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1. INTRODUCTION

1.1 Included papers and co-authors’ contribution to papers

Copies of five papers listed below that are the basis of this thesis. Papers X1,
X2, X3, X5 have been published in Elsevier Publishing journals, thus the author
retains the right to reprint them in a thesis. Paper X4 has been published Open Access,
thus the author needs no permission from the publisher to reprint.

Paper X1. Navickas, Zenonas; Ragulskis, Minvydas Kazys; Telksnys, Tadas.
Existence of solitary solutions in a class of nonlinear differential equations with
polynomial nonlinearity // Applied mathematics and computation. New York, NY:
Elsevier. ISSN 0096-3003. elSSN 1873-5649. 2016, vol. 283, p. 333-338. DOI:
10.1016/j.amc.2016.02.049.

Paper X2. Telksnys, T.; Navickas, Z.; Marcinkevicius, R.; Ragulskis, M.
Existence of solitary solutions in systems of PDEs with multiplicative polynomial
coupling // Applied mathematics and computation. New York: Elsevier. ISSN 0096-
3003. elSSN  1873-5649. 2018, Vol. 320, p. 380-388. DOI:
10.1016/j.amc.2017.09.051.

Paper X3. Navickas, Z.; Ragulskis, M.; Marcinkevicius, R.; Telksnys, T. Kink
solitary solutions to generalized Riccati equations with polynomial coefficients //
Journal of mathematical analysis and applications. Atlanta, GA: Elsevier. ISSN 0022-
247X. 2017, vol. 448, iss. 1, p. 156-170. DOI: 10.1016/j.jmaa.2016.11.011.

Paper X4. Telksnys, Tadas; Navickas, Zenonas; Marcinkevicius, Romas; Cao,
Maosen; Ragulskis, Minvydas. Homoclinic and heteroclinic solutions to a hepatitis C
evolution model // Open mathematics. Warsaw: De Gruyter. elSSN 2391-5455. 2017,
vol. 16, iss. 1, p. 1537-1555. DOI: 10.1515/math-2018-0130.

Paper X5. Navickas, Zenonas; Telksnys, Tadas; Marcinkevi¢ius, Romas;
Ragulskis, Minvydas Kazys. Operator-based approach for the construction of
analytical soliton solutions to nonlinear fractional-order differential equations //
Chaos, solitons and fractals. Oxford: Pergamon-Elsevier Science. ISSN 0960-0779.
elSSN 1873-2887. 2017, vol. 104, p. 625-634. DOI: 10.1016/j.chaos.2017.09.026.

Listed below if there is any contribution by co-author(s) to the papers pertaining
to the thesis:
1) Paper X1: Z. Navickas, M. Ragulskis, T. Telksnys. Existence of solitary
solutions in a class of differential equations with polynomial nonlinearity.
e Z. Navickas conceived the idea of the inverse balancing method
and drew up the initial drafts of the required proofs;



M. Ragulskis, as the leader of the research group, oversaw the
writing of the manuscript and organized group seminars;

T. Telksnys expanded upon the inverse balancing concept
conceived by Z. Navickas, performed all the necessary analytical
derivations and numerical computations needed for the paper and
wrote the manuscript text. He also corresponded with the editors of
the journal.

2) Paper X2: T. Telksnys, Z. Navickas, R. Marcinkevic¢ius, M. Ragulskis.
Existence of solitary solutions in systems of PDEs with multiplicative
polynomial coupling.

T. Telksnys conceived the idea for the paper as an extension of the
previous publication. He also performed the necessary analytical
derivations and numerical computations, co-wrote the text of the
paper and corresponded with the editorial office;

Z. Navickas advised on the topic of the extension of the inverse
balancing to a higher number of equations. He also offered some
refinements to the derivations done by T. Telksnys;

R. Marcinkevic¢ius advised on the presentation of examples
included in the manuscript text and assisted T. Telksnys with
computer algebra computations;

M. Ragulskis, as the leader of the research group, oversaw the
writing of the manuscript, organized seminars and offered advice
on the text of the manuscript.

3) Paper X3: Z. Navickas, M. Ragulskis, R. Marcinkevicius, T. Telksnys. Kink
solitary solutions to generalized Riccati equations with polynomial
coefficients.

Z. Navickas presented the idea for the direct balancing technique
included in the paper and did the initial draft of mathematical proofs
that were required,;

M. Ragulskis, as the leader of the research group, suggested this
topic of research, organized seminars and oversaw the writing of
the paper;

R. Marcinkevicius performed the initial computations needed to
showcase the paper’s idea and advised on the application of
computer algebra;

T. Telksnys performed all of the numerical and computer algebra
computations presented in the text. He also redid some of the proofs
and statements presented by Z. Navickas to make them better suited



for presentation. He also wrote the entire manuscript text and
corresponded with the editorial office.

4) Paper X4: T. Telksnys, Z. Navickas, R. Marcinkevi¢ius, M. Cao, M.
Ragulskis. Homoclinic and heteroclinic solutions to a hepatitis C evolution

model.

T. Telksnys performed most of the numerical and all of the required
computer algebra computations for this study. He was also
responsible for the mathematical proofs related to the existence of
solitary solutions for biologically viable parameter values. T.
Telksnys wrote the entire text of the manuscript and corresponded
with the editorial office;

Z. Navickas performed the required mathematical proofs in relation
to the generalized differential operator method and presented the
initial draft of the derivation of necessary and sufficient existence
conditions for solitary solutions in the studied system;

R. Marcinkevi¢ius advised on the application of computer algebra
for the realization of the generalized differential operator method;
M. Cao, together with M. Ragulskis, suggested the topic of the
research and performed a part of the literature review;

M. Ragulskis, as the leader of the group, coordinated the writing of
the manuscript and organized seminars.

5) Paper X5: Z. Navickas, T. Telksnys, R. Marcinkevi¢ius, M. Ragulskis.
Operator-based approach for the construction of analytical soliton solutions
to nonlinear fractional-order differential equations.

Z. Navickas was responsible for most of the mathematical
derivations required to adapt operator methods for fractional order
differential equations. He also presented the initial draft of the
properties of the new operators for further refinement;

T. Telksnys, together with Z. Navickas, worked on presenting the
properties of fractional differential operators and was responsible
for most of the proofs pertaining to such properties. He also
performed computer algebra and numerical computations present
in the paper, wrote the entire manuscript text and corresponded with
the editorial office;

R. Marcinkevi¢ius advised on the adaptation of the already existing
computer algebra algorithms for fractional differential equations
and performed some initial computations on the Riccati equation;
M. Ragulskis, as the leader of the research group, organized
seminars and oversaw the writing of the paper. He also came up
with the idea to adapt existing algorithms for the research of



1.2.

fractional differential equations and suggested the Riccati equation
as a fitting illustration for the refined operator scheme.

Main objective and scientific novelty of the thesis

The main objective of this thesis is to present a novel mathematical and
computational framework for the construction of solitary solutions to various types of
nonlinear differential equations, including ordinary differential equations (ODE),
partial differential equations (PDE), and fractional differential equations (FDE).

The implementation of this objective was accomplished by completing several

tasks:
1)

2)

3)

4)

Investigation of the existence of solitary solutions in various classes of
partial differential equations and their systems (papers X1 and X2).
This step is necessary to determine the types of differential equations that
may admit solitary solutions. Furthermore, the techniques implemented for
the completion of this task were later applied to determine necessary
existence conditions of solitary solutions and, in a few select cases, to
directly construct these solutions.

Development of direct techniques for the construction of solitary
solutions (paper X3).

Direct technigues allow to construct the solution by considering the solitary
solution as an ansatz and by using computer algebra systems to determine
the solution parameters. The drawbacks of such techniques and the limits of
their application(s) are discussed.

Development of algebraic operator techniques for the construction of
solitary solutions to systems of ordinary and partial differential
equations (paper X4).

Building on the results of the first two tasks, more advanced techniques for
the construction of solitary solutions can be created. These techniques are
based on algebraic operator methods, most prominently, the generalized
differential operator method. In conjunction with computer algebra, it
allows the construction of solitary solutions to a plethora of different
models.

Extension of algebraic operator techniques for the construction of
solitary solutions to fractional differential equations (paper X5).
Fractional differential equations possess fundamental differences compared
to their non-fractional counterparts and thus require extensive adaptation of
techniques developed while completing the previous task to construct
solitary solutions.

The scientific novelty of the research presented in this thesis is as follows. In
papers X1 and X2, novel techniques were created and used to identify and formulate
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previously unknown necessary existence conditions for solitary solutions in systems
of partial differential equations. In paper X3, a new technique is used to construct
previously unknown analytical solutions to a class of Riccati equations with variable
coefficients. In paper X4, a hepatitis C evolution model is considered. Novel solitary
solutions to the model were constructed and shown to correspond to a set of
biomedically relevant system parameters. In paper X5, solitary solutions to nonlinear
fractional differential equations are considered. To adapt the algebraic operator-based
approach to this class of problems, a number of classical definitions are restated by
using operator calculus. Furthermore, it is shown that a class of Riccati fractional
differential equations can be transformed into ordinary differential equations under
special conditions that are derived by using the described novel technique.

Input: PDE, QDE or FDE

START

TASK 1 TASK 4

Construct series solution
coefficients via a
recurrence relation

)

Construct generating

Perform inverse balancing
to determine necessary
existence condtions

Is the given
eq. a FDE?

NO Are balancing egs. YES (characteristic) function
linear w.r.t. to equation of coefficient sequence
parameters? ¢
Construct ODE for
Y Y generating function

Construct solution
directly by solving

Construct series
solution coefficients

TASK 2

via GDO balancing eqs.
A
s lhe sequence YES Construct closed
© of series cosfficients form solution
% a LRS?
S

o

Transform eq. via END

substitution

Fig. 1.2.1. Schematic diagram depicting the relations between the four tasks posed in this thesis. Differently
colored backgrounds correspond to different tasks.

A schematic diagram is depicted in Fig. 1.2.1 that shows how the four tasks
are related and showcases the entirety of the proposed computational scheme.

