Characterization theorems in probability theory and mathematical statistics
are such theorems that establish a connection between the type of the
distribution of random variables or random vectors and certain general
properties of functions in them. For example, the assumption that two
linear (or non-linear) statistics are identically distributed (or independent,
or have a constancy regression and so on) can be used to characterize
various populations. Verification of conditions of this or that
characterization theorem in practice is possible only with some error, i.e.,
only to a certain degree of accuracy. Such a situation is observed, for
instance, in the cases where a sample of finite size is considered. That is
why there arises the following natural question. Suppose that the
conditions of the characterization theorem are fulfilled not exactly but only
approximately. May we assert that the conclusion of the theorem is also
fulfilled approximately? Questions of this kind give rise to a following
problem: determine the degree of realizability of the conclusions of
mathematical statements in the case of approximate validity of conditions.
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Introduction

Characterization theorems in probability theory and mathematical statis-
tics are such theorems that establish a connection between the type of
the distribution of random variables or random vectors and certain gen-
eral properties of functions in them. For example, according to G. Polya’s
[13] characterization theorem, if X; and X, are independent identically
distributed random variables with finite variance, then statistics 57 = X;
and S = (X| + X3) /+/2 are identically distributed if and only if X and
X5 have the normal distribution with zero mean. The assumption that two
linear (or non-linear) statistics are identically distributed (or independent,
or have a constancy regression and so on) can be used to characterize
various populations.

Verification of conditions of this or that characterization theorem in prac-

tice is possible only with some error ¢, i.e., only to a certain degree of
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Introduction

accuracy. Such a situation is observed, for instance, in the cases where a
sample of finite size is considered. That is why there arises the following
natural question. Suppose that the conditions of the characterization theo-
rem are fulfilled not exactly but only approximately. May we assert that the
conclusion of the theorem is also fulfilled approximately?

Questions of this kind give rise to a following problem: determine the
degree of realizability of the conclusions of mathematical statements in
the case of approximate validity of conditions. The theorems in which the
problems of this kind are considered are called stability theorems.

The first monograph on stability characterization of distributions was the
book of R. Yanushkevichius [20]. Now in this scientific monograph "Sta-
bility Characterizations of Some Probability Distributions" we continue the
investigation of stability estimations of characterization theorems. This in-

vestigation is based on the works [19] — [29].
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Chapter 1

Stability characterization of the Weibull distribution

1.1 Characterization of the Weibull distribution

Let X be a Weibull random variable (r.v.) with the distribution

P(X<xz)=1—exp(=Az%), a>0,A>0, x>0
P(X <0)=0.

An interesting and useful characterization of X is the lack of memory

property (of order «). It can be stated as
PX> ' +y" | X >y =P(X>z) foral 2,y >0 (1.1)

and was studied by Y. H. Wang (in his paper [17] instead of the inequality
> in (1.1) the inequality > is used).

STABILITY CHARACTERIZATIONS OF SOME PROBABILITY DISTRIBUTIONS 7



Stability characterization of the Weibull distribution

Theorem 1.1 (Y. H. Wang [17]). Let a > 0 and X be non-degenerate r.v.
with P (X > 0) = 1. Then X is a Weibull r.v. if and only if X satisfies
(1.1).

To our mind, three comments are necessary here.

Comment 1. One should probably comprehend the conditional prob-
ability in relation (1) as follows: it has a sense for all y > 0, therefore
P (X >y) > Oforally > 0. This suggest that, in this context, condition
(1.1) can be weakened in the following way:

P(X> V" +y*| X >y)=P(X >z) forallz >0andy € U,,
(1.2)
whereU; = {y > 0|P (X >y) > 0}.
To found this proposition it suffices to prove that
U, =10,00). (1.3)

Indeed, the assumptions of the theorem require that X be a non-degenerate
r.v., therefore P (X = 0) # 1. But then there exists a number y, > 0 such
that P (X > yo) > 0, i.e. yop € U,. We get from (1.2) that

P (X > V2y) = P*(X > y0) > 0
and, analogously, P (X > {/ny,) > 0 for any natural n. But then
P(X >y) > 0foranyrealy > 0,

i.e. formula (1.3) holds.

Comment 2. One can relax the condition for the r.v. X to be nonnegative
in Theorem 1.1, i.e. the requirement that P(X > 0) = 1.

Really, since (1.1) is valid forallz > 0, y > 0, itis also valid at the point

x = y = 0. Since a conditional probability has to exist at this point, we
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Characterization of the Weibull distribution
have P(X > 0) > 0 and we get from (1.1) that at the same time
P(X>0)=P(X>0)P(X>0)=P*(X >0).
But this is possible only when P(X > 0) = 1, because P(X > 0) # 0.

Comment 3. Theorem 1.1 holds even in the case where it is required
to fulfill relation (1) not on the entire semi-axis {y|y > 0}, but only at
two incommensurable points y; and y,. The points y; and y» are called
incommensurable if their ratio y; /ys is irrational.

In fact this has been already observed by M. Eaton [2], Y. H. Wang [17],
G. Marsaglia and A. Tubilla [10]. The proof of the latter was simplified by
O. Yanushkevichiene [18]. In our case this simplification consists in what
follows.

Assume that (1.1) is satisfied only at two incommensurable positive points
U and Y2, i.e.

P(X> (oo +yf ) =P(X>2)P(X >y) forallz>0,i=12
(1.4)
Denote
P (X > {z) =exp(—Nz) g (z),1=1,2, (1.5)
where \; = —InP(X > ;) /y?. Then it follows from (1.4) that
o (2 +y) =i (%) i (y) forall x >0,1=1,2. (1.6)
Making use of the definitions of \;, we note that
ei(y) = exp Ny ) P (X > )
= exp{—-IhP(X>y)}P(X>y)=1, i=12,
therefore it follows from (1.6) that

oi (2 +y) =i (%) Ve >0,i=1,2.
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Stability characterization of the Weibull distribution

Consequently, 1 (x) and ¢, () are periodic functions with the periods
and y5 respectively.
Let us prove now that A\; = Xs. Indeed, let, for example, A\ > \y. By

virtue of (1.5) we have

p1(x) = exp (A — A2) 7) @2 (2);
however, due to the periodicity of ¢ it is impossible.

Thus, ¢ () = ¢1 () = 9 (x) and the function ¢ (x) has two incom-
mensurable periods. That is possible only in the case, when ¢ () is a
constant. According to Comment 2, P(X > 0) = 1, therefore from (1.5)
we obtain that this constant is equal to 1 and thus for all x > 0

P(X >z)=exp(—Az),
where A = —InP(X > y1) /yf = —InP(X > ys) /99.
Taking into consideration all the three comments, we can reformulate

Theorem 1.1 as follows:

Theorem 1.2 (R. Yanuskevichius, O. Yanushkevichiene [27]). Let a > 0.

The random variable has the Weibull distribution
F(x)=1—exp(=Az®) forallz >0 (1.7)
if and only if X satisfies
P(X > (a"+y7 | X >y) =P (X >2a) forallz >0  (1.8)
at least at two incommensurable points y, and ys.

Besides, if the r.v. X satisfies relation (1.8), then the parameter \ in for-

mula (1.7) is defined as follows:

A=-—IP (X =y)/yf = —InP (X =) /y;. (1.9)

10 STABILITY CHARACTERIZATIONS OF SOME PROBABILITY DISTRIBUTIONS



Stability problems
The exponential distribution is associated with a very substantial charac-
terizations literature. It is known that if a property characterizes X ~
Exp(\) and Y = h(X), then a characterization of Y is available via h(-)
under some additional conditions on A(-) (see, for example, [19] and [6]).
In the Weibull case h(-) is comparatively simple, h(z) = x'/, therefore
the method of convolution proposed below is, naturally, not a single possi-

ble way of proof.

1.2 Stability problems

It was noted in the Introduction that verification of conditions of this or that
characterization theorem in practice is possible only with some error ¢, i.e.,
only to a certain degree of accuracy. But if the assumptions of the char-
acterization theorem are fulfilled not exactly but only approximately, then
may we state that the conclusion of this characterization is also fulfilled
approximately? Theorems, in which this kind of problems are considered,
are called the stability theorems.

It ought to be noted that solution of a characterization problem is fre-
quently reduced to the solution of functional equations of a particular kind.
The majority of these equations and their perturbed analogues turned out
to be transformable into characteristic equations of the convolution type
with the kernels {k;1}, {k;2} :

S L )+ [ 19 = ) di ()
J=

+ [0 19t — 5) dkja (s) } —r(t). (1.10)

STABILITY CHARACTERIZATIONS OF SOME PROBABILITY DISTRIBUTIONS 1



Stability characterization of the Weibull distribution

For example, it is well known that if preliminary use of a device in no way
influences the remaining time of its operation, then this device has an ex-
ponential distribution of the time of first failure.

More precisely, the non-negative r.v. X has the lack of memory property
if for all z > 0 and for y > O such that P (X > y) > 0,

PX>z4+ylX >y =P(X >2). (1.11)

The lack of memory property (1.11) characterizes the exponential distribu-
tion.

It is not difficult prove that (1.11) can be rewritten for all y > 0 as follows:
P(X>z+4+y)=PX>2)P(X>y), V>0, Vy>0.

By integrating with respect to y we see that

ﬁ(x):)\/ooof(x+y)dy, (1.12)

where

Fa)=P(X>uz), A" = [T F (x)dr, (1.13)

i.e. we obtain the convolution equation (1.10).
Equation (1.12) and many other equations, as shown by R.Yanushkevichius
in [20] and [19], represent the Wiener-Hopf equation with the kernel from

L; (—00,00) . As it is known, such are equations

X () = [T xe(8)q(t—s)ds =r(t), Vt>0, (1.14)
X&) = [T x(s)q(t—s)ds=0, Vt>0. (1.15)

12 STABILITY CHARACTERIZATIONS OF SOME PROBABILITY DISTRIBUTIONS



Stability estimation of the Wang characterization

Finally, we need the following theorem which shows that if we know that
equation (1.15) is fulfilled only with some error r (¢), |r (t) | < ¢, i.e. equa-
tion (1.14) holds, then there exists a solution y, of a homogeneous equa-
tion (1.15) such that approximates the solution , of non-homogeneous

equation (1.14) quite well.

Theorem 1.3 (R. Yanuskevichius [19]]). Assume that , is the solution of
equation (1.14) in the space L,(0,00) and ¢ € Lj(—o00,00), |r (t)| <
efort > 0,Qy) = /% exp(ity)q(t)dt # 1, Vy € (—o0,00). Let
equation (1.15) have at least one non-trivial solution. Then in the space

L (0, 00) there exists a solution X, of equation (1.15) such that
sup [x» (t) = xo () | < Ce, (1.16)

where C' may depend only onq (-) .

1.3 Stability estimation of the Wang characterization

However, the proximity of x, () to x, (t) in the sense of (1.16) does
not mean at all that y, (¢) possesses properties that are close in some
sense to the properties of the solution X, (t) of the homogeneous equa-
tion (1.15).

For example, if X, (t) is an exponential distribution that has moments of
all orders, this does not imply anyway that x, (¢) satisfying relation (1.16)
bears such a property.

However, as we shall see below, by exactly using the information, con-
tained in the perturbed characterization problem itself, one can discover
additional useful information on the properties of the solution x, (¢) of non-

homogeneous equation (1.14).
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Stability characterization of the Weibull distribution

In the case under consideration, a very favorable circumstance is that,
under the conditions of Theorem 1.4, there exist moments of all orders of
the r.v. X.

The most important result of this theorem, however, is that assuming the
Weibull distribution characterization conditions (i.e. conditions of Theorem
1.1) to be fulfilled only with a certain error £, we obtain that the conclusions
of this characterization are also valid with the same error £ (accurate to the

constant).

