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Introduction

The Stokes and Navier—Stokes equations are partial differential equations
used in fluid mechanics to describe the motion of an incompressible viscous
fluid (for example, water, oil, blood, etc.). Besides the theoretical interest,
these equations also have a huge practical impact. Modelling of some
engineering or biological systems containing fluid, could not be possible
without these equations. Multidisciplinary research may let us develop the
Stokes and Navier—Stokes equations theory in both directions: theoretical
and practical.

We are interested in mathematics applications in medicine, i.e., modelling
blood circulation systems. In the thesis, we study some simplified theoretical
models to characterize flow in thin cylinders, which may be used to model
the blood flow in small and very small vessels and may be extended to model
the blood flow in more complex systems, like a human heart, etc.

Let 2 be some domain in R", n =2,3. Consider periodic in time the
non-linear Navier—Stokes system in Q x (0,27) (without loss of generality,

we may assume that the time period is 27), we get a system

vi—VAv+(v-V)v+Vp={, (x,t) € Q2 x(0,27),
divv =0, (x,t) € Q2 x(0,27), 0
V=, (x,t) € 02 x (0,2m),
v(z,0) =v(z,27), z€.

Here v = v(z,t) = (vi(x,t),...,v5(z,t)) and p = p(x,t) are the unknown
velocity and pressure, respectively, f = f(z,t) = (fi(z,t),..., fu(x,t)) and
p=p(x,t) = (e1(x,t),...,on(x,t)) denote the given external force and the
boundary value, v > 0 is the viscosity coefficient, which is constant and
depends on physical properties of the fluid, v(x,0) = v(x,27) is the periodicity

condition with the period 27, x = (z1,...,2,) € Q.
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The linearized Navier—Stokes equations are called Stokes equations. They

have the following form:

vi—VvAv+Vp=T1, (x,t) € 2% (0,27),
divv =0, (x,t) € Qx(0,27), @
V=, (x,t) € 02 x (0,27),
v(z,0) =v(x,27), ze€.

Besides the fact that these equations were formulated almost 200 years
ago, they remain the source of many interesting mathematical problems.
Some of their remains unsolved, such as: Existence and smoothness of the
Navier—Stokes equation stated by the Clay Mathematics Institute on May
24, 2000, as one of the seven Millenium Prize Problems. Some long-standing
problems are recently solved, such as so-called Flux Leray’s problem. This
problem was open for more than 80 years and recently was solved, but only
in two-dimensional and three-dimensional axially-symmetric cases (see [42]),
leaving the general three-dimensional case still open.

Since our interest is an application of the Navier—Stokes equations in
medicine, i.e., possibility to create a computer model of a blood vessel
network, it is very important to study the time-periodic Navier—Stokes
equations in thin tube structures. Tube structure as the blood vessel network,

together with the periodicity condition, as an illustration of the heart beating.

Examples of domains

The Stokes and Navier—Stokes problems are considered in different
domains. We started our research with the linearized Navier-Stokes equations
in the domain with an outlet to infinity. However, for hemodynamical
modelling Stokes system is insufficient, and therefore we study the non-linear
Navier—Stokes system in a domain which is called a tube structure. We will

introduce these domains in the following subsections.

Domain with an outlet to infinity

Let 2 =QqUD be a two-dimensional domain with an outlet to infinity
(see Figure [1)).

11



Figure 1 — Domain 2

Here Qo = QN Bg,(0) = QN {z € R? : |z| < Ry} is a bounded domain
with Lipschitz boundary and an outlet D is given by the formula: D = {x €
R?: 71| < g(z2), 22 > Ro}. We suppose that the function g satisfies the

Lipschitz condition
|g(t1) —g(tz)‘ < L’tl —tg‘, t1,to > Ry, g(t) > const > 0

and 00 € C?. The boundary 0 consists of the inner boundary I'y and
the outer boundary I'y. Besides, the inner boundary I'y is compact and
the origin (0,0) of the coordinate system is inside the "hole" I'y, while
the outer boundary I'y is unbounded. Let us assume that boundary value
pE WS/Q’Q(OQ) has a compact support, and A =suppe NIy C I'oN Bg,(0).
In this domain, we will consider the time-periodic Stokes system with a

non-homogeneous boundary condition.

Tube structure

The domain called tube structure is a mathematical model aimed to
describe structures that contain several tubes connected at their points called
nodes. More precisely, it is a special structure of thin domains. From the
physical point of view, these structures can be used as geometrical models
of the blood vessel systems, hydraulic installations, and so on. The domain
that contains three tubes is shown in Figure 2]

Here T is a lateral boundary of the domain B, and ¢',62,0% are inflow-

outflow boundaries.

1. The boundary value ¢(z) is independent of time.

12



Figure 2 — Domain B;

In order to define a tube structure, let us start from the definition of

the graph.

Definition 1. Let O1,09,...,0On be N different points in R"™, n = 2,3,
and ey, es,...,epr be M closed segments each connecting two of these points
(i.e. each e; :m, where ij,k; € {1,...,N}, i; # k;). All points O; are
supposed to be the ends of some segments ej. The segments e;j are called
edges of the graph. A point O; is called a node, if it is the common end of at
least two edges and O; is called a vertex, if it is the end of the only one edge.
Any two edges e; and e; can intersect only at the common node. The set of

vertices is supposed to be non-empty.

/N

Oy —m

€1 /
\

ﬂ\

Og

Figure 3 — Graph of the tube structure

M

Denote B = |J e; the union of edges and assume that B is a connected
j=1

set (see Figure|3). The union of all edges having the same end point O is

13



called the bundle B;. Figure |3]is an example of the graph, which presents a
union of edges eq,...,e7 and points Oq,...,Og, where points O1,05,03 are
called nodes and the points Oy4,0s5,0g,07,0sg are called vertices.

Let e be some edge, e = 0;0,. Consider two Cartesian coordinate
systems in R™. The first one has the origin in O; and the axis Oixﬁf) has
the direction of the ray [O;0;); the second one has the origin in O; and the
opposite direction, i.e. Ojfgf) is directed over the ray [0;0;).

Below in various situations, we choose one or another coordinates system
denoting the local variable in both cases by z(¢) and pointing out which end
is taken as the origin of the coordinate system.

With every edge e; we associate a bounded domain o/ c R*! containing
the origin O; and having C?- smooth boundary do?, j=1,..., M. For every

edge e; = e and the associated o7 = ¢(®) we denote by ng) the cylinder

oY

') = {x(e) eR™: z(¢) € (0, ]e]), € U(e)},

€

where (¢) = (xge),...,xnezl), le| is the length of the edge e and € >0 is a
small parameter. Notice that the edges e; and the Cartesian coordinates of

nodes and vertices O;, as well as the domains 07, do not depend on e.

Let Oy,...,0On, be nodes and Opn,+1,...,0On be vertices. Let wh..wh

be bounded independent of ¢ domains in R"; introduce the nodal domains
: r—0:
J— n. J J

wy = {a: cR": . Ew }

Every vertex Oj is the end of one and only one edge e, which will also

k

be denoted as ep;; we will re-denote as well the domain " associated to

this edge as ¢97. Notice that the subscript & may be different from j.

Definition 2. By a tube structure, we call the following domain

B. = (JQ ) U(JQ wl).

Suppose that it is a connected set and that the boundary OB, of B. is C?-
smooth (see Figure[]).

For the case with given Bernoulli pressure we will define as well a semi-
infinite dilated cylinder Y = {x(e) cR": 29 ¢ 0,00), z(®) € 0(6)}, and
slightly modified the definition of a tube structure.

14



0B:

Figure 4 — Domain B,

Definition 3. By a tube structure, we call the domain B (see Deﬁnition@)
with the boundary OB of B, which is C?-smooth except for the parts of the
boundary which are the bases vy = {x(e)’ € o9, $,(f) =0} of cylinders ng)
(see Figure|[d).

Let 7 be the maximal diameter of the domains w’, i = 1,..., N, denote
r =11+ 1. Consider a node or a vertex O; and all edges e; having O; as
one of their end points. We call the union of all these edges a bundle

of edges and denote it B, i.e., By = U ej. By a bundle of cylinders
j:O€e;

we call the union w! U( U ngj )). We will consider as well the
J:0r€e;

half-bundle HBo, =l U ( | {z €T, 2l €[0,|ej[/2]}). We will use
Jj:0€e;

also ; = wtu ( U H(()ij )) as a bundle of dilated cylinders. Denote also

j:0€¢;
Qf:{a:eangte}.

In this thesis, we consider two different cases in a thin tube structure: the

Bo

1

time-periodic Navier—Stokes equations with Dirichlet boundary conditions
and the stationary Navier—Stokes equations with given Bernoulli pressure
on the inflow-outflow boundary.

In the first case, we consider the time-periodic Navier—Stokes equation

15



with a non-homogeneous boundary condition

vi—VAv+(v-V)v+Vp =0, (z,t) € B: x (0,2m),
divv =0, (z,t) € B: x (0,27), 3)
v=g, (z,t) € 0B x (0,27),
v(z,t)=v(z,t+2m), € Be.

Here the velocity field v =v(x,t) and a fluid pressure p = p(z,t) are unknown,
while the boundary condition g = g(z,t) = (g1(z,t),92(x,t),g3(x,t)) is zero
everywhere except for some small parts of the boundary 7 = 0B-N0w!, j =
Ni+1,...,N.

In the second case, we study the stationary Navier—Stokes equations

with the given Bernoulli pressure for inflow-outflow boundary
—VvAvV+(v-V)v+Vp=0, x € B,
divv =0, x € B,
v=0, x € 0B\ U§V:N1+1’yg, (4)

v, =0, x €L,

1 o
—v0p(v-n)+ (p+ §|V\2) :cj/z-:Q, renl, j=Ni+1,..,N,

where v; = v —(v-n)n is the tangential component of the vector v, d,h =

Vh-n is the normal derivative of h, ¢; are some constants.

Actuality and literature review

The Stokes and stationary Navier—Stokes equations with homogeneous
boundary conditions were intensively studied in domains with outlets to
infinity during the last 50 years (see [27, 31}, (50} 51, [76, [77] and the literature
cited there). In the last 20 years, special attention was given to problems
with non-homogeneous boundary conditions (see [9, [32] 34} 35, 58|, 591 60, 61,
63, [64]). Moreover, recently big progress was obtained in Leray’s problem
in the bounded and exterior domains [38|, [39, [40, 41, 42, 43| [44]. On the
other hand, the time-periodic problem for the Navier—Stokes equations were
mainly studied only in the case of homogeneous boundary conditions (see, for
example, |46l 52], [53]). The time-periodic problems with non-homogeneous

boundary conditions were essentially considered by H. Morimoto [62] and
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T. Kobayashi [37]. However, they consider the case only of domains with
compact boundaries. A wide review and study of periodic problems could
be found in the habilitation thesis of M. Kyed [47]. Also, you may find
many interesting periodic problems in G. Galdi and his colleagues’ works for
example [6, 10, (12} 18, 19, 20, 21, 22, 23, 24, 25, 26].

We start with the linearized Navier-Stokes equations in the domain with
an outlet to infinity (see Figure , where the boundary condition depends
only on the space variable. This problem was generalized by K. Kaulakyté
and K. Pileckas in [33]. The analysis of the Stokes system gives the possibility
to study the time-periodic Navier—Stokes system.

However, the dissertation was motivated by the modelling of the blood
circulation system. The studies were done in 2017 - 2021 Junior research
fellow of the research grant “Multiscale Modeling for Viscous Flows in
Domains with Complex Geometry”.lﬂ For this research the Stokes system is
insufficient, that’s why we consider the time-periodic Navier—Stokes problem.
Besides we have to deal with the structure which may represent the blood
circulation system. For this reason, we introduce a thin tube structure (see
Figure . Each such tube structure may be schematically represented by
its graph: letting the thickness of tubes tend to zero, we find out that tubes
degenerate to segments, and we get a one-dimensional case. However, the
existing one-dimensional models and codes cannot give the required accuracy
in the neighbourhoods of the clot formation zones, stents, and bifurcation of
vessels. On the other hand, the completely three-dimensional computations
are currently very time-consuming and can be applied only to small parts of
the blood circulation system. That is why we suggest the hybrid dimension
models, combining the one-dimensional reduction in the regular zones with
three-dimensional zooms in the small zones of singular behaviour. This
approach for the non-stationary initial boundary value problems for the
Navier—Stokes equations in thin tube structures was proposed in [70, [71].
However, for the hemodynamical modelling, more natural are time-periodic
settings. In order to combine one-dimensional and three-dimensional models,

we need to construct the asymptotic expansion of a solution. We consider

2. This project has received funding from European Social Fund (project No. 09.3.3-
LMT-K-712-01-0012) under grant agreement with the Research Council of Lithuania
(LMTLT).
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the problem in two different scalings concerning the small parameter € equal
to the ratio of the diameter of vessels to their length: one of them is the same
as in [70], while the other generates a big coefficient of order £=2 of the time
derivative of the velocity. And then the constructed asymptotic expansion is
used for the construction of a special numerical method combining a one-
dimensional description with three-dimensional zooms. This method is called
a method of asymptotic partial decomposition of the domain (MAPDD). It
reduces the full geometry settings to the computations in neighbourhoods of
bifurcation zone of a diameter of order ¢|Ine|. This method for initial data
was studied in [5].

An alternative approach was developed by A. Quarteroni’s team [15].
However, this method of the junction of one-dimensional and three-dimen-
sional zones is different because it is based on multi-physics modelling: the
one-dimensional hyperbolic equations and three-dimensional models are
derived independently of conservation laws, and then coupling is based
on the ideas of consistency of numerical schemes implementing these mod-
els. On the contrary, the MAPDD starts from the Navier—Stokes equation
written everywhere in the blood flow area, it rigorously derives the one-
dimensional Poiseuille type equations in the main part of the domain with
three-dimensional zooms in small parts near the bifurcations of the vessels
and clot formations zones. It prescribes mathematically justified size of
the zoomed areas and asymptotically exact junction conditions. Numerous
computational tests show that the multi-physics approach with hyperbolic
one-dimensional models is more convenient for the description of thick ves-
sels (for example arteries), while the MAPDD model works better for small
vessels such as arterioles.

As was mentioned before, we use two different scalings for the Navier—
Stokes equations that satisfy different types of vessels such as small and
very small arterioles or capillaries. Let us describe these scalings. The
experimental data depend on numerous factors: whether the human or
animal blood system is considered, if it is healthy or ill, etc. So we take some
averaged data for [54, [57]. The characteristic time (period) is 1 second, while
the characteristic velocity is about 0.5 x 1072 m/sec. Consider two scalings

for the characteristic length and diameter of vessels: (1) the length is 1073
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m and the characteristic diameter 10~* m, (2) the length is 1072 m and
the characteristic diameter 1073 m (in both cases € = 0.1). Let us make the
change of the space variable X = 1073z in the case (1), and X = 1072z in
the case (2). Consider case (1). Making the change of the velocity v = 1073V
and the change of the pressure p = 103P and taking into account that the
dynamic viscosity of the blood is about 4 x 1073 Pa sec and its density is
103 kg/m?, we obtain in new variables the Navier-Stokes equation with all

coefficients of order one:

AY
5 AAXVH05(V V)V VP =0, V-V=0.

Consider now the case (2). Making the change of the velocity v =104V
and the change of the pressure p = 10' P, we obtain in new variables the
Navier—Stokes equation with all coefficients, except for the time derivative
term, of order one, while the coefficient of the time derivative is 102, i.e.,

e 2

10288‘;—4AXV+5(V-VX)V+VXP:O, V-V=0.
That is why in this thesis, we consider two different settings: with the factor
£~? and without it.

The existence, uniqueness, and a priori estimates for the Navier—Stokes
equation with the initial conditions were published in [70, [71] however, the
proof of this for time-periodic settings differs significantly. For this proof,
we use Stokes operator extension [79] and take the base consisting of its
eigenfunctions. In this case, we obtain more precise estimates. Nevertheless,
this technique requires the C?-smoothness of the boundary, that is why
we adding smoothing domains near the vertices of the graph of the tube
structure. This modification allows as well to improve the estimates for the
J-th partial sums of an asymptotic expansion of the solution.

The main step that may lead us to the computer simulation is the
construction of the asymptotic expansion of the solution. The asymptotic
behaviour of solutions of partial differential equations in thin domains is
extensively studied in the vast mathematical literature. In particular, the
thin tube structures, introduced in [65], are considered as a geometrical
model of a blood vessel network (see other approaches to the modelling

of blood vessel networks [7, (15, [I7]). For the steady-state Navier—Stokes
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equations in a network of thin tubes, an asymptotic expansion of the solution
was firstly constructed in [65] 66]. The small parameter was introduced as the
ratio of the thickness to the length of tubes in the network. This asymptotic
expansion was used to justify the method of asymptotic partial decomposition
of the domain. This method allowed reducing the computational costs that
the Navier—Stokes equations posed in thin tube structures. In particular, the
full-dimensional computations are only needed in small neighbourhoods of the
junction of tubes, while in the largest part of the domain, the computations
are one-dimensional. The non-stationary Navier—Stokes equations in such a
domain were studied in [70} [71]. However, in these papers, the inflows and
outflows were described by the given velocity at the corresponding parts
of the boundary. For numerical implementation, the boundary conditions
involving pressure for outflow are more natural. That is why such conditions
were extensively studied in mathematical literature (see [I1, 55, [56]). In
particular, [55] studies the stationary Navier—Stokes equations in a tube
structure (a bundle of three tubes) with the given pressure at the “free” ends
of the tubes. It is well known that this problem has a solution for small
data only. Therefore, [55] proves a theorem of existence and uniqueness and
constructs a first-order asymptotic approximation.

For the hemodynamics models, more natural, is to consider the Navier—
Stokes equations with the Neumann type boundary conditions to get the
appropriate asymptotic expansion. These cases are not widely studied
for time-periodic data that is why we consider steady-state Navier—Stokes
equations with the inflow-outflow boundary conditions for the Bernoulli
pressure. These non-linear boundary conditions were studied first in |11} 28,
36] for an incompressible fluid with small data where the existence of the
solution was proved. Since then, these conditions were considered in different
contexts: in [45] these conditions were studied for arbitrary data in a finite
pipe; in [3] a special model of the decomposition of the boundary value
problem for the non-Newtonian flow with the Bernoulli boundary conditions
and some special newly introduced interface conditions inside the domain
was studied, and the existence of a weak solution to this problem was proved.

In this dissertation, we will construct an asymptotic expansion of a

weak solution of the stationary Navier—Stokes equations in the whole thin
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tube structure with the Bernoulli boundary conditions for the inflows and
outflows. We also prove the existence and uniqueness of the solution taking
into account the domain dependence on the small parameter.

For the incompressible Navier—Stokes equation in a network of thin tubes
when the flow is time-periodic, at the leading order, we obtain a well-posed
[69, [72] asymptotic model for the macroscopic pressure on the graph of the
network with the Poiseuille profiles in the tubes for the velocity, a Kirchhoff
type at the junction of the tubes and the continuity condition for the pressure.
This problem for stationary and time-dependent flow for the first time was
proposed in [68] which generalizes the so-called Reynolds’ equation for the
case of a network of tubes. The numerical solution for the non-stationary
Navier—Stokes equation with initial data in a network of thin tubes was

considered in [§].

Aims and problems

The main aim of this dissertation is to analyse the Navier—Stokes equa-
tions in a thin tube structure. We started our research with the linearized
Navier-Stokes equations in the domain with an outlet to infinity. After that,
we present the results obtained by studying Navier—Stokes systems in a thin
tube structure. These theoretical results may be used to create and develop
a numerical simulation for the blood vessels. We

— prove the existence and uniqueness of the time-periodic Stokes equa-

tion by constructing some special boundary value extension in the
domain with an outlet to infinity,

— prove the existence and uniqueness of the time-periodic and steady-

state Navier—Stokes equations in thin tube structures,

— construct the asymptotic expansion of the solution and justified it

for the time-periodic Navier—Stokes system and a stationary Navier—
Stokes system with the given Bernoulli pressure,
— develop the method of asymptotic partial decomposition of the do-

main (MAPDD) for the time-periodic Navier—Stokes equations.
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Methods

In the thesis, we use standard methods of functional analysis, the prop-
erties of Sobolev spaces and Stokes operator, and both partial and ordinary
differential equations theory. We apply asymptotic analysis ideas and tech-
niques to construct special asymptotic expansions. We use the method
of asymptotic partial decomposition of the domain, which let us combine
one-dimensional and three-dimensional models and reduce the computational

cost.

Novelty

All results of this thesis are new. To our best knowledge, the results for
the time-periodic Stokes system in a domain with an outlet to infinity, the
results for the time-periodic Navier—Stokes system in thin tube structures,
and the results for the steady-state Navier—Stokes equations with the given
Bernoulli pressure for inflow and outflow boundary are new. The asymptotic
expansions of the solution to these problems in the thin tube structures were

unknown.

Structure of the dissertation and main results

The dissertation consists of five chapters, conclusion, and bibliography.
The first chapter is an introduction to the research field and the special
research domains. It contains the history and actuality of the problem,
examples of the studying domains as well as required information concerning
the dissemination of results presented in the thesis.

Chapter 2, for the readers’ convenience, introduces the notations and
auxiliary results which we use in the dissertation.

In Chapter 3 we present the time-periodic Stokes system with a non-
homogeneous boundary conditions in a domain with an outlet to infinity.
We construct a special extension of the non-homogeneous boundary value
and prove the existence and uniqueness of a weak solution in such a domain.

In Chapter 4 we consider the time-periodic Navier-Stokes equations

with Dirichlet boundary conditions in a thin tube structure. The existence
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and uniqueness theorems for these settings are proved and the asymptotic
expansion for a solution (with respect to the small parameter ¢ equal to
the ratio of the diameter of vessels to their length) was constructed. These
asymptotic expansions are then used for the construction of a special numer-
ical method combining one-dimensional description with three-dimensional
zooms which is called a method of asymptotic partial decomposition of the
domain (MAPDD). This method reduces the full geometry setting to the
computations in neighbourhoods of bifurcation zone of a diameter of order
ellnel.

In Chapter 5 we consider the steady-state Navier—Stokes equations in
a thin tube structure with the given Bernoulli pressure for inflow-outflow
boundary. We construct an asymptotic expansion of a weak solution of the
stationary Navier—Stokes equations with the non-linear boundary conditions
in the whole thin tube structure, justify it, and prove the existence and
uniqueness of the solution.

Finally, in Chapter 6, we formulate the conclusions.

Dissemination

The results of this thesis were presented at the following seminar and

conferences

1. Poster "Journées annuelles de 1‘équipe MMCS de I‘'Institut Camille
Jordan", October 1-2, 2018, Lyon, France.

2. Seminar "Journées Scientifiques GDF MORPHEA, Ecole des Mines
de Saint-Etienne", June 6, 2019, Saint-Etienne, France.

3. Poster "Journée de la recherche", June 13, 2019, Saint-Etienne,
France.

4. International conference "Journée EDP Auverge-Rhone-Alpes", Novem-
ber 7-8, 2019, Chambery, France.

5. International conference "8th FKuropean Congress of Mathematic"
minisymposium "Multiscale Modeling and Methods: Application in
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6. International conference "Mathematical Fluid Mechanics In 2022",
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Chapter 2

Notations and preliminary results

2.1 Notations and inequalities

We use ¢,C,Cj,cj, j=1,2,... notations for constants which are inde-
pendent and not have significant meaning in our proof. Besides, the same
symbol ¢ may be used to define different constants.

Let V be a Banach space. The norm of the element w in the function
space V is denoted by |lu|ly. Vector-valued functions are denoted by bold
letters and the spaces of scalar, vector-valued and tensor-valued functions

are not distinguished in notation. The vector valued function u= (uy,...,uy)
n

belongs to a space V, if u; €V, i=1,...,n, and |jully = Z ||ui|ly. The dual
i=1
space of V is denoted as V'*.

We use the standard notations for different spaces. Let € be an arbitrary
domain in R™. As usual, denote by C*°(Q) the set of all infinitely differen-
tiable functions defined on €2, and let C§°(€2) be the subset of all functions
from C*°(£2) with compact support in §2. For the given non-negative integers
k and ¢ > 1, LY(Q) and W*9(Q) indicate as usual Lebesgue and Sobolev

spaces with the norms

1/q o /q
fallsey = ([ 1) an falloiey = (3 [ 1D°ut@lraz) "
Q lal=00
olely -
where D = ————F—, |a| = Zo‘j' Space WF=1/99(9Q), ¢ > 1, is a

oz ... .0z’ =

trace space on 92 of functions from W*4(Q) with the norm

lwll k=174, (OK2) = inf{HﬁHWk,q(Q) ;i =wu on 0N},
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and WH4(Q) is the closure of C§°(€) in the norm of W4(Q).

L*>(Q) is the space of all essentially bounded function with the norm
HUHLOO(Q) = esssup |u(x)|.
€

The space L9(0,7;V) is the space of functions u such that u(-,¢) € V for
almost all ¢t € [0,7] and the norm

’ 1/q
Jullzaorwy = ([ lluC,Hldt) ' <0, 1<g <00,
0
We also use certain weighted function spaces. The corresponding defini-
tions will be given in sections where such space appear for the first time.
Let T' be a positive number. The notation Ve, means that elements
of the space V' are T-periodic functions, i.e., u(-,t) =u(-,t+7). Without
loss of generality we may assume that 7' = 2m. Let Cpe,(0,T;V) = {u €
C>®(R) : u(t) = u(t+2m), Vt € [0,T]}. We will need two more spaces of
periodic functions: L%er(O,Qﬂ') and Wplé% (0,27), which are supplied by the
inner product of L?(0,27) and W12(0,27), respectively.
Let D(2) be the Hilbert space of vector functions formed as the closure
of C§5°(€2) in the Dirichlet norm |[ul|pq) = [|Vul|r2(q) generated by the
scalar product

[u,v] = /Vu : Vvde,
Q

n n n

where Vu: Vv = ]z::lvuj V= _]z::lkz::l Oxy, Oxy,

noidal (divu = 0) vector fields u from C§°(Q2) by J5°(Q) ={w € C5°(Q) :
divw = 0}. By H(Q) we indicate the subset of D(£2) consisting of solenoidal
vector fields and by H () - the space formed as the closure of J§°(Q2) in the
Dirichlet norm. Obviously, H(Q) C H(Q). In general, the spaces H(Q) and
H(Q) do not coincide. However, if Q is a bounded domain with Lipschitz
boundary, then H(Q) = H(Q).

Besides, for a tube structure we introduce the function spaces 171\/712 (B:)
and j}?(BE)_ Let ' = 0B: \ uszlﬂfyg be the lateral surface of the domain
B., then

s Ovs
ﬂﬁ. Denote the set of all sole-

WIA(B.) ={n e W"(B.) :imlr =0, n,| ; =0, j=Ni+1,...,N},
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71,2 _ 71,2 cdivm —
Jy 7 (B:) = {n € W,*(Bc) : divy = 0}.

We also introduce a subspace .J}:(Bc) of fwl’z(Be) defined by

TA(B) = (e JA(B.): [ mendS =0, j =N+ 1N},

2

For the tube structure B. some multiplicative inequalities hold. We shall
prove it. First we construct two coverings of the domain B.. Take domains
AG =z et 2l ec(k—2,k+2)}, j=1,...,M, k=2,...,Li, Li~
le|e™!, and define AE:JIZ =wlu{z € 1) 4 ¢ (0,2¢)}, j=N1+1,....,N

(i.e., when Oj are vertices), and Aéjll =wluU{z € Hiekj) : xffkj) € (0,2¢)},
k;
j=1,...,Ni (i.e., when O; are nodes), where the union over k; is taken over

all edges of the bundle B; associated with the node Oj;.

