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Notation

R set of real numbers

A Laplace operator

0 boundary

dp boundary with Dirichlet boundary condition

ON boundary with Neumann boundary condition

% partial derivative with respect to x

O, discrete partial derivative with respect to r

Q domain

Q, numerical mesh with endpoints included

Qp numerical mesh without endpoints

Q. rp  numerical mesh of reduced dimension model

Ah discrete 2nd derivative operator

Al discrete 2nd derivative operator of hybrid dimension
S averaging operator

) distance at which dimension is reduced

0 = ¢* notation for the case of full dimension model

e(9) error with respect to dimension reduction parameter ¢
e(r) error with respect to time step 7

e, relational error

p(7) experimental convergence rate in time
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Introduction

Research topic

The focus of this dissertation is on reduced dimension models
of partial differential equations (PDEs) that are solved using
numerical methods. The method of dimension reduction is ap-
plied to heat conduction models to reduce the number of di-
mensions in a part of domain, thus reducing computational time
at the cost of some accuracy. Efficient numerical algorithms
based on the alternating direction implicit (ADI) schemes are
derived to solve obtained hybrid dimension models that couple
1-dimensional (1D) zones with 2D or 3D zones.

On the side, some numerical schemes are constructed and dis-
cussed for a problem originating from a model of fluid-structure
interaction, where a 3D model has been completely reduced to
1D in the whole domain. A fourth order PDE is solved numeri-
cally to analyse some aspects of viscous fluid travelling through
an elastic vessel.

This research contributes to the topics of PDE systems with
nonlocal boundary conditions, reduced dimension models and
their applications to problems of mathematical medicine in thin
domains. This dissertation relates to these topics in the sense of
numerical and computational mathematics, as the schemes are
programmed and analysed from the perspective of their stability,
accuracy and computational time.

Actuality

Modelling physical phenomena in domains containing thin struc-
tures of rods or plates has been of great interest in industry and
medicine [14,40,|79]. The methods that reduce computational
costs of such models are also of big importance [13,43,61,70], as



accurate computations for complex geometries may require a lot
of computational resources.

As has been widely researched, the selection of boundary con-
ditions can have a huge impact on mathematical models [5,31].
They can also greatly depend on nonclassical conditions defined
at places of domain where, e.g., coefficients are discontinuous or
some surface processes should be included into the model |71,82].
In our case, some nonclassical and nonlocal conjugation condi-
tions are included. From the perspective of a numerical solution,
this requires to develop special techniques and to modify the im-
plementation of classical algorithms.

Sensitivity to mentioned conditions is also a case of concern
for many models of reduced dimension, where some important
properties of a full model are preserved and the approximate
solution is close to the solution of a full model |2,/7]. In this
dissertation, a partial dimension reduction method is considered,
where the dimension of a full model is reduced in a big part of
initial domain to increase the speed of numerical computations.

This method was first introduced in [52] by G. Panasenko
and is based on the asymptotic analysis of a solution of a par-
tial differential equation set in a domain containing thin tubes
and on the analysis of variational formulation. The method of
asymptotic partial decomposition of the domain was compared
to some existing methods of dimension reduction with respect
to precision and computational cost, its effectiveness was con-
firmed in [1]. Some types of conjugation conditions for the 1D-2D
coupling for the heat equation were investigated and compared
in |78]. However, the question about the most effective numerical
solvers for such problems of hybrid dimension is an important
ongoing topic.

One such solver is considered here — an efficient ADI scheme
to numerically solve partial dimension reduction problems for
nonstationary heat transfer. In the presented research, a general
convergence analysis template was applied, which is based on
two main properties of discrete schemes — the approximation
error and the stability analysis. The main task is to modify these



estimates and some properties of discrete differential operators
in the case of nonclassical and nonlocal conjugation conditions.

The numerical time-stepping Peaceman-Rachford ADI meth-
od [58] is one of the very first splitting methods. The ADI
methods were introduced in the 1950’s and 1960’s by Douglas,
Gunn, Peaceman and Rachford in the USA with some impor-
tant applications to parabolic problems, e.g. reservoir mod-
els [65]. It has been successfully applied to solve a 2D heat
equation with Bitsadze-Samarskii type nonlocal boundary con-
dition [67], as well as other problems with some nonclassical
conditions [68,69,76]. The ADI method was effectively applied
to some interesting practical electrochemistry problems in [6,41].
Although the ADI method is somewhat limited to 2D problems
(except for 3D models that can be simplified to 2D, e.g., see |38]),
it is powerful due to its unconditional stability and high effi-
ciency. For what is considered to be the closest candidate to the
extension from 2D to 3D of the ADI splitting, we refer the reader
to the method of stabilizing corrections [28,31].

The heat equation is itself of big practical importance in
modelling [36,[72]. An interesting parallelisation of temperature
distribution problem was done in [34]. An interesting exam-
ple of hyperbolic heat equation was solved in [33]. The heat
equation can also be encountered in other models, e.g., while
solving the Navier-Stokes equation in a cross section of a ves-
sel [22]. As Navier-Stokes equations describe the flow of fluids,
they are also of big importance in problems concerning mathe-
matical medicine.

The knowledge acquired by using these methods extends the
author’s expertise for further participation in the research of
multiscale mathematical and computer modelingl] Chapter
here is provided as a supplementary example of ongoing further
research. In this chapter, a fourth order PDE with constant
coefficients originating from a reduced dimension model of fluid-
structure interaction [56| was solved numerically to analyse some
aspects of fluid flowing through an elastic tube. Here the aver-
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aged velocity of fluid is analysed instead of a full 3D solution.
Therefore, a numerical solution can be acquired faster with the
cost of lower accuracy. For practical simulations of fluid dynam-
ics, efficient numerical strategies and methods with reasonable
computational times are an important ongoing research topic.

Aims

The main goal of this dissertation is to develop easy-to-implement
comprehensive numerical methods for the hybrid dimension prob-
lems, when a smaller part of the model is left full-dimensional,
while in the main part of the domain the number of dimensions
is reduced to one.

Methods

The process of heat conduction is modelled by a classical parabolic
heat conduction PDE for a temperature variable U with a heat-
ing function f.

Then, following the results of G. Panasenko, the method of
partial dimension reduction (see, e.g., [57]) is used to formulate
an approximate problem with hybrid dimensions. For example,
in some part of domain the Laplace operator A, which consists
of the sum of second order spatial derivatives, only retains one
spatial variable.

A reasonable gluing of zones of different dimensions is achieved
by including the classical conjugation condition that describes
the continuity of a solution (for example, at truncation z = J)

U’:p:szO = U|

=040
and the nonclassical conjugation condition that describes con-
servation of full fluxes along the separation
oS(U) _ou
ox 50 - Ox

)
r=06+0

xr=
here S in an averaging operator that averages the values of a
larger dimension zone to be used as a single point in calculations.

4



Numerical methods are introduced to solve the approximate
model of hybrid dimensions — the spatial derivatives are approx-
imated using the finite volume method (FVM [18]) and the time
derivative is approximated using the ADI method (for further
reading see, e.g., [31]), thus for a 2D case the scheme to advance
from time level n to n + 1 consists of 2 time substeps and reads

1
n+2

U, ?>—=Uj nal . nal
jT2J+A1UJk C AU = fi 7
(1)
gntt — UnJr2 n ntl
A =

with the spatial discretization operators defined by

n n
no__ Ujk B Uj—l,k
- I

Ox
h
1 n
ATUJ‘k:V—k< (9U+1k+3 14 0s jk)
J
and
Hun — Zak ~ Zik=1
H )

1
h n
AQUJk:_‘/}k< Sk+1aUk+1+S K 10 ),

here s,V are some constants related to the FVM and h, H are
the spatial step sizes in directions = and y. The scheme ([1]) is
implicit and in each substep of it, only one operator is treated
implicitly.

Applying this scheme at points of numerical mesh, the classi-
cal model results in a well-behaved tridiagonal matrix, however,
for the hybrid dimension case the classical tridiagonal matrix al-
gorithm has to be modified to include nonclassical conjugation
conditions. The latter form a system of conditions for the points
of truncation zones and the corresponding matrix is shown to
be diagonally dominant, thus a unique numerical solution exists
for the FVM ADI scheme, finding the solution to the hybrid
dimension problem.



The implementation of numerical tests was achieved by using
MATLAB and C-++ programming languages. The well-known
Runge test was applied to inspect the accuracy of time integra-
tion. Experimental convergence rates were computed to confirm
the theoretical error estimates. The maximum norm was used
in error analysis to confirm the efficiency of dimension reduction
technique.

Novelty

Few studies focus on the partial dimension reduction for PDEs.
A more common approach is the full dimension reduction, which
gives larger errors but has a greater effect on the reduction of
computational costs. This dissertation might be best seen as an
offshoot of some recent research of partial dimension reduction
for the heat equation models [3,/57] that later went off to some
more practical applications for the fluid flow problems |7}/12,54,
56).

One of the most important contributions of this dissertation
is the implementation of the ADI method for the hybrid dimen-
sion models. The finite volume method is considered in this
field naturally, however, the standard methods to step in time
are often numerical Euler schemes with the first order accuracy
in time. In this dissertation, a second order accuracy in time was
achieved with the efficient ADI scheme. Furthermore, some im-
portant properties for the operators of discrete derivatives were
proven for the partially reduced dimension geometries.

Defended propositions

1. Partial dimension reduction is an effective method to re-
duce computational costs of finding a numerical solution,
while preserving high accuracy for the heat conduction
models.

2. The constructed FVM ADI scheme is well compatible with
the partial dimension reduction technique for the models of

6



heat conduction. It possesses a unique numerical solution
which can be computed efficiently, with the error of second
order in space and time.

Dissemination of results

Conferences

1. 8th European Congress of Mathematics, 20-26 June 2021,
online: ADI scheme for partially dimension reduced heat
conduction models.

2. Lithuanian Mathematical Society LXII Conference, 16-17
June 2021, online: FVM ADI scheme for hybrid dimension
heat conduction models.

3. Young Researchers for Smart Society, 13 May 2021, online:
Solution of hybrid dimension heat conduction models with
FVM ADI scheme.

4. International Conference on Mathematical Sciences, 7-9 Oc-
tober 2021, online: Numerical analysis of a FDM solution
to a fluid-structure interaction problem.

Publications

1. R. éiegis, G. Panasenko, K. Pileckas, V. éumskas, ADI
scheme for partially dimension reduced heat conduction mod-
els, Comput. Math. with Appl., 80 (2020), 1275-1286.

2. V. Sumskas, R. éiegis, Finite volume ADI scheme for hy-
brid dimension heat conduction problems set in a cross-
shaped domain, Lith. Math. J. (2022).

Structure of the dissertation

The primary part of this thesis consists of introduction, two main
chapters, one supplementary chapter, conclusions and a list of
references.



Chapter 1 considers a model of heat conduction set in a 3D
tube with a radial symmetry condition. In Section the non-
stationary heat conduction equation is formulated in a cylindri-
cal tube and the initial and boundary conditions are specified.
In Section the FVM ADI scheme is constructed for the full
problem in the cylindrical tube. In Section the convergence
of the FVM ADI scheme is considered. The approximation error
is shown to be of order O(72+h?+ H?), the unconditional stabil-
ity of ADI scheme and some properties of spatial discretization
operators are proven. In Section the approximate solution
is defined by considering a reduced model, where the domain
is simplified by coupling 3D regions with 1D reduced dimen-
sion tube. The nonclassical and nonlocal conjugation conditions
are defined at the truncations of the tube. In Section [L.3l the
backward Euler scheme for the reduced model is considered as
a side problem and some properties of spatial discretization op-
erators in the hybrid dimension case are proven. In Section
the unique existence of the FVM ADI numerical solution to the
hybrid dimension model is proven, along a constructive algo-
rithm of how the classical tridiagonal solver has to be modified
to include nonclassical conjugation conditions. In Section
the convergence of the FVM ADI scheme for the hybrid model
is considered. The stability of proposed scheme is investigated
in a special energy norm. Section discusses some computa-
tional experiments with 1 or 2 reduced zones. The experimental
convergence rates agree well with the theoretical convergence es-
timates. Some conclusions of Chapter 1 are stated in Section
.9

Chapter 2 investigates a similar 2D problem. In Section
the nonstationary heat transfer problem is set up in a cross-
shaped domain. In Section FVM is formulated for this prob-
lem. In Section the convergence of the ADI scheme is anal-
ysed. In Section the dimension reduction technique is es-
tablished and a reduced model is presented. In Section an
algorithm is constructed to modify the classical Thomas method
to preserve a unique solution with reduced dimension zones. In



Section [2.6]the convergence of the constructed scheme for the hy-
brid model is considered. In Section [2.7|results of computational
experiments are presented. Section states some conclusions
of the Chapter 2.

Chapter 3 briefly covers author’s contribution to one of the
problems that were encountered in further scientific research. In
Section [3.1], a 4th order PDE problem is formulated and some
aspects of dimensional analysis are presented. The equation is
discussed from the perspective of mathematical physics, as in-
cluding multiple physical phenomena. Some recommendations
for the numerical solver are noted there. In Section [3.2] a nu-
merical scheme is constructed using forward and central finite
differences. Its stability is analysed in Section and accu-
racy is analysed in Section Section [3.5] discusses some issues
of initial and boundary conditions. Computational tests of the
accuracy of constructed solver are provided in Section [3.6] In
Section an alternative scheme is constructed using central
finite differences instead of forward finite differences. Its stabil-
ity and accuracy are briefly analysed. Section discusses some
conclusions that arise from comparing these two schemes, as well
as comparing different boundary conditions.

The final Chapter 4] summarizes some general conclusions.






1 FVM ADI scheme for 3D
models set in a rod with radial
symmetry

In this chapter, a heat conduction problem is considered in a
3-dimensional rod that satisfies the radial symmetry condition.
Due to it, the 3D cylinder can be considered as a spin of a 2D
plate. Then the dimension of this 2D problem is reduced to 1 in
some parts of the domain, thus losing some accuracy, but also
reducing computational costs to acquire a solution.

Perhaps the closest ideological analogue for speeding-up the
solution is the adaptive grid method [46,74]. At places where
the solution does not differ much along the radius, we reduce
the dimension from 2 to 1, while an adaptive grid method would
take the opportunity to increase the size of grid elements, thus
also requiring less computational resources to obtain a solution.

While the theory regarding the reduction of dimension has
been well established in numerous works of G. Panasenko |3
52,57|, here we aim to effectively implement it numerically and
the proposed suggestion is the Peaceman-Rachford alternating
direction implicit (ADI) method. Its robustness for 2D problems
is well-known [31]. Furthermore, as will be seen in this chapter,
some specifications of presented model are quite reasonable in
terms of numerical analysis, if the ADI method is used.

1.1 Formulation of the classical model

Let us consider a tube 7 C R®, which has the following form
in cylindrical coordinates (r, ¢,2): T = D x (0,1), where D is a
disc of radius R: D = {(r,¢) : 0 <r < R,0 < ¢ < 27}. Here
is the length of the cylindrical tube.

11



We are interested in solving a linear heat equation in 7 X
(0,7). Let us assume that the initial and boundary conditions
and all coefficients satisfy the radial symmetry condition (that
is, they are independent of ¢), thus the following problem is
acquired

(Ou 10 7 Ou 0%u
E_W(TE) + o TS, (r2 1) € Qr =% (0,T],
u(r,0,t) = g1(r,t), wu(rl,t) = ga(r,t), (r,t) € (0,R] x (0,77,
r?:o, O<z<lyr=0andr=R, 0<t<T,

-

Lu(r,2,0) =u'(r,2), (r,z2)eq.
(1.1)

Here Q@ = {(r,2) € (0, R) x (0,1)}.
The implementation of radial symmetry assumption gives rise
to the problem (L.1)) with only two spatial variables. The spec-
ifications of this transformation are a well-known result (see,

e.g., [17]).

1.2 FVM ADI scheme

The spatial discretization is implemented using the finite volume
method (FVM, also known as the subdomain method, e.g., see
[60]).

In general, the finite volume method can be considered as a
way to construct an advanced scheme of finite difference method
(FDM). More precisely, schemes of finite differences whose deriva-
tion roots in a conservation law, are also called finite volume
schemes. In FDM discretizations, the unknowns are considered
as points in grid, while the FVM framework considers cells (also
called control volumes) and the unknowns are fundamentally
considered as averages over cells. An analogue to FVM is a set
of neighbouring body cells that can exchange some quantities
over the walls in such a way that overall the conservation law
must hold. The formulation of FVM uses fluxes through cell
walls and it is a natural approach, especially in models with

12



Neumann boundary conditions. It gives rise to a better intuitive
understanding of the physical interpretation of some operations.

The finite volume method might be a better choice than FDM
to approximate some stiff terms more accurately, as an average
over cell is taken instead of a value at one point. However,
for most problems there is little practical difference, since cell
midpoints can be viewed as somewhat good approximations of
averages over the cells and vice versa. Overall, the FVM frame-
work should be seen as a somewhat core virtue to understanding
advanced numerical methods rather than a competitor to FDM.

Now, let us define the uniform spatial mesh as Q), = @, x @,
with

o, ={r;: r;=jh, 7=0,...,J}, r;=R,
w,={zx: z=kH, k=0,..., K}, zx=1

Here h and H are the space step sizes. We are using the so-called
cell-centred finite volume method (see, e.g., [31]). Each discrete
unknown is defined at a point (7, z;) and is associated with a
control volume KC; . For simplicity of notations, we also consider
a uniform time mesh:

o ={t": t"=nr, n=0,...,N}, t"N=T,

here 7 is the time step size.

Let U}, be a numerical approximation to the exact solution
u(rj, zg, t") of problem (1.1)) at the grid point (r;, zx, t").

For functions defined on the grid ), x w;, we introduce the
discrete operators with respect to z and r:

n __JIn
n ._ _Jk Ji.k—1
az _]k - H I
1
hymmn .__ n n
AQ jk _ﬁ<az gk+1 T az jk)

and
n n
jk Uj*Lk
)

h

1
hrmm . n n
Al Gk —ﬁ<7’j+%&,bj+l7k — ’r’j;%ar jk>7
J

no.__
ar,‘ ]k =

13



where

h

~ 1 ~ ~
TO:§h7 Ty =Tj Il<yj<J ry= (R——)’T‘_%:O,TJ_i_ =0

[V

1

2V g
Note that here almost all coefficients of derivative terms coincide
with coefficients of analogous simplest scheme of FDM. Only
the first and last coefficients differ, as the grid is equidistant
and discrete approximation of diffusion operators is obtained by
using FVM.

Then the heat conduction problem is approximated by

the following Peaceman-Rachford ADI [31] scheme

1
n—+ 5

Uy, * = Uj, hpts hyrn n+3 5
T—/2+A1Ujk _I_AQ jk:fj ) (ijzk)ewawm
11
Untt = U, 1 :
hprta h 1 nt3z -
: 7’/2J + AU+ AURT = [0, (s 2) € @p X ws.

(1.2)
At the first step, the 2D system to implicitly obtain Unts is
split into a set of implicit 1D problems along the r coordinate and
each subproblem is solved by using the classical fast factorization
algorithm. At the second step, the 1D subproblems to find U™}
are solved along the z coordinate.

1.3 Convergence of the FVM ADI scheme

In this section some classical substantial results of the ADI scheme
are merely fit to our case and formulated in the notations of yet
nonreduced model.

Lemma 1.1. If a solution of the problem (1.1) is sufficiently
smooth, then the approzimation error of ADI scheme (1.2) is
O(7% + h? + H?).

Proof. Taking into account the boundary conditions of ADI scheme

(1.2), we get that

14



Un-l—l n

”""1 ik T n n

Ui * 9 2=+ ZAQL(Ujljl —Uj),

Uit —un, N Uit + nl
ik = —I—AhU +2 +Ah< 5 ):fﬂ:m‘

After substitution of the first equation into the second one, it
follows that the solution of ADI scheme (1.2)) satisfies the scheme

n+1 n n+1 n n+1 n
T ! 2 2
n+1 n

I AhAh<U - J'k):f;;:'%.

which is equivalent to the classical symmetrical finite difference
scheme up to order O(7?) term. The approximation error of the
discrete space operators A? and A} is estimated by using the
Taylor expansions. O

Let us consider discrete functions u, = wu(zg),ve = v(zk
defined on the spatial mesh @,, such that vy = ux = 0, vy =
vg = 0. Then the formulas

K—-1
o) = 3 weH, full = (uyu)”?
k=1

define an inner product and a norm in this vector space. We also
define one more inner product

K
((‘LU, va] = Z (‘Luk@zka.

k=1

In a similar way, for functions u; = u(r;),v; = v(r;) defined
on the spatial mesh @,, the formulas
J
[u, v], = ZTJUJUJ [ull; = [u, U]1/2
j 0

(Oru, Oyv), Zr 18ujav]h

define two inner products and a norm in this vector space.
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Lemma 1.2. The discrete operators A and A% are symmetric
and positive semi-definite and positive definite operators, respec-
tively.

Proof. First, the operator A} is investigated. Applying the sum-
mation by parts formula and taking into account the boundary
conditions for vectors u and v, we get [66]

=

—1
(Abu,v) =Y (Abu)porH = (0.u, 0,v].

1

i

It follows from the obtained equality that A% is a symmetric
operator. It is also well-known that the eigenvalue problem

Abgy = Ny

has a complete set of eigenvectors ¢;, [ = 1,..., K — 1, and all
eigenvalues are positive \; > 0 (see [66]). Thus A% is a positive-
definite operator.

Now consider the operator A?. Applying the summation by
parts formula, we get

Jj=0
J—1
" Uy — UOU - Uj+1 — Uy Uj Uj—1 v
= —7r1 — 1 1
> b Hrh Trh 7
Jj=1
P A e Y ul_uo(v Vo)
_ ) — _
J—1 h J 3 h 1 0
= U — U Uy —u
G — Uj—1 J— Uj-1
- Z Tj-1 A (vj —vj—1) + 7,2 n (v —vy-1)
Jj=2
= 87"“787‘1)]7‘

It follows from the obtained equality that A" is a symmetric
operator. From

(A, u], = (O,u, Oyu), =0
we see that A% is a positive semi-definite operator.

16



The eigenvalue problem

Aty =
has a complete set of eigenvectors v, [ =0, ..., J, one eigenvalue
tto = 0 and the remaining eigenvalues are positive p; > 0. [

Proposition 1.3. ADI scheme (1.2)) is unconditionally stable.

Proof. The Fourier stability analysis is used. Let us consider
the solution of ADI scheme in the case when boundary
conditions g; = 0, j = 1, 2. Since operators A" and A% commute,
the solution to (1.2)) can be written as

J K-1

U;'lijl Z Z Clr sz (75)Pr (21)-

=0 r=1

Substituting this formula into equations (1.2)), we obtain the
stability equations for each mode

G g g = (1 —=0.57A)(1— 0.57';11)‘
r T T (140570 (14 0.57 )

Since eigenvalues A, > 0, y; > 0, it implies that the ADI scheme
(1.2) is unconditionally stable in the Ly norm. O

Note that here the classical stability analysis is valid because
the operators A" and A% commute.

