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Notation

set, of the positive integers

set of the non-negative integers

set of real numbers

set of non-negative numbers

class of heavy-tailed distributions

class of subexponential distributions

class of strongly subexponential distributions
class of long-tailed distributions

class of O-exponential distributions

class of exponential distributions

class of dominatedly varying distributions
distribution function of the random variable &
tail of the distribution function Fy

integer part of the real number x

fractional part of the real number x

indicator function of the set A



d.f. abbreviation for "distribution function"

r.AQ. abbreviation for "random variable"

ru.s abbreviation for "random variables"

i.4.d. abbreviation for "independent and identically distributed"
f(z) =o(g(x)) denotes that lim_ % =0

Qx(\) =supPz < X <z +)\)
zeR
Lévy concentration function of r.v. X

supp(X) = {x e R: P(X =x) > 0}

support of the discrete random variable X



Chapter 1

Introduction

Research problem, topicality and novelty

The research objects of the thesis are the randomly stopped sum 5, the
randomly stopped maximum &) and the randomly stopped maximum of
sums Sy

Sn:€1+“‘+€77>
6(77) = max{(), 517 s 7577}7
Sty = max{Sy, S, ..., 5},

where {£1,&,...} is a sequence of random variables and 7 is a counting
random variable. We say that n is a counting random variable if it is non-
negative, integer-valued and non-degenerate at 0.

The thesis is devoted to finding conditions for the independent random
variables {&1, &9, . . .} under which the randomly stopped sum, the randomly
stopped maximum and the randomly stopped maximum of sums belong to
the special classes of heavy-tailed distributions. The motivation for this
investigation comes mainly from insurance and finance, where questions
related to extremal or rare events are traditionally considered (see, e.g., [3,
29, 49, 54]). For instance, data from motor third liability insurance as well
as fire and catastrophe insurance (earthquakes, flooding etc.) clearly show
the heavy tail behavior. In particular, Pareto, lognormal and loggamma
distributions are extremely popular in actuarial mathematics.

Mathematical aspects of risk theory related to calculation of ruin prob-

abilities are considered in a large number of works (see, e.g., [5, 1], B4 [35),
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30, 49, 52, 54, 57] and references therein). From the mathematical point
of view, the success of any insurance business depends on the asymptotic
behavior of the distribution of S, and S(,. If the distribution of individual
claim sizes is light-tailed, then the corresponding ruin probability is also
small for large values of the initial surplus and usually decreases with an
exponential rate (see, e.g., [5, B2, 34) 136, 149] 54, [57] and references therein).
If individual claim sizes belong to heavy-tailed distributions, then the ruin
probability decreases much more slowly with increasing initial surplus (see,
e.g., [31), B8], B9, 43, 44|, [45], 48, 57, 59]). Thus, it is necessary to find out
at the beginning of the investigation whether the distribution of individual
claim sizes is light- or heavy-tailed.

One of the most significant research directions in risk theory is investi-
gation of the ruin probability when the distribution of claim sizes is heavy-
tailed. In this case, ruin typically occurs because of one large claim, and
results are usually obtained for some special classes of heavy-tailed dis-
tributions. Results on asymptotic behavior of the ruin probability typ-
ically turn out to be different for different classes. Asymptotics of the
ruin probabilities in the case of heavy-tailed claim sizes was investigated
in 3] 6 [7, 8, 30, 42, 48], and also in [4], 89, 43, 59] for models with con-
stant interest rate. Various bounds for the ruin probability are obtained
in 23, BT, 38 [44) [45]. Optimal control problems are also solved for some
special classes of heavy-tailed distributions in [55, 56, 57]. Therefore, to
apply all these results, we need to know whether the distribution of claim
sizes belongs to some special classes.

The closure problem is classical. Bingham, Goldie and Teugels [9] are
one of the first researchers in this field. It is worth to mention that all the
classical results related to the closure problem are obtained for identically
distributed random variables {1, &5, ...}. The main novelty of this theses
is that not only identically distributed random variables are considered.

All results presented in the thesis are new and original. They are based

on 5 scientific publications.
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Aim and tasks

The main aim of the thesis is to find conditions for the independent
random variables {{1,&,...} and the counting random variable 7 under
which the distribution functions of 5;, §,) and S(,) belong to some classes
of functions.

To achieve the aim, the following tasks are raised:

« To establish conditions under which the randomly stopped sum S5,
belongs to the class of dominatedly varying distributions.

 To find conditions under which the randomly stopped sum S, belongs
to the class of exponential distributions.

e To find conditions under which the randomly stopped sum S5,, the
randomly stopped maximum &,y and the randomly stopped maximum
of sums S(,) belongs to the class of O-exponential distributions.

Methodology of investigation

Belonging to the classes of heavy-tailed distributions is usually asso-
ciated with the tail behavior of the distribution function. Therefore, to
estimate tail probabilities for sums of random variables and the maximum
of sums, we use standard methods of probability theory in this thesis.
The majority of estimates for the classes of heavy-tailed distributions are
related to properties of special indices such as the Matuszewska index, the
L-index, etc. To investigate the tails of randomly stopped sums, randomly
stopped maximums and randomly stopped maximums of sums, the set of
all possible values of the counting random variable is usually divided into a
few subsets, where the tails are studied separately using different methods.
The tails of sums of random variables are evaluated using classical methods
when the values of the counting random variables are fixed. Asymptotic
properties of distributions which are related to the special indices, namely
the Matuszewska index and the L-index, are applied when the values of
the counting random variables grow together with the tail bound. Concen-
tration inequalities are used for average values of counting random variables.
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Defended propositions

1. Conditions for the independent random variables {1, s, ...} and the
counting random variable n under which the distribution function of the
random sum S, =& + &+ ..+ &y

e preserves dominatedly varying tails;
« belongs to the class of exponential distributions.

2. Conditions under which the randomly stopped sum .S, the randomly
stopped maximum §(;) and the randomly stopped maximum of sums S
are distributed according to O-exponential laws. In this case, identically
and not necessarily identically distributed independent random variables
{&1,&, ...} are considered.

Publications

o Danilenko, S., Siaulys, J. (2015). Random Convolution of O-
exponential distributions. Nonlinear Analysis: Modelling and Control,
20(3): 447-454.

« Danilenko, S., Siaulys, J. (2016). Randomly stopped sums of not iden-
tically distributed heavy tailed random variables. Statistics and Prob-
ability Letters, 113: 84-93.

o Danilenko, S., Paskauskaité, S., Siaulys, J. (2016). Random convolu-
tion of inhomogeneous distributions with O-exponential tail. Modern
Stochastics: Theory and Applications, 3(1): 79-94.

« Danilenko, S., Markeviciiité, J.; Siaulys, J. (2017). Randomly stopped
sums with exponential-type distributions. Nonlinear Analysis: Mod-
elling and Control, 22(6): 793-807.

o Danilenko, S., Siaulys, J., Stepanauskas G. (2018). Closure properties
of O-exponential distributions. Statistics and Probability Letters, 140:
63-70.
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Conferences

« Random convolution of O-exponential distributions. 56th conference
of Lithuanian Mathematical Society, June 16-17, 2015, Kaunas.

» Sunkiauodegiy skirstiniy atsitiktiniy sumy savybeés. 57th conference of
Lithuanian Mathematical Society, June 20-21, 2016, Vilnius.

o Randomly stopped sum of distributions with dominatingly varying
tails. The X Tartu Conference on Multivariate Statistics, June 28 -
July 1, 2016, Tartu.

o Eksponentiskai pasiskirsciusios atsitiktinés sumos. 58th conference of
Lithuanian Mathematical Society, June 21-22, 2017, Vilnius.

e Closure properties of O-exponential distributions. Modern Stochastics:
Theory and Applications. IV, May 24-25, 2018, Kyiv.

o (D-eksponentiniy skirstiniy uzdarumo savybés. 59th conference of
Lithuanian Mathematical Society, June 18-19, 2018, Kaunas.

Structure of the thesis

In Chapters[I] - 2| the necessary notation is introduced and an overview
of known results is given. In Section [2.1], we formulate the main notions and
recall the definitions of the classes £, OL, D and L(y), v = 0, as well as
some other related classes. In addition, we describe some interrelationships
among the classes of heavy-tailed distributios. In Section [2.2] we give a
number of typical examples of d.f’s from all classes under consideration.
In Section [2.3] we formulate a few known results that describe conditions
under which the d.f. Fg, belongs to some classes.

In Chapters [3] - [5l we present our main results.

In Chapter [3| we investigate conditions under which the random sum
Sy, belongs to the class of dominatedly varying distributions. To be more
precise, we prove two assertions that describe conditions under which the
randomly stopped sum belongs to the class D and consider two examples. In
Theorem , no moment conditions for the r.v's {£1, &, ...} are required,
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whereas the conditions of Theorem imply that the r.v’s {&,&, ...}
have finite means. Yang and Gao [66] give conditions under which Fs, €
D when the r.v's {&1,&s, ...} are identically distributed but follow some
dependence structure. Yang and Gao [66] and Xu et al. [64] consider
conditions under which Fs, € £ when the r.v.’s {{, &, ...} are independent
and not identically distributed. Combining the results of [64] [66] with our
results we can obtain conditions under which Fg € LN D.

In Chapter @], we consider conditions under which the random sum S,
belongs to the class of exponential distributions. We prove three theorems
yielding conditions under which the d.f. Fs, belongs to the class £(v) for
some v > 0 and consider some examples. Theorem deals with the
case of a finitely supported counting r.v. 7, whereas Theorems [4.1.2| and
imply that the right tail of n is unbounded. We suppose that the r.v.s
{&1,&, ...} are non-negative in Theorems [4.1.1]and |4.1.3] whereas they can
be real-valued in Theorem [{.1.2] The proofs of the main results are based
on ideas from the papers [40, 63, 65]. Some similar results for the class
L = L£(0) are obtained in [47, [64].

In Chapter [5, we study conditions under which the randomly stopped

sum S;, the randomly stopped maximum &) and the randomly stopped
maximum of sums S(,) belong to the class of O-exponential distributions.
Moreover, we illustrate the results with examples. The class OL has never
been investigated thoroughly before. We also note that the r.v.’s {&1, &, ...}
under consideration can be real-valued and non-identically distributed. In
addition, we study the closure properties of distributions not only for the
randomly stopped sum S, but also for the randomly stopped maximum )
and the randomly stopped maximum of sums S,).
Finally, the conclusions are formulated in Chapter [6]
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Chapter 2

Classification of distribution

functions

2.1 The main notions

Let {&1, &, ...} be a sequence of real-valued random variables (r.v.’s), which
are identically or non-identically distributed, and let  be a counting r.v.,
which is independent of the sequence {1, &s, ...}, As usual, a counting r.v.
1s a r.v. which is non-negative, integer-valued and non-degenerate at 0.

We denote by Syp = 0 and S,, =& + -+ + &, n > 1, the partial sums,
and we write S, = & + - -+ + &, for the randomly stopped sum of the r.v’s
{&1,&2,...}. Similarly, set {g) = 0 and ;) = max{0,{1,...,&}, n > 1,
and let £,y = max{0,&;,...,&,} be the randomly stopped maximum of the
r.v’s {&1,&e, ...} Finally, set S,y = max{Sp, S1,...,Su}, n > 0, and let
Sty = max{Sy, S1,...,9,} be the randomly stopped maximum of sums
{So, 51,59, ...}

The distribution functions (d.f’s) of the r.v’s S,, &) and S,y can be
expressed as follows: -

Fs,(x) = P(Sy <) = > P(S, < 2)P(n =n),

n=0
Fﬁ(n)(x) = IPJ(f(n) < x) = _OP<§(n) < HJ)P(H = n)7
Fg, (@) :=P(S) < ) = Z_:()P(S(n) < 2)P(n=n).

We denote by F the tail of a d.f. F, that is, F(z) = 1 — F(x) for all

15



r € R.
Note that the tails of these d. f’s can be expressed similarly:

Fg, (z ZPS > x)P(n =n),
n= 0
Ff(n) Z IP) P(n - n)?

F n) Z P(S T)P(n=n).

In what follows, we are 1nterested in the closure property of the distribu-
tions of the randomly stopped sum S, the randomly stopped maximum &,
and the randomly stopped maximum of sums S(,)y. This property states that
if F¢, belongs to some special class of distributions for some fixed » > 1,
then the functions Fi,, F§(n> and Fs(n) belong to the same class.

In this section, we recall the definitions of the classes OL, D and L(7),
~v > 0, which are investigated in this thesis, as well as some related classes
L, S and §* because a lot of the methods that are used in proofs of vari-
ous assertions are similar for all the classes. Furthermore, we describe the

related classes for the more complete presentation.

DEFINITION 2.1.1. A d.f. F is said to be heavy-tailed (F € H) if for any
fized 6 > 0, we have
Jim. F(z)e’® = oo.

The class of heavy-tailed random variables ‘H has a very rich structure.
The most important subclasses of H are defined below.

We start with subexponential and long-tailed distributions, which were
first introduced and studied by Chistyakov [I3] in the context of the branch-
ing process. In particular, he proved that the subexponential distribution
class is contained in the class of long-tailed distributions. Later subexpo-
nential distributions have been used in a wide variety of applications in
probability theory, for instance, in renewal theory and the theory of in-
finitely divisible distributions (see, e.g., [28, 29, 33| 51, 61]).

DEFINITION 2.1.2. A d.f. F supported on the interval [0,00) is said to be
subexponential (F € S) if

FxF
lim + Flz)

—_— = 2.
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Here and subsequently, * denotes the convolution of d.f.’s.

The class of strongly subexponential distributions was introduced by
Kliuppelberg [41].

DEFINITION 2.1.3. A d.f. F supported on the interval [0, 00) is said to be
strongly subexponential (F € 8*) if

x

o= / rdF(z) < oo and / dnyJOOQNF( ).
[0,00) 0
If a d.f. F is supported on R, i.e. F(0—) > 0, then F is supposed
to belong to either S or §* when F'*(z) = F(xllj ) (2)) belongs to the
corresponding class.

DEFINITION 2.1.4. A d.f. F is said to be long-tailed (F € L) if for any

fixed a > 0, we have
F(x+a)
lim ———~ =1.
5% F(g)
Shimura and Watanabe [58] introduced the class OL, which is wider
than the class £ and similar to it, and investigated some subclasses of this

class.

DEFINITION 2.1.5. A d.f. F is said to be O-exponential (F € OL) if for
any fired a € R, we have

F(x+a) F(x+a)
- =, < 1 ———— < .
F(z) el F(z)
The last definition implies that F'(z) > 0 for all z € R if F' € OL.

It is obvious that F' € OL if and only if

0< hm mf

limsup ————= < o0, (2.1.1)

or, equivalently,

The last condition shows that the class OL is quite wide. Now we
describe the most popular subclasses of OL because we present some results

on the random convolution of distributions from these subclasses later.
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DEFINITION 2.1.6. A d.f. F is said to belong to the class of exponential
distributions (F € L()) with some v > 0 if for any fized a > 0, we have
F(x +a)

Jim, Fla) e .

For v > 0, the class £(v) was introduced by Embrechts and Goldie [26].
If v =0, then it is clear that L(v) = L.

Another famous class of heavy-tailed distributions is the class of domi-

natedly varying distributions D introduced by Feller [32].

DEFINITION 2.1.7. A d.f. F is said to be dominatingly varying (F € D) if
for any fired a € (0,1), we have
F(za)

li — < 0.
et F(z) O

Now we summarize interrelationships among the most important classes
of heavy-tailed distributions introduced above. Most of these interrelation-
ships are well known.

The definitions given above together with [I3, Lemma 2], [24, Lemma
9], [29, Lemma 1.3.5(a)] and [37, Lemma 1] imply that

LNDCS " CcSCLCH, DCH.

Figure 2.1 shows the interrelationships among the classes of heavy-tailed
distributions D, S, §*, £ and H.

Similarly, we can conclude that

LCOL DcOL and |JL(y)COL

v>0
This relationship is presented in Figure [2.2]
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8*

Figure 2.1: Classification of classes of heavy-tailed distributions

oL

U L(7)

>0

Figure 2.2: Classification of subclasses of the class OL
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2.2 Examples

In this section, we give a number of d.f’s, which belong to the classes defined

in Section 2.1
EXAMPLE 2.2.1. The Pareto distribution with d.f.

F(x)zl—(1+§)_ , v =0,

where b > 0 is the scale parameter and a > 0 is the shape parameter.

For the Pareto distribution, we have FF € LN D.

It is clear that F'(z) ~ (z/b)~® as z — oo. For this reason, the Pareto
distribution is sometimes referred to as the power-law distribution. The
Pareto distribution has finite moments of order k < a, whereas all moments
of order k£ > a are infinite.

EXAMPLE 2.2.2. The Weibull distribution with d.f.
x\ P
F(x) zl—exp{— <)\> }, x >0,

where A > 0 is the scale parameter and $ > 0 is the shape parameter.

If0<p <1, then FeS C L CH. However, F' ¢ D.

Note that in the case § = 1 we have the exponential distribution. All
moments of the Weibull distribution are finite, but Ee’* = oo for all § > 0
if 5 < 1.

EXAMPLE 2.2.3. The distribution from the paper by Cline and Samorodnit-
sky [16] with
F(z) = exp{ — [log(1+2)] +
—max {(1 + z)(log(1 + z) — [log(1 +z)]), 1} }, x 20,
where |z| denotes the integer part of z.
In this case we have F' € D and F ¢ L.
EXAMPLE 2.2.4. The Burr distribution on RY with the tail defined by
_ K \®
Fla) = <xT + /s:) ’

where a > 0, k > 0 and 7 > 0 are some parameters.

20



The Burr distribution has finite moments of order 7 < a7, whereas all

moments of order 7 > a7 are infinite.

In this case we have F' € LN D as in Example 2.2.1]

EXAMPLE 2.2.5. By Proposition 2.6 from [2], an absolutely continuous d.f.
F belongs to the class L(7y) if and only if

x

F(z) = exp{ / (a(u) +b(u))du}

—00

for x € R, where measurable functions a and b satisfy the following condi-
tions:
(i) a(u) +b(u) =2 0,u € R;

=,

f a(u)du =
f b

(i) lim a(u)
(iif) lix
(

iv) lim (u)du ezists.

If we choose .

a(u) = (2 - u) 11 00 (1)

and

14 u?

1
b0) = (1) oo (0
then we get the d.f. F' with tail

F(x) :xexp{2+1—2x—arctanx},x > 1,

which belongs to the class £(2) because

1
lim a(u) = lim (2 - > =2,
U— 00 U— 00 u
T x 1
/a(u)du = /(2—>du:2:c—2—l—lnx—>oo,
u T—00

—0oQ —0o0

xT xT 1
lim [ b(u)du = lim ( ) du
x—)oo_oo x—)oo_ 14+ u?

: m
= lim (arctg(x) — arctg(l)) = 1
21



EXAMPLE 2.2.6. By Proposition 2.6 from [2], an absolutely continuous d.f.
F belongs to the class OL if its tail F has the representation

F(x) = exp {— / (a(u) + b(u))du} (2.2.1)

—00

for x € R, where some measurable functions a and b satisfy the following

conditions:
(i) a(u) +b(u) = 0,u € R;
(ii) limsup |a(u)| < oo;
U— 00

(ifi) liminf | a(u)du = oo;

f b(u)du

—0o0

(iv) lim sup < Q.

T—r 00

If we choose

and
b(u) = (cosu) I} o0y (u),
then we get the d.f. F' with tail
F(z)=zexp{l+sinl —cosl —xz+cosz —sinx},z > 1,

which belongs to the class OL because

lim sup |a(u)| = lim 15Up |1+ sinu| =2,

U—00

lim inf / u)du = lim inf / (1+ sinu)du = oo,

lim sup L/x b(u)du

T—00
o0

2.

T—00

T
= lim sup L/ cos udu| <

o0

EXAMPLE 2.2.7. Let the r.v. & have the geometric distribution with param-
eterp € (0;1), i.e

P(¢=k)=(1—-p)p, k=012, ..

22



This distribution belongs to the class OL because

[e.e]

Fe(r) = Y PE=k= > (1-p'p

k>x k=|z|+1
= p(A=p T+ (1 —p)l+2 4 )
= p(l—pHa+1-p+.)
= (1-pt* z>1,

and, consequently,

: Fe(z—1) : (1—pl—t*

limsup —-——2 = 1

el T Fe() el (1 = p)lelH
L (1 . p)x—l—{x—l}
= s e

1
= lim sup(1 — p)#71 < .

1—p T—00

EXAMPLE 2.2.8. Let the r.v. & be distributed according to the Peter and

Paul law with parameter %, i.€.

1
Fg(m):22§, x> 1.
2l>g
121

Since Fe is a piecewise constant function, & is a discrete random variable.

For all x > 1, we have

_ 1 1 > 1
F&(I):QZ§:2Z§:2 > 30
S A

1 1
= 2
(3[%323“‘1 + 3“3?2”4‘2 + )

log 1 1
= 3 lelo (24 S 4
g (3*32+ )

long

— 3l
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This distribution belongs to the class D because

logz
F 3 | Tog 2 ]
llm Sup 5( ) == llm Sup loggaI
T—00 Fg( ) z—oo 3Lz )

1 1
qlozs(loxs)

= limsup o —may
T—=00  3Tog2 —{ log 2 ¥

< 37 173 — 3ltmrlogs oo

for any fixed a € (0,1).

2.3 Known results

There are a lot of results giving either sufficient or necessary and sufficient
conditions in order that the d.f. of the random sum Fg, belong to some
classes of heavy-tailed distributions. It is usually assumed that the r.v’s
{&1,&, ...} are not only independent but also identically distributed. Now
we formulate a few known results, which guarantee that the d.f. Fg, belongs
to some classes. The first assertion describes the closeness of the class S.

Theorem 2.3.1. Let {&1,&, ...} be independent copies of a non-negative
r.v. & with subexponential d.f. Fe. In addition, let n be counting r.v., which
is independent of {&1,&,...}. If E(1 4+ 06)" < oo for some § > 0, then
an €S.

The proof of Theorem can be found in several papers (see, e.g.,
[27, Theorem 4.2], [14, Theorem 2.13], |29, Theorems 1.3.9 and A3.20], [33],
Corollary 3.13 and Theorem 3.37]). In a more general case where F¢ belongs
to the so-called convolution-equivalent class S(a), @ > 0, a similar result is
obtained in [62]. In the case of strongly subexponential d.f’s, the following
result, which involves weaker restrictions on the r.v. 7, can be derived from
Theorem 1 of Denisov et al. [25]. To be more precise, using that assertion
we can get the following theorem.

Theorem 2.3.2. Let {&1,&, ...} be independent copies of a non-negative
r.v. & with strongly subexponential d.f. F¢ and finite mean EE. Moreover,
let m be a counting r.v., which is independent of {&1,&,...}. If P(n >
z/c) = o o(Fe(z)) for some ¢ > EE, then Fs, € S*.
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Similar properties for the class of dominatedly varying distributions are
proved in [46] (see Theorems 4 and 5 and Corollary 1). Below we formulate
Theorem 4 from that paper. We recall only that a d.f. F' belongs to the
class D if and only if the upper Matuszewska index J; < oo, where, by
definition,

1 F
Ji = — lim log ( lim inf 7(a:y) :
Yy—00 1Og Y T—00 F(.Qf)
Theorem 2.3.3. Let {&1,&,...} be ii.d. non-negative r.v.’s with d.f.
Fe € D. In adddition, let n be a counting r.v., which is independent of
{&1,&, ...}, such that EnP™ < oo for some p > J}‘g. Then the d.f. Fs, of

the randomly stopped sum S, belongs to the class D as well.

The closeness of the class £ under random convolution is considered in
[T, 14}, 15], [46]. Below we formulate the assertion of Theorem 6 from [46].

Theorem 2.3.4. Suppose that {&1,&s, ...} are i.i.d. non-negative r.v.’s with
d.f. Fe € L. Moreover, let n be a counting r.v., which is independent of
{&, &, ...}, with d.f. F,. If F,(dz) = 0<\/§ Fg(a:)) for any § € (0,1), then
an e L.

The conditions under which Fs, € D are considered in [66] in the case
where the r.v/s {£1, &, ...} are identically distributed but follow some de-
pendence structure, whereas the conditions under which Fs, € L are con-
sidered in [66} [64] in the case where the r.v.'s {1, &, ...} are independent
and non-identically distributed.

Cai and Tang [12] discuss the max-sum equivalence and the convolu-
tion closure of heavy-tailed distributions. They prove that the class D is
closed under convolution and establish the max-sum equivalence for the
class DN L (see [12, Proposition 2.1 and Theorem 2.1]).

Theorem 2.3.5. If F; € DNL and Fo, € DN L, then Fyx Fy € DN L and
Fix Fy(x) ~ Fi(x) + Fa(x).

In [14], [15], Cline establishes that the d.f Fis, belongs to the class £() if
the r.v’s {&1, &, . . .} are identically distributed with d.f. F; € £(v) and 7 is
an arbitrary counting r.v. Albin [I] constructs a counterexample and shows
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that Cline’s result is false in general. In his paper [I], Albin states that
the d.f. Fg, remains in the class £(7) if the r.vs {£, &, . . .} are identically
distributed with d.f. Fy € £(7) and Ee® < oo for all § > 0. In order to
prove his assertion, Albin uses the implication

F(zx—1t)
iglc) F(z) (1+e)e
F*n(x —t)

= sup <(1+¢)e”, neN, (2.3.1)

ezn(e—t)+t  FF(1)
for some ¢ € R, where ¢ > 0, t € R and F is a d.f from the class L(7),
~v = 0. Unfortunately, if parameter v > 0, then the implication above holds
only for ¢ > 0. Watanabe and Yamamuro show that is incorrect in
the case of v > 0 and ¢ < 0 (see [63, Remark 6.1]). If v = 0 and ¢ > 0,
the implication above is sufficient to prove Albin’s statement under some
weaker restrictions on the counting r.v. n (see [406, Theorem 6]). Thus,
Albin’s assertion related to conditions under which Fs, € L(7) remains
only a hypothesis in the case v > 0. Watanabe and Yamamuro do not
prove Albin’s hypothesis in the general case, but they give the following
assertion related to the Poisson r.v. (see [63, Proposition 6.1]).

