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CHAPTER ].

Introduction

1.1 Research topic and actuality

Let {X1,Xs,...,X,} be a collection of real-valued and heavy-tailed random
variables (r.v.s), called primary random variables, and let {6,6,...,0,} be
n nonnegative and nondegenerated at zero random variables, called random
weights. Throughout the thesis, it is supposed that the r.v.s {Xy, Xo,..., X,,}
and {01,60,...,0,} are defined on a probability space (2, F,P). The randomly

weighted sum
SN =" 0,X; (1.1.1)
i=1

is the main object of our consideration.

Such randomly weighted sums are often encountered in actuarial and financial
context. For instance, in the discrete-time risk model, the real-valued r.v. X,
k€ {1,2,...,n}, can be interpreted as a net loss of an insurance company during
the k-th time period, and the random weight 0, k € {1,2,...,n}, can be regarded
as a stochastic discount factor for the first k£ time periods. In this situation, the
sum S%X is the present value of the total net loss of the insurance company during
the first n time periods.

Another interpretation of the sum (1.1.1) relates to the portfolio construction.
Suppose that an investment portfolio consists of n dependent sources of risk (fi-
nancial assets, risk factors, business lines, etc.) with losses X and weights 0,
ke {1,2,...,n}, over some time period. If the portfolio is actively managed, then

the weights and their dependence structure are unknown for future time periods.
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In this case, the randomly weighted sum (1.1.1) can be used to model the total
amount of future losses potentially incurred by the investment portfolio.

The sum (1.1.1) has been an attractive research topic in the recent works of
applied probability. The majority of such works examine the asymptotic behaviour
of the tail probability P(S?* > z). Tang and Tsitsiashvili [56] proved that, if
the primary r.v.s {X7, Xs,..., X} are independent and identically distributed
according to a subexponential distribution (see Definition 1.2 in Section 1.2) and
the random weights {01, 05, ...,0,} (independent of { X1, X», ..., X, }) take values

in the interval [a,b], 0 < a < b < oo, then

n

60X 06X
P( max SP¥ > x) ~ P(SY > 1) x_mmP< max 6,X > ac) o~ SR > ).

(1.1.2)

After studying the asymptotic behaviour (1.1.2) it is natural to consider the
asymptotic behaviour of the conditional tail expectation E(S*|S9% > z) and the
related quantities ESX Tygox sy, B X Tgox~,y, L € {1,2,...,n}, as @ = oo. To
our knowledge, the paper [58] of Tang and Yuan is the first work in this direction.

Below we present one result of this work (see Theorem 4).

Theorem 1.1. Let { X1, Xo,..., X} be real-valued independent r.v.s with d.f.s
{F\, Fs, ..., F,} respectively and {6, 0, . ..,0,} be nonnegative nondegenerated at
zero r.v.s independent of { X1, X, ..., X} and mutually arbitrarily dependent. If,
in addition, Fi, € LND, E0* < 00, B > My, and P(6,.X), > z) = O(P(61 X, >
x)) for allk € {1,2,...,n}, then

E91X1H{52X>I} x:ooEeleI[{Hlxl>x}’ (113)

where L is the class of long-tailed distributions (see Definition 1.3), D is the class
of dominatedly varying distributions (see Definition 1.4), and Mg is the upper

Matuszewska index (see Section 1.2 for definition).

Under the additional condition P(0, X} > z) < P(61 Xy > z), k € {1,2,...,n},
Theorem 1.1 implies that

ESTQLXH{S?LX>$} :CSJOOZEH’XJI{@&”} (114)
=1

In the case where d.f.s {Fy, Fy, ..., F,,} have regularly varying tails (see Defi-

nition 1.5 in Section 1.2), Tang and Yuan [58] obtained an asymptotic formula for
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the Conditional Tail Ezpectation (CTE) of confidence level g (also called Condi-
tional Value at Risk (CVaR) or Expected Shortfall (ES))

CTE,(S%Y) = E(SPX | 89X > VaR,(S2Y)).

where VaR,(Z) = F,'(q). Below we formulate the obtained result (see Corollary
1in [58]).

Theorem 1.2. Let r.v.s {X1, Xo,..., X} and {01,605, ...,0,} satisfy the require-
ments of Theorem 1.1. Assume that, for each k € {1,2,... ,n}, Fp(x) o~ e F ()
for some constant ¢, > 0. If F € R_, with a > 1 and Eﬁf < o0 for some > «
and all k € {1,2,...,n}, then

o oE 67
qtl ¢ — 1 n 1-1/e
< Z CkE 9?)
k=1

for each fivred |l € {1,2,...,n}, and

E(6,X1|S2X > VaR ,(S2%)) ~ VaR,(Z)  (1.1.5)

Oé

<chIE9 > VaR ,(Z). (1.1.6)

CTE (59X

a—l

Here, in both asymptotic relations, Z is a nonnegative r.v. distributed according

to the d.f. F.

The asymptotic results for both tail probability and tail expectation to some
extent were generalized in the case of nonnegative primary r.v.s or for real-valued
r.v.s with various types of tail independence, such as those described in Definitions
1.6-1.8 in Section 1.2 (see Albrecher et al. [2], Alink et al. [3], Andrulyté et al.
[4], Asimit et al. [5], Cai and Li [12], Chen et al. [13], Chen et al. [14], Chen and
Yuen [15], Cheng [16], Danilenko et al. [21], Dindiené and Leipus [23, 24|, Gao
and Wang [27], Geluk and Tang [28], Hashorva and Li [30], Hazra and Maulik
[31], Huang et al. [33], Joe and Li [35], Jordanova and Stehlik [36], Li [41], Liu
and Wang [43], Liu et al. [44], Nyrhinen [48, 49], Olvera-Cravioto [50], Tang and
Tsitsiashvili [55], Tang and Yuan [57, 58], Wang et al. [60], Yang et al. [61], Yang
and Konstantinides [62], Yang et al. [63, 66], Yang and Wang [67], Yang and Yuen
[69], Yang et al. [70], Yi et al. [71], Zhang et al. [72] among others). For real-

valued r.v.s with tail dependence (with positive limits in Definitions 1.6-1.8) only
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the asymptotic tail probability, to our knowledge, was investigated by Kortschak
and Albrecher [39].

From asymptotic formulas like (1.1.5) and (1.1.6) we can obtain asymptotic
decomposition of CTE. Recall that if SZ := > i1 Z;, then the capital allocated
to line [ € {1,...,n} according to the Euler principle (see, for instance, [22] or

Section 6.3.2 of [46]) is
ACy (S7) =E (2, > VaR, (S)))
and the contribution of individual risk [ € {1,...,n} to the total CTE is

AC, (57
CIqu (S,f) = ﬁ((s’z))

The limiting behaviour of these measures when ¢ 1 1 can give valuable insight
into asymptotic properties of aggregate risk. If the convergence is fast enough,
the asymptotic measures could also be used as approximations for high confidence
levels and serve as an alternative to a simulations based approach.

The various properties, relations and generalizations of the presented quanti-
ties can be found in [1], [6], [10], [22], [38], [45], [46], and references therein. For
the asymptotic relationships between VaR and CTE in the case of heavy-tailed
distributions, see Fougere and Mercadier [26], Joe and Lei [34], and Li and Zhu

[42], among others.

1.2 Preliminaries

Heavy-tailed distribution classes

Definition 1.1. A d.f. F on R is said to be heavy-tailed, written as F € I, if
Jor every e > 0, [[FedF(x) = c0.

Definition 1.2. We recall that a d.f. F on R is said to be subexponential and
written F' € S if its positive part F*(x) = F(x)lj ) (x) satisfies the following
relation: lim (F* x FT(x))/F*(z) = 2.

T—r00

Definition 1.3. A d.f. F on R is said to be long-tailed, written as F' € L, if
lim F(z +y)/F(x) =1 for each fized y € R.
T—>00
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Definition 1.4. A d.f. F on R is said to be dominatedly varying tailed, written
as F € D, if for arbitrary fized 0 < y < 1, limsup F(zy)/F(x) < cc.

T—00
Each d.f. from D can be characterized by the upper Matuszewska index

r 1 7
log lim infﬂ} = — lim — log (lim inf _(x3/>> ’
logy v—oo F(x) y—oo logy z—o0 F(z)

./\/lF:inf{—

y>1

which is well defined for an arbitrary d.f. F with an ultimate right tail (F(z) >
0,z € ]R). It is well known that F' € D if and only if 0 < Mp < oo (see, for
instance, Bingham et al. [9] or Cline and Samorodnitsky [18]). Another useful
index, which is called L-indez, was introduced by Yang and Wang [67]. This index
L describes the behaviour of a d.f. F' with an infinite tail and is defined by the
equality B

F(zy)

Lp = limliminf — . 1.2.1
Iy s F(z) ( )

By the concepts presented above it follows that F' € D if and only if Ly > 0, and

we have

o Flay) 1
lim lim sup — = —.
¥l 2500 F(l‘) LF

FExample 1.1. Let ar.v. X with a distribution function F' be distributed according

to the generalized Peter-and-Paul distribution with parameter a, i.e.

— 1 a
F(z) = (5"—1) Y — = (5" tosw/loe2) g >,

It can be checked that F' belongs to the class D with L-index Lp = 5%

Definition 1.5. A d.f. F on R is said to be regqularly varying tailed with index —a
for some a > 0, written as F € R_,, if for each y > 0, lim F(xy)/F(z) = y=°.
r—00

Let R be the union of R_, over the range 0 < a < oo. Then it is well known
that R C LND C S C L C K. See, for instance, Embrechts et al. [25]. Moreover,
if '€ R_,, then we have

Mp = inf {_logy‘ } =«
y>1 logy

and

ydl ye



Ezxample 1.2. Let ar.v. X with a distribution function F' be distributed according
to the Lomax distribution with shape parameter o > 1 and scale parameter A > 0,
i.e.
T —Q
F(z)=1- (1+X> , x>0.

It is also called the Pareto Type II distribution and is widely used to model
insurance claims. Since -

F(zy) 1

lim = = —
T—00 F({E) Yy

for any fixed 0 < y < 1, we conclude that FF € R_,,.

FExample 1.3. One of the most common distributions used for modelling financial

returns is t-location-scale distribution ¢(u, o, v) with a density function

v+1

NGO I COR N
g (V) oen

where p € R is the location parameter, o > 0 is the scale parameter, and v > 0

fz) =

Q=

is the tail parameter (lower values imply heavier tails). If F' is the d.f. of a
t-location-scale distribution t(u,o,v), then F' € R_,. Indeed, using L’Hopital’s

rule, for any fixed y > 0, we have

Flzy) . yf(zy) . v ()T
= 1 = 1 g = .
T—00 F(x) xljglo f(;E) :rggo (V+ (%)2 Yy

The following lemma presents a useful property of regularly varying distribu-

tions (see [52, Proposition 0.8 (vi)] or [5, Lemma 2.1]).