1.4 A hybrid dimension model

Following the approach of A. Amosov and G. Panasenko [3], in
this section we consider a modified approximate problem that
approximates the classical heat conduction model . This
approach makes use of the observation that in long tubes, the
values of heat along the radius tend to smoothen while diffus-
ing through externally unheated parts of domain. Therefore, at
places that are sufficiently far from the heating sources, only
the average (along the radius) values of heat might be consid-
ered and the error made by this approximation is expected to be
relatively low.
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Let the averaging operator S(u) be defined by

9 R
S(u) = ﬁ/o ru(r, z,t)dr.

It is derived by integrating u over a circle and dividing the result
by its area, thus finding the averaged value of wu.

Next, we assume that the initial condition ©° and source func-
tion f satisfy the relations

u(r,2) = S(W°), f(r,z,t)=S(f), (z1t) €(0,1)x(0,T].

It means that u° and f do not depend on r within the tube 7.

Denote a reduced tube by 75 = D x (6,1 —9) and Q5 =
{(r,z) € (0, R) x (0,1 —0)}. Function U is called an approximate
solution to problem ([1.1)) if it satisfies the following problem (for
justification see [3])

oU 10 ¢ 0U\ 0*U
o= o (15 ) + g+ FE )zt € (21\25) x (0,7,
ou  9°U
iy + f(z,t), (r,z,t) € Qs x (0,T],
U(r,0,t) = gi(r,t), U(rl,t) = ga(r,t), (r,t) € (0,R] x (0,77,
E;U 0, z€(0,0)U(l—0,l),r=0andr=R, 0<t<T,
.

Ulr,z,0) =u’(r,z), (r,z)eq.
(1.3)
In Q5 x (0,7 the solution U does not depend on 7, i.e.

U(r,z,t) = SU), (r,z,t) e Qs x(0,7T].

Thus in the reduced tube it is sufficient to find 1D space function
U(0,z,t).

By analysing the weak form of the heat equation, it is shown
in [3] that the following conjugation conditions are valid at the
truncations of the tube

Ulz =5—0 U‘z:5+07 U‘z:lféf() = U‘z:l7§+0’ (14)
dS(U) B 8_U 8_U ~05(0)
0z lz=s—0 0z ls=s+0" 0z lz=i—6—0 0z ls=i—s+0
(1.5)
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Conditions are classical and mean that U is continuous at
the truncation points, while the remaining two conditions
are nonlocal and they define the conservation of full fluxes along
the separation lines.

1.5 The backward Euler scheme for problem
(L.3)—(L.5)

Besides some outcomes and notations that contribute to the later
results, this section might also be considered as a supplementary
example of how to implement the dimension reduction technique
numerically using one of the most straightforward schemes, that
is, the backward Euler scheme.

Let K; and K, define the truncation points of the domain
2K, =0, 2K, = [ —9. Then the spatial mesh w, is split into three
parts:

wa =4z zx=kH, k=1,..., K3 —1},
weo ={2zk: zx=kH, k=K +1,...,Ky—1},
wes={zr: zxk=kH, k=Ky+1,...,K—1}.

We define two discrete meshes Qy gp = (W0, X (W1 Uw,s3)) U W
and Qh,RD = Qh,RD U ((DT X (ZO U ZK))

Note that in w,o, one point along the radius is sufficient for
each k, as only one point represents the whole cross section.
Therefore, the index notation * will be used for such cases instead
of 7. The same holds for points on truncation lines between
different dimension zones, that is, for k € {K;, Ky}.

We also note that more general meshes are used in [57,[77],
where some atypical cells along the interface are constructed that
give a nonadmissible mesh. In this paper we use the same finite
volume approach. Since the constructed mesh in the full dimen-
sion subregions is regular and compact, the obtained discrete
problem can be solved efficiently by using the ADI method. We
also note a general framework of finite element and finite dif-
ference schemes for construction of discrete approximations on
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nonmatching grids [18,/19]. A numerical comparison of these
methods for 1D-2D discrete schemes is done in [77].

The heat conduction problem (1.3)(1.5) is approximated by
the backward Euler scheme

Un+1 _ Un
ik - +AhU;Lk+1+AhU;Lk+1 fn+17
(T’j,Zk) € Wy X (wzl Uwzg), (16)
Un+1 o IL
- T : + A}QLUSI:_I - f]:_lv Zk S W22,
n+1 mn
U*;l *K1 1 S Un+1 2Un+1 Un+1 n+1
T H2 h( )+ *K1 ~ Y, K1+1 f*Kl
(1.7)
U?’l]—é—l _ nK 1
* * n+1 n+1 n+1 n+1
—le 0 4 (= Su(UREL) + 20 — U ) = £
Uﬂ)“ = g1(rj, "), Uj’}?l = go(rj, t"h). (1.8)

Here S;, denotes the discrete averaging operator

J
2 E ~Trn
Sh(U]?) = ﬁ rjUjkh'

=0

Note that equations (1.7)) approximate the nonlocal flux conju-
gation conditions:

" 2 T K

n+1 n n n
<U* ;r(wl - U*I—(H E <U>‘<I—<F11 — YsK) n+1>)h

J
2
oo (B B,
p= 2 T R
(1.9)

Now let us consider 2D discrete functions Uj, = U(rj, 2), Vik =
V(rj, 2) defined on the spatial mesh , rpp. We denote the set
of such vectors by Dj,.

For U,V € Dy, such that Uy = Ujx = 0, Vo = Vi = 0,
rj € W, the formulas
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Ki—1

J K-1
O V) =D 75 ( Y UpViH + Y UnViuH )b

j=0 k=1 k=Ko+1
S avan, 0= @0
2 k=K R 7
N1

define an inner product and a norm in this 2D vector space.
Our main aim is to investigate the solvability of the discrete
scheme (1.6)—(1.8). The second aim is to demonstrate that effi-
cient algorithms based on MG methods can be used to compute
the solution of this nonlocal problem.
Let us define two operators for U € Dy:

AhU o A?Ujlm (rja Zk) € ‘Dr X (wzl U sz)a
' 07 2 € wz?a

ARUje,  (rj, 1) € @r X (W1 Uwsg),

AUk, 2k € waa,

27 (= ShUk,1) + 2Usk, = Uy 41), k= Ky,
\#( — Su(Ukyt1) + 2Usk, — Ui iy—1), k= Ko.

AbU =

Then we can write the backward Euler scheme as

Un+1 —_ynr

- + (A} + AHU = (15, 2k) € Qp.rD-

Considering the conjugation conditions, the current spatial
approximation ensures some important properties of the discrete
operators A" and A} that are presented in the lemma below. In
general, other approximations might not necessarily result in the
same properties.

Lemma 1.4. The discrete operators A" and A% are symmetric
and positive semi-definite and positive definite operators, respec-
tively.

Proof. Let us consider U,V € Dy, such that Uj, = Ujx = 0,
%OZWKZO,TJ‘EJJT.
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First, the operator A" is investigated. Applying the summa-
tion by part formula, we get

J Ki—1 K-1
(AU V) =" j,%( Z OUwOViH + Y 0,Usd, vjkﬂ)
7j=1 k=Ko+1

= (U, AM), (A’fU, U) > 0.

It follows from the obtained estimates that A" is a symmetric
and positive semi-definite operator.

Next, the operator A? is investigated. Applying the sum-
mation by parts formula and taking into account the boundary
conditions for vectors U, V', we get

J Ki—1 K-1
(Ang V) = ZE?( Z (A}QLU)jk‘/ij+ Z (AQU)jijkH>h
j=0 k=1 k=Kz+1
R? /1
+ 7<E( — Sh(UK1_1) + 22Uk, — U*,Kl"rl)‘/;‘Kl
Ko—1

+ Z (ALD) Vel — (Sh(UK2+1) — 2Uik, + U*,K2—1)V*K2>
k=Ki1+1
J K
_ZTJ<ZaU]kaV;kH anKl *K1+ Z ankaV;kH
7=0 k=1 k=Ko+1
R &
+0.UsscpiaVores ) o+ (D U 0V = 0.0, Ve,

k=Ki1+1

U*Kl - Sh(UKl—l)

+ azU*,Kl—O—l‘/*Kl - aZU*’Kl‘Fl‘/;Kl + 7 ‘/*Kl
+ (9ZU*K2V*K2 _ Sh(UKz-l-Il{) - U*K2 ‘/;K2)
K
_ Zm(Za Up OV S U0V )
o h=t k=Ks+1
RQ

Ko
D 0.Un 0.V H = (U, ALV),

k=Ki+1

(A’;U, U) > 0.

The nonlocal conjugation conditions ((1.9) are used to derive
these equalities.
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It follows from the obtained estimates that A} is a symmetric
and positive semi-definite operator. From the ellipticity condi-
tion it follows that A} is positive definite. O

1.6 Unique existence of the ADI numerical
solution to the hybrid model

In this section, we return to the ADI method to numerically
integrate in time, instead of the backward Euler scheme. The
definition of operators A" and A% is the same as in the latter sec-
tion. The heat conduction problem f is approximated
by the ADI scheme for (7}, z;) € , gp in the following compact

form:
Unts — yn . )
7 1 AU E + AZUT = e,
n+l n—l—f
U U + AhUn+2 + AhUnJrl fn+2
T/2

For the sake of convenience, the detailed form is also presented.
For the first substep it is

1
n+3

ULt o 1
Sik Tk AN 4 AL = £
T/2 + + fjk ’
(rj; 26) € @r X (a1 Uwzg), (1.10)
nt i
U* : - Uf n n+z
kT/2 k+Af21 xk = *k27 ZE € Wi2,
n—&-l
U*K2 - ILK 1 " . nad
ITT”F H2< Sh(Uk,_1) +2U%, — *,K1+1> — ez
Un+% n 1 )
xKo ~ YK n n+l
27_72 e H? ( Sh(UK2+1) + 2U*K2 U*7K2_1> - f*K22

and for the second substep it is
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7_/2 +AhU” 2_'_AhU]r;€+l j”k 2’

(rj,2k) € @p X (Wy1 Uwys),  (1.11)

1

UTL—H U:H'E . g 1

T—/2k + AZU*]:l = f*k 2 Zk € Wy, (1.12)
Un;l . Un;-l 1 +1
* * n+1 n+1 n+1 nrTsz
# + m( - Sh(UK—f—l) + QU*}—(F1 - U*,}r(1+1> = feky >
(1.13)

n+%

Ufl—(ﬂ - U,k 1 n-+1 n+1 n+1 ntg
#Jrﬁ(—sh(UKQH)ﬂL?U Uk, 1) = fiks -

(1.14)

Due to nonlocal conjugation conditions ((1.13]) and (1.14 - the
classical factorization algorithm has to be modlﬁed in order to

solve the 1D subproblems (1.11)), (1.12)).

Lemma 1.5. A unique solution of the linear system of equations

(1.11)—(1.14) exists and it can be computed by using the efficient
factorization algorithm.

Proof. The given proof also defines the constructive algorithm to
solve (L.11)—(1.14). For each r; € w,, the solution is factorized
separately in each subdomain w,;, w,s and w.3. Let us rewrite

— aUj5- Lt U = biUjy k:—H = djp,

ajr, b, i 20, Cjp = aji + by
1. Domain w,;. The solution is presented in the following form:

Uﬁjl — ajk,U k+1 + 9k, 0< k< Ky, (1.15)

bk

Q50 = 0, A = )
Cjk — Ak k—1

ik + ajpYjk—1
Cik — Q0 k—1

Yjo = g1(rj, "), vk =
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By induction it can be proved that the estimates 0 < aj < 1
are valid.
2. Domain w,s. The solution is presented in the following form:

Ur = an UM + BuUE 4+ vun K1 <k < Ky (1.16)

This factorization is done in two steps. First, the solution is
written in the form

Ufk‘i‘l — oz*ka; + B*k *k+1 + 'Y*k;, K1 <k< K27 (]_]_7)

_ 0K+l Ak ~
Oé*,Kl+1 =, Q4 = = Qs k—1,
Cx, K141 Cxk — a*kﬁ*,k—l
3 b* K1+1 a0 b*k
/8*,K1+1 /B*k - ~ )
Col1 41 Cike — Ok B k-1
~ o d*,KH—l ~ a*k’Y*,k—l + d*k
Ve, K141 = T Vxk = = .
Cx, K141 Cike — Ok B k-1

Let us assume that 0 < o, -1, B*vk_l < land a1 +fﬁv*7k_1 < 1.
Then it follows from the given formulas that 0 < B*k < 1 and
Q4 = 0. It remains to prove that a,, < 1 and ayy, + ﬁ*k 1. It
follows from simple inequalities

@i Ol k-1 + buke + Qste B 1

= G (s g1 + Bik—1) + ba < Gug + bt < Cagy
that

a*k&*,k—l + b*k < Cxl — a*kﬂ*,k—l'

Thus we get the estimate
0 < up + fur < 1. (1.18)

The proof by induction is completed.
Next, we compute coefficients a,, B« and v, in formula
(1.16])

O Kool = O Ky—1,  Bakoo1 = Brko—1, Ok = Qg + BakOty g1,

(1.19)
Bk = g*kﬁ*,kJrl, Vel = Yk + E*W*,kﬂ, k=Ky—2,...,K;1+1.
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From estimates for &, 3. and from (T.19) it follows that
Oéa*k,ﬁ*kél, Oga*k+ﬂ*k<1

3. Domain w,3. For each 7 =0,...,J, the solution is presented
in the following form:

Ut = BiUrit + e Koy <k <K, (1.20)

ik
Bik =0, Bjr = ———"7—,
’ ’ Cik — bjkBjk+1
djk + bjrVjk+1
Vix = ga(rj, "),y = A
Cik = bjkBjk+1
By induction it can be proved that the estimates 0 < 3;; < 1

are valid.

Substituting - into equations and -,

we get a linear system of two equatlons to find Uf;ll, ULt

{AHU:E + AUl = By (1.21)

n+1 n+1 __
AQlU*Kl + AQQU*K2 = B,

where coefficients are defined by

2 1 2h -
Ay = - + m<2 — Oy K11 — 2 Tjaj,lﬁ—l)a
j=0
1 1
A12 - _ﬁﬁ*,K1+17 A21 Hga* Ko—1),
2 1
Agy = — + 02 (2 — PxKy—1 — Z TJB]»Kerl)
From the estimates given above we have that
J
2h ~
2 — k41— Rr? T Ky -1 2 Piky+1
5=0
J
2h -
2= Buk,1— Vi2 Z TiBj Kyt1 2 Qu K1,
j=0

thus the determinant of the matrix of system ([1.21)) is positive
and the unique solution U, Ul%! exists. Then the backward
factorization step is applied and the rest of values U "1 are com-
puted. O
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We wish to emphasize that the classical Thomas algorithm,
which is widely used in numerical solvers, can be modified using
this constructive proof to include nonclassical conjugation condi-
tions. Thus the formulae derived in Lemmal[L.5also contribute to
the benefit of users with interest to expand their computational
libraries of customized algorithms.

1.7 Convergence of the FVM ADI scheme for
the hybrid model

Since the operators A" and A% do not commute, we can’t ap-
ply the spectral stability analysis which was used in the classical
case. Here we restrict to showing stability estimates in one par-
ticular energy norm.

Proposition 1.6. If U" is the solution of ADI scheme ((1.10])—
(1.14), when f™ =0 and g} = g% = 0, then the following stability
estimate is valid

T T
17 + 5 AU < (I + 5 AT (1.22)

Proof. The proof technique of (|1.22)) is well known, see e.g. [31].
The ADI scheme equations (1.10),(1.11]) give U = RU™ with

T -1 T T -1 T
R= (14 54) (1-54) (14 341) (1 54)
We rewrite this relation as
T qn\gm+l _ B T g\
<I+2A2>U R<I+2A2>U

with operator R defined by
1

E=(1- %A’f) (1+ %A’f) B (1- %A’;) (1+ %Ag) o
By induction we prove that
(r+ ;43) Ut =R (1+ %AQ) U,
It follows from Lemma [1.2| that ||| < 1, thus
1B < [1B]" < 1.

The proposition is proved. O
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It is interesting to note that analogous proof of stability es-
timate would not work in the case of 3 spatial operators.

The presented stability estimate is with respect to the initial
condition. From it, the stability with respect to the right-hand
side can also be derived, for example, see [66].

1.8 Computational experiments

Two nodes and one edge

In the first example, a domain with two nodes and one edge
is investigated. Consider the problem in the tube with
geometry parameters [ = 1, R = 0.1. We solve this problem
till 7" = 1 with given initial, boundary conditions and the zero
source function

WO(r,2) = 0, gi(r,t) = (1+ 3t)e /B
ga(r,t) = dte= /B f(r 2 1) =0,

The accuracy of time integration of ADI schemes

First, we have tested the time integration accuracy of the ADI
solver for the full dimension model. A uniform space grid €2,
with J = 100, K = 400 is used. Table [I.I]shows correspondence
between a given sequence of decreasing time step widths 7, er-
rors e(7) and experimental convergence rates p(7) of the discrete
solution for the ADI scheme in the maximum norm

e(T) = max UZX, —Ul(rj,zi,,T)|, p(1)=log, (6(27)/6(7)) ,

(rj,zn)e | 7

where U(r;, z;, T') is computed by using the very small time step
7 = 5-107°. Then the integration error that is introduced by
the ADI scheme can be measured accurately.

It follows from the presented results that the accuracy of the
ADI scheme agrees well with the theoretical prediction.

The accuracy of the reduced dimension model
Next, we investigate the accuracy of the reduced dimension model
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Table 1.1: Errors e(7) and experimental convergence rates p(7) for
the discrete solution of ADI scheme (|1.2)) for a sequence of time steps
T.

T e(7) p(T)
0.0025 521510732  1.631
0.00125 1.334-1073  1.958
0.000625  3.343-10~*  2.006
0.0003125 8.194-107° 2.028

(L.3)—(L.5). For the space discretization, a uniform grid €, with
J =100, K = 1600 is used and integration in time is done with
7 = 0.0005. For a sequence of reduction parameters §, Table
gives errors e(0)

e(d) = max
(r5,2x)EQ,

and relative errors e,

0
€r = ‘e% . 100%
of the reduced dimension model (1.3)—(L.5) solution in the max-

imum norm. Here j* k* are indices of the grid point at which

the error e(d) is found.

o
i
&
3
=

o
2
e, (%)
-
=

>

o
Relative error
S
Computational time (s)
-

5005 2

~

0 0
0.025 005 0.075 0.1 0.125 0.15 0.175 0 0.025 005 0.075 0.1 0.125 0.15 0175 0025 005 0075 0.1 0.125 0.15 0.175
Reduction parameter § Reduction parameter § Reduction parameter §

(a) 6 vs e(d) (b) § vs e, (c) 6 vs CPU time

Figure 1.1: Graphs of results from Table showing correspondence
between § and other data.

It follows from the presented results that starting from 6 =
0.1, the accuracy of the reduced dimension model is sufficient
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Table 1.2: Errors e(d), relative errors e, and computational times
(in seconds) of the discrete solution of the reduced dimension model
f for a sequence of truncation parameters . Notation § = §*
corresponds to the full model

) e(d) er time

0* - - 11.4
0.25 0.00013 0.0070% 5.9
0.20 0.00083 0.0421% 4.8
0.15 0.0056  0.2653% 3.7
0.10 0.0377  1.6537% 2.5
0.05 0.2471  9.3954% 14

for most real world applications. More generally, we found that
for most calculations, starting from 0 equal to the radius of the
cylinder, the results of hybrid dimension model are visually in-
distinguishable from the full model.

Three nodes and two edges

In order to show the robustness of the proposed discrete scheme,
consider a domain consisting of three full dimension nodes and
two edges with a problem defined for 0 < z < 2. One additional
node takes into account the influence of the source function.
Therefore, the reduced tube is given by 75 = D x (6,0.9 — §) U
(1.1 + 0,1 —6) and Qs = {(r,2) € (0,R) x (4,09 —9) U (1.1 +
5,1 —9)}. In general, it is assumed that f is a regular function
and does not depend on r. But in the central part of the tube
0.9 < 2z < 1.1, let f still depend on 7:

f(r,z,t) = 150t exp(—(r/R)*) exp ( — ((z — 1)/0.05)?).

The implementation of the ADI scheme remains the same. In
the new full dimension node, for each j = 0,...,J the solution
is presented in the following form:

1 1 1
Uﬁj = Ogij;?z + ﬁij]n[i:S + Yiks K2 <k< K3.
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Then we can apply the same factorization algorithm as presented
earlier for the ADI scheme in the domain w.s.

For this test problem, we get a linear system of four equations
to find U, UL UL UME!. A matrix of this system is
tridiagonal, thus the standard factorization algorithm can be
used to solve it.

The accuracy of time integration of the ADI scheme for the
reduced dimension model

Next we have tested the time integration accuracy of the ADI
scheme ([L.10)—(1.14). For the spacial discretization, the uniform
grid €2, is used with J = 100, K = 1600 and the truncation
parameter 6 = 0.1. Table shows correspondence between the
given set of decreasing time step widths 7, the errors e(7) and
the experimental convergence rates p(7) of the discrete solution
for ADI scheme — in the maximum norm. Here the
benchmark solution U(rj, 2, T) again is computed by using a
very small time step 7 =5-107°.

Table 1.3: Errors e(r) and experimental convergence rates p(7) for
the discrete solution of ADI scheme ([1.10)—(1.14)) in accordance with
a sequence of time steps 7 and § = 0.1

T e(7) p(T)
0.0025 6.997-10~32 1.279
0.00125 2.106-10~2 1.732
0.000625  5.368-10~% 1.972
0.0003125 1.337-10~* 2.005

The second order convergence rate is clearly seen from the pre-
sented results.

Results of computational experiments show that the solution
errors e(d) of reduced dimension model are almost the same as
for the two-noded case. Table gives CPU times for different
values of truncation parameter 9.

In order to demonstrate accuracy of the reduced dimension
model, let us compare solutions of the full and reduced models
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Table 1.4: CPU time (in seconds) for computing the reduced dimen-
sion model f solution for a sequence of truncation parame-
ters 0. The column ¢* gives CPU time for computing the full model
solution.

0=0" 0=025 6=02 6=0.15 6=0.1
CPU time (6) 24.9 17.0 14.6 12.2 9.8

for truncation parameters 6 = 0.05, 6 = 0.1 and § = 0.15. The
test problem of three nodes and two edges is solved and all pa-
rameters are the same as given above in previous computational
experiment, except for K = 400. The graphs of solutions are
presented in Figures [1.2]- (note that for the reduced dimen-
sion model, the values of U in reduced one-dimensional zones are
replicated vertically to cover the reduced domain).
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Figure 1.2: Full model and reduced dimension model with 6 = 0.05
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Figure 1.3: Full model and reduced dimension model with § = 0.1
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Figure 1.4: Full model and reduced dimension model with 6 = 0.15
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Figure 1.5: Values of solution to hybrid dimension model with differ-
ent values of ¢ at cross section r = R/2 for two reduced dimension
Zones.