Theorem 2.3.6. Let {£1,&,...} be a sequence of independent identically
distributed r.v.’s with d.f. Fe. If Fe € L(y) for some v > 0, then Fg,
belongs to the class L(7y) for any counting r.v. n distributed according to
the Poisson law.

Theorem is generalized in [65], where the following assertion is
proved (see [65, Theorem 2.3)).

Theorem 2.3.7. Let {&1,&s, ...} be a sequence of independent non-negative
r.v.’s with d.f. F¢ such that Fg‘N € L() for some integer N > 1 and vy > 0.
Then Fs, € L(v) if either conditions (i) and (i) or conditions (i) and (iii)
hold, where

(i) for any € € (0,1), there is an integer M = M(e) such that

k;:\/[ P(n=Fk+ 1)@(1}) < eFlg, ()
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for all x > 0;
(ii) Fe(x) = o FZ(x));
(iii) for allt >0 and 1 <i < N —1,
Fii(x —t
lim infL)

: > e,

=

Motivated by the results presented above, we also consider conditions
under which the d.f. Fs, belongs to the classes OL, D and L(7), v > 0. We
investigate the randomly stopped sum S,, the randomly stopped maximum
&, and the randomly stopped maximum of sums S, for independent but
not necessarily identically distributed r.v’s. We suppose that some of
the d.f’s {F¢,, Fe,,...} are in a certain class, and we find conditions on
{F¢,, Fe,, ...} and 7 such that the distributions of S, &, and S,y remain in
the same class. We present various collections of such conditions.
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Chapter 3

Randomly stopped sums of

dominatedly varying distributions

3.1 Main results

In this section, we formulate and prove two assertions, which describe condi-
tions under which the randomly stopped sum S, belongs to the class D. In
Theorem [3.1.1} no moment conditions on the r.v.’s {£1, &, ...} are required,

whereas the conditions of Theorem imply that the r.v’s {&,&, ...}
have finite expectations.

Theorem 3.1.1. [21] Let {&,&,...} be independent non-negative r.v.’s,
and let  be a counting r.v., which is independent of {&1,&,...}. Then
Fs, € D if the following three conditions hold:

(a) Fe, €D for some k € supp(n);

1 LI
b) li — Fe, ;
) B T (2 ) <

p+1 +
(c) En”"" < oo for some p> Jp, .

Theorem 3.1.2. [21] Suppose that the r.v.’s {&1,&, ...} are independent
and non-negative, and the counting r.v. n is independent of {&1,&s,...}.
In addition, let condition (b) of Theorem hold for some k € supp(n)

together with the following requirements:

Fe. € D, max{E¢,,En} < oo,
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lim sup sup — > E& =0, hm mf — § E&, > 0.
u—=00  nzk M 1<kgn np—1
E&j, >u

Then Fs, € D if and only if min{F;, , F,} € D.

It follows from inequality below that condition (b) of Theorem
and the condition E§, < oo imply that E& are finite for all k. There-
fore, all the conditions of Theorem are meaningful.

Now we give two examples of the r.v’s {£,&,...} and n where the
random sum Fjg, belongs to the class of dominatedly varying distributions.
In Example |3.1.1] we see that only one distribution belongs to the class D,
and all other distributions have light tails. Selecting the counting r.v. 7 in
a special way we can achieve that the randomly stopped sum belongs to the
class D. This result follows from Theorem [B.1.1]

EXAMPLE 3.1.1. Let {&,&,...} be independent r.v.’s such that & is dis-
tributed according to the Peter and Paul law with parameter 1 3, i€

Y

— 1 ogx
Fa)= ¥ Lool@l o

1>1,2!>2

whereas &, k = 2, are exponentially distributed with parameter k. In addi-
tion, let n be a counting r.v., which is independent of {&1,&s, ...} and has
the following distribution:

11
¢(5) (m+1)>

where ¢ denotes the Riemann zeta function, i.e.
o

Theorem implies that the d.f. of the randomly stopped sum S, has
a dominatedly varying tail.

P(n=m) =

m € N,

1
—. Re s> 1.
1 ns
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Indeed, for any fixed y € (0,1), we have

Fe,(zy)
Fe,(x)

lim sup =———=
T—r00

Hence, F;, € D.
Moreover, we have
+ _
J P, lim

— lim

Y—00 Og y

— lim

Y—00 log y

— hm

Next, since

we obtain

Finally, we have

Y—00 Og y

9—[logzy/log2]

lim sup
Tr—00 2

|log x/ log 2]

9—log zy/log 2+{log zy/ log 2}

lim sup
Tr—00

logx logJ
limsup 27 Tos2 ~ Iog

T—00

_logy |
27 Tog2 |im s

up ot

T—00

log (1

log

log (hm inf =

T—00

im mf
Tr—r00

T—00

log <2 B2 lim jnf 21 lfogﬁ}_{}gég}) .

log zy

]_ log 2

T rlogzq

2{ log 2

— lim

Yy—00 log y

1

}

1 1
s

92— logz/log2+{logz/log 2}

logz

log2 2 {

log : log :
log2 } {log2}

logy

log2} < 21_10g2 < 0.

Fe xy))

1 )i
9 Togz Tioga )

log 2

log Ty log zy
log 2 +{ log 2 )

1 log z1 log =
lim inf 2 Ts2 * {%;2“’}—{12;3})

log (2—53’52—1)

(_logy B

1) log 2




and

lim sup sup

T—00 n>1 an1 i T—00 n>1 N

LA 1
ZF = limsupsup(l%—QLlo JZe )

< limsup (1 + ZUEggj/(ezx — ex)) = 1.

T—00

In Example 3.1.2} the set of the r.v.’s {{1, &, . ..} is divided into two sets.
The r.v.s from the first set belong to the class D, whereas r.v.s from the
second set do not belong to this class. Selecting the counting r.v. 7 in

a special way, we achieve that the random sum of such random variables
belongs to the class D. This fact follows from Theorem [3.1.2]

EXAMPLE 3.1.2. Let {&1,&o, ...} be independent r.v.’s such that & are dis-
tributed according to the Pareto law for all odd k and & are distributed
according to the Weibull law for all even k. To be more precise, let

Fe(r)=(0+2)72 >0, ke{1,35,...},
Fe(z)=e¢ Ve 220, ke{2,4,6,...}.

In addition, let  be a counting r.v, which is independent of {&1,&s, ...} and
distributed according to the Poisson law.

Theorem implies that d.f. of the randomly stopped sum S, belongs
to the class D.
Indeed, since

1
F 1 2
lim sup =——-~ 51( y) = limsup M = lim sup (jo)Q
2
. (L+ 1) 1
= limsup ~*—5 = — < o0

for any fixed y € (0, 1), we conclude that F¢, € D.
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Next, we have

min(F&, Fn)(lﬂy)

lim sup ————+—=% =

T—00

min(F&? Fﬁ)(*r)

Since

(1 - min(Ffla Fn))(l’y)
(1 - min(FSN Fﬁ))(x)

(1 - min(l - F&? 1 - Fﬁ)((ﬁy)

lim sup
T—00

lim sup
T—00

(1 —min(l — F¢, 1 — Fy))(x)
1- (1 - maX(F&?FU))(J;y)
1— (1 - maX<F§17777))(x>
max(F, Fy)(wy)
max(Fe,, ) (2)

lim sup
T—00

lim sup
T—00

—A\k
e A 1
<
,;K ! (1+x)?
for x large enough, we obtain
— 1
in(Fe,, F, Axz02 1
lim sup m—lTl( & o) () = lim sup (1+1y)2 = — < 00,
Troo m1n<F§17 F’])('T) T Tta)2 Yy
Thus, we deduce that min{F¢, F;,} € D.
Furthermore, we have
E&r = O/ka(x)dx = 0/ a7 = 1
for k € {1,3,5,...} and
E&, = /ng(:z;)d:c = /e*ﬁdx =
0 0
for k € {2,4,6,...}.
Hence, we get
inf £, =1 and supE& = 2.
keN keN
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For all x > 0, we have:
if n =1, then

if n is even, then

1 LA
— Fe(r) ==+ e V(1 +2)?2<1+e V(1 +2)%
T

if n is odd (n = 2k + 1), then

1 5 k+1 k
— F. = *\/51 2<1 7\/51 2‘
nF&(az); &(x) 2k+1+2k—|—le ( +LIJ) +e ( +33)

Therefore, we get

lim sup sup
T—00 n>1 an1

On the other hand, we have
1 _

sup : F (x):L
n>1 nFa( ; 6l Ffl(x) o

Finally, we conclude that

lim sup sup
T—00 n>1 TLF&

3.2 Auxiliary results for Theorems |3.1.1-3.1.2

This section deals with a number of auxiliary results. The assertion of

Lemma below is well known and can be derived, for instance, from [9,
Proposition 2.2.1].
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Lemma 3.2.1. For a d.f. F € D and any p > Ji-, there are constants
c1 > 0 and co > 0 such that the inequality

s < 2

u

holds for v > u > co. In addition, we have u™ = 0( (u )) for any p > Ji.
Lemma is an inhomogeneous case of Theorem 3 from [17].

Lemma 3.2.2. Let {&1,&, ...} be independent non-negative r.v.’s with d.f.’s
{F¢,, Fe,, ...}, respectively, and let Fe, € D for some k > 1. In addition, we
suppose that condition (b) of Theorem |3.1.1| holds. Then for any p > ‘]Fsﬁ’
there is a constant cg > 0 such that

Fe o« .. x Fg (x)
Fe,(x)

< cznPtt

forallmn > k and x > 0.

PROOF OF LEMMA [3.2.2] Suppose that n > k and x > 0. First of all,
we observe that

P(S, > z) < (U {gz }) < zfleé (:Z) . (3.2.1)

=1

By condition (b) of Theorem [3.1.1] we deduce that there are positive
constants ¢4 and ¢ such that

Y Fe(z) < esnFe (x), © = e (3.2.2)
i=1

Therefore, inequality (3.2.1)) implies that

P(S, > ) < csnk, (:c) it = > ceyn. (3.2.3)
n
Since F¢, € D, by Lemma [3.2.1}, there are positive constants cg and c7
such that ()
Fg V\P
ACUPI <> (3.2.4)
Fe(v) = 7 \u

forv>u > cy.
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From inequalities (3.2.3)) and (3.2.4)) it follows that
P(S, > x) Fe, (z/n)

et < esn—== < e nPH (3.2.5)
Fe (2) Fe (2)
for all = > cgn, where c¢s = max{cy, c7}.
If 0 <z < cgn, then
P(S,, > 1 F 1 1
(S > z) < — _ Felos) < cgn? (3.2.6)
Fe (2) Fe(csn)  Fe(csn) Fe(cs) Fe (cs)

by (3.2.4) because cg > c7.
From ([3.2.5) and (3.2.6) we conclude that

Fey * .. % Fe (x) _ P(f” > 1)
Fe () Fe (z)

A

Ce
< max {6566, = } nPHl
Fe (cs)

for all > 0, which proves the lemma. [
The following lemma is an inhomogeneous case of Corollary 3.1 from
[60].

Lemma 3.2.3. Let {&1,&, ...} be independent real-valued r.v.’s with d.f.’s
{F¢,, Fe,, ...}, respectively, and let Fe, € D for some k > 1. In addition,
we suppose that

| 1
Jim sup — 3" E (|&[ Mg u)) =0, (3.2.7)
k=1

nzk T j_

condition (b) of Theorem holds, and E&, = E&F —EE, =0 for k € N,
Then for any v > 0, there is a constant cg = co(7y) > 0 such that

P(S, > z) < conFe, ()
for all x > vyn and n > k.

PROOF OF LEMMA [3.2.3] For all x > 0 and n € N, we have
P(S, > ) = IP’(Sn>;r;, U {gk>}) +P(Sn>x, N {5k<2})
k=1
< ST (;) 4P (z £ > 1‘) , (3.2.8)
k

35



where &, = &fﬂ{gkgg} + %]I{&&%}'

Let y = y(x,n) and a = a(z,n) be two functions defined as follows:
a(x,n) = max {— log (nﬁfﬁ (%)) ) 1}, whereas y(z,n) is an arbitrary func-
tion such that y(z,n) > 0 and lim 5;1% y(x,n) =0.

By Markov’s inequality, for all x > 0 and y = y(z,n), we have
P (Z & > SC) < e Eexp {y > gk}
k=1 k=1
e [ (1 E (R 1)
k=1

Therefore, using inequality 1 +v < e’, v € R, we get

P <k§1 Sk > x) < exp{ —yr+a+ zn: E (eygk — 1> } (3.2.9)

T T @)

For every fixed k € N, we split the expectation E (eyg’*‘ — 1) into four
parts as follows:

E (eygk — 1)

:< [+ [ + )(ey“—l)ngk(u)
(~%0,0]  (0,2/(2a%)]  (@/(2a%),2/2)

+ (ey“’ﬁ — 1) ng (g)
= Ju + Jok + T3k + Tk (3.2.10)

The inequalities [e¥ — 1| < |v| and |e¥ — 1 —v| < v?/2, which are true for
all v <0

Jie = E((e - 1)Te<0p)
= yE (&Ig<0p) + B ((e¥% — 1 — y&) L <o)
= —yE&G +E((" — 1) Ligc 1y gm) — YE (Sligc 1/ ym)
+ E (e =1 —y&) Ty yyegico))
< —yEg 4y (QE(1& I e <1/ 0my) +VT/2) (3.2.11)
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whereas the inequality e’ — 1 < ve”, which holds for all v > 0, gives
Tk < yexy/@a ) / udFy, (u) < ye™/ (24%) Ee.
[0,2/(2a%)]

In addition, it is easily seen that
Tar < €W Fe (x/(2a%) and Ty < e™/?Fe, (2/2) < ™/*F k(:z;/(2a2)).

Using the bounds obtained together with relations ) and ( m
we get

J < exp{—yr+a—y> B +yne(y)
k=1

+ emv/a)y Z B¢t 4+ 207/2 Y T, (29;2> } (3.2.12)
k=1

where n > k and e(y )—y1/2/2+sup Z 2|k Mg, <1/ 47)-

nzkKk

The condition E§ < oo implies that

1
Jim. :Lglvfn a(z,n) 2 lim log (W) = 00. (3.2.13)

Similarly, the condition F¢, € D and Lemma give

T T
lim inf 55 = lim inf —
n—o0 x>yn 2q n—00 g2yn 9 log (1/<nF£ﬁ (CE/Q)))
T T
> lim inf — = lim inf —
R glog? (1 (Fe, () 7o 21og? (/ (T, (0)
> lim inf L = 00. (3.2.14)

7m0 u2n 9p2 log?

Hence, by condition (b) of Theorem and Lemma [3.2.1] we obtain
no_ x — X DY X
3 P (3) < cwnfe (55) < ennFe (3).

where x > yn, n is large enough and p > JEEEH.
Substituting the last bound into ([3.2.12]) we conclude that the inequality

J < exp{—yrc+a—yZE£;§ + yne(y)
k=1

+ e/ S EEF 1 20167 20T, (‘;) } (3.2.15)
k=1
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holds if > yn and n is large enough.
Let now § = max {a_ip/g)g“, i} It is clear that § = g(z,n) > 0 for all
x > 0 and n € N. Moreover, 1}1_%10 xlgyfny =0 by (3.2.14)).

For y = 7, inequality (3.2.15)) yields
J < exp{ — gz + a+ gne(y) + (e —1) Z E&E + 2611} (3.2.16)

if x > yn and n is large enough.

By (8.2.2), we have
n n C4 o
Sag = 3 ([+ ) Fatman
k=1 k=1 \ Ca

< an+ esnEE = cpan. (3.2.17)
Combining (3.2.16|) with (3.2.2)) we obtain

7 1/(1_1
J < ezcllexp{gx(_1+5(y)+(e )012>+a}
v gl

< e exp{g(=3/4) +a}
= ¥ exp{—a/2 + 3ploga}

for all z > yn and n large enough.

Therefore, taking into account (3.2.9)) and (3.2.13]) we get

P(i & > I)
=1 0.

lim sup su — =
n%oop x}y% HFEK (%)

Hence, we deduce that

Fe (2 x
P(S, > ) _ £ (07 ()
lim sup sup ——=——= < limsup sup < 00

n0o g>yn Mg, (7) n—00" zzyn ke, (x) Fe (x)

because of inequality (3.2.8) and the conditions of the lemma.
From the last inequality it follows that
Sy >
sup PS> z) < o3 (3.2.18)

2 nFe (z)

for some c13 > 0 and all n > N, where N > & is a positive integer number.
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If Kk <n < N andx > 0, then by Lemma [3.2.2] there is a constant
c14 > 0 such that

(S > :1: (Z fk > l‘) 6147?,1)+ F5+( ) 014anF€H(SL‘). (3219)
The assertion of the lemma now follows immediately from (3.2.18) and

(3-2.19). O

Lemma 3.2.4. Let &, &9, ... be independent non-negative r.v.’s such that

Jim sup — Z E(ﬁkﬂ{gk%}) =0 and lm 1nf - Z E&, > 0.
neN N 5 =1

Then lim sup P(S, <) =0 for some d > 1.

X p>da

PROOF OF LEMMA [3.2.4] Let x and y be arbitrary positive numbers.
Since &1, &9, ... are non-negative, by Markov’s inequality, we obtain

P&+ &+ .+ & <a) = Ple vttt t) 5 o)
k=1

Next, applying arguments similar to those in (3.2.11)), for all k =1,...;n
and y > 0, we get

E(e ™% — 1) < —yE&, +y (2B (& g1/ 471) + vV3/2) -
Therefore,

P& +&+ .. +& <z) <exp {y(w — i E& + n?(y))},

k=1
where & (y) = 2 sug % kzlE(gk]I{fk;>l/<1/gj}) +VY/2.
ne =

By the conditions of the lemma, we have

y—0

1 n
limé(y) =0 and — > E& > dy
T =1

for some d; > 0 and n large enough.
Hence, for this n and all x > 0 and y > 0, we obtain

P&+ &+ ..+ & < @) <exp{y(z — ndy + né(y))}.
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Since € (y) 4 0 as y | 0, there is y* > 0 such that

P&+ &+ + & <) <exp{y’(z —ndi/2)}.

The last inequality implies that

P& + &+ ... + & < o) < exp{—y 'z}

if n > 4x/dy and x is large enough.
The assertion of the lemma follows immediately from the last inequality.

O

3.3 Proofs of Theorems [3.1.1H3.1.2

PrROOF OF THEOREM |3.1.1| To prove the theorem, it is sufficient to show
that

T o Gl )
T—00 ]P)(Sn > l‘)

By Lemma [3.2.2] for any = > 0, we have

IP’(Sn>‘;) _ (:1+ 3 )P(sn>§)1@(n:n)

= n=rk+1

< IP(SH> x)+ > P(Sn> x)IP(n
2 n=k+1 2

< 0. (3.3.1)

n)

_ x — /x Ry
< 615/€p+1F£K, <2> + ci5Fe, (2> > anP(?? =n)
n=~r+1

+1 N\ (7
< e (W HEPY) P (3).

where c;5 is a positive constant.

In the case of non-negative r.v.s we know that

Fs(x) = S P(Sy>2)P(n=n)>P(S>z)Pn=k)

> P (& >a)P(n = k) = Fe(2)P(n = k) (3.3.2)

forall x > 0and k > 1.
Thus, from (3.3.2)) we conclude that

B(S, > 7) > Fe, (2)P( = ).
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In addition, F¢, (2)P(n = k) > 0 because Fg, € D and k € supp(n).
The last two inequalities imply that

Fe, (3)

P(S,>%) s (k0 4+ Eprtt)
li 2/ < li S .
el P(S, > 1) P(n=r)  wos Fe (1)

Inequality now follows immediately from conditions (a) and (c)
of the theorem, which completes the proof. [

PROOF OF THEOREM . First, we suppose that min{F¢_, F,,} € D,
or, equivalently,

max {Fsﬁ (ya), F n(yx)}
lim sup

L300 maX{an(x),Fn(x)} =

for all y € (0,1).

We now prove that the d.f. Fg, belongs to the class D.

Applying arguments similar to those in (3.2.17) and taking into account
the conditions of theorem we get

for some constant c¢1g > 0 and all n € N.

For all x > 4k ¢4, we have

Fg,(z) = IP’(Sn>:L’,?7</i)+IP’<S,7>:r:,/1<n<4;(})
+ ]P’(Sn>x,77> 4Z> =N+ T+ T (3.3.4)
16

If x is large enough, then the conditions of the theorem imply that

T < PS> 1) < Y Fe (1")

=1 K

< ceprkFe, (Z) < 17k max {F& (i) ,F, (Z) }

for some constant cy7 > 0.

41



Next, for Js, we have

Jo = > P (
(4cs)

k<n<z/

(& —E&) >z — g:l Eék) P(n =n)

i T

4

<z o
(4616)

(& - Ee) > %) P(y = n). (3.3.5)
k<n<z/

The r.v's & —E&y, & —E&,, ... satisfy conditions of Lemma |3.2.3] To be
more precise, E(§; —E&;) = 0 and F;,_ge, € D for all k£ € N. In addition,
the conditions of the theorem yield

n
lim sup sup 1 Y E (|§/rC — Efk’]l{grlggkgfu})

U—00 n=>kKk n k=1

: 1 &
= limsupsup— > E ((Efk — &)]I{&,]Egkg,u})

U— 00 n=>kKk n k=1

1
< limsupsup — Y E& =0. (3.3.6)

U—00 n>=k n 1<k<n
E&p>u

Applying the assertion of Lemma [3.2.3| to (3.3.5) we get

— 3
J2 < cig > nke, (:1: + Efm) P(n=n)

r<n<z/(4cig) 4

< g Enpmax {F& (if) F, <%f> }

It is easily seen that J5 < F), (z/(4c16)). Consequently, the bounds for
J1 and 7, together with (3.3.4]) give

Fg (z) < (ci7k + cisEn + 1) max {F&(a:c), Fn(ax)}, (3.3.7)

where a = min{1/k, 3/4, 1/(4ci6)}.
On the other hand, Lemma [3.2.4] implies that

P(S, >x) > ¥ P(S, > x)P(n=n) > F,(bx) <1 — sup P(S,, < :)3))
n>bx n>bx

> F,(ba)/2 (3.3.8)

for some b > 1 and z large enough because

1 .n
limsupsup — 3 E (&l g, 50))
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= lim sup max {max 1y Z E (gk]l{ﬁk u}) sup — Z E <£kﬂ{£k>u}>}

U—00 ’I’L/H

)

1
= limsupsup — Z (uF g, (u

U— 00 n>/§ k=1

VAN

lim sup uF su
u%oop En( ) n>§ an (

+ limsup / Fe, (v)sup

!

U—00 n>k an
< Cpg (lim sup qu ) + lim sup / Fe, (v )
U— 00 U—00

by the Conditions of the theorem and bound ( -

From and (3.3.8) we get
FS,, () > max {Fgﬁ(az)]}”(n — k), 1/2 F,,(ba:)}
> min {IP’(?] = K), 1/2} max {F&(bx),Fﬁ(bx)}. (3.3.9)
Therefore, using (3.3.9) together with we obtain

Fs,(x/2)
lim sup —=—~—"-+~
rhool Fg, (z)

(ci7k + c1gEn + 1) lim sup max {an(ax/Q), F,](aa:/2)}
min {P(n = K), 1/2} T max {F&(bx), Fn(b:c)}

for some 0 < a < 1andb> 1.

Thus, Fs, € D, which proves the sufficiency of the conditions of the
theorem.
Let now the d.f. Fg, belongs to the class D. By (3.3.9), we obtain

B B P(S, > z/(2b))
max {F@(l’/”’ F”(xm} S i {P(n = k), 1/2}

for some b > 1 and x large enough.
Moreover, inequality (3.3.7)) yields

Fg,(z/a)
(017/4, + ClgEn + 1)

max {F&(x), Fn(:r:)} >
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for some 0 < a < 1 and x large enough.

Combining the last two inequalities we get

ma {Fe, (2/2), Fy(2/2)} Fs,(az/(20))
lim su < cgolimsu =
x—)oop max {F& (q;), FU(I>} < x—>oop FSn (-T)

< 00,

where cog > 0.
The necessity of the conditions of the theorem follows immediately from
the last inequality, and the proof is complete. [
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Chapter 4

Randomly stopped sums for

exponential-type distributions

4.1 Main results

Now we formulate three theorems, which describe conditions under which
the d.f. Fi, belongs to the class £(v) for some v > 0. In Theorem 4. 1.1} the
case of a finitely supported counting r.v. 7 is considered, whereas conditions
of Theorems |4.1.2)and [4.1.3|imply that the right tail of  is unbounded. We
suppose that the r.v’s {1, &, ...} are non-negative in Theorems and
4.1.3] whereas they can be real-valued in Theorem [4.1.2]

If v > 0, then the results presented in this chapter are new. If v = 0, then

all the assertions below can be derived from the theorems proved in [47].
For the sake of completeness, we include the case v = 0 in our assumptions.
Moreover, we apply the same methods to prove our results for v > 0 and
v=0.

