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Introduction

1 Formulation of the problem

In this thesis, we investigate linear differential and discrete problems with
nonlocal conditions of a one variable. Since many mathematical problems,
modelling processes and phenomena of the real life or taken for theoretical
purposes only, do not have unique solutions, we consider problems in the
least squares sense, where the existence of a unique best approximate solution
is possible [6, Ben-Israel and Greville 2003]. This function is often called
a minimum norm least squares solution and nowadays is one of the most
popular objects of investigation.

Our aim is to describe the best approximate solution in a form related
to the classical representation of the unique solution. Here the essential
role is played by the concept of a Green’s function. Indeed, if we know a
Green’s function, then a problem is considered as formally solved [22, Cabada
2014/, [100, Roman 2011|. Thus, developing this analogy to a unique best
approximate solution, we focus our study on a generalized Green’s function,
which describes a minimum norm least squares solution and extends the

classical meaning of an ordinary Green’s function.

2 Topicality of the problem

Topics about Green’s functions are often popular. A Green’s function man-
ifests in many areas of science and, according to a context, is differently
named.

In signal processing, it is known as the impulse response or impulse re-
sponse function |12, Blackledge 2006]. Green’s functions are used in acous-
tic and audio applications. Authors say |75, Marczuk and Majkut 2006]
that the significant problem in room acoustic is evaluating an acoustic qual-
ity of projected and modernized rooms. They used a Green’s function as
a solution of the acoustic wave equation. Impulse response functions are



also taken to investigate the ocean acoustics [17, Brooks and Gerstoft 2009]
during a storm. There are modern applications of the impulse response
analysis in radar, ultrasound imaging, digital signal processing [12, Black-
ledge 2006] and broadband internet connections [35, edited by Cooper and
Madden 2004]. Seismologists use a Green’s function as well and naturally
call it by an Farth’s impulse response [14, Bostock 2004]. Green’s functions
also appear in aerodynamics and aircraft configurations [45, Freedman and
Tseng 1985]. Let us mention the application in economics, where impulse
response functions are used to describe how the economy reacts over time to
exogenous impulses, usually called shocks. Green’s functions are also used
for Black-Scholes model studying pricing options 38, Dorfleitner et al. 2008|
and other applications [78, Y. Melnikov and M. Melnikov 2012|.

Green’s functions arise solving various problems in quantum mechanics
as well [39, Economou 2006]. Here a particle such as an electron or a photon
is described by the wave function. The dynamical behavior of the wave
function is represented by a propagator, what is just the role played by a
Green’s function. A Green’s function is also called a two-point correlation
function since it is related to the probability of measuring a field at one
point that it is sourced at a different point. In scientific literature we can
also meet a point-spread function [120, Sheppard et al. 2014]. It is one more
synonymous of a Green’s function again.

In physics Green’s functions are called by their rightful name in hon-
our to the British mathematician George Green (1793-1841). In 1828 he
wrote the article “An Essay on the Application of Mathematical Analysis
to the Theories of Elasticity and Magnetism”. Green was the first scientist
who investigated a potential [47], that was later called a Green’s function.
Classically, a Green’s function is understood as a kernel, which represents a
solution to the differential problem of mathematical physics. However, the
modern concept of a Green’s function was introduced a little bit later by B.
Riemann in [99, 1860].

Let us note that Green’s functions are rather distributions than proper
functions. According to [63, Kolmogorov and Fomin 1957], the concept of
distributions originated in the work of Sobolev [122, 1936| for second order
hyperbolic partial differential equations. However, the ideas were developed
later in an extended form by Schwartz, who was awarded by the Fields medal
for his work on distributions in 1950 [119].

The notion of a Green’s function and other fundamental concepts in the
theory of differential equations were formulated studying the classical prob-
lems of mathematical physics. Merely, the classical boundary value problem
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for a second order stationary differential equation

W'(z) + o)l () + bayu(z) = (), = € [0,1], 1)
(k1,u) = aqu(0) + B1u’(0) = 0, (2)
+ Bau' (1) = 0, (3)

~— —

(K2, u) == agu(l

where a, b, f € C[0,1] and |ag| + |Bk| # 0, k = 1,2, is almost completely in-
vestigated and considered the classics in the theory of differential equations.
Classical boundary conditions, describing this problem, relate functions u
and u’ at the same boundary points.

However, physics, mechanics and other natural sciences have been devel-
oped greatly during the last 50 years, and today they investigate such pro-
cesses and phenomena that those mathematical models do not fit into the
frames of the classical differential problem. For instance, we have the ther-
mostat problems [61, Kalna and McKee 2004], heat conduction [62, Kamynin
1964] and bioreaction engineering [118, Schuegerl 1987| problems, and prob-
lems arising in electrochemistry [24, Choi and Chan 1992|, microelectron-
ics [21, Buda et al. 1985|, biology [82, Nakhushev 1995], and other fields. In
2011 Special Issue for nonclassical conditions (27 articles) was published in
the journal Boundary Value Problems [43].

We have just listed several examples of nonclassical problems but, in
practice, there often arise problems where we cannot measure data directly
at the boundary. Then we formulate additional conditions that link the
solution v with its derivative u’ to several different points or to the whole
interval. Such conditions are called nonlocal conditions. If there appears
a boundary point in nonlocal conditions, we name them nonlocal boundary
conditions.

In 1969 Bitsadze and Samarskii published the paper [7] for an elliptic
partial differential equation with nonlocal conditions, which influenced the
appearance of many original articles [3, Ashyralyev 2008, [57, Infante 2003],
[115, Sapagovas 2000], [123, Stikonas 2014], [126, Stikonas and Stikoniené
2009]. For the one dimensional case, we also consider such type nonlocal

conditions
u(0) =mu(§)  or  u(l) =yu(s),

where 0 < &1,& < 1, and naturally call them Bitsadze-Samarskii condi-
tions. Il'in [56, 1976] and Moiseev [54, 1978| studied multipoints boundary
conditions

w(0) = yul&),  ull) =Y Ful&),
i=1 i=1
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where all v;,7; are real numbers and §; € (0,1). Nonlinear boundary value
problems with nonhomogenous multipoints boundary conditions were also
investigated by L. Kong and Q. Kong in [64, 2010].

Moreover, Sapagovas with co-authors [33, 2004] investigated eigenvalues
for differential equations with nonlocal integral conditions

1 1
u(0) = 'yl/o ap(z)u(x) dz, u(l) = 'yg/o ag(x)u(z) de.

Spectral problems were also studied [135, Yurko and Yang 2014| for the
second order differential problem with Stieltjes boundary conditions

—u" + b(x)u = A, z € (0,7),

T
(Lg,uy == /0 u(z) dpg(x) =0, k=12,

where b € LY(0,T) is a complex valued function and iy are complex valued
functions of bounded variation, continuous from the right for £ > 0. Such
boundary conditions can be rewritten in the following nonlocal form

T
(L) == 500(0) + [ u(@)din(@) =0, k=12

where 7y, denote finite limits vy := pr(0+) — g (0) but g are complex valued
functions of bounded variations, continuous from the right for « > 0.
On the other hand, Chanane [23, 2009] considered Stieltjes boundary

conditions involving derivatives

(Lg,u)y == /0 (u(z) d pir (z) + ' (2) d pa(z)) = 0, kE=1,2.

Here functions ug; and ugo are of bounded variations and the integration in
understood in the Riemann—Stietljes sense again.

Let us note that all nonlocal conditions, given as examples above for a
second order differential equation, are particular cases of nonlocal conditions
(Lg,u) =0, k = 1,2, for some continuous linear functionals Lj, € (C’1 [0, 1])*
Indeed, according to Alt [2, 2016], every functional L € (C*[0, 1])* can be
given by

1
@wa©+Awwww (4)

for some v € R, a point £ € [0, 1] and a regular bounded countably additive
Borrel measure p on [0,1], i.e., p € rcal0,1]. Since the function u is of
bounded variation, it can have at most countably many discontinuities and
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need only be differentiable almost everywhere (a.e.). Hence, in practice,

most nonlocal conditions (4) are considered of the form

o)

(L) = 3 (asu(e) + b)) + | ' (@)u(a) + @) (@) de

=1

for &, ¢; € [0, 1], real numbers a;, b; and integrable functions ¢,d € L[0, 1].

Nonlocal conditions for higher order differential problems are also stud-
ied. Bai [5, 2010| proved the existence of one or two positive solutions to
the nonlocal fourth order boundary value problem

u® 4 gu” = Nf(t,u,u”),  te(0,1), (5)

1 1
u(0) =u(1) = /0 aq (t)u(t) de, u”(0) =u"(1) = /0 as(t)u” (t) dt,

where a1, a0 € L'[0,1], A is a positive number and f € C([0,1] x [0,00) x
(—00,0],[0;00)). The n-th order differential equation with one Stieltjes
boundary condition

u™ () + Na(t) f(t, u(t)) =0, te (0,1), (6)

1
w(0) = ... =u""2(0) =0, u(l) = /0 u(s) d A(s)

was widely studied in the work [49, Hao et al. 2015].

Let us mention works of Day [36,37, 1982-1983], where nonlocal inte-
gral conditions for the heat equation with applications to thermoelasticity
were investigated. Bitsadze and Samarskii formulated [7, 1969] the nonlocal
problem for the elliptic differential equation, which is used in the plasma
theory. Moreover, a mercury droplet in electric contact was investigated by
Sapagovas [109,110,114, 1982-1984|. Here we recall the group of lithuanian
mathematicians who productively deal with nonlocal problems: M. Sapago-
vas [111-113,116], R. Ciegis [27-30], A. Stikonas and O. Stikoniené [31,32].
In 2017, the triple - Sapagovas, Ciegis and Stikonas - were awarded by the
lithuanian Research Council for the cycle of their works “Nonclassical prob-
lems and their solution methods (2002-2016)”.

Thereby, topics about Green’s functions for nonlocal problems were also
developed [26, Ciegis 1988], [117, Sapagovas and Ciegis 1987], [123, Stikonas
2014]. Let us mention works of Infante and Webb [58,59, 2003], Lan [66,
2006], Ma [73,74, 1998,2007], Sun 128, 2005|, Troung with co-authors [129,
2008] and Zhao [136, 2007|. For instance, Sun and Zhang [127, 2008] exam-
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ined the third order m-points boundary value problem
u”(t) + f(tu(t), W' (t),u"(8) =0, t€(0,1), (7)

m—2
w(0)=d/'(0)=0, "(1)=> %u"(&),
=1

and found the expression of a Green’s function. Authors also obtained sev-
eral properties of a Green’s function and proved the existence of at least
one solution. Let us recall the work of Xie with co-authors [134, Xie et al.
2009|, where the representation of a Green’s function was derived for the

n-th order nonlocal problem

u™ (@) + @) f(tu®) =0,  telab], (8)
w(a) =0, '(a)=0, ..., u™HD(@a)=0, ud)=~u).

Authors used a Green’s function to prove the existence of the unique solu-
tion. They obtained properties of a Green’s function as well.

