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1 Introduction

Suppose that {X;} = {Xy : k € Z} is a linear process with values in a separable

Hilbert space H, i.e. {X}} is a sequence of H-valued random elements such that
Xp = aj(eny)
=0

for each k € Z, where {a;} = {a; : j > 0} C L(H) are bounded linear operators
from H to H and {e,} = {ex : k € Z} are independent and identically distributed
H-valued random elements. The interesting question is whether the asymptotic
behaviour of the linear process {Xj} differs from the asymptotic behaviour of

independent and identically distributed random elements.

By asymptotic behaviour we mean the convergence in some sense of the normalised
partial sums and the normalised random polygonal lines. The partial sums {S,, } =

{S,, : n > 1} are defined by
Su=> X
k=1

for each n > 1 and the random polygonal lines {(,} = {(, :n > 1} = {¢.(t) : t €
[0,1]},,>1 are defined by

Ca(t) = Sty + {nt} X 11

for each n > 1 and each t € [0,1], where |-] is the floor function given by
|z] = max{m € Z | m < x} for each z € R and {z} = = — |z] is the fractional

part of x € R.

The asymptotic behaviour of the linear process { X} depends on the convergence

of the series
>l (1.1)
=0

where || - || is the operator norm. If series (1.1) converges, then the asymptotic

behaviour of linear processes is essentially the same as that of independent and
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identically distributed random elements. For example, suppose that series (1.1)
converges, Egg = 0 and E ||g||* < oo, where || - || is the norm of the space H.
Then n=1/2 > r—y X, converges in distribution to an H-valued Gaussian random
element with zero mean (see Merlevede, Peligrad, and Utev [42], Rac¢kauskas and
Suquet [47]). However, if series (1.1) fails to converge, the asymptotic behaviour
of the linear process { Xj} might be different than that of independent and identi-
cally distributed random elements (see Louhichi and Soulier [37], Rackauskas and

Suquet [48], Characiejus and Rackauskas [6, 7]).

The main objective of this thesis is to investigate the asymptotic behaviour of the

linear process {Xj} when the series of the operator norms of {a;} diverges, i.e.

o0
> lag|| = oo.
§=0

We establish sufficient conditions for the central limit theorem and the func-
tional central limit theorem for a particular linear process and the Marcinkiewicz-

Zyegmund type weak and strong laws of large numbers for a general linear process.
Central limit theorem and functional central limit theorem

Let (S,S,u) be a o-finite measure space and Lo(p) = Lo(S,S, p) be the real
separable Hilbert space of equivalence classes of p-almost everywhere equal square-
integrable functions. In Chapter 3, we study an Ly(u)-valued linear process { Xy}
with the operators {a;} given by

aj=(j+1)7"

for each j > 0, where D : Lo(u) — Lo(p) is a multiplication operator such
that Df = {d(s)f(s) : s € S} for each f € Lo(n) with a measurable function
d:S — R and {e;} are independent and identically distributed Lo(p)-valued
random elements with Egy = 0 and either E ||g]|> < oo or E||g][P < oo for
some p > 2. This linear process could serve as a model of a sequence of random
functions with space varying memory and such models might be interesting in

functional data analysis.

We establish sufficient conditions for the central limit theorem and the functional

central limit theorem in the two cases: either 1/2 < d(s) < 1 for each s € S
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(Theorem 3.2 and Theorem 3.5) or d(s) = 1 for each s € S (Theorem 3.3 and
Theorem 3.6). The novelty of our results is that the normalising sequence when
1/2 < d(s) < 1 for each s € S is a sequence of operators {n 7} = {n=" :n > 1},

where H : Lo(p) — Lo(p) is a multiplication operator given by

Hf = {[3/2 — d(s))f(s) : s € S}

for each f € Lo(p). The Gaussian process obtained in the functional central limit
theorem when 1/2 < d(s) < 1 for each s € S generates an operator self-similar

process.
Marcinkiewicz-Zygmund type laws of large numbers

In Chapter 4 we investigate an H-valued linear process {Xj}, where {¢;} are
independent and identically distributed H-valued random elements with Ecy = 0
and either lim, .. ¥ Pr{||eo|| > z} = 0, E||&o||? < oo or E[||go]|P log(1 + [[eo]])] <
oo for some 1 < p < 2. We establish sufficient conditions for the Marcinkiewicz-
Zygmund type weak law of large numbers (Theorem 4.1 and Theorem 4.3) and
the Marcinkiewicz-Zygmund type strong law of large numbers (Theorem 4.2 and
Theorem 4.4). When the series » 77 [la;|| converges, we show that the linear
process {Xj} inherits the Marcinkiewicz-Zygmund type laws of large numbers
with the same normalising sequence {n'/?} = {n'/? : n > 1} from the random
elements {e},}. However, if the series ) 77 |[la;|| diverges, the Marcinkiewicz-
Zygmund type laws of large numbers hold with a different normalisation as we
illustrate with an example in Section 4.1. We generalize the results of Louhichi
and Soulier [37] in the sense that we do not assume that the distributions of {4}

are a-stable.

The rest of the thesis is divided into four chapters. The purpose of Chapter 2
is to present known results about the asymptotic behaviour of linear processes
and give some background on the notions of long memory and self-similarity. The
central limit theorem and the functional central limit theorem is investigated in
Chapter 3. In Chapter 4 we study the Marcinkiewicz-Zygmund type laws of large

numbers. Finally, we give conclusions in Chapter 5.
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2 Background

2.1 Linear processes

Let E be a separable Banach space and L(E) be the space of bounded linear
operators from E to E.
Definition 2.1. A linear process is a sequence { Xy} = { Xy : k € Z} of E-valued

random elements given by
(o9}

Xp = aj(eny)

k=0
for each k € Z, where {a;} = {a; : j > 0} C L(H) is a sequence of bounded linear

operators and {e;} = {e; : k € Z} is a sequence of independent and identically

distributed H-valued random elements.

We only investigate linear processes with independent and identically distributed
random elements {e;}. We review some results about linear processes with values
in a separable Banach space [E, but the linear processes that we investigate have

values in a separable Hilbert space H.

2.2 Asymptotic behaviour of linear processes

Our target in this section is to review some known results about asymptotic be-
haviour of linear processes. We are interested in the convergence in distribution,

almost surely and in probability of the normalised partial sums

b, 'S, (2.1)

n

and the convergence in distribution of the normalised random polygonal functions

b G (2.2)
where {b,} = {b, : n > 1} is a normalising sequence.

13



2.2.1 Central limit theorem

Real linear processes

Consider a real linear process {X;} with 33°° a3 < oo, Egy = 0 and E&f < oo.
Denote 0? = E&2. Intuitively, we might expect sequence (2.1) to converge in
distribution to a normally distributed random variable with the normalising se-
quence {b,} given by v? = E|S,|? for each n > 1. Tt is indeed the case, as the
following theorem shows (see Theorem 18.6.5 of Ibragimov and Linnik [27] for the
proof of Theorem 2.1).

0o 2

a

Theorem 2.1. Suppose that {Xy} is a real linear process with 3 ;~ja; < oo,

Eeg =0 and Ecl < 0co. If E|S,|> = o0 as n — oo, then

Sn

W%N(O,l) as mn — OQ.

However, it is not possible to establish the asymptotic behaviour of E | S,,|? without

any additional assumptions on the sequence {a;}.

The asymptotic behaviour of E|S,|* depends on the convergence of the series

S lal (23

If series (2.3) converges and the series

A= i&j (24)

converges to a non-zero limit, then E|S,,|> grows linearly.
Proposition 2.1. Suppose that { X} is a real linear process with E?O:o la;| < oo,

A#0,Eey =0 and E€ < oo. Then

ES2 ~o?A*-n as n— oo.

Proof. Using the stationarity of { X4},

n—1
ES? = n[EXg +23° (1 k/n) E[XoX,]

k=1

14



o0

= no? [Zai + 275:1(1 —k/n) iajaﬁk]'

7=0 k=1 j=0

We have that

A% = Za? +222ajaj+k
=0

k=1 j=0

and

n—1 ) [ SINe
lim Y (1—k/n) Y ajapn=) Y aaj
k=1 Jj=0

k=1 j=0
since any convergent series is Cesaro summable, and the sum of the series agrees

with its Cesaro sum. The proof is complete. m

If series (2.3) converges and series (2.4) converges to a non-zero limit, then se-
quence (2.1) converges in distribution to a normally distributed random variable
with the normalising sequence {b,} given by b, = /n for each n > 1 (see also
Theorem 3.11 of Phillips and Solo [46] and Theorem 4.5 of Beran, Ghosh, Feng,
and Kulik [2].).

Corollary 2.1. Suppose that { X} is a real linear process with » 72 la;| < oo,
A#0,Eegy=0 and Ec < 0co. Then

%QN(O,UQAQ) as n — oo.

If series (2.3) diverges, then E S? might even grow faster than linearly. A simple

example would be {a;} given by
G =G+ 25)

for each j > 0 with 1/2 < ¢ < 1.
Proposition 2.2. Suppose that {Xi} is a real linear process with {a;} given

by (2.5), Ecg =0 and E€2 < co. Then

ES2 ~ a’c(p) 3—2¢p

1-9)(3—2¢)

as n — oo,
where
o) = / (4 1)]"#dz. (2.6)
0
See Giraitis, Koul, and Surgailis [19] for the proof of Proposition 2.2.

If {a;} is given by (2.5), then sequence (2.1) converges to a normally distributed

random variable with the normalisation {b,} given by b, = n%?~¢ for each n > 1.
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Corollary 2.2. Suppose that { X} is a real linear process with {a;} given by (2.5),

Eeog =0 and Ec2 < co. Then

S, D
=y = N(0,v) as n — oo,
where v is given by
o*c(p)
v =
(1=¥)(3—2p)

with ¢(p) given by (2.6).

Linear processes with values in abstract spaces

Let us recall the definition of a Gaussian random element with values in a real
separable Banach space E. E* denotes the topological dual space of E. For details
about Gaussian random elements with values in Banach spaces, see Ledoux and
Talagrand [35].

Definition 2.2. An E-valued random element X is Gaussian if the real random

variable f(X) is Gaussian for each f € E*.

Consider a linear process { Xj } with values in a separable Hilbert space H, Egy = 0
and E ||&o||* < oo, where || - || is the norm of the Hilbert space H. It seems that
there is no simple generalisation of Theorem 2.1 for linear processes with values in
abstract spaces. Merlevede et al. [42] show that, without any additional assump-
tions on the operators {a;} or on the covariance operator of ey, the tightness of
both {S,/v/n :n > 1} and {S,/\/E[[S,]? : n > 1} may fail and no analogue of

Theorem 2.1 is possible.

However, if we assume that the series

I (2.7

converges, essentially an analogue of Corollary 2.1 is true (see Merlevede et al. [42]
for the proof of Theorem 2.2).
Theorem 2.2. Suppose that { X} is an H-valued linear process with 7 ||a;|| <

00, Eeg =0 and E ||go]]* < co. Then

By N(0,AC., A*) as n — o0,

S
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where N is an H-valued Gaussian random element, C., denotes the covariance

operator of g, A = Z;’io a; and A* is the adjoint operator of A.

Rackauskas and Suquet [47] extend the result of Merlevede et al. [42] to linear
processes with values in a separable Banach space [E. They establish that the linear
process inherits its asymptotic behaviour from {e;} if series (2.7) converges.
Theorem 2.3. Suppose that { X} is an E-valued linear process with 7 ||a;|| <
oco. If

then
Sn
vn

where N is an E-valued Gaussian random element, C., denotes the covariance

By N(0,AC.,A*) as n — o0,

operator of e, A = Z;‘io a; and A* is the adjoint operator of A.

Remark 2.1. If {e;} are independent and identically distributed random elements
with values in the separable Hilbert space H, then Egy = 0 and E ||g]|* < oo
implies that {e;} satisfies the central limit theorem in H. However, in some sep-
arable Banach spaces no integrability condition ensures that {e,} satisfies the
central limit theorem. For this reason, the assumptions of Theorem 2.2 and The-

orem 2.3 are different (for more details, see Ledoux and Talagrand [35]).

In Chapter 3 we investigate the central limit theorem for a functional linear process
with values in a particular Hilbert space when series (2.7) diverges. The case we
investigate shows that the normalizing sequence might be a sequence of operators

when series (2.7) diverges.

2.2.2 Functional central limit theorem

Real linear process

Consider a real linear process {X}} with 337 a? < 00, Egp = 0 and 0 < Eef <

00. As in the case of the central limit theorem, the asymptotic behaviour of

sequence (2.2) depends on the convergence of the series (2.3). Depending on the

17



asymptotic behaviour of the variance of the partial sums, the limit can be the

Wiener process or the fractional Brownian motion.

Let us recall the definitions of the Wiener process and the fractional Brownian
motion.
Definition 2.3. The Wiener process {W(t) : ¢ > 0} is a real-valued Gaussian

random process such that
(i) EW(t) = 0 for each t > 0;
(ii) E[W(s)W (t)] = min{s,t} for s > 0 and t > 0;

(iii) Pr{W € C[0,00)} = 1.
Definition 2.4. The fractional Brownian motion {By(t) : ¢ > 0} with the self-
similarity parameter H € (0, 1) (or the Hurst parameter) is a real-valued Gaussian

process such that

(i) EBg(t) =0 for each t > 0;

(i) E[Bu(s)Bu(t)] = 1(|s|** + [¢|* — |s — ¢|*7) for s > 0 and ¢ > 0;
(iii) Pr{By € C[0,00)} = 1.

Although the fractional Brownian motion was introduced by Kolmogorov [30], it
was Mandelbrot and Van Ness [39] who recognized the relevance of this random
process and gave this process the name by which it is known today. Let us observe
that the fractional Brownian motion with H = 1/2 is the Wiener process. See
Chapter 6 of Resnick [50] for more details about the Wiener process and see
Chapter 3 of Beran et al. [2] or Chapter 7 of Samorodnitsky and Taqqu [53] for

more details about the fractional Brownian.

We begin with the case when series (2.3) converges and the series A given by (2.4)
converges to a non-zero limit (see Wang, Lin, and Gulati [57] or Merlevede,
Peligrad, and Utev [43] for the proof of Theorem 2.4).

Theorem 2.4. Suppose that { X} is a real linear process with > 72 la;| < oo,
A#0,Eeg =0 and Ec} < co. Then



in C[0,1] as n — oo with {b,} given by

by =A-+/n.

As we have already seen in Proposition 2.2, if series (2.3) diverges, the variance
of the partial sums can grow faster than linearly. This changes not only the
normalizing sequence {b,}, but also the limit of sequence (2.2). The following
result was first proven by Davydov [13] under the assumption of E&2* < oo for
k > 2. Tt is possible to prove the following result under the assumption of Ee? <
oo (see Theorem 4.6 of Beran et al. [2] or Theorem 1 of Konstantopoulos and
Sakhanenko [31] for the proof of Theorem 2.5).

Theorem 2.5. Suppose that { X} is a real linear process with {a;} given by (2.5),

Eeg =0 and Ec} < co. Then
b'r_LlCn 2} BB/Z—QD

in C[0,1] as n — oo with

b2 _ UzC(@) 3—2¢p

" (1—9)(3-2¢p) ’

where c(p) is given by (2.6) and Bsjs_, is the fractional Brownian motion with

the self-similarity paramter equal to 3/2 — .

Linear processes with values in abstract spaces

Before we review the functional central limit theorems for linear processes with
values in abstract spaces, we need to introduce more general definitions of a Gaus-
sian random process and the Wiener process.

Definition 2.5. An E-valued random process {{(t) : t € T'}, indexed by some set

T, is Gaussian if
Z a;§ (tz)
i=1

is an E-valued Gaussian random element for any n > 1, aq,...,a, € R and

tiyo .t €T

For details about Gaussian random processes with values in Banach spaces, see

Ledoux and Talagrand [35].
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Definition 2.6. An E-valued Wiener process {Wgq(t) : t > 0} is an E-valued
centred Gaussian random process with independent increments such that Wg(t) —
Wo(s) has the same distribution as |t — s|'/2G for t > s > 0, where G is an E-

valued centred Gaussian random element with the covariance operator Q).
See Van Thu [55] for alternative definitions of an E-valued Wiener process.

Rackauskas and Suquet [47] prove that the E-valued linear process inherits its
asymptotic behaviour from {e;} if series (2.7) converges.