From the presented results, again a conclusion can be made
that starting from 6 = 0.1, the accuracy of the reduced dimension
model is sufficient for most real world applications.

1.9 Conclusions

The ADI type scheme is constructed to solve the hybrid dimen-
sion heat conduction equation. The finite volume method is
used to approximate space differential operators with nonclassi-
cal conjugation conditions between the parts of different dimen-
sions. The ADI scheme leads to a noniterative implementation
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algorithm and a set of one-dimensional linear systems is solved
by using the factorization algorithm. An efficient modification
of the basic factorization algorithm is developed to resolve non-
local conjugation conditions. It is proved that the proposed dis-
crete scheme is unconditionally stable. The presented results of
numerical experiments confirm the theoretical conclusion that
hybrid mathematical models can be used to simulate heat con-
duction models for a quite broad set of domains and coefficients
(also see [3] for an interesting discussion of this topic).
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2 FVM ADI scheme for 2D
models set 1n a cross-section

domain

In this chapter, the heat conduction problem is considered for
a 2D domain that is a cross-section of some plates (see Figure
. Here, the dimension reduction is again the main aspect
of results. Although some definitions might be simpler than
in the previous case, the current chapter faces new challenges.
From the perspective of finite volume method, a new type of
computational cell is taken into consideration at inner corners
of domain (type #3 in Figure . Around these corners, the
discrete operators of derivatives do not commute. Furthermore,
in some zones the x dimension is reduced, while in others the
y dimension is reduced. Therefore, some new ideas have to be
applied to achieve similar results.

2.1 Formulation of the classical model

Let us consider a cross-shaped domain  C R2. The Dirich-
let boundary conditions are defined at the inlets/outlets and
we refer to this part of boundary as 9dp{), while the rest of
boundary is insulated with a zero Neumann boundary condi-
tion and denoted by dn§) = 00 \ Opf). Given that the length
of Q equals X and the height equals Y, the Dirichlet boundary
Op) = 01QU 0,Q U 93Q U 0, is defined by (also see Figure
below)
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QL ={(z,y) z=0, V1 <y < Ya},
Q= {(z,y) 1y =0, X1 <2< X},
B0 ={(r,y) =X, V1 <y < Ya},
Q= {(z,y):y=Y, X1 <z < X},

with real constants X, Xy, Y7 and Y5 satisfying 0 < X; < X, <
Xand0<Y <Y, <Y.

Let us denote by Lq, Lo, L3 and L4 the rods of domain €2 and
by Lg the central part of Q = Lo U L1 U Ly U L3 U Ly:

Li={(z,y) : 0<x < Xy, V1 <y <Ya},
Ly={(r,y): Xi <z < Xp, 0<y <N},
Ly={(z,y): Xo <2< X, V1 <y < Yo},
Li={(z,y): Xi <z < Xy, o<y <Y},
Lo={(z,y) : X1 <z < X5, V1 <y < Ya}.
y
042
Y__
Ly
Y.+ e i
|t Lo s g0
Y11+ ERRRRRREEES ;
Ly
O__
0502
I I I — x
0 X1 Xz X

Figure 2.1: Domain € (shaded) with located outer boundary layers
and rods.

We are interested in solving a linear heat equation with con-
stant coefficients in Qr = Q x (0,7] with Dirichlet boundary
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conditions on dp{) and Neumann boundary condition on Jy2,
thus the following problem is acquired:

5= gt @D, @t €O

u(0,y,t) = g1(y, 1), (y,t) € [Y1,Ya] x (0,T]
u(x,0,t) = go(z, 1), (x,t) € [ X1, Xo] x (0,71,
w(X,y,t) = gs(y, 1), (y, 1) € [Y1,Y2] x (0,77,
u(z,Y,t) = ga(z,t), (x,t) € [ X1, Xo] x (0,71,
g—zzo, (,5,1) € On x (0,7,
L u(z,,0) = (., (@) €0

(2.1)
here f is a source function and n denotes the outer normal to
On€). The model is presented in a nondimensional form.

2.2 FVM ADI scheme

As in the previous chapter, we are using the so-called cell-centred
finite volume method (see, e.g., [31]). Each discrete unknown is
defined at a point (z;, yx) and is associated with a control volume
Kjx. Denoting the step size in x direction by h, the step size in
y direction by H, an admissible finite volume mesh of €) is then
denoted by Q) = (W, x w,) N Q with

W, ={x; x;=7jh, 7=0, ..., J}, z; =X,
wy:{yk:yk:kHa k:O, ...,K}a yK:Y

Furthermore, we will use notations z; = Xi, =5, = X, and

. = Y1, yk, = Yo. Recall that X, X5, Y7 and Y5 are the
positions of inner walls of domain, where the Neumann boundary
condition is formulated.

Therefore, three types of control volumes occur for a cross-
shaped domain (see Figure [2.2).

For simplicity of notations, we also consider a uniform time

mesh
O={t":t"=nr, n=0, ..., N}, tN =T.
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Figure 2.2: Example of celling of the top border of L;.

Let us now define the following measures: area of control
volume as Vj, = m(K;x) and length of the border o;; of control
volume as sa3 = m(0,). Figure[2.3|shows how these values vary
for three types of control volumes.

T k+l Tign Tikt
N U;\.(L'Jr%
Tkt T \,
Oj+i.k
Tj—%.k . Tjtdk
Tj—%.k Tj+ik  Ti-Lk
G’J.,‘.,% 0‘,‘.}.-—%
Tjk—1 2
H 3hH
(a) Type#1:Vj, = hH (b) Type#2:Vj, = h? (c) Type#3:Vj, = -

Figure 2.3: Borders of three types of control volumes K;; defined
at (xj,y,). Here the upper index N corresponds to the notation of
Neumann type boundary.

Consider, for example, the left-side borders of Figure (c),
namely Tj 1k and UJJ.\Q%JC. Regarding a flux through the left side
of such cell, in general we take into account all left-facing walls,
be it of type o or o, at whatever position they are defined for
the cell. In our case, all terms corresponding to o vanish due to
the zero-flux condition imposed on the Neumann-type boundary,
while for Oj 1 the length measure s is equal to H/2 and the
flux through it depends on the neighbour cells on its left and
right.

Next, let Uy be a numerical approximation to the exact so-
lution wu(x;, yx,t™) of problem (2.1). Upon introducing the stan-
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dard FVM notations

1
— u(z,y,t)dxdy,
ij//( y, t)dazdy

fjk: / f x ya dl‘dy,
jk

the finite volume scheme is defined by the equation

dUs,
dt

= —AlUp — A3Uji + fin (2.2)

with the discrete operators A" and A" redefined by

ur, — Ur
a n _ Jk j—Lk
h )
o (2.3)
o )
1 n
Angk:@< Jk+1aUk+1+8k1a >,

where the implementation of Neumann boundary conditions is
included naturally, while for the cells on Dirichlet boundaries,
corresponding values of given functions g; are taken. Further-
more, note that the operators have varying coefficients s. To
define them more precisely,

; H
S;_lk = ? if ke {KlaKQ} a‘ndj S [17J1] U [‘]2 + 17‘]]7
3;,; , = H elsewhere in (,

> (2.4)
K h .. .
Skt =3 if j € {Ji,Jo} and k € [1, K;] U [Ks + 1, K],
T
S;k_l = h elsewhere in €2y,

while for the cells outside €2, the coefficients s are considered to
be zero.

Having defined the spatial discretization, we are now in a
position to apply the ADI method to integrate in time, thus from
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(2.2) the following ADI scheme is obtained for (z;, yx) € €\ Op:

ntl
v, *>-U~" ntl ntd
jk 7_/2 jk ‘|’A}1LUJ']:2 _'_Ag ﬁﬂ:fjJr?,
" (2.5)
U;Lk-l-l U2 n+%

. 1
7 A4 AU+ AU = £
Note that in the first substep the z derivative is taken implicitly
and in the second substep the y derivative is taken implicitly.
Due to this alternate implicit use of operators, the method is
called alternating directions implicit from the perspective of di-
mension splitting. Furthermore, note that the ADI method is
locally one-dimensional (LOD) and in contrast to other LOD
methods (such as LOD Crank-Nicolson or the trapezoidal split-
ting), the approximations at intermediate-time stages are con-
sistent with the full problem.

2.3 Convergence of the FVM ADI scheme

Now, let us recall some classical properties of the ADI scheme
(2.5)), as they will have to be re-evaluated for the hybrid dimen-
sion model.

Lemma 2.1. If a solution of (2.1) is sufficiently smooth, then
the approzimation error of ADI scheme (2.5)) is O(7%+h*+ H?).

Proof. Let us rewrite (2.5) without the intermediate-time value

U™ 2. From the difference 2.3), — (2.3)), we get

n+1 n
n+3 U‘kf + jk T n n
Uj 2 ]T] + ZAS (Uﬂ:—l _ jk) _ (26)

Substituting this result into (2.5))2, we derive

n+1 n n+1 n
Ujk - jk_i_AiL(Ujk + jk)

gntl 4 pyn
Ah< Jk Jk>

T T 2
n+1_ n

72 U‘k ik 41
+ () —
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which is equivalent to the classical symmetrical finite difference
scheme up to order O(7?) term. Therefore, provided that bound-
ary conditions of intermediate time layers satisfy , the ap-
proximation error is of the same order as for the symmetrical
finite difference scheme, which can be verified by substituting
the Taylor expansions. O

It is interesting to note that the boundary values at inter-
mediate time layers (as well as solution itself) generally do not
necessarily represent physical conditions at corresponding times,
they should be rather seen as a correction step, even if for the
ADI method they are of physically reasonable values.

Although in the proof we have somewhat committed ourselves
to use for calculating intermediate-time Dirichlet boundary
values, which is the so-called Fairweather-Mitchell type correc-
tion [30], from the numerical point of view this correction tech-
nique makes numerical approximations only a little more accu-
rate, as dropping the second term of sum in ([2.6)) results in the
same order of accuracy. This term increases the order in time of
local errors, however, the global error remains of the same order.
For an interesting discussion regarding this topic for the ADI
method, we refer the reader to [30].

As will be seen later, since computations of this problem do
not require values of intermediate time layers of g, and g4, the
Fairweather-Mitchell type correction only makes sense when ap-
plied to the left and right Dirichlet-type boundaries of €.

Next, one important issue is noncommuting operators A?
and Al (e.g., consider the cell #2 in Figure , which leads
to a more complicated stability analysis than in a commuting
case. The first half-step of ADI scheme 1 decreases the error
growth factor in z direction and increases it in y direction, while
the second half-step acts vice versa. After combining half-steps,
the error growth multiplier does not increase in its absolute value
(see, e.g., |[49] or [81]). Overall, what matters is that in our case
stability can be proved in a suitable norm.

To prove the next lemma, let us consider discrete functions
u; = u(x;), 0; = 0(x;) defined on spatial mesh points, such that
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g =ty =0, g = vy = 0. Then the formulas
J—
(01, 0)q Za 05k, Nl = /(u, ),

define an inner product and a norm in this vector space. We also
define one more inner product

Analogously, for functions ux = u(yx), vx = v(yx) defined on
spatial mesh points, such that 1y = ux = 0, vg = vg = 0, the
formulas

K
(ﬂ’v ﬁ)y = 0 H, (fb, @]y = Zﬂkﬁkl—L Htu = (u7 u)y
k=1 k=1
define two inner products and a norm in this vector space. In
the next lemma below, the partial derivative is treated in a
backward-step sense, see (2.3 for the definitions of d,, d,.

Lemma 2.2. The discrete operators A" and AL are symmetric
and positive semi-definite.

Proof. Let us first analyse A" and start with the intervals k €
[1; Ki —1JU[Ky + 1; K — 1]. Applying the summation by parts
(see, e.g., [66]) we get

Jo N ~
u —Uu
ha = ha\ 1 Ji+1 J1
(AYa,0), = (Al);0;h = B —
Jj=J5
Z Uj+1 _ 7:L] - aj_l oy + aJQ - 7lJQ—l 'lA}J
h J h 2
=J1+
a Q T oa -
Ji+1 — WJp . ~ j — Yi—1 /. ~
= R (g — D)+ Y L (B = 9)
h , h
j=J1+2
/an - ﬂJz—l ~ ~ ~ ~
G0 TR ) = (B, Dy

h
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In an analogous way, for the case k € [K; + 1; Ky — 1] we can
confirm that

<

-1
(A, 0), = Y (AY0);0,h = (0pti, Oyd)s.

1

<.
Il

The same result also holds for the case k € {K;, Ky}. It follows
that A% is a symmetric operator. Furthermore, since A?¢; = A\
has only nonnegative eigenvalues \; [66], A is a positive semi-
definite operator. These derivations can be repeated for A% to get
analogous results, thus both operators A" and A% are symmetric
and positive semi-definite. O

Recall that A" and A% do not commute for the geometry of
this problem, thus we cannot use the spectral stability analysis
and we restrict ourselves to showing stability estimate in one
particular energy norm. Note that the norm presented in the
following lemma is 2D, having the form |[ju]|* = XJD i Rty

=0 k=0
The symmetry and positive semi-definiteness proé)erties of Ah
and A% hold on each line of corresponding direction, thus these
properties are preserved in the total discrete 2D sum of the norm
and the analysis of operators on single lines provided in Lemma
is sufficient. The proof technique of Lemma is a well
known procedure, see, e.g., [31,49].

Proposition 2.3. If U" is the solution of ADI scheme ({2.5)),
when f"=0and g =0,7=1,...,4, then the following stability
estimate is valid

T . T
I+ AU < 1+ Zapue).
Proof. The ADI scheme equations (2.5) give U""! = RU™ with
T -1 T T -1 T
R=(1+548) (1-ga0)(r+5a1) (1 54)
We rewrite this relation as
(1 + %Ag) Ut = E([ + %A’;) Un
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with operator R defined by

R= (1 - %A’f) (I + ;4’;) - (I - %1’5) (I + %A’;)l.

By induction we prove that
(I + %AQ) U = R (I + %1’5) .
It follows from Lemma [2.2| that ||| < 1, thus
IR < IIB|" < 1.

Therefore, the proposition is proved. O]

2.4 A hybrid dimension model

In this section, a modified approximate problem is considered
that approximates the classical heat conduction model .
Further reasoning follows numerous works of G. Panasenko [51}-
53| that concern the method of asymptotic partial decomposition
of the domain (MAPDD).

The motivation here is the same as in the previous chapter —it
roots in the observation that when heat is conducted in a rod or a
plate, the distribution of it along the radius tends to smooth-out
after quite a short distance when diffusing through an externally
unheated part. However, a sufficient space is needed for smooth-
ing after "leaving" the heated area. In our model, we define this
distance for smoothing by the parameter §. After smoothing-out,
1D calculations are sufficient until another acting heat source is
encountered.

To begin with, let us denote the reduced rods (reduced di-
mension zones) by

Li={(z,y) : 6 <a< X1 —6, Y, <y < Ya},
Ly ={(z,y): X1 <z < X5, § Sy <Yy — 6},

Ly={(z,y): Xo+ <2< X -6, YV <y< Yol
L={(z,y): X, <7< X, o+ 6 <y <Y — 6}



and let the union of reduced dimension domains be denoted by
Q° = LSULSU Ly U LS. Visual representation of Q% corresponds
to yellow zones in Figure [2.4] Here § is taken the same for both
sides of each rod only for the sake of simplicity and in practice
can be adapted to each side and each rod uniquely.

It is assumed that the initial condition u° and the source
function f do not depend on x in Ly and Ly, also that they do
not depend on y in Ly and Ls:

u(z,y) =(y), f(z,y,t) = f(y,t), (x,y.t) € (LU Ly) x (0,T};
(), fz,y,t) = f(z.t), (x,y.t) € (L U Ly) x (0, 7).

:O
&
s

I

I~

Next, function U is called an approximate solution to (2.1]) if it
satisfies

------------- - KT
Ji JIfr - K7
J7¢f TEETECEEPRLE Ji d7

Figure 2.4: Domain ) with indices of truncations and reduced dimen-
sion zones in yellow.
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(0U 09U U 5
E_W—F@_yz—'—f(x’y’t% (ZL‘,y,t)E(Q\Q)X(O,T],
ou 09U ~
E:W—i_f(x?tL (I,y,t)€<L$UL§)X<O,TL
ou  0*U ~
Eza_yQ_{_f(yat)v (I,y,t)E(LgULi)X(O,TL
U(0,y,t) = g1(y, 1), (y,t) € Y1, Y3] x (0,77,
U((L’,O,t) = 92(x7t)7 (I,t) S [XlaXQ] X (OvT]a
U(X,y,t) = gs(y,1), (y,t) € 1, Y3] x (0,77,
U(l’,if,t) = g4(ac,t), (.CE,t) S {XhXZ] X (OvTL
=0, (.0.0) € 052 x (0,T),

| U(2,y,0) = u’(z,y), (z,y) € Q

(2.7)
It has been shown in [3| that the H' norm of the difference
of the exact solution and the approximate solution obtained by
the MAPDD for a heat equation depends on the parameter §.
Thus the motivation of turning from to (2.7), while bal-
ancing 0 between being large enough for the accuracy justified
by MAPDD and small enough for a considerable computational
speed-up.
To be used at conjugations of 1D and 2D parts, let the aver-
aging operators S, and S, be defined as

X2
1
S2(U) = m/U(x,y,t)dx,
X1
o (2.8)
A%W=%_K/U@%My
Y1

Assuming continuity of U with conservation of full fluxes along
each truncation line of reduced rods, we will use the following
conjugation conditions:
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Ul=s-0 = Uls=s1o> asgiU) =6—0 - aa_: a::5+0’
Ulaex,—5-0 = Ulazx, 540> asgiU) o= X1—6-0 - 88_(1{ 2=X1—640
Ulsexo -0 = Ulsmxo4s40- aSSiU) 2= Xot6—0 N Z_Z = Xg+54+0

Uliex—5-0= Ula=x 510> aSga(cU) x50 Z—Z r=X—-040
08:(U) oy
U|y 50 — U|y 6+0> oy y=6—0 B 3_3/ y:5+0’
Ulyev, 50 = Ulymy, 540 (955?(JU) 50 - ?)_Z y:Y1_6+0’
U’y =Yo46—0 — U|y =Yo+3+0 8855]) Y=Ya+6—0 N g_l; y:Y2+5+07
Ulyy—5-0 = Ulymy—s+0- %;U) =Y —5—0 N g_[y] =Y —5+0
(2.9)

In |57] the existence and uniqueness of an approximate solution
U to the 2D heat equation set in a rod structure with partial
asymptotic domain decomposition is proved. By analysing the
weak form of heat equation, it is also shown that conditions
(2.9) are valid at the truncations. In the following sections we
seek to improve the reduction of computational cost of partial
domain decomposition method used in [57] for solving problem
by proposing a different numerical strategy, also following
the guidelines of [38].

Regarding previous sections, solving the main problem (2.1J)
numerically using the ADI scheme is considered to be some-
what of a classical problem, while in this section solving the main
problem ({2.7) numerically requires additional methods originat-
ing from nonclassical conditions, namely, conjugations of hybrid
dimensions.

Let the truncation lines between 2D and 1D parts be denoted
by T and T}, the corresponding grid indices at which the trun-
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cations are applied be denoted by JI for vertical and K[ for
horizontal truncation lines, i = 1,...,4 (for a visual representa-
tion, see Figure . Recall that all grid points on any single
truncation line (or any line parallel to it inside its reduced zone)
are assumed to be of equal U values and can be used in calcula-
tions as one single point instead of a row/column, thus the index
notation * will be used for such cases.

Define the sets of grid points, corresponding to each reduced
rod, by

wr, = {(zj,p) : J <j<Jy, K1 <k <K},
wr, = {(zj,u6) : i <j< oy K <k<K] Y
wry, = {(zj,ur) + J5 <j<J], Ki <k< Ko},
wr, = {(zj,u) : 1 <j< o, Ki <k<K[},

WR = Wp, UwL2 UUJLB UwL4.

Instead of having 2 dimensions, here one of them is reduced,
therefore, the sets of 2D grid points are replaced by 1D sets

O, ={oy: T << Ty}, o ={y: K <k<K3},
Opy ={z;: Jy <Gi< Y, op={w: K <k< K[},
(:)R = (I}Ll U(Z)LQ UCL)L3 UwL4,

so that the numerical grid with reduced dimension points is de-
noted by

Qrp = (e x wy) N (2\ Q%)) Udp. (2.10)

Next, introducing the discrete analogue of averaging opera-

tors 2.8

Jo
1
h ny __
Sx(Uk) - )(2 _Xl sz: U]kSJkJrlv
H
Sy (Uj Y, — Y1 Z Jk y+2,k

k=K,

and including conjugation conditions in the ADI approxi-
mation of (2.7)), we get the following problem (2.11)) for the first
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Figure 2.5: Domain ) with indices of truncations and reduced dimen-

sion parts as 1D lines.

substep of (2.5). Here it is presented in a detailed form only for
the sake of convenience of the next section. It is presented in a

compact form in (2.19).
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UitE _ 1 1
&= 7 B AU+ AUl = £, (2, 00) € U\ wrs
1
U?H—E - 71 n+i n
L AU = f] e (JTJT) U (JT, IT):
+71_/2
Un 2 n "
k 72 b AU = [0 ke (KT, KT) U (KT, KT);
-
U* Un 1 H/pm+s n+i 4+
L L 7 o5 (= spwh au - uple) =
je{Ji a3k
U71+% - UT; 1 n+3 n+3
J 7 Iy ﬁ<_ SH<U]+1 )—I—QU — Uj—f*) = fj* 2
jed{ds, I}
U’:LJF%_ ’:L 1 n n n n+3
: 7_/2 . + ﬁ( - Sﬁ(qu) +2U], — *,k+1) = f*k 2
ke {K{ K3}
1
Uy 2 —Us 1 i . il
kT/Q k+m<_S£(Uk+1)+2U*k_ *,k—l)zf*k2>
ke {KI KI'.

(2.11)



To put it simply, we let the full heat transfer to take place in
a neighbourhood of the central part of domain as well as near
boundaries with Dirichlet conditions. In reduced regions, one
of operators A} or A} vanishes and on the truncation lines we
use special conjugation conditions to couple 1D and 2D regions.
Whatever values are defined on outer boundaries, they tend to
"smooth out" while diffusing through rods or plates. At some
distance it becomes of little practical importance to keep solv-
ing full diffusion, thus we switch to 1D equations, losing a bit
of accuracy but improving the speed of computations due to the
reduced dimension zones. The truncation lines around the cen-
tral part Ly are designed to allow "smoothing-out" of the values
of f defined in the central part, while the values of f in rods
have to be defined as averaged.