Theorem 4.1.1. [I8] Let n > 1 and {&1,&,...,&} be a collection of in-
dependent non-negative r.v.’s with d.f.’s {F¢,, Fe,,..., Fe,}, and let n be a
counting r.v., which is independent of {&1,&s,...,&,} and has a finite sup-
port supp(n) C {0,1,...,n}. Then the d.f. of the randomly stopped sum
Fs, belongs to the class L(y) for some v = 0 if F, € L(y) for some
1 < v < min {supp(n) \ {O}} and either Fe, € L(7) or Fg (z) = O(Fgu({l?))
for each k € {1, 2,..., max{supp(n)}}.
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Theorem 4.1.2. [18] Let {&1,&s,...} be a sequence of independent real-
valued r.v.’s with d.f’s {F¢,, F,, ...} such that
F
sup M —e M —0 (4.1.1)
1| Fe(x) e
for some v = 0 and any fired y > 0. In addition, let n be a counting r.v.
independent of {&1,&s, ...} and such that
Pn=k+1)
> 0. 4.1.2
P(n = k) koo (412)

Then Fs, € L(7).

Here we note that condition (4.1.1]) is equivalent to the two-sided bound

F F
e Y < liminf inf M < lim sup sup M <e Y,
T—00 k>1 ng(l’) T—00  k>1 ng(ac)
which holds for some v > 0 and any fixed y > 0.
Moreover, we observe that condition (4.1.2)) implies that P(n = k) > 0

for all £ large enough.

Theorem 4.1.3. [I8] Let {&1,&, ...} be a sequence of independent non-
negative r.v.’s with d.f.’s {F¢,, Fe,, ...}, and let n be a counting r.v. inde-
pendent of {£1,&2,...}. The d.f. Fs, belongs to the class L(y) for some
v =0 if there are % > 1 and 1 < v < 3 such that

() v < min {supp(n) \ {0}};

(i) Fe, € £(3);
(iii) for all 1 < k < 5, F, € L(7) or Fe (x) = O(ng(I)),’
(iv) for ally >0,
ka (z +y)

Fﬁk(x)
(V) Pn=Fk+1)/P(n=k) — 0.

sup —e Y —0;
T—r 00

k=41

Next, we give two examples, which illustrate some applications of our
theorems. In both of these examples, we construct randomly stopped sums

belonging to the class of exponential distributions.

46



EXAMPLE 4.1.1. Suppose we have a three-seasonal sequence of independent
Erlang r.v.’s with d.f.’s from the class L(2), i.e. let

(1—e™2(1+ 22)) Mg 00) () if k=1mod3,
Fe (z) = (1 —e (14 22 + 2%2))11[0700)(56) if k=2mod3,
(1= e (1 + 22+ 22° + 423/3)) Mg oy (x) if k =0mod3.

In addition, we assume that the counting r.v. n is independent of {&1, &, .. .}

and distributed according to the Poisson law with an arbitrary positive pa-

rameter \.

In this example, it is clear that

ka (‘T + y)

—2y
Ssu — — €
k;l) ng(a:)
— max |F§1($—|—y) _e—2y , ng(x—ky) a2y ’
Fﬁl(x) F&(I)
Ffi(x+y)_e—2y - 0
and

It can be easily seen that all the conditions of Theorem are satisfied.
Consequently, Fs, € £(2).

EXAMPLE 4.1.2. Suppose that {&1,&, ...} is a sequence of mon-negative

r.v.’s such that

— 2
ng(x):—/e_yzdy, r>0, ke{23,...,10},

Fe(x)=e (14 2/(k—10)), 2>0, k€ {11,12,...}.

In addition, let n be a counting r.v. independent of {&1,&s,...} and dis-

tributed according to the following law:
1
Pn=Fk)=-e*, ke{0,1,2,. ..},
¢
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where -
e=> e ~1.3863.
k=0

The sequence {1, &, ...} and the counting r.v. 7 satisfy conditions of
Theorem with v =1, ¥ = 1 and » = 10 because:

Ffl S ,C(l),

supp(n) \ {0} = N,

Fe(z) = o(Fe (v)) if k € {2,3,...,10},
Pn=k+1)/P(n=k) =e 2! keN,

and
_ o ye?

o+ k—10

-y

‘ka (z +y)
Fe, (CL’)
forall k> 11, x > 0 and y > 0.

Consequently, the d.f. Fg, belongs to the class £(1) by this theorem.

4.2 Auxiliary results for Theorems [4.1.1-4.1.3

In this section, we give all auxiliary assertions, which we use in the proofs
of our main results. The first lemma is proved by Embrechts and Goldie
(see [26, Theorem 3]).

Lemma 4.2.1. Let F' and G be two d.f.’s, and let F belong to the class
L(7y) for some v = 0. Then convolution F x G belongs to the class L() if

one of the following conditions holds:
(i) the d.f. G belongs to the class L(7);

(i) G(x) = 0(7(:6)).
The next lemma is the inhomogeneous case of the upper bound given in

the proof of Proposition 6.1 from [63].

Lemma 4.2.2. Let {&1,&, ...} be independent real-valued r.v.’s with d.f.’s
{F¢,, Fe,, ...} such that

- Fe(r+a) _ -
limsupsup 22—~ € e™ 4.2.1
:c—>oop k;f ng (I) ( )
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for some v = 0 and a > 0. Then for any € € (0,1), there is b = b(a,c) > 0
such that

Fg,..(x+a)<(1+e)e " Fg,, (z) + Fg,(x —b)
forallx e R andn > 1
PROOF OF LEMMA [4.2.2] For all z € R and b > 0, we have
Fg,(x) = P(Su1 > ) =P(S, + &1 > @)
= [ Feu-ydfs@+ [ Fele—y)dFs,y)

—00, x—b) (z—b,00)

= jl(x, b) + Ja(z, b). (4.2.2)
Condition (4.2.1)) implies that

sup ngﬂ(:z: - Y+ CL)
nzl F§n+1 (CE - y)

<(+e)e

for any fixed e € (0,1)if y <z +a—0b,ie. x —y >b—a, and b is large
enough. For such values of b, we get

Jila+ab) = [ Feulz+a—y)dFs,@)
(foo,erafb]

(—oo,:c—i—a—b] F£n+1 (x - y)

VFe, \(x—y)dFs, ()

N

(+e)e ™ [ Feola—y)dFs,(y)
(—o0, x—b]

+ (4o [ Felo—y)dFs, ()
(z—b, x+a—b]

(1+¢) e_w(jl(x b) + Jo(x, b))

= (L+eg)e ""Fg,,(2).

VAN

Furthermore, it is obvious that

Jow+ab) < [ dFs(y)
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Therefore, for any € € (0,1) and b = b(a, €) large enough, we obtain
Fou(r+a) = Ji(r+ab) + J(z+a,b)
< (1+4¢e)e ™ Fg,,, (z)+ Fg,(x —b),
which proves the lemma. [

The next lemma gives a lower bound for Fg, ., (z + a) in the case of
non-identical d.f’s {Fg,, Fg,,...}.

Lemma 4.2.3. Let {&1,&, ...} be independent real-valued r.v.’s with d.f.’s
{F¢,, Fe,, ...} such that

F
lim inf inf M
TT00 k21 ka(x)

for some~y = 0 anda > 0. Then for anye € (0,1/2), there isb = b(a,e) > 0
such that

>e (4.2.3)

A

Fsu(a+a) > (1—e)e F,,,(x) - Fs, (v — )
forallx e R andn > 1
ProOOF OoF LEMMA [4.2.3| By representation (4 , we obtain
Fg,, (x) = Ji(z,0) + Ja(z,b)

for all z € R and b > 0.
Next, by (4.2.3)), for any fixed € € (0,1/2), we have

F _
1Ilf €n+1( y + a)
n=1 Ff +1 (x - y)

>(l—¢g)e

forally<z4+a—band b= ?)(a, e) large enough.
Applying arguments similar to those in the proof of Lemma, we get

2 Fe . (x+a—y)
Ji(z+ab) = ot Fe (x—1y)dFs (y
(r +a,) | F e, Feal-ndis)
(—o0, z+a—"b]
> (1-g)e ™ [ Fe(w—y)dFs,(y)
(—o00, 2+a—b]
> (1—e)e ™ [ Fe.(a—y)dFs,(y)
(—o0, z—b]

= (1—¢)e " Fi(z,b)
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for such values of b. Therefore,

FSnJrl('r + (I) = ._71($ +a, B)
> (1—¢)e T (x, A)
= (1—¢)e "(Ji(x,b) + Fa(z,b)) — (1 — &) e " Tn(x, b)
> (1—¢)e @ F,, (z) — Fs,(x—b),
and the assertion of the lemma follows. ]

The last auxiliary assertion is a mild generalization of one of Braverman’s
lemmas (see [10, Lemma 1]).

Lemma 4.2.4. Let {&, &, ...} be independent r.v.’s, and let Fg, € L(7) for
some v = 0. Then for any a > 0 there is a constant c, such that

P(S, >z —a) < c,P(S, > z)
for alln € N and x € R.
PRrROOF OF LEMMA [4.2.4] The definition of the class £(vy) implies that

Falo—a) = Folo—0
< 267(1?51(1’)

if x > x, and z, is large enough.
If x < x4, then it is evident that

Fsl(x_a) _ F€1<x_a)< 1

Fs(r)  Felr) ~ Fal(za)
Consequently,
supw < max {Qew, = : } =cq
ek Fg (2) & (7a)
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If n > 2, then for all x € R, we have

Fs (z—a)

/N

N\

P(£1+§2+...
P& + S2n > 7 —a)

oo

/ P& > 2 —a—y)dP(S2n <)

—0o0

+&, > x—a)

7F§1(x—y—a)
Ffl(x_y)
Ffl(z_a

sup

oo

Ca / Fe (z —y)dP(Ss, <

Fe (z —y)dP(Ss2, <

)

/F&x—)dw&n\)

CGP(& + Sg,n > :c)

coP(S, > x),

which completes the proof of the lemma.

4.3 Proofs of Theorems |4.1.1

In the proofs below, we mainly use approaches from [19, [40], 63].

PrOOF OF THEOREM [4.1.1] For all x > 0, we have
> Py=k)Fs ().

Since the support supp(n) is finite, for any y > 0, we get

FSU (l’) =

4.1.3

kesupp(n)

kesupp(n)

by’

which holds for a;

52

o {F?%y)} S

by the two-sided bound

aip a2
min
by’

Fkgl(x+y)< {
an(x) = kesupp(n)
am} a;+as+...+a,
b, by +by+ ...+ b,
< max{

Y)

>0, b; >0and m € N, where 1 € {1,2,...,m

}



If k € supp(n), then

Se=Y &+ D&,

iek igK
where K = {1 <i<k: F, € L(v)}.

Since Fe, € E( ) for 1 < v < min{supp(n) \ {0}}, the set of indices
IC is not empty. Lemma implies that the d.f. Fj of the sum > ;cxc &
belongs to the class L£(7).

Next, if * ¢ K, then F¢.(z) = 0<F5V(x)) by the conditions of the
theorem. Therefore,

@) _ P& >2)
Fie(z) P(ZielC & > I)

and consequently, Fi * F¢,. belongs to the class £(7) by part (ii) of Lemma

Fﬁu(x) T—00

Y

4.2.1] Continuing our considerations we conclude that the d.f.
ng = Fi % { ® F&}
12K
belongs to the class £(v) as well for any index k € supp(n). Here ® Fg,

1¢KC
denotes the d.f. of the sum Y ;¢x &;.
Consequently, applying the two-sided bound (4.3.1)) yields the inequali-
ties

r F
T—00 FS ( ) kesupp(n) T—00 ng( )
and -
F F
lim inf M > min {hm inf M} e Y
Z—00 F57]($> kesupp(n) | T Fsk( )
for all y > 0, and the proof of the theorem is complete. [

PROOF OF THEOREM [4.1.2] In order to show that Fs, € L(v) for some
~v = 0, it is sufficient to establish the inequalities

Fs,(z+y)

lim sup <e W 4.3.2
z—oo Fg () ( )
and
I
i ing T Y S (4.3.3)

T—00 FSn (.’L’)
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for all y > 0.
(I) First, we show inequality (4.3.2)). To this end, we suppose that y > 0
is an arbitrary number and choose € € (0,1). By condition (4.1.2), we have

Pn=n+1)<eP(n=n) (4.3.4)

for all n > N = N(e) > 2. For such values of N, we get

Fs(w+y) — imn:n)an(xw)

+ Z P(n=n)Fg,(x+1y). (4.3.5)

Applying Lemma we obtain

S Po=nFs@+y) < > (1+&) e WPy =n)Fs, (@)
n=N-+1 n=N-+1
£ Y Bl =nFs(x-b)
n=N+1

for some b = b(y,e) > 0. This relation together with inequality (4.3.4))
shows that

N
Fs(r+y) < Y. P(n=n)Fs,(z+y)

for all fixed k and u. From this it follows that F¢, € L(v) for all k. Hence, by
Lemma [4.2.1], we conclude that Fig, € £(v) for all fixed n € N. Therefore,

an(x + y) —"yy
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for all > & = Z(N, y,¢). Thus, for some pair N € N and b > 0, chosen in
a special way, and all x > &, we have

Fo(o+y) < (1+2)e S Bly = n)Fs, (@

+ (I+e)e n:§+1 P(n=n)Fs, ()
+ e ip(n — n)Fs (x —b)
(1425 Py (1)

+ 5H§VIP’(77 =n)Fg, (v —b).

By Lemma [4.2.4 Fg, (z —b) < co1Fs,(z) for some constant cg =
c21(b(y,€)) > 0. Therefore,

Fs(x+y) < (I+e)e WFg (x) +eea Y, Pln=n)Fs, ()
n=N

< (1 + 8) ei’nySn(I) + €Co an(l’)

for all z large enough.
The last inequality implies that

F
lim sup 78"( T +y)

< (1 -y .
o FS() ( ‘|‘5)6 “+ € 91

Since ¢ € (0,1) and y > 0 are arbitrary, the desired inequality (4.3.2)
holds for all y > 0.

(IT) In this part, we show inequality (4.3.3). We fix y > 0 and choose
e € (0,1/2). Let N be a natural number for which inequality (4.3.4) holds.
By Lemma |4.2.3 we have

oo

%: 1IP’ n)Fs (r+y) = 7%: 1(1 —¢e)e  "P(n=n)Fs,(x)
_ f Py = n)Fs, (x—b) (438)
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A A

for some b = b(y,e) > 0. Substituting (4.3.4) and (4.3.8) into equality
(4.3.5)) we get

Fs(ety) > 5 PBl=n)Fs(e+y)

b o(l—g)e W %1% )T (x)
~ e _i Pln=n—1)Fs (x—b).  (439)

Since F¢, € L(7) for all fixed k, applying Lemma we obtain Fg, €
L(y) for each fixed n € N. Applying arguments similar to those for deriving
(4.3.7)) we get

Fs,(z+vy)

_S)e W
 in Fs (@) >(1—¢)e (4.3.10)

forall x > & = z(N,y,¢).
Therefore, by (4.3.9) and (4.3.10)), for all z > %, we have
Fg(x+y) > (1—¢)e” WFg (x)
— € Z P(n =n)Fg, (z —b).

Next, from Lemma we deduce that Fg (z — b) < ¢poFg, () for
some constant ¢y = ca2(b(y, €)) > 0. Therefore,

Fg(z+y) > (1—¢e)e WFg () —ecnFs, ()
for all z > x. This last inequality implies that

F
i ing L5+ Y)

>(1—¢g)e W —
BT (@) (I—¢)e € C22

for any € € (0,1/2). Letting ¢ — 0 in the last inequality we get the desired
inequality (4.3.3]), which completes the proof of the theorem. O

PROOF OF THEOREM [4.1.3] If 5 = 1, then the assertion of the theorem
follows immediately from Theorem 4.1.2 So we suppose that > > 2 and

break down our proof into two parts.
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(I) If P(n < ») = 0, then the r.v. n has an infinite support
supp(n) C {=+1,2+2,...}.

Conditions (i)-(iii) of the theorem imply that Fs,_ € £(7) by Theorem [4.1.1]
Since F¢,_,, € L(7) by condition (iv), the convolution Fy_,, = Fg, * F¢_,,
belongs to the class £(v) as well by Lemma [4.2.1] From this and condition
(iv) we conclude that

Fe (v +y)

— e Y
Fe (x)

— 0

su
b T—00

k>1

for any fixed y > 0, where él =S, o =Eppo, ég =&t3, -
Let 7 be the counting r.v. defined by the equality P(} = k) = P(n =
»+ k), where k =1,2,..., and let S, =& +&+.. . +& foralln > 1.
The r.v.s {£1,&, ...} and # satisfy conditions of Theorem . Hence,
Fg. € L(7). It is easily seen that

Fy(r) = P(= 1P > a) + é Pl = k)P(S, > 1)

— Py = e+ DP(Syrs > 2) + S P = 32+ K)P(Sr > @)
k=2
= FST, (LL’)

for any « > 0. Consequently, Fs, € L(7) as well in the case under consid-
eration.
(IT) Let now P(n < »2) > 0. Since P(n > » + 1) > 0 by condition (v),

we have
Fg () =P(n < 2)Fg,(x) + P(n > %+ 1)Fg,(x) (4.3.11)

for any = > 0, where 1 and 7 are two counting r.v.’s, which are independent
of {&1,&, ...} and have the following distributions:

k) = m,ke{o,l,...,%},
k) = P<IS(ZZ?1), ke{x+1,x+2,...}.

P(

N
I

P(

>
|

o7



Theorem implies that Fs, € L£(7) because of the finiteness of the
support supp(77). Applying arguments similar to those in part (I) we de-
duce that Fs, € L(7) as well. Now the assertion of the theorem follows
immediately from equality , which completes the proof. OJ
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Chapter 5

Closure properties of

O-exponential distributions

5.1 Main results

In this chapter, we deal with the class OL, which is wider than the class
L(7y). All assertions in this section are presented in the chronological order.
First, we formulate two assertions for the case of i.i.d. summands. Such
two assertions were obtained in paper [20]. We suppose that the r.v’s
{&1,&, ...} are i.i.d. with d.f. from the class OL and show that the d.f. of
the sum & + & + ... + &, remains in the class OL if the r.v. 7 satisfies the
conditions similar to those in [1I, Theorem 3.1].

Theorem 5.1.1. [20] Let {&,&s,...} be independent copies of a mon-
negative r.v. & with d.f. Fe. In addition, let n be a non-negative, integer-
valued, non-degenerate at 0 and independent of {&1,&2, ...} v, with d.f.
F,. If Fe € OL and F,(0z) = O(\/E Fg(x)) for all § € (0,1), then
an e OL.

The assertion of this theorem can be derived from Theorem [B.1.5] or
Corollary [7.2.2] but in Section we give the original proof of this state-
ment presented in [20]. Note that it is similar to the proof of Theorem 6 in
[46].

The following corollary actually shows that Albin’s conditions for the
counting r.v. n are sufficient for the d.f. Fjg to remain in the class OL.
The proof of the corollary below is also given in Section [5.3
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Corollary 5.1.1. [20] Let {&1,&,...} be a sequence of independent non-
negative r.v.’s with a common d.f. Fy € OL. Then the following assertions
hold:

(i) The d.f. P(& + ... + &, < x) belongs to the class OL for all fized
n € N.

(i1) If, in addition, n is a non-negative, integer-valued, non-degenerate at
0 and independent of {&1,&s, ...} r.v. Such that Ee®" < oo for each e > 0,
then Fs, € OL.

Further in this section, we consider independent but not necessarily
identically distributed r.v.’s. If {&1,&, ...} are possibly non-identically dis-
tributed, then different collections of conditions on r.v's {&1,&s,...} and 5
imply that Fs, € OL.

We formulate our next main results for not necessarily identically dis-
tributed heavy-tailed r.v.s. The first assertion corresponds to the situation
where the tails of the d.f’s F, are uniformly comparable with themselves
at the points = and x — 1 for all € [0, 00) and large indices k.

Theorem 5.1.2. [19] Let {{1,&, ...} be independent non-negative r.v.’s
with d.f’s {Fe,, Fe,,...}, and let n be a counting r.v. independent of
{&1,&,...}. Then Fs, € OL if the following three conditions hold:

e For some r € supp(n) \ {0}, the d.f. F, € OL;

e For any k € supp(n), k < k, either lim Pol) g op Fe, € OL;

— 00 FEn (:U)

Fﬁm—k(x_l)
® supsup —*H——= < 0.
220 k21 Fencs
Since any d.f. from the class OL is comparable with itself, the next

assertion follows immediately from Theorem [5.1.2]

Corollary 5.1.2. [19] Let {&1,&, ...} be independent non-negative r.v.’s
with a common d.f. Fe € OL. Then the d.f. of the random sum Fg, is
O-exponential for any counting r.v. 1.

It is easily seen that this corollary generalizes the assertion of Theorem
b.1.1] Nevertheless, we presented both results because of different methods
of proofs, which are given in Section [5.3]

Our next assertion deals with the case where the counting r.v. n has a
finite support.
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Theorem 5.1.3. [19] Let {&1,&,...,¢p}, D € N, be independent non-
negative r.v.’s with d.f.’s {Fe,, F,, ... Fe,}, and let n be a counting r.v. in-
dependent of {&1,&2,...,Ep}. Then Fs, € OL if the following three condi-
tions hold:

e Pn<D)=1;

e For some k € supp(n) \ {0}, the d.f. F;, € OL;

 Forany k € {1,2,..., D}, either lim F?E ; =0 orF, € OL.

The next assertion deals with the case where the tails of the d.f’s Fg,

are comparable at x and x — 1 asymptotically and uniformly with respect
to large indices k. In this case, conditions on the counting r.v. n are more
restrictive.

Theorem 5.1.4. [19] Let {{1, &, ...} be independent non-negative random
variables with d.f.’s {F¢,, Fe,, ...}, and let n be a counting r.v. independent
of {&1,&2, ...} and having a d.f. F,. Then Fs, € OL if the following five
conditions hold:

e For some k € supp(n) \ {0}, the d.f. F;, € OL;

e For any k € supp(n), k < &, either lim %’“E ; =0 or Fg, € OL;

e lim sup sup oyl < 00;
L—00 k>1 F£K+k( @)

e limsup ; Z sup (Fg Lz —1)— Fgm(az)) <1

k—o0 =1 2>0

e For any ¢ € (0,1), it holds F,(dz) = (\/_F&( ))

Our last theorem on the randomly stopped sum .5, gives sufficient con-
ditions under which the d.f. of the randomly stopped sum Fg, belongs to
the class OL. We note that the assertion below is more general and easily

verifiable.

Theorem 5.1.5. [22] Let {&1,&, ...} be independent real-valued r.v.’s, and
let ) be a counting r.v. independent of {&1,&2,...}. Then Fs, € OL if
Fe, € OL for s = min{n € supp(n),n > 1}.

For the r.v’s {&,&, ...} and the counting r.v. 7, we can construct not
only randomly stopped sum S,, but also the randomly stopped maximum

&y and the randomly stopped maximum of sums S(,). The following two

61



theorems describe conditions under which the d.f. F¢ belongs to the class
of O-exponential distributions. In Theorem [5.1.6] the r.v’s {&,&,.. .}
satisfy minor requirements, but conditions on the counting r.v. n are
more restrictive. In Theorem [5.1.7, the situation is completely different:
{F¢,, Fe,, ...} are uniformly O-exponential d.fs of independent r.v’s, but
the counting r.v. n may be arbitrary.

Theorem 5.1.6. [22] Let {&1,&o, ...} be (arbitrarily dependent) real-valued
r.v.’s, and let n be a counting r.v. independent of {&1,&2,...}. Suppose
that there are » € supp(n) and a positive sequence {p(n)}e, such that
Fe, € OL, Ep(n)l,>1y < oo and

1 n

lim sup sup Fe (7)) < oo, 5.1.1
LA i Fe ) e 1Y

Then F§(n) c OL.

Theorem 5.1.7. [22] Let {&1,&, ...} be independent real-valued r.v.’s, and
let n be a counting r.v. independent of {&1,&s, ...}, If

Fe(x—1
lim sup sup M < 00,
T—00  k>1 ng(:E)

then Fﬁ(n) e OL.

The last two assertions give sufficient conditions under which the d.f. of
the randomly stopped maximum of sums belongs to the class OL. Theorem
deals with the case where the r.v. 7 has an infinite support, whereas
Theorem corresponds to the case of finitely supported counting r.v. 7.

Theorem 5.1.8. [22] Let {&1,&, ...} be independent real-valued r.v.’s, and
let n be a counting r.v. independent of {&1,&2,...}. Then the d.f. of the
randomly stopped mazimum of random sums Fg —belongs to the class OL
if Iy, € OL and the r.v. n satisfies the following two conditions:

P P(n >
lim sup — (n>n) < oo and limsup Bly 2 n) < 0. (5.1.2)
n—oo” N P(n = k) n—oo P(n =mn)

Theorem 5.1.9. [22] Let {&1, ..., &} be independent real-valued r.v.’s with
d.f’s {Fe, ..., Fe,}. In addition, let n be a counting r.v. independent of
{&1,&, ..., &n} and having a finite support supp(n) such that p := max{n €
supp(n)} < m. Then the d.f. of Si) belongs to the class OL if Fe, € OL.
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The following corollary deals with the homogeneous case and follows

immediately from Theorems [5.1.5] and [5.1.8]

Corollary 5.1.3. [22] Let {&1,&, ...} be i.i.d. real-valued r.v.’s with d.f.
Fe, and let n be a counting r.v. independent of {&1,&,...}. If Fe is O-
exponential, then the d.f.’s Fs, and Fy, are O-exponential. If, in addition,
the r.v. n satisfies condition , then Fg, is also O-exponential.