In parallel with the covering
M Ll N
2= (U Ua% Ul UAl
j=1k=2 j=1
we take the covering

= Mo N o6)
Qla: (U U Ae,l]c ) U (UAEJ,k)
j=1

j=1k=2

of B, containing larger domain: ﬁiefi) ={ze ngj) :a:ﬁff) €e(k—3,k+3)},
) = 17" "M’ k:37 . 'rzgu Eg ~ |€|5_1. Then we define A(]]){ ng {‘7; c Héej):

£

o€ (0,32)}, j=Ni +1,....N, and A9) = wiu %J{xeﬂiekj): 2 (0,36)),

J

j=1,...,N1. Obviously,
A c A, A c AY).

€ €,

The constructed covering has a finite multiplicity k¢ which is independent

of e.

Lemma 2.1.1. (Poincaré—Friedrich’s inequality) The following inequality
lull 28y < c2l|Vull 2(s.y,  Yue WH(Be) (2.1)

holds with the constant ¢ independent of €.
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Proof. In any bounded domain Q for u € W12(Q) holds the Poincaré in-
equality (see [14])

[ullZ2(q) < cllVyulZaq)

where ¢ is an absolute constant.
T
By scaling y = —, in any domain A. from the covering 2., we get the
€
estimate

||u||%2(A5) < 052||qu|’2Lz(A5)-

Summing the above inequalities over all domains A from the covering 2,

we obtain

lullZap,) < D_lullia(a,) < ce® Y IIVaullia(a,) < ce*lIVullZap,)-
Ae Ae

Lemma 2.1.2. (Ladyzhenskaya inequalities)

1/2 1/2 g
lullpagp.y < 24 ull ot p ) IVl o, Yue WH(B.), B.CR?, - (2.2)

lull scs.) < (4/3)Y3lull oy I VulFog . Fu € WH(BL), B. CR?, (2.3)
lull s, <48VCIVullp2s,y  Yue WHA(B:), B:CR%.(24)
The constants in — are independent of . In particular,
lullzes.) < eI Vullpzgp,y  Yue WH(B:), B.CR?,  (25)
lullacp.) < e/ Vull2py Yue W (B:), B. C R (2.6)
The proofs of (2.2)-(2.4) can be found in [49].
Lemma 2.1.3. Let B. CR?, ue WH2(B,). Then
lullfsc, < e 2lulfes,) (lulfam,) +2IVuliam,)  @7)
with the constant ¢ independent of €.
Proof. In any bounded Lipschitz domain € holds the inequality (see [48])
lullfs) < e@lulfa) (lulfeg +I1Vulfag)
and, by Young inequality,

lull 220y < 02 [lullyprag) + e ullfaiy, 6> 0.
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By scaling, it is easy to see that in any domain A, from the covering 2., we

get the estimate
lulacay < 6722 (llall3aay + 1VulBaay ) +ed% 2 ullbacay, 6> 0.

Summing the above inequalities terms over all domains A, from the covering

A, we get

> ||U||%2(Ag) <> HUH%?(AE)HUH%Q(AS) <ey HUH%?(BE)HUH%Q(As)
A Ac

Ae
< cllullfegpy Y lulfea, <cllullzas,)-
i.e.,
4 2_-2 2 SRS S T

lulldocs,) <5722 (lul2p, + €2 VulZas, ) +eo®e 2lulllags), 6> 0.
Putting now §2 = <||u||L2(B )+€2HVU||%2(BE)> ||uHE§(BE) yields ([2.7)). O
Lemma 2.1.4. Let B. CR", n=2,3, uc W'2(B.)NW?22(B.). Then

HVU”%%BE) < CHUHL2(BE)HV2UHL2(BE)' (2.8)

In particular,

IVul|Z2p.) < e V2ulZ2s,) (2.9)
with the constant ¢ independent of €.

Proof. In any bounded Lipschitz domain €2 holds the interpolation inequality
(see [48])

IVl 72() < OVl 7o) +07 ullfag), 6> 0.
Here HVQhH%Q(Q) means Z ||Dah\|%2<9)

|ar|=2
By scaling in € domain A. (i.e., scaling A. in any direction of "size" )

we derive
E(IVull7z(ay < (6 [VPullFaay+6 Hullzegay), 6>0.

Summing the above inequalities over all domains A, from the covering .,

we get
e IVullZe(s,) < c0e!|VullZap, +07 ullas,), §>0.
Putting 6 = 5_2Hu||L2(B€)|]V2u\|221(36) implies (2.8). O
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Lemma 2.1.5. Let B. CR?, ue WY2(B.). Then

2 )3

lullzs (s, < ce SlullZa sy + €21 Vull e (2.10)
with the constant ¢ independent of €.

Proof. By the multiplicative inequality in a bounded Lipschitz domain 2

(see [48])
3/4

lullZs0) < CIIUHLz(Q ([ul 72y + I Vull72q))
and, by the Young inequality,

lulid 0y < B llulfagy +edlullSaq), V8> 0.

Then, by scaling we get, for any domains A. from the covering 2l., the

estimate
s,y < 02(1ul2agay + 20l 30 y) + 60Nl S
and summing them over all A, from 2., we derive
ull7s 5. < P (lullZap.) +eIVula(p,y) + 0 ™0 ullfes,)-
Taking in the last inequality
5= Mlull g

L2(B.) (HUH%Q(BE) +€2HVUH%2(BE))

gives (2.10]). O

Lemma 2.1.6. Let B. CR", n=2,3, u€ WY2(B,). Then

-1/8
)

HUHL4 (B.) S € 72HUH%2(BE)(”UH%2(BE)+52Hvu”%2(35))
(2.11)
<052HVUH%2(BE), n=2
and
alla s,y < ce™lulla oy (lull2a ) + 2Vl 2 )2
(2.12)
<c€||VuH‘i2(BE), n=3

with the constant ¢ independent of ¢.

This lemma is proved by the same way as the previous one.
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Lemma 2.1.7. Let B. CR", n=2,3, uc WY2(B,). Then

2

HUHL?('yg)

<o (JulBiap) + 2 IVulagp,) < el Valdag,  (213)
with the constant ¢ independent of ¢.

Proof. The inequality (2.13) follows immediately from well known trace

estimate
vl z200) < cllvllwrz@)
and scaling argument. d

Lemma 2.1.8. (Agmon’s inequality, n=3) Let B. C R3, u € VQVLQ(BE) N
W22(B.). Then

ull o< (5.
(2.14)
< 05_6||UHL2(BE)(||U||%2(Ba) +52|]Vu||%2(35) +54||V2u”%2(B5))3/27
with the constant ¢ independent of €. In particular,
[ull ooy < /4 V2ul| 125, (2.15)

Proof. In any bounded Lipschitz domains §2 holds the multiplicative inequal-
ity (see Lemma 13.2 in [I])
[ullFoe 0 < ellull 2@ llulify2e o)

By scaling it is easy to see that in A, we have

||U”%oo(,45)

< ele 2|l g2an) € lulZa ) + e VIR n ) +ElT2ulZa a2

< e ull g,y (ullZa .y + €2 VullZa s + 41920l 2 0 )2

< 0576HUHLZ(Be)(”UH%2(35) +52HVUH%2(BE) +54HV2“H%2(B€))3/2-

Taking the supremum over all A, € 2., we obtain (2.14). The inequality

(2.15]) follows from ([2.14)), (2.1) and (2.9)). O

Lemma 2.1.9. (Agmon’s inequality, n=2) Let B. C R?, u € Wl’z(Bs) N
W?22(B.). Then

lullpoe gy < g™ NullZep,) (lullz2 s + €I VullZa s+ VPl f2s,))s (216)
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with the constant ¢ independent of €. In particular,

21/2

lull oo ) < e2'2 V20l 2. (2.17)

Proof. In any bounded Lipschitz two-dimensional domain €2 holds the inter-

polation inequality (see Lemma 13.2 in [I)
ull oo () < ellullZa o llullfy2 ()
By scaling,
Hu”4w(,45) < 0574““”%2(&)(HUH%%AE) +52HVUH%2(AE)+54HV2UH%2(A ))
< eeaulZa g (Nl + 21V 5+ V2020 )

Taking the supremum over all A, € 2, we get (2.16]). O

2.2 Stokes operator

Consider in B the Dirichlet problem for the Stokes system

—vAv+Vp=~f, z€B,,
divv=0, z€ B, (2.18)
v=0, z€0B..

The weak solution v € H(B.) = {ve Wh2(B.):divv =0} to (2.18) satisfies
the integral identity

y/Vv:Vndx:/f-ndx Vn € H(B;),

and, hence, the estimate
IVvliLes.) < cellfll L2 (s, (2.19)
holds.

Lemma 2.2.1. Let 9B. € C?. Then
V2Vl 25,y < cllfll 2. (2.20)

with the constant ¢ independent of €.
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Proof. Let A. C /L be domains from the covering 2. and 5[8 of B.. Consider
(2.18]) in A.. Making the change of variables z = 1y we transform A. and
A, into the fixed (independent of €) domains A and A. The Stokes problem

in coordinates y takes the form

—VAV+V, (ep) =, x€ A,
divyv=0, =z¢€ A, (2.21)
v=0, z € OB-NOA.

ADN local estimates for elliptic problems (see [2]) yield the inequality

||VH%2(A) + HvyVH%Z(A) + HV?JVH%Q(A)

(2.22)
4)1¢(2
(12, 3 H VI, 5 e =2, )
where g =¢p, g = |/ y)dy. Since /(q(y)—q) dy = 0, there exists
° ~ A ~
w € WH2(A) such that divw =¢(y) —g in A and
VW oy < clla—=all 2z
(see [50]). Multiplying (2.21)) by w and integrating by parts yields
IIQ—QHiQ(g) =/q(y)(tJ(y)—ﬁ)dy=/q(y)divwdy
A A
:V/VV:VWdy—52/f-wdy
A A
VHVVHLz(A)”VWHLQ +€2HfHL2 A)HWHL2 )
_ 2 _
< V¥l 0 =l oy + =28 3 g =l
Therefore,
la=l ez, < (191 gz +2EN 2 ) (2.23)

From ([2.22)), using (2.23) and Poincaré—Friedrich’s inequality, we derive
V122 + V2200 + 19290300y < (112, 3+ IV, 5 )
Returning to coordinates x, we obtain

e IVPVIIaga, <c(eMlEN3, 1, +2 IOV (2.24)

i)

33



Summing (2.24)) by all domains A, C A, we get

IV29I1325,) < (€13 25,y +e 21V VIE2(s,) )- (2.25)

Estimating the last term in the right hand side of (2.25)) by (2.19)) we derive
220). O

Problem can be rewritten in the operator form (without loss of
generality we suppose that f € Jo(B.), where Jy(Bc) is the closure of the set
{v € C§°(Be) : divv =0} in L?(B.)-norm, by Helmholtz-Weyl theorem (see
[49]) L2(Q) = Jo(Q) D G(R), where G(Q) = {v € L*(Q) : v=Vp for some p €
L?(Q)}, we understand Vp in the sense of distribution)

Av =T, (2.26)

where A = PA : H(B.)NW?22(B.) — Jo(B.) is an unbounded operator with
the domain H(B.)NW?22(B.), and P is the Leray projection onto divergence
free vector fields. By the same notation we denote the Friedrich’s extension
of this operator to the whole space H(B;). A is called the Stokes operator.
It is known that (see [49], [79]):

(i) The Stokes operator has a discrete spectrum:
Aw =\w, we H(B.), w#0;

A >0, lim \; — 4o0.
1— 00 .

(ii) The eigenfunctions {wy}72, of A constitute an orthogonal basis in
Jo(Be) and H(B:), VWil r2(5.) = VAks Wil 12(p.) = 1. If 0B. € C?, then
wy € H(B.) N\W22(B.).

For given w € H(B.) NW?2(B.) we have

/Aw-vdm—/( vAw+Vp)- VdIE—fV/AW vd:c—l//Vw Vvdz

for any divergence free v € C§°(Bc). Then, by density arguments, it follows
that
/]5w|2dx = —IJ/AW'AWd.CE.

Thus,
1AWl 225,y < cllAW| 12(p.) < | VW] 12(5.). (2.27)
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Moreover, from the equality / Aw-vdz =v / Vw-Vvdz, we obtain
B Be

HAWHH(BE)* <v[[IVW( 2,

Here V* means the dual space to V.

From we get the estimate
IV 28, < cll AW r2(8,),
which together with gives
a1l V2wl L2 (s < 1AW 2(5.) < c2l| VW[ 2(5,). (2.28)

Lemma 2.2.2. Let B. CR", n=2,3, we& H(B.)NW?%2(B.). Then

[Wllzo(B.) < C51/4||V2W||L2 (B.) S Cﬁl/4HAW||L2 B, forn=3, (2.29)
and

Il () < eIV W2y < ce AW (s, for n=2, (2.30)

with the constant ¢ independent of ¢.

Proof. The inequality - ) follows from (2.15) and (2.28)), while the in-

equality (2.30) from and (2.28). O

2.3 Stokes equation in a half-cylinder with Neu-
mann’s condition on the base and no-slip con-
dition on the lateral boundary

Let © be a half-cylinder w x (0,+00), where w is a bounded domain in

R™~! with Lipschitz boundary. T' denotes the lateral boundary dw x (0, 400),
and 7 the base w x {0}. Consider the stationary Stokes problem

—vAv(z)+ Vp(x x)+ Z 8xm , €1,
divv(z) =0, x €,
v(z) =0, zel, (2:31)
p(z) = ('), T €7,
v (z) =0, x €.
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Define Jrp = {n € W'%(Q) : divp =0, n|r =0, n.|, =0}. Assume that
f.f, € L?(Q2) and ¢ € L?(y). By a weak solution of problem (2.31) we

understand a vector field v € Jr satisfying the integral identity

u!Vv:Vndx:Zw(w’)- nda:+/f ndm—Z/f a—n (2.32)

_1Q

for every vector field n € Jr .

Theorem 2.3.1. Assume that f, f,, € L*() and ¢ € L*(v). Then there
exists a unique weak solution v of problem (2.31)). It satisfies the estimate

Ivliwre@ < C (Il + D lnllzze) + 1¥llraey)  (2:33)
m=1

with a constant C independent of £, £, and .
Proof. Define in Jr o the inner product [v,n] = V/Vv : Vn dx. Using

Q
Cauchy-Schwarz inequality and the trace theorem, we get

‘/w )-n da’

This is linear continuous functional for all § € Jr . Then by Riesz represen-

<Yz lm a2y < ClYlze IVl L2 @)-

tation theorem, we obtain that there exist a unique element ¥ € Jr o, such

that
/ U(z ‘n da’ = [¥,n)].

Again using Cauchy-Schwarz and Poincaré—Friedrich’s inequalities, we prove
that the right-hand side of the equation ([2.32)) is a linear continuous func-

tional, i.e.,

| [£m da] <z Il 2@y < ClE 2o [V nlz2(0)
Q

< Z [£mll L2 () IVl L2(0)

n a n
‘;lﬂ/fm.agndxléglﬂfmﬂp Ha ‘

By Riesz theorem there exist a unique F,F,, € Jr 9. Hence

n

/fndw—[Fn] Z/f on —do= ) [Fr,m],

,19 m=1
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for every m € Jro. So, we can rewrite (2.32)) integral identity and we obtain

1\1:+ 1F ZFm,

m=1

i.e., the solution exist and it is unique.

To get estimate (2.33)) in the (2.32) we take n = v, then using trace

theorem and Poincaré—Friedrich’s inequality, we get

IVVlZ2() < Cllw @)z VY] 220) + CllEll 2 () IV VI 22(0)

+ Y fnllz2 @) IVVllr20),
ie.,

[Vllwrag < O )+ 1€l 2y + 3 IEnlzze ).
m=1

Let us define in a half-cylinder €2 weighted function spaces. Denote

Eg(x) = exp(26zy,). (2.34)

Denote by WEZ(Q), [ > 0, the space of functions obtained as the closure of
C5°(£2) in the norm

s = (3 [ Eslpo)Par)’

Ial 00
and set W2’2(Q) = ﬁ%(ﬂ) Notice that for 5 > 0 elements of the space
WEQ(Q) exponentially vanish as x,, — 0o.
Denote Q5 ={z € Q:x, > d}. There holds the following theorem.

Theorem 2.3.2. Assume that f, £, € E%(Q), B>0. If B is sufficiently small,
then the weak solution v of problem belongs to the space WE’Q(Q).
Moreover, if Ow € C? and f,, =0, then for any § >0, v € W;’Z(Q(s) and
there exists a function p € L3, .(Q) with Vp € E%(Q(;) such that the pair (v, p)
satisfies equations (2.31)) almost everywhere in Q5. There exists a constant

a such that  lim  p(xz)=a in the sense
2€Q,|z|—00

/exp{2ﬁ1xn}|p(x) —af*dz <oco VB €(0,5). (2.35)
Qs
This assertion is a corollary of Theorem A.1, Theorem A.2 and Propo-
sition A.1 of [70], see also [73], [74]. The regularity of the solution in s,
needed for the proof, follows from ADN estimates (see [2]).
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Chapter 3

Time-periodic Stokes equations

3.1 Formulation of the problem

Let us consider the time-periodic Stokes system with non-homogeneous

boundary condition

vi(z,t) —vAv(z,t)+ Vp(z,t) = ( t), (x,t) € 2 x(0,27),
divv(z,t) = (x,t) € 2% (0,27), (3.1)
v(z,t)= cp( ) (x,t) € 092 x (0,2m),
v(z,0) = v(z,2m), x €,

in two-dimensional multiply connected unbounded domain € with an outlet

to infinity (see Figure [3.1)).
We will prove the existence and uniqueness of a weak solution to problem

(3.1) in such domain.

By a weak solution of problem ({3.1)) we understand a solenoidal vector
field v with Vv,v; € L%(0,2m; L?()) satisfying the boundary condition

v|sq = ¢, the time periodicity condition v(z,0) = v(z,27) and the integral

identity
21 21
//vt ndxdt—i—u//Vv Vn d:):dt—//f 7 dxdt
0 0

for all time-periodic n € L%(0,2m; H(Q2)).

Since v is divergence free, integrating divv = 0 over the domain QN {x €
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D : x9 = R} with sufficiently large R, we get

0= / divv dx = / v-n dx
QN{zeR:zo=R} A(QN{z€R:xz2=R})

:/V-ndS+/v'ndS+ / v-ndS
Fl A O’(R)

:/cp-ndS+/<p-ndS+ / v-n ds,
I A o(R)

where o(R) = (—g(R),g(R)) is a cross-section of an outlet to infinity D by
the line x5 = R. T'; is the inner boundary and A =suppe NIy C I'vN Bg,(0)

(see Figure [3.1)).

Figure 3.1 — Domain {2

So, the flow rate of v over the cross-section o(R) do not depend on R

and the following condition has to be fulfilled. Let Fr) = / @-n dS and
I
Flowt) — / -1 dS be the fluxes of the boundary value ¢ over the inner and
A

the outer boundary, respectively. Then

/ v-ndS = _(J,—_-(inn) _i_f(out))'
o(R)
3.2 Construction of the extension of the boundary
value
In order to reduce a non-homogeneous boundary value condition to the
homogeneous one, we shall construct an extension A of the boundary value

. Since ¢ is independent of time, the extension of the boundary value

could be constructed using similar ideas as in [32]. Additionally, we need
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to estimate the term ||[VA|. We construct the extension A in the following

form:

A(x) =B (2) + B (),

where B(™) extends the boundary value ¢ from the inner boundary I'y, and

B(©") extends ¢ from the outer boundary I'y.

3.2.1 Construction of the extension B{nn)

First, we construct a vector field b(™) such that
divb@™™ =0, bI™|yprs0 =0, / b . n d§ = Fim),
o(R)

Let A,
x € D to the line v4 = {z: 21 =0, 22 <0} and to the boundary 0D NoQ

Appraa and Agg\p be the regularized distances from the point

and to the set 9\ A, respectively. The regularized distance satisfies the

following properties.

Lemma 3.2.1. (See [78]) Let M be a closed set in R2. Denote by Ap(z)
the reqularized distance from the point x to the set M. Function Apaq(x) is
infinitely differentiable in R?\ M, and the following estimates

ardp(z) < Ap(z) < agdpq(z),  |D*Ap(x)] < asdy,(z),  (3.2)

hold, where dg(x) = dist(x,G) is the distance from x to M, positive constants

ay,ay and as are independent of M, and |a| is an order of differentiation.

Define in D a Hopf’s-type cut-off function

() q,<ln oAy, (@) )

Approa(z)

where ¥ and p(7) are smooth monotone functions

Sdo, T < Fdo,

U(t) = and  o(7) = 2 (3.3)

where dj is a positive number such that dist(y4,0DNIN) = dy, and aq,as

are positive constants from the estimates of the regularized distance (see

Lemma [3.2.1)).
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Lemma 3.2.2. The function §(x) =0 at those points of D where o(A, (x)) <
Approa(x), while the dy/2-neighbourhood of the line 4 is contained in this
set; £(z) =1 at those points of D where Agproa < e to(Ay, (x)). The

following estimates hold:

O&(x) | _ c 9%¢(x) c

Oz |~ Aopnoa(x)’  |0zkdz| ~ Adp ya(z)’
PP () c
Oxjdzi| ~ Adproa(r)

Proof. The proof of the lemma follows directly from the definition of the
cut-off function £(x), properties of the regularized distance and the fact that
supp V() is contained in the set where Agpraa(x) < 0(A4, (z)). For more
details see [76]. O

Let us define the vector field

b{"™ () = —F () <a§f) ; —agf)) reD"={zeD:z >0}, (34)
2 1

where

&(z), zeDT,

0, xeD\DT.

Lemma 3.2.3. The solenoidal vector field bginn) (x) is infinitely differentiable,

vanishes near the boundary 0D N O and the contour vy, the support of

bgmn) (z) is contained in the set of points x € DT satisfying the inequalities

oAy, (z))e ™" < Agproa(z) < oAy, (7). (3.5)
Moreover,
/ bginn) .n dS = ]:(inn)7 (36)
o(R)
and the following estimates
. (inn)
b ()| < c’f;(x)" ve DY, d(z) = dist(z,0DN0Q),  (3.7)
. JT_‘(inn)|
iy < P e, 3.8
| 1 ( )’ g(l_2) ( )
. (inn) . (inn)
|Vb§1nn) (.CC)’ < C|F ’ |Abgmn) (.T)| < C|JT" |7 v D, (39)

g%(x2) ’ 93(x2)

hold.
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Proof. Relation (3.5)) follows directly from Lemma
By the construction of bgmn) we easily show (3.7)):

. 9B 9(R) oF of 0
/bglnn)'ndS: / bglnn)'ndS:_]:(inn) / ( f(x);_ §($)> . dxy
Oxo oxy 1
o(R) —9(R) —9(R)
9(R) ~ g(R) .
— _]:(inn) / <_ 85(33)) dxl — .F(inn) / ag(x) dfl:l
0z or1
—9(R) —9(R)

:F(inn)(g(g(R),R) —5(—9(R),R)) — p(inn)

This proves that the flux is independent of R.
According to the definition of bginn)(x) and Lemma we obtain the

following estimates:

' . ~ 2 t 2 (inn)
b ()] < [FE)| (ag(‘”)> +<8§(:13)> < o)

0z 0z = Approa(z)’

~ 2 ~ 2 .
VB ()| < |70 (825(“”)) +<825(x)> < A7 )

8.%'181‘2 81‘281‘1 A%DHBQ(IY

~ 2 ~ 2 .
|AB{™ (2)] < ) (835(””)> +<635<$)> < A7 (39)

0x20x9 0z20x, A3 pro0(T)

Due to estimates for the regularized distance (3.2)), inequality (3.7 follows
from (3.10]). Notice that for points = € supp bginn) the inequalities

c19(w2) < d(w) < cag(w2)

hold, where ¢y, co are positive constants (see [76] for details). Then estimates

(13-8), (3.9) follow from inequalities (3.10))-(3.12)). O

Let us define on 99 a vector field

0, zely,
hy(2) = bP™ + U™, & € 809 NID,
by, z € 00\ (T U (8% NAD)),

with b{"™ given by (34) and by™ defined as following:

bg;nn) (IL‘) — ]:(inn) vq(x)7
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1
where ¢(x) = ~5 In|z| is a fundamental solution of the Laplace operator in
R, "
Notice that bg;nn) (x) is a solenoidal vector field:

divb§™ = div FI v g(z) = Fidiv V(z) = FO Ag(z) = 0.

Since

/Vq(x)-ndSzl, / Vg(z) -ndS=-1,
I 8Q0\F1

we have that

/ bl . nds = / FEmgg(z) - nds = Fm) / Vq(z)-nds = Fim),
I I I

/ bl nds = / Fimgg(z).nds = Fiom / Vq(z) ndS = —Fim),
9Q0\I'y 9Q0\I'y 9Q0\I'y

(inn)

Then according to the properties of the vector fields bgmn) and b u s we get

/hl-ndS: / b{™ . nds + / b . nds
Qo 0QpNOD 8Qo\F1

— ]:(inn) _F(inn) = 0.

In order to extend hy into )y, first, we define the solenoidal vector field

) _ <8H(x) - 6H(ﬂﬂ)) |

- 69@2 ’ 8.271

where H € W22(Qy) satisfies the following boundary conditions:

8H($) inn inn
M) g
2 laaenan 890NOD
aH(l’) inn inn
T =i o)
b laqenan 890N0D
0°H(x) _ abgifn>+ab§;“)
03 0xo Oxa ’
0QoNOD

0QoNOD

_ b(inn) ’
# GQO\I‘lu(aQoﬂaD) .
00 \I'1U(0Q0NID)

OH(z) OH(x)
8332 T 8301
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For the proof of the existence of H, see [49]. Then we extend h; into g in

b(inn) _ .
o1 (x) 833‘2 ’ 8.%‘1 ’
where the support of Hopf’s-type smooth cut-off function « is contained in
the neighbourhood of €y \T';. We get bgi1 " e W22(Q) and bgln " satisfies

the following estimate:

the form

Hb(()ifn)wa(Qo) < clhallyszz oo,
< eIbY™ Nyszaoanry) + 108 s 2a@agnan) < dFE),
where the constant ¢ depends only on the domain Qg (see [49]).
Next, we define the vector field, which "removes" the non-zero flux from

the inner boundary I';:

b(inn) b;iﬁnn) - b(()lnn)v z € o,
b{m™), z€D.

(inn) (inn)

Notice that by the construction the function b and its derivatives

ab(inn)

81’2
W22(Q). Then we define a vector field

cp—binn), rely,
hy =
0, l‘Eaﬁo\Fl,

x1

have no jump discontinuity passing from Qg to D. Therefore, b(i") ¢

which satisfies the following condition:

/ho-ndS _ /cp-ndS—/b;;HH) ‘nd§ = Flm) _ Flm) _ g
I It Iy

Therefore, the function hy can be extended inside €2 in the form

) () <a<x<x>E<w>>. ﬁ(x(l‘)E(w)))’

where E(z) € W22(y), (8(];11:) , —a];éx)
2 1

smooth cut-off function x is contained in the neighbourhood of I'; (see [49]).

) = hy, the support of Hopf’s-type

Finally, we put
B(inn) (:L‘) _ b(inn)(l') + b(()inn) (l’)

(inn)

The properties of the extension B are formulated in the following lemma.
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Lemma 3.2.4. The vector field BU"™ is solenoidal, B |r, = p|p, , B loo\r,
=0, B e W22(Q) and satisfies the following estimates:

. F(inn)‘
B (7)] < L r €D,
B ()| e
) ]:(inn)’ ) C‘]:(inn)’
VB (7)] < 6’7, AB™ ()| < 22— zeD,
| I gy | DI gt

|B(inn)(x)| + WB(inn)(x)’ + ‘AB(inn)(x)‘ < C’]:‘(inn)|7 rcQ\D.