Theorem 2.6. Suppose that { X} is an E-valued linear process with 3 7 ||a;|| <

oo and
Vn
Then
Cn D
—= — Wac. a

NLD
in C([0,1};E) as n — oo, where Wac, a~ is an E-valued Wiener process, C,
denotes the covariance operator of g, A = Z;io a; and A* is the adjoint operator

of A.

Duncan, Pasik-Duncan, and Maslowski [15] generalize the definition the fractional
Brownian motion. They establish the existence of the fractional Brownian mo-
tion with values in a separable Hilbert space H. Suppose that @ € L(H) is a
non-negative, self-adjoint and trace class operator. Let Cov[X, Y] denote the co-
variance operator of two H-valued random elements X and Y. Duncan et al. [15]
give the following definition of the fractional ()-Brownian motion.

Definition 2.7. The H-valued fractional Q-Brownian motion {Byg(t) : t > 0}
with the Hurst parameter 1/2 < H < 1 is an H-valued Gaussian random process

such that

(i) EBp(t) =0 for each t > 0;

(ii) Cov[Brg(s), Bug(t)] =27 (|s|*" + |t|*# — |s — t|*)Q for all 0 < s < t;
(iii) Pr{Bpg € C(]0,00);H)} = 1.

Rackauskas and Suquet [47] define the H-valued fractional Brownian motion with

the Hurst parameter H € L(H). Let H € L(H) and @ € L(H) be non-negative

20



operators and suppose that () is trace class.
Definition 2.8. The H-valued operator fractional QQ-Brownian motion with the

Hurst parameter H is an H-valued Gaussian random process such that
(i) EBpg(t) =0 for each t > 0;

(ii) Cov[Brg(s), Buot)] = 27 (|s|*® + [t|*# — |s — t|*)Q for all s > 0 and
t>0.

Rackauskas and Suquet [48] prove the existence of an H-valued operator fractional
(-Brownian motion only under additional assumptions on the operators H and
@ (they assume that H is a self-adjoint operator such that %I < H < I and
the operator H commutes with the operator )). They also establish that the

H-valued operator fractional @)-Brownian motion has a continuous version.

Consider an H-valued linear process {Xj} with {a;} given by
ap =1, a;j =51 for j>1, (2.8)

where T' € L(H) satisfies 1/2] < T < I, Egyg = 0 and E ||gg||* < oo. Let Q be
a covariance operator of £9. Assume that T" commutes with (). Rackauskas and

Suquet [48] show that the series

oo
> llajll = oo
j=0

and sequence (2.2) converges in distribution to an H-valued operator fractional
@-Brownian motion with the Hurst parameter H = 3/21 — T.

Theorem 2.7. Suppose that {X} is an H-valued linear process with {a;} given
by (2.8), Eeg =0, E ||go]]* < 0o and the covariance operator Q commutes with T.

Then

c(T)n_HCn N Bugo

in C([0,1];H) as n — oo, where By g is an operator fractional Q-Brownian mo-

tion with the operator Hurst parameter H = 3/2I1 —T and bounded linear operator

o(T).
See Rackauskas and Suquet [48] for the expression of the operator ¢(T').
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In Chapter 3 we investigate the case when the series of operator norms of {a;}
diverges and T not necessarily commutes with (). When T does not commute
with (), the random polygonal lines converge in distribution to a different Gaussian

process than the operator fractional ()-Brownian motion.

2.2.3 Law of large numbers

The law of large numbers is a well-know result in the probability theory, but we
state both the strong and weak law of large numbers here in order to emphasize
different assumptions of the weak and the strong law of large numbers.

Theorem 2.8 (Weak law of large numbers). Suppose that {&, : n > 1} are
independent and identically distributed random variables and set S, = > ;_, &.

There exists a real sequence {i, : n > 1} such that

S _ ftn — 0 (2.9)
n

in probability as n — oo if and only if xPr{|| > =} — 0 as © — oco. In this

case (2.9) holds with pi, = E[§oI{je)<n}]-

See Feller [17] and Resnick [51] for the proof of Theorem 2.8.

Theorem 2.9 (Strong law of large numbers). Suppose that {&, : n > 1} are
independent and identically distributed random variables and set S, = > ;_, &.
There exists ¢ € R such that "

n
— =
n

almost surely as n — oo if and only if E || < oo in which case ¢ = E&p.
See Resnick [51] for the proof of Theorem 2.9.

Phillips and Solo [46] established the strong law of large numbers for real linear
processes. They proved the following two theorems.

Theorem 2.10. Suppose that
Z lja;|? < oo,
j=1
{er} are independent and identically distributed with Ee3 < oo and zero means.

Then

— =0
n

22



almost surely as n — oco.

Theorem 2.11. Suppose that
Zj |a;| < oo,
j=1

{ex} are independent and identically distributed with E |g¢| < oo and zero mean.
Then

— =0
n

almost surely as n — oo.

There are generalizations of both the weak law of large numbers and the strong
law of large numbers.

Theorem 2.12 (Marcinkiewicz-Zygmund type weak law of large numbers). Sup-
pose that {&, : n > 1} are independent and identically distributed random variables

and set S, =Y ;& Fiz any p € (0,2) and c € R. Then
Sn

—0 — C
nl/P

in probability as n — oo if and only if the following conditions hold as r — oo,

depending on the value of p:
p<l:rPPr{|&| >r} — 0 andc=0;
p=1:rPr{|&| >7r} = 0 and E[{i I{je, <] — ¢;
p>1:rPPr{|&]| >r} = 0 and E§ = ¢ = 0.
Theorem 2.13 (Marcinkiewicz-Zygmund strong law of large numbers). Suppose

that {&, : n > 1} are independent and identically distributed random variables

and set Sy, = > r_ & Fiz any p € (0,2). Then

n
nl/P

converges almost surely as n — oo if and only if E|&|P < oo and either p <1 or

E& = 0. In that case the limit equals E&; for p =1 and is otherwise 0.
See Kallenberg [29] for the proofs of Theorem 2.12 and Theorem 2.13.

Louhichi and Soulier [37] investigate the Marcinkiewicz-Zygmund type strong law

of large numbers for real linear processes when the series Z?io |aj| not necessarily
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converges. Suppose that {e;} are independent and identically distributed sym-
metric a-stable variables with 1 < a < 2 or uncorrelated with finite variance. The
latter case is refered to as the case v = 2 for convenience. Let {a;} be a sequence
of real numbers such that 3 |a;|* < co. Louhichi and Soulier [37] prove the
following theorem.

Theorem 2.14. Assume that there exists a real s € [1,a) such that 3777 |a;|* <
oo. Then for all p such that 1/p >1—1/s+ 1/a,

S

nl/P
almost surely as n — oco.

In Chapter 4 we investigate the Marcinkiewicz-Zygmund type weak and strong
laws of large numbers for general linear processes with values the space H. We
make assumptions of Eeg = 0 and either lim,_ . z? Pr{||eq|| > 2} = 0, E||&o]|P <
oo or Ef||eo]|Plog(1l + |leol|)] < oo for some 1 < p < 2. So we generalize Theo-
rem 2.14 in the sense that we do not assume that the distributions of {¢;} are

a-stable.

The following two theorems are generalizations of the Marcinkiewicz-Zygmund
type laws of large numbers to separable Hilbert spaces.
Theorem 2.15. Let 1 < p < 2. Suppose that {&, : n > 1} are independent
and identically distributed symmetric random elements with values in a separable
Hilbert space H. Then

> b1 Sk S0

nl/P

in probability as n — oo if and only if lim, . z? Pr{||&|| > =} = 0.
Theorem 2.16. Let 0 < p < 2. Suppose that {&, : n > 1} are independent and
identically distributed random elements with values in a separable Hilbert space H.
Then

Zk:1 gk 0

nl/P
almost surely as n — oo if and only if E||&||P < oo and E& =0 if p > 1.
See Ledoux and Talagrand [35] for the proofs of Theorem 2.15 and Theorem 2.16.
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2.3 Memory

There is evidence that long memory processes occur quite frequently in various
fields, such as finance, econometrics, internet modeling, hydrology, climates stud-
ies, linguistics, DNA sequencing (we refer to Samorodnitsky [52] for a review of
the notion of long memory; for probabilistic foundations, statistical methods, and

applications, see Giraitis et al. [19], Beran [1] and Palma [45]).

There are many definitions of the memory of a random process and, unfortunately,
the definitions are not equivalent (Guégan [21] mentions 11 different definitions).
We restrict our attention to stationary and strictly stationary sequences of random
variables.

Definition 2.9. A sequence {X;} = {X} : k € Z} of random variables is station-

ary if
(i) EX? < oo for each k € Z;
(ii)) E Xy = m for each k € Z, where m € R;

(iii) Cov[X,, X;] = Cov[X, 4+, Xsye) for all r;s,t € Z.

Remark 2.2. If { X} is stationary, then Cov[X,, X] = Cov[XoX,_,| forall s,t € Z
and it makes sense to investigate Cov|[XoX}] for h > 0 instead of Cov[X,, X] for
r,s € 7.

Definition 2.10. A sequence of random variables { X} : k € Z} is said to be
strictly stationary if the joint distributions of (Xy,, ..., Xy, ) and (X4, 4n,. .., X¢, +
h) are the same for all £ > 1 and for all t1,... tx, h € Z.

If we are considering stationary sequences of random variables, we can define the
memory of a random process in terms of the asymptotic behaviour of the sequence
of covariances.

Definition 2.11. A stationary sequence of random variables { X} has long mem-

ory if the series
o0

> | Cov[XoX,]] (2.10)

J=0

diverges. If series (2.10) converges, then the sequence { X} has short memory.
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Clearly, a sequence of independent and identically distributed random variables
has short memory. An example of a sequence of random variables that has long
memory is not straightforward. Two well-known examples are the fractional Gaus-
sian noise and the fractional ARIMA process.

Definition 2.12. The fractional Gaussian noise is a sequence {,} = {& : k > 0}

of the increments of the fractional Brownian motion {Bpy(t) : t > 0} given by
& = Bp(k) — Bu(k—1)
for k > 0, where H € (0,1) is the self-similarity parameter.
The fractional Gaussian noise has the following properties:
(1) Corr[¢jin, &) ~ H(2H — 1)h~20-H) as h — oo for H € (0,1) and H # 1/2;
@n\@4zjﬁ§4::mBgunqﬂHere(q1y

If 1/2 < H < 1, the fractional Gaussian noise has long memory.
Definition 2.13. Let —1/2 < ¢ < 1/2. The fractional ARIMA(0,1,0) process
with the parameter 1 is a real linear process with {a;} given by

_ PG+y) k—1+4
%= 15w~ 1

for each 7 > 0, where I is the gamma function.

0<k<j

The fractional ARIMA(0, ¢, 0) process was introduced independently by Granger
and Joyeux [20] and Hosking [25]. We have that (see Chapter 13 of Brockwell and
Davis [5])

Corr[Xo, Xp] ~ % “h*as b — oo,

where { X} } is the fractional ARIMA(0, v, 0) process with —1/2 < ¢ < 1/2. Thus
the fractional ARIMA(0,1,0) with 0 < ¢ < 1/2 has long memory.

The idea behind Definition 2.11 is that the absolute summability of the autoco-
variances {Cov[Xp, X;| : 7 > 0} implies at most linear growth of the variance of
the partial sums.

Proposition 2.3. Suppose that { Xy} is a stationary sequence that has short mem-

ory. Then Var S, = O(n) as n — oo. Furthermore, if

n—1
. 1
nhjEO kg_l(l — k/n) Cov|Xo, Xi] # —3 Var X,
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then Var S,, ~ c-n as n — oo, where c is a positive constant.

Proof. . Using the stationarity of the sequence { X},

n—1
1
~ Var S, = Var X, + 2> (1 - k/n) Cov[Xo, X4].

k=1

Similarly, as in the proof of Proposition 2.1, we have that

n—1 o)
lim » (1 — k/n) Cov[Xo, X;] = > Cov[Xy, X;]
n—oo

k=1 k=1

since any convergent series is Cesaro summable, and the sum of the series agrees

with its Cesaro sum. O

The following definition of the memory of a random process was proposed by
Cox [10] and it is relevant to this thesis since we are investigating the functional
central limit theorem.

Definition 2.14. Let {a, : n > 1} and {b, : n > 1} be real sequences such
that b, — oo as n — oo. A strictly stationary sequence of random variables
{& : k € Z} has long memory if the finite-dimensional distributions of the random
processes

{bnl %(gk —ay) it > 0}

k=1

converge weakly to the finite-dimensional distributions of the random process with
dependent increments. If the increments of the limit process are independent, the

sequence {& : k € Z} has short memory.

The long memory (short memory) defined in Definition 2.11 is sometimes called
covariance long memory (covariance short memory) and the long memory defined
in Definition 2.14 is sometimes called distributional long memory (distributional

short memory) to make a distinction between these two definitions.

Definition 2.11 and Definition 2.14 are not equivalent. Consider, for example, a
real linear process with {a;} given by a; = (j + 1) for each j > 0, Egy = 0 and

Ee2 < co. Then it has covariance long memory since

> | Cov[ Xy, X3)| = oo,

h=0

27



but distributional short memory since the finite-dimensional distributions of the

processes
[nt]

{(0 -v/nlogn)™! ZX"? > O}
k=1

converge weakly to the finite dimensional distributions of the Wiener process, i.e.

a process with independent increments.

Louhichi and Soulier [37] proposed a definition of long memory based on the rate
of convergence in the Marcinkiewicz-Zygmund type strong law of large numbers.
Definition 2.15. Let {{ : k € Z} be a strictly stationary sequence of random
variables with zero means and E|£|? < oo for some ¢ € [1,2]. The sequence

{& : k € Z} has short memory if
Zk:l fk 0

nl/P
almost surely as n — oo for all 0 < p < g and p < 2. The sequence {&} has long

memory otherwise.

2.4 Self-similarity

Self-similar processes are random processes that are invariant in distribution under
suitable scaling of time and space. More precisely, let £ = {£(¢) : ¢ > 0} be an
R9-valued stochastic process defined on some probability space (€2, F, P). The
process £ is said to be self-similar if for any a > 0 there exists b > 0 such that

fdd

{€(at) - 1 = 0} = {bg(t) - t = 0},

where "2 denotes the equality of the finite-dimensional distributions.

Self-similar processes were first studied rigorously by Lamperti [33]. Well-known
examples are the Wiener process and the fractional Brownian motion with the
self-similarity parameter 0 < H < 1 (in these cases b is equal to a'/? and a”
respectively). We refer to Embrechts and Maejima [16] for the current state of

knowledge about self-similar processes and their applications.

Laha and Rohatgi [32] introduced operator self-similar processes taking values

in RY. They extended the notion of self-similarity to allow scaling by a class of
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matrices. Such processes were later studied by Hudson and Mason [26], Maejima
and Mason [38], Lavancier, Philippe, and Surgailis [34] and Didier and Pipiras [14]

among others.

Matache and Matache [41] consider and study operator self-similar processes val-
ued in (possibly infinite-dimensional) Banach spaces. Recall that E denotes a
Banach space and L(E) is the algebra of all bounded linear operators from E to
E. Matache and Matache [41] give the following definition.

Definition 2.16. An operator self-similar process is a random process & = {£(¢) :
t > 0} on E such that there is a family {T'(a) : @ > 0} in L(E) with the property

that for each a > 0,

{€(at) -t = 0} EH{T(@)4(0) : 1 = 0}.
The family {T'(a) : a > 0} is called the scaling family of operators. If operators
{T(a) : a > 0} have the particular form T'(a) = a“I, where G is some fixed scalar
and [ is an identity operator, then a random process is called self-similar instead

of operator self-similar.
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3 Central limit theorem and functional

central limit theorem

In this chapter we investigate a linear process { X} = {X} : k € Z} with values

in a separable Hilbert space Ly(u) defined by
Xp =Y ajery) (3.1)
=0
for each k € Z with {a;} given by
aj=(j+1)7" (3.2)

for j > 0, where D : Ly(u) — Lo(p) is a multiplication operator such that
Df = {d(s)f(s) : s € S} for each f € Ly(p) and d : S — R is a measurable
function. We assume that {e,} = {ex : k € Z} are independent and identically
distributed Ly(u)-valued random elements with Eey = 0 and either E ||gq]]? < oo
or E|leg]|? < oo for some p > 2. We establish sufficient conditions for the central

limit theorem and the functional central limit theorem for {Xj}.