Further, in this section, we give some examples of the random sums S,
with O-exponential d.f’s Fs . These examples illustrate the application of

Theorems B.1.2H5.1.51

EXAMPLE 5.1.1. Let {&1,&, ...} be independent r.v.’s. We suppose that the

r.v. & s distributed according to the Pareto law with parameters k and «,

k «

where k € {1,2,...,D}, D > 1 and a > 0. In addition, we assume that
the r.v. &Epak, k € N, s distributed according to the exponential law with

i.e.

parameter \/k, i.e.
FfDJrk (z) = e—Ax/k, z = 0.

It follows from Theorem that the d.f. of the random sum S, is O-

exponential for any counting r.v. n independent of {{;, &, . . .} and satisfying
the condition P(n = k) > 0 for some x € {1,2,..., D} because:

o Iy, e LCOLforallk <k

F -1
e sup supfl:ﬁk(gv)
20 k=1 Ertk (I)

=max<{ sup sup=———, supsup —=—————
0<e<l k>1 ng(QZ) x>1 k>1 F{er(‘x)

k+k+x\” ek
= max { Sup max max ——FFF | , supe ,
0<a<1 1I<k<D-k \ K+ k k>1

Ssu max{ m ( H+k+x )a Su e’\/k}}
x>11) k< k+k+ax—1 7k211)

< max { E
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EXAMPLE 5.1.2. Let n be the r.v. uniformly distributed on the set
{1,2,...,D}, i.e.

1
Pin=k)=—, ke{l,2,...,D},
D
for some D = 2. Moreover, let {&1,&2,...,Ep} be independent r.v.’s, where
&1 is exponentially distributed and &, ..., Ep are uniformly distributed.

If the r.v. n is independent of the r.v’s {&1,&,...,&p}, then Theorem
b.1.3) or Theorem imply that the d.f. of the random sum S, is O-

exponential.

ExampLE  5.1.3. Let {&,&,...} be independent r.v.’s,  where
{&1,8,...,&—1} are finitely supported for some k > 2 and &, is dis-
tributed according to the Weibul law, i.e.

Fe(x)=¢ V" x>0
In addition, we suppose that the r.v. £qik has a d.f. with the tail

if z <0,
if 0 <o <k,
Lo=(@=k) if © >k,

F£R+k (.T) =

= F =

for all k = m?, m > 2, whereas for all remaining indices k ¢ {mz,m €
N\ {1}}, the r.ov. ek is exponentially distributed, i.e

F5~+k<x) =e’, 20

If the counting r.v. 7 is independent of {;,&s, ...} and distributed ac-
cording to the Poisson law with parameter A, then it follows from Theorem
that the random sum S, is O-exponentially distributed because:
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o [, cLCOL

e lim LA ):0 if k=1,2,...,k—1;
F —1
e SUpSUp §n+k('r )

w>1 k1 Fe,, (2)

= sup max sup —ees
z>1 {@Lk—m?,mﬂ Fe (@) Thevigme Fe,

= sup max { sup {]I[l,k;) (x) + em_kﬂ[k,kﬂ)(fl?) + ellji1.00) (I)} :

x2>1 k=1, k=m2,m>2

sup ey =e;
k>1, k#m?

o limsup — L Zsup (Ff +z( —-1) - Ffm—l(x))

k—o0 1=1 =20
1 k 1 1 i
zlimsup( > (1—)—1—(1—) > 1)
koo K \jmi 7 l €/ =1, 1#m?

<<1—1>;
(§

o F,(z)< <e>\>m, T > A

x
Here the last inequality is the well-known Chernoff bound for the Poisson
law (see, for instance, [50, p. 97]).

It is easily seen that the r.v’s {£1,&, ...} from the last example satisfy

conditions of Theorem [5.1.4] whereas the third condition of Theorem [5.1.2]
does not hold because

Fe (x—1 Fe (-1
sup sup M > sup sup M > sup sup k= o0
e>0 k>1  Fe () o<1 k>l Fe () 0<z<1 k=m2.m>2

in this case.

At the end of this section we present two examples, which illustrate the

results of Theorems [B.1.0H5.1.0]

EXAMPLE 5.1.4. Let {&1,&, ...} be independent r.v.’s with shifted exponen-
tial distributions defined by

Fe(r)=e @D o> k41, keN.
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It is obvious that Fy, € OL and F¢, (v — 1)/Fg,(z) = e for all 2 > 1 and
k € N. Hence, Theorems |5.1.5| and |5.1.7| imply that the d.f’s Fg, and Fg,
belong to the class OL for an arbitrary counting r.v. n, whereas from the
assertion of Theorem we conclude that the d.f. Fg = belongs to the
class OL for any counting r.v. n satisfying conditions (5.1.2).

EXAMPLE 5.1.5. Let {&1,&, ...} be independent r.v.’s such that &,, n # 3,

are standard normal random variables, whereas the d.f. of & has the tail
763 (x) = ]I(,Oo’,ﬂ)(l’) + exp{—x + T — sin 93}]1[,71.700)(56),

which can be obtained by taking a(v) = 1_r)(z) and b(z) =
cosz M_r ooy () in (2.2.1)).

In this case, we see that I, € OL and

1
sup ZF& <3+0002 T > 3.

n>1 TLF€3

By Theorem [5.1.6] “, 6 the d.f. F¢  belongs to the class OL for any counting
r.v. ) with finite mean En. If the counting r.v. has a support with min{n €
supp(n),n > 1} = 3, then by Theorem [5.1.5, the d.f. F, belongs to the
class OL. In this case, the conditions of Theorems [5.1.8 and [5.1.9] are not
satisfied because F¢, ¢ OL, and a simple example of the counting r.v. 7
with the distribution P(n = 1) = P(n = 2) = 1/2 shows that the d.f. Fy
cannot be O-exponential.

5.2 Auxiliary results for Theorems [5.1.145.1.9

To prove our main results, we give some auxiliary assertions. The first
lemma is a well-known classical bound for the concentration function of a

sum of i.i.d. r.v/s. Its proof can be found, for instance, in [53, Theorem
2.22].

Lemma 5.2.1. Let X1, X5,... be a sequence of independent r.v.’s with a
common non-degenerate d.f., and let Z, = X1+ Xo+ ...+ X,,. Then there

s a constant co3, which is independent of A and n, such that

Qz, N =sup P < X1 +Xo+.. +X,<z2+)N) <cs(A+1)n Y2

zeR
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for all A >0 and n € N.

The second lemma is proved by Shimura and Watanabe (see [58, Propo-

sition 2.2]). The lemma describes an important property of d.fs from the
class OL.

Lemma 5.2.2. Let F be a d.f. from the class OL. Then there is some
A > 0 such that

lim e F(z) = oo.
T—00

The next lemma is crucial for the proof of Theorem [5.1.1l Some its
elements can be found in [26] (see the proof of Theorem 3(b)). Inequality
(2.3.1]), which is a special case of the assertion below, is proved in [I, Lemma
2.1]. Leipus and Siaulys [46] generalize Albin’s inequality to any d.f.
with unbounded support. An analytical proof of Lemma is given in
[46] (see the proof of Lemma 4). Taking into account the importance of
the assertion we give another proof of Lemma in this section, which
is completely probabilistic.

Lemma 5.2.3. Let the d.f. F be such that F(x) > 0 for all x € R. More-
over, suppose that

. F(z —1)
u _ 7
ey F(2)

for some constants t > 0, dy > 0 and dy > t. Then for alln =1,2,..., we

have

<d

oz —t

PPN
een(do—t)4t  L(T) !

Proor oF LEMMA [(.2.3l Let X be a r.v. with d.f. F. Then the
conditions of Lemma give
P(X >z —1)
sup
z>do ]P)(X > x)

<d (5.2.1)

for some t > 0, d; > 0 and dy > t, and we need to prove that

P(SX >z —t)
sup

<d 5.2.2
wen(do—t)+t  P(SX > 1) 1 ( )
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for all n € N, where Sff = X; + ...+ X,, and Xy, Xy, ... are independent
copies of X.

The proof is proceeded by induction on n. By condition , inequal-
ity (5.2.2) holds for n = 1. We suppose now that N > 1. For any r € R,
z € Rand t > 0, we obtain

P(Syy >7) = PSSy + Xni1 >, Xys1 <7 —2)
+ P(Sx + Xyy1 > 2, Sx < 2)
+ P(Xyi >z —2)P(SY > 2)
> IP’(S])\g >x— Xni1, € — Xng1 = 2)
+P(Xyy1 > —Sn, 0 —Sn>a—2+1)
+P(Xyi1 > 2 —2)P(Sx > 2). (5.2.3)
If we replace x by x —t and z by z — t, then we get
P(Sys >x—t) = P(Sy + Xyy1 >2—t, Xnp1 <2 —2)
+ P(Sxy + Xy >a—t, Sn <z —t)
+ P(Xny1 > 2 —2)P(Sny > 2 —t)
= P(S])§>x—XN+1—t,a:—XN+1 > 2)
+P(Xy1>2—Sn—t,x—Sx=a—2+1)
+ P(Xyp >2—2)P(Sy >z —1t). (5.2.4)

If

IP’(S])\§>:I;—XN+1—t,x—XN+1 22) >0
and

IP’(XNH>:C—S])\,(—t,a:—5'])\§>x—z+t)>0,

then (5.2.3), (5:24) and (3.1 imply that

P(Syp1 > —1) . P(Sx >x— Xyp1—t, 2 — Xy > 2)
< max
IP)(S])\?_H > l‘) P(S% > .I‘—XN_H, I—XN_H = Z)

P(Xya>12—S8 —t,z—SX >a—2+1) ]P’(S])§>z—t)}

P(Xyy1 >z — S8, 20— Sy >z —2+1t) = P(SK > 2)

P(Sx >y —t) P(X >y —t)
< max{ su , su 5.2.5
{ 925 P(S% > y) y>$f€+t P(X > y) ( )
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If
P(Sx >z~ Xy —t, 2= Xyp >2)=0
and
P( Xy >2—Sy—toa—Sy>z—2+1t) >0,

then expressions ((5.2.3)), (5.2.4) and (4.3.1)) imply that

P(SX 4 >z —1) P(Xy>o—Sx —t, 2 —SX >0 —2+1)
<m
P(Sx4q1 > ) P(Xyy1 >2— S8, 20— S >0 —2+1)

’

P(SX >z —t)
P(Sx >2) [
Hence, inequality (5.2.5) holds again.
The cases
P(S% >r— Xy —t r— Xy 2,2) > 0,
]P’(XNH >:U—SJ)\§—75, x—vaf >x—z—|—t> =0

and

]P’(Sf\,(>zc—XN+1—t r— Xy = z)—O
IP’(XN+1>x—Sf\§—t,:U—SN>x—z+t):0

can be considered analogously.

Therefore, inequality holds under conditions of the lemma for any
reR, zeR, t>0and N > 1.

We now assume that is satisfied for n = N, and we show that
holdsforn—N+1

Condltlon and bound with z = fl + ﬁ imply that
P(S{41 > — 1)
P(S41 > )

P(SY >y —t P(X —t
(NXy ) PEy-OL
g ey ot P(Sx >v) y> i+ P(X > y)

if x > (N +1)(dy —t) + t, because in this case we have

Nz t

> N(dy —t +t,
Ni1 Nt1” (2 —1) +
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and
x Nt
+ >
N+1 N+1
Thus, bound ((5.2.2)) holds for n = N + 1. Therefore, (5.2.2) is true for
all n by induction. [
In fact, the next assertion is proved by deriving inequality (5.2.5). An-
other analytic proof can be found in [26] (see equation (2.12)).

ds.

Lemma 5.2.4. Let F and G be two d.f.’s such that F(z) > 0 and G(z) > 0
for all x € R. Then

FxG(x—1)
F xG(x)
forallx e R, veR andt > 0.

F(y—1t) Gy —1) }
<max{sup ——~—-, Sup ——-
{y>v F(y) "yze—vrt G(y)

The following assertion is the well-known Kolmogorov-Rogozin inequal-
ity for concentration functions. We recall that the Lévy concentration func-
tion, or simply the concentration function, of a r.v. X we denote by Qx()).
This function is well-defined for all A € [0,00). The proof of the lemma
below can be found in [53, Theorem 2.15]. It is evident that this lemma is
a generalization of Lemma [5.2.1]

Lemma 5.2.5. Let X1, X,,..., X, be independent r.v.’s, and let Z, =
i1 Xk. Then for any n € N, we have

k=1

. ~1/2
Qz,(A) < AX { S A1 — ka(Ak))} ,

where A is an absolute constant and 0 < A\, < A for all k € {1,2,...,n}.

The following assertion describes sufficient conditions under which the
d.f. of two independent r.v.s belongs to the class OL.

Lemma 5.2.6. Let X; and Xy be independent r.v.’s with d.f.’s Fx, and F,,
respectively. Then the d.f Fx, x Fx, of the sum X1 + Xo is O-exponential if
Fx, € OL and one of the following two conditions holds:
. Fx,()
lim =2~ = 0; 5.2.6
* BT () (5.2.6)
° FX2 e OL.
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PROOF OF LEMMA [5.2.6] We split the proof into three parts.

I. First, we suppose that P(Xs < D) = 1 for some D > 0. It is evident
that condition holds in this case.

For all x € R, we have

Fx, * Fx,(x) = P(X;+ X3 > x)
= [ Fale-ydPry),
(—OO,D]

Hence, for all z € R, we get

i Fx, (z—y)
I Fx (r—1—y)=—=dF
Fy, * Fx,(r — 1) (—og,D] x( y)FX1 (a—y) X W)

Fx, * Fx,(x) ( fD] Fx, (z —y)dFx,(y)

Fx. (z—1—y)==
S T T (@ = )P ()
—0Q, Yx

< _
) fD Fx,(r — y)dFx,(y)
FX1<Z — 1)

= su — ,
z}xPD FX1 (Z)

which implies that

) FX *Fx(I—l) . Fx(z—l)
lim sup ———220 < limsup sup —=——~
$—>oop FX1 * FX2 (I) x—>oop z}:cE)D FX1 (Z)

F —1
= limsup %
Yy—oo FXl(y)
< o0

because Fx, € OL. Thus, Fx, * Fy, € OL as well.

II. Now let us consider the case where condition holds but
Fx,(x) >0 for all x € R.

For all x € R, we have

P+ Fro(@) = [ Fx(o—y)dFx(y).

Therefore,
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]M(scl)( / - / )Fxl(xly)deg(y)
(-

oco,z—M]  (x—M,00)
FX1

1

Ex y)dFXz(y) + Fx,(x — M)
(—o0, z—M]

T —y)

F -1 _ _
< sup TREZ N F 0P () + Pl — M)
=M FXl( ) (=00, z—M]

for all M and x such that 0 < M < x — 1.
In addition, for such values of M and x, we obtain

Fx,+Fg(@) > [ Fx(z—ydFx)

(=00, z—M]
Fx,#Fx(2) > [ Fx(e—y)dF(y)
(M;00)

> Fx, (v — M)Fx,(M).

The bounds obtained above imply that

for all x and M such that 0 < M < x — 1.

Consequently,
F F —1
lim sup SR EA T (z - 1)
T—00 FX1 * FX2(LL’)
FXI(Z—l) 1 . FX2($—M)
< sup —=L + — lim sup —=—>———~
N Fx()  FoM) oSkl Fy(r - M)
FX1 (Z — 1)
= sup —————
=i Fx(2)
for any M > 0, which yields
. FX *Fx(l'—l) F)((M—l)
lim sup ———22— <limsup —=——7% <
;r—>oop P’X1 *FX2<1‘) M—>oop FX1(M)

because Fy, is O-exponential. Thus, Fx, * Fx, € OL by (2.1.1]).
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ITI. It remains to prove the assertion in the case where both d.f’s Fy,
and Fl, are O-exponential. By Lemma [5.2.4] we have

2 —1 F —1
=M Fx,(2) ise—me1 Fx,(2)

FX1 *FXQ(.I‘— 1)
FX1 *FXQ(I)

for all z and M such that 0 < M <z — 1.
Therefore, for any M > 0, we get

Fx, x Fx,(r — 1)

lim su -
x—>oop FX1 * FXQ(I')
Fx (z—1) . FXQ(Z—l)}
< max< su 7,11111 su su _—
{Z>J\% FX1( ) mﬁoopz>m ]\13[—&-1 FXZ(Z)
Fx,(z—1) FXz(y_l)}
=max{ sup ——— =, limsup —————=}.
{z>15 Fx(z) vl Fx(y)

Letting M — oo we obtain

lim sup inl o= 1)
T—00 FX1 * FX2( )

Fx, (M —-1) Fx(y—l)}
< max ] limsup —=———, limsup —=2-"—% ¢ < 00
{ Mot Fx (M) 7yl Fx(y)

because Fx, and F X2 belong to the class OL. Consequently, F'x,*xFx, € OL
by definition , which completes the proof of the lemma. [

Lemma 5.2.7. Let { X1, X, ..., X,,} be independent non-negative r.v.’s with
d.f’s {Fx,, Fx,,...,Fx,}. In addition, we suppose that Fx, € OL and for
each k € {2,3,...,n}, either lim Fx,(z)/Fx,(z) =0 or Fx, € OL. Then
the d.f. Fx, x Fx, % ...x Fx, belongs to the class OL.

PROOF OF LEMMA [5.2.7] We prove the lemma by induction on n. If
n = 2, then the assertion of the lemma follows from Lemma [5.2.6] Suppose
that it holds if n = m, i.e. Fx, *x Fx, x ... * Fx, € OL, and we now show
that the assertion is true for n = m + 1.

73



The conditions of the lemma imply that either F, , € OL or

hrn FXerl (I') — hrn FXm+1 (I)
T—00 FXl*FXg*---*FXm(x) $—>OOIP(X1—|——|—Xm>l’)
Py, (@)
< 1 m—+1
w550 P(X; > )
FX771+1(m> _

T—00 FXl (.I')

Thus, applying Lemma [5.2.6| again we get
Fx,xFx,*..xFx, ., = (Fx, *Fx,*..xFx, )xFx, . € OL.

From this we see that the assertion of the lemma holds for n = m + 1, and
consequently, for all n € N by induction. This completes the proof. [

The next auxiliary assertion gives a bound for the tail distribution of the
maximum. We observe that estimate of Lemma [5.2.8 below is similar to
the bound for the tail distribution of the sum given in [26] (see inequality
(2.12)).

Lemma 5.2.8. Let X and Y be two r.v.’s with d.f.’s F' and G, respectively,
and let H be the d.f. of max{X,Y}.
(i) If X and Y are independent, then

H(z 1)
H(z)

S max{ Fg@)t) | (CZC(;)t)}

for allt > 0 if F(x) >0 and G(x) > 0.
(ii) If X and Y are arbitrarily dependent, then

H(x —1) o F(zx—t) Gx—1)

@) ~ Flo) | )

for allt € R if F(xz) >0 and G(z) > 0.

PROOF OF LEMMA [5.2.8 (i) In this case, we have H(z) = F(z)G(z).
Therefore, for all x € R, we get

H(z)=1—H(x) =G(z) + G(z) — F(z)G(z) = G(x) + G(z)F(x).
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H(x —t) F(z —t)G(z) + G(x —t)
H(z) F(2)G(z) + G(x)
Fx—t) G

by inequality .

If G(z) = 0, then for any ¢ > 0, we have H(x —t) = H(z) = G(x —t) =
G(z) = 1, and the inequality in part (i) is obvious.

(ii) If the r.v’s X and Y are arbitrarily dependent, then for all z € R,
we have

H(z) =P{X >z} U{Y >z}) < F(z) + G(2),
H(z) 2 F(z), H(z) > G(x),

and the desired inequality follows immediately. [

The next lemma is a direct consequence of the bounds given above.

Lemma 5.2.9. Let X1, Xo,..., X, n > 1, be (arbitrarily dependent) r.v.’s.
If their d.f.’s belong to the class OL, then the d.f. of max{Xy, Xo, ..., X;,}
belongs to the class OL as well.

ProoF orF LEMMA [5.2.9 Since
max{ Xy, Xo, ..., X,,} = max{max{Xy,..., X,, 1}, X,,}

for all n > 3, the assertion follows immediately from Lemma [5.2.§] [J

The last lemma describes conditions under which the convolution of
several d.f’s belongs to the class OL. In fact, the assertion generalizes
Lemma 3 from [19].

Lemma 5.2.10. Let {Fy, Fy, ..., F,}, n > 2, be a collection of d.f.’s of
real-valued r.v.’s. If F1 € OL, then the d.f. G, == F| % Fy ... x F,, belongs
to the class OL as well and

- Gu(r—1)
;rGIIEg én(jf') zeR Fl(x)
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PROOF OF LEMMA [5.2.10, Since F; € OL, by (2.1.1)), there is a con-
stant ¢ > 0 such that

o 1@ =1
veh Fi(z)
Thus, we get
FisFyrz—1) = [ Fi(r—1-y)dF(y)
/ y) dFy(y) = c Fy * Fy(z),
R

and for n = 2, the assertion of the lemma follows because, in addition, we

have

Fy o« Fy(x) > / Fi(z —y)dFy(y)
(—z/2,2/2]

> F(5)(5E) - r(-3) >0

If n > 3, then the assertion of the lemma holds because

for x large enough.

FisxFox...xF,=(F1«Fyx...x F, 1) Fy,

and the proof is complete. 0

5.3 Proofs of Theorems [5.1.1H5.1.9

PrROOF OF THEOREM [5.1.1| First, we show that

_ Fg (r—a) . P(S, >z —a)

1 —— =1 7 < 5.3.1

F A E I R
for all @ € R.

If a <0, then P(S,, >z —a) < P(S, > z) for all z € R, and (5.3.1) is

obvious.
We now suppose that a > 0. Since Fr € OL, we deduce that

Felr —
lim sup M

= 5.3.2
T—00 F{(il}) 21 < )
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for some finite constant cos > 0, which may depend on a. Thus, there is
some K = K, > a + 1 such that

Fe(x — a)

sup ———— < 2cyy. 5.3.3
vk Fe() g 533
Applying Lemma [5.2.3] we obtain
P(S, >z —a) F(x — a)
sup = sup ——=—— <2cyu. (5.34)
z>n (K—a)+a P(Sn > I) zzn (K—a)+a Fg (I)

Here and subsequently, S, =& + &+ ...+ &, for all n € N.
For any positive x > 0, we have

(o]

B(S, > 7) = i P(S, > 2)B(n = n) > 3 B(&4 > 2)P(n = n)

If x>

<

+

n=1
— Fg(:U)P(TI >1). (5.3.5)
> K, then applying ([5.3.4)) yields
P(S, >z —a)
T —a r—a
< —
]P’(S > r — \K_a>+IP’<S7,>x a,n>K_a)
o P(S,>x—a)Pn=n)+ Y. P(S,>z—a)P(n=n)
BN & n>%=g
20 >, P(S, >x)P(n=n)+ > P(S,>z—a)P(n=n)
S & n>%=a
>, PSh>2)P(n=n)— > P(S,>2)P(n=n)
n>ig n>ig
c5 Y P(S, > x)P(n =n)
n=1
Y Plx—a<S,<z)P(n=n) (5.3.6)
n>5g

with co5 = max{2ca4, 1}.

By Lemma [5.2.1] we obtain

supP(x —a < S, <) < cp(a+1)
z€eR

Bl
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where the constant cgg is independent of a and n. Thus, inequality (5.3.6))
implies that

P(S, >z —a) < c5P(S;>x)+cwla+1) D

< CQ5P(S77 > I)

K=a g 1)]P’<77 > 2__0;) (5.3.7)

+ Co6

provided that x > K.
From inequalities ((5.3.5]) and - we conclude that
P(Sn>a:—a) - 6 VK —a(a+1) F(a:—a)
P(S, > ) S o \/—x—aIP’( 1) Fe(z) "\K —a
for all z > K. Consequently, we have
, P(S, >z —a)
1
W RS, > 1)

(a+1)vVK —a .

Fy((x = a)/(K ~ a))

< 1 )i
BETRL 1) ey Vi—aFe(@—a)
Fe(z —a)
1 SN 7
WA

(a+ VK —a Fo(z5)

limsup ——=——~
P(n>1) 100 /T Fe()

by equality (5.3.2) and the condition F,(dx) = O(\/E F 5(3:)), which holds
for any 0 € (0,1). Therefore, (5.3.1) is true for all a € R.
It remains to prove that

Ja _ _
lim inf M = lim inf IP’(S,, >z —a)
T—00 an($> L—00 ]P)(Sn > IE)

= (95 + Co4 Cog < 0

> 0,

where a is any real number. It is easily seen that this follows from (5.3.1)

because

P(S, > x) > Fe(x)P(n>1) >0
for all z > 0, and hence, we have
P — 1
lim inf (5 >z=a) > 0.