Theorem 1.4 (R. Yanuskevichius, O. Yanushkevichiene [27]). Let X be a

non-negative r.v. If

P(X = {2+ |X 2y) =P (X 2a)+r(zy), |r(zy|<e,

(1.17)
Ve > 0,Vy € Uy = {y > 0|P (X >y) > 0}, then the r.v. X has the
moments of all orders, U, = [0, 00) and there exists A > 0 such that for
alle > 0

P (X > ) —exp(—Az)| < 2e, Vo > 0. (1.18)
Proof. Since Vx > 0

P (X >x) —exp(—A\z%)| <max {P (X > z),exp(—Az%)} <1,
(1.19)
then inequality (1.17) is obvious for ¢ > 1/2, therefore it suffices to con-
sider the case € < 1/2.
We shall prove that, either there exists yo = o (¢) > 0 such that
P (X >yy) > ¢, orthe rv. X is close (in the sense of (1.17)) to a r.v.

degenerate at a point 0.

14 STABILITY CHARACTERIZATIONS OF SOME PROBABILITY DISTRIBUTIONS



Stability estimation of the Wang characterization

Indeed, if Vyo > 0 P (X > ) < &, then

sup [P (X > z) — Ey ()] < e. (1.20)

>0

Here 1 — Ej () is a distribution of degenerate at the point 0 r.v.,

0 forxz >0,
Ey(z) =
1 forx <O0.

But (1.20) implies that formula (1.18) holds for A = +oc.

Thus, let now exist yy > 0 such that the relation
P(X>y)>¢ (1.21)

be valid.
On the basis of relation (1.17) we see now that not only for the values of

the set U, but also for all non-negative y

P(X> ¢ty = P(X>2)P(X >y)
+R(z,y), Vr>0,Vy>0, (1.22)

where R (z,y) =7 (z,y) P (X > y).
For this let us take z = y = y, in formula (1.17). Since according to
(1.21) P (X > y) > 0, hence we derive that

P (V2y0) = P* (X > yo) + P (X > yo) 7 (30, t0) -
Making use of (1.21) once more, we obtain:

P(X > V2y) >P (X >y) (P(X >y)—e)>0.  (1.29)

STABILITY CHARACTERIZATIONS OF SOME PROBABILITY DISTRIBUTIONS 15



Stability characterization of the Weibull distribution

Analogously, putting x = yg, y = {Vﬁyo in formula (1.17), we get first from
(1.28) and afterwards from (1.21) and again from (1.23) that

P(X > V3y) > P(X >y)P (X > V2y)
+r (3/07 %yo) P (X > %y(ﬂ
P (X > V2y) (P(X > y) —¢) > 0.

v

Applying the mathematical induction method, we can easily obtain that for
any natural n

P (X > {ny) > 0. (1.24)
This means that for any real y > 0

P(X >y)>0. (1.25)

We conclude from (1.25) that U/, = [0, oc), and formulas (1.17) and (1.22)
are equivalent.

We verify that the r.v. X has the moments of all orders. Using the
notation F' (z) = P (X > x) again and following T.Azlarov, N.Volodin [1],

we choose a point xy > 0 so that the condition

F(z0) <1/3 (1.26)
be satisfied. From (1.22), analogously to the formula (1.24) proved above,

we have that
F(¢nxg) <F({n—1mx) (F(x) +e) < ...
< F () (F () + )" "
Since F' (x) = 1 — F () is a non-increasing function, then

F(x) < F (¢/nwo) < F (w0) (F (x0) +2)" '

16 STABILITY CHARACTERIZATIONS OF SOME PROBABILITY DISTRIBUTIONS



Stability estimation of the Wang characterization

for all 2 € [{/nxo, /n+ 1zp). Noting that & < 1/2, hence and from
(1.26) we obtain that

Fl(z) <= (;Jr;)n_l < (z)n, T € [%xo, {“/n—ﬂxo).

Since n > (x/x¢)" — 1, it follows

< () ) -4

where h = (5/6)"/"0 < 1.
Consequently, in our conditions the r.v. X has got finite moments of all

orders. In particular,

o0

EX® =~ ["2dP (X >z) = [P (X" >x)dr <oco. (127)

Since X is a non-negative r.v. and @ > 0, we can rewrite (1.22) as

follows:
P(X®>2%+y%) = P(X">2")P (X" >y
+R (x,y),Yz > 0,Yy > 0, (1.28)
Denoting
G(x)=P(X*>x),u=2"v=y"
we can easily get from (1.28) that
Gu+v)=G(u)G(v)+ Ry (u,v), Yu >0, Vv >0, (1.29)
where
Ry (u,v) = r (ul/“, Ul/“) G (v),
IRy (u,v)| < eG(v), Yu>0,VYo>0.

STABILITY CHARACTERIZATIONS OF SOME PROBABILITY DISTRIBUTIONS 17



Stability characterization of the Weibull distribution

Let us denote now
H(6)=1/ [ G(x)exp(—bx) dx.

It follows from (1.27) that H (0) > 0. Let us define £ (z) = x. Since
E (0) = 0 and the functions H and E are continuous, there exists dy > 0
such that E' (dg) < H (dy), i.e.

do < H (do) - (1.30)

Multiplying (1.29) by exp (—dyv) and afterwards integrating with respect to
v we obtain that Vu > 0

/Uoo Gu+v)e0dy = G (u) /OOO G (v) e 0y
+ /OOO Ry (u,v) e 0dy. (1.31)

Denote
=1/ [ G(v)e™dv = H (&),

0 foru >0,
q(u) =
9y exp (dgu) for u < 0.

Then we can rewrite (1.31) for all u > 0 as follows:

'/(;OO G)q(u—v)dv=G (u)+ o /OOC Ry (u,v) e 0%y,  (1.32)

besides ¢ €L; (—00, 00) .

In order that we could apply the theorem on convolution (i.e. Theorem
1.3), we need to get convinced that the Fourier transform () (¢) of the ker-
nel ¢ (z) of convolution equation (1.32) does not acquire any value equal

to 1 on the entire real axis. For this note that

Q)= / e q(z)dr = 6 /OOO e 00Ty —=

—00

01
do +iat

]

18 STABILITY CHARACTERIZATIONS OF SOME PROBABILITY DISTRIBUTIONS



Stability estimation of the Wang characterization

Since 0; = H (dy), we get from (1.30) that y < d; and therefore
Q)#1 Vte (—o0,00).

Recall that if the function M () is the boundary value of an analytical
function, excluding only a finite number poles in the upper (lower) half-

plane, then according to the argument principle the equality

ind M (\) =+ (N — P) (1.33)

holds, where N is the number of zeros and P is the number of poles in
the respective half-plane (multiple zeros or poles are counted according to
their multiplicity).
We have from (1.33) that the index v of an equation (1.32) is equal 1,
because
v=—ind(1-Q(t)=—(0-1)=1

It means that the basis of the set of solutions of a homogeneous equation
corresponding to (1.32) consists of a single function. It is easy to see
directly that this function is exponential. We see from (1.29) (assuming
Ry (z,y) = 0) that this exponential function has no discontinuity at the
initial point. Making use of Theorem 1.3 we obtain from (1.32) that there
exists A > 0 such that
sup |G (z) — exp (=Az)| < Ce, (1.34)
x>0
where C' can depend only on the kernel ¢ (+) .
Since G (z) = F ({/x), we get from (1.34) that

F (z) — exp (—Az®)| < Ce, Yz >0. (1.35)

STABILITY CHARACTERIZATIONS OF SOME PROBABILITY DISTRIBUTIONS 19



Stability characterization of the Weibull distribution

According to [1], the constant C'in relation (1.35) admits the estimate C' <
2. Hence follows (1.18).

The Theorem is proved.

20 STABILITY CHARACTERIZATIONS OF SOME PROBABILITY DISTRIBUTIONS



Chapter 2

Stability characterization of the Stable distribution

2.1 Characterization of the symmetric Stable distribution

The assumption that two linear statistics are identically distributed can be
used to characterize various populations.

The first work on the investigation of the stability of characterizations
by the identically distributed linear forms is that of L. D. Meshalkin [12],
devoted to the estimation of stability in the historically first characterization
problem — G. Polya’s theorem [13].

As it was mentioned in Introduction, according to G. Polya’s [13] char-
acterization theorem if X; and X are independent identically distributed
random variables with finite variance, and statistics S; = X; and S, =
(X1 + X5) /\/2 are identically distributed, then the investigated popula-

tion has normal distribution function with zero mean, and vice versa.

STABILITY CHARACTERIZATIONS OF SOME PROBABILITY DISTRIBUTIONS 21



Stability characterization of the Stable distribution

Throughout this book, we shall write £ (W) = L (Z) to meaning that
the random variables 1/ and Z have the same distribution. So, £ (X;) =
L((X1+ X,) /V/2), if and only if X; has the normal distribution function
with zero mean.

According to Eaton’s characterization theorem, if under the additional
conditions the two linear statistics 57 = (X7 + ... + Xkl)/k%/“ and
Sy = (X1 + ...+ XkQ)/k%/“ have the same distribution as the monomial

X1, then this monomial has a symmetric stable distribution of order «.

Theorem 2.1 (M.L. Eaton [2]). Let X, X1, ..., Xy,, ..., X}, be indepen-
dent identically distributed (i.i.d.) symmetric random variables. If 0 <
a < 2, and ki and ks are integers such that 6 = logki/logks (2 <

ki < ko) is irrational, and
—1/a il —1/a k2
L(X) = L(k _ZlXi) = L(k, _Zle‘)a (2.1)
1= 1=
then X has a symmetric stable distribution of order c .

Ifin (2.1) o = 1, we have such a characterization of Cauchy law without

the symmetry condition:

Theorem 2.2 (B. Ramachandran, C.R. Rao [14]). Let X, X1, Xy, ..., X,
be i.i.d. random variables. If X and sample mean Y(n) = % (Xi+...+
Xn) have the same distribution for two values ki and ko of n such that
0 =logki/logks (2 <k < ky <n)isirrational, then X has a Cauchy

distribution.

However, it is important to emphasize that authors of this theorem suc-
cessfully avoided the condition of symmetry in it only by using the condition

a = 1 essentially.
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But in the general case the way to avoid the condition of symmetry in
Eaton’s theorem is still not found. As one can see from [5], for 0 < o < 1
orl < a < 2 the condition of symmetry can be avoided only under
the additional condition on the existence of negative numbers among the
coefficients of linear statistics L; and L, (see Theorem 13.7.2 in [5]).

Therefore Eaton’s theorem 1 has preserved its actuality and is of special
interest at present.

Verification of this or that characterization theorem in practice is possible
only with some error ¢, i.e., only to a certain degree of accuracy. Such a
situation is observed, for instance, in the cases where a sample of finite
size is considered. That is why there arises a following natural question.
Suppose that the conditions of the theorem are fulfilled not exactly but only
approximately. May we assert, that the conclusion of the theorem is also
fulfilled approximately?

We discuss the conditions in which sense the assumptions of the char-
acterization theorem is fulfilled not exactly but only approximately in the

next section.

2.2 Stability problems

Let now the conditions (2.1) of Eaton’s theorem be fulfilled only approxi-
mately, with some error . In the main theorem — Theorem 2.3 — ¢ is any
positive number. The parameter € express the proximity of the considered

in formula (2.1) statistics in the Ag-metric defined below.
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Our aim is to get convinced that in a certain sense the characteristic
function f (¢) of the random variable X is close to the characteristic func-
tion of a symmetric stable law.

For ’'measurements’ of the error of fulfillment of conditions (2.1) we choose
a metric \( that is defined in the class of characteristic functions by analogy

with a uniform (Kolmogorov) metric p defined in the class of distributions:

2o (X,Y) =X (fx, fr) =sup|fx (t) = fr (1)] (2.2)
where fx (t) = Eexp (itX), fy (t) = Eexp (itY). Analogously as the
uniform metric p is invariant with respect to the multiplier, i.e. p (¢ X, cY) =
p (X, Y) for any real constant ¢ # 0, the metric A defined by formula (2.2)
is also invariant with respect to the multiplier:

Ao (eX,cY) =X (X,Y).
The A\g-metric is convenient to express the essence of stability problems
of characterization theorems, since the latter are frequently proved by an-
alyzing the equations considered in the space of characteristic functions.