We accentuate that weakly nonlinear differential problems (5)—(8) with
a nonlinear function f(t,u(t),u/(t),...,u V) and the expressed highest
order derivative u(™ in the differential equation are often met in nowadays
literature. Here a part of a differential equation, omitting a nonlinear term
ft,ut),u'(t),...,u™) and considered as a separate differential equation,
is linear and provides many useful information. First, it is simpler to in-
vestigate. Second, it’s Green’s function G(¢,s) is often used to describe a
solution of a weakly nonlinear differential equation, that is,

1
u(t) = /0 G(t,s)f(s,u(s),u'(s), ... ,u("_l)(s)) ds.

Using the known expression and properties of a Green’s function for the lin-
ear differential equation and properties of a nonlinear function f, there are
often obtained various estimates, those help to prove the existence of solu-
tions for weakly nonlinear problems. Here we recall another application of
Green’s functions of linear problems: they are also used in iterative methods
for weakly nonlinear problems.

Thus, Green’s functions for linear differential problems play the very
important role in the analysis of nonlinear differential problems as well. We
accentuate the work of Roman [100, 2011], where the author derived various
direct representations of a Green’s function for linear nonlocal problems with
general conditions (4), studied its properties and illustrated these results by a
variety of examples. Thus, applying methods of Roman’s work [100, 2011],

6



we can obtain the expression of a Green’s function G(z,y) and use it to
represent the unique solution of a differential problem (1) with nonlocal
conditions (Lg,u) = 0, k = 1,2, in the explicit form

1
u(z) = /0 Glr.y)f(w)dy,  ze0.1]. (9)

However, there are many problems in practise, those have neither the
unique solution nor a Green’s function. Such ill-possed problems are so
popular, since they describe processes and phenomena of the real life, and
the analysis of these problems still remains the valuable investigation area.
Their solutions are considered such functions, those satisfy some optimiza-
tion conditions and can be written in the form (9) with a generalized Green’s
function instead of an ordinary Green’s function.

The history of a generalized Green’s function begins in 1904, where David
Hilbert introduced a kernel of an integral invert operator for a consistent
linear differential problem [53]. That integral representation extended the
classical notion of a Green’s function, which was used to describe the unique
solution to problems of mathematical physics. Nowadays the concept of a
generalized Green’s function is applied to represent some optimal solution to
mostly inconsistent differential problems [6, Ben-Israel and Greville 2003],
[13, Boichuk and Samoilenko 2004].

For example, J. Locker [70, 1977] studied the characterization and ob-
tained properties of a generalized Green’s function, which describes a mins-
mum norm least squares solution to the n-th order linear differential problem
with two point boundary conditions. He also constructed the approximate
sequence, converging to that minimizer [69, 1975|. Minimizers for various
mathematical models were investigated in [50, Hasanov Hasanoglu and Ro-
manov 2017| as well.

There are many other authors, who investigated a generalized Green’s
function. Let us mention several famous works of Westfall [131, 1909],
Bounitzky [15, 1909], Elliot [40, 41, 1928-1929|, Reid [97,98, 1931,1967],
Bradley [16, 1966], Wyler [133, 1965] and Loud [71,72, 1966,1970].

Generalized Green’s functions were also studied by the lithuanian mathe-
matician I. Matsionis. In 1973 he published the paper “A generalized Green’s
function” 77|, where the n-th order differential equation

Lu = u™ + a0, 2)u™ D + a1 (N 2)u + an(\ 2)u = f(z), (10)

was considered. Here coefficients a1 (A, z),. .., a, (A, z) are bounded and con-
tinuous with respect to z on the interval [a, b] but are analytic with respect

7



to A over the entire complex plane. Additionally, each function ag (A, x) has
continuous derivatives up to order n — k (k = 1,n). Matsionis aspired to
find the solution of the equation Lu = f with f € L?(a,b), which satisfies
two point boundary conditions

n

(Lpyuy = (ouV(a) + BV () =0, k=Tn,  (11)
=1

with real constants ay; and k. He focused to study the problem (10)—
(11) without the unique solution (A(M\) = 0). For the consistent problem,
Matsionis took the general solution of the differential equation (10) in the

form
b
u(z) = clzl(:v, A)+ ez (x, ) F / G(z,y,\) f(y)dy,

where 2¥, k = T, m, is a fundamental system of the homogenous equation.
In this case, he showed that a generalized Green’s function can be found
using the same method as in the case A(X) # 0, where the problem has the
unique solution.

However, Locker |70, 1977| studied a generalized Green’s function for
the n-th order differential problem Lu = f with two point boundary con-
ditions, which may be consistent (at least one solution) or inconsistent (no
solutions). Precisely, he wrote the minimum norm least squares solution in
the form u® = L' f using the generalized inverse operator L' of the operator
L, known as the Moore—Penrose inverse. Then applying the Riesz repre-
sentation theorem for continuous linear functionals in the Hilbert space, he

presented the minimum norm least squares solution in the form

b
w(z) = Lif(z) = / G, ) f () dy

for all # € [a,b] and f € L?(a,b). This method helped to introduce the kernel
G9(z,y), which plays the role of a generalized Green’s function. The author
obtained properties of a generalized Green’s function, those are analogical
to well known properties of an ordinary Green’s function if there exists the
unique ordinary inverse L~™!. The minimum norm least squares solution for
very relative differential problems was also considered by Loud [72, 1970].

Hestenes used the Green’s function of the operator L*L to find the
MoorePenrose inverse LT [52, 1961]. Precisely, he studied the differential
operator L := d/dt with the domain

D(L) = {u € H'0,7] : u(0) =u(r) = 0}.

8



It is the densely defined (D(L) = L?[0,7]) closed linear operator with the

closed range

R(L) = {f€L2[0,7r] : /Oﬂf(s)ds:o} _ R(D).

Hestenes obtained the minimum norm least squares solution

u’(t) = LTf(t) /f ds—/f ds—/ GI(t,s)f 0<t

with the kernel

T—t, s<t,
—t, s >t,

GOt 5) = ;SG(t,s) _ % {

which represents the generalized Green’s function. Let us note that here
G(t,s) is the Green’s function of the operator L*L := —d?/dt* with the
domain D(L*L) = {u € H?[0,7] : u(0) = u(w) = 0}.

Landesman considered analogous gradient problem [67, 1967|. He inves-
tigated the differential operator Lu := (Qu/dt1,0u/0ts)" with the domain

u(0,t2) = u(m, t2) = 0 for a.e. ty € [0, 7], }
u(t1,0) = u(ty, ) = 0 for a.e. t; € [0, 7] '

D(L) = {u c (H'0,n])*: {
The author took the Green’s function

4 e}
G(t1,t2,51,82) = — Z —5—— sin(mt1) sin(ntg) sin(ms1 ) sin(nsz),
2
n=1
where 0 < s;,t; < m, of the operator L*L, what is the negative of the

0?2 9?2
L'L=—| — +— ).
(at% + 0t§)

For f = (f1, fo) | € L?[0,n] x L*[0, ], he obtained the expression

Laplacian operator

(tl,tg) LTf tl,tg Z/ / gG tl,t2,81,52)fj(81,82) dsy dSQ,
J

where
2

0
Gg(t17t27 S1, 82) - Z %G(tlat2> S1, 82)
J

represents the generalized Green’s function for the gradient operator L.

9



Moreover, Brown [18, 1974] investigated generalized inverses and gener-

alized Green’s matrices for differential systems with Stieltjes conditions
1
u' = Au+ f, / dF u =0. (12)
0

Here w is n-dimensional absolutely continuous vector valued function, A is
n x n continuous matrix on [0,1] and F' is m X n matrix valued measure of
bounded variation elementwise. According to Riesz representation theorem,
Stieltjes conditions (12) describe general conditions for continuous w but, in
practice, most nonlocal conditions are considered of the form

0 1
;Aiui(&) + /0 B(z)u(z)dx = 0.

Green’s matrices and their properties for very relative problems were
also studied by other authors [20, Bryan 1969], [60, Jones 1967] and [132,
Whynurn 1942]. Moreover, Brown and Krall considered an adjoint problem
and presented an eigenvalue expansion of a Green’s matrix [19, 1974].

Nowadays the method to represent the minimum norm least squares
solution using a generalized inverse is very popular. There is no doubt that
generalized inverses are useful, applicable and significant tool in many areas
of science, especially, for physicists who deal with optimization problems or
data analysis. Even Ben-Israel and Greville in their book [6, 2003] said:
“The observation that generalized inverses are like prose (“Good Heavens!
For more than forty years I have been speaking prose without knowing it”-
Moliere, Le Bourgeois Gentilhomme) is nowhere truer than in the literature
of linear operators”.

It seems that the concept of a generalized inverse operator was first
mentioned in 1903 by Fredholm in this paper [44], where a particular gen-
eralized inverse was obtained for an integral operator. Fredholm called this
generalized inverse by the pseudoinverse, what is nowadays used to name
generalized inverses, too. As we mentioned, Hilbert was the first scien-
tist who investigated generalized inverse operators for differential problems.
In 1904 he introduced [53| the concept of a generalized Green’s function.
Generalized inverses for integral and differential problems influenced the
birth of generalized inverse matrices, whose existence was first obtained by
Moore (80,81, 1920,1935|.

According to [6, Ben-Israel and Greville 2003|, the concept of a gener-
alized inverse matrix is understandable quite widely because each matrix,
which has the following properties, can be considered as a generalized inverse
of a matrix A:

10



e it exists for a class of matrices which is larger then a class of nonsin-
gular matrices;

e it has some properties of the usual inverse matrix;

e it is coincident with the usual inverse matrix if a matrix A is nonsin-

gular.

A matrix may have a unique generalize inverse or even a lot of general-
ized inverses [6, Ben-Israel and Greville 2003|. However, Moore introduced
the unique generalized inverse for every finite dimensional real or complex
matrix A € C™*™ (which may be singular!) and proved its existence. In
1951 Bjerhammar observed [9,10], [11, 1958| that particular generalized in-
verses are related to “best fit” (least squares) solutions to systems of linear
equations. While being a student, in 1955 Penrose showed [93] that the gen-
(Can

eralized inverse, earlier introduced by Moore, is the unique matrix X €

satisfying all four Penrose equations
AXA =A, XAX =X, (AX)" = AX, (XA)" = XA,

where A* denotes the adjoint matrix of A. This matrix is often denoted by
At and [94, Penrose 1956] is used to describe the best approzimate solution to
a linear system of equations Au = b in the form u® = Afb. It is also called
the minimum norm least squares solution since it minimizes the Euclidean
norm of the residual

|Au® — b < [Au—b] (13)

for all u € C™*!, and is smallest
[[u] < {[ul]

among all vectors u giving the equality (13). Penrose rediscovered the Moore
inverse, its applications seemed to be so useful and fruitful that this matrix
was called the Moore—Penrose inverse in honour to both authors.

Ideas analogous to generalized inverse matrices were also developed in
the theory of operators. Let us accentuate that generalized inverses of lin-
ear operators between Hilbert spaces have many similarities to the finite
dimensional case.

