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natural numbers

prime number

set of all prime numbers
set of all natural numbers
Nu {0}

set of all integer numbers
set of all real numbers

set of all complex numbers
imaginary unity: i = \/—1
complex variable

direct sum of sets A,

Cartesian product of the sets A and B
Cartesian product of sets A,,

Cartesian product of m copies of the set A
Lebesgue measure of the set A C R
cardinality of the set A

space of analytic functions on GG
class of Borel sets of the space X
expectation of the random variable
convergence in distribution

Euler gamma-function

Riemann zeta-function

Hurwitz zeta-function

there exists a constant C' = C'() > 0
such that |a| < Cb



Chapter 1

Introduction

1.1 Research topic

In the dissertation, we consider some analytic properties of the Riemann
zeta-function ((s) and of its generalization the Hurwitz zeta-function ((s, o),
s =o0+itand 0 < o < 1is a fixed parameter. We recall that these zeta-
function are defined, for o > 1, by the Dirichlet series

and have analytic continuations to the whole complex plane, except for the
point s = 1 which is their simple pole with residue 1. More precisely, the
dissertation is devoted to the weighted universality of the functions ((s) and
((s,a) for some classes of the parameter «, i. e., to the approximation of
analytic functions defined in the strip {s € C : 1/2 < o < 1} by shifts
C(s+i7)and ((s +it, ), 7 € R, having a weighted positive lower density.

It is known that the Hurwitz zeta-function (s, ) is a generalization of the
Riemann zeta-function because

On the other hand, the functions ((s) and ((s,«) are quite different. The



function ((s) has the Euler product over primes, i. e., for o > 1,

c<s>=H(1—pﬂ>_1,

peP

while the function (s, «) has such a product only in the case @ = 1/2, i. e.,
foro > 1,

¢(sg) = -nee = -0 (1- pl)

peP

Hence, some differences for the value distribution of the functions ((s) and
((s, ) follow. For example, the function ((s) # 0 on the half-plane o > 1
[69], while the function ((s, «v), with a # 1/2 has infinitely many zeros lying
in the latter region [12], [13] and [9].

The function ((s), for all s € C, satisfies the functional equation

w21 (£) (s) = w092 (1;) c—s)

From this equation, it follows that {(—2k) = 0 for all £ € N, and the numbers
s = —2k are called the trivial zeros of {(s). Moreover, the function ((s) has
infinitely many complex nontrivial zeros lying in the so-called critical strip
{s € C: 0 < o < 1}. The Riemann hypothesis asserts that all nontrivial
zeros lie on the critical line ¢ = 1/2. At the moment, it is known that more
than 5/12 of non-trivial zeros in the sense of density are on the critical line
[63].

The function ((s) with a real variable s was already known to L. Euler,
however, the importance of this function was opened by B. Riemann. In [65],
he began to study ((s) as a function of a complex variable, proposed a way how
to use ((s) in the investigation of the distribution of prime numbers, and stated
several hypotheses concerning the nontrivial zeros of ((s). Let, for z > 2,

() = Z 1,

pszT

i. e., m(x) is the number of prime numbers not exceeding =. Using Riemann’s
ideas, C. J. de la Vallée Poussin [70] and J. Hadamard [22] independently



proved the asymptotic distribution law of prime numbers, i. e., that

) m(x)
A e = b
2 logu

To prove the above asymptotic equality, the non-vanishing of {(s) in the region
o > 1is applied. Using of the zero-free region

o>1———, t>tg,c>0,

gives the estimate for the reminder term in the distribution low of prime num-
bers.

The function ((s, «) was introduced by A. Hurwitz in [23], and is used in
the theory of Dirichlet L-functions which are the main tool for the investigation
of prime numbers in arithmetic progressions, i. e., for the asymptotics of

m(x,a,q) = Z 1, x— o0,

PST
p=a(mod q)

where a and g are coprime positive integers.

1.2 Aims and problems

The aim of the dissertation is the weighted universality and joint universal-
ity of the Riemann and Hurwitz zeta-functions. The problems considered are
the following:

1. Weighted discrete universality of the Riemann zeta-function.
2. Weighted continuous universality of the Hurwitz zeta-function.
3. Weighted joint continuous universality of Hurwitz zeta-functions.

4. Weighted mixed joint continuous universality for the Riemann and Hur-
witz zeta-functions.

1.3 Actuality

Approximation problems of analytic functions are ones of the most impor-
tant chapters of modern mathematics. In the eights decade of the 20th century

10



[72], it became known that wide classes of analytic functions can be approxi-
mated by shifts of zeta-functions which are widely studied in analytic number
theory. Thus, approximation of analytic functions was reduced in a certain
sense to approximation properties of zeta-functions. This observation opened
new mathematical problems. Among them, the definition of classes of zeta-
functions having approximation properties, the effectivization problems of ap-
proximation, various versions of approximation, etc.

In some fields of mathematics (number theory, probability theory, mathe-
matical statistics) weighted theorems and their applications are often investi-
gated. Weighted universality of zeta-functions is comparatively a new branch
of universality, there exist only few papers in that direction. Therefore, in
our opinion, it was important to continue investigation of weighted universal-
ity of the classical Riemann and Hurwitz zeta-functions. Also, universality of
zeta-functions is one of directions of the Lithuanian school of analytic number
theory, the study of weighted universality continues traditions of Lithuanian
researchers.

1.4 Methods

The proofs of weighted universality theorems for the Riemann and Hur-
witz zeta-functions include elements of the theory of Dirichlet series, of weak
convergence of probability measures, of Fourier analysis and measure theory.

1.5 Novelty

All results obtained in the dissertation are new. A weighted discrete univer-
sality theorem for the Rieman zeta-function is proved for a new class of weight
functions. Weighted universality theorems for the Hurwitz zeta-function ear-
lier were not investigated.

1.6 History of the problem and the main results

The Riemann zeta-function ¢(s) and the Hurwitz zeta-function ((s, «v) are
the main classical zeta-functions. Therefore, there are many results devoted
to value distribution of these functions. The classical theory of the function
¢(s) can be found in the monographs [69], [15], [24], [32] as well in the books
[62], [31] and [25]. The probabilistic theory of ((s) is given in the monographs

11



[35] and [42]. The main attention in the classical theory of the Riemann zeta-
function is devoted to the distribution of non-trivial zeros and allied problems.
In applications, the zero-free regions play a crucial role. The best known result
in this direction says that there exists an absolute constant ¢ > 0 such that

¢(s) # 0 for
c
>1-— ;  t=to.
7 (logt)2/3(loglog t)1/3 0

Also, the moments

T
I (o, T) :/ IC(o 4 it)|**dt, o> =, k>0,

1
. 2
and estimate for ((s) are widely studied. For example, there exists a conjecture
that

1 2
Iy, (2,T> ~cpT(logT)", T — oo,
with a certain constant ¢, depending on k. However, at the moment the above
asymptotics are only known for £ = 1 and k£ = 2. We note that the moments of
((s) are very important objects because, in the investigation of some problems,
concrete values of ((s) can be replaced by its moments.
There exists the Lindelof hypothesis that

1
¢ (2 +it> L t5,  t=>t,
with every € > 0. This hypothesis is equivalent to the estimate
1 k’2
I §,T < T'(logT)

for all kK € N.

The classical analytic theory of the Hurwitz zeta-function can be found in
the books [69], [24], [32], [62]. The function ((s, «) is a partial case of the
Lerch zeta-function L(\, o, s), A € R, which is defined, for & > 1, by the

Dirichlet series

e27ri)\m

LA = —_
(hans) =D, (m+a)*’

m=0

and has a meromorphic continuation to the whole complex plane. Clearly,

L(k,a,s) = ((s,a) with k& € Z. Therefore, modern investigations of the

function (s, ) can be found in the monograph [42].

12



The idea of applications of probability methods in the theory of zeta-
functions belongs to H. Bohr. He proposed to take certain sets on the com-
plex plane and to consider how often the values of a given zeta-function lie in
those sets. It turned out that this idea leads to probabilistic limit theorems. H.
Bohr jointly with B. Jessen proved [8] a limit theorem for the Riemann zeta-
function. Let R be a rectangle on the complex plane with edges parallel to
the axles, and let m; denote the Jordan measure. Then they proved that, for
o > 1, there exists the limit

1
lim —m {t €[0,T]:{(c+it) € R}.
T—oo T’

Two years later, they generalized the above result for o > 1/2.

A Bohr’s idea was developed by A. Selberg (unpublished) and other num-
ber theorists. It is convenient to state probabilistic limit theorems for zeta-
functions in terms of weakly convergent probability measures (probability dis-
tributions). Denote by 5(X) the Borel o-field of the space X, i. e., the o-field
generated by open sets of the space X. Let P,, n € N, and P be probability
measures on (X, B(X)). We say that P,, as n — oo, converges weakly to P,
if, for every real continuous bounded function g on X,

lim [ gdP, :/gdP.

Using the latter terminology, the mentioned limit theorem of Bohr-Jessen can
be stated as follows, see, for example, [35]. Suppose that o > 1/2 is fixed.
Then, on (C, B(C)), there exists a probability measure P such that

%meas{t €[0,T]: C(o+it) € A}, A€ B(C),

converges weakly to P as T' — oo.

Other limit theorems for the function ((s) and other zeta-functions can be
found in [26], [35] and [42]. Also, see a paper [55].

Now we focus on the universality of zeta-functions which is the subject of
our investigations. The universality of zeta-functions is a certain new direction
on denseness of values of zeta-functions. The first results of such a kind were
obtained by H. Bohr. In [6], he observed that the function ((s) takes every
non-zero value infinitely many times in the strip {s € C : 1 < 0 < 1 + §},
with every § > 0. A bit later, H. Bohr and R. Courant proved [7] that, for every

13



fixed 0, 1/2 < o < 1, the set
{¢(c +it): T € R} (1.1)

is dense in C. S. M. Voronin significantly generalized the above results. He
obtained [71] that the set

{(C(s1+1i7),...,((sp +1i7)) : T € R}

with every fixed numbers s1,...,s, € C,1/2 < Resy < 1,1 < k < n and
Sk # Sm for k % m, and the set

&QS+hLC$+h%”wdmﬂ@+ﬁﬂ:TER&

with every s € C, 1/2 < o < 1, is dense in C". However, a much more im-

portant merit of Voronin is his so-called universality theorem for the function
. . 1 .

¢(s) [72]. He proved in [72], that if, for every 0 < r < 7, the function f(s)

is continuous and has no zeros in the disc |s| < r, and is analytic in the open

disc |s| < r, then, for every € > 0, there exists a real number 7 = 7(¢) such

that

max
Is|<r

<e.

gG+i+w>—ﬂ@

Thus, Voronin proved that a wide class of analytic functions can be approxi-
mated by shifts {(s +i7), 7 € R, of the function ((s). This famous result was
observed by mathematical community and improved and extended in various
directions. For a modern version of the Voronin universality theorem it is con-
venient to use the following notation. Let D = {s € C: 1/2 < 0 < 1},1i.e.,
D is the right-hand side of the critical strip of the function ((s). Denote by K
the class of compact subsets of the strip D with connected complements, and
by Ho(K), K € K, the class of continuous non-vanishing functions on K that
are analytic in the interior of K. Then the following theorem is true.

Theorem A. Let K € K and f(s) € Hy(K). Then, for every ¢ > 0,

1
lim inf —meas {7’ € [0, 7] :sup [¢(s +iT) — f(9)] < 5} > 0.
T—oo T scK

By Theorem A, the set of shifts ((s + it) approximating a given function
f(s) from the class Hy(K') has a positive lower density, thus, it is infinite.
Denote by H(G), where G is a region on the complex plane, the space of

14



analytic functions on G equipped with the topology of uniform convergence
on compacta. In this topology, {g,(s)} C H(G) converges to g(s) € H(G)
as n — oo if and only if, for every compact set K € G,
A Sup [gn(s) = g(s)] = 0.

Since the space H (D) is infinite-dimensional, Theorem A can be considered as
an infinite-dimensional generalization of the Bohr-Courant theorem on dense-
ness of the set (1.1). The proof of Theorem A is given in [1] (in slightly
different form), and in [21], [35] and [68].

Theorem A is of continuous type: 7 in ((s + i7) can take arbitrary real
values. Also, a discrete version of Theorem A is known when 7 takes values
from a certain discrete set. Let ~ > 0 be a fixed number, and /N run over the
set Nj.

Theorem B. Let K € K and f(s) € Ho(K). Then, for every e > 0,

lim inf
Noeo N+ 1

#{O<k<N:sup\((s—&—ikh)—f(s)] <€} > 0.
s€K

The proof of Theorem B can be found in [1] and [64].

In place of shifts {(s+ikh), more general shifts can be used. For example,
in [14], the shifts {(s+ikh) with fixed o, 0 < o < 1, were applied in Theorem
B. Universality theorems with more complicated shifts for the function ((s)
and Dirichlet L-functions were considered in the papers [60], [47], [19], [20],
[41], [51]. For example, in [19] and [20], the shifts (s + ¢h~y), where {~;} is
a sequence of positive imaginary parts of nontrivial zeros of the function ((s),
were considered. We note that discrete universality theorems for zeta-functions
sometimes are more convenient as continuous ones for practical applications.
The paper [5] is an example of this remark.

Universality theorems of type of Theorems A and B are also known for
other zeta-functions. For example, they are valid for zeta-functions of normal-
ized Hecke eigen cusp forms, see [43], [44] and [45].

In Theorems A and B, the positivity of a lower density of the set of shifts
¢(s + i7) approximating a given function f(s) € Hy(K) is considered. In
[56] and [46], it was obtained that sometimes a lower density can be replaced
by a density. Thus, the following statement is valid.

15



Theorem C. Let K € K and f(s) € Hy(K). Then the limits

lim %meas {T €[0,T]: sup |{(s+iT) — f(s)] < 8} >0

T—o0 seK

and

1
lim ——— Sk<N: ikh) —
NgrclmN—l-l#{O k jél[]g’C(S—l—Zk‘h) f(8)|<€}>0

exist for all but at most countably many £ > 0.

The first weighted universality theorem was proposed in [34]. Let w(t) be
a function of bounded variation on [Ty, c0) with such 7, > 0 such that the
variation V*w on [a, b] satisfies the inequality V,*w < cw(a) with a certain
constant ¢ > 0 for any subinterval [a, b] C [Tp, c0). Define

T
Ur=U(T,w) :/ w(t)dt,
To
and suppose that
lim U(T,w) = +o0.

T—o00

The function w(t) is called a weight function. In [34], one technical addi-
tional property for the function w(t) was required. Let ((w, ) be an ergodic
process defined on a certain probability space, 7 € R, E|((w, T)| < oo, with
sample paths integrable almost surely over any finite interval. Then in [34], it
was assumed that almost surely, for any ¢ € R,

1 (T
— w(T)¢(t + 7,w)dr = E(C(0,w)) + o(1 + |t|*) (1.2)
UT T
with @ > 0 as T' — oo. The latter condition is a weighted analogue of the
Birkhoff-Khinchine ergodic theorem, see, for example [11], for a statement
and definitions. Denote by I(A) the indicator function, i. e.,

1 ifr € A,

0 otherwise.

We use the latter non-standard notation, because the set A in our case is quite
complicated to be written as an index. Then the theorem of [34] asserts that if

16



K € Kand f(s) € Hy(K), then, for every € > 0,

lim inf — /Tw(T)J <{T € [Ty, T : sup [C(s + i) — f(s)] < g}> dr

T—o00 T JTy €K

> 0.

In [52], the condition (1.2) for the weight function was removed.

In [17], an analogue of the theorem from [34] for the Lerch zeta-function
was obtained.

The case of weighted discrete universality theorems is more complicated
than that of continuous, and at the moment can be obtained only for differen-
tiable weight functions. The first theorem of such a kind was given for periodic
zeta-functions with multiplicative coefficients in [53], where it was required
that w(t) is a non-vanishing positive function for ¢ > 1, and having a contin-
uous derivative such that, for b > 0, w(t) <, w(ht) and (w'(t))? < w(t).
Let

N
Vy =V(N,w) =Y w(k),
k=1
and
lim V(N,w)= +oc.

N—oo

Define the set 0
L(B,h,) = {(logp :peP), ;;} :

and denote the class of the above weight functions by V. Then the theorem of
[53] for the case of ((s) is of the form.

Theorem D. Suppose that w € V and the set L(P, h, ) is linearly indepen-
dent over the field of rational numbers Q. Let K € K and f(s) € Ho(K).
Then, for every € > 0,

N
liminfL Zw(k)[ <{1 <k <N :sup|C(s+ikh) — f(s)] < 5}) > 0.
N—o00 VN 1 seK

In [54], an analogue of Theorem D with shifts ((s 4 ikah), with fixed «,
0 < a < 1, for a certain class of weight function was obtained. Note that the
latter case is easier because the set {k“a} with every a € R\ {0} is uniformly
distributed modulo 1, see [33] for definitions.

Chapter 2 of the dissertation is devoted to weighted discrete universality

17



theorems with shifts ((s+ikh) for another class of weight functions. Let w(t)
be a real non-negative function having a continuous derivative on [1/2, 00}
such that

N
/ ulw'(u)] du < Vy
1

as N — oo. Denote by W the class of functions w(t) satisfying the above
conditions. Now, we state the main results of Chapter 2 of our dissertation.

Theorem 2.1. Suppose that w(t) € W. Let K € K and f(s) € Ho(K). Then,
for every e > 0,

N

nmmfvi S w(k)I ({k : sup [C(s + ikh) — f(s)] < g}> > 0.

N—oo VN =1 seK

We recall that h is always a fixed positive number. Theorem 2.1 has the
following modification.

Theorem 2.2. Under hypothesis of Theorem 2.1, the limit

N

lim Vi > w(k)I ({k csup |C(s 4 ikh) — f(s)] < 5}) > 0.

N—oo Vv 1 seK

exists for all but at most countably many € > 0.
For example, the function

sin(logt) + 1
t

w(t) =

belongs to the class 1. Moreover, it is not monotonically decreasing.
The proofs of Theorems 2.1 and 2.2 are based on limit theorems in the
sense of weak convergence for

1 N
172 I({k: ¢(s +ikh) € A})
k=1

in the space of analytic functions H(D) as N — oo. For this, two differ-
ent types of the number h > 0 is considered. We say that h is of type 1 if
exp{(2mm)/h} is an irrational number for all m € Z \ {0}, and h is of type 2
if i is not of type 1. The cases of types 1 and 2 are examined separately.

The results of Chapter 2 are published in [48].
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The problems related to the universality of the Hurwitz-zeta function are
more complicated and interesting than those of the Riemann zeta-function be-
cause the function ((s, «) depends on the parameter «, and arithmetic proper-
ties of « has an influence for approximating properties of ((s, «). Moreover,
in general, the function ((s, «) has no Euler product over primes. This fact
extends the class of approximated analytic functions.

For K € K, denote by H(K) the class of continuous functions on K that
are analytic in the interior of K. Thus, we have that Hy(K) C H(K).

We recall that the number « is called algebraic if there exists a polynomial
p(s) # 0 with rational coefficients such that p(c«) = 0. In the opposite case, a
is called transcendental.

The universality of the function ((s, «v) is contained in the following theo-
rem.

Theorem E. Suppose that the parameter « is transcendental or rational #*
1,1/2. Let K € K and f(s) € H(K). Then, for every € > 0,

lim inf lmeas {7‘ €[0,7] : sup |((s +iT,a) — f(s)] < 5} > 0.
T—oo T scK

Theorem E in the case of rational « was already known to Voronin [74].
In this case, the function ((s, ) can be expressed by a linear combination of
Dirichlet L-functions, therefore, its universality reduces to joint universality
of Dirichlet L-functions having the Euler product over primes. The full proof
of Theorem E by different methods is given in the theses [21] and [1], and
also can be found in the monograph [42]. The cases « = 1 and o« = 1/2 are
excluded in Theorem E because, as we have mentioned above,

e =) and ¢ (s5) = @2~ 1ee)

The function ((s, o) remains universal also in the cases « = 1 and o = 1/2,
however, the approximated function must be from the class Hy(K).
It is well known that with transcendental « the set

L(«) dif{log(m +a):m e Np}

is linearly independent over Q. Therefore, the transcendence of « in Theo-
rem E can be replaced by the linear independence over Q of the set L(«), and
this was done in [36].
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Clearly, rational « is algebraic. Thus, it remains an open problem related to
universality for ((s, a) with algebraic irrational parameter «. In this direction,
the following not effective result is known [2].

Theorem F. Suppose that o is algebraic irrational number. Then there exists a
closed non-empty subset F,, C H (D) such that, for every compact set K C D,
f(s) € Fyande >0,

1
lim inf —meas {7’ €10,T) : sup |{(s +iT,a) — f(s)] < 8} > 0.
T—o00 T seK

Moreover, the limit

1
lim meas{r € 10,77 : sup [((s +iT, ) — f(s)] < 5} >0
T—oo T seK

exists for all but at most countably many € > 0.

