniu�.

M
enesinio daºnumo kintamieji buvo agreguoti i� ketvirtinius vidurki-
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1 lentel
e: Duomenu� skelbimo tvarkara²tis bei prieinamumas pseudo-
realaus-laiko eksperimentuose

Kintamasis BPKF Atbulin
e, K1 I²ankstin
e, K2 Trumpalaik
e, K3 Trumpalaik
e, K4 Ketvirtis

1 2 3 4 5 6 7 8 9 10 11 12 M
enuo

Grup
e

Pramon
es gamyba

Apklausos

Pal	ukanu� normos

Akciju� rinkos indeksai

Prekyba

Legenda: Turima informacija: Prognoz
es m
enuo: Prognozuoti duomenys:

nant, tr	ukstamos reik²m
es uºpildomos ARIMA laiko eilu£iu� metodais.
Eksperimentai atlikti simuliuojant 2005K1�2019K1 laikotarpi�, suda-

romos 4-iu� tipu� prognoz
es: pra
ejusio ketvir£io prognoz
e (angl. backcast),
i²ankstin
e einamojo ketvir£io prognoz
e (angl. nowcast), bei dvi trumpa-
laik
es 1 ir 2 ketvir£iu� prognoz
es. Nagrin
etos BVP i²laidu� komponent
es
²ioms 5 ²alims: JAV, Pranc	uzija, Italija, Ispanija bei Vokietija. Pagrin-
din
es i�ºvalgos suformuluojamos aptariant JAV komponen£iu� prognozavi-
mo rezultatus. �ios i�ºvalgos v
eliau apibendrinamos, pasitelkiant Europos
²aliu� rezultatus.

Aptariant eksperimentu� rezultatus pagrindinis d
emesys skirtas
BPKF komponentei, sudarytai i² investiciju� skirtinguose ekonomikos sek-
toriuose bei pramon
es ²akose. �i¡ komponent¦ tur
etu� veikti ne tik signa-
lai, stebimi ekonomikoje, bet ir investuotoju� l	ukes£iai. Taip pat, i�prastai
BPKF pasiºymi didesne sklaida nei likusios BVP komponent
es, tod
el ²i
komponent
e yra palyginti sunkiau prognozuojama. Prie²ingai nuo likusiu�
BVP komponen£iu�, BPKF neturi m
enesinio daºnumo atitikmenu�.

Tyrime nagrin
eti ²ie modeliai: Square-Root LASSO (lentel
ese ºymi-
ma kaip SqL), Relaxed LASSO (RL), Adaptive LASSO (AdL), LASSO
(L), L0Lq modeliai (L0, L0L1, L0L2) bei pasi	ulyta LASSO-PC modi�ka-
cija, kurioje pradin
e kintamu�ju� atranka atlikta tam tikro LASSO varian-
to, pvz., Adaptive LASSO-PC (AdP), L0-PC (L0P), L0L1-PC (L0L1P),
L0L2-PC (L0L2P), Square-Root LASSO-PC (SqP) ar LASSO-PC (LP).
Visais atvejais �P� raid
e pridedama prie atitinkamu� modeliu� ºym
ejimu�,
jeigu buvo papildomai taikyta pagrindiniu� komponen£iu� transformaci-
ja. Taip pat, LASSO-PC-X (lentel
ese LPX) ºymi modeli�, kuriame kartu
su pagrindin
emis komponent
emis i�traukta ir netransformuotu� kintamu�ju�
matrica.

Retu� strukt	uru� metodai lyginti su i²ankstinio vertinimo literat	uroje
populiariais tankiu� strukt	uru� metodais: di�usion index modeliais (len-
tel
ese ºymima DI, Stock ir Watson (2002)) bei dinaminiais faktoriu� mo-
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deliais (DF, Giannone ir kt. (2008), Banbura ir kt. (2011)). Papildo-
mai, naudota Bai ir Ng (2008) pasi	ulyta dinaminiu� faktoriu� modi�kacija
(lentel
ese ºymima BNDF), kurioje reik²mingu� kintamu�ju� atranka buvo
atliekama taikant LASSO.