For example, in 1956 Penrose [94]| proved that the best approximate
solution to the matrix equation AUB = C is of the form U° = ATCBT.
The relative result for the operator equation AUB = C' in Hilbert spaces
was also derived by Slavik [121, 1990|. His result is presented in the following
theorem.
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Theorem A (Slavik 1990, [121]). Let A : Hy — Ha, B : H1 — Ha be
continuous linear operators with closed ranges but C : H1 — Hy is a Hilbert—
Schmidt operator. Then the best approximate solution (with respect to the

Hilbert=Schmidt norm) to the operator equation AUB = C' is given by
U° = A'CB'.

The Moore—Penrose inverse Lt : Hi — Ho is the most famous general-
ized inverse of a linear operator L : Hy — H1 between Hilbert spaces. As in
the matrix case, it is the unique solution of the following operator equations

LL'L=L, L'Lot=r, (LLY*=LL', (L'L)y*=LTL,

where L* denotes the adjoint operator of the operator L. According to [6,
Ben-Israel and Greville 2003|, the Moore—Penrose inverse operator always
exists for a continuous linear operator L with a closed range R(L) and rep-
resents the best approximate solution u® = LTf for every f € #; to an
equation Lu = f. This function minimizes the norm of the residual

L = Flps = inf (1 = fl (14)
and is smallest
Ul < llull#, (15)

among all minimizers u € Hs holding the equality (14). We can often
met another names of the best approximate solution, that is, the wvirtual
solution [130, Tseng 1956, the least extremal solution |6, Ben-Israel and
Greville 2003|, [121, Slavik 1990] or the minimum norm least squares solu-
tion |70, Locker 1977]. The Moore—Penrose inverse is used to solve various
minimization problems of other type than (14)—(15) as well [96, Porter and
Williams 1966].

The minimum norm least squares solutions are also used in modern fi-
nancial modelling |1, Albrecher et al. 2009|. In recent years, Maroncelli and
Rodriguez |76, 2013| investigated the minimum norm least squares solution

to the boundary value problem with impulses

u/'(t) = A(t)u(t) + f(t) ae. [0,1]
ut)) —ut;) =g, i=1...k (16)

subject to classical boundary conditions
Bu(0) + Du(1) = 0.

Here 0 < t1 < tg < ... < t < 1 are fixed points, A is n X n matrix
valued function on [0,1] whose elements are functions from L?([0,1]) but

12



f : L?[0,1] — R™. Moreover, g; € R” and B, D are n x n matrices. Authors
did analysis, which is so strongly related with ideas of generalized inverses
and generalized Green’s functions.

Impulsive differential problems (16) as well as differential equations with
delay or systems of ordinary differential equations were also studied by
Boichuk and Samoilenko [13, 2004]. Authors widely investigated real Fred-
holm boundary value problems with the operator equation Lu = f and non-
local conditions fu = g € R™. Representing the problem into the vectorial
form Lu = f with L = (L,£€)" and f = (f,g)", they obtained a repre-
sentation of the generalized inverse operator for the operator L. Authors
provided the expression of the generalized Green’s matrix

GI(t,s) = GE(t,s) — Z(t)(€Z) £G°(-,s),

where Z(t) is the fundamental matrix of the homogenous operator equation
Lu =0, G°(t, s) is the Green’s matrix of the corresponding Cauchy problem
but (£Z)~ is a particular generalized inverse of the matrix £Z(-) with real
entries. This representation of the generalized Green’s function is valid for
a some class of solvable differential problems Lu = f. Authors also derived
solvability conditions for this problem, those can be given in the form

Py(g —tu’) =0.

Here uf is a particular solution to the inhomogeneous equation Lu = f but
d:=m— rank(ﬂZ(~)) and Py is d x m matrix composed of all d linearly
independent rows of the projector P ((pz)+).-

Boichuk and Samoilenko also investigated a linear system of difference

equations with nonlocal conditions
u(i+1) = A(Q)u(@) + f(i+1), i=no,N, bu=gecR"”
and derived the expression of the generalized discrete Green’s matrix
GO(i,§) = G(i, §) — Z(i,n0)(LZ (-, 10)) LG (-, 5).

Here
Z(i,j <Jj<i<N,
{20 mese
0, >
is the discrete Green’s matrix (by authors called the Cauchy matriz) for the
Cauchy problem for difference equations. The generalized discrete Green’
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matrix describes all solutions of consistent difference system with nonlocal

conditions, which satisfies the following solvability conditions

Pd<g— 5 BG"’(wj)f(j)>= ,

Jj=no+1

where P, is the matrix composed of all d linearly independent rows of the
projector onto N((£Z(-,ng))*) as above.

Discrete problems and their Green’s functions were also studied by Ro-
man [100, 2011] and Stikonas [102,103, 2011], Liu with co-authors [68, 2010],
Ghanbary [46, 2007], Chung and Yau [25, 2000] and other authors. Discrete
problems is the very useful and important investigation area because, in
general, an explicit solution or some optimization solution of the differen-
tial nonlocal problem cannot be found analytically. Since computer pro-
gramming science is nowadays widely developed, various numerical methods
have been investigated and applied to differential problems [4, Bachvalov et
al. 2011], [104, Samarskii 2001]. Authors often discuss on differential and
discrete aspects of problems [101, Roman 2011|, [51, Hernandez-Martinez
et al. 2011], [54, I'in and Moiseev 1987|. Direct and iterative solution
methods for differential and discrete problems were considered in mono-
graphs [106, Samarskii and Gulin 1989], [105, Samarskii and Nikolaev 1978|

as well.

Convergence analysis of the unique discrete solution to the solution of a
differential problem is often discussed. Most results and convergence condi-
tions are formulated for problems having the usual inverse. The importance
and application worth of the minimum norm least squares solution is sig-
nificant. However, during the preparation of this dissertation and looking
for some literature on convergence, it seems that the analogous convergence
theory of problems having only the Moore—Penrose is not widely developed
(is it developed at all?). There are many open questions about the conver-
gence of the discrete minimizer to the minimizer of the differential problem,

those require systematical studies.

Thus, this doctoral dissertation discuss on parallel results for differential
and discrete problems with nonlocal conditions. Here some sufficient con-
vergence conditions will be provided and illustrated by the convergence of
discrete minimizers. Obtained results can be used for more detailed stud-
ies of the converge analysis. Due to quite large volume of this doctoral

dissertation, questions about converge are only touched.
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3 Aims and problems

The target of this dissertation is to obtain the representation of the minimum
norm least squares solution to ordinary differential problems with nonlocal
conditions. To realize this idea, we had to study the following problems.

1) To assure the existence of the minimum norm least squares solution
to the differential nonlocal problem, given in the vectorial form.

2) To obtain solvability conditions, those answer if the minimizer is an
exact solution to the problem or only an approximate solution.

3) To express the minimum norm least squares solution using the unique
exact solution to other relative differential problem.

4) To derive the expression of the generalized Green’s function, which

represents the minimizer.

Since differential problems cannot always be solved analytically, we ex-
amined discrete problems with nonlocal conditions as well. Thus, the fol-

lowing problems were also implemented.

5) To obtain solvability conditions, those answer if the discrete minimum
norm least squares solution is an exact solution to the discrete problem
or only an approximate solution.

6) To express the discrete minimizer using the unique exact solution to
other relative discrete problem.

7) To find the representation of the generalized discrete Green’s function,
which describes the discrete minimizer.

8) To study the convergence of the discrete minimizer to the minimizer
of the differential problem and obtain some sufficient convergence con-

ditions.

4 Methods

In this thesis, we used popular methods from linear algebra, functional anal-
ysis (as Riesz representation theorem for continuous linear functionals in
Hilbert spaces, Sobolev embedding theorem), differential equations and op-
timization problems. Ordinary and generalized inverse methods were also
applied to describe solutions and study their properties. Let us accentuate
the Green’s function method, which was used to obtain the representation
of the generalized Green’s function. For discrete systems in Chapter 6, the
method of variation of parameters is taken to derive the expression of the
discrete Green’s matrix, too.
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5 Actuality and novelty

Since the Moore-Penrose inverse has many applications and is widely in-
vestigated in scientific literature, some results, obtained in this work, are
relative with the features derived by other authors as well. However, most
of the results presented in this thesis are original and nowhere published.
Provided information is actual in physics, mechanics, economics, biology and
other areas of science, where the representation of the best approximate so-
lution to the mathematical problem of the real life can be obtained. Derived
solvability conditions can answer if the considering minimizer is an exact
solution or not. Moreover, in this thesis all results are studied for differen-
tial problems as well as discrete problems in parallel, where all properties
and representations are compared for problems with the unique solution
and without it. Let us accentuate that this information can be a profitable
background to investigate the convergence of the discrete minimizer to the
minimizer of a differential problem, what seems not being systematically
studied yet. Explicit representations of generalized Green’s functions can
be used to solve linear or nonlinear problems, or investigate the existence of
solutions to nonlinear problems as well.

6 Dissemination of results

Results of the research were presented in 14 conferences, where half of them

are international:

1) MMA2013 (Mathematical Modelling and Analysis in 2013), Tartu,
Estonia, May 27-30, 2013, “Generalized Green’s functions for discrete

boundary value problems”;
2) MMA2014, Druskininkai, Lithuania, May 26-29, 2014, “Ordinary and

generalized Green’s functions for discrete nonlocal problems”;

3) MMA2015, Sigulda, Latvia, May 26-29, 2015, “Generalized Greens

functions for m-th order discrete nonlocal problems”;
4) MMA2016, Tartu, Estonia, June 1-4, 2016, “Generalized Green'‘s func-

tions to the differential nonlocal problems”;
5) NUMTA2016 (Numerical Computations: Theory and Algorithms in

2016), Pizzo Calabro, Italy, June 19-25, 2016, “The minimum norm

least squares solution to the discrete nonlocal problems”;
6) MMA2017, Druskininkai, Lithuania, May 30-June 2, 2017, “Green’s

matrices for first order differential systems with nonlocal conditions”;
7) MMA2018, Sigulda, Latvia, May 29-June 1, 2018, “The minimum

norm least squares solution to differential nonlocal problems”.
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Other results were presented in the national conference of the Lithuanian
Mathematical Society (LMD):

8) LMD, Klaipéda, Lithuania, June 11-12, 2012, “Generalized Green’s
functions for second order discrete problem with nonlocal conditions”;

9) LMD, Vilnius, Lithuania, June 19-20, 2013, “Investigation of matrix
nullity for the second order discrete problem with nonlocal conditions”;

10) LMD, Vilnius, Lithuania, June 26-27, 2014, “General classification
of the nullity for the second order discrete problems with nonlocal
conditions”;

11) LMD, Kaunas, Lithuania, June 16-17, 2015, “Nullity for the second
order discrete problem with nonlocal multipoint boundary conditions”;

12) LMD, Vilnius, Lithuania, June 20-21, 2016, “Nullspace of the m-th
order discrete problem with nonlocal conditions”;

13) LMD, Vilnius, Lithuania, June 21-22, 2017, “On the convergence of
the minimizer for second order discrete nonlocal problems”;

14) LMD, Kaunas, Lithuania, June 18-19, 2018, “Green’s Matrices for Dif-

ferential Systems with Nonlocal Conditions”.