3.2.2 Construction of the extension B(°ut)

Take any point M e A cTy. Let 7y be a smooth simple curve, which
intersects 9Q at the point (), and

v =4 U0,

where # is a semi-infinite line lying in D, 7y is a finite simple curve connecting
4 and the point (V). Assume that inf |z—y|>=do.
TE€y,y€ONN\A
Define a Hopf’s-type cut-off function

_ o 1q 22 (2))
()= (1 AGQ\A(JC))’

where functions ¥ and p are defined by ({3.3]).
Lemma 3.2.5. Function ((z) =0 if o(Ay (7)) < Apo\a(x), while the do/2-
neighbourhood of the curve is contained in this set. Function ((x)=1 at those

points where Ago\p(z) < e o(Ay(x)). Moreover, the following estimates
hold:

oz)| e &*¢(x) c

&ck h Aag\A(SUY afL‘kal‘l h A%Q\A(l’)’
9%((x) c
Ox20xy| A%Q\A(x)'

Proof. The proof follows directly from the definition of ((z), properties of
the regularized distance and the fact that supp V{(x) is contained in the set
where AaQ\A(JE) < Q(AV(JL‘)) O

45



Let us introduce the vector field

oC(x)  d(x)
(out) _ r(out) [ A S
b(z) =F t(axg’ am)’

where {(z) = ¢(z) above the curve , and ¢(x) = 0 under the curve .

Lemma 3.2.6. The vector field b s infinitely differentiable and solenoidal,
vanishes near the set O\ A and in a small neighbourhood of the curve ~.

The following estimates hold:

b ()] < ;, reD, 3.13
| @) dao\a (2) (313)
Vb(out)(x) < ¢ ’ Ab(out)(x) < —— ¢ , w€D, (3.14)
| | d?‘?Q\A(‘r) | | de\A(x)
(out)
b ()| < C‘;(m) | sep, (3.15)
ou e Flom)] ou o Fou)|
/b(out) n dS = F(out)‘ (317)
A

Proof. Estimates (3.13])-(3.16]) could be proven in the same way as in Lemma
3.2.3. Due to the construction of b™) we get (3.17):

9(R)
/ b . ndS = — / b . ndS = — / b .nds
A o(R) —9(R)
9(R), . 9(R) .
_ _]:(Out)/ (%(33);_6((9”) ) 0 day = _]_.(out)/ _ ¢ (x) day
0xa o0x1 1 0xy
—9(R) —9(R)
9(R) 85( )
X ~ ~
= Flewt / = day = FO(((g(R), R) ~ (- g(R). R)) = F.
1
—9(R)
]
Let us take

h(z) = ¢(z)|a = b (@)1

Then

/ h(z) ndS = / o(z)-ndS — / b (z) . nds = Fleut) — Flout) — o
A A A
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and h can be extended (see [49]) inside €2 in the form

b (4) = <8(X($)E(w)), 3(X(90)E(5L”))>’

61'2 ’ 8:61

where E(z) € W22(), (agix);_ﬁgagm)
2 1

cut-off function such that y =1 on A, suppx is contained in a small neigh-
bourhood of A.
Finally, we put

)‘A =h and y is a Hopf’s-type

B (1) = b () + b (z).
The properties of the extension B(°") are formulated in the following lemma.

Lemma 3.2.7. The vector field B"™) is solenoidal, B |y = |5, B lao\A
=0, BO") ¢ W22(Q) and satisfies the following estimates:

c‘f(OUt)‘

B(out) )| <
B @<= 0

, T*€D,

9 (x2) 9 (w2)
B ()| + VB (2)| +|AB (2)| < o| FY|, 2z € Q\D.

[VBOW ()| < |ABCW ()| < , r€D,

The sum we have constructed is sought extension A = B(inn) 4 B(out)
of the boundary value ¢. The properties of A are given in the following

theorem.

Theorem 3.2.8. The constructed extension A € W?2(Q) is solenoidal,

satisfies the boundary condition Alpq = ¢ and the following estimates:

C(|f(inn)| + |f(out) |)

< .
|A(z)] < ) , z€D (3.18)
C(‘ /—_‘(inn)’ + ‘ /—_‘(out) ’)
A(z)] < , D, 1
|VA(z)| 2(22) T € (3.19)
C(‘ 7_—(inn)| + ‘ 7:(out) |)
< .
|AA(2)] < ) , zeD, (3.20)

|A(2)|+ |VA(z)| +|AA(2)| < c(|FI|+[FEW)), zeQ\D. (3.21)

Proof. Since A(z) =B (z) + B (1), estimates (3.18)-(3.21) follows
form Lemma 3.2.4] and B.2.7] O
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3.3 Solvability of the problem
We look for the solution of problem ({3.1)) in the form
v(z,t) = A(z) +u(zx,t),

where A is the suitable extension of the boundary value ¢ constructed in
the previous section. Then problem ({3.1) is reduced to the homogeneous

boundary condition problem for

u —vAu+Vp=vAA+f, (z,t)€Qx(0,27),
divu =0, (x,t) € Q% (0,27), (3.22)
u=0, (x,t) € 02 x (0,2m),
u(z,0) = u(z,2r), x €9,

and now we look for the new unknown velocity field u.

Let us denote the following space:

2 ™
120,255 13(9) = G 0,2m 13 @) 7,

per per

L3(9) is weighted space with the norm

ol = | [ lwl2g? da+ [ ol do.
D Qo

Definition 3.1. Suppose f € L2,.(0,2m;L3(Q2)). By the weak solution of

per

problem (3.22)) we understand a solenoidal vector field u with Vu,u; €
L?(0,2m; L2(2)) satisfying the homogeneous boundary condition u|sg = 0,

the time periodicity condition u(x,0) =u(z,2m) and the integral identity:

27

2w
//ut~ndxdt—|—y//Vu:V1} dxdt
0 Q Q

0
2 2

:—V//VA:Vndxdt—i—//f-nda?dt
0 Q

0 Q

(3.23)

for all time-periodic n € L*(0,27; H(Q2)).

Theorem 3.3.1. Assume that the domain Q C R? has one outlet to infinity,
boundary value @ € W3/22(9Q) has a compact support, £ € L2_.(0,2m; L3(Q)).

per
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“+o00

d
If / 3(@ ] < 400, then problem (3.1) has a unique weak solution v=A+u
g=\ZT2

0
satisfying the following estimate:

Vel L2 0,2m22()) + 1IVVIIL2(0,2m522(0)

) teo 1/2 (3.24)
e\ llelliarzzaa) 1+/gg,<3:2)d$2 + 1€l 2, 0.2m22(0)) |-
Ro

Proof. Let us choose (), i.e.,

Qr =QoU Dy,
where Qo = QN Bg, and Dy, = {r € D:2zy < R} with Ry = Q(QRLO)
g(Rk)
= > 1.
Rk+1 Rk+ 2L ) k = 1

The existence of a unique solution u satisfying the integral identity (3.23))
could be proved by three following steps. First, we prove the existence of

the approximate solution u*") to the problem in the bounded domain €,
PNy AuF N7 pEN) = U AA + £ (2,) € Qp x (0,27),
divu®) =0, (z,t) € Q x (0,27),
ulmN) = o, (z,t) € O, x (0,27),
u®M(z,0) =u®N(z,27), zeQ.

(3.25)

Second, we show the convergence of the approximate solution ul®N) to the

solution u® | which satisfies

w® —vAu® 1 vp® = VAA £, (2,1) € Qp x (0,27),
divu®) = 0, (x,t) € Qp x (0,27), (3.26)
u®) = o, (z,t) € Oy, x (0,27), '
u® (2,0) = u® (z,27), x € .

Finally, passing to the limit as k — 400, we prove that the limit function u

is a weak solution to problem ((3.22]).
Consider problem (3.25)). It is well known that every 2m-periodic function

in L2(0,27) could be represented as Fourier series:

(c

i £05) () sin(nt) + £ () cos(nt)). (3.27)

n=1

f(z,t) =
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Let fV) be a partial sum of ([3.27).

We look for the approximate solution (u(k’N )

k,N))

pt in the form

b(k C)(

N
ut M (g, 4) = Z (55) (2)sin(nt) + b () cos(nt)), (3.28)

(k c) N
pEN) (z,1) = Z (55) () sin(nt) + p%°) (z) cos(nt)).  (3.29)

In order to prove the existence of the approximate solution, we need to prove

the existence of Fourier coefficients aSl *) and b( ), n=0,1,...,N. To do

this, we substitute ( -— into the problem (3.25)), and by collecting

the coefficients of sin and cos functions we obtain the following stationary

problems:

—vAb§" (2) + Vpi (z) = 20AA () + £ (),

(ko) (k) (3.30)
leb ( ) =0, bO ’ (a:)‘agk =0,
nayl") (@) ~v AL () + Vp ) (@) = £ (1),
(k) (k,s) (k,s) (5)
—nby, () —vAay, +V =1, (x),
(@ @)+ 95 () = 157 ) s

divalf™(z) =0, divb{(z) =0,
al" (2)]oo, =0, by (2)lag, =0, n=1.2,...,N.

Notice that is the Stokes system with homogeneous boundary condition
and the existence of a weak solution of is well known (see [49]).

In order to prove the existence of a unique solution to problem (3.31)), we
multiply (8.31)); by n € H(Q) and (3.31)2 by & € H(Q). Then integrating
by parts over 2, we obtain the following system:

o o 2 (3.32)
—n/b £dx+u/Vag” vgdx—/f ¢ dz
Qp k

To prove the existence of the unique solution of (3.32)), we use Fredholm
alternative by reducing (3.32)) to the system of operator equations
Balk®) yubke) — R vy e H(Qy),
—BbF9) 4 palks) = FG) - ve e H(Qy),

n
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where B=n [ s, -1 dx is linear completely continuous operator, then s, is

Qp

equal aff’s) or bﬁf’c) and 1 is equal n or £, respectively.

Then we consider homogeneous operator equations

Bal) + b
—Bb*e) 4 ya

—

ke) =0 VneH(W),
#) =0 V&€ H(Qy),

SR S

i.e.,
n/aT(lk’s) n dx+V/Vb,(f’C) :Vnde =0,
Qe Qe

—n/bﬁf@ ¥3 dm—i—Z//Va?(zk’s) :VE de =0.
o O

After substituting n(x) = bk (z) and &(x) = all) () and summing up the

equations, we obtain

y/ Vb (2) 2 dm+y/|Va,(Zk’s)(:v)|2 dz = 0.
Qp Qf,

Then it follows that

According to Fredholm alternative, we obtained that has a unique
solution. Therefore, the existence and uniqueness of the approximate solution
u®*N) to problem is proved.

In order to prove the convergence of an approximate solution u(% )(x,t)
to uk) (x,t) in bounded domains Qj, we need to obtain the estimates for the
norms of u*N)(z,t). To do this, we multiply equation (B-31)1 by utN(z,1),

and integrating by parts over €2, we get

/ugk’N) k) d:v—i—u/]Vu(k’N)]Q dx
Qp Q

(3.33)
= —V/VA : vulsN) d;c+/f(N) a®N) de.
Qk: Qk

Since
N M) — 14 ey,

(
U 2dt

)
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from it follows that
2dt/| (,N) 2 dx+y/|VukN| dz

:—V/VA Vu k) da:—i—/f utN) dg.
Integration with respect to time variable ¢ from 0 till 27 yields

2/’ukN :1:27T| dx—= /‘ukN (z,0)] d:c—i—v//]VukN] dadt
0

:—y//VA Vu(kN)dxdt—i—//f u®N) dz dt.

0 Qp 0 Q

Using the periodicity condition u*™)(z,0) = u®M)(z,2r), we derive

27
y//|Vu(k’N)|2 dadt

0 O

2 27
:—y//VA:quN) dxdt+//f(N)-u(k7N) dx dt.
0 Qp 0 Qp

(3.34)

Notice that we need to get estimates with the constant independent of the
domain Q. To do this, we rewrite equation (3.34) as follows:

27
y//yquN)yQ dadt

0 Q

2 2
:fy//VA:Vu(k’N) d$dt+//f(N)-g-g_1'u(k’N) dzdt.
0 Qp 0 Q

By Cauchy-Schwarz inequality,

27

1///|Vu(k’]\[)(:z:,t)|2 dzdt
0 Q
2 1/2 , 2w 1/2
u<//|VA(x)\2 dxdt) (//|Vu(k’N)(x,t)|2 dxdt)
0 Oy 0 O (3.35)

HE N (a, t)HLQer(O 2mL2())
(k.N)( t 1/2
(//|u’“N> (@,1)] dxdt+// |u (& dxdt) .
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Since, due to Poincaré-Friedrich’s inequality, we have that

21 Ry, g(z2)

(h:N) (i
// [N O // / a®N (2, 4)2da dt
xg ’ |g
—g(z2
21 Ry, g(z2) 27
//de / ‘636 u®M (g, t)‘ dwldt<c//|VukN)(:1: t)| dzdt,
0 R() —g :EQ) ! 0 Dk
from (3.35) we obtain
2m
V//|Vu(k’N)(af,t)|2 dzdt
0 Q
2w 1/2 , 2w 1/2
1/(//|VA(:B)|2 dmdt) <//|Vu(k’N)(a:,t)|2 dxdt)
0 Qp 0 Qp
27 1/2
2
+0Hf( (z, t)”L%er(O%rLQ(Qk))(//|Vu(k’N)($7t)’ dxdt)
0 Qp
9 1/2 N
< VV?W(/WA@U)‘ dﬂﬂ) +cl|f (95 t)”Lger (0,2m;L3 (%))
Qi
27 1/2
X (//|Vu(k’N)(:c,t)]2 da:dt) .
0 Qp
A N ) 1/2
Dividing both sides by V(// ]Vu( ’ )(x,t)| dx dt) , we rewrite the last
0 Qy

estimate as follows:

Va2 0 2m22 @0 < CUV A L2000 + IEM 20,25 22(047))» - (3-36)

where the constant C is independent of the domain €.
Due to Theorem the norm ||VAH%2(Qk) admits the estimate:

IVA I3, = / VAP dr

2
i (inn) (out)
< / (C(‘F(lnn)’+|F(OUt d +/ < |]: |+|-7: |)> dx

Qo )
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Ry g(22)
< c(’]:(inn)|2 + ‘J—_-(out)’2) (1 +/

Ro —g(x2)
Ry,

. 1
Ro

According to the fact that

—— dadx
e e )

(3.37)

|J,—_-(inn)|2 + ’f(Out)|2 < CHQO”%/V:’/Q’Z((?Q)’

from (3:38), using (337), we get

IVu®M | 1200 970200
Ry,

) 1 1/2 " (3.38)
Ol | lellpsz2a) 1+/3(:1:) dzy | | + I8 22 0.2m02(00)) |+
2 g-(Z2

where C is independent of .
Let us estimate the norm of the term ugk’N). Multiplying equation
(3.25)1 by ugk’N) (z,t) and integrating by parts over (), we arrive at

/’ugk’N)|2 da;—i—v/Vu(k’N) : Vugk’N) dx

(3.39)
—v / AA-ul"M dz+ / £V u ) g,

Since

1d
VulkN) Vugk’N) = 5*(’ VuN2),
from (3.39)) it follows that

Then integrating with respect to time variable t from 0 till 27, we obtain

//|utkN|2dxdt+ /\VukN(x%r)\?d:r— /\vu”(m)y?dx

0 Qp
_y//AA ule) dxdt+//f ) dzdt.

0 Q 0
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Using the periodicity condition Vu*™) (z,0) = Vu®N)(z,2r), the last equal-

ity reduces to

//| (k) 2 d:cdt—u//AA ) dxdt+//f u® M) qgdt,

0 Qp 0 Q

By Cauchy-Schwarz inequality,

2r 2 1/2 , 2w 1/2
//|u§k’N)|2 dxdt<y<//]AA|2 dxdt) (//|u§’“’N)|2 dxdt)
0 Qk 0 Qk 0 Qk
o 1/2 , 2« 1/2
+<//yf<N>2 da:dt) <//yu§’f’N)y2 dxdt)
0 Qp
1/2 , 27 27 1/2
< u\/ (ﬂ/VAP dm (//f(N dxdt) )(//mg’“mﬁ dxdt) .
0

2
1/2
Then dividing both sides by (// ]ugk’N) (z,1)|? d$dt> , we obtain the
0 Q
last estimate as follows:
Hut o HL2 0.2m22(2)) < C1(1AA]| 20, + £ ”L2(0,2W;L2(Qk)))a (3.40)

where (] is independent of the domain €.

Due to Theorem 3.2.8

|AA (0, = / AAP de
) (inn) (out)
</<c(’]:(mn)’+]_—(out ) dx +/< ‘-7: ’+|}_ D) dx
3)
Qo
Ry g(x2) (3.41)
<e(FEIP4FOOR) (14 [ [ 2 duday
9°(w2)
Ro —g(z2)
Ry, d
<c(’f(inn)‘2+’]:(out)’2) 1+/ 5(172 .
4 9°(@2)
0

According to the fact that

| Finn) |2 4| Flout)|2 < CH‘P”%VBN»?(BQ)’
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it follows form ([3.40)) using (3.41]) the following estimate:

kN
I} )HL2(0,27r;L2(Qk)) < C1(|AA]| 2y + IEM 1 20 2m:22(00)))
Ry,

1/2
dﬂjg N
< 902 7 <1_|_/ )) +f() 2(0.97: L2 )
<<|| 177372 2(9Q) 4 95 (z2) | Iz (0,2m;L2(Q,)) (3.42)

Ry 1 1/2
T2
<Cl<<H<P\%V3/2,2(aQ) <1+/93($2)>> +||f(N)HL2(o,27r;L§(Qk))>a
Ro

where C1 is independent of €.

For the fixed k, from estimates (3.38)), we conclude that {Vu*N)}
and {uﬁk’N)} are bounded sequences in the space L?(0,2m; L%(€),)). Hence
there exists a subsequence {u*¥=)1 such that {Vu*¥m)} and {ugk’N’")}
converge weakly to {Vu®} and {ugk)} in L2(0,2m; L?(Q%)). Moreover,
{£()} converges to {f} in the space L?(0,27;L?(Q)). For the approximate

solution, the following integral identity holds:

2

2
//uﬁ’“’Nm) - dxdt+y//Vu(k’Nm) :Vn dxdt
0 Q 0 Qy

27 21
:—u//VA:Vn dwdt+//f(Nm)-n dadt
0 Qp 0 Q

for all time-periodic € L?(0,27; H(£2)). Passing to the limit as N, — +oo0,

we get
2 2
//ugk)-n dmdt—H///Vu(k) :Vn dzdt
0 Qg 0Q
L f (3.43)
:—y//VA:Vn dxdt+//f-n dxdt.
0 Q 0 Q

Thus, u®) are weak solutions of problem (3.26]) in bounded domains 2.

Finally, we will get the solution in the whole domain 2. Since the

(k,N)

estimates for the approximate solution u remain valid for the limit

solution u®), from (3-38)) and (3.42), it follows that

k
[ )HLQ(O,Qﬂ';LQ(Qk)) +IVu®| 120 9m12(004))
R

k 1/2
dazs (3.44)
< c((“‘PH%}Vﬁ/QQ(aQ) <1 + / g3(x2)>> + HfHL2(0,27T;L2(Qk))>7
Ry
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where constant c is independent of domain €2y.
+oo

1
Since / m dze < +00, the right-hand side of (3.44) is bounded by

0
a constant independent of €. So {Vu®)} and {ugk)} are bounded sequences

in the space L?(0,2m; L2(Q%)). Therefore, there exists a subsequence {u(+m)}
such that {Vu®m)} and {ut } converge weakly to {Vu} and {u;} as
km — +oo in the space L%(0,2m; L2(€2)). Taking in integral identity
an arbitrary time-periodic test function n € L?(0,27r; H(2)) with a compact
support, we can pass to a limit as £ — 400. As a result, we get for the limit
function u integral identity .

The uniqueness is obtained by standard way assuming that has

two weak solutions w1 and wo, which satisfy the integral identity

21

//awZ 77dacdt—|—u//Vvvz Vn dzdt

2w

:—u//VA Vndxdt+//f ndedt, i=12.

Subtracting the identities, we get

2 o
//gt(wl‘”?)‘n d:z:dt+l///V(w1—w2):Vn dzdt =0.
0 0 -

Taking n = w; — wo, we have

/_/at (W) —wa) - (w; —wg) dadt
—|—V//V w1 —wz): V(wy —wg) dedt =0

(w1 —wa)- (W] —wg) B 18|w1 —w2|2

ot 2 ot
it follows that

Since , integrating by interval [0, 27],

21

y//]V(wl—wQ)]2 dzdt =0.

0 Q

and hence wi; = wao.
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Thus, we have proved that v=A +u is a unique weak solution of problem

(3.1). Estimate (3.24]) for u follows from ([3.44)). Since, for A, the analogues
to (3.24) estimate is also valid, we obtain (3.24)) for the sum v =A +u.

O]
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Chapter 4

Time-periodic Navier—Stokes equations in

a thin tube structure

4.1 Formulation of the problem

Consider in the tube structure B (see Definition [2)) the time-periodic
boundary value problem for the Navier—Stokes equations
1
BVt —VvAV+(v-V)v+Vp=0, 5=0,2, (z,t) € B. x(0,2m),
divv =0, (z,t) € B: x (0,2m), (4.1)
v=g, (x,t) € 0B x (0,2m),

v(z,t) =v(z,t+27), x€B..

Assume that the fluid velocity g at the boundary 0B. has the following
structure: g =0 everywhere on 0B; except for the set yév 1+l
v =0B.Ndw!, j=Ni+1,...,N, ie.,

glz,t) =g <x_0j,t>

,...,Vév,where

Ve e J
g I,t)‘ N - 07
0B\ U Ve
j=N1+1

where g/ € C[%]H(OJW;W?’/M(’W)), [a]- is the integer part of a, 7/ =
e71(74 — O;) denote the corresponding dilated part of the boundary, and
g € O3 0+1(0,2m W3/22(9B,)).

Denote e = egp, (the edge with the end O;) and 2(¢) the Cartesian

coordinates corresponding to the origin O; and the edge e, i.e., z®) =
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P (x—0y), P is the orthogonal matrix relating the global coordinates x
2(€) '
€0, ¥ =0). Denote g(®) = P)gi,

/ga:t )dS—/gj<$
e

e~ 1/g dy(e) =" 1RI(t), j=Ni+1,...,N,

with the local ones z(®), ¢4 = {z:
Let

t) ‘n(x) dS
(4.2)

where n is the unit outward (with respect to B.) normal vector to 47, y© =
@ , , :
L, g7 (y(©) 1) = g/ ((P©))*y(©) t). Since g(x,t) is time periodic, F7(t)

also must be time periodic. Moreover, since we will need the divergence

free extension of g, we assume the compatibility condition for the flow rates

Fi(t):
N

> Fi(t)=0 Vte[0,27]. (4.3)
j=N1+1
Let g be the divergence free time periodic extension of the boundary

function g (here we use the same symbol g, g € C[%HI(O,QW;WQVQ(BE)))
satisfying for all ¢ € [0,27] the following asymptotic estimates

sup |g(z,t)| < e, IVell (s <ce™T Vte [0,27],
IEBE (44)
n—1 n—>5
lgillrzp) <ce =, |IVPgllapy <ce 2 Vte [0,2a],

where the constant c¢ is independent of ¢.

Below, we construct the special extension g in the form of asymptotic
representation of the solution g, such that the discrepancy, let us denote it
by f, of this extension in the equations , is small. But first, we consider
the following variational problem: find a vector-field v =u+g with divu =0,
ue L,(0,2m Wh(B.) NW22(By)), w € L2,,(0,2m; L?(B:)), satisfying the
integral identity

per(

/<€1ﬁut'"+w“:V"‘(<u+g>-V)n-u—<u-v>n-g> de
: (4.5)

:/f-n dz,
Be

for every divergence free vector field n € WLQ(BE). Here g is an arbitrary
extension satisfying (4.4) and f is an arbitrary function such that f €
L2..(0,2m; L*(B.)).

per
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Denote

Ar() = £, 7.y (4.6)

4.2 Solvability of the problem

In this section we prove the existence and uniqueness of the problem
(4.1) in two and three-dimensional cases.

4.2.1 Two-dimensional case

In this subsection we prove the existence of the solution to problem (4.5))

when n = 2.

Theorem 4.2.1. Let B. CR?, 0B, € C?. Suppose that the extended function

ge cl ]+1(0 2m; W22(B,)) satisfies the conditions (4.2), (4.3)), , and
f e L2,.(0,2m; L?(B.)). Then for sufficiently small , the variational problem

per
(4.5) admits a solution u, satisfying the estimates

2

sup |ju(-, )HLQ(B +e //]Vua:t)|2 dzdt < caQJrﬁ/Al dt, (4.7)
te(0,27] -

sup [|[Vu(-, ||L2(Bs —|—//|ut (z,t))? dzdt
t€[0,2m]

0 Be
2m 27 (48)
+s/3//|v2u(x,t)|2 drdt < caﬁ/Al(t)dt
0 B: 0

with constants ¢ independent of €.

Proof. We prove the solvability of problem (4.5) by Galerkin method (see
[49], [79]). The main purpose is to obtain suitable a priori estimates. The
remaining part is standard.

If u is a weak solution, then taking in @ 7) = u, we obtain

5 ﬁdt/’u‘Q dx+u/|Vu]2 d:c—/(u Viu- gdx+/f u dz.

Be
Using and the Poincaré-Friedrich’s inequality @, we derive the

estimate

/(u-V)u-gdx

Be

< HuHLQ(BE)HquLQ(BS)HgHLOO(BE) < ClgHVUH%%Bg)-

61



T

If c1e < ST his gives
sor g [ 10 doty [V do < el Vullfa s + cell€lam [ Vulla,
B Be

1%
< §HVU-H%2(BE) +ce?|f]|72 5.y

Then

1 d v
@@Hu(‘at)’@(&) + §|Wu('at)|’%2(35) < c|[f|Zep,y = ce?Au(t) (4.9)
and, hence, multiplying this relation by 2¢” and using the Poincaré-Friedrich’s
inequality, we get
d _
D1z, +ee® 2l 1) 2, < 26" AL1).
Multiplying this inequality with omitted second term in the left-hand side

by "7t and integrating over ¢ we obtain

[u(-,2m)|[72 (.
21

< (-, 0)|22p, e 2 4 et / A (8) - o= 20-2m) gt )

< Ju(-,0)[32(p,) e 2" +0255+2/A1(t)dt

Consider Galerkin approximations of the solution to problem (4.5) de-

fined by the following system of ordinary differential equations

/ @uﬁN’-wz+vvu<N>:vwl—((u<N>+g>-V)¢l~u<N>—<u<N>-V>¢l-g> da
Be (4.11)

— [ty o
B:

where [=1,...,N, u ka (t)r(x), and {¥}re, is a basis in

the space H(B;).
From estimate (4.10]), which remains valid for Galerkin approximations,

it follows that for every N, the map M : u™)(0) = u™)(27) brings the ball
B+2 2m
CoE

in L?(B.) of radius ro = \/ Py J Ai(t)dt into itself. The operator
J— e *
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M is continuous (see [75]). By Brouwer’s fixed-point theorem there exist a
fixed point of the map M. This insure the existence of a 27-periodic solution
to the Galerkin approximations for each fixed N.