Unfortunately, the set I, in Theorem F is not explicitly defined. For ex-
ample, F,, can consist only from one function.

Chapter 3 of the dissertation is devoted to weighted universality theorems
for the function ((s, ) with transcendental parameter . Denote by W, the
class of weight functions w(t) satisfying hypotheses of the theorem from [34],
except for the condition (1.2). Chapter 3 contains the following statements.

Theorem 3.1. Suppose that w(t) € W1 and the parameter o is transcendental.
Let K € K and f(s) € H(K). Then, for every ¢ > 0,

1 T
lim inf — / w(T)

T—oo U Ty

X ]({7’ € [To,T) : sup |¢(s +iT, ) — f(s)| < s}) dr > 0.

seK
As Theorem 5.1, Theorem 3.1 has the following modification

Theorem 3.2. Under hypothesis of Theorem 3.1, the limit

X I({T € [To,T) : sup |¢(s +iT, ) — f(s)| < e}) dr >0

seK

exists for all but at most countably many € > 0.
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For the proofs of Theorem 3.1 and 3.2, the weak convergence for

T
UlT [ W e 1. 7): (s ima) € A)) a4 € BUI(D)
as T' — oo is applied.

Limit theorems of such a kind for the Lerch zeta-function were obtained in
[16] and [18].

The results of Chapter 3 are published in [3].

In Chapter 4, a joint generalization of the results of Chapter 3 is given. We
note that joint universality for zeta-functions was studied by numerous authors
and many results are obtained. In the joint case, a given collection of analytic
functions is simultaneously approximated by a collection of zeta-functions.
The first joint universality result belongs to S. M. Voronin who obtained a
joint universality of Dirichlet L-functions [73]. Let ¢ € N. We recall that a
Dirichlet character modulo ¢ is called a function x : N — C which satisfies:

1. x(m) is completely multiplicative x(mimz) = x(m1)x(ms) for all
mi,me € N;

2. x(m) is periodic with period g, i. e., x(m + q) = x(m) for all m € N;
3. x(m) = 0 for all m € N that are not coprime with ¢;
4. x(m) # 0 for all m € N that are coprime with g.

The Dirichlet L-function L(s, x) with Dirichlet character x is defined in
the half-plane o > 1 by the Dricihlet series

and has a meromorphic continuation to the whole complex plane. If ¢ = 1,
then L(s,x) = ((s). A character x modulo ¢ is called primitive if it is not
a character modulo ¢; /q. It is well known that every non-primitive Dirichlet
character y is generated by a primitive character, i. e., there exists a primitive

character y; modulo ¢; such that

xi1(m) if (m,q1) =1,
x(m) = .
0 otherwise.
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Two Dirichlet characters are called equivalent if they are generated by the same
positive character, in the opposite case, they are called non-equivalent.

In the joint universality, the approximating zeta-functions must be, in a
certain sense, independent. In the Voronin theorem [73], such independence is
ensured by the non-equivalence of Dirichlet characters.

Theorem G. Suppose that x1,...,Xxr are pairwise non-equivalent Dirichlet
characters. For j = 1,...,r, let K; € K and f;j(s) € Ho(K;). Then, for
every e > 0,

1
lim inf Tmeas{T €1[0,7]:

T—o00

sup sup |L(s+i7, x;5) — fi(s)| < 6} > 0.
1<j<r se K

A different proof of Theorem G from that of [73] was given in [38].

A significant part of joint universality theorems for zeta-functions are of
mixed character. This means that a collection of analytic functions are ap-
proximated by a collection of shifts of zeta-functions consisting from different
zeta-functions.Usually, zeta-functions having Euler product and others with
no such a product are investigated. Much attention is devoted to the so-called
periodic zeta-functions. Let a = {a,, : m € N} be a periodic sequence of
complex numbers. The periodic zeta-function (s, a) is defined, for o > 1, by

Cls,a) =D =,

m=1

the Dirichlet series

and has a meromorphic continuation to the whole complex plane. Let b =
{bm, : m € Ny} be an another periodic sequence of complex numbers, and
0 < a < 1 be a fixed parameter. The periodic Hurwitz zeta-function {(s, a, b)
is defined, for o > 1, by the Dirichlet series

((s,a,b) = Z b

. m
= (m+ a)®

and has a meromorphic continuation to the whole complex plane. If b,, = 1,
the function ((s, «, b) becomes the classical Hurwitz zeta-function. Joint uni-
versality of periodic zeta-functions with multiplicative coefficients and peri-
odic Hurwitz zeta-functions was studied, for example, in [27], [37], [39] and
[40]. In a series of works by R. Kacinskaité and K. Matsumoto, Hurwitz zeta-
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functions with multiplicative coefficients were replaced by more general Mat-
sumoto zeta-functions which are defined by polynomial Euler products [28],
[29], [30].

We already have mentioned the independence of zeta-functions in joint
universality theorems. In the case of Hurwitz type zeta-functions, the algebraic
independence of the parameters «, . . . , a,. often is applied. We recall that the
numbers ag, . . . , o, are called algebraically dependant if there exists a polyno-
mial p(si1,...,s,) #Z 0 with rational coefficients such that p(aq, ..., a.) = 0.
Otherwise, the numbers a7, . . ., o, are algebraically independent. In [36], the
algebraic independence of the numbers «q, ..., a, was replaced by a more
general requirement. Let

L(ay,...,ap) = {(log(m + a1) : m € Ny), ..., (log(m + a,) : m € Nyg)}.
Then the theorem of [36] is stated as follows.
Theorem H. Suppose that the set L(ayq, . . ., o) is linearly independent over

Q. Forj=1,...,r, let K; € Kand fj(s) € H(K}). Then, for every ¢ > 0,

1
lim inf meas {T €1[0,T]: sup sup |((s +1iT, ;) — fi(s)] < E} > 0.

T—oo 1<j<r s€K;

In Chapter 4 of the dissertation, a weighted generalization of Theorem H
is obtained.

Theorem 4.1. Suppose that w(t) € Wy and the set L(a, . . ., «y) is linearly
independent over Q. For j =1,...,r, let K; € K and f;(s) € H(Kj). Then,
for every e > 0,

1 T
liminf/ w(t)

T—o0 UT T

X I<{T € [Ty, T] : sup sup |((s+iT,a5) — fi(s)] < 5}) dr > 0.

1<j<7‘ SGK]'

Theorem 4.1 can be stated in terms of density.
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Theorem 4.2. Under hypothesis of Theorem 4.1, the limit

X I({T € [To,T) : sup sup |((s +iT,5) — fi(s)| < E}) dr >0

1 éj <r SEKJ‘
exists for all but at most countably many € > 0.

The results of Chapter 4 are contained in [50].

In the last chapter of the dissertation, Chapter 5, an example of weighted
mixed joint universality theorems is given. Here, weighted joint universality
theorems for the Riemann and Hurwitz zeta-functions are obtained. The results
of the chapter are weighted generalization of the well-known Mishou theorem
[58], which is the best mixed joint universality theorem for zeta-functions. The
Mishou theorem connects Theorems A and E with transcendental parameter .

Theorem 1. Suppose that the parameter o is transcendental. Let K1, Ko € K
and fi(s) € Hyo(K1), fa(s) € H(K2). Then, for every € > 0,

1
lim inf meas{r € 10,77 : sup [((s+i1) — fi(s)| <,
T—oo T s€K;

sup [((s + i, a) — fa(s)] < 5} > 0.
seEKo

Theorem I by various authors was extended for more general collections
of zeta-functions than ((s), ((s, ).

The main results of Chapter 5 are the following weighted universality the-

orems. We preserve the above notation.

Theorem 5.1. Suppose that the parameter « is transcendental and w(t) € W.
Let K1, Ko € K and f1(s) € Ho(K1), fa(s) € H(K3). Then for every e > 0,

1 /7
liminf/ w(t)[({v' € [To,T] : sup |((s +1i1) — fi(s)| < e,
T—oo Ut JT3, s€K1

sup |¢(s +iT,a) — fa(s)] < 5}) dr > 0.

seKo

Theorem 5.1 as previous weighted universality theorems, has a density

version.

24



Theorem 5.2. Under hypothesis of Theorem 5.1, the limit

im o | Tw(t)1<{T € [Ty, T) : sup [C(s +i7) — fals)| <&,

T—o0 UT Ty seKy

sup [((s+iT, ) — fa(s)] < 5}) dr >0

s€EKo
for all but at most countably many € > 0.

The main ingredient of the proof of Theorems 5.1 and 5.2 is a probabilistic
limit theorem in the space H?(D) with explicitly given limit measure.
The results of Chapter 5 are published in [49].
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Chapter 2

Weighted discrete universality
theorems for the Riemann
zeta-function

Though the first weighted continuous universality theorem for the Riemann
zeta-function ((s) was proved probably 25 years ago in [34], its discrete ver-
sion was not known. In this chapter, we will present theorems of such kind
using the shifts (s + ikh), k € N, h > 0. Also, we use a new class W
of weight functions. We say that a real non-negative function w(t) belongs
to the class W if w(¢) has a continuous derivative w’(t) in [1/2, 00) and the

following conditions are satisfied:
N
lim Vy =400 and / ulw'(u)|du < Vy, N — oo,
N—o0 1
where

N
Vy => w(k).
k=1

2.1 Statements of discrete universality theorems

The sets considered in universality theorems are sufficiently complicated.
Therefore, we will use the following notation of indicator functions. Let A =
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A(7) be a set of elements 7. Then the indicator function is denoted by

1
I(A)=L(A4) ="
0, otherwise.

ifreA

The main results of the chapter are the following two weighted discrete
universality theorems for the Riemann zeta-function. We recall that K is the
class of compact subsets of the set D = {s € C:1/2 < ¢ < 1} and Hy(K),
K € K, is the class of continuous non-vanishing functions on K that are
analytic in the interior of K.

Theorem 2.1. Suppose that w(t) € W. Let K € K and f(s) € Ho(K). Then,
for everye > 0and h > 0,

Jim inf iw(k)[ <{k : sup [C(s + ikh) — f(s)] < s}) > 0.

N—oo VN 1 se€K

Let A C N be an arbitrary set and w(k) be an arbitrary function with
limy_yo0 VN = +00. Then the lower limit

N N

def .. . i T i
dj(w, A) = lwglof T ; w(k) = lﬂgof T ;w(k)I(A)
keA

always exists and is called a weighted lower density of the set A. Similarly,
the upper limit

N N

1 1
dy(w, A) = limsup — w(k) = limsup — w(k)I(A
(w, A) N_mpVN; (k) N_mpVN; (k)1(A)
keA

always exists and is called a weighted upper density of the set A. If d;(w, A) =
dy(w, A), 1. e., if the limit

N N
. 1 ) 1
amov kZ_l wik) = lim o ; w(k)I(A)
keA

exists, we say that the set has a weighted density d(w, A). Then density
d(w, A) not always exists. In mathematics, usually, it is more important to
know that a certain set has density (or weighted density). Therefore, we give a
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version of Theorem 2.1 in terms of density.

Theorem 2.2. Under hypothesis of Theorem 2.1, the limit

N
Jim_ le ;w(kﬂ({k : sup IC(s + ikh) — f(s)] < e}> >0

for all but at most countably many € > 0.
As it was mentioned in Chapter 1, the proof of Theorems 2.1 and 2.2 de-
pends on the arithmetic properties of the member h > 0. We recall that A is of

type 1 of the number exp{(27m)/h} is irrational for all m € Z \ {0}. In the
opposite case, h is of type 2.

2.2 Limit theorems with 7 of type 1

In this section, we will prove a limit theorem in the space H (D) of ana-
Iytic functions on D endowed with the topology of uniform convergence on
compacta. Thus, a sequence {g,(s) C H(D)} converges to g(s) € H(D) if
and only if, for every compact set K C D,

lim sup g (s) —g(s)| = 0.

n—oo seK

Note that the space H (D) is metrisable. It is well known, see, for example
[10], that there exists a sequence of compact subsets {K; : [ € N} C D such

that
0
D=|]JK,
=1

K; C Ky foralll € N, and if K C D is a compact set, then K C K for
some | € N. For g1, g2 € H(D), define

[oe)
_; SUPsek, l91(5) — g92(s)]
plg1,92) = 2 .
(o1, 92) ZZ 1+ sup,eg, [91(5) — ga2(9))]

Then p is a metric on the space H (D) which induces its topology of uniform
convergence on compacta.
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For A € B(H (D)), define

N
Py (4) = Pua(A) = - S w)I({k: (s + ihh) € A)).
k=1

In this section we consider the weak convergence of Py, 5 with h of type 1
as N — oo.

In the limit theorem for Py 4, 5, the explicit form of the limit measure is
needed. Therefore, we will state the limit theorem later, and we start with
one topological structure. Let -y be the unit circle on the complex plane, i. e.,
v={s € C:|s| =1}. Define

Q:H’Ypy

peP

where 7, = v for all p € IP. The set 2 consists of all functions w : P — ~. By
the classical Tikhonov theorem, see, for example, [61], with the product topol-
ogy and pointwise multiplication, the infinite-dimensional torus {2 is a compact
topological Abelian group. Therefore, see, for example, [66] on (2, B(2)) the
probability Haar measure my can be defined, and this procedure gives the
probability space (€2, B(€2), mg). Denote by w(p) the pth component of an
element w € Q, p € P.

Before the statement of the limit theorem for Py, n,, we will prove a few
lemmas. We start with a limit lemma on the torus 2. For A € B(2), define

Qn(A) = ‘}Niw(kﬂ ({k : (p_ikh peP)e A}) )
k=1

Lemma 2.1. Suppose that w(t) € W, and h > 0 is of type 1. Then Qy
converges weakly to the Haar measure mg as N — oo.

Proof. We apply the Fourier transform method. It is well known and used in
numerous papers that the characters of the group €2 are of the form

/
1"
peP

non

where the sign
from zero. Therefore, the Fourier transform gy (k), k = (k, : k, € Z,p € P),

shows that only a finite number of integers k,, are distinct
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of @ is defined by

o) = [ (T] ) a@x.

peP

Then, by the definition of @y,

N /
gN(E) — Vtvzw(k)n p—ikkph

k=1 peP
1 & /
= Zw(k) exp —ikhz kplogp ¢ . (2.1)
k=1 peP

Obviously,
gn(0) =1, (2.2)

where 0 = (0,...,0). If £ # 0, then
> kplogp #0,
peEP

since the logarithms of prime number are linearly independent over the field

of rational numbers. Thus,
exp —ihz kplogp » # 1. (2.3)
peP
Indeed, if inequality (2.3) is not true, then
exp —ihz kplogp » = e2mir
peP

with some € Z\ {0}. Hence, taking the logarithms, we find that

—ihz kylog p = 2miry
peP
with some r; € Z \ {0}. Therefore,

! 2mr
—Z kplogp = N L

p<P
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Hence,

! 2nr
—kp _ 1
I1» exp{ " }

P

with r; € R\ {0}. However, the left-hand side of this equality is a rational
number, and we arrive to the contradiction that / is of type 1. Thus, equality
(2.3) is true, and we find using the formula for geometric progression that, for
u>1,

Z exp { — ikhzlkzp logp}

k<u peP
exp —ihzlkp logp p —exp < i([u] + 1)hzlkp logp
i peP peP
1—exp —ihzlkp log p
peP
“s()

Therefore, summing by parts, in view of (2.1), we find that, for k& £ 0,

N
gN(E):M ! /1 B (u)w' (u)du. (2.4)

Vv Wn
Clearly, ¥(u) is bounded by a constant not depending of w. Thus, by (2.4),
and the definition of the class W
wN) 1 /N : 1 /N :
k) << — 4+ — w'(u)|du € — w' (u)| du
() < =4 pe [ i< g [ )

o) (N ., _
< VN/1 ulw' (u)| du = o(1)

as N — oo. This together with 2.2 shows that

H.
=X
I
I=)

(EBNENS

(e
—

=
N

©

N, o (k) =

Same the right-hand side of the latter equality is the Fourier transform of the
Haar measure my, the lemma is proved. O

Lemma 2.1 implies a weighted limit theorem for absolutely convergent
Dirichlet series. Before that we recall some properties of weak convergence of
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probability measures.

Suppose that P is a probability measure on (X, B(X)), and we have a
mapping v : X; — Xo. This mapping is (B(X;), B(X2))-measurable if
u~B(Xy) C B(Xy),i.e., forevery A € B(Xa),

u A € B(Xy),

Then [4] the measure P induces on (X2, B(X3)) the unique probability mea-
sure Pu~! defined by

Pul(A) = P(ut4), AeB(X))

where u~! A is the preimage of A. If the mapping u is continuous, then it is
(B(X1), B(X3))-measurable [4]. Moreover, the following lemma is valid [4].

Lemma 2.2. Suppose that v : X1 — Xo is a continuous mapping, and Py, n €
N, and P are probability measures on (X1, B(X1)). If P, converges weakly to
P asn — oo, then also P,u™" converges weakly to Pu~"' as n — oc.

Now, we will define an absolutely convergent Dirichlet series connected to
the function ((s). Let @ > 1/2 be a fixed number, and

where

Then it is known [35] that the series for (,(s) and (,(s,w) are absolutely
convergent for ¢ > 1/2. For A € B(H(D)), define

N
Pua(d) = 5= S wlI({k: Gols + ikh) € 4))

and

33



where u,, :  — H(D) is given by the formula

un (W) = Cn(s,w).

Lemma 2.3. Suppose that w(t) € W and h is of type 1. Then Py ,, converges
weakly to P, as N — o0.

Proof. Since the series for (s, w) is absolutely convergent for o > 1/2, the
mapping u,, is continuous. Moreover, the definitions of Py, and () n show
that, for all A € B(H (D)),

Prn(A) = ;n iw(kz)[ ({k C(p~kh L peP) e u,;lA}) = Qn(u;lA).
k=1

Therefore, we have the equality Py, = Qnu, L. Thus, Lemmas 2.1 and 2.2

and the continuity of u,, prove the lemma. O

The weak convergence of Py ,, is a starting point for proving the weak con-
vergence for Py as N — oco. The investigation of Py requires an approxima-
tion of ((s) by (,(s). This approximation is based on mean square estimates.
Since we consider the discrete case, a very useful result is the Gallagher lemma
connecting continuous and discrete mean squares of some functions. We state
it as the next lemma.

Lemma 2.4. Suppose that Ty, T > § > 0 are real numbers, T # O is a finite
set in the internal [Ty + 6/2,To + T — /2], and

Ns(z)= ) 1.

teT
[t—z|<o

Let the complex-valued function g(s) be continuous in [Ty, Ty + T'] and have
a continuous derivative in (1o, Ty + T'). Then

1 To+T
PR GIOIEESS: 9 da
teT To
To+T To+T 1/2
+( [ sk as [ |g'<x>|2dar) |
To To

Proof of the lemma can be found in [59], Lemma 1.4.
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It is well known that, for fixed o > 1/2,

T T
/ Clo+it)? <o T and / (o +it)2 <o T.
-T -T

The latter estimates imply that, for 1/2 < 0 < 1 and 7 € R,

T T+|r|
/ C(U+it+i7)\2dt<</ 1C(o +it))|? dt
0

—I7]

Lo T+ |7| <o T(1+|7])

and -
/ (o + it + i7)|2 dt <5 T(1 + |7]).
0

Now, we are able to obtain a weighted discrete version of (2.6).

(2.5)

(2.6)

(2.7

Lemma 2.5. Suppose that w € W. Then for fixed 1/2 < 0 < 1, h > 0 and

TR,
N

> w(k)|¢(o +ikh +iT) [P <o V(1 + |7]).
k+1

Proof. Lemma 2.4 together with (2.5) and (2.6) gives

N (N+1/2)h
> [¢(o + ikh +iT)? <<h/ 1C(o + it +iT)|* dt
k=1 0

(N+1/2)h (N+1/2)h 1/2
+ / IC(o +it+i7')|2dt/ I (o +it+i7’)|2dt>
0 0

Lo N(1+7]).

Hence, for the same ¢ and 7, summing by parts, we find

=

N
> wk)|¢(o + ikh +im) P < w(N) Y |¢(o + ikh + ir) |
k=1 k=1

N
ST / ulw!(u)] du

Loh NW(N)(1+|7]) + VN1 +|7])
<<U,h VN(l + |T|)7
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because

N N
Nuw(N) =3 w(k) +/ SO | ! (w) du < V.

k=1 1 k<u

Lemma 2.5 leads to the approximation lemma.

Lemma 2.6. Suppose that w(t) € W. Then the equality

n—=00 n—oo

N
lim limsup ‘év Zw(k)p (C(s+ikh),Cu(s +ikh)) =0
k=1

is true for every fixed h > 0.