To summarize, this thesis contains novel techniques that use operator calculus
in conjunction with computer algebra for the construction of analytical solutions to
various types of differential equations. This computational framework was applied to
various models, including real-world systems, to construct novel solitary solutions
which provide more insight into the characteristics of the considered system.
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1.3. Literature review

Solitary solutions and their applications. With recent advances in computer
algebra software power and availability over recent years, interest in analytical
solitary solution construction to differential equations has greatly increased. While
observations of the phenomena of solitary solutions (also called solitons) date back to
John Scott Russel’s paper published in the nineteenth century (Russell, 1844) as well
as Korteweg and de Vries’ early mathematical description (Korteweg & De Vries,
1895), the importance of such phenomena was underlined only in the middle of the
twentieth century in seminal publications by Zabusky and Kruskal (Zabusky &
Kruskal, 1965) and Gardner (Gardner, Greene, Kruskal, & Miura, 1974).

A solitary solution is a nonlinear wave that satisfies the two following
properties: 1) It maintains its shape as it moves at a constant velocity; 2) After
colliding with another solitary solution, it emerges from the collision with no change,
except for a phase shift (Scott, 2006). These properties make solitary solution
phenomena important to identify in a number of different fields of research. A review
of recent works in this field by foreign scientists is given below. To the best of the
author’s knowledge, there is no research being performed in Lithuania on the
construction of analytical, non-numerical solitary solutions.

In this thesis, the solitary solution is considered an analytical solution to a
nonlinear differential equation of any type, including ordinary, partial or fractional
order equations which has the following form:

j=1(exp(n = ) =)
w(§) =0—3 )
j=1(exp(n(§ — ) — ;)
where n,c are constants, and parameters y;,x; depend on the initial conditions
formulated for the considered differential equation. Variable & can be an independent
variable if the considered differential equation is ordinary or single-variable fractional
order equation. If the considered model is a partial differential equation, ¢ is a linear
combination of all independent variables and is called the wave variable.

Even though the effect of solitary solutions was first observed as a water wave,
one of most vibrant fields of applications of such solutions is nonlinear optics. Stable
localized pulses propagating in optical fibers are described by solitary solutions in
(Kruglov & Harvey, 2018). Solitary solutions to a nonlinear Schrodinger equation that
describes attosecond pulses in optical fibers are obtained in (Yang, Gao, Su, Zuo, &
Feng, 2017). Solitary solutions to the Sasa-Satsuma equation which model the
behavior of ultrashort pulses in optical fibers under Raman scattering effects are
discussed in (L. Liu, Tian, Chai, & Yuan, 2017). Dark soliton solutions of the coupled
higher-order Schrodinger equations that describe ultrashort pulse propagation in the
birefringent or two-mode fiber are investigated in (Sun, Tian, Wang, & Zhen, 2015)
and (Yuan, Tian, Liu, Sun, & Du, 2018). Solitary solutions to the Ginzburg-Landau

(1.3.1)
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equation which model light propagation in the presence of a detuning factor are
studied for several cases of nonlinear optical fibers in (Inc, Aliyu, Yusuf, & Baleanu,
2018). Experimental observation of the real-time behavior of a soliton particle in
ultrafast fiber laser is described in (M. Liu et al., 2018).

There has been significant research on solitary solutions in a plethora of other
fields, for example, biomedicine. It is shown that populations of bacteria are able to
break through a circle-shaped corral by launching solitary waves (Morris et al., 2017).
The spatio-temporal dynamics of systems of differential equations describing
interacting populations is studied by constructing solitary solutions in (Vitanov,
Jordanov, & Dimitrova, 2009). The transmissions of signals between neurons is
modeled via soliton-like impulses in (Poznanski et al., 2017). A new model for the
propagation of nerve impulses based on solitary solutions is proposed in (Engelbrecht,
Peets, Tamm, Laasmaa, & Vendelin, 2018).

Beginning with the Gross-Pitaevskii model (Gross, 1961), solitary solutions
have been one of the main tools in the analysis of Bose-Einstein condensates. The
scattering of a two-soliton particle by Gaussian potential is studied in (Umarov,
Aklan, Baizakov, & Abdullaev, 2016). Dark and gray solitary-like states have been
shown to emerge in Bose gas placed in a toroidal trap (Shamailov & Brand, 2019).
The stability of non-autonomous bright solitons in Rabi coupled Bose-Einstein
condensates is considered in (Kanna, Mareeswaran, & Mertens, 2017).

Methods for the construction of solitary solutions. The first mathematical
model that possesses solitary solutions was studied by (Korteweg & De Vries, 1895)
who suggested the following partial differential equation:

ow 93w ow

ow ow_ ow_ 132
ot "o o (13.2)

Korteweg and de Vries constructed the following solution to (1.3.2):
1 c
w(t,x) = —5¢ sech? g (x—ct—a) |, (1.3.3)

where ¢, a are constants. We note that the solution can be also be written by denoting
& = x — ct as the wave variable:

w(é) = —%csech2 g(f -a) . (1.3.4)

In this thesis, we consider a generalization of (1.3.3), which is one the best-
known analytical forms of solitary solutions (Scott, 2006):
j=1(exp(n = ) =)
w(§) =0—; )
j=1(exp(n( — 0)) — x)
where 7, ¢ are constants, and parameters y;, x; depend on the initial conditions.

A plethora of methods for the construction of (1.3.5) exist. They include
classical methods, such as the inverse scattering transformation (Biondini & Kovagic,

13
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2014), the Darboux transformation (Shi & Zhao, 2018), and the Backlund
transformation (Carillo, 2019). These methods arise mainly from physical
considerations and require comparatively little computation to be used. However, they
are not as powerful as the new generation of techniques which are based mainly on
the application of computer algebra. Such techniques include the Exp-function
method (Ayub, Khan, & Mahmood-UI-Hassan, 2017), the tanh method (Hu, Li, &

Zhu, 2018), the %’ expansion method (Foroutan, Manafian, & Ranjbaran, 2018) and

the simplest equation method (Vitanov, Dimitrova, & Vitanov, 2015).

These approaches are direct methods as they are ansatz-based, i.e., the form of
the solution is taken to be (1.3.5), then the solution is inserted into the differential
equation, and various algorithms are used in conjunction with computer algebra to
determine the solution parameters. While it is possible to use this framework to
construct solitary solutions, such methods have received a large amount of criticism
for not considering conditions of the existence of a solution (1.3.5) in either the space
of the initial conditions or in terms of the equation parameters (Popovych & Vaneeva,
2010), (Kudryashov, 2009), (Navickas & Ragulskis, 2009).

In this thesis, the techniques that utilize computer algebra but are not ansatz-
based are constructed — the analytical form of the solitary solution is not guessed but
is instead derived via operator methods during the construction of the solution.

2. REVIEW OF PAPERS

2.1. Review of “Existence of solitary solutions in a class of differential
equations with polynomial nonlinearity”

Input from T. Telksnys: T. Telksnys performed the symbolic and numerical
computations, as well as most of the mathematical derivations given in the paper. He
also prepared the text together with the co-authors and corresponded with the editor
of the journal.

Summary of the paper: The paper is concerned with determining the necessary
existence conditions of solitary solutions to a family of partial differential equations
with polynomial nonlinearity:

-1
oMU N d0°u n
Gort 2, ), Mageragn e o @1
s=1 j+k=S
j,k=0

where u = u(t,z) is the unknown function; m,n € N and A;;;a, are any real
coefficients.

It is convenient to transform (2.1.1) via the independent variable substitution
x = kt + wz, where k, w are non-zero real numbers. This procedure yields:

14



W 4 byoay ™ 4t byyp = @y Gy 4t ag, (2.1.2)
where y = y(kt + wz) = u(t, z) is the transformed function and coefficients b;; | =
1,...,m — 1 are derived from the parameters of (2.1.1). Let us consider the following
solitary solutions to (2.1.2):
j=i(exp(n(x — ) - y))
ja(exp(n(x — ) — %))
where [ € N;o,m,c €R; o,n #0; y;,x; €C,j =1,..1. Parameter | denotes the
order of the solitary solution; furthermore it is assumed that x; # y, forany j, k.

The main objective of this paper is to determine the necessary existence
conditions for (2.1.3) in (2.1.1) in terms of the solitary solution parameters. This goal
is achieved by utilizing the inverse balancing technique which is first presented in this
paper. The main idea of this technique is to invert the standard ansatz methods:
solution expression (2.1.3) is inserted into equation (2.1.2), which yields a polynomial
equationinx = exp(n(x — c)) (the expressions for its coefficients a;, §; are given in
paper X1):

Yo(x) =0 (2.1.3)

AR TI + + ayR + ag = ™+ + B (2.1.4)
This polynomial equation can only hold true if the degree of polynomials on the
left- and right-hand sides are balanced, thus yielding the first existence condition:
m+1=n (2.1.5)
Assuming (2.1.5) holds true, the coefficients of (2.1.4) yield a system of
equations that depend linearly on the parameters of equation (2.1.2)
g, -, An; by, ..., by_y and nonlinearly on solution parameters y;, x;. Thus it is not
feasible to obtain a general solution for the solution parameters in terms of the
equation parameters. However, the inverse is not true: equation parameters
g, v, Ap; by, ..., by_q Can be determined in terms of y;, x; by solving a system of
linear equations. If this system is not consistent, it means that (2.1.1) cannot admit
solitary solutions (2.1.3). It is derived in X1 that the necessary condition for the
consistency of the aforementioned system of linear equations reads:
m+DI<2(l+m+1). (2.1.6)
Thus the necessary existence conditions for solitary solutions to (2.1.1) are
(2.1.5)—(2.1.6). It is notable that the left-hand side of (2.1.6) depends nonlinearly on [
and m, while the opposite is true for the right-hand side, which leads to the conclusion
that higher-order equations do not necessarily admit higher-order solutions. An
outlook of possible solution and equation order pairs is given in Table 2.1.