3.1 Preliminaries

3.1.1 Construction of linear processes

There are two approaches to construct {X;} with values in Lo(u). The first
approach is to define {X;} as random processes with space varying memory and
square p-integrable sample paths. The second approach is to define La(p)-valued
linear process with {a;} given by (3.2) and to investigate the convergence of

series (3.1). We present both of these two approaches.
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First approach

Let {ex} = {er(s) : s € S}rez be independent and identically distributed mea-
surable random processes defined on the probability space (2, F, P), i.e. {ex} are
F ® S-measurable functions g : Q x S — R. We require that Eeg(s) = 0 and

Ee2(s) < oo for each s € S and denote
o(r,s) = Eleo(r)eo(s)], o*(s) =Eej(s), r, s€ES.

Define stochastic processes { X} = {Xi(s) : s € S}rez by setting

o0

Xi(s) =Y (G + 1) e, _y(s) (3.3)

=0
for each s € S and each k € Z. It follows from Kolmogorov’s three-series theorem
that d(s) > 1/2 is a necessary and sufficient condition for the almost sure conver-
gence of series (3.3) (see Chapter 2 of Shiryaev [54] for Kolmogorov’s three-series

theorem).

If Eeg(s) # 0, then the sequence {Xx(s)} for s € S can only have short memory,
since then the series (3.3) converges almost surely if and only if d(s) > 1 and
absolute summability of {a;} implies absolute summability of the autocovariances

of a linear process (see, for example, Hamilton [23], p. 70).

The sequence {Xy(s)} for each s € S is essentially similar to the fractional
ARIMA(0,1 — d(s),0) process (see Definition 2.13). {Xy(s)} is a real linear pro-

cesses

with the sequence {a;(s)} given by a;(s) = (j + 1)~%%). The application of
Stirling’s formula to the coefficients of the fractional ARIMA(0, 1 —d(s),0) yields

the following relation:

DG+1-ds)
T+ D01 —d(s))  T(1—d(s))

as j — 00.

It is possible to consider more general case of a linear process {Xj(s)}. For

i—d(s)

example, a;(s) ~ as j — oo. But our aim is to investigate space varying

memory and we want to avoid any unnecessary technical difficulties.
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The growth rate of the partial sums {>_;_; Xi(s)} depends on d(s). Viewing S as
the set of space indexes and Z as the set of time indexes, we thus have a functional
process { X} with space varying memory. Such sequences of random processes
could serve as a model in functional data analysis (we refer to Ramsay and Silver-
man [49] and Horvath and Kokoszka [24] for an introduction to functional data
analysis, for the theory of linear processes in function spaces, see Bosq [4] and

Mas and Pumo [40]).

d4=0.6, d,=2 d4=0.6, d»=0.7

Xi(t)
Xi(t)

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.1: Simulated sample paths of the random processes { X} }

Figure 3.1 shows simulated sample paths of the random processes of the sequence
{Xk}. The sequence {e} = {ex(t) : t € [0,1]} was assumed to be a sequence of
independent and identically distributed standard Wiener processes on the interval
[0,1] and the function d : [0,1] — (1/2,400) was assumed to be a step function
d(t) = dixjo,1/2)(t) + daxp 21)(t), where x4 is the indicator function of A. The
simulated sample paths for 5 consecutive elements of the sequence {X} were
plotted. The procedure was completed for two different sets of the values of d;

and d2 (dl = 06, d2 =2 and d1 = 06, d2 = 07)

We denote
Yu(r,s) = E[Xo(r)Xn(s)]  and  n(s) = E[Xo(s)Xn(s)]

for r,s € S and h > 1. For fixed r, s € S, the sequences { X (r)} and {Xx(s)} are
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stationary sequences of random variables with zero means and cross-covariance
W(r,s) =o(r,s) Y (G + 1)+ h+1)71 (34)
7=0

for h > 0 and r,;s € S. Observe that ~,(r,s) > 0 for each h > 0 and each 7, s € S.

Let us denote
c(r,s) = / 274 (1 1))y, c(s) = c(s, s) (3.5)
0

and
d(r,s) =d(r) +d(s) (3.6)
for r;s € S provided that 1/2 < d(r) < 1, d(s) > 1/2. Let us observe that

c(r,s) = B(1—d(r),d(r,s)—1), where B is the beta function. ¢(s) can be estimated

from above with the following inequality

c(s) < ! + ! :
1—d(s) 2d(s)—1

(3.7)

Proposition 3.1 gives the asymptotic behaviour of ~(r,s) and Proposition 3.2
provides a necessary and sufficient condition for the summability of the series
> e V(7. s). The notation a,, ~ b, indicates that the ratio of the two sequences
tends to 1 as n — oo.

Proposition 3.1. If1/2 < d(r) <1 and d(s) > 1/2, then
(1, 8) ~ e(r,s)o(r,s) - B4 a5 h — oo,

where c(r,s) is given by (3.5) and d(r,s) is given by (3.6). If d(r) = d(s) = 1,
then

n(r,s) ~a(r,s)-h~'logh as h— oc.

Proof. We approximate series (3.4) by integrals to obtain the following inequali-
ties: if 1/2 < d(r) < 1 and d(s) > 1/2, then we obtain

DG+ DTG+ 1) > ) / @+ 1) dz,  (38)

1
0 L

<.
I
=

M

i
o

(,] + 1)—d(7‘)(j —|—h+ 1>—d(s) S hl—d(r,s)/ x—d(r)(x+ 1)—d(s) dZE,
0
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if d(r) = d(s) = 1, then we have that

NE

G406+ 20 o (M) + [ty 1) ]

<.
Il
o

NE

G+D)G+h+D] < (h+1)" 4+ n71 [log(%) - /100[3/(3/ +1)]7! dy]

<.
I
o

The proof is complete. O
Proposition 3.2. The series
nyh(r, s) (3.9)
h=0

converges if and only if d(s) > 1 and d(r,s) > 2.

Proof. Series (3.9) has the following expression
h=0 h=0 h=0 j=1

The first series of the right-hand side of the equation above converges if and only

if d(s) > 1. Thus, we only need to investigate the convergence of the series

i i G +h+1)7". (3.10)

h=0 j=1

A slight modification of inequality (3.8) shows that series (3.10) diverges if d(r, s) <
2. By choosing § > 0 such that 1 <1+ < d(s) and d(r,s) —d > 2, we obtain

ZZ ]+1 d(r ]‘I’h"’l) d(s) _ ZZ<j+1)—d(7“)(j+h+1)—d(5)+(1+5)—(1+5)

h=0 j=1 h=0 j=1

8

(h+1)" 1+6)Z j+1 —d(r,s)+(1+9)

h j=1

Il
=)

so that series (3.10) converges if d(s) > 1 and d(r,s) > 2. O
Remark 3.1. The series )., vk(s) converges if and only if d(s) > 1.

Let Lo(pn) = Lo(S, S, 1) be a separable space of real-valued square p-integrable

functions with a seminorm

11 = [ [ £ @] " 5 e at
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and let Lo(pn) = Lo(S,S, p) be the corresponding Hilbert space of equivalence

classes of p-almost everywhere equal functions with an inner product

(f. ) = /f w(dv),  frg € La(y).

With an abuse of notation, we denote by f both a function and its equivalence
class to avoid cumbersome notation. The intended meaning should be clear from

the context.

Proposition 3.3 establishes a necessary and sufficient condition for the sample
paths of the stochastic process {X(s) : s € S} to be almost surely square pu-
integrable with E || X||? < oo for each k > 1.

Proposition 3.3. The sample paths of the stochastic process {Xi(s) : s € S}
almost surely belong to the space Lo(pn) and E||X}||*> < oo for each k € Z if and
only if both of the integrals

E || = /802(U)M(dv) and / (US z p(dv) (3.11)

are finite.

Proof. We show that the expected value

| [ x30uta)]

is finite if and only if integrals (3.11) are finite. First, using Fubini’s theorem we

| [ 30| = [Ex30uta

Secondly, setting h = 0 and r = s in equation (3.4) gives the expression for the

obtain

variance
o0

EXG(s) = 0%(s) Y (j + 1)~

=0

for s € S. Approximation of the series above by integrals leads to the following

inequalities
2 2 o?(v)
Q/SEXO("U)M(dU) > /SU (U)Mdv+/smﬂ(dv),
2 2 a*(v)
JEXGMa) < [ Pomtan) + [ = a)
The proof is complete. [
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A stochastic process {{(s) : s € S} defined on a probability space (2, F, P)
with sample paths in £o(1) induces the F — B(Lq(p))-measurable function w —
{&(s)(w) : s € S} : Q — La(p), where B(Lo(p)) is the Borel o-algebra of Lo(u)
(for more details, see Cremers and Kadelka [11]). Therefore we shall frequently
consider each stochastic process {{(s) : s € S} with sample paths in Lo(1) as a

random element with values in Lo(p) and denote it by {£(s) : s € S} or simply
by &.

Second approach

Now we establish a necessary and sufficient condition for the mean square con-
vergence of series (3.1) with {a;} given by (3.2). Recall that (j + 1)"Pf =
{(G+1) 99 f(s) : s € S} for each j > 0 and f € Ly(p) since e” = 322 T7 /]!
and \T = T8> for T € L(E) and A > 0.

Proposition 3.4. Series (3.1) with a; given by (3.2) and independent and iden-
tically distributed Lo(p)-valued random elements {ey} such that Eeq = 0 and
E|le0]|*> < 0o converges in mean square if and only if there exists a measurable set

So C S such that 1(S\ Sp) =0, d(s) > 1/2 for all s € Sy and the integral
o*(v)
————u(dv
/S 2d(v) — 1H( )

is finite.

Proof. Let N > M, o?(s) = E52(3) for s € S and observe that

N
B 3 Genren] = 3 fun e
j=M+1 j=M+1
Since
Z/]+1 2dv) 2 dU /Z] 2d(v d’U)
and

> 1
< 20 <14 — —
- ;‘7 =i 2d(v) — 1

we have that
o?(v) 2 o*(v)
R (v) p(dv) < E 2 L /— d
| sarsgutan) < [ ot 035 ) Bl + [ 5w
and the proof is complete. [
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Remark 3.2. Since {e;} are independent, it follows from Lévy-It6-Nisio theorem
(see Ledoux and Talagrand [35], Theorem 6.1, p. 151) and Proposition 3.4 that
series (3.1) also converges almost surely. Hence, X}, for each k € Z is an Lo(u)-
valued random element and Proposition 3.4 is consistent with Proposition 3.3.

Remark 3.3. Since {a;} given by (3.2) are multiplication operators from Lo ()
to Lo(u), we have that the operator norm |[(j + 1)7?| = inf{c > 0: u(s € S :
1(j +1)7%)| > ¢) = 0} (see Theorem 1.5 of Conway [9]). If d = essinfd = 1/2,
then we have that 7 [lu,l|*> = 3272, =" = oo, but series (3.1) might still
converge. The square summability of the operator norms of {a;} is not a necessary

condition for the almost sure convergence of series (3.1).

3.1.2 Asymptotic behaviour of cross-covariances

(n(t) can be expressed as a series

[nt|+1
G(t) = ani(t)e;
j=—00
for each t € [0, 1], where
[nt]
anj(t) = ka—j + {nt}v\_n”_i_l_j (312)
k=1
and
w, ifj >0
vy =14 " (3.13)
0, ifj<0.

We adopt the usual convention that an empty sum equals 0.

Denote
Suls) =) Xi(s)
k=1

for each s € S and
Ca(5,1) = Sty (5) + {E}X [ty 11 (5)

for each s € S and each t € [0, 1]. Each random variable (,(s,?) can be expressed

as a series
[nt]+1

Cn(87t> = Z CLnj(S,t)é‘j<S),

j=—o0
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where
[nt]

anj(5,8) = > vei(8) + {nt}vn4a4(s)

k=1
and
(j+ 1)~ if j >0
vj(s) = (3.14)
0, if 7 <0.

Observe that v; = v;(s) if d(s) =1 for each s € S since u; = (j+ 1)1 if d(s) =1
for each s € S. Notice that the upper bounds of summation of the series in the
expressions of (,(t) and (,(s,t) can be extended up to oo since a,;(s,t) = 0 and

anj(t) =0if j > |nt| + 1.

The growth rate of the cross-covariance of the partial sums of the sequences
{Xk(s)} and {Xx(t)} for s,t € S is established in Proposition 3.5.
Proposition 3.5. If1/2 < d(s) <1 and 1/2 < d(t) < 1, then

as n — oo, (3.15)

c(r,s) +c(s,r)lo(r,s) 5 ges
E[Sn(r)Sn(s)} - [2 —d(r, 9)][3 — d(r,s)] )

where ¢(r, s) is given by (3.5) and d(r, s) is given by (3.6).

If d(r) = d(s) = 1, then
E[S,(r)S.(s)] ~ o(r,s)-nlog’n as n — oco. (3.16)

Proof. The cross-covariance of the partial sums of the sequences {Xj(s)} and

{Xk(t)} has the following expression

E[S,(r)Sn(s)] = nyo(r, s)

+ g E[Xk(r)X(s)] + g E[Xk(s)X;(r)]. (3.17)
Since . . o
Z Z E[Xk(r)Xi(s)] = nZ’Yk(T, s) — Zk’yk(r, s),

we can use the results of Proposition 3.1 to obtain the following asymptotic rela-

tions: if 1/2 < d(r) < 1 and 1/2 < d(s) < 1, then

n—1 n—1

c(r,s)o(r,s) 9 d(r,s) c(r,s)o(r,s) 3—d(r.s)
E ~ N2V 2T s d E L ~ NPT s
k=1 ) 2 —d(r,s) " " k=1 ) 3—d(r,s) !
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as n — o0o; if d(s) = 1 and d(t) = 1, then

n—1 n—1
o(r,s
Z%(T, s) ~ % ‘In*n  and Zk‘%(r, s) ~o(r,s)-nlnn
k=1 k=1
as n — oo. ]

Remark 3.4. The asymptotic behaviour of the variance of the partial sums of the

sequence { X(s)} is the following: if 1/2 < d(s) < 1, then

2 0(5)02(5) 3—2d(s).
BS6) ™ famB—zam]

if d(s) = 1, then
E S2(s) ~ 0*(s) -nln®*n.

Set T =S x [0,00) and define the function V : T? — R by

o(r,s)

[2 —d(r, 9)][3 —d(r,s)]

V((r,t),(s,u)) = [c(s, r)t3*d(7"78) + e, S)u?)fd(r,s)
= C(r syt —u)lt —uf ], (3.18)
where d(r, s) is given by (3.6), ¢(r, s) is given by (3.5) and

c(rys) ift <0
C(r,s;t) =

c(s,r) ift>0.

Now we are prepared to derive the asymptotic behavior of the sequence of cross-
covariances of (,.
Proposition 3.6. Suppose either 1/2 < d(r) <1 and 1/2 < d(s) <1 ord(r) =

d(s) = 1. In both cases, the following asymptotic relation holds
[ (0 (5,10)] ~ B[Sty (1) S (5]
Proposition 3.7. If1/2 < d(r) <1 and 1/2 < d(s) < 1, then
B[Sty (1) Sy (8)] ~ V((r,1), (5, 1)) - n*40*)
for (r,t), (s,u) € S x [0, 1], where V is given by (3.18).
If d(r) = d(s) = 1, then
E[S |ty (1) S| (8)] ~ o (1, 8) - min(t, u) - nlog® n.
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Remark 3.5. Let us assume that r = s and 1/2 < d(s) < 1. By setting r = s in
Proposition 3.7 and using Proposition 3.6, we obtain that

o?(s)c(s)
[1—d(9)][3 = 2d(s)]

B[ (s, t)Cn(s, u)] ~ - E[Bs)a—a(s) () B3 ja—a(s (w)] - n®~24),

where

1
E[BB/2—d(s) (t)Bg/Q_d(s)(u)] — 5[153—2(1(s) 4 q372d0s) _ It — u|3—2d(s)]

is the covariance function of the fractional Brownian motion

Bsja_as) = {Bs/2—d(s)(t) : t € [0,1]}

with the Hurst parameter 3/2 — d(s) and c¢(s) is given by (3.5).

Remark 3.6. The asymptotic behaviour of the variance E ((s,t) follows from
Proposition 3.6 and Proposition 3.7 by setting r = s and t = w: if 1/2 < d(s) < 1,
then

2 c(s)o?(s) o odls)32d(s).
BG) ~ T a5 —2dc)] ! (5) . p3-2409),

if d(s) =1, then
E(%(s,t) ~ d*(s) - t - nlog®n.