Now we derive a set of a priori estimates for Galerkin approximations
u®™) . Integrate with respect to t. Using the periodicity condition
u™(z,0) = u™(z,2n7), we obtain

2

//\Vu(N (z,t)|* dzdt < ce /A1 (4.12)

0 Be
Because of the Poincaré-Friedrich’s inequality and the mean value theo-

rem for Lebesgue integrals there exist a point ¢, € [0,27] such that

cllu(N)(wt*)H%%BE <IVa™M ()25,

2//\Vu (z,t)]? dedt < ce/Al

0 Be

(4.13)

Without loss of generality we may assume that ¢, = 0 (if not, we can consider
problem (4.5)) on the interval [t,, ¢, + 27| and reduce it, by change of variable
t — t —t,, to the interval [0,27]). Integrating (4.9)) from O to ¢ and using

(ET3), we get

t%gﬂwmcxm%wa<%”é/mamt (4.14)
€(0,2m
0

Estimates and are valid for Galerkin approximations con-
structed using an arbitrary basis and for arbitrary bounded Lipschitz domains.
In order to estimate the higher derivatives of u, we have to assume that
0B, € C?, and as a basis we shall use the eigenfunctions of the Stokes
operator.

Multiplying by )\k%(CN) (t) and summing from k=1 to k=N, we

obtain

| XN N
/ (55 > uf™. wl)\k’Y](gN) vy AuM. 1/11)\k’Y;(€N)
k=1

k=1
N N
> ((u ))\k'Yk " u ) =3 (™). V)\m - g) x
k=1 k=1
_/Zf ka dz, 1=1,...,N.
B, k=1
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Using the properties of the Stokes operator (see Chapter 2), and omitting

the subscript N (below u means u®v )), we rewrite the last equality as

/<€1ﬁut-ﬁu—uAu'ﬁu+((u—l—g).v)u.ﬁu+(u.v)g,£u> dz
B.

:/f-ﬁudx.

This is equivalent to

2 ﬂdt/'vu|2d$+/|Au!2d9«“——/((qug)‘V)uﬁudw
B.

/(u V)g- Aud:c+/f Audm—ZJ

B. Be =1

(4.15)

Let us estimate the right hand side of (4.15)). Using the inequality ([2.5)),

we obtain

Js] < 5/1&1\2 dz + cs Ay (1), (4.16)
B.

| To| < lullpacs) IVl Las) |1 Al 12,
N _
< cg?||Vull 2 IVl Loy 1AUl L2 (B,
< csel|Vull3a 0 IVEl 45, + 011 AU 72 5,

By (7) and (E3),

—1 2 2 1/2 —2
IVell s, < e IVl (I Velm,) + IVl m,)) - <ce
Therefore,

2] < ese ™M [V ullFa ) + 31 Aul3a (417)

Further, by (4.4),

< Hg”LOO(BE)||vu”L2(Bs)H£uHL2(B

/(g-V)u-ﬁu dz
Be

(4.18)
< sl Vulfzgs,) + 01 Au] 7z g,y

Finally, applying (2.2)) and (2.7)), we get

/(u-V)u-ﬁu dz
Be

< ”u”L‘l(Bs)HVUHL‘*(BE)HAU-HLQ(BS)
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N

< ese Ml 2 IVl Zepy IVl F2(p. + €21V ull72(5,)
+§\|Au||%2(35) < ese Hullp2s I VallZ2 s,

5o~
+esl|ull 2 s IVl 72 V0l 28, + §HAUH%2(B )

(4.19)
< es(Lt [[ulFap)IIVul fa(s, + 0l AullZa s
21
05(1 +€2+5/A1 dt)Hvu”L?(B +5HAUHL2
Substituting (4.16 into and taking 0 = % we obtain
5dt/|Vu|2 dx+/|Au\2 do
2T (4.20)

<Oy (1+82+5/A1(t)dt)HVUH%Q(B
0

+C3(1+e 1) [ Vullz )+ CoAi(t).

Denote Y (¢ /|Vu z,t))? dz, dy = Cy (1+52+6/A1 dt) Then, we can

rewrite as
B B B
9 & _ 9
Y'(t) < 7d1HVuH%2(BS)Y(t) +Cs—(1+e DIVullfzp. + —CrA (1),

Hence,

!/

——fd1||Vu 12 dr
(Y(t) 0 L3(Be) )

_ffd1||Vu T)HLQ(B ) dr

< 0456((1 —|—5—1)||Vu”%2(38) +A1(t))
<G (147 VulFas,) +A1(0)).
Integrating the last inequality and using (4.12)) and (4.13)) with ¢, =0, we

obtain
27

Y (1) < cV(0)+ e’ / A(s) ds

2 27
< (24P / Ar(f)dt < ce” / Au(f)dt
0 0
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From (4.21)) we have

sup [|[Vu®™ (- ¢ HLz cz-:ﬁ/Al (4.22)
te[0,27]

Substituting (4.22) into (4.20) and integrating by ¢ from 0 to 27 imply

21
//]Au(N)\ dxdt<c/A1
0 Bg
e (1424 / Ay(t)dr) / Ay (t)dt / IVuM|2apy dt - (4.23)
0 0 0

2

—I—C(l—l-g_l)/HVu(N)H%Q(BE) dt < C/Al(t) dt.
0 0

d
Let us estimate the norm of ugN). Multiply (4.11)) by &'y,(CN) and sum
up the obtained equalities over k from k=1 to k = N. Again omitting the

subscript IV, we obtain

1
E—B/Iut\Q d$+55/‘VU|2 dx
B:

:—/((u—i-g)-V)u-ut dx—/(u-V)g-ut dx—i—/f-ut dz
B Be Be
< (lallzee(s.) + I8l o) IVl 25,y 0ell 25,
Flallee ) IVl 28 luell L2 5oy + 1Ell 2280 0t 28
< Ofluell® +esllullie oy IVallZes,) +esllglie s IVulliz s,
+esluloe p) V8 T2 (5 + AL (2).
Taking sufficiently small § and integrating over [0, 27|, we obtain the inequal-

ity

<—)//\ut,z dxdt<c/A1 dt—i—c/HuHLw |V 22 5, dt

0 Be

+o / 1813 (5, IVl dt+c / 8132 e i,

/A1 )dt +ce sup |[Vul/s (B.) /HVQuH%z(B) dt
te[0,27]
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2

+c sup ”gH%OO(Be)/”qu%Q(BE) de
te[0,27] 0

tes sup [[VgllEaqa) / 192035, dt

t€[0,27]
2m 2m
(12.28) ~ 9
< e [Mwadttes s |Vl / Bl
t€[0,2m]
0

te sup gl / 025,y

t€[0,2m]
27
+es o Vel [ 180l
t€[0,27] s

2
< C / Ay (t)dt.

0
Thus,
2T 2
/ / ™2 drdt < ce? / Ay (t)dt. (4.24)
0 B: 0

Estimates (4.13]), (4.23) and (4.24)) ensure (in standard way, see [49],

[79]) the convergence of a subsequence of the Galerkin approximation and

guaranty the existence of the solution u. O

Theorem 4.2.2. For sufficiently small e the solution of problem (4.5)), n=2,

1S unique.

Proof. Suppose that there are two solutions u; and ugy of problem (4.5))
satisfying the conditions of Theorem [4.2.1} Subtracting the identity (4.5)
for us from the one for u;, we obtain for the difference w = u; —uy the

following identity

1
/(E—Bwtﬂ—l—l/VW:Vn—(ul-V)n-w—(w-V)n-uQ
Be

*(g-V)n-W*(WV)ng)dx:O,

for every divergence free vector-field i € WLQ(BE). Taking n = w we obtain

92 Bdt/|w‘2d$+y/|vw|2d$_/(w V)w - uy da:+/ (w-V)w-g dz

B:
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<l | VWl 252y (2l .y + gl o) )

3.1
< cllVwilap (IVell 25, + V8] 25, )-

Integrating the last inequality with respect to ¢ we derive

2

V//\VW|2dxdt
0 B.
27
<es( smp IVwellizga + sup IVelizenn / s
te[0,27) t€l0,2
27
(7N (7)) 1/2
€349 cg<(5ﬁ/A1(t)dt) +e-1/2>/|vaH%2(B)dt
0 0
2m 1/2
For sufficiently small ¢ (i.e., if ce((sﬁ/Al(t) dt) +€1/2> < v) this
0
implies
2
//|VW|2dxdt:O,
0 B.
and, hence, u; = us. ]

4.2.2 Three-dimensional case

In this subsection we prove the existence of the unique weak solution of

problem (4.5) when n = 3.

Theorem 4.2.3. Let B. CR?, 0B. € C%. Suppose that the extended function
g belongs to C[%Hl(O,%r;WQ’Q(BE)) and satisfies the conditions ,
@3), (*4), fe L2,(0,2m;L*(B:)) and I£llz2(B.) < co, the constant co is
suﬁ‘iczently small and independent of €. Then for sufficiently small € there
exists a solution to the variational problem . The following estimate

T 27
ts[gg]Ilu(~,t)lli2(Bg)+€ﬂ/IIVU(-,t)II%%Bs)dt<C€2+6/A1(t)dt, (4.25)
€(0,27

0 0

holds. If the constant cq is sufficiently small (independently of €) in the case
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B =0 or if =2, then there also holds the estimate

sup HVu(-,t)HQLz(BE)+//|ut(w,t)|2 dzdt
te(0,27] o

(4.26)
21
+eﬂ/||v2 Ol225.) tgceﬁ/Al(t)dt

0

Proof. Asin Theorem we use Galerkin approximations. First, applying
the inequality (12.3]) instead of (2.2)), we prove, exactly in the same way as
before, the existence of Galerkin approximations and the following estimate

for them

1
—5 Sup ™ HL2(B +//|Vu (z,t))?dzdt < cs/Al dt.  (4.27)

€7¢elo,27] 0B
£

In order to estimate the higher derivatives of u, we use as a basis the
eigenfunctions of the Stokes operator. Taking in (4.11)) Galerkin approxima-
tions with the basis {w},}72;, multiplying it by AkvlgN) (t), summing up the
obtained equalities from k=1 to k = N, and using properties of the Stokes

operator (see Chapter 2), we obtain (here we again omit the subscript N)

QZﬂi/qudH/mFdx:/<<u+g>-v>u-£udx
B: Be
(4.28)
/(u V)g- Auda:+/f Auda:—ZJ
Be Be

Let us estimate the right hand side of (4.28]). Using ({2.1), (2.4)—(2.10)),
(2.29) and (4.4)) for n = 3, we obtain

Js] < 5/y£u|2dx+ca,41(t), (4.29)
ol =| [ (V) Buda| < lullsoe ) [ Vellzzm. | Bules,
B. (4.30)
(12.29) 1 9
<c €if|Aulliz g,
il = [(g-VyuBuds| < llglse o IVal 2o | Bul 20
B (4.31)
2.9)

< cgllgllze )Vl e, l[Aull 2,y < cel|Aullfz g,
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|J12| = < csllullZe (B:) ||V11||L3(BE

/(u V)u-Audz| <
Be

+6/|Au|2dm E3ED /|£u|2dx
B. B:

+esl Va2 g IVl 2. (”qu%Q(BE) +52||V2u||%2(35)) ’
(4.32)

N|=

2.9 ~
/|Au|2dx+c(ss_1||Vu||‘zz(Bs)<052||V2u\|%2(36) +€2||V2u|]%2(35)>
B:
Aul? 5K
< 6 [ 1BuPdat csl| Vuls, | Bul s,
B:
<26/]Au|2da:+c(;||Vu||%2(Bs).
B:

1
Substituting (4.29] into and taking § = T3 implies
/]Vu| dz + (—C1£1/4> /|Au|2dx
2 2 dt (4.33)
< o[Vl Ga g, + C3 AL ().
. . 1 1
If ¢ is sufficiently small (54 < >, then
4C

1
—(Clet >

)

=1 w
N =

and (4.33) yields

2 2
o dt/\Vu| dz+ = /|Auy dr < Col|Vu[Sa )+ CaAr(t).  (4.34)
Denoting z( / |Vu|?dz, we rewrite (#.34)) as
28 2P 2 2P
(1) < S-Caa(t)’ + —CaAi(t) < (1+2(1)?) (ngz(t) + iC’gAl(t)>,
'(t 2eh 27
AU %ng(t) + %03,41(75). (4.35)
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Integrating (4.35)) by t and using (4.27)), we obtain

27
2eh
arctan z(t) < arctan z(0) + %Cg/ t)dt+ —Cg /A1

0
. (4.36)

< arctan (0452/A1( )d ) <C5EB+2+—C;; /A1
0

Here, as in previous subsection, we assume that ¢, = 0. For sufficiently small
€ in the case 8 =2 or ||f||;2(p.) < co where ¢p is a sufficiently small constant

in the case 8 =0, the following inequalities

27
2e0 T
24P -z
(et += 03)/A1(t)dt< Z
0

2w 2

2¢ 1

0462/A1(t) dt 4 tan [<C5€2+6+i03>/A1(t) dt] < 5
0 0

hold. Then (4.36|) gives

2m
z(t) :/|Vu|2dx<06 (52/A1(t) dt +tan
0

21
2e8
(0552“3 n icg,) / AL(t) dtD
0

27
gcaﬁ/Al(t)dt,
0
ie.,
27
sup [V ()2 5., < 2 / Ay (t)dt. (4.37)
t€[0,27] s

Substituting (4.37)) into (4.34) yields

/HV2 O Dl dt S e /HAu D2, dt

<c<535 (/Al(t)dt> +/A1(t)dt> gc/Al(t)dt
0 0 0

Let us estimate the norm of ugN) Taking in the integral identity (4.5))

d
n= ugN) (more precisely, multiplying (4.11]) by T ’y( )

(4.38)

and summing by k
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from 1 to V) we obtain (omitting the subscript N)

1 vd
?/|ut|2dx+§a/]VU|2dx
B Be

:—/((u—i-g)‘V)u-ut dx—/(u'V)g-ut da:+/f~ut dz
BE BE BE

< (4.39)
<l oo gy IVUll 28y el 28, + gl e (B VUl L2y [t L2 ()

+Hull oo By IVEl 2B 10l L2y + Il 2 (B0 [t 22(B.)
<40l wel[F2 ) +csllulFoem IV UlT2s) +csllgllo o IVl 2,

+eslull? BE)HVgHLQ ) +esAn(t).

Integrating (4.39)) over [0,27], using the periodicity condition, (4.4)) and the
inequalities (2.29)), (4.38)), for sufficiently small § we derive

o 27
1 1
(66_2> //|ut|2 dxdt<c/HUH%oo(BE)HV“||%2(BE> di
0 B. 0

21

te sup (g0, [ IVula, dt
te[0,27] b

te sup ]||Vg<-,t>u%2<35> [l s, e+ / Ay(t)dt
(S T

el
cel? / V20l 5| V325, -+ / 702, d

+ce1/2/HV%H%Q(BE)dt+c/A1(t)dt<
0 0

27 ™
<ce1/ztes[gg V2, BE)/HV2uH%2(BE)dt+C/Hqu%z(Ba)dt
] 0 0
- ) . (4.40)
+C€1/2/HVQuH%Q(BE)dt+c/A1(t)dt< C/Al(t)dt
0 0 0

Thus,

//yu N2 dxdt<c5f8/A1

0 B.
Estimates (4.27)), (4.38) and (4.40)) ensure the convergence of the Galerkin

approximations and guaranty the existence of the solution (see [49], [79]). O
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Theorem 4.2.4. For sufficiently small e the solution of problem (4.5)), n=3,

1S unique.

Proof. The proof is absolutely identical to that in the two-dimensional case

(see Theorem [4.2.2)), we only have to use inequalities ([2.3]), (4.26] instead of
2-2), @38). O

4.3 Asymptotic expansion

Let us describe the procedure of constructing an asymptotic expansion of
the solution to problem in the case § =2. The case § =0 is completely
similar to the asymptotic expansion constructed in [70, [71] with only one
difference that all functions depending on time are 27-periodic (instead of
being equal to zero in some neighbourhood of ¢ = 0).

First, we solve the time-periodic problem on the graph and find the
macroscopic pressure as a periodic in time function linear on every edge
with respect to the longitudinal variable :cgf). At the nodes, it satisfies
the Kirchhoff-type junction conditions. This problem on the graph is the
time-periodic analogue of the problem considered in [68]. It defines in every
cylinder ng) the Poiseuille type velocity depending only on the transversal
space variable 2" of the tube. We multiply the Poiseuille type velocity
and pressure in every cylinder by cut-off functions ¢ equal to one in the
main middle part of the cylinder and vanishing in some O(g)-neighbourhood
of the nodes. This multiplication generates a residual in the right-hand
side of the Navier—Stokes equations, having a support belonging to a O(e)-
neighbourhood of the nodes. Then we construct the boundary layer cor-
rectors, compensating this residual. These correctors are solutions to the
Stokes equations in the dilated bundles of cylinders extended by outlets to
infinity.

In this context the asymptotic expansion of the velocity is constructed

in the form

D) = S (B e (el =y SR yten eor
v (.’L’, )_ZZIC( 3T€>C( Ire >jZO€ i (y ) )
N oy (4.41)
a;‘— .
(1)) X v,
=1 min j=——1
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where y =

, ¢(7) is a smooth cut-off function independent of £ with
¢(r)=0 for 7<1/3 and ((1) =1 for 7 >2/3, 0 < ((7) < 1. Here |€|min
is the minimal length of the edges, r = 3max{diam o1,...,diam on}+1,
V§~ei) (y(ei)/,t) are the Poiseuille type velocities and the boundary layer terms
VBBLOZ](y,t) exponentially decay as |y| tends to infinity.

The asymptotic expansion of the pressure has the similar form:

5L ) )
3 (o) 3 g,
=1

|€hmn j=——1

The asymptotic solution is constructed by induction with respect to j.
At the base (initial) step 7 = 0, we consider the following problem on the

graph: find a function pg € L2,,(0,2m; W12(B)) such that equations

per(

9 1190, (e . ,
e (L @) =0, o€ (0.fe) Yemes, =1 M

¢) Op

_ Z( )(9 0 ) (0,t) =0, I=1,...,Ny, (4.43)
e:0;€e ffn
0

( ()860))(0 t)=Uy(t), I=N1+1,...,N,

Tn

hold. Here W (¢ / g;-ndS. Operator L(®) relates the pressure slope S

7!
and the flux  in an infinite cylindrical pipe with section ¢(®). Namely,

consider the following periodic in time boundary value problem for the
0,27) find V € L2,,(0,2m; W2(0(9)) with

per

heat equation: for given S € L?

oV

2 eI?

at E per
oV

ot

(
per
(0,27; L?(0(®))) such that

= ) —vAl VY ) =S(1), Yy ed, t>0,
V' Olge0 =0, V') = V(Y t+2n)

and denote

LOS(t) / V(y © — ().

L) is bounded linear operator acting from L?_.(0,27) to W1.2(0, 27T) (See

per

[4], [I7]). Denote MS =V. The existence of a solution to problem (4 is

per(
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proved in [72]. Let us represent p(()e) in the form

o @) = = ()l + i (1),

For every edge e; define the Poiseuille type velocity V(()ei)(y(ei)/,t) as a vector
such that in the local coordinates its last (i.e. normal) component is Ms(()e),
while the tangential components are equal to zero.

[BLO,| p|BLOj]

Next, we find the boundary layer correctors (Vy Py ) as solu-
tions of the periodic in time Stokes equations in the dilated domain: union of
semi-infinite cylinders having the common node O;, and the corresponding
w'. Namely, let O; be a node which is the common end of edges €irse--»Eip,

of the bundle B;. Define the semi-infinite cylinders
I, ={y eR": Plisly € o™ x (0,+00)}

and the domain €); with m outlets to infinity corresponding to the node O;:

H Wt
U 7]9 U

We introduce the boundary layer pressure of the rank —1 as
(BLOJ] Yo
P2y, (Z C( r>—1)Po(Oz,)
e:0;€e

Here pyg is a continuous function on B without jumps at the nodes, so that

po(Oy,t) is well defined. The boundary layer velocity of rank —1 is equal to

[BLOl}(y £)=0.
The boundary layer terms (VEBLO”,PO[BLO”) are defined as a solution of

zero: V

the periodic in time Stokes problem in the unbounded domain );:

aatV[BLOZ] AyVBBLOl] +v, P(gBLOl]
(e) 2 ()
_ Un_\ O @), (o) 0 Yn YY)y (o)
B Z (C( >8t% ( at)+ya (e)2 (C( 3 ))VO (y 7t)
e:0;€e Yn

(e) (e)

Yn N @) 6@ gy — Yn_\\gle)
+, (%)) 67 @) vy(<(3r))a1 1), yew,

(e)
e, VPO = = S O (B ), yea,
eOlEe8

Vg0, =0, VPO y,t) = VPR (14 2m),
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(e)

where the local coordinates have the origin at O; and a; ’(¢) is an un-
known function. This problem is decomposed to two independent ones: first

we solve it without the term containing &ge) (t) in the right-hand side for

gtV[BLOz] yA, VIPLOL L g plBLOI
(e) 2 (e)
_ Yn \ 9 1@, (e 0 Yn Y\ oy (o)
- S () 2 e VW
e:0;€e Yn
(e)
Yn (e)) ()
O W), v
(e)
. B Yn (e, ()
dlvyV([)BLOl]— Z ¢ Vorn @9, t), yey,
eOleeay ) (ST)
Vi Mlon, =0, Vi, 1) = Vi Oy, 14 2m),

and find a solution V[BLOZ] which tends to zero as |y| — oo, while I%BLOZ] at

each outlet H ; tends to a constant ay; (t), except for an outlet corresponding
to a selected edge es where it tends to zero (this is possible because the
pressure is defined up to an additive constant). Then we solve the following

problem on the graph: find a function pg e L2..(0,2m;W12(e)) such that

equations
9 apl®) _
_ (e) ZPL _(.(e) — (e) . i
8x£f) (L p? (e)( t)) 0, z,) € (0,le]), Ve=ej, j=1,...,M,
(e)
-y (L<e 8p% ) (0,£) =0, I=1,...,Ny,
e:0;€e Tn
_L()ap§) 0,t) =0, I=N+1,...,N
( 8;[,%))( )_ - 1 [ 9
pge)(O,t)—pges)(O,t):&ge)(t), Ve C By, e+ es

hold, where ey is a selected edge of the bundle. This problem has a unique (up
to an additive function of ¢) solution p; and pge) (argf) )= —sge) (t)gm(f) + a&e) (t).
Then finally we define
(e)
= (5 (- (X))
e:0,€e,etes e:0 €
Analogously, if O; is a vertex, the end of the edge e;, then we define the

domain €;, corresponding to this vertex, as

={yeR":PE)y e o’ x (0,+00)} Uul,
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and the boundary layer problem has the form:

gtvgBLOl] —vA, VPOl Ly pLBLOY

(B 2y 4 e ()
+vxdﬁ?ﬁ9%ﬁm,yem,

iy VIR =~ 0 (B e,

Oyn
BLO BLO
VB ! ’891\71 =0, Vg ! |'yl = gl(y7t>a

VIBEOL () 4y = VIBLO () 44 o).

Because of condition (4.43)4, we have

8 §L6) € e)’
[ =65 Vi 6 g+ [gl-nds —o.
l

(e) 3r
o yn 5

This compatibility condition ensures the existence of a unique solution
(VgBLOl],]%BLOl]) which exponentially tends to zero at infinity (see [70, [71],
[73], [74]).

Suppose that all terms of asymptotic expansion corresponding to the
rank less or equal j —1 are known and the pressure on the graph p; is known
as well. Describe the passage from rank j —1 to the rank j.

Step 1. As pressure on the graph p; is known, define for every edge e

functions s§e) (t) and age) (t) such that

and define the Poiseuille type velocity Vge) (y(e)/,t) as a vector field such that

in the local coordinates its last (i.e. normal) component is M(S§~6)), while

the tangential components are equal to zero.

Step 2. The boundary layer solution is a 2r—periodic in time pair

(VBBLOZ], PJ[BLOZ]) satisfying the problem

gviPrel BLO BLO REGO ' BLO
jait _ VAyV_[j 1] +VyP][ il _ f][ z]<y(e) 1) +fg[ l](yj)’
: BLO REGO], ()
dlvyVE» = hg- l](y( "), ye
VIR (1) ag, =0, VPN (y,t) = VIPEO) (g, 1 4 2m),
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where

(e)
[REGO)], (¢) O (Y \le) (e
hj (y 7t) - Z 9 (e)c( R )V],n(y 7t))
e:01€e 9Yn

fJ[REGOz}(y(e)"t) — Z [V(V§€)(y(6)'7t)ayée)2 (C(y;:)))

e:0;€e
yv(f) = (e) ’ y1(7,6) (e) (e)’
(%) XV - < {cBvE, L6 )

k=0

—I—Sg-E) (t)y,(f) . vy (C(y;:)) — agil (t) . Vy (C(%))}

and

j—1
£ = 30 [~ Vw0 V) < () Vi w0}

where [ =1,...,N, j=—1,...,J.

This problem is solved in two steps: by the first step we find the couple

(VBBLOI],]%[BLOL]) which is the solution of the same problem without the last

[

term in the definition of ijEGOl]. It has a unique (up to an additive constant
in the pressure) solution VE»BLOZ](-,t) e Wh2(), ]5j[BLOl](-,t) e Li () (¢

loc

is a parameter) if and only if

/hBREGO”(y,t)dy =0, I=1,..,N.
Q

This condition can be written as

S [ VO ) may =0

e:OlEeg(e)
ie.,
3 2O @) =0,
e:0€e
or ©
o €
-3 (L(e)%):o, [=1,...,Ny. (4.44)
e:0;€e 8$n
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This condition is satisfied because p§-e)

the graph with junction condition (4.44) (by the inductive hypothesis).

The velocity VIBLO exponentially tends to zero as |y| — oo while the

. . AIBLO
corresponding pressure function P][ d

(e)

some constants a; ; (t); these constants may be different for different outlets.

is a solution of the problem on

stabilizes in outlets at infinity to

Since the pressure function is defined up to an additive constant, we can fix
the limit constant equal to zero for the outlet corresponding the selected
edge e;. Define gol(’ej)ﬂ(t) = dl(z.)(t).

Similarly, in every vertex O;, | = N1+ 1,...,N, we get for the pair
(VBBLOZ],PJ[BLOZ]) the Stokes problem in §; which is the same as in the case
of nodes O; with only one difference: there is no summing over e: O; € e in

the right-hand sides of the equations.
Step 3. Solve the problem on the graph for the function p(-e) (< J):

J+1
ap\)
_ 9 (L(e) pﬁl(a:gf),t)) =0, acgf)e(o,\e]), Ve=ej, j=1,...,M,
ox) N oxly)
p()
o Z ( ]+1>(0 t) 0 l:l, aNla
e:0;€e Tn
()ap(.ﬂl
J— € ] - =
(L axS))(O’t) 0, I=N,+1,....N,
PS00,8) = PS50 (0,8) = 91,1 (1), Ve C By, e # e

The local coordinates z(¢) are defined so that all of them have the same
origin O;.
Step 4. Finally we find the pressure PJ[BLOZ] (y,t) in the boundary layer

problem:

AP =B 5 ( el - ( Se() - o,

e:0;€e,e#es e:0;€e

For j = J the last sum is absent. The last step finalizes the passage from j

to 7+ 1.
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4.4 Residual

Consider the asymptotic expansion (V(‘] ) ptJ )) of order J in the case

B =2 (see (4.41)), (4.42)). By construction,

v e L2,(0,2mW™%(B.)) N e, (0,2m W2 (By)),
ovl) 2 1,2 2
a7 € Loer(0,2mWH2(B2)) N L3, (0,2 L (B.)), (4.45)
Vp) € L3,(0,2m; L*(Bc)).