Table 2.1. Table of necessary existence conditions of solitary solutions (2.1.3) in
(2.1.1). Symbol 3 denotes existence with any parameter values; 3*denotes existence
with some parameters subject to constraints, and A denotes nonexistence.

| nm) | (21| (32 (4,3) (5,4) (6,5) (7,6) (8,7)

1 3 EN 3" EN EN ER ER
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2 A 3* 3* 3* 3* 3* 3*
3 A 3* 3* 3* 3* A A
4 2 A A 2 2 A A
5 2 A 2 2 2 A A

As seen in Table 2.1, some equations admit solutions only when the parameters
of either the differential equation or solitary solution satisfy some additional
constraints. It is not possible to provide a general expression of these constraints, but
their derivation is equivalent to achieving a non-singular matrix for the determination
of equation parameters when using the inverse balancing technique.

Conclusions: A computational framework for the determination of necessary
existence conditions of solitary solutions to a class of partial differential equations
with polynomial nonlinearity is presented in the paper. By applying the inverse
balancing technique, it is proven that as the order of the equations increases, higher-
order solitary solutions do not appear, but the opposite is true — the considered class
of differential equations can only admit solitary solutions of order [ = 1,2,3.

It is clear that the techniques presented in this paper provide a solid foundation
for both direct and indirect solitary solution construction methods as the developed
concept provides a simple way of verifying the necessary existence conditions for
such solutions. Furthermore, the presented computations also demonstrate the
derivation of additional constraints on the parameters of the equation that can be used
to formulate not only necessary, but also sufficient solitary solution existence
conditions. This idea is expanded upon in the other articles presented below.

2.2. Review of “Existence of solitary solutions in systems of PDEs with
multiplicative polynomial coupling”

Input from T. Telksnys: T. Telksnys conceived the idea for the paper, performed
the symbolic and numerical computations, as well as most of the mathematical
derivations given in the paper. He also prepared the text together with co-authors and
corresponded with the editor of the journal.

Summary of the paper: Results reviewed in Section 2.1. are extended to systems
of partial differential equations in this paper. The following class of systems of partial
differential equations is considered:

ZZ e ZZ e
)5 gxsoti—s ~ss ’

] 1s= j 0s=
j=1s=0 j=0s=

16



where U=U(tx);V=V(x) are unknown functions, and
s j—s bj_s, Cs j—s, dj_s s are arbitrary real coefficients considered to be non-zero at
the highest derivative order. We note that system (2.2.1) is an extension to (2.1.1)
presented in the previous section: the left-hand sides remain unchanged, while the
right-hand sides exhibit multiplicative coupling. As noted earlier, this type of coupling
has seen extensive use in modeling biological real-world systems (Kraenkel,
Manikandan, & Senthilvelan, 2013).

The wave variable substitution z = at + Sx is used to transform the system of
PDEs (2.2.1) into the following ODE system:

(n)+an 1u(n Dy 4 aqu, = ZZ Ssuf Sps;

j= Os

o™ 4c o™V 4ty = Z Z dj_ssu/ 5", (2.2.2)
j=0s=0
where u = u(z) = U(t,x);v =v(z) =V(t,x), and coefficients a;,c; are linear
combinations of a;_s¢ and c;_s, respectively. As in the previous paper, solitary
solutions of the following form are sought:
-1 (exp(n(z = 20)) — ;)
Li(exp(n(z — 20)) — z)’
[T (exp(n(z = 25)) — v))
§-V=1(exp(n(z - Zo)) - Zj) .

Here, o,y,n are real constants, and parameters u;, v;, z; may depend on the
initial conditions imposed on (2.2.2). We note that since this study is concerned
primarily with the existence of solutions, we do not consider the set viable initial
conditions — this will be discussed in further sections. The main objective of this paper
is to determine the necessary existence conditions of solitary solutions (2.2.3) in
(2.2.2).

By using a version of the inverse balancing technique described in Section 2.1
that is modified for systems of differential equations, the following balancing
conditions between the multiplicative nonlinearity order and the highest derivative
order are computed:

uo(z) =

vo(2) = (2.2.3)

k=n+1, l=m+1 (2.2.4)

We note that these conditions are analogous to (2.1.5), which means that the

relation between derivative and highest order nonlinear terms remains unchanged

when comparing systems of PDEs with a single PDE. However, computer algebra

computations using the inverse balancing technique provide the following necessary
existence conditions for (2.2.3) in (2.2.1):

2m+m—1N-2<(n+2)?+(m+2)?+3(n+m). (2.2.5)
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It is clear that the nature of condition (2.2.5) is fundamentally different from
that of (2.1.6) as it allows for the growth of solitary solution order because the order
of the PDE system increases, as illustrated in Fig. 2.2.1. Furthermore, if (2.2.5) holds
together with the inequality:

2(+m+2)N+4<(n+2)?+(m+2)?+3(n+m), (2.2.6)
then, solitary solutions exist without the need to impose additional constraints on the
parameters of the solution (as discussed in Section 2.1). We note that since the most
common case of system (2.2.1) occurs when the differential equations are of the same
order, that is, m = n, conditions (2.2.5) and (2.2.6) can be simplified to:

Cn—1DN-1<(n+2)?+3n;
Cn+2)N+2<(n+2)*>+3n 2.2.7)
respectively. A graphical representation of these conditions is given in Fig. 2.2.2.

13

Fig. 2.2.1. Plot illustrating condition (2.2.5). For given orders n, m of the considered differential equations, the
necessary existence conditions of solitary solutions can only be satisfied if the solution order N lies at or below the
depicted surface. Black circles denote the maximum value of N for integer values of n, m.

Conclusions. The necessary conditions of existence for solitary solutions in
systems of partial differential equations coupled with multiplicative terms have been
derived by using the inverse balancing technique.

While uncoupled PDEs with equivalent nonlinear terms can only admit solitary
solutions of the order no greater than N = 3, this result does not hold true for systems
of coupled PDEs: as the system order increases, the order of solitary solutions that
satisfy the necessary existence conditions also grows, thus revealing more complex
18



phenomena in the considered equations. For example, first order coupled systems may
admit solitary solutions of up to order N = 13, whereas second order coupled systems
may admit solitary solutions of up to order N = 7.

Some higher order solutions may require additional constraints to be imposed
on the parameters of the solutions in order to satisfy the necessary existence
conditions. A general form for these conditions does not exist, however, the inverse
balancing technique can be used to derive them case-by-case, as shown in paper X2.

Thus it is clear that the presented framework is a solid foundation that can be
employed in direct solution construction methods as a priori consideration of the
necessary existence conditions can greatly reduce the complexity of the required
computations.

Fig. 2.2.2. Plot illustrating conditions (2.2.7). The necessary existence condition of solitary solutions is only
satisfied if N does not lie above the solid black curve. Furthermore, if N lies below the dashed line, no additional
constraints on the parameters of the solitary solutions need to be imposed. Solitary solutions can only exist with
additional constraints on their parameters for values of N lying inside the shaded region. Black circles indicate
integer values of equation order n.

2.3.  Review of “Kink solitary solutions to generalized Riccati equations with
polynomial coefficients”

Input from T. Telksnys: T. Telksnys performed all of the numerical and the
computer algebra computations required to perform this study. He was also
responsible for a significant part of mathematical proofs and derivation presented in
the paper. He co-wrote the paper text and corresponded with the editors of the journal.

Summary of the paper: The previous two sections discuss articles where the
main focus is to determine the necessary existence conditions of solitary solutions to
differential equations. The next question that can be posed is: what techniques could
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be used to construct such solutions? As mentioned in the introduction, several direct
solution construction methods have been described in literature, but they have been
heavily criticized for not considering the existence conditions of the constructed
solution.

In this paper, in addition to the inverse balancing technigque presented in the
previous sections, a direct balancing approach is used to construct kink solitary
solutions to generalized Riccati equations with polynomial coefficients. As well as
constructing the solutions, this paper also showcases the limitations of direct solution
construction methods as the equations used to determine the parameters of solitary
solutions must remain linear in order to ensure that all the possible solutions have
been discussed.

The following class n-th order Riccati-like ordinary differential equations is

considered:
n

T
(Z bkx"> ym = Z a;y'; rrmeN (2.3.1)
k=0 =0
where a;, b, are real coefficients, and y = y(x) is the unknown function. Kink
solitary solutions have the following form:
exp(n(x — x0)) =y
exp(1(x — %)) —
where 7, g are constants, and y;, x; may depend on the initial conditions. We note
that we do not seek solutions of the form (2.3.2) to (2.3.1). Equations of the form
(2.3.1) arise after applying substitution X = exp (nx). Thus it is possible to consider
the transformed form of (2.3.2) which is a rational function:

a1x —
L 0; ao,al,ﬁo,ﬁl € R. (233)

Yo (x) Bix — By

While solutions (2.3.3) seem simple, the physical and mathematical properties
of both (2.3.3) and its untransformed form (2.3.2) have received attention in recent
publications (Yamaleev, 2014).

As the inverse balancing technique has already been discussed in Sections 2.1
and 2.2, presently, we only summarize that inserting solution (2.3.3) into (2.3.1) and
solving for coefficients a;, b, yields the following necessary conditions for the
existence of (2.3.3) in (2.3.1):

n=m+1, 0<r<m+1. (2.3.4)

The direct balancing approach for equation (2.3.1) is similar to the inverse
balancing technique; however, in this case, we seek to determine the parameters of
solution (2.3.3). We note that (2.3.1) can be rearranged as:

Yo(x) =0 (2.3.2)

T m+1
b, n(x —x )™ = n(y -y, (2.3.5)
k=1 =1
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where xy, y; denote the roots of the right and left side polynomials in (2.3.1). Inserting
solution (2.3.3) into (2.3.5) yields equations that are linear in both the equation
coefficients and the solution parameters. This is very important to note — as otherwise
direct balancing would be impossible. Explicit expression of the obtained equations
reads:
A p(k) =0, (2.3.6)
where
(X1 —1 —x1y701) Vo)
: 31 : : a, (1)
Xy — —XrYr(r)  Yr(r) . _ 0(0(‘[)
1 0 —=yg+ny O p(®) = B1(7)
P : Bo(@)

AQT) = (2.3.7)

(1 0 —Yrom+n) 0 |
where 7 is an arbitrary permutation of order m + 1. We note that the number of linear
systems is equal to (m + 1)!, which coincides with the maximum number of solitary
solutions (2.3.3) to (2.3.1). An additional constraint that must be satisfied by the
scaling coefficient b,. is also obtained by the direct balancing technique:

m+1

( 1)1—7‘
b = T (s o = auB BT (n(“l yr(z)ﬁ1)> jul(ao = Y2(Bo) |- (2.3.8)

Thus the generalized Riccati equation with polynomial coefficients (2.3.1)
admits kink solitary solutions (2.3.3) if and only if conditions (2.3.4), (2.3.6) and
(2.3.8) hold for some permutation .