Tiriant JAV BPKF eksperimentu� rezultatus, pastebima, jog daugu-
ma retos strukt	uros metodu� prognozuoja gan
etinai pana²iai, i�skaitant ir
BNDF metod¡. Silpnesn
es prognoz
es gautos SW bei DF metodais, di-
dºiausi¡ i�tak¡ tokiam rezultatui dar
e itin netikslios prognoz
es �nansin
es
kriz
es laikotarpiu. Silpniausi prognoziu� rezultatai gauti ARMA mode-
liais, ta£iau verta pasteb
eti, jog 2005K1�2007K4 laikotarpiu, ARMA ge-
neruotos 2 ketvir£iu� prognoz
es buvo tiksliausios tarp visu� tyrime naudotu�
metodu�. Pana²	us rezultatai stebimi ir literat	uroje, pvz., D'Agostino ir
Giannone (2012) pastebi, jog ramaus bei stabilaus ekonominio augimo
laikotarpiais net ir sud
etingi bei gerai prognozuojantys modeliai gali ne-
sugeb
eti pagerinti paprastu� AR modelio prognoziu�.

Kaip ir buvo tik
etasi literat	uros apºvalgoje, RL bei SqL mode-
liai daºnu atveju prognozavo tiksliau nei LASSO. Ta£iau AdL ir L0Lq
metodu� prana²umai nebuvo tokie ry²k	us: visi L0Lq metodai gerokai
pagerino 2 ketvir£iu� prognoziu� tikslum¡, ta£iau pana²us efektas nebu-
vo stebimas i²ankstin
ese bei 1 ketvir£io prognoz
ese. Vienas i² galimu�
paai²kinimu� susij¦s su reik²mingu� atrenkamu� kintamu�ju� skai£iumi � pa-
vyzdºiui, AdL metodai vidutini²kai atrinkdavo 55 kintamuosius kaip
reik²mingus, tuo tarpu RL bei SqL metodai atrinkdavo tarp 23�26
kintamu�ju�. Kartu, L0Lq metodai atrinkdavo 2�9 kintamuosius kaip rei-
k²mingus, i² kuriu� re£iausius modelius sudarydavo L0 metodas, atrinkda-
mas vidutini²kai tik po 2 kintamuosius. Pana²u, kad per didelis i�trauktos
informacijos kiekis stipriai padidino modelio prognoziu� paklaidas. Tuo
tarpu pernelyg reti modeliai sugeb
ejo i�vertinti ilgalaik¦ dinamik¡, ta£iau,
pana²u, kad naudotos informacijos neuºteko adekva£ioms i²ankstin
ems
bei 1 ketvir£io prognoz
ems. Min
etieji skirtumai ypa£ pastebimi 2008K1�
2014K1 laikotarpiu.

Pagrindiniu� komponen£iu� apjungimas su LASSO tam tikrais atvejais
reik²mingai pagerino prognoziu� tikslum¡. Lyginant atitinkamu� modeliu�
poras (LP su RL, SqP su SqL, AdP su AdL) nagrin
eta LASSO-PC trans-
formacija daugumoje atveju� pagerino prognoziu� tikslum¡. Svarbu pa-
steb
eti, jog kai kuriais atvejais ²ie skirtumai buvo labai maºi. Prognoz
es
nebuvo pagerintos L0Lq metodams, tik
etina, d
el pernelyg maºo atrinktu�
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kintamu�ju� skai£iaus.
Lyginant retu� strukt	uru� modelius su tankiu� strukt	uru� faktoriu� mo-

deliais, LP bei SqL metodai reik²mingai pagerino DF bei SW metodu�
i²ankstines prognozes (remiantis Diebold-Mariano (DM) testu, su 5%
reik²mingumo lygmeniu). Pana²iai, RL bei SqL metodu� trumpalaik
es 1
ir 2 ketvir£iu� prognoz
es buvo reik²mingai tikslesn
es uº DF bei SW mo-
delius. Svarbu pamin
eti, jog bendrai tiksliausios i²ankstin
es prognoz
es
buvo sudarytos BNDF modelio.