Proof. We use the integral representation for ¢, (s) which was obtained in [35]:
foro > 1/2,
1 0+ioco dz
= — l — 2.8
G =5 [ T @8
where

ln(s) = gF (g) n®, neN,

I'(s) is the Euler gamma-function, and 6 comes from the definition of v, (m).
Let K C D be a compact set. Then there exists € > 0 such that 1/242¢ <
o <1—efors=oc+it € K. It suffices to show that

N
1
lim limsup — w(k) su s+ ikh) — (u(s +ikh)| = 0. (2.9)
Tim Mopvn; (k) sup|¢( ) = Gul )

Let§; = 0 —1/2 —e. Then 6; > 0. Using (2.8) and the residue theorem with
poles z =0 and z = 1 — s, we find that, for s € K,

61 +100 5 s
Culs) — C(s) 1/ s+ 2)n(x) L 4 mL=9)

27 —0y—ico z 1-s
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Thus,

Cn(s +ikh) — ((s + ikh)

l(—@l—i—iv)
2m/ C(o — 01 + it + ikh + iv) S — dv
N ln(1 — s —ikh)
1—s—ikh ’
and shifting ¢ + v to v leads to
Cn(s +ikh) — ((s + ikh)
1 [ /1 , N\ W(1/24+ ¢ —s+iv)
=5 _m§<2+5+zkh+w> /2 4e—stiv dv
In(1—s—ikh
ML)
1—s5—1r
o 1 ) , I,(1/2+€e—s+iv)
= kh d
<</_OO‘C<2+€+Z +w> fél}? Y E— v
. ln(1 — s+ ikh)
1 s —ikh |
Hence,
1N
VNka( Sgpygnsﬂkh) (s +ikh))|
/ <VNZw ’< —|—6+zkh+w>D
X sup n(l/Q—I—E—S—I—'ZU) do
sex| 1/24+e—s+iv
N .
1 ln(1 —s—1ikh), def
— k —_—| =5+ Z. 2.10
+VN;w()§ggl T | =5 (2.10)
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In virtue of Lemma 2.5 and the Cauchy inequality

< %(iw(k)iw(k)‘((é +s+ik:h+z’v) 2>1/2

— (Vv - V(14 [u)? <en (1+ Jo]). 2.11)
N

It is well known that uniformly in 07 < o < o2 with every 01 < o9 the
estimate
I'(o + it) < exp{—c|t|} (2.12)

is valid with a certain constant ¢ > 0. Therefore, by the definition of /,,(s), we

have, for all s € K,
1
F<2+5—0—t—|—v>

4
<pmn Fexp { — gc\v - t}

In(1/24+ € —s+iv)

1/24e—0c
21e—sti0

4
<Lgmn exp{ - gc(|v| - |t\)}
< k exp{—ci|v|}
with some ¢; > 0 if we take
0=—-+e.

This together with (2.11) shows that
oo
I <. kgp n_g/ (1 + |v]) exp{—ci|v|} dv < g 0" 5. (2.13)
loo
Similarly, using (2.12), we find that, for all s € K,
ln(1 —s—ikh)

4
l1-0o = .
R L p N exp{ 36|kh t|}

<, K,h n'/17% exp{—cokh}
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with some ¢y > 0. Therefore,
1
7 Lok nl/z_zEVTV ; w(k) exp{—cokh}.

LetN:N(N)—>ooasN—>oobesuchthat

N
> w(k) =o(Vy), N — o0
k=1
Then
N N N
Z w(k) exp{—cokh} < Z Z w(k) exp{—c2kh}
k=1 k=1 k=N+1
N
< o(Vn) + exp{—ca(N + 1)h} Y " w(k) = o(Vx)
k=1
as N — oo. Therefore
Z =o(1)
as N — oo. This and (2.13) show that
I+ 7 <L k,h n -+ 0(1)
as N — oco. Now, taking n — oo, we obtain that
lim limsup(I + Z) =0,
n—=00 N_y00
and this together with (2.10) proves (2.9). The lemma is proved. ]

To derive a limit theorem for the function ((s), we will use essentially
. D .
the following lemma. Denote by — the convergence of random elements in
distribution, i. e., the weak convergence of their distributions.

Lemma 2.7. Let the space (X, d) is separable, and the X - valued random
elements Yy, Xpn, n € N, k € N, be defined on the same probability space
with the measure ji. Suppose that, for every k € N,

D
X ——— Xp,
n—0o0
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and, for every € > (),

lim lim sup pu{d(Xgn, Yn) =} = 0.

k—00 n—oo

Then

D
Y, — X.
n—00

Proof of the lemma is given in [4], Theorem 4.2.

Now, we are in position to prove a weighted discrete limit theorem for the
function ((s). On the probability space (€2, B(§2), mg), define the H (D)-va-
lued random element ((s,w) by the Euler product

o =I(-52)

Note that latter product, for almost all w € £, is uniformly convergent on
compact subsets of the strip D, see [35]. Denote by P the distribution of the
random element ((s,w), i. e.,

Pe(A) =mp{w e Q:((s,w) € A}, AeB(H(D)).
Theorem 2.3. Suppose that w(t) € W and h > 0 is of type 1. Then Py
converges weakly to P; as N — oo. Moreover, the support of P is the set

S ige HD): g(s) 20 or g(s)=0}.

Proof. We will prove that R, (the limit measure in Lemma 2.3), as n — oo,
and Py, as N — oo, converge weakly to a certain measure P.

Let O be a random variable defined on a certain probability space with
probability measure 1 and having the distribution

pw{y =kh} = ——=, k=1,...,N.
Moreover, let Yy, = Yy () be the H(D)-valued random element defined

by
YN,n(S) = Cn(S + iHN),

and let Y,, = Y,,(s) be the H(D)-valued random element with the distribution
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R,,. Then, by Lemma 2.3,
D
YN — Ry. (2.14)
N—o0

Using the absolute convergence in D of the series for (,,(s), it can be proved
by a standard method, see [35], that the family of probability measures { R,, :
n € N} is tight, i. e., for every ¢ > 0, there exists a compact set K = K (¢) C
H(D) such that

R, (K)>1—¢

for all n € N. Hence, by the well-known Prokhorov theorem, see [4], this
family is relatively compact, i. e., each sequence of {R,,} contains a subse-
quence R, weakly convergent to a certain probability measure P on (H (D),
B(H(D))). In other words, we have

R, —2 P, (2.15)

r—00

Define one more H (D)-valued random element
XN = XN(S) = C(S + i@N).
Then the application of Lemma 2.6 gives, for every € > 0,

lim limsuppu{p(Xn(s),Ynn(s)) >}

n—=00 N0
N

1
< lim limsup —— Y " w(k)p({(s + ikh), u(s + ikh)) = 0.
" N—oo EVN T
This and the relations (2.14) and (2.15) together with Lemma 2.7 imply the

relation
Xy -2 P (2.16)

This shows that Py converges weakly to P as N — oo. Moreover, (2.16) im-
plies that the measure P is independent of the sequence R,,. Since the family
{R,} is relatively compact, from this we obtain that R,, converges weakly to
P asn — oo. Thus, Py, as N — oo, converges weakly to the limit measure
P of R, as n — oo. However, by the proof of a limit theorem for

%meaS{T €[0,T]: C(s+ir) € A}, A e BH(D)),
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it is known [35], that R, as n — oo, converges weakly to P, and the support
of P is the set S. Therefore, the same statement is also true for Py, and the
theorem is proved. O

2.3 Limit theorems with i > 0 of type 2

The case of type 2 is more complicated. We must construct a new prob-
ability space different from (€2, B(Q2), my). We will index by & the notation
related to h of type 2.

Thus, now suppose that i > 0 is of type 2. Then there exists the smallest

{ 27rm0 }
exp 3

2
exp{ WZLO}:Z, a,beN, (a,b)=1.

mg € N such that the number

is rational. We put

Define the set
Py = pep;%:np%withap;éo
peP

Denote by 2, the closed subgroup of the group €2 generated by the element
{p~ . p € P}. It is known by Lemma 1 of [45], if h is of type 2, then

Qp ={w e Q:w(a) =w(b)}.

On (Qp, B(£2,)), the probability Harr measure m/; exists, and we obtain a
new probability space (2, B(€,), m";). Moreover, in [45], it was observed
(formula (3.1)) that the characters y of the group €, are of the form

X(w) = H W (p) H W tler(p) e Z. (2.17)

pEP\Po pePy
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Now, we are ready to prove an analogue of Lemma 2.1. For A € B(£2},), define

Qnn(A Vliw ({ : ‘““h:peIP’)eAD.

k=1

Lemma 2.8. Suppose that h is of type 2. Then Qn , converges weakly the
Haar measure m" as N — oo.

Proof. In view of (2.17), we have that the Fourier transform gy 4 (k), & =
(kp - kp € Z, p € P), of Qnp, is of the form

gn (k) = /Q X(w)dQn,p

1 N
- 5 o 11
peP\

pikkoh H pkhkptlop) 17 (2.18)
Po

p€EPo

If k, = 0forallp € P\ Py and k, = ray, for all p € Py with some r € Z
(case 1), then
gnn(k) =1 (2.19)

because [ [ cp, wier(p) =1 with deZ.
Now, suppose that k, # 0 for some p € P\ Py, or there does not exist
r € Z such that k, = ray, for all p € Py (case 2). In [45], it was obtained that

exp {—ihA,(kp,lay)} # 1,

where

Aplkp lay) = Y kplogp+ Y (ky + lop)logp, 1€ Z.
pEP\Pg pEPy

Hence, we find that, for v > 1,

> exp {—ikhAp(ky, log)}
k<u
€xp {*ihAp(km lo‘p)} —exp {—ih([u] + 1)Ap(k3pa lO‘p)} def

- 1 — exp {—ihA,(ky, lay)} = Zn(w):

Therefore, in view of (2.18),

wN)ZR(N) 1

N
gnn(k) = vy VN/1 S (uw)w' (u)du.



Using the properties of the function w, hence we find that

gn (k) =0.

This together with (2.19) shows that

. 1 in the case 1,
llm gNzh (E) = .
N—oo 0 in the case 2.

Since the right-hand side of the equality is the Fourier transform of the Haar
measure m};l the lemma follows by a continuity theorem for probability mea-
sures on compact groups. O

Now, together with Py, 5, consider

N
Py .nn(A Zw I({k : Gop(s +ikh,w) € A}),
k:l

A€ B(H(D)),
with w € Q.

Lemma 2.9. Suppose that w(t) € W and h is of type 2. Then Py, and
PN,n,h both converge weakly to the measure m}}{u;% as N — oo, where uy, p, :

Qn — H(D) is given by uy, p(w) = Gy p(s,w), w € Q.

Proof. By proving Lemma 2.3, in view of Lemma 2.8, we have that the mesure
Py i, converges weakly to m}}{u;% as N — oo. Similarly, we obtain that if
Up p (@) : Qp — H(D) is given by

U p (@) = Cul(s,wd), @ € Qp,

then Py, j converges weakly to m’}{ﬂg}l However, 4, 5, = up x(u), where
u : Qp — Q is given by u(w) = ww. This and the invariance of the Haar

h h sr—1 _ h,—1
measure my; show that MUy, , = MUy, - O

For further considerations, we need some elements of the ergodic theory.
Letay, = (p‘ih : p € P). Then ay, is an element of §2,. Define the transforma-
tion ¢p, (w) of Oy, by

on(w) = apw, w € Q.
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Then we have that y, is a measurable measure preserving transformation on
the probability space (Qp,, B(Q2,), mf;). We recall that a set A € B(Qy,) is
called invariant with respect to ¢y, if the sets A and ¢, (A) can differ from
each other at most by a set of m}f{—measure zero. The transformation ¢y, is
called ergodic if the o-field of invariant sets of €;, consists only of the sets

having m%—measure 1or0.

Lemma 2.10. Suppose that h is of type 2. Then the transformation oy, is

ergodic.

Proof of the lemma is given in [45], Lemma 3.

Let, for w € Qy,
w(p)\ "
~ .

The first application of Lemma 2.10 is devoted to the discrete mean square of

Ch(57w)'

Lemma 2.11. Suppose that w(t) € W, h > 0isof type 2, 0, 1/2 < 0 < 1, is
fixed and t € R. Then, for almost all w € Qp,

n(sw) =]] (1 -

p

N
> w(k)|Gn(o + it + ikh,w)|* < Viv(1 + [¢]).
k=1

Proof. We have that (;,(s,w) coincides with the restriction of the random ele-
ment ((s,w) to the space (€, B(Q,), m% ). First we consider the expectation
E|Ch (o + it,w)|2. We write (j,(s,w) in the form

—1 -1
Glo+ite) = T (1-22) T (1-55)
p€ePy peP\Po

X, X,. (2.20)

The random elements X; and X5 are independent, moreover, for almost all

w € Qh,
x 1 w(m)
2= Z motit’
m

where the sign ’ means that the summing runs over m = 1 and m € N with

the canonical representation consisting only of primes p € P\ Py. In the series
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for X, the random variables are orthogonal, therefore,

11
EIXof =) —5y < 0.

m

Clearly, E| X1 |? is bounded by a constant. Therefore, there exists a finite con-
stant ¢ > 0 such that, for 1/2 < 0 < 1l and t € R,

El¢h(o +it,w)|* = E|X1|*E[X2|* < c.

Then (2.20), Lemma 2.10, the Birkhoff-Khintchine ergodic theorem, see, for
example, [67], and the definition of the transformation ¢}, show that, for 1/2 <
o<land|ty| <h

N

N
> [Cnlo + ito + ikh,w)[> = > [Cu(o + ito, of (w))]?

k=1 k=1
= NE|¢ (0 + ito,w)[*(1 4+ 0(1)) < N

for almost all w € €2, as N — oo. Hence, denoting by [u] the integer part of
u€ R, for1/2 <o < 1andt € R, we find that

N N+[t/h]
D nlo it +ikh,w)P = > |0+ ito + ikh,w)]* < N(1+ [t])

k=1 k=1+[t/h]

for almost all w € §2,. From this, summing by parts, we obtain the estimate of
the lemma. O

Similarly to the proof of Lemma 2.6, we arrive, by using Lemma 2.11, to
Lemma 2.12. Suppose that w(t) € W and h > 0 is of type 2. Then, for almost

all w € Qy,

lim limsup — v Zw p (Ch(s +ikh,w), (pn(s +ikh,w)) = 0.
N

n—o0 N—o0o

For w € ), additionally to the measure Py 3, define

N
Py a(A Vl;w T({k: Cu(s + ikh,w) € A)), A€ BH(D)).
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Then, using Lemmas 2.9 and 2.12, and repeating the first part of the proof of
Theorem 2.3, we obtain

Lemma 2.13. Suppose that w(t) € W and h > 0 is of type 2. Then, on
(H(D), B(H(D))), there exists a probability measure Py, such that Py », and
PN,h both converge weakly to Py, as N — oc.

Denote by P, the distribution of the random element (p,(s,w), w € Q.
Then we have the following analogue of Theorem 2.3.

Theorem 2.4. Suppose that w(t) € W and h > 0 is of type 2. Then Py,
converges weakly P¢ j, as N — oo. Moreover, the support of the measure I j,
is the set S.

Proof. In virtue of Lemma 2.13, it suffices to identify the measure P, in that
lemma, and to find the support of the limit measure. For the first problem,
we will apply Lemma 2.10, and the classical Birkhoff-Khintchine theorem on
ergodic transformations, see [67]. Let A be a continuity set of P,. On the
probability space (€, B(Q,), m’;), define the random variable & by the for-

mula
1 if(p(s,w) € A
{(w) = ,
0 otherwise.
Then we have that
E¢ = [ &w)dmly = Pep(A). (2.21)
Qp

Moreover, by Lemma 2.13,
lim Py(A) = Py(A). (2.22)

N—o0

In view of Lemma 2.10 and the Birkhoff-Khintchine theorem, for almost all
w € Qp,

N—ooo N

1 N
lim — > &(gh(w)) = EE
k=1

Since w € W, from this it follows that, for almost all w € €,

tim o S w(k)e(eh(w) = BE @.23)
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However, by the definition of ¢y,

N
> wE( ) = 1 ST ({k: Ghls + k) € A)
k=1

e
Il
—_

e
WE

A (A).
Therefore, by (2.21) and (2.23),

Jim Py (A) = Pen(A).
This and (2.22) show that P, = P .

For finding the support of P, we use the representation (2.20). For p €
P\ Py, the random variables w(p) are independent. Thus, by the proof of
Lemma 6.5.5 from [35], we find that the support of the random element X5 is
the set S. Since the random elements X; and X5 are independent and X is
not degenerated at zero, we obtain that the support of X; X» is the set .S, i. e.,
the support of the measure P j, is the set S. The theorem is proved. O

2.4 Proof of universality theorems

Theorems 2.1 and 2.2 follow from the limit theorems (Theorems 2.3 and
2.4), for ((s) as well as from the Mergelyan theorem [57] on the approximation
of analytic functions by polynomials. We state it as the next lemma.

Lemma 2.14. Suppose that K C C is a compact set with connected comple-
ment, and g(s) is a continuous function on K which is analytic in the interior

of K. Then, for every ¢ > 0, there exists a polynomial p.(s) such that
sup [g(s) — p:(s)| < e
seK

Proof of Theorem 2.1. By Lemma 2.14, there exists a polynomial p(s) such
that

| 5) -
seK

€
< —. 2.24
5 (2.24)
For brevity, denote the limit measure in Theorems 2.3 and 2.4 by PC, 1. €.,

P P, if his of type 1,
7\ Pen ifhisof type 2,
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and
A Py if hisof type 1,
Py = i
Py, if his of type 2.

Then we have that Py converges weakly to PC as N — oo. Define the set

<3}

Since eP(*) £ 0, and, in view of Theorems 2.3 and 2.4, the support of the

Gg—{gEH(D sup‘g ) —ePB)] <
seK

measure 154 is the set S, the set GG is an open neighbourhood of an element of
the support, therefore,
P:(Ge) > 0. (2.25)

Moreover, by the first parts of Theorems 2.3 and 2.4, and the equivalent of
weak convergence of probability measures in terms of open sets [12, Theo-
rem 2.1], we have that

liminf Py (Ge) > P:(Ge).
N—oo

This, (2.25) and the definitions of PN and G, show that

N

1
lgxljgof Ve ; w(k)[{k: : ng}? ‘C(s + ikh) — eP(®)

< ;}(k) >0. (2.26)
It remains to replace () by f (s) in the latter inequality. Suppose that k

satisfies the inequality

sup ’C(s + ikh) — eP¥)| <
seK

Then, in virtue of (2.24), the same k satisfies the inequality

sup |C(s +ikh) — f(s)] < e.
seK

Therefore,

{ : sup )C s+ ikh) — P3| <
seK

2} C {k: s sup |((s + ikh) — f(s)] <z—:}.

seK

This inclusion together with (2.26) proves the theorem. O
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Proof of Theorem 2.2. Define the set

G = {o € D) suplo(s) - f0)] <.
seK

Then G, = {g € H(D) : sup,f |g(s) — f(s)| = e} is the boundary of G..
Hence, a(;*el N (‘96’52 = gife # €9, > 0, e > 0. Therefore, the
set G, can have a positive Pc—measure for at most countably many £ > 0.
This means that the set G, is a continuity set of the measure PC for all but at
most countably many € > 0. Using Theorems 2.3 and 2.4, and the equivalent
of weak convergence of probability measures in terms of continuity sets [4]
Theorem 2.1, we have that

N N

lim Py(G.) = P:(Ge) (2.27)

N—oo

for all but at most countably many € > 0. Moreover, (2.24) shows that G, C
G.. Therefore, by (2.25), P;(G:) > 0. This, (2.27) and the definition of the
set G- prove the theorem. O
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Chapter 3

Weighted universality theorems
for the Hurwitz zeta-function

This chapter is devoted to continuous universality theorems for the Hurwitz
zeta-function ((s, ) with a fixed parameter 0 < « < 1. Recall that the
function ((s, «) is defined, for & > 1, by the Dirichlet series

- 1
C(S7 a) = T Ne»
= oy
and is meromorphically continued to the whole complex plane. Analytic prop-
erties of the function ((s, ) depends on the parameter a. Throughout the
chapter, we suppose that « is a transcendental number. Let w(t) be a posi-
tive function on [Tp, 00), Tp > 0, such that the variation V>w on [a, b] sat-
isfies the inequality V’w < cw(a) with certain ¢ > 0 for any subinterval
[a,b] C [T, 00), and
T

Ur =Ur(T,w) = / w(t)dt — oo
To

as T' — oco. Denote the class of the above functions w(t) by Wj.

3.1 Statements of the theorems

Recall that H(K), K € K, denotes the class of continuous functions on
K that are analytic in the interior of K. Thus, in this chapter, we will approxi-
mate a wider class of analytic functions, differently from Chapter 2, where the
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subclass Hyo(K) C H(K) of non-vanishing functions was investigated. We

will prove the following theorems.