Proof of Proposition 3.7. Suppose t < u and split the cross-covariance of the par-

tial sums into two terms

E [S1ne) (1) Spnu) (8)] = E[Sine () Sy (5)]
+ E[SLntJ (7’) [SUWJ (S) — S\_ntJ (S)H . (3.19)

The asymptotic behaviour of the first term of sum (3.19) is established using
(3.15) and (3.16): if 1/2 < d(r) <1 and 1/2 < d(s) < 1, then

if d(r) =d(s) =1, then
E[S |t (1) St (8)] ~ a(r, s) - t - nlog® n. (3.21)

In order to establish the asymptotic behaviour of the second term of sum (3.19),

we express it in the following way
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mnp—1

E[S ntj( )[SLTW ( ) - SLntJ (S)H = kh/k(’ra S) + /yLnuJ—k(ry 3)]

B
Il
—

[lnu]—2[nt]|

+ my, Z ’Ymn—i-k(r? S)a (322>
k=0

where m,, := min(|nt], |nu] — |nt]) (we also use the notation m := min(t,u—t)).

For simplicity, denote

b
k(a,b) = Z Y(r,s) and v(a,b) = Z ki (r, s)
k=a+1

k=a-+1

Then we have that

mp—1

> kYinug—r(r, 8) = [nu£([nu] —mn, [nu] —1)—v(|nu) —m, [nu]-1). (3.23)

Let us a recall a few facts about sequences. We use these facts to establish
asymptotic behaviour of the sums in (3.22) and (3.23). Suppose {a,} and {b,} are
sequences of positive real numbers such that a, ~ b,. Then Zzzl ap ~ ZZ:1 by,
provided either of these partial sums diverges. Let f be a continuous strictly
increasing or strictly decreasing function such that f(x)/f(z+1) = 1 as z — oo

and [|" f(z)dz — oo as n — oco. Then Y, f(k) ~ [/ f(z)dz

Since vi(r,s) ~ c(r,s)o(r,s) - k=49 if 1/2 < d(r) < 1 and d(s) > 1/2 (see
Proposition 3.1), we obtain the following asymptotic relations using the facts

about sequences mentioned above:

v(0,m, — 1) ~ = ’ -pdmdr) (3.24)

|nu] k([ nu] —my, [nu| —1) ~

c(r, 8)o(r, s)u[u?=4) — (y — m)2=drs)] - 3-d(re). (3.25)
2 —d(r,s) ’
v(|nu] —my, [nu] —1) ~
C<7,’ 8)0(7’, 8)[u3—d(r,s) _ (u _ m)3—d(r,s)] 3—d(rs), (326)
3—d(r,s) ’
c(r, s)a(r, s)m[(m + |u — 2t|)2~4rs) — m2=drs)] 3 (3.27)
2 —d(r,s) '

We have that
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B[S 1) (r)[Spma) () = Sty (5)]] ~
c(r,s)o(r, s)

T 2—d(r,s)][3—d(r,s)]

using asymptotic relations (3.24)-(3.27). Combining (3.20) with (3.28), we obtain

[ g3 =) _ (y 3] L p3=d) (3.98)

o(r,s)
[2 —d(r,9)]|[3 —d(r,s)]

+ C(?”, S)[Ude(r,s) _ (u _ t)3fd(7',s)” p3-dlrs)

E[S |ty (1) S{nu) (5)] ~ [e(s, r) 3 )

Similarly, if d(r) = d(s) = 1, then y(r, s) ~ o(r,s)- k™" log k (see Proposition 3.1)
and the following asymptotic relations are true

v(0,m, — 1) ~ o(r,s)m - nlogn; (3.29)

|nu]k([nu] —my, |nu| —1) ~ o(r, s)[logu — log(u —m)]u-nlogn;  (3.30)

v(|nu] —mp, [nu| —1) ~ o(r,s)m - nlogn; (3.31)

Myk(m, —1,m, + |[nu] —2|nt]|) ~
~ a(r,s)[log(m + |u — 2t|) — logm|m - nlogn. (3.32)
Since sequences (3.29)-(3.32) grow slower than sequence (3.21), we conclude that

E[SLHH (T)SLnUJ (S)} ~ 0‘(7“, 3) ten 10g2 n.

If t > wu, the proof is exactly the same as in the case of t < u. If ¢ = u, then we
just use asymptotic relations (3.20) and (3.21). The proof of Proposition 3.7 is
complete. n

Proof of Proposition 3.6. We have that

BlGa(r,8)Ga(s, w)] = B[Sy (1) Sy (5)]

+ {nu}t B[S (1) X uj+1.(8)]

+ {nt} E[S|nu) (5) X ne)41(r)]

+ {ntH{nu} BIX 1 (r) X +1(5)]
and

B[Sty (1) X nu1(8)] < [nt]50(r, 5).

The result follows from Proposition 3.7 since E[S|;)(r)S|nu)(s)] is the only term
in the expression of E[(,(r,t)(,(s,u)] that grows faster than linearly. O
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3.1.3 Operator self-similar process

In this section, we show that there exists a Gaussian stochastic process X' =
{X(s,t) : (s,t) € T} with zero mean and covariance function V' given by (3.18).
The stochastic process {X(-,t) : t € [0,00)} is an operator self-similar process

with values in Lo(p).

We begin by showing that the function V' is a covariance function.
Proposition 3.8. The function V : TxT — R, given by (3.18), with d € (1/2,1)

s a covariance function of a stochastic process indexed by the set T.

Proof. 1t follows from equation (3.18) that the function V' is symmetric, i.e.
V(r,7)=V(",7), 7,7 €T.

So we need to prove that the function V' is positive definite. Let N € N, 7, =
(siyt;) € T and w; € R, where ¢ € {1,..., N}. Denote M = max{ty,...,ty} and
w; = w; M3?~4s) ¢ {1,...,N}. Using equation (3.18) and Propositions 3.6
and 3.7, we obtain that

N N
E E U}Z‘U}jV(Ti,Tj) =
1=1 j=1

N N

D7D winy MDY (5, 1,/ M), (55, 15/M)

=1 j5=1

N N
1
> ww W; lim g raeyy) Blln(si, ti/M)Cu(s;, t5/M)] 2 0

=1 j5=1
since
1
i) E[Ga(r, 1)Ca(s, u)]
is a covariance function for all (r,%), (s,u) € S x [0,1] and for all n € N. O

Let us recall that a random element ¢ with values in a separable Banach space
E is Gaussian if for any continuous linear functional f on E, f(£) is real valued
Gaussian random variable. A stochastic process {& : t € T'} with values in E is
Gaussian if each finite linear combination ), o, a; € R, t; € T, is Gaussian

random element in E (for more details about Gaussian random elements and
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Gaussian stochastic processes with values in Banach spaces, see the textbook by

Ledoux and Talagrand [35]).

We have the following corollary of Proposition 3.8.
Corollary. There exists a zero mean Gaussian stochastic process X = {X(s,t) :

(s,t) € T} with the covariance function V' given by (3.18).

Next we describe the sample path properties of the stochastic process X. First
we consider for each ¢ € [0, 00) the stochastic process {X(s,t) : s € S}.
Proposition 3.9. Ifd € (1/2,1) and the integrals

ﬂ v an 02 (U) v
éu—awﬁ“” ! éu—avm«w—u“d)

are finite, then for each t € [0,00) the stochastic process {X(s,t) : s € S} has

sample paths in Lo(p) and induces a Gaussian random element with values in
Lo(p) which is denoted by X (-,t). Moreover, the process {X(-,t) : t € [0,00)}

with values in Lo(p) is Gaussian.

Proof. Since we have that

E [ A% 0ut00) = [ G Syt
)

using inequality (3.7) to estimate c(s) from above, the sample paths of the stochas-
tic process {X(s,t) : s € S} almost surely belong to the space Lo(pn) for each
t € [0,00). Hence X(+,t) is a random element in Ly(u). Clearly it is a Gaussian

one. O

Finally, we show that the stochastic process {X(-,t) : t € [0,00)} is operator
self-similar.

Proposition 3.10. The stochastic process {X(-,t) : t € [0,00)} is operator self-
similar with scaling family of operators {a* : a > 0} where a*

multiplication operator defined by a! f = {a®*=¥) f(s) : s € S} for f € La(p).

,a >0, 45 a
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Proof. We need to show that

(X(at)  te[0,00)} @ {a X (1) t € [0,00)}. (3.33)

Since stochastic processes on both sides of equality (3.33) are zero-mean Gaussian
stochastic processes, we only need to show that their covariance structure is the
same. Using the fact that two operators A and B are equal if and only if (Af, g) =
(Bf,g) for all f,g € Lo(u) and the fact that

E[a3/2*d(’")?c'(r, t)a3/2fd(s))(<5’ u)] = E[X(r,at)X (s, au)] (3.34)

for all ;s € S and ¢,u € [0, 00) (equality (3.34) follows from equation (3.18)), we
conclude the proof by showing that

(El{a” X (1), /" X (-, u)], g) =
E ( a*PX (u, 1) f (u)p (du))a:‘/?‘d(’”’?f(nw}g(r)u(dr)

( [ B e a0 u)]f(u)u(dw)g(r)u(dr)
(X at), )X au)l, g)

for all f,g € La(u). O

— (B

3.1.4 Main tools

We use three auxiliary results in the proofs of the central limit theorem and the
functional central limit theorem. The first result gives sufficient conditions for the
convergence in distribution of random processes with sample paths in Lo(u;E).
The second result is used to establish convergence in distribution random elements
with specific structure and values in a separable Hilbert space. The last result gives
sufficient conditions for tightness of random elements with values in C([0, 1]; H),

where H is a separable Hilbert space.

Convergence of random processes with sample paths in £,(y; E)

Let E be a separable Banach space with Borel o-algebra B(E). Suppose that
Lo(p;E) = LoS,S, ;) is a separable space of square pu-integrable E-valued
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functions with a seminorm

191 = | [1f0lPuta)] "

for f € Lo(u; E). Let Lo(p; E) = Lo(S, S, p1; E) be the corresponding Banach space

of equivalence classes of p-almost everywhere equal functions.

Let {&,} = {&, : n > 0} be a sequence of F ® & — Bg-measurable functions &, :
QxS — E with §,(w, ) € Lo(; E) for all w € Q and for all n > 0, i.e. a sequence
of measurable random process with values in E and sample paths in Lo(u; E).
Then the maps &, : Q — Ly E), w — &,(w) = & (w,-) for each n > 0 are
F —B(La(u; E)) measurable (see Cremers and Kadelka [11]) and the distributions
of &, are well-defined probability measures on (Ly(p; E), B(Ly(i; E))). It is said
that &, converges in distribution to &, and written &, LN &o if and only if the
distributions of &, converge weakly to the distribution of &, i.e. E f (én) —Ef (éo)

for all bounded continuous functions f : Ly(u; E) — R.

Now we are ready to state theorem which is proved by Cremers and Kadelka [12].
Theorem 3.1. Let {&,} be a sequence of random processes with sample paths in
Lo(p;E). Then &, LN &0 as n — oo provided that the following three conditions

are satisfied:

(1) the finite-dimensional distributions of &, converge weakly to those of &y

almost everywhere;
(II) (a) for each s € S, E||&,.(s)|> = E [|€o(s)||* as n — oo

(b) there exists a p-integrable function f:S — [0,00) such that

El&n(s)l* < f(s)

for each s € S and each n > 1.

Convergence in distribution of random elements with values in a sepa-

rable Hilbert space

Let E and F be two separable Hilbert spaces and let L(E,F) be the space of

bounded linear operators from E to F. Suppose that a sequence {Z,} of F-valued
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random elements can be expressed as

Zy = Z B;&;,

j=—o00
where {B,,,} is a sequence in L(E,F) for each n € N and {¢;} is a sequence of
independent and identically distributed E-valued random elements with E &y = 0
and E||&||* < co. Using the same linear bounded operators {B,,,}, we construct
another sequence {Z,} of F-valued random elements that can be represented as
~ ° ~
Zn = Z angjv
Jj=—00
where {€ ; } is a sequence of independent and identically distributed E-valued Gaus-

sian random elements with Eéo = 0 and the same covariance operator as that of

€o-

Under the conditions of Lemma 3.1 below, the sequences {Z,} and {Z,} have
the same limiting behaviour, i.e. if one converges in distribution then so does the
other and their limits coincide. Before we state Lemma 3.1, we define the distance
function pg.

Definition 3.1. Let U and V be random elements with values in a separable

Hilbert space H. The distance function py is given by

pr(U, V) = sup |E f(U) = E f(V)],

feF

where Fj, is the set of k£ times Frechet differentiable functions f : H — R such
that

Sup‘f(j)(x)} <1, j=0,1,... k.
zeH

It is proved by Giné and Leén [18] that the distance function p, metrizes the
convergence in distribution of sequences of random elements with values in H for
every k > 0.

Lemma 3.1. If both of the conditions

lim sup || B,,|| =0 (3.35)
n—oo jEZ
and
lim su Bill? < o0 3.36
maup 3 181 (3:30)

are satisfied, then lim, . p3(Z,, Zn) =0.
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Proof. The proof follows from the proof of Proposition 4.1 of Rackauskas and
Suquet [48]. The only difference is that E = F in Rackauskas and Suquet [48],

but the proof remains valid as long as

[Brnf | < || Brell[1 /1]

for each n € N, each k € Z and each f € E. O

Tightness of random elements with values in C([0, 1]; H)

Suppose that {Z,} = {Z, : n > 1} are random elements with values in C([0, 1] :
H), where H is a separable Hilbert space. The following theorem is an adaptation
of Theorem 12.3 of Billinglsey [3] (see also Proposition 4.2 of Rackauskas and
Suquet [48]).

Proposition 3.11. Let H be a separable Hilbert space. The sequence {Z,} of
random elements of the space C([0,1];H) s tight if

(i) {Z.(t)} is tight on H for every t € [0, 1];

(1) there exists v > 0, a > 1 and a continuous increasing function F : [0,1] — R
such that
P(|Zu(t) = Zn(u)[| > A) S ATTF () = F(u)]*.

3.2 Central limit theorem

Suppose that {X} = {X; : k € Z} is an Ly(u)-valued linear process such that
{a;} is given by a; = (j + 1)~ for each j > 0, where D : Ly(n) — Lo() is a
multiplication operator defined by Df = {d(s)f(s) : s € S} for each f € Lo(p)
with a measurable function d : S — R. Suppose that E¢y = 0 and E ||go]]* < oo.

Theorem 3.2. Suppose that 1/2 < d(s) < 1 for each s € S , E€3(s) < oo for
each s € S and both of the integrals

—Uz(v) v an 0—2(’0) v
/ T dyptd) o / 1= do)d) — M) @30

are finite. Then

_ D
nHS, 5 G as n— oo,
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where {n~"} = {n=" : n > 1} are multiplication operators given by n~f =
{n=B2=dG) f(s) . s € S} for each f € L*(u), G = {G(s) : s € S} is a zero mean
Gaussian random process with the autocovariance function

le(rys) + c(s,r)]o(r, s)
2 —d(r,s)][3 —d(r,s)]

B[G(r)G(s)] =

where c(r, s) is given by (3.5), d(r,s) is given by (3.6) and o(r,s) = Eleo(r)eo(s)]
for each r € S and each s € S.

Theorem 3.3. Suppose that d(s) =1 for each s € S, Eei(s) < oo for each s € S

and
/Soz(v)u(dv) < 0.
Then
(Valnn) 'S, 2 G as n— oo,
where G' = {G'(s) : s € } is a zero mean Gaussian random process with the

autocovariance function E[G'(r)G'(s)] = o(r, s), where o(r,s) = E[eo(r)eo(s)] for
eachr €S and s € S.

Theorem 3.4. Suppose that essinfd > 1 and E(s) < oo for each s € S. Then
(Vn)™'S, = G,
where G" = {G'(s) : s € S} is a zero mean Gaussian random process.

Proof of Theorem 3.2 and Theorem 3.3. The proof is based on Theorem 3.1. We

begin by proving the convergence of the finite-dimensional distributions.