Siekiant i²tirti, koki¡ papildom¡ vert¦ prognozavimo tikslumui atne-
²a pagrindiniu� komponen£iu� transformacijos taikymas LASSO-PC meto-
dikoje, atliekamas i²samus palyginimas �ksavus atrenkamu� reik²mingu�
kintamu�ju� skai£iu� i� 10, 15, 20 bei 30. Tuomet, lyginamas atitinkamu�
RL bei LP modeliu� prognozavimo tikslumas. Pradin
e kintamu�ju� at-
ranka abiems modeliams yra identi²ka, tod
el visus stebimus prognoziu�
skirtumus lemia tik atliekama pagrindiniu� komponen£iu� transformacija.
Eksperimentu� rezultatai rodo, jog LP transformacija daugumoje atveju�
pagerino tiek i²ankstiniu�, tiek ir trumpalaikiu� 1 bei 2 ketvir£iu� prognoziu�
tikslum¡. Remiantis DM testu su 5 % reik²mingumo lygmeniu, sta-
tisti²kai reik²mingas prognoziu� tikslumo pager
ejimas steb
etas LP15 bei
LP30 atvejais sudarant 1 ketvir£io prognozes. Kitavertus, i²ankstiniu� bei
2 ketvir£iu� prognoziu� tikslumo pager
ejimas nebuvo statisti²kai reik²min-
gas.

Gauti rezultatai leidºia daryti i²vad¡, jog pritaikius LASSO-PC
transformacij¡ neºymus prognoziu� tikslumo pager
ejimas stebimas ir
s¡lyginai maºoms kintamu�ju� imtims, ta£iau nauda lengviau pastebi-
ma kintamu�ju� skai£iui augant. Atrinkus apie 30 kintamu�ju� skirtumai
tampa ry²kesni. Tik
etina, jog tokiu atveju atrinkti kintamieji sufor-
muoja koreliuotu� signalu� grupes. Disertacijoje toks elgesys pastebimas
ir 3.4.2.3 skirsnyje, analizuojant i�vertintus retus signalus. �ios grup
es,
tik
etina, padeda tiksliau i�vertinti ekonominius signalus konstruojant pag-
rindines komponentes. Savo ruoºtu, koreliuojan£ios kintamu�ju� grup
es
neigiamai veikia RL metodo prognozes.

Atrinktu� reik²mingu� signalu� grup
es aktualios ir i² kokybin
es pus
es,
tyr
ejui siekiant geriau suprasti modeliuojam¡ proces¡. Sekant eksperi-
mento metu kiekvienu ketvir£iu susiformuojan£ias reik²mingu� kintamu�ju�
grupes galime nusakyti pagrindiniu� signalu� dinamik¡ bei strukt	ur¡, taip
pat jos poky£ius po ekonominio ²oko ar skirtingais verslo ciklo momen-
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tais. Pagrindin
es i�ºvalgos trumpai pristatytos disertacijoje bei 3.2�3.5
paveiksluose, B.1�B.5 lentel
ese.

Papildomai, atliekamas pagrindiniu� komponen£iu� prognoziu� agre-
gavimo b	udu� palyginimas. Nagrin
eti du scenarijai, sudarius speci�ni�
post-LASSO modeli�, �ksuojant reik²mingu� kintamu�ju� poaibi� naudo-
jant LASSO, bei i�vertinus pagrindines 5 ²io poaibio komponentes.
Komponen£iu� prognoz
es konstruotos dviem b	udais: pirmasis, progno-
zuojant m
enesinius kintamuosius individualiai, taikant ARIMA laiko
eilu£iu� metodus, gautas prognozes agreguojant i� ketvirtini� daºnum¡,
kurios v
eliau naudojamos sudarant galutines pagrindiniu� komponen£iu�
prognozes (²is metodas disertacijoje ºymimas AggregatedPC); bei
antrasis, prognozuojant ²ias pagrindines komponentes tiesiogiai, tai-
kant ARIMA laiko eilu£iu� metodus ketvirtinio daºnumo lygmenyje
(DirectPC). Disertacijoje pateikiami palyginimo rezultatai. Esmin
es
i�ºvalgos yra ²ios: tiek agreguotas, tiek ir tiesioginis metodas gan
etinai
tiksliai sudar
e i²ankstines prognozes. Tokiu� rezultatu� galima buvo
tik
etis, nes dalis informacijos einamuoju ketvir£iu jau yra ºinoma. Dides-
nis skirtumas stebimas lyginant trumpalaikes 1 bei 2 ketvir£iu� prognozes.
Pana²u, jog tiesiogiai prognozuojant pagrindines komponentes nebuvo
adekva£iai i�vertinta signalo dinamika, o tai l
em
e didesnes prognoziu� pa-
klaidas.