7 Publications

Research results are published in 11 papers, where 5 of them are in the
Web of Science list of the Clarivate Analytics data base. In journals with
Citation Index, there are published 4 works:

1) G.Paukstaite, A. Stikonas, Generalized Green’s functions for the second-
order discrete problems with nonlocal conditions, Lith. Math. J.,
54(2): 203-219, 2014, https://doi.org/10.1007/s10986-014-9238-8

2) G. Paukstaite, A. Stikonas, “Ordinary and generalized Green’s func-
tions for the second order discrete nonlocal problems”, Bound. Value
Probl., 2015:207, 1-19, 2015, https://doi.org/10.1186 /s13661-015-0474-
6

3) G. Paukstaite, A. Stikonas, “Green’s Matrices for First Order Differen-
tial Systems with Nonlocal Conditions”, Math. Model. Anal., 22(2):
213-227, 2017, https://doi.org/10.3846,/13926292.2017.1291456

4) G. Paukstaite, A. Stikonas, Generalized Green‘s functions for mth-
order discrete nonlocal problems, Lith. Math. J., 57(1):109-127, 2017,
https://doi.org/10.1007 /s10986-017-9346-3

The one paper appeared in the proceedings of the international conference
“Numerical Computations: Theory and Algorithms” (NUMTA2016):
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5)

A. Stikonas, G. Paukstaité, The minimum norm least squares solution
to the discrete monlocal problems, AIP Conf. Proc. 1776, 090039
(2016), https://doi.org/10.1063/1.4965403

Below we listed other papers, those appeared in referenced publications “Pro-

ceedings of the Lithuanian Mathematical Society”:

6)

10)

11)

G. Paukstaité, A. Stikonas, Generalized Green’s functions for second-
order discrete boundary-value problems with nonlocal boundary condi-

tions, Liet. matem. rink. Proc. LMS, Ser. A, 53: 96-101, 2012.
G. Paukstaite, A. Stikonas, Investigation of matriz nullity for the sec-

ond order discrete nonlocal boundary value problem, Liet. matem. rink.

Proc. LMS, Ser. A, 54: 49-54, 2013.

G. Paukstaite, A. Stikonas, Classification of the nullity for the second
order discrete nonlocal problems, Liet. matem. rink. Proc. LMS, Ser.
A, 55: 40-45, 2014.

G. Paukstaité, A. Stikonas, Nullity of the second order discrete prob-
lem with nonlocal multipoint boundary conditions, Liet. matem. rink.
Proc. LMS, Ser A, 56: 72-76, 2015.

G. Paukstaité, A. Stikonas, Nullspace of the m-th order discrete prob-
lem with nonlocal conditions, Liet. matem. rink. Proc. LMS, Ser A,
57: 59-64, 2016.

G. Paukstaite, A. Stikonas, The minimizer for the second order differ-
ential problem with one nonlocal condition, Liet. matem. rink. Proc.

LMS, Ser A, 58: 28-33, 2017.

8 Structure of the dissertation and main results

This dissertation is composed of the introduction, six chapters, general con-

clusions and the bibliography. Each chapter begins with the introduction

and ends with the conclusions as well. Below we formulate main results of

each section.

8.1

Second order differential problems with nonlocal

conditions

In Chapter 1, a second order differential problem with nonlocal conditions

of a one variable is considered, that is,

Lu ="+ a(z)u' + b(z)u = f(x), =z €]0,1],
<Lkau> = Gk, k= 1,2, (17)
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where u € H?[0,1], a,b € C[0,1], f € L?[0,1] but Ly € (C'[0,1])" and
gr € R. We introduce the operator L := (£, Ly, L») " and study the problem
(17) in the vectorial form Lu = f with the right hand side f = (f, g1,92) .
If the problem has the unique solution (A # 0), it is of the form

1
w=Lf = /0 Gla,y)f(y) dy + gro* + ga0”,

where G(z,y) is the Green’s function but functions v!, v? — the biorthogonal
fundamental system for the problem (17). If A = 0 and f € R(L), the
problem (17) has a lot of solutions. Thus, we studied the range representa-
tion for a nonlocal problem (17) without the unique solution (A = 0). For
different values of the nullity d := dim N (L), the range is also differently
represented.

Lemma 1. (Lemma 1.3 in Chapter 1)
1) If d = 2, then for all f € L*[0,1] we have

we) ={(5: [ i [ i dy)T}.

2) Ifd =1 and ky = 1, then for all f € L?[0,1] and g2 € R we have

R(L) = {(fsgz<L1,v2> + (L G ) ) dy;gQ)T}.

3) Ifd =1 and ki = 2, then for all f € L*[0,1] and g1 € R
1 T
R ={(Fmantan)+ [ (L nima) |

Here G(x,y) is the Green’s function for the second order Cauchy problem;
G(x,y) is the Green’s function and {v', v} is the biorthogonal fundamental
system to the problem Lu = f with the original condition (L3_g,,u) =0 and
condition (¢,u) = 0, replacing (Ly,,u) = 0. Here ({,u) = 0 is selected such
that this auziliary problem has the unique solution (A #0).

In this lemma, for each case with d = 1, the number k; denotes the
“dependent” equation (Lg,,u) = gg, in the system Lu = f.

From Lemma 1 we obtained two corollaries, where the first provides the
structure of the nullspace to the adjoint problem.

Corollary 2. (Corollary 1.4 in Chapter 1) The following three statements
are valid:
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1) N(L) = span { ( — (L1, G°(,2)): 1:0) T, (= (Lo, Go(,2)):0:1) T} f
d=2;

2) N(L*) = span{( (Ly,G® (-,x)};l;—(Ll,v2>)T} ifd=1and k1 = 1;
3) N(L*) = span { (= (L2, Go(-,2)); —(La,v"); 1)} ifd = 1 and ky = 2.

Another corollary presents solvability conditions for a problem without
the unique solution.

Corollary 3. (Solvability conditions; Corollary 1.5 in Chapter 1) The prob-
lem (17) with A =0 is solvable if and only if the conditions are valid:

1) Jo Ly, GECoy)) f(y) dy = g1, [y (L2, G( ) f(y) dy = g2 for d = 2;
2) go(L1,v?) + [y (L1, G*( ) f(y) dy = g1 for d =1 and ky = 1;
3) gi(La,v") + [y (L2, G4, y)) f(y) dy = g2 for d =1 and ky = 2.

Further in this chapter, Roman’s results [100, 2011] (u € C?[0,1] and
f € C[0,1]) are adopted to provide representations of the unique solution
u € H?[0,1] and a Green’s function for a problem with f € L?[0,1] and
the unique solution (A # 0). Then we assure the existence of the minimum

norm least squares solution

1
w =Lf= /0 GY(z,y) f(y) dy + g1v7" + gov9?,
where G9(z,y) is the generalized Green’s function but functions v9!, v92 —
the biorthogonal fundamental system for the problem (17). This minimizer
always exists. We derive its representations and the expression of the gen-
eralized Green’s function, study their properties.
For instance, in [100, 2011], Roman obtained the representation of the

unique solution
u=u’+ (g1 — (L1,u))v" + (g2 — (Lo, u))v”

of the second order problem (17) using the unique solution u¢ of the Cauchy

1 v? is the biorthogonal fundamental system of the original

problem. Here v
problem (17). For general case, where a problem may have the unique
solution or not, we derived the analogous expression of the minimum norm

least squares solution.

20



Corollary 4. (Corollary 1.20 in Chapter 1) The minimum norm least squares

solution to the second order problem with nonlocal conditions is of the form

u® = u’ — Pypyu’ + (g1 — (L1, u) v + (g2 — (Lo, u))v??.

1

Here v9!, v92 is the generalized biorthogonal fundamental system of (17).

The similar relation between the minimizer and the unique solution is

also valid for other two relative problems

[,U:f, £U:f7

~ 18
<L/€7u> = gkv k= 1727 <Lk,'l}> = Gk, k= 1727 ( )

where f € L?[0,1], u,v € H?[0,1] but functionals Ly and Ly, k = 1,2, from
(C1[0,1])* may be different.

Theorem 5. (Theorem 1.19 in Chapter 1) If the first problem (18) has the
unique solution u, then the minimum norm least squares solution for the

second problem (18) is given by
u® =u— Pyyu+ (91 — (L1, u))v?t + (go — (Lo, u))v??,

Below we formulate the representation of the generalized Green’s func-

tion.

Lemma 6. (Lemma 1.22 in Chapter 1) The generalized Green’s function

for the second order problem with nonlocal conditions (17) is of the form
2
Gg(x,y) = Gc(l',y) PN(L)G €r y Z Ly, Gc Ug’k(x)-
k=1

Analogous relation is also obtained for two relative problems (18).

Theorem 7. (Theorem 1.2} in Chapter 1) If the first problem (18) has the
Green’s function G(z,vy), then the generalized Green’s function G9(x,y) of
the second problem (18) is given by

GI9(z,y) = G(x,y)— Pn(r)G(z,y) — (L1, G(, )o?" (2) = (L2, G(-, y))v?? (2),
for all x € [0,1] and a.e. y € [0,1].

On the one hand, Lemma 6 gives the representation of the generalized
Green’s function, which is always applicable since the Cauchy problem al-
ways has the Green’s function G°(x,y). On the other hand, it is very useful
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to apply Theorem 7. Indeed, we can express the generalized Green’s func-
tion via the Green’s function of other “difficult” nonlocal problem making
less calculations. For instance, let us take the differential problem with

nonlocal boundary conditions

Lu:=u"(x) + a(z)u'(z) + b(x)u(z) = f(x), x€][0,1],
(L, u) := (K, u) — (o, u) = gk, k=1,2. (19)

Here functionals kg, k = 1,2, describe classical parts of conditions (19) and
n, k= 1,2, represent fully nonlocal parts of conditions (19). If parameters
71, v2 vanish, the problem becomes classical.

Corollary 8. (Corollary 1.28 in Chapter 1) If the classical problem (19)
(v1,72 = 0) has the Green’s function G (x,y), then the generalized Green’s
function of the nonlocal boundary value problem (19) is given by

2

G9(x,y) = G (x,y) = Py Gz, y) + D e, G )0 (2),
k=1

for all x € [0,1] and a.e. y € [0,1].

Thus, only fully nonlocal parts of conditions (19) are used in calculations
of GY9(z,y) above if we know the Green’s function of the classical problem.
The last section of this chapter is devoted to study examples of minimiz-

ers and generalized Green’s functions.

8.2 m-~th order differential problems with nonlocal
conditions

In Chapter 2, all results of Chapter 1 are generalized to m-th order differ-
ential problems with nonlocal conditions

Lu=u"™ + ap_1(2)u™ D + 4 ay (@) + ap(z)u = f(z), x€]0,1],
(Lk>u> = Gk k= 1,m, (20)

where u € H™[0,1], a1,...,am—1 € C[0,1], f € L?0,1], Ly € (C™~1[0,1])"
and g € R. Indeed, we obtained the analogous range representation (Lemma
2.3) as well as the composition of the nullspace for the adjoint problem
(Corollary 2.4) and solvability conditions (Corollary 2.5). We formulated
properties of the unique solution. As in Chapter 1, such information di-
rected the way how to write expressions of the minimizer and the gener-
alized Green’s function. For instance, below we provide descriptions of the
minimizer and the generalized Green’s function, those are always applicable.
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Corollary 9. (Corollary 2.16 in Chapter 2) The minimum norm least squares

solution to the m-th order problem is of the form
u® = u’ — Pypyu + (g1 — (L1, uN vt + . 4 (g — (L, u))v9™.