In order to prove the convergence of finite dimensional distributions, we investigate

a sequence of random vectors

(5 (s0)8u(s1) v 032 (5)S(s,) )T, (3.38)

where x* denotes the transpose of the vector x € R?, sy,...,s, € S and

n3/2=d) - 1/2 < d(s) < 1;

vnlon, d(s)=1.

bu(s) =

The sum of dependent random variables S, (s) = > ;_; Xx(s) can be expressed

as a series of independent random variables: if n > 2, then we have the following
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identity

where

By denoting

and
Byy = diag( b (s1)z(s1) o by (s0)us(s) ),

we can express the sequence of random vectors (3.38) compactly as

2 ool (51) 2,5 (s1)]e; (51)

Z?:—oo[b;1<SQ)Zn7j<Sq)]€j (Sq)
Using the fact that the operator norm of a diagonal matrix is the largest entry in

absolute value, we obtain the operator norm of the matrix B, ;

1Bl = max b7, H(t) 2 ()]
Now suppose that
T
(@) ._
" = ( v(t) e ity )

is a zero mean normal random vector with the same covariance matrix as the
(9)

oo qu converges in distribution as n — oo to a

vector 5 . The sequence "
normal random vector if and only if the sequence of covariance matrices converges.

It follows from Proposition 3.5 that the sequence of covariance matrices converges.

We use Lemma 3.1 to show that the sequences
n
(3 5t} md {3 5]
j=—00 j=—00
have the same limiting behaviour in the sense that if one converges in distribution
then so does the other and their limits coincide. Propositon 3.12 establishes that
the sequence of operator norms of the matrices B,, ; satisfies two properties that

are needed to apply Lemma 3.1.
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Proposition 3.12. If1/2 < d < 1, then both of conditions (3.35) and (3.36) are
satisfied.

Proof. To prove that condition (3.35) holds, we first notice that

?161123”3713” = max |16, (f)zn1 (4]

and then we use the following asymptotic relations: if 1/2 < d < 1, then we obtain

1-d(t)

p—dw " ;
; 1 —d(t)

if d(s) =1 for each s € S, then we have that

i k=t~ lnn.
k=1

We use the following expression to prove that condition (3.36) holds
n n n—j+1 2
> 0-3 [ 3 ] e [e ]

j:—OO 1= =2 J= =0 k=1

Routine approximations of sums by integrals from above lead to the following

inequalities: if 1/2 < d(t) < 1, then we have that

LAy d(t) 1 3-2d(t)
Z{Z’“ } Sioanes—2am " Y

Jj=2

if d(t) = 1, then we obtain

n rn—j+l1 2
Z[ k’_l} <(n—1)+nln’n.

To prove that

L [y o]
i g 33+ ) 0] <o
for 1/2 < d(t) < 1, we first divide the series in the expression above into two
summands
0o n 2 n 2
S ] = L] e [Swen o] o
j=0 “k=1 k=1
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and approximate the first summand on the right-hand side of the equation (3.39)

by integral from above

pl—d(®)

ik,—d(t) < ) )
k=1 I1+Inn if d(t)=1.

if 1/2 <d(t) < 1;

We express the second summand on the right-hand side of equation (3.39) in the

following way

1 o0 n
Y|

Jj=1

2

>:

1

(k+ j)d(”]

o)

NE
u
| —
S|~
ol
I 3
I
VR
3| =
_|_
3|~
N———
2
LT
(3]

1 1 j=(i—1)n+

and the interchange of limits leads to the result

: 1 [y )] “I[ )
nhjgomzlz(k—'—]) ()] :/0 [/0 (s +u)""Wds| du < oo.

j=1 k=1

The proof of Proposition 3.12 is complete. O

The proof of the convergence of the finite-dimensional distributions is complete.
It follows from Remark 3.4 that
nB2EE S2(5) 5 EG*(s) as n — o0
for each s € Sif 1/2 < d(s) < 1 for each s € S and
(Vnlogn) 'ES2(s) = EG?(s) as n— oo
for each s € S if d(s) =1 for each s € S.

Finally, we establish the existence of non-negative p-integrable functions that

dominate the sequence of the variance of the partial sums.

Proposition 3.13. Let s € S. If1/2 < d(s) < 1, then

—[3/2—d(s 2 2 1 o?(s)c(s)
E[n /28, ()] < 0%(s) {1 T 2d(s) = 1] T amB a0
where c(s) is given by (3.5). If d(s) =1, then
E[(vnInn)tS,(s)]> < C - o*(s), (3.41)

where C' is a positive constant.
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Proof. To establish the first inequality in Proposition 3.13, we set r = s in ex-
pression (3.17) and approximate the sums in expression (3.17) by integrals from

above.

The following reasoning leads to inequality (3.41). We set r = s in expression
(3.17) to obtain an expression for the left-hand side of inequality (3.41). Since
d(s) =1 for each s € S, by setting r = s in expression (3.4), we see that the only
term in the expression of the left-hand side of inequality (3.41) that depends on
s is 0%(s). It follows that the sequence

S
a*(s)

is a convergent sequence (see Remark 3.4) which does not depend on s. So it is

-E[(v/nlogn) 'S, (s))*

bounded by some positive constant, say C'. O]

Remark 3.7. Using inequality (3.7), we obtain

o*(s)c(s) a*s) o*(s)
[1—d(s)][3=2d(s)] = L —d(s)* * [1 —d(s)][2d(s) — 1]’

If integrals (3.37) are finite, then the right-hand side of the inequality (3.40) is a

p-integrable function.

The proof of Theorem 3.2 and Theorem 3.3 is complete. O

3.3 Functional central limit theorem

We shall consider {(,} as random elements with values in a separable Banach
space C([0,1]; La(p)) of continuous functions f : [0,1] — La(u) endowed with the

norm

11 = sup [ [ Potun] ™, 1 e o1 Lago)

tel0,1]
Before stating sufficient conditions for the functional central limit theorem, we

define the limit Gaussian processes
G={G(s,t): (5,t) €Sx[0,1]} and G ={G'(s,t): (s,t) €S x[0,1]}.

Let the stochastic process G be a restriction to S x [0, 1] of the stochastic pro-

cess X = {X(s,t) : (s,t) € S x [0,00)} defined in Subsection 3.1.3. Let the
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stochastic process G’ be Gaussian with the covariance function E[G'(r, )G’ (s, u)] =
o(r,s)min(t,u), (r,t),(s,u) € S x [0,1]. If the integral [;o*(v)u(dv) is finite,
then for each ¢ € [0, 1] the sample paths of the stochastic process {G'(s,t) : s € S}
belong to the space Lo(1t) (the proof is basically the same as the proof of Propo-
sition 3.9).

The following proposition establishes conditions under which both of the stochas-
tic processes {G(-,t) : t € [0,1]} and {G'(-,¢) : t € [0,1]} with values in the space
Lo(p) have continuous versions.

Proposition 3.14. If the integrals

ﬂ v an 0-2(1)) v
LT e | e

are finite, then the Lo(p)-valued stochastic process {G(-,t) : t € [0,1]} has a

continuous version.

If the integral

[ o)

s
is finite, then the Lo(u)-valued stochastic process {G'(-,t) : t € [0,1]} has a con-

tinuous version.

Proof. We use the following inequality for the moments of a Gaussian random

element ¢ with values in a separable Banach space:
(E[IEIM)? < Kpq(B €77, (3.42)

where 0 < p,q < oo and K, , is a constant depending on p and ¢ only (for the

proof, see Ledoux and Talagrand [35], p. 59, Corollary 3.2).

Using Kolmogorov’s continuity theorem (see Kallenberg [29], p. 35, Theorem 2.23),

inequality (3.7) to estimate c(s) from above, inequalities

EIG(t) = G(u)|* <
< Ki(B[G() = (. u)*)?

a%(v) 2

4 o*(v) 2
<[ | im0+ | e =] e
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and
BIG(.0) = GCullt < Kb [ wmtan)] e -l

we conclude that the processes {G(-,t),t € [0,1]} and{G'(-,t),t € [0,1]} have

continuous versions. O

Passing to continuous versions, we thus consider Gaussian stochastic processes G
and G’ as Gaussian random elements in the space C([0,1]; Lo(p)). Clearly G’ is

an Lo(p)-valued Wiener process.

. D
Now we are ready to state our main results. As usual, — denotes the convergence
in distribution.

Theorem 3.5. Suppose that 1/2 < d(s) < 1 for each s € S , the integrals

e3(v) p/2 o?(v)
Sl e e R e o o e (AL

are finite and either p =2 and d = esssupd < 1 or p > 2. Then we have that

_ D
n H@—)Q as n— oo

in the space C([0,1]; Lo(11)), where {n=H} is a sequence of multiplication operators
given by n~H f = {n~B/2=dG)f(5) . s € S} for f € Ly().
Remark 3.8. We have that if 1/2 < d(s) < 1 for each s € S and p > 0, then

&5(v)

el <277 E| / ()

since 1 — d(v) < 1/2.

]p/2

Theorem 3.6. Suppose that d(s) =1 for each s € S and E||&o||P < 0o for some
p > 2. Then we have that

(Vnlogn)™'¢, 2 G as n— oo

in the space C([0,1]; La(n)).
Theorem 3.7. Suppose that d = essinfd > 1 and E ||gg]|*> < co. Then we have
that

in the space C([0,1]; La(p)).
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Proof of Theorem 3.7. The convergence of Theorem 3.7 follows from Theorem 5

of Rackauskas and Suquet [47] since Y222 [lu;|| = 3272, j7¢ < oo, O

Proof of Theorem 3.5 and Theorem 3.6. The proof contains two major parts. We
prove the convergence of the finite-dimensional distributions of the sequences
{n=H¢,} and {(y/nlogn)~1(,} in the first part and we prove the tightness of

these sequences in the second part.

To avoid considerations of two separate but similar cases, we denote b;' = n=

and ¢ = G in the proof of Theorem 3.5, whereas b, = y/nlogn and { = G’ in the
proof of Theorem 3.6.

Convergence of the finite-dimensional distributions

The convergence of the finite-dimensional distributions means that the conver-

gence
D
( b, Caltr) o b Calty) ) = ( C(t) ... C(t,) ) (3.43)
holds in the space L(u) for all ¢ € N and for all ¢4,...,¢, € [0, 1]. Note that the

space Ld(p) is isomorphic to La(u; R?), the space of R%-valued square p-integrable

functions with the norm

) 1/2
191 = [ [ 1) Pucaw)]
s
for f € Lo(u;R?), where ||f(v)|| denotes the Euclidean norm in RY.
Fix t1,...,t, € [0,1] and denote, for s € S,
GO(s) = (Galtr, ), Galty, 8))" and  (9(s) = (C(t1, ), -, C(tg, 9))T,

where x* denotes transpose of a vector x.

Let ¢\ = {Q(Zq)(s) 5 €S} and (@ = {(@(s):5 €S} Weneed to prove that
bl 2 ¢ (3.44)

in the space Lo(p; R?) to establish (3.43).
According to Theorem 3.1, it suffices to prove the following:
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(I) there exists a measurable set Sy C S such that u(S\ Sp) = 0 and for any

p € Nand sq,..
(0,16 (1)

(IT) (a) for each s € S,

E[|6; ¢ (s)||* — E||¢@(s)

b0 (s,) ) = ((CD(sy)

., 5p € Sy we have that

C(Q)<5p) );

2-
Y

(b) there exists a p-integrable function f : S — [0, 00) such that for each

s €S and each n € N

E|o, ¢ (s)[|” < £(s).

We use Lemma 3.1 to prove (I). Let sy, ..

{(0,7¢(s1)

of random matrices as

b, i (sp) ) =

2, (81)an;(s1,t1)g5(s1)

( b,'¢2(s1)

o0

>

j=—o00
2y (81)an;(s1,4)€5(s1)

= Z Anjgja

j=—o00
where
2y ' (s1)an;(51,11)
Anj -
2y 1 (81)ang (51, 14)
&; = diag( £;(s1)
and

n3/27d(s)’
Vnlogn,

o8

zn(8) =

,8p € S. We express the sequence

br_zlcg(sp) >}

2, (8p)anj(sp, t1)g;(5p)

2! (8p)ani(spstg)e;(sp)

2 (5p)an; (sp, 1)

Zv?l (8p)@nj(Sps tq)

gj(sp) )

if 1/2 < d(s) < 1;

if d(s) = 1.



If d € (1/2,1], then the matrices {A,;} satisfy both of conditions (3.35) and

(3.36). Indeed, since

Int)
SUp ;i (8,t) = ani(s,1) Zk ) 4 fnt}(|nt] +1)74),

JEZ

we have the following asymptotic relatlons

1—d(s) —d(s .
o ds) - if d(s) < 1

Sup an;(s,t) ~

jez log n, if d(s) =
We have that
[nt]+1
EC(s 1) =0%(s) Y ap(s,1)
j=—00

and we use the asymptotic behaviour of the variance E (?(s,t) (see Remark 3.4)

to obtain the following asymptotic relations

[t 41 e 32 320 i 12 < d(s) < 1
Z aij(s,t) ) [1=d(s)][3-2d(s)]
j=—o0 t-nlog®n, if d(s) =
Now we investigate the sequence {( bglfg(sl) b;lfg(sp) )}, which is ex-
pressed as
(b,1C8(s1) - by C4(s) Z Ani&) (3.45)
j=—o00

where {£;} is a sequence of independent and identically distributed Gaussian

random matrices with zero mean and the same covariance operator as that of &.

Since {( ¢ ary ... ¢ 4(s,) )} is a sequence of finite-dimensional Gaussian random
elements, we only need to check for each ¢ = 1,...,p and each j = 1,...,¢ the
convergence

70 () EGu(sinty) = EC(siyty).
But this easily follows from Proposition 3.6 and Proposition 3.7. The proof of (I)

is complete.
Next we prove (II). We prove (Ila) using equalities
Ellb, Gi(s)]* = ZE 2 ()Ga(s t)]* and  E¢7(s)|* = ZEC s, t;)
and Remark 3.4.
An auxiliary result is needed to prove part (IIb).
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Proposition 3.15. If1/2 < d(s) < 1, then
E[nB2000G, (s, 1)]° < g(s) = 2[g1(s) + ga(s) + ga(s))], (3.406)

for each n € N, where

and c(s) is given by (3.5).
If d(s) =1 for each s € S, then

E[(v/nlogn) (s, )] < M - o(s), (3.47)
where M is a positive constant.

Proof. Expanding E (?(s,t) gives
[ nt] [nt]
EC (s, t) = [nt]yo(s)+2 > _(Lnt]—k)y(s)+2{nt} > (s)+{nt}*yo(s). (3.48)
k=1 k=1
Using expression (3.4) for cross-covariance, bounding series with integrals from

above and using inequality (3.7) leads to the following inequalities that complete

the proof of inequality (3.46):

[ nt] 9

1 ( 3—2d(s
;“”” —Rn(s) < 3 [[1 a2 T T d(s2d(s) = 1]} Lt 724

and
[nt]

1 a*(s) 02(5) 2[1—d(s
;7’“@ =3 [[1 A L= d(s)|[2d(s) = 1]} [t 2040

We argue as follows to prove inequality (3.47). By setting r = s in expression (3.4),
we see that the only term in expression (3.48) that depends on s is o?(s) since
d(s) =1 for each s € S. It follows that the sequence

1 E[(vnlogn) (s, t)]?

a?(s)
does not depend on s and it is a convergent sequence (see Remark 3.4). So it is

bounded by some positive constant, say M. O]
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Now we can obtain the required function f using Proposition 3.15, the fact that

E ¢ (s)||* = 2L, E¢*(s,t;) and setting

- g(s), if d(s 1;
foy= 1 9(s) (s) <
qM - o%(s), ifd(s) =1.

The proof of (IT) is complete. This completes the proof of the convergence of the

finite dimensional distributions of the sequence {b,'¢,}.

Tightness

To establish tightness of the sequence {b,!(,}, we use Proposition 3.11. It follows
from Theorem 3.2 and Theorem 3.3 that the sequence {b,'S,} converges in dis-
tribution in Lo(1). Hence the sequence {b,'(,(t)} also converges in distribution
in Ly(p) and the sequence {b;1¢,(t)} is tight on Ly(u) for every ¢t € [0,1] and
condition (i) of Proposition 3.11 holds.

Now we show that condition (ii) of Proposition 3.11 holds for the sequence {b,'(,,}.
By C we denote a generic positive constant, not necessarily the same at different

occurrences. We also denote
AL (tu) = E[1b, [Ga(t) = G,
where p > 2, t,u € [0,1] and n > 1.
Proposition 3.16. Suppose that 1/2 < d(s) < 1 for each s € S and the integrals
[ornan [ B ]z
are finite. Let d = esssupd. Then

AP(tu) < C |t —u|G2P2 p>1. (3.49)

Suppose that d(s) =1 for each s € S and E ||o||P < 0o for p > 2. Then
AP(tu) < C -t —ulP?, n>2. (3.50)
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We recall that || is the floor function defined by || = max{m € Z | m < z} for
x € R, [-] is the ceiling function defined by [2] = min{m € Z | m > x} for x € R
and {z} = z — |x] is a fractional part of x € R. Observe that {x} = 0 if and only
it v € Z and

0, ifxeZ;

2] = 2] =

1, ifzeR\Z.