Theorem 3.1. Suppose that w(t) € Wi and the parameter o is transcendental.
Let K € K and f(s) € H(K). Then, for every ¢ > 0,

1 T
liminf/ w(T)

T—oo U Ty

w1 ({T € [To, T : sup [C(s + iT, ) — f(s)| < 5}) dr > 0.

seK

Theorem 3.1 has a modification in terms of density.

Theorem 3.2. Under the hypotheses of Theorem 3.1, the limit

x I <{7’ € [Ty, T] : sup |((s + iT, ) — f(s)] < e}) dr >0

seK
exists for all but at most countably many € > 0.

The proof of Theorems 3.1 and 3.2 are probabilistic, based on weighted
limit theorems in the space H (D). Weighted mean square estimates for the
function ((s, «) also play an important role.

3.2 Weighted mean square estimate

It is well known that the mean square estimates play an important role in
the proofs of universality for zeta-functions. For the proof of Theorems 3.1 and
3.2, we need a weighted mean square estimate for the Hurwitz zeta-function.
For this, we will apply the approximation of the function ((s, ) by a finite
sum.

Lemma 3.1. Suppose that o > o9 > 0 and 27 < |t| < wx. Then

x4+ ao)ls
((s,a) = Z (m—il—a)5+( :__)1 + Oy (z77) .

o<m<e

A proof of the lemma can be found, for example, in [42] Theorem 3.1.3.
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Lemma 3.2. Suppose that 0, 1/2 < o < 1, is fixed and T € R. Then

T
/ W()|C(o + it + ir, @) dt < Up (1+ |72 .
To

Proof. We take v =t + |7| in Lemma 3.1. Then we have

T T
Lo 1
/w(t)]§(0+zt+z7,a)\2dt<</ wt)| > |
To To 0<m<t+|7|
+Ur (1+|7), (3.1)
since

T )220 207
/TO wlg +(t7;’+‘)(0 — <</TO w(t)(t + 7)>2 dt

T
+ / w(t)t2(t + |7))2727 dt
2

7]

<Up (1 + ’T‘Z)

and

T
/ w(t)(t +|7])7% dt <« Up.
To

Let max(m, k) = T} + |7|, where T} = T3 (m, k). Then we have

2

T 1
/w(’f) Y. | @

To 0O<m<t+|7|

S ) DI . 0] Gy

To+|r|<mk<T-+|7| Ty m+o
Z : '
< / w(t)dt
20
m<T+|7] (m +a)? Jg,

tor o Sy (M @) (k+ )7 log(k + a)/(m + a))

Clearly,
1 T

m<T+|7| T
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If m+a < (k+ «)/2, then

log > log 2,

k+

thus,

w(k —|7)
ZZ (m+ a)?(k +

Rt )7 log((k + @)/ (m + ))
w(k —|7]) w(k —|7])
< Z Z mo ko < Z kQU—l
m<k<T+|7| To+|7|<EST+|7|

T4}
< Y wh-lh= [ w- i

To+|7|<k<T+|7| To+rl

= [u]w(u —1r])

T+|7| T+|7]
— u—{ul)dw(u — |7
. /T Ll D dut )

T+|7|
< Ur +/ dw(u — |7]) < Ur. (3.4
T0+|‘I"

If m+a>(k+«)/2, then we write m = k — r, where 1 <r < k/2+ /2.
In this case,

k+ « k—r+a« r r r
log =—log—— =—log(1—- > > —,

m+ « k+ « k+ « k+a k
and
3 w(k —|7])
o A (@) (k@) log((k + )/ (m + )
kw(k —|7)
< Z Z rka(k _ T)cr
To+|7|<k<TH+|7| r<k/2+a/2
w(k —|7])logk
< > o < Ur.
To+|7|<k<T+|7|
This and (3.1) — (3.4) prove the lemma. L]

3.3 Limit theorems

For the proof of weighted universality theorems for the function ((s, a),
a weighted limit theorem on weakly convergent probability measures in the
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space of analytic functions will be applied, and such a theorem is the aim of
this section.
As in Chapter 2 denote by ~ the unit circle {s € C : |s| = 1} on the
complex plane, and define
Q= H Yms

meENy

where 7, = « forall m € Ny = NU {0}. With the product topology and
pointwise multiplication, the infinite-dimensional torus €2 is a compact topo-
logical Abelian group. Therefore, on (2, 5(2)), the probability Haar measure
my can be defined, and we obtain the probability space (€2, B(2), mg). De-
note by w(m), m € Ny, the mth component of the element w € €2, and, on the
probability space (€2, B(€2), m), define the H(D)-valued random element
¢(s, a,w) by the formula

C(s,a,w) = Z _w(m)

— (m+a)s’

We note that the latter series is uniformly convergent on compact subsets of
the strip D for almost all w € €2 with respect to the measure my [42]. Let Pr
be the distribution of the random element ((s, o, w), i. e.,

Pr(A) =mp{w e Q:((s,a,w) € A}, A€ B(H(D)).

For A € B(H (D)), let

1 /7
Pr(A) = UT/T w(T)I ({1 € [To,T]: ((s +iT,a) € A}) dr.

Theorem 3.3. Suppose that the weight function w(t) and the parameter o are
as in Theorem 3.1. Then Pr converges weakly to P: as T' — oo. Moreover,
the support of P¢ is the whole H(D).

We divide the proof of Theorem 3.3 into lemmas. The first lemma is a
weighted limit theorem on the torus €. For A € B(2), let

T
Qr(A) = / w(r)

=T .
x I ({r €Ty, T]: (m+a)”™: meNy) € A}) dr.

Lemma 3.3. Suppose that the weight function w(t) and the parameter o are
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as in Theorem 3.1. Then QT converges weakly to the Haar measure my as
T — oo.

Proof. We consider the Fourier transform gp(k), k = (kp, : km € Z, m €
Np). The characters y of the group €2 have the form

xw) =[] «*m),

meENy

where only a finite number of integers k,,, are distinct from zero. Therefore,

gr(k) :/g H whm (m) dQr-.

meENg

Thus, by the definition of Qr,

T
o) = [ w) T vy ar

To meNy
1 T ’
== w(T)exp ¢ —it Z km log(m + «) p dr, (3.5)
U To meENy

!
where the sum ) | means that only a finite number of integers &, are distinct
from zero. Obviously,

gr(0) = 1. (3.6)

Suppose that & # 0. It is well known that the set {log(m + a) : m € Ny} with
transcendental « is linearly independent over the field of rational numbers Q.
Therefore, in this case,

S knlog(m + a) £ 0,

meNy
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and, in view of (3.5),

1
iU Sk log(m + a)

meENy

gr,(k) = —

T ’
X / w(T)dexp ¢ —iT Z km log(m + o)
To meNg

-1

< |U Z/ km log(m + «) <1+/T|dw(7)|>

meENp To
—1

< |U Z km log(m + «)

meNg

because the variation of w(t) is bounded. This estimate shows that
li k) = 0.
o5, 97 (E)

Thus, taking into account (3.1), we have that

[
- P
- =
[ |
ol
o 1©

li =
s, o7 (8)

Since the right-hand side of the latter equality is the Fourier transform of the
Haar measure mp, the lemma follows by a continuity theorem for probability
measures on compact groups. O

The next lemma deals with absolutely convergent Dirichlet series. Let
6 > 1/2 be a fixed number, and, for m € Ny, n € N,

vn(m, a) = exp { <Zij)0} .

Define two functions




and

Col(s, o, w) = Z M

m=0 (m T a)s

Then it is known [42] that the above series are absolutely convergent in the
half-plane o > 1/2. Consider the function u,, : 2 — H(D) given by the
formula

up(w) = (s, a,w), w e

The absolute convergence of the series (, (s, «, w) implies the continuity of the
function u,,. Thus, the function w,, is (B(2), B(H(D)))-measurable, and the
measure m g induces the probability measure P,=m mu,* given by

Po(A) = mpu; Y(A) = mp(u;'A), A e BH(D)).

For A € B(H (D)), define

1 T
Prod) =G [ wl)I({r € MT]: Gils+ira) € 4 dr

Lemma 3.4. Suppose that the weight function w(t) and the parameter o are
as in Theorem 3.1. Then Pr,, converges weakly to the measure 15” asT — oc.

Proof. By the definition of the function u,,,

up (m+ )™ 1 m e Np) = (s +ir, ).

Hence
1 T
PT,N(A) = 5 . ’UJ(T)
0
XI({TE [Ty, T]: ((m+a)™: meNp) €u,'A}) dr

= Qr(u,'A) = QTU (A),

where Q)7 is from Lemma 3.3. This equality, the continuity of the function u,,,
Lemma 3.3 and Theorem 5.1 of [4] prove the lemma. OJ

Let p be the same metric in H (D) that was used in Chapter 2.
Lemma 3.5. Suppose that the weight function w(t) € W},. Then
T

1
lim limsup — w(T)p(C(s + i, @), Gu(s + i1, 0)) dT = 0.

n—=o T o UT JTy
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Proof. Let, as usual, I'(s) denote the Euler gamma-function, and let 6 be from
the definition of (, (s, ). Define
s

ln(s,a) = °p (0

7 )(n—l—oz)s, n € N.

Then, for ¢, (s, «), the integral representation
1 0+ioco dz
Cn(s, ) = v /B—ioo C(s+ z,)ln(z, a)7
for1/2 < o < lisknown [42]. Let K C D be a compact set. Using the above
representation and a standard contour integration, we find that, as 7" — oo,
1 T

— w(T) sup [C(s + i1, ) — (p(s + i1, )| dT
UT TO seK

o] T
<</ (o + it, )] (UIT/ w(7) |C(o + it + i, )| dT> dt

—0o0 To

+o(1), (3.7)

where 01 < 0, and 1/2 < 0 < 1. Moreover, by Lemma 3.2,
T
/ w(7)|((o + it +iT,a)|dT

Ty
h (/Tw(T)dT/TUJ(T)K(a+z‘t+7;77a),2d7)1/2

To To
< Ur (1+ )7 < Urp(1+ J¢).
Therefore, in view of (3.7),
1 [T
— w(T)sup [C(s + iT, ) — (p(s + i1, )| dT
Ur Jz, seK
< / |ln (o1 +it, )| (1 + |¢]) dt + o(1)

as T — oo. Since o1 < 0,

lim [, (o +it,a) = 0,

n—oo
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thus,

1 T
lim lim sup U/ w(T)sup [((s +iT,a) — (s + i, )| dT = 0.

n=0 T oo To sEK

This equality and the definition of the metric p prove the lemma. 0

3.4 Proof of Theorem 3.3

Proof. We will prove that the limit measure P, of Lemma 3.4 converges weak-
ly to a certain probability measure P as n — oo, and that Pr, as T' — o0, also
converges weakly to P.

Let a random variable 67 is defined on a certain probability space (Q, A, )
by

1 T
uor € 4) = o /T w(t)Ia(t)dt, A€ BR),

where 4 is the indicator of the set A. Define the H(D)-valued random ele-
ment
XT,n = XT,n(S) = (n(s + iQT, Oé).

Since Pr ,, by Lemma 3.4, converges weakly to B, as T — 0o, we have that
’D A~
X1 — Xy, (3.8)
T—o00

where X, is the H (D)-valued random element with the distribution P,. Fur-
ther, we will consider the family of probability measures {Pn : n € N} and

will prove that this family is tight, i. e., for every € > 0, there exists a compact
set K = K(g) C H(D) such that

PyK)>1—-¢

for all n € N. Let the set K; be from the definition of the metric p, and M; > 0.
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Then we have

P(wmxmw>>m>

seK;

1 T
= — w(r)I [ {7 € [Ty, T]: sup |(u(s+it,a)| > My p | dr
UT To seK;
T
< w(7) sup |Cu(s + 27, )| dr. (3.9)
W7, ) S 6o+ i7.0)

Since the series for ¢, (s, «) is absolutely convergent for o > 1/2,

T 0o
im [ w@ls +inapar= Y L)

T—oo UT JT3 = (m + a)Qa
- 1
5 S C <o
L= (m+a)
This and the Cauchy integral formula show that
1 (T

sup lim sup — w(T) sup |(n(s +im,a)|dr < C) < oc. (3.10)
neN T—oo T JTy seK;

We fix ¢ > 0 and take M; = C;2'~1. Then (3.9) and (3.10) give

. 5
lim sup (sup | X7 n(s)] > Ml> < o
T—o0 seK;

for alll € Nand n € N. Hence, by (3.8),

. €
p (Sup [ Xn(s)] > Mz) <g (3.11)
seK;
for all | € N and n € N. Define the set
K=K()= {g € H(D) : sup |g(s)| < My, | € N}.
seK;

Then K is uniformly bounded on compact subsets of the strip D, therefore, it
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is a compact set of the space H (D). Moreover, in view of (3.10),

M(Xn(s) EK) 21—6i27121—€,
=1

or
Py(K)>1—¢

for all n € N. Thus the family { P, : n € N} is tight.
By the Prokhorov theorem, Theorem 6.1 [4], the tightness of the family
{]5” : n € N} implies its relative compactness. Therefore, there exists a

sequence {Pnk} C {Pn} weakly convergent to a certain probability measure
Pon (H(D),B(H(D))) as k — oo. In other words,

X, —2>P. (3.12)
k—o00

Moreover, an application of Lemma 3.4 shows that, for every € > 0,

lim limsup — w(T)
n—=x T .0 UT JTy

x I ({7 € [To,T]: p(¢(s +iT ), Cn(s +iT, 1)) 2 €}) dT
T
< lim limsup L w(T)p(C(s + iT, ), (n(s +iT,a)) dT = 0.

n—=0 10 eUr I3
Thus,
lim limsup p (p(X7, X7,) =€) =0, (3.13)

n—o0 T—00

where H (D)-valued random element X7 = X7 (s) is defined by
Xr(s) =((s+ibp, ).

Now relations (3.8), (3.12) and (3.13) together with Theorem 4.2 of [4] imply
the relation
Xr -2 P, (3.14)

and this is equivalent to weak convergence of Pr to P as T' — oo.
For identification of the measure P, we apply the following arguments.
Relation (3.14) shows that the measure P is independent of the choice of the

subsequence f’nk Since the family {Pn} is relatively compact, from this we
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find that
X, -2 P
n—oo

N

or, in other words, P, converges weakly to P. Let
1
Rp(A) = 7 meas {r€[0,T]: {(s+ir,a) e A}, A€ B(H(D)).

Then, in [36], it is obtained that if the set L(«) = {log(m + «) : m € Ny} is
linearly independent over the field of rational numbers Q, then Rz, as T' — oo,
also converges weakly to the limit measure P of P, asn — oo, and that P =
P¢. Thus, since the set L(«), with transcendental «, is linearly independent
over Q, we have from above, that Pr also converges weakly to P as T — oo.
Moreover, the support of I is the whole H (D). The theorem is proved. [

3.5 Proof of universality

Proof of Theorem 3.1. By the Mergelyan theorem on the approximation of an-
alytic functions by polynomials, there exists a polynomial p(s) such that

sup | f(s) — p(s)] < = (3.15)

seK 2

Define the set

G. = {g € H(D) : suplg(s) ~ ()] < 2}

Since, by Theorem 3.3, the polynomial p(s) is an element of the support of the
measure I, we have that
P:(G:) > 0. (3.16)

Moreover, by Theorem 3.3 again and the equivalent of weak convergence of
probability measures in terms of open sets,

lim inf PT(GE) = Pc(GE).

T—o00
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Therefore, by the definition of Pr and (3.16),

T
liminfl/ w(r)I ({7 € [To,T]: ¢(s+ir,a) € G}) dr

T—0o0 T JTy
1 (T
= liminf/ w(T)
T—oo U Ty
x I ({7’ € [To,T) : sup|((s+iT,a) —p(s)]| < ;}) dr > 0. (3.17)
seK

Inequality (3.15) shows that

{T € [To, T] : sup|((s+ir,a) —p(s)| < 6}
seEK 2
c {rem Tl suwlots+ina) - 7o) <<}

seK

Thus,

I ({T € [To,T) : sup|((s+it,a) — f(s)| < 6})
seK
>1 <{T € [To, T) : sup |((s+iT,a) —p(s)] < 8}) .

seK 2

This and (3.16) prove the theorem. 0

Proof Theorem 3.2. Define the set

Go={a € HD): suplo(s) ~ )] <<
seK
and let  be the boundary operator. Then we have that 3G, N dG., = & for
€1 # €9. Hence, it follows that the set G.isa continuity set of the measure ¢,
i.e., Pc(ﬁée) = 0 for all but at most countably many ¢ > 0. Therefore, using
Theorem 3.3 and the equivalent of weak convergence in terms of continuity
sets, we obtain that the limit

lim é/Tw(t)I <{T € [To,T) : sup [C(s +i7,a) — f(s)] < e}>

T—o0 To seK
= P (Ge) (3.18)

exists for all but at most countably many € > 0. On the other hand, in view of
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(3.15), we have that G, D G.. Thus, P(G.) > P:(G.) > 0 by (3.16), and
(3.18) proves the theorem. 0

Remark. The transcendence of the parameter o in Theorems 3.1 and 3.2 can
be replaced by the weaker hypothesis of the linear independence over Q for
the set L(«).
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Chapter 4

Joint weighted universality
theorems for Hurwitz
zeta-functions

In this chapter, we generalize weighted universality theorems for the Hur-
witz zeta-functions (Theorems 3.1 and 3.2) for the collection of Hurwitz zeta-
functions. Thus, let {(s,aq),...,((s,a,) be a collection of Hurwitz zeta-
functions. Since, in the joint theorem, the approximating functions must be in
a certain sense independent, we introduce the set

L(ag,...,0p) = {(log(m + a1) : m € Ny), ..., (log(m+ o) : m € N)}

and use the independence of the functions ((s,a1),...,{(s, ) defined by
means of the set L(ay, ..., q,)
We preserve the notation of Chapter 3.

4.1 Statement of joint theorems

In this chapter, we will prove the following theorems.

Theorem 4.1. Suppose that w(t) € Wy and the set Lo, . .., «p) is linearly
independent over Q. For j = 1,..,r, let Kj € K and f;(s) € H(Kj). Then
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for every e > 0,

1 T
liminfU/ w(T)

T—o00 T JTy

x I ({7’ € [To,T] : sup sup [((s+iT, ) — fi(s)] < 5}) dr > 0.
1<j<r sekK;
As Theorem 3.1, Theorem 4.1 also has a modified version in terms of
density.

Theorem 4.2. Under hypothesis of Theorem 4.1, the limit

x I ({7‘ € [To,T) : sup sup |((s +iT,05) — fi(s)| < 5}) dr >0

1<j<r seK;j
exists for all but at most countably many >0.

Thus, we see that the linear independence over Q of the set L(ay, . .., a;)
ensures a certain independence of the functions ((s, 1), ..., ((s, a;,) and al-
lows to obtain joint universality theorems for them.

We observe that the set L(ay, ..., a,) is linearly independent over Q if
the numbers a1, . . ., i are algebraically independent over Q, i. e., if for every
non-trivial polynomial p(sq,...,s,) with rational coefficients p(ay, ..., ;)
# 0. For example, the numbers «; = 1/7,...,«, = 1/(rm) are algebraically
independent over QQ because 7 is a transcendental number.

For the proof of Theorems 4.1 and 4.2, as for universality theorems of
previous chapters we will apply elements of the theory of weak convergence
of probability measures.

4.2 Joint weighted limit theorems

We recall that D = {s € C:1/2 <o < 1}, and denote by H(D) the
space of analytic functions on D endowed with the topology of uniform con-
vergence on compacta. For A € B(H (D)), define

1 /7
Pr,(A) = UT/T w(t)I ({7 € [To,T]: {(s +ir,a) € A}) dr,
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where ((s,a) = (¢(s,a1),...,{(s,r)), @ = (a1,...,a;). In this section,
we will prove a limit theorem for Pr ,, as T' — oo. The statement of the latter
theorem involves the following topological structure.

Denote by -y the unit circle on the complex plane, and define the set

Q= H Yy

meENy

where 7, = 7 for all m € Ny. By the Tikhonov theorem, with the prod-
uct topology and positive multiplication, the infinite-dimensional torus €2 is a
compact topological group. Define one more set

Q:le--'XQr,

where ; = () for all j = 1,...,r. Then, again by the Tikhonov theorem,
Q is a compact topological group. Therefore, on (2, 5(f2)), the probabil-
ity Haar measure m can be defined, and we obtain the probability space
(2,B(2),my). For j = 1,...,r, denote by w; the elements of ;. Then
w = (w1,...,w,) are elements of Q2. Moreover, for j = 1,...,r, let w;(m),
m € Np, be the mth component of the element w;. Now, on the probability
space (£2, B(2),myy), define the H" (D) - valued random element ((s,w, a)
by the formula

g(svwvg) = (C(S>w17 041)7 SR} (vaT7 041")),

where
o0

(s,wj, g j=1...,r
.7’] 0m+aj ) )

Let P be the distribution of the random element (s, w, a), i. €.,
P (A)=my {we:{(s,w,a) e A}, AecB(H"(D)).