Some aspects of this problem are analyzed by R. Yanushkevichius [19].

Now we are ready for the statement of our main theorem.

Theorem 2.3 (R. Yanuskevichius [21]). Let X, Xy, ..., X} ,..., X}, be
ko symmetric i.i.d. random variables, where ki and ko are integers such
that = log k1/log ko (2 < ky < k) is irrational. If there exists a € (0, 2]
such that for 3 = 1, 2 the relations

5
Ao (X, k;l/“'zxi) <e (2.3)
i=1

are fulfilled, then there exist a random variable Y with the symmetric stable

distribution of order o« and constants C'y, 6 depending only on «c and ky, k-
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such that
Mo (X,Y) < O’ (2.4)

The next lemma, proved together with O.Yanushkevichiene, probably of
independent interest, is generalization of Lemma 3 in [25] and is very use-

ful in the following:

Lemma2.1 Let ky andky, (2 < ky < ko) be integers such that the
ratio of their logarithms log k1 / log ks is irrational, and for some « € (0, 2]

there exists a characteristic function f(t) such that for j = 1,2

F) = (k)

<e, Vtel-1,1]. (2.5)

In addition, if

then there exist constants C, and /A depending only on « and k1, ko such
that for [t| <1

| (t) — exp {— |D|exp (iQsignt) [t|}] < Coe®, (2.7)

where D = k log f <k1_1/a) and @) = arctan(Im D /Re D).

2.3 Proof of the main Theorem

Note that the proof is non-trivial only when ¢ is a small positive nhumber.
It can be appreciated as follows: there exists a small positive number ¢,
depending only on «, k; and ks, such that (2.4) is valid for all ¢ € (0, &¢).
In all the other cases Theorem 2.3 is trivial.

Indeed, according to the definition of Ag-metric, for any X and Y

0< M(X,Y) <2 (2.8)
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Hence and from condition (2.3) we obtain that £ > 0. In case ¢ = 0, we
get Theorem 2.3. Finally, if ¢ > &g, then (' in formula (2.4) is chosen in

such away: C; = 2¢;°. In this case
M(X,Y)<2=Cie) < Cie® it e > e, (2.9)

i.e. (2.4) is trivial for € > €.

From condition (2.3) we have that
) = fli/k <e for [t <o, j=12.  (210)

Since f(t) is a continuous function such that f(0) = 1, and, besides,
f(t) is real as a characteristic function of a symmetric random variable,
there exists py such that inf{|t|: f(t) = 1/2} = po(f) = po > 0. Let
p = min(py, 1).

Instead of the characteristic function f(t), we introduce the characteristic

function f,,(t) = f(pt), for which
mlfy) = int{ltl: g0 =1/2f =it {lt): fot) = 1/2}
Vit ) fy= V=1
= ) 1nf{\u|. flu) = 2} = po > 1.
If f(t) satisfies (2.10) for |t| < oo, then f,(t) satisfies (2.10) for || < oo
also.

So, for the characteristic function f,,(¢) we have that
HO-BEEN <e wel-L1 @)
inf{[t|: f,(t) =1/2} > 1, ie. |f,(t)]>1/2 Vtel[l,1]. (2.12)
Applying Lemma 4 and having in mind that f,(t) is real, we get that

max [f,(t) — exp{~[4[|¢]"}] < Ce”, (2.13)
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where A, = ki log fp(kl_l/a).

Thus, it remains to consider the domain 1 < |t| < occ.

Note that the method for extending the estimate of type (2.13) from the
interval | ¢ |< 1 to a considerably wider interval was first applied by author
in [25] for a particular case k; = 2 and ko = 3.

We denote
ri(t) = F(t) = S (8K, (2.14)
h(t) = fo(t) — exp{—|A,[t]"/*}. (2.15)

According to (2.10), |r;(t)] < e for |t| < oo. And according to (2.14),
(2.15) we have that, for |t| < oo,

h(t) + exp{—|Ap|[t["}

= <h(t//g]1./a) + exp{ — |Ap]|;f€t¥})kj +7j(t)

) ]ﬁ‘,j—l )
— Bk (t/kjl_/a) Y C;s] CXP{ —
i=1

+exp{—|A[ ||} +75(2),

A ci—1 «
Z‘ p||t|a}hka(t/k]1_/ )
kj

where Ci, is a binomial coefficient. So,

h(t) = b (t/kjl/o‘) + ktl C};.j exp{ - Z’];%‘Wa}hkj_i(t/k;/a) +7(t)
- ’ (2.16)
for [t| < oo, j=1,2.
Having assumed that for some ¢, € [1, o]

sup |h(t)[F < e, (2.17)
[t]<tg

STABILITY CHARACTERIZATIONS OF SOME PROBABILITY DISTRIBUTIONS 27



Stability characterization of the Stable distribution

we prove that the estimate of the same type is also true in the interval kjl-/a

times wider, i.e. we prove that

sup  |h(t)|" < &2 (2.18)

\t|<k}/at0

We note at first that k; > 2. If Coe® < 1, then we have from (2.13) that

sup [A(1)]"7 < (sup [h(8)])" < (Coe™)7 < (Coe™)?
[t|<1 [t]<1

< (C2e2)eb. (2.19)

Since, as mentioned at the beginning of this paper, we are interested only
in small enough € > 0, let us consider only those ¢ for which CSEA <1,
e e <Cy"

Consequently, we obtain from (2.19) that supy, |h(t))"i < €2, ie. in
the interval [1, 00| there exists ¢ such that relation (2.17) holds.

Thus, if we have assumption (2.17), we shall prove (2.18).

Since according to the assumption (2.17), |h(t)|"/ < &2 in the interval

|t| < to, for any natural m and n, n > 2,

my\ |n A
|h(dj't)]" < e (2.20)

1/a

for [t| < to/d;, where d; = 1/k;

interval |t| < ty/d; we obtain:

. Using (2.16), (2.17) and (2.20), in the

/\',‘j—l ) ’ ’ L
M@0 < X O exp (= ilA /KA1 +<5 + 22,

A

Since ¢~ < 1, it is obvious that among all the members of the type

exp{ —i| Ay|[t|* /K] } h(d]'t) |%i~" under summation sign, the first member
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is the largest one, therefore
k=1
\W(d )] < exp{—|Ay|[t]*/kI ()| > G+ e +2e
= (249 = 2) exp{—| A It /Ky YA + 6 + 26
< (2% = 2)|h(dlt)] exp{—|A,[|t|" K"} +e” + 2.

So, if we make s + 1 steps we shall get the next result in the interval
t| < to/d;:

h(t)] < (2% = 2)|h(djt)| exp{—| Ap|k; [t} + &2 + 2¢
< (28 = 22 h(d3t)| exp{—| A (k" + k;2)]E)}
+(2M = 2)(e” + 2) exp{—| Ak [t[*} + 2 +2e < .
< (25 — 2 h(ds ) exp{ =] Ay |k [t}
+ (25 =2 (e® + 2¢) exp{—|A, [k ")} + &% + 2e(2.21)

Let us define s as follows: s = 1+ [« logy, to]. Note that for |t| < to/d;,
A5 < 1. (2.22)
Having denoted

/1 ks
2|t|a Ongj_Q Jexp{—]Ap\kj_l]t]a}

F(t)= (2% —2)
we see that, for |t| > o,
(2% — 2)" L exp{—|A,|k;[t|*} < F(to). (2.23)

Since F'(t) is even, it is easy to verify that the maximum F'(t) is attained
at the points ¢* and —¢*, where t* = k; /(| A,|log 1, | k;)'/*. Hence and
from relations (2.21), (2.23) we obtain for ¢, < |t| < to/d;

* s+1 A A
|h(t)] < F(t)(|h(d;" )] + e + 2e) + €7 + 2.
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This implies that there exists a constant C's = Cs(k;) such that for ¢, <
1/a
’t‘ < tokj
h(t)] < C3| AV R(dT )| + €2 +2e) + &2 + 26, (2.24)

where Cy = log2;€j72 k;.
If p = py (the case p = 1 is trivial) then according to (2.12) f,(1) = 1/2
and from (2.11) we have that f,’(d;) < 1/2 + . Recalling the definition

of A, we obtain for ¢ < 1/4, that
Ayl < log(1/2 + )| 7" < |log(3/4)| 7" < 3.5. (2.25)
From (2.24) and (2.25) we conclude that for t, < |t| < ty/d,;
()] < Cs|h(di )] + (Cs + 1)(” + 2¢), (2.26)

where C5 = C5(k1, ko) is a constant. By virtue of (2.22) and (2.13), from
(2.26) we derive that for ¢ < |t| < ty/d;

|h(t)| < CyCse® + (Cs + 1)(2 + 2¢) < Cye”, (2.27)

where C@ = 0205 + 3(05 + 1).
Consequently, if

glfﬁ/kj S Cgl,

we obtain that |h(t)| < 2% for |t] < to/d;, i.e., assuming that (2.17)
is true in the interval || < t,, we have proved that (2.17) is true in the
wider interval |t| < ¢,/d;, and simultaneously, as mentioned above, in the
whole interval [t| < oo, if ¢ < g, where gy = C’Gil/(liA/kj). Thus, by

virtue of (2.26), (2.22) and (2.13), we get (2.27) in the whole ? axis:

[fo(t) — exp{—| A, |[t|"} < Coe®,
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i.e. if & = /A we have that
() — exp{—|A,|[p~[u|*} < Cee’

for any real u.
According to the definition of the \y-metric, it means that relation (2.4) is

proved.
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Chapter 3

Stability characterization of the Normal distribution

3.1 Characterization of the Normal distribution

We consider a sample X1, X5, ..., X,, of n independent observations drawn
from a population. Let 2 < ky < ko < n and log k;/ log ko be irrational.
According to Eaton’s theorem (see Chapter 2), if, under additional con-
ditions, the two linear statistics 51 = (X7 + Xo + ... + Xkl)/k%/” and
Sy = (Xi1+Xo+... +Xk2)/k5/a have the same distribution as the mono-
mial X, then this monomial has a symmetric stable distribution of order
.

As it was mentioned in Chapter 2, we shall write £(WW;) = L(W3)
to mean that the random variables W/, and W, have the same distribu-

tion. So, Eaton’s theorem describes conditions under which the relations
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L(S1) = L(X,) and L(Sy) = L(X;) characterize the class of symmetri-
cal stable distributions (of order «).

The case a = 2 is particular because, instead of fulfilling the two rela-
tions £(S1) = L£(X1) and L(S2) = L(X7), it is suffices to require only
one: L£(S1) = L(X;). One can read more about this, for example, in [28]
and [24].

Linnik [8] (see [5] also) has obtained a necessary and sufficient condi-
tion for the characterization of the normal distribution by the property of

identically distributed linear statistics

Ky ko
Li=> aX;, L= bXj (3.1)
= =

where X, Xs, ... are non-degenerate independent identically distributed

(i.i.d.) random variables and, for real coefficients a1, as, ... and by, bo, ...,

the relation
k1 ) ko )
; a; = Zl b; (3.2)
1= 1=

is satisfied.

Ifin 3.1) ky = 1 and EX; = 0, EX? = 1, and in (3.2) a; # 0 for
1 = 1,2, ..., k1, then, according to Polya’s theorem [13], X1, X5, ... are

normal random variables.

3.2 Stability problems

Let now the assumptions of Polya’s characterization be fulfilled not exactly,
but only approximately, with some error £, where ¢ is any positive num-

ber. For measurements of the error, we choose the metric )\, defined in
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the class of characteristic functions by analogy to a uniform (Kolmogorov)

metric p defined in the class of distributions:

Ao (fx, fr) =2 (X)Y) = Sup |fx () — fy ()], (3.3)

where fx (t) = Eexp (itX), fy (t) = Eexp (itY'). Analogously as the
uniform metric p is invariant with respect to the multiplier, i.e. p (¢ X, cY) =
p(X,Y) for any real constant ¢ # 0, the metric \;, defined by formula

(3.3) , is also invariant with respect to the multiplier:
Ao (cX,cY) =X\ (X,Y).