Analogous system for the second substep is given by (2.12)):

; 1
U"+1 Uﬁ—i_i nal n+i
T—/ij + AlUjk+2 + AQUﬁjl = fjk+27 (5, y) € O \ wr;
n+l "+% 1
U= s g = 1304, ke (6T RD) U GRE KT
-
j* + AU =f2 e (JE I U (JE JD);

T/2 I* J*

i AL § I it
: 7_/2 . +H2< SH<U —H) U+1 U*;qi_—il-1>:f*k 27
ke {K{, K}
1
Ut -un? 1

n n n n+3
+ _< - S§<Uk4—:11) + 2U*k+1 - U*,;c’—il> = f*k 27

T/2 H?
ke {K3, K{};
1
urtt ittt 1
* * h n+3 TL+

# + 5 h2 < S (U ) + 2U Uj—l—l,*) f]* )
je Il I

Ut - Ui

* n+3; n+% n—l—%
5 < Sh(U 41 )+2U - Uj—L*) =%

T/2 h? J
je {5 Ji}
(2.12)
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It is shown below that for each time half-step, a unique solu-
tion exists and it can be computed by using an effective algorithm
which is obtained by modifying the classical Thomas algorithm
for tridiagonal matrices. First, the values of U on implicit-valued
truncation lines are found (e.g., j € {J{, JI, JI, JI'} for the first
half-step) and then the rest, moving to the next half-step after-
wards.

2.5 Unique existence of the ADI numerical

solution to the hybrid model

To prove the next theorem, let us analyse how the classical
Thomas algorithm has to be modified due to nonclassical con-

jugation conditions. Equations (2.11);_o and (2.12));_5 can be
written in the following forms, respectively:

41 41
- aij;il?k + bij;k - CJkUgH k= Gjks
— AU + by Uptt = epUrEL = dy,
ks DjksCiks ks Djis i1 = 0, bji = aji, + cip, by = e + &y
Recall that (2.11)) is the first half-step in time and (2.12)) is the
second half-step in time. Each of them uses values of the previous

half-step to advance in time by 7/2. (2.11)) and (2.12)) are solved
separately and the following procedure is analogous for both of

them, therefore, here we will only present it in details for the
first half-step.

With & such that Y7 < kH < Y3, consider (2.11))1_, for the
following intervals:
1. For j € [0, J]') the solution is presented as

n+3
Ujk 2= Oéij i+1, k —|— Viks (213)

Cjk

apr =0, ajp = 2 ;
ik — AjkOG—1k

djk + ajkYi—1k
bjk — k01

Yok = g1(yk,tn+l),7jk =
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It follows directly from the tridiagonal matrix factorization al-
gorithm. By induction it can be proved that the estimate 0 <
aj < 11is valid.

2. For j € (JI, JI) the solution is presented as

n+%

U

J*

n 1
= a; Uy t + B U 2 + Y (2.14)

First, the solution is written as

1
n+s ~ T
(]‘7>|< :a]*U +/8]* ]—‘,—1*—1—7]*7 Jl <] < JQ,
~ B aJ1T+1,* ~ Gl o B dJ1T+1,*
OéJlT—i—l,* - b ) 5J1T+1,* - b ) PYJIT—H,* - b ’
JT41,% JT41,% JT+1,%
~ 0505 . Cjx ~ Gt e
aj*——ﬁj*——~77j*— ——.
bjw = jul3j 14 bjx — @jul3j—1.4 Dju = jul3j—1 4

Let us assume that 0 < a;_;, < 1,0 < Bj,l,* <land ojq.+
5]‘71,* < 1. Then it follows from the formulae above that 0 <
Ej* < 1 and @, > 0. It remains to prove that a;, < 1 and
Qs + EJ* < 1. It follows from the simple inequalities

jx 015 + Cx + A 14

= @ju(@10 + Bj10) + Cr < @y + G < by,
that

AjsClj1 5+ Cue < bju — @juBj 14
Thus we get the estimate
O g Oéj* + ﬁj* < 1
Next, coefficients in (2.14) are computed by
QT 15 = QT 14 ﬁJQT—L* = 6J2T—1,*> VIT -1 = VL -1

Qs = Oji + BisQiv1 s, Bjx = BislBitti s Vix = Vix + BinVj+1,00
j=J5 =2, JE 4+ 1

From these relations and estimates for o, and EJ* it follows that
the following estimates hold as well
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3. For j € (JI,JT) the solution is presented as
n+l n+l n+l

Here each horizontal line is treated separately from each other.
For each line, the derivation and estimates of coefficients are
analogous to the previous part.

4. For j € (J¥,JT) the solution is presented as

n L n ’fL
UL = Uy IR i *2 + Y, (2.16)

here the derivation and estimates of coefficients are analogous as
in the second interval.
5. For j € (JI', J] the solution is presented as

n+2

U ﬁij 1k +/7]k7 (217)

Qif
Bk =0, 5jk; = b+v
ik — Cjkﬁjﬂ,k

ik + CjkYj1k
bik — cikBit1k

Y = g3(yr, t"), Vik =

By induction it can be proved that the estimate 0 < 3, < 11is
valid.

Substituting (2.13)—-(2.17) into (2.11))4_5, we get the linear

system
nt+i
U 2
Ay A 0 0 Jli*l B,y
Apr Az Asz 0 UJZ,T*Q _ By (2.18)
0 Az Ass A U;;f*% Bs ’ '
0 0 Ay Ay g1 B,
UJT:
4
with coefficients defined by
2 1 1
An :—+ﬁ(2—aﬁ+1,* Y, vV, Z QL 1k SJT 1 k)
2 1 v,
Byr i1 QJT_q 4
A== =575 Ay = =0
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K>

2 1 1 ,
Aga =- "t (2 —Bur-1s— Y,V Z QT 5?15%7,{)7

k=K1
1 o
— J
A23 - h,2(}/2 _ }q) kX}; ﬁJ’2T+1,]€ SJ’21"+%7]€7
=n1
1 o -
— j
Azp = — m sz; QI =1k Syr L
=/l
Ko
2 1 1 ;
Aszs e (2 T T s T Y, — Y, Z 5J§Ffl,k Sﬂg_%k),
k=K1
Mos — Bz R e B
ST T o AT T
K>
2 1 1 ;
24 (2= _ j
A = + 12 (2 BJ{—L* Y, — Y, Z BJ4T+1,I< SJZ“+%J€)7
k=K1
Ko
1 ; 2 n4
= J “rn 2
B ) ,;; r-re Syr-gat 2V o
VIT 1% .
+ 0 for i € {1, 3},
Ko
1 ; 2 42
_ J “r1mn 2
P ew - Z[; Wtk Syrpgp T2 Uire T
=/l
ij—lﬁ .
2 for i € {2,4}.

Employing the estimates for a and [, we see that the coefficient
matrix A in (2.18) is diagonally dominant. To briefly collaborate
on it, note that only the diagonal elements are positive in A.
Then consider, for example, the first row of A. As we have

Ko

1
0> TG p 1k T 5J{+1,* > —1 and Y, — Y, Z ST-Lk = L,

k=K,

evidently |A11] = |Asal.

Therefore, due to the diagonal dominance, unique solutions
n+3 n+3 n+3 n+3 . .
UJT* , UJT* , UJT* , UJT* exist. Then the backward factoriza-

1 2 3 4
tion is applied, computing the remaining values of U. The pro-
cedure is analogous to solve (2.12). Therefore, we conclude the

latter results of this chapter into the following theorem.
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Theorem 2.4. A unique solution to (2.11)), (2.12) exists and can
be computed using the efficient factorization algorithm (2.13])—

(P-18).

Not only do results (2.13)—(2.18) serve as a proof of Theorem
2.4 they also define the constructive algorithm to solve (2.11)),

(2.12). Furthermore, in each time substep we first find values
of solution on truncation lines and then in each segment be-
tween these lines independently from other segments, thus the
proposed method might be promising in the sense of speed-up
by parallel computing, but we leave analysis of this question for
future works.

To briefly comment on the algorithmic extension to more re-
duced dimension zones, each additional reduced dimension zone
increases the rank of coefficient matrix A in by 2, while A
remains tridiagonal.

Finally, from this section we see that the ADI method is well
compatible with the MAPDD for heat conduction problems, as
the implementation of the averaging operator that is used to
truncate dimensions is a natural one on structured grids. Con-
sidering the ADI method for 3D cases, it does not have a natural
extension, but similar ideas give rise to the method known as the
stabilizing corrections (see, e.g., [28,29]). However, it remains
effective if the calculations can be reduced to 2D — given radial
symmetry in a rod, for example (see Chapter (1| or [38]).

2.6 Convergence of the FVM ADI scheme for
the hybrid model

Let us rewrite (2.11)) and (2.12)) in a compact form as

n+i
U, ?—U% n+l " ntd
JT2J+A§LUjk2+Ag jk:fj 2
—_ U""‘% (2.19)
e YUk n+3 n n+3
I 7 P AU+ ASUSH = [
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with the operators A} and A% defined by

AU =

AbU =

A}ILUjk‘? (%7%) € Qh\wRa
AUs., g€ (09 u s, I,
0, ke[K{,KJJUI[KS, K]]

1 :
?( = 8, (Uj-1) + 2Uju — Uj+1,*>, je{di, It
\ﬁ( = Sy (Ujs1) + 2Ujs — Ujfl,*>> je{Jy. Jit

AbUse,  (zj,y%) € QU \ w,
ASU*IW ke (K1T7 KQT) U (Kga Kg)a
0, jelJi,JFUlJ]y,Ji]

1
?(—Sﬁ(Ukl)JrQU*k—U*,kH), ke {K{ Kj},
ﬁ( — §MUpsr) + 22U — U*,k_l), ke {KT KT}

Now let us consider discrete functions Uj, = U(xj, yx), Vi =
V(z;,yx) defined on the spatial mesh € rp (for definition see
(2.10)). Let us denote the set of such vectors by Dj,.

For U,V € Dy, such that Uy, = Uy, = 0, k € [Ky, K5, and

Vio = Vjk

=0, j € [J1, ], the following formulas define an
inner product and a norm in this vector space
JF-1 Ky
Y S ity + 0510 3 U
j=1 k=K, j=J7
JI-1 K, JF
+ > Y Ujijkth-_%,k +(Y2=Y1) Y UpVih
j=JI+1 k=K1 j=JT
J-1 K Jp K{-1
j k
2 D> UnVahsiy+ ) > UnVieHs),
j*JT-i-l k=K, j=J1 k=1
Jo Ki—1
+ (X5 — Xy) Z UaVaH + ) Y UpVieHs},
k=K J=J1 k=KT+1
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Jp  Ki-1 KT
+ Z Z UJ”“V}’“H‘S;k—% + (X2 — X1) Z Ui Vi H
Jj=J1 k=K2+1 k=KT
J»  K-1
+ Z Z Ujk‘/}kHS;ik_%,
J=N k=K]+1

Il =, 0)"".

Although the presented expanded form of this inner product
is somewhat lengthy, this termwise representation proves to be
useful for the next lemma.

Lemma 2.5. The discrete operators Ay and AL are symmetric
and positive semi-definite operators.

Proof. Let us consider U,V € Dy, such that Uy, = Uy, = 0,
ke [Ky, K], and Vi = Vixk =0, J € [J1, Jo]

The investigation of operators A} and A} is analogous, thus
we will only show these properties for A?. Let us analyse the
terms of (A?U, V). First, applying the summation by parts, we
rewrite the term

=1 K
E E h J
‘Al Ujk‘/jkhsjf%,k
j=1 k=K,
K> Jr

_ J J
=3 | Y 0Uu0Vihs_y  — 0Usr Viroshe o,
J PR 1 1 1 29

k=Ki \ j=1

Analogously, we also rewrite

J-1 K>

> A?Ujk‘/jkhsz_%7k

j=JT+1 k=K1

Ko J
_ E E . - hol J
= azUjkamV;kth_%Jg + 8:EUJE+1,I€VJ§F*SJ§“_%J€

k=K1 \j=Jf+1

Inside the zones where the y dimension is reduced, we have, for
example,
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4
> AUV =

=T

(_S?I(UJITA) +2U;r, — UJ1T+1,*> Vir,

SRS

JI—1

+ Z AU, Vieh + % <_SIy{(UJ2T+1) +2U 7. — UJ2T—1,*> Vir.

j=J+1

I3

= > 0UpndVieh = 0,Usr Vir, + 0,Uyr 1 Vir,

j=JT+1
UJIT* - SIy{UJlT—l

h

— O Ujr 1 Vyr, +

Y
SHUJ2T+1 - UJQT*
- h JT %

VJlT* + aIUJQT*VJg*

Next, in the middle part we have

Ji-1 K J3 K
2 : § : h J _ E : § : J
./41 Ujijkhsj_l ko &UUjkﬁijkhsj_l k
27 20
j=JT+1 k=K1 j=JT+1 k=K1
Kg K2
§ : J § ' J
_ ax[]JST*‘/Jg"S]._%Jc + amUJg*VJ;*Sj_%’k.
k=K1 k=K

Taking into consideration identities of type

o Y, - Y,
j 2 — Y1
Z afoJlT*VJlT*S;_%’k = —h (UJlTk - S?;I(UJ{‘F—D)VJI-FM
k=K1
we see that in the overall sum of the norm, the additional terms
in the latter representations cancel out.
Finally, for k € (0, K] )U(KT, K,)U(Ky, KI)U(KT, K), the
summation by parts yields

Ja Jo
= 0 U0 Vins®, 1 =Y UppAiVjys®
— Y ikUxV ik j,kfé — Jkv 1 Vijk j,kf%'

j=J1+1 j=J1
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Therefore, we have that the symmetry property (AU, V) =
(U, A}V) holds. Furthermore, since (AU, U) > 0, the opera-
tor A" is positive semi-definite. [l

Proposition 2.6. If U™ is the solution of ADI scheme (2.11)),
(2.12), when f* =0 and g* =0, i =1,...,4, then the following
stability estimate s valid

T n T
17+ 5 AU < (I + 5 AT

The proof of Proposition is analogous to the one of Propo-
sition , as the operators A" A" have the same properties of

symmetry and positive semi-definiteness as previously analysed
A, Al

2.7 Computational experiments

The accuracy of time integration of ADI schemes
First, the time integration accuracy of ADI solver for a nonre-
duced model was tested. Consider (2.1) with the ADI scheme
, solved on a uniform spatial grid €2, with parameters T' = 1,
X=1,Y=1 X, =Y, =1/3, Xy =Y, = 2/3. In the first
test problem we have used functions v’ = 0, f(z,y,t) = 0,
gi(y,t) = (1+ At)e V", g2(,t) = Tte™4", 93(y;t) = 3 —50(y —
Y1) (y—Ya), gs(z,t) = ete 20@=X1)(@=X2) and the benchmark solu-
tion U(z;, yr, tx) was computed using 7 = 2.5-107°. The second
order convergence rate is confirmed by the computational results,
thus indicating that the ADI scheme accuracy agrees well with
the theoretical prediction (see Table below, displaying corre-
spondence between a sequence of time steps 7, errors e(7) and
experimental convergence rates p(7) for the discrete solution of
the ADI scheme (2.5)).

Here the errors e(7) and experimental convergence rates p(7)
at time ¢t = T" are defined in the maximum norm

e(T) = max ‘UJJ\;C — Uz, ye, T)|, p(1) =log, <@) .

(5,y) EQn 6(7—)
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Table 2.1: Results of errors e(7) and experimental convergence rates
p(T) with corresponding 7 for the first test problem with J = K =
600.

T e() p(T)

0.0008 6.9300-10~% 6.2786
0.0004 1.2685-10"% 2.4497
0.0002 3.1460-10~° 2.0115
0.0001 7.4977-107% 2.0690

The accuracy of reduced dimension model

For the second test problem, let us show the accuracy of reduced
dimension model . Here we track the difference between
solution to the full model and solution to the reduced dimension
model, thus the following error definition is used

e(d) = max |U) —UN(S)|.

We also present the relative error

)
e, = }e% -100%,
j*7k*

here j*, k* are indices of the grid point at which the error e(d)
is found. The results are presented in Table below. All
simulations are hardly visually distinguishable from each other.

o
o i
o &
® 3
o ® =

Computational time (s)
S

Relative error e

S
5005 2

~

0 0
0.025 0.05 0.075 0.1 0.125 0.15 0.175 0 0.025 0.05 0.075 0.1 0.125 0.15 0.175 0.025 0.05 0.075 0.1 0.125 0.15 0.175
Reduction parameter § Reduction parameter § Reduction parameter §

(a) & vs e(9) (b) 6 vs e, (c) 6 vs CPU time

Figure 2.6: Graphs of results from Table showing correspondence
between § and other data.
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Table 2.2: Functions of the first test problem were used for the second
test problem to investigate the error and speed-up with respect to
reduction parameter 6. Here time is measured in seconds and notation
6 = §* corresponds to the full model.

) e(d) er time

5* - - 9.4
0.175 2.242-1073 0.094% 8.2
0.150 4.668-1072 0.178% 7.4
0.125 9.194-10"% 0.353% 6.7
0.100 2.057-1072 0.792% 6.0
0.075 4.682-1072 1.806% 5.3
0.050 9.699-10"2 3.747% 4.6
0.025 2.082-10"! 8.051% 3.9

The larger zones are reduced to 1D, the better is the compu-
tational speed-up, as in the reduced dimension zones it is suffi-
cient to compute only one line/column of values. Therefore, the
speed-up gained by shrinking the size of full-dimensional zones,
presented in Table is mostly due to a lesser amount of com-
putational operations.

For the full model case of Table 2.2] the error of time dis-
cretization equals e(7) = 2.279-107* and was calculated using a
benchmark solution with 7 =5-1075.

In this second test problem, we have used the same functions
as in the first test problem, but with parameters X; = Y; = 0.45,
Xy =Y, =0.55 and J = K = 300.

For the theoretical evaluation of the error in terms of d, we
refer the reader to [3L[57], where an effective asymptotic analysis
method was applied to derive some estimates.

Visualisation of results

To get a better grasp of accuracy preserved by the reduced di-
mension model, let us compare results of the full model and
results of the hybrid dimension model with § = 0.05, 6 = 0.1
and 6 = 0.15.
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Let us take all functions equal to zero, except for f, which
is set to f(z,y,t) = 100e’ cos(4mx) cos(4my) in the bottom-right
quarter of the central part Ly . This test was implemented using
parameters J = K =300, 7 =0.001, X; =Y, =04, Xo =Y, =
0.6 and T'= 1.

Figures below depict results of hybrid dimension
model versus full model. In Figure only the horizontal slice
(x,y) € [0, X] x [Y1 — 1; Y2 + 1] is represented.

6 =0.05:

Full model:

Colorbar:

Figure 2.7: A visual comparison of full model and reduced dimension
model in three cases of §. The truncations are marked as white vertical
dashed lines.
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0 50 100 150 200 250 300

Figure 2.8: Values of solution to the hybrid dimension model with
different values of § at 1D cross section k = 175. The curve of § = §*
is visually indistinguishable from ¢ = 0.15.

2.8 Conclusions

A finite volume method is used to approximate space differen-
tial operators with nonclassical conjugation conditions between
2D and 1D parts. An ADI type scheme is applied to solve the
hybrid dimension problem in time. An efficient modification of
the basic factorization algorithm is developed to resolve non-
local conjugation conditions. Results of numerical experiments
confirm the theoretical conclusion that hybrid dimension models
can be effectively used to simulate heat conduction models for a
broad variety of domains and coefficients. Comparison of visual-
isations and computational times justifies the usage of proposed
algorithm for many practical applications.
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3 Viscous flow 1n elastic tube

In this chapter, one of the problems that were encountered in
the project "Multiscale Mathematical and Computer Modeling
for Flows in Networks: Application to Treatment of Cardiovas-
cular Diseases'[] is analysed from the perspective of numerical
mathematics.

This problem was derived from [56] by team members and dis-
cussed together with colleagues Kristina Kaulakyté and Nikola-
jus Kozulinas under the supervision of professors Grigory Panas-
enko, Konstantinas Pileckas and Raimondas éiegis. However,
only the results that were derived solely by the author of this
dissertation are presented here, unless provided otherwise.

The main target of this chapter is a fourth order PDE with
constant coefficients

C1Utt + Colggtt + C3Uy + Callygt + CsUgzaa + CoUzgy + Cru = 0.

It is related to a specific case of viscous fluid flowing through a
vessel with an elastic wall. Its solution corresponds to the aver-
aged velocity of fluid at some longitudinal position of a vessel,
where a 3D model has been reduced to 1D. Therefore, numer-
ical results of this equation can significantly contribute to the
progress of fluid-structure interaction problems, where two me-
dia with different physical characteristics are coupled.

As this equation was obtained by analysing the speed of fluid
averaged over a cross-section instead of a full 3D solution, it also
falls into the category of reduced dimension models. However,
here the approach is different from the previous chapters, as
the dimension has been reduced from 3D to 1D in the whole
domain, thus there are no conjugation zones. Although for some
processes a model with partially reduced dimensions might be

'Project No 09.3.3-LMT-K-712-17-0003, www.hemodynamics .mif .vu.1lt
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better (e.g., for a detailed consideration of bifurcations [20,21]),
the full dimension reduction from 3D to 1D for nonstationary
models of flow in thin tubes was successfully applied in numerous
works [8}/11},/12,/55].

The obtained fourth order PDE is far from being classical,
however, from the perspective of operator splitting [31},/47], it
includes equations such as the dissipation, vibration, heat con-
duction, hyperbolic heat conduction and pseudo-parabolic equa-
tions. Naturally, there is no universal discretization of deriva-
tives to solve equations of all physical processes, thus the ap-
plication of different schemes at distinct splitting steps might
be an effective approach. Nonetheless, instead of using operator
splitting, this chapter aims to suggest a single numerical scheme
to ensure a numerical solution for a sufficiently broad variety of
coefficients, within the range of applications of our interest.

In a more general sense, fourth order PDEs are used in math-
ematical models to describe processes such as elasticity, vibra-
tions, geological and chemical transport phenomena [27,45] 50,
64]. Some methods have been successfully applied to find analyt-
ical solutions, for example, the variational iteration method [9],
the homotopy perturbation method [48] and the Adomian de-
composition method [80]. However, these methods don’t apply
to our case due to some additional terms. As for most fourth or-
der PDEs analytical solutions are unknown, numerical solutions
are required.

For this PDE problem, under some conditions, the Fourier
transform method could also be used and should be considered
as a good competitor against numerical methods. However, due
to some future interests for the solver, such as a wide class of
applicable initial and boundary conditions, the inclusion of ad-
ditional processes in some parts of domain or the possibility to
return to fully 3D regions in some subdomains and couple parts
of hybrid dimensions, the author’s interest is to develop the cur-
rent numerical approach.