Conclusions: 1t is shown that the generalized Riccati equation admits kink
solitary solutions under the derived conditions. The maximum number of possible
kink solutions is (m + 1)! and depends on the order of the generalized Riccati
equation.

The results have been obtained by using inverse and direct balancing techniques.
It was possible to apply direct balancing because the balancing equations were linear
with respect to both equation coefficients and solution parameters. Attempting to
construct higher order solitary solutions would result in high-dimensional systems of
nonlinear algebraic equation thus making the determination of the solution parameters
problematic. The solution to this problem is given in the next section by considering
operator methods to obtain more complex solitary solutions not only to single
differential equations but also to systems of differential equations.

2.4.  Review of “Homoclinic and heteroclinic solutions to a hepatitis C
evolution model”
Input from T. Telksnys: T. Telksnys performed most of the numerical and all of
computer algebra computations required to conduct this study. He was also
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responsible for a significant part of mathematical proofs and derivation present in the
paper. He co-wrote the paper text and corresponded with the editors of the journal.

Summary of the paper: In this paper, a real-world problem is investigated: given
a clinically verified model of hepatitis C virus (HCV) evolution (Reluga, Dahari, &
Perelson, 2009), we construct higher order than kink (as discussed in the previous
section) solitary solutions, which would provide insight into the evolution of healthy
and infected cell population during hepatitis C virus treatment.

A note on terminology: in this paper, solitary solutions are referred to as
homoclinic (a solution that corresponds to a trajectory which joins a saddle point in
the phase space to itself) and heteroclinic (a solution that corresponds to a trajectory
which joins any two equilibrium points in the phase space) solutions. This was done
(at a reviewer’s request) to further emphasize the focus that was put into the analysis
of the phase plane of the considered system. However, the solutions constructed in
the paper are solitary solutions, and, to avoid confusion, we shall refer to them as such
in this brief review.

The following non-dimensionalized system for hepatitis C virus evolution is
considered:

Xr=ay+a;x +ax? +azxy +ay;  x(c) = u;

Vi =by+ by +byy?+byxy+byx;  y(c) =v, (2.4.1)
where ay, ..., a4, by, ..., by are arbitrary real coefficients; functions x(t),y(7)
represent dimensionless state variables for uninfected hepatocites and infected cells,
respectively; c, u, v denote the initial conditions. We note that system (2.4.1) is more
general than the hepatitis C virus evolution model presented in (Reluga et al., 2009)
and thus can be applied to other fields where systems of form (2.4.1) are studied.

The following second order (also called bright/dark (Scott, 2006)) solitary
solutions to (2.4.1) are considered:

(exp(n(r —-c)) - xl)(exp(n(r — ) —x3) _
(exp(n(r —-c)) - Tl(x)) (exp(n(r —c)) - Téx)) '
(exp(n(z = ©)) = y1)(exp(n(z = ©)) = y2)

(eXp(n(T - C)) - 1—?’)) (exp(n(r — C)) - Tgy))'

where ,y,n are constants, and parameters xy,x,, v1,y,, 77, 752,720,797 can

depend only on initial conditions u, v (but not on ¢ as (2.4.1) is autonomous).

As in the previous publications, the inverse balancing technique is used to
determine the necessary existence conditions for (2.4.2) in (2.4.1). It is obtained that
the denominators of x and y must be equal in order for the solution to exist:

Tix) = riy); réx) = Téy). (2.4.3)

Furthermore, the coefficients of system (2.4.1) must also obey the following
relations:

x(t;c,u,v) =0

y(@ouv)=y (2.4.2)

as = bz, a, = b3. (244)
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Next, generalized differential operator techniques are used to determine the
sufficient existence conditions of solitary solutions (2.4.2) to any system of ordinary
differential equations. We shall omit the statement of these conditions for the sake of
brevity (a detailed description can be found in paper X4) and instead summarize the
necessary and sufficient existence conditions in the following theorem:

Theorem 2.4.1. Hepatitis C virus evolution model (2.4.1) admits second order
solitary solutions (2.4.2) if and only if (2.4.3), (2.4.4) hold true and:

9aya,a, + 9byb b, — 18aya,b; — 18byb,a, + 3a,b?
+3bya? — 2a3 — 2b3 — 9a,a4bs — 9b1bsa, + 27ayby b,
+27bya,a, = 0. (2.4.5)

It must be noted that condition (2.4.5) requires a significant effort of symbolic
(non-numerical) computation to derive. The computer algebra system Maple was used
to perform these computations.

If the conditions of this theorem hold true, all solutions with any initial
conditions ¢, u, v to (2.4.1) are second order solitary solutions. It is shown that their
phase trajectories take the form of conic sections:

Ax*+Bxy+ Cy*+Ex+Fy+G =0, (2.4.6)
where coefficients A4, B, C, E, F, G depend on the initial conditions.
-9 A 4

Fig. 2.4.1. Phase portrait of system (2.4.1) for the case of biologically relevant parameter values. Grey circles
denote stable and unstable nodes. The diamond denotes the saddle point. Solid black lines denote solution
trajectories which are conic sections and correspond to a pair of second order solitary solutions. Labels (a), (b), (c),
(d) correspond to respective solutions in Fig. 2.4.2. The solutions lying in the grey-shaded region have elliptic
trajectories and contain no singularities. Solutions in the horizontally striped region have hyperbolic trajectories and
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also contain no singular points. Solutions in the unshaded region have a single singularity point. Solutions in the
vertically striped regions have two singular points.

By using the results of Theorem 2.4.1 and the parameter values that correspond
to biologically meaningful cases of model (2.4.1) (provided in (Reluga et al., 2009)),
the phase portrait of system (2.4.1) given in Fig. 2.4.1 is obtained. The evolution of
solutions in time is depicted in Fig. 2.4.2. There exist three distinct types of solitary
solutions — solutions that have no singularities (denoted as (a) in Figs. 2.4.1 and 2.4.2);
solutions with one singular point (denoted as (b)); and solutions with two singularities
(denoted as (c)). There are three equilibria in the considered system — an unstable
node, a stable node, and a saddle point. We note that the stable and unstable manifolds
of the saddle point (straight lines), as well as the separatrix between the singular and
non-singular solutions (a rotated parabola) are computed exactly from the equation
parameters by using computer algebra.

Conclusions: Second order solitary solutions to the model hepatitis C virus
evolution have been constructed. The necessary and sufficient second order solitary
solution existence conditions with respect to the model and solution parameters have
been derived by using the inverse balancing and the generalized differential operator
techniques. It has been shown that the obtained solutions exist for all parameter values
and that their trajectories correspond to conic sections. Exact equations for the stable
and unstable manifolds and the separatrix between singular and non-singular solutions
are also derived by using the presented techniques.

The obtained solutions have some important properties that may help to better
understand the phenomena of hepatitis C virus evolution. Even though the initial
treatment reduces the number of infected cells (which can be seen by comparing the
beginning and end of the treatment in Fig. 2.4.2), in some cases (see Fig. 2.4.2 (b)),
the number of the infected cells initially increases during the treatment, reaches a
maximum point, and then declines to its final state. Analogous observations may be
made for the population of healthy cells — their number may initially decrease and
reach a minima before increasing and reaching their stable state. Such observations
provide a deeper insight into the processes governed by model (2.4.1) and may help
in planning patient treatment.
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(©) (d)
Fig. 2.4.2. Second order solitary solutions corresponding to the labeled solutions in phase portrait Fig. 2.4.1.

The black line corresponds to x(7), the grey line corresponds to y(z). Thin dotted lines denote the singularity points
of solutions (c), (d).

2.5.  Review of “Operator-based approach for the construction of analytical
soliton solutions to nonlinear fractional-order differential equations”

Input from T. Telksnys: T. Telksnys performed all the computer algebra and
numerical computations presented in the paper. He also authored some of the proofs
that are given. On top of that, he wrote the paper text and corresponded with the
editors of the journal.

Summary of the paper: In this paper, the concept of soliton solutions is extended
beyond the standard notions of ordinary and partial differential equations. An
approach for constructing solitary solutions to fractional order differential equations
is discussed. We note that as the paper is the first in a series concerning fractional

differential equations, the order of differentiation is fixed at a = % However, the
presented definitions and proofs are easily generalized to general «, which was
actually done in subsequent papers (Navickas, Telksnys, Timofejeva, Marcinkeviéius,
& Ragulskis, 2018).
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One of the main concepts in use is the fractional power series that reads:
400 j-1
X 2
f = Z C]'Zj; Z]' = ﬁ (251)
=1 r(5)
Functions z; are called the basis functions, and the set of all f described by

(2.5.1) is called the set of Caputo fractional power series and denoted CF. The
conventional definition of the Caputo fractional derivative reads:

0@ f(x) = 11 e _dx. (2.5.2)
r(z)s x-02

We propose an alternative but equivalent definition based on (2.5.1):

1 <
CD(f)f = Z Ci+1Z), (2.5.3)
=

where CDG)ZJ- =zj_, forj=23, .. and CDG)zl = 0. Properties of operator CD(%)
are described in detail in paper X5.

The main idea in identifying solitary solutions to nonlinear fractional
differential equations is to consider the equivalent of well-known non-fractional
differential equations that admit solitary solutions. The simplest model that possesses
this property is the Riccati differential equation. A fractional form of this equation is

considered:
(1) *
Zpt1 (CD 2 ) y=A,+ A1y + A,y?, (2.5.4)

where 4, A, A, € Care, in general, complex coefficients; the solution is y € ‘I, and
k eN.
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Fig. 2.5.1. Solution (2.5.8) with @ = 1 (part (a)) and a« = =10, -9, ..., —1 (part (b)). We note that the
solution is non-singular only for the negative values of the initial condition alpha.