Lemma 1.1. Let § and n be two r.v.s such that the d.f.s F¢ and F;, belong to the
class R_,, for some positive a. Then, for some ¢ > 0, F,(x) ~ cF¢(x) if and
T—00

only if VaR,(n) ~ c/oVaR,(€).

Tail dependence structures

Definition 1.6. Two random variables & and & with d.f.s Fe, and Fg, are said

to be asymptotically independent (Al) if

lqiglP(Fsl(fl) > q| Fe(&) > q) = ImP(F (&) <1—q| Fe,(&) > q)

qtl
= l(}glP(F&(@) >q | F€1 (51) > Q)
= l(}glP(FfQ(62><1_Q‘F§1(€l)>Q) =0.
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The following dependence structure was introduced by Chen and Yuen [15].

Definition 1.7. Two random variables & and & with d.f.s Fe, and F, are said

to be quasi-asymptotically independent (QAI) if

- P& > z,& > x) . P(& > 2,8 > o) . P& > x,& > x) 0
e F&(l’) + F&(CL’) Treo FEl(‘r) + F&(ZL‘) Treo Fﬁl(x) + F§2(:L')

Geluk and Tang [28] introduced the following slightly stronger dependence

structure.

Definition 1.8. Two random variables & and & with d.f.s Fe, and F, are said
to be strongly quasi-asymptotically independent (SQAI) if

lim P >z|&>y) = lim P& >2|& > )

min{z,y}—o0 min{z,y}—oc0

= lim P& >x|& >y)

min{z,y}—o0

= lim P& >x|& >y) =0.

min{z,y}—o00

Various properties of QAT and SQAI r.v.s as well as related dependence struc-

tures are discussed, for instance, in [28, 41, 44, 60] and references therein.

Copula concept

Due to Sklar’s theorem (see for instance Theorem 2.3.3. in [47]) every multivariate
distribution can be expressed in terms of its marginal distribution functions and
a copula function C, characterizing the dependence structure, i.e. for a random

vector {X7,..., X, } with distribution functions {F},..., F,}
P(Xl < L1y ,Xn < .Z‘n> == C(F1<I1), oo ,Fn(ZEn)),

where copula C' is unique if marginal distributions are continuous. The survival

copula of copula C' is denoted by C (u1, ..., u,) and satisfies the following equality

P(Xy > 21,..., Xp > xp) = C(Fy(x1), ..., Fp(an)).

Y

More details regarding the copula concept can be found in Nelsen [47].



Bivariate Sarmanov distribution

Definition 1.9. Let & be a real-valued r.v. with d.f. F¢, and let ) be a nonnegative
r.v. with d.f. F,. We say that a random vector (£,m) follows a bivariate Sarmanov

distribution if
P(cn) € B) = [[Wsrelaw)dh@anw (122

for each Borel set B C R x [0,00). Here r is a real constant, and ¢ : R — R,

¥ :]0,00) = R are two measurable functions satisfying the following conditions:

« Ep(§) =Ey¢(n) =0;
o 14+ rp(x)Y(y) =0 for all

re€De = {zeR:Pe(x—-65x+0)) >0 foralld >0},

yeD, = {ye[0,00):P(ne(y—7a,y+4)) >0 forals>0}.

We remark that in cases: r =0; p(x) =0, x € D¢; (y) =0, y € D, r.ves. €
and 7 are independent. Thus, we say that a random vector (£, 7) follows a proper
Sarmanov distribution, if  # 0 and the kernel functions are not identical to zeroes
on D¢ and D, respectively. If (£, n) follows a bivariate Sarmanov distribution with
the coefficient r and the kernel functions ¢, v, then we write (§,1) € S(r, ¢, ).
In addition, we write (§,n) € S*(r,¢,v) if (£, 1) follows a bivariate Sarmanov

distribution with the supplementary condition

hfi%é?f yieann(l +rp(z)Y(y)) > 0. (1.2.3)

In the above form, the Sarmanov bivariate distribution was introduced by
Sarmanov [53]. We can obtain various copulas from formula (1.2.2) by choosing
suitable kernel functions ¢ and . For example, if we choose ¢(z) = 1—2F¢(x) and
YP(y) = 1 —2F,(y), then from (1.2.2) we get vector (£, n) distributed according to
the well known Farlie-Gumbel-Morgenstern copula. The properties and possible
generalisations of the original bivariate Sarmanov distribution can be found in Lee
[40], Bairamov et al. [7] and Vernic [59]. The use of bivariate and multivariate

Sarmanov distribution in various applied studies are described in [8], [19], [20],

[32], [51], [54], for instance.



Vague convergence criterion

Definition 1.10. If {y,,n > 1} is a sequence of measures on a locally compact
Hausdorff space B with countable base, then u,, converges vaguely to some measure
w, written as p, — p, if for all continuous functions f with compact support we

have

lim fdun—/fdu.
B B

n—0o0

The following statement is called the vague convergence criterion (VCC). See,
for instance, Proposition 3.12 of Resnick [52] or Proposition A2.12 of Embrechts
et al. [25].

Lemma 1.2. p, — p if and only if lim p,(A) = p(A) for any relatively compact
n—oo
set A € F such that u(0A) = 0, where OA is the boundary of set A.

A thorough background on vague convergence is given by Kallenberg [37] and

Resnick [52].

1.3 Aims and problems

In order to obtain asymptotic formulas for capital allocation, the asymptotic prop-
erties of both tail probability and tail expectation need to be investigated. There
are plenty of results for both in the case of nonnegative risks or for real-valued
risks with some type of tail independence between primary r.v.s. Therefore the
aim of the thesis is to further generalize the results for real-valued r.v.s assuming

different distribution classes and dependence structures.

1.4 Methods

Methods of general probability theory, integral calculus and measure convergence
are used in the thesis. Numerical computations and simulation studies were per-

formed using software environment MATLAB.
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1.5 Novelty

All results presented in section 1.6 are new.

1.6 Main results

In the following two theorems we analyse the case where primary r.v.s
{X1,Xs,..., X, } and random weights {61,0s,...,6,} follow some dependence
structure. We leave the random vectors {(X1,0;), (X2,02) ..., (X,,60,)} indepen-
dent, but we introduce the following dependence structure between X, and 6

(k=1,2,...,n).

Assumption 1.1. For each k = 1,2,...,n, there exists a measurable function
hi: [0,00) = (0,00) such that P(Xy, > 2|0, =t) ~ Fp(x)hi(t) uniformly for
T—00

allt >0 as x — oo, i.e.,

P(X =
lim sup <_k>x|0k t)—le.
200 4> Fi(z) hy(t)

When t is not a possible value of some 0y, the conditional probability P(X) >

x |0 = t) is understood as unconditional, and therefore hy(t) = 1 for such t.

In addition, we note that the relation above implies E (hg(f;)) = 1 for each
k=1,2,...,nif d.f. F; has an ultimate right tail, i.e., F(x) > 0 for all x € R.

Theorem 1.3. Let {Xi,Xs,...,X,} be real-valued r.v.s having d.fs
{F\,F5,...,F,}, respectively, with ultimate right tails, and let the weights
{01,05,...,0,} be nonnegative nondegenerated at zero r.v.s. Also assume that the
vectors {(X1,01),(Xa,02),...,(X,,0,)} are mutually independent and satisfy As-
sumption 1.1. In addition, for any k € {1,2,...,n}, we suppose that F}, € LND
and max {E6V* hy(0x), EO}* } < oo for some py, > Mp,. Then, we have

E Gle]I{ngM} :p:oo E QleI[{Ole>:p}

for each 1 € {1,2,...,n} under the assumption that Fy(z) = O(F,(z)) for k €
{1,2,...,n}. Consequently, relation (1.1.4) holds if the requirement Fj(z) <
Fy () is satisfied for each k € {1,2,...,n}.

10



For the next result, we restrict the dependence structure between r.v.s Xj
and O, k € {1,2,...,n}, to a bivariate Sarmanov distribution (see Definition 1.9).
For such dependence structure, we obtain an asymptotic formula for CTE, (SzX )

similar to (1.1.6).

Theorem 1.4. Let {Xi,Xs,...,X,} be real-valued r.v.s having d.fs
{F\,F5,...,F,}, respectively, with ultimate right tails, and let the weights
{61,05,...,0,} be nonnegative nondegenerated at zero r.v.s. Also assume that
the wvectors {(X1,01),(X2,02),...,(Xn,0,)} are mutually independent and for
each k € {1,2,...,n}, the random vector (Xy,0) follows a bivariate Sarmanov

distribution S*(r, vk, ¥x). In addition, we suppose that:

o there exists a d.f. F € R_,, a > 1, and positive constants cy, ..., c, such

that Fi(x) ~ ¢ F(z) fork=1,2,...n
T—r00

e max EO < oo for some p > a;
1<k<n

o foreveryk € {1,2,...,n}, the function 1y is uniformly continuous, and there
exists dy < oo such that lim ¢ (z) = di.
T—r 00
Then, for each fixed | € {1,2,...,n}, we have

(0] CITy

E(6,X;|5%% > VaR,(S%%)) ~ VaR,(Z),
(l l’ n a. q( n ))quOé—l (ZZZICka)l_é a. q( )

where VaR,(Z) = F~(q) for q € (0,1), and 71, = EO¢ + rpdp E by (0x) 63 for all
ke {l1,2,...,n}. Consequently,

1/a
Tl a—l (chTk) VaRq(Z)

For the following results, we allow primary r.v.s to be dependent with the

CTE((S5*) ~

assumption of QAI or SQAI (see Definitions 1.7 and 1.8) and obtain asymptotic
bounds for the tail probability and tail expectation in the case of dominatedly

varying distributions (see Definition 1.4).

Theorem 1.5. Let {X1,Xo,..., X} be a collection of n pairwise QAI real-
valued r.v.s with corresponding d.f.s {Fy, Fy, ..., F,} such that F; € D for all
ie{1,2,...,n}. Let {61,0,,...,0,} be a collection of arbitrarily dependent, non-

negative and nondegenerated at zero r.v.s. If the collections {X1, Xa,..., Xp}

11



and {61,6s,...,0,} are independent and max, <<, {E0%} is finite for some power

p > maxige<n {MFk}, then

n 1 n
LYY P(6i Xy > x) x;goop(szx > 1) 5 Iz P (0, Xy > ),
k=1 n k=1

where LX = min{Lp,, Lp,,...,Lg, }.