It is interesting to note that from the theoretical point of
view, very few studies focus on PDEs of order higher than two.
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To give some sense about the voidness of the field, assume we
want to know a general definition for elliptic, parabolic or hy-
perbolic PDEs. The short answer is: there is no general defini-
tion. The theory is well described only for the first and second
order PDEs in terms of eigenvalues and discriminants of coeffi-
cients [17,62|. There are some nice descriptions only for specific
cases of higher order equations and systems (e.g., [42]). Some
classification in terms of quasi linearity was done in [32].

To reflect on the complexity behind this general classification
problem, we invite the reader to consider the first definitions
of elliptic, parabolic and hyperbolic PDEs that were given by
Jacques Hadamard in 1926 (see [25]). However, the classification
has been incomplete ever since, as some operators simply do not
classify for either case.

Considering the fluid-structure interaction models, they are
of natural importance in various biological and engineering fields
[10,44]. In [24] and |15 the existence of a solution for some
fluid-structure interaction problems is studied. An up-to-date
comprehensive model is given in [56].

This chapter is constructed in the following way. In Sec-
tion the PDE problem is formulated and a brief dimensional
analysis is presented. In Section a numerical scheme is con-
structed using forward and central finite differences. Its stability
is analysed in Section and accuracy is analysed in Section
3.4 Section discusses some issues of initial and boundary
conditions. Some computational tests are provided in Section
3.6l In Section an alternative scheme constructed using only
central finite differences is proposed. Its stability and accuracy
are briefly analysed. Section discusses some conclusions that
arise from comparison of these two schemes, as well as compari-
son of different boundary conditions.

3.1 The PDE problem
Let us consider the following PDE with constant coefficients a;:
10y + A2Vzzu + A3V + A4Vszt + A5Vigae + A6Vze + a70 = 0. (3.1)
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Here the lower index of v denotes derivatives in space and time
and we are interested in finding a solution at time 7', given some
initial and boundary conditions that will be discussed later.

First, let us note the importance of dimensional analysis from
the perspective of numerical computations. To get some in-
tuition behind its motivation, note that for practical problems
the constants a; include complicated combinations of numerous
physical parameters. For applications at various scales, these
constants might be of unreasonable orders of magnitude, thus
causing difficulties in computations.

For example, consider a small human arteriole with length of
order 1072 m and an elastic wall with thickness of order 10~% m.
The constants a; were found to be of the following orders and
signs:

a1 a2 as a4 as ae ar
10074 | —10° [107° | =108 [ 107 | =107 [ 1077

As the numerical calculations have to be implemented using
a computational code, a very low order of coefficients gives rise
to some challenges. For example, the variables with more dec-
imal values use more memory and might reduce the speed of
computations, which is quite the opposite of our interest.

Therefore, one natural way is to redefine the characteristic
measures. For example, let us choose the length 0.1 mm and
the time 1 s as the new characteristic values for computations.
Including emerging multipliers of dimensional analysis in con-
stants a;, we derive the new set of constants ¢; of the following
sign and order:

Cc1 C2 C3 C4 Cs C6 Cc7
1007 [ 1078 |10 ° | =109 | 102 | =103 | 1077

With such constants, the effect of first two terms might only be
seen for astronomically large times 7', thus it would be natural
to set ¢; and ¢y to zero in practical computations.

Next, note that the differential terms in encode multi-
ple physical phenomena. Therefore, by setting some of the co-
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efficients a; to zero, various processes can be encountered. Also,
recall that from the perspective of operator splitting, these pro-
cesses might require different discretizations to be applied at
each splitting step.

For example, consider the differential equation of the form
uy + ou = 0. If the constant o is negative, it is the well-known
differential equation for exponential growth, with one of the most
popular applications to model bacterial growth [26]. With a posi-
tive o, it encodes the decay process, which can be used to model
the decay of population, as well as dissipation or absorption.
Naturally, the latter is expected in our model, which is approved
by the same sign of constants az and a;. From the numerical
perspective, some simple schemes such as forward, central or
backward differences are suitable to solve it.

Next, consider the classical parabolic equation u; = dug,.
The constant d here is expected to be positive, as in the nega-
tive case it is considered to be not well-posed [59]. Thus is it
natural that in our PDE the coefficients az and ag are of differ-
ent signs. One important aspect about this part is the cautious
consideration of the Richardson scheme [4] (also known as the
leapfrog scheme for the heat equation [5]), which is a well-known
example of unconditionally unstable approximation for parabolic
equations. However, as there are additional terms on the overall
equation, they might regularize this instability to some extent.

The equation (u—auy,); = dug, with @ > 0 (and again d > 0)
is an interesting pseudo-parabolic equation. The larger the coef-
ficient «, the less the solution acts as in the heat equation prob-
lem (case o = 0). As the corresponding constant a4 is of con-
siderably high order, the pseudo-parabolic behavior of solution
is expected in our model. Some strategies to solve the pseudo-
parabolic equation numerically were investigated in [35.39].

The equation uy + Cligpre = 0 is a well-known Euler-Bernoulli
beam equation [63]. The homogeneous case corresponds to an
unforced beam, that is, without outer body forces being applied.
Here ¢ should be positive, thus we expect the constants a; and
as in our model to be of the same sign. Some finite difference
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schemes to solve it are given in [16].

Considering ajvy + agvy, = 0 with different signs of a; and
ag, it is the classical hyperbolic wave equation. However, if the
difference between orders of magnitude of coefficients a; and ag
is large, visible vibrational effects are not to be expected, as it
is in the example of blood flow in elastic arteriole.

Another interesting example that can be seen as built-in for
our considered equation is the hyperbolic heat equation of the
form euy + u; = ugz, with a small positive constant €. For this
case, some robust finite difference schemes and their properties
are analysed in [37]. The recommendations provided in the latter
research can be applicable to , as we have a; > 0, a3 > 0
and ag < 0.

Many more equations can be seen as included in the combined
model . It is a complex task to provide a robust universal
scheme for all possible cases, while the approach of operator
splitting might require many intermediate stages for each time
step with the risk of slowing down the overall solution. As our
aim is to suggest a quick numerical solver, instead we make use
of some information that is known about our cases of interest
and the following approach is considered.

In fluid-structure interaction problems that arise from hemo-
dynamics, some effects are very low (e.g., vibration), while some
degree of others is expected (e.g., absorption). Therefore, the ap-
proach provided in this chapter reflects the practical applications
of to the cases of our interest, where the discretization of
dominant terms can be performed using some simple central and
forward differences. However, from the perspective of operator
splitting we saw that the approximation of time derivative using
central difference should be considered cautiously, as the corre-
sponding Richardson scheme gives rise to a possible instability
of numerical approximation.
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3.2 Numerical scheme

Let us approximate the derivatives in
C1Uyt F Collggt + C3Ut + Callggt + C5Ugzan + Collae + c7u = 0. (3.2)

numerically using the finite difference method. See Figure
below for a simplified visualisation of proposed numerical ap-
proximations of these terms.

Ut Ugatt Uzt Ugzrr Ugy U

B REC R

Figure 3.1: A schematic visualisation of numerical approximation of
terms involved in , here the numbers inside circles correspond to
the weights of coefficients of numerical points for approximations of
differential terms

A uniform numerical grid is used, as no localized effects are
of interest here and thus there is no need to thicken the mesh
at some places. Let us denote by U the numerical solution to
at (z;,t,) = (ih,n7), here h and 7 are step sizes in space
and time, respectively, with

i=0,...,Np, h=L/N,
n=0,...,N,, =T/N,,

where L is the length of spatial domain 2 and 7T is the length of
time interval. The computational molecule applied at numerical
mesh interior point U is visualised in Figure

For simplicity, the following notations will be used in this
section:
c1 Co 3 4
-2 WQZW, m3=?, m4:ﬁ’

Cs Cé

I me = B2

Now, let us find the coefficients of each point of the computa-

my =

ms = mr = Cy.

tional molecule:
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Un+1 £

Unfl £

X

N,
>

Ui—o Uiy Uy Uipr Uigo
Figure 3.2: A computational molecule (stencil).

1
U,Ln_t LMo +m4;
UM my — 2mg + mg — 2my;

n+1 . .
Ut mo + my;

Uin_g LoMms;

Uin_l . —2m2 — My — 4m5 + Mg;
Ut —2my + 4mg — m3 + 2my + 6ms — 2mg + my;
ﬁrl : —2m2 — My — 4m5 -+ me,
ir2 s Ms;

UMt mo;

U'»n_1 coomy — 2m2;
Urst: mo.

As there are three points in the unknown time layer U™ "1, at
each time step the solution is implemented implicitly using the
classical Thomas algorithm for tridiagonal matrices.

Note that in general, the expected accuracy of this scheme
is O(h? + 1), as forward differences are used to approximate

derivatives of first order in time, while the second and fourth
order derivatives are approximated using central differences.
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3.3 Stability

To prove the stability of proposed scheme, we use Fourier sta-
bility analysis. Using the standard notations of this method, we
consider the solution in a form

n __ n _ikmx
Ur = Gre™ ™,

here k,, is the wavenumber and i is the imaginary unit 2 = —1.
Therefore, the Equation (3.2)) results in a quadratic equation for
the time amplification factor G

my(G =24+ G +me(G—2+G (e —24 7
+m3(G — 1) + my(G — 1) (e — 2 4 ")

(e — 4o 46 — 46 4 c29)

+mg(e™ — 2+ ) +m; =0,

(3.3)

here 0 = k,,h. Applying some standard trigonometric identities,

namely,
il _ =it 1 B ‘
— = sin(f) <~ ~1 (e’e —2+e ’9) = sin?(0/2),
the Equation (3.3)) results in
G*A+GB+C=0 (3.4)

with

A = my — 4mysin®(0/2) + my — 4my sin®(6/2),

B = —2m; + 8mysin®(0/2) — mg + 4mysin®(6/2)
+ 16ms sin*(0/2) — 4mgsin®(0/2) + my,

C = my — 4mysin®(6/2).

Recall that |G| < 1 must hold for a scheme to be stable, thus
the most straightforward way to check stability is to manually

—B++vB? - 4AC
2A

evaluate

Gio = (3.5)

for specific cases of interest.
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Let us recall that in practical calculations, the constants m;
include complicated combinations of parameters involved in the
model, such as the radius of tube, elastic tube thickness, den-
sity of the elastic medium, Young’s modulus, Poisson’s ratio and
dynamic viscosity, to name a few. Therefore, from the perspec-
tive of model parameters, a complete stability analysis is quite
overcomplicated.

Let us denote b := B/A and ¢ := C/A, so that instead of
(3.4) we have

G?+bG +c=0. (3.6)

In general, to indicate the criteria for stability, the well-known
Hurwitz’s criterion is a useful tool (see, e.g., [75]), which in our
case of states that for b,c € R, the following equivalence
holds:

G| <1 <= || <1, b <c+1.

Let us collaborate on the case of blood flow in a small elastic
arteriole, where the leading constants are ¢, and cs5, thus let us
make an assumption for a moment that the rest of ¢; are equal
to zero. Consequently, ¢ = 0 and from (3.6 we have

G*+bG=G(G+b) =0 < G, =0, Gy =—b.

Furthermore,
o C4 . 9 o C4 . o Cs .4
A= _4E sin“(0/2), B = 4% sin“(0/2) + 16h272 sin®(0/2).

Therefore, for this assumption we have that |—b| equals

1+ 475 sin%(0/2)] .

‘_5’ _ ‘4m4 sin?(0/2) + 16m; sin4(9/2)‘ _ ‘ i

A 4my sin?(0/2)

With regards to the test problems of blood flow presented in
Subsection , let us take ¢5/cqy = —4, thus in this case we get

B T . o
| = — 16— < 1.
‘A‘ )1 16+ sin (0/2)’\1

For sin?(6/2) close to 0, the latter inequality easily holds. Let us
consider the maximum case (in the sense of sin function), that
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is, 8 = m. We get the stability condition

T < h—2 (3.7)

8
Therefore, (3.7) can be considered as a referential stability cri-
teria for the example of blood flow in elastic arteriole even with
all of ¢; being nonzero. From the practical perspective, e.g. for

the constants of Subsection [3.6] the time step 7 was taken ap-
2

proximately equal to 0.9 - — to achieve stable computations.

To sum up, it should be emphasized that with the current
numerical scheme, in practice a good pair of h and 7 can be
easily found manually, followed by a reasonable accuracy. From
the perspective of numerical simulations, we consider checking
the condition as a sufficient criteria to indicate stability
for specific cases of interest and as a referential criteria to
choose step sizes.

3.4 Accuracy

The accuracy analysis is done using the standard Taylor expan-
sions. As classical approximations are used, only the results
of accuracy analysis are mentioned here. Namely, given that
uw € C%Q) and v € C*0,T) hold, the error of numerical ap-
proximations of gz, Uzzee are of order O(h?), the error of ap-
proximation of uy is of order O(7?), for uy.y it is O(h% +72), for
uy it is O(7) and for ugy, it is O(h% + 7).

Therefore, we conclude that the approximation error of the
current scheme, visualised in Figure , is O(h? + 7). However,
including boundary conditions might affect the order of error.

3.5 Imitial and boundary conditions

First, let us note that in general, various combinations of bound-
ary conditions at z = 0 and x = L can be implemented. Periodic
boundary conditions are a natural choice for some cases of peri-
odic flow, though due to the term w,..,, a second order deriva-
tive would be the most natural choice. However, in the original
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derivation of this PDE problem, the Neumann boundary condi-
tions were used. Therefore, we inspect both cases of boundary
conditions (first and second derivatives). The errors correspond-
ing to each case are compared in the second test problem of
Section [3.6l

For now, let us consider the following initial and boundary
conditions:

U(z,0) = up(x), Ux,0) = uy(z),
U(0,1) = Du(t), U(L,t) = D(t),
Uzz(0,t) = Ni(t), Upp(L,t) = Na(t).

When the numerical scheme is applied at ¢ = 0, the bottom layer
of computational molecule addresses nonexistent points U; ' that
are also called ghost points. The initial condition of U, can be
used to eliminate them using an approximation of the derivative
Uy, for example

Ur—py-1
2T

It can be useful in calculations for very small 7', but in other

Ut(l’i,to) = +O(T2) (38)

cases a practical roundabout is to replicate the initial condition
for the points at ¢ = 7 and start applying the scheme from
there, as the error becomes practically invisible after some steps
in time.

Also note that only the differential term U,,,, addresses the
boundary condition U,,. For example, applying the computa-
tional molecule at (z1,t,), this term is approximated as

zx ,Un — 2U s tn - t,
Uxmxz(ﬂfl,tn) :U (ZEO ) U 272:1 )+U (:EQ )

Nl(t) —2U(SL’0, tn) + 5U(l’1, tn> — 4U(£L’2, tn> + U(ZL’g, tn)
T T2 - RA :

Instead of boundary conditions of the second order deriva-

tives, the Neumann boundary conditions are also suitable. How-
ever, they require to deal with the so-called ghost points: for
example, when the scheme presented in Figure is applied at
(x1,t,), the ghost point U™, is addressed in calculations. Tt is
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avoided when using the second order derivatives at boundaries,
thus there is no need to incorporate ghost points, as seen above.
However, these points can be eliminated by approximating the
boundary conditions.

Take, for example, uo(xz) = ui(x) = 0, U(0,t) = sin(t),
U(L,t) = €', U,(0,t) = cos(t), U.(L,t) = €', the set of con-
stants from Subsection and eliminate the ghost points using
the same type of approximation as in (3.8), namely,

n__ [jn

Table [3.1]below shows spatial errors and experimental conver-
gence rates for this example (see their definitions in Subsection
B.6). Here we have used 7 = 107% - 272 and the benchmark
solution was calculated using h = 107! - 276,

h en(h) pr(h)

0.1 1.4047 -107*  1.9439
0.05 3.6510-107° 2.0157
0.025 9.0286-107% 2.0769

Table 3.1: Computational results of errors in space at T' = 0.1 with
Neumann boundary conditions.

Table|3.1|experimentally indicates that with the Neumann bound-
ary condition, the spatial error is of order O(h?), while the
test problems provided in Subsection confirm that with U,,
boundary condition it is also of order O(h?).

3.6 Numerical tests

This section presents some test problems to investigate the ac-
curacy of constructed numerical scheme.

To find the averaged velocity U in mm/s with characteristic
measures 1 mm and 1 s, the equation (3.2)) was solved with the
following constants ¢; (rounded up):

7



cl C2 C3 Cq Cs5 C6 Ccr
9.1073%—2-10"*%|4-1072|—2-10*8 - 10*|—6- 107 2|4 - 10~*

However, ¢, and ¢y can be treated as zero in the test problems
of this section, as they do not visibly contribute to the solutions.

In all test problems, the definitions of error e(h, 7), experi-
mental convergence rates p.(7) and pp(h) at time ¢ = T will be
used, that are defined in the maximum norm

e(h’7 7_) = mnax |UiNT - U(ZL'“T)‘ )

pn(h) = log, (M) , pr (1) = log, (%) '

Here U(x;,T) is a benchmark solution.

First test problem

In the first test problem, the classical Runge test was applied
to find experimental convergence rates in space and time. The
following functions were used: U(x,0) = Uy(x,0) =0, U(0,t) =
U(L,t) =1 —cost, Ups(0,t) = Uz (L, 1) = sint.

Table below shows spatial errors and experimental con-
vergence rates for a series of decreasing space step sizes h. These
calculations were performed using 7 = 272-107%. Here the bench-
mark solution was calculated with h =276.107%.

h e(h) pn(h)

0.1 2.3394-107° 1.9983
0.05 5.8555-107%  2.0007
0.025 1.4632-107% 2.0047
0.0125 3.6460-10~7 2.0188

Table 3.2: Computational results of spatial errors and experimental
convergence rates at T = 0.1 for the first test problem.

Table below shows errors and experimental convergence
rates in time for a series of decreasing time step sizes 7. Here

78



T e(7) pr(7)

0.0001 2.3969 - 10~7  1.0109
0.00005 1.1894 - 1077 1.0228
0.000025  5.8537-10~% 1.0461
0.0000125 2.8327-10~% 1.0406

Table 3.3: Computational results of errors and experimental conver-
gence rates in time at 7" = 0.1 for the first test problem.

we have used h = 272 - 10! and the benchmark solution was
calculated with 7 = 277 - 107%. We see that the experimental
convergence rates agree well with the theoretical estimates.

Second test problem

In this test, an exact solution to (3.2) will be known. Let us

assume that it possesses the complex-exponential form U =
e+t — cos(kx + t) + isin(kx + t). From this form, corre-
sponding initial and boundary conditions easily follow:
U(z,0) = e Uy(x,0) = ie™*®,
[7(0 t) =", U(L,1) 26(“”),
The parameter k can be found by substituting U into (3.2)).
We get

& ﬁtt + o Uxmtt + 03075 + C4(7xmt + C5Uxxxx + CGﬁmm + C7[j = 0.

By calculating derivatives and grouping terms, the following
quartic equation is obtained

kZ4C5 + k2(02 — iC4 - CG) + (—Cl + ng + C7) = 0,
thus giving four complex solutions kq, ko, k3, k4. Each of them
corresponds to a different solution to (3.2). For example, our
current choice of ¢; gives approximately
ky = 0.3546 — 0.35260 = —ko,
ks = 0.0004 + 0.0483¢ = —k4.
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As numerical experiments suggest, the solver constructed in this
section works well with both real and complex numbers. It is
interesting to note that we can also take the solely sine or cosine
part of U with corresponding sine or cosine part of initial and
boundary conditions to get an exact known solution and compare
it to a numerical solution obtained with the corresponding initial
and boundary conditions. However, the same argument does not
hold for solely real or imaginary parts of solution, as it is rare
for k; to be solely real or imaginary.

Figure below visualizes the four numerical solutions Vi,
Vs, V3 and V) that were acquired using ky, ko, k3 and k4, respec-
tively.

T
V; Real part

= = = -V, Imaginary part
Vz Real part -
= = = -V, Imaginary part
V3 Real part

= = =-V3 Imaginary part
U8 Va Real part i
= — —-V4 Imaginary part

Figure 3.3: Solutions V; at T=1.

Next, denote by V" the numerical solution that was calcu-
lated using Neumann boundary conditions instead of second or-
der derivatives at boundaries for corresponding complex-exponential
solution of this test.

In Table below, we compare the errors of V; and V}* at
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some different times 7. These solutions were acquired with h =
271.107Yand 7 =272-1073

eof Re(Vi) eof Re(V]") eof Im(Vi) e of Im(V})
6.4903 - 10~7 6.3309-1076 1.8334-10% 5.1999-106
1.1960 - 1075 2.6706-10"6 1.5366-107% 8.0973-107°
1.9371-107% 7.2964-107% 1.3013-10~" 4.0185 1076
9.0119-107 6.9911-107% 1.7234-10"% 4.3136-10F
9.6898 - 10~7 2.9784-1076 1.6895-10% 8.1424-106
10 1.3468-107% 7.8812-107% 1.4050-10"6 2.7121.107F

O | W || =]

Table 3.4: FErrors e of real and imaginary parts of numerical solutions
Vi and V|* at various times 7.

We see that boundary conditions in form of U,, instead of
U, give slightly lower errors.

3.7 Discussing an alternative scheme

In this section, a different approximation of derivatives involved
in (3.2) is considered. The same problem is approached with a
slightly different scheme. Namely, here we consider constructing
a scheme having error in time of order O(72). Therefore, the time
derivatives of first order are approximated by central differences
instead of forward differences.

The updated scheme is visualised in Figure below.

Ut Ugatt Ut Ugat Uzzza Ugy u
©, O—2—® © O—2—O
@ 930:@ © ©)
©, O—2—O @ O—2—D
Figure 3.4: A schematic visualisation of numerical approximation of
terms involved in , here the numbers inside circles correspond to

the weight of coefficients of numerical points for approximations of
differential terms

The shape of computational molecule remains the same as
before (see Figure [3.2), however, some notations in this section
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are different, namely ms and my:

C1 Co C3 Cy

— My = e, Mg = —, My =
T2’ h272’ 27’ 2h27’
Cs

:ﬁ’

Let us also redefine the coefficients of each point of the compu-

my =

ms m6—ﬁ, mry = Cy.

tational molecule:

UM mg + my;

UZ‘”Jrl Domy — 2ma + ms3 — 2my;
Uinjl DoMg + My,

Uty : ms;

Uin_l : —2m2 — 4m5 =+ Mg,

Uur . —2m1 + 4TTL2 + 6m5 — 2m6 + my;
s —2mg — 4ms + mg;

i+2 - T3

Uln_ll T Mo — TNy,

U my — 2my —ms + 2my;
U, 73:11 D Mg — My.

The classical method of Taylor expansions of derivatives was
used to analyse the accuracy of updated scheme. Given that
u € C%Q) and u € C*(0,T) hold, the errors of numerical ap-
proximations of w, and .., are of order O(h?), the error of
approximation of uy is of order O(72), for U,y it is O(h? + 72),
for u; it is O(72) and for gy it is O(h? + 72). Therefore, the
overall order of accuracy for this scheme is O(h? + 72).