Using the above definitions, leads to the following limit theorem for the Pr .

Theorem 4.3. Suppose that the set L(av, . . ., a) is linearly independent over
Q. Then Pr ., converges weakly to the measure P as T — oo.

We divide the proof of Theorem 4.3 into lemmas on weakly convergent
measures in certain spaces. The first of them is the space (£2, B(2)). For
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A € B(Q), define
1 T .
Qr(A) = UT/T W ({7 € [T0,T]: ((m +a1) " : m € Ny, ...,
(m+a,) 7 :m e No)) € A}) dr

Lemma 4.1. Suppose that the set L(a, . .., «y) is linearly independent over
Q. Then Qr,, converges weakly to the Haar measure my; as T' — oo.

Proof. The dual group of (2 is isomorphic to

¢4 DD L.

J=1 meNg

where Z,,; = Z forallm € Nypand j = 1,...,r. The element k = {k,,; :
kmj € Z,m € No}, j=1,...,7, acts on {2 by

w— k= HH wm]

J=1meNg

/o

where the sign means that only a finite number of integers k,; are distinct

from zero. Then the Fourier transform g7, (k) of Q1 is defined by

91,0k /HHw ™ (1) dQr

—] 1 meNg

Thus, by the definition of Q,,, we have that

gT,w(k):/ w(T) HH (m + o) )"iRmi (m)dr

7=1meNyp
1 T r /
= — w(T)exp{ —iT kmsilog(m + «;) p dr. (4.1)
Ur Jm, (T) exp le mj log( i)
7=1 meNy
Obviously,
91w (0) = 1. 4.2)
Now, suppose that & # 0. Since the set L(«1, . .., «,) is linearly independent
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over Q, then

A défzr: Z, kum;jlog(m + «a;) # 0.

j=1meN
Then, in view of (4.1),

1 I ,
grw(k) = O (UTA> + U A /To exp{—iTA} dw(T)

_0 1 0 Vr_,:gw
N UrA + UrA |’

A 97w (k) = 0.

Thus, for k # 0,

This together with (4.2) shows that

S =
—
=
Il
S

lim g7, (k) =

T—o0

[N
+
©

Since the right-hand side of the latter equality is the Fourier transform of the

Haar measure m;, the lemma follows by the continuity theorem for probabil-

ity measures on compact groups.

Lemma 4.1 is the main ingredient of the proof of a joint weighted limit

theorem for absolutely convergent Dirichlet series connected to Hurwitz zeta-

functions.
Let 6 > 1/2 be a fixed number. For m € Ny and n € N, define

m+ o o
vn(m,a):exp{—<n+a7) }, j=1,...,r
J

and consider the collections

Qn(sag) = (Cn(sv 041), SRR Cn(sv O‘T))

and

gn(sa OJ,Q) = (Cn(svwla al)v ey gn(sa Wy, aT‘))a
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where, forj =1,...,r,

and

Cn(s,wj, 0) =

It is known [36] that the series for (,(s, «j) and (,(s,wj, ;) are absolutely
convergent for o > 1/2.
For A € B(H" (D)), define

Prow(A) = (}T /TTw(T)I ({T € [To,T] : ¢ (s +ir,a) € A}) dr.

Lemma 4.2. Suppose that the set L(a, . .., «,) is linearly independent over
Q. Then, on (H"(D),B(H"(D))), there exists a probability measure P,, such
that Pry, ., converges weakly to P, as T — o.

Proof. Define the mapping u,, : @ — H" (D) by the formula

Up(w) = Qn(s,w,g).

Since the series for (,(s,w;, o) are absolutely convergent for ¢ > 1/2, the
mapping u,, is continuous. Moreover,

un(((m—kal)*” ‘m e NO)y o ((m—i—ar)f” m € NO))) = Qn(s—i-iT,g).

Thus, by the definitions of Pr,, ., and Q7,.,, we have that, for every A €
B(H"(D)),

17 .
Prpw(A) = UT/T w(r)! ({T € [To, T : (((m+ 1) im € NO) )

o ((m+ o) 7 im e No)) € u_lA}) dr.

Hence, Pr,. = QTwl, L Therefore, the lemma is consequence of Lem-
ma 2.2, continuity of u,, and Lemma 4.1. We have that P, = mHu,jl, 1. €.,
the limit measure of Prj, ,, is independent of the weight function w. O

The next step of the proof of Theorem 4.3 is devoted to the approximation
in the mean of ((s, ) by gn(s,g). For this, we recall the metric in the space
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H" (D). Let, as above, p is the metric in the space H (D) inducing its topol-

ogy of uniform convergence on compacta, and let g, (115 -+, 91r), gy =

(g21,---,92-) € H"(D). Then taking

P(glaQQ) = max p(g15, 92;)

- I<gsr
gives a metric in the space H" (D) inducing its product topology.

Lemma 4.3. The equality

1 [T
lim limsup — w(T)p (((s +iT,a),(n(s +iT,a)) dT =0

n=0 T UT JT

holds.

Proof. Obviously, by the definition of the metric p, the lemma follows from
the equality
1 T
lim limsup — [ w(7)p({(s +iT, ), (s +im,a)) dT =0
n—=0 T .00 UT JT3,
with o = «;, 7 = 1,...,r. Therefore, it suffices to show the above equality
with arbitrary fixed o, 0 < o < 1.
Denote by I'(s) the Euler gamma-function, and define
S /8
ln(s,a) = =T <7> (n+a)®, mneN,
0 \0
where the number 6 is the same as in the definition of v, (s, cj). Using the
Mellin formula
1 b+ioco

— T(s)a*ds =e % a,b>0
271 b—ioo (S)CL § € ) a, > )
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we find that, for o > 1/2,

1 O+ioco d
C(s+ z,a)ly(z, oz)—z
z

27 6—ioo

[e.9]

oz m+a\ 7\ 2
e (e Lt (G) ) 6
>t ([ ((552)) )

S ot () e as

m=0

3

3

Let K C D be an arbitrary compact set. We fix a positive ¢ such that 1/2 +
2¢ € 0 £ 1 — ¢ for points s € K, and take 6 > 0. Then the equality (4.3)
together with residue theorem yields

_ BRI B Jn(z:0)Z 4 Ro(s, a), (4.4)
Cn(s, ) = ((s,a) = W/éioo C(s+z,a)l,(z,a ~ n(s,a), (4.
where (1

Denote by s = o + 7o the points of the set K, and take 0=0—c— 1/2. Then,
for s € K, we derive from (4.4)

[C(s +iT, @) = Cu(s + iT, )|

1 (> . L(—0 + it
b+47—0+n¢ﬂhi—;iiﬂﬂ

< — dt + |Rn(s +iT, ).
21 J o | — 0+ it] fonl )

Thus, shifting v + ¢ to t gives

1 (T
—_— w(T) sup |C(s +iT,a) — (p(s +im,a)|dT < 1) + I, 4.5)
UT To seK
where
L =— w(tT) || 5 +e+i(t+7),a )| dr
Ur J_« To 2

1, (1/2 — )t
+Sup!n(/ + e S+Z,’a)’dt
scK |1/2 + e — s+ it|
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and
1 (T
Iy = — w(T) sup | Ry, (s + iT, a)|dT.
Ur Jo seK
For estimation of the quantities /; and I3, we apply the properties of the
gamma-function. It is well known that, for every fixed o1 < o9, uniformly
ino; <o <oy

I'(o + it) < exp{—c|t|}

with certain absolute constant ¢ > 0. Therefore, taking § = 1/2 + ¢ and using
the definition of the function [,,(s, ), we obtain, for s € K, the bound

|1,(1/2 4+ ¢ — s +it, a)]

11/2 + ¢ — s +it]
(n+a)/2te=0 | (1/24ec—0 i(t—v)
—€ t_
< (nJrQO[)exP{_C| 0 U|} <k (n+a)“exp{-alt]}  (4.06)

with ¢; > 0. Similarly, for s € K, we obtain

IR, (s+iT,0)| < (n+a)' "7 exp {_0\79— vl }

<k (n+ o) exp{—ca|7|} (4.7)

with ¢co > 0. In Lemma 3.1, it was obtained that, for fixed 0, 1/2 < 0 < 1,
andt € R,

T
/ W(m)|C(o + it + ), )2 dr < Up(1+ [t]2). 48)
To

Therefore,

i OTwm
< (/:Fjw(T) dT/T:Fw(T)

< Up(1+|t)).

C<;+€+i(t+7),a>‘ dr

) 1/2
dT)

C<;+5+i(t+7),a>
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This estimate together with (4.6) shows that
o

11<<K(n+a)—8/ (14 [t]) exp{—ci|t]} dt <x (n+a)=.  (49)

o0

The estimate (4.7) implies the bound

(n+a)l=7
Ur

(n + a)1/2—28

i . (4.10)

T
I <K / w(T) exp{—co|7T|} dT <K
To
Now, letting T' — oo and then n — oo, we obtain by (4.5), (4.9) and (4.10)

that

1 T
lim lim inf / w(r)sup [((s + iT,a) — (p(s +iT, )| dT = 0.

n—oo T'—oo Ut JT sEK

This and the definition of the metric p gives the equality

T
lim limsup — w(T)p (C(s+it,a), (u(s + i1, ) dT =0,

n—=0 T o0 UT J1y

and the lemma is proved. O
Now, we will deal with the limit measure P,, in Lemma 4.2.

Lemma 4.4. Suppose that the set L(a, . .., «,) is linearly independent over
Q. Then the sequence { P, : n € N} is relatively compact.

Proof. By the mentioned above Prokhorov theorem, it suffices to prove the
tightness of the sequence { P, }.
Suppose that the set L(«) is linearly independent over Q, and define

1 T
Proa(A) = UT/T WP ({7 € [0,T] : Cu(s + i, 0) € A},

A € B(H(D))),

and denote by P, ,, the limit measure of Pr,, o as T" — co. Then in the proof
of Theorem 3.3, it was proved that the sequence {P,, o, : n € N} is tight. Since
the set L(aq,..., ;) is linearly independent over QQ, we have that the sets
L(ay), ..., L(a,) are linearly independent over Q as well. Therefore, by the
above remark, the sequences { P, o; : n € N}, j = 1,...,r, are tight. On the
other hand, P,mj, 7 =1,...,r, are the marginal measures of the measure P,,,
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i.e.,

Pro;(A) = Py(H(D) x --- x H(D) xA x H(D) x --- x H(D)),

j-1

A € B(H(D)), (4.11)

j =1,...,r. Since the sequence { P, o, } is tight, for every ¢ > 0, there exists
a compact set H; = H;(e) C H(D) such that

Poo,(H) >1—2, j=1,...,m, (4.12)
T

for all n € N. Then the set H = H(¢) = Hy X --- x H, is compact in the
space H" (D). Moreover, by (4.11) and (4.12),

Po(H"(D)\ H)

:pn<jgl(H(D) X -+ x H(D) x(H(D)\ Kj) x -

foralln € N. O

Proof of Theorem 4.3. On a certain probability space with the measure v, de-
fine the random variable nr by the formula

T
v(nr € A) = UlT/T wt)I(A)dt, A e B(R),

Denote by X, the H"(D)-valued random element having the distribution P,,,
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and define one more H" (D)-valued random element
XT,n,w = XT,n,w(S) = §(5 + inTaQ)-
Then, in view of Lemma 4.2,
D
XT,n,w — Xn (413)

By Lemma 4.4, there exists a subsequence {P,, } C {P,} such that P,, con-
verges weakly to a certain probability measure P on (H" (D), B(H"(D))) as
k — oo. Thus,

X, —2P. (4.14)

k—o0

We will use one more H"(D)-valued random element

Xrw={((s+inr,a).

Then using Lemma 4.3 gives, for e > 0,

lim limsup v(p(X7w, XTnw) = €)
n—=00 T 00 -

= lim limsup — w(T)
n—=x T .0 UT JT13

w1 {T e [Tn,T): p (g(s ima), ¢ (s + iT,Q)) > 5} dr
T
< lim limsup 1 w(T)p (g(s +it,a),¢ (s + iT,g)) dr=0.

n—=oo T 0o EUT JTy

(4.15)

The space H" (D) is separable. Therefore, the relations (4.13) and (4.14), and
the equality (4.15) show that all hypotheses of Lemma 2.7 are satisfied by the
random elements X7 ,,, X7, and X, . Therefore,

X7 —— P. (4.16)

n—oo
The latter relation shows that the measure P is independent of the sequence

{P,,}. Since the sequence {P,, } is relatively compact, hence, it follows that

X, -2, p (4.17)

n—oo

Thus, by the relations (4.16) and (4.17), Pr ,, as T" — oo, converges weakly to

77



the limit measure P of P, as n — co. In Theorem H [36], under the hypothesis
that the set L(a1, ..., «,) is linearly independent over Q, it was obtained that

%meas {rel0,T]:¢{(s+ir,a)c A}, AeB(H"(D)),

also, as T' — oo converges weakly to the limit measure P of P,, as n —
oo, and that P coincides with ;. Thus, in view of the above remarks, Pr
converges weakly to Pr as T' — oo. The theorem is proved. O

4.3 Proof of universality

Theorem 4.3 is the main auxiliary result for the proofs of Theorems 4.1
and 4.2, however, additionally, the explicit form of the support of the measure
Pr is necessary. We recall that a minimal closed set S; C H"(D) is called
the support of the measure P if P;(S¢) = 1. The set Sg consists of all points
g such that, for every open Beighf)ou}hood G of g, the inequality Pr(G) is
satisfied. -

Lemma 4.5. Suppose that the set L(a, . .., o) is linearly independent over
Q. Then the support of the measure P is the whole of H" (D).

The lemma is Theorem 11 of [36].

Proof of Theorem 4.1. By Lemma 2.14, there exist polynomials p;(s),...,
pr(s) such that

3
sup sup |f;(s) —p;(s)] < 5 (4.18)
1<j<r SEKj

Define the set

Ge = {(91,--~,gr) € H"(D): sup sup |gj(s) —p;(s)] < 6}~

1<j<r se K 2
By Lemma 4.5, we have that GG is an open neighbourhood of an element of the

support of F;. Therefore,
Pr(Ge) > 0. (4.19)

This, Theorem 4.3 and the equivalent of weak convergence in terms of open
sets show that
lim inf Pr.,(Ge) > P:(G:) > 0.

T—o00 =
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Hence, by the definitions of Pr,, and G, we find that

1 T
liminf —
ot ) / w(7)

I ({7‘ € [To,T] : sup sup [((s+iT,a5) —pj(s)| < ;}) dr > 0.

1<]'<T SeKj

(4.20)
It is easily seen by (4.18) that
. €
{7’ € [To,T] : sup sup [((s+iT, o) —p;(s)| < }
1<j<r s€k; 2
C {7’ € [Ty, T) : sup sup |((s +iT,a;) — fi(s)| < 5}.
1<5<r SEK]'
This remark and (4.20) prove the theorem. O

Proof of Theorem 4.2. Define the set

Ge = {(91, .oygr) € H'(D) : sup sup |g;(s) —pj(s)] < 6} :
1<j<r seK;
Then 0G., () 0G., = @ for different positive £; and €2. This shows that the set
Ge is a continuity set of the measure P for all but at most countably many val-
ues of €. Therefore, by Theorem 4.3 and the equivalent of weak convergence
in terms of continuity sets, the limit

Jim Pr,(9.) = P(G:) 4.21)

exists for all but at most countably many € > 0. In view of (4.18), the inclusion
Ge C G is true. Therefore, (4.19) shows that P (Ge) > 0, and the theorem
follows from (4.21) by using the definitions of Pr,, and G.. L]
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Chapter 5

Weighted Mishou universality
theorems

In this chapter of the dissertation, we give a weighted generalization of the
joint universality theorem for the Riemann and Hurwitz zeta-functions. Such
a theorem was obtained by H. Mishou [58], see Theorem I in Introduction.
The Mishou theorem is the first so-called mixed universality theorem for zeta-
functions. The term "mixed" is used because the Riemann zeta-function ((s)
has Euler’s product over primes, while the Hurwitz zeta-function ((s, ) with
transcendental parameter « has no such a product. Thus, the functions ((s)
and ((s, o) are quite different and have not the same properties. On the other
hand, their shifts (s + i7) and ((s + 7, ) for some classes of « have a
property of approximation of analytic functions. By the Mishou theorem, this
approximation property is even valid in the joint case.

5.1 Statements of the theorems

For the class Hyo(K), K € K, we preserve the notation of Chapter 2,
i. e., Hy(K) is the class of continuous non-vanishing functions on K that are
analytic in the interior of K. The class H(K), K € K, is the same as in
Chapter 3 and 4, and differs from H(K) that the requirement of non-vanishing
is removed. Also, we preserve the notation of the class W;. Now, we state the
main results of the chapter.

Theorem 5.1. Suppose, that the parameter « is transcendental and w(t) €
Wi. Let K1, Ky € K and fi(s) € Ho(K1), fa(s) € H(K2). Then for every
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e >0,

liminfl/Tw(T)I<{T € [T, T) : sup |C(s + i) — fi(s)] < &

T—o0 T JTy seK

sup [C(s+iT,a) — fa(s)| < E}) dr > 0.
seEKo

Theorem 5.1 has its analogue in terms of density.

Theorem 5.2. Under hypothesis of Theorem 5.1, the limit

lim 1/Tw(7')[<{7'€ [To,T] : sup [C(s + i) — fi(s)| < e

T—o0 UT T seK;

sup |((s +iT, ) — fa(s)] < 5}) dr >0
seKo

exists for all but at most countably many € > 0

For the proof of Theorems 5.1 and 5.2, we apply a limit probability theo-
rem for probability measures in the space H?(D).

5.2 A weighted limit theorem on the product of two
tori

Let, as in previous chapters, 7 = {s € C : |s| = 1}. Define two tori

Q1 = HVp and QQ = H Tms

peP meNg

where 7y, = « forall p € Pand ~,,, = ~y for all m € Ny. With product topology
and pointwise multiplication, the infinite-dimensional tori 21 and {25 are com-
pact topological Abelian groups. Therefore, {2 = {2; x ()5 is again a compact
topological Abelian group. Hence, on (€2, B(€2)), the probability Haar mea-
sure my can be defined, and we obtain the probability space (€2, B(2), mp).
Denote by wi(p) the pth component of an element wy € 4, p € P, and by
wa(m) the mth component of an element wy € Q9, m € Ny. The elements of
Q are of the form w = (w1, ws).
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In this section, we will consider the weak convergence for
I :
Qo) = - [ WM ({r e @1): (7" e ),
T JT,
(m+a) " :meNy)) € A}) dr, A€ B(Q).

Theorem 5.3. Suppose that o is transcendental and w € Wi. Then Qr
converges weakly to the Haar measure my as'T' — oo.

Proof. The characters of the group {2 are of the form

1<) I wb(m),

peP meENy

/o

where the sign means that only a finite number of integers £, and [,,, are

distinct from zero. Therefore, the Fourier transform g7, (k,1), k = (k, : k) €
Z,peP),l=(ky:ly€Z, meNy), of Qr,, is defined by

gT'wkl /Hw ( )dQTw-

peP mENo

Therefore, by the definition of Q,

gTw(k l) / H pfzka H/ m_i_a)filmf dr

peP me&Ny
1 T ’ ’
= — w(T)exp { —iT k,log p + Iy log(m + « dr.
UTTO()p > kplogp+ Y Iy log( )
pEP meNy
(5.1)
Clearly,
1 T
7.0(0,0) = / w(r)dr = 1. (52)
Ur
Suppose that (k,1) # (0,0). Then
A(k, ) défz kylogp + Z lm log(m + a) # 0. (5.3)

peP meENg
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Actually, if the latter inequality is not true, then

!/

H/ plr H (m+ a)lm =1.

peP me&Ny

From this, it follows that

/

H (m + a)lm

meENy
is a rational number. However, this contradicts the transcendence of «. If all
I, = 0, then Z/pGP kplogp # 0 because the set {logp : p € P} is linearly
independent over the field of rational numbers. Thus, (5.3) is true. Now, by
(5.1), we find

T
(k) = = [ wlr)dexp{=irA(k.D)
< wrlago) (1+ [ v < @rlaeop~
—) = TO —=) =

in view of a property of the variation of w(7). Since limy_,, Ur = oo, this
shows that

Th_rgo 91.w(k, 1) = 0.