Disertacijos skyrius uºbaigiamas kartojant dali� pristatytu�
palyginimu�, kei£iant kai kuriuos pseudo-realaus-laiko eksperimentu�
parametrus. Pirma, vietoje ple£iamo istoriniu� duomenu� lango principo
taikytas slenkan£io lango principas. Antra, atliktas metodu� palyginimas
prognozuojant likusias BVP i²laidu� komponentes: import¡, eksport¡
bei vidaus vartojimo i²laidas. Lyginant su BKPF, i²ankstinis ²iu�
komponen£iu� prognoziu� vertinimas yra paprastesnis, nes kiekvienai i² ju�
egzistuoja atitinkami m
enesinio daºnumo indikatoriai (pvz., m
enesiniai
importo, eksporto bei vartojimo rodikliai). Tik
etina, jog ²ie kintamieji
bus esminiai, nusakantys i²ankstiniu� prognoziu� dinamik¡. Tre£ia, analiz
e
atliekama 4 Europos ²alims: Italijai, Ispanijai, Pranc	uzijai ir Vokietijai.
D
el to kyla papildomas skirtumas, kad priklausomai nuo ²alies, skiriasi
prieinamos informacijos kiekiai bei istoriniu� eilu£iu� ilgiai.

Apibendrinant visus eksperimentu� rezultatus disertacijoje pristato-
mos ²ios i²vados. Pirma, nei vienas i² taikytu� metodu� nebuvo univer-
saliai geriausias. I² tiesu�, buvo stebima ²aliu� bei indikatoriu�, kuriems
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tankiu� strukt	uru� metodai generavo tiksliausias prognozes. Kartu, ver-
tinant Italijos vidaus vartojimo rodikli�, nei retu� nei tankiu� strukt	uru�
metodai nesugeneravo tikslesniu� prognoziu� uº ARIMA laiko eilu£iu� me-
todus.

Antra, tam tikrais atvejais LASSO-PC metodo variantai generavo
tiksliausias i²ankstines prognozes bei 1 ir 2 ketvir£iu� prognozes. Nors da-
lis ²iu� rezultatu� nebuvo statisti²kai reik²mingi remiantis GW prognoziu�
tikslumo testu, gautos i²vados i² esm
es sutapo su i²vadomis, daryto-
mis analizuojant JAV BPKF prognoziu� rezultatus. Svarbu pasteb
eti,
jog tyrime taikytu� BNDF bei DF metodu� i²ankstin
es prognoz
es buvo
ruo²tos taikant aib¦ i²ankstinio vertinimo literat	uroje ºinomu� i�rankiu�
(pvz., kintamu�ju� agregavimo strategijos, bridge lygtys, nusakytos Ba«bu-
ra ir kt. (2013)), kurie nebuvo naudojami nei vienu retos strukt	uros at-
veju. �iu� i�rankiu� d
eka daugumoje atveju� stebimas labai geras DF bei
BNDF metodu� i²ankstiniu� prognoziu� tikslumas. Kitavertus, min
etu�ju�
modi�kaciju� prana²umas spar£iai i²nyksta sudarant trumpalaikes 1 ir
2 ketvir£iu� prognozes, kas leidºia tiksliau palyginti retu� bei tankiu�
strukt	uru� metodus.

Taip pat, disertacijoje daroma i²vada, jog pasi	ulyta LASSO-PC mo-
di�kacija stabiliai demonstravo prognoziu� tikslumo pager
ejim¡ progno-
zuojant BPKF rodiklius visoms tyrime dalyvavusioms ²alims. Kitaver-
tus, likusiems indikatoriams skirtumai nebuvo tokie ry²k	us bei stabil	us.
Modeliu� stabilum¡ disertacijoje iliustruoja 3.8 lentel
e, kurioje pateikia-
mos tyrime nagrin
etu� metodu� poziciju� medianos. Pastebima, jog nei vie-
nas metodas nebuvo visuomet tiksliausias, ta£iau LP bei LPX metodai
viso eksperimento metu generavo stabiliausias i²ankstines bei trumpalai-
kes 1 ir 2 ketvir£iu� prognozes. Likusiu� modeliu� rezultatai buvo labiau
varijuojantys, indikuojantys maºesni� prognoziu� patikimum¡ bei stabilu-
m¡.