It is convenient to express the essence of stability problems of character-
ization theorems by the A\g-metric, since the latter are frequently proved
by analyzing the equations, considered in the space of characteristic func-
tions. Some aspects of this problem are analyzed by R. Yanushkevichius
[21].

Let aq, ao, ...a; be real coefficients such that
k
SYal=1, a=max{|a|:i=1,2 .k} <1 (3.4)
i=1

Now we are ready for the statement of our main theorem. Note, that
a distinctive feature of this theorem is the fact that we don’t request any
conditions of symmetry in comparison with [28] and [21] and, in addition,

we weaken the moment conditions in comparison with [24] and [13].

Theorem 3.1 (R. Yanuskevichius [22]). Let X, X;, Xs, ..., Xi be inde-

pendent identically distributed random variables and the linear statistic
L= Zle a;X; and monomial X is almost identically distributed in such a

sense
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k
Ao (X, L) = Ao (X, > aiXi) <e (3.9)
=1
and additionally
/ xdS(x) = / 2?dS(x) =0, (3.6)
[ 1= ds| (x) < M < oo, (3.7)

where § is a constant from the interval (0, 1], S(z) = P(L < z)— P(X <
x) and |S| (z) be the total variation of the function S(x). Then there exist

a normal random variable Z and a constant C' = C'(M, k, a) such that

Xo (X, Z) < Ce'h. (3.8)
Here 3 =1 —logk/ <log > \ai\Ha) > 0.

Let us compare this theorem with known Meshalkin’s theorem [12]. In
this theorem in (3.4) there are k = 2, a; = ay = 1/+/2, instead of
(3.6) and (3.7) there are more restrictive conditions EX = 0, EX? =
land E ]X|3 < M, correspondingly. So, Meshalkin's theorem may
be reformulated in the metric A\ in the following manner. If X, X, are
iid. random variables, EX; = 0, EX? = 1 and E |X,° < M and
Xo (X1, (X1 + X0) /V2)
< g, then

Mo (Xi, Z) < CeVifori=1,2, (3.9)
where Z is a standard normal random variable. Let us compare estima-

tions (3.8) and (3.9). To this end it suffices to find the value of parameter

B
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(8 )

i.e., the order of stability in formulas (3.8) and (3.9) is the same. Taking
into account that the conditions in our main Theorem 3.1 are essentially

weaker, we may confirm that our result generalizes Meshalkin’s theorem.

3.3 Proof of the main Theorem

Note that the proof of this theorem is nontrivial only when ¢ is a small
positive number. It can be appreciated as follows: there exists a small
positive number ¢, depending only on M, k and a, such that inequality
(3.8) is valid for all € € (0, g¢]. In all the other cases Theorem 3.1 is trivial.

Indeed, by definition of Ay metric, for any random variables X and Y,
0 < M\(X,Y) < 2. Hence and from condition (3.5) we obtain that £ > 0.
In case € = 0, we get the characterization theorem. Finally, if ¢ > ¢, then

-1/p

C'in formula (3.8) is chosen in such a way: C' = 2¢,'". In this case

(X, Z)<2= Cel/ < Cellife > e,
e., (3.8) is trivial for ¢ > &.
Let o(t) be the characteristic function of random variable X and let V()

be the Fourier-Stieltjes transform of S(x). Since S(x) = P(L < z) —
P(X < x),we have

k
o(t) =TI e(ait) + ¥(t), t € (—o00,0). (3.10)
i=1
Assumptions (3.6) and (3.7) imply
U(t) = Mw |t]*™, (3.11)
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where the symbol w denotes a quantity bounded by 1.
From (3.10) and (3.11) and relations (7)—(15) in the paper of R. Shimizu

[16], we conclude that there exist the first two moments of X, i.e.
EX =0, EX’*=0’< 0 (3.12)
and, in addition, for |¢| < 1
o22\| _ Mt
plt) —exp | =~ | <

where a is defined in (3.4).

: (3.13)

1—a

If X and Y are i.i.d. random variables and F'(x) is the distribution func-
tion of X — Y, then by (3.12)
o’t?

- o) < =~ (3.14)

Since the metric )\ is invariant with respect to the multiplier, i.e.,

Ao (cX,cY) = A (X,Y) (3.15)

for any real constant ¢ = 0, without loss of generality we can assert that
o = 1in (3.12). Consequently, from (3.10) and (3.14) we get for |¢| < 1
that

M=

log p(t) = 3 logp(ait) + Wi(t), (3.16)

i=1

where

k,
Uy (t) = log (1 +W(t)/ _1;[1 99(@;;75)) )

K3
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From (3.5) we derive that |W(t)| < ¢ for all real ¢. Let us denote

n(t) = S log (), Wolt) = 20(0)/

Then, from (3.16) we get

0 = 3 a2nlad) + alt), 1< 1. 317)
i=1

Consequently,

n(ait) = ﬁ n(ajait) + Us(ait), |¢] < 1

and by (3.17) we have:

nt) =

-

~
Il
—_

a? (Ekj a?n(ajait) + \Dg(ait)) + Wy(t) =

. N

an(aat)+2a\lf2(at)+‘l/2() lt| < 1.

Il
-

|

M=
.
i

Q

=- b

By proceeding this procedure, we get convinced that, for |¢| < 1,

k k k
n(t) = 'Zl 'Zl 'Zl a?1a222"'a?5n<ai1ai2~~'aist)+ (318)
11=11i9= ig=
s k k 9 9
30X X ag e Va(ai aiy.aqT) | 4 Walt).
=2 \ij=1  §_q=1 :

Eok k
2 2 9 2, 2 2\8
DY ..._X_:lailaig...ais =(af+az+..+ap) =1,

we can insert n 4 1 in (3.18) instead of 7 :
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k
n(t) + =2

k
; D> a?la,22 .l (na,ag,..a;t) + 1)+ (3.19)
=

k k
+ Z ( Zl > la?l...a?l1\P2(ai1ai2...ail_1t)) + \I/Q(7f>7 ‘t‘ < 1.
=2\ 1=

Let us estimate the first summand on the right-hand side of (3.19). To
this end denote 1, = n (i1, ..., i5) = a;’a;’...a;.>. Then, for [t| < 1, it

follows from (3.13) that

n(ai aiy...ait) + 1| =

2
Wlog(p(ailaiQ...ai_st)le =
NN

allalQ
-2 t ’ =672,
=2t|"" Inslog ¢( = )+ 5 < C\t\ (3.20)
since n;%/2 = |a;, | |as,|” ... |as,|” , we obtain from (3.20) that for [t| < 1
k k k
> Y Y aahal (n(aiayeaigt) + 1)) <
i1=lig=1 ig=1

.k k k s
5 - 244
SCUP S S o ¥ adadatn® = C (z @i ) |
11=11i9=1 ig=1 =1
(3.21)
Now let us proceed with the estimation of the second and third sum-
mands on the right-hand side of (3.19). By (3.14), |@(t)|* > 1/2 for
t| < 1. Therefore

Wy (t)] = [log(1 + kqj(t) )| < 2|V ()|

< Qk/Q 15 for |t| < 1.
.Hl go(a,,;t) ‘.Hl go(a,,;t)
1= 1=
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From this estimation and definition of Wy(t) it follows that, for |¢| < 1,

+ [ Wy(t)] <

s k k
2 2
> (712 DY az’1"'az‘;_qu?(ahaiz'“ail1t))

s k k 2
=Dy (z S ‘\Ifl(ailaig...aillt)> + 50 (t)] <
i=2 \ij=1  ij_q1=1 t

S
< et M B < Okt 2 (3.22)
=1

Consequently, from (3.19) - (3.22) we obtain that, for |t| < 1,
) k 240 ’ s 1—2
Int)+ 1| < C° [ X |ai + Ck’et™. (3.23)
i=1
3
Let us denote =(h) = ) la;|" . Since by (3.4) Z(2) = 1, note that
1=

|=(h)| < 1for h > 2. So, choose the parameter s in (3.23) in the following

manner: s = [»log 1/¢], where s is defined below. Then, for [¢| < 1,

n(t) + 1] < C |t (2(2+ 8)) " el ol/ZEHD) 4 Cellonhy=2,

Now, let us define »c = 1/ log(k/=(2 + 0)). Then, for |t| < 1,

5 U, g2\ . 10g=(2496)
n(t) + 1] < (C |’ (22+06)) " +Ct?) e, st
(3.24)
Since
(t) — exp (—12/2) < £ [n(t) + 1], (3.25)

we derive from (3.24) that for |¢| < 1
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() — exp (—#2/2)] < (C 1t (E2+0) " +C)e”. (3.26)

By Lemma 3 in [24] and (3.26) we obtain (3.8). The essence of this
lemma can be expressed in the following words. If in the study of stability
problem there appears equation (3.10), in which the coefficients ay, as, ...ax
satisfy the condition (3.4), then deterioration of the order of stability can be
only in the interval (—1, 1). Note that Lemma 3 in [24] was generalized in
[21].
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Chapter 4

Stability estimations of a characterization of the

Stable distribution in weak metric

4.1 Introduction and statement of the problem

We consider a population with the distribution function F'(z) and a sample
X1, Xo, ..., X, of n independent observations drawn from this population.

According to Feller [3], the distribution function of X is called strictly
stable if it is not concentrated at zero and there exist « € (0, 2] such that
foreachn £ (X)) = L((X1 + ... + X,,) /n'/?), ie.,

f)y=f"t/nV), ae(0,2, n=234,.. (4.1)

By choosing « = 2 and comparing (1.1) and (4.1), we see that as
a = 2 for a strict stability it suffices to fulfill (4.1) only for n = 2, i.e.,
the requirement to fuffill (4.1) for n = 3,4, ... is unnecessary. Maybe, an

analogous conclusion is also true for o € (0,2)7
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Unfortunately, it is not. According to P. Lévy’s example (Feller [3], Chap.
17), the realization of (4.1) only for n = 2 is not yet sufficient for the
characterization of the class of strictly stable distributions, because the

characteristic function

f(t) =exp {2 ioz (cos 2kt — 1)}
k=—00
satisfies (4.1) forn = 2, = 1,i.e. f (t) = f(t/2),but f(t) is not strictly
stable.

On the other hand, P. Lévy has proved that f(¢) is strictly stable, if (4.1) is
realized at n = 2 and n = 3. The stability of this P. Lévy’s characterization
theorem was investigated by R. Yanushkevichius and O. Yanushkevichiene
[25, 26].

The characterization of symmetric stable laws of order « with the char-
acteristic function f(t) = exp {—A\|t|"}, i.e. a subclass of strictly stable
laws has been considered by Lukacs [9] assuming the identical distribu-
tion of the monomial S; and the linear form .Ss. In that paper the following

result is proved:

Theorem 4.1 (E.Lukacs [9]). Let X, X1, Xs, ..., X, ... be independent
identically distributed (i.i.d.) random variables. For every choice of n and
every choice of (aj, ...,a,) from C" = {(ay,...,a,): a; € RY, i =
L2,...,n, P |a|* =1}

LX) = L(3 a; X)) 4.2)
=1

if and only if the distribution of X is a symmetric stable law of order o €
0,2].
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Many authors (see A. Kagan, Yu. Linnik, C.R. Rao monograph [5],
R. Yanushkevichius monograph [20] and U. Résler paper [15]) analyzed
relations (4.2) under different conditions for the coefficients and random
variables considered. U. Résler [15] considered (4.2) generalizations as
n = oo and aj, as, . . . are random variables. In [15], the relation

n
L(X)=L (Z T X; +TO>
i=1
is called distributional fixed point equation. Here the joint distribution of 7
and (T3, T, .. .) is supposed to be known.