Initial conditions on (2.5.4) read:

1
D@yl = a R (25.5)
By using computer algebra in conjunction with operator techniques based on
definition (2.5.3), three solutions for different values of k are obtained. In the case
k = 1, the Riccati-like fractional equation (2 5.4) admits solution:

1-— Al (1) (ZAza) i
= X2, 2.5.6
Y =04, AznZ] (25.6)

where coefficients vj(l) are solutions to the recurrence relation:

m
1
ov__ - ., o, @ _
v = (}/2) y 2 Ve Vilgs Vo =1 (2.5.7)
1/2

We note that the closed form of solutlon (2.5.6) could not be obtained. However,
the fractional power series (2.5.6) gives the exact analytical solution. In the case k =
2, equation (2.5.4) does not take the form of an ordinary differential equation, as, for

0 2
y € °F, operator (CD(5)> iS not equivalent to d% (equivalence would only hold if

every coefficient corresponding to a fractional power of x in power series (2.5.1)
would be zero). Inserting the series solutiony = Z}“;”l ¢jzj into (2.5.4) with k = 2 and

rearranging both sides of the obtained equation yields coefficients for the series
solution which can then be written as:
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4A,a J
= @ () «2, 2.5.8
y 2A2 Aznz] ( ) (2.58)

where vj(z) satisfies the following recurrence relatlon

V@ =1, v@ Z ®,@ (25.9)
Let us consider the generating function of coeff|C|ents vj(z):
+o00
w=w() = Zvj(z)tf; véz) 0. (2.5.10)
Differentiating (2.5.10) results in:
dw
ta =w?+t, (2.5.11)
which has the general solution:
Vt (CY1(2\/E) +]1(2\/E))
= (2.5.12)
CYo(2VE) + Jo(2v)
where ] (t) are Bessel functions of the first kind:
feo (_1)m t 2m+f
= = ; 2.5.1
Jp(®) ;Om!l“(m+ﬁ+1)<2) ’ (2513)
and Y (¢t) are Bessel functions of the second kind:
t)cos(pm) — [_p(t
Yﬁ(t):]B() (Bm) =] ,3(). (2.5.14)

sin(fm)

2
Considering the initial condition WT| = 0 (which is obtained from noting that
t=0

v = 1,92 = 0) yields ¢ = 0 in (2.5.12). We note that taking t = 433“ X

—A—,a1 = Azinyields y=y(x)=ay+ altdd—V:
Finally, the closed-form solution can be written in terms of Bessel functions:
W 5 4, 1 t(B(VD) +J3(2v0))
y=Y<\/E\/}); y<t)=_2A2+A2n J2(2+%) ’
A plot of solution (2.5.15) for various values of « is given in Fig. 2.5.1. We note
that the solution is non-singular only for ¢ < 0.

In the cases k = 3,4, ..., equation (2.5.4) admits only trivial solutions of the
form:

(2.5.15)

Aq
24, X

y=— (2.5.16)
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Conclusions: An operator-based approach for the construction of closed form
solutions to fractional order nonlinear differential equations is presented in this paper.
The presented derivations are founded in fractional power series (2.5.1) and the
definition of Caputo fractional differentiation operator (2.5.3). It has been shown that,
by using these concepts, it is possible to construct both fractional power series and
closed-form solutions to nonlinear fractional order differential equations.

As solution (2.5.15) is obtained from a Riccati-like fractional differential
equation and as the non-fractional equation of the same form is known to admit
solitary solutions, it is natural to assume that soliton-like effects are exhibited by
solution (2.5.15). Since the research into this topic is still in its beginning stages, the
identification of soliton-like effects in fractional differential equations is an important
step towards understanding the processes described by such models.

3. CONCLUSIONS

The following conclusions corresponding to the objectives that have been raised

in Section 1.2 are made:

1) By using the inverse balancing technique, it is proven that uncoupled partial
differential equations with polynomial nonlinearity can only admit solitary
solutions of an order no greater than 3, while the maximum possible order
of solitary solutions to coupled partial differential equations with
polynomial nonlinearity grows as the order of the system is increased.

2) In the case that the inverse balancing equations are linear in both the
solution and equation parameters, the solutions can be constructed directly.
However, the class of equations that satisfies this condition is very limited.

3) The system of hepatitis C virus evolution admits bright/dark solitary
solutions when its parameters describe a biologically meaningful regime of
virus evolution. The solutions and conditions for their existence in the space
of system parameters are constructed by using the generalized differential
operator and inverse balancing techniques.

4) The operator techniques used to construct solitary solutions to ordinary and
partial differential equations can be extended and used for fractional order
differential equations. The obtained solutions are expressible not by
exponential, but by Bessel functions.
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4. SANTRAUKA

4.1. Nagrinéjama mokslo problema

Siame darbe nagrinéjami jvairiy diferencialiniy lygéiy, jskaitant paprastasias,
daliniy i$vestiniy bei trupmenines, solitoniniai sprendiniai. Sie sprendiniai — daznas
tyrimy objektas jvairiose mokslo srityse, kadangi jie pasiZzymi specialiomis
fizikinémis savybémis — solitoninis sprendinys (arba solitonas) yra netiesiné banga,
kuri tenkina dvi prielaidas (Scott, 2006):

1) Bangos forma nekinta, kai ji juda pastoviu grei¢iu (taigi neprarandama

energija);

2) Po susidirimo su kita to paties tipo banga solitoninis sprendinys nepakinta,

neskaitant fazés postimio.

Nors pirmakart tokio tipo sprendiniai pastebéti dar XIX a. kaip vandens bangos
(Russell, 1844), didesnj susidom¢jima $iuo reiskiniu paskatino XX a. viduryje atlikti
tyrimai, kurie parodé, kad solitoniniai sprendiniai egzistuoja ir apraSo svarbius
procesus ir kitose mokslo srityse (Gardner et al., 1974; Zabusky & Kruskal, 1965),
kuriy trumpa apzvalga pristatoma zZemiau.

Pati aktyviausia solitoniniy reiSkiniy tyrimo sritis — netiesiné optika, kadangi cia
solitoniniai impulsai gali biti pritaikomi informacijai perduoti. Stabilts lokalizuoti
impulsai, sklindantys optinio pluosto kabeliais, gali biiti aprasomi solitoniniy
sprendiniy pavidalu (Kruglov & Harvey, 2018). Publikacijoje (Inc et al., 2018)
pademonstruojama, kad Ginzburg-Landau lygtis, kuria modeliuojamas $viesos
sklidimas veikiant trikdziams, turi solitoninius sprendinius keliy trukdziy atveju.
Eksperimentiniai dalelés su solitoninio sprendinio savybémis tyrimai ultra-greitame
lazeryje aprasomi (M. Liu et al., 2018).

Kadangi solitonai naudojami aprasant informacijos perdavimg optiniais
kabeliais, nenuostabu, kad sukurtas ne vienas solitoniniais sprendiniais paremtas
modelis, leidziantis modeliuoti neurony veiklg. Solitoniniai impulsai naudojami
neurony komunikacijai apraSyti (Poznanski et al., 2017) bei (Engelbrecht et al., 2018).
Sie sprendiniai taip pat sutinkami kitose biomedicinos srityse, pavyzdziui, populiacijy
dinamikoje. (Vitanov et al., 2009) parodoma, kad tarpusavyje konkuruojanciy
populiacijy modelis gali biiti tiriamas taikant solitoninius sprendinius. Bakterijy
populiacijos sugeba iSsilaisvinti i§ apskritimo formos uZtvaro, sukurdamos solitonines
bangas (Morris et al., 2017).

Dar viena aktyvi solitoniniy sprendiniy taikymy sritis — Boze-Einsteino
kondensaty studijos. Pradedant nuo Gross-Pitajevskio modelio (Gross, 1961),
jvykdyta aibé tyrimy, parodanciy solitoniniy sprendiniy aktualumg Sioje srityje.
Solitony savybes turinCiy daleliy is$sisklaidymas veikiant Gausinio tipo potencialui
istirtas (Umarov et al., 2016). Neautonomiai Sviesaus tipo solitonai pastebéti Boze-
Einsteino kondensatuose su Rabi suri§imu (Kanna et al., 2017).
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Solitoniniy sprendiniy paplitimas jvairiose mokslinése srityse paaiskina tyrimy
aktualumg — §iy sprendiniy sukonstravimas néra trivialus uzdavinys ir yra svarbus tiek
teorine, tiek praktine ir taikomaja prasme.

4.2,

Darbo tikslai ir uZdaviniai

Pagrindinis §io darbo tikslas — sukurti ir pristatyti nauja matematinj ir
algoritminj jrankj, leidziantj sukonstruoti analizinius solitoninius sprendinius jvairaus
tipo netiesinéms diferencialinéms lygtims, iskaitant paprastgsias, daliniy iSvestiniy
bei trupmeninés eilés diferencialines lygtis.

Siam tikslui jgyvendinti idkelti keturi uzdaviniai:

1)

2)

3)

4)

Solitoniniy sprendiniy egzistavimo jvairiose netiesiniy daliniy
iSvestiniy diferencialiniy lyg¢iy klasése tyrimas. Sis zingsnis reikalingas,
kad biity galima nustatyti, ar skirtingi diferencialiniy lyg€iy tipai gali turéti
solitoninius sprendinius. Be to, §io uzdavinio sprendimo metu sukurtos
technikos véliau pritaikomos biitinoms solitoniniy sprendiniy egzistavimo
saglygoms nustatyti ir keliais atskirais atvejais —tokius sprendinius
sukonstruoti tiesiogiai.

Tiesioginiy solitoniniy sprendiniy konstravimo techniky sukairimas.
Tiesioginés technikos leidZia sukonstruoti solitoninj sprendinj, spéjant, kad
sprendinio forma yra solitonas, ir tuomet, jstacius sprendinj j modelj,
nustatant sprendinio parametrus. Sio uzdavinio sprendimo metu aptariami
tokiy metodiky pranasumai ir minusai bei apibréziamos lygciy klasés,
kurioms galima taikyti §iuos metodus.