1
Put L(v,p) = oVt —VAV+ (v-V)v+Vp. Let us calculate £(v(/), p()).
We obtain

LD, p) = £ (1) =
(e)

w5z, Blerd)med)

j=J+1 k,p:k+p=j—1 e:0;€e
o<k, p<J

(e)
Yn (e, (e) BLO
+o(B) (VW 09, ) VIPE .
(e)
[BLO] ) Yn (e)(,.(e)
+(VIPH 1) vy)<<(3r)vp (v ,t>)

()
P )V} S ()

e:0;€e
N
-3t e(o( O viseng ) ¢ (O piEroig, gy )yt
=1 ‘e‘min ’e‘min
_ (n)
Here y = a Ol, y(e) = w—, X=X l=—0;|,, is the characteristic

)
)) From the obtained formulas it

€ € supp(1—((

|z — Oy

|e’min

lelmin

function of the set supp (1 —C (
follows that

||f(J) ”L%er(0,27r;L2(Bg = H'C(V(J),P(J))HLger(o,%;L?(Be)) =0(e77?), (4.46)
Hf HLger (0,2m;L2(B.)) = O(e772).
Let us calculate the divergence of v(/). We have
(@)
divv/ ZVC(’ZI l’) VIBLOU(y 1y — p)(y.4), (4.47)

80



where h(/) € L%er(0,27r;ﬁ/172(35)). Since the support of the function

-0

V(¢ ( |T | l) belongs to the middle third part (between the planes ng) =
€|min

5‘6‘“““ and 2 = le] — g’e‘min) of every cylinder, there hold the relations

|A) 2., 0. 2mwr2(B.)) = O(e= /)

J
17 2

per

)

(4.48)

(0,2m;L2(B.)) = O(e™1/%).

The boundary conditions and the periodicity conditions are satisfied exactly.

It is easy to see that
/h(") (y,t)dy =0.
Be

Therefore, by Lemma 3.7 [see [69]], there exists a vector field w(”) eL2..(0,2m;
W22(B.)nW2(B.)) with w\”) € L2,,(0,2m; W2(B.)) NL,(0,2m; L2(B.))
such that divw(’) = —h(J). Moreover, there hold the estimates
HW(J)\|L2(0,27r;w212(35)) < €730Hh(‘])HL?(O,%;WM(BE)), (4.49)
J - J
Iwi 20 amwizso) <€ el Nz omizs).  (450)

Set ul) = v 4w Then divu?) =0, ul’) satisfies the periodicity
conditions and because of (4.46)), (4.48) we have

Hfl(J)||L2(0,27r;L2(BE)) =0(77?), (4.51)

where f1(J) = L(u) p).
If 8 =0 then the residual has the same form as in [70].

4.5 Justification of the asymptotic

Consider the Navier—Stokes problem . As an extension of the
boundary value g we take the asymptotic approximation u’) constructed
in the previous sections and let p(*) be the corresponding asymptotic ap-
proximation for the pressure p. By construction ul’) satisfies the condi-
tions . Represent v, p as the sums v=u+u), p=g+p). Then
u, ul”) € 12,,(0,2mW22(B.)), w, u”) € L2,.(0,2m; L*(B.)). The differ-
ence u=v —u'’) is divergence free, satisfies the periodicity condition, the
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boundary condition u(z,t)|pp. =0 and the integral identity

1
[ (Sueen+vva: Vo - (a+u) - Vn-u=(u-Vg-ul) da
Be
:/fl(J)'ndx
Be

The existence of the unique solution u of (4.52)) follows from Theorems

E2THi2.4

Theorem 4.5.1. Let n=3. The following estimates

(4.52)

for every n € H(B;).

2m
sup Hu(-,t)”%g(B )+€5//|Vu]2da:dt<052J*2+5, (4.53)
te[0, 27 ‘ -
sup ||Vu(-, HLQ(BE +//]ut\dedt+€f8//\V2u]2dxdt
t€[0,2n] 0B o . (4.54)
27445,

L ce

hold. Moreover, there exists the pressure function q € L2.(0,2m; L?(B.))

such that /q($,t) dz =0 and
Be

per(

1
/(Zﬁ“t'"”V“:Vn—<<u+u<‘”)-V>n-u—<u.v)n-u<‘”)dx
Be

(4.55)
:/qdivndx+/f1(‘])~ndx vn e W2(B.).
B. Be
If J > 2, then the following estimate
27
// q|? dzdt < ce?/ 4P (4.56)
0 B:

holds.

Proof. The estimates (4.53]) and (4.54) follow from (4.25)), (4.26]) and (4.51)).
Let us prove the existence of the pressure ¢ and the estimate (4.56|) for it.

Consider the linear functional

M(n):/(;But-'rH—VVu:Vn—((u+u(‘]))~V)n-u

Be (4.57)

—(u-V)n- u(‘])) dx — /f1(J)

B
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defined on functions n € W12(B,). There holds the estimate
(M ()] < C(el_ﬁlluzt(',t)lly(zaa) Va2 s + a0l 75,

J
) s [0 ) sy + 6 0 2 ) IV 2

£3)
< (e P w2y + V) 125 (4.58)

1
+ee2 [ Vu,6)| 128 IV (1) 2252
1 J
e [Vl ) 3o s, +IE” 02 ) IVl 22052
Thus, M (n) is a bounded linear functional (for almost all ¢ € [0,27]) defined
onmneE WLQ(BE). Moreover, due to (4.52)), M(n) =0 for n with divn =0.

Therefore, there exists a function ¢(-,t) € L?(B.), with /q(z,t) dz =0, such

Be
that

M) = [ qle.t)divn(e)de vn e W3 (B.)
Be

(see [50]). Since /q(x,t) dz = 0, there exists a function w € W12(B.) such

Be
that divw = ¢ in B; and there holds the estimate

[Vw(-, )HLQ(BE *HQ( )HL?(BE)

with the constant ¢ independent of € (see [69]). Taking in (4.58) n =w, we
get

laC D15,y = M(w) < (2w, 0) 252y + V000 125
tee2 || Vu( )| 2 V0 (1) | 2.y
et [Vl ) [3as,) + 26 ) 250 ) I VW] 225
< (M O)lae + VUGl 2
e [Vl 8)]| 2o V0D () 2.
e [Vl )32, +eIE ) 22m) ) laC8) 225 )-

Therefore,

2

c —
/Hq ||L2(B 2</<€2 26Hut("t)||%2(35)+Hvu('at)H%%Bg)) dt

+e sup [[Vul, ), [ 19060 d
t€[0,27] 0
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2

+e sup Va0 e, / 9082 de
te[0,27]

’7
+52/||f1(J (.,t)H%g(BE)dt> < o248

O]

The results and the proof for the two-dimensional case are absolutely
the same. There holds

Theorem 4.5.2. Let n=2. The following estimates

s
t 5[51[2) ]Hu(-,t)H%z(Ba)—i—e’B//]Vu]Qdmdt < e 728, (4.59)
€(0,2m

0 B.

sup ||Vu(- ||L2 B. )+//|ut] d$dt+€5//|v2u|2dwdt 240 (4.60)
te[0,27] 05, 05,
hold. Moreover, there exists the pressure function q € L2.(0,27; L?(B.))

satisfying the identity - If J > 2, then

2

// lg|?dzdt < e 4P, (4.61)
0 B.

per

Let n =3 or n =2. In the case when the boundary value g is more regular,
the obtained estimates can be improved. Assume that geC [%Hl([o,%r];
W3/22(g)). Then we can construct the asymptotic approximation u(/+2)
and the estimate takes the following form

ts[glg ]||V('a )— u/+2) () )||L2(B +5B/2”VV Vul/+2 )||L2 0,27m;L2(Be))
€|0,27

L e B2 L B2, [mes(B,).
Comparing u’) and u/*2) we notice that

ts[gg]llu(‘”(wt) w2 (1)) + VU =V g o )
€|0,2m

< ce? P2, Jmes(B.).

By the triangle inequality, we get

. 5[312) ] [v(-t)— u(J)('at)HL?(BE) +55/2||VV— vu(J)HLQ(O,Qw;L?(Bg))
€(0,27

< ce?B/2, /mes(B.).
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Analogously can be obtained the improvement of estimates (4.56)), (4.61)).

Theorem 4.5.3. Ifg e ol Hl([O 21, W3/22()), then

. 5[312) ] [v(-t)— u(J)('at)HL?(BE) +55/2||VV— vu(J)HLQ(O,Qw;L?(Bg))
€(0,27

< e P2, Jmes(B.),

sup ||[Vv(-,t)—vu (.1 t)[|32 BE)+//\V —ut‘])\ dzdt
te[0,27] 0B

2m
—i—EB// V2v — V2ulD) 2 dzdt < ce? 728 /mes(B.)

0 B.
and

Hp||L2(0,27r;L2(B5)) < ce’ ~27B/2 mes(B;).

Remark 4.5.4. The asymptotic expansion (4.41)-(4.42) can be slightly

-0
modified without loss of the accuracy. Namely, the argument z | n the
| ‘mln
x—0
cut-off function ¢ may be replaced by | 5 l|, where 6 = Ce|lnel|e|min and

the constant Cj will be chosen below.

Denote J' = J+2. Consider the boundary layer functions VIBLO:J']
and PIBLOLT] Tt follows that these functions FIBLOLYT (F stands for V or
P) and their derivatives decay exponentially as the space variable tends to
infinity in the outlets. Thus, there exist positive constants c;, co such that
for all ¢t € [0,27] and for sufficiently large R holds the inequality

QFBLOLT] (. ¢)

BLO,,J']
|FBEOTI 1) o + | =

sz,z(QlR) S CleXp(_CQR)’

where Qft = QU {|y| > R}.
Therefore, if Bl ={z € B.: |z — 0y > Cje|Ine||e|min/3}, then making

change of the variable y = 7™l in the above inequality and taking R =

Cyllnelle|min/3, we get

BLO.J'|(. |
[FPEOLT ) R

220,222 (BLY) T H It

L2(0,2m;W2:2(BL))

< crexp{—c2Cy|Inel|e|min/3) = 12 [chmin/3,
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Choose Cj such that coCjle|min/3 = J' = J+2. Then for FIBLOLT'T and its

derivatives this upper bound is equal to ¢;e”12. So, for the difference

C(|33 Ol|> FIBLOL }(-T Oy t)_C(‘x_0l|>F[BLOl,J’}<$_Ol7t)
‘e|m1n 13 o) B

the following estimate

HC( Ol|> FIBLOLTY(. ) _§<|90—601|>F{BL0,,J/](,")‘

‘mln

L2(0,2m;W22(D))

J+2
§616+

holds, where D — supp{c('x_o”) —c(‘x‘ol'>}. Notice that in D we

‘ O | |e|min 0
r—Ug

have > — for sufficiently small . Because of this estimate for the

approximation u(/*2) the residual Hfl(JJFQ) I 22(0,27:22(B.)) has the order O(e”).
So, the difference u(’*2) — v is of order O(¢”+/mes(B.)) in the norm of Theo-

rem m In this case we have assumed that g € C[%Hl(OJW;W?’/Q’Q(J)).

4.6 Method of asymptotic partial decomposition

of the domain

The obtained asymptotic expansion of the solution to the time-periodic
non-steady Navier—Stokes problem can be applied to justify the method of
asymptotic partial decomposition of the domain (MAPDD) proposed for the
steady case in [65] [66].

Let us describe the algorithm of the MAPDD for the non-steady Navier—
Stokes problem set in a tube structure B.. Let d be a small positive number
much greater than . For any edge e = 0,0, of the graph introduce two
hyperplanes orthogonal to this edge and crossing it at the distance ¢ from
its ends.

(e)

Denote the cross-section of the cylinders Il:~ by these two hyperplanes
respectively, by S; ; (the cross-section at the distance ¢ from O;), and S} ;
(the cross-section at the distance § from Oj), and denote the part of the
cylinder Hg °) between these two cross-sections by Bdeca (see Figure .
Let Bf’é be the connected, truncated by the cross-sections S; ; part of B,

which contains the vertex or the node O; (see Figure [4.2)).
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Figure 4.1 — Truncation of the cylinder Hg-e).

Siji

Figure 4.2 — Connected component B 2,

Introduce the space H _(B:) of all divergence free vector valued
N

functions from the space W12(B.) vanishing for = € 9B. \ ( U 7).
j=N1+1
Define the subspace HJ;,_o(Bc,8) of H} _,(B:) such that every trun-
cated cylinder Bg ‘;C’a its elements (vector-valued functions) coincide with
the Womersley type flow. Here Womersley type flow is a vector-valued

function uy such that in local coordinates z(¢) associated to the edge e,

its "last" (longitudinal) component u,, y(z(¢) /¢) is independent of 29 e,

W, = (209 /e) while all transversal components of the velocity are
equal to zero. We will consider as well the subspace H&,div:O(Bé‘?(s) of the
space H};._,(B:,d) such that its elements vanish on the whole boundary B
and the subspace L?(B.,§) of the space L?(B.) such that its elements (vector-

valued functions) coincide the Womersley type flows on every truncated
dec,e
i?j

The method of asymptotic partial decomposition (MAPDD) replaces the
problem (4.1)) by its projection on H}, _,(B:,0): find 4. 5 from L2,.(0,27;

per

Hgiy—o(Bc,9)), such that G5 —g € L2,,.(0,27; Hj gi—o(Bc,9)), (05 —8): €

per

L2..(0,2m; H(%,disz(B& 9)), and for any test function n € H&div:O(Bg, J) holds

cylinder B
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the integral identity

Lo . N N "
[ (G5 ea)n+ 09 Tn = (s +8) V)i
B (4.62)

~(t1e5V)7-g) dz = 0.
Here g is an extension of the boundary function g constructed above as ul/+2)

with the modification described in Remark i.e., d = Cjellnelle|min-

Theorem 4.6.1. Let g € C[%]—H(O,QT(;W?’/ZQ(U)). Then there exists a
unique solution Q. 5 of the partially decomposed problem (4.62) and

sup [[v(,t) —Oes( ) 2B + 2|V (v —ti )l (0,2m;L2(B.))

te[0,27) per
< e’ P12, [mes(B,).

The proof of this theorem may be done by using estimates and
, which remains valid for this problem. The Galerkin approximations
are constructed in the space H&div:o(BE,é) instead of H}, _,(B:). For more
details see [49].
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Chapter 5

Steady state Navier—Stokes equations with

the Bernoulli pressure

5.1 Formulation of the problem

Let us consider the following boundary value problem for the steady-state

Navier-Stokes equations in a tube structure B. (see Definition

—vAv+ (v-V)v+Vp=T{, x € Be,
divv =0, x € B,
V:07 xeaBE\Uéy:N1+17g7 (51)

v, =0, x €l

1 -
—vOn(v-m)+ (p+ 5\\/\2) =c¢j/e?, zenl, j=Ni+1,...,N,

where v is a positive constant, n is the unit normal vector to v/, v, =
— (v-n)n is the tangential component of the vector v, d,h = Vh-n is
the normal derivative of h, c; are some constants. From the boundary

condition v.,-|7j =0 and the divergence equation divv =0, it follows that
—yﬁn(v-n)w =0. Thus, using the identity — (Vv ka Vg,

(here (Vv)! defines the transposed matrix) we can rewrite w1th the
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right-hand side in the following form
VAV (V- V)v—v-(VV)+ VO =f zcB,,
divv=0, =€ B,,
v=0, z€ aBa\Uj-V:NlJrl"Yg, (52)

vy =0, zevl,

(I):pja x€7g7 j:N1+17"'7N7

where ® = (p+ %IVP) is the Bernoulli pressure, p; stand for the constants
cj/e2.

Let us define a weak solution of problem as a vector field v €
JM2(B)={ne 171\/71’2(33) : divn = 0}, satisfying the integral identity

V/VV:Vnda:—l—/(v-V)v‘ndm—/(n-V)v'vdx
B Be B:

Z p]/nndgv—i-/fndx

j=N1+1 j

for every n € QE’Q(BE).
Introduce p; =p; —pn, j=Ni1+1,...,N. Consider an equivalent weak
formulation: find a vector field v € jj 2(B,) satisfying the integral identity

/Vv Vndm—l—/ v-V)v- ndx—/(n V)v-vdz
Be

Z pj/nndw—i—/fndx

j=Ni1+1 j

for every n € (7,%’2(38). The equivalence of these formulations follows from

the equality

Zp]/nndx Zp]/nndx

j=Ni1+1 o j=Ni+1 o

which follows form the relation

N
Z /n-ndx':()
j:N1+1 j
Ve
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for the solenoidal vector-valued function 7.

Let us explain this weak formulation heuristically; the rigorous analysis
of the equivalence of the weak formulation and the classical one needs to
study the regularity of the weak solution, see [I3] for the methods.

Identity follows from equations after multiplying them by n €
f,i’? (B:) and integrating by parts in B.. On the other hand, for a sufficiently
regular solution v satisfying there exists a pressure field p such that
the pair (v,p) satisfies equations 1,2 a.e. in B.. Boundary conditions
374,5 are satisfied in the sense of traces (see the definition of the space
j}Q(Ba)). More exactly, function ® is defined up to an additive constant
but this constant can be chosen so that ® satisfies 5. Indeed, take
in a smooth solenoidal function n satisfying the boundary conditions
nlr =0, nT|%j =0, j=N1+1,...,N. Integrating by parts for smooth

solutions yields

/(—I/AV—F(V-V)V—V~(Vv)t_f).rr’ dz

Be
=—v Z /8 (v-n)dS — Z pj/nnda: (5.5)
Jj= N1+1 Jj=Ni+1 o
Z p]/r[ ndzx’.
Jj=N1+1 j

If n € J°(B:) = {n € C§°(B:) : divy = 0}, then it follows from ({5.5) that

J@m =0 -nde=0 vae (B
Be

where

L(v)=—vAv+(v-V)v—v-(Vv).

Hence, there exists a pressure function ® such that (e.g. [49])
L(v)+V®=f ae. in B..

Then

Jj= N1+1

(L(v)—f) nde=— [ V& -ndr=— Z ®-n-ndx’
B

B:
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for every solenoidal n € {E’Q(BE). Therefore,

/@nndx— Z pj/nndx

j= N1+1 J=N1+1 7
Thus,
N
Z (@-pj)n-ndm':() Vn € ﬂ’Q(Bs) (5.6)
J=NHL

Let us fix arbitrary j € {N1+1,...,N}. Takingn € J,}’Q(BE) ={ne ﬂ’Q(Bs) :
/n-n dS=0, j=N;+1,...,N} such that 77|7§:0 for k # j, we get

72

(@ —pj)l,; =6

where ¢; is a constant (see [28], [45]). Using these relations and taking now
in (5.6) a test function n € j}’Q(BE) such that /n~nd:1:’ =0 for k # j and

vk

k+# N, /77 ndz’ —1and/77 ndz’ = —1, we get

'yg ’76

Z cj/n ndx—cj—cN:>cj—cN
j=Ni1+1 j
N

€

Thus,
5]':CN Vij=Ni+1,...,N. (57)

Since the Bernoulli pressure @ in the weak formulation is defined up to an
additive constant, we may set ¢; =cy =0, j = N1 +1,...,N. Then from
(5.7) we have

(I)’vﬁ =pj, j=Ni+1,...,N.

5.2 Existence, uniqueness and stability of a solu-

tion

In this section we prove the existence and uniqueness of the solution to
problem (5.1)) with the right-hand side f € L?(B.).
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Theorem 5.2.1. For arbitrary f € L?(B.) and p;ER, j=Ni+1,...,N-1
problem (5.2) admits at least one weak solution v & fl 2(B.). There holds

the estimate

N-1

IVVliaga) < (e X0 il +elflas.)) (58)
j=Ni1+1

with the constant ¢ independent of ¢.
Proof. Define in JA#Q(BE) the inner product [v,n]= / Vv :Vndx corre-
B

sponding to the Dirichlet norm. Using Hoélder inequality and Lemmas [2.1.1
2.1.6l we derive the estimates

‘/(n-V)v-vdaz’jL‘/ (v-V) v-nd:r’
Be

1/4 1/4
<([Ivitan) ([ Ivupas) / nf*d
B: Be
< Cﬁa”VVH%%BS)||V77||L2(BE)7
where a =1 for n =2 and o =1/2 for n =3. From Lemma it follows
that

= / = 2 1/2 j11/2
> p [ondd|< S ([ mPde) pi
j=N1+1 i j=N1+l i
Ve Ve (59)
N-1
< S VAl
j=Ni1+1

Finally,
| [enda] < ([1ePas) / il de) "< celfll oo 9nlxcoy (5.10)
B
From above estimates and the Riesz theorem it follows that the integral
identity (5.4) is equivalent to the operator equation in the space j;l’z(BE):
v =Av, (5.11)
where the operator A is defined by

[Av,n]:/V‘l[—(V-V)V-n+(n-V)V~V+f~n] da
Be

Z p]/nndx VneJ 2(B.).
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Using compactness of the embedding W12(B.) — L*(B.) it is standard
to show that the operator A : fvm(Bg) > jvm(Bs) is compact (see [49)]).
Thus, the existence of at least one solution of will follow from the
Leray-Schauder fixed point theorem if we show that all possible solutions
v of the equation

=2AvN xelo,1] (5.12)

are uniformly (with respect to A) bounded.

A solution vV of 1D satisfies the integral identity

Z//Vv(’\) :Vn d:z+)\/(v(’\) Vv . dz —/\/(n'V)V(’\) v dg

N-1 (5.13)
S p]/n nd:n+)\/f nds VneJ3(B.).
j=Ni1+1 'yj

Taking in |i n=v™ we get
/\VV(’\)\Qd:B* - Z p]/ -ndz’ —I—)\/f v

Using (5.9), (5.10]), we obtain
N-1
IV 2oy <e(e? 30 51+ ellfll 2 ) IVYDllgs.)-
j=Ni1+1
Hence
N-1
||vv(>‘)HL2(BE)<c(5'ﬂ/2 Z |p;f|+5Hf||L2(BE)>.
j=N1+1

The constant ¢ in the last inequality is independent of A and e. This finishes
the proof of the theorem. O

Theorem 5.2.2. 1. There exists a positive constant cy independent of ¢,

such that if
N-1

o (=23 bl +elfllzaa,)) < v, (5.14)
j=N1+1

where ao=1 for n =2 and o =1/2 for n =3, then the weak solution v €
JL2(B.) of is unique.

2. Let{pi;} and{p5;}, j=N1+1,...,N be two sets of real constants, and
f1, f5 be functions, f; € L?(B.), i=1,2, satzsfymg -, and let v; € jl 2(Be)
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be weak solutions of problem (5.2) corresponding to {pj;} and £;, i =1,2.

Then there exists a constant C' independent of € such that

N-1

IVv1 = Vvall 2, <eCllfs —fall2(p) +e™? Y Ipi;j—p3l- (5.15)
Jj=Ni1+1

Proof. 1. Suppose that there exist two weak solutions v and vo satisfying
(5.4). Subtracting identity (5.4)) for vy from the one for v, we obtain

V/VW:V’I’]d$+/[(W’V)Vl"rlﬂ-(VQ-V)W"r]}dx
Be Be

~ [ 1091w (- V)weva]do =0,
Be

(5.16)

where w = vi —vy. Taking in (5.16) 17 = w, we get in virtue of Lemma [2.1.6]
and estimate (5.8)) for va,

V/‘VW’Qd.CC:/(W'V)W'ngx—/(VQ'V)W'Wdl’
B: B Be

<L2|VvellLas ) IVWI L2 Wl e (B
N-—1

<coe (e X2 Il el i) IVWIZes, ),
j=N1+1

where the constant ¢g is independent of . If condition is valid, the
last inequality yields
/\VWFdx:o, (5.17)
Be
and, thus, w = 0.

2. Subtracting identity ([5.4) for vy from the one for vi, we obtain

I//VW:Vndx—l—/[(W-V)vl-n—l—(VQ-V)w-n} dz
B. B

_/[(nV)Vlw—{—(nV)Wvﬂ dz

J (5.18)
N-1
Z/(fz—fl)"'? dz— ) (PTj—PEj)/ﬂ'ndfa
B. Jj=N1+1 j

Ve

where w = vi —vy. Taking in (5.18) 17 = w, we get in virtue of Lemma
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and estimate ([5.8)) for vo,

I//’VW|2d.’E:/(W'V)W'ngx—/(VQ'V)W’Wd.’L'—I-/(fQ—fl)'de
Be

B B: B:

N-1

= > o) [wemas

Jj=N1+1 j

Ve
< 2| VWlGam, 1Vallsgse) + 12 = fill o) Wl o)
N-1
+ce™/? Z |p’fj—p§j|’|vw||%2(85)
j=N1+1
N-1
gcoa“(sn/Q > \p}f!+€Hf2HL2(BE))HVWH%’Z(Be)

j=Ni1+1

+eC(|IVW| 12512 — fill 22(B.)
N-1

+e™? N ipt = 05,11V W 228,
j=N1+1

where eC' is the Poincaré-Friedrich’s constant for the domain B, (constant
C' is independent of ¢). If condition (5.14) is valid, the last inequality yields
G.19). 0

Remark 5.2.3. Notice also that the weak solution v of problem (5.2)) belongs
to the space W?2(B.) whenever £ € L?(B.). The corresponding pressure
belongs to WY2(B.). This can be proved extending the solutions and the data

by reflection over the sections ¥4 to a larger domain (see [13]).

5.3 Asymptotic expansion of the solution

In this section we describe the construction of the asymptotic expansion.
Let ¢ € C*(R) be even function independent of € such that, ((t) =0 if
t| <1/3, and ((t) =1 if [t| > 2/3. Denote e = ep, (the edge with the end
0;) and z(®) the Cartesian coordinates corresponding to the origin O; and
the edge e, i.e., () = P (z — 0;), P(e) is the orthogonal matrix relating

the global coordinates z with the local ones z(€).
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The asymptotic expansion of the velocity field is sought in the form:

v () = Z C(:U%e)) le, J](x(e) )

3re €
Oy, I=N1+1,...,N; e:OlOil

:rgf) |e[—:1:£f) o] 2@’
toE G v ) e

e=0q OB; a, <N

+z (1 C<|x Ol|>>V[BLOl,J}(x—€Ol)’

e|m1n

where the first sum is taken over all edges having a vertex as an end point

(and with the origin of the local coordinate system at the vertex), the

second sum is taken over all remaining edges, and all terms in these sums
(e).

are extended by zero out of cylinders II:”; the terms of the third sum are

extended by zero out of the corresponding bundles;

V[ev‘]} = (P(e))t(o 0 V[evj})t’
vie J] 53‘/
Z (5.20)

J
VB (y) = SV ).
j=0

The asymptotic expansion of the pressure for every half-cylinder Hg ), Tn <

le|/2, corresponding to the edge e = 0;0;,, = N1+1,...,N, (O is the origin
of the local coordinate system) is sought in the form:

1 |z — Oy x—0
N(g) = —5@pe) 1 gle) 4 = ¢ [BLOpJI (L M1
p(z) = -5 +a +5<1 C( ))P ! ( . ), (5.21)

|e|m1n

and on every half-bundle HBo,, [ =1,...,Ny, ( Oy is the origin of the local

coordinate system) we define:

ZC(3T5) (©)) 4 g(©) — (e)) 4 gfe)

cch (5.22)
1 2= O\ piBLos.s (=0
5( (50 e (221,
where the terms of the sum are extended by zero out of cylinders ng),
1 1N (e)
(€) *2 Z CL(e) = ? Z%)€JCL]- (523)
: ]:
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and

J
pIBLOy,J| (y) = Z&.J'PJ[BLOz,J] (y). (5.24)
§=0

Here ey is the selected edge of the bundle (arbitrary chosen among edges of
the bundle) and the local coordinates (¢) are redefined so that all of them
have the same origin O;.

The algorithm of successive determination of the terms in asymptotic
expansions , is as follows.