“la . n7le) € C7, from (4.2) we see that equa-

Since the point (n
tions (4.1) are satisfied.

The condition "for every choice of n" was omitted in [9], therefore Y.H.
Wang [17] wrote about this result: "The assumption — every choice of n
— is indispensable in the proof of Lukacs because he used the result due
to Lévy ([7], p.95) showing that if ¢ is the logarithm of a characteristic
function satisfying ny (t) = v (a,t) for all n, where {a, } is a sequence of

real numbers, then
.t o
Y (t) = (—Co +icy |t]> |t] (4.3)
with ¢y > 0, a > 0".

Eaton [2] succeeded in avoiding the condition "for every choice of n".
For fixed n, n > 2 he has proven that if X, X;, X5,..., X, are real
valued i.i.d. random variables and condition (4.2), where a; are nonzero
and 7, a? > 1is satisfied, then the distribution of X is infinitely divisible.

It should be stressed that not only n, but also the set of coefficients
ay,...,a, are fixed here. Condition (4.2), where both — n and the set

aiy,...,a,—are fixed, has been considered in detail in ([5], chapter 13).
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Y.H. Wang [17] also considers condition (4.2) for the fixed sample size

n, but the coefficients aq, . . ., a,, however, are not fixed here.

Theorem 4.2 (Y.H. Wang [17]). Let X, X1, Xo, ..., X,, be non-degenerate
i.id. random variables. If 0 < o < 2, then X is symmetric stable if
and only if condition (4.2) is satisfied for some fixed n, n > 2 and all

(ay,...,a,) € CL

In [17] it has been shown that if g(¢) is the characteristic function of

random variables X, X1, X, ..., X}, thenin the case n = 2
g ({lartl + last") = g(larth g (ast]) forall ¢£0, (44
lay|* + |ag]® =1 (4.5)

(formula (4.7) in [17]). Denoting = = |ayt|,y = |ast|, itis easy to see that

(4.4) is the Cauchy functional equation:

g( YY) = g(x)g(y) forall x,y > 0. (4.6)

In Y.H.Wang’s paper [17] the analysis of equation (4.6) is made by ap-
plying pacing y = (m — 1)1/a x, where m = 2,3, ... But in such a case,
from (4.5) it follows that

y = |ast] = (m — 1)1/“13 =(m— 1)1/“|a1t],
lag|* = (m = D]ai]",  1—]a|" = (m—1)]ai]".
Consequently, form = 2,3, ...
lai|" = 1/m, las|* =1—1/m.

It means that in Wang’s paper [17] variation of the coefficients a;, as is

exploited substantially.
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One could avoid this owing to Eaton’s work [2]. True, in this case, it would
be necessary to refuse the symmetry condition present in the Eaton’s pa-
per [2], however, it makes no difficulty if the conditions of Theorem 4.2 are
fulfilled.

Theorem 4.3 (M.L. Eaton [2]). Let X, X1,..., Xy, ..., X}, be ky sym-
metric i.i.d. random variables. If 0 < o < 2, and k; and k, are integers
such that @ = log k1 /logky (2 < ky < ky) is irrational, and

-1/a l -1/« @i
L(X) = L(k Zle‘) = L(k; E%Xi)a (4.7)
1= 1=
then X has a symmetric stable distribution of order c: .

It is easy to see, that condition (4.7) is equivalent to condition (4.1) if the
latter is satisfied not for all natural n, but only for two n values: n = k; and
n = ko.

Note that the points y; and y, are called incommensurable if their ratio
y1/yo is irrational.

Condition (4.1) for n = k1 and n = ks consists of two equations in the
space of characteristic functions. Similar, in some sense, two equations
for incommensurable points in the space of distribution functions and the
related stability problems are analyzed in [27].

Ifin (4.7) o = 1, we have such a characterization of Cauchy law without

the symmetry condition:

Theorem 4.4 (B. Ramachandran, C.R. Rao [14]). Let X, X1, X5,..., X,
be i.i.d. random variables. If X and sample mean Y(n) = % (Xi+...+

X,) have the same distribution for two values k, and ks of n such that
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0 =loghky/logks (2 < k) < ky <mn)isirrational, then X has a Cauchy

distribution.

However, it is important to emphasize that authors of this theorem suc-
cessfully avoided the condition of symmetry in it only by using the condition
a = 1 essentially. Indeed, from relation (4.7) in the case @ = 1 it is easy

to get that the Lévy representation for log f is of the form

log f (t) = iut — c|t| {1 + iib|i| log |t]}
for t # 0 and for some ¢ > 0 and real b (|b| < 1). By substituting it into
(4.1)asn = k; and n = ko we find that b = 0, i.e., the stable law differs
from the symmetric one only by a shift. Therefore f(t) is the Cauchy
characteristic function.

However in the general case the way to avoid the condition of symmetry
in Eaton’s theorem is still not found. As one can see from [5], for0 < o < 1
or 1 < a < 2 the condition of symmetry can be avoided only under
the additional condition on the existence of negative numbers among the
coefficients ay, ..., a, in condition (4.2) (see Theorem 13.7.2 in [5]).

Therefore Eaton’s theorem 4.3 has preserved its actuality and is of spe-
cial interest at present.

Verification of this or that characterization theorem in practice is possible
only with some error ¢, i.e., only to a certain degree of accuracy. That is
why there arises a following natural question. Suppose that the conditions
of the theorem are fulfilled not exactly but only approximately. May we

assert, that the conclusion of the theorem is also fulfilled approximately?
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We discuss the conditions in which sense the assumptions of the char-
acterization theorem is fulfilled not exactly but only approximately in the

next section.

4.2 The main Theorem and two auxiliary Lemmas

Let now the conditions (4.7) of Eaton’s theorem be fulfilled only approxi-
mately, with some error . In the main theorem - Theorem 4.5 - ¢ is any
positive number. The parameter € express the proximity of the considered
in formula (4.7) statistics in the A\-metric defined below. However, it should
be noted that only the case where ¢ is small positive member is of mathe-
matical interest. Why? We shall discuss that immediately after formulating
Theorem 4.5.

Our aim is to get convinced that in a certain sense the characteristic
function f (¢) of the random variable X is close to the characteristic func-
tion of a symmetric stable law.

For ’'measurements’ of the error of fulfillment of conditions (4.7) we chose
a weak metric )\, i.e. we investigate the stability of Eaton’s theorem 4.3 in
the metric \. We remind the definition of this metric.

Let (€2, F,P) be a probability space. We consider a set X = {X :
0 — R} of real F-measurable functions. In the probability theory the
functions X (w) are interpreted as random variables, defined on a prob-
ability space (€2, F,P). We define a A\-metric between arbitrary random

variables X and Y from X as follows:
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AX,Y) = min { max {; maxx(| fi (£)—

- Ol 1T g 7> 0}

where fx, fy denote characteristic functions of the random variables X
and Y, respectively.

The A-metric is equivalent to the Lévy metric L in the sense that L-
convergence of the sequence {X,,} from X implies the convergence of
this sequence in the A-metric, and vice versa. Two-sided estimations of
this metric are studied by V. Zolotarev and V. Senatov [32].

The A\-metric is convenient to express the essence of stability problems
of characterization theorems, since the latter are frequently proved by an-
alyzing the equations considered in the space of characteristic functions.
Some aspects of this problem are analyzed by R. Yanushkevichius [19].

Some additional results will be necessary from the Diophantine approxi-
mation theory.

It is known that there exist constants b = b(ky, ko) and b’ = b'(ky, k)
such that for any natural  and k£ and any integers k; and k- with irrational

log k1/ log ks the inequality

Irlogky — klogky| > b'r~" (4.8)

holds.

Let us take some comments on the constants b and b'.
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From E.M. Matveev [11] it follows a lower estimation of a linear form

rlogk; — klogks :
301 T
|rlog k1 — klog ko| > (37«)( 230 1og ky log ko) '
This estimation may be improved by using Corollary 2.3 from N.Gouillon

[4]:
|7 log ki — klog ky| > (23r) 20 eskrlosha

It means that in formula (4.8) constants b and b’ can be selected as

follows:
b o= 237 3082togkylogky -y — 36891 log Ky log ko. (4.9)

We fix these values of b and b’ throughout the paper.

Now we are ready for the statement of the main Theorem.

Theorem 4.5 (R. Yanushkevichius, O. Yanushkevichiene [28]). Let X, X},
Xo, ooy Xiyy ooy Xiy be ky symmetric i.i.d. random variables, where
ki and ko are integers such that 6 = logk,/logks (2 < ki < ko) is

irrational. If there exists v € (0, 2] such that for j = 1,2 the relations
kj
MX kY X | <e (4.10)
i=1

are fulfilled, then there exists a random variable Y with the symmetric
stable distribution of order o such that

MNX,Y) < Cie?, (4.11)

where A = 1/(b 4+ max(1,«)), C is a constant, depending only on

«, ki, ko, and b is a constant, depending only on k1 and k.
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By taking an equality sign instead of the inequality one in formula (4.10),
we get a simple illustration of the parameter ¢, i.e., the distance between
monomial X and the linear statistic k;l/” i/gl X; in the \ metric.

Note that the proof of this theorem (as well as of Lemma 3.1) is nontrivial
only when ¢ is a small positive number. It can be appreciated as follows:
there exists a small positive number ¢, depending only on «, k; and ks,
such that (4.11) is valid for all ¢ € (0, g]. In all the other cases Theorem
4.5 is trivial.

Indeed, according to the definition of A metric, forany X and Y 0 <
AX,Y) < 1. Hence and from condition (4.10) we obtain that ¢ > 0. In
case ¢ = 0, we get Theorem 4.3. Finally, if £ > &, then C} in formula
(4.11) is chosen in such a way: C; = ;. In this case A(X,Y) < 1 =
Ciel < Cietif e > e, i.e., (4.11) is trivial for € > &.

Everything is ready now for the formulation of the first auxiliary lemma.

Lemma 4.1 (O. Yanushkevichiene [18]). Let m be an arbitrary integer and
k be an arbitrary positive constant. Then there exist an integer m’ and
an integer n’ corresponding to m’ such that for an arbitrary small positive

numbere > (
|m/ag — n'ag| < " (4.12)
and
0<m—m < Me"?, (4.13)
where oy = —atlog ki, ay = —alog kg, M = 2(37 /(20 — 1)Y)).

The next lemma, proved together with L. Klebanov, probably of indepen-

dent interest, is useful in the following:
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Lemma 4.2 (R. Yanushkevichius, O. Yanushkevichiene [28]). Let L (t) be
a complex-valued function and let there exist positive numbers «, €, and

natural ones k > 2 such that

L ()] > k|L(t/k")

—¢, Ve € (0,e,], Vt € [-1,1].
Then for any § in the interval (0, 1] and for any < in the interval (0, ¢.]

sup | L (t)] < ko sup |L (t)| + e.
lt]<é lt<1

Proof of Lemma 4.2. If S(§) = supy<s|L(t)], then according to the

condition of Lemma 2.3, for any ¢ in the interval (0, £,],
S(8) > kS (3/k") — .
Consequently,
S(o/k) < S(0) [k+e/k,  S(KV) < SQ) [k +e/k.
Proceeding in a similar way we get that
S(k™) < S(k~Y) Jk+e/k < S(1)/k* + ¢/k* + ¢ /k,

S(k7Yy < S /K + e/l + ... +e/k>+¢/k. (4.14)

It is easy to see that for any ¢ € (0, 1) there exists a nonnegative integer
K = K(§,a, k) such that k= %/¢ > § > k~(K+1/2_From the monotonic-
ity of the function S(J) and (4.14) we have that

S(6) < S(k~1*) < S(1)/EX + & < kS(1)6" + ¢,

which was to be proved.
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4.3 The main Lemma

Lemma 4.3 (R. Yanushkevichius, O. Yanushkevichiene [28]). Let k1 and
ky (2 < ki < ko) be integers such that the ratio of their logarithms
log k1/ log ks is irrational, and for some a € (0, 2] there exists a char-

acteristic function f(t) such that

£ = 15 (k)

<e, Vtel[-1,1]. (4.15)

In addition, if
If (6] >1/2 for Vtel[-1,1], (4.16)

then there exists a constant Cy depending only on o and k1, ko such that
for|t| <1

|f (t) — exp {— [D]exp (iQsignt) [£|"}] < Coe®, (4.17)
where D = ky log f (kl_l/”) , A=1/(b+max (1,a)),
() = arctan(Im D /Re D)
and b is a constant, defined by formula (4.9) .