A similar result has been established in Theorem 1 by Yi et al. [71]. Never-
theless, we present the proof of Theorem 1.5 in Section 2.4 for the following three
reasons. Firstly, Theorem 1 in [71] is formulated without a proof. Secondly, it
has an extra condition. Thirdly, the proof of our Theorem 1.5 is based on the

lemmas, which will be useful to obtain the following theorem.

Theorem 1.6. Let all the conditions of Theorem 1.5 be satisfied with the pairwise
SQAI rvs {X1,Xs,..., X}, If P(6,X), > 2) = O(P(6,X,>x)) for all k €
{1,2,...,n} and some l € {1,2,...,n} under the condition E,|X;| < oo, then

1
LeE(0X T x50) S E(OXTgxspy) S —E(0:X0gx50)),

~Y ~Y L
T—00 z—oo L F;

and, consequently,

LfZE(QkaI[{Gka>$}) 5 E(Sfixﬂ{ng>x}) S E(eka]I{eksz});

X
=1 T—00 T—00 Ln

if B X1 < o0 and P (0, Xy > x) < P(01X; >x) forall k € {1,2,...,n}.

T—00

Both theorems above together with inequality (2.4.1) imply immediately the
following assertion on the asymptotic behaviour of the expectation of the trun-
cated randomly weighted sum S%X. We formulate the assertion below for the case

where the collection {X7, X, ..., X, } consists of pairwise SQAI r.v.s.

Corollary 1.1. Let {X;1,Xs,..., X} be a collection of n pairwise SQAI real-
valued r.v.s with corresponding d.f.s {Fy, Fy, ..., F,} such that F; € D for all
ie{1,2,...,n}. Let {01,0,,...,0,} be a collection of arbitrarily dependent, non-
negative and nondegenerate at zero r.v.s such that max;<p<, Ef < oo for some
p > maxi<g<n{ Mg, }.

(i) If collections {X1,Xo,..., X} and {01,605, ...,0,} are independent and
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PO,X, > z) = O(PO,X, > ) for all k € {1,2,...,n} and some | €
{1,2,...,n} under condition E;|X;| < oo, then

< E(0X)|S9 > 1) < LLX E (6:X1Lgg,x,>2))
T—r00

Z P(@ka > [L’) Lo n LFl Z P(Qka > JI)
k=1 k=1

X LFZE(QZXIH{@XPI})

n

(ii) If collections {X1,Xa,...,Xn} and {01,0s,...,0,} are independent,
E0,|X1| < 00 and P(0x Xy > z) =< P(61X, > x) forall k € {1,2,...,n}, then
T—00

1\? ];E(Qkaﬂ{ekxkn}) L\?
" > n o
P kX ke

T—00

> E(0p Xk ip, x,50})

E(Sp¥ISe* > ) 2 (L))" > (LX) min E(0,X,/0,X, > ©).

n
T—00 Z P(Qka > .I‘) 1<k<n
k=1
In the next theorem we assume ¢; = --- = 6, = 1 and analyse the case

where primary r.v.s have tail dependence and regularly varying distributions (see
Definition 1.5). We note that although Asimit et al. [5] and Joe and Li [35]
allow tail dependence for nonnegative r.v.s, their assumptions do not apply for
dependence structures obtained through mixtures of both tail dependence and
tail independence. Therefore we generalize the results for real-valued r.v.s with
wider conditions for dependence.

We denote before the formulation of the statement r.v.s X ,gi) = 1 X g5, x, 500

for each £ € {1,2,...,n} and each collection i = {iy,...,i,} € [ =

{=1, 1"\ {-1}".

Theorem 1.7. Let {X1,Xs,...,X,} be a collection of n real-valued and con-

tinuous at zero r.v.s with d.f.s {Fy, Fy,...,F,} such that F, € R_,, o > 1,

and 0 < tlim P(%(’“;t) < oo for all k € {1,2,...,n}. Additionally, for all
—00

ke {1,2,...,n} and all collections i = {iy,...,i,} € [ = {—1,1}"\{-1}",

assume that

P(X{) >ty XY > ta, A
lim (X > T > tn) = H(z)
t—o0 Fl(t)
exists for all x = (x1,...,x,) € [0,00]"™\{0}" such that

HO(z) = aDuf) (21, 00] X -+ % (w0, 00]) + (1 — aD)ul? (21, 00] X -+ X (w, 00))

13



for some constant a¥ € [0,1], where ug) is a Radon measure (i.e. finite on

(1)

compact sets), such that py) ((xq1, 00] X+ -+ X (2, 00]) is continuous on [0, co]*\{0}"
(i.e. the measure ,u%) does not put any mass on the boundary of the domain) and

/L?) 1s a Radon measure that puts mass only on the coordinate axes. Further

assume that for all z > 0 and each k € {1,2,...,n} measure ,u%) satisfies the
following equality

,u%)(g cxy > 2) =z (1.6.1)

for each © € I such that i, = 1, where cq,...,c, are positive constants such that
Fk(t) tN CkE(t), k e {1, 2,... ,n}.
— 00
Then, for all k € {1,2,...,n} we have

S al® fu ) (40()) ds + 225 (1—2(1(“)%

i€l 26_11

E[X.|SY > ] ~ L t, (1.6.2)

S au) (40)+ 3 (1= T a)a

iEI k=1 el

’Lk 1
where
X :ZXk, AS)<Z) = {g:wk>z,2ijxj>1}, A0 = {QZZ]$]>1}
k=1 j=1 j=1

Remark 1.1. Theorem 1.7 imediately gives the asymptotic relations for ACy (Sf )
and CIRg (SX ) as ¢ 1 1, if we replace ¢ by VaR,(Sy). Also, since

P(SY > t) ~ DFl( ), where D equals the denominator in (1.6.2) (see the proof
of Theorem 1.7), the distribution of SX belongs to the class R_, and, due to
Lemma 1.1, VaR,(SX )q?lDiVaRq(Xl). Moreover, CTE,(SX )q?lﬁ\/af{q(sgf )
(see, for instance, Alink et al. [3] or Joe and Li [35]), which implies that the

constants on the right hand side of (1.6.2) sum to —%5.
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1.9 Structure of the thesis

The rest of the thesis is organized as follows. In Chapter 2 we prove the main
results. A few relative examples demonstrating the applicability of the main
results are discussed in Chapter 3. In Chapter 4 we carry out certain simulation
studies verifying the accuracy of the results of Theorem 1.7 and revealing the

spead of convergence. Finally, Chapter 5 concludes the thesis.
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CHAPTER 2

Proofs of the main results

2.1 Auxiliary lemmas

This section consists of several lemmas which we use to prove Theorems 1.3 and

1.4.

Lemma 2.1. (see Proposition 2.2.1 in [9] and Lemma 3.5 in [55]) Let V be a d.f.
belonging to class D. For any p > My there exist positive constants ¢ = c(V)

and d = d(V') such that

Y\ P

\c<—> forallx >y > d.
x

In addition, for any p > My it holds that x™ = o (V(x))

Lemma 2.2. (see Lemma 2.1 in [64]) Let £ be a real-valued r.v. with d.f. F,
and let ) be a nonnegative nondegenerated at zero r.v. with d.f. F,. Assume that

there exists a measurable function h: [0,00) — (0,00) such that

lim sup P(§_>x|n:t) — 1| =0.
T00 4> Fe(x)h(t)

If Fe € £ and F,(z) = o (Fe(cx)) for some ¢ > 0, then d.f. P(¢n < x) belongs to
the class L.

Lemma 2.3. (see Lemma 2 in [65]) Let & and n be random variables satisfying
the basic conditions of Lemma 2.2. If Fy € D and F,(z) = o (F¢(z)), then d.f.
P(&n < ) belongs to the class D as well.
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Lemma 2.4. (see Theorem 1 in [65]) Let {X1, Xa, ..., X,} be real-valued r.v.s
having d.f.s {Fy, Fs, ..., F,} respectively with ultimate right tails and let weights
{01,0,,...,0,} be nonnegative nondegenerated at zero r.v.s. Also assume that
vectors {(X1,01),(Xa,02),...,(X,,0,)} are mutually independent and satisfy As-
sumption 1.1. If, in addition, F, € LN D and P(6; > z) = o (Fk(z)) for all
ke{l,2,...,n}, then

P (max SPX > :13) ~ P(SPY >a) ~ zn:IP(Qka > x).

1<k<n T—00 T—00
k=1

Remark 2.1. In the statement of Theorem 1 of [65] it is assumed that r.v.s
{61,0,,...,0,} are positive. But the statement of this theorem still holds in the
case of nonnegative and nondegenerated at zero r.v.s {0,6s,...,6,}. To obtain
this we only remark that (Gka)+ = 0, X, if r.v. 6 is nonnegative (see page 524

in [65)).

Lemma 2.5. Suppose that § is a real-valued r.v. with a d.f. F¢ having an ultimate
right tail, and n is a nonnegative r.v. with a d.f. F, such that ({,n) € S*(r, ¢, )
(see Definition 1.9). If v is uniformly continuous on D, and xlglolo p(r) =d < 0,
then there exists a measurable function h : [0, 00) — (0, 00) such that yes[légo) h(y) <

o0, and

P> |n=y) ~ Fe(x)h(y) (2.1.1)

T—00

uniformly for all y > 0.

Proof. 1f € and n are independent, then A = 1, and the statement of the lemma
holds. If (£,7n) is a proper Sarmanov distribution, then

sup |p(z)] < oo and sup |[¥(y)| < oo (2.1.2)
z€Dg¢ yeD,

via Proposition 1.1. of [68].

Let in such a case
1+rd¢(y) Zf y € D777
1 if oy ¢ Dn

Applying (1.2.3) and (2.1.2), we get that

h(y) =

0< inf h(y) < sup h(y) < occ.
y€[0,00) y€[0,00)
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It remains to prove the asymptotic relation (2.1.1). If y ¢ D, then

P(¢ > 2 | n = y) = Fe(x) hly). (2.13)
If y € D,, then
ooy+5
f f L+ ro(u)p(v) dF,(v) dFe(u)
(€>w|n—y)—1§fo1 v
yfa dF;(v)

due to the basic equality (1.2.2).