Therefore, by (5.2),

1 if (k,1) = (0,0),
0 if (k1) # (0,0),

Tlggo 91w(k, 1) =

and the theorem is proved because the right-hand side of the latter equality is
the Fourier transform of the Haar measure mg. ]

5.3 Case of absolute convergence

Theorem 5.3 implies a weighted joint limit theorem in the space H?(D) =
H(D) x H(D), where H(D) is the space of analytic functions on D endowed
with the topology of uniform convergence on compacta. Thus, let > 1/2 be
a fixed number, for m,n € N,

) =exp = ()"}

&3



and, form € Ng,n € N,

vn(m, a) = exp { <":i2‘)0} .

Define the series
L v (m) v
n ’fL
Cn(s) = Z msS and Z (m+ a)s

m=1 =0

Then the latter series are absolutely convergent for o > 1/2. For brevity, let

Qn(&a) = (gn(s)vgn(&a))'

Extend the functions wy (p), to the set N by the formula

H wi(p), meN,

ptlm
ptm

and, additionally to (,(s) and (,(s, @), define

(s,w1) Z wi(m ) and  (,(s, o we) = Z —wg m)vn(m a),

= = (m+ «)®

and put
gn(svwaa) - (Cn(S,OJl),Cn(S,WQ,Oé)) .

Obviously, the series (,(s,w1) and (, (s, wa, o) are absolutely convergent for
o > 1/2 as well.

Consider the function u,, : Q — H?(D) given by u,(w) = ¢, (s;w,a).
Since the above seeries are absolutely convergent for o > 1/2, the function
uy, (w) is continuous. For A € B(H?(D)), define

1

PT,n,w(A) = UiT

/TOTw(T)I <{T € [T0,T]: ¢ (s +ira) € A}) dr.

Then we have Prj, ,(A) = Qrw (u=tA). Thus, the equality Prpw =
QTﬂUu_1 is true. This, the continuity of u,,, Theorem 5.3 together with Lem-
ma 2.2 lead to the following theorem.

Theorem 5.4. Suppose that « is transcendental and w € W. Then Pry,
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de
converges weakly to the measure V, :fm HU,, Las T — oo.

The measure V;, plays an important role in the proof of the limit theorem
for

1 T
Pr(A) = UT/T w(t)I ({7 € [Ty, T] : {(s +iT,a) € A}) dr,

A € B(H*(D)),

where

(s, @) = (C(s),C(s,0)) -

From the proof of the Mishou theorem [58], the following properties of V,,
follows. On the probability space (€2, B(£2), my), define the H?(D)-valued
random element

_ _ w7 g wa(m)
o) = g(l ps> 7,;:0(m+a)s ’

and let P be the distribution of ((s,w, @), i. e,
P(A) =mpy {weQ:((s,w,a)€ A}, AeBH*(D)).

Moreover, let S = {g € H(D) : g(s) # 0 or g(s) = 0}. Under the above
notation, we have

Lemma 5.1. Suppose that « is transcendental. Then V,, converges weakly to
P as n — oo. Moreover, the support of P is the set S x H(D).

To prove that Pr,, as T' — oo, also converges weakly to the measure %,
some approximation of ((s, ) by ¢ n(s, «) is needed.

5.4 Approximation in the mean
Letg, = (911, 912), 9, = (921, 922) € H?(D). Then putting

p(9,9,) = gjag?p(gu,gzj)

gives a metric on H2(D) inducing the product topology.
The following statement is true.
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Theorem 5.5. Suppose that w € Wy. Then
1 T
lim limsup — w(T)p (C(s +it, ), (s+ iT,a)) dr=0

n=0 T UT JT - =n

forall0 < a < 1.

Proof. By the definition of the metric p, it suffices to prove the equalities
1 (T
lim limsup — w(T)p (¢(s+1i7),(u(s +i7)) dT =0 (5.4)

n—=0 T 0o UT JTy

and

T
lim limsup = w(T)p (C(s+it,a), Gu(s +i1,0)) dT = 0. (5.5)

n—=o T 400 UT JTy

Obviously, (5.4) is a corollary of (5.5) with a = 1. However, (5.3) is proved
in Chapter 3, Lemma 3.5. 0

5.5 A limit theorem for ((s, o)

Now we are ready to prove the weak convergence for Pr,, as T — oo.

Theorem 5.6. Suppose that o is transcendental and w € W. Then Pr,,
converges weakly to the measure P as T — oo.

Proof. On a certain probability space with measure p, define a random vari-

able 07, by

1 T
plbra € A} = - /T w(r)I(A)dr, A c B(R).

Consider the H?(D)-valued random element
XT,n,w = XT,n,w(S) = Qn(s + ieT,wa a)'

Then, in view of Theorem 5.4,

Xan = »Y (56)
7T T—oo

L no

where Y}, is the H?(D)-valued random element with the distribution V;,. Lem-
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ma 5.1 implies the relation

Y, —2— P,. (5.7)

n—oo -

Moreover, an application of Theorem 5.6 shows that, for every € > 0,

lim lim sup p (B (KT,w(S)aXT,n,w(S)) > 5)

n—o0 T—00
T

1
< lim limsup — w(T)p (C(s+i7,a),( (s + 1T, oz)) dr =0,

n—=oo 7. eUr J1 -\ -

(5.8)

where the H?(D)-valued random element X7, = X1, (s) is defined by

Xpw(s) = ((s + 07, a).

Now, relations (5.6) — (5.8) show that all hypotheses of Lemma 2.7 are satis-
fied. Therefore, we obtain that

D
XT,’LU PC?
T—o0 =

and this is equivalent to the assertion of the theorem. 0

5.6 Proof of universality

Theorem 5.1 follows easily from Theorem 5.6 and the Mergelyan theorem
on the approximation of analytic functions by polynomials.

Proof of Theorem 5.1. By the Mergelyan theorem, there exist polynomials
p1(s) and po(s) such that

sup | fi(s) — P @] < £ (5.9)
seKq 2
and
€
sup |fa(s) — pa(s)| < 3 (5.10)
seKo
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Define the set

<€
2)

Ge = {91,92 € H(D) : sup |g1(s) — eP1(s)
seKy

e
sup [32(6) = ma(s) < 5 .
seKo

We observe that, in virtue of Lemma 5.1, (eP'(*) py(s)) is an element of the
support of the measure F¢. Since G is an open neighbourhood of an element
of the support of F, the inequality

P(G.) >0 (5.11)

is true. Therefore, using the equivalent of the weak convergence of probability
measures in terms of open sets and taking into account Theorem 5.6, we have

lim inf Pr,,(Ge) > Pr(G:) > 0.
T—o00

Hence, by the definitions of Pr,, and G-,

1 T
liminf/ w(T)I <{7‘ € [Ty, T) : sup |((s +it) — M| < E,
=00 T JTp seKy 2
sup [((s +iT, ) — pa(s)| < 5}) dr > 0. (5.12)
sEKo 2

It remains to replace €”'(*) and po () by f1(s) and fo(s), respectively. Suppose
that 7 satisfy inequalities

sup |((s + it) — eP1(®)
seKq

<<
2

and

) €
sup |¢(s +iT, ) — pa(s)] < 3
seKo

Then inequalities (5.9) and (5.10) imply

sup [((s +47) — f1(s)| < e
seKy

and

sup (s +it, ) — fa(s)] < e.
s€EKo
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Consequently,

{7‘ € [Ty, T : sup |((s 4 it) — e (®)
seKq

<&

2
sup [((s +iT, a) }
seKo

C {7’ € [To,T] : sup |[C(s+iT) — fi(s)] < e,
seEK

sup [((s+iT,a) — fa(s)] < 5}.

s€EKo
This and (5.12) prove the first assertion of the theorem. O

Proof of Theorem 5.2. Define the set

G. — {91,92 € H(D): sup [a1() — ()] <=
SEK1

sup lga(s) — fals)| < }

seKo

Then the boundaries 86‘51 and 86‘52 do not intersect for different positive £
and £,. This shows that the set G- is a continuity set of the measure P for all
but at most countably many € > 0. Therefore, using the equivalent of weak
convergence of probability measures in terms of continuity sets, we obtain by
Theorem 5.6 that

i Pr..(G.) = P:(G.) (5.13)

for all but at most countably many € > 0. Moreover, inequalities (5.9) and
(5.10) imply the inclusion G C G. Thus, by (5.11), the inequality P;(G¢) >
0 holds. This, the definitions of Pr,, and GS, and (5.13) prove the second
assertion of the theorem. O
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Chapter 6

Conclusions

The results of t he dissertation lead to the following conclusions.

1.

For some class of weight functions, weighted discrete universality theo-
rems for the Riemann zeta-function ((s) on the approximation of non-
vanishing analytic functions by shifts ((s + ikh), k € Ny, h > 0, are
valid.

For some class of weight functions, weighted continuous universality
theorems for the Hurwitz zeta-function (s, o) with transcendental v on
the approximation of analytic functions by shifts {(s + iT,a), 7 € R,
are valid.

For some class of weight functions, weighted joint continuous univer-
sality theorems for Hurwitz zeta-functions ((s, 1), ..., ((s,a;) such
that the set {(log(m + a1) : m € Ny, ..., (log(m + o) : m € Ny)} is
linearly independent over QQ on the simultaneous approximation of a col-
lection of analytic functions by shifts ({(s +i7,a1),...,((s + i1, a;))
are valid.

For some class of weight functions, weighted mixed joint continuous
universality theorems for the Riemann and Hurwitz zeta-functions ((s)
and ( (s, «) with transcendental «v on the simultaneous approximation of
a pair of analytic functions by shifts (((s + i7), ((s + 7, «)) are valid.
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Santrauka
(Summary in Lithuanian)

Tyrimo objektas

Disertacijos tyrimo objektas - dvi klasikinés analizinés skaiciy teorijos fun-
cijos: Rymano dzeta funkcija ir Hurvico dzeta funkcija. Tegul s = o + it,
o,t € R, i = y/—1, yra kompleksinis kintamasis. Rymano dzeta funkcija ((s)
pusplokstuméje o > 1 yra apibréZiama Dirichlé eilute

o Hurvico dzeta funckija {(s, ) su parametru 0 < « < 1 toje pusplok§tuméje
apibréZiama eilute
1

((s,a) = mz_:o T ar
Abi Sios funckijos yra analiziSkai pratgsiamos j visa kompleksing ploks$tuma,
iSskyrus taSka s = 1, kuris yra paprastasis polius su reziduumu 1. Disertacijoje
yra nagriné¢jamas funkcijy ((s) ir ((s, ) svertinis universalumas, t.y. placios
analiziniy funkcijy klasés aproksimavimas postamiais {(s+i7) ir {(s+i7, @),
7 € R, kuriy aibé turi teigiama svertinj apatinj tankj.

I§ apibrézimy iSplaukia, kad ((s,1) = ((s) ir

¢ ( ;) — (@ - 1)),

Taigi, funckija ((s, ) yra funckijos ((s) apibendrinimas. Apskritai, funkcijos
C(s) ir ¢(s,) yra pakankamai skirtingos, nes funcija ((s), kai ¢ > 1, yra
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uzrasoma Oilerio sandauga pagal pirminius skaiius

o) =11 (1—;)1,

peP

o funkcija (s, «) tokia sandaugg turi tik atveju @ = 1 ir o = % I§ Cia

iSplaukia kiti skirtumai tarp funkciju ((s) ir (s, «). Pirmiausia, {(s) # 0
pusplok§tuméje o > 1, o funkcija (s, ), o # %, Sioje pusplokStumeje turi
be galo daug nuliy.

Funkcija ((s) su visais s € C tenkina funkcing lygtj

w2 () ¢(s) = 0= (1 ; ) - s),

¢ia I'(+) yra Oilerio gamma funcija. I3 Sios lygties turime, kad {(—2k) = 0,
k € N, o skaiCiai s = —2k yra vadinami funkcijos trivialiaisiais nuliais. Be
to, funkcija ((s) turi be galo daug kompleksiniy netrivialiyjy nuliy, gulinéiy
kritingje juostoje {s € C : 1/2 < ¢ < 1}. Rymano hipoteze tvirtina, jog
visi funkcijos ((s) netrivialieji nuliai yra kritinéje tieséje o = 1/2. Siuo metu
Zinoma, kad bent 5/12 netrivialigjy nuliy tankio prasme yra kritinéje tieséje.
Funkcija ((s) jau Zinojo L. Oileris 18 a. viduryje, taCiau jos svarba at-
skleidé B. Rymanas (Riemann) 1859 metais. Oileris nagrinéjo ((s) su s € R,
o Rymanas jau su s € C ir pritaiké ja pirminiy skaiCiy pasiskirstymui tirti, t. y.,

m(x) = Zl

p<T

funkcijos

asimptotiniam désniui, kai x — oo, nagrinéti. Remdamasis Rymano idéjomis,
1896 m. C. J. de la Valé Pusenas (de la Vallée Poussin) ir J. Adamaras (Hada-
mard) neprilausomai jrodé, kad

. T o du
xlggjﬂ(m)/é logu_l’

Pastarosios lygybés jrodyme pagrindinj vaidmen; atlieka faktas, kad srityje

o > 1 néra funkcijos ¢(s) nuliy.
Funkcija (s, ) 1882 m. apibrézé A. Hurvicas (Hurwitz) bei panaudojo ja
Dirichlé L funkcijy teorijoje. Sios funkcijos yra pagrindinis jrankis nagrinéjant
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pirminiy skai¢iy pasiskirstyma aritmetinése progresijose, t. y., funkcijos

7r(:L',a,q) - Z L, (a7Q) =1,

pszT
p=a(mod q)

asimptotika, kai x — oo.

Tikslas ir uzdaviniai

Disertacijos tikslas yra svertinés universalumo bei jungtinio universalumo
teoremos Rymano ir Hurvico dzeta funkcijoms. UZdaviniai yra Sie:

1. Svertinis diskretusis universalumas Rymano dzeta funkcijai.
2. Svertinis tolydusis universalumas Hurvico dzeta funkcijai.
3. Svertinis jungtinis tolydusis universalumas Hurvico dzeta funkcijoms.

4. Svertinis miSrusis tolydusis universalumas Rymano ir Hurvico dzeta
funkcijoms.

Aktualumas

Analiziniy funkcijy aproksimavimo problemos yra vieni svarbiausiy Siuo-
laikinés matematikos skyriy. DvideSimtojo amzZiaus aStuntajame deSimtmetyje
tapo Zinoma, kad plati analiziniy funkcijy klasé gali biiti aproksimuojama
dzeta funkcijy, kurios placiai nagrinéjamos analizinéje skaiciy teorijoje, po-
stimiais. Taigi, analiziniy funkcijy aproksimavimas, tam tikra prasme, buvo
pakeistas dzeta funkcijy aproksimacinémis savybémis. Tai pagimdé eil¢ naujy
problemy. Tarp jy — dzeta funkcijy su aproksimacinémis savybémis klasiy
apraSymas, aproksimacijos efektyvizacijos problemos, jvairiy aproksimavimy
tipai ir kt.

Ivairiose matematikos srityse (skaiciy teorija, tikimybiy teorija, matem-
atiné statistika ir kt.) yra nagrin¢jamos svertinés teoremos ir jy taikymai. Sver-
tinis dzeta funkcijy universalumas yra nauja universalumo Saka, Zinomi tik keli
Sios srities straipsniai. Todél, miisy nuomone, yra svarbu tgsti Rymano ir Hur-
vico dzeta funkcijuy svertinio universalumo tyrimus. Be to, dzeta funkciju uni-
versalumas yra viena i§ Lietuvos analizinés skaiCiy teorijos mokyklos krypciy,
todél svertinis dzeta funkcijy universalumas tgsia Lietuvos tyréjuy tradicijas.
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Metodai

Svertiniy universalumo teoremy jrodymai remiasi Dirichlé eiluciy silpnojo
tikimybiniy maty konvergavimo, Furjé analizés bei mato teorijos elementais.

Naujumas

Disertacijoje visi gauti rezultatai yra nauji. Svertiné diskreCioji univer-
salumo teorema Rymano dzeta funkcijai gauta naujai svorio funcijy klasei.
Svertinés universalumo teoremos Hurvico dzeta funkcijai anks$¢iau nebuvo na-

grinéjamos.

Problemos istorija ir rezultatai

Rymano dzeta funkcija {(s) ir Hurvico dzeta funkcija (s, «) yra svar-
biausios klasikinés dzeta funkcijos, todél yra daug rezultaty, skirty Sig funcijy
reikSmiy pasiskirstymui. Yra net kelios monografijos skirtos vien funkcijai
¢(s). Funkcija (s, ) yra sulaukusi maziau démesio. Tai suprantama, nes
funkcija (s) turi platesnj taikymo lauka. Daug démesio yra skiriama sritims,
kuriose ((s) # 0. Geriausias $io tipo rezultatas sako, kad egzistuoja tokia
absoliuti konstanta ¢ > 0, kad ((s) # 0 srityje

c
— >
o>1 (log t)2/3(loglog t)1/3” b= to.

Placiai yra nagrinéjami ir momentai
def T
Io(o,T) / Clo+it)2kdt, o> 2 k>0,
1

Egzistuoja hipotezé, kad

]. k2

I §,T ~cpT(logT)*, T — oo,

su konstanta ci, > 0, kuri jrodyta tik su k = 1ir k = 2.

Svarbis yra ir funkcijos ((s) jver¢iai. Lindelofo (Lindelof) hipotezé tvir-
tina, kad su visais € > 0

1
C (2 + Zt) <e tea t = to,
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Si hipotezé yra ekvivalenti jver&iui
1 k)2
In §,T < T(logT)*, keN.

Tikimybiniy metody taikymas dzeta funkcijy teorijoje priklauso H. Borui
(Bohr). Jis pasialé imti tam tikra kompleksinés plokSumos aibiy klasg ir na-
grinéti, kaip daZnai duotos dzeta funkcijy reik§meés patenka j tas aibes. Si
idéja veda prie tikimybiniy ribiniy teoremy. Jis kartu su B. Jesenu (Jessen)
jirodé tokia teorema funkcijai ((s). Tegul R yra stac¢iakampis kompleksinéje
plokstumoje su krastinémis lygiagreciomis koordinatinéms asims, o m; yra
Zordano matas. Tuomet jie jrodé [8], kad su o > 1 egzistuoja riba

1
lim —my{t € [0,T]:{(c +1it) e R}
T—oo T

Veéliau jie §j rezultatg iSplété j sritj o > %

Toliau Boro idé¢jas vysté A. Selbergas (Selberg).

Yra patogu ribines tikimybinio pobiidZio teoremas dzeta funkcijoms for-
muluoti silpnojo tikimybiy maty arba tikimybiniy skirstiniy konvergavimo ter-
minais. Tegul B(X) yra Borelio o kuinas, t. y., o kinas, generuotas erdvés X
atviryju aibiy sistemos. Tegul P,, n € N, ir P yra tikimybiniai matai aibéje
(X, B(X)). Sakoma, kad P, kai n — oo, silpnai konverguoja j P, jei su realia,
tolydZia, apréZta funkcija g aibéje X

lim [ gdP, = / gdP.
Naudojant $ia terminologija, minéta Boro-Jeseno teorema galima formuluoti
taip [35]. Tegul o > 1/2 yra fiksuotas. Tuomet aibéje (C, B(C)) egzistuoja
toks tikimybinis matas P, kad

%meas{t €[0,T]: (o +it) € A}, A€ B(C),

kai T — oo, silpnai konverguoja j P. Cia measB yra macios aibés B Lebego
matas.

Dabar koncentruojamés j dzeta funkcijy universaluma, kuris yra miisy ty-
rimo objektas. Dzeta funkcijy universalumas yra tam tikra nauja Siy funkcijy
reik§miy tankumo apraSymo kryptis. Pirmieji dzeta funkcijy reik§miy tanku-
mo rezultatai priklauso taip pat H. Borui. Jis 1914 m. pastebéjo, kad funckija
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¢(s)juostoje {s € C:1 < o < 1+44d},d > 0, igyjabet kurig nenuling reikSme
be galo daug karty. Véliau H. Boras kartu su R. Kurantu (Courant) jirod¢, jog
su kiekvienu o, 1/2 < o < 1, aibé {{(o + it) : t € R} yra visur tir$ta aibéje
C. S. M. Voroninas §j rezultata Zenkliai apibendrino [71] jrodydamas, kad aibé

{(C(s1+1i7),...,((sp +1i7)) : T € R}

su visais s1,...,5, € C,1/2 < Resy < 1,1 < k < n, $g # Sm suk # m, ir
aibé
{(¢(s+ir), (s +iT), ., (" V(s +i7) : T € R)}

sus € C,1/2 < o < 1, yra visur tirSta aibéje C". Taciau daug didesnis
Voronino nuopelnas yra universalumo teorema funkcijai ((s). Jis jrodé [72],
kad,jei 0 < r < %, o funkcija f(s) yra tolydi ir nelygi nuliui skritulyje |s| < r
bei analiziné jo viduje, tuomet su kiekvienu € > 0 egzistuoja toks realusis
skaiCius 7 = 7(¢), su kuriuo

max
|s|<r

<e.