The following expression of the generalized Green’s function is always
valid.

Lemma 10. (Lemma 2.18 in Chapter 2) The generalized Green’s function

of the m-th order nonlocal problem is given by
G9(x,y) = G°(z,y) — Px)G(z,y) = > _(Li, G°(, )9 ().
k=1

Other features for the minimizer (Theorem 2.15, Corollary 2.22) and
the generalized Green’s function (Theorem 2.20, Corollary 2.23) are also

analogous.

8.3 Second order discrete problems with nonlocal

conditions
In Chapter 3, second order discrete problems with nonlocal conditions
(Lu); = a?uiyo + aluiy +adu; = f;, adyal #0, i€ X, o,

are studied in parallel to Chapter 1. Here we take discrete functions a°, a', a2,
f € F(Xn-2), Ly € F*(X,) and g € C, where F(X,,) denotes the set of
complex valued functions defined on the set X,, := {0,1,2,...,n}. We
rewrite the problem (21) in the matrix form Au = b and obtain analogues
results to Chapter 1. First, we similarly describe the range composition for

different values of the nullity d := dim N(A) as given below.
Lemma 11. (Lemma 3.1 in Chapter 3)
1) If d =2, then for all f € F(X,—_2) we have
n—2 n—2 T
R(A) = {<fo;f1; ci s Y (L GV Z(LQ,G@J‘}) }
j=0 =0
2) Ifd=1 and k1 = 1, then for all f € F(X,,—2) and g2 € C we have
n—2 T
R(A) = {<f0; Fii s s g2(Ln, ) + Y (L1, GY) f 92) }
=0
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3) If d=1 and ki = 2, then for all f € F(X,—2) and g1 € C we have
n—2 T
R(A) = {<fo;f1;---;fn2; 915 g1(L2,v") + Y (Lo, G4 f ) }
7=0

Here G¢ € F(X,, X Xp_2) is the discrete Green’s function for the discrete
Cauchy problem. Other discrete Green’s function G* € F(X,, x X,,—2) and
the biorthogonal fundamental system v',v? are taken for the problem Lu = f
with the original condition (Ls_g,,u) = 0 and condition (¢,u) = 0, replacing
(Lg,,u) = 0. Here ({,u) = 0 is selected such that for this auxiliary problem

A 0.

Similarly to Chapter 1, k1 denotes the number of the “dependent” equa-
tion (Ly,,u) = gk, in the system Au = b. Let us take e” = (1;0;...;0) ",
= (0;1;...;0)T,..., e® = (0;0;...;1)" and formulate the following re-

sult.
Corollary 12. (Corollary 3.2 in Chapter 3) Such statements are valid:

1) if d =2, then N(A*) is spanned by two vectors
— n—2
Z LI,G Vel 4 el Z L2,GC Vel + e
j=0 7=0

2) ifd=1 and ky = 1, then N(A*) is spanned by the vector

|
N

n

w = (LPG el +e" ! — (Ly,v2)e"”

<.
i
=)

3) if d=1 and k1 = 2, then N(A*) is spanned by the vector

|
I\

n

w=—> (Ly,GY Vel — (Ly,vl)e" ! +em.

<.
Il
=)

We also derive solvability conditions for the discrete problem (21).

Corollary 13. (Solvability conditions; Corollary 3.32 in Chapter 3) The
problem (3.1)—(3.2) with A = 0 is solvable if and only if the conditions are
valid:

1) 375 (le i =91, Z”;§<L'2,G?>fj =gy ford=2;
2) g2(L1,v >+z <L1,G“>f]—g1 ford=1and k; = 1;
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3) g1(La,v') + Z?;g(Lg,G?ﬂj} =go ford=1 and k; = 2.

Expressions of the unique discrete solution are analogously formulated
and applied to obtain representations of the discrete minimum norm least
squares solution u® = A'b. For example, the discrete minimizer is always

described the unique solution u° to the discrete Cauchy problem.

Corollary 14. (Corollary 3.14 in Chapter 8) The minimum norm least

squares solution to the problem (21) is of the form
u® =u — Pyayu® + (g1 — (L1,u))v?" + (g2 — (Lo, u))v??.
Here v9!, v92 is the generalized biorthogonal fundamental system of (21).

The similar relation between the minimizer and the unique solution is
also valid for two relative discrete problems (18). We formulate this relation
below.

Theorem 15. (Theorem 3.12 in Chapter 3) If the first discrete problem
(18) has the unique exact solution v € F(X,,), then the minimum norm
least squares solution u® € F(X,,) of the other discrete problem (18) is given
by

u® =u— Pyayu+v9" (g1 — (L1, u)) + v9%(ga — (La, u)).

We also obtain the expression of the generalized discrete Green’s func-

tion.

Corollary 16. (Corollary 3.17 in Chapter 8) The generalized discrete Green’s
function G9 € F(X,, x X,,—2) to the problem (21) is always given by

G, = G — (Pn ()i G

oMLy, GS) —uP (L5, G, i€ Xy, j € Xpia.

The analogous relation is also valid for two discrete relative problems
(18), where the first problem has the discrete Green’s function G € F(X,, x
Xn—2).

Theorem 17. (Theorem 3.16 in Chapter 3) The generalized discrete Green’s
function G9 € F(X,, X X,,_2) of the second discrete problem (18) is of the
form

ngj = Gij — (PN(A)),‘.G.]' —vf’1<L'1, G.j> —U§’2<L'2, G-j), 1€ Xn, J € Xp_o.
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This result is applied to obtain the representation of the generalized
discrete Green’s function for the problem with nonlocal boundary conditions
using the discrete Green’s function of the classical problem (Corollary 3.19
in Chapter 3).

The target of this chapter is to obtain a convergence of the discrete min-
imum norm least squares solution to the minimizer of a differential problem.
Thus, here we discuss on the minimization problem in two different discrete
spaces and obtain literally similar results as above for a discrete minimizer
(Corollaries 3.24-3.26) and the generalized discrete Green’s function (The-
orem 3.27 with Corollaries 3.28-3.29). We provided examples and obtained

sufficient convergence conditions.

Theorem 18. (Sufficient convergence conditions; Theorem 3.33 in Chapter
3) Let the following approximations

A(miu) = woLu + O(h®),
PHz(wh),N(A)("lu) = m1(Py(pyu) + O(h%),
P2 myxr2, r(a)p = m2(Prr) f) + O(h)

be wvalid for some o > 0. If sup,en ‘|ATHH2(wh)7L2(wh)XR2 < +o0, then the
minimizer u® € H?(@") of the discrete problem (21) converges to the mini-
mizer u® € H?[0,1] of the differential problem (17), i.e.,

[u® — mu’l|ogry = max |uf —u’(z;)] — 0 if n— oo.
wieah

Here we took the projection operator 7y : H2[0,1] — H?(@") discretizing

a function u € H?[0,1] on the mesh @" pointwise

mu = (u(zo), u(z1),. .., u(acn))T

Another projector my : L2[0,1] x R? — L?(w") x R? is not of some special
form.

Let us note that Chapter 3 is written for discrete complex problems,
those were not considered for differential problems in previous chapters.
First, we are motivated by the fact that a differential problem (17) can be
approximated by a complex discrete problem. Second, it seems that the
theory of generalized inverses for complex matrices is more wider developed
and more easier applied than for complex operators. Third, most authors
study complex matrices instead of the real case only.
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8.4 m-th order discrete problems with nonlocal conditions

In Chapter 4, we generalize results of Chapter 3 studying m-th order discrete

problems with nonlocal conditions

— 1 0, _ 0 .
(Lu); := a]Wjgm + ... + a;uip1 + a;u; = fi, a;,al* #0, 1€ Xp_m,

where a°,...,a", f € F(X,_m) but Ly € F*(X,,), g» € C and n > m.
We provide the range representation (Lemma 4.1), the composition of the
nullspace for the adjoint problem (Corollary 4.2) and solvability conditions
(Corollary 4.3). Afterwards, we derive expressions of the discrete mini-
mum norm least squares solution (Theorem 4.11, Corollaries 4.12, 4.16) and
the generalized discrete Green’s function (Theorem 4.14, Corollaries 4.15,
4.17). We also discuss on the minimization problem in two different discrete
spaces and obtain literally similar results as above for the discrete minimizer
(Corollaries 4.21-4.23) and the generalized discrete Green’s function (The-
orem 4.24 with Corollaries 4.25-4.26). Lastly in Chapter 4, we formulate
sufficient convergence conditions (Theorem 4.32) of the discrete minimizer

to the minimizer of the differential problem (20).

8.5 First order differential systems with nonlocal

conditions

In Chapter 5, we study a first order differential system with nonlocal condi-

tions

duf &
=Y d @+ @), we o1,
=1

m

Z<Lklaul> = Gk, k= 17m7 (22)
=1

given in the short form Lu = f, (Lg,u) = gg, k = 1,m. Here we take
real numbers g and functions «* € H'0,1], f* € L?[0,1], a® € CJ0,1],
Ly € C*[0,1]. We write the system in the vectorial form Lu = b and inves-
tigate analogously as in previous chapters. Indeed, we obtain the range rep-
resentation (Lemma 5.3) as well as the composition of the nullspace for the
adjoint system (Corollary 5.4) and formulate solvability conditions (Corol-
lary 5.5). Then expressions of unique solutions (Lemma 5.7) and the Green’s
matrix (Lemma 5.9) are derived.
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In this Chapter, we also study the relation between the m-th order scalar
differential problem (20) and equivalent first order system (22). First, we
obtain the representation of the Green’s function via Green’s matrix.

Corollary 19. (Corollary 5.12 in Chapter 5) The Green’s function for the
problem (20) can be represented by the function from the Green’s matriz of
the system (22)

G(z,y) = G (z,y).

Second, the Green’s matrix can also be characterized by the Green’s

function.

Lemma 20. (Lemma 5.14 in Chapter 5) The Green’s matriz can be de-

scribed by the Green’s function of the equivalent scalar problem as below

y gm+k—1-1 m—l—-1 gk—1
G (z,y) = W Z l+z( )WG(%Q))

=0

fork,l=1m

Afterwards, we focus on the system with nonlocal conditions (22), which
may not have the unique solution. We solve such problem in the least
squares sense and obtain the representation of the minimum norm least

squares solution.

Corollary 21. (Corollary 5.19 in Chapter 5) The minimum norm least
squares solution to the system (22) is of the form

u’ = u° — Pypyu + (g1 — (L, u))v9' + ..+ (g — (L, u))v9™

This expression is always valid since the Cauchy system always has the
unique solution u¢ as well as the Green’s matrix G¢(z,y). Thus, the gener-
alized Green’s matrix is also similarly represented.