P(Sy > ) lim sup %

T—00
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The last inequality together with (5.3.1]) implies that the d.f. Fs, belongs
to the class OL, which completes the proof. [

PROOF OF COROLLARY [5.1.1] Part (i) of the corollary is evident. So
we prove only part (ii). Let § € (0,1). By Markov’s inequality, we have

F,(6x) = P(n > dx) = P(e¥" > ) < e "V Ee¥" (5.3.8)

for all y > 0. Since the d.f. F¢ belongs to the class OL, by Lemma [5.2.2]
we get
A Fe(r) — o0

T—00
for some A > 0.
Choosing y = A/d > 0 in (5.3.8)) we obtain
F(0x) Ee¥" 1 1 A
AN < — = — EeBm
VI Fe(x) ~ oz Fe(a) T eAiFe(n) oo

because Ee®" is finite for all £ > 0 by the conditions of Corollary [5.1.1] The
assertion of the corollary now follows from Theorem [5.1.1}

[

PROOF OF THEOREM [6.1.2] From the conditions of the theorem and

Lemma we conclude that the d.f. Fg (z) = P(S, < z) belongs to the
class OL, i.e. we have

. Fg (z—1)
1 17 . .
im sup o (1) < 00, (5.3.9)

or, equivalently,
sup ————— < ¢y (5.3.10)

for some constant co7 > 0.
Next, we see that
P(S, >z —1)
P(S, > x)

= Ji(z) + Ja() (5.3.11)

for all x > 0, where

P(S, > 21,7 <k)
Jilw) = P(S, > z)

79



and

Since k € supp(n), we obtain

5 P(S, >z —1)P(n=n)
jl(l’) _ n=0

EOIP(Sn > x)P(n =n)
1 K

S B(S, > 0Bl =) &
P(S; >z —1)P(n < k)
P(S, >z) Pn=rk)

Hence, it follows from (5.3.9) that

P(S, >z —1)P(n=mn)

lim sup J1(x) < o0. (5.3.12)

T—00

By Lemma [5.2.4] we have

P(Syy1 >z —1) max{ P(S, >z —1)

P(S.1 > ) PS> )

F -1
sup Fe(2—1) (5.3.13)
a—M+1 e, (2)

for all z € R and M € R.
The third condition of the theorem implies that

sup F%k (33 — 1)

S o8 (5.3.14)

for all £k € N and some cog > 0.
If we choose M = x/2 in (5.3.13]), then using ([5.3.10) we get
P(Sfi—l—l > T — 1)
sup
=0 P(SH+1 > l’)

Applying Lemma again we obtain

P(Seir > 2 — 1) mez—u}

< max {027, 628} = C99. (5315)

P(Su2 >z 1) < max{ sup ,  sup
P(S,H_Q > 37) 2>M P(Sm—i—l > Z) 2z2x—M+1 F§K+2 (Z)
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If we choose M = /2, then from inequalities (5.3.14)) and ({5.3.15)) we

deduce that

x>0 P(Smrk > 37)
for all £ € N. Therefore, we have

Tolx) = mgp(sﬁk > @ — 1Py =k + k)

< ————— ) _ P(Sq P(n = k
P(pr)g (St = )01 =10+ 8)
CQgP(Sn > l’)

X — 3.1
P(Sn > x) C99 (5 3 6)

for all z > 0.
From relations (5.3.11)), (5.3.12)) and (5.3.16)) it follows that

lim su IP’(S,, >z —1) < 00
x%oop ]P)(Sn > l‘) .

Therefore, the d.f. Fg, belongs to the class OL by ({2.1.1)), which com-
pletes the proof of the theorem. O

PROOF OF THEOREM [5.1.3l. The assertion of the theorem can be either
derived from Theorem [5.1.2] or proved directly. We now present a direct

proof of Theorem 5.1.3]
k
It is evident that S, =&, + > &, for all k£ > k. Hence, by Lemma
n=1, n#k

5.2.7, Fs, € OL for all k < k < D.
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If x > 1, then we have

D
> P(S,>x—1)P(n=n)
P(Sn > X — 1) o ne:u:p; n

P(S) > z) 2?) P(S, > 2)P(n =n)

P(S, >z - DP(p<K)+ & P(Sy>z— DP(y=n)

n=k+1

nesupp n

<
A D
P(S, > z)P(n = k) + _Zj+1 P(S,, > z)P(n =n)
P(S, > x — 1)P(n < k) P(S, >z —1)
< , . 3.1
maX{ P(S, > x)P(n = k) n?%?g P(S, > x) (5:3.17)

Note that here in the last step, we use inequality (4.3.1]).
Since Fg, € OL for all n > &, from (5.3.17) we conclude that

P(S, >z —1)
li ] < 5.3.18
mSWp —pg S ey <% (5.3.18)
and the assertion of the theorem [B.1.3] follows. O
PROOF OF THEOREM [5.1.4] As usual, it is sufficient to prove relation

(5.3.19).

For all x > 0, we have

i P(S, > z)P(n =n)

> %Z(TS'H > x)P(n = k)
> F¢ (x)P(n = k). (5.3.19)

Similarly, for all K > 2 and x > 2K, we obtain

P(S, > x)

P(S,>z—1) = > P(S,>z—1)P(n=n)

n=1

+ > P(Siir >z —1)P(n=r+k)
Isk<(e—1)/(K-1)

+ > Plx — 1< Ser <2)Pn=r+k)
k> (@—1)/(K—1)

+ Y. P(Su>2)P(n=r+k)
k> (2—1)/(K—1)

= Ki(z) + Ka(z) + Ks(z) + Ky(x). (5.3.20)
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Since the d.f. Fg, belongs to the class OL by Lemma [5.2.7, applying
(15.3.12) we get

lim sup IF”(E:,(?QJ) = lim sup Ji(z) < oo. (5.3.21)

Now we consider the summand o(z). Since Fs, is O-exponential, we

have

>0 P(Sg >z
for some constant c3y > 0.

Next, the third condition of Theorem gives

F&n-&-k (CE - ]‘)
x2£1 F§m+k (SU) .

for some constants c3; > 2 and ¢3o > 0 and all £ € N.
By Lemma (with v = ¢31), we have

maX{ P(S. >z —1) W}

< sup sup

zzx—Ccz1+1 IP)(‘S/-c > Z) 722031 F€n+1 (Z)
Consequently, we obtain
]P)(S,%Jrl > T — 1)
sup
r>c31 P(Sn—&-l > l’)
Applying Lemma again for the sum Syio = Ski1 + Eeio (with
v=u1x/241/2) we get

P(Sp2 > 2 —1) _ max{ P(Sp1 > 2z — 1) Fu(z — 1)}

N

< max {c3o, €32} 1= c33.

sup
>4l P(Sk+1 > 2) ’z>%+% Fﬁm—z(z)

If v > 2(cs1 — 1) + 1, then /2 + 1/2 > c¢31. Therefore, by the last

inequality we obtain

sup
22(ca1—1)+1 ]P)(SK—I—Q >

Applying Lemma once again (with v = z/3 4+ 2/3) we get

]P)(S,{Jrg > — 1)
IP)(SK+3 > I)




If x > 3(cs31—1)+1, then 22/3+1/3 > 2(c31—1)+1 and 2/3+2/3 > c3;.
Hence, the last estimate yields

sup
x23(c31—1)+1 ]P)(S,H_g >

Continuing the process we conclude that

for all £ € N.

We can suppose that K = c31 in representation ([5.3.20]). In this case, it
follows from inequality ([5.3.22]) that

lim sup 7,@(3:)
T—00 ]P)(Sn > 33)
: €33
< limsup —————— P(Sk+r > x)P(n =k + k)
T—00 ]P)(Sn > {L’) l<he 1_11 +
31—
< €33 (5.3.23)
It is easily seen that
Ka(z)

lim sup

) 5.3.24
2—00 P(Sn > I) ( )

so it remains to get a bound for the summand KCs(z).
Applying Lemma [5.2.5] we obtain

i -1/2
P(n=r+k) (Z (1 —supP(z — 1 <& < x)))

=1 x€R

E>-2=1

cg1—1

with some absolute positive constant A. By the fourth condition of the
theorem, we have

1k — —
% lz: S]‘éﬂg <F€n+l (x o 1) o FénJrl(x)) < 1 - A
=1

for some 0 < A < 1 and all k large enough. Hence, for such values of k, we
get

k
5 (1 supPlo — 1< g <)) > A
=1 r€R
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From the last inequality it follows that

A
Ks(r) < —= n=r+k
< 75X f P )
A 631—-1 r—1
— P
VAV -1 (77>’<6+031_1>
for all z large enough. Therefore,
Ks(z)
li _ S\
teel (S, > 1)
A \/631—1 F (Cx 11) F&(I—l)
lim sup 21 lim sup —=———
\/ P(n—/ﬁ) T—00 \/x— F& (J?—l) T—00 F&( )
< 00 (5.3.25)

by (5.3.19) and the last condition of the theorem. Representation (j5.3.20))
and bounds (5.3.21)), (5.3.23), (5.3.24) and (5.3.25) yield the desired in-
equality ((5.3.18]), which completes the proof of the theorem. [

PROOF OF THEOREM [5.1.5l. The conditions of the theorem and Lemma
5.2.10] imply that
F —1 F —1
zeR Fs( ) z€R Féx( )

for all n > s¢ and for some constant ¢34 > 0. If x > 1, then

Fg(xr—1) = Z s, (@ — 1)P(n=n)

< e z Fs,(x)P(n = n)
= 034757,(90),

and the assertion of the theorem follows. ]

PROOF OF THEOREM [5.1.6[ For all z > 0, we have

Fe, (@) = OOP(Oawx)P(n:n)

n=1 k=1
< Zl kZ Fe (2)P(n=n)
n=1 k=1
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If z is large enough (x > z7), then inequality (5.1.1]) implies that

zn: < egsp(n)Fe, (2)
for all n > 1 and for som; constant cg5 > 0. Hence, if z > x1 + 1, then
F&n) (x — < c35 Z o(n)Fe, (x —1)P(n=n)
= 035F§% (z — 1)Ep(n) Lz (5.3.26)

To get a lower bound, we notice that

Fe@) = 3 P(k(]l{mx}) P(1 = n)

> P (k[j {& > x}) P(n = »)
> P& > 2)P(n = )

Fe (2)P(n = ). (5.3.27)
From bounds (5.3.26)) and ([5.3.27)) we get

F —1 E | F —1
lim sup €g ( ) < €35 ng( ) {n=1} lim sup f];;(x )
=00 5(77)( ) (77 = %) T—00 fx( )

because Fy, € OL, » € supp(n) and Ep(n) 1,1y < oo. The last inequality
implies that F¢ =~ € OL, and the theorem is proved. [

<0

PrRoOOF oF THEOREM [5.1.7]. It is obvious that

Fe, (x Z P(&y) > x — 1)P(n = n) (5.3.28)

for all > 1. The conditions of the theorem implies that Fe, (z) > 0 for all

z € R and k > 1. Hence, by part (i) of Lemma | we have
Plegy >z =1) - Fale=1 Fsk(ff -1
Pl > ) “ishsn Fglz) a1 Fel(a)

for all n > 1. Consequently, we obtain

Fe (x—1) < sup
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for all z > 1, and the assertion of the theorem follows.

OJ

PROOF OF THEOREM [5.1.8. By Lemma [5.2.10] the d.f’s Fs, belong to

the class OL for all fixed n and

z€R FSn( ) h xeR F&( )
Lemma [5.2.9] implies that Fg, . € OL for all 1 < n <
(n)

is arbitrary. Therefore, we obtain

Fg (x—1
max {sup S()()} < c37

1<n<K

for some constant cg; = c37(K) > 1.
For all x > 1, we have

Fs,(x—=1)< Y P(Su >z —1)P(n=n)

1<n<K

+ > zn:]P’(Sk>x—1)IP’(n:n)

n>K k=1

= Z Fs(n)(x o 1)P(77 - n) +]P>(77 > K) ;FS”(‘CU o 1)

1<n<K

+ > Fs,(x = 1)P(n > n).

n>K

(5.3.29)

K, where K >

1

(5.3.30)

Inequalities ((5.3.29) and (5.3.30) and conditions ([5.1.2]) of the theorem

give
Fg,(@—=1) < 7 > Fs, (@)P(n=n)
1<n<K
K —
+ 636( (n> K) Z )+ ZFSn($)P(U>n)>
n=1 n>K

< e Fs, (2)

+ c38 (iFS(I)P(U =n)+ > Fs,(2)

n>K
< (a7 tess)Fs, (@)

for all K large enough with some constant css = c33(K) > 0. The last

inequality implies that the d.f. Fg is O-exponential.

O]
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ProOOF OF THEOREM [5.1.9. It is clear that

Fs, (v) = Y. P(Sw) > z)P(n=n).
nesupp(n)\{0}

Since supp(n) is finite, from inequality (4.3.1) we conclude that

FS(,]) ((I? — 1) {lim sup P(S(n) > T — 1) }

limsup —"———- < max
I sup Fs(m(i'f) nesupp(m\{0} | z—o0  P(S(m) > )

For any n € supp(n), n > 1, the d.f. of S, is O-exponential by Lemma

5.2.10, Therefore, by Lemma [5.2.9 the d.f. of S,y = max{Sy,...,95,} is
(n)

O-exponential for any n € supp(n) \ {0}. The assertion of the theorem
follows from the last inequality. [
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Chapter 6

Conclusions

Here we summarize the main results obtained in this thesis:

o We give two assertions, which describe conditions under which the
randomly stopped sum belongs to the class of dominatedly varying
distributions. We consider the case where no moment conditions on
the r.v.’s {1, &, .. .} are required, as well as the case where these r.v.s
have finite means of some order. We obtain conditions under which
Fs, € D when ther.v’s {{, &, ...} are independent but not necessarily
identically distributed.

o We find conditions under which the d.f. Fjg belongs to the class of
exponential distributions. One of the main theorems deals with the
case of a finitely supported counting r.v. 7, whereas other assertions
imply that the right tail of n is unbounded. We consider both non-
negative and real-valued r.v.s {£1, &, . . .}. We obtain conditions under
which Fs, € L(v) for some v > 0 when {&;,&, ...} are possibly non-
identically distributed r.v/’s.

« We find conditions under which the randomly stopped sum S, the
randomly stopped maximum &) and the randomly stopped maxi-
mum of sums S(,)belong to the class of O-exponential distributions.
We study the case where the sequence {1, &s, ...} consists of not nec-
essarily identically distributed r.v.’s.
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7 skyrius

Santrauka

7.1 Izanga
Moksliné problema, aktualumas ir naujumas

Disertacijoje tiriama atsitiktinai sustabdyta suma S, = & + - +&,, at-
sitiktinai sustabdytas maksimumas £,y = max{0,{y,...,§,} ir atsitiktinai
sustabdytas sumy maksimumas S, = max{Sp, S1, ..., 5}, kai {&1, &, .. .}
yra nepriklausomi atsitiktiniai dydziai, o n skaiciuojantis atsitiktinis dydis,
nepriklausantis nuo atsitiktiniy dydziu {&;, &, ...}, Sakykime, kad 7 yra
skaic¢iuojantis atsitiktinis dydis, jei n yra neneigiamas, sveikareikSmis ir ne-
isigimes taske 0. Disertacijoje ieSkome salygy, kurioms esant nepriklausomy
atsitiktiniy dydziy Sy, &), S(;) pasiskirstymo funkcijos Fg,, Fe, , Fs, pri-
klauso tam tikroms sunkiauodegiy skirstiniy klaséms. Sio tyrimo motyvacija
susijusi su draudimine ir finansine veikla, kur tradiciSskai nagrinéjamos prob-
lemos, atsirandancios dél ekstremaliy ar rety jvykiy. Matematiniu poziuriu,
bet kokio draudimo verslo sekmeé priklauso nuo asimptotinio S, ar S, pa-
siskirstymo funkcijy elgesio. Jei siy dydziy pasiskirstymo funkcijos uodega
yra lengva, tai bankroto tikimybé yra maza dideléms pradinio kapitalo ver-
téms. [paprastai tokiomis salygomis si tikimybé gesta eksponentiniu greiciu
(zr. pvz., [5, B2 34, 36], 49, 54], 57]) pradiniam kapitalui neapréztai augant.
Jei dydziy S, ar S, skirstiniai priklauso sunkiauodegiy klasei, tada modelio
aprasancio draudimine veiklg bankroto tikimybé didéjant pradiniam kapi-
talui gali gesti tik laipsniskai (zr. pvz., [31, 38, [39] 43, [44], 45| 48] 57, [59]).
Taigi tyrimo pradzioje butina iSsiaiskinti kokio pavidalo yra minéty atsitik-
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tiniy dydziy pasiskirstymo funkcijy uodegy elgesys.

Viena i$ svarbiausiy rizikos teorijos ar draudimo matematikos tyrimuy
krypciy yra bankroto tikimybés nagriné¢jimas, kai ieskiniy dydziy pasiskirs-
tymo funkcijos turi sunkias uodegas. Siuo atveju bankrotas jprastai jvyksta
dél vieno didelio ieskinio, o teoriniai rezultatai gaunami tik specifinéms sun-
kiauodegiy skirstiniy klaséms, nes asimptotinis bankroto tikimybés elgesys
zenkliai skiriasi skirtingems sunkiauodegiy skirstiniy poklaséems. Todél vi-
sada svarbu zinoti ar suminiy ieskiniy S, Sy, pasiskirstymai priklauso tam
tikroms klaséms.

Antra vertus, darbe gauti rezultatai susije su klasikine uzdarumo prob-
lema. Bingham, Goldie ir Teugels (zr. [9]) vieni i$ pirmujy Sios srities
mokslininky. Verta pamineéti, kad visi klasikiniai rezultatai, susije su uz-
darumo problema, nagrinéja vienodai pasiskirsc¢iusius atsitiktinius dydzius
{&1,&,...}. Tuo tarpu Sioje disertacijoje yra nagrinéjami ne tik vienodai
pasiskirste atsitiktiniai dydZziai. Parodoma, kad atsitiktiniy dydziy Sy, £,
S(y) pasiskirstymo funkcijos pasilieka tam tikroje reguliarumo klas¢je, jeigu
tik keli ar, atskirais atvejais, visi skirstiniai yra toje klaséje.

Visi disertacijoje pateikti rezultatai yra nauji ir originalus. Disertacijos
rezultatai publikuoti 5 moksliniuose straipsniuose.

Tikslas ir uzdaviniai

Pagrindinis disertacijos tikslas - rasti salygas nepriklausomiems atsitik-
tiniams dydziams {&;,&, ...} ir skai¢iuojan¢iam atsitiktiniam dydziui 7,
kurioms esant Sy, {.,) ir S(;) paskirstymo funkcijos priklauso tam tikroms
funkcijy klaséms.

Tikslas pasiekiamas iSsprendus tokius uzdavinius:

« Nustatyti salygas, kurioms esant atsitiktinés sustabdytos sumos S, pa-
siskirstymo funkcija priklauso dominuojamai kintanciy skirstiniy klasei

(D).

o Nustatyti sglygas, kurioms esant atsitiktinés sustabdytos sumos 5,
pasiskirstymo funkcija priklauso eksponentiniy skirstiniy klasei (£(7),
72 0).

91



« Nustatyti saglygas, kurioms esant atsitiktines sustabdytos sumos 5, at-
sitiktinio sustabdyto maksimumo &, ir atsitiktinio sustabdyto sumy

maksimumo S, pasiskirstymo funkcijos priklauso O-eksponentiniy
skirstiniy klasei (OL).

Tyrimo metodika

Kuriai is skirstiniy klasiy priklauso tam tikras skirstinys paprastai susijes
su pasiskirstymo funkcijos uodegos elgesiu. Todél, norint jvertinti atsitik-
tinés sustabdytos sumos ir atsitiktinio sustabdyto sumy maksimumo uo-
degos pasiskirstyma, Sioje disertacijoje naudojami tipiniai tikimybiy teori-
jos ir matematinés analizés metodai. Dauguma sunkiauodegiy paskirstymo
funkcijy dariniy jvertinimy yra susije su Matuszewska indekso ir L-indekso

savybeémis.

7.2 Pagrindiniai rezultatai

7.2.1 Apibrézimai

Darbe nagrinéjame kelias sunkiauodegiy skirstiniy klases. Pateiksime api-
brézimus nagrinéjamy disertacijoje pagrindiniy klasiy OL, D ir L(7), v = 0,
ir susijusiy klasiy £, S ir S*. Viena is priezasciy yra ta, kad daugybé me-
tody naudojamy jvairiuose teiginiuose yra panasus visoms klaséms, kita -
noras pateikti iSsamesne sunkiauodegiy skirstiniy klasiy informacija.

7.2.1 APIBREZIMAS. Sakoma, kad pasiskirstymo funkcija F turi sunkig uo-
dega (priklauso klasei H), jeigu bet kuriam § > 0

lim &® F(]}) = 0.
xr—r00

Cia, ir toliaw: F(z) = 1 — F(x), # € R - pasiskirstymo funkcijos F
uodega.

Svarbiausiy sunkiauodegiy skirstiniy klasiy apibrézimus pateiksime ze-
miau. Pradésime nuo subeksponentiniy ir ilgauodegiy skirstiniy klasiy, ku-
rias pirmasis aprasé Chistyakov [13]. Pavyzdziui, jis jrodé, kad subekspo-
netiné skirstiniy klasé yra ilgauodegiy skirstiniy klasés dalis.
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7.2.2 APIBREZIMAS. Sakoma, kad neneigiamo atsitiktinio dydzio pasiskirs-
tymo funkcija F yra subeksponentiné (priklauso klasei S ), jeigu

F*2(x)
i — =
L TS F(z)

7.2.3 APIBREZIMAS. Sakoma, kad pasiskirstymo funkcija F priklauso klasei

L, jeigu bet kuriam teigiamam y:

Shimura ir Watanabe [58] aprasé klase OL, kuri yra platesné uz klase
L, bet kazkiek panasi i ja savo struktura.

7.2.4 APIBREZIMAS. Sakoma, kad pasiskirstymo funkcija F yra O-
eksponentiné (priklauso klasei OL), jeigu bet kuriam fiksuotam a € R
F(x+a) F(x+a)

0< ligg}f (o) < hﬂsong < 00.

Faktiskai, pasiskirstymo funkcija F priklauso klasei OL tada ir tik tada,
kat _
F(z—1)

sup ———— < Q.
=0 F(x)

Paskutiné salyga rodo, kad klasé OL yra gana plati. Dabar mes apibu-
dinsime populiariausias OL poklases.

7.2.5 APIBREZIMAS. Sakoma, kad pasiskirstymo funkcija F priklauso klasei
L(7v), v =0, jeigu bet kuriam fiksuotam y > 0
F
lim 7(3 +9) =e .

Kai v > 0, klasé L(vy) buvo jvesta Embrechts ir Goldie [26].

Kai v = 0, akivaizdu, kad L(v) = L.

Kita zinoma sunkiauodegiy skirstiniy klasé - dominuojamai kintanciy
skirstiniy klasé D, pirma karta nusakyta Feller [32].
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7.2.6 APIBREZIMAS. Sakoma, kad pasiskirstymo funkcija F priklauso klasei
D, jeigu bet kuriam y € (0, 1)

F
lim sup (zy)

= < .

7.2.7 APIBREZIMAS. Bet kuriai pasiskirstymo funkcijai F virsutinis Ma-
tuszewska indeksas nusakomas lygybe

F
log (hm inf (xy)) .

J& = — lim

Dabar mes nusakysime tarpusavio rysius tarp svarbiausiy sunkiauodegiy

skirstiniy klasiy, dauguma ty rysiy yra gerai zinomi. AukscCiau pateikti

apibrézimai kartu su [13, Lemma 2], [24, Lemma 9], [29, Lemma 1.3.5 (a)]
ir [37, Lemma 1] reiskia, kad

LANDCSCLCH, DCH.

Be to
LCOL DcOL and U L(vy) C OL.

>0

7.2.2 Atsitiktinés sumos dominuojamai kintanciy skirstiniy klaséje

Mes formuluojame dvi teoremas apibudinancias salygas, kurioms esant atsi-
tiktiné sustabdyta suma S, priklauso klasei D. [7.2.1[teoremoje nereikalauja-
ma jokiy salygu nepriklausomy atsitiktiniy dydziy {1, &, . . .} momentams,
tuo tarpu salygos teoremoje rodo, kad atsitiktiniai dydZiai {&1, &, ...}
turi tureti baigtinius vidurkius.

7.2.1 teorema. [21] Sakykime {&1,&2, ...} yra nepriklausomi neneigiami

atsitiktiniar dydziai, o n yra skaiciuojantis atsitiktinis dydis nepriklausantis

nuo atsitiktiniy dydziy {£1,&, ... }. Tada Fs, € D, jei tenkinamos sqlygos:
(a) Fe, €D, kaékokiam K€ supp(n)'

(b) limsupsup ——— Z Fe(x

T—00 n=>kKk an

¢) Enft! < oo, kazkokmm p > Ji .
Py
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7.2.2 teorema. [21] Tegul {&1,&s, ...} nepriklausomi neneigiami atsitik-
tiniar dydzZiai, o n yra skaiciuojantis atsitiktinis dydis nepriklausantis nuo
{&1,&, ... }. Tegul, be to kazkokiam k € supp(n) tenkinama teoremos

(b) salyga kartu su reikalavimais:

Fe. € D, max{E;, En} < oo,

1 J

lim sup sup — E& =0, liminf — ) E& > 0.

msupsup - 12 &k im in n}; &k
E¢j,>u

Tada Fs, € D, tada ir tik tada kai min{Fg,, F,,} € D.

7.2.3 Eksponentiniy skirstiniy atsitiktiniy sumy savybés

Siame skyrelyje formuluojame teoremas apibudinandias salygas, kurioms
esant atsitiktiné sustabdyta suma S, priklauso klasei £(y) kazkokiam v > 0.
teoremoje skaiciuojantis atsitiktinis dydis n turi baigtine atrama, tuo

tarpu [7.2.4] ir [7.2.5] teoremose skaiciuojancio atsitiktinio dydzio n desiné

uodega yra neapribuojama. Atsitiktiniai dydziai {&1, &, ... } yra neneigiami
7.2.3| ir [7.2.5] teoremose, tuo tarpu teoremoje sie dydziai gali jgyti

realias reikSmes.

Jeigu v > 0, tai visi pateikiami rezultatai yra nauji. Jeigu v = 0, tuomet
visi toliau pateikti teiginiai gali buti iSvesti i$ jrodyty teoremy darbe [47].
Siekiant iSsamumo j musy prielaidas jtraukiame atvejj v = 0. Be to, mes
taikome tuos pacius metodus, jrodydami savo rezultatus kai v > 0 ir v = 0.