¢<s+i+w> — f(s)

Taigi, Voroninas jrodé, jog plati analiziniy funkcijy klasé gali buti aproksimuo-
jama vienos funkcijos ¢(s) postimiais ((s + 7), 7 € R. Sj nuostaby rezul-
tata pastebéjo matematiky bendrija ir eilé autoriy apibendrino bei iSplétojo
ivairiomis kryptimis. Siuolaikinis Voronino teoremos variantas naudoja tokius
zymenis. Tegul D = {s € C: 1/2 < 0 < 1}, K yra juostos D kompleksiniy
poaibiy su jungiaisiais papildiniais klasé, o Ho(K), K € K, yra funkcijy,
tolydZiy ir nelygiy nuliui aibéje K bei analiziniy K viduje, klasé. Tuomet
teisingas toks tvirtinimas, kurj galima rasti [35] monografijoje.

A teorema. Tegul K € K ir f(s) € Ho(K). Tuomet su kiekvienu € > 0 yra
teisinga nelygybé

lim inf lmeas {7’ € [0, 7] :sup [¢(s +iT) — f(s)] < 6} > 0.
T—oo T seK
Pagal A teorema postimiy ((s + i7), aproksimuojanciy duotaja klasés
Hy(K) funkcija f(s) aibé, turi teigiama apatinj tankj, taigi, ji yra begaliné.
Tegul H(G) yra analiziniy funkcijy kompleksinés plok§tumos srityje aibé
su tolygaus konvergavimo kompaktinése aibése topologija. Sioje topologijoje
seka {gn(s)} C H(G) konverguoja j funkcija g(s) € H(G), kai n — oo, tada
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ir tik tada, kai su kiekviena kompaktine aibe K € G, galioja lygybé

i sup|gn(s) = g(s)| = 0.
Erdvé H (D) yra begaliniamaté, todél j A teorema galima zitréti kaip j Boro-
Kuranto teoremos begaliniamatj apibendrinima.

A teorema yra tolydaus tipo, nes 7 postimyje ¢ (s + ¢7) gali igyti bet kuria
realigja reikSme. A teorema turi diskretyjj varianta, kai 7 jgyja reikSmes is ku-
rios nors diskreciosios aibés. Tegul h > 0 yra fiksuotas skaiCius, o IV perbéga
aibe¢ Np. Tuomet teisingas toks tvirtinimas [1], [64].

B teorema. Tegul K € K ir f(s) € Ho(K). Tuomet su kiekvienu € > 0 yra

teisinga nelygybé
l}ggof N 1# {0 <k<N: Sg}g\ﬁ(s—&—ikh) - f(s)] < E} > 0.

Vietoje postimiy ((s + ikh) gali buti naudojami sudétingesni postimiai,
pavydziui, ((s 4+ ik“h) su fiksuotu 0 < a < 1 arba net ir {(s + ih~y), Cia
{7k} yra Rymano dzeta funkcijos netrivialiyjy nuliy menamyjy daliy seka.

Universalumo teroemos, analogiSkos A ir B teoremoms, yra Zinomos ir kit-
oms dzeta funkcijoms, pavyzdZiui, paraboliniy formy dzeta funkcijoms [43].

Pastebime, kad A ir B teoremose apatinis tankis gali biiti pakeistas tankiu
(vietoje "lim inf" imant "lim") ta¢iau ne visiems ¢ > 0: tenka iSskirti ne dau-
giau negu skaiciaja € reikSmiy aibeg.

Pirmaja sverting universalumo teorema jrodé [34] A. Laurincikas. Tegul
w(t) yra tokia apréZtos variacijos funkcija intervale [Ty, c0), Tp > 0, kad
jos variacijai V,*w intervale [a, b] galioja nelygybe V,*w < cw(a) su ¢ > 0.

Tarkime, kad
T

Up = U(T,w) = /T w(t) dt,

ir
lim U(T,w) = +o0.

T—o00

Simboliu /(A) zymeésime aibés A indikatoriy, t. y.

1, jeiTe A,

I(A) =
0, jeitT ¢ A.

103



Naudojame nestandartinj indikatoriaus Zymenj, nes aibé A yra per daug sudeé-
tinga ja raSyti indekso vietoje.

Tuomet teorema i§ [34] su viena papildoma salyga, primenancia Birkho-
fo-Chincino teremos svertinj varianta (Sios salygos galima lengvai atsisakyti)
tvirtina, kad su K € K, f(s) € Hy(K)ire >0

nminfUi /Tw(T)I ({T € [Ty, T] : sup |C(s + i) — f(s)] < 5}) dr

T—oo Ut J13 seK

> 0.

Sverting universalumo teorema Lercho dzeta funkcijai jrodé R. Garunkstis
1997 m.

Svertinés diskrec€iosios universalumo teoremos yra sudétingesnés ir yra Zi-
nomos tik diferencijuojamy svorio funkcijy klaséms. PavydzdZiui, [53] yra
nagrinéjamas svertinis diskretusis universalumas su svorio funkcija w(t), tur-
inia tolydZiaja i§vesting, kuri tenkina jveréius su h > 0 : w(t) <5 w(ht) ir
(w'(t))? < w(t) .

Disertacijos 2 skyriuje konstruojama nauja svorio funkcijy klas¢ W. Jai
priklauso realiosios neneigiamos funkcijos w(t), turinCios tolydZiaja i§vesting
intervale [1/2, 00) ir tenkinancios jvert

N
/ ulw'(u)] du < Vy.
1

Cia
N
VN =V(N,w) = w(k) — oo.
= V(N,w) = 3 wlk) —
k=1
Pagrindinis 2 skyriaus rezultatas yra tokios svertinés teoremos

2.1 teorema. Tarkime, kad w(t) € W. Tegul K € K ir f(s) € Hy(K).
Tuomet su kiekvienu € > 0 yra teisinga nelygybé

nmmfvi iw(k)[ <{k: : sup [C(s + ikh) — f(s)] < s}) > 0.

N—oo VN 1 seK

2.1 teorema turi tokiag modifikacija.
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2.2 teorema. Tegul galioja 2.1 teoremos sqlygos. Tuomet riba

lim —— iv:w(k)l ({k  sup |C(s + ikh) — f(s)] < 5}) >0

N—oo Vv P scK

egzistuoja su visais € > 0, iSskyrus ne daugiau negu skaiciq reiksmiy aibe.
PavyzdZiui, funkcija

sin(logt) + 1
t

w(t) =

prilauso klasei V.
2,1 ir 2.2 teoremu jrodymai remiasi ribinémis teoremomis apie silpnajj

N
VLZ I({k: C(s +ikh) € A}), A€ B(H(D))
k=1

konvergavima, kai N — oo. Atskirai yra nagrinéjami du skaiCiaus A tipai.
Sakome, kad h yra tipo 1, jei exp{(27m)/h} yra iracionalusis skaiCius su
visais m € R\ {0}, ir tipo 2, jei néra tipo 1.

Universalumo problemos susijusios su Hurvico dzeta funkcija yra sudétin-
gesnés ir jJdomesnés negu Rymano dzeta funkcijos, nes funkcija (s, ) prik-
lauso nuo parametro « ir jo aritmetinés savybés turi jtakos funkcijos aproksi-
mavimo savybéms. Be to, funkcija ((s, ) neturi Oilerio sandaugos. Si aplin-
kybé iSplecia aproksimuojamy analiziniy funkcijy klase.

Tegul H(K), K € K, yra funkcijy, tolydziy aibéje K ir analiziniy jos
viduje, klase. Taigi Ho(K) C H(K).

Primename, kad skaicius « yra vadinamas algebriniu, jei egzistuoja toks
polinomas p(s) # 0 su racionaliaisiais koeficientais, kad p(«) = 0. PrieSingu
atveju « yra vadinamas transcendenciuoju.

Funkcijos ((s, @) universalumas nusakomas tokia teorema.

C teorema. Tarkime, kad parametras o yra transcendentus arba racionalus
# 1/2,1. Tegul K € K ir f(s) € H(K). Tuomet su kiekvienu ¢ > 0 yra
teisinga nelygybé

1
lim inf meas {T €10,T] : sup |{(s +iT,a) — f(s)] < 8} > 0.

T—o00 seK

Skirtingais metodais C teorema yra jrodyta B. BagCio (Bag¢i) ir S. M. Go-
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neko (Gonek) disertacijose. Jos jrodyma galima rasti ir monografijoje [42].
Kai a = 1 arba o = 1/2, C teorema lieka teisinga, tik funkcija f(s) turi
buti i§ klaseés Ho(K).
Tegul
L(o) = {log(m + a) : m € Ny},

Tuomet parametro « transcendentuma galima pakeisti platesne salyga, kad
aibé L(«) yra tiesiSkai nepriklausoma vir§ Q [36].

Algebrinio iracionalaus parametro atvejis kol kas yra atvira problema. Kol
kas yra Zinomas toks rezultatas [2].

D teorema. Tarkime, kad o yra algebrinis iracionalusis skaicius. Tuomet
egzistuoja tokia netus¢ia uzdara aibé F, C H(D), kad su kiekviena kom-
paktine aibe K C D, f(s) € F, ire >0

1
lim inf —meas {7‘ €10,T] : sup [((s +iT,a) — f(s)] < E} > 0.
T—o00 T seK

Be to, riba

1
lim meas{T € [0, 7] :sup [((s +it,a) — f(s)| < 8} >0
T—)OOT seK

egzistuoja su visais € > 0, iSskyrus ne daugiau negu skaiciq reiksSmiy aibe.

Disertacijos 3 skyrius yra skirtas funkcijos ((s,a) su transcendenciu «
svertinéms universalumo teoremoms. Tegul W7 yra svorio funkcijy klasé i§
[34]. Tuomet teisingi tokie tvirtinimai.

3.1 teorema. Tarkime, kad w(t) € W1 ir parametras « yra transcendentusis.
Tegul K € K ir f(s) € H(K). Tuomet su kiekvienu & > 0

1 (T
liminf/ w(T)

T—o00 T To

x I <{T € [Ty, T] : sup [((s +iT,a) — f(s)] < s}) dr > 0.

seK

3.2 teorema. Tegul galioja 3.1 teoremos sqlygos. Tuomet riba

x I <{T € [Th, T) : sup [C(s + i, a) — f(s)| < 5}> dr >0

seK
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egzistuoja su visais € > 0, iSskyrus ne daugiau negu skaiciq reikSmiy aibe.

3.11ir 3.2 teoremy jrodymai naudoja

T
UlT . w(n)I({T € [Tv,T]: {(s +iT,a) € A})dr, A€ B(H(D)),
silpnaji konvergavima, kai 7' — oo.

Disertacijos 4 skyriuje yra gautas 3 skyriaus rezultaty jungtinis apibendrin-
imas. Jungtiniu atveju analiziniy funkciju rinkinys yra aproksimuojamas dzeta
funkcijy postiimiy rinkiniu.

Pirmaja jungting universalumo teorema jrodé¢ Voroninas 1975 m. Dirichlé
L funkcijoms. Primename, kad Dirichlé charakteris y moduliu ¢ € N yra
funkcija x : N — C, kuri yra visi§kai multiplikatyvi (x(mn) = x(m)x(n),
m,n € N), periodiné su periodu ¢ (x(m + ¢) = x(m), m € N), x(m) =0
su (m,q) > 1ir x(m) # 0su (m,q) = 1. Dirichlé L funkcija L(s, x) su
charakteriu y pusploks$tuméje o > 1 yra apibréZiama eilute

L($7X) = Z X,'SZ@L)
m=1

ir yra meromorfiskai pratgsiama i visa kompleksing plokS§tuma. Charakteris y
moduliu g yra vadinamas primityviuoju, jei jis néra charakteris moduliu ¢; | g.
Sakome, kad primityvusis charakteris x; generuoja charakterj , jei

Xl(m)’ Jel (ma Q1) = 17

x(m) = .
0, jei (m,q) > 1.

Du Dirichlé charakteriai vadinami ekvivalenciais, jei juos generuoja tas pats
primityvusis charakteris.
Voronino jungtiné universalumo teorema turi tokj pavidala.

E teorema. Tarkime, kad x1, . . ., Xr yra poromis neekvivalentiis Dirichlé cha-
rakteriai. Su j = 1,...,r, tegul K; € K ir fj(s) € Ho(K;). Tuomet su
kiekvienu ¢ > 0 yra teisinga nelygybé

1
lim inf meas {7‘ € [0,7]: sup sup |L(s+it,x;) — fi(s)] < 5} > 0.

T—o00 1<j<r se K

Véliau buvo jrodyta eilé jungtiniy universalumo teoremy jvairioms dzeta
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funkcijoms. Paminésime jungting universalumo teorema Hurvico dzeta funk-
cijoms [36]. Tegul

L(ag,...,apr) = {(log(m + a1) : m € Np), ..., (log(m + a,) : m € Nyg)}.

Tuomet turime tokj tvirtinima

F teorema. Tarkime, kad aibé L(ay, . .., a,) yra tiesiskai nepriklausoma virs
Q. Suj=1,...,r tegul K; € Kir fj(s) € H(K;). Tuomet su kiekvienu
€ > 0 yra teisinga nelygybé

1
lim inf eas {T € [0,T]: sup sup |((s+iT, ;) — fi(s)] < 5} > 0.

T—oo 1<j<r s€K;

Disertacijos 4 skyriuje yra gautas F teoremos svertinis apibendrinimas.
Teisingi tokie tvirtinimai.

4.1 teorema. Tarkime, kad w(t) € Wi, o aibé L(au,...,a,) yra tiesiskai
L,

neprilausoma vir§ Q. Su j = 1,...,r, tegul K; € K ir fj(s) € H(Kj).

Tuomet su kiekvienu ¢ > 0

liminfUl/Tw(T)I<{T € [Ty, T] :

T—oo U Ty

sup sup |((s +iT, ) — fi(s)] < 8}) dr > 0.

1<j<r s€Kj

4.2 teorema. Tegul galioja 4.1 teoremos sqlygos. Tuomet riba

1T
Th—I};oUT/TO ’w(7‘)I<{T € [1o,1) :

sup sup |((s + i1, ) — fi(s)| < 5}) dr >0

1<j<7“ SEK]'
egzistuoja su visais € > 0, iSskyrus ne daugiau negu skaiciq reiksSmiy aibe.

PavyzdZiui, 4.1 ir 4.2 teoremose galime imti w(t) = 1/t. Kai w(t) = 1, i§
4.1 teoremos iSplaukia F teorema.

Primename, kad skai¢iai o, . . ., o, yra vadinami algebriSkai priklausomi
virs Q, jei egizstuoja toks polinomas p(si,...,s,) Z 0 su racionaliaisiais
koeficientais, kad p(aq,...,a,) = 0. PrieSingu atveju, skaiia aq, ...,

yra vadinami algebriSkai nepriklausomais vir§ Q. Nesunku matyti, kad aibé
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L(aq,...,q,) yra tiesiS8kai neprilausoma vir§ Q su algebriSkai nepriklauso-
mais i, . .., a,. Taigi, aibés L(aq, ..., a,) panaudojimas universalumo teo-
remose iSplecia jy galiojimo sritj.

Yra nemaZzai jungtiniy universalumo teoremy dzeta funkcijoms, kuriose
naudojamos skirtingo tipo dzeta funkcijos. Tarkime, dalis dzeta funkcijy turi
Oilerio sandauga, o kitos - neturi. Tokio tipo jungtinés universalumo teore-
mos vadinamos misriomis. Pirmaja misrig universalumo teorema Rymano ir
Hurvico dzeta funkcijoms jrodé H. Misu (Mishou) [58].

G teorema. Tarkime, kad parametras o yra transcendentus. Tegul K1, Ky €
K ir fi(s) € Ho(K1), fa(s) € H(K3). Tuomet su kiekvienu € > 0 yra
teisinga nelygybé

1
lim inf meas{T € [0,7T]: sup |¢(s+1iT) — f1(s)] < &,
T—ooo T seK

sup |¢(s +1i7,a) — fa(s)| < E} > 0.
s€EKo

Daznai vietoje funkcijy ((s) ir ¢(s, ) yra naudojami jy apibendrinimai —
periodiné ir periodinés Hurvico dzeta funkcijos. Tegul a = {a,, : m € N} ir
b = {bm : m € Ny} yra dvi periodinés kompleksiniy skaiciy sekos. Tuomet
pusplok$tuméje o > 1 periodiné dzeta funkcija ((s; a) yra apibréZziama eilute

()= on,

m=1

o periodiné Hurvico dzeta funkcija ((s, «; b) - eilute

00 b
((s,a;b) = Z et o)
m=0

Abi Sios funkcijos yra meromorfiskai pratgsiamos j visag kompleksing ploks-
tuma. Kai koeficientai a,, yra multiplikatyvas, tada funkcija ((s; a) turi Oile-
rio sandauga.

Keleta miSriy universalumo teoremy periodinéms dzeta funkcijoms jrodé
A. Laurincikas ir jo mokiniai. R. Kacinskaité ir K. Matsumotas (Matsumoto)
vietoje periodiniy dzeta funkcijy nagrinéjo bendrines Matsumoto dzeta funkci-
jas, kurios yra apibréZiamos polinomine Oilerio sandauga.

Disertacijos 5 skyriuje gautos svertinés Misu teoremos (G teoremos) ver-
sijos.
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5.1 teorema. Tarkime, kad parametras o yra transcendentus ir w(t) € Wi.
Tegul K1, Ky € K ir f1(s) € Ho(K1), fa(s) € H(K3). Tuomet su kiekvienu
€ > 0 yra teisinga nelygybé

T
liminfl/ w(t)]({T € [Ty, T] : sup |((s+i1) — fi(s)] <e,

T—o0 T JTy scKq

sup |¢(s +iT,a) — fa(s)] < 5}) dr > 0.
se€Ko

Kaip ir kity teoremy atveju, 5.1 teorema turi versija svertinio tankio termi-

nais.

5.2 teorema. Tegul galioja 5.1 teoremos sqlygos. Tuomet riba

im o | Tw(t)1<{T & [T, T sup [¢(s + i) — Fu(s)| <,

T—o00 UT To seKy

sup |¢(s +iT,a) — fa(s)] < 8}) dr >0
s€EKo

egzistuoja su visais € > 0, iSskyrus ne daugiau negu skaiciq reikSmiy aibe.

5.1 ir 5.2 teoremy jrodymai remiasi svertinémis tikimybinémis ribinémis
teoremomis erdvéje H2(D).
Svertines ribines teoremas Lercho dzeta funkcijai nagrinéjo R. Garunkstis

Aprobacija

Pagrindiniai disertacijos rezultatai buvo pristatyti tarptautinése MMA (Ma-
thematical Modelling and Analysis) konferencijose (MMAZ2018, geguzés 29 —
birzelio 1, 2018 m., Sigulda, Latvija), (MMA2019, geguzés 28 — 31, 2019 m.,
Talinas, Estija), 16 tarptautinéje konferencijoje “Algebra ir skaiciy teorija: Si-
uolaikinés problemos ir taikymai” (geguzés 13 — 18, 2019 m., Tula, Rusija),
Tarptautinéje skaiCiy teorijos konferencijoje, skirtoje profesoriy Antano Laur-
in¢iko ir Eugenijaus Manstaviciaus 70 mety jubiliejams (rugséjo 9 — 15, 2018
m., Palanga), Lietuvos matematiky draugijos konferencijose (LMD 2018, bir-
zelio 18 — 19, 2018 m., Vilnius), (LMD 2019, birzelio 19 - 20, 2019 m., Vil-
nius), (LMD 2020, gruodZio 4, 2020 m., giauliai) , 0 taip pat Vilniaus univer-
siteto skaiCiy teorijos seminaruose.
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ISvados

IS disertacijos iSplaukia tokios iSvados:

1. Klasei svorio funkcijy galioja svertinés diskreciosios universalumo teo-
remos Rymano dzeta funkcijai (s) apie neturiniy nuliy analiziniy fun-
kcijy aproksimavima postamiais (s + ikh), k € Ng, h > 0.

2. Klasei svorio funkcijy galoja svertinés tolydZiosios universalumo teore-
mos Hurvico dzeta funkcijai (s, o) su transcendencéiuoju « apie anali-
ziniy funkcijy aproksimavima postamiais (s + i, ), 7 € R.
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3. Klasei svorio funkcijy galioja svertinés jungtinés tolydZiosios univer-
salumo teoremos Hurvico dzeta funkcijoms (s, aq),...,((s, o), kai
aibé {(log(m + a1) : m € Ny),...,(log(m + o) : m € Ny)} yra
tiesiskai nepriklausoma virs$ Q, apie analiziniy funkcijy rinkinio aproksi-

mavima postimiais (¢(s + i7, 1), ..., (s +iT, ar)).