Lemma 22. (Lemma 5.21 in Chapter 5) The generalized Green’s matriz for
the system (22) is given by

m

Gg($,y) = Gc(l‘,y) - PN(L)GC('rvy) - ng’k(l‘)<Lk, Gc(vy»
k=1

Similar relations are also valid if we take other relative problem to the
system (22) instead of the Cauchy problem.
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Theorem 23. (Theorem 5.18 in Chapter 5) If the problem Lu = f, (Ly, u) =
gk, k = 1,m, has the unique solution w, then the minimizer for the system

(22) is given by

u’ =u— Pypyu+ Y (g — (Li,w) v,
=1

The generalized Green’s matrix is also similarly described.

Theorem 24. (Theorem 5.23 in Chapter 5) If the problem Lu = f, (L, u)
9k, k = 1,m, has the ordinary Green’s matriz G(x,y), then the generalized
Green’s matriz for the problem (22) is given by

Gg($7y) = G(ZL‘,y) PN(L)G x y ngk Lk;v ( ay)>a

for all x € [0,1] and a.e. y € [0,1].

This theorem is applied to problems with nonlocal boundary conditions
(Lj,u) = (K, u) — {5, u) = g, k = 1,m. Here functionals x describe
classical parts but 3¢, represent fully nonlocal parts of conditions. For van-
ishing parameters 7, conditions becomes classical. If the classical problem
(all 7% = 0 in (22)) has the Green’s matrix G°!, then we can obtain the
following relation.

Lemma 25. (Lemma 5.24 in Chapter 5) The generalized Green’s matriz for

the system (22) with nonlocal boundary conditions is given by

G(z,y) = G"(2,y) — Py G (2, 9) + > mv?* (@) (e, G (-, ))
k=1

for all z € [0,1] and a.e. y € [0, 1].

8.6 First order discrete systems with nonlocal conditions

In Chapter 6, we study first order discrete systems with nonlocal conditions

(LU)k Za“ b= fk e X, ,
Z(Lkl7ul> = 9k, k= 17m7 (23)
=1

simply given by LU = F, (L, U) = g, k = 1,m. Here functions U =
(uy ..., u™T € FY(X,), F=(f'...,f™" € F"(X,_1), a" € F(X,_1),
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gr € C and Ly € F*(X,). Taking the short description AU = B of
the problem, we formulate the range representation (Lemma 6.1) and the
nullspace composition of the adjoint system (Corollary 6.2), formulate solv-
ability conditions (Corollary 6.3). Obtained results resemble corresponding
results from Chapter 5, where we studied first order differential systems with
nonlocal conditions.

Moreover, we get familiar representations of the unique solution (Lem-
mas 6.4, 6.5) and the discrete Green’s matrix (Lemma 6.6) as well. Af-
terwards, the system without the unique solution is investigated. Here we
study the minimum norm least squares solution U° = ATB and obtain its

expressions.

Corollary 26. (Corollary 6.12 in Chapter 6) The minimizer of the system
(23) is always given by

U°=U°— PyayU+ > (g — (L, U))VIF,
k=1

Here U° is the unique solution to the Cauchy system, which always
exists. Generalization of this statement is given below.

Theorem 27. (Theorem 6.11 in Chapter 6) If the problem LU =
<ik,U> = gr, k = 1,m, has the unique solution U, then the minimum
norm least squares solution for the problem (23) is of the form

m
U°=U — PyayU + > _(gx — (Lt, U)) VI,
k=1
We also investigate the generalized discrete Green’s matrix, which is
always described by the discrete Green’s matrix G¢ of the discrete Cauchy
problem.

Lemma 28. (Lemma 6.15 in Chapter 6) The generalized discrete Green’s
matrixz for the system (23) is of the form

m

g,kl _ ~ckl 2: ,Z,k

Gij _Gij ( ’U Lg, >,
/=1

where 1 € X, j € Xp—1 and k,l =1, m.

This formula is always applicable to find the generalized discrete Green’s
matrix. However, the following equality may be more practical.
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Theorem 29. (Theorem 6.16 in Chapter 6) If the problem LU =
<ik, U) = gi, k = 1,m, has the discrete Green’s matriz G, then the gener-

alized discrete Green’s matriz for the system (23) is given by

kl - .
GiM = Gl — (Pyv)G) ;= D! MLe, G
/=1

forallie Xy, j€ Xpn1, k,I=1,m.

Let us illustrate the worth of the application of this lemma. We take
nonlocal boundary conditions for the system (23), those are (L, u) :=

(Kk, w) — Y (o, u) = g, k=1, m.

Corollary 30. (Corollary 6.17 in Chapter 6) Let the classical system (23)
(all v, = 0) has the discrete Green’s matriz G9'.  Then the generalized
discrete Green’s matriz for the system with nonlocal boundary conditions
(v € R) is of the form

G?jkl _ G?l.’kl ( Gcl + Z gf k Gcl l>

)

The final goal of this chapter is to obtain the convergence of the dis-
crete minimizer to the minimizer of the differential system (22). Sufficient

convergence conditions are formulated below.

Theorem 30. (Sufficient convergence conditions; Theorem 6.19 in Chapter

6) Let the following approzimations

A(miu) = moLu + O(h?), PN(A)(TFl’LL) = 7'F1PN(L)’U, + O(hY),
PR(A)B = ﬂ'QPR(L)f + O(ha)
be valid for some a > 0. If sup,ey ||Af|l12 < +oo, then the discrete min-

imizer U° converges to the minimizer u® € (HI[O, 1])m of the differential

system (22) as given below

OF _ ok ()] = 0 if n— oo.

)

0 o —
17 = mu H(C(wh))m o aciewr}?akle,m

Finally, we formulate general conclusions of this thesis.

Let us accentuate that results in all chapters are analogous and their
proofs are similar. Thus, all proofs are given only in Chapter 1 but in other
chapters many proofs will be omitted. In this thesis, Roman’s work [100,
2011] will be often cited because there are collected many useful facts and
results about Green’s functions and nonlocal conditions.
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Chapter 1

Second order differential
problems with nonlocal

conditions

1 Introduction

In this chapter, we consider second order differential problems with two

nonlocal conditions

Lu:=u"(z) + a(z)u/(z) + b(x)u(z) = f(x), z€]0,1], (1.1)
(Li,u) = gr, k=12, (1.2)

defined on the real Sobolev space H?[0,1]. Here a,b € C[0,1], f € L?[0,1]
are real functions, £ : H2[0,1] — L2[0,1], g, € R and Ly € (C1[0,1])7, &k =
1,2. According to [2, Alt 2016], each continuous linear functional L €
(C1[0,1])" is represented by

mw:w@+4wmww (1.3)

for some v € R, a point £ € [0, 1] and a regular bounded countably additive
Borrel measure p on [0,1], i.e., p € rcal0,1]. Since the function u is of
bounded variation, it can have at most countably many discontinuity points
and need only be differentiable almost everywhere (a.e.). Hence, in practice,
most nonlocal conditions (1.3) are considered of the form

[e.9]

(Lyuy = Z (aiu(ﬁi) + bm'(Q)) —i—/o c(z)u(x) + d(z)u' () dz  (1.4)

=1
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for &, ¢ € [0,1], real numbers a;, b; and integrable functions ¢,d € L'[0,1].
In examples, we also investigate problems (1.1)—(1.2) with nonlocal condi-
tions (1.2) of this form (1.4).

The structure of this chapter is as follows. First, we represent a differ-
ential problem with nonlocal conditions into the equivalent vectorial form
and derive properties of the vectorial operator. Then the problem with the
unique solution is considered. Various representations of the unique solution
and a Green’s function are given. Afterwards, we study the nonlocal prob-
lem without the unique solution. Here we introduce a minimum norm least
squares solution, which is a unique solution to the problem (1.1)—(1.2) in
the least squares sense. Properties and representations of this minimizer are
derived. A generalized Green’s function, which describes a minimum norm
least squares solution, is also considered. The last section is devoted to
present examples of a minimizer as well as its generalized Green’s function.
One example of the minimizer is published in the paper [92, Paukstaité and
Stikonas 2017]. Finally, we formulate the basic conclusions.

2 The vectorial problem

The problem (1.1)—(1.2) can be rewritten into the equivalent vectorial form
Lu=f (2.1)

with L := (£, L1,L2)" and f = (f,g1,92)" € L?[0,1] x R2. For the Hilbert
space L?[0,1] x R2, we use the inner product

~ 1 ~
(ﬁﬂZ/f@ﬂ@M+m@+mﬁz
0
and take the norm

11 = 1oz = (F Y2 = 1By + 912 + g2,

here f, f € L?[0,1] x R2. The Sobolev embedding theorem [42, Evans 2010]
says that H?[0,1] C C'[0,1] and the inequality

lulloroy < Cllullgey,  Yu € H?[0,1], (2.2)

is valid for a particular constant C' independent on a chosen wu. Thus,
(C*0,1])* C (H?[0,1])*. Since functionals Ly € (C1[0,1])", k = 1,2, be-
long to the dual space (H?[0,1])* and L is defined on H?[0,1], then the
vectorial operator L maps one Hilbert space H?2[0,1] to another Hilbert
space L2[0,1] x R2.
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Lemma 1.1. The operator L : H?[0,1] — L?[0,1] x R? is the continuous
linear operator with the domain D(L) = H?|0,1].

Proof. Since the operator £ and functionals Ly € (H?[0,1])*, k = 1,2, are
defined on entire H?[0,1], then the operator L is defined on entire H2[0, 1]
as well. Moreover, the operator L is linear, because the operator £ and
functionals L, k = 1,2, are linear.

Now we show that L is continuous. From the triangle inequality, we
have [|Cul gz < "l + lalloou ol agoy + [Blleolullzzoy <
Collul| gr2po,1y for all u € H?[0,1]. Since functionals L;, € (H?[0,1])*, k=1, 2,
then |(Lg, u)| < || Lgl| - ||ull gr2po,1) for all w € H?[0,1] and finite nonnegative
numbers || L||, k = 1,2, those denote norms of functionals Lj : H2[0,1] —

R. Thus, from these estimates we obtain the following inequality

1
1Zull = (ILul3a . + () + (La,w)?) * < Calull g

for C1 = C,+||L1||+||L2|| and all uw € H?[0,1], what means that the operator
L is continuous. O

2.1 Nullspace of the operator L

In this subsection, we discuss on the nullspace N (L) of the vectorial operator
L.