Applying (2.1.2) and additional conditions for the kernel functions ¢,1, we

obtain
lim sup sup IP’(§°_> rln=y
ao0 yeD,  Fe(x)h(y)
oo y+4
[T (1 (o) + r(p(u) - d) () dFy(v) dFy(u)

T y—0
= limsup sup lim
x—00 yeDy 640

y+o

J L+ rdi(v)) dF, (v) sup |¢(v)]

y—9

N

lim sup sup lim
T—00 yeDy 410

y+6

J () + rd(¥(v) = P(y)))dF(v)

y—0

= sup lim?

yeD, 540 ytd

hiy) | dFy(v)

y—0o

1
L Irdllim sup (o) =YW

lo—y|<6 yeDn

N

=1.
The last estimate and equality (2.1.3) imply that

P& > =
limsup sup (5_ rln=y) <1
T—00  ye[0,00) Fg (37) h(y)

In a similar way it can be shown that

lminf inf P(€—> z |1 =) >
z—00  y€[0,00) Ff (513) h(y)

Hence, the desired relation (2.1.1) follows, and Lemma 2.5 is proved. O
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The next lemma is a version of the well-known Breiman’s lemma (see [11]) for

dependent random variables. The proof of Lemma 2.6 can be found in [68].

Lemma 2.6. Let (&,n) € S(r,p,v), Fe € R_ with a > 0, En? < oo for some
p >« and lim p(z) =d < co. Then
T—r00
P(&n>x) ~ (En®+rdE¢(n)n) Fe(x).

T—r00

The following assertion follows from Theorem 1.1 immediately with 6; = 05 =

...=6,=1.

Lemma 2.7. Let {X, Xs,..., X, } be real-valued independent r.v.s with d.f.s
{F\, Fs,...,F,} respectively and S, = Y . | X;. Further, let F, € LND and
Fy(z) = O(F1(x)) for each k € {1,2,...,n}. Then

EXI]I{Sn>x} x:ooEXl]I{X1>I}'

If, in addition, Fy(z) < F1(z) for k € {1,2,...,n}, then

ES,Mis,>0p ~ > EXill{x0).
=1

2.2 Proof of Theorem 1.3

It is sufficient to consider the case where [ = 1 and n > 2. We suppose that

Fi(z) = O(Fl(:v)), ke {1,2,...,n}, and we prove that
O XiTiggesn ~ EOX0 Mg, x,00. (2.2.1)

Lemma 2.7 is the crucial assertion in our proof of (2.2.1). For any k €

{1,2,...,n}, an arbitrary positive ¢, and p;, > Mp,, we have that
E 67" Eg7* —
POy > z) < i o) ¥ = o (Fy(cz)) (2.2.2)

via Markov’s inequality and Lemma 2.1. Hence, by Lemmas 2.2 and 2.3 we obtain
that d.f. P(6,X) < z) belongs to the class £LN D for each fixed k € {1,2,...,n}.

Random vectors (X1,0:),(X2,602),...,(X,,0,) are independent. Therefore
{61 X1,02X5,...,0,X,} are independent r.v.s. The desired relation (2.2.1) fol-

lows from Lemma 2.7 if we establish that
P(0,X) > z) = O(P(1 X1 > 2)), k€ {1,2,...,n}. (2.2.3)
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Let k € {2,3,...,n} be temporarily fixed. If x > 2y > 2, then we have

PO, X, > 1) = (/ / /> Xk>§‘9k:u)dp(€k<u).

[0,1] 1(

If y is sufficiently large, then Assumption 1.1 implies that
x
u

for all u < % By Lemma 2.1 and Markov’s inequality we have

PO, X; > 7) < 2( /+ / )Fk< )hk( AP0, < )+P<0k>§)
6 (1)
< 27k(:c)/hk( )AP(0 < 1) + 201 F(2) / WP () AP0, < u
[0,1] (1,2]
y Pk
SO
x
where x > 2y, y is sufficiently large, exponent p, > Mp, is from conditions of

Theorem 1.3, and ¢y is a positive constant originating from Lemma 2.1.

Since E hy,(6;) = 1 and 277¢ = o (F(z)), the last estimate implies that

limsup ——=——= < 2(1+ cixE 07 hi(0r)) + yP*E 67% lim su
Iﬁoop Fr2) ( wE 0 hi(0k)) +y QHOOP !L‘kak( )

= 2 (1 + ClkE@ikhk(ek)) < 00

due to the conditions of Theorem 1.3.

Therefore

P(6, X
lim sup OEXE > T (2.2.4)
T—00 F1 (Zlf)

because F, € LN D and Fy(z) = O(F(x)).
On the other hand, by E hy(6;) = 1 we can choose a constant ¢; € (0,1) such
that E hy(61) 0 <0,<1/¢,3 > 0. Since

1/c1

oo [P (Gt <o

C1
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the Fatou lemma implies that

lim inf —MGI_XI > 7)
T—00 Fy (g;)

7, (—) et

]P(Xl x|91:U)

> liminf — lim inf hi(uw)dP(, < u
T—00 Fl(ZE) T—00 Fl( ) hl( ) 1( ) ( F )
(&1
= Ehl(Gl)]I{chKl/cl}hmmfM >0
Fi(z)

due to the choice of ¢;, Assumption 1.1 and the definition of class D. The last

estimate proves that

. Fl(ﬂv)
| — 7 < 0. 2.2.5
pRS TP 229

For fixed k, the asymptotic bound (2.2.3) follows now from (2.2.4) and (2.2.5)

immediately. Theorem 1.3 is proved.

2.3 Proof of Theorem 1.4

The conditions of Theorem 1.4 and Lemma 2.5 imply that random variables
Xi,..., X, and 64, ..., 0, satisfy Assumption 1.1 with hy(t) = 1 + redpe(t), t €
[0,00), k€ {1,2,...,n}. According to Lemma 2.1,

P

PO, > x) < % =0 (Fi(x))

T

for each k =1,2,...,n. Therefore, due to Lemma 2.4,

P(S2X>.T ZP Hka>w)

T—r00

On the other hand, Lemma 2.6 implies that
P (Hka > ZL’) :c:oo Tkﬁk (LU) r:oo TkaF(ZE)
for each k € {1,...,n}. Hence, we have
0X
P(S,¥ >z) ~ Fla Zchk (2.3.1)
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Let now [ € {1,2,...,n} be fixed. Applying Theorem 1.3 we get:

— fud]P (¢9le > U)

lim EGZXIH{S,?LX>$} ~ lim EGZXI]I{GZXZ>90} _ e
z—00 xf(x) z—00 xf(x) T—00 1-?(1')
zP («9le > l’) + .TfP(@le > CL’y) dy
= lim !
P (6,.X. [ P6,X
_ | BPOX>D) /Mdy (2.3.2)
w00 F(z) F(z)

Lemma 2.6 implies that P (6,X; > 2y) ~ maF(xy) ~ 7oy *F(x) for each
T—00 T—>00
y = 1. Therefore, from (2.3.2) and the Lebesgue dominated convergence theorem

we obtain

o0

= T 1+ /yady = Ozi 1 TiCr. (233)

E6, X1y -
lim _{snX>}

1
Relations (2.3.1) and (2.3.3) imply that

EGZXI]I{S,GLX>$} Q TiCy
P(SOX >z) avoca—1 &

T
> TkCr

k=1

If we choose z = VaR, (S;‘;X ) =F S}lx (q), then the last asymptotic relation implies

that
EQZXZ]I{SZX>1} o TiCy

X EETND
P(S/X >z) q1a—1 S me
k=1

with the quantile function Fgy of d.f. Fgox(z) = P(SI¥ < z). According to

ek () (2.3.4)

the conditions of our theorem F' is regularly varying with index a > 1. Due
to relation (2.3.1) d.f. Fgex is also regularly varying with the same index. The

obtained asymptotic relation (2.3.1) and Lemma 1.1 imply that

1
Foh(q) ~ [ Y omen | F'g).
n al \ 1
The last relation and asymptotic relation (2.3.4) imply the assertion of Theorem

1.4.

2.4 Proof of Theorem 1.5

In this section, we prove Theorem 1.5. It is clear that assertion of this theorem

follows immediately from the following four lemmas.
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Lemma 2.8. Let &, &, ..., & be n pairwise QAI real-valued r.v.s. If the d.f.s
F& €D, F& eD, ..., an € D, then

szF& ) S P(SE>a) S ZF&

T—00 z—oo L n 1

where L = min{Lpsl,LF&, ..., Lp, } and SE=&+&+. ..+ &

Proof. The assertion of the lemma follows from the bounds

P(Sf > . kZ::l 519((1 - 5>x)
lim sup —; — < limsup R
e Z ka (ZL’) e Z ka (‘/E>
k=1 k=1
Fe ((1—
< max {llm sup fkg (5):1:)}
1<ksn =00 ka (x)
and
T (1 +6)2)
(s8> -
lim inf 5 n x) > liminf 2=t —
T—00 —_— T—00 —
Z Fﬁk(x) Z Fik(x)
k=1 k=1
>  min {lim inf M} ,
1<k<n T—00 fk( )

which hold for any § € (0,1). The first steps of the above inequalities can be
obtained along the lines of the proof of Theorem 3.1 by Chen and Yuen [15],

while the second steps follow from the inequality

. a; Z v a;
f%{g} < mm{b—} (241)
D U

provided that m € N and a; > 0, b; > 0 for all i € {1,2,...,m}. ]

Lemma 2.9. Let § and n be independent r.v.s such that Fe € D, n > 0 a.s.,
P(n=0) <1 and En? < co for some p > My,. Then the d.f. F¢, of the product

&n belongs to the class D as well.

Proof. The assertion of the lemma follows from Lemma 3.9 by Tang and Tsitsi-
ashvili [55]. We remark only that in that lemma, it is supposed that the r.v. 7
is strictly positive. If n is nonnegative and nondegenerate at zero, then we can

correctly define a new r.v. 7 with d.f.
P < z) = P(n < zln > 0).
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By Lemma 3.9 in [55], the d.f. Fiz belongs to the class D. But
P(ng > zy) _ P0E > y)

P(n¢ >x) P > x)
for all positive x and y. Consequently, Fg, € D as well. O

Lemma 2.10. Let & and n be independent r.v.s satisfying conditions of Lemma

2.9. Then LFn& = Lpé.

Proof. A similar assertion for the class of consistently varying d.f.s C C D is proved
in [15, Lemma 3.1]. Here we present a more direct argument in comparison with
that in [15]. Let a € (0,1) and b > 0 be such that P(n > b) > 0.