7.2.3 teorema. [I8] Tarkime {&1,&2,... &}, n = 1 yra nepriklausomi
neneigiami atsitiktiniar dydziai ir 1 yra skaiciuojantis atsitiktinis dydis,
nepriklausantis nuo jy su baigtine atrama supp(n) C {0,1,...,n}. Ta-
da Fs, € L(v) kazkokiam ~ > 0, jei Fe, € L(v) kuriam nors 1 <
v < min {supp(n) \ {O}} ir tenkinama sqlyga Fe, € L(7) arba Fe (x) =
0<ng(x)), visiems k € {1, 2,..., max{supp(n)}}.

7.2.4 teorema. [I8] Tegul {&1, &, ...} nepriklausomi, realias reiksmes jgy-
jantys, atsitiktiniai dydZiai su pasiskirstymo funkcijomis {Fg,, F,,...} to-

kiomis, kad

Fﬁk (SL’ + y)

Fﬁk(‘r)

—e W —0 (7.2.1)

Ssu
p T—00

k>1
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kazkokiam ~ = 0 ir bet kuriam fiksuotam y > 0. Papildomai, tarkime n
yra skaicivojantis atsitiktinis dydis nepriklausomas nuo atsitiktiniy dydZiy

{517 52; .- } toks, kad

> 0. 7.2.2

Tada Fs, € L(7).

Atkreipime démesj, kad salyga (|7 ekvivalenti dvipusiam apribojimui

F F
e” " < liminf inf M < lim sup sup Fe(r+y)

e*%/
T k>1 ng(:[;) =00 k>1 F.Ek( )

\ )

kuris galioja kazkokiam v > 0 ir bet kurlam ﬁksuotam y = 0.
Be to, mes pastebime, kad is salygos ((7.2.2)) iSplaukia, kad P(n = k) > 0
visiems pakankamai dideliems k.

7.2.5 teorema. [I8] Tegul {&1,&o, ...} yra nepriklausomi neneigiami atsi-
tiktiniai dydziai su pasiskirstymo funkcijomis {Fe,, Fe,, ...}, ir tegul n yra
skaicivojantis atsitiktinis dydis nepriklausomas nuo {&1, &, ...}, Atsitikti-
nés sustabdytos sumos pasiskirstymo funkcija Fs, priklauso klasei L(7y), su
> 0, jez’ kazkokiems 3 > 1 ir 1 < v < » tenkinamos sqlygos:

( ) v < min {supp(n) \ {0} };

(ii) Fg, € L(v);
(iii) Fe, € L(7) ar Fe,(z) = O(FEV(:C)), kai 1 < k < s
(
(

Fﬂc(m-l-y)
W)kilj}—jn F (@)
v) P(n=k+1)/P(n=k) — 0.

—e W HH—O>OO, kai y > 0,

7.2.4 (O-eksponentiniy skirstiniy uzdarumo savybés

Siame skyrelyje nagrinésime kokiais atvejais atsitiktinés sustabdytos sumos
Sy, atsitiktinio sustabdyto maksimumo &, ir atsitiktinio sustabdyto sumy
maksimumo S, pasiskirstymo funkcijos priklauso OL klasei su prielaida,
kad atsitiktiniai dydziai {1, &, ...} ir n tenkina tam tikras salygas.
teoremoje pateikiame pakankamas salygas, kurioms esant atsitik-
tinés sustabdytos sumos .S, pasiskirstymo funkcija priklauso klasei OL.
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7.2.6 teorema. [22] Tegul {&1,&, ...} yra nepriklausomi realieji (real-
valued) atsitiktiniai dydziai ir n yra skaiciuojantis atsitiktinis dydis, ne-
priklausantis nuo {&1,&,...}. Tada Fs, € OL, jeigu Fe, € OL indeksui
» = min{n € supp(n),n > 1}.

Zemiau pateiktos i$vados suformuluotos anksciau [19], bet jos gali bu-
ti gautos ir is teoremos. Suformuluoti rezultatai pateikti nebutinai
vienodai pasiskirsc¢iusiems atsitiktiniams dydziams.

Pirmoji iSvada apibudina situacija, kai pasiskirstymo funkcijos uodegos
Fe

x — 1 visiems z € [0, 00).

. reikSmeés esant dideliems k indeksams yra palyginamos taskuose z ir

7.2.1 iSvada. [19] Tegul {&1,&, ...} yra nepriklausomi neneigiami atsitik-
tindai dydziai su pasiskirstymo funkcijomis {Fe,, Fe,,...}, ir tequl n yra
skaicivojantis atsitiktinis dydis, nepriklausantis nuo {&1,&s,...}. Tada
Fs, € OL , jeigu galioja tokios trys sqlygos:

o Kazkokiam r € supp(n)\ {0} = {n € N: P(n =n) > 0}, pasiskirstymo
funkcija Fe, € OL;

e Kiekvienam k € supp(n), k < k, arba Jim. %:Eg =0, arba F, € OL;

o supsupw < 00.

250 k>1 L (@)

Kadangi kiekvienos pasiskirstymo funkcijos i§ OL klasés reiksmeés tas-
kuose = ir x — 1 yra palyginamos, tai kitas teiginys tiesiogiai iSplaukia is

[7.2.1] isvados.

7.2.2 isvada. [19] Tegul {&1,&2, ...} yra nepriklausomi neneigiami atsitik-
tiniai dydziai su bendra pasiskirstymo funkcija Fe € OL. Tada atsitiktinés
sumos pasiskirstymo funkcija Fs, yra yra O-eksponentiné bet kuriam skai-
ciuojanciam atsitiktinius dydZiui n.

Kitas musy rezultatas nagrinéjamas esant skaic¢iuojanc¢iam atsitiktiniam
dydziui n su baigtine atrama.

7.2.3 iSvada. [19] Tegul {&1,&s,...,¢p}, D € N yra nepriklausomi nenei-
giami atsitiktiniai dydziai su pasiskirstymo funkcijomis {Fg,, Fe,,... Fe,}
i tequl m yra skaiciuojantis atsitiktinis dydis, mnepriklausantis nuo
{&,&, ..., &p}. Tada Fs, € OL, kai tenkinamos tokios trys sqlygos:
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o P(n< D) =1;
o Kazkokiam r € supp(n) \ {0}, pasiskirstymo funkcija Fe, € OL;

e Kiekvienam k € {1,2,...,D}, arba Jim %’:Ez; =0, arba Fg, € OL.

Kitos dvi teoremos nusako situacijas, kurioms esant atsitiktinio sustab-
dyto maksimumo pasiskirstymo funkcija F¢ = priklauso klasei OL.
teoremoje atsitiktiniai dydziai {&;,&s, ...} tenkina nedidelius reikalavimus,
bet skai¢uojantis atsitiktinis dydis n yra labiau apribotas. teoremoje
situacija kitokia - nepriklausomy atsitiktiniy dydziy pasiskirstymo funkcijos
{F¢,, Fe,, ...} yra sulyginamos taskuose x ir  — 1 bei priklauso OL klasei,
bet skaiciuojantis atsitiktinis dydis 7 gali buti bet koks.

7.2.7 teorema. [22] Tegul {&1,&s, ...} yra galimai priklausomi, realias
retksmes jgyjantys, atsitiktiniai dydziaz, ir tequl n yra skaiciuojantis atsitik-
tinis dydis, nepriklausantis nuo {&1,&s,...}. Tarkime, kad egzistuoja » €
supp(n) ir teigiama seka {¢(n) o> tokia, kad Fe, € OL, Ep(n)lg>1y < 0o
w 1 no__

hin_)sogp Sup EINE) kz_:l Fe (z) < o0.
Tada Fe, € OL.

7.2.8 teorema. [22] Tegul {&1,&s, ...} yra nepriklausomi, realias reiksmes
igyjantys, atsitiktiniat dydzZiai, ir tequl n yra skaiciuojantis atsitiktinis dydis,
nepriklausantis nuo {&1,&s,...}. Jeigu

Fﬁk (*7; - 1)

limsupsup ———= < 00,
x—>oop k>I1) ng (SU)

tada Ff(n) e OL.

Paskutinés dvi teoremos apibudina situacijas, kurioms esant atsitiktinio
sustabdyto sumy maksimumo pasiskirstymo funkcija Fg  priklauso klasei
OcL. teoremoje nagrinéjamas atvejis su skaic¢iuojanciu atsitiktiniu dy-
dziu n, kuris neturi baigtinés atramos, o teoremoje priesingai 7 - turi
baigtine atrama.

7.2.9 teorema. [22] Tegul {&1,&s, ...} yra nepriklausomi, realias reiksmes
igyjantys, atsitiktinias dydzZiat, ir tequl n yra skaiciuojantis atsitiktinis dydzis,
nepriklausantis nuo {&1, &, .. .}. Atsitiktiniy sumy atsitiktinio maksimumo
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pasiskirstymo funkcija Fg, priklauso klasei OL, jeigu Fe, € OL ir atsitik-
tinis dydis n tenkina Sias dvi sqlygas:

P P(n >
lim sup — (n>n) < 0o and limsup M < 00.
nvoo N P(n = k) n—oo P(n =n)

7.2.10 teorema. [22] Tequl {&,...,&n} yra nepriklausomi, realias
retksmes jgyjantys, atsitiktiniar dydZiai su pasiskirstymo funkcijomis
{Fe,,. ., Fe, }. Teguln skaicivojantis atsitiktinis dydis nepriklausomas nuo
{&1,&, ..., &n} ir turintis baigtine atramqg supp(n) tokig, kad p = max{n €
supp(n)} < m. Tada Fs, priklauso klasei OL, jeigu F¢, € OL.

Is sio skyrelio teiginiy isplaukia sekantis tvirtinimas apie vienodai pasi-
skirsciusiy atsitiktinius dydzius.

7.2.4 iSvada. Tegul {&,&, ...} yra nepriklausomi vienodai pasiskirs-
te, realias reiksmes jgynantys, atsitiktiniai dydziai su bendra pasiskirstymo
funkcija Fe, ir tequl n skaiciuojantis atsitiktinis dydis nepriklausomas nuo
{&,&, ...}, Jeigu Fe yra O-eksponentiné, tai pasiskirstymo funkcija Fs,
ir Fe,, yra O-eksponentinés. Jeigu papildomai, atsitiktinis dydis n tenkina
teoremos sqlygas, tat Fg(n) taip pat yra O-eksponentiné.

7.3 ISvados

Cia apibendriname pagrindinius Sios disertacijos rezultatus:

1. Pateikéme du teiginius, apibudinancius salygas, kuriom esant atsitikti-
nés sustabdytos sumos pasiskirstymo funkcija priklauso dominuojamai
kintanciy skirstiniy klasei. ISnagrinétas atvejis, kai néra reikalaujamos
jokios salygos atsitiktiniy dydziy {&1,&s, ...} momentams, ir atvejis,
kai sie atsitiktiniai dydziai turi baigtinius vidurkius. Abiem atve-
jais gautos sglygos, kurioms esant Fs, € D, kai atsitiktiniai dydziai
{&1, &, ...} yra nepriklausomi, bet nebutinai vienodai paskirste.

2. Nustatéme salygas, kuriom esant pasiskirstymo funkcija Fs, priklauso
eksponentiniy skirstiniy klasei. Vienoje iS pagrindiniy teoremy skai-
¢iuojantis atsitiktinis dydis n turi baigting atrama, tuo tarpu kitose
teoremose skaiciuojancio atsitiktinio dydzio n uodega is deSinés yra
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neapribuojama. ISnagrinéjome tiek neneigiamus, tiek realias reikSmes
igyjancius atsitiktinius dydzius {1, &, .. .}. Gavome salygas, kuriomis
esant Fg, € L(7), kazkokiam v > 0, kai {£1, &, . ..} nebttinai vienodai
pasiskirste atsitiktiniai dydziai.

. Radome salygas, kuriom esant atsitiktinés sustabdytos sumos S,;, atsi-

tiktinio sustabdyto maksimumo ) ir atsitiktinio sustabdyto sumy
maksimumo S, pasiskirstymo funkcijos priklauso O-eksponentiniy
skirstiniy klasei.  ISnagrinéjome atvejus, kai atsitiktiniai dydziai
{&1, &, ...} nebutinai vienodai pasiskirste atsitiktiniai dydziai.

7.4 Rezultaty sklaida

Disertacijos rezultatai publikuoti Siuose moksliniuose straipsniuo-

se:
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Abstract. Assume that £, &2, . .. are independent and identically distributed non-negative random
variables having the O-exponential distribution. Suppose that 7 is a nonnegative non-degenerate
at zero integer-valued random variable independent of &1,&2, . ... In this paper, we consider the
conditions for ) under which the distribution of random sum &; + &2 + - - - 4 &, remains in the class
of O-exponential distributions.

Keywords: long tail, random sum, closure property, O-exponential distribution.

1 Introduction

Let &1,&9,... be independent copies of a random variable (r.v.) ¢ with distribution
function (d.f.) F.. Let n be a nonnegative non-degenerate at zero integer-valued r.v.
independent of {&;,&s, ... }. We suppose that F¢ is O-exponential and we find minimal
conditions under which the d.f.

Fs (v) =P +&+--+ & <)

=Y P =nPE+&+ - +& <)
n=0

=Y P =n)F" ()
n=0

belongs to the class of O-exponential distributions as well. Here and elsewhere in this
paper, F*" denotes the n-fold convolution of d.f. F'. Theorem 1 below is the main result
of this paper. Before the exact formulation of this theorem, we recall the definition of
O-exponential and some related d.f.’s classes. In all definitions below, we assume that
F(z)=1— F(x) > 0forallz € R.

*The authors are supported by a grant (No. MIP-13079) from the Research Council of Lithuania.

(© Vilnius University, 2015
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Definition 1. For v > 0, by £(y) we denote the class of exponential d.f.s, i.e. F' € L(7)
if for any fixed real y,

im Tty

In the case v = 0, class £(0) is called the long-tailed distribution class and is denoted
by L.

Definition 2. A d.f. I belongs to the dominated varying-tailed class (£’ € D) if for any
fixedy € (0,1), -
F(xy)

limsup = < 00
T—00 LC)

Definition 3. A d.f. ' is O-exponential (F' € OL) if for any fixed y € R,

F F
0< liminfM < limsupM < 0

It is easy to see that the following inclusions hold:

DcCOL, LcCOL, U £ coc.

720

In [2,3], Cline claimed that d.f. s, remains in the class £(v) if ¢ € L(y) and 7 is
any nonnegative non-degenerate at zero integer-valued r.v. Albin [1] observed that Cline’s
result is false in general. He obtained that d.f. Fs, remains in the class £(y) if F¢ belongs
to the class £(v) and Ee®? < oo for each § > 0. In order to prove this claim, author used
the upper estimate

F(x —t)
provided thate > 0,t € R, F' € L(), x > n(c1 —t) +tand ¢; = ¢;(g,t) is sufficiently
large such that

< (1+e)e, (D)

(z —1)

F(z)
for x > c¢; (see [1, Lemma 1]). Unfortunately, the obtained estimate holds for positive
t only. If ¢ is negative, then the above estimate is incorrect in general. This fact was
shown by Watanabe and Yamamuro (see [8, Remark 6.1]). Thus, the Cline proposition
that P(& + & + - - + &, < ) belongs to the class £(7) remains not proved.

In this paper, we investigate a wider class, OL, instead of the class £(v). We show
that the d.f. of the sum & + & + -+ + &, remains in the class OL, if r.v. 7 satisfies
the conditions similar to that in [1]. The following theorem is the main statement in this
paper.

Theorem 1. Let &1, &2, . . . be independent copies of a nonnegative r.v.  with d.f. F¢. Letn
be a nonnegative, non-degenerate at zero, integer-valued and independent of {£1,&a, ...}
rv. with d.f. F,,. If Fe belongs to the class OL and F,(6x) = O(\/xF¢(x)) for each
6 €(0,1), then Fs, € OL.

< (1+¢)e

http://www.mii.lt/NA
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A detailed proof of Theorem 1 is presented in Section 3. Note that the proof is similar
to that of Theorem 6 in [5].

The following assertion actually shows that Albin’s conditions for the counting r.v. n
are sufficient for d.f. Fs, to remain in the class OL. The proof of the following corollary
is also presented in Section 3.

Corollary 1. Let &1,&s, . .. be a sequence of independent nonnegative r.v.s with common
df Fe € OL.

(1) D.f-P(& + -+ + &, < x) belongs to the class OL for each fixed n € N.

(ii) Let 1 be a r.v. which is nonnegative, non-degenerate at zero, integer-valued and
independent of {1, &2, .. .}. If Ee®" < oo for each ¢ > 0, then Fs, € OL.

2 Auxiliary lemmas

Before proving our main results, we give three auxiliary lemmas. The first lemma is
well known classical estimate for the concentration function of a sum of independent and
identically distributed r.v.s. The proof of Lemma 1 can be found in [6] (see Theorem 2.22),
for instance.

Lemma 1. Let X1, Xs,..., be a sequence of independent r.v.s with a common non-
degenerate d.f. Then there exists a constant co, independent of A and n, such that

sipP(z < X1+ Xo+ -+ X, <z 4 )N) < oA+ 1)n~1/2
z€R

forall X\ > 0 and all n € N.

The second auxiliary lemma is due to Shimura and Watanabe (see [7, Prop. 2.2]). The
lemma describes an important property of a d.f. from the class OL.

Lemma 2. Let I be a d.f. from the class OL. Then there exists positive A such that

lim e?*F(z) = oc.
Tr—r00

The last auxiliary lemma is crucial in the proof of Theorem 1. The elements of the
statement below can be found in [4] (see the proof of Theorem 3(b)). Inequality (1), which
is a particular case of the statement below, is proved in [1] (see Lemma 2.1). Leipus and
Siaulys [5] generalized Albin’s inequality (1) for an arbitrary d.f. with unbounded support.
The analytical proof of Lemma 3 is given in [5] (see proof of Lemma 4). In this paper, we
present another, completely probabilistic proof of the lemma below having in mind the
importance of the statement.

Lemma 3. Let d.f F be such that F(x) > 0 for all x € R. Suppose that

F(xr —
sup M <dy

Nonlinear Anal. Model. Control, 20(3):447-454
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for some positive constants t, dy and do > t. Then, foralln = 1,2, ..., we have:

F*r(z —t
qp o=t

< dj.
z2n(da—t)+t F*n(x)

Proof of Lemma 3. Let X be ar.v. with d.f. F'. Then the condition of Lemma 3 says that

P(X >z —1t)
sup —— 7Y 4 2
AP TP(X > 1) ! @

for some positive ¢, d;, da > ¢, and we need to prove that

P(SX >z —1t)
sup —r - <d 3)
2> (ndy—t)+t P(SX > ) '

foralln € N, where S;X = X +---+ X,,, and X1, X, ... are independent copies of X.
The proof is proceeded by induction on n. According to condition (2), inequality (3)
holds for n = 1. Suppose now that N > 1. For arbitrary real z, z and ¢t > 0, we obtain
P(Sl)\‘;Jr1 > x) = P(Sf\g + Xnp1 > x, Xy <z — z)
+P(SJ)§ + Xy >z, Sn < z)
+P(Xys1 > 2 —2)P(S3 > 2)
> P(S])é >z — Xnt1, ¢ — XNtp1 = z)
+P(XN+1 >szJ}\§, foI)\? 2x—z+t)
+P(Xnt1 > 7 —2)P(Sy > 2). 4)

If we replace x by x — t and z by z — ¢ then we get

P(SJ)V(_H>x7t):P(Sf§+XN+1>x7t, XN+1<xfz)
+P(SN + Xny1 >z —t, Sy <z—t)
+P(Xny1>2—2)P(Sy >2—1t)

:P(S])\§>x—XN+1—t,$—XN+1>z)
+P(Xnt1 >z - SN —t,a— Sy >z —2+t)
+P (XN > 2 —2)P(Sy > 2 —t). (5)
R.v.s X1, X5, ... are independent. Therefore,

P(Sﬁ >z —Xnt1—t o —Xn 22)

E(E(1{‘9})\5>$*XN+1*t}1{m—XN+1>z} | xr — XN+1 = y))
= E(l{y>Z}E(1{SJ)§>y—t} ’ r—Xnp1=y))
=B(1y>P(Sy >y - 1))

http://www.mii.lt/NA



Random convolution of O-exponential distributions 451

P(S¥ >y—1t) X
<sup—————E(1,> 2 P(Sy >
y;z) P(S])§>y) ( {y>=2} ( N y))
P(S% —t
:SUPMP(S?\/{>I*XN+1,I7XN+1>Z), (6)

v>= P(Sx >)
where 1 4 denotes the indicator function of an event A. Similarly,

P(XN+1>:1:—Sf§—t,a:—5§>x—z+t)

P(X >y—t
< swp (Xny1>y—1)
yso—ztt P(XNi1>Y)

P(XN+1>foI)§,foJ)§>xfz+t). @)

Using estimates (4)—(7), we obtain

P(S¥ >z —t) <mm{supP(Sﬁ > y—t)7 sup P(X > y—t)} ®
P(SJ)\/'(-i-l > ) v P(SN >¥) yze—zit P(X >y)
ifx,zeR,t>0and N > 1.
Suppose now that (3) is satisfied for n = N. We will show that (3) holds for n =
N+ 1.
Condition (2) and estimate (8) imply, taking z = zy = Na/(N + 1) +t/(N + 1)
andwy =z — 2y +t=2/(N + 1)+ Nt/(N + 1), that

P(S¥ >z —t) { P(SX >y—t) P(X>y—t)}
<max{ sup —————>, Sup —————> » < d
P(SJ)\§+1 > z) y=zN P(Sf\? > y) y2wn P(X >y) !
ifx > (N +1)(dy — t) + t, because, in this case,
ZN>N(d2—t)+t and wy = ds.

So, estimate (3) holds for n = N + 1 and the validity of (3) for all n follows by
induction. O

3 Proofs of main results

In this section, we present detailed proofs of our main results.

Proof of Theorem 1. First, we show that

_ P _
lim sup M = lim sup M < 00 )
T—00 FSn (JS‘) T—00 P(Sn > 37)
for each a € R.
If a < 0, then P(S,, > 2 —a) < P(S, > z) for all z € R, and estimate (9) is
obvious.

Nonlinear Anal. Model. Control, 20(3):447-454
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Suppose now that a > 0. Since Fy € OL, we derive that

Fe(z —
lim sup M =c3 (10)
T—00 Fg(l‘)

for some finite positive quantity cs maybe depending on a. So, there exists some K =
K, > a+ 1 such that

F,
sup 7£( @) < 2cs3. (11D
o>k Fe(x)
Applying Lemma 3, we obtain that
P(S, — F"(x—a
sup (>—$ca) = sup g < 2¢3, (12)
z>2n(K—a)+a P(Sn > 1‘) z>2n (K—a)+a an(l')

where and below S, =& + &+ -+ &, if n € N.
For an arbitrarily chosen positive z, we have

P(S, > ) Z (Sp > )P ZP§1>x (n=n)
n=1 n=1
= Fe(x)P(n > 1). (13)

If x > K, then, using (12), we get:

P(S7,>xa)—P<Sn>xa,n<]x(_C;) (S >z — an>;;_c;)

= Z P(S,>z—a)P(n=mn)

n<(v—a)/(K—a)

+ Z P(S, >z —a)P(n=mn)

n>(x—a)/(K—a)

< 2¢3 Z P(S, > z)P(n=n)
n<(z—a)/(K—a)
+ Z P(S, >z —a)P(n=n)
n>(z—a)/(K—a)
+ P(S, >z)P(n=n)

n>(z—a)/(K—a)

— Z P(S, > z)P(n=n)

n>(z—a)/(K—a)

http://www.mii.lt/NA
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<y Z P(S, > z)P(n=n)
n=1

+ Z Plz—a< S, <z)P(n=n) (14)
n>(z—a)/(K—a)
with ¢4, = max{2¢3, 1}.

According to Lemma 1, we obtain

1
supP(z —a< S, <z)<cs(a+1)—

z€eR \/ﬁ7

where the constant c5 is independent of a and n. Thus, inequality (14) implies

P(S, > 2 —a) <caP(S,; >z) +cs5(a+1) Z P(vzfzn)
n>(z—a)/(K—a)

(a+1)P<n> f(‘_‘;) (15)

K—a

< 4 P(S, >
caP(Sy > )+ ¢ P

provided that z > K.
Inequalities (13) and (15) imply that, for z > K, it holds

P(S,>r—a) _ esvVE —ala+1) F<x—a)_

<4+ —
P(S, > ) ! Ve —aP(n>1)F:(x) "\K —a
Consequently,
lim sup —P(Sn > —a)

csoe  P(Sy, > 1)
(a+HVK —a . Fy((x—a)/(K —a)) Fe(x —a)

e +ec lim su = lim sup ——
PTOTP 2 1) e VI _aFi(@—a) oo Fe(z)
HVEK — F, K —
=c4+ C3C5—<a +1) ¢ lim sup —"(I/( @) < 00

due to equality (10) and requirement F;, (6z) = O(+/z F¢(z)) which holds for arbitrary
d € (0,1). Therefore, relation (9) is satisfied for for all a € R.
It remains to prove that

Fi B —
lim inf M — liminf M

> 0,
T—00 F'S77 (x) T—00 P(S”I > J,‘)

where a is an arbitrarily chosen real number. But this relation follows from the proved
estimate (9), because o
P(S,>z) > Fe(x)P(n>1) >0

Nonlinear Anal. Model. Control, 20(3):447-454
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for each positive number z, and so

lim inf M — (

, P(S,>z+a)\""
limsup ——PL "~ 0.
Im 1n P(Sn > m) 1m sup ) >

tooo  P(S; > )

The last inequality, together with estimate (9), implies that d.f. Fs, belongs to the class
OL. Theorem 1 is proved. [

Proof of Corollary 1. Part (i) of Corollary 1 is evident. So we only prove part (ii). Let
0 € (0,1). According to the Markov inequality, we have

F,(6z) = P(n > dx) = P(e¥7 > e¥°%) < e "V Ee¥” (16)

for each y > 0. The d.f. F¢ belongs to the class OL. Therefore, Lemma 2 implies that
e4%F¢ () — oo as x — oo. for some positive A.
Choosing y = A/6 > 0 in (16), we obtain:
Fy(0x) o B 11 pamm
VI Fe(x) ~ e aFe(x) Vet Fe(x) 700
because Ee®" is finite for an arbitrarily positive € according to the main condition of
Corollary 1. The statement of Corollary 1 follows now from Theorem 1. O
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Abstract Let {£1, &, ...} be a sequence of independent random variables (not necessarily
identically distributed), and n be a counting random variable independent of this sequence. We
obtain sufficient conditions on {£1, &, ...} and n under which the distribution function of the
random sum S, = &1 + & + - - - 4 &, belongs to the class of O-exponential distributions.