We find the nullspace N(L) solving the homogenous system Lu = 0,
ie, Lu =0 and (Lg,u) =0, k = 1,2. The differential equation Lu = 0,
or explicitly u” + a(z)u’ + b(z)u = 0, has the general solution u = c12% +
c22? with ¢, € R and 2* € C?[0,1], k = 1,2, since the equation u” +
a(z)u'+b(x)u = 0 with continuous coefficients has two classical fundamental
solutions 2!, 22 € C?[0, 1]. Substituting the general solution into conditions
(Lg,uy =0, k =1,2, we obtain the system

CI<L17 Zl> + 62<L17 22> = 07
c1(La, z) + c2(Ly, 2%) =0

’

from where constants ¢y, cp are chosen. Thus, N(L) C N(£) = span {z!, 22} C
C?[0,1] and the nullity d := dim N (L) € {0,1,2}.
Denoting the determinant

<L1’ Zl> <L17 22>
<L27 Zl> <L27 22>

)

A::|

we separate the following cases:
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e d=0< A#0. Then N(L) is trivial. It is obvious.

ed =2« if A =0 with all (L, 2!) = 0 for k,l = 1,2. Then the
general solution to Lu = 0 depends on two arbitrary constants cy, ca
and N(L) = span {z', 22}. Thus, the solution to Lu = 0 is equivalent
to the solution to the differential equation Lu = 0 only.

e d =1« if A =0 and exists at least one value (Ly, 2!) # 0. Let us say
(Lp,, 2') # 0 emphasizing the number kg of the functional. Then we
can solve one constant ¢; but other cs_; remains arbitrary. Here the
one condition (Lg,,u) =0 (k1 = 3 — ko) is dependent since it gives no
additional information how to find the arbitrary constant c3_;. Thus,
the solution to the problem Lu = 0 is equivalent to the solution of the
simplified problem Lu = 0, (Ly,,u) = 0.

Since an operator L is continuous and linear |65, Kreyszig 1978], then it

is closed and has the closed nullspace N(L). Thus, we have N(L) = N(L).
Then the Sobolev space H?[0,1] can be represented by the direct sum of
orthogonal subspaces as follows

H?0,1] = N(L) ® N(L)*. (2.3)

2.2 Range of the operator L

We also derived the following results about the range of the vectorial oper-
ator L.

Theorem 1.2. The range R(L) of the operator L is closed.

Proof. The range of the operator L is the set
R(L)={f=(f,91,92)" € L*[0,1] x R? : Lu = f for some u € H?[0,1]}.

Let us arbitrarily take the sequence {f,,} C R(L) C L?[0,1] x R? converging
in the space L?[0,1] x R?, i.e., f, — f € L?[0,1] x R% If f € R(L) or,
equivalently, there exists such v € D(L) that Lu = f, then the set R(L)
is closed. Since {f,} C R(L), then there exist such sequence {u,} C D(L)
that

Lu, = f,, neN. (2.4)

From the continuity of L, we have

f= lim f,= nll)l_’I_loo Lu, = L( lim un) (2.5)

n——+o00 n——+00
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If the limit w := lim w, belongs to H?[0,1], which is coincident with the
n—-+00

domain of L, then f = Lu. We divide the proof into several steps.
1) Let us take the extended form of the problem (2.4):

Eun - fn; <L17 uTL> = gln7 <L27un> = 9277,' (26)

It is solvable, since f, € R(L). First, the general solution to the equation
L, = fp is of the form

Up = 012’1 + 622’2 + Uf", c1,c2 € R. (2.7)

Here 2! and 22 are the fundamental system of solutions to the homogenous
equation Lu = 0 but u/™ is one particular solution to the nonhomogenous
equation Lu = f,,. As discussed in Subsection 2.1, functions 2!, 22 € C2[0, 1]
are classical solutions to the equation Lu = 0. Moreover, only the last
member u/" of the representation (2.7) depends on the number n. Constants
c1,co do not depend on n, since the general solution to the homogenous
equation Lu = 0 is of the form ¢;z! + ¢92? without the number n.

2) For every n € N, we take the function

1

uwn (x) = /Gc(x,y)fn(y) dy, fn € L?[0,1], (2.8)
0

where G¢(z,y) is the Green’s function to the Cauchy problem
Lu = f, u(0) =0, u'(0) = 0. (2.9)

The representation of the Green’s function G¢(x,y) is given by

() = {zl(y)z?(x)—z%w)z?(y),g

W(y) 0,

N IN
N IN

Yy,
y<1

)

where W (y) := W][z!,2?](y) is the Wronskian of the fundamental system
21, 22 at the point y € [0, 1]. So, this Green’s function G¢(z,y) always exists
for the problem (2.9) and has the following properties:

a) G°(x,y) is continuous on 0 < z,y < 1;

b) G¢(x,y) is C? in x except the diagonal z = y;
¢) (0/02)G(y +0,y) — (9/02)G(y — 0,y) = 1;
d) LG°(-,y) = 0 except the diagonal z = y;

37



e) G°0,y) =0 and (0/0x)G(0,y) = 0.

Applying these properties, we derive representations of weak derivatives

() ‘/awxmn @+/3G%wmxm% (2.10)

1
() (2) l@ LG ) )y + [ G ) )y + (), (211)

T

where (9/0z)G¢ and (0%/0x?)G¢ are classical partial derivatives of the
Green’s function. Let us note that G°(x,y) is H! in x with the continu-
ous partial derivative (0/0x)G¢(z,y), which has the jump on the diagonal

x = y. Thus, we can also write

1
/88 1' Y fn( )dy’ (2'12)
0

where (0/0x)G(x,y) is now and further understood as the weak derivative
if it is not said otherwise.

Now we can directly verify that the function w/» is the solution to the
problem Lu = f,, i.e., it belongs to H?[0,1] and satisfies the equation
Lu = fn.

3) Substituting the general solution wu,, = c12 +eaz?+ufn of the equation
Lu, = f,, into nonlocal conditions (2.6) and rewriting, we get the system

c1(L1, 2Y) + eo(Ly, 2%) = g1n — (L1, u/™),
01<L2,21> =+ 02<L2,22> = gon — <L2,uf”>.

Since the problem (2.6) is solvable, then this system is solvable as well and
its solutions ¢y, co, depend on the number n € N. If the determinant of
the system A # 0, then we can find constants

gin — (L1,uf)y (L1, 2%) (L1,2Y)  gin — (L1, uf")
Gon — (Lo, uln) (Lo, 2%) (Lo, 2%)  gon — (L2, ulr)
A ) C2TL - A

Cin =

uniquely. If A = 0, we cannot solve constants uniquely, and there are
possible two cases. First, all (L;,27) = 0, 4,7 = 1,2. Then the general
solution to the system depends on two arbitrary constants, i.e., ¢1,co € R.
We take particular solutions ¢, = ¢o,, = 0, n € N. Second, at least one
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value (L;,27) # 0. For instance, let us say that (L1, z') # 0. Then we can

solve one constant

gin — (L1, ufm) — can(Ly, 22)
<L1721> ’

We choose arbitrary constant co,, = 0, n € N, and obtain particular solutions

Cip = con € R.

Cin, Con, again. So, for all cases we constructed the particular solution u,, =
cinzt + con2? + ufr, n € N, for the problem (2.6).
4) Denoting u/ = fol G°(z,y)f(y) dy for the limit function f € L2[0,1],

we take the difference

1
Wl — /0 Gz, ) (fly) — £(v)) dy

and obtain the following estimate

1 2 1/2
lu — uf||L2[0,1] = ( A dx)

< (/01 </1 |G (z, )| - | fuly) — f(y)ldy>2 da:) 1/2
(/ (/ | fuly) — ’dy)Q x>1/2

—c/ Fa W) — F)dy < Cllfa — Fllizon < Cllfa— £l = 0.

1
/O G(z,y) (fuly) — fy)) dy

Here we evaluated the Green’s function by the finite constant C' since the
continuous on the entire unit square Green’s function is bounded. For the
last integral, we used the Cauchy—Schwartz inequality.

Similarly, differences (u/")® — (u/)®, i = 1,2, are equal to (2.10) and
(2.11), respectively, where f,, is replaced by f, — f. Then applying the
triangle inequality and the continuity properties of G¢, given in the part 2)
of this proof, we obtain other estimates

(™)@ = @20y < Clfa— FI =0, i=12

Last three estimates show that u/» — u/ in the space H?[0, 1], since f,, — f
in the space L?[0,1] x R? if n — oo.

5) Moreover, sequences c1,, and cg, also converge, i.e., exist their limits
cen — ¢, € R, k= 1,2. It is obvious if ¢, = 0, since then ¢, — ¢ = O.
Otherwise, ¢y, and ca,, depend on numbers gx, — (L, u/"), those sequences
converge to gr — (Li,u/) € R, respectively, since g, — gr € R and the
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continuity of functionals implies lim,, s oo (Lg, ufm) = (Ly, lim,, s o0 u/™) =
(Lg,uf), k =1,2. Thus, the limits ¢; and ¢y always are finite numbers.
6) Finally, from the parts 4) and 5), we get

Uy = clnz1 + Can2 + uln — 0121 + 6222 + ——

if n — 400 in the space H?2[0, 1], since 2!, 22 € C2[0,1], cpn — cx € R and
u/r — uf in the space H2[0,1]. It means that lim, s oo u, = u € H2[0,1].
From (2.5) follows f = Lu, which means f € R(L). Since the sequence
{fn} C R(L) is chosen arbitrarily, then R(L) is closed. O O

Below we provide the direct representation of the range R(L).

Lemma 1.3.

1) If d = 2, then for all f € L*[0,1] we have

w) ={(5: [t i [t dy>T}.

2) Ifd=1 and ky = 1, then for all f € L?[0,1] and g2 € R we have

R(L) = {(f;92<L1,v2> +f (L G ) ) dy;g2>T, }

3) Ifd =1 and ki = 2, then for all f € L?[0,1] and g1 € R we have

R(L) = {(f;gl;91<L27v1> + /01<L2, G(y) f(y) dy)T}.

Here G%(x,y) is the Green’s function and {vt,v?} is the biorthogonal funda-
mental system to the problem Lu = f with the original condition (L3_g,,u) =
0 and condition (¢,u) = 0, replacing (Ly,,u) = 0. Here ({,u) =0 is selected
such that for this auxiliary problem A # 0.

Proof. 1) We take the general solution

1
w= 2l + epd? + / G () f(y) dy
0

to the consistent differential equation (1.1). Putting it into nonlocal condi-

tions (1.2), we get the system

(L1, 2%) + e2(L1, 2%) = g1 — [y (L1, G<(,y)) f(y) dy,
c1(La, %) + c2(La, 2%) = g2 — [y (L2, G(-,)) f(y) dy.
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Here we applied the property (2.12) and used the Fubini’s theorem for mea-
sure spaces to change the order of integration in representations of function-
als Ly, k=1,2, as below

] @i = [ e[ [ 2o )
- [ (een+ [ Zewnam) = [ wots

Since d = 2, then all (L, 2/) = 0 and we get g1 = f01<L1, G°(-,y)) f(y) dy and
go = f01<L2, G°(-,y)) f(y) dy. Thus, the range R(L) is composed of functions
F=(Fig102)" = (f: Jo (L0, GCoy) ) dys fo (Lo, G, ) F(y) dy) | with
an arbitrary f € L?[0,1].