For such numbers a and b, we have

—1 = limlim sup —P(nf > 7y)
Lp, M oo P(n€ > )
P < 2 P > 2o
< lim lim sup (n€ > zy,n < 2°%) + lim lim sup (n€ > zy,n > 2°)
¥l 2500 P(nf > 33') Yl 2o P(nf > iL‘)
P < 28 P a
< limlimsup (n€ >y, n < =) + lim sup (> %)
¥l o0 ]P)(Uf >, < xa) Z—r00 P(U§ >T,n > b)
S Fe(zy/w) EnP 1
< limlimsup su — limsup ————
Tl oot Fe(wjw) | P> D) el 29P(€ > 2/b)
F
< limlimsup sup _g(zy)
yTl Tr—r00 z}xlf‘l Fg(Z)
EnP 1 F
+ —— lim sup ——=——lim sup = e(r) . (2.4.2)

P(n > b) T—00 Iang(ZL') T—00 Ff(x/b)
Since F¢ € D, it is obvious that F¢(z) = O (Fe¢(z/b)). Moreover,

lim 27F¢(z) = oo (2.4.3)

T—00
for any ¢ > Mp, (see, for instance, [55, Lemma 3.5]).
If p > Mp,, then there exists a € (0,1) such that ap > Mp,. For this

particular a, the second term on the right-hand side of (2.4.2) is equal to zero.

Consequently, o
F 1
< lim limsup sup _E(Zy> = —
F"If yTl T—00 z)mlfa F{(Z) LF{
and the assertion of the lemma follows. ]

Lemma 2.11. Let & and & be two QAI (SQAI) r.v.s with d.f.s F¢, € D and
Fe, € D. Let n1 and ny be two nonnegative, nondegenerated at zero r.v.s such that
the vectors (&1,&2) and (n1,m2) are independent. If max {Enf, Eng} < oo for some
p > max {/\/lgl, ./\/l&}, then the r.v.s & and ne&y are QAL (SQAI).
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Proof. We consider only the case where the r.v.s & and & are QAI because the
proof in the case of SQAI r.v.s is identical. In this case, the assertion of the lemma
can be proved along the lines of Lemma 3.1 in [15]. But here we present a more

direct proof. For x > 0 and a € (0, 1), we have

P((mé&)" > x, (n2b2)™ > w,m < 2, mp < 2%)

/P§1>—§2 ) P(m < u,m <)

(0,22

< sup P<§1>%7§2>%) (P(mé& > x) + P(na&y > 1))
< 822:;6; P(fl - %) +P(§2 - 2) 161 22 .

Hence, applying considerations similar to those in (2.4.2), we get

]P)( 7]151 >, (772£2>+ > 13) < s (51 > 2,6 > Z)
P(mé& > x) + P(pée > ) >

Z>xl-a ]P)<§1 > Z) -+ ]P)<€2 > Z)
Pip > 2) P > a?) }
P(mé& > x)" P(nés > @)

P(& > 2,8 > 2)
S SR P(E > 2) + P& > 2)

{ Eni 1 F&' (ZL’) }
+ max = = ;
i{1,2} [ P(n; > b) 2% F¢,(z) Fe,(x/b)

+ max{

where z > 0, a € (0,1), p > max{Mp, , Mp, } and b > 0 is such that
min {P(n; > b),P(n2 > b)} > 0.
The last inequality, conditions of the lemma and relation (2.4.3) imply that
P((mé&)" >z, (n&e)t > 2) = o(P(mé&y > ) + P(1eé&s > ) as & — oo,
The similar considerations give
P((ﬁ151)+ >, (m262)” > 55) = O(P(Wlfl > x) + P(nés > JU))

and

P((m&)~ >z, (&)™ > x) = o(P(mé&r > ) + P&y > x))
as x — 00, and the assertion of the lemma follows. O
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2.5 Proof of Theorem 1.6

In this section, we prove Theorem 1.6. Conditions of this theorem, as well
as Lemma 2.9, imply that the d.f.s Fy, x, belong to the class D for all k €
{1,2,...,n}. Moreover, Lemma 2.11 implies that {6, X1, 0: X, ...,0,X,} is a col-
lection of pairwise SQAT real-valued r.v.s if {X1, Xs,..., X,,} are pairwise SQAI.
In addition, the conditions of Theorem 1.6 state that Fy, x, (z) = O(Fg,x,(z)) for
all k € {1,2,...,n} and for some particular index [ € {1,2,...,n}. Hence, the
assertion of Theorem 1.6 follows immediately from Lemmas 2.13 and 2.14 below.
In Lemma 2.13, we get the upper asymptotic bound, while in Lemma 2.14, we
obtain the lower asymptotic bound. We start this section with a simple technical

assertion, which will be used in the proofs of the main lemmas.

Lemma 2.12. Let & and n be two nonnegative random variables such that EE is

finite. Then

B(EL(conon) = 2B > 20> 5) + [ B(E > w0 > ) du
for any pair of positive numbers x and y.

Proof. Let F¢ and F;, be the d.f.s of § and 7, respectively, and let F¢, be the joint
d.f. of £ and n. Then, for all z > 0 and y > 0, we have

B(€linpn) = [ u [ dFegfun
_ /:oung(u) —/:Oung,n(u,y)
= /Iudﬁg(u)—F/xooUd(Fn(y)_Fﬁm<u7y)>

o0

= [ufg(u)r —/xfg(u)du

HulB W - Fealwn)]” = [ (B0) -~ Fealup) du
= 2 F¢(z) — Jim. uFe(u) + /OO Fe(u)du

—2(P(n<y) —PE<z,n<y) + lim u(F,(y) — Fey(u,y))

U—00

_/Oo(p(ngy)_lp(£<u,n<y))d“
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= x(IP’(§>x)—IP’(§>$,77<y))
+ / (B > u) — B¢ > u,n < y)) du

= x]P’(§>a:,77>y)+/OOIP’(§>u,77>y)du.

Here we used the fact that E€ < oo, which implies that lim uF¢(u) = 0 and

U— 00

0 < lim u(F,(y) — Fep(u,y)) = lim uP(€ > u,n < y) < lim uFe(u) = 0.
uU—00

U—00 U—00

Lemma is proved. [

Lemma 2.13. Let &, &, .. ., &, be n pairwise SQAI real-valued r.v.s. If F¢, € D,
Fe, €D, ..., Fe, € D and F¢,(x) = O(Fg(x)) for all k € {1,2,...,n} and some
l€{1,2,...,n} such that E§ < oo, then

1
E<€l]1{$§>x}> S _E(gl]l{épx})a

lav)
T—00 LFl

where, as usual, S =& + &+ ...+ &,

Proof. Obviously, we can suppose that n > 2 and choose the special index [ = 1.
Hence, we conclude that all basic requirements of Lemma 2.13 are satisfied with

the condition

Fe(2) = O(Fg (2)), (2.5.1)

which holds for all k € {1,2,...,n}, and we must prove that

1
E( i ) < B n). 2.5.2
&1 {s§>x} oo L, (61 {&> }> ( )
It is evident that
E(fl]l{s,§>x}> < E<§f—ﬂ{s§+>x}>
< E(§1]I{51>(1_€)x}) +7Z (2.5.3)
for any x > 0, where
+
Se =) &
k=1
and
t= E(grﬂ{sku—e)m,sf?m})

- E(grﬂ{ifésx,57§+>x}> T E(gf_ﬂ{sx<£f<(ls)x,S,§+>x})
< ex ]P’(Srf+ >z) 4 (1—e)zPex < & <z, S > ) (2.5.4)
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with any € € (0,1/2).

Using Lemma 2.8 and the additional requirement (2.5.1) we obtain
2 «— c
nok=1

provided that x is large enough, where the positive constant ¢; = ¢1(n) may
depend on n but not on .
The collection {&1,&s, ..., &, } consists of pairwise SQAI r.v.s. Hence, for any

e €(0,1/2), we get

Plex <& <(1—e)x, S§ >2) < P

/N

+ 5 {+> 55”}
! sm,’g & n—1

E[L')

n

< P& >ex, & >

n—1

e
||
N

< Al(gx) Z Fﬁl (€I>7
k=2

where

P& >z, &6 > 2
Ai(xz) = Ai(n,z) = max (& — & > 1) — 0.
2<k<n F& (Qj) z—00

Since the d.f. Fg belongs to the class D, the additional condition (2.5.1)
implies that
Plex < & < (1—e)x, S& > ) < el (ex) Fe (v)

1
< Co Al (8.73) E E(§1H{§1>x}), (256)

where x is large enough and ¢y = ca(e,n) > 0.

Substituting the derived bounds (2.5.4)—(2.5.6) into (2.5.3) yields

E(&H{ngg})

Fe ((1— Fe ((1—
lim sup < (1 —¢)limsup max { élg s)x)’ sup &g £)y) }
rooo (G Mg 50) 200 Fe(r) e Fely)
+ ec1 + (1 —¢e)eg limsup Ay (ex)
Tr—00

for any € € (0,1/2) due to Lemma 2.12. The last inequality implies immediately
the desired asymptotic relation (2.5.2). ]

Lemma 2.14. Let &, &, ..., & ben pairwise SQAI real-valued r.v.s. If Fe, € D,
Fg, €D, ..., Fe, € D and F¢,(z) = O(Fg(z)) for all k € {1,2,...,n} and some
particular index | € {1,2,...,n} such that E|§| < oo, then

LrE(aTgsn) S E(6Tge.),

T—00
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where Ly, is the L-index of the d.f. Iy, defined by equality (1.2.1).

Proof. If n = 1, then the assertion of the lemma is evident. Therefore, in what
follows, we deal with the case n > 2. In addition, as in the proof of Lemma
2.13, we can choose the particular index [ = 1. Hence, we suppose that ng () =

O(Fg, (z)) for all indices k € {1,2,...,n}, and we must prove that
E(glﬂ{s§>z}) > L E(6 g 0). (2.5.7)
T—>00

For any x > 0 and an arbitrary § € (0,1), we have

E@lﬂ{sﬁn}) = E@M{S%x}) - E<51_]I{55>w}>
= (51 {&F>1+6)z, sf>x}> + E(Hﬂ{qg(lw)x, S§>z})
(ff {g;gx,s§>z}) - E<£fﬁ{£;>az,55>x})
> E(ﬁf—ﬂ{gf>(1+5)x}> (fl (& >(110)e, 8¢ @:})

E(ﬁl_ ]I{gl—gx, S§>:c}> B <§1_]I{§1‘>z,57§>x}>
= Nh—To—T3—Ts (2.5.8)

Since E£]” < oo, using Lemma 2.12 and inequality (2.4.1) we obtain

(1+0)Fe (14 8)1) + | Fely)dy

jl = (1+6)x
]E(gl ]1{51 >w}) xF& + f F& dy
Fe,(140)x { <F51 (1+0)y)/Fe, (y)>Fal (y)dy
> (1+46)mi " ’ _
51( ) fF&(y)dy

Fe((1+8)2) . Fe((1+6)y) 3

> (14 J)min { — : —
Fe, (z) > Fe, (y)

Consequently,
Fe ((1
liminf—— 2L > (1+ 6) lim inf (inf M) . (2.5.9)
oo B(6 L >a)) wmoo \wzr - B (y)
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For the third term in (2.5.8), we have

T3 = E(gfﬂ{g@mﬂg%}) + E<§fﬂ{5;p<g;<x,si>x})

< 0aP(SS > z) + ]E(ff Lsacer <a, Sﬁ>w,€1>0}>

+E (ff L soces <o 850,61 <0}>

< &cP(Zg,j > x) —|—:vIP’(§1 > ox, Y g8 > ac) (2.5.10)
k=1 k=2

Applying arguments similar to those in the derivation of formula (2.5.5), using
Lemma 2.8 and the condition F¢, (z) = O(F¢,(x)), k € {1,2,...,n}, we conclude
that

k=1

for large enough = and some positive constant c3 = ¢3(n) not depending on x.