We need an auxiliary lemma to prove Proposition 3.16.

Lemma 3.2. Let 0 <u <t <1,n>1 and {nt} = {nu} =0.

If1/2 < d(s) <1 for each s €S , then

3—2d(s) 2 1 3—2d(s
no ) Z [ Z Ok ] [[1—d( T O A @5

j=—00 k=nu+1

for n > 1, where v;(s) is given by (3.14).

If d(s) =1 for each s € S, then

(vnlogn)™® Z [ Z Vg ]] <C- |t —ulP? (3.52)

j=—00 k=nu+1

forn > 2 and p > 2, where v; is given by (3.13).

Proof. We investigate the series

"Zt [ "Zt vk_j(s)]p (3.53)

j=—00 k=nu+1

with p = 2 in the case of 1/2 < d(s) < 1 for each s € S and p > 2 in the case of
d(s) =1 for each s € S. Let us split series (3.53) into two terms

nt nt ¢S] nt
Z [ Z vk,j(s)r: Z [ Z (k—l—j)—d(S)]p
j=—00 k=nu+l j=—nu+l k=nu+l
nt nt—j+1

+ Y [Z kd“} (3.54)

j=nu+l k=1

and then split the first term on the right-hand side of (3.54) again into two terms

00 nt n(t—2u)
Z [Z (k)—i—j)_ds] Z |:Z k?—f—j d(si|
j=—nu+1l k=nu+l j=—nu+l k=nu+l
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S [Z (k+ 7). (3.55)

j=n(t—2u)+1 k=nu+1l

The first term on the right-hand side of (3.55) is estimated from above in the
following way:

nt

e N 2 nlt—ul _ 2
3—2d(s d(s d(s
Bl NS ()| Sm[ > (k= nu)™)]
j=—nu+1 k=nu-+1 k=nu+1
It — f?~24)
<27
- [ =d(s)P

if 1/2 < d(s) < 1 for each s € S;

n(t—2u) nt

(Vnlogn)™” Z [Z (k+37) 1r§[lo;;n Z (k‘—nu)_l]p-]t—u]p/?

j=—nu+1l k=nu+l k=nu+1

< [Ltlostle —ulpe
logn

if d(s) =1 for each s € S since 1/n < |t — u| (otherwise ¢t = u because we assume
that {nt} = {nu} = 0). The second term on the right-hand side of (3.55) is
estimated from above using the inequality

o0

X Gy <@l —uly Y )

j=n(t—2u)+1 k=nu-+1 j=n(t—2u)+1
(nlt — -0

pd(s) —

and observing that

n —[3—2d(s)] (n|t |)p+1fpd(s) — |t . u’372d(s)

if 1/2 < d(s) <1 for each s € S and p = 2 and

|t — ulp/?

(Vinlogn) ¥(nlt — w74 < Fop

if d(s) =1 for each s € S and p > 2 since 1/n < |t — u|.

The second term on the right-hand side of (3.54) is estimated in the following
way':

nt nt—j+1

—[3—2d(s d(s) 1 3—2d(s
Y [Z k0] < T deEE 2

Jj=nu+1 k=1
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if 1/2 < d(s) <1 for each s € S and

nt nt—j+1 nt

e >[50 47] < e 3 (L log(nt —j + D)

nP/2log" n
j=nu+l k=1 j=nu+1
§2[ 1 +log(n|t_u|)]p.|t_u’p/2
log 2 logn
if d(s) =1 for each s € S. The proof of Lemma 3.2 is complete. [

Now we are ready to prove Proposition 3.16.

Proof of Proposition 3.16. Let t,u € [0,1]. There is no loss of generality by as-
suming that ¢t > u. Sett’ = |nt|/nand v’ = [nu]/n,sothat t,t’ € [|nt]/n, [nt]/n],
u, v’ € [[nu]/n, [nu]/n], {nt'} = {nu'} =0 and |t' — | < |t — ul. Since

AP(t,u) < CIAP (¢, 1) + AP (' u') + AP (v, u)],

we can establish inequalities (3.49) and (3.50) by investigating two cases: either
t,u € [k/n, (k+1)/n] for some k € {0,...,n — 1} or {nt} = {nu} = 0.
First, suppose that ¢t,u € [k/n,(k + 1)/n] for some x € {0,...,n — 1}. Then
|t —u| <1/n and

Cn(t) = Ga(u) = nlt — ulXipa,
so that

AL (1) < nft — Pl PR (Xl < B (Ko - [t — ] G207

if 1/2 < d(s) <1 for each s € S and
B [ Xoll”

AP (t,u) = [n|t — ul]P(v/nlogn) P E || X|P < log” 2 |t — P/
if d(s) =1 for each s € S and n > 2.
We have that
B (X0l < 277 (O )| (B 166l + fj B flue 7] (3.56)
=

by using a slight modification of the inequality stated in Theorem 6.20 of Ledoux
and Talagrand [35]. Since

a2(r
E X0 < E [leo|l? + / ) y(ar)

s2d(r)—1
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and 7 B [lujer—]|P < Eleoll? Z?’;lj*p/Q, we have that E || X]|P < oo.

Secondly, suppose that {nt} = {nu} = 0. Then |t —u| > 1/n (A2(t,u) = 0 if
{nt} = {nu} = 0 and |t — u| < 1/n). The increment b, [, () — ¢.(u)] may be
expressed as a series of independent Lo (p)-valued random elements

nt

b [Gn(8) = Calw)] = D bt > wigey

j=—00 k=nu+1

where v; is given by (3.14). Using the same inequality as in (3.56), we have that

)

nt nt

AP (£, ) gzp*(c b )p[Agzp/Q(t,uH S E[6 Y ue

1ng j=—00 k=nu+1

If 1/2 < d(s) < 1 for each s € S, then we have that

nt nt

2
83t = [ B0 3 [ S ()] uar) @57
S j=—00 k=nu+1
and
nt nt »
Z E bgl Z Vgp—jE;

j=—00 k=nu+1

nt

— Z E[/Sn—[:%—zd(r)]‘ nzt vk_j(r)|2€§(r)u(dr)r/2. (3.58)

j=—00 k=nu+1
If d(s) =1 for each s € S, then we obtain

nt nt

A2(t,u) = E ||go|*(vnlogn) 2 Z [ Z vkjr (3.59)

j=—00 k=nu+l

and
nt nt p nt nt p
SE[6 S ve|t = ElleolP(Valogn) T Y [ 3 vk_j} . (3.60)
j=—00 k=nu+1 j=—00 k=nu+l1

We estimate (3.57), (3.59) and (3.60) using Lemma 3.2 and we need to estimate
series (3.58) for p > 2 when 1/2 < d(s) < 1 for each s € S . As in (3.54)
and (3.55), we split series (3.58) into three parts and estimate them from above
separately. The estimation is essentially similar to the estimation of series (3.53).
Let us recall that we assume that 1/n < |t —u| if {nt} = {nu} = 0. The following

inequalities are obtained:
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n3—2d(r) ( )

t2u
/wzzank+y> H%ﬂwudrrﬂ

j—fnu+1

since .
[ nu) =) |t — uf' ) )
nl—d(r) - 1—d(r)’
d(r) |22 -
| Zk nu+1 k + .]) | &j (T)Iu(dT)}p/z < E H80Hp |t . u|(3—2d)p/2
3—2d0) pj2—1
j=n(t— 2u)+1
since
2d(r) 2d(r) t— 2d(r) -
( i ) = ( " > <n| u|> < nft —u/ " (nu 4 5)7"
nu + j n|t — u| nu + j

for j > n(t — 2u) + 1;

nt nt—j+1 d(r) |22
Py e | ;(r) p/2
B[ | = lar)]
Jj= nu+1
91+p(1—d) 2 /2 ,
g——————EUliﬂijmwﬂ It — u|G-DP/2 (3.61)
L+p(l—d) Ljs[1—d(r)
since
n 1
kt 1]+ L~ d(r 1

[nt—j—i— 1]1—d(r> o [nt—j—i— 1]1—d

<
nl=d(r) ~—1—d(r) n ~—1—d(r)

for nu +1 < 5 <nt.

The proof of Proposition 3.16 is complete. O]

We established the convergence of the finite-dimensional distributions and the
tightness of the sequence {b,'¢,}. The proof of Theorem 3.5 and Theorem 3.6 is

complete. O
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4 Law of large numbers

Suppose that H is a separable Hilbert space. We investigate the law of large
numbers for an H-valued linear process { Xy} = { X} : k € Z} defined by

Xk = Zay‘(fik*a’) (4.1)

for each k € Z, where {a;} = {a; : j > 0} are bounded linear operators from H to
H and {ex} = {ex : k € Z} are independent and identically distributed H-valued

random elements.

Let us define the normalizing sequence {b,(p)} = {b,(p) : n > 1} for p > 1 before

we state our results. For j € Z, denote

CL]':
0 ifj<0.

Then we have that

n n k n n n
Sn = E Xk = E E Ap—j€5 = E E dk_jéj = E Wn;Ej
k=1

k=1 j=—o0 k=1 j=—o0 j=—00
for n > 1, where

Wy = de_j (42)

forn > 1 and j € Z. Let us observe that sum (4.2) contains at most min{n — j +

1,n} non-zero terms for j < n.

Denote

)= ( 3 ||wnj||f’)1/p (13)

j=—00
p) 1/p

for n > 1 and p > 0. We have that

i) = (3 Ta?) = g (3

j:—oo j:—N

n
>
k=1
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and

(X

j=—N

n

>

k=1

p\ 1/p n n 1/p o 1/p
)= dm S (X alr) = n(S )
J== J=

k=1

using the triangle inequality for the norm

d 1/p
1K = (Z ||Kz~||p)
=1

for p > 1 and K € L4(H). Hence, b,(p) is finite for each n > 1 and each p > 1 if

2 =0 llaglP < oo

Now we are ready to state our main results. We begin with the case when
> e llaj|| is finite.
Theorem 4.1. Let 1 < p < 2. Suppose that 377 [|la;|| < oo, 2P Pr{||eo|| > } —
0 asx— oo and Ecy = 0. Then
S
nl/P
in probability as n — oo.
Theorem 4.2. Let 1 < p < 2. Suppose that 72 [la;|| < oo, E leo||? < oo and

Eey=0. Then
Sn

nl/P

— 0
almost surely as n — oco.

Let us turn to the case when 3 7 [|a;|| is not necessarily finite.
Theorem 4.3. Let 1 < p < 2. Suppose that 3 7= |la;||P < oo, 2P Pr{|leo|| >

z} —0asz — o0 and Egy =0. If

SUPj<pn |03 o

lim =0,
n—s00 b, (p)
then
Sh,
—0
br, (p)

in probability as n — oo.

Since sup;,, [[w,;|| < bn(q) for ¢ > 1, we have the following corollary of Theo-

rem 4.3.
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Corollary 4.1. Let 1 < p < 2. Suppose that Y7 [la;||P < oo, P Pr{leo]l >
x} —0asz — 00 and Egyg =0. If

lim bn(q)

=0
n—00 bn<p)

for some q > p, then

in probability as n — co.
Theorem 4.4. Let 1 < p < 2. Suppose that 37 |la;||P < oo, E[||eo|[” log(1 +
lleol))] < o0 and Egyg = 0. If

bul0) _ o 1/a-11) (4.4)

almost surely as n — oo.

4.1 Examples

We give two examples of particular operators {a;} and establish asymptotic be-

haviour of the normalizing sequences {b,,(p)} when the series > % ||a;|| diverges.

Let us observe that the normalizing sequence {b,(p)} can be expressed explicitly

in terms of the operators {a;}

0 n p n n p
)= Y D a| +D|1D ] an
j=—o0llk=1 j=11k=1
0 n p n [ n—j P
— S an|l DD ax - (4.5)
j=—o0!l k=1 j=11k=0

Proposition 4.1. Let p > 1 and 1/p < d < 1. Suppose that H = R and
a; = (j+1)7¢ for each j > 0. Then

bu(p) ~ c- !PT

as n — 0o, where ¢ is a positive constant.
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Let us compare our results with the results of Louhichi and Soulier [37] (see
Theorem 2.14 in Chapter 2). Suppose that 1 < s < a < 2, a; = (j +1)7¢ for
each j > 0 with some 1/s < d < 1, Egg = 0 and E[|go[? log(1 + |£o])] < oo for all
s < p < a. Then it follows from our results (Theorem 4.3 and Proposition 4.1)

that
Sh,

s 0
almost surely as n — oo for all p < « since 1/s < d. The advantage of our
result is that we do not need to assume that {e;} are symmetric a-stable random
variables. The advantage of the results of Louhichi and Soulier [37] is that they do

not need to assume that a; = (j + 1)~ for each j > 0, they only need to assume

that > [a,]* < oo for some 1 < s < a.

Proof of Proposition 4.1. We have that

0 n n P
Bp)= > D (k—j+1)7% + (k+1)
j=—o0 k=1 j=11k=0
[e'e) n p n n—j+1 P
=22 k)T D D K
j=1 k=1 j=11 k=1
using expression (4.5).
We obtain that the limit
Sihs ~d|” N L | ) A AN
tim e |30+ =L S IS ()
j=1"k=1 j=1 I=(j—1)n+1 k=1

> 1IN 1Sk I\

- lim = Z g
Slms > I (Eer)
Jj= I=(j—1)n+1 k=1
0o it ol P

:2/ /(I+y) 4z dy
‘= Ji-1lJo

00 1 p

_ / / (z+y)~de| dy (4.6)

o 1Jo

is finite since both of the integrals

/01 /Ol(x+y)_dd:p ’
/lvoo

dy <

and

/Ol(sc +y) Ydx
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are finite. Also, the limit is positive since integral (4.6) is positive.

By approximating sums with definite integrals, we have that

_ 1-d
3 i< (n—j+1)
1—d
k=1
and
[ (n—j+ 1) " (n—z+1)Pd=d) n+ 1)Hri=4 1
3 : .-
= 1—d ~—Jo [1—d 1+p(1—=d)|[1—dp
Hence
n —j+1 p
T s S Z < 0.
Jj=1" k=1
The proof is complete. O

Now we establish asymptotic behaviour of the normalizing sequence {b,(p)} when
the operators {a;} are given by (3.2).
Proposition 4.2. Let H = Ly(p) and {a;} defined by

=G+1n"

for each j > 0, where D is a multiplication operator such that Df = {d(s)f(s) :
s € S} for each f € Ly(p) and d : S — R is a measurable function. Denote
d=essinfsesd(s). If 1/p <d <1, then

bn(p) ~C- nl/p+1 d
as n — 0o, where ¢ is a positive constant.
Proof. By equation (4.5), we have that
0 n P n [ n—j

)=

Z(k’—j—i—l

v

o

j=—o00'lk=1
= Z Z(/{ + j -b Z Z k_D
g=1 k=1 =1l k=1
Since . ) n
Z(kﬁ+j)—D = esssup {Z(k+]) s)} Z(k+j)_d
k=1 EISN) —1 e~
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and
n—j+1

> kY
k=1

(see Conway [9], p. 28), we have that

n—j+1 n—j+1
—esssup{ Z kd(s)] = Z k4

sSES

o | n D n n—j+1 p
) =[S+ i+
j=11k=1 j=1! k=1
Hence,
bu(p) ~ c- npl/p+i-d

using Proposition 4.1, where c is a positive constant. The proof is complete. []

It seems that b, (p) = O(n'/?) as n — oo if the series > 1= llaj|| converges, but we
cannot prove this statement for all p > 1. However, we can prove this statement
for p=2and H=R.

Lemma 4.1. Suppose that Y > |aj| < oo. Then by(2) = O(n'/?) as n — oo,
where b, (2) is given by (4.3).