The base case. Introduce the normalized Poiseuille type velocity

Vo(e) (y(e/)), the solution of the Dirichlet problem

RTCAC]

R ACINC)
Vb(e) (y(e),) — O’ y(e)/ c 60'(6),

and denote
Ny
o'(e>

Solve the conductivity problem on the graph for the function pg:

2, (e)
T @) =0, ol e (0,]el),
ax,(f)
s o2
— Heie(o):07 l:17._.’N1’ 525
e:0;€e ax'gz) ( )
p(()e)(o):cla l=Ni+1,...,N,
p(0) = p)(0), Ve cC B

Here ¢; are given constants, the local coordinates z(¢) are redefined so that
all of them have the same origin O;. So, pg is a continuous function on the
graph. Indeed, the last condition of this problem means that the values
of the function py are the same for the all edges e of the bundle B; when
the local variables mgf) = 0. Note that applying the same Lax-Milgram
lemma arguments as in the first part of [68] one can prove the existence and
uniqueness of the solution to this problem.

Solving the above conductivity problem, we define for every edge e the

constants 8(()6) and a(()e) such that

pi (2®) = =52 + 0l (5.26)
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and the velocity
T2 ) =7V ), Vi) = (PO) (0, 0.V ). (5:27)

For [ =1,..., Ny the boundary layer problem for (VEBLOZ] (y),P(gBLOl](y))

is:

—VAyVEBLOl] + vyP(EBLOl] _ f([)REGOl} +f([)BLOl}7 y le
div, VIBLO — p[REGO] ye, (5.28)
vIPEOl g, y € 0,

(e)

f(gREGOZ](y) _ _Z {S(()e) ( . VAy (C(Z/?)LT) (p(e))t(O, ...,0, VO[G] (y(e)/))*>
c:Orce (5.29)

(e) (e)

V(D )f)) + e - ) 9, 6 (L)1,

£7 % (y) =0, (5.30)

(e)
hBREGOl](y) = div, Z {s(e)c(yL) (p(e))t(()’...707%6}(y(6)/)>t}. (5.31)

e:0€e 3r

Here the sum Z is taken over all edges e having ends in the node O
e:O€e

and the terms are extended by zero out of each cylinder ngj ). Here we

have an unknown quantity in the right-hand side, the constant age) - a&es) is

unknown. Let us denote by (V%BLOZ] (y),ﬁéBLOl](y)) the solution of problem

e
(5.28) without the last term (age) — a§65>)vy (C(%)) in féREGO”(y) (since
this term is of gradient form, the solutions differ only by the pressure
components). The right-hand sides of system have compact supports.
Therefore, according to results of the Section 3 in [70], the pressure f’(gBLOl] (y)

exponentially stabilizes in each outlet (corresponding to the edge e) to a

constant, say agBLO“e], in the sense of integral estimates
lim / (BIBLO () _glBLOuy2 gy — o (5.32)
k——+o0

(19 e(kk+1) N0y

For | =Ni+1,...,N, (Vi (), B () = (0,0).
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Consider now the conductivity problem of rank 1 on the graph for the

function py:

2, (e)
_K/ea plg(»%(f))zoa %(Ze) 6(0,|e’),
&r,(f)
apl)
- Z _07 l:l,...,]\fl7 5'33
e:0€e 8$n ( )
P (2l =0) =0, [=Ni+1,...,N,
pge)(O) —pges)(O) = ”dEBLO"d, Ve C By, e # es,

where e, is the selected edge of the bundle. So, in this problem on the graph
the solution may be discontinuous at the nodes. Namely, at each node O;
there are prescribed jumps of pg ®) between the edges e and e of the bundle.
This problem as well has a unique solution py.

(e) (e)

Now, constants s;’ and a; ’ are known:

i) (@l)) = —si7a) +al?,

n

and we can completely determine the pressure in the boundary layer problem
(15.28)):

(6O<m)
BLO S[BLO Yn ~[BLO;,e
R E C(TT Jag rore.

e:0O;€e,eFes

Suppose that all terms of expansion f corresponding to the rank
less or equal to 5 — 1 are known, and that the macroscopic pressure on the
graph p; is known as well. Let us describe the passage from the rank j—1
to the rank j.

Step 1. As the macroscopic pressure on the graph p; is known, define

for every edge e constants sg-e) and age) such that

pge) (:L,(e)) _ _Sge)xgle) +a§e)

and

VW) = sV,

(5.34)

(©) _ (plent YON
Vi = (P (0,...,0, V).
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(V[BLOZ] P[BLOl])
j '

Step 2. The boundary layer solution is a pair solving

the following Stokes system in €, [=1,..., Ny:
_y AyVBBLol} +v, P][BLOI] _ f][REGOl] n fj[BLOl]’
div, VIPFOT = plRECOL (5.35)
VBLOl loo, =0, j=0,...,J,

where ( )
IREGO (@) = 3 {—uAy [C( i )V[e}( (e) )}
e:0;€e

()
L))

o (5.36)
+ > <(y" JVEW)-9,) (¢ (5 ) Vi ')
p+r=j—1
o
+ah Vi (50)}
(for j = J the coefficient &;-i)l(t) is omitted),
(POl = - S L c(y”) V). v,) VIO )
e:0€e ptr=j—1
(e)
O (VPO (G VW) } (5-37)
p+r=j—1
- > (VIPROl(y) v, VIR (y),
p+r=j—1
e
RGOy = — Y dlvy(( ) Vi@ ). (5.38)
e:0;€e

Here the sum Z is taken over all edges e having ends in the node Oy,
e:0;€e

(e)

the terms of the sum are extended by zero out of cylinders II:” and by
convention, the terms with the negative subscripts j are equal to zero.

(VBBLOZ],]%[BLO”) which is the solution to the

First, we find the couple
same problem without the last term in the definition of fj[REGOl] (see
(5.36])). It can be proved by induction, using the results of Theorems 3.1 and
Corollary 3.1 [70], that V[B <1l

while the corresponding pressure function P
A[BLOl,e]

exponentially tends to zero as |y| — +oo,

PIBLOI giabilizes in outlets to

infinity to some constants @ in the sense of (5.32f); these constants
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may be different for different outlets. Since the pressure function is defined
up to an additive constant, we can fix the limit constant equal to zero for
the outlet corresponding to the selected edge e;.

Then we solve the problems in half-cylinders €;, [ =Ny +1,...,N:

—uAyV[BLOl] +vy13[BLol] _ ¢IREGO) _¢[BLOY
J J J J ’
div, VPR =,
BLO,
Vﬁ- o (gm0} = 0,
v = 330
oV o 1
( v Jan +Pj[ z]) =—3 3 {Vk}(y(e)/)JrV[BLol]‘ )
=Y Br=j—1
(VI )+ VIBEOI, o)),
pviELol
where J 5 is fictive and j =0,...,J.
n
£15609) =0, (540
BLO, e e e
5 = 3 (VW) V) VPR )
p+r=j—1
- Y (VPROly) v, VE () (5.41)
p+r=j—1
= > (VPR() v, ) VIPEOy).
p+r=j—1

The pressure here ]%BLO’} tends to a constant aBBLOW].

If j = J then the right-hand side of the boundary condition is replaced
by

1

oY (VI £ VIPROU, ) (VIO VPR, )5 40
J—1<p+r<2J

Step 3. Solve the conductivity problem on the graph for the function
Py (G < J):

82p(}9)
‘9 (je)+21 («{) =0, zi) € (0,]¢]),
In
8p<e)

i1 (0) =0, I=1,...,Ny,

pg?l(o):A[BLOl7e]7 l:N1+17"'7N7
P 0) = 0) =ar ), Ve B, e e,




where the local coordinates z(©) are redefined so that all of them have the
same origin O.

Step 4. Finally, we find the pressure P-[BLOZ]

J
problem ([5.35)), (5.36)) for [=1,..., Ny:

(y) in boundary layer

(eam)
[BLO] __ BIBLOY Yn ~[BLO,€]
Py =P ) - Y 5(7)% o

e:0)€e,eeg

and P]-[BLOZ] (y) in boundary layer problem (5.39)), (5.40) for I =N;+1,...,N:

J

This step finalizes the passage from j to j+ 1.

5.4 Residual

Consider the asymptotic expansion (v(/),p(/)) of order J (see (5.19),
(5.21))). By construction,

v ew?3(B.), vpY) e ?*B.). (5.43)

Moreover, HV(‘])H‘EAL(BE) < ce(®1/4, Indeed, the Poiseuille part of v(7) satis-

fies this estimate. The || - || —norm of the boundary layer functions in

4B
each bundle B&(i) can be estim(ated) by the L*—norm in the unbounded dilated
domain ©Q; multiplied by ¢*/*. Taking into consideration an exponential
decay of the boundary layers, we get the desired estimate.

Put L(v,p) = —vAv+ (v-V)v+ Vp. Let us calculate £(v(/),p()) in a

half-bundle HBp,, l =1,...,N;. We obtain

£9)(a) = L(v),p)
(e)

(e)
- > (T () V()

JH1<i<2J e:0€ea+p=j—1

(e)
+ ¥ [ X (G (VR vVl

e:0O;€e ptr=j5—1

+ > (V}[)BLOZ](y).vy>(C(%)Vgig(y(e)/)>

ptr=j—1

+ 2 (VLBLO”@)-vy)VLBwﬂ(y)})

p+r=j—1
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(e)
4l 2 Z a[JBLOl’e]VyC (yL>

e:O€e 3r
(e (c(BOyyimrouny) o (Ol pisroviy)) )
|6|miﬂ ’ ‘e|min )
_ =0, (e)_&_ _ . .
Here y = pa— y\¢ = o X_Xsupp(l_g(‘lzeinoii‘)) is the characteristic

|lz—Oy|

|e|min

function of the set supp(l —( (

)) As before the terms of the sums

Z are extended by zero out of cylinders ng).

e:0€e
Here the first four lines come from the inertial term and they contain all

combinations of V(e)7 and V[ﬁBLOl} having the order higher than J—2, the
next line comes from the pressure gradient term; this term is the only one
that was not compensated by the boundary layer-in-space problems. The

last line is the residual generated by the multiplication of the boundary layer
lz—Ou|

|e‘min

correctors by the cut-off function ¢( ). Notice that terms appearing

in this last line exponentially vanish because in the set supp(1—¢ (%))
(where x # 0) the order of this term in L?*norm is O(e~¢/%) with some
positive constant ¢; (see the Appendix in [70]). From the obtained formulas

it follows that
£ 225 = 10 2D 120y = O, (544)

In the cylinders associated to the vertex Oy, | = N1 +1,..., N, the residual
(e)

is simpler: it is without the factor ( (ygL)
r

Let us calculate the divergence of v(7). In any half-bundle we have

‘iL'—Ol’

|€|min

divvl?) = —v¢( ) VIBLOLI () = h) ().

Obviously, h(/) € W2(B.). Since the support of the function VC(L_O")

|5‘min

belongs to the middle third of every cylinder, there the relation
1R 125,y = O(e™2/°) (5.45)

holds for some ¢y > 0.

Finally, the boundary conditions are satisfied with residual ¢’ *16!}%01’6]

on ’yé. This residual appears as a result of subtraction of the constant

aE.BLO“E} from the boundary layer pressure P]-[BLOl](y) at the step 4 of the
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algorithm. For all j < J it is compensated by the gaps of the pressure in the
problem on the graph, but for j = J it remains as a residual.

It is easy to see that

/h(‘” (y)dy =0.
B:

Therefore, by Lemma 3.7 in [69], there exists a vector field w/) € W12(B,)

such that divw(!) = —h()), Moreover, the estimate
W (g < e tellB | L2 s,) (5.46)

holds.

Set v(/) = v(/) 1 w(/)| Then divv(!) =0, ¥(/) satisfies the boundary
conditions with the residual —¢” _16!]]'%0“6] on 4L, and because of (5.45) we
have

£ — 072 5.47
117N 2.y = O(e"77), (5.47)

where fl(J) = L(¥Y) p)),

5.5 Error estimate
Theorem 5.5.1. The following error estimate

v =D 25,y = O(e7+=1/2) (5.48)
holds.

Proof. Let u=v —v(). Then the integral identity

Z//Vu:Vndw+/(u'V)u-ndx+/(u.V)‘7U).ndx
B€ Be Bg

+/(\7(J).V)u~ndx—/(n-V)u-udx
B Be

—/(n-V)uV(J)da:—/(n-V)'\VI(‘]) -udx
B. Be

N
=e/71 Z agBLo“e]/n-ndx'—/fl(J)-ndx
Be

I=N1+1
1+ oh

holds for every n € (EQ(BE).
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Taking 17 = u and integrating by parts, we obtain

N
I//‘Vll|2dl':€°7_1 Z aggLOl’e]/U-ndx'
I=N
b " (5.49)
—|—/ yu- v dz — /(\N/(J)-V)u-udx—/fl(‘])-udx

B Be

From Lemma it follows that

N
_ _[BLO
g/l g GB l’e}/u-ndx’

I=N7+1
1+ AL

N
J—1 2 ~[BLOy,e
<ce +n/ E ‘GB €]
I=N1+1

Using Holder inequality, (2.11)), (2.12) and estimate ||v(/)|| L4(B.) S ce(n=1/4,

we get
| / u-V)u- ) dal | / yu-ude| < [Jull s V0l 99 |,

<™ | Vulfa ) < e[| Vulfas,),

where « is the same as in Theorem Besides

/ {7 uda| < 216 12 [ Tul 12,

where €C' is Poincaré-Friedrich’s constant for the domain B..

From these estimates and identity (5.49)), we obtain

9 (2= hin ol ~[BLOy¢]
/\Vu| dz < Z ’aJ ’

I=N1+1

HVUHL2(B

3 J
+eet|[Vul2a g, +eClIE 1208 VIl z2(8,)-

Hence

C 2010 ~[BLOy €]
IVuley < S—mmle * X |ay
[=N1+1

N
C 2(J—1)+n [BLO
—_— o lve] J—1
S T\ e ) ’aJ +e :
I=Ni+1

If v—ce?/* > %, then

J
+el|ff >HL2<BE>>

[ullyie ) = ||v—\7(‘])HW1,2(BE) =0, (5.50)
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Evaluating now the norm of the difference v(¥) and v(/*2) we obtain:
99 =T a5,y = O(T+HD12),

Replacing J by J+2 in we obtain:

G(7+2) lwres,) = O+,

lv—

So, the triangle inequality gives estimate ([5.48)).
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Chapter 6

Conclusions

The aim of this dissertation is to analyse Navier—Stokes equations in
different domains. Our purpose was to get the theoretical results, which may
be used to create a simplified blood circulation model. This was done by
the following steps:

— In Chapter 3, the existence and uniqueness of a weak solution for
the time-periodic Stokes system in the domain with an outlet to
infinity were proved by constructing an appropriate boundary value
extension. This step gives the possibility to study the time-periodic
Navier—Stokes equations.

— In Chapter 4, besides the proof of the existence and uniqueness of
the solution, the main goal was to construct and justify the appro-
priate asymptotic expansion of the weak solution. This asymptotic
expansion let us to develop the hybrid-dimension model, which is
suitable for small vessels like arterioles and capillaries.

— The results in Chapter 4 obtained in the case of Dirichlet type bound-
ary condition, however more natural boundary condition is Neumann
type. Therefore in Chapter 5, we constructed the asymptotic expan-
sion with the given Bernoulli pressure. We also prove the existence
and uniqueness of the solution.

The obtained results may be used to create a simplified blood flow model

for small vessels. The case with given Bernoulli pressure, may be developed
with the time periodicity condition. That will allow to create a more realistic

and complicated blood flow model.
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Santrauka

Tyrimo objektas

Disertacijoje nagrinéjami sie uzdaviniai: laiko atzvilgiu periodiné Stokso
sistema su nehomogenine krastine salyga
vi—VvAv+Vp=f{, (x,t) € Q2 x(0,27),
divv =0, (x,t) € Q2 x(0,2m),
v(z,t) =p(x), (z,t) €0 x(0,27),

(S.1)

v(z,0) =v(z,27), x€Q,

laiko atzvilgiu periodiné Navjé ir Stokso sistema su nehomogenine krastine

salyga
giﬁvt—l/Av—k(v-V)v—i—Vp:f, (z,t)eB.x(0,27), 5 =0,2,
divv=0, (x,t)€B:x(0,27), (5.2)
v(z,t)=g(z,t), (z,t)€dB:x(0,2m),
v(z,t)=v(x,t+27), x€ B,
bei stacionarioji Navjé ir Stokso sistema su duotu Bernulio slégiu
—VvAV+(v-V)v+Vp=f,  z€B,
divv =0, r€ B,
v =0, xE@Bs\UéV:NlH 7, (S.3)
vy =0, a:E'yg,
—v0, (v -m) + (p+ %\v|2) =cj/e?, veqd,j=N1+1,...,N,
¢ia v ir p yra sistemos nezinomieji, v = v(z,t) = (v1(z,t),...,v,(z,t)) greicio

vektorius, p = p(x,t) skyséio slegis, f =f(x,t) = (fi(x,t),..., fu(x,t)) iSorinés
jégos vektorius, ¢ = ¢(x) = (p1(2),...,pn(2)) it g =8g(7,1) = (q1(2,1),. ..,
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gn(z,t)) yra duoti skyscio greiciai ant srities krasto, n - iSorinés vienetines
normalés vektorius, v, = v — (v-n)n - grei¢io vektoriaus tangentiné kompo-
nenté, d,h = Vh-n - funkcijos h normaliné iSvestiné, o (p+ %|V‘2) duotas
Bernulio slégis, v > 0 - skysc¢io klampumo koeficientas, € - koeficientas,
kuris lygus cilindro diametro ir ilgio santykiui, v(z,0) = v(x,27) greicio

periodiskumo laiko atzvilgiu salyga (su periodu 27).

Mokslinés problemos istorija ir aktualumas

Stokso bei Navjé ir Stokso lygtys, aprasancios klampaus nespudaus
skyscio tekéjima, yra nagrinéjamos sprendziant jvairius hidrodinamikos
uzdavinius. Sios lygtys yra idomios tiek teoriniu, tiek praktiniu pozitriu,
dél to, jos yra nagrinéjamos daugybéje mokslo bei technikos sri¢iy. Sie
tyrimai tampa ypac aktualus siuolaikiniame pasaulyje. Praktikoje jvairiyu
sri¢iu specialistai daznai susiduria su skyscio tekéjimo uzdaviniais, kuriuos
apraso Navjeé ir Stokso lygciu sistema. Placios siu lygciu taikymo galimybés
leidzia plétoti tarpdisciplininius tyrimus ir vystyti Navjé ir Stokso lygcéiyu
teorijg tiek teoriskai, tiek praktiskai.

Viena i$ sri¢iy, kurioje reikalingas klampaus nespiidaus skyscio tekéjimo
modeliavimas, yra medicina. Vienas is Sios disertacijos siekiniy yra gauti
medicinoje pritaikomus rezultatus. Tyrimas buvo atliekamas 2017 - 2021 dir-
bant jaunesniaja mokslo darbuotoja projekte “Klampaus tekéjimo sudétingos
geometrijos srityse daugiaskaliai modeliai ”.F_-] Disertacijoje nagrinéjamos
lygtys, kurios leidzia kurti supaprastintus kraujotakos sistemos modelius ne-
prarandant tikslumo. Gauti rezultatai gali buti taikomi modeliuojant kraujo
tekéjima smulkiose kraujagyslése, tokiose kaip arteriolés ir kapiliarai. Taip
pat, Sie rezultatai gali buti plétojami kuriant sudétingesnius modelius, kurie,
pavyzdziui, aprasytu kraujo tekéjimg Sirdyje ar kituose vidaus organuose.

Stokso bei Navjé ir Stokso lygtys grieztai matematiskai nagrinéjamos
nuo XX a. pradzios. Per pastaruosius metus pasiektas reikSmingas postumis
sprendziant Leré problema [45], ta¢iau nepaisant didelio susidoméjimo ir

pastangy, daugybé klausimu susijusiu su Siomis lygtimis, vis dar lieka atviri.

1. Sis projektas bendrai finansuotas i§ Europos socialinio fondo (projekto Nr. 09.3.3-
LMT-K-712-01-0012) pagal dotacijos sutarti su Lietuvos mokslo taryba (LMTLT).
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Disertacijoje netiesinés Navjé ir Stokso sistemos nagrinéjimas yra prade-
damas nuo tiesinés jos versijos, t.y. Stokso sistemos nagrinéjimo. Pirmiausia
nagrinéjama laiko atzvilgiu periodiné Stokso sistema, srityje su isé¢jimu j
begalybe [29]. Taciau siekiant gauti rezultatus, kurie aprasyty kraujotakos
sistemas Stokso sistema néra pakankama, be to, sritis su iSéjimu i begalybe
neapraso kraujagysliy tinklo strukturos. Dél siy priezasciy, toliau diserta-
cijoje nagrinéjama Navjé ir Stokso sistema cilindrinéje strukturoje, kuria
sudaro plony vamzdeliy sajunga.

Vienas iS disertacijos siekiniy yra gauti rezultatus, kurie galéty buti
pritaikomi modeliuojant kraujotakos sistemas. Sioms sistemoms jtakos turi
sirdies plakimas, kuris matematiskai gali buti aprasomas, kaip laiko atzvilgiu
periodiné funkcija, todél yra nagrinéjami periodiniai uzdaviniai. Norédami
aprasyti kraujo tekéjima skirtingose kraujagyslése, mes ivedame parametra
ir nagrinégjame laiko atzvilgiu periodine Navjé ir Stokso sistema cilindrinéje
strukturoje. Kiekviena cilindrine struktura atitinka jos vienmatis grafas,
kuris gaunamas cilindry diametra artinant i nuli. Grafo, kuris turi tris
mazgus O1,0s,03, penkias virsunes Oy, 05, Og, 07,03 ir septynias krastines

e1,...,e7 pavyzdys pateiktas pav. Vienmaté struktira yra paprasta,

Os

/N

0y ——

€1 /
\

ﬂ\

Os

1 pav. — Cilindrinés strukturos grafas

taciau ji turi trukumu: Siuo metu egzistuojantys vienmaciai modeliai ir
kodai negali uztikrinti reikiamo tikslumo srityse, kuriose formuojasi trom-
bai, yra stentai arba kraujagyslés iSsisakoja. Tikslumo problema galima
iSspresti taikant trimati modeli visai kraujotakos sistemai, taciau gausime
uzdavinj, kurio sprendimas reikalaus labai daug kompiuteriy resursy. Todél

trimatis modelis gali buti taikomas tik tam tikrose kraujotakos sistemos



dalyse. Dél siu priezasciy, disertacijoje yra siulomas hibridinis modelis,
kuris sujungia vienmatji ir trimati modelius, kai trimatis modelis taikomas
tik tam tikrose struktiros vietose, kuriose vienmatis modelis yra netikslus
(pavyzdziui, kraujagysliu i$sisakojime). Sis metodas pirma karta buvo pa-
sitlytas G. Panasenko 1998 metais sprendziant stacionarig Navjé ir Stokso
lygti [65, [66]. Véliau 2015 metais, $is metodas G. Panasenko ir K. Pilecko
darbuose buvo isplétotas sprendziant nestacionariaja Navjé ir Stokso sistema
cilindrinéje strukturoje [70, [71]. Sioje disertacijoje, $is metodas yra pritai-
komas sprendziant laiko atzvilgiu periodini uzdavini. Tam, jog galétume
sujungti vienmatj ir trimati modelius, mes konstruojame uzdavinio sprendinio
asimptotini skleidini. Metodas, leidziantis kurti hibridinés dimensijos modeli,
yra vadinamas asimptotiniu dalinio srities iSskaidymo metodu (method of
asymptotic partial decomposition of the domain (MAPDD)). Apibendrintas
MAPDD metodas pradiniam ir krastiniam uzdaviniui, pasitelkiant kompiute-
rine simuliacija, buvo nagrinéjamas [5] straipsnyje. Skaitiniai tyrimai parodé,
jog lyginant su A. Quarteroni komandos sukurtu modeliu, kuris taip pat
apjungia vienmacius ir trimacius modelius [15], MAPDD yra labiau tinkamas
modeliuojant smulkias kraujagysles, tokias kaip arteriolés. Tuo tarpu, A.
Quarteroni komandos modelis tiksliau apraso stambias kraujagysles, tokias
kaip arterijos.

Norédami aprasyti skirtingu tipu smulkias kraujagysles, disertacijoje
naudojame dvi skirtingas skales. Tam, prie greic¢io vektoriaus iSvestinés laiko
atzvilgiu, jvedame maza parametra e, kuris yra lygus kraujagyslés diametro

0 ir £=2, Parametras

ir ilgio santykiui. Nagrinéjame du skirtingus atvejus: ¢
£72 generuoja dideli koeficienty prie greicio isvestinés laiko atzvilgiu. Sie
atvejai apraso smulkias ir labai smulkias kraujagysles, tokias kaip arteriolés
ir kapiliarai.

Masu tikslas yra gauti rezultatus, kurie gali buti taikomi modeliuojant
kraujotakos sistemas. Norint sumazinti skaiciavimo kastus ir gauti reikiama
tiksluma, kompiuterinéje simuliacijoje reikia naudoti hibridinés dimensijos
modelius. Kertinis zingsnis, leidziantis kurti tokius modelius, yra sprendinio
asimptotinio skleidinio konstravimas. Pagrindinis asimptotinio skleidinio

narys priklauso nuo uzdavinio ant grafo sprendinio. Toks uzdavinys, kuriuo

remiasi asimptotinio skleidinio formavimas cilindrinése strukturose, pirma
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karta buvo pasiiilytas G. Panasenko ir K. Pilecko [68, [72] straipsniuose. Sioje
disertacijoje asimptotinis skleidinys konstruojamas remiantis G. Panasenko ir
K. Pilecko [68],[72] bei E. Marusi¢-Paloka [55] straipsniuose gautais rezultatais,
pritaikant juos laiko atzvilgiu periodiniam uzdaviniui.

Laiko atzvilgiu periodiné Navjé ir Stokso sistema buvo iSnagrinéta su
Dirichlé tipo krastine salyga, taciau sprendziant hemodinamikos uzdavinius,
geriau yra naudoti Noimano tipo salygas. Jos yra artimesnés realioms saly-
goms, taciau tokie uzdaviniai néra placiai iSnagrinéti. Dél Sios priezasties,
disertacijoje yra nagrinéjama stacionarioji Navjé ir Stokso sistema su Noi-
mano tipo salygomis, t.y. su duotu Bernulio slégiu krastuose, per kuriuos
skystis gali iteketi arba istekeéti. Siuo atveju, sukonstruotas apibendrintojo
sprendinio asimptotinis skleidinys, kai turime netiesine krastine salyga.

Visais atvejais, t.y., tiek nagringjant laiko atzvilgiu periodine Stokso
sistemy srityje su iSéjimu i begalybe, tiek nagrinéjant laiko atzvilgiu pe-
rioding bei stacionariaja Navjé ir Stokso sistemas cilindrinéje strukturoje,
yra jrodomas apibendrintyjyu sprendiniyu egzistavimas ir vienatis. Be to,
Navjé ir Stokso lygciu atveju, sukonstruojamas apibendrintojo sprendinio
asimptotinis skleidinys, kuris leidzia kurti hibridinés dimensijos modelius,

mazinanciais modelio skai¢iavimo kastus.