Recall that the Richardson scheme, which is constructed us-
ing central difference for the first derivative in time, is uncon-
ditionally unstable for parabolic problems. As for our cases of
interest parabolicity plays a significant role in Equation (3.2,
this instability is treated as a cautious a priori concern here.
In some cases the hyperbolic terms might regularize this insta-

bility to some extent, however, with the set of constants that
emerges from the example of elastic arteriole, the hyperbolic
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and parabolic terms differ by many orders of magnitude.
Numerical computations indicate that it is nearly impossible
to experimentally find a stable pair of A and 7 for this case. To
briefly illustrate it, similarly as in the previous section, by using
the standard Fourier stability analysis for Equation , we get

mi(G =2+ G ) +me(G—2+G (e - 24 ¢?)
+m3(G — G_1> + m4(G — G_l)(e_ie -2+ 6i6)

. . v , 3.9
_|_m5(6—229 o 46—20 16— 4619 + 627,9) ( )
+mg(e™™ — 24 €®) + my; = 0.
which leads to
G*’A+GB+C=0 (3.10)

with

A =my — 4mysin®(0/2) + ms — 4mysin?(0/2),

B = —2m; + 8mysin®(0/2) + 16m; sin®(0/2)
— 4mgsin®(0/2) 4+ my,

C = my — 4mysin®(0/2) — ms + 4my sin®(0/2).

By denoting b := B/A and ¢ := C/A, instead of we have
G?+bG +c=0.
And the following equivalence holds:
G| <1 <= || <1, [b] <c+ 1.

For instance, let us suppose that h = 107! and the characteristic
values are 1 mm and 1 s. Taking into account the positivity of
A and B, instead of [b] < ¢+ 1 we can analyse B < C + A.
Let us take the case sin(6/2) = 1, for which we get the following
problem for 7 (the terms were rounded up):

—2 a2 2 2
—-1077 = 107" +1-107+25+4-107* < =107+ =107,
T T T T

It simplifies to, approximately,
2 <4107,

83



but simulations with such 7 are quite unpractical in terms of
computational time. Note that this estimate was derived only for
the case of a small elastic human arteriole and is only referential.

In this section it was illustrated that the warning from Section
B.1]to cautiously consider the Richardson scheme, which emerged
from the analysis of equations that can be seen as included in
(3-2), eventually proved to be worthy.

To avoid the instability caused by the Richardson scheme
and still hold out the O(h? + 72) accuracy, we refer the reader,
for example, to the Dufort-Frankel scheme [5]. It has the ben-
efit of unconditional stability, however, in some cases it poses
restrictions for the boundary conditions [73]. Furthermore, it
suffers from being conditionally consistent. For more details on
the fragility of consistency of Dufort-Frankel scheme, we refer
the reader to [23].

Although it should be possible to construct some more com-
plicated schemes to achieve O(h?+ 72) accuracy, this interesting
topic is left for future research. For now, the scheme constructed
in Section is considered to be sufficiently efficient for the
problems of current interest.

3.8 Conclusions

For the 4th order PDE problem analysed in this chapter, the ap-
proximation of time derivative using symmetric difference gives
the error in time of order O(7?), while the approximation of for-
ward difference results in error of order O(7). In general, the
symmetric difference approximation seems better than forward
difference due to its higher accuracy. However, schemes con-
structed from symmetric differences for parabolic PDEs raise
some instability issues. As hyperbolic terms are also present,
they regularize the instability to some extent, nonetheless, in-
sufficiently for the applications of our interest.

The stability analysis revealed that the scheme constructed
using forward difference approximation results in stability con-
dition of the form 7 < Ch?, which is easy to satisfy in prac-
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tice. However, in cases of our interest, the stability of scheme
constructed using symmetric difference approximation for the
first order time derivative is almost impossible to satisfy in the
sense of practical computations, as the size of time step 7 has to
be taken extremely small. Therefore, for CFD simulations our
choice was the scheme with error in time of order O(7) instead
of O(7?), but with a more reasonable stability.

Overall, the error of scheme constructed in the first section is
of order O(h?+7). Tt was confirmed experimentally in Subsection
3.6l Furthermore, it was shown that formulating the problem
with boundary conditions of type U,, instead of U, results in
smaller errors.
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4 (General conclusions

Summarizing the main results of this dissertation, the FVM ADI
scheme was implemented to solve two hybrid dimension heat con-
duction models with nonclassical conjugation conditions between
the zones of different dimensions. The finite volume method was
used to approximate the differential operators in space and the
alternating direction implicit scheme was used to solve the prob-
lems in time.

In both cases, an efficient modification of the Thomas algo-
rithm was developed to resolve nonclassical conjugation condi-
tions. Some stability estimates were proven. It was shown that
unique numerical solutions exist to the FVM ADI schemes for
the hybrid dimension models, also the properties of symmetry
and positive semi-definiteness were proven for the modified spa-
tial discretization operators.

Results of computational experiments confirmed the theoret-
ical error analysis. The comparison of computational times con-
firmed the theoretical conclusion that hybrid dimension models
can be effectively used to simulate heat conduction models for
a broad variety of domains and coefficients. Visual representa-
tions of solutions justified the usage of proposed algorithm for
practical applications.
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Santrauka (summary in
Lithuanian)

Ivadas

Tyrimy sritis

Sios disertacijos tyrimy sritis — diferencialiniy lygé¢iy dalinémis
iSvestinémis modeliy, kuriems pritaikyta daliné dimensijos re-
dukcija, sprendimas skaitiniais metodais. Silumos laidumo mod-
elinose dalyje uzdavinio srities dimensijy skaic¢ius sumazinamas
ir gaunamas hibridinés dimensijos modelis, tokiu budu sumazi-
nant laika, per kuri bus rastas sprendinys, taciau prarandant
dalj sprendinio tikslumo. Pritaikomi efektyvus skaitiniai algo-
ritmai, paremti neiSreik§tinémis kintamyjy krypciy schemomis,
siekiant iSspresti hibridinés dimensijos modelius, kuriuose vien-
matés (1D) sritys sujungiamos su 2D arba 3D sritimis.

Salia pagrindiniy rezultaty, sukonstruojamos bei aptariamos
skaitinés schemos uzdaviniui, kylanc¢iam is klampaus skyscio tek-
éjimo elastingu vamzdeliu modelio. Jame trimatis uzdavinys
buvo pilnai pakeistas j vienmatj visoje srityje. Gauta ketvirtos
eilés diferencialiné lygtis dalinémis iSvestinémis iSspresta skai-
tiniais metodais.

Aktualumas

Matematiniai modeliai, kuriuose nagrinéjami fizikiniai reiskiniai
vamzdeliy strukturose, yra svarbus medicininiuose bei indus-
triniuose taikymuose [14,40,79]. Daug démesio sulaukia ir tokiy
modeliy sprendimy greitinimo strategijos [13,43,61,70], kadangi
tikslus skai¢iavimai gali pareikalauti ypac¢ dideliy kompiuteriniy
resursy.
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Yra placiai zinoma, kad matematinio modelio iSsprendzia-
mumui daug jtakos turi krastinés salygos [5,[31]. Taip pat ir
neklasikinés salygos — susidurus su jomis tenka tirti, kaip keisti
klasikinius sprendimo metodus. Sioje disertacijoje taikomas dal-
inés dimensijos redukcijos metodas, kurio jgyvendinimui nau-
dojamos nelokalios, neklasikinés jungtinumo salygos. Jy itaka
sprendiniui — svarbi tyrimo dalis.

Dalinés dimensijos redukcijos metodo pradininku laikomas
G. Panasenko [52]. Nors paties metodo efektyvumas patvirtin-
tas [1], jo jgyvendinimas hibridinés dimensijos uzdaviniams i$
skaitiniy metody pusés — vis dar aktuali tyrimy sritis. Sioje
disertacijoje ir tiriama viena i$ tokiy sprendykliy — kintamuyjy
krypciy schema nestacionariems Silumos laidumo modeliams.

Tikslai

Pagrindinis Sios disertacijos tikslas yra isvystyti lengvai jgyvend-
inamus ir efektyvius skaitinius metodus hibridinés dimensijos uz-
daviniams, kuriuose mazesné uzdavinio dalis palieckama pilnos
dimensijos, o pagrindinéje srities dalyje dimensija sumazinama
iki vienmates.

Metodai

Silumos sklidimo procesas temperaturos kintamajam U modeli-
uojamas klasikine paraboline $ilumos laidumo lygtimi dalinémis
iSvestinémis su Saltinio funkcija f.

Tuomet dalinés dimensijos redukcijos metodo pagrindu [57]
suformuluojamas hibridinés dimensijos apytikslis uzdavinys. Tok-
iu budu kai kuriose srities dalyse Laplaso operatorius tampa
vienmatis, t.y. ijj jeina iSvestine tik pagal vieng erdvinj kintamajj.

Sri¢iy su skirtingomis dimensijomis salyc¢io vietose suformu-
luojamos jungtinumo sglygos, j kurias jeina klasikiné sprendinio
tolydumo salyga bei neklasikiné srauty tvermés salyga (pavyzdz-
iui, taske x = 4):

as(U)
r=0+0" 8$

v
5—0 ox

U|;L‘:(5—0 = U|

)
r=464+0

r=



¢ia S — vidurkinimo operatorius, suvidurkinantis reiksmes didesn-
és dimensijos srities pjuvyje.

Hibridinés dimensijos modelio sprendinio radimui naudojami
skaitiniai metodai. Erdvinés iSvestinés aproksimuojamos naudo-
jant baigtiniy turiy metoda (angl. finite volume method — FVM
[18]), o laiko iSvestiné aproksimuojama naudojant kintamuyjy
krypé¢iy metoda (angl. alternating direction implicit — ADI [31]).

Taikant gauta baigtiniy turiy kintamyjy kryp¢iy (FVM ADI)
schemg, klasikinio modelio sprendinio radimas suvedamas j tri-
istrizainés matricos uzdavinio sprendima klasikiniu perkelties al-
goritmu. Hibridines dimensijos atveju klasikinis algoritmas mod-
ifikuojamas taip, kad buty jtrauktos neklasikinés jungtinumo sg-
lygos. Tokiu budu gaunamas matricinis uzdavinys taskams ties
sri¢iy sanduromis, jo koeficienty matricai jrodoma diagonalinio
vyravimo salyga. I§ ¢ia gaunama, kad FVM ADI schemai, ran-
danciai hibridinés dimensijos modelio sprendinj, egzistuoja vien-
intelis sprendinys.

Testiniai uzdaviniai realizuoti naudojant MATLAB ir C+—+
programavimo kalbas. Integravimo laike tikslumo tyrimui at-
likti Rungés testai. Dimensijos redukcijos metodo efektyvumas
patvirtintas paklaidos analizéje naudojant maksimumo norma.
Sioje normoje apskaic¢iuoti eksperimentiniai konvergavimo greic-
iai patvirtina teorinius schemos paklaidos jvercius.

Naujumas

Sioje disertacijoje pateikti rezultatai pratesia pastaruosius dalin-
és dimensijos redukcijos Silumos laidumo modeliams tyrimus [3,
57, kurie pasuko link didesne praktine reik¥me turinc¢iy skysciy
dinamikos tyrimy krypties [7.|12}/54}56].

Vienas svarbiausiy Sios disertacijos rezultaty — kintamyjy
krypciy metodo pritaikymas hibridinés dimensijos modeliams.
Baigtiniy turiy metodas erdviniy iSvestiniy diskretizacijai Sioje
srityje naudojamas kaip standartinis, ta¢iau metodai integrav-
imui laike — viena einamuyjy aktualiy tyrimy sriciy. Siame darbe
pasiektas O(7?) eilés tikslumas naudojant efektyvia kintamuyjy
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krypé¢iy schemg. Redukuotos dimensijos geometrijose irodytos
svarbios diskrec¢iyjy iSvestiniy operatoriy savybes.

Ginami teiginiai
1. Daliné dimensijos redukcija yra efektyvus metodas sumazin-

ti skaitinio sprendinio radimo trukme Silumos laidumo mod-
eliams, islaikantis auksta tiksluma.

2. Pateikta FVM ADI schema suderinama su dalinés dimen-
sijos redukcijos metodu Silumos laidumo modeliams. Siai
schemai egzistuoja vienintelis skaitinis sprendinys, randam-
as efektyviai, kurio paklaida — antros eilés dydis pagal erdv-
és ir laiko zingsnius.

S.1 FVM ADI schema 3D modeliams cilindre

su aSine simetrija

Siame skyriuje pateikiamas Silumos laidumo uzdavinys trimaci-
ame cilindre. Dél aSinés simetrijos prielaidos trimatis uzdavinys
pervedamas j dvimatj. Tuomet dalyje srities dimensija sumazi-
nama iki vienmatés, taip prarandant dalj skai¢iavimy tikslumo,
ta¢iau sumazinant sprendinio radimo laika.

Dimensijos redukcijos metodas iSnagrinétas bei pagrjstas G.
Panasenko tyrimuose [3,52,|57]. Sio darbo tikslas — efektyviai
realizuoti jj skaitiniais metodais, naudojant kintamyjy krypciy
metoda [31].

S.1.1 Klasikinis modelis

Nagrinékime srit] 7 C R? cilindrinése koordinatése (r, ¢, z): T =
D x (0,1). Cia D yra skritulys su spindulin R: D = {(r,$) : 0 <
r < R,0< ¢ <27}, ol yra cilindro ilgis.

Srityje T x (0,T) spresime tiesine Silumos laidumo lygtj.
Tarkime, kad pradiné bei kra$tiné salygos tenkina aSinés simetri-
jos salyga (t.y. nepriklauso nuo kintamojo ¢). Gauname pagal
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erdve dvimatj uzdavinj

(Ou 1 6( 8u) 0*u

5t~ ror\ar) T T

(r,z,t) € Qr = Q x (0,71,
u(r,0,t) = gi(r,t), u(r,l,t) = ga(r,t), (r,t) € (0, R] x (0,71,
P 0 0<s<clr—0ir—R 0<t<T

“or
L u(r,z,0) = u(r,2), (r,z) €.

(S.1.1)
Cia Q = {(r,2) € (0,R) x (0,1)}.
Erdviné diskretizacija atliekama pagal centrinj baigtiniy turiy
metoda [31]. Tolyguyji erdvinj tinkla apibrézia @, x @, su

W ={r;: r;=jgh, j=0,....J}, r;=R,
w,={zx: zk=kH, k=0,... K}, zx=1

Cia h, H — erdvinio tinklo Zingsniai. Apibréziame ir tolygyji
laiko tinkla

o ={t": t"=nr, n=0,...,N}, t"N=T,

¢ia 7 yra zingsnio dydis pagal laika.

Tegul U}, — skaitiné tikslaus sprendinio u(r;, 2y, ") aproksi-
macija uzdaviniui tinklo mazge (r;, zy, t"). Funkcijoms,
apibréztoms ant tinklo €2, X w;, naudosime diskrec¢iuosius oper-

atorius
ur —pgnr
n _ Jk .]7k71
0, ST g
n 1 n n
AL = _E@ZUJ‘M - aZUjk).
87’ ]k} = : h : Y
Ahpn = L UMy —1;_10,U%
1Y 5k ~— Tjh Tyl 1,k j—3Or
¢ia
1 1 h
éh’ rp=r;, 1<j<J, rj—§(R—Z),r_%:0,TJ+%:0.



Tuomet Silumos laidumo uzdavinys (S.1.1)) aproksimuojamas
Peaceman - Rachford ADI |31] schema

U”""% n L L
J L hymts hyrm _ nt3 ~
1
Ut — Ti +3 +3
J J hyrntsz hyrn+l _ gtt3 —

(S.1.2)
Toliau pateikiami keli gerai Zinomi rezultatai, galiojantys klasikinio
modelio atveju.

Lema 1.1. Jei uZdavinio (S.1.1)) sprendinys pakankamai glodus,
tuomet ADI schemos (S.1.2)) tikslumo eilé yra O(7+ h* + H?).

Lema 1.2. Diskreticji operatoriai A" ir A} yra simetriniai bei
atitinkamai neneigiamai ir teigiamai apibrézti.

Teiginys 1.3. ADI schema (S.1.2) yra besqlygiskai stabili.

Pabréztina, kad pastarojo teiginio jrodymui naudojama klas-
ikiné Furjé stabilumo analizé, kadangi operatoriai A" ir A% ko-
mutuoja.

S.1.2 Hibridinés dimensijos modelis

Remiantis A. Amosov ir G. Panasenko rezultatais [3], Siame
poskyryje nagrin¢jamas apytikslis uzdavinys, kuris dalyje srities
sumazina erdvine dimensija iki vienmateés, tokiu budu aproksim-
uojant klasikinj Silumos laidumo modelj (S.1.1).

Cilindrinése koordinatése vidurkinimo operatorius S(u) isved-
amas suintegruojant u reiksmes skerspjuvyje ir padalinant i$ jo
ploto, taip randant vidutine u reikSme cilindro skerspjuvyje:

9 R
S(u) = E/o ru(r, z,t)dr.

Toliau darykime prielaida, kad pradiné salyga «° ir Saltinio
funkcija f nepriklauso nuo r srityje 7. Pazymékime redukuoty
srit] 7s = D x (0,1 — ) ir Qs = {(r,2) € (0, R) x (5,1 — )}

Funkcija U vadinsime apytiksliu sprendiniu uzdaviniui (S.1.1)),
jeigu ji tenkina uzdavinj (pagrindimui zr. |3])
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(0U _ 12( 5U> OV D (ret) € (@) Q) % (0.7,

ot ror\ or 022

ou  0*U

E = @—f—f(zyt)v (’I“,Z,t) € Q(S X (07T]’

U(T70>t) = gl(ra t)>U(T7lvt) - 92(73 t)a (Tv t) € (OaR] X (O,T],

P <0, =€) U5l r=0irr=R 0<I<T,
r

\U(T,Z,O) =u’(r,2), (r,z)€Q.
(S.1.3)
Srityje Qs x (0, 7] sprendinys U nepriklauso nuo r, todél ¢ia
pakanka ieskoti vienmatés erdvinés dimensijos sprendinio U (0, z, t).
Analizuojant silpnaja Silumos laidumo lygties forma, |3] buvo
parodyta, kad ties skirtingy dimensijy sri¢iy sanduromis galioja
jungtinumo salygos

Ul.250 =1 ul =]

2=0—0 2=04+0" z=l—06—0 z=l—06+0’
dS(U) _ 8_U 8_U ~0S(U)
0z lz=s—0 0z ls=610" 0z lsmi—s—0 0z |lz=i—s+0
(S.1.4)

Salygos (S.1.4); yra klasikinés ir nurodo U tolyduma, o (S.1.4)),

yra nelokalios ir nurodo srauto konservatyvuma per skirtingy
dimensijy sric¢iy sanduras.

Tegul indeksai K ir Ky zZymi tuos srities taskus, ties kuriais
keic¢iasi uzdavinio dimensija, t.y. zx, = 0, 25, = [ — 9. Tuomet
kintamojo z tinklas w, padalinamas j tris dalis:

wa ={zk: zxk=kH, k=1,..., K3 —1},
weo =4z zxk=kH, k=K +1,...,Ky—1},
wzgz{zk: Zk:/{?H, k?:K2+1,,K—1}

Taip pat apibrézkime du diskreciuosius tinklus Q, grp = (@0, X
(w21Uw,3))Uw,g it Qp pp = QhﬁDU(cDTX (zOUzK)). Pastebékime,
kad w,» kiekvienam £ pakanka vieno tasko pagal j, kadangi
vienas taskas reprezentuoja visg tasky sperspjuvj. Tokiems atve-
jams vietoje j naudosime indekso zZymeéjima *.

Tuomet argumentams U, apibréZtiems ant tinklo 2, zp, apibr-
ézkime du operatorius:
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AhU . {A?Ujk, (’l”j, Zk) € W, X (wzl U wzg),
1= = _
07 2k € Wy,
Angka (rja Zk) € wp X (wzl U sz);
A}QLU*ky 2k € Wy,
%( - Sh(UK1—1> + 2U*K1 - U*7K1+1)7 k= K,
%( - Sh(UK2+1) + 2U*K2 - U*,K2—1)7 k= K.

AL =

Lema 1.4. Diskreticji operatoriai A? ir A yra simetriniai ir
atitinkamai neneigiamai ber teigiamar apibrézti.

Su 8iais operatoriais diskre¢iojo tinklo mazguose (7, z) €
Qn.rp uzdavinj (S.1.3)—(S.1.4) aproksimuojame ADI schema:
UnJr% _yn
T/2
Un+1 _ Un+%
T/2

+ AU+ AU = fre

+ AP 4 AR =

Patogumo délei pateikiamas ir iSpléstinis pavidalas:

p
n+2

MJFA’LUMH—A}" —f;j%a
(15, 21) € @p X (W1 Uw.a),
U:;T/_ =+ ABUT, = f:;:r%’ 2k € Wea,
n+ n
% + ( — Sp(Uk,—1) +2Uk, — U£K1+1) = f:;%’
ntd
| S (= Uk + 2, — V) = £
GG g = g,
(ij Zk) € Wy X (wzl U wz3>7
1
n nt3
nt1 gt
R

(S.1.5)
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Norint i$spresti gautas 1D subproblemas (S.1.5); 4 ir (S.1.5)5_s,
dél nelokaliy jungtinumo salygy (S.1.5))3.4.7 s klasikinis perkelties
algoritmas turi buti modifikuotas.

Teorema 1.5. UZdaviniui (S.1.5) egzistuoja vienintelis sprendin-
ys. Ji galima apskaiciuoti efektyvia perkelties algoritmo modi-
fikacija.

Sios teoremos jirodymas tuo paciu yra ir konstruktyvus algo-
ritmas, kaip iSspresti (S.1.5)). PavyzdZziui, sistemos lygtis (S.1.5))5 ¢

uzrase pavidalu
n+1 n+1
Ajks bjk> cik 2 0, i 2 ae + bjk>
antrajam laiko puszingsniui srityse w,1, w,o ir w,3 galime uzrasyti
tokias rekurenciasias formules (pirmajam puszingsniui jrodymas
ana- logiskas)
1. Sritis w,1. Sprendinys pateikiamas pavidalu

Uit = ap UM 4+ 9k, 0< k < Ky, (S.1.6)
b]k

Cjk — ajk:a’j,k—l,

djk + ajkYjk-1

Cijk — ajka/j,k—l.

ajo =0, aj, =

vo = gu(r, "), e =
Naudojantis indukcija parodoma, kad galioja 0 < a;, < 1.
2. Sritis w,o. Sprendinys pateikiamas pavidalu
Ui = au UM + BuUlE + v, K1 <k < Ky (S.1.7)

Faktorizacija susideda i$ dviejy daliy. Visy pirma, sprendinys
uzraSomas pavidalu

Ufljl = a Uy +K, - ﬁ*k k+1 + Yar, K1 <k < Ko,

~ . a*,Kl—l-l ~ - Qsef ~

Qu k41 = ———, Qup = = 1
Co, K1 +1 Csk — a*kﬁ*7k—1

~ b1 5 bk

6*,K1+1 B*k — ~ 5
Cx Kl"‘1 Cxk — a*kﬁ*,kfl

~ d*,Kl—i-l ~ Qosel Yo le—1 + d*k

fY*,KH—l — ) fY*k — ~ .
C*7K1+1 Culp — a*kﬁ*,kfl
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Antrajame faktorizacijos zingsnyje randami koeficientai cy, By

ir Vg

Oy Ko—1 = Oy Kp—1, ﬁ*,KQ*l = B*,KQ*l) Oyl = Oyl + 5*ka*,k+1a
5*k = /8*k6*7k+17 Vi = Vak + B*k')/*,k-i-la k= KZ - 27 cee 7K1 + L.
Taip pat jrodomi jverciai

Oga*kaﬁ*kgla O<Oé*k+6*k<1

3. Sritis w.3. Sprendinys pateikiamas pavidalu

ik
Bik =0, Bj=—-"A——)
’ T ek = birBikn
n it + DjxVjk
Vi = ga(rj, "), gy = TR

Cik — bjkBi k1

Naudojantis indukcija parodoma, kad galioja 0 < 5, < 1.