Algebriniy operatoriniy techniky solitoniniy sprendiniy konstravimui
paprastosioms bei daliniy iSvestiniy diferencialinéms lygtims
sukiirimas. Pirmojo bei antrojo uzdavinio rezultatus imant kaip pagrinda,
gali buti konstruojamos sudétingesnés solitoniniy sprendiniy radimo
metodikos. Sios technikos paremtos algebriniy operatoriy sagvokomis, tarp
kuriy svarbiausia — apibendrintojo diferencialinio operatoriaus sgvoka.
Derinant operatorines technikas su kompiuterinés algebros priemonémis,
gaunama metodika, leidzianti konstruoti solitoninius sprendinius placiai
diferencialiniy lygciy klasei.

Algebriniy metody iSplétimas, leidZiantis konstruoti solitoninius
sprendinius trupmeninés eilés diferencialinéms lygtims. Trupmeninés
eilés diferencialinés lygtys turi esminiy skirtumy, palyginti su
paprastosiomis ar daliniy i$vestiniy diferencialinémis lygtimis, ir todél
reikalauja naujy sprendimy, norint pritaikyti jau sukonstruotas technikas
trupmenings eilés uzdaviniams. Sis pritaikymas ir yra ketvirtojo uzdavinio
tikslas.
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4.3. Mokslinis naujumas ir metodika

Darbo mokslinis naujumas glaudziai susijes su metodika, kadangi pagrindinis
darbo tikslas — sukurti nauja solitoniniy sprendiniy konstravimo metodika.
Straipsniuose X1 ir X2 pristatoma nauja technika, kuri pavadinta atvirkStiniu
balansavimu, ji leidzia nustatyti, ar nagrin¢jama netiesiné daliniy iSvestiniy
diferencialiné lygtis gali turéti solitoniniy sprendiniy, ir, jeigu taip, kokias biitinas
egzistavimo sglygas turi tenkinti lygties bei sprendinio parametrai. Pagrindiné §ios
technikos idéja primena ansatz metodus, kai spéjama, kad sprendinio analiziné forma
atitinka solitoninj sprendinj, ir $i funkcija jstatoma j diferencialine lygti. Skirtingai nei
tiesioginiuose sprendinio konstravimo metoduose (tiesioginis balansavimas), Siuo
atveju ieSkome ne sprendinio, o lygties parametry — tokiu biidu gautos balansavimo
lygtys yra tiesinés, o jas atitinkanCios matricos naudojamos biitinoms solitoniniy
sprendiniy egzistavimo salygoms iSvesti.

Balansavimo metodika toliau plétojama straipsnyje X3, kuriame naujos
tiesioginés balansavimo technikos naudojamos solitoniniams sprendiniams
sukonstruoti Rikati tipo diferencialiniy lyg¢iy klasei. Pagrindinis $io tyrimo tikslas —
iStirti atvejus, kai tiesioginés balansavimo technikos gali biiti taikomos solitoniniams
sprendiniams konstruoti ir kai jos néra pakankamos Siam uZdaviniui i$spresti.

Straipsnyje X3 iStyrus tiesioginiy metody trikumus ir privalumus, tolesniuose
darbuose kuriama nauja algebriniais operatoriais paremta solitoniniy sprendiniy
konstravimo netiesinéms paprastosioms bei daliniy iSvestiniy diferencialinéms
lygtims metodika. Sia metodika sudaro du Zingsniai. Pirmajame Zingsnyje, naudojant
apibendrintgjj diferencialinj operatoriy, sukonstruojamas eilutés formos sprendinys.
Kiekvienas sprendinio eilutés koeficientas gaunamas pakélus apibendrintajj
diferencialinj operatoriy tam tikru laipsniu, taigi yra zinoma $iy koeficienty analiziné
iSraiSka. Antrajame zingsnyje, naudojantis jau Zinomais algoritmais, siekiama
pademonstruoti, kad nagriné¢jamos eilutés koeficienty seka (arba Sios sekos
transformacija) yra tiesiSkai rekurentiné. Irodzius, kad seka — tiesiSkai rekurentiné,
eilutés formos sprendinys perraSomas j uzdarg forma, iSreikSta elementariosiomis
funkcijos. Gautas rezultatas atitinka solitoninj sprendinj. Straipsnyje X4 Sios
technikos taikymas iliustruojamas pasinaudojant hepatito C viruso evoliucijos
modeliu — surandami nauji solitoniniai sprendiniai, tenkinantys §ig sistema.

Vienas i§ darbo uzdaviniy — sukurti solitoniniy sprendiniy konstravimo
metodika ir trupmeninés eilés diferencialinéms lygtims. Sios diferencialinés lygtys
turi fundamentaliy skirtumy, palyginti su sveiky iSvestiniy diferencialinémis lygtimis,
taigi darbe sukurti metodai turi buti adaptuojami dirbti su jomis. Straipsnyje X5
remiantis literatlira apibréziama algebriné trupmeninés eilés diferencijavimo
operatoriaus samprata, reikalinga sukurtiems metodams adaptuoti. Pagrindinis darbo
naujumas gaunamas naudojantis Rikati tipo trupmeninés eilés diferencialine lygtimi,
kai parodoma, kad, esant tam tikroms salygoms, kurios iSvedamos naudojantis
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balansavimo metodika, trupmeninés eilés diferencialing lygti galima atvaizduoti |
ekvivalenGia, tadiau sudétingesne paprastaja diferencialing lygtj. Sios lygties
sprendinys po tam tikry transformacijy sutampa su trupmeninés eilés diferencialinés
lygties sprendiniu.

4.4, Svarbiausi darbo rezultatai
Kadangi disertacija ginama straipsniy rinkinio pagrindu, toliau pristatomi

svarbiausi darbo rezultatai poskyriuose, atitinkanciuose disertacijg sudaranciose
publikacijose.

4.4.1. Straipsnio ,,Existence of solitary solutions in a class of differential
equations with polynomial nonlinearity* rezultaty santrauka

Siame straipsnyje nagrin¢jama §i netiesiniy daliniy i§vestiniy diferencialiniy
lygciy klasé:

-1
0™u s 05u n
Somt D, DL AikgggE = (4-4.1)
s=1 j+k=5
j.k=20

¢ia: u(t, z) — nezinoma funkcija; m,n € N, 0 4; x, a; — realis koeficientai. Straipsnio
tikslas — surasti parametrus, kuriems esant lygtis (4.4.1) turi solitoninius sprendinius,
iSreiSkiamus tokiu budu:

j=i(exp(n(x — ) - y))
j=1(exp(n(x — ) —x;)”
¢ia: o,m ER;LEN; 0,1 # 0;y;,x; €C,j =1,...,1 — sprendinio parametrai, 0 x =
Kt + wz — banginis nepriklausomas kintamasis. Parametras [ vadinamas solitoninio
sprendinio eile.

Biitinos sprendinio (4.4.2) egzistavimo lygtyje (4.4.1) salygos gaunamos
straipsnyje pristatytu atvirk3tinio balansavimo metodu. Sio metodo esmé —
transformuoti daliniy iSvestiniy lygtj (4.4.1) j paprastyjy iSvestiniy lygtj minétu
banginiu keitiniu x = kt + wz, o tuomet jstatyti solitoninj sprendinj (4.4.2) | gauta
diferencialing lygtj. Kaip S§io Zingsnio rezultatas gaunamas kintamojo X =
exp(n(x - C)) daugianaris, kuris privalo biiti tapatingai lygus nuliui, kad (4.4.2)
tenkinty (4.4.1).

Verta pastebéti, kad sprendinio parametry i§ minéto daugianario koeficienty
apskai¢iavimas — sudétingas, kadangi reikia spresti auk$tos dimensijos netiesiniy
algebriniy lygCiy sistemg. Taliau lygties parametrus Ajy, a; galima apskaiCiuoti

Yo(x) =0 (4.4.2)

iSsprendus tiesiniy lyg€iy sistemg. Natiiralu, kad jeigu lygtis turi solitoninius
sprendinius, $ios sistemos matrica yra nei$sigimusi, prieSingu atveju reikia jvesti
apribojimus sprendinio (4.4.2) parametrams y;,x;,j = 1,..., L Siuos rezultatus
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naudojantis kompiuterine algebra galima apibendrinti i§vedant bitinas sprendinio
(4.4.2) egzistavimo salygas lygtyje (4.4.1):
m+1=mn; (4.4.3)
m+DI<2(l+m+1). (4.4.4)
IS salygos (4.4.4) matome, kad solitoninio sprendinio eilei [ didéjant, net ir
didinant lygties eile m, naujy sprendiniy neatsiranda, kaip iliustruota lenteléje:

4.1 lentelé. Bitiny solitoninio sprendinio (4.4.2) egzistavimo lygtyje (4.4.1) salygy
lentelé. Simbolis 3 zZymi egzistavimg prie bet kokiy parametry reikSmiy; 3*Zymi
egzistavimg prie tam tikry papildomy salygy, kuriomis suvarzomi lygties arba
sprendinio parametrai; A zymi sprendinio neegzistavima

| m) (2,1) (3,2 4,3) (5,4) (6,5) (7,6) (8,7)
1 3 3* 3* 3* 3* 3* 3*
2 A 3* 3* 3* 3" 3* 3*
3 2 3* 3* 3* 3" A A
4 2 A A A A A A
5 2 A A A A A A

Straipsnyje pateikta atvirkstinio balansavimo technika leidzia nustatyti, ar duota
lygtis gali turéti solitoninj sprendinj, ir leidzia surasti biitinas tokio sprendinio
egzistavimo salygas. Be to, lyg¢iy klas¢je (4.4.1), didéjant lygties eilei m, naujy
aukstos eilés solitoniniy sprendiniy neatsiranda — auks$ciausia sprendinio eilé yra [ =
3.

Straipsnyje pristatyta metodika (kurig nesunkiai galima taikyti ir platesnei
lygéiy klasei nei (4.4.1)) sukuria tvirta pagrinda tiesioginio bei netiesioginio tipo
solitoniniy sprendiniy konstravimo algoritmams plétoti, kadangi leidzia paprastu
btdu patikrinti, ar nagriné¢jama lygtis gali turéti solitoninj sprendinj, ir nustatyti jo
egzistavimo biitingsias salygas.