4. Klasei svorio funkcijy galioja svertinés miSrios jungtinés universalu-
mo teoremos Rymano ir Hurvico dzeta funkcijoms ((s) ir {(s,«) su
transcendenciuoju « apie poros analiziniy funkcijy aproksimavima po-
stimiais (¢(s + i7),((s + i1, @)).
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Abstract. In the paper, under hypothesis that the weight function w(t)
is of bounded variation on [Ty, o), Ty > 0, such that the variation Vabw
on [a,b] satisfies the inequality Vw < cw(a) with certain ¢ > 0 for any
subinterval [a,b] C [Tp, 00), and

T
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¢(s,«) with transcendental « is obtained.
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1. Introduction

Let s = 0 + it be a complex variable and «, 0 < o < 1, be a fixed parameter. The
Hurwitz zeta function ((s, «) is defined, for o > 1, by the Dirichlet series

00

1
((s,0) = Z W7
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A weighted universality theorem for the Hurwitz zeta-function 6

and can be analytically continued to the whole complex plane, except for a simple
pole at the point s = 1 with residue 1. The function ((s, ) was introduced and
considered in [4]. Analytic properties of ((s, ) also can be found in [6].

The function ((s, a) with transcendental or rational parameter « is universal in
the sense that its shifts ((s + i, ), 7 € R, approximate a wide class of analytic
functions. More precisely, let D = {s € C: % < o <1}, K be the class of compact
subsets of the strip D with connected complements, and let H(K) with K € K
denote the class of continuous functions on K that are analytic in the interior of
K. Then the universality of ((s,«) is contained in the following theorem.

1

THEOREM 1.1. Suppose that the parameter a is transcendental or rational # 1, 3,

K €K and f(s) € H(K). Then, for every e > 0,

lim inf lmeas {7’ € [0,T] : sup |{(s +iT, ) — f(s)] < 6} > 0.
T—oo T scK

Here measA denotes the Lebesgue measure of a measurable set A C R.

Theorem 1.1 was obtained by S.M. Gonek in his thesis [3], and, by an another
method, in [1].

The cases a = 1 and o = % are excluded in Theorem 1.1 because

o) =) and ¢ (5.3 ) = - 1e)

where ((s) is the Riemann zeta-function. The function ((s,«) remains universal
also in the cases a =1 and a = % however, the approximated function f(s) must
be non-vanishing on the set K.

The aim of this paper is to obtain a weighted version of Theorem 1.1 in the case
of transcendental .

Let w(t) be a positive function of bounded variation on [Ty, o), Tp > 0, such
that the variation V?w on [a,d] satisfies the inequality V’w < cw(a) with certain
¢ > 0 for any subinterval [a,b] C [Tp,o0), and

T
U=U(T,w) :/ w(t)dt — oo
To
as T'— oo. Denote by I(A) the indicator function of the set A.
THEOREM 1.2. Suppose that the function w(t) satisfies the above conditions, and

the parameter « is transcendental. Let K € K and f(s) € H(K). Then, for every
>0,

Jim inf = /Tw(‘r)] ({T € [£0.7] : sup C(s-+ ir.0) = f(s)] < s}> dr > 0.

T—o0 Ty
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A weighted universality theorem for the Hurwitz zeta-function 7

Theorem 1.2 has the following modification.

THEOREM 1.3. Suppose that the function w(t), parameter o, K € K and f(s) are
as in Theorem 1.2. Then the limit

Jim i/Tw(T)I ({T € [10.7): sup ¢(s + ir,0) = ()] < 5}) dr>0

T—o0 Ty

exists for all but at most countably many € > 0.

2. Mean square estimate

It is well known that the mean square estimates play an important role in the proofs
of universality for zeta-functions. For the proof of Theorems 1.2 and 1.3, we need
a weighted mean square estimate for the Hurwitz zeta-function. For this, we will
apply the approximation of the function ((s,«) by a finite sum.

LEMMA 2.1. Suppose that o > o9 > 0 and 27 < |t| < mx. Then

z+a)t=*
(s, ) = Z . + (z+a) + 00, (277).

o<m<z (m + a)s s—1

A proof of the lemma can be found, for example, in [6, Theorem 3.1.3|.
LEMMA 2.2. Suppose that o, % <o <1, is fized and T € R. Then
T b b
/ w(t)|¢(o + it + ir,a)Pdt < U (1 +|7?).
To

Proof. We take =t + |7| in Lemma 2.1. Then we have

2
T . T 1
/ w(t)|¢(o + it + i, ) Pdt < / wt)| Y | At
To To 0<m<t+|7| m
+U 1+ 7P, (2.1)

since

PPN 2 a 20
Aﬂ w(t)mdt <AO w(t)(tJ” |TD2 : d

T
+/ w(t)t 2 (t+ 7)) 2dt < U (1 + |7]?)
27|
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A weighted universality theorem for the Hurwitz zeta-function 8

and

T
/ w(t)(t+ 7)) dt < U.
To

Let max(m, k) = Th1 + ||, where 71 = T1(m, k). Then we have

2

T 1
/“’(t) D |

0<m<t+|7|

= ZZ (7Tl+oz)0+i}(k+a)g_“ /TlTw(t) <:I:C;>itdt

To+|r|<m, k<T+|T\

T

< Z (m+ a)? / w(tydt

m<T+|7| T

w(k —|7])
> o tariog(ktafmray Y

To+|7|<m<k<T+|7|

Clearly,
1 T
m%lﬂ (m+a)2 /T1 w(t)dt < U. 23)
Ifm+a< ’“"’T“, then
log TZIS > log 2,

thus,

w(k —|7])
ZZ (m+ )7 (k+a)7log((k + a)/(m + a))

m<k<T+|7|
wk—lrD w(k — 7))
< ZZ mU ko Z k201
m<k<T+|7| TO-HTKICST-HT\
T+|7|
< Y wt-ph= [ we
To+|r|<k<T+]r| Totir|
T+|7| T+|7|
= [ulw(u —|r|) - / (u—{u})dw(u — |7))
To+lr|  /Totl7]
T+|7|
<U +/ dw(u —|7]) < U. (2.4)
To+|r|
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A weighted universality theorem for the Hurwitz zeta-function 9

Itm+a> ’”’T"7 then we write m = k — r, where 1 < r < % + 5. In this case,

) k+a ) k—r+a ) 1 r - r >r
0gm+a_ %8 k+a %8 k+a k+a K

and

w(k — |r])
22 (m + )7 (k + )7 log((k + ) /(m + ))

To+|7|<m<k<T+|7|

kw(k — k— logk
« ¥ yo kGl oy %«1

rko(k —r)e
To+|7|<k<T+|7| r<k/2+0/2 To+|7|<k<T+|7]|

This and (2.1) — (2.4) prove the lemma.

3. Limit theorems

For the proof of weighted universality theorems for the function ((s, ), a weighted
limit theorem on weakly convergent probability measures in the space of analytic
functions will be applied, and such a theorem is the aim of this section. Let B(X)
denote the Borel o-field of the space X, and let H(D) be the space of analytic
functions on the strip D endowed with the topology of uniform convergence on
compacta.

Denote by « the unit circle {s € C: |s| = 1} on the complex plane, and define

Q= H Yms

meNg

where vy, =7 for all m € No = NU{0}. With the product topology and pointwise
multiplication, the infinite-dimensional torus 2 is a compact topological Abelian
group. Therefore, on (2, B(f2)), the probability Haar measure mpy can be defined,
and we obtain the probability space (2, B(R2),mp). Denote by w(m), m € Ny, the
mth component of the element w € Q, and, on the probability space (2, B(Q), mp),
define the H(D)-valued random element (s, a,w) by the formula

C(s,0,0) = Z _wm)

= (m+ a)*

We note that the latter series is uniformly convergent on compact subsets of the
strip D for almost all w € € with respect to the measure mpy. Let P; be the
distribution of the random element ((s, o, w), i.e.,

Pe(A) =mp{w e Q:((s,a,w) € A}, AcB(H(D)).
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A weighted universality theorem for the Hurwitz zeta-function 10

For A € B(H(D)), let
T
Pr(A) = —/T w(t)l ({1 € [To,T] : {(s,a) € A})dr.

THEOREM 3.1. Suppose that the weight function w(t) and the parameter « are as in
Theorem 1.2. Then Pr converges weakly to P; as T — oo. Moreover, the support
of P is the whole H(D).

We divide the proof of Theorem 3.1 into lemmas. The firs lemma is a weighted
limit theorem on the torus Q. For A € B(Q), let

I ,
Qr(A4) = E/T w(r)! ({r € [T, T]: ((m+a)™": m e Ny) € A}) dr.

LEMMA 3.2. Suppose that the weight function w(t) and the parameter o are as in
Theorem 3.1. Then Qr converges weakly to the Haar measure myg as T — 0.

Proof. We consider the Fourier transform gr(k), k = (kn : km € Z, m € Np).
The characters x of the group 2 have the form

x(@) = ] &' (m),

meNy

where only a finite number of integers k,, are distinct from zero. Therefore,

ortd) = [ ] w(macr.

meNy

Thus, by the definition of Qr,

T
o) =7 [ w) T oty orar

To meNg
1 T ’
=7 w(T)exp{ —iT Z km log(m + «) p dr, (3.1)
To

meNg

where the sum E/ means that only a finite number of integers k,, are distinct from
zero. Obviously,

gr(0) = 1. (3.2)
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Suppose that k # 0. It is well known that the set {log(m +«) : m € Ny} with tran-
scendental « is linearly independent over the field of rational numbers Q. Therefore,
in this case,

Z/ kp log(m + ) # 0,

meNy
and, in view of (3.1),
1 T ’
(k)= — Vi / w(T)dexp ¢ —iT km log(m + «
or. (k) iU Y kplog(m+a) Jn, (") % m Log( )
meNy 0
-1
, T
< |\ U|Y. kmlog(m +a) <1+/ \dw(f)\)
me&Ng To

-1

< |U Z km log(m + a)
meNg

because the variation of w(t) is bounded. This estimate shows that

lim gr(k) =0.

T—o0
Thus, taking into account (3.2), we have that
. 1 if k=
TlgrologT(E) = { 0 if ko
Since the right-hand side of the latter equality is the Fourier transform of the Haar

measure mpy, the lemma follows by a continuity theorem for probability measures
on compact groups.

Q7
0

The next lemma deals with absolutely convergent Dirichlet series. Let 6 > % be
a fixed number, and, for m € Ny, n € N,

va(im, c) = exp { (’::3)9} .

>N\ v
’IL
Z (m+a

m=0

Define two functions

and

o
w
Culs,a,w) = Z
m+a

m=0
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Then it is known [6] that the above series are absolutely convergent in the half-plane
o> % Consider the function u, : & — H(D) given by the formula

Up(w) = Guls, a,w), we.

The absolute convergence of the series ¢, (s, @, w) implies the continuity of the func-
tion u,. Thus, the function w, is (B(Q), B(H(D)))-measurable, and the measure

mp induces the probability measure P, = myu,® given by

Po(A) = mpu;(A) = my(u;tA), A B(H(D)).
For A € B(H(D)), define
1 [T )
Pra(A) = 5/% WA ({7 € [Ty, T]: Cals + i) € A})dr.

LEMMA 3.3. Suppose that the weight function w(t) and the parameter o are as in
Theorem 3.1. Then Pr, converges weakly to the measure P, as T — oo.

Proof. By the definition of the function wu,,
up (M +a)™ 0 m e Nog) = (s + 7, ).

Hence,

e :
Prp(4) = U/T w(T)I ({r € [T, T]: ((m+0a)™: meNy) €uy'A})dr

= Qr(u,'4) = Qru;, ' (4),

where @Qr is from Lemma 3.2. This equality, the continuity of the function w,,
Lemma 3.2 and Theorem 5.1 of [2] prove the lemma.

The proof of a limit theorem for Pp requires a certain approximation ((s, o) by
Cn(s, ). For this, we use the following metric on H(D)

e}

_1 SWek, |91(s) — g2(s)]
Lg2) = 27 : . 91,92 € H(D),
P(gl 92) ; 1+Supsek,, \gl(s) 792(8” 91,92 ( )

where {K; : | € N} is a sequence of compact subsets of the strip D such that

o0
D=JK,
=1

K; C Ky for all 1 € N, and if K is a compact set of D, then K C K for some I.
This metric induces the topology of H (D) of uniform convergence on compacta.

123



A weighted universality theorem for the Hurwitz zeta-function 13

LEMMA 3.4. Suppose that the weight function w(t) is as in Theorem 3.1. Then
17
lim limsup — | w(7)p(C(s + iT, ), p(s + i, ))dr = 0.

n—o0 T—o0 Ib
Proof. Let, as usual, I'(s) denote the Euler gamma-function, and let 6 be from

the definition of (,(s, ). Define

ln(s,a) = %I‘ (3) (n+a)’, neN.

Then, for {,(s, @), the integral representation

1 f+ioco dz
Cn(s,a) = el o C(s+ z,a)ln(z,a)j

for £ < ¢ < 1is known [6]. Let K C D be a compact set. Using the above
representation and a standard contour integration, we find that, as T — oo,

T

L w(T)sup [((s + i1, ) — Cu(s +iT, @)|dT
U Jr, sek
oo T
< [Tintorvital (5 [ wricto i inalar) o, 63)
—00 To

where 01 < 0, and % < 0 < 1. Moreover, by Lemma 2.2,

/Tw(r)\§(0+it+i7',a)|d'r<< (/Tw(T)dT/TUJ(T)K(U+it+ir,a)|2dq—>1/2

Ty To To
<UL+t < U@ +]t).

Therefore, in view of (3.3),

1 T 0

— w(T) sup [C(s+iT, &) —Cu(s+iT, a)|dT < / [ln (o1 + it, @) | (1+]t])dEt+o(1)
U To seK —0o0

as T'— oo. Since o7 < 0,
lim I, (o +it,a) =0,
n—oo
thus,
1 /T
lim limsup — [ w(7)sup |((s+iT, &) — (s +iT, )| dT = 0.

=0 Toeo To seK

This equality and the definition of the metric p prove the lemma.
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Now we able to prove Theorem 3.1.

Proofof Theorem 3.1. We will prove that the limit measure B, of Lemma 3.3
converges weakly to a certain probability measure P as n — oo, and that Pp, as
T — o0, also converges weakly to P.

Let a random variable 67 is defined on a certain probability space (Q.A, P) by

1 (T

P(Or € A) = —/ w(t)Ia(t)dt, A e B(R),

U Ty

where I is the indicator of the set A. Define the H(D)-valued random element
XT,n = XT,n(S) = gn(s + iaTv a)~

Since Pr,, by Lemma 3.3, converges weakly to Pn as T'— oo, we have that

Xy —2— X, (3.4)
T—o0

where = means the convergence in distribution, and X,, is the H(D)-valued ran-

dom element with the distribution IA’n Further, we will consider the family of
probability measures {P, : n € N} and will prove that this family is tight, i.e., for
every € > 0, there exists a compact set K = K(¢) C H(D) such that

P(K)>1—¢
for all n € N. Let the set K; be from the definition of the metric p, and M; > 0.

Then we have

P <sup | X7.n(s)] > 1\[1>

seK;
1 /T
== w(r)I [ {7 € [To,T]: sup |Gu(s+iT,a)] > M p | dr
U To s€EK;
1 (T
L — w(7) sup |(n(s + i1, «)|dT. 3.5
317, v s Ga(s-+ i) (55)

Since the series for (,(s, @) is absolutely convergent for o > %,

. 1 T ' ) o oo
Th_r)r;oﬁ/Tow(t)Kn(erzt,a)\ dt—z( +a2” Z CESE < C < o0

m=0 m=0
This and the Cauchy integral formula show that

1 /7T
suplimsup — [ w(7) sup |(u(s + 47, o) |dT < C) < 0. (3.6)
neN T—oo To seK;

125



A weighted universality theorem for the Hurwitz zeta-function 15
We fix £ > 0 and take M; = C;2'¢~!. Then (3.5) and (3.6) give
limsup P | sup |X7,(s)| > M; | < %
T—o0 sEK] 2

for all [ € N and n € N. Hence, by (3.4),
. €
P (sup | Xn(s)] > Ml> < 3 (3.7)
seK;

for all I € N and n € N. Define the set

K=K()= {g € H(D) : sup |g(s)

<M, le N} .
sEK]

Then K is uniformly bounded on compact subsets of the strip D, therefore, it is a
compact set of the space H(D). Moreover, in view of (3.6),

P(Xn(s)eK) 2175224:1757

or A
P, (K)>1-¢

for all n € N. Thus the family {P, : n € N} is tight.

By the Prokhorov theorem [2, Theorem 6.1], the tightness of the family {P, :
n € N} implies its relative compactness. Therefore, there exists a sequence {P,Lk} C
{P,} weakly convergent to a certain probability measure P on (H(D),B(H(D)))

as k — oo. In other words,

X, —2 P, (3.8)
k—o0

Moreover, an application of Lemma 3.3 shows that, for every £ > 0,

1 /7
lim limsup — [ w(r)I ({7 € [To,T]: p(((s +iT, ), (s +iT,a)) = e})dr

n—00 1,0 U Jg,

1 T

< lim limsup — w(T)p(¢(s + i1, @), Cu(s + iT,a))dT = 0.
0 Tooo €V T,
Thus,
lim limsup P (p(X7, X7,) > €) =0, (3.9)

n—00 T_yo

where H(D)-valued random element X7 = Xp(s) is defined by

Xr(s) = (s + 0, ).
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Now relations (3.4), (3.8) and (3.9) together with Theorem 4.2 of [2] imply the
relation
Xr -2 P, (3.10)
and this is equivalent to weak convergence of Pr to P as T" — oo.
For identification of the measure P, we apply the following arguments. Relation
(3.10) shows that the measure P is independent of the choice of the subsequence
Pnk. Since the family {Pn} is relatively compact, from this we find that

X, —— P,
n—o0

or, in other words, P, converges weakly to P. Let
1
Rr(A) = 7 meas {rel0,T): ¢(s+ir,a) € A}, AecB(H(D)).

Then, in [5], it is obtained that if the set L(a) = {log(m + a) : m € Ng} is
linearly independent over the field of rational numbers Q, then Rz, as T — oo, also
converges weakly to the limit measure P of P, as n — oo, and that P = Pe. Thus,
since the set L(«), with transcendental «, is linearly independent over Q, we have
from above, that Pr also converges weakly to P as T' — oo. Moreover, the support
of P is the whole H (D). The theorem is proved.

4. Proof of universality

Proof of Theorem 1.2. By the Mergelyan theorem on the approximation of analytic
functions by polynomials [7], there exists a polynomial p(s) such that

€
sup (5) ~ pls)] < 5. (1)
seK
Define the set
€
Ge = {g € H(D) : sup |g(s) — p(s)| < *}-
seEK 2

Since, by Theorem 3.1, the polynomial p(s) is an element of the support of the
measure Pr, we have that
Pe(Ge) > 0. (4.2)

Moreover, by Theorem 3.1 again and the equivalent of weak convergence of proba-
bility measures in terms of open sets,

liminf Pr(Gs) > Pr(Ge).
T—o0
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Therefore, by the definition of Pr and (4.2),

S .
hmmfﬁ/ w(t)I ({7 € [T, T]: ((s+ir,a) € G.})dr

T—o0

To
1 (T €
—tyint - [ oot ({71 s+ ima) a1 < 5} ar
T—o00 T, seK 2
> 0. (4.3)

Inequality (4.1) shows that

{T € [Ty, T] : sup [¢(s +iT,a) — p(s)| < E}
seK 2

C {7’ € [To,T] : sup |{(s +iT, o) — f(s)] < 5}.
seEK
Thus,

1({retmtis suplots+ima) - 591 <o}

>1({rem s swics+ima)-s) <)

This and (4.3) prove the theorem.
Proof of Theorem 1.3. Define the set

Go={a € HD) s suplo(s) - 1) <<
seK
and let 0 be the boundary operator. Then we have that Oégl n GGEZ = & for
€1 # g9. Hence, it follows that the set G, is a continuity set of the measure I,
ie., Pg([‘)és) = 0, for all but at most countably many £ > 0. Therefore, using
Theorem 3.1 and the equivalent of weak convergence in terms of continuity sets, we
obtain that the limit

Jim %/Tw(t)l ({Te [£0.1] ¢ supC(s +ir.) = £(3) <s}>

T—00 To

= Fc(Ge) (4.4)

exists for all but at most countably many & > 0. On the other hand, in view of
(4.1), we have that G D Ge. Thus, P(G:) > Pr(G.) > 0 by (4.2), and (4.4) proves
the theorem.

REMARK 4.1. The transcendence of the parameter o in Theorems 1.2 and 1.3 can
be replaced by the weaker hypothesis of the linear independence over Q for the set
L(a).
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