Disertacijos tikslai

Disertacijoje nagrinéjamos laiko atzvilgiu periodinés Stokso bei Navjé ir
Stokso sistemos, taip pat, stacionarioji Navjé ir Stokso sistema skirtingose
srityse. Pradedama nuo periodinés pagal laika Stokso sistemos nagrinéjimo
srityje su iSéjimu i begalybe (zr. [2] pav.). Véliau analizuojama laiko atzvilgiu
periodiné bei stacionarioji Navjé ir Stokso sistemos cilindrinéje strukturoje
(zr. pav.). Musu siekis - iSnagrinéjus $iuos uzdavinius, gauti rezultatus,
kurie buty taikomi kuriant supaprastintus kraujotakos sistemos modelius
aprasanéius kraujo tekéjima smulkiose kraujagyslése. Sios sistemos buvo
nagrinéjamos tokiais etapais:

— jrodomas laiko atzvilgiu periodinio Stokso uzdavinio apibendrintojo

sprendinio egzistavimas ir vienatis sukonstruojant specialy krastinés
salygos pratesima, kai sritis turi iSé¢jima i begalybe,

— jrodomas laiko atzvilgiu periodinés ir stacionariosios Navjé ir Stokso
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sistemos sprendinio egzistavimas cilindrinéje strukturoje, kai cilindro
skersmuo yra mazas,

— sukonstruojamas asimptotinis apibendrintojo sprendinio skleidinys,
kuris leidzia kurti hibridinés dimensijos modelius. Jis pagrindziamas
tiek Navjé ir Stokso sistemai, kuri yra periodiné laiko atzvilgiu, tiek
stacionariajai Navjé ir Stokso sistemai su duotu Bernulio slégiu,

— iSplétojamas asimptotinis dalinis srities iskaidymo metodas (method
of asymptotic partial decomposition of the domain (MAPDD)) laiko

atzvilgiu periodiniam Navjé ir Stokso uzdaviniui.

Disertacijos struktura ir apimtis

Disertacijos teksta sudaro penki skyriai, iSvados ir literaturos sarasas.
Pirmasis skyrius yra jvadinis. Jame apzvelgiama nagrinéjamos problemos
istorija ir aktualumas bei sritys, kuriose nagrinéjamos sistemos. Antrame
skyriuje pateikiami pagrindiniai Zymeéjimai ir pagalbiniai rezultatai, kurie
naudojami disertacijoje. Trec¢iame skyriuje pateikiami rezultatai gauti anali-
zuojant laiko atzvilgiu periodine Stokso sistema su nehomogenine krastine
salyga srityje su iséjimu i begalybe. Tuo tarpu, ketvirtame ir penktame
skyriuose iSnagrinétos laiko atzvilgiu periodiné Navjé ir Stokso sistema su ne-
homogenine krastine salyga bei stacionarioji Navjé ir Stokso sistema su duotu
Bernulio slégiu cilindrinéje strukturoje. Disertacijos pabaigoje pateikiamos

iSvados ir naudotos literaturos sarasas.

Disertacijoje gautu rezultatu apzvalga

Nagrinéjamos Stokso bei Navjé ir Stokso sistemos skirtingose srityse.
Tiesiné Stokso sistema nagrinéjama dvimateéje srityje 2, kuri turi
iSéjima i begalybe. Srities krastas yra sudarytas is skirtingy komponenciy,
kurios sudaro vidinj ir iSorini krastus (zr. [2| pav.).

Netiesinés Navjé ir Stokso sistemos , nagrinéjamos srityje Be
sudarytoje i$ keleto atskiry vamzdeliy (cilindry). Tokia sritis vadinama
cilindrine struktura. Strukturos sudarytos is triju vamzdeliy pavyzdziai

pateikiami [, 3] paveiksléliuose.
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2 pav. — Sritis

0B:

3 pav. — Sritis B.

4 pav. — Sritis B,
Disertacijoje irodomas Siu sistemuy apibendrintyju sprendiniy egzistavi-
mas ir vienatis. Navjé ir Stokso sistemos atveju, taip pat, sukonstruojami

asimptotiniai skleidiniai, kurie leidzia kurti hibridinés dimensijos modelius.
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Zemiau bus pateikiami pagrindiniai rezultatai gauti nagrinéjant Siuos
uzdavinius. Visy ten naudojamu funkciju erdviy apibrézimus (jei nenurodyta

kitaip) galima rasti disertacijos 2 skyriuje.

Laiko atzvilgiu periodiné Stokso sistema srityje su iSéjimu i

begalybe

Laiko atzvilgiu periodiné Stokso sistema nagrinéjama dvimatéje
srityje Q = Qo U D, kuri sudaryta i§ apréztosios dalies g = QN Bg,(0) =
QN{z € R?:|z| < Rp} ir turinti i&jima i begalybe D = {z € R?: |11| <
g(x2), x2 > Ro} (2r. 2] pav.). Funkcija g tenkina Lipsico salyga

]g(tl) —g(tg)‘ < L‘tl —tg‘, t1,to > Ry, g(t) > const > 0.

Srities krastas ) € C? yra sudarytas i$ vidinio krasto I'y, ir iSorinio krasto I'y.
Krastiné salyga ¢ € W3/%2(9Q) turi kompaktine atramg ir A =suppe NIy C
I'oN Bg, (0) .

Apibrézimas. Apibendrintuoju uzdavinio sprendiniu vadinsime solenoi-
dinj, laiko atZvilgiu periodini vektorini lauka v, kai Vv, v, € L?(0,27; L%(Q)),
tenkinantj krastine salyga v|sq = ¢, periodiskumo salyga v(z,0) = v(x,2m)
ir integraline tapatybe

2 27 27
//vt-ndxdt—i—u//Vv:Vndxdt://f-ndxdt
0 Q 0 Q 0 Q

kiekvienai laiko atzvilgiu periodinei funkcijai n € L2(0,27; H(Q2)).

Kadangi vektorinis laukas v yra solenoidinis (divv = 0), tai reiskia,
jog skystis yra nespudus (itekancio skyséio kiekis lygus istekancio skyscio
kiekiui), todél

/ von dS = — (Fm) 4 Flouw),

o(R)
¢ia o(R) = (—g(R),g(R)) yra is¢jimo D skerspjuvis (kertama tiese zo = R),
JF(inn) / @-n dS ir Flout) — / -n dS srautai per srities vidinj ir iSorinj
A
krastus.
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Laiko atzvilgiu periodinés Stokso sistemos (/S.1)) apibendrintojo sprendi-

nio ieSkome tokiu pavidalu:
v(z,t) = A(z) +u(zx,t),

¢ia A disertacijoje (7r. 3.2 poskyri) sukonstruotas specialus krastinés saly-
gos pratesimas. Sis pratesimas leidZia suvesti nagrinéjamsg nehomogenini
uzdavini i uzdavini su homogenine krastine salyga, kurioje naujas nezinomasis

yra laiko atzvilgiu periodinis vektorinis laukas u:

u —vAu+Vp=vAA+f, (z,t)€Qx(0,27),
divu=0, (x,t) € Q2 x(0,27), (5.4)
u=0, (x,t) € 02 x (0,27),
u(z,0) = u(z,2mn), z e

Rezultatas apie laiko atzvilgiu periodinés Stokso sistemos apibendrintojo
sprendinio egzistavima ir vienati, srityje su begaliniu iSé¢jimu, pateikiamas

Zemiau esancioje teoremoje.

1 teorema. ( Theoremm Tarkime, kad  C R? turi iséjimq i begalybe,
krastiné sqlyga o € W3/22(0Q) turi kompaktine atramg ir f € LIQ)CT(O7 2m; L2(9))

(svorinés erdvés L3(S2) apibrézimq galima rasti disertacijos 3.3 poskyryje).
+oo

dz
Jeigu / W;ﬂ < +oo, tuomet (S.1) sistema turi vieninteli apibendrintqji
0

sprendini v = A 4+, kuris tenkina gverti:

Ivell20,2mp2(0)) + IV VI L2(0,27522(0)

+o00 1 1/2
<C<<||‘P||‘24/3/2,2(39) <1+ / F(za) d$2>> +”fVLger(o,2mL§(Q))>-
Ro

Navjé ir Stokso lygtys cilindrinéje strukturoje

Laiko atzvilgiu periodiné Navjé ir Stokso sistema ir stacionarioji
Navjé ir Stokso sistema nagrinéjamos cilindrinéje struktiroje B.. Joje
yra jirodomas apibendrintojo sprendinio egzistavimas ir vienatis bei sukonst-
ruojamas sprendinio asimptotinis skleidinys, kuris leidzia kurti hibridinés

dimensijos modelius.
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Nagrinédami laiko atzvilgiu perioding Navjé ir Stokso sistema (|S.2)) srityje
B (7zr. |3|pav.), tariame, jog krastiné funkcija g yra periodiné laiko atzvilgiu,
lygi nuliui ant krasto visur, isskyrus cilindry galus 72 = 9B Now!, j =

Nyi+1,...,N (¢ia j yra grafo virsuniy taskai (zr. |1/ pav.)) bei tenkina Sias

salygas
Fj(t):/g-ndstn_le(t), j=Ni+1,...,N (S.5)
i
ir
N .
Y FI(t)=0 Vte|0,2n]. (S.6)
j=N1+1

Krastinés funkcijos pratesima pazymeékime g (taip pat kaip ir kraStine
funkcija) ir tarkime, jog jis yra solenoidinis, laiko atzvilgiu periodinis bei
tenkina Siuos asimptotinius jvercius
sup [g(x,1)| < c. IVellzz(s.) <=2 vte [0,2a],
z€B. (S.7)
lgtllz2(B.) < "7, ”VQgHL?(BE) <ce™T Vie [0,27].
Disertacijoje jirodomas laiko atzvilgiu periodinés Navjé ir Stokso sis-
temos apibendrintojo sprendinio egzistavimas dvimaciu bei trimaciu
atvejais, pasinaudojant Stokso operatoriaus savybémis (zr. 2.2 poskyri).
sistemos apibendrintojo sprendinio egzistavimas ir vienatis irodomi
sprendziant Si variacini uzdavini: ieSkome vektorinio lauko v =u+g, kai
divu=0, u € LZ(0,2m; WH(B.) N\W?2(B.)), u, € L2.(0,27; L?(B:)) bei

tenkinama integraliné tapatybeé

/@“t'"”“‘V"—<<u+g>‘V)n‘u—<u-v>n-g>dx
: (.8)

:/f-ndx,
B

kiekvienam solenoidiniam vektoriniam laukui n € H(B.). Cia g yra pratesi-
mas tenkinantis (S.7)) salygas, o f laiko atzvilgiu periodiné funkcija, tokia,
kad f € L%er(0,27r;L2(BE)). Pazymeékime, kad

Ar() = £, 072, (S.9)

Laiko atzvilgiu periodinés Navjé ir Stokso sistemos (S.2)) apibendrintojo
sprendinio egzistavimas ir vienatis dvimaciu ir triamciu atvejais suformuluoti

zemiau esanciose teoremose.
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2 teorema. (Theorem Tegul B. C R?, 0B. € C%. Tarkime, jog
pratesimo funkcija g € C[%HI(OJW;WQ’Q(BE)) bei tenkina (S.5), (S.6) ir
(S7) salygas. Be to, f € L2.(0,2m; L?(B:)) ir tenkina (S.9) sqlygq. Tuomet
pakankamai mazam e (S.8)) variacinis uZdavinys turi vieninteli sprending u,

kuris tenkina gvercius

2m 2
o Ol [ [Vt dede<e [aoar
€|0,2m

0 B: 0

2 2
sup ||Vu(-,t)||%z(35)+//|ut(:r,t)|2 dxdt+gﬁ//|v2u(x,t)|2 dzdt
t€[0,2m] 0 B. 0 B

2
< caﬁ/Al(t) dt,
0

¢ia konstanta ¢ nepriklauso nuo €, §=0,2.

3 teorema. (Theorem Tegul B. C R3, 0B. € C?. Tarkime, jog
pratesimo funkcija g € C’[%HI(OQW;WQ’Q(BJ) bei tenkina (S.5)), ir
(S.7) salygas. Be to, £ € L2..(0,2m; L*(Bc)) ir ||f|| 12(p.) < co, Cia konstanta
co yra pakankamai maZa ir nepriklauso nuo €. Tuomet pakankamai mazZam
€ variacinis uzdavinys turi vieninteli sprending u, kuris tenkina gverti

21 27
20 Ol +27 JIu( )30 de < 4 [ Aty
€|0,2m

0 0

Jeigu ¢y yra pakankamai maza konstanta (neprilkauso nuo €) tuo atveju, kai

B8=0 arba B =2, taip pat galioja jvertis

2m
sup [Vu(e,t) B+ [ [ e, ) dods
te[0,27] 0B

27 2
+€ﬂ/||V2u(-,t)||%z(Ba)dt < cgﬂ/Al(t)dt,
0 0

Gautam apibendrintajam sprendiniui konstruojamas asimptotinis sklei-
dinys, kuris leidzia kurti hibridinés dimensijos modelius. Sis skleidinys
konstruojamas remiantis matematine indukcija. Pirmiausia sprendziame lai-

ko atzvilgiu periodini uzdavini ant grafo ir randame makroskopini slégi, kuris
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yra tiesiné, laiko atzvilgiu periodiné funkcija ant kiekvienos grafo krastinés
bei priklauso tik nuo paskutinés lokalios koordinaciy sistemos komponenteés
:m(f) (placiau apie skirtingas koordinaciu sistemas galima paskaityti disertaci-
jos ivade). Mazguose (taskuose, kuriuose susikerta kelios grafo krastineés (Zr.
pav.)), 8is uzdavinys tenkina Kirhofo tipo susikirtimo salygas. Tuo tarpu

(e) (

kiekviename cilindre I1¢™ (cilindro II. apibrézimg taip pat galima rasti diser-
tacijos ivade) turime Puazeilio tipo greiti, kuris priklauso tik nuo 29, t.y.
nepriklauso nuo paskutinés erdvés komponentés. Tuomet dauginame Puazei-
lio tipo greitj ir slégi i$ nupjautinés funkcijos ¢, kuri lygi vienam viduriniame
cilindry tre¢dalyje ir nykstamai mazéja mazgy O(e) aplinkoje. Taciau $i
sandauga Navjé ir Stokso lygties desinéje puséje generuoja paklaidas, kuriy
atrama priklauso tai paciai O(e) aplinkai. Siu paklaidy kompensavimui
ivedamas pasienio sluoksniy korektorius. Korektoriai yra Stokso sistemos
sprendiniai, kuri sprendziama struktiroje sudarytoje is cilindry, turinc¢iy
begalinius iSéjimus.

Taip konstruojami asimptotiniai skleidiniai greicio vektoriui ir slégiui

turi tokias israiskas:

J
+Z(1—<('TJ.O”)) ) eﬂ‘VBBLOl% )
=1 min j=—1
(J)( t)_M (%(zei)) (‘€i| $7(16i)) J j—2 ( )() (eq) ( )()
P _;C 3re < 3re JX:% ( g +a )
al 2= O\ <= _j_1plBLOY
I=1 e

dia y = ?, 0 < ¢(7) <1 yra glodi nupjautiné funkcija, be to, {(7) =0, kai
7<1/31ir {(r) =1, kai 7 > 1/3. Pora (VE-BLOZ](y,t),P][BLOl](y,t)) apraso
greic¢io vektoriy ir slégi pasienio sluoksniuose. Jie randami sprendziant laiko
atzvilgiu periodine Stokso sistema pusiau begaliniuose cilindruose. Narys
Vgei)(y(e)/,t) apraso Puazeilio tipo greiti (vamzdelyje igyja paraboline forma),
o narys pg-ei) = —s§~ei)

sprendziant laiko atzvilgiu periodine sistemg ant grafo. Kadangi asimptotiné

(t)x,(fi) —l—a§ei) (t) - makroskopini slégi. Sie nariai randami

israiska konstruojama remiantis matematine indukcija pagal j, tai pradiniame
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zingsnyje, kai j = 0, ieSkome funkcijos pg € Lper(0,27r; Wh2(B)), kuri tenkina
sistema
—azf)(L@);’g(x;),t)) =0, 2©e(0,le]), Ve=e;, j=1,...,M,
-3 (2@ ap“) I=1,...,Ny,
e:0;€e 8$n
— (! ) ap“ =Uy(t), I=N1+1,...,N,

¢ia Wy(t) = / g;-ndS. Operatorius L(® susieja slegio krypties koeficien-

"/l

ta S ir srauta H begaliniame cilindre, kurio skerspjuvis yra o(®). Ope-
ratoriaus L(®) ie§kome spendziant laiko atzvilgiu periodine $ilumos laidu-

mo lygti: duotam S € L2_.(0,27) ieskome V € L2_.(0,2m; W2(c(9)), kai

per per
oV .
o € L%er(O,Qﬂ;Lz(a( ))) ir
?;( @) —vA! V(Y ) =5(1), ¥ ed t>0,

VY 1) g0 =0, V' 1) =V(yl® t+2n).

Tuomet, tiesinio apréztojo operatoriaus israiska yra tokia

LEOS(1) / V(y © = 24(1).
ole)
Plac¢iau apie asimptotinio skleidinio konstravimo Zingsnius galima paskaityti
disertacijos 4 skyriuje.

Sukonstrave asimptotinius skleidinius, konstruojame laiko atzvilgiu pe-
riodinés Navjé ir Stokso sistemos apibendrintaji sprendini (v,p) tokiu
pavidalu: v=u+u) =u+v) +wl) p=¢g+pW), &a v(?) sprendinio
(0,27, W22(B.) nW'2(B,)) vektorinis
laukas, toks kad divw() = —p) = —divv({), o p) slégio funkcijos p sklei-

dinys. Tuomet u’) ¢ Lf,er((),27r;W2’2(B€)), u’) e Lger(O,Qw;Lz(BE)).

asimptotinis skleidinys, wl) e L%er

Apibrézimas. Solenoidinis laiko atzvilgiu periodinis vektorinis laukas u =
0,2m; W22(B.)),
0,27; L%(B.)), tenkina krasting salyga u(z,t)|pp. =0 ir integraling

v—u'’) vadinamas apibendrintuoju sprendiniu, kai u € Lper(

u; € Lper(
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tapatybe

1
/<?ﬁut'"+”vu‘V"_((“+U(J))'V)n-u—(u-V)n-u(‘])>dx
Be

= /fl(‘]) -ndz, Vne H(B.).

Apibendrintojo sprendinio u egzistavimas ir vienatis iSplaukia is [2] teo-
remos. Kai n = 2 apibendrintasis sprendinys u tenkina jveréius, kuriuos

suformuluosime teoremos pavidalu.

4 teorema. Tequln =2, §=0,2. Tuomet galioja Sie jverciai

s
sup Hu("t)H%Q(BE)+€ﬁ//‘vu’2dxdt<c€2J—2+ﬁ,

te[0,27] 02
sup ||Vu(- HLz +//|ut|2d:cdt+€ﬂ//|V2u|2dxdt
te[0,27] 05, 0B,
< ce2 4B,

Be to, egzistuoja tokia slégio funkeija q € L2..(0,27; L*(B.)), kad/q(x,t)d:r =

per
0 er
1
/(:ﬁ“t'"”V“:Vn—<<u+u“>>-V>n-u—<u-v>n-u<”)dgc
Be

:/qdivndx+/f1(‘])-ndx, Vn e W2(B,).

Tuomet, jer J = 2, tai galioja gvertis
2

//]q|2dacdt<cszj_4_5.

0 Be

Stacionarioji Navjé ir Stokso sistema ([S.3|) cilindrinéje strukturoje B.
(zr. 4 pav.) nagrinéjama ja perraSant tokiu pavidalu:

—VAV+ (v-V)v—v-(VV) +V®=f, z¢€B,,
divv=0, x€ B,
vV = 0, A 8BE\U§V:N1+1’Y£, (SIO)

vy =0, x€v,

® =p;, v€7L, j=N1+1,...,N,
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1
¢ia ¢ = (p+ §|v|2) yra Bernulio slégis, o p; atitinka konstanta c;/e?.

Apibrézimas. Stacionariosios Navjé ir Stokso sistemos (S.10) apibend-
rintuoju sprendiniu vadiname vektorinj lauka v & jl 2(B.) kuris tenkina

integraline tapatybe

V/Vv:Vndm—l—/(v-V)v-ndx—/(n-V)v~vdx

B. B. B.
N-1
S p]/n ndx—i—/f ndz, vneJY(B.).
j=Ni1+1 'Yg

Teorema apie apibendrintojo sprendinio egzistavimg pateikiama zemiau.

5 teorema. Tarkime f € L*(B.) ir p;ER, j=Ni+1,....,N—1. Tuomet
(S.10) sistema turi bent vieng apibendrintqji sprending v € fl 2(B.). Be to,
galioja gvertis

N-1

1VVlia) <c(e2 30 il +elflas.)), (8.11)
j=Ni1+1

cia konstanta ¢ nepriklauso nuo €.

Asimptotinis skleidinys stacionariu atveju konstruojamas panasiai, kaip
ir pries tai. Greicio vektoriaus asimptotinis skleidinys konstruojamas tokiu

pavidalu:

(e)
V@) = Yo V)

Oy, I=N1+1,...,N; e=0,0;,
(e)

FT v ()

3re 3re
e=0q Oﬁ; a,8<Ny

(- (),

€|m1n €

Cia pirma suma apima virsunes, antroji suma mazgus, o trecioji suma
kompensuoja paklaidas pasienio sluoksniuose.

Slégio funkcijos asimptotinis skleidinys virsunése ir mazguose igyja ati-
tinkamas iSraiskas:

1 |z — Oy x—0
N(z) = —g@p@ 4y qe) 4 = ! [BLOy,J] (= — M1
p(x) =—s2," +a +5<1 ( ))P ! ( ),

|€|m1n 3
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ir

In e e e e e
ﬁﬂ@%:}:gpgﬁ(_gxﬁ)+¢)_aun+ah)

J% (1_C(|x Oz\)) BLOl,J](x_TOZ)'

lelmm

Panasiai kaip laiko atzvilgiu periodinés Navjé ir Stokso sistemos atveju

VIBLOLJ] plBLOLT])

pasienio sluoksniu asimptotikos ( randamos sprendziant

stacionariaja Stokso sistema. Pradiniu atveju (kai j = 0) sistema atrodo

taip:
_, AyV%BLOl} +v, PéBLol} _ f(EREGOl] N féBLOl]7 e
dlvyV[BLOl} h{)REGO”, ye
vIPEOl g, y € 09,

Nariai V&7 ir Dj = (—s(e):ng) +ale) — a(es)) +al®s) randami sprendziant
uzdavini ant grafo. Ju radimo algoritmg galima rasti disertacijos 5.3 posky-

ryje. Pradiniame zingsnyje funkcija pg randama is uzdavinio:

82 (e)
05 (@) =0, ) € (0,]el),

83:(6)
)
— D ke =0, l=1,...,Ny,

e:0€e an
(0) = a, I=N,+1,...,N,
p$(0) = p§(0), Vec B,

¢ia k. randama sprendziant Dirichlé uzdavinj (ziuréti disertacijos 5.3 poskyri),
0 ¢; zinomos konstantos.

Disertacijoje (zr. 5 skyriu) pateikiamas sprendimo algoritmas bei irodomas
paklaidos jvertis. Tegul v =u+v) +w) &a v(?) yra grei¢io vekto-
riaus asimptotinis skleidinys, o w(/) € WM(BE) vektorinis laukas, toks kad
divw(’) = —pl) = —divv(’),

6 teorema. Sukonstruotas pratesimas tenkina paklaidos gverts

[v— (D + w) [rzp.y = O7HD/2),
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ISvados

Disertacijoje buvo iSnagrinéti sie uzdaviniai: laiko atzvilgiu periodiné
Stokso sistema su nehomogenine krastine salyga (priklausancia tik nuo erdvés
kintamojo)ﬂ, laiko atzvilgiu periodiné Navjé ir Stokso sistema bei stacio-
narioji Navjé ir Stokso sistema su duotu Bernulio slégiu. Rezultatai gauti
nagrinéjant Navjé ir Stokso sistema cilindrinéje strukturoje, gali buti panau-
dojami kuriant supaprastintg hibridinés dimensijos modeli, aprasanti kraujo
tekéjima smulkiose ir labai smulkiose kraujagyslése. Stacionarioji Navjé ir
Stokso sistema su duotu Bernulio slégiu, gali buti toliau nagrinéjama spren-
dziant laiko atzvilgiu periodini uzdavini ir kuriant realistiskesni kraujotakos
modeli.

2. Laiko atzvilgiu periodiné Stokso sistema srityje su iSé¢jimu i begalybe, kai krastiné
salyga priklauso ne tik nuo erdvés kintamyjy, bet ir nuo laiko, buvo apibendrinta K.

Kaulakytes ir K. Pilecko straipsnyje [33].
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Résumé

Objet de la recherche

Dans la thése nous examinons les problémes suivants : I’équation de

Stokes 2m-périodique en temps

vi—VvAv+Vp=T1, (x,t) € 2% (0,27),
divv =0, (x,t) € Qx(0,27),
(R.12)
V=, (x,t) € 00 x (0,27),
v(z,0) =v(z,2m), z€Q,
I’équation de Navier—Stokes 2m-périodique en temps
1
AL —VvAV+(v-V)v+ Vp=f, (z,t)eB:x(0,27),
divv=0, (x,t)eB:%x(0,27), (R.13)
v=¢p, (x,t)€0B:%x(0,27),
v(z,t)=v(x,t+2m), v€B;.

et I’équation de Navier—Stokes stationnaire avec une pression donnée de

Bernoulli
—vAv+ (v-V)v+Vp=H{, T € B,
divv =0, r€ B,
v=0, 2€IB\ULy 17, (R.14)

v, =0, rEeVL,

1 .
—v0p(v-n)+ (p+ §IV\2) =¢j/e?, wenl,j=N1+1,...,N,

ou v=v(x,t)=(vi(z,t),...,vp(z,t)) est la vitesse de la fluide, p = p(x,t)
est la pression, f = f(x,t) = (fi1(x,t),..., fo(z,t)) est la force extérieure et

p=p(x,t) = (p1(x,1),...,0n(z,t)) est la vitesse donnée sur la frontiere du
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domaine, v > 0 représente la viscosité de la fluide. La condition v(z,0) =
v(z,27) donne la périodicité temporelle (avec une période 27) et les ouverts
sur lesquels sont posés ces trois problémes sont représentés aux figures [6] [7]

et Bl

Histoire et pertinence du probléeme scientifique

Les équations de Stokes et de Navier—Stokes décrivant 1’écoulement d’un
fluide visqueux incompressible sont prises en compte dans la résolution de
divers probléemes hydrodynamiques. Ces équations sont intéressantes a la fois
du point de vu théorique et pratique, c’est pourquoi elles sont considérées
dans de nombreux domaines de la science et de la technologie. Ces études
deviennent particulierement pertinentes dans le monde moderne. En pratique,
les praticiens de divers domaines sont souvent confrontés aux problemes
d’écoulement de fluide décrits par le systéme des équations de Navier—Stokes.
Le large éventail des applications de ces équations permet de développer des
recherches interdisciplinaires et de développer la théorie des équations de
Navier—Stokes tant sur le plan théorique que pratique.

Une application importante de la modélisation de I’écoulement du fluide
visqueux incompressible est la médecine. L’un des objectifs de cette these est
d’obtenir des résultats médicalement applicables. L’étude a été réalisée en
2017-2021 en tant que chercheur junior dans le projet “Multiscale Modeling
for Viscous Flows in Domains with Complex Geometry”.lﬂ La these traite
les équations qui permettent le développement des modeles simplifiés du
systéme circulatoire sans perte de précision. Les résultats obtenus peuvent
étre appliqués a la modélisation du flux sanguin dans les petits vaisseaux
sanguins tels que les artérioles et les capillaires. De plus, ces résultats peuvent
étre développés davantage en développant des modeles plus sophistiqués qui
décrivent, par exemple, le flux sanguin dans le coeur ou d’autres organes
internes.