4.4.2. Straipsnio ,,Existence of solitary solutions in systems of PDEs with
multiplicative polynomial coupling* rezultaty santrauka

Sioje publikacijoje nagrin¢jama netiesiniy daliniy i§vestiniy diferencialiniy
lygéiy sistema, kurioje lygtys suristos multiplikatyviuoju rysiu:

J
ZZ e ZZb ey,
As,j— sa sgti—s j—s,s

] 1S 1 Os
Zz Cs.i= Saxsatj s szf —ss UV, (4-4.5)
j=1s=0 j=0s=
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¢ia: A g Cgj-sbj_gs dj_ss — realieji koeficientai, nelyglis nuliui esant
didziausioms indekso reik§méms; U(t, x) ir V(t, x) — nezinomos funkcijos. Galima
pastebéti, kad (4.4.5) yra jau aptartos lygties (4.4.1) bendresnis atvejis, iSpleCiant lygtj
1 lygciy sistema.

Tyrimo tikslas — surasti baitingsias solitoniniy sprendiniy
a(exp(n(z = z0)) — ;)
M (exp(n(z — 20)) — 7))

i (exp(n(z = 20)) —v;)

i(exp(n(z - 20)) - 7))’
egzistavimo salygas. Sprendinio parametrai, kaip minéta skyriuje 4.4.1, jgyja Sias
reikSmes: o,y,n — realiosios konstantos, u;, v;, z; gali priklausyti nuo suformuluoty
pradiniy salygy.

Kaip minéta auksciau, Siam uzdaviniui spresti gali biiti naudojama atvirkstinio
balansavimo technika. Jos taikymas sistemai (4.4.5) — kiek sudétingesnis nei lygciai
(4.4.1), taciau principas iSlieka toks pats — ieSkoma lygCiy sistemos parametry
Qg j_s) Cs,j—s: Dj_s,5) dj_s s 181aiSky per solitoniniy sprendiniy (4.4.6) parametrus.

uy(z) =0

vo(2) =y (4.4.6)

Gaunamos tokios biitinos egzistavimo salygos:

k=n+1,1l=m+1; (4.4.7)
2m+m—1N-2<(n+2)?+(m+2)?+3(n+m). (4.4.8)
Kaip parodyta 4.1 pav., solitoniniy sprendiniy elgesys sistemoje (4.4.5)
fundamentaliai skiriasi nuo atvejo, kai nagrinéjama viena lygtis (4.4.1), kadangi,
augant lygties eilei, bitingsias egzistavimo salygas tenkina vis aukStesnés eilés
solitoniniai sprendiniai. Pavyzdziui, pirmos eilés sistema (4.4.5) gali turéti iki N =
13-tosios eilés solitoninius sprendinius, antros eilés sistemos sprendiniai gali siekti

N = 7 eilg, o lygtyje be multiplikatyviyjy rysiy sprendiniy eilé nevir§ija N = 3.

13
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4.1 pav. Bitinosios solitony egzistavimo salygos (4.4.8) iliustracija. Duotoms lyg¢iy eiléms n, m butinosios
solitoninio sprendinio egzistavimo salygos tenkinamos tik tuomet, jeigu sprendinio eilé N yra zemiau pavaizduoto
pavirsiaus. Juodi taskai Zymi maksimalias N reikSmes esant natiiraliosioms n, m reikSmeéms

Galima padaryti iSvada, kad multiplikatyvusis rySys smarkiai padidina
solitoniniy  procesy kompleksiSkuma tiriamuose modeliuose.  Atvirkstinio
balansavimo technika islicka patikimas budas auk$Ciausiai galimai solitoniniy
sprendiniy eilei tokio pobtidZio sistemose nustatyti.

4.4.3. Straipsnio ,,Kink solitary solutions to generalized Riccati equations
with polynomial coefficients* rezultaty santrauka

Pirmosios dvi publikacijos, pristatytos skyriuose 4.4.1 ir 4.4.2, sufokusuotos i
bitinyjy solitoniniy sprendiniy egzistavimo salygy iSvedima. [Ssprendus $j uzdavinj,
natiiralu kelti klausima apie technikas, kurias galima panaudoti konstruojant $iuos
sprendinius.

Tiesioginiai sprendiniy konstravimo metodai, kai sprendinio israiska jstatoma j
lygti ir ieSkoma sprendinio parametry sprendziant netiesines algebrines lygtis, jgijo
nemaza populiarumg augant kompiuterinés algebros efektyvumui, tac¢iau buvo gausiai
kritikuoti dél sprendinio egzistavimo sglygy nepaisymo (Kudryashov, 2009; Navickas
& Ragulskis, 2009; Popovych & Vaneeva, 2010).

Siame straipsnyje ikeltas uzdavinys panaudoti tiesiogines solitoninio
sprendinio konstravimo technikas kartu su jau pristatyta atvirkStinio balansavimo
technika ne tik norint sukonstruoti solitoninius sprendinius, bet ir siekiant
pademonstruoti tokiy metody limitus.

Tiriama n-tos eilés Rikati su kintamais koeficientais diferencialiné lygtis:
n

(Z byx ) (m) — Z ayl; r,meN, (4.4.8)
1=0
Cia: by, a; — realieji koeficientai.
Verta pastebéti, kad lygtys, kurios kintamieji koeficientai — daugianariai, daznai
gaunamos pritaikius keitinj X = exp(nx). Analogiskas keitinys taikomas norint
suvesti pirmos eilés solitoninio tipo sprendini, vadinama kinku, j paprastesne forma:

() = 2220, eR (4.4.9)
YolX ﬁ ﬁo @0, @1, Bo, B1 : 4.

Nors sprendinys (4.4.9) atrodo labai paprastas, tiek transformuotas sprendinys
(4.4.9), tiek jo solitoninis atitikmuo sulauké démesio neseniai paskelbtuose tyrimuose
(Yamaleev, 2014).

Pritaikius jau aptartg atvirkstinio balansavimo technika, gaunamos biitinosios
(4.4.9) egzistavimo lygtyje (4.4.8) salygos:

n=m+1 0<r<m+ 1 (4.4.10)
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Tiesioginis balansavimas vykdomas panaSiu biidu, kaip jau aprasytas
atvirkstinis balansavimas, tik Siuo atveju, prilyginus daugianario, gauto jstacius
(4.4.9) i (4.4.8), koeficientus nuliui, ieSkoma sprendinio parametry a, a4, o, B1. Tai
jmanoma todé¢l, kad Siy parametry atzvilgiu balansavimo lygtys yra tiesinés.
Gaunamos Sios parametry reikSmeés:

A p(k) =0, (4.4.11)
kur
(X1 —1 —=X1Yr1) Ve
- : : a; (1)
Xr =1 =XV Y|, (7) = ao(7)
1 0 —yany O !PT 0R@
AR = Bo()

A(r) = (4.4.12)

[ 1 0 —Yim+n) 0 |
¢ia: T yra bet koks m + 1 eilés kélinys. ISraiska rodo, kad maksimalus sprendiniy,
tenkinanéiy (4.4.8), yra (m+ 1)!. Balansavimo technika taip pat gaunama
pakankama sprendinio egzistavimo salyga:

(_1)1—r r m+1
b, = Ml (@ By — BB (n(al - yfa)ﬁl)) 1_[ (o — y2(hBo) |- (4.4.13)

=1 j=r+1

Taigi sprendinys (4.4.9) tenkina lygtj (4.4.8) tada ir tik tada, kai galioja sglygos
(4.4.10), (4.4.11) ir (4.4.13).

Pristatyti rezultatai, gauti atvirkstinio bei tiesioginio balansavimo technikomis,
taip pat atskleidZia tiesioginio balansavimo apribojimus — jeigu algebriné lygéiy
sistema, naudojama sprendinio parametrams surasti, yra tiesiné, kaip buvo S§iuo
atveju, sprendinio konstravimo uzdaviniui pakanka tiesioginio balansavimo metodo.
PrieSingu atveju, naudojantis kompiuterine algebra sprendZziant netiesiniy algebriniy
lygéiy sistema, ypac jei §i — aukstos dimensijos, sprendinius konstruoti sudétinga, ir
uzdavinio sprendimas reikalauja netiesioginiy metody, tokiy kaip apibendrintojo
diferencialinio operatoriaus metodas, aptariamas tolesniame skyriuje.

4.4.4. Straipsnio ,,Homoclinic and heteroclinic solutions to a hepatitis C
evolution model“ rezultaty santrauka

Sioje publikacijoje sprendziamas realaus pasaulio uzdavinys: duotai hepatito C
viruso (HCV) evoliucijg aprasanciai diferencialiniy lygciy sistemai konstruojami bent
antros eilés (sudétingesni nei jau mineéti kinkai) solitoniniai sprendiniai. Tiriamas
kliniskai validuotas HCV evoliucijos modelis (Reluga et al., 2009):

Xp = ag+ ax + azx? + azxy + a,y;  x(c) = u;
Y& = by + by + byy? + byxy + byx; y(c) =, (4.4.14)
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¢ia: x(t), y(1) apraso bedimensinius kintamuosius, atitinkanéius atitinkamai sveiky
ir infekuoty hepatocity populiacijy dydj; ay, ..., as; by, ..., b4 — realieji koeficientai, o
¢, u, v zymi pradines sglygas.

Siekiama sukonstruoti auksStesnés eilés nei kinkus solitoninius sprendinius,
kadangi Sie sugeba geriau aprasyti procesy evoliucija, iskaitant laiking populiacijos
sumazejima ar iSaugima (sprendinys gali turéti minimuma arba maksimuma, o tai néra
jmanoma zemesnes eilés solitoninio sprendinio atveju). Sprendiniy analizinés
iSraiskos yra Sios:

(exp(n(t — ) —x)(exp(n(z — ©)) —x2)
(exp(n (t—0c))— Tix)) (exp(n(r —-0) - ‘L'éx))
(exp(n(z = ©)) = y1)(exp(n(z = ©)) = y2)

(exp(ntc =) 1) (ewplae — ) — %)

x(t;c,u,v) =0

y(@@ouv)=y (4.4.15)

Sprendiniy parametry priklausomybés analogiSskos aptartoms ankstesniuose
skyrivose. Pasinaudojant aprasyta atvirkStinio balansavimo technika bei
apibendrintuoju diferencialiniu operatoriumi, iSvedamos bendros bitinos bei
pakankamos salygos, kai antros eilés diferencialiniy lyg€iy sistema turi sprendinj
(4.4.15). Siy salygy isvedima praleidziame vardan glaustumo, jj galima rasti
straipsnyje X4.