Since {&1,&, ..., &} are SQAT (consequently, QAI) r.v.s, we deduce that

B n B " s
IP’(fl >5$,;€$>$> < P(fl >5“”’U{5’j>n—1})

k=2

n

< P(& > oz, & > ox)
k=2

< Dy(62) Y P(Fg (67) + Fe (0x))

k=2

for large enough z and an arbitrary § € (0,1/(n — 1)), where

P& +
Ay(z) = Ag(n,x) = max £§1 - x,ﬁ_k > ) :
2<ksn F51 (SL’) + Fﬁk (:L') e

Applying arguments similar to those in the derivation of formula (2.5.6), for large

enough x, we get

" 1
IP’(EI > ox, Zf,j > x) < C4A2(51’)EE(51]I{§1>:D}) (2.5.12)
k=2

with some positive constant cq = c4(n).

Substituting (2.5.11) and (2.5.12) into (2.5.10) yields

: I3
lim sup

S P (2.5.13)
sv00 E(§1T(,501)

for any 6 € (0,1/(n —1)).
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Forany z > O and § € (0,/(n—1)), the second term in (2.5.8) can be bounded

above in the following way:

+
Jp» = E (51 Lersaeom sy r-5n, £;<x}>
E <§1+]I{51+>(1+5)z,zg:2 §k_>5m})

N

n

+
> E (51 H{sr><1+6>z,sg>ax/(n71>})

k=2

N

< Y E(§ g gon) (2.5.14)
k=2

For any z > 0 and 6 € (0,1/(n — 1)), the last term in (2.5.8) can be bounded

above likewise:

Js = E (g;ﬂ{§;>x,zz:2 &G, 5k_>$}>

n

< k <51— H{5;>Sx,§,j>3x}> :
k=2

Since E|¢| < oo, using Lemma 2.12 and inequality (2.4.1) we obtain

gx]P’f+>gx,§_ > o —|—OOIP§+>U, §_>gx du
E <§T]I{§1F>Sx,§k‘>gz}> B & ’ ) Sja: . ' )

E(& Mg, >xy) aP(& > ) + TP(& > u)du

0xP(& > 0, & > ox) + [P(& > u, & > dx)du
i

F Fe (u/d
TP(6 > 0r) £ + & fIP’£ > ) e

< Smax F_&(M’) P& > 51’, fE > 5&3)’ sup _F& (u)A P(¢ > u, & > ox)
Fe,(¥) P& >01)  wsse Fe(u/d)  P(&>1)

for any = > 0,6 € (0,0/(n—1)) and k € {2,...,n}.
The d.f. F¢, belongs to the class D, and the r.v.s {&, &} are SQAL Therefore,
for large enough z and any 6 € (0,8/(n — 1)), we have

+
E <§1 ]I{fir>gx7§,;>gx}>

< Ay (07), (2.5.15)
E(& Mg, >ry)
where A&k(gl') — 0 forany k € {2,...,n}.
T—r00
Substituting (2.5.15) into (2.5.14) gives
lim sup B =0. (2.5.16)

voo E(&Tig5n)
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Similarly, we can show that

lim sup S _ 0. (2.5.17)

z00 E(&1 g 50))

Equality (2.5.8) as well as asymptotic relations (2.5.9), (2.5.13), (2.5.16) and
(2.5.17) yield

E(& T g, r
lim inf M > (1 + 6)liminf (inf Fa((1+9)y)

~des (2.5.18)
T—00 E(£1H{§1>x}) T—00 y=>x F&(y) )

for any ¢ € (0,1). Letting d J 0 in (2.5.18) and taking into account the definition

of Ly, we obtain (2.5.7), which completes the proof. O

2.6 Proof of Theorem 1.7

This section deals with the proof of theorem 1.7. We first note that the conditions

of the theorem imply that

P((X{i)/t qui)/t) IS ) N . .
) ) v (%) (2) () (@)
— —a +(1—a

0 pp + ( )ity

holds on [0, co]"\{0}" (see Section 3.4 in Resnick [52]). Moreover, since ug) is
continuous on its domain and /ﬁ') puts mass only on the coordinate axes, the
vague convergence criterion applies for any set A € [0, 00]™ whose closure either
does not intersect with any of the coordinate axes or the intersection consists only

of distinct points, since they have zero measure.

Moreover, since iz = 1 for all k € {1,2,...,n} and all i € I, we have
1
EXi|Sy >4 = —op—r O EX, .
[Xk|S5 ] P(SX > t) ; k {535>t, 'Ol{inj>0}}
; ()
;ZkEXk ]I{ élinj('i)>tv él{XJ(_i)>0}}

= . (2.6.1)
S P (i ;X > t, ﬁ{X}“ > 0})

i€l j=1

We will first deal with the denominator of the last fraction. Observe that for
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t>0

Sp (i: ;XY >t ﬁ{X]@ > 0})

iel j=1 j=1

n

SR [ ) X < (X > 0)
j=1

iel j=1 jiij=1

n

+3 P x>t | XY >t ﬂ{x > 0}

el j=1 jri=1
=[S s ) X <o (K > 0)
iel j=1 jiiy=1 .
+ZZP<Z >tX >tﬂ{X >0}>
el jrij=1 j=1 i

1]
+ ZZ(_DZH Z P(Z@]X( > t, ﬂ{X()>t} ﬂ{X()>0})

iel 1=2 {j1,-giYed j=1

n

=>r sz P () X < (XY > 03

iel Jrij=1 j=1
+ ZZP( >tﬂ{X >0}>
i€l jiij=1
- F X (S s Y > o)
i€l jiig=1  \j=1 j=1
DI D (Z X > ) > 0, (x> 0}) |
i€l 1=2 {j1,-d1 }EJ Jj=1 r=1 Jj=1
(2.6.2)
where J = {j : i; = 1}. Let Ay be the k-th axis, i.e.
Ay={z:m = =n1=a441 =" =1, =0},

and let Ag(z) denote a point on the k-th axis where x;, = x. Then it is obvious

that for all k € {1,2,...,n} and j € J we have
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and

if [ > 2. In addition, note that
> ZP( >tﬂ{X >0}>:Z]P’(Xk>t). (2.6.3)
el jiig=1 k=1
Therefore, by applying Lemma 1.2 and the fact that for all 7 € I measure u([i))

does not put any mass on the boundary of its domain we get

ZIP’(Z%X(Z > ¢, ﬂ{X >0}>

il j=1 =1
lim —
t—00 Fl(t)
= ZG(Z)/L%) T Xn:z'jxj > 1, ﬂ {z; <1}
el j=1 Jiij=1
+ch—ZZa ( .iijxjgl,xj>1>
el jiij=1 7=1
|J] n l
—I—ZZ(—l)l“ Z a(i),u%) (g ; Zijxj > 1, ﬂ{xjr > 1}>
iel 1=2 {j1s-di YEJ j=1 r=1
= Za(i)ug) (g: iijxj > 1) + i (1 — Z a(i))ck, (2.6.4)
el j=1 k=1 i€l

where in the last step we reversed the logic of expression (2.6.2) for measures ,u%),

i € I, used equality (1.6.1) with z = 1 and the fact that

S ale =3 Y e

iel j:ij=1 k=1 iel



Now we will deal with the numerator of (2.6.1). Obviously, for ¢t > 0 we have

EX 1 .
ZEZIZ’“ { Py X( ng 503}
- / S P (x,g“ > 2y X > XY > 0}) dz
o i€l j=1 j=1

_ /szP (X( >tz Z@]X( > 1, ﬂ{X“ > 0}) dz.

el 7=1

(2.6.5)

First, observe that for z > 1 we have

Zz’,ﬁ"( > tz, sz >t ﬂ{X >0}>
=>p (Xff) > tz, ﬂ{XJ@ > 0})

icl
ip=1

-yr (X( V>t Z@jx;“ <t ﬁ{X;“ > 0})
j=1

i€l
ip=1

-) IP( > tz, ZZJ >, ﬂ{X(l > O}) (2.6.6)

el
ip=—1

and for 0 < z < 1 we have

S P (X > tz iz’jX;") > ¢, ﬁ{X]@ > 0}>
iel j=1 =1
=P (tz < Xy Zn:z'jxf) >, ﬁ{xj@ > 0})
j=1

el ]:1
ip=1

+ZP<X()>t N{x? >0})

i€l
ip=1

—Z]P’(X >tZz] tﬂ{X >0}>

iel
ip=1

-3 P( >tz zn:z'jxj@ > t,ﬁ{Xj@ > 0}) .
j=1

el 7j=1
zszl

(2.6.7)
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Similarly as in (2.6.3) for all z > 0 we have

ZP( > tz, ﬂ{X > 0}> P (X} > tz). (2.6.8)

icl
ip=1

For other sets in (2.6.6) and (2.6.7) observe that for all [ € {1,2,...,n}

{g:xk Ez,iijxj > 1}ﬂAl—®
=1

if i), = —1,

{g:xk 22,Xn:ijxj < 1}ﬂAl:®,
=1

ifip, =1 and z > 1, and

if 1 £k

n @7
{£:Z<$k<172ij$j2l}m14[: ;
j=1

A1) ifl=k

I

" 0,  ifl#£k
{ l’k>1,ZZ]Ij<1}ﬂAl: )

j=1 A1) ifl=k

ifi,=1land 0 < 2z < 1.
Therefore we can apply Lemma 1.2 for (2.6.6) and (2.6.7) and by using (1.6.1)
and (2.6.8) we get

el J=1

S P ( St iXY >t N{XY > o})
j=1

lim —
t—00 Fl (t)

= sza uD (x Ty > 2, szxj > 1) (1 — Z a(i)>ckza

el icl

ip=1

(2.6.9)

for z > 1 and

Zz‘;JP( > 1z, Zz] >tﬂ{X >0}>

icl
lim —
t—o00 Fl (t)
i€l 7j=1 i€l
7,k:1
(2.6.10)
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for 0 < z < 1.