Proof. Suppose that Ecy = 0 and 0 < E&? < co. Using the stationarity of { Xy},

n 2 n—1

EY X = n[— EXg+2) (1—Fk/n) E[XOX;C}}
k=1 k=0

00 n—1 o0
:nEag[—Zai%—Q (1—k/n)2ajaj+k}.
j=0 k=0 Jj=0
Using the fact that
n 2 n 2 n
EZXk :E Z wnjej :ES(Z) Z ’LU?U,
k=1 j=—o00 j=—00

we obtain

b2(2) = i wh; = n[— ia? - 222:(1 —k/n) iajaﬁk} :

j=—00 j=0 = Jj=0

If 3700 laj| < oo, then 377 o[ Y272 ajajix| < oo (see Hamilton [23], p. 70). Also,

n—1 o0 0o o0
lim E (1 —Fk/n) E ajajip = E g aja;ik
n— oo

k=0 =0 k=0 j=0

since any convergent series is Cesaro summable, and the sum of the series agrees

with its Cesaro sum. Hence, b,(2) = O(n'/?) as n — oo. O
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4.2 Preliminaries

4.2.1 Moments of random elements

For 0 < p < o0, L, = L,(2, F,Pr; H) denotes the space of all H-valued random
elements £ on (€2, F, Pr) such that

lEll, = (EIE]P)? < oo

and Ly oo = Ly oo (2, F,Pr;H) denotes the space of all H-valued random variables
¢ on (2, F,Pr) such that

€l = (sup(ar Pr{fi]l > 21)"" < oo.

The functional ||- ||, is only a quasi-norm, i.e. it satisfies the norm axioms, except

that the triangle inequality is replaced by

16+ Ellpoe < max{2, 2"} (I[¢ [0 + [1€]lpoc) (4.7)

for ¢, € Ly -

We have, when r > p > 0,

/p
l€loe < Nl < (=) " eloe (48)

,
r—p
hence L, o, C L, C L, « (actually, if € is in L,, then lim,_,. 2? Pr{||¢|| > 2} = 0).

There exists a constant C' > 0 with 1 < p < 2 such that

n p n
>l <>l (4.9)
=1 P i=1
for independent and symmetric H-valued random elements &1, ..., &, € L, (see

Section 5.6 in Lin and Bai [36] and Proposition 9.13 of Ledoux and Talagrand [35]).

We need an auxiliary lemma.

Lemma 4.2. Let £ be a non-negative random variable. For any ¢ > 0 and ¢ > 0,
BIE"T(een] = q [ 517 Pr{€ > s}ds = Paf > ).
0

73



Similar result to Lemma 4.2 is used in the proof of Feller’s weak law of large
numbers without a first moment assumption (see Section VIL.7 of Feller [17] and

Theorem 7.2.1 of Resnick [51] for details).

Proof of Lemma 4.2. We have that

el = [ aar@)= [ [ asas|ar

s )

- q/c sT7'Pr{¢ > s}ds — ¢! Pr{¢ > ¢}
0

by applying Fubini’s theorem. ]

4.2.2 Convergence of the series of random elements

We investigate two separate cases: real-valued case and H-valued case. The real-
valued case might be of independent interest since we establish almost sure con-
vergence of series (4.1) under the assumption of finite ||eg||, for all p > 0. Of
particular interest is the case when p = 1 and the case when p = 2. The proof
of the real-valued case uses the fact that |a;eo| = |a,||eo| for each j > 0, which

is not true for general Hilbert spaces, i.e. ||a;(eo)| # ||a;]|||eo]|, we only have that

llaj (o)l < llasllieoll-

Real-valued case

Proposition 4.3. Let p > 0. Suppose that ||gol/po0 < 00 and Ecy =0 if p > 1.

Series (4.1) converges almost surely if:

(a) p#1, p#2and Y 77, |a;|? < oo, where ¢ = min{p, 2};

(b) p=1and 377 a| log a;| ™! < oo;

(¢c) p=2 and 37 [aj|*log|a;| ™" < oo.

Proof. We use Kolmogorov’s three-series theorem to establish the almost sure
convergence. Assume without loss of generality that a; # 0 for each 7 > 0. We
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establish the convergence of the following series:

S Pr{leol > las| ' (410)
=0

Za]’ E[EQI{|EO|§‘%|—1}]; (411)
Jj=0
Z(Z? Val'[&“()[ﬂso‘g‘aj‘—l}]. (412)
j=0

First, we establish convergence of series (4.10). We have that

> lagPla;| 7P Pr{leo] > ag| ™'} < lleollfoe Y lal”- (4.13)
§=0

=0
Secondly, we investigate the convergence of series (4.11).

Suppose that 0 < p < 1. Then

- - O (] | )N
> lai Elleo Ieoi<ta; 1] < Y laslllgolb o e >yl
j=0 J=0 P p J=0

using Lemma 4.2.

Suppose that p = 1. Then

laj|~t
/ Pr{|eo| > s}hds < 1 + 2o 1 1o |a;] "
0

for j > J, where J > 0 is such that |a;|~* > 1 when j > J. By Lemma 4.2,
> la Bl eoi<ian-13] <D lasl + llollioe Y lajlloglag] ™.
j=J j=J i=J

Suppose that p > 1. We have that
Eleolfjeol<lasi-13] = Eleolgeol<io;-1}] = Beo = —Eleolgeglayi-13)  (414)

and

|a;| !
Elleolfjeo > 1a,1-13] = / Pr{leo[{jco|>(a; -1y > 2}dz
0

—|—/ ‘ 1PI‘{|€0‘[{|50‘>|%|—1} > x}dx
aj*

o0

— lal " Prfleal > losf o+ [ Pr{leol > o)do

laj|~
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since Pr{|eo|I{jco|>(a;|-1} > 2} = Pr{|eo| > |a;|7"} for 0 < x < |a;|~". Hence,

oo [o.¢] 1 B
> lasl Elleol e o] < Y lagllleoll? o [1 + — 1} Ja P~
J=0 7=0 p
p 1 . p
= llzollp e |1+ ——| D las "
p— 1=

Finally, we complete the proof by establishing the convergence of series (4.12).

Suppose that 0 < p < 2. Then

o0 o0 ;[P
> " la;* Elleol Ijaoi<iay-13] < 3 la*2lleol? o 2]_
=0 =0 p =0

using Lemma 4.2.

Suppose that p = 2. Then
laj|
/ 25 Pr{leo] > s}ds < 1+ 2leoll3 .. log a,|"
0

for j > J, where J > 0 is such that |a;|~" > 1 when j > J. By Lemma 4.2,

ZW Eleol*I{jzo|<la;-1}] <Zl%lz+2||60H2002\%I210g|ag| '

j=J

Suppose that p > 2. Then Var|eol{jcy|<ja,|-13] — Varep as j — oo and the series

> a3 Varleol ey <jay 1]

J=0

converges if a3 < oo. O

Remark 4.1. Suppose that a; > 0 for each j > 0 and that ¢y has the density

function

2 1 .
o if x>0,
flay=3""
0 if z < 0.

Then gy € L1 o and

-1
2 % x 1
E[SOI{EOSaj_l}] = ;/0 n $2d log( 24 1)

so that the series

Z E[ajgk—jj{lajak—jlél}]

J=0
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converges if and only if Z]O'io ajloga; ! < 00 since log(a; 241) ~ 2log a; ~1. Hence,
the condition in Proposition 4.3 when p = 1 is sharp. Similarly, we can construct
an example to show that the condition in Proposition 4.3 when p = 2 is also sharp.
Proposition 4.4. Suppose that E |go|P < oo for p > 0 and Eeg = 0 if p > 1.

Series (4.1) converges almost surely if Z;io la;|? < oo, where ¢ = min{p, 2}.

Proof. We use Proposition 4.3 to establish the almost sure convergence of se-
ries (4.1) when p # 1 and p # 2 since L, C L; . In order to show that series (4.1)
converges when p = 1 and p = 2, we again use Kolmogorov’s three-series theorem

as in the proof of Proposition 4.3.
The convergence of series (4.10) follows from inequality (4.13) in both cases.

Series (4.11) converges since

> o Elleo Iizol<iay 1)) < Eleol Y lay]
§=0 =0

when p = 1 and, using equation (4.14),

> la Elleol Iegjsiay 1] = Z!%\E |€0" | 11{|50\>|a]\ 1] <E502a

j=0 7=0

when p = 2.

Series (4.12) converges since

> @ Blleol Ieoi<iay-13] < Y laj Elleo Iiegi<iay-1y) < Eleol Z |aj]-
=0 =0 =0

when p =1 and Var[sglﬂadg‘ajrl}] — Vareg as j — oo when p = 2. O
Remark 4.2. If Eeg # 0 and a; > 0 for each j > 0, then series (4.1) converges if
and only if 33°° a; < co. If Egy = 0, E¢j < oo and E&j # 0, then series (4.1)

converges if and only if Z 0 a] < 00.

H-valued case

Proposition 4.5. Suppose that ||g]|pec < 00 for 1 <p <2 and Eeg = 0. Then

series (4.1) converges almost surely if 37 |la;||” < oo.
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Proof. Let N > M and let {¢;} = {¢; : j € Z} be an independent copy of {¢;}
so that {e; —&,;} = {¢; — &, : j € Z} are independent and identically distributed

symmetric random elements. Then

N N
Ell Y ajleny)| <E|| D ajlenj—&y) ‘
j=M+1 j=M+1

using the fact that E&y = 0.

We obtain that

N N
) p i
Ell Y ajleny—&y)| < (Tl) > ajleny —Eny)
j=M+1 p j=M+1 P,00

1/p p = = \||P v
< (L) (2 a2l

j=M+1
N
<L )
<cn(LY (S Malieo - 20l
p j=M+1
N 1/
<4Cl/”( p )ua | (Z Ha-!lp) ’
>~ 1 0|lp,00 J
p j=M+1

using the fact that 1 < p < 2, inequalities (4.8) and (4.9), the inequality
la;(e0 = €0)ll < lla;lllleo — &l
for each j > 0 and inequality (4.7).

The convergence in mean of series (4.1) implies that it converges in probability
and since the random elements {e; : k € Z} are independent for each k£ > 1, it
also follows that the series converges almost surely (see Theorem 6.1 of Ledoux

and Talagrand [35]). The proof is complete. O

Using the fact that L, C L, «, we obtain the following corollary of Proposition 4.5.
Corollary 4.2. Suppose that ||gol|, < oo for 1 < p < 2 and E¢y = 0. Then

series (4.1) converges almost surely if 3°7° [|a;||P < oo.

4.2.3 Symmetrization

Some lemmas and inequalities that we use require symmetric random elements
(for example, inequality (4.9) above and Lemma 4.5 below). We need to use sym-

metrization to establish results for not necessarily symmetric random elements.
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Suppose that {&.} = {& : k € Z} are independent H-valued random elements. We
construct an associated sequence of independent and symmetric random elements
by setting, for each k € Z, &, — ék, where {ék : k € Z} is an independent copy of
a sequence {&}. If E& = 0, then we have the following inequality

El|&ll =E &% —E&| <E & — &l

since E€y = 0. Hence, we can estimate from above the first moment of a not
necessarily symmetric random element with the first moment of a symmetrized

random element.

The following lemma ensures that we can deduce the strong law of large numbers
for not necessarily symmetric random elemnents from the strong law of large num-
bers for the symmetrized sequence (see Lemma 7.1 of Ledoux and Talagrand [35]).
Lemma 4.3. Let {&,} = {&, :n > 1} and {€} = {£, : n > 1} be independent
sequences of H-valued random elements such that the sequence {&, — &} is almost
surely convergent to 0 as n — oo and {&,} is convergent to 0 in probability as

n — 0o. Then {&,} is almost surely convergent to 0.

So we assume without loss of generality that {e;} are symmetric random variables

in the proofs of Theorem 4.2 and Theorem 4.4.

4.2.4 Auxiliary lemmas

Suppose that E is a separable Banach space and {a;} = {a; : j > 0} are bounded
linear operators from E to E and suppose that {U,;} = {U,; : n > 1,j > 0} are
random elements with values in E.

Lemma 4.4. Suppose that 37 |la;|| < oo. Then A = 7% a; is a bounded

linear operator from E to E. If
sup E|[|Uy,] < oo,
n=>1,520

then the series

> a;(Un))
5=0
converges almost surely for each n > 1 and if, in addition,

|Uni = Ungl| =0
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in probability as n — oo for each 1 > 0 and 7 > 0, then

—0

> 4i(Ung) = A(Uni)
5=0
in probability as n — oo for each v > 0.

See Rackauskas and Suquet [47], for the proof of Lemma 4.4.
Lemma 4.5. Suppose that {£} = {& : k > 1} are independent and symmetric
random elements of a separable Banach space E and {b,} = {b, : n > 1} is a

sequence of positive numbers. Let Sy = Z?zl & for each k> 1. Then

Pr{sup [|b; ' Skl| > 6} <8 k' Pr{||b; Sk > 6}
kzn k=n

for each n > 1 and for each § > 0.

The proof of Lemma 4.5 is similar to the part of the proof of Theorem 1.5 of

Norvaisa and Rackauskas [44].

Proof. Let i > 1 be such that 207 < n < 2!, We have that
Pr { sup ||b; 'Skl > (5} < Pr{ sup ||b, 'Skl > (5}
k>n k>2i-1

=Pr { sup max ||b, 'Syl > 5}

> 297 1<k<2i

=Pr (U { 2jfrlngakx<2j ||b,;15k|| > 5})

Jj=i

< iPr{ max b7 S| > 5}
j=i

21 <f< 2

using the fact that

pl 5}: { b 'S 5}
{sup max Itsell > o) = U ma 157841 >

and subadditivity of the probability measure. By Lévy’s inequality (see Ka-
hane [28], p. 14),

Pr{ max ||b;'Sk|| > &} <2Pr{||by;'Sasl > 6}

21— 1<k<2J

We obtain the following inequalities

Pr { sup [[b; ' Sil| > 0} < 2> Pr{[|b;' Sy || > 6}
k>n

j=i
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21+l 1

_422 -1 Z Pr{||b,;' Sos || > 6}

= Py
oo 29t1_1

§4Z Z k™ Pr{ maX ||b LS| > 6}
j=i k=2

<8 Z k Pr{||b; Sl > 6}

k=27

<8 k' Pr{[[b; ' Se]l > 6}

k=n

The proof is complete. [

Lemma 4.6. Let ¢ > p and ¢ > 0. Then

[o.¢] 1 -
> rar Ll Ly <enimy] < C - P E [leol |,
k=1

where C' is a positive constant.

The proof of Lemma 4.6 is essentially similar to the proof of Lemma 6.1 of Section

6.6 of Gut [22].

Proof. We have that

1
Z—/ [lleoll*Lyjcop<errrry] =

oo k

= Z o7 Z Elleoll*Tie-vyr<jep<errny]
oo o0 1

= ZZ]{:_ ||80|| ‘[{C(l 1)1/p<H50”<Cll/pﬂ

1 1
( _/> |50H -[{||80H<c} + Z(Z kq/P) E[”go||q]{c(l—l)l/p<||€0”Scll/P}]-

We obtain

Ellleol*Igjeol<ey] < P ElleollP Ijeol<ey] < TP E o]l

and
E ( E kq/P) E[”EO‘|q[{C(l—l)l/p<HE()HScll/P}] S
=2
Qq/p 1o
“q/p-1 2 a7t Ellleoll* a1y <peop <crr/n]
=2
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24/p—19-p X
N q/p——l lZQ E[Hgo’|pI{C(l*1)1/P<H€o||§cll/p}]
24/p—1.9—p
< T Belr
q/p—1
The proof is complete. o
4.3 Proofs

We make use of the technique of truncation. Let us introduce several notations.

Suppose that {r,;} = {rn; : n > 1,j € Z} are positive real numbers. Denote
tin = Bleoleoi<ryy]  and gy = Eleol(jsg>r,,1] (4.15)
forn > 1 and j € Z. Set ¢; =¢,; + ¢ ;, where
€nj = €il{lejl<ras) ~ Hnj A0 Eny = El{es >} — Mg

so that Eeg = Ee); = Eel; =0 for n > 1 and j € Z. Denote

S = Z Wyje,; and S} = Z Whj€i (4.16)
j=—o00 Jj=—00
for n > 1.
We have that
E |len, 11> = E[lleol* Ijeo<rasy ] — Nyl (4.17)

using the fact that ||z|| = \/(z,z) for x € H and the fact that the expectation

commutes with the bounded operators.

By Lemma 4.2,
q

€0ll} oo - 7" (418)

nj

B{Jlzoll"Ieo<rnyy] < / 45 Pr{[leo > s}ds <
0

for g > p > 0.