Proof. First we reduce condition (4.15) to the additive form. For that let
us denote
u=1logt, H(logt)=log f(t).

From (4.15) we obtainfor0 <t < land:=1,2
H (u) = k;H (u+ o) + R; (e), (4.18)

where R, (t) = log(L + r(t)f 5(t/ki/"), v (t) = £ (1) = £ (¢/k/"),
o; = —i log k;.
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In further considerations it is useful to avoid the multiplier k; in formula

(4.18). The following notation is helpful for this purpose:
Y (u) = H (u) exp (—au). (4.19)
Using (4.18) from (4.19) for u € R_ = (—o0, 0] we obtain:
(u) =10 (u+ o)+ Ri(e")e ™, i=1,2. (4.20)

The next notation is necessary for the following proof. Let Z be set of
all integers, Z, be a set of all nonnegative integers and let us consider
the following sets: M = {u: u = na; + mas < 0; n € Z, m €
ZY, N={u: u=nay+mag; n € Zy,meZ.}, P={u o<
u=na;+may <0;neZ me7Z}

Note that we consider the main equation - equation (4.20) - in the interval
R_. The set M is everywhere dense in R_. On the other hand, it is not
difficult (see the authors’ paper [25]) to present any element of M as a
sum of an element from the infinite lattice \ in the interval R_ and an
element from a 'small’ set PP, everywhere dense in the interval (o, 0]: for
alu e M

U = uj + Uy, u €N, wuy € P. (4.21)

Next we prove the following statement, which is very useful in the sequel.
If the function ) satisfies relation (4.20), then, in a certain sense, it is close
enough to the “initial point of pacing’ (ay ).

To be more precise, both for small and large enough (by absolute value)

w in the pacing lattice V' the estimate

[(u) — ()| < Cseexp(—au), ueN (4.22)
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is valid, where C5 = C5(ky, k») is a constant.
It is quite the other way if we consider the limited set P, everywhere

dense in the interval (a1, 0]. We shall prove that
|h(u) —(an)| < Ce”  for ueP, (4.23)

where C'is a constant defined below, and

1/(b+1) for 0 < a <1,

1/(b+a) for 1 <a<2.
Here constant b, as usual, is defined by (4.9).

In view of representation (4.21), according to which it is possible to
present an arbitrary v € M as a sum u; + us, where u; € N and
us € P, on the basis of estimates (4.22) and (4.23) we shall prove finally
that

[h(u) — ()| < Cseexp(—au) + Ce"  for ue M.  (4.24)
Thus, we go over to the proof of relation (4.22). From (4.20) we obtain
that for u = nay + mas € N’
P(u) =P(nag + mas) = P((n — 1)ag + may)
— Ry(exp{(n — 1)ag + maz}) exp{—a((n — 1)ay + man)} = ...
= YP(oq + mag)—

n—1

- Zl Ry(exp(jon + maz)) exp(—a(jon +maz)) = ...
j=

m—1

=P(ag) — ) Ro(exp(an + jan)) exp(—a(a; + jag))
J:
- 21 Ry (exp(jon + maz)) exp(—a(joq + maz)). (4.25)
]:
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Note that by virtue of condition (4.16) for ¢ < min(2~(F1+1) 2-(hat1)) —
9—(ka+1)

B (0] < 2|r ()] 1£ 75 (/K1) | < 2t (4.26)

We note that it suffices to prove Lemma 3.1 only for e < ¢ := 2~ (21,
Indeed, for ¢ > gy = 2~ 21 the statement of Lemma 3.1 is trivial if we
will choose Cy = Cs (a, ki, ko) such that Chel = 2, ie. Cy = 2652 =

9A(kp+1)+1

So, by virtue of (4.26) for ¢ < 2~ (h2+1)

nii Ry(exp(jag + maw)) exp(—a(jay + ma2))|
j=

< 2" e (exp(—a(nag + mas)) — exp(—alag + mas)))

< M1t exp(—au). (4.27)

lfn > 1, then

m—1
Zb Ry(exp(ay + jas)) exp(—alag +ja2))'
]:
< P2 g exp(—ala; + may)) < 22 e exp(—a(nag + may))

= 2"l exp(—aw). (4.28)

By (4.25), (4.27) and (4.28) we conclude that for ¢ < 2-(*2+1 relation
(4.22) holds, where C5 = 2F1+1  oko+1,

Let us proceed to the proof of relation (4.23). Let now u € P. Then
u € (o, 0] and u = nay + mas, where n, m are integers. Both numbers
n, m cannot be negative at the same time because a;; < 0, oy < 0 and
in that case (i.e., incase of n < 0 and m < 0) nay + may > 0, which

contradicts the condition u € (a, 0].
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Both numbers n, m cannot be positive at the same time as well, because
in that case nay + may < og.

Consequently, eithern > 0andm < 0,orm > 0andn < 0, i.e., either
U = nop—mas or u = may —nay, where n, m are nonnegative integers.

Both cases are considered in the same manner, therefore assumption

u€eEP, u=nag—may, n>0, m>0 (4.29)

does not diminish the generality of reasoning. Define

m; = ml_l—lzm,_z—QZZm—Z, n():n7 (430)

n; = min{n,: n,o; —may <0, n,—natural}. (4.31)

It is not difficult to prove that n; can be changed within the following

bounds:

[micn/on] < n; < [mas/ag] + 1, (4.32)

where the integer part of A is denoted by [A].
Basing on (4.20) and in view of (4.29), (4.30), after the first step with

respect to the coefficient of cry we take next steps (their number is equal
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to ny — ny) with respect to the coefficient of «v, and so on:

Y(u) = ¥(nar —mas) = Y(nag — (m — 1)ay)
+ Ry(exp(nag — maz)) exp(—a(na; — mas))
= Y(ma; — myag)+

+ Ry(exp(nag — mas)) exp(—a(na; — mas))
no—1

— 2 Ri(exp(jon — miag)) exp(—a(jor —miaw)) = ...
j=n1

= (n;a; — man)

i—1
+ > Ro(exp(npa; — mpaw)) exp(—a(nyoq — mpas))—
h=0

; nh,—lf1
— > X Ri(exp(ja; — myaz)) exp(—a(jog — mpaz).  (4.33)
h=1 j=ny

On the basis of (4.12) and (4.13) in Lemma 4.1 we note that there exists

1 such that

i< M, (4.34)

and, in addition,
Imicy — njoq — aq| < e”. (4.35)
By (4.32), in the last expression of the equalities in (4.33) the number
of summands other than w(n,;oq — m,,;ag) does not exceed the number

(3 + [ag/&l])i.
Recalling (4.32), we find that the exponential multipliers in (4.33) are

bounded: for j = ny, ..., np—1 — 1

exp(—a(jog — mpas)) < exp(—a(ng—1 — 1)ag — mpas)

< exp(—alog + ag)) = kiko.  (4.36)
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It follows from (4.33) and (4.26), (4.34), (4.36) that for u = na; —mas €
P

W’(“) - @Z)(nv:al - mja2)| = W(”Oél - ma?) - l/f(nz:Oél - mia2)’
< (3 + [an/on)k kyi2e (21 + 272)
< Cuel=, (4.37)

where C; = 2(3 + [log ko / log k1)) k1 ko (2F1 4 2F2) M.
Now, making use of (4.35), we estimate |¢)(n;,a; — m;as) — 1(aq)|, and
simultaneously |1)(u) — ¥(ay)| foru € P.
Owing to this note that for 0 < t; < 1 and u; = logt;, j=1,2,
() — ()| = |H (o) exp(—arus) — H(us) exp(—aus)|
= [t;"H(logt,) — t;“H(log )]
= [t7%log f(t1) — 11" log f(t2) +
+ t1%log f(ta) — 1, log f(t2)]
< t;%log f(t1) — log f(t2)| +
+ [log f(t2)|[t7" — 7. (4.38)
Now we need Lemma 4.2. (4.15) implies that V¢ € [—1, 1] the relation
f@) = flie/k™) w ), Iro)l<e i=12
holds. Hence it follows that
log f(t) = kilog f(t/k;"") + raa(t), (4.39)
where r,,(t) = log(1 + r(t)/ f5(t/k'")).
From this and (4.16) we notice that V¢ € [—1, 1]

|ralt)] < 2tle. (4.40)
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In formula (4.39), by taking first¢ = ¢, afterwards ¢ = 15, and subtracting

from the first relation obtained the second one, we obtain

log f(t2)—log f(t1) = ki(log f(ta/k!"")—log f(tr /K" ))4rai(ta)—r.i(t).

Denote L(ty — t1) = log f(t2) — log f(t1). Then

to — 1t
L(tg - tl) = k}L (le/al> + T*i(t2) - T*i(t1)~ (4-41)

Next, let t = ty — t1, S(§) = supj<s|L(t)|. From (4.41) we see that
the function L(t) satisfies the conditions of Lemma 4.2, therefore S() <
ki6“ supyy <1 | L(t)| + €i, where &; = 2supyy <1 |r4i(t)]-
(4.40) yields
e, = 2sup | In(1+ r(t)/ fri(t/k/™))| < 24it2%.
lt]<1

Since | f(t)| > 1/2for |t| < 1, we have

sup |[L(t)] < sup  (|log f(t2)| + [log f(t1)])

lt]<1 [t1]<1, ]| <1]
< 2sup |log f(t)] < 4sup [1 - f(t)] < 8.
It/ <1 It]<1

Therefore for any o from the interval (0, 1]
S(0) < 8k;o + 2hit2e, (4.42)

Choosing t; = expay = kl_l/a € (0,1] and a point t, = exp(n;a; —

m;as), close to it (in the sense of relation (4.35)), we obtain
|In f(t1) — In f(ta)| < Cslty — to|* 4 28172, (4.43)
where C = 8k;. It follows from (4.38) and (4.43) that

[ () — 1h(un)| < Ky (Cslty —ta|® +25142e) + dkey e m27) — 1|, (4.44)
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Since [t; — ta| = ty]e"17"2 — 1|, from (4.35) and (4.44) we derive that

[(u) = Pluz)| < Cskatg|e ™2 = 1|* + 4k 17D — 1|+
+2k1+2k18 S 2“C5k1|u1 - UQ’Q + 2k1+2k1€ + 8k1a|u1 — UQ’
< 2°Csky ™ + 9krae”, (4.45)

if, in addition, £ max(1, o) < 1/2.
Since ¥ (u1) = ¥ (aq), for u € P (4.37) and (4.45) yield

[(u) — (ay)| < Cue' ™ 4 2°Csk1™ 4 9k10e”. (4.46)

We select now the constant k in Lemma 4.1 so that the summands in
(4.46) have approximately 'the same weight’ with respect to ¢, i.e., on the
one hand, that 1 — kb ~ ka«, and on the other hand, that 1 — kb ~ k.