To get the assertion of the theorem, we need to integrate the quantity

P<X9>%%§%@Xp>%,ﬂﬁXp:>ﬂ>
J= J=

Fu(t)

for each i € I on the interval [0,00). We note that this quantity is obviously
bounded on the interval [0, 1], while on interval [1,00) it is bounded by an inte-

grable function due to

Plx® >N i XD >t (XY >0 <P (XY >tz
k J<Ng J k

=1 j=1

and Proposition 0.8 of Resnick [52]. Therefore, we can apply the Lebesgues dom-
inated convergence theorem and pass the limit through the sign of integral in
expression (2.6.5). After integrating, equalities (2.6.9) and (2.6.10), together with
equality (2.6.4) and basic relations (2.6.1) and (2.6.5), imply the desired relation
(1.6.2). Theorem 1.7 is proved. O
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CHAPTER 3

Examples

In this chapter we present several theoretical and practical examples to demon-
strate the applicability of the main results for particular collections of the primary
r.v.s {Xy, Xo, ..., X,} and the random weights {61,0s,...,6,}. In the first ex-
ample the d.f.s of the primary r.v.s belong to the class D. In other examples we

restrict to regularly varying tails.

Example 3.1. Let us consider three pairwise SQAI r.v.s X, Xs, X3 with d.f.s
Fy, Fy, Fy, respectively. Suppose that these primary r.v.s are distributed accord-
ing to the generalized Peter-and-Paul distributions with parameters 1,% and 2

respectively (see Example 1.1), i.e.

— 1
Fir) = 4 & =5/l g5,

2k >z
R 1 —|10g T O,
Folr) = (VB-1) Y —p=vE "7 asy
\/§k>x \/3
_ 1
Fir) = 24 sy =257 oselostl a1
4k>q
with the L-indexes
1 1 1
Fr 57 F> \/37 F3 25

Consequently, L5 = 1/25 in this case.

Let the random weights {61, 65,03} be independent of {X;, X5, X3}, mutually
arbitrarily dependent and identically distributed according to the discrete law
PO, =1/2) =P, =1) =1/2.

After some calculations we conclude that all the conditions of Theorems 1.5,

1.6 and Corollary 1.1 are satisfied. Theorem 1.5 implies the following asymptotic
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formulas:

B9 > 0) g 2 (st g gt 5l e

T—r00 2

+\/5—L10g27/10g\/§j + 257Llog2x/log4j + 25Llogm/log4j)

< 15 (30—{— \/—)5—10g9&/10g2 < 48423‘_10g5/10g2
P(S§X>:p) > 1 (5 Llog2x/log2j+5 Llogm/log%_}_\/— log2x/1ogfj

o)

+\/g—uoga;/1og\/ﬂ_|_25_Uog2x/1og4j+25_Uogm/1og4j)

i x—log5/log2.
125

Next, Theorem 1.6 and Lemma 2.12 yield

WV

25 1<
B(S3 Lsgprsmy) S D E(XiTix,00) + 5 Y E(Xilpxa)
k=1 k=1

T—r00
B %<2< Y LTEJZJ)
(| [mevs) | g5-1ies]
+/ 57 Lweez] /5 Uesval 4 o5~ Liea ] ) dy
2

—I— % (l‘ ( ;zigj + \/_ L:;g}J +25 |.10g4J)
+/ (5_“(’21” + \/g hl)c;gxufJ 4+ 257 U?EZJ) du)

< 1530+ 5) 10g5 -5 ieis < 850 g1 1085/ g2
10g2
1 < 1 <
E(S5" Lisoxsay) T D E(XTpxsom) + o5 ) E(Xillxon)
T=re0 k=1 k=1
5 9 lob o ecdmr 1 iioss/ise
1251log 5 — log 2 8

At the end of this example we only remark that we need an assertion similar
to Lemma 1.1 for further consideration of the values related to the risk measures

in this model.

Example 3.2. Let us consider two independent sequences of random variables
{X1,Xs,..., X, } and {04,0s,...,60,}. Suppose that the r.v.s X1, X5, ..., X, are
independent and the r.v.s 81,6,, ..., 6, follow an arbitrary dependence structure.
For each k € {1,2,...,n}, the r.v. X is assumed to have the Lomax distribution

(see Example 1.2) with shape parameter ay, > 1 and scale parameter A\, > 0, i.e.
o
Fk(x)zl—(l—}—)\) , x>0, ke{l,2,...,n}.
k
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Since Lp, = 1 for all k € {1,2,...,n}, LX = min {ka} 1, which yields

1<k<
P(SX > ) ~ Y P(0xXy > x) for any collection {61,6,,...,6,} satisfying the

conditions of Theorem 1.5.

Next, let P(0x = zx;) = pri forall k € {1,2,...,n}and i € {1,2,... i}, where

i, € N. Here 2, are real numbers such that 0 < 2z < 250 < ... < 25, < 00 and
:kzl pri = Lforall k € {1,2,... ,n}. It is obvious that max {E#}} is finite for all

p > max {ax}. Consequently, the collection {61,065, ...,0,} meets the conditions

of Theorem 1.5.

By the law of total probability, we get

ik i
P(Hka > JZ) = ZP(@ka > ‘ «9k = Zki) ]P)(Qk = Zki) = Zpki ]P(Xk > LE/Z]W)

i=1
ik «a an ik N N
)\kzkZ k )\ k )\ % EQ X
) "\ + i =~ (31
;pk <)‘ka@ + 2 T—00 L% Zpk kz Lon ( )

Therefore, by Theorem 1.5,

n
o (63
"\ YO k:zjl )‘kk ]EekzlC ]I{ak:amm}
06X k k =
P(Sn > x) Tr—0Q ; xak T—00 xamin

Y

where a, = rrggn {ag}.

To apply Theorem 1.6, the condition P (6, Xy, > x) =< P (6;X; > x) must hold
T—00
for all k£ € {1,2,...,n}. It follows easily from (3.1) that this condition is true

provided that oy = ay = ... = «,. Hence, from now on, we suppose that
A= =Qy = ... = Q.
Since LX = 1, by  Theorem 1.6, we get

]E(Qka]I{ng>x}) ~ E(Qka]I{gka>x}) for all k € {1, 2,... ,n} and
E(SpX Iispxsay) ~ Z E(0: Xk Lo, x, 50 ) -
By the law of total expectation, we obtain
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E (61X 10, x,>2})

Thus, we have

In addition, we get

ik
= ZE(ekaI[{Bka>m} | O = Zm') P(Qk = Zki)

=1

2
= Z Z1iPki E(Xk]I{Xk>m/Zki})

=1

i < —(a+1)
= szipki / <l 1+ = Y dy
: - e Ak

i —a )\kzk' T -«
= ; 1 ‘(1

( ()\kzkz>a Nk Zhi ()\kzki)a1>
E Pki +
T—r00 o — 1 xXr

aNy a)\a Eoy
- Zpklzkz i

The last two asymptotic relations imply that

Moreover, for any [ € {1,2,...,n}, we have

(v — 1)z~ (a — 1)ge-1 1)xa 1
Q . o (6%
(S ]I{SGX>I}) oo W >\k Eek .
k=1
P(SI* > z) ~ ER Ay E6y (3.2)
n r—00 T ’ )
k=1
E(S9Y)SX > a) ~ —& (3.3)
n n z—00 (v — 1
A EG7
E(QIXZ | SZX > ZU) a (34)

o — 1 S ACEfY

If we choose x = VaR, (SzX) in (3.2), then, using Lemma 1.1, we conclude that

CTE,(S5Y) ~

Oé

VaR, (S9%) ~(1 1“(2% Eek)
q

Therefore, (3.3) implies that

Oé

—1/a e
Tla—l (Z)\ Eek)

Furthermore, by (3.4), for any fixed [ € {1,2,...,n}, we obtain

ACy(

SOX) ~

1/a—1
(1 —q) " YoAEs? (ZxaEek) :

qua—l —

42



Example 3.3. Let us consider an investment portfolio of n financial assets. Let
Xk, k € {1,2,...,n}, be their negative returns (so that positive values represent
losses) over some time period in the future with distribution functions Fj, k €
{1,2,...,n}, and let Oy, k € {1,2,...,n}, be their weights. We are interested in
asymptotic CTE, of the portfolio and its composition.

We assume that Xy, k € {1,2,...,n}, are pairwise SQATI and have t-location-
scale distributions with parameters (ju, oy, 1) (see Example 1.3). It can be easily
shown that for all £ € {1,...,n} lim LBl@) _ ("—’“)V provided that v, = vy = v.

r—o0 F1(2) g1

If vy > vy, the limit is 0. If v, < 14, the limit is infinite. It means that the tail

risk of the portfolio is dominated by the risks with the heaviest tails, and the risks
with lighter tails are asymptotically irrelevant. In practice, in order to account
for the estimation errors, the tail parameters, estimated to be similar, could be
assumed to be equal. In this case, the tail risk of the whole portfolio will be
asymptotically equal to the tail risk of the portfolio consisting only of the risks
with the heaviest tails. Alternatively, all distributions could be conservatively
assumed to have the tails as heavy as their heaviest estimate, i.e. v = mkin(ﬁk),
where 7y, k € {1,2,...,n}, are the estimated tail parameters. Therefore, in the
rest of this example, we assume v, = v for all k € {1,2,...,n}. To apply Theorem
1.6, we also assume that v > 1.

Further, we assume that the weights 6, are uniformly distributed on [(1 —
Ae)ag, (1+ Ap)ag, k€ {1,2,...,n}. Constants (ai,...,a,) can be interpreted as
a target portfolio allocation (benchmark), and (A, ..., \,) can be interpreted as

limits for deviation. Then

1+ ) ax
1 v aj ((14+ M) = (1= )"
= r'dx = .
2/\kak 2/\k(V + 1)
(1=Xg)ag

E¢Y

Using the same way of considerations as in the previous example, for | €

{1,2,...,n}, we get

ox v o1 [& L1 N ) — (1= At "
Aqu(STL ) q?l v — 1;l <Z<0kak) 2/\k(V + 1) va“Rq(Xl)v
k=1

and the asymptotic contributions of individual risks [ € {1,2,...,n} are
o)’ L (14 X)) — (1= \)v !
CTR (S ~ (o), (1 +A) (L=A)")

TS (oar)” 5 (14 A7+ — (1= A7)
k=1
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Example 3.4. Let us consider an investment portfolio described in Example 3.3
with 0, = ag, k € {1,2,...,n}, where {ay,...,a,} are positive constants. We are
interested in asymptotic capital allocation of the aggregate risk (negative return)
of the portfolio S2% :=>"" a4, X;.