2) Since d = 1, the one condition (L;,u) = g1 (here k; = 1) can be omit-
ted as dependent in the consistent problem (1.1)—(1.2). Thus, the problem
(1.1)-(1.2) has two independent equations Lu = f and (La,u) = g2. We
can choose such condition (/,u) = 0 that the problem Lu = f, ((,u) =
0, (La,u) = g2 has A # 0. Then this special problem has the Green’s func-

L w2 satisfying (Lg,v*) = 0%

tion G*(x,y) and the fundamental system v
and (¢,v*) = 6% for k = 1,2. In example, (¢,u) = 0 can always be one of
independent conditions u(0) = 0 or u/(0) = 0. For details see [100, Roman
2011] or Section 2.

As in the part 1) of the proof, we take the general solution

1
i = eyot + ep? + / Gz, ) f(y) dy
0

to the consistent differential equation (1.1). Putting it into nonlocal condi-

tions (1.2), we analogously get the system

c1(L1,vb) + e2(Ly, %) = g1 — [y (L1, G ) f(y) dy,
c1(L2,01) + ca(Lo,v?) = ga — [i (L2, G*(-,y)) f(y) dy.

Since (Lg,v?) = 1, (L2,v!) = 0 and (Lo, G%(-,y)) = 0 a.e., then cg = go.
On the other hand, A = 0 for the problem (1.1)-(1.2) can be rewritten
in the form (L1, v')(Ly,v?) = (L1,v?)(La,v") for the particular fundamen-
tal system v',v?. From here follows that (Li,v') = 0. Then the condi-
tion c1(L1,v!) + c2(L1,v%) = g1 — f01<L1,G“(',y)>f(y) dy can be rewrit-
ten as g1 = go(L1,v%) + f[)l(Ll,G“(-,y))f(y) dy. Finally, the range R(L)
representation is given by the function f = (f;g1;92)" = (f; g2(L1,v?) +
f01<L1, G(,y)) f(y)dy; g2) T with arbitrary g» € R and f € L?[0,1].

3) The proof is obtained similarly. O
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According to |6, Ben-Israel and Greville 2003, properties of L implies
the closeness of N(L*), where L* : L?[0,1] x R? — H?[0,1] is the adjoint
operator of L. Then the nullspace and range theorem gives N(L*) = R(L)*,
which representation can also be derived in the following forms.

Corollary 1.4. The following three statements are valid:

1) N(L*) = span {(— (L1, G(,2)); 130) ", ( — (L2, G°(,2)):0:1) "} if

d=2;
2) N(L*) = span {(— (L1,G"(-,z)); 1; —(L1,v ) bifd=1andk =1;
8) N(L*) = span {( — (L2, G*(-,x)); — (Lo, v" ) }ifd=1 and ki = 2.

Proof. 1) We have the orthogonality condition (f, f) = 0 for all f € R(L)
and .f: (f7§17§2)T € R(L)L = N(L*)v Le

1 1
/ F(2) () datd /0 (L1, G (-, 2)) [ () dc—+ /0 (Lo, G (-, 0)) () dz = O

with arbitrary f € L?[0,1]. From the rewritten form

/0 (f(x) + §1(L1, G°(-,x)) + G2 (La, G-, 2))) f () da = 0,

we get the condition f(z) 4 g1 (L1, G(-,2)) + §2(La, G°(,z)) = 0 or f(z) =
—g1(L1,G°(-,x)) — g2(La, G°(-,z)) valid with every g1,g2 € R. Thus, the
subspace R(L)* is composed of following functions f = (—g1 (L1, G(-, z)) —
Go(Lo, G¢(-,x)); G1;2) " for all §1, g2 € R, those are generated by two linearly
independent vector valued functions w! = (—(Ly, G°(-, z)); 1; O)T and w? =
(= (L2, G(-,2)); 0; 1) .

2) We write the orthogonality condition (f, f) = 0 in the explicit form

1
| (@) L, GO ) o) d+ g2 (B 0?) ) =0
for every go € R and f € L?[0,1]. Since g» and f obtain values indepen-
dently, we take go = 0, afterwards f = 0 and as in the part 1) of the get
two conditions f(x) 4+ §1(L1, G%(-,x)) = 0 and §1(L1,v?) + §o = 0. Rewrit-
ing we have f(z) = —g1(L1,G%(-,z)) and §o = —gi1(L1,v?). Thus, the
nullspace N (L*) is represented by f = (—g1(L1, G*(-,2)); §1; —g1 (L1, v2) T
with an arbitrary g1 € R, generated by the one vector function w =
(= (L1, G- )); 1; —(L1,02) T

3) The proof of the last statement is derived analogously. O
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First, from Corollary 1.4, we have that d = dim N (L) and d* := dim N (L*)
are equal. Second, applying Corollary 1.4 to the Fredholm alternative theo-
rem, we get the solvability conditions to a problem (1.1)—(1.2) without the
unique solution (A = 0).

Corollary 1.5. (Solvability conditions) The problem (1.1)~(1.2) with A =0

1s solvable if and only if the conditions are valid:
1) [N GGy Fy) dy = g, fiy (Lo, GG y)) f(y) dy = g for d = 2;
2) go(L1,v%) + [} (L1, G(,y)) f(y)dy = g1 ford=1 and ky = 1;
3) g1(La,v") + f01<L27Ga('7y)>f(y) dy =gz ford=1 and ky = 2.

Example 1.6. Let us consider the differential problem with one initial and

other nonlocal Bitsadze—Samarskii condition

—u" = f(x), xz€][0,1], (2.13)
u(0) = g1, w(l) = yu(€) + go, (2.14)

where v € R, £ € (0,1). This problem does not have the unique solution if
A:=1—-~ =0, i.e., v§ = 1. Indeed, we take the general solution to the
differential equation (2.13)

1
w=c1 + cam + /O G, ) f(y) dy, (2.15)

where c1,co € R are arbitrary constants and

is the ordinary Green’s function to the classical problem (2.13)—(2.14) with
v =0 [100, Roman 2011]. Substituting (2.15) into conditions (2.13), we get
c1 = g1 and

1
(1= €)er = (7 — D)1 + g2+ /0 Gy f ) dy.  (2.16)

If v6 = 1, we cannot solve co uniquely and obtain the unique solution to the
problem (2.13)—(2.14). For the consistent problem (2.13)—~(2.14) with v§ = 1,
we get the condition go = (1 — 7v)g1 — 7f01 GYUE, ) f(y) dy and derive the

representation of the range

R(L) = {<f;91; (I =7 —'V/Ol GNEy) f(y) dy>T}, (2.17)
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where f € L?[0,1], g1 € R.

On the other hand, we obtain the same representation of the range R(L)
using Lemma 1.3. Indeed, we take the fundamental system z' = 1, 2?2 =
x of the homogenous equation (2.13) and get (L1,2') = 21(0) = 1 # 0.
Thus, d =1 and k1 = 2, ke = 1. Then we formulate the auziliary problem
—u" = f, u(0) = 0, u(l) = 0 for which ({,u) :=u(l) =0 and A =1 # 0.
We note that this problem is obtained from the problem (2.13)—(2.14) taking
v =0 as previous. It has the Green’s function G (x,y) and the biorthogonal
fundamental system v' =1 — z, v2 = . Substituting G and v' into the
part 3) of Lemma 1.3, we get the same range representation (2.17).

Furthermore, Corollary 1.4 provides the function

.
w(aﬁ):<’de(§,x);'y—1;1)T:({ ff(l/f—l), iig ;2_1;1> :

which generates the nullspace N(L*). Finally, we get the solvability condi-
tion

1
g2=1-"g - 7/0 GUE ) fy) dy,

or explicitly

£ 1 1
g2 = (1—7)g1— 7 / uf (y) dy — /5 f() dy + /0 yf(W)dy,  (218)

0

for the problem (2.13)—(2.14) with A = 0, that gives v = 1/£ in formulas
above. However, we leave the notion of v since such representations are
more easily comparable with analogous expressions for higher order problems

and analogous discrete problems.

Example 1.7. Here we investigate the differential problem with two Bitsadze—

Samarskii conditions
—u" = f(x), xz€][0,1], (2.19)
u(0) =nu(ér) +g1,  u(l) =r2u(é2) + g2, (2.20)

where v1,v2 are real numbers and &1,&2 € (0,1).
This problem does not have the unique solution if A = 0. Thus, we take
the fundamental system z' =1, 2> = x and calculate

1=y 1-m
—mé& 1 =728

A= =1—7(1 &) =728 — 117208 — &),

what gives the relation among parameters y1(1—£&1)+v282+7172(&1—&) =1
if A =0 in this example.
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Now we are going to represent the range R(L), find the function generat-
ing the nullspace N(L*) and provide the solvability condition for the problem
with A = 0. Let us note that the case with v1 = 0 is fully investigated in
Ezample 1.6. So, now we consider the problem (2.19)-(2.20) with v1 # 0
only.

First, we observe that here &y # 1. Indeed, if we have otherwise, i.e.,
v2€2 = 1, then A = y1&1(§&2 — 1) /& # 0 since &1,& € (0,1) and v1 # 0.
Second, the condition (Lg, 2%) := 2%(1) —722%(&) = 1 —72&2 does not vanish.
It means that d = 1 for the problem (2.19)—(2.20) and we can take k1 = 1
with ko = 2.

Now we formulate the auxiliary problem

—u" = f(z), xe€]0,1],
w(©0) =0,  u(l) =r2u(s)

with A =1 — vo€a # 0. Let us take its biorthogonal fundamental system

ol — 11—y +(r2—1)z 2 = &
1 — 728 ’ 1 — &

and the Green’s function

) + Y2 y(l - 52)7
s 1_’7252 52(1_y)7

derived by Roman [100, 2011].

So, using Lemma 1.8, we obtain the range representation

R(L) = {(f 2L /Ga £.9) >dy;g2>T}

with every f € L*[0,1] and go € R. Moreover, the vector valued function
T
7161
w = lGa 1, )5 ; )
( Cua)ilig™ Y262

generates the nullspace N(L*) as Corollary 1.4 says. Then we know the

solvability condition

eSS
b —1

for the problem (2.19)—(2.20) without the unique solution (A =0).

92—71/ G“(&1,y) f(y) dy

45



Example 1.8. Let us now take such problem with two nonlocal conditions
—u" = f(z), ze€]0,1], (2.22)

1
u(0) = —2/ (2 =3z)u(z)dr+g1,  u'(1) =u' () + g2, (2.23)

0

depending on parameter £ € [0,1).
For this problem, we have A = 0 with every £ € [0,1). Indeed, taking the
fundamental system z* = 1, 22 = x, we get all (Ly, 2') = 0. It gives d = 2.

Now we take the Green’s function

_l‘7
G(x, y) ={ Y z

for the Cauchy problem —u" = f, u(0) =0, «/(0) = 0 and from Lemma 1.3

obtain the range representation

1 1 T
R(L)={<f;/0 y(l—1/)21“’(1/)cly;—/5 f(y)dy> : erLZ[Oal]}-

Moreover, Corollary 1.4 gives another composition

N(L*) = {( —2(1-2)%1;0)",  (H(z - £);0; 1)T} , (2.25)

“ (2.24)
X

where

1, 23>0,
H(z) =4 b 20
0, <0

18 the Heaviside function. Lastly, we know solvability conditions

o= [ o0 -0 = / ) dy
for the problem (