I²vados

Disertacijoje nagrin
eta retu� strukt	uru� daugiamat
eje tiesin
eje regresijo-
je problematika. Ypatingas d
emesys skirtas apytikslio retumo prielai-
dai tirti, kuri yra kertin
e daugumoje retos strukt	uros metodu�. Siekiant
i�vertinti praktinius retu� strukt	uru� modeliu� prana²umus disertacijoje at-
likti pseudo-realaus laiko eksperimentai, vertinant i²ankstines bei trum-
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palaikes makroekonominiu� rodikliu� prognozes. �emiau apibendrinami
pagrindiniai disertacijos rezultatai.

Pirmoje disertacijos dalyje nagrin
eta ∥X′Y ∥22 statistika bei i²vesti jos
tikslus bei asimptotinis skirstiniai. Verta akcentuoti rezultatu� i²vedime
naudoto variance-gamma skirstinio svarb¡, kuri� pasitelkus gautus rezul-
tatus galima b	utu� pl
etoti toliau, nagrin
ejant pana²iu� formu� statistikas.

Monte Carlo imitaciniu� eksperimentu� rezultatai leidºia daryti i²vad¡,
kad empirinis statistikos ∥X′Y ∥22 skirstinys s¡lyginai greitai art
eja prie
ribinio skirstinio disertacijoje tyrin
etais scenarijais. Tai rodo, jog gau-
ti rezultatai gali b	uti pritaikomi tiek apytikslio retumo testavimo, tiek
susijusiuose signalo bei triuk²mo santykio vertinimo uºdaviniuose.

Tolesniems tyrimams prasminga b	utu� rezultatus papildyti apibendri-
nant nagrin
ejamo tiesinio modelio prielaidas, pavyzdºiui, leidºiant kin-
tamiesiems i�gyti sud
etingesn¦ tarpusavio priklausomyb¦. Papildomai,
rezultatai gal
etu� b	uti i²pl
esti sudarant didºiausiojo tik
etinumo funkcijas
ir jas panaudojant signalo bei triuk²mo santykio ar parametru� β verti-
nimo uºdaviniuose.

Antroje disertacijos dalyje tyrin
etas retu� strukt	uru� metodu� progno-
zavimo tikslumas lyginant su ARMA bei tankiu� strukt	uru� faktoriu� mo-
deliais. Eksperimentu� rezultatai rodo, jog visi nagrin
eti LASSO metodai
geba sudaryti adekva£ias trumpalaikes prognozes, daºnu atveju tiksles-
nes uº ARMA bei faktoriu� modeliu�. Taip pat, retu� strukt	uru� metodai
geba i�vertinti bei atpaºinti esmines retas strukt	uras modeliuojamuose
duomenyse. Vidutinis i�vertintu� reik²mingu�ju� kintamu�ju� skai£ius buvo
santykinai maºas, kas leidºia teigti, jog retos strukt	uros prielaida gali
b	uti i²pildyta modeliuojant JAV bei Europos ²aliu� makroekonominius
rodiklius.

Papildomai, daugumoje tyrin
etu� atveju� populiarios LASSO modi�-
kacijos geb
ejo reik²mingai pagerinti LASSO prognoziu� tikslum¡. Kai ku-
riais atvejais disertacijoje pasi	ulyta LASSO-PC modi�kacija suteik
e pa-
pildomo prognozavimo tikslumo, lyginant su Orakulo savybes turin£iais
Adaptive LASSO bei Relaxed LASSO metodais. �ie rezultatai suteikia
pagrindo t¦sti tyrimus bei toliau pl
etoti LASSO metodologij¡, siekiant
tikslesnio retu� strukt	uru� atpaºinimo bei papildomo prognozavimo tiks-
lumo.
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