Istacius iSraiskas (S.1.6)—(S.1.8) i lygtis (S.1.5)7s, gaunama

dviejy tiesiniy lygtiy sistema U}, U/ radimui

{AHUSE st B (S.1.9)

AQlUf[—;ll + AQQUSI—(:l - BQ.

Irodoma, kad sistemos ([S.1.9) koeficienty matricos determinan-
tas yra teigiamas, taigi, egzistuoja vienintelis sprendinys Uf;ll,
Un—i—l

* Ko *

Toliau, kadangi operatoriai A? ir A nekomutuoja, negal-
ime taikyti spektrinés stabilumo analizés, kuri buvo naudota
klasikiniu atveju. Todél stabilumo jvertis jrodomas specialioje
energinéje normoje.

Teiginys 1.6. Jei U" yra ADI schemos (S.1.5)) sprendinys, kai
" =01r g} = g% =0, tuomel galioja stabilumo jvertis

T n T
(7 + S AU <+ AU
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Lentele S.1.1. Diskre¢iojo ADI schemos (S.1.2)) sprendinio paklaidos
e(7) ir eksperimentiniai konvergavimo grei¢iai p(7) su laiko Zingsniais
T.

T e(7) p(T)
0,0025 52151073 1,631
0,00125  1,334-1073 1,958
0,000625  3,343-107% 2,006
0,0003125 8,194-1075 2,028

S.1.3 Testiniai uzdaviniai
Viena redukuotos dimensijos sritis

Pirmajame testiniame uzdavinyje su viena redukuotos dimensi-
jos sritimi, nagrinésime uzdavinj vamzdelyje su parame-
trais [ = 1, R = 0,1. Uzdavinys sprendziamas iki 7" = 1 su
funkcijomis

u(r,z) =0, gi(r,t) = (1+3t)e” /7,
ga(r,t) = te= T f(r 2, t) = 0,

ADI schemos integravimo laike tikslumas
Visy pirma, istirtas ADI schemos integravimo laike tikslumas pil-
nos dimensijos modeliui, naudojant tolygyjj tinkla €2, su J = 100
ir K = 400. Lenteléje S.1.1 pateikiamas sary$is tarp mazéjanciy
laiko zingsniy 7, paklaidy e(7) ir eksperimentiniy konvergavimo
grei¢iy p(7) diskreciajam ADI schemos sprendiniui maksimumo
normoje:
e(T) = max U;X —Ul(rj,zi,,T)|, p(1)=log, (6(27')/6(7')) ,
(r5,2K)EQ

¢ia U(rj, 21, T') suskaiCiuotas naudojant labai mazg zingsnj 7 =
5-1075.

IS Lenteléje S.1.1 pateikty rezultaty matome, kad eksperi-
mentiskai rastas ADI schemos konvergavimo greitis atitinka teor-
inius jvercius.
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Redukuotos dimensijos modelio tikslumas

Toliau tiriamas redukuotos dimensijos modelio tikslumas.
Erdvinei diskretizacijai naudojamas tolygusis tinklas €, su J =
100, K = 1600. Integravimas laike atliekamas su 7 = 0, 0005.
Lenteléje S.1.2 pateikiamos redukuotos dimensijos modelio (S.1.3)
sprendinio paklaidos e(d) maksimumo normoje

U~ UN(©)

e(d) = max
(T‘j,zk)Eth

bei santykinés paklaidos e,
e(d)

- 100%

€r =

jvairioms redukcijos parametro ¢ reikSmeéms. Cia 7%, k* — indek-
sai tinklo tasko, kuriame rasta paklaida.

Lentelé S.1.2. Diskreciojo redukuotos dimensijos modelio paklai-
dos e(9), santykinés paklaidos e, ir skai¢iavimy trukmeé (sekundémis)
jvairiems redukcijos parametrams 6. Zyméjimas & = 0* atitinka pilng
modelj.

o e(d) er trukmeé

5 - - 11,4
0,25 0,00013 0,0070% 5,9
0,20 0,00083 0,0421% 4.8
0,15 0,0056 0,2653% 3.7
0,10 0,0377 1,6537% 2,5
0,05 02471  9,3954% 14

Dvi redukuotos dimensijos sritys

Antrajame testiniame uzdavinyje su 0 < z < 2 nagrinéjamas
atvejis, kai turime tris pilnos dimensijos ir dvi redukuotos di-
mensijos sritis. Papildomoje pilnos dimensijos srityje tiriamas
Saltinio funkcijos f poveikis.

Tegul siuo atveju redukuota sritis atitinka 75 = D x (§;0,9 —
NUA,1+6;1—0)ir Qs ={(r,2z) € (0, R) x (§;0,9—9)U(1,1+
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5;1—0)}. Siame pavyzdyje centrinéje srities dalyje 0,9 < z < 1,1
funkcija f apibrezkime taip:

f(r,z,t) = 150t exp(—(r/R)*) exp ( — ((z — 1)/0,05)?).

ADI schemos realizavimas islieka toks pat. Naujoje pilnos di-
mensijos srityje su kiekvienu 7 =0, ..., J sprendinys uzraSomas
pavidalu

Ui = a Ui + Bl + vk, Ky <k < K.

Tuomet tiesiniy lygéiy sistema UL, UL, UEL UL radimui

*

susideda i$ keturiy lygéiy, jos koeficienty matrica yra trijstrizainé.

ADI schemos integravimo laike tikslumas redukuotos dimen-
sijos modeliui

Toliau pateikiamas ADI schemos integravimo laike tik-
slumas redukuotos dimensijos modeliui. Erdvinei diskretizacijai
naudojamas tolygusis tinklas €2, su J = 100, K = 1600 ir re-
dukcijos parametru 6 = 0, 1.

Lenteléje S.1.3 pateikiamas sarysis tarp mazéjanciy laiko zing-
sniy 7, paklaidy e(7) ir eksperimentiniy konvergavimo greiciy
p(7) diskreciajam ADI schemos sprendiniui maksimumo
normoje. Cia sprendinys U(r;, 2, T') apskai¢iuotas su labai mazu
erdvés Zingsniu 7 =5 - 107°.

Lentele S.1.3.  ADI schemos sprendinio paklaidos e(r) ir

eksperimentiniai konvergavimo grei¢iai p(7) jvairiems laiko zingsni-
ams 7 su 6 =0, 1.

T e(7) p(T)
0,0025 6,997-107% 1,279
0,00125 2,106-1073 1,732
0,000625  5,368-10™% 1,972
0,0003125 1,337-10~* 2,005

IS lenteléje S.1.3 pateikty rezultaty matome antros eilés kon-
vergavimo greitj. Be to, sprendinio paklaidos e(d) artimos atvejo
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su dviem pilnos dimensijos sritimis paklaidoms. Lenteléje S.1.4
pateikiamos skaic¢iavimy trukmes su jvairiais redukcijos parame-
trais 0.

Lentele S.1.4. Redukuotos dimensijos modelio (S.1.3) sprendinio
skai¢iavimy trukmés priklausomumas nuo redukcijos parametro §.
Zyméjimas § = 0* atitinka pilng modelj.

§=6 6=0,25 6§=02 6=0,15 §=0,1

Trukmeé (s) 24,9 17,0 14,6 12,2 9,8

Antrojo testinio uzdavinio sprendimui panaudoti tie patys
duom- enys kaip ir pirmajame testiniame uzdavinyje, iSskyrus
K =400 ir f reikSme.

S.1.4 Isvados

Hibridinés dimensijos Silumos laidumo uzdaviniui sukonstruota
ADI tipo schema. Baigtiniy turiy metodu aproksimuojami erd-
viniai diferencialiniai operatoriai ir neklasikinés jungtinumo sa-
lygos. Gautos vienmaciy tiesiniy lygéiy sistemos iSsprendziamos
perkelties algoritmu. Klasikinis perkelties algoritmas modifikuo-
jamas, kad jtraukty nelokalias jungtinumo salygas. [rodomas
pateikiamos schemos besalyginis stabilumas. Skaitiniy eksperim-
enty rezultatai patvirtina teorinius paklaidy jvercius bei teorine
iSvada, kad hibridiniai matematiniai modeliai gali buti naudo-
jami Silumos laidumo modeliavimui placiai sri¢iy ir koeficienty
klasei (taip pat zr. 3] jdomiai diskusijai Sia tema).

S.2 FVM ADI schema 2D modeliams kryziaus

formos sritims
Siame skyriuje Silumos laidumo uzdavinys nagriné¢jamas dvimat-
éje kryziaus formos srityje (zr. pav. S.2.1). Taikant ta pacia

ideologija kaip ir ankstesniame skyriuje, Sios geometrijos atveju
susiduriama su naujais issukiais. I$ baigtiniy turiy metodo per-
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spektyvos, ties vidiniais srities kampais atsiranda naujas kon-
trolinio elemento tipas (#3 paveikslélyje S.2.2). Diskretieji igvest-
iniy operatoriai aplink Siuos kampus nekomutuoja. Be to, vienose
uzdavinio srities dalyse dimensija redukuojama x kryptimi, ki-
tose y kryptimi. Taigi, norint gauti panaSius rezultatus, reikalin-
gos naujos idéjos.

S.2.1 Klasikinis modelis

Nagrinékime kryziaus formos sritj 0 C R?. ISoriniuose srities
krastuose naudojama pirmojo tipo (Dirichlet) krastiné salyga,
Si srities krasto dalis Zymima 0p(2. Likusioje krasto dalyje nau-
dojama antrojo tipo (Neumann) krastiné salyga, §i srities krasto
dalis zymima Oy = 0Q \ Op€2. Tegul srities plotis lygus X, o
aukstis Y. Tuomet pirmojo tipo srities krastas apibréziamas kaip
Op) = 01Q U 9,Q U QU 0,0 (taip pat zr. pav. S.2.1 Zemiau)

I ={(z,y) 12 =0, V1 <y <Ya},
DA ={(z,y):y=0, X1 <z <Xy}
B ={(r,y):r=X, Y1 <y < Ya},
Q= {(z,y):y=Y, Xy <z <X},

da X, Xo, Y7 ir Yy — realiosios konstantos, tenkinancios 0 <
Xi<Xo<Xir0<Yi<Yy<Y.

Srities {2 Sakos zymimos Li, Lo, L3 ir L4, o centriné dalis Ly,
tuomet Q2 = Lo U Ly U Ly U L3 U Ly:

Li={(z,4): 0<z < X1, Yi <y < Yal,
Ly ={(z,y): X1 <z < Xo, 0<y <11},
Ly ={(z,y) : Xo <z < X, Y1 <y < Ya},
Li={(7,y): X1 <2< Xy, o<y <Y},
Lo={(z,y) : Xi <2 < Xy, V1 <y <Ya}.
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040
Y__
Ly
Yo+ R |
ool i Lol Ls a0
Yl—— s :
It
O__
0,82
! ] — x
0 X1 )& X

Paveikslélis S.2.1. Sritis Q (pilka) su pazymétomis iSorinémis krasto
dalimis ir Sakomis.

Srityje Qr = Q x (0,7 sprendziama tiesiné silumos laidumo

lygtis:
(Ou  0%u  O%*u
—=—=4— t

U(O,y,t) = gl(y7t)7 (
u(z,0,t) = go(z, t), (
U(X7y7t> - 93(y7t)7 (?/7 )
U(I7Y7t) :g4(l’,t)7 (

ou

o (
L ulr,y,0) = Wz, y), (

(S.2.1)
da f — Saltinio funkcija, n Zymi iSorine normale kragtui dn2.
Modelis pateikiamas bedimensiniu pavidalu.

Kaip ir praeitame skyriuje, naudojamas baigtiniy turiy meto-
das [31]. Kiekvienas diskretusis neZinomasis apibréziamas mazge
(xj,yx) ir asocijuojamas su kontroliniu elementu KCj. Zingsnio
dydj kryptimi z zZymint h, o kryptimi y Zymint H, turime tinkla
Qp = (W, x Wy) N su
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wx :{ﬁjij :jh, j:O, ...,J}, I‘]:X,

Oy ={yxye =kH, k=0, ..., K}, yx =Y.
Be to, naudojami zymeéjimai x5, = X3, v5, = Xo ir yx, = Y1,
Yk, = Yo. Taigi, kryzminei sric¢iai gaunami trijy tipy kontroliniai
elementai (zr. pav. S.2.2). Patogumo délei apibréziamas ir
tolygusis laiko tinklas:

O ={t":t"=nr, n=0, ...,N}, tN =T.

o L1 T2 X3

h’ —

YK» #2 | #3

YKo—1 — o . . .
2 #1

YKr—2 — 5 5 5 5

Paveikslélis 5.2.2. Virgutinio L; krasto diskretizacijos pavyzdys.

Toliau apibréziami Sie matai: kontrolinio elemento plotas
zymimas Vi, = m(Kjg), o jo krasto o ilgis Zymimas s,z =
m(oap). Paveikslélyje S.2.3 pavaizduota, kaip Sios reiksmeés skiri-
asi trims kontroliniy elementy tipams.

UJ-_,‘.Jr% ”j*éj\' ”.,',;\-+1
S
- g k l,
U'm'% o N Tivik
Oj—1k . Tj+ik Jt2
Ti=hik Tjtik  Oj-dk
Tk} ok} k-4
i - H : 3hH
(a) #1 tipas:Vjy, = hH (b) #2 tipas:Vj; = hE (c) #3 tipas: Vi, = 0

Paveikslélis S.2.3.  Trijy tipy kontroliniy elementy Kji, apibrézty
taske (z;,yy), krastai. Virgutinis indeksas N Zymi antrojo tipo krast-

ine salyga.
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Tegul U7, — uzdavinio (8S.2.1)) tikslaus sprendinio skaitiné aproksi-
macija. Naudodami standartinius baigtiniy turiy metodo zZymeéjimus
gauname, kad Silumos laidumo lygtis uzrasoma

dUj,
dt

= — AU, — ASUsk + fir, (S.2.2)

¢ia diskretieji ivestiniy operatoriai A ir A} apibréziami kaip

Ui = Uil
0, ]k_%a
A?U]k:@< 8U+1k+8 ’kOx ﬁ),

H ’
1
h

o koeficientai s:

; H
s;_lk =5 jei k € {Ky, Ky} ir j € [1, 1] U [Je + 1, J],
s’ | = H Kkitur srityje Qu,
Jiﬁ’k
h
S 1= 5 Jeij€ {J, byirke[l, Kj]U[Ky +1,K],
T
sf,k_% = h kitur srityje €.

Koeficientai s laikomi lygus nuliui, jei nepatenka j sritj £2y,.
Taikant ADI metoda integravimui laike, taskams (x;,yx) €

Qp \ Op i8 gaunama ADI schema

n+1

Uy * = Uj n L

jk /2 —l—AhU +3 —l—Ah _ jlc+2’
T

Uﬁjl—

T/2

(S.2.3)

n+2

n n 1
+ AU 4 AU = fre,

Lema 2.1. Jei uZdavinio (S.2.1)) sprendinys pakankamai glodus,
tuomet ADI schemos (S.2.3)) aproksimacijos paklaida yra O(72 +
h* 4+ H?).
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Kadangi operatoriai A% ir A nekomutuoja, negalime taikyti
klasikinés spektrinés stabilumo analizés. Lema 2.2 jrodoma kon-
struojant diskrecigja skaliarine sandauga ir jrodant tolimesnes
savybes joje.

Lema 2.2. Diskretieji operatoriai A" ir A} yra simetriniai ir
neneig- tamai apibrezli.

Teiginys 2.3. Jei U™ yra ADI schemos (S.2.3|) sprendinys, kai
f"=04rg'=0,i=1,...,4, tuomet galioja stabilumo jvertis

T n T
I+ ZABU™ < (T + 24D,

S.2.2 Hibridinés dimensijos modelis

Remiantis G. Panasenko rezultatais [51-53], Siame poskyryje na-
grinéjamas apytikslis uzdavinys , aproksimuojantis klasik-
inj Silumos laidumo uzdavinj .

Zymékime redukuotos dimensijos sritis

Li={(z,y): 6 <2< X, -6, V1 <y< Yo},
Ly={(z,y): X, <z < Xy, 6 <y<Yi—6},
LS={(z,y): Xo4+06<2< X -0, V1 <y<Ys},
Li={(z,9): X1 <2< Xy, Vo+0<y<Y -4},

0 ju sajungg Q° = LS U LU LU LS (geltona sritis paveikslélyje
S.2.4).

Tarkime, kad pradiné salyga u° bei galtinio funkcija f neprik-
lauso nuo = Sakose L ir L4 bei nepriklauso nuo y Sakose L ir

u0<xay) = ﬁo<y)7 f(l’,y,t) = .]?(y7t)7 (Jf,y,t) € (L2 U L4) X (07T]a
F(a,t), (z,y,t) € (Ly U Lg) x (0,T).

£
o
8
NS
I
S
o
8
~
=
8
=
~
~—
I

Tuomet U vadinsime apytiksliu ([S.2.1]) sprendiniu, jei tenkinama
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_K4T

JU g - K5
KT4----------- v J7
JO¢l SRR

Paveikslélis S.2.4. Sritis 2 su nurodytais dimensijos redukcijos indek-
sais ir geltonai paZzymétomis redukuotos dimensijos sritimis.

(0U  0*U  0*U
T W—'—&_g/?—i_f(x’y’t)’

ou  9*U ~
o 92 + f(z,1),
ou  9*U ~
o o + f(y, 1),

U(an>t) = gl(yat)a
U(z,0,t) = ga(x, 1),
U<X7y7t) - g3(y7t)7
U(CL’,K?’J) = g4($,t),
oUu

o

| U(x,y,0) = u’(2,y),

(z,y,t) € (Q\ Q%) x (0,7,

(z,y,t) € (LS U L) x (0,77,

(5.2.4)

A. Amosov ir G. Panasenko darbe [3| jrodoma, kad Silumos
laidumo modeliui tikslaus (gauto i (S.2.1))) ir apytikslio (gauto i3
(S.2.4))) sprendinio skirtumo H' norma priklauso nuo parametro

. Tuo remiamasi ir Siame darbe, pereinant nuo (S.2.1)) i (S.2.4),

balansuojant 0 tarp pakankamai didelio (tikslumui) ir pakanka-

mai mazo (pagreitéjimui).

118



Toliau, ties 1D ir 2D sri¢iy sanduromis naudojami Sie vidurkin-

imo operatoriai:

X2
1
5.(0) = ¢ [ Ul e
X1
. (S.2.5)
Y1

taip pat ir $ios jungtinumo salygos, nusakancios U tolyduma bei

srauty konservatyvuma;:

98, (U) ou
Uly=s—0 = Uly=s40 Sx x:&—o: O vesi0
Ulp=x,-5-0 = Ulo=x, 510 aSSZ(EU) 2=X1—6-0 - 88_(; =X1-540
Ulo—xy15-0 = Ulazxasst0- asgi ) 2= X160 - g—g =Xob510
dS,(U) oU
Ulpex 5.0 = Ulo=x_s10> (%x x:X_a_o: ox X640
9S8, (U _ou
U’y 50 — U|y 0+0° 8; ) y=6—0 8y y= 5+0
0S,(U ou
U|y Yi—6-0 U|y Yi—6+40 83(; ) Y=Y1—6-0 B a_y y:y1_5+0’
0S,(U ou
Uly=vy+5-0 = Ulymyy 1510 6; ) Y=Ya+5—0 Ty =Yot540
08, (U ou
U‘yzyféfo - U’y=Y*5+0’ 8; ) Y=Y —6-0 N (9_y y:Y75+O.
(S.2.6)

Darbe [57], remiantis MAPDD metodu, jrodytas teorinio spren-
dinio U egzistavimas ir vienatis apytiksliam hibridinés dimen-
sijos Silumos laidumo uzdaviniui, apibréztam dvimaciy sri¢iy
Sakinéje strukturoje, taip pat jrodytas jungtinumo salygy
validumas.

Pazymeékime skirtingy dimensijy sri¢iy sanduros linijas 77" ir
T, o ju pozicijos indeksus J! vertikalioms sanduroms ir K hor-

izontalioms sanduroms, ¢ = 1,...,4 (7r. pav. S.2.4). Bet kurios
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] vienmate redukuotos srities viduje vienas taskas reprezentuoja
visa stulpelj ar eilute tos pacios reik§més tasky (dvimatéje per-
spektyvoje), tokiems atvejams naudojamas indekso Zyméjimas
*.

Redukuotos dimensijos sritis atitinkanc¢ius taskus zymeékime

:{(xjvyk): JL<j< U], K <k < Ky},
={(zj,yr): L <ji< o, Kl <k<K]},
= {(zj, )« Jy <J<J, K1 <k<Kp},

wL4:{(Ijayk)5 L <j<h, Ki <k< K[},

wr = wr, Ywr, Uwr, Uwy,.
Kadangi dvimate dimensija ¢ia redukuojama j vienmate, atitink-
ami dvimaciai tinklo tasky poaibiai pakei¢iami vienmaciais
op, ={x;: J <j< Ty}, @ ={w: K <k<K;},
Op, ={r;: J3 <j< Iy, o ={w: Ki <k< K[},
wr =wr, Uwr, Uwr, Uwg,,

tuomet diskretusis uzdavinio tasky tinklas hibridinés dimensijos
atveju Zymimas

Qrp = (@, x @y) N (2 Q) Udp.

Paveikslélis S.2.5. Sritis 2 su pazymetais redukcijos indeksais bei
redukuotos dimensijos sritimis kaip linijomis.