Keywords Heavy tail, exponential tail, O-exponential tail, random sum, random
convolution, inhomogeneous distributions, closure property
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1 Introduction

Let {&1, &, ...} be a sequence of independent random variables (r.v.s) with distribu-
tion functions (d.f.s) {Fg,, F%,, ...}, and let n be a counting r.v., that is, an integer-
valued, nonnegative, and nondegenerate at zero r.v. In addition, suppose that the r.v.
n and r.v.s {£1, &, ...} are independent. Let So = Oand S, = &1 + & + -+ - + &,
n € N, be the partial sums, and let
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U
Sr] = Z &k
k=1

be the random sum of {&1, &, ...}
We are interested in conditions under which the d.f. of §;,

o
Fs,(x) = P(S; <x) = ) P =m)P(S, < x)
n=0
belongs to the class of O-exponential distributions.
According to Albin and Sunden [1] or Shimura and Watanabe [15], a d.f. F be-
longs to the class of O-exponential distributions OL if
F F
0< liminfM < limsu M <
x—>00  F(x) X—>00 F(x)
forall a € R, where F(x) = 1 — F(x), x € R,is the tail of a d.f. F.
Note that if F € OL, then F(x) > 0 for all x € R.
It is obvious that a d.f. F belongs to the class OL if and only if
Fx—1)
— <

limsup —
X—>00 F(x)

ey

or, equivalently, if and only if

Fx—1)
SUp —=—"—7" < X0
x>0 F(x)

The last condition shows that class OL is quite wide. We further describe some
more popular subclasses of OL for which we will present some results on the random
convolution of distributions from these subclasses.

A d.f. F is said to belong to the class L of long-tailed d.f.s if for every fixed a > 0,
we have _

Flx+a)
X—>00 f(x) o

A d.f. F is said to belong to the class L(y) of exponential distributions with some

y > 0 if for any fixed a > 0, we have

F(x +a)
m ——— =
x—>00  F(x)

A d.f. F belongs to the class D (or has a dominatingly varying tail) if for every
fixed a € (0, 1), we have

1.

e .,

. F(xa)
lim sup —
X—>00 F(x)

A d.f. F supported on the interval [0, 0o) belongs to the class S (or is subexpo-
nential) if
. FxFx)
lim —— =2
xX—>00 F(x)
where, as usual, x denotes the convolution of d.f.s.
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A d.f. F supported on the interval [0, 00) belongs to the class S* ( or is strongly
subexponential) if

X

ni= f xdF(x) < oo and /f(x —YWF(y)dy ~ 2uF(x).
X—> 00
[0,00) 0

If a d.f. F is supported on R, then F belongs to some of the classes S or §* if
Ft(x) = F(x)1{[0,00)} (x) belongs to the corresponding class.

The presented definitions, together with Lemma 2 of Chistyakov [2], Lemma 9 of
Denisov et al. [5], Lemma 1.3.5(a) of Embrechts et al. [9], and Lemma 1 of Kaas and
Tang [11], imply that

S*csScLcocL, pcoL, |JLy coL.
y>0

Now we present a few known results on when the d.f. Fg, belongs to some
class. The first result about subexponential distributions was proved by Embrechts
and Goldie (Theorem 4.2 in [8]) and Cline (Theorem 2.13 in [3]).

Theorem 1. Let (&1, &, ...} be independent copies of a nonnegative r.v. £ with subex-
ponential d.f. Fg. Let 1) be a counting r.v. independent of {£1, &, ...}. IfE(1 4+ 68)"7 <
oo for some § > 0, then Fs, € S.

In the case of strongly subexponential d.f.s, the following result, which involves
weaker restrictions on the r.v. i, can be derived from Theorem 1 of Denisov et al. [6]
and Corollary 2.36 of Foss et al. [10].

Theorem 2. Let {&1, &), ...} be independent copies of a nonnegative r.v. & with

strongly subexponential d.f. Fy and finite mean E§. Let n be a counting r.v. indepen-

dent of {§1, &, .. .} If P(n > x/c) = o(Fg(x)) for some ¢ > K&, then Fs, € S*.
X

— 00

Similar results for classes D, £, and OL can be found in the papers of Leipus and
Siaulys [12] and Danilenko and Siaulys [4]. We further present Theorem 6 from [12].

Theorem 3. Let {§1, &2, ...} be independent rv.s with common d.f. Fr € L, and
let n be a counting rv. independent of {§1,&>, ...} having d.f. F,. If F,,(3x) =
X

—> 00
o(/x F£(x)) for each § € (0, 1), then Fs, € L.

In all presented results, r.v.s {£1, &, ...} are identically distributed. In this work,
we consider independent, but not necessarily identically distributed, r.v.s. As was
noted, we restrict our consideration on the class OL. In fact, in this paper, we gener-
alize the results of [4]. If {1, &, . ..} may be not identically distributed, then various
collections of conditions on r.v.s {1, &2, ...} and n imply that F5, € OL. The rest of
the paper is organized as follows. In Section 2, we formulate our main results. In Sec-
tion 3, we present all auxiliary assertions, and the detailed proofs of the main results
are presented in Section 4. Finally, a few examples of O-exponential random sums
are described in Section 5.
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2 Main results

In this section, we formulate our main results. The first result describes the situation
where the tails of d.f.s F, for large indices k are uniformly comparable with itself at
the points x and x — 1 for all x € [0, c0).

Theorem 4. Let {£1, &, ...} be independent nonnegative random variables with d.f.s
{Fg,, Fy,, ...}, and let n be a counting rv. independent of {§1, &2, ...}. Then Fs, €
OL if the following three conditions are satisfied.

e For some k € supp(n) \ {0} = {n e N: P(n =n) >0}, F, € OL.

o For each k € supp(n), k < , either lim =& (x; =0or Fy, € OL.

x—o00 Fg (x

F, -1
e sup sup %
e>0k>1 Faen®
Since each d.f. from the class OL is comparable with itself, the next assertion

follows immediately from Theorem 4.

Corollary 1. Let {&1, &, ...} be independent nonnegative random variables with
common d.f. Fg € OL. Then the d.f. of random sum Fy, is O-exponential for an
arbitrary counting r.v. 1.

Our second main assertion is dealt with counting r.v.s having finite support.

Theorem 5. Let {£1, &2, ...,&Ep}, D € N, be independent nonnegative random vari-
ables with d.f.s {Fg, F,, ... Ftp}, and let ) be a counting r.v. independent of {&1,
&, ...,&p}. Then Fs, € OL under the following three conditions.

eP(n<D)=1.

e For some k € supp(n) \ {0}, Fg, € OL. B

e Foreachk € {1,2, ..., D}, either lim fs"ix; =0or Fg € OL.

X—>00 g (X

Our last main assertion describes the case where the tails of d.f.s Fg, are compa-
rable at x and x — 1 asymptotically and uniformly with respect to large indices k. In
this case, conditions are more restrictive for a counting r.v.

Theorem 6. Let {£1, &, ...} be independent nonnegative random variables with d.f.s
{Fe,, Fy,, ...}, and let n be a counting r.v. d.f. F, independent of {£1, &2, ...}. Then
Fs, € OL if the following five conditions are satisfied.

e For some k € supp(n) \ {0}, F¢, € OL.

o For each k € supp(n), k < , either lim =& (x; =0or Fy, € OL.

x—o00 Fg (x

. Fe , (x—1)
o lim sup sup ="~ < o,

x—>00 k>1 Fe i)

o limsup 1 ), Sg%(fém (x—1) = Fg,,(x) < L
Xz

k— o0

e For each § € (0, 1), F,(8x) = O(/x Fg (x)).

3 Auxiliary lemmas

In this section, we present all assertions that we use in the proofs of our main results.
We present some of auxiliary results with proofs. The first assertion can be found in
[7] (see Eq. (2.12)).
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Lemma 1. Let F and G be two d.f.s satisfying F(x) > 0, G(x) > 0, x € R. Then
F+G(x —1) { F(y—1t) E(y—t)}
—_— é max 4y sup ———, sup —_—

F % G(x) yzv F@Q)  yzx—vte GO
forallx e R,veR andt > 0.

The following assertion is the well-known Kolmogorov—Rogozin inequality for
concentration functions. Recall that the Lévy concentration function or simply con-
centration function of a r.v. X is the function

Ox(A) =supPx < X <x+21), Ae€l0,00).
xeR
The proof of the next lemma can be found in [14] (Theorem 2.15).
Lemma 2. Let X1, X2, ..., X, be independent r.v.s, and let Z,, = ZZ:] Xp. Then,
foralln € N,

n —1/2
02,0 < Ax{ > (- ka(xk))} :
k=1

where A is an absolute constant, and 0 < Ay < A foreachk € {1,2,...,n}.

The following assertion describes sufficient conditions under which the d.f. of
two independent r.v.s belongs to the class OL.

Lemma 3. Let X1 and X, be independent r.v.s with d.f.s Fx, and Fx,, respectively.
Then the d.f. Fx, * Fx, of the sum X1 + X, is O-exponential if Fx, € OL and one
of the following two conditions holds:

o lIim LW _, )
xX—=>00 FX] (x)
° F)(2 e OL.

Proof. We split the proof into three parts.

L. First, suppose that P(X> < D) = 1 for some D > 0. In this case, condition (2)
holds evidently.

For each real x, we have

Fx, x Fx,(x) = P(X; + X2 > x) = / Fx,(x — y)dFx,(y).

(—00,D]
Hence, for such x,
Fe % Fro Folx—1—yne=y
Fx, x Fx,(x = 1) f(—oo,D] Fx,(x =1 y)FX](xiy)dez(y)
W(X) f(foo,D] fXI(X — Y)dez(y)
Fx, (x—1-y)=
o Fxi(x = y)dF.
ficon.o )rSlglIl)) Fxy(x=y) X (0 = Y)dFx, (¥)

<

Jcso.py Fx1 (x = )dFx, ()
Fx,(z—1)

= su _—

>x-p Fx,(2)
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This estimate implies that

i Fx, * Fx,(x —1) _ . Fx,(z—1)
msup —————— < lim sup sup ——
X—>00 FX1 * FXz(x) X—>00 z>x—D FX](Z)

li le(y - 1)
=lmsup ———
y—>00 Fxl(y)

< o0

because Fx, € OL. So, Fx, * Fx, € OL as well. B
II. Now let us consider the case where condition (2) holds but F'x, (x) > 0 for all
x € R. For each real x, we have

o0

Fx, * Fx,(x) = / Fx, (x — y)dFx, ().

—00

Therefore,

Fx, * Fx,(x = 1) = ( f + / )fx] (x — 1 — y)dFx,(»)
(—oo,x—M] (x—M,00)
le (.X - )’)

< / Fx,(x—1—y)=
: Fx,(x — )

(—00, x—M]
Fx,(z—1)
=M Fx, (@)

dFx,(y) + Fx,(x = M)

AN

/ Fx, (x — y)dFx,(y) + Fxy(r — M)

(=00, x—M]
for all M, x such that 0 < M < x — 1. In addition, for such M and x, we obtain
Fx, * Fx,(x) > / FXI(JC—)’)(H?XZ(}’),
(=00, x—M]

Fxo# Fra(x) > / Fx, (x — )dFx, ()
(M ,00)
> Fx,(x — M)Fx,(M).

The obtained estimates imply that

Fxix o= _ Fxi(z—1) Fx,(x = M)
———— — pum— —
Fxl*sz(x) M FX1(Z) FX1(X—M)FX2(M)

for all x and M such that 0 < M < x — 1. Consequently,

. Fx, % Fx,(x — 1) Fx,(z—1) . F
msup ——— < su — — lim sup =
X—00 FX1 *FXZ()C) =M FX](Z) FX2(M) X—>00 FXI(X—M)
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Fx,(z—1)
= sup ——
=M Fx (2)

for all positive M. Therefore,

i Fx, * Fx,(x — 1) Fx,(M —1)

imsup ————— <1 — <
X—>00 Fx, * Fx,(x) M- Fx (M)

because Fy, is O-exponential. Consequently, Fx, * Fx, € OL by (1).

IIL. It remains to prove the assertion when both d.f.s Fy, and Fx, are O-exponen-
tial. By Lemma 1 we have

Fx, « Fx,(x —1)
Fx1 % FXZ(X)

Fx (z—1 Fyx,(z—1
gmax{sup&, su M}

=M Fx,(@)  x-mt1 Fx,(2)

for all x and M such that 0 < M < x — 1. Therefore, for every positive M,

i Fx, *sz(x—l)
1M Ssup ——————
X—00 FX1 k FXZ()C)

FXI(Z_ 1) . FXQ(Z_ 1)
<max{ sup ————, limsup sup ——
=M Fx (2) x—>00 z2x—M+1 Fx,(2)

{ FX](Z_l) . FXz(y_l)}
= max jy Sup _7,11111511 —_— (.

=M FX1 (2) y—>00 sz(y)

Letting M tend to infinity, we get that

FX1 k FXZ()C — 1)

limsup ———=—
X—>00 Fx, * Fx,(x)
Fx, (M —1 F —1
gmax{limsupy’hmsu L} -
M—oo FX] (M) y—>00 sz(y)

because Fx, and Fx, belong to class OL. Consequently, Fx, * Fx, € OL due to
requirement (1). Lemma 3 is proved. O

Lemma 4. Let {Xy, X5, ..., X,,} be independent nonnegative r.v.s with d.f.s {Fx,,

Fx,, ..., Fx,}. Let Fx, € OL and suppose that, for each k € {2,3, ..., n}, either
. F

lim Py O0or Fx, € OL. Then the d.f. Fx, * Fx, % --- x Fx, belongs to the

x—o0 Fx (x)

class OL.

Proof. We use induction on n. If n = 2, then the statement follows from Lemma 3.
Suppose that the statement holds if n = m, thatis, Fx, * Fx, *---*x Fy, € OL, and
we will show that the statement is correct forn = m + 1.

Conditions of the lemma imply that Fx,, ., € OL or

lim P ) — lim F s )
x—>00 Fy ok Fx, -+ % Fx, (x) 1= P(X1+ -+ Xy > X)
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Fy,,,, (x Fy,,, (x
< llm Xm-H( ) — 1 _Xm-H( ) — O
x—o0o P(X| >x) x—o00 Fx, (x)

So, using Lemma 3 again, we get

FX]*FXz*"'*FX :(FXl*FXZ*"'*FXm)*FX e OL.

m+1 m+1

We see that the statement of the lemma holds for n = m + 1 and, consequently, by
induction, for all n € N. The lemma is proved. O

4 Proofs of the main results

In this section, we present proofs of our main results.

Proof of Theorem 4. Conditions of Theorem and Lemma 4 imply that the d.f.
Fs (x) = P(S, < x) belongs to the class OL. So, we have

F
limsup —— < ©© 3)

or, equivalently,

Fg(x—1
s =D 4)
x>0 Fg (x)
for some positive constant cy.
We observe that, for all x > 0,
P(S, >x—1)
et/ I S A , 5
PGS, > ) Ji1(x) + Fa(x) 5
where
P(S, >x—1,n<«)
Ji(x) = —2 =5,
P(S, > x)
P(S, >x—1,n>«)
) = P(S, > x)

Since k € supp(n), we obtain

Yoo P(S, > x — DP(n = n)
Ym0 P(Sy > x)P(n = n)
1 K
S B, = 0P =) ’;P(SK >x = DP( =n)

P >x—-D PO <)
T PSe>x) P(p=«)

Ji(x) =
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Hence, it follows from (3) that

lim sup J1(x) < oo. (6)
X—>00
By Lemma 1 we have
P(S, -1 P(S -1 F -1
(S+1 > x )gmax{sup (S >z )’ ELH(Z )} )
P(Sc+1 > x) M P(Se>2)  >x-mu1 Fe (2

for all real x and M.
The third condition of the theorem implies that

F -1
sup % < 8)
x>0 Fg ()

for all kK € N and some positive ¢;.
If we choose M = x/2 in estimate (7), then, using (4), we get

P(Set1 >x— 1)
sup ——— < max {cq, ¢z} := c3. )
x;()) P(Se+1 > x)

Applying Lemma 1 again, we obtain

P(Ses2 > x — 1)

P(Set1>2-D FEKH(Z—U}
P(Sc42 > x) F, '

<maxy sup ——,
h L)M P(Sk+1>2)  iox-mr1 Fe,(2)

By choosing M = x /2 we get from inequalities (8) and (9) that

P(Sc2 >x—1)

< 3.
x>0 P(SK+2 > )C)

Continuing the process, we find

P(Sctk >x -1

<
>0 P(Setk > x)

for all k € N. Therefore,

j(x)—;ip(s >x— DP(n =« +k)
2 = IF)(S” =) o K-+k n=

o

Cc3

< —— P(S, P(n = k

P(Sn”); (Setk > X)P( =k +k)
P(S

<M:c3 (10)
P(S, > x)

forall x > 0.
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The obtained relations (5), (6), and (10) imply that

. IP’(SU >x—1)
limsup ——————~ <
X—00 ]P)(Sn > X)

Therefore, the d.f. F. Sy belongs to the class OL due to requirement (1). Theorem 4 is
proved. d

Proof of Theorem 5. The statement of the theorem can be derived from Theorem 4
or proved directly. We present the direct proof of Theorem 5.

It is evident that Sy = & + Zﬁ:l, nstic &, for each k > «. Hence, by Lemma 4,
Fs, e OLforallk <k < D.

If x > 1, then we have

D —
]P)(Sn >x—1) B Zn€:u=prlj(n) P(S, > x — DP(n =n)

PSS, >x) P, PGS, > 0P =n)

nesupp(n)

P(Se > x — DP( < k) + X e P(Sy > x — DP(p = n)

nesupp(n)

P(Se > X)P( = «) + Pt P(S, > X)P(n = n)

nesupp(n)
P(Sc > x — DP(n < k) P(S, >x—1)
, max —— ¢, (11)
P(Se > x)P(n =«k)  «+i<n<p P(S), > x)

nesupp(n)

gmax{

where in the last step we use the inequality

ai+a+---+a, {al as an}
<maxqy—, —,...,—(,
bi+by+---+by by by by,
provided thatn > 1 and a;, b; > Ofori € {1, 2,...,n}.
Since Fs, € OL for alln > «, we get from (11) that
P(S —1
limsup on == D (12)
xX—>00 ]P)(Sn > x)
and the statement of Theorem 5 follows. O

Proof of Theorem 6. As usual, it suffices to prove relation (12). If x > 0, then we
have

P(S, > x) = ZP(S,, > x)P(y =n)

n=1
= P(Se > x)P(n =x)
> ng )P(n =«). (13)

Similarly, for K > 2 and x > 2K,

P(Sy>x—1) =Y P, >x—1Pn=n)

n=1
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+ > P(Seix > x — DP(p = k + k)
I<k<(x=1)/(K=1)
+ ), P —1<Squ <OPO=k+k)
k>@x—1)/(K—=1)
+ > PS> 0P =x+k
k>@x—1)/(K=1)
= K1 () + Ka(x) + K3(x) + Ka(x). (14)

The distribution function Fs,_ belongs to the class OL due to Lemma 4. So, by esti-
mate (6) we have
Ki(x)

limsup ————— = limsup J;(x) < oo. 15
x—>oopIP’(S,7>x) im sup 1(x) (15)

Now we consider the sum /C2(x). Since Fis, is O-exponential, we have

P(Se >x—1)
sup —— < ¢4
x>0 P(S > x)
with some positive constant c¢4. On the other hand, the third condition of Theorem 6
implies that

F x —1
sup M < ¢6
xzes Feo ()
for some constants ¢c5 > 2, ¢ > O and all k € N.
By Lemma 1 (with v = ¢5) we have

P(Ses1 >x — 1)
P(Set1 > x)

{ P(Se >z —1) Faﬁ@—lq
< max sup , — .
7>x—c5+1 P(Sc > 2) 7>c5 F§K+1 (2)

Consequently,
P(Scq1 >x—1)
sup ———— < max {c4, cg} == c7.
x>es  P(Set1 > X)
Applying Lemma 1 again for the sum Sy12 = Sc41 + &c42 (With v = x/2 + 1/2),
we get
P(Set2 > x — 1)

P(S + Z— 1 I Z— 1
< { ( e+l = —) su §K+2(— ) }
P(SK-HZ > )C)

25+ P(Set1 > 2) 2i+1 F&HZ (2)
Ifx > 2(c5 — 1)+ 1, thenx/2+1/2 > cs5. Therefore, by the last inequality we obtain
that
P(Scy2 >x—1)
sup — e <07
x22es—+1  P(Seq2 > x)

Applying Lemma 1 once again (with v = x/3 4 2/3), we get

P(Sen>2-1) ?hﬁ&—D}
P(Scy2 > 2) ’ z2§+§ f§K+3 (2) .

P(Ser3 > x — 1)

< max { sup
P(Sc43 > X)

>F+]
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Ifx >3(cs—1)+1,then2x/34+1/3 > 2(cs — 1)+ 1and x/3 +2/3 > cs. So, the
last estimate implies

P(Seq3 >x—1)
sup _ -

< c7.
x23(cs—+1  P(Se43 > x)

Continuing the process, we can get that

P(S, —1
sp  Lkrk > D (16)
>k(es—)+1  P(Sktk > X)

for all k € N.
We can suppose that K = c5 in representation (14). In such a case, it follows from
inequality (16) that

. Ka(x) . c7
limsup ———— < limsup —— P(S, > x)Pn=«+k
mSup s oy S M e Z,l (Sctr > NP )
1<k 2,
< ¢7. (17)
Since, obviously,
Ka(x)

limsup ————— <
X—00 P(Sn > Xx)

it remains to estimate sum K3(x). Using Lemma 2, we obtain

1, (18)

k

-1/2
Ks(x) < A Z P(n =« +k)<Z(l —supP(x — 1 < &1 < x)))

. =1 xeR

T

x—1
c5—

with some absolute positive constant A. By the fourth condition of the theorem,

1=

Z Suﬁ (Fex =1 —Fg (0) <1-A

1=1 Xe

for some 0 < A < 1 and all sufficiently large k. So, for such k,

> (1-supPG—1 <&y <)) > kA,
=1 xeR

From the last estimate it follows that

A 1
Kalx) < —— — P>y =« +k)
W 2 R
>z‘5—l
A Jcs—1 x—1
<= P =
JaV =1 (’7>K+cs_1>
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for sufficiently large x. Therefore,

i Ks(x)
msup ————
X—>00 ]P(S > x)
<A A Jes—T “ (L5 L s Fe (x— 1)
u —
VAPG) = k) —K) x—>00 P Vx—1Fg(x—1) Hoop Fe, (x)
< X (19)

by estimate (13) and the last condition of the theorem. Representation (14) and es-
timates (15), (17), (18), and (19) imply the desired inequality (12). Theorem 6 is
proved. O

5 Examples of O-exponential random sums

In this section, we present three examples of random sums ;) for which the d.f.s Fg,
are O-exponential.

Example 1. Let {&1, &, ...} be independent r.v.s. We suppose that the r.v. & for

k €{l,2,..., D} is distributed according to the Pareto law with parameters k and «,
that is,
_ k o
Fe(x)=——) , =0,
£ (%) <k T x> X
where k € {1,2,..., D}, D > 1, and « > 0. In addition, we suppose that the r.v.

Ep+k for each k € N is distributed according to the exponential law with parameter
A/ k, that is,
Fgp, (x) = e Mk x>o0.

It follows from Theorem 4 that the d.f. of the random sum S, is O-exponential for
each counting r.v.  independent of {&1, &, ...} under the condition P(n = «) > 0
for some k € {1, 2, ..., D} because:

o Fg eLCOL foreachk <«

F X
e sup sup M
x=0k>1 Fng (x)

{ 1 Fgo(x — 1)}
=max{ Sup Sup———, SUpSUp ——————=
0<x<1 k1 ng+k(X) x>1k21 Fg (x)

Kk +k+x\* o /k
= max Sup max max —_— , Sup € s
0<x<1 1<k<D—« K+ k k>1

{ ( Kk+k+x )D‘ A/k}}
supmax{ max (———— ), supe
x>1 ISksD-«x \Kk +k+x—1/ 4>

k
< max {2 }
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Example 2. Let a r.v. n be uniformly distributed on {1, 2, ..., D}, that is,

1
Pop=k=. kell.2.....D).

for some D > 2. Let {&1, &, ..., Ep} be independent r.v.s, where & is exponentially
distributed, and &», ..., &ép are uniformly distributed.
If the r.v. n is independent of the r.v.s {£1, &, ..., Ep}, then Theorem 5 implies

that the d.f. of the random sum S, is O-exponential.