Hence and from (4.46) we conclude that

[(u) = Y(ar)] < Ce,

where C' = Cy + 2°C5ky + 9k, and np = 1/(b+ 1) for0 < o < 1 and
n=1/(b+ «a)for1 <« < 2. Thus, relation (4.23) is completely proved.
Since A in (4.11) is defined by formula A = 1/(b 4+ max(1, «)), it is
obvious that n = A .
Finally, let w € M. Let us go over to the proof of relation (4.24).
Expressing u in the form (4.21), let us repeat (4.25):
Y(u) = P(ur +uz) = P(nog + mag + uy)

m—1

Y(ug) — Z; Ry(exp(ay + jag + ug)) exp(—a(ag + jag + ua))
J=

n—1
— > Ri(exp(joq + mag + ug)) exp(—a(joyg + mas + us)).
j=0
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Consequently, as in (4.22), |{(u) — ¥(ug)| < Cseexp(—au). Hence,

as in (4.23), we conclude
[h(u) — ()| < Cseexp(—au) + Ce", u e M. (4.47)

At the end of the proof in the case 0 < ¢ < 1 it remains to note that for

any u € (—o0, 0]

[0w) = vlan)| = lim [9(u;) - ¥(an)],

because relation v = limj1o uj, u; € M is valid for any u € (—o0, 0]
and v (u) is continuous on (—oo, ), i.e., (4.47) is valid for an arbitrary
u € (—00,0]. Since ¥(u) = H(u)exp(—au), H(logt) = log f(t),
(4.47) means that for u € (—o0, (]

|H (u) exp(—au) — H(aq) exp(—aay)| < Cseexp(—au) + Ce",
|log f(t) — k1H(an)t"| < Cse + Ce"t?,
|log f(£) — ki log f(ki /)% < Cse + Celt® (4.48)
for0 <t <1.

Now let —1 < ¢t < 0. Lettingt = —u, 0 < u < 1, we rewrite (4.48) in
the following form: log f(u) = Au® + Rs(u), 0 <wu <1,where

IN

|Rs(u)| < Cye + Ce™u®,  A=kyln f(ks V™). (4.49)

Note that

1) = f—u) = Fu) = exp(Au) exp Rofw). (4.50)
If tan @ = Im D /Re D, then, as it is known,

D = —|D|exp(iQ). (4.51)
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Since obviously ImD=-ilmD and ReD=Re D, from (4.48)—(4.51) for

t| < 1 we obtain the following relation:

f(t) = exp{—| D] exp(i@ sign t)[t|" } exp Ru(t),
where for | R,4(t)| estimation (4.49) holds as it does for | R3(t)|. This means
that for |¢t| <1

|f(t) — exp{—|D| exp(iQsign t)[t|]*}| < Cse + Ce"|t|". (4.52)

Lemma 3.1 is proved.

4.4 Proof of the main Theorem

Let us consider two functions of the positive variable 7'

1
MT) = Smac|fxlt) = fr(Ol, Ma(T) = 1T,
where fx(t) and fy(t) are characteristic functions of the random variables
X and Y, respectively. Since M;(T') is a non-increasing function, M»(T')

is a monotonically increasing function, the condition
I:P>118 max (M (T'), My(T)) = ¢ (4.53)
means that there exists T, > 0 such that
M(T.) <&, My(T.) =¢. (4.54)
The latter in relations (4.54) means that 7, = 1/e. Then the former in

relations (4.54) means that

max |fx(8) = fr(t)] < 2e. (4.55)

Note that condition (4.53) is equivalent to the condition A(X,Y) = e.
Thus, from A(X,Y) = ¢ we get (4.55). Analogously from A\(X,Y) < ¢

we obtain the same (4.55).
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It means that from condition (4.10) we have that
PO = Nk <2 for ] <1/e =12 (456)

Since f(t) is a continuous function such that f(0) = 1, and, besides,
f(t) is real as a characteristic function of a symmetric random variable,
there exists py such that min{t: f(t) = 1/2} = po(f) = pop > 0. Only
two cases are possible: py < 1/ or py > 1/e. So, let p = min(py, 1/¢).

Instead of the characteristic function f(¢), we introduce the characteristic
function f,(t) = f(pt), for which

polfy) = min{|t|: fp(t):l/Q}:min{\t\: f(pt):l/Q}
1

;min{|u|: f(u)—Q}—; “po > 1.

If f(t) satisfies (4.56) for [t| < 1/e, then f,(t) satisfies (4.56) for || <

1/(ep).
Sincep < 1/e, i.e.1/(ep) > 1, for the characteristic function f,(t) we
have that

) = f (k) <2 Ve [-1,1), (4.57)
min{|t|: f,(t) =1/2} > 1, ie |[f,(t)]>1/2 Vte]l,1]. (4.58)
Applying Lemma 3.1 and having in mind that f,(¢) is real, we get that

max | fo(t) — exp{—| 4|t} < Coe®, (4.59)

where A, = ki log fp(kfl/a).
Thus, it remains to consider the domain 1 < |t| < 1/(ep) (of course,

only in the case where p < 1/¢; if p = 1/¢, the proof is completed).
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Note that the method for extending the estimate of type (4.59) from the
interval | ¢ |< 1 to a considerably wider interval was first applied by au-
thors in [25] for a particular case k1 = 2 and ko = 3.

We denote
ri(t) = folt) = 17 (/K. (4.60)
h(t) = fy(t) — exp{—|A,]|¢]"*}. (4.61)
According to (4.56), |r;(t)] < 2e for |t| < 1/(pe). And according to
(4.60), (4.61) we have that, for |t| < 1/(pe),
h(t) + exp{—[A4,|[t["}

— (h(t/lg]l/a) + exp{ — \A,,|’Z’Ja})kj +7(t)

]ijl .
= hkj(t/kjl-/a) + > C}cj exp{ —
=1

Hexp{—|A[[t|"} +7;(t),

Z|Ap| ‘t‘w}hkj—i(t/k]l/n)
kj

where C}, is a binomial coefficient. So,

bt = /K + & i, oo { — B 4 1)
- ! (4.62)
for [t| < 1/(pe), j=1,2.
Having assumed that for some ¢, € [1,1/(pe))
sup |h(t)[M < 2. (4.63)
[t|<tg
We prove that the estimate of the same type is also true in the interval
k:]l/“ times wider, i.e. we prove that

sup  |h(t)|M < 2 (4.64)

|t\<kj1./”t0
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it kit < 1/(pe).
We note at first that k; > 2. If Coe® < 1, then we have from (4.59) that

sup [A(t)["7 < (sup [A(t)])" < (Coe™)" < (Coe®)?
[t]<1 [t]<1

< (C3e™)e™, (4.65)

Since, as mentioned at the beginning of this paper, we are interested only
in small enough € > 0, let us consider only those ¢ for which CQQEA <
1, e e<CyY?,

Consequently, we obtain from (4.65) that supj, - |h(t)|" < 2, ie. in
the interval [1,1/(pe)) there exists t, such that relation (4.63) holds. In
case we succeed to obtain (4.64) from this, then, because of kjlv/” > 1, we
would also get thereby that (4.63) is also valid for ¢y = 1/(pe).

Thus, if we have assumption (4.63), we shall prove (4.64).

Since according to the assumption (4.63), ()" < &2 in the interval

|t| < to, for any natural mand n, n > 2
()" < e” (4.66)

for |t| < to/d;, where d; = 1/19]1/“ Using (4.62), (4.63) and (4.66), in the
interval |t| < ty/d; we obtain:

bt . L
h(dy )] < > C};jexp{—z|Ap||t|”/k§”}]h(dj’-”t)|kJ "+ eP 4 2.

Since £ < 1, it is obvious that among all the members of the type

exp{=il 4t/ Y ()
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under summation sign, the first member is the largest one, therefore

kfl
&0 < exp{=| Al KA E €+ 420

(2= el A KB e 2
< (2% = 2)|h(dlt)] exp{—|A,[|t|" K"} +e” + 2.

So, if we make s + 1 steps we shall get the next result in the interval
t| < to/d;:
h(8)] <

<

245 — 2)|h(d;t)| exp{—|Aylk; [t} + €° + 2¢
2" — 22| h(d2t)| exp{—| A, | (k; ' + K 2)[¢]")}

+(24 — 2)(2 + 2¢) exp{—[ A [k 7} + €2+ 22 <
< (25 = 2 n(d ) exp{—| Al k; [t}

(28— 2)" (e + 2e) exp{—| Ay lk; [t|*)} + ° + 22(4.67)

—~

+
Let us define s as follows: s = 1+ [« logy, to]. Note that for |t| < to/d;,
A < 1 (4.68)
Having denoted
Ft) = (27— 22" 20 expf— | A, ke
we see that, for |t| > o,
(2" —2)" L exp{—|A,|k;[t|*} < F(to). (4.69)

Since F'(t) is even, it is easy to verify that the maximum F'(t) is attained
at the points ¢* and —*, where t* = k; /(| A,|log 1, | k;)'/*. Hence and
from relations (4.67), (4.69) we obtain for ¢, < |t| < to/d;

* s+1 A A
|h(t)] < F(t)(|h(d;" )] + e + 2e) + € + 2.
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This implies that there exists a constant C7 = C7(k;) such that for ¢, <

t] < tok)®
h(t)] < Cr| A VB(|h(d )| + €2 +26) + €2 + 26, (4.70)
where (s = long.L2 k;.

If p = py (the case p = 1/¢ is trivial) then according to (4.58) f,(1) =
1/2 and from (4.57) we have that f,”(d;) < 1/2 + . Recalling the defini-
tion of A, we obtain for ¢ < 1/4, that

1A, < Jlog(1/2 4 €)| 7 < |log(3/4)] ! < 3.5. (4.71)

From (4.70) and (4.71) we conclude that for t, < |t| < ty/d,;

|h(t)] < Colh(d5™)] + (Cy + 1)(e™ + 2¢), (4.72)

where Cy = Cy(k, ko) is a constant. By virtue of (4.68) and (4.59), from
(4.72) we derive that for ¢, < |t| < ty/d;

|h(t)| < CQngA + (Cg + 1)(€A + 28) < ClUSA, (4.73)

where Cg = C2Cy + 3(Cy + 1).
Consequently, if
R ers
we obtain that |h(t)| < e2/%i for |t| < ty/d,, i.e., assuming that (4.63)
is true in the interval || < ty, we have proved that (4.63) is true in the
wider interval |t| < t,/d;, and simultaneously, as mentioned above, in the
whole interval [t| < 1/(pe) , if e < &y, where gg = Cl_ol/(l_A/kj). Thus,
by virtue of (4.72), (4.68) and (4.59), we get (4.73) in the whole interval
[t < 1/(pe):
|fy() = exp{=[A[[t]"} < Cr0e”,

68 STABILITY CHARACTERIZATIONS OF SOME PROBABILITY DISTRIBUTIONS



Proof of the main Theorem

i.e. for |u| < 1/¢ we have that | f(u) — exp{—|A4,|p~|u|*} < Cipe?.
According to the definition of the A-metric, it means that relation (4.11)

is proved.
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Chapter 5

Stability estimations of a characterization of the

Normal distribution in weak metric

5.1 Characterization by the property of identically distributed linear

statistics

The Chapter 5 is devoted to the estimation of the stability of character-
ization of the normal law by the property of identically distributed linear

statistics

X = le S = ZbiXia
i=1

where X1, Xo, ..., X,, are independent identically distributed (i.i.d.) ran-
dom variables and by, b, ...b,, are real coefficients.

Such a characterization theorem is well known (see, for example, the
monograph by Kagan, Linnik, Rao [5], Theorem 13.7.2). If X and S are

identically distributed and 3 b? =1, then X3, Xs, ..., X, is a normal sam-
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ple. It is important to emphasize that in the formulation of this characteri-
zation theorem any moment restrictions are absent.

Only Zinger, Klebanov, Yanushkevichius [30] succeeded to preserve the
absence of moment restrictions in the investigation of the stability of this
characterization but only in the case n = 2, by = by = 1/\/5 In the
general case all authors, which investigate this problem, require the mo-
ment or pseudo-moment restrictions (see, for example, the monograph by
Yanushkevichius [20]).

Following V.M. Zolotarev [31], let us introduce metrics py and v, in the
space of random variables,

00

p(X,Y) = [ ahd(Fy — Fy), k=0,1,2,..