120



Vidurkinimo operatoriams (S.2.5) naudojamas jy diskretusis
analogas

Jo
1
h n
52 (Uy) = ﬁ; Uy e 1
=J1
1 &
H ny __
S! (Uj)_YQ_YlkZ; U]ks+ »
=n1

[traukdami jungtinumo salygas (S.2.6) j ADI aproksimacija
uzdaviniui (S.2.4), sukonstruota schema galima uzrasyti kom-
paktine forma

n+% U
L h n+ hpmm _ gnt3
7_—/2 + ./4 2 4+ .A jk 2,
I (S.2.7)
ik n ntg
J 7_/2 +Ah ]k 2 +‘A2Ujk:+1 — fjk 2

su operatoriais A} ir A% apibréztais kaip

fA’ijk, (zj,y) € U \ wr,

AUy, je () U (s, Jf),

Ay =10, ke[K] Kj]UIKS, K]]

<— S (Uj-1) +2Uj. — Uj+1,*>7 je{Jl I3y,
( — S (Ujs1) +2Uj. — Uj,l,*), je{Js, i},

T =%~

A3Ujk,  (5,yr) € QU \ wr,
ASU*IM ke (K1T7K2T) U (K?T>Kg)a
AbU = 071 j et JFIulJs, Ji]
?( - Salcz(kal) +2U. — U*,k+1>7 ke {K1T7 K?T}a
\ﬁ( — S (Ukta) + 20U — U*,k—1>, ke {KI KI}.

Perkelties algoritmo modifikacija atliekama tuo paciu prin-
cipu kaip ir praeitame skyriuje.
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Reiksméms ant skirtingy dimensijy sandury gaunamas uz-

davinys
n+%
A A 0 0 Us I+ B
n+%
A21 AQQ A23 0 U{fj_*l — B2 . (828)
0 A32 A33 A34 UJ;F *2 B3
0 0 A43 A44 U;§*§ B4

Toliau turime, kad uzdavinio (S.2.8)) koeficienty matrica A yra

diagonaliai vyraujanti. Taigi, egzistuoja vieninteliai sprendiniai

nti oontd ontl o ontd
UJIT* ) JQT* ’ Jg* ’ JE*
ties reikSmes ir pereiti prie kito puszingsnio. Taigi, pastaruosius

. Tuomet i8 jy galima rasti likusias sri-

rezultatus apibendriname j zemiau pateikta teorema 2.4.

Teorema 2.4. Uzdaviniui (S.2.7)) egzistuoja vienintelis sprendin-
ys. Ji galima rasti efektyvia perkelties algoritmo modifikacija.

Didinant redukuotos dimensijos sri¢iy skaiciy, kiekviena i$
ju dvejetu padidina koeficienty matricos A ranga uzdavinyje
(S-2.8)), o koeficienty matrica lieka trijstrizainé.

Naudojant panasias skaliarines sandaugas bei normas kaip ir
praeitame skyriuje, jrodoma, kad operatoriams A" ir A} galioja
tolimesneés savybes.

Lema 2.5. Diskretieji operatoriai A% ir AL yra simetriniai ir
neneigiamai apibrezli.

Déka Siy savybiy, irodomas ir stabilumo jvertis specialioje
energineje normoje.

Teiginys 2.6. Jei U" yra ADI schemos (S.2.7)) sprendinys, kai
f"=0wrg'=0,i=1,...,4, tuomet galioja stabilumo jvertis

T n T
(7 + ZAD0 | < NI+ ZADT°).
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S.2.3 Testiniai uzdaviniai

ADI schemos integravimo laike tikslumas
Visy pirma, istirtas ADI schemos integravimo laike tik-
slumas pilnam modeliui (S.2.1]), naudojant tolyguji tinkla €
su parametrais 7 = 1, X = 1, Y =1, X3 =Y, = 1/3,
Xy =Yy =2/3.

Pirmajame testiniame uzdavinyje panaudotos funkcijos u’ =
0, f =0, qa(y,t) = (1+4t)e™¥", golw,t) = Tte™, gs(y,t) =
3—50(y—Y1)(y—Ya), ga(w,t) = ele”20@=X)@=X2) " sprendinys
U(xj,yx, tn) rastas naudojant labai maza laiko Zingsnj 7 = 2,5 -
10~°. I8 skai¢iuojamyjy eksperimenty rezultaty matome antros
eilés konvergavimo greitj, taigi, ADI schemos tikslumas atitinka
teorinius jvercius (zr. lentele S.2.1). Cia paklaida e(7) ir eksperi-
mentinis konvergavimo greitis p(7) laiko momentu ¢t = T" apibréz-

o= (22).

ti maksimumo normoje:

e(T) = max UﬁC—U(xj,yk,T)

(xj,yx)EW

Lentelé S.2.1. ADI schemos sprendinio paklaidos e(7) ir ekeperimen-
tiniai konvergavimo grei¢iai p(7) mazéjantiems laiko Zingsniams 7 pir-
majam testiniam uzdaviniui su J = K = 600.

T e(7) p(T)

0,0008 6,9300-10~% 6,2786
0,0004 1,2685-10"% 24497
0,0002 3,1460-1075 2,0115
0,0001 7,4977-10-% 2,0690

Redukuotos dimensijos modelio tikslumas

Antrajame testiniame uzdavinyje tiriamas redukuotos dimen-
sijos modelio tikslumas. Nagrinéjamas skirtumas tarp
pilno modelio sprendinio ir redukuotos dimensijos modelio spren-
dinio, kai jie abu rasti naudojant ADI schema. Paklaida na-
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grinéjama maksimumo normoje

e(d) = max }U]{\;ﬂ — Uﬁc(é)‘ )

(5,8 ) Ew

Taip pat nagrinéjamos ir santykinés paklaidos

e(6)
e, = -100%,
}U;YM

¢ia j*, k* —indeksai tinklo tasko, kuriame rasta paklaida. Lentel-
éje S.2.2 pateikiami antrojo testinio uzdavinio rezultatai.

Lentelé S.2.2. Antrojo testinio uzdavinio rezultatams gauti panau-
dotos pirmojo testinio uzdavinio funkcijos bei parametrai. Cia laikas
pateikiamas sekundémis, o Zyméjimas § = * atitinka pilng modelj.

) e(9) er laikas

5* - - 9.4
0,175 2,242-107% 0,094% 8,2
0,150 4,668 1072 0,178% 7.4
0,125 9,194-107% 0,353% 6,7
0,100 2,057-1072 0,792% 6,0
0,075 4,682-1072 1,806% 5,3
0,050 9,699 -1072 3,747% 4.6
0,025 2,082-10"! 8,051% 3,9

Kuo didesnéje srities dalyje sumazinamas dimensijy skaicius,
tuo didesn] pagreitéjimg matome, kadangi vienmatése dalyse
pakanka apskai¢iuoti vienos eilutés/stulpelio reiksmes. Taigi,
lenteléje S.2.2 matomo pagreitéjimo pagrindiné priezastis — maz-
esnis operacijy kiekis. ISsamesnei diskusijai apie teorinius pak-
laidos pagal ¢ jvercius 7r. [3,57].

S.2.4 Isvados

Baigtiniy turiy metodu aproksimuoti erdviniai diferencialiniai
operatoriai ir neklasikinés jungtinumo salygos tarp 2D ir 1D
sri¢iy. ADI schema pritaikyta hibridinés dimensijos uzdavinio
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integravimui laike. Uzdavinio skaitiniam iSsprendimui i§vesta
efektyvi perkelties algoritmo modifikacija. Skaitiniy eksperimen-
ty rezultatai patvirtina teorinius jvercius bei iSvada, kad hib-
ridinés dimensijos modeliai gali buti efektyviai pritaikyti simuli-
uoti Silumos laidumo modelius pladio- je sri¢iy ir koeficienty
klaséje.

S.3 Klampaus skysc¢io tekéjimas elastingu

vamzdeliu

S.3.1 UzZdavinio aptarimas

Siame skyriuje i§ skaitiniy metody pusés analizuojamas vienas i8
uzdaviniy, su kuriais susidurta projekte "Daugiaskalis matema-
tinis ir kompiuterinis srauty modeliavimas tinkluose: taikymai
sirdies ir kraujagysliy ligy gydymui"[].

Sprendziama ketvirtos eilés daliniy iSvestiniy lygtis su pas-
toviais koeficientais ¢;:

C1U + CoUsapt + €301 + C4Usat + C5Vsaaa + CoVsy + c70 = 0, (S.3.1)

¢ia v indeksas zymi daline iSvestine. Ieskomas sprendinys laiko
momentu 7', panaudojant pradines ir krastines salygas, kurios
bus pateiktos véliau.

Si lygtis gauta i$ [56], nagrinéjant klampaus skystio tekéjima
vamzdeliu su elastinga sienele. Jos sprendinys aproksimuoja
vidutinj skyscio tekéjimo greitj per vamzdelio skerspjuvi, taigi,
modelio erdviné dimensija yra vienmaté. Nors §] modelj irgi gal-
ima laikyti redukuotos dimensijos modeliu, ¢ia ideologija skiriasi
nuo ankstesniy skyriy — dimensija vienmateée visoje srityje, todeél
nelieka jungtinumo salygy.

S.3.2 Schemos sudarymas ir jos savybeés

Lygties (S.3.1)) tikslaus sprendinio skaitine aproksimacija taske

'Projekto nr. 09.3.3-LMT-K-712-17-0003, www.hemodynamics . mif.vu.1lt
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(i, t,) = (ith,nt) zZymésime U], ¢ia h ir 7 — zingsniy dydziai,
kuriems galioja

i=0,...,Np, h=L/Ny,

n=20,...,N,, 7=T/N,,

kai L — uzdavinio srities €2 ilgis.

Diferencialinius narius lygtyje aproksimuokime taip:
lyginés eilés iSvestines centriniais skirtumais, o pirmosios eilés
iSvestines vienpusiais priekiniais skirtumais. Paveikslélyje S.3.1
vaizduojama supaprastinta Sios diskretizacijos vizualizacija.

Uyt Uzt Uzgaa Ugy U
5 i

@ O——©—a@>—O ®
®

Paveikslélis S.3.1. Lygties (S.3.1) diferencialiniy nariy diskretizaci-
jos vizualizacija. Apskritimuose esantys skaiciai atitinka tinklo tagky
svorinius koeficientus aproksimacijoje.

Skai¢iuojamoji molekulé (Sablonas) taske U vaizduojama
pav. S.3.2.

Un+1 +

UTL =+

Un—l 4
X

| ! | | 1 Yy
T T T T T >

Ui,—2 (]1'—1 Uz U1',+'l Ui+2

Paveikslélis S.3.2. Skai¢iuojamoji molekulé (schemos Sablonas).

Paprastumo délei naudojami Sie Zymeéjimai:

C1 Co C Cy
m1:§, 27 p22 BT T m4——hQT,
Cs Ce
ms ﬁ’ Mg ﬁa mr = Cr



Pritaike skaic¢iuojamaja molekule laiko sluoksnio U™ taske,
gauname sarysj tarp trijy naujojo laiko sluoksnio U™ tagky.
Taigi, peréjimas nuo vieno laiko sluoksnio j kitg susiveda j trijstri-
zainés matricos sprendima.

Schemos stabilumas nagrinéjamas naudojant klasikine Furjé
stabilumo analize. | stabilumo jvercius jeina sudétinga koeficienty
¢; kombinacija, todél informatyvias stabilumo salygas galima
iSvesti nebent atskiriems modelio atvejams. Pavyzdziui, projekte
nagrinéj- amam kraujo tekéjimo elastinga arteriole uzdaviniui
pagrindZiamas referentinis stabilumo jvertis 7 < h?/8, kai charak-
teristiniai erdves ir laiko dydziai — 0,1 mm ir 1 s.

Taikant klasikinj Teiloro skleidiniy metoda parodoma, kad
schemos aproksimacijos paklaida yra O(h? + 7) dydis.

Naudojamos Sios pradinés ir krastinées salygos:

U(z,0) = uo(x), Ux,0) = uy(z),
U(0,t) = Dy(t), U(L,t) = Do(t), (S.3.2)
Uzz(0,t) = Ni(t), Upp(L,t) = Na(t).

Ant krasto, vietoje antrosios eilés iSvestinés taip pat galima
formuluoti ir pirmosios eilés iSvestinés salyga, abiem atvejais
schemos tikslumas islieka O(h* 4+ 7). Skaitiniai eksperimentai
parode, kad su antrosios eilés iSvestine sprendinio paklaida yra
siek tiek mazesné nei su pirmosios eilés i§vestine.

Toliau pateikiami du testiniai uzdaviniai, pagrindziantys suk-
onstruotos schemos tiksluma. Siuose testuose vidutinis greitis U
ieSkomas su charakteristiniais dydziais 1 mm ir 1 s. Pavyzdziui,
kraujo tekéjimui vieno milimetro ilgio arteriole su elastinga sien-
ele rasti tokie koeficientai (pateikiami suapvalinti):

1 C2 Cc3 C4 Cs C6 cr
9-10738|—2-10"%2|4-1072|—2-10*8 - 10}|—6 - 1072|4 - 10~

Siuo atveju galime laikyti, kad koeficientai c; ir co lygus
nuliui, kadangi jy indélis j sprendinj nereikSmingas.

Testiniuose uzdaviniuose naudojami paklaidos e(h, 7) ir eksp-
erimentiniy konvergavimo greiciy p,(7), pr(h) apibrézimai mak-
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simumo normoje:

€(h, T) = max |UiNT - U(l'“T)

)

pr(h) = log, <ij+3> , pr(T) = log, (%) '

Cia U (z;, T') — palyginamasis tikslus sprendinys, rastas su mazais
zingsniy dydziais.

Pirmas testinis uzdavinys

Pirmajame testiniame uzdavinyje atliktas Rungeés testas, siekiant
apskaiciuoti eksperimentinius konvergavimo greic¢ius pagal erdve
ir laika. Naudojamos funkcijos U(x,0) = Uy(z,0) =0, U(0,t) =
U(L,t) =1—cost, Uy (0,t) = Up(L,t) = sint. Lenteléje S.3.1
pateikiamas sarysis tarp paklaidy e(h, 7) ir eksperimentiniy kon-
vergavimo grei¢iy p,(h) su mazéjanciais erdveés zingsniais h. Sie
skai¢iavimai atlikti naudojant 7 = 272 - 1075, Palyginamasis
sprendinys U(z;, T) rastas su h = 27¢.1071.

h e(h) pn(h)

0,1 2,3394-107° 11,9983
0,05 5,8555-1076  2,0007
0,025 1,4632-107% 20047
0,0125 3,6460-10"7 2,0188

Lentelé 5.3.1. Pirmojo testinio uzdavinio paklaidos ir eksperimen-
tiniai konvergavimo greicial pagal erdve laiko momentu 7' = 0,1 su
jvairiais h.

Lenteléje S.3.2 pateikiamos paklaidos ir eksperimentiniai kon-
vergavimo greiciai pagal laiko kintamajj su jvairiais . Sie skaici-
avimai atlikti su h = 272- 107!, palyginamasis sprendinys rastas
suT=27-10"%

Is lentelése S.3.1 ir S.3.2 pateikty rezultaty matome, kad
eksperimentiniai konvergavimo greiciai atitinka teorinius tikslumo
jvercius.
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T e(7) pr(T)

0,0001 2,3969-10~7 11,0109
0,00005 1,1894-10~7 11,0228
0,000025  5,8537-107% 11,0461
0,0000125 2,8327-10~% 11,0406

Lentelé S5.3.2. Pirmojo testinio uzdavinio paklaidos ir eksperimen-
tiniai konvergavimo grei¢iai pagal laika laiko momentu 7' = 0,1 su
jvairiais .

Antras testinis uzdavinys

Siame teste uzdavinio (S.3.1)), (S.3.2) tikslus sprendinys Zinomas.

Tarkime, kad jis uzraSomas eksponentine trigonometrine forma
U = e'*+) = cos(kx +t) + isin(kz +t). I§ ¢ia seka pradinés ir
krastinés salygos:
U(z,0) = e Uy(x,0) = ie™*®,
U0,t) = e, U(L,t) = e'*LHt),
Um((),t) = —k%e’ (NJM(L,t) = —k2eihLAt),

Parametras k apskai¢iuojamas jstatant U j (S.3.1). Jo radimui
gauname lygtj

k4C5 + k2(02 — iC4 — CG) + (—Cl + ’ng + 07) =0

su keturiais kompleksiniais sprendiniais ki, ko, k3, k4. Nagrinéj-
amam koeficienty ¢; rinkiniui turésime

k1 = 0.3546 — 0.35260 = —k,
k3 = 0.0004 + 0.04837 = —ky.

Zymeékime V;* uzdavinio sprendinius, gautus su atitin-
kamais k;, tac¢iau ant krasSto vietoje antrosios eilés iSvestinés
uzduokime pirmosios eilés iSvestinés krastine salyga. Lenteléje
S.3.3 palyginamos V; ir V)" paklaidos skirtingais laiko momen-
tais. Sie sprendiniai apskai¢iuoti naudojant h = 271 - 107! ir
T=2"2.10"5

Lenteléje S.3.3 matome, kad formuluojant antrosios eilés iSves-
tinés krastine salyga vietoje pirmosios eilés iSvestinés, paklaidos
mazesn-es.
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T e Re(Vh) e: Re(V}") e: Im(Vq) e: Im(Vy)

1 6,4903-1077 6,3309-107% 1,8334-1076% 5,1999-106
2 1,1960-107% 2,6706-10"% 1,5366-10"6 8,0973-106
3 1,9371-107% 7,2964-107% 1,3013-10"7 4,0185-1076
4
5

9,0119-10~7 6,9911-107% 1,7234-10"6 4,3136-10°
9,6898-10~7 2,9784-107% 1,6895-1076% 8,1424.1076
10 1,3468-107% 7,8812-1076 1,4050-107% 2,7121-1076

Lentelé S.3.3. Sprendiniy Vj ir V]" paklaidy e realiosios ir menamasios
dalys jvairiais laiko momentais 7.

S.3.3 Alternatyvios schemos aptarimas

Nagrinékime kitokia lygties (|S.3.1)) diferencialiniy nariy diskretiz-
acija — pirmosios eilés iSvestinéms naudokime centriniy skirtumuy
formule vietoje vienpusiy skirtumy (Zr. paveikslélj S.3.3).

Ut Ugztt Uy Uzt Uzzza Uzz u
® 0.9.0 ® O—2—®
@ 9.0 @ © '0' OO0 ®
® O—2—® @ O—0—D

Paveikslélis S.3.3. Lygties (S.3.1)) diferencialiniy nariy alternatyvios

diskretizacijos vizualizacija. Apskritimuose esantys skaiCial atitinka
tinklo tasky svorinius koeficientus aproksimacijoje.

Skaic¢iuojamosios molekulés forma islieka ta pati kaip ir pav.
S.3.2.

Taikydami klasikinj Teiloro skleidiniy metoda nesunkiai gau-
name, kad $ios schemos aproksimacijos tikslumas yra O(h?+72),
taigi, pagal laika eilé vienetu aukstesné nei ankstesnés schemos
atveju. Taciau taikydami klasikine Furjé stabilumo analize gau-
name, kad stabilumo apribojimai Zymiai grieztesni. Pavyzdziui,
1 mm ilgio arteriolei su erdves zingsniu h = 0,1 mm reikty nau-
doti 7 < 10722 5, kad schema buty stabili.

Nesunkiai galime pastebéti to priezast] — yra gerai Zinoma,
kad Ric¢ardsono schema paraboliniams uzdaviniams yra besaly-
giskai nestabili. Musy atveju turime ir parabolinius, ir hiper-
bolinius narius. Bendrai hiperboliniai nariai gali is dalies regu-
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liarizuoti § nestabilumg, tac¢iau musy nagrinéjamuose uzdavini-
uose Si jtaka néra pakankamai didelé, kadangi hiperboliniai ir
paraboliniai nariai skiriasi net keliomis eilémis.

Siekiant iSvengti Ricardsono schemos kuriamo nestabilumo
ir iglaikyti O(h* + 72) aproksimacijos tiksluma, vienas i§ gery
kandidaty galéty buti Diuforto-Frankelio schema [5]. Ji turi
besalyginio stabilumo privaluma, taciau kai kuriais atvejais ke-
lia papildomus reikalavimus kraStinéms salygoms. Be to, jos
aproksimacijos tikslumas salyginis [23].

Pasiekti O(h%*+72) tiksluma turéty buti jmanoma ir sudéting-
esnémis schemomis, taciau 8is jJdomus klausimas paliekamas ateit-
ies tyrimams. Poskyryje S.3.2 sukonstruota schema yra laikoma
pakankamai efektyvia Siuometiniams praktiniams taikymams.

S.3.4 Isvados

Siame skyriuje nagrinéjamam ketvirtos eilés daliniy iSvestiniy
lygties uzdaviniui parodyta, kad laiko iSvestine aproksimuodami
centriniais skirtumais gauname O(7?) paklaida, o aproksimuo-
dami vienpusiais priekiniais skirtumais gauname O(7) paklaida.
Taciau tuo atveju, kai dominuoja paraboliniai nariai, naudodami
centrinius skirtumus susiduriame su zZymiai didesniais stabilumo
apribojimais. Hiperboliniai nariai §j nestabilumg i$ dalies reg-
uliarizuoja, ta¢iau nepakankamai praktiniams taikymams. Ak-
tualioms skysciy dinam-ikos simuliacijoms pasirinkome maziau
tikslig, taciau mazesniy stabilumo apribojimy schema.
Eksperimentigkai patvirtinta, kad ant srities kragto formuluo-
jant antrosios eilés iSvestinés krastine salyga, gaunama mazesné
paklaida nei formuluojant pirmosios eilés iSvestinés krastine sg-

lyga.

S.4 Bendrosios iSvados

Apibendrinant pagrindinius disertacijos rezultatus, dviems hib-
ridinés dimensijos Silumos laidumo modeliams su neklasikinémis
jungtinumo salygomis buvo sukonstruota ir pagrista baigtiniy
turiy kintamuyjy krypc¢iy schema. Baigtiniy turiy metodas pri-
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taikytas erdvinei diskretizacijai, o kintamuyjy krypc¢iy metodas —
integravimui laike.

Siekiant i§spresti hibridinés dimensijos (3D-1D ir 2D-1D) §ilu-
mos laidumo modelius skaitiniais metodais ir jtraukti neklasikin-
es jungtinumo salygas, modifikuotas klasikinis perkelties algo-
ritmas. Jrodyta, kad hibridinés dimensijos modeliams, sprendzi-
amiems sukonstruota schema, egzistuoja vienintelis skaitinis spr-
endinys. Hibridinés dimensijos atveju jrodytos kelios svarbios
diskreciyjy diferencialiniy operatoriy savybeés.

Skaitiniy eksperimenty rezultatai patvirtino teorine paklaidy
analize. Skai¢iavimo trukmés palyginimas patvirtino teorine is-
vada, kad hibridinés dimensijos modeliai gali buti efektyviai pri-
taikoi Silumos laidumo lygties modeliams placioje sric¢iy bei koefi-
cienty klaséje. [vairiems dimensijos redukcijos parametrams pa-
lyginti vaizdiniai rezultatai patvirtino pateikto algoritmo tinka-
mumg praktiniam panaudojimui.
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