Example 3. Let {£], &, ...} beindependentr.v.s, where {&1, &, .. ., &1} are finitely
supported, k > 2, and &, is distributed according to the Weibull law, that is,

Fe()=e V", x>0
In addition, we suppose that the r.v. £« for each k = m?, m > 2, has the d.f. with
tail
ifx <0,
ifO0<x <k,
re R ifx >k,

F§K+k ()C) =

—_— —

whereas for each remaining index k ¢ {m?, m € N\ {1}}, the r.v. &1+ has the expo-
nential distribution, that is,

Fg ,(x)=e*, x>0

If the counting r.v. 1 is independent of {£1, &, ...} and is distributed according to
the Poisson law with parameter A, then it follows from Theorem 6 that the random
sum S, is O-exponentially distributed because:

o Fo eLCOL:

K

F
o dim 285W o ko2 k-1
x—>ooFSK(x)
F -1
e supsup Tl T x-D

2121 Fe (%)
Fe (x—1 F x—1
= sup max { sup 7éi+"( ) , s 7’;1%( ) }
xz1 1 k=m2m>2 Feoo ) istazm? Feop ()

= sup max { sup {]l[l,k)(x) + Cx_k]l[k,k_H)(x) + el[k41,00) (x)},

x>1 k=1, k=m2, m>2
sup e} =e;
k>1, k#m?

k
o _ -
lim sup % Z sup (FEKH (x = 1) = Fg., (x))

k— o0 =1 x>0

k

s 32 (19)+(1-0) 3 )

I1=1,1 I=1,lsm
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(1-3)
<{l—==;
c

— el \”
o Fp(x)y<(— ), x>A
X

Here the last estimate is the well-known Chernof bound for the Poisson law (see,

e.g.,
As we can see, the r.v.s {£1, &, ...} from the last example satisfy the conditions

p- 97 in [13]).

of Theorem 6, whereas the third condition of Theorem 4 does not hold because, in

this case,

F. x —1 F x—1
sup sup M > sup sup M > sup sup k= oo.
20k>1 Fg (x) o<x<tk=1 Feg (%) 0<x<! k=m2,m>2
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Abstract. Assume that {1, {2, . . .} are independent and possibly nonidentically distributed random
variables. Suppose that 7 is a nonnegative, nondegenerate at zero and integer-valued random
variable, which is independent of {&1,&2,...}. In this paper, we consider conditions for 7 and
{&1, &2, . . .} under which the distribution of the random sum &; + &2 + - - - + &, belongs to the class
of exponential distributions.

Keywords: class of exponential distributions, random sum, closure property.

1 Introduction

Let {&1,&2,. ..} be a sequence of independent random variables (r.v.s) with distribution
functions (d.f.s) {F¢,, Fe,, ...}, and let ) be a counting r.v., i.e. an integer-valued, non-
negative and nondegenerate at zero r.v. In addition, suppose that r.v. 7 and the sequence

{&1,&,, . ..} are independent.
LetSp=0,5, =& + &+ -+ &, forn €N, and let

n
Sn = Z gk
k=1

be the randomly stopped sum of r.v.s £1, &2, . . . . We denote the d.f. of S, by Fis, together
with its tail F'g, . It is obvious that

Fg, (z) = Z P(n=n)P(S, > z)

for any positive z.

I'The author is supported by the Research Council of Lithuania, grant No. S-MIP-17-72.

(© Vilnius University, 2017
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In this paper, we consider possibly nonidentically distributed r.v.s £1,&s,... . We
find conditions under which d.f. Fs, belongs to the class of exponential distributions. If
F¢,, Fy,, . . . are different, then the various collections of conditions on d.f.s { F¢,, Fg,, .. .},
and the counting r.v. n imply exponentiality of d.f. F’s, . Before discussing the properties
of Fg,, we recall some d.f. classes related to exponentiality.

e For~ > 0, by L() we denote the class of exponential d.f.s. It is said that F' € L(7)

if for any y > 0, -
Fa+y) _ oy

1m

o For~y =0, the class L(0) is called the long-tailed distribution class and is denoted
by L.
o Adf Fis O-exponential (F' € OL) if for any y > 0,

F(x+vy)

liminf ——— >0
or, equivalently,
Flx —
lim sup (j y) < o0

According to Proposition 2.6 by Albin and Sundén in [2], an absolutely continuous
d.f. F belongs to the class £(v) if and only if

x

Flz)=1- exp{ / (au(u) + B(u)) du} forz € R,

for some measurable functions o and 8 with a(u) + S(u) > 0, for all v € R such that

lim a(u) =7v, lim a(u)du =00 and lim B(u) du
U—00 T—00 T—00
— 00 —0o0
exists. We note that each exponential distribution, each Erlang’s distribution and each
gamma distribution belong to the class £(-y) with some v > 0.
It is easy to see that the following two inclusions hold:

LcCOL, U £y coc.

v>0

In [4,5], Cline claimed that d.f. Fs, belongs to the class £(v) for some v > 0 if
r.v.s {&1, &2, .. .} are identically distributed with d.f. F € L£() and n is any counting r.v.
Albin [1] constructed a counterexample and showed that Cline’s result is false in general.
In his paper [1], Albin stated that d.f. F's, remains in the class L(y) for some v > 0 if r.v.s
{&1,&, ...} are identically distributed with common d.f. F belonging to the class £(7)

https://www.mii.vu.It/NA
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and Ee?” < oo for each § > 0. In order to prove his statement, Albin used the following
implication for ¢ € R:

Flx—t
supy

<(14e)er
) ( )

F(x —t)
= sup ——>

- <(1+¢)e™, neN,
een(e—t)+t  F*"(z)

provided that e > 0, t € R and F is a d.f. from the class £(v) for some v > 0.
Here and later F'*" denotes n-fold convolution of d.f. F' with itself. Unfortunately, if
v > 0, then the obtained relation holds for positive ¢ only. Watanabe and Yamamuro
(see [13, Remark 6.1]) showed that the above implication is incorrect in the case of
positive y and negative ¢t. When = 0, the above implication for positive ¢ is sufficient to
prove the Albin’s statement under the weaker restrictions on the counting r.v. n (see [11,
Thm. 6]). The Albin’s statement on conditions for which Fs, € L£() has remained only
as a hypothesis in the case 7y > 0. Watanabe and Yamamuro [13] do not prove the Albin’s
hypothesis in this case, they presented the following statement (see [13, Prop. 6.1]).

Theorem 1. Let {&1,&a, ...} be a sequence of independent identically distributed r1.v.s
with a common d.f. Fe. If F¢ € L() for some v > 0, then Fls, belongs to the class L()
for each counting r.v. 1) distributed according to the Poisson law.

The above result was generalized in [15], where the following statement was proved
(see [15, Thm. 2.3]).

Theorem 2. Let {{1,&s,. ..} be a sequence of independent nonnegative r.v.s with a com-
mon d.f. F¢ such that F{" € L(7) for some integer k. > 1 and some v > 0. In addition,
let counting r.v. 1) be independent of {£1, &2, ...} and P(n > k) > 0. Then Fs, € L(v) if
any pair (1), (i) or (1), (iii) of conditions holds, where

(i) forany e € (0,1), there is an integer M = M (¢) such that for x > 0,
> Plr=k+1)Fk@) <cFs, (),
k=M

(i) Fe(z) = o(F2(x)),
(iii) forallt>0and1 <i<r—1,

Fri(z —t
lim inf M > et

Motivated by the presented results, we also consider conditions for which d.f. Fs,
belongs to the class £(y) for some v > 0. Here the randomly stopped sum .S, con-
tains independent but not necessarily identically distributed r.v.s. We suppose that some
df.s from {F¢ , F,,...} belongs to the exponential class, and we find conditions for

Nonlinear Anal. Model. Control, 22(6):793-807
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Fe,, Fe,, ... and 1 such that the distribution of the randomly stopped sum S,, remains in
the same class. In this work, we present three collections of such conditions. The proofs
of the main results are based on ideas from the papers [6-8, 10, 13] and [15]. The similar
results for class £ = £(0) were obtained in the papers [12] and [14].

The rest of the paper is organized as follows. In Section 2, we present our main
results together with two examples of randomly stopped sums having some exponential
distributions. Section 3 is a collection of auxiliary lemmas. The proofs of the three main
results are presented in Section 4.

2 Main results and examples

At first, in this section, we present three theorems, which deal with situations when the
d.f. Fs, belongs to the class L(y) for some 7 > 0. In Theorem 3, the case of a finitely
supported counting r.v. 7 is considered, while Theorems 4 and 5 deal with the case of
unbounded right tail of 7. In Theorems 3 and 5, we consider nonnegative r.v.s, while in
Theorem 4, r.v.s £1, &o, . . . can be real valued.

Theorem 3. Let n > 1 and {&1,&2,...,&,} be a collection of nonnegative independent
rv.s with df.s {Fe,, Fe,,..., Fe, }, and let 1) be a counting r.v. independent of {£1, 62,
.., &n} and having a finite support suppn C {0,1,...,n}. Then d.f. Fs, belongs to the
class L(v) for some v > 0 if Fe, € L(7) for some nonrandom 1 < v < min{suppn \
{0}}, and
F €£(7) or T (@)= ofFe, (@)

foreach k € {1,2,..., max{suppn}}.

Theorem 4. Let {{1,&, ...} be a sequence of real valued independent r.v.s such that for
some vy = 0,
F
sup 7£i(x+y) —e W — 0 (1)
k21| Fe(x) a0

for each fixed y > 0. Let 1) be a counting r.v. independent of {{1,&a, . . .} such that
Pn=k+1)
—_— — 0. 2
Pli=k) iom @
Then Fs, € L(7).

Here we observe that condition (1) is equivalent to the two-sided estimate

F F
e 7Y L liminf inf M < lim sup sup M Le
z—=oo k21 Fe (2) oo k21 Fg, ()

which holds for some v > 0 and for each fixed y > 0.
In addition, we observe that condition (2) implies that P(n = k) > 0 for all suffi-
ciently large k.

https://www.mii.vu.It/NA
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Theorem 5. Let {£1,&2,. ..} be a sequence of nonnegative independent r.v.s with d.f.s
{F¢,, Fe,, ...}, and let ) be a counting r.v. independent of {£1,2, .. .}. D.f. Fs, belongs
to the class L(7y) for some v > 0 if there exist x > 1 and 1 < v < s such that

(i) v < min{suppn \ {0}},

(ii) Fe, € L(7), B B
(ili) foreach1 < k < », Fe, € L(7v) or F¢, (z) = o(Fe, (2)),
@iv) foreachy > 0,

Fe, (z+ -
sup 73"@ v _ e Y — 0,
k2et1 | Fe (o) o0

v) Pln=k+1)/Pn=k) = 0as k — oc.

Further in this section, we present two examples, which illustrate several applications
of our theorems. In both examples, we construct randomly stopped sums that belong to
the class of exponential distributions.

Example 1. Suppose that we have a three-seasonal sequence of independent Erlang r.v.s
with d.f.s from class £(2), i.e.

(1 —e (14 22))1jg 00y () if k =1 mod 3,
Fe (v) = ¢ (1 —e (14 22 + 227))1[,)(2) if k =2 mod 3,
(1—e (14 2z 4 22% + 42%/3)) 10, ) () if k =0 mod 3.

In addition, suppose that the counting r.v. 7 is independent of {1, {2, . . .} and has Poisson
distribution with parameter A > 0.

It is clear that

ka (J?-i—y) e—2y

sup | —= —
k21| Fe ()
= maX{ 7F7§(x+y) —e 7F7E(x+y) —e 7F7§(x+y) —e } — 0
F§1 (‘r) F§2($) F§3(l‘) 00
and

Pin=kF+1) X

= 0.
Pl1=Fk)  k+1lkom
We see that all conditions of Theorem 3 are satisfied. Consequently, d.f. Fs, € £(2).

Example 2. Suppose that {1, &2, . ..} is a sequence of nonnegative r.v.s such that

Fe(z)=e" x>0,
e

_ 2 ¥
ng(a:):ﬁ/ _y2dy, x 20, ke{23,...,10},

x
k—10

ka(x)em(lJr ), x>0, ke{ll,12,...}.

Nonlinear Anal. Model. Control, 22(6):793-807
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In addition, let 1) be a counting r.v. independent of {&;, &5, ...} distributed according to
law

1,
Pip=Fk) =-e*, ke{0,1,2,. .1,
C
where
&= Ze—’fz ~ 1.3863.
k=0

The described sequence {&1,&2,...} and the counting r.v. 7 satisfy conditions of
Theorem 5 with v = 1, v = 1 and s = 10 because:

Ffl € E(l)v suppn \ {0} =N,
Fe (z) = o(Fe, (z)) ifke€{2,3,...,10},
Pin=k+1) —2k—1

=e , keN,
P(n=k)
and
ka (x + y) _ e—y — ye_y
Fe, (@) T+ k10

forallk > 11, > 0and y > 0.
Consequently, d.f. F's, belongs to the class £(1) due to assertion of Theorem 5.

3 Auxiliary lemmas
In this section, we give all auxiliary assertions, which we use in the proofs of our main
results. The first lemma was proved by Embrechts and Goldie (see [9, Thm. 3]).

Lemma 1. Ler F' and G be two d.f.s, and let F belong to the class L(7y) for some v = 0.
Then convolution F G belongs to the class L(y) if one of the following conditions holds:

(i) d.f G belongs to the class L(7),
(i) G(z) = o(F(x)).

The second lemma is the inhomogeneous case of the upper estimate, which was
presented in the proof of Proposition 6.1 from [13].

Lemma 2. Let &1,¢&s, . .. be real valued independent r.v.s such that

F
lim sup sup M Le 7 3)
r—oo k=1 ng ((L’)

forsome v > 0and a > 0. Then, for any € € (0, 1), there exists b = b(a, ) > 0 such that
FS7L+1 (Z‘ + a) < (1 + E)e_’yaFSnJrl (.13) + an (J? - b)

forall x and alln > 1.

https://www.mii.vu.It/NA
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Proof. For any x and any b > 0, we have
anJrl(:E) =P(S, + &1 > )

= [ Fese-warsw+ [ Feut-nas)

(—o0, z—b] (z—b, 00)

=: J1(z,b) + J2(x,b). 4)
Condition (3) implies that

F r—y-+a
sup gl“( y+a) <(1+e)e™™
nz=1 F§n+1 (.’IJ - y)

for any fixede € (0,1) ify < x4+ a — b (thenz —y > b — a) and b is sufficiently large.
For such b, we get

Fe  (r4+a—y)—
Gwran= [ TenlEVp ok

F x —
(=00, z4+a—>b] £n+1( y)

<(1+4ege / Fe, .. (x—y)dFs, (y)

(—o0,z—b]

saroe [ TG n)dhsw)
(z—b, z+a—b)
< (1 4e)e (T2, b) + Ja(,b))
=(1+e)e "Fg,.,(2).

On the other hand, it is obvious that
Jo(x +a, b) < / dFs, (y) < Fs, (z —b).
(z+a—b,00)
Therefore, for any € € (0, 1) and sufficiently large b = b(a, €), we obtain

Fs,, (z+a) = TJi(z +a,b) + Ja(z + a,b)
<(1+ 5)e’7afsn+l (r) + Fg, (z — b).

Lemma 2 is proved. O

The next lemma deals with the lower estimate of F'g, ., (z + a) in the case of non-
identical d.f.s F¢,, Fe,,... .
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Lemma 3. Let &1, &, . .. be real valued independent r.v.s such that

F&k( + a’) 2 e—"ya (5)

lim inf inf
r—oo k>1 F£ ( )

for some v > 0 and a > 0. Then, for any € € (0,1/2), there exists b = b(a, ) > 0 such
that

Fs,(w+a)>(L-e)e"Fs,.,(z) — Fs,(z — )

forall x andn > 1.

Proof. Due to representation (4), we have
an+1( ) jl(xvé)—’_JQ(xaB)

for arbitrary real z and positive b.
According to (5), for fixed € € (0,1/2), we have

inf L@ =y 50)
nz1 F§n+1 (33 - y)

> (l—g)e

for all y < x 4 a — b and sufficiently large b = b(a, ¢).
Similarly as in the proof of Lemma 2, for such b, we get

. Fg (z+a—vy)=
Ji(z+a,b) = / . Fe, o\ (z —y)dFs, (y)
R F§W,+1( y) o
(—o0, z+a—1b]

S-0e [ Fele-u)dbs )
(—o0,z4a—b

> (1—e)e e / Fe,..(z —y)dFs,(y)
(—oc0,z—b)

= (1 —¢e)e Ty (,b).

Therefore,
stl(x +a) 2 Ji(z + a, ?))
> (1—e)e " Fy(x,b)
= (1—e)e " (Ji(x,b) + Fo(x,b)) — (1 — £)e " Ta(,b)
> (1-¢)e "Fg,,,(z) - Fs,(x —b),
and the assertion of Lemma 3 follows. O

https://www.mii.vu.It/NA
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The last auxiliary assertion is a mild generalization of Braverman’s lemma (see [3,
Lemma 1]).

Lemma 4. Letr {{1,&o, ...} be independent r.v.s, and let F¢, € L(7) for some v > 0.
Then, for each a > 0, there exists a constant ¢, such that

P(S, >z —a) < c,P(S, > )
foralln € Nand x € R.
Proof. The definition of the class £(-y) implies that
Fs,(x—a) = F¢, (v —a) < 287 Fg, ()

if z > z, and z, is sufficiently large.
If x < z,, then, obviously,

Fs (v —a) _ Fil(x—a) _ 1

Fs, () Fe, (x)

Consequently,

F — 1
sup M < max{2e"’“, } =:cq4.
vk Fg () Fe (za)

If n > 2, then, for any = € R, we have
Fs (x—a)=P(& + Sopn > —a)

Fale =y = 9p (4 ) dP(Ssn < y)
Fe (z—y)

<P (&1 + 520 > )
= ¢, P(S, > ).

So, the assertion of Lemma 4 follows. O

4 Proofs of main results
In this section, we present detailed proofs of all our main results. For these proofs, we use

essentially approaches from [6, 10] and [13].
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Proof of Theorem 3. For each positive =, we have

Fs,(x)= > PH=kFs(2).
k€suppn
Since support supp 7 is finite, for an arbitrary positive y, we have

mp (Sl <R < R

(6)

k€suppn

due to the two-sided inequality

min{ 24, 92 dm <a1+a2—|—...—|—am<max ] m
b17b27~.~7bm \b1+b2++bm\ bl,bz,...,bm s

provided that a; > 0,b; > 0,7 € {1,2,...,m} and m € N.

If k € suppn, then
Ske=> &+ &,

i€k i2K

where K = {1 <i < k: Fe, € L(v)}.
Since F¢, € L( ) for some 1 < v < min{suppn \ {0}}, the set of indices K is not
empty. Lemma 1 implies that d.f. Fic of sum ) ;- &; belongs to the class £(7).

Further, if i* ¢ K, then F¢,, (x) = o(F¢, (z)) because of the theorem’s conditions.
Therefore,

Fo.tr) | _Plee>w) _Feol) o

Fr(z)  Pliex & >2) = Fe,(2) oo
and consequently, Fc  Fy., belongs to the class £(-y) due to the second part of Lemma 1.
Continuing our considerations, we get that d.f.

F,C*{ HF&}

g

belongs to the class £(7) as well for an arbitrary index k € supp7. Here M. I,
denotes d.f. of sum 3, &.
Consequently, the double estimate (6) implies the following two inequalities:

Fg (x+ F
lim sup M < max {hm sup S’“(xm} e Y
z—>00 S, (ZC) ke€suppn | z—oo Fsk( )
Fg (z+ F
lim inf M > min {lim inf Sk(m_’_y)} =e Y
T—00 an (LL') k€suppn | z—o0 FSk (x)
for each positive y. The last two estimates finish the proof of Theorem 3. O

https://www.mii.vu.It/NA
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Proof of Theorem 4. In order to show that Fs, € L(y) for some v > 0, it is sufficient to
derive the following two estimates:

Fs ZHY)

lim sup , (7N
r—00 577 (J?)
F
lim inf ﬂ >e Y, ¥
T—00 FS ( )

which both should valid for each positive .

(D At first, we show inequality (7). For this, we suppose that y is an arbitrary positive
number, and we choose € € (0, 1). According to condition (2), we have

Pin=n+1) <eP(n=n) )

foralln > N = N(e) > 2. For such N, we get that

N
F z+y:Z (n=n)Fs, (z+y)+ Z P(n=n)Fg, (z+y). (10)

n=N+1
Using Lemma 2, we obtain
o0 - (o] -
Y Pp=n)Fs,(z+y) < > (l+ee WP(n=n)Fs,(2)
n=N+1 n=N+1
+ Y Pi=n)Fs, ,(z-b)
n=N+1

for some b = b(y, e) > 0. This relation together with inequality (9) shows that

N
Fs,(x+y) <Y Pn=n)Fs,(x+y)
n=1
+(1+ee ™ > P=n)Fs,(z)
n=N+1
+e Y P=n-1)Fs,_ (z-b). (11)
n=N+1
Condition (1) implies that
F F
e " L liminf M < limsup M Le M
L0 F&k (Z‘ r—oo &k (.13)
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for all fixed k£ and u. It follows that F¢, € L(v) for each k. Hence, according to Lemma 1,
we obtain that F'g € L(~) for each fixed n € N. Therefore,

F
N 5a (2 +9)

< (1+eg)e ¥ 12
s T T < (14 (12)

ifex >3 =2(N,y,e).
So, for the chosen N, b and for all z > Z, we have

N
Fg,(x+y) <(1+e)e Y P(n=n)Fs,(x)

oo

+(14e)e Z P(n=n)Fs, ()
n=N+1
+eY P=n)Fs,(z—b)

n=N

=(14¢e)e "WFg, (z)+e¢ Z P(n=n)Fs, (x—0).
n=N

According to Lemma 4, Fig (z —b) < ¢ Fs, (x) for some positive constant ¢; =

c1(b(y,€)).
Therefore,

Fs (z+y) < (1+e)e WFg, () +ec Z P(n=n)Fs, ()
n=N

< (1+¢e)e” "Fg (z) +eciFg, (2)

for all sufficiently large x.
The last inequality implies that

Fg (z+
lim sup M <1 +e)e™ " +ec.
T—00 FSn (a:)
Since ¢ € (0, 1) is arbitrarily chosen, the desired inequality (7) holds for each posi-
tive y.
(I) In this part, we show inequality (8). We fix positive ¢ and choose ¢ € (0,1/2).
Let IV be a natural number such that, for n > NV, inequality (9) holds. Due to Lemma 3,

we have
S Pi=n)Fs,(e+y)> > (1-ec)e "Pn=n)Fs, ()
n=N+1 n=N+1
- Y. Plp=n)Fs, ,(x—0) (13)
n=N+1

https://www.mii.vu.It/NA
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for some b = b(y, &) > 0. Substituting estimates (9) and (13) into equality (10), we get

N
Fs,(w+y) =Y Pn=n)Fs,(x+y)
n=1
+(1—g)e Z P(np=n)Fs, (v)
n=N+1
—e Y, Pip=n—-1)Fs,_ (z—-b). (14)
n=N+1

Since Fy, € L(v) for each fixed k, using Lemma 1, we obtain Fg, € £(7y) forn € N.
Similarly as in derivation of (12), this implies that

min M > (1—¢)e (15)
1<n<N Fs ( )

ife >z =2(N,y,e).
For such z > Z, due to (14) and (15), we have

Fs (x+y) > (1—e)eFg, ( —EZPn—n)FS( —b).
n=N

According to Lemma 4, we have that Fg (z — b) < coF's, (x) for some positive
constant ¢co = c¢2(b(y, €)). Therefore,

Fg (x+y) =2 (1—¢)e WFg, (z) —ecaF'g, (2)
when x > Z. This last estimate implies that

F
i 5+ Y)

> (1—¢e)e " —¢c
r—00 FS (l‘) ( ) 2

for an arbitrary € € (0,1/2).
Letting ¢ tend to zero, from the last inequality we get the desired estimate (8). The
theorem is proved. O

Proof of Theorem 5. If 3 = 1, then the assertion of Theorem follows from Theorem 4.
So, we suppose that »r > 2, and we split our proof into two parts.

(I) If P(n < 5) = 0, then r.v. 7 has an infinite support
suppn C {»+1, 42, ... }.

Conditions (i)—(iii) imply that Fi5_ € L() due to Theorem 3. Since F¢_,, € L(7) ac-
cording to condition (iv), the convolution Fs_,, = Fs_*F¢ ., belongs to the class £(7)

Nonlinear Anal. Model. Control, 22(6):793-807
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as well due to Lemma 1. This and condition (iv) imply that

e (T +
sup 72( v) —e Y — 0
k}l F ( ) xr—r 00

for each fixed y > 0, where 51 Siet1s 52 Etas 53 gy
Let 7) be the counting r.v. defined by equality Pih=k) = P(n = » + k), where

k=1,2,. andletS =& + &+ 4 &, foreachn > 1
R.vs {51, 52, ...} and 7 satisfy conditions of Theorem 4. Hence, d.f. Fgﬁ belongs to

the class £(y). We observe that

o0

DP(S) > z) + > P(ij = k)P(S; > x)

k=2

B!
W
—
&

Il

o)
—~
=

Il

=P(n=s+1)P(Su1 >1)+ > P(n=s+k)P(Sy > 1)
k=2

= an (.13)

for an arbitrary nonnegative 2. Consequently, Fs, belongs to the class £(y) as well in
the case under consideration.

(I1) Let now P(n < 32) > 0. Since P(n > 3 + 1) > 0 due to condition (v), we have
that
Fs, (@) =P(n < 5)Fs, (@) + P(n > % +1) Fs, (v) (16)

for an arbitrary nonnegative x, where 1 and 7 are two counting r.v.s independent of
{&1, &2, . . .} with distributions

P(ﬁ:k)zm, ked{0,1,..., )
P(ﬁ:k)zP(I;(Z;]j_)l), ke{sx+1,x+2, ...}

Theorem 3 implies that Fs, € L(7y) because of the finiteness of support supp 7. The
investigation analogous to that in part (IT) implies that d.f. Fs, belongs to the class £(7)
as well. Now the statement of theorem follows immediately from relation (16). Theorem 5
is proved. O
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