\ 03

_(d)

“2(0) -1 g

-0

4.2 pav. Sistemos (4.4.14) fazinis portretas, esant biologiskai interpretuojamoms parametry reik§méms. Pilki
skrituliai atitinka stabily ir nestabily mazgus. Pilkas rombas atitinka balno taska. Juodos linijos Zymi solitoniniy

38



sprendiniy trajektorijas. Juodos punktyrinés linijos Zymi separatris¢ tarp triikio bei netrikiy sprendiniy ir balno tasko
daugdaras. Zymés (a), (b), (c) ir (d) atitinka sprendiniy poras, pavaizduotas 4.3 pav. Sprendiniai, esantys pilkai
nuspalvintoje srityje, neturi trikio tasky ir turi elipsines fazines trajektorijas. Sprendiniai, esantys horizontaliai
dryzuotoje srityje, neturi trikio tasky ir turi hiperbolines fazines trajektorijas; sprendiniai, esantys nenuspalvintoje
srityje, turi vieng triikio taska ir turi hiperbolines fazines trajektorijas; sprendiniai, esantys vertikaliai dryzuotoje
srityje, turi du trakio taskus bei hiperbolines fazines trajektorijas

HCV evoliucija aprasanCioje sistemoje solitoniniai sprendiniai (4.4.15)
egzistuoja tada ir tik tada, kai tenkinamos trys salygos:

@ =0 10 =), (4.4.16)
as = bz; a, = b3. (4’.4’.17)

9aya,a, + 9byb b, — 18aya,b; — 18byb,a, + 3a,b?
+3bya? — 2a3 — 2b3 — 9a,a,by — 9bibsa, + 27agbyb,
+27bgaza, = 0. (4.4.18)
Svarbu pazymeéti, kad auksciau pateiktoms salygoms iSvesti reikalingas didelis
kiekis simboliniy (ne skaitiniy) skai¢iavimy. Siam darbui atlikti buvo panaudotas

Maple programinis paketas.

|
&
|
u.-
|
)
|
A
w
I

(c) (d)
4.3 pav. Antros eilés solitoniniy sprendiniy evoliucija laike. Juoda ir pilka linijos Zymi atitinkamai
x(1),y(t). Zymés (a), (b), (c) ir (d) atitinka fazines trajektorijas, pavaizduotas 4.2 pav.
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Toliau pademonstruojama, kad salygos (4.4.16)—(4.4.18) tenkinamos
biologiskai reik§mingos sistemos (4.4.14) parametry reik§méms, pateiktoms (Reluga
et al., 2009). Tuomet galima sukonstruoti analizing bendrojo sistemos sprendinio
iSraiska (4.4.15) ir pateikti fazinj portreta, leidziantj analizuoti HCV evoliucija.

Kaip matome, yra trijy tipy solitoniniai sprendiniai — neturintys triikio tasky
(pazyméti (a) 4.2, 4.3 pav.); su vienu trikio tasku (pazyméti (b) 4.2, 4.3 pav.) bei su
dviem trikio taskais (pazyméti (c) 4.2, 4.3 pav.). Sistema (4.4.14) turi tris
pusiausvyros taskus — nestabily bei stabily mazgus, Zymimus skrituliais 4.2 pav., bei
balno taska, pazyméta rombu 4.3 pav. Panaudojant analizinés bendrojo sprendinio
iSraiska, galima ne tik identifikuoti tikslias balno tasko daugdary israiskas, bet ir
separatrise — kreive, skiriancig solitoninius sprendinius be singuliarumo tasky nuo
juos turinciy sprendiniy.

Gauti sprendiniai leidzia giliau pazvelgti j tam tikrus HCV evoliucijos aspektus,
pavyzdziui, galime pastebéti efekta, kai gydymas galy gale sumazina infekuoty
lasteliy skaiciy, taCiau gydymo pradzioje jy skaicius iSauga, pasiekia maksimuma ir
tik tuomet pradeda mazéti iki galutinés vertés. Sie pastebéjimai leidZia geriau suprasti
ne tik HCV evoliucija, bet ir kitus procesus, kurie gali buiti apraSomi naudojantis
nagrinéjama sistema.

4.45. Straipsnio ,,Operator-based approach for the construction of analytical
soliton solutions to nonlinear fractional-order differential equations*
rezultaty santrauka

Pagrindinis $ios publikacijos tikslas — pristatyti galima solitoniniy sprendiniy
koncepcija trupmeninés eilés diferencialinéms lygtims, panaudojant pristatyty
algebriniy operatoriy modifikacijas. Tyrimo esmé — pristatyti ir iliustruoti naujas
savokas, taigi uzfiksuota trupmeninio diferencijavimo eilé a = % Velesnése
publikacijose, kurios j §j darby rinkinj nejtrauktos, tyrimai apibendrinti ir bet kokiai
racionaliai i§vestinés eilei (Navickas et al., 2018).

Viena i§ svarbiausiy koncepcijy, reikalingy operatorinéms technikoms
trupmeninés eilés diferencialinéms lygtims pritaikyti, — trupmeniniy laipsniy eilutés
f _

+00 -1
X 2
f = Z Cizj; zZj = ﬁ; Cj eER, (4419)
=1 r(-)

Cia: z; — bazinés funkcijos, o f — trupmeniné laipsniné eilut¢ Kaputo prasme.
Visy tokiy laipsniniy eilu¢iy aibé zymima CF. Naudojant taip apibréztas eilutes ir
jprastg Kaputo trupmeninio diferencijavimo operatoriy, galima apibrézti trupmeninj
diferencijavimg Siy eiluciy aibéje:
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+oo

1
CD(E)f = Z Cj+1Zj, (4420)
j=1
1 1 1
kur CD(E)ZJ- =zj_qkaij =23, ..ir CD(E)Z1 = 0. Operatoriaus CD(E) savybés detaliai

i8déstytos straipsnyje X5.
Norint pasiekti pagrindinj darbo tikslag — identifikuoti solitoninius sprendinius
trupmeninés eilés diferencialinése lygtyse, analizuojamas paprasciausio modelio,

turin€io Siuos sprendinius, — Rikati lygties — trupmeninés eilés ekvivalentas:
N
Zk+1 (CD(E)) y =Ag+ A1y + Ay%, (4.4.21)

Gia: Ag, A1, A, €C, k €N, o sprendinys y € °F. Lygéiai suformuluotos tokios
pradinés salygos:

1
0@y, = xR (4.4.22)
Istyrus lygtj (4.4.21) naudojant apibréztus operatorius bei kompiutering algebra,

uzdaros formos sprendinys gaunamas vieninteliu atveju, kai k = 2. Svarbu pazyméti,

1\ 2
. E) . . T . . .d
kad operatorius (CD(2)> néra ekvivalentus netrupmenings eilés diferencijavimui —,

ir Sis teiginys bty teisingas tik tuomet, jeigu visi sprendinio koeficientai esant
trupmeninés eilés laipsniams lygiis nuliui. Gaunamas lygties sprendinys isreiSkiamas
Beselio funkcijomis:

(ahga o\ A1 t (J3(2v) +J2(2v1) )
y=5( = VE); 30 = TP e R CEED
¢ia: Jg(t) zymi pirmojo tipo Beselio funkcija:
+00
—1)m t 2m+p
Jp(®) = D (E) . (4.4.24)

m=0m! 'm+pB+1)
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4.4 pav. Sprendinys (4.4.23) su a = 1 ((a) dalis) ir @ = —10, -9, ..., —1 ((b) dalis). Verta pastebéti, kad
sprendinys néra trikus tik neigiamoms pradinés salygos reiksméms

Sprendinio grafikas esant skirtingoms parametry reikSméms pavaizduotas 4.4
pav. Kadangi gautasis sprendinys tenkina Rikati tipo trupmeninés eilés lygtj, kurios
netrupmeninis ekvivalentas turi solitoninius sprendinius, natliralu samprotauti, kad
trupmeninés eilés lygtis taip pat pasiZzymi solitoniniais procesais. Kadangi tyrimai §ia
tema dar tik pradedami, S$iy procesy identifikavimas trupmeninés eilés
diferencialinése lygtyse yra svarbus zingsnis, norint geriau suprasti reiskinius,
aprasomus trupmeninés eilés modeliais.

45, ISvados

Remiantis darbo rezultatais, padarytos keturios iskeltus uzdavinius atitinkancios

iSvados:

1) Taikant atvirkstinio balansavimo technika jrodyta, kad nesuristos daliniy
iSvestiniy diferencialinés lygtys su daugianario tipo netiesiskumu gali turéti
solitoninius sprendinius, kuriy eilé nevirSija 3, o maksimali solitoniniy
sprendiniy eilé iy lygciy sistemose, kai lygtys suristos multiplikatyviuoju
ry$iu, auga didinant lygties eile.

2) Kai atvirk$tinio balansavimo metodu gautos lygtys yra tiesinés tiek
sprendinio, tiek lygties parametry atzvilgiu, solitoninius sprendinius galima
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3)

4)

sukonstruoti tiesiogiai. Pazymétina, kad klasé¢ uzdaviniy, kuriems $is
teiginys galioja, yra nedidelé.

Hepatito C viruso evoliucijg aprasanti diferencialiniy lygciy sistema turi
antros eilés solitoninius sprendinius, kai jos parametrai apibrézia
biologiskai prasminga evoliucijos rezimg. Solitoniniai sprendiniai, jy
egzistavimo salygos sistemos parametry aibéje konstruojami pritaikius
apibendrintojo diferencialinio operatoriaus ir atvirkstinio balansavimo
technikas.

Operatorinés  technikos, naudojamos solitoniniams sprendiniams
paprastosioms bei daliniy iSvestiniy diferencialinéms lygtims konstruoti,
gali biiti iSpléstos ir taikomos trupmenings eilés diferencialinéms lygtims.
Gauti sprendiniai iSreiSkiami nebe eksponentinémis, o Beselio funkcijomis.
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