Les équations de Stokes et de Navier—Stokes est un sujet difficile et

important de mathématique. Des progres significatifs ont été réalisés ces

3. This project has received funding from European Social Fund (project No. 09.3.3-
LMT-K-712-01-0012) under grant agreement with the Research Council of Lithuania
(LMTLT).
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derniéres années dans la résolution du probléeme de Leray [45], mais malgré
un intérét et des efforts considérables, de nombreuses questions liées a ces
équations restent ouvertes.

Dans la these, I'analyse du systéme non-linéaire de Navier—Stokes com-
mence par sa version linéaire, i.e. par 'examen du systeme de Stokes. Consi-
dérons d’abord le systeme de Stokes périodique en temps, dans le domaine
avec la sortie vers l'infini [29]. Cependant, le systéme de Stokes n’est pas
suffisant pour obtenir des résultats décrivant les systémes circulatoires, et le
domaine a la sortie infinie ne décrit pas la structure du réseau vasculaire.
Pour ces raisons, le systeme de Navier—Stokes dans une structure tubulaire
constituée d’'une union de tubes minces est examiné plus en détail dans la
these.

L’un des objectifs de la theése est d’obtenir des résultats pouvant étre
appliqués a la modélisation des systémes circulatoires. Ces systemes sont
affectés par le rythme cardiaque, qui peut-étre décrit mathématiquement
comme une fonction périodique en temps, et donc des problemes périodiques
sont pris en compte. Pour décrire le flux sanguin dans différents vaisseaux
sanguins, nous introduisons le parametre € et considérons le systeme de
Navier—Stokes périodique en temps dans une structure tubulaire. Cette
structure est une réunion des tubes cylindriques fins avec le rapport entre
le diametre de la section et la hauteur du cylindre égal a €. Ce parametre
représente le rapport entre le diamétre d’un vaisseau et sa longueur. A
chaque structure tubulaire correspond un graphe unidimensionnel, qui est
obtenu en approchant le diameétre des tubes a zéro. Un exemple de graphe
avec trois nceuds O1,04,03, cing sommets Oy, O05,0q,07,03 et sept arétes
e1,...,e7 est représenté a la figure 5] La structure unidimensionnelle est
simple, mais elle présente des inconvénients : les modeles et codes unidimen-
sionnels existants actuellement ne peuvent pas fournir la précision requise
dans les zones ou des thrombus se forment, des stents sont présents ou des
branches de vaisseaux sanguins. Le probleme de précision peut-étre résolu en
appliquant un modele tridimensionnel a I’ensemble du systéme circulatoire,
mais nous obtiendrions une tache qui nécessiterait beaucoup de ressources
informatiques. Par conséquent, le modele tridimensionnel ne peut-étre appli-

qué qu’a certaines parties du systéme circulatoire. Pour ces raisons, la these
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F1GURE 5 — Le graphe d’une structure tubulaire

propose un modele hybride qui combine des modeles unidimensionnels et
tridimensionnels, ou le modeéle tridimensionnel est appliqué uniquement a
certains zones de la structure ou le modéle unidimensionnel est inexact (par
exemple, dans la ramification vasculaire). Cette méthode a été proposée pour
la premiere fois par G. Panasenko en 1998 en résolvant ’équation stationnaire
de Navier—Stokes [65) [66]. Plus tard en 2015, cette méthode a été développée
par G. Panasenko et K. Pileckas pour résoudre le systéeme non-stationnaire
de Navier-Stokes dans une structure tubulaire [70, [71]. Dans cette these,
cette méthode est appliquée pour résoudre un probléeme périodique en temps.
Afin de combiner des modeles unidimensionnels et tridimensionnels, nous
construisons un développement asymptotique de la solution du probléme.
La méthode qui permet le développement d’un modele de dimension hybride
est appelée la méthode de décomposition partielle asymptotique du domaine
(method of asymptotic partial decomposition of the domain (MAPDD)).
Une version généralisée de cette méthode avec une simulation numérique
a été discutée dans [5]. Des études numériques ont montré que MAPDD
est plus adapté a la modélisation des petits vaisseaux sanguins tels que les
artérioles par rapport au modele développé par I’équipe A. Quarteroni, qui
combine également des modeles unidimensionnels et tridimensionnels [15].
Le modele de I’équipe A. Quarteroni, quant a lui, décrit plus précisément
les gros vaisseaux sanguins tels que les arteres.

Pour décrire différents types de petits vaisseaux sanguins, nous utilisons
deux échelles différentes dans la these. Pour ce faire, nous ajoutons un

coefficient e~ devant le terme v;. Nous considérons deux cas différents : °

137



et e72. Le parameétre e ~2 géneére un grand coefficient & la dérivée par rapport
au temps. Ces cas décrivent des vaisseaux sanguins petits et tres petits tels
que les artérioles et les capillaires.

Notre objectif est d’obtenir des résultats applicables a la modélisation
des systemes tubulaires. Les modeles de dimension hybride doivent étre
utilisés dans la simulation informatique pour réduire les coiits de calcul
et obtenir la précision requise. Une étape clé dans le développement de
tels modeles est la construction d’un développement asymptotique de la
solution. Le terme principal du développement asymptotique dépend de la
solution du probleme sur le graphe. Un tel probleme, sur lequel repose le
développement asymptotique dans les structures tubulaires, a été proposé
pour la premiére fois dans l'article de G. Panasenko et K. Pileckas [68], [72].
Dans cette these, le développement asymptotique est construit sur la base
des résultats obtenus dans I'article de G. Panasenko et K. Pileckas [68, [72] et
l'article de E. Marusié-Paloka [55], en les adaptant au probléme périodique
en temps.

Le systeme de Navier-Stokes périodique en temps a été étudié avec une
condition aux limites de type Dirichlet, mais il est préférable d’utiliser a la
sortie de la structure des conditions de type Neumann pour résoudre les
problémes hémodynamiques. Elles sont plus proches tolérées par les codes
numériques, mais ces défis ne sont pas largement explorés. Pour cette raison,
la these traite le systeme stationnaire de Navier—Stokes avec des conditions
de type Neumann, i.e. avec une pression de Bernoulli donnée aux bords
par lesquels le liquide peut entrer ou sortir. Dans ce cas, un développement
asymptotique de la solution faible est construit lorsque nous avons une
condition aux limites non-linéaire.

Dans tous les cas, c’est-a-dire a la fois dans I’étude du systeme de Stokes
périodique en temps dans le domaine de I'infini et dans ’analyse des systémes
de Navier—Stokes périodiques en temps et stationnaires dans la structure
tubulaire, ’existence et I'unicité des solutions faibles sont prouvées. De plus,
dans le cas des équations de Navier—Stokes, un développement asymptotique
de la solution faible est construit, ce qui permet le développement de modeles

de dimension hybride qui réduisent le cotit de calcul du modéle.
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Objectifs de la these

La these porte sur les systemes de Stokes et de Navier—Stokes périodiques
en temps, ainsi que sur le systeme stationnaire de Navier—Stokes dans
différents domaines. Il commence par une étude du systeme de Stokes 27-
périodique en temps avec une sortie a 'infini (voir Figure @ Ensuite, les
systemes de Navier—Stokes périodiques en temps et stationnaires dans une
structure tubulaire sont analysés (voir Figure[)). Notre objectif est d’examiner
les résultats de ces tdches pour développer des modeles simplifiés du systéeme
circulatoire qui décrivent le flux sanguin dans les petits vaisseaux sanguins.
Les résultats principaux de I’étude sont :

— l’existence et 'unicité de la solution faible du probleme de Stokes
périodique en temps sont prouvées en construisant une extension
spéciale de la condition aux limites lorsque le domaine a une sortie a
I’infini,

— Dexistence d’une solution d’un systéme de Navier—Stokes périodique
en temps ou stationnaire dans une structure tubulaire de petit dia-
metre de cylindre est démontrée,

— un développement asymptotique de la solution faible est construit,
ce qui permet le développement de modeles de dimension hybride. 11
est basé a la fois sur le systeme de Navier—Stokes, qui est périodique
en temps, et sur le systeme de Navier—Stokes stationnaire avec une
pression de Bernoulli donnée a ’entrée et a la sortie,

— la méthode de décomposition partielle asymptotique du domaine (me-
thod of asymptotic partial decomposition of the domain (MAPDD))
pour le probleme de Navier—Stokes périodique en temps est dévelop-

s

pée.

Structure et portée de la these

Le texte de la theése se compose de cing chapitres, conclusions et références.
Le premier chapitre est introductif. Il passe en revue I'historique et la
pertinence du probléeme en question et les domaines dans lesquels les systemes
sont abordés. Le deuxieme chapitre présente les principales notations et les

résultats a I’appui utilisés dans la these. La troisieme section présente les
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résultats obtenus en analysant le systéme de Stokes périodique en temps
avec une condition aux limites in-homogeéne dans un domaine avec une
sortie a 'infini. Dans le quatriéme et le cinquieme chapitres, le systéeme de
Navier—Stokes périodique en temps avec conditions aux limites in-homogenes
et le systéme de Navier—Stokes stationnaire avec une pression de Bernoulli
donnée dans une structure tubulaire sont examinés. A la fin de la thése, les

conclusions et la liste la bibliographie utilisée sont présentées.

Examen des résultats obtenus dans la thése

Les systemes de Stokes et de Navier—Stokes dans différents domaines
sont examinés. Le systéme linéaire de Stokes est considéré dans le
domaine bidimensionnel €2, qui a une sortie & 'infini. Le bord d’une zone
est composé de différents composants qui constituent les bords intérieur et

extérieur (voir Figure [6)).

FIGURE 6 — Un domaine (2

Les systemes non-linéaires de Navier—Stokes , sont considé-
rés dans le domaine B, constituée de plusieurs tubes (cylindres) séparés. Un
tel domaine est appelé une structure tubulaire. Un exemple de structure a
trois tuyaux est illustré dans les figures [§|[7]

La these prouve I'existence et I'unité des solutions faibles de ces systémes.
Dans le cas des systémes de Navier—Stokes, des développement asymptotiques
sont également construits. Ils permettent le développements des modeles de
dimension hybride.

Les principaux résultats obtenus pour relever ces défis seront présentés
ci-dessous. Les définitions de tous les espaces fonctionnels qui y sont utilisés

(sauf indication contraire) se trouvent au chapitre 2 de la these.
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0B:

FIGURE 7 — Un domaine B,

FIGURE 8 — Un domaine B,

Systéme de Stokes périodique en temps dans le domaine avec

une sortie a ’infini

Le systéme de Stokes périodique en temps (R.12) est considéré dans le
domaine & deux dimensions Q = Qo U D ot Qy = QN Bg,(0) =Q2N{z € R?:
lz| < Rp} et avec une sortie a l'infini D = {x € R?: |21| < g(z2), 2 > Ro}

(voir Figure [6)). La fonction g satisfait la condition de Lipschitz
|g(t1) —g(t2)| < L‘tl —t2|, t1,t9 > Ry, g(t) > const > 0.

Le bord de la région 092 € C? se compose du bord intérieur I'; et du bord
extérieur I'g. La vitesse donnée dans la condition aux limites ¢ € W3/22(9Q)

a un support compact et A =suppe NIy C I'oN Bg,(0).

Définition. La solution faible du probléme (R.12) est le champ vectoriel
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solénoidal v tel que Vv, vy € L%(0,27; L?(§)) satisfaisant la condition aux

limites v|sn = ¢, la condition de périodicité v(z,0) = v(z,27) et l'identité

intégrale
2 2 2
//vt~77 dxdt+v//Vv:Vn da:dt://f-n dzdt
0 Q 0 Q 0 Q

pour chaque fonction 27-périodique en temps 1 € L2(0,2m; H(L2)).

Puisque le champ vectoriel v est solénoidal (divv = 0), cela signifie que
le liquide est incompressible (la quantité d’afflux est égale a la quantité
d’effluent), donc

/ von dS = — (Fm) | Flow).
o(R)
ou o(R) = (—g(R),g(R)) est la section transversale de la sortie D (par

ligne zo = R), Fimm) = /go n dS et Flout) = /cp -n dS traverse les bords
A

'
intérieur et extérieur du domaine.

On cherche une solution faible du systéme de Stokes 27-périodique en
temps (R.12) sous la forme suivante :

v(z,t) = A(z) +u(zx,t).

Une extension spéciale A de la condition aux limites est construite dans la
these (voir la section 3.2). Cette extension permet de combiner le probleme
inhomogene en question en un probléme avec une condition aux limites
homogene dans lequel la nouvelle inconnue est un champ vectoriel périodique

u, vérifiant

w —vAu+Vp=vAA+f, (z,t) € Qx(0,2m),
divu =0, (z,t) € 2 x(0,2m), (R.15)
u=0, (z,t) € 92 x (0,27),
u(z,0) = u(z,2mn), x €.

Le résultat d’existence et d’unicité de la solution faible du systeme de
Stokes dans un domaine avec une sortie a 'infinie est donné dans le théoréme

ci-dessous.
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Théoréme 1. (Theorem Supposons que 2 C R? ait une sortie
Uinfini, que la condition auz limites ¢ € W3/2’2(8Q) ait un support compact

et que f e L2,.(0,2m;L3()) (I’espace pondéré L(Q) est dénifi d la section
+oo
3.3 de la thése). Si / LR
9% (x2)
0

unique solution faible v.= A +u, qui satisfait l’estimation :

< 400, alors le systeme (R.12)) admet une

IvVell20,2mz2) + IVVIiL2 (0,222 ()

+o00 1 1/2
<C<<H<PH%V3/2,2(BQ) <1+ / (0] d$2>> +Hf!Lger(o,2n;L§(m)>-
Ry

Equations de Navier—Stokes dans une structure tubulaire

Le systeme de Navier—Stokes périodique en temps et le systeme de
Navier—Stokes stationnaire sont considérés dans la structure tubulaire
B.. On prouve 'existence et I'unicité de la solution faible et on construit un
développement asymptotique de la solution, ce qui permet le développement
des modeles de dimension hybride.

En examinant le systéme non-stationnaire de Navier—Stokes dans
la structure tubulaire (voir figure @, nous supposons que la fonction a la
frontiere g est périodique en temps et que g = 0 sur le bord partout sauf
aux extrémités du cylindre v/ = dB.Ndwl, j = Ny +1,...,N (ot j sont les

sommets du graphe (voir Figure [5))) et que pour les débits

ﬁj(t):/g-ndS;e"—le(t), j=Ni+1,..,N  (R.16)
v
on a
N .
> F/(t)=0 Vte|0,2n]. (R.17)
j=Ni1+1
Notons ’extension de la fonction a la frontiére g par la méme notation g

et supposons qu’elle est solénoidale, périodique en temps, et satisfait les

estimations asymptotiques :

sup |g($’t)’ <S¢ HVgHLQ(BE) < CERT% vte [07277]7
z€Be (R.18)
n—1 n—>5
lgell2s.) <ce 2, IVellrap) <ce 2 Vi€ [0,2n].
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La these prouve l'existence d’une solution faible du systéme de Navier—
Stokes périodique en temps dans des cas bidimensionnels et tridi-
mensionnels, en utilisant les propriétés de 'opérateur de Stokes (voir la
section 2.2). L’existence et 'unicité de la solution faible de sont
prouvées en résolvant le probleme variationnel suivant : on cherche un champ
vectoriel v =u+g, lorsque divu =0, u € L, (0,27; W12(B.)nW?22(B,)),
u; € L2,.(0,2m; L?(B.)) et une identité intégrale est satisfaite

per

/@“’"*”V“:V"—(<U+g>-V)n~u—<u-v>n-g>dx
: (R.19)

:/f‘ndaz,

pour chaque champ vectoriel solénoidal 1 € VQVLZ(BE). Ici g est une extension
satisfaisant les conditions de (R.18]), et f est une fonction 27-périodique en
temps telle que f € L2,.(0,2m; L?(B.)). Définissons

per
A1) =1 )72, - (R.20)

L’existence et 'unicité de la solution faible du systeme de Navier—Stokes
périodique en temps (R.13)) dans le cas bidimensionnel sont formulées dans le
théoréme ci-dessous (un théoréme tridimensionnel similaire peut-étre trouvé

au chapitre 4, théoréme m ).

Théoréme 2. (Theorem Soit B, C R%, 0B, € C?. Supposons que
lextension g € C[%]+1(0,2W;W2’2(B€)) satisfait (R.16), (R.17) et (R.18).
De plus, supposons que f € L%er(O,Qﬂ';LQ(BE)) et satisfait la condition .
Alors pour tout € suffisamment petit le probléme a la seule solution u

qut satisfait les estimations

21 2m
tes[})u; ]Hu(‘,t)H%Q(BE) +Eﬁ//]Vu(at,t)]2 dedt < C€2+ﬁ/A1(t)dt,
k) ™ 0

0 B.
2m 2m
2 2 B 2 2
sup ||Vu(-,t)||Lz(Bs)—I—//|ut(:r,t)| dedt+e //|V u(z,t)]” dedt
t€[0,2m] 0 B. 0 B

2
< caﬂ/Al(t) dt,
0
ici la constante ¢ ne dépend pas de €, =0 ou 2.
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Un développement asymptotique est construit pour la solution faible
résultante, ce qui permet le développement de modeles de dimension hybride.
Ce développement est construit par récurrence. Nous résolvons d’abord le
probleme périodique en temps sur le graphe et trouvons la pression macro-
scopique, qui est une fonction périodique en temps, et une fonction affine de
la variable longitudinale ng) dans chaque cylindre ng) d’axe e (défini dans
I’introduction, et muni d’un systéeme de coordonnées locales 29" pour les
directions transverses et :vgf) pour la direction longitudinale), indépendante
de la variable transversale 2(®)'. Aux nceuds (aux points d’intersection de
plusieurs arétes d’un graphe (voir Figure [5)), ce probléeme satisfait les condi-
tions de jonction de type Kirchhoff. Pendant ce temps, dans chaque cylindre

S) (la définition du cylindre ng) se trouve également dans 'introduction
de la these) nous avons une vitesse de type Poiseuille qui ne dépend que
la variable transversale z(®) et ¢, ¢’est-a-dire ne dépend pas de la derniére
composante de I'espace. On multiplie alors la vitesse et la pression de type
Poiseuille par une fonction troncature, nulle sur un voisinage diametre O(e)
des jonctions et égale & 1 en dehors d’un ce voisinage O(e). Cependant, cette
multiplication provoque un grand résidu dans le second membre du systeme
de Navier—Stokes. Le support du résidu appartient au méme voisinage de
diametre O(g). Pour compenser ces erreurs, un correcteur de couche limite
est introduit. Les correcteurs sont des solutions du systeme de Stokes qui
sont résolues dans un domaine composée des cylindres a sorties infinies.

Les développements asymptotiques du vecteur vitesse et de la pression

ainsi construites ont les expressions suivantes :
(eq)

24( () Save

3re —
7=0
+Z(1 C(’$€| Ol|>) Z EJV‘EBLO”(yat%
min j=—1
M (ez) |€i|—l'q(fi) J -, (e (e (e
=25 (L el +a )
i= j=
2= Ol\\ <~ _jo1 plBLOY
+Z(1_C(|€’7'>) > ¢ P (y,1),
=1 min 1

. 2(©) . . .
ou y = *_—, r est le maximum des diametres des sections transverses des

cylindres, 0 < ¢(7) < 1 est une fonction-troncature réguliere, et (7) =0 pour
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7<1/3, et {(1) =1 pour 7 > 1/3. Le couple (V [BLO”(y,t),Pj[BLOZ](y,t))
décrit le vecteur de vitesse et la pression dans les couches limites. Ils sont
trouvés en résolvant le systeme de Stokes périodique en temps dans des
cylindres semi-infinis. Le terme Vg»ei)(y(e)l,t) décrit la vitesse du type de
(es) _

Poiseuille, et le terme p; —sgei) (t)ngi) +a§ei) (t) - pression macroscopique.
Ces termes sont trouvés en résolvant un systeme sur le graphe périodique
en temps. Etant donné que le développement asymptotique est construit
par récurrence sur j, dans 1’étape initiale, lorsque j = 0, nous recherchons la
0,2m; W12(B)), qui satisfait le systéme

fonction po € L2,.(

0 0
_ 9 (1e9P0  (e) _ (e) L
8‘,17'26) (L 8$()($n7t))_07 xTL 6(07|e’)7 Ve—e]7 ]—1,...,M7
- Y (2 0“) =1,
60166
( )apo =U,(t), I=N1+1,...,N,
&cn
ou W, (t / g, -ndS. L’opérateur L(® relie le coefficient de direction de

la pression S et le débit H dans un cylindre infini de section transversale
o(©). On cherche I'opérateur L(¢) en résolvant I’équation de la chaleur 27-

periodique en temps : pour un donné S € Lz .(0,27) nous recherchons

o oV
V€ L2, (0,2m W12 (09)) tel que 52 € L2y

per(
0,2m; L?(0(©))) et

oy

S W —va Ve =51), ' ed t>0,

VO )]s =0, V(1) =V t+2m).

Ensuite, 'expression de 'opérateur linéaire L(¢) est la suivante

LOS() /v @ = H(1).
o(@)
Plus d’informations sur les étapes de construction du développement asymp-
totique peuvent étre trouvées dans le chapitre 4 de la these.
Pour justifier les développements asymptotiques, nous considérons la
solution faible (v,p) du systéme de Navier—Stokes périodique en temps
sous la forme suivante : v=u+u’) =u+v) +wl) p=qg4+p),

ott v(¥) est 'approximation asymptotique de la solution d’ordre J, w/) €
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Lger(0,27r;W272(Be) NW12(B,)) champ vectoriel tel que divw(/) = —p0) =

—divv), et pl/) est Papproximation de la fonction de pression p. Alors
ul”) € L2,,(0,2m W22(B.)), uf”) € L2,,(0,2; L*(B.)).

per

Définition. Le champ vectoriel solénoidal périodique en temps u=v —
2 (0,2m W22(B,)), u; €
L%er(O,QW;LQ(BE)), satisfait la condition aux limites u(z,t)|gp. =0 et I'iden-
tité intégrale

ul”) est appelé la solution faible lorsque u € L

1
/(gut-njLVVu :Vn—((u+u) - V)g-u— (u-V)n-u(J)> dz
Be

— [ nde, vne H(B.),

(/)

avec f;”) est le reste qu’on obtient en substituant u’) dans Navier-Stokes.

L’existence et 1'unicité de la solution faible u découle du théoréme 2
Lorsque n = 2, la solution u satisfait les estimations, que nous formulerons

sous la forme d’un théoréme.

Théoréme 3. Soit n=2, §=0,2. Alors les estimations suivantes ont lieu :

2
sup IIU(',t)II%%BE)JFSﬂ//IVUI2dwdt<C€2J‘2+6,
te[0,2m] 2B

sup [|[Vu(-,?)[|72 (B.) +//\ut]2dmdt+55//\V2u]2dxdt
te[0,27] 0B, 05,

< C€2J_4+ﬁ-

De plus, il existe une fonction de pression q € L?,.(0,27; L?(B.)) telle que

/q(w,t)dx =0et

Be

per(

1
/(?ﬁut"””vu‘V"_((“+U(J))'V)n-u—(u-V)n-u(‘”)dx
Be

:/qdivndx+/f{").ndx, vn e W2(B,).

Alors, si J =2, alors 'estimation est valide

21

//]q|2da:dt<082‘]7475.

0 Be
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Considérons maintenant le systéme de Navier—Stokes stationnaire (R.14])

dans la structure tubulaire B, (voir Figure |8)) est réécrivons-le comme suit :

—VAV+ (v-V)v=v-(VV)!+V®=f, 2¢€B.,
divv=0, z € B,,

v=0, z€ 8B€\U§V:N1nyg, (R.21)
vy =0, z€7,

®=pj, 2€vl, j=Ni+1,...,N,

1
oud=(p+ §\v|2) est la pression de Bernoulli, et p; correspond a la constante
Cj /52 .
Définition. En tant que solution faible du systéme stationnaire de Navier—

Stokes (R.21]) nous appelons le champ vectoriel v € jj 2(B.) qui satisfait

I'identité intégrale

/Vv Vndm—l—/ v-V)v- ndx—/(n V)v-vdz
Be

Z p]/nndx—i-/fndx wn € J12(B.).

Jj=Ni+1 j

Le théoréme sur I'existence d’une solution faible est donné ci-dessous.

Théoréme 4. Supposons que f € L?(B.) et pieER, j=Ni+1,....N—-1
Le systéme (R admet alors au moins une solution faible v € jl 2(B.).

De plus, l’estimation suivant a lieu :

N-1

1VVllze) <e(e2 D0 il +elElas.)), (R.22)
j=Ni1+1

ici la constante ¢ ne dépend pas de €.

Le développement asymptotique dans le cas stationnaire est construit

de la méme maniére que précédemment. Le développement de la vitesse a la
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forme :

SCCRNNI SV EC

Ol: l:Nl—‘rl,..‘,N; e:OlOil
(e) (e) e)’

n —4n e (
by ey (2

€=Oa06; a, <N

-2y (%)

e‘mm €

Ici, le premier terme inclut les sommets, le deuxiéme terme inclut les nceuds
et le troisieme terme compense les erreurs dans les couches limites.
L’approximation asymptotique de la fonction de pression aux sommets

et aux noeuds acquiert les expressions appropriées :

1 |z — Oy x—0
(D) — @6 (&) 1 21 _ Y plBLO,J (2~ L
p () =—-s"92,Y +a +5<1 (( )) ! ( )7

|€|m1n 3

et ng)
p(J) (z) = Z C(%)(— S(e)m%e) +al® _a(es)) +qles)
eCh;
} |z — Oy BLOy,J] z—0
*s(l*( el >>P =)

Semblable au systéme non-stationnaire de Navier—Stokes, les asympto-

tiques de la couche limite (VIBLOLJ] pIBLOLT])

se trouvent par la résolution
du systéme stationnaire de Stokes. Pour le terme initial (quand j = 0) le

systéme ressemble & ceci :

N V[BLOl}+vyP(£BLOl] f[REGOl]+f£BLOl]7 v,

div, VIPEO _ p[REGO. e,
v[PEOl g, y € 09,
Les termes VIeJ] et pj = —s(e)xff) +a'® sont trouvés en résolvant le

probleme sur le graphe. L’algorithme pour leur détection peut-étre trouvé

dans la section 5.3 de la these. Dans ’étape initiale, la fonction pg est trouvée
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a partir du probleme :

82p(€) . .
—Re (0)2(337(1)):()’ x%)6(0,|€|),
oxy
op
- ke (0) =0, l=1,...,Ny,

e:0;€e Tn

(0) = a, I=N,+1,...,N,
p$2(0) = p{*)(0), Vec B,

ici ke se trouve dans la résolution du probléme de Dirichlet (voir la section
5.3 de la these), et ¢; sont des constantes connues.

La these (voir le chapitre 5) présente l'algorithme et prouve l’estimation
de Perreur. Soit v=u+v() +w) avec v(/) Papproximation asymptotique
d’ordre J de la vitesse, et w() € W12(B,) un champ vectoriel tel que

divw) = —pl) = —divv({/).
Théoréme 5. La relation suivante a lieu :

[v— () + w) [rzp.y = O7HD/2),

Conclusion

Les problemes suivants ont été examinés dans la thése : un systéme
de Stokes périodique en temps avec une condition aux limites inhomogene
(dépendant uniquement de la variable d’espace)ﬁ Les résultats obtenus en
examinant le systeme Navier-Stokes dans une structure tubulaire peuvent
étre utilisés pour développer un modele de dimension hybride simplifié
décrivant le flux sanguin dans les petits et trés petits vaisseaux. L’étude
du systeme stationnaire de Navier—Stokes avec une pression de Bernoulli
donnée a I’entrée et a la sortie de la structure tubulaire permet simplifier
I'implémentation numérique de la méthode de décomposition asymptotique

partielle de domaine.

4. Les résultats ont été généralisés dans 'article de K. Kaulakyté et K. Pileckas [33].
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