Assume that, as in Example 3.3, r.v.s Xy, k € {1,2,...,n}, have t-location-
scale distributions with parameters (puy, ox, ). To apply Theorem 1.7, we also as-

sume that v > 1. r.v.s ay X} then obviously have t-location-scale distributions with

parameters (aypix, axog,v) and ¢ = tlinolo i((‘:iﬁllc:)) _ <Z,ig,f>”’ ke {l,...,n}.
Moreover, since the density function of a t-location-scale distribution is symmet-
ric around its location parameter, both right and left tails are equally heavy with
tlggo% =1forall ke {l,...,n}.

The dependence structure assumed in Theorem 1.7 is very wide. It allows
complex structures with different tail dependence in each orthant. It also allows
dependence structures obtained through mixtures of both tail dependence and tail
independence which allows the tail dependence to be modelled separately from
non-tail dependence. One way to achieve such a flexible dependence structure is
to choose a complex copula function with enough parameters to model all desir-
able properties separately. Another approach is choosing simple copula functions
with few parameters capturing one or several dependence properties and joining
them together in a weighted sum. Since there is a wide variety of simple copula
functions, the latter approach is more intuitive and easier to apply.

Therefore for each ¢ = {iy,...,4,} € [ :={—1,1}"\{—1}", we denote Xlgi) =
e Xkl x>0 forall k € {1,2,...,n} and denote the copula function of a random
vector {i1X1,...,i, X, } by C® where C is the copula function of a random vector
{X1,...,X,} and it can be expressed as follows

C =wCo+ Y wCi, (3.5)

iel
where wg = 0, w; > 0,4 € I, wg+ > w; = 1, Cy is a copula function without
tail dependence on any of the relev&iflé orthants (i.e. only for i = {—1}") and

C;, 1 € 1, is a copula function with tail dependence only in the orthant 7. More

specifically, for all positive x1,...,z, and all 7 € I, we assume that the limit

lim Oj(i) (uxq, ..., uxy,)
ul0 u
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is positive, if j = 7, and equals zero otherwise (including j = 0).

In the bivariate case the most popular copula functions with tail dependence
are Clayton and Gumbel. Since, unlike Gumbel copula, the Clayton copula has
tail dependence in only one orthant, we choose its rotated multivariate versions,

i.e.

%
C’i(i)(ul,..., (Zuk n—l)) , 0, >0, 1€,

with the limit

1

A, (@) 5;
Ci (uxy,...,uxy,)
i ’ . .
im - (Z o )

It is easy to show that the limit above equals zero for all other orthants. For

example, if we take the orthant where only the j-th variable differs from i € I,
ie. j={i,...,%-1,—4j,%41,-..,0n}, then, since the marginal distributions are

continuous, we have

~

Cz(]) (ul, ey Up

~—

_ile (Zle) > Uy, ... ,F_ijxj(—inj) > Ujy oo ,anxn(Zan) > Un)

(
]P)(File (Zle) > Up, ... ,Finj (Z]Xj) <1l-— Ujy oo anan(Zan) > Un)
A(

= Z)(ul, e 7uj—17 1, Uj+1, e ,un) — CA'Z(Z)(Uh e 7uj—17 1-— Uj, Uj+1, e ,Un)
and
LY (ux UTy) o
lim — L = lim Zazk b — (n —2)ub
ul0 U ul0 oy

Similarly, the same result can be obtained for other orthants.

Further it can be shown that for all z = (z4,...,x,) € (0, 00]"
, P X > ta, . an X >ty
H(l) = ] 1 ’ n n
(z) ti{g P(a1X1 > t)
—  Im é(z) (P(ilCLle > tﬂ?l), Ce ,]P)(inanXg > tIn))
o0 I[D(ale > t)
— im CO(a7"e P(ar Xy > t), ..., 2, caP(a1 Xy > 1))
t—o0 ]P)(Clel > t)

IS

_ (Zxk ; ) 39
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and H9(0,...,0,4,0,...,0) = x,"c; for all i € I and positive 3, k =1,...,n.
Hence, if for all (z) € [0, 00"\ {0}" and all i € I we denote

1
" 9;

H’(Dl)((xlaoo] X X (l'n,OO]) = § xzeick%) 7
k=1

(

. 0, if z, >0, Vke{l,...,n}
) ((w1,00] X -+ X (20,00]) =

\:U,;llck, ifxy >0, 2,=0, Ve {1, ce ,n}\{k}

then HO(x) = wipy) ((21,00] - - X (0, 00]) 4+ (1 —wy)py” ((w1,00] x - X (g, 0
for all € [0,00]"\{0}" and all i € I and all assumptions of Theorem 1.7 are

satisfied. Therefore, by applying (1.6.2) and Remark 1.1 for k =1,...,n we get
AC,;, (59%) ~ CiVaR, (52%) ~ CpD¥VaR, (a1 X))
q q

and

v

CIR (S4%) ~ Ch / —

where

C, = D! Zikwi/ﬂg) <A](€i)(z)>dz+yi1(1—2wi)ck ,
0

i€l iel
ip=1

D = Y wpuf) (AV) + i <1 -3 wi)ck,

el k=1 i€l
=1

Ag)(?«’) = {£3$k>z7zijxj>1}7 A(i):{g:zijxj>1}7

Jj=1 Jj=1
14
Qr0f
C. = .
a101

Two practical questions immediately arise: how sensitive are the asymptotic

constants to model parameters and how fast is the convergence? To give some
insight into the first question Figure 3.1 presents some numerically computed
constants for particular sets of parameters in the case n = 2. The second question

is partially answered in the next section.

Remark 3.1. From relations in (3.6) we can see that if any of the constants ¢y
equal zero (i.e. some risks have lighter tails), the limit in (3.6) also equals zero,

since any copula function has zero value if at least one of its parameters equals
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zero. This means that introducing lighter tails not only makes them irrelevant in
the asymptotic analysis, but it also eliminates any tail dependence between other
variables in all respective orthants (half of them, if only one tail is lighter, and all

of them, if both tails are lighter).

6000
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0.6 4000
D“\—fJ
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0.2 o, S e RUAL
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2 3 4 5 6 7 8 9 10 2 25 3 3.5 4 4.5 5 55 6
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1 15 2 25 3 35 4 45 5 1 15 2 25 3 35 4 45 5
i Al
<, )
b Oy =1, w, =02, k=1,2 4.
1.1 55
1 .. o
29 45
i C,.0=0,,6,=0,=1,w =06, w,=w, =02
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c: v =4, c;/l':2.

Figure 3.1: Asymptotic constants in the case n = 2, where k represents the k-th

quartile.

47






CHAPTER 4

Simulation study

In this chapter we perform a simulation study for the bivariate case of the model
presented in Example 3.4 with several sets of parameters. The copula function
of (X1, X3) is a sum of five copulas with weights wy, ..., ws. First four copulas
are Clayton copulas, rotated appropriately so that there is tail dependence in all
four quartiles, with parameters 65 in k-th quartile. The fifth copula is Gaussian
with correlation p, which is known to have no tail dependence (see McNeil et al.
[46]). Figures 4.1 and 4.2 show scatter plots of u and v generated by C(u,v) with
different copula parameters, where C is a copula function of (X7, X5). For each
set of model parameters we simulate 100 samples of (Xi, X3) of size 5,000,000,
compute empirical estimates of constants Cyr := AC(S5%)/VaR,(S5%), k = 1,2,
and D, := (VaR,(S5¥)/VaR,(a1X1))" for different confidence levels ¢ (from 0.95
to 0.9999) and compare them with numerically computed asymptotic constants.
In each case a; = as = 1, 01 = 1 and 09 = 2. The results are presented in Figures
4.3-4.7, where solid lines represent sample averages and dashed lines represent

5-th and 95-th percentiles.
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Figure 4.3: w, =02, k=1,...,5,0, =1, k=1,...,4, p=0, pg = s = 0.
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Figure 4.4: w, =02, k=1,...,5,0, =5 k=1,....4, p=0, u1 = uo = 0.
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Figure 4.5: w, =02, k=1,...,5, p=0,v =4, u1 = o = 0.
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Figure 4.6: wi = wy = w3 = wy = 0.1, ws =06, 0, =3, k=1,...,4, v =2
p1 = p2 = 0.
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Figure 4.7: w, =02, k=1,...,5,60, =2 k=1,...,4, p=0,v=4.

We can see in Figures 4.3 and 4.4 that the rate of convergence of the constants
Cyir decreases when v increases, i.e. when the tails get lighter, and is quite similar
for various combinations of tail dependence (see Figure 4.5). For the constant
D,, on the other hand, the rate of convergence depends on the combination of
all tail parameters. Strong non-tail dependence significantly reduces the rate of
convergence for all constants (see Figure 4.6), while shifting the means slows down
the convergence only if the shifts are to the opposite directions (see Figure 4.7). It
is also worth mentioning that in most cases the approximation of the constant Cy
with its asymptotic equivalent C}, is more accurate for the position with higher

scale parameter (ayoy), i.e. the riskier part of the portfolio is approximated better.
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CHAPTER 5

Conclusions

In the thesis we investigate the asymptotic properties of both tail probability and

tail expectation of a randomly weighted sum
SIX=3"0,X;,
i=1

where {X1, Xs,...,X,} are real-valued and heavy-tailed r.v.s, called primary
r.v.s, and {6y,0s,...,60,} are nonnegative and nondegenerated at zero r.v.s, called
random weights.

This sum has been an attractive research topic in the recent works of applied
probability with the focus on nonnegative primary r.v.s or real-valued primary
r.v.s with various types of tail independence. We further generalize the results for
real-valued r.v.s assuming different distribution classes and dependence structures.

In Theorems 1.3 and 1.4 we introduce some dependence structure between
r.v.s {X1, Xo,..., X, } and random weights {61,605, ...,0,} but leave the random
vectors {(X71,61), (X2,0s)...,(X,,0,)} being independent. In Theorem 1.4 we re-
strict the dependence to a bivariate Sarmanov distribution and obtain asymptotic
capital allocation formulas for regularly varying distributions.

Further, in Theorems 1.5 and 1.6 we allow primary r.v.s to be dependent
with the assumption of QAI or SQAI but independent from random weights and
obtain asymptotic bounds for the tail probability and tail expectation in the case
of dominatedly varying distributions.

Finally, in Theorem 1.7 we assume #; = --- = 6, = 1 and obtain asymptotic
capital allocation formulas in the case where primary r.v.s have tail dependence

and regularly varying distributions. Results of this theorem are verified by a
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simulation study for a multivariate Clayton copula with t-location-scale marginal

distributions.
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