4.3.1 Summable linear filter

We have that

3
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using additivity of the bounded linear operators {a;}, where

Snj = Z&Tk_j. (419)
k=1

Notice that {s,; : j > 0} are not independent for any n > 1. Denote

A= lla]l.
j=0

Using the monotone convergence theorem, the inequality ||a;(sn;)|| < [|a;||||sn;l]

for each n > 1 and each j > 0 and the triangle inequality, we obtain

{Z (s ﬂ S B flay(suy)l| < AE 0]l < AnE o]

7=0

for n > 1. Hence

[e.9] m

2 oo

=0

Snj

‘:limE

m— 00

‘ (4.20)

using the dominated convergence theorem.

Using (4.20), the triangle inequality, Holder’s inequality and the von Bahr-Esseen

inequality (see von Bahr and Esseen [56]), we obtain
E[|Sull < AE|suoll < A(E [[sn0ll”)"? < 2" A(E o) /7 - 077 (4.21)

for 1 < p <2 If p=2, 27 = 21/2 can by replaced by 1 in inequality (4.21).

Weak law of large numbers

We have that
Pr{[[n="/7S,|| > 6} < Pr{lln""/7S) || > 6/2} + Pr{|n""7S)| > 6/2}  (4.22)

for each 6 > 0.
Lemma 4.7. Suppose that x? Pr{||g|| > 2} — 0 as v — oo for some p > 1 and

Ty — 00 as n — 0o, where r, = inf;<, r,;. Then

supHe Jlpoo = 0 as n— oo.
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Proof. Denote
M) = Elll€olH gjeq)>r.)]

and observe that

gl < Ellleoll Iea>rap] < My (4.23)
since 7y, > Ty.

Using triangle inequality and inequality (4.23),

sup ||, |17 ., = supsup(a? Pr{[|eol{jcy|>r,, 3 — tigll > })
i<n i<n x>0

< sup sup(z” Pr{|[eo[ [ gjco|>r,;y + [yl > 2})
ji<n x>0

< sup(a? Pr{lleoll [{jeoli>ra) > = = Mn}).
x>

Observe that
4

1, if 0 <ax < M/,

Pr{lleoll o >rny > & = My} = S Pr{|leo|| > rn}, if M <a < M/ +r,,

Pr{|leo|| > =}, if x> M) +r,.
\

We obtain

sup(a? Pr{ [0l Ly tora) > 7 = My}) <
x>

< max{(M/)?, (M + r,)? Pr{|leo|| > 7.}, sup (2P Pr{lleo| > 2})} =0

I>M7{L/+Tn
as n — oo since 2P Pr{||eg|| > 2} — 0 as  — oo and 7, — 00 as n — oo, so that

lim,, o M) = 0. The proof is complete. [

Proof of Theorem 4.1. For 7 > 0, n > 1 and 7 > 0, set

1
s\ 2-p r?’
_ |2 1/p
rni=|T" | — | - ———— n'P,
! [ (2A> 2[|eollp.00

Using Markov’s inequality, inequalities (4.21), (4.17) and (4.18),

(E [lenoll®)!?

2B |5, _ 2
5 nl/p=1/2 = T

-1/pg/ -z
Pr{jn 18, | > 6/2} < ==t

<

Hence, the first term on the right side of (4.22) goes to 0 as n — oo for each

6> 0.
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Let {&; : n > 1,j € Z} be an idependent copy of {e;; : n > 1,j € Z} so
that {e),; — &7, :n > 1, j € Z} are independent and symmetric H-valued random

elements. Let us observe that
n

D e
k=1

since Eéﬁj = 0 for each n > 1 and for each j € Z.

n

Z(Siik - E&)

k=1

n

Z(EZk — &ne)

k=1

E|s",| = E B <E (4.24)

Using Markov’s inequality, inequalities (4.21), (4.24), (4.8), (4.9) and (4.7), we

obtain the following inequalities

2
Pr{lln="/* S}l > 6/2} < Sn”PE S]]

2
< AR sl

< g-Anfl/pE Z(gﬁk — &)
J k=1
< 2./4 1/p< b ) Zn:<€// &://)
> - AN nk ~ Snk
0 r—1/1h= P00
2 —-1/p p 1/p - " 1" ||p p
< SAn <pTl)C (Z leno — Enoll} )
k=1

llerollpco — 0 as m — oo using Lemma 4.7 since a? Pr{|eo| > 2} — 0 as © — o0

and r,, — 0o as n — oco. The proof is complete. O]
Theorem 4.1 can also be proved using Lemma 4.4.
Proof of Theorem 4.1. Set
Unj = n_l/psnja
where {s,;} = {sn; : n > 1,7 > 0} is defined by (4.19) for each n > 1 and j > 0.

First, we have that

n

nPN (erj — Eny)

k=1
S (L) Sup
p—1) n>15>0

) amle
p—1) n>15>0
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sup E|nPs,;| < sup E
n>1,72>0 n>1,72>0

n

nPY (eny = Ey)
k=1
n

> (enj— &)

k=1

p’m

P )1/p
p7oo




p 1/
<A4(——|C? 00
= ( 1> Hgo”p,

using inequalities (4.8) and (4.9) since p > 1, where {&;, : k € Z} is an idependent
copy of {e; : k € Z} so that {e, — &, : k € Z} are independent and identically
distributed symmetric H-valued random elements such that

n n

E [lsnill = B> x|l = B[ D _(ex—j — E&iy) ‘ <E|> (ehj — &)
k=1 k=1 k=1
since E&, = 0 for each k£ € Z.
Secondly,
1Uni = Unsll = [0 P50 =055 = 0

in probability as n — oo for each ¢ > 0 and for each j > 0 using the Marcinkiewicz-

Zygmund weak law of large numbers.

Finally, we have that

= ||n7PS, — A(n"YPs,0)|| — 0

D ay(n 7 Psg) = Al s00)
j=0

in probability as n — oo using Lemma 4.4. Hence, n='/PS,, — 0 in probability as

n — oo and the proof is complete. [

Srong law of large numbers

Proof of Theorem 4.2. The proof is based on Lemma 4.4 and the fact that
n~ /P S, —0
almost surely as n — oo if and only if

sup [[k~/7.S, ]| — 0

k>n

in probability as n — oc.

Let ¢o(H) be a separable Banach space of H-valued sequences that converge to 0

with the norm given by

]| = sup [|,|]
n>1
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for each x € ¢y(H).

Let {u;} = {u; : 7 > 0} be bounded linear operators from cq(H) to co(H) defined
by

uj(z) = {a;x, - k> 1}

for each x € ¢o(H), where {a;} = {a; : 7 > 0} are bounded linear operators from

H to H. Then we have that

|ujll = sup [lu;(@)[| = sup sup [la;z,|| < sup sup [|a;||[|zn | = [la;]-
le|<1 lz]|<1 n>1 Iz <1 n>1

Hence, 377 [lu | < oo since Y 22 [la ]| < oc.

Set
Unj =40, 0,0 Vs, (n 4+ 1) Py, .}

for each n > 1 and for each j > 0. Since nl/psnj — 0 almost surely as n — oo
for each j > 0 using the Marcinkiewicz—Zygmund strong law of large numbers, we

have that U,,; almost surely belongs to ¢o(H) for each n > 1 and j > 0.
Now we show that sup,,>; ;5o E[|Uy|| is finite.

Lemma 4.8. If E ||g||? < oo for some p > 1, then

sup E||Up] < o0.
n>1,j>0

Proof. We will use the inequality

> Pr{liel =iy < Bl < D Pr{ji¢] >3, (4.25)
i=1 1=0

where ¢ is a random element and r > 0 (see Chow and Teicher [8], p. 90).

Using Lemma 4.5,

Pr{sup [k~ P51 > z} < 82/{;_1 Pr{||k~"Ps|| > i}
k=n k=n

for eachn > 1 and 7 > 1.

Set 11, = ikY? for each k > 1, each j > 0 and each ¢ > 1. Using the truncated

Chebyshev inequality (see Gut [22], p. 121), we obtain
Pr{|[k™"Psy;|| > i} < kPr{lleo]| > ik/7} + 02K T2V E g ||,
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We have that
> Pr{llell > ik"/"} < E|le|P - i7"
k=n
and
i2 > KBl < CF el i
k=n

using Lemma 4.6, where C' is a positive constant.

Thus
Zpr{sup [k 2sigll > i} < 8% Sk Pr{lk™ s > i}
i=1 k=n
o0 o0
Z > Pr{lleoll > ik'P} + ik E [lef )]
i=1 k=n
8(1+ C)E|leo|? > i7"
i=1
and
sup E Ul = sup Esup|lk~Psi| < oo
n>1,5>0 n>1,j20  k>n
since p > 1 and E||gg]|P < oo. The proof is complete. O

We also have that

|Uni = Ungl| = 0

in probability as n — oo for each ¢ > 0 and each j > 0 since
sup ||k~ Psp;]| — 0
k>n

in probability as n — oo as a consequence of the Marcinkiewicz-Zygmund strong

law of large numbers. Hence, Lemma 4.4 implies that

D ui(Ung) = > ui(Uno)
5=0 5=0
in probability as n — oo and it follows using the reverse triangle inequality that

§:U3 nj
7=0

in probability as n — oo. The proof of Theorem 4.2 is complete. O]

‘ = sup 6253 - 0
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4.3.2 Non-summable linear filter

Weak law of large numbers

We have that
Pr{(|b, (p)Snll > 6} < Pr{[|b, " (p)S,|l > 6/2} + Pr{||b, " (p) Syl > 6/2}  (4.26)

for each 6 > 0.
Proposition 4.6. Let 1 < p < 2. If 2’ Pr{|leo|| > 2} — 0 as n — oo and

lim,, oo 1, = 00, where r, = inf;<,, 7,5, then
b, (p)Sy — 0

in probability as n — oo, where b, (p) is given by (4.3) and S is given by (4.16).

Proof. Let 6 > 0. For N < n, we have that

Pr{|lb; (9)S"] > §/2) < Pr{

N
b (p) Y wase)
Jj=—00

> (5/4}

bt (p) D wnse)

j=N+1

+ Pr

> 5/4}. (4.27)
The series Z?:_OO wy;e] converges almost surely for each n > 1. Therefore

N
b, (p) Z Wye — 0

j==o0

almost surely as N — —oo for each n > 1, so that there exists N(n) < n for each

n > 1 and each § > 0 such that

almost surely and the first term on the right side of (4.27) is 0.

Let {&); : n > 1, j € Z} be an idependent copy of {e}; : n > 1, j € Z} so that

{ef —&7:n>1, j € Z} are independent and symmetric random variables.
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Using Markov’s inequality and the fact that E &, = 0 for each n > 1 and each j €

7., we obtain

_ - 4. - .
Pr{ b)Y waeE] >5/4} <=E b)Y wa(e] —EE))
j=N(n)+1 j=N(n)+1
4 1., =
< S E bn (p) ' Z Wnj (59/ - 8;1])
j=N(n)+1

By inequalities (4.8),(4.9) and (4.7),

Pr{
40 p
<5G) .
Cl/ n 1/p
<4 : p(ﬁ) .bnl(p)(‘_z [wn(en; — ~Zj)|!£,oo)

n

< 166(;1/p <L> -b;l(p)< Z

p—1 J=N(n)+1

b'rjl(p) Z wnjd,ij
=N(n)+1

bgl(]?) Z wnj(dij_g;;j)
=N

1/p
||wnj||p||e;:j||§,oo) -

Since

(> i) " b,

J=N(n)+1

we have that
n 160/7 v
Pr{ bt Y wen | > 5/2} =75 (%) (suPHE;;ng’OO) '
=N(n)+1 g =

SUD; <, ll€n;llp.co — 0 as m — oo using Lemma 4.7 since 2P Pr{[|eo| > x} — 0 as

x — 0o and r, — 0o as n — 00. The proof is complete. O]

Proof of Theorem 4.3. For 7 > 0, set

70%(2 — p)} 75 ba(p)

81l0l[p.0o [l

Tnjg = [
Using Chebyshev’s inequality, (4.17) and (4.18), we obtain

— ! 4 - /
Pr{|b, " (p) Syl > 6/2} < ﬁbﬁ(p) D llwnlPE e |* < .

j=—00
Hence, the first term on the right side of (4.26) goes to 0 as n — oo for each

6> 0.
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By Proposition 4.6, the second term on the right side of (4.26) goes to 0 as n — o

for each § > 0 since

— 00 as n — oQ.

- [752(2 —p)}ffp _ balp)

8|0 ||p.0c SUp;<p ||wnj||

The proof is complete. O

Strong law of large numbers

Proof of Theorem 4.4. Assume without loss of generality that {e;} are symmetric
random elements. We use the fact that random elements b,,*(p)S, converge to 0

almost surely as n — oo if and only if
sup [|b; ! (p) Skl — 0
k>n

in probability as n — oo (see §10 of Chapter II of Shiryaev [54] for the proof).

Set r,; = n'/? for each n > 1 and each j € Z. ), and p, given by (4.15) are

both equal to 0 for each n > 1 since {g;} are assumed to be symmetric.

We have that

ST ETPr{b (p)Skll > 6F < > kT Pr{]Ib (p)Sell > 6/2}
k=1 R=1 (4.28)
+ Y kT Pe{llb (0)S1 > 6/2)

for each 6 > 0.

Using Markov’s inequality, the von Bahr-Esseen inequality and (4.4), we obtain

SN 1y 27 O~ (b @\
ka; 'Pr{|lb; (p)Sil > 6/2) < = ka 1< a )> E [|eholl”
=N =N

bi(p)
207 = Elefo |
<M e (4.29)

for N > 1 such that

bk(Q) < Mkl/q—l/p
bi(p) ~

for k > N, where M is a positive constant. We use Lemma 4.6 to show that

series (4.29) converges. Hence, the first series on the right side of (4.28) converges.
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Using Markov’s inequality and the von Bahr-Esseen inequality, we have that

2+ &

DK Pr{lb )il > 8/2) < S5 3 kT E ol
k=1 k=1

and

D ETElefllP =Y kD Elleoll T papeoi<in ]
P =k

k=1
o) l
= >k EllleolP Ly cpep<arymy]
=1 k=1
< E|leoll” + Y log L E[|lcolP Ty /o jeo< oy

=1

< E leoll” + pEllleoll” 1og [lol gjeo>13]-

The second series on the right side of (4.28) also converges. The proof is complete.

]
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5 Conclusions

The constructed example of a linear process {X;} with the divergent series of
the operator norms of {a;} shows that such models might not only be interesting
theoretically but also useful in the functional data analysis as a sequence of random

functions with space varying memory.

The main novelty of the central limit theorem for the Lo(u)-valued linear process
{X} with the operators {a;} given by (3.2) is that the normalising sequence is
not a sequence of real numbers but a sequence of multiplication operators. So
when the series of the operator norms of {a;} diverges, we might need a different
type of normalisation for the central limit theorem for the linear process with

values in the separable Hilbert space H.

The established functional central limit theorem shows that if we do not assume
that the operator D commutes with the covariance operator of €y, we obtain a dif-
ferent Gaussian random process than the operator fractional ()-Brownian motion
defined in Rackauskas and Suquet [48]. Thus the assumption of commutativity

in Rackauskas and Suquet [48] is essential.

The normalising sequence in the functional central limit is also a sequence of
multiplication operators and the limit process generates an operator self-similar

process.

The established sufficient conditions for the Marcinkiewicz-Zygmund type weak
and strong laws of large numbers are similar to Theorem 2.1 proven by Ibragimov
and Linnik [27] in the case of the central limit theorem: we establish sufficient
conditions for the Marcinkiewicz-Zygmund type weak and strong laws of large
numbers for an abstract linear process with values in the separable Hilbert space H
and the normalising sequence {b,(p) : n > 1} with 1 < p < 2 just under the

assumption of the convergece of > 7= ||a;|”.
If the series of the operator norms of {a;} converges, we show that the Marcinkiewicz-
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Zygmund type weak and strong laws of large numbers for a linear process with
values in the space H hold with the standard normalising sequence {n'/? : n > 1}.
If the series of operator norms of {a;} converges, the linear process have the same
asymptotic behaviour as a sequence of independent and identically distributed
random elements. However, if the series of operator norms of {a;} fails to con-
verge, the normalising sequence might grow faster than {n'/? : n > 1} as we
illustrate with an example in Section 4.1. We do not make assumptions about
particular distribution of {e;} so in this sense we generalise the results of Louhichi

and Soulier [37].
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