—0oQ
00
v(X,Y) = [ |2 |d(Fx — Fy)|, r>0.
—00
Conditions in these metrics are analogous to the corresponding moment

and pseudo-moment conditions, therefore we can reformulate the result of

R. Shimizu [16] (see also [22]) in the following manner:

Theorem 5.1 (R.Shimizu [16]). Let X, Xy, Xo, ..., X,, be iid. random

variables. Under the assumptions
Ml(X’S):HQ(X?S):Ov V3(X75)§€ (51)

and
V4+bi4+ .. +02=1 a=max{|b|,..|b.)} <1, (5.2

the random variable X has finite mean 6 and variance o> and the following

inequality holds:
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p (X, 2602) = sup ‘P(X <z)—-P(Z,,2< x)‘ <
< 1.8(1 — a) Vig3/4el/4) (5.3)

where Z, o is a normal random variable with mean 6 and variance o>

Estimation (5.3) is non-informative in the cases where o are very small.
In addition, the observation error is estimated in the metric 15 in assump-
tions of Theorem 5.1, but the closeness with a normal random variable is
estimated in another metric - a uniform metric p.

Our purpose is to avoid these imperfections. We attain the aim by choos-
ing Lévy metric L instead of the metrics 15 and p.

5.2 Comparison of metrics

Recall that Lévy metric L is defined by the formula

LIX,)Y)=imf{e: P(X <z —¢)—e<PY <z)<

<P(X<x+e)+e forallz € R'}.

Since the conditions of our Theorem 5.2 are formulated in Lévy metric L,
it is interesting to compare R. Shimizu conditions (5.1) with their analogue
in Lévy metric L. Of course, we can replace p in (3.2) by L, since for
any random variables X, Y always L(X,Y) < p(X,Y’). Unfortunately,
the multiplier o=/ in R. Shimizu estimation (5.3) does not allow us to
conclude that the characterization theorem under consideration is stable

in p. Indeed, in the case where the sequence of random variables under
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consideration { X} satisfies the condition limj_,., DX} = 0, estimation
(5.3) becomes non-informative.

But, may be, the multiplier of such a kind is not necessary in (5.3)? The
answer is negative in the case of uniform metric p, because it is simple to
construct an example, from which we conclude that our characterization
model is not stable in the uniform metric p. Indeed, let X*(¢), X;(¢),
X;(e), ..., X](¢) be a sequence (by ¢) of i.i.d. normal random variables

with zero mean and dispersion £2. Then
p(X*(e), 20X/ (e) =0<e.

Since the dispersion £2 |, 0, our random variables X (¢) are degenerating

as ¢ J. 0 but, on the other hand,
p(Xi(e),E)=1/2foralli =1,2,..nand e > 0.

Thus,

lim p(X}(e), E) #0, (5.4)

where F' is a degenerate in zero normal random variable. According to
(3.4) for sufficiently small 0 = € we indeed have no effect of stability in the
uniform metric p. However, in the case of any weak metric (for example, in

the case of Lévy metric L) we have another picture:
lim. o L(X}(e), E) = 0.

We also note that in the case of Lévy metric it is not difficult to correct
the situation by slightly changing the proof of R. Shimizu [16]. Indeed, let
f(t) be the characteristic function of X. Shimizu [16] has proved that, if
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conditions of Theorem 5.1 are satisfied, then

T » 242 T
| f(t) — exp(ift — o7t /2)] € _ € _
7/T g dtgg(l—a)lh/ﬂdt:§(1—a) b7,
(5.5)

According to formula (1.5.18) in V.M. Zolotarev [31],

1T — exp(ift — o2t? /2 log(1+T
L(X.2,,) < L IO =00l ), o oglos(1 +T)
o wl T

t
(5.6)
So, choosing 7' = ¢~ /4, we have from (5.5) and (5.6) that, for sufficiently
small e > 0,
L <X, 29702> < Gt/ log i (5.7)
It means, that we successfully avoided the multiplier o—%/* in formula
(5.3).

Can we improve the order of stability in (5.7) and avoid a logarithmic
multiplier? The answer is positive. Indeed, note that according to (1.5.44)
in [31],

LYX,Y) < 32:(X,Y), (5.8)
where (,(X,Y) = sup{[E(f(X) - f(Y))|: feF}, s = m+a,
m > 0 istheinteger, 0 < a < 1, and F; is a set of all real bounded

functions on R! with the derivatives of order m at all the points and

(@) = () < -yl
According to Zolotarev’s theorem 1.4.2 in [31], the metric ((X,Y), s >
0 is an ideal metric of order s. On the other hand, since u1(X,S) =
u2(X,.S) = 0, according to formula (1.5.41) in [31],
I/3(X, S) Vg(X, S)

Cg(X; S) < F(4) = 6 . (5.9)
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From (5.9) and the relation v5(X, L) < € in (5.1) we conclude that

(3(X,8) < ¢/6. (5.10)

As R. Shimizu [16] has noted, from the condition
,Ul(X7 S) = MQ(X7 S) =0
we derive that

0> b, =6. (5.11)

i=1
Let now 71, Zs, ..., Z, be i.i.d. normal random variables with the mean
6 and dispersion o and let Z = é b;Z;. Then, it follows from (5.11) that
Z is also a normal random varia]t;e with the mean @ and dispersion o2,
i.e. Z and 29702 have the same normal distribution with the parameters 6
and o2. Thus, since (3 is an ideal metric of order 3, by virtue of (5.10) we

obtain

GX, Z) < GIX,9) + (S, Z2) <e/6+ G (ilbjxja il ijJ) <
j= j=

</t 3 |G (X, ). (5.12)
p2

Let us denote § = (3 (X, Z;) . Itis easy to see that & = (3(.X, Z) and
under (5.2) and (5.12)

§< /6483 b < e/6+dmax{|bi], ... |bl} 3 |6s]7 = /6 + da.
j=1 J=1
So, 6(1 —a) < e/6 and

(X, Z2) <e/(6(1 - a)).
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By virtue of (5.8) we find that
L(X,2,,2) < 32Y'G (X, 2, 2) <2(3(1 —a)) /e (5.13)

By comparing (5.7) with (5.13) we see that in (5.13) we have success-
fully avoided the logarithmic multiplier which is in (5.7) and, consequently,

improved the order of stability.

5.3 Main results

It is well known that if X, X7, X5, ..., X,, are i.i.d. random variables, X
and S are identically distributed and assumption (5.2) is satisfied, then
X1, Xo, ..., X, are normal random variables. We investigate the stability
of this characterization theorem in Lévy metric L. It means that, instead of
the condition v3(X, S) < ein (5.1), we have only L(X, S) < ¢.

The indicator function Iy is a function defined as
Lif max{v,1/4} =1,
0,if max{d,1/4} #9.

]1? =

Let us denote =(M,r) = {X : F|X|" < M}, where r is a constant

from the interval (2, 3].

Theorem 5.2 (R. Yanushkevichius, O. Yanushkevichiene [29]). Let X, X,
X, ..., X,, be ii.d. random variables from the class = (M, r). Under the

assumptions
,LLl(X,S):/LQ(X,S):O, L(X7S)S€ (5.14)

and (5.2) there exist a constant C' = C(M,r,n,by,...,b,) and normal

random variable Z such that the following inequality holds:
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1
L(X,2) < e (1 4 1, - log -), (5.15)
g

where ) = Ar/(2r + 1),

A =1/(1—logn/ (log(|b1]" + |ba|]" + ... 4+ |ba]"))) > 0. (5.16)

Since our proof is based on the use of characteristic functions, it is also
natural to use the metric defined in the class of characteristic functions. As

in previous chapter, we have chosen the weak metric A,

AMX,Y) = min { max {; max(|fx(t)—

—fO): W=D, 7> 0l,

where fx (t) and fy (t) denote the characteristic functions of the random
variables X and Y, respectively.

Two-sided estimations of this metric are studied by V. Zolotarev and V.
Senatov [32]. If X € = (M, r), then from [32] we derive that

MX,S) < 12kL7PH0(X, S) = 12ke™/ D), (5.17)

Let f(¢) be the characteristic function of a random variable X, i.e. f (t) =
fx (t). Then, from (5.17) we get for |t| < 1/(12ke™/?r+D) that

f@) = f(0rt) f(bat)... f(but) + h(L), [A(t)] < &1, (5.18)
where
h(t) = T explita)d(P(X < z) - P(S < z)),
g1 = 12ke™/ (1),

Since f(t) is a characteristic function, f(0) = 1 and f(t) is continuous.

So, if p is a real number from the interval (0, 1), then

STABILITY CHARACTERIZATIONS OF SOME PROBABILITY DISTRIBUTIONS 77



Stability estimations of a characterization of the Normal distribution in weak metric
e = u(f,p) = mf {[t] - [f(t)] = p} > 0.

Since the case u, > 1/¢; is trivial, let u, < 1/e.
We will introduce the characteristic function f*(¢) instead of the charac-

teristic function f(¢) into the consideration,

FH() = ftu). (5.19)

If f(t) satisfies (5.18) for |t| < 1/ey, then f*(t) satisfies (5.18) for
1t] < 1/(user), ie.

Jr(@) = fr(bat) f7(bat)...f*(but) + h(unt), (5.20)
where |h(ut)| < e for |t| < 1/(u.ey). Since u, < 1/e1, (5.20) is valid
for [t| < 1 as well.

By (5.19) u.(f*,p) = 1, and for this reason |f*(t)| > p for [¢t| < 1.
Thus,

log f(t) = 3= log £ (bi) + R(t), (5.21)
where
o e
RO =8 (1 S ) 62

<2p . (5.28)

|R(t)| = |log | 1+ ,,,h(z*t) < 3|h(z*t)]
AL fe(bt) )| 1L [ f(0it)]
From (5.20)—(5.23) and relations (3.1.17)—(3.1.27), (3.2.6)—(3.2.13) in

Yanushkevichius [20] (see also relations (58)—(74) in Yanushkevichius and
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Yanushkevichiene [28]), we conclude that

f*(t) — exp (—0?t?/2)] < Ce®for Jt] < 1, (5.24)

’f*(t) — exp (—02t2/2)‘ <

<C(1 —|—UB)I|£1‘3}1(‘f*(t) —exp (—o?t?/2)| for |t| < 1/(u.e1), (5.25)
where
B =—log,n,a=1/max{|b;| : j =1,2,...,n}.

Formula (5.25) is useful for us only in the case where we can estimate
oB from above. To this end, we note that since | f*(1)| = p, from (5.24)

we derive
|1 —exp (—c??/2)| < Ce”.

Consequently, exp (—0?/2) > p/2, i.e.,

2
o< |2log—. (5.26)
p

We have used the fact that ¢, is a small positive number, because the
proof of Theorem 5.2 is non-trivial only in this case. It can be appreciated
as follows: there exists a small positive number <y, depending only on n, r
and by, bo, ..., b, such that inequality (5.15) is valid for all £; € (0, &g]. In
all the other cases Theorem 5.2 is trivial.

It follows from (5.24), (5.25) and (5.26) that for |¢t| < 1/e;

‘f(t) — exp (—02t2/(2z*))| < C(by, by, ...y by,n, r)elA,
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ie.,
AX,Z) < Cehr/@rtl), (5.27)

Since by V.M. Zolotarev and V.V. Senatov [32],

L < 8(1+%logM—i—log§))\

in the class = (M,r) = {X : E|X|" < M}, we conclude from (5.27)
that inequality .
L(X,Z) < Celr/@rtl) g - (5.28)
€

is proved.
So, on the one hand we have estimate (5.28), on the other hand - the

estimate (5.13). Combining these estimates we get that

. 1 -
L(X, 2) < min{Ce¥/2 D log — 2(3(1 — ) e/} <
S

ax T T 1
< Cgmax{an/(2 +1).,1/4}(1 + In2r41) - log g)’

i.e. inequality (5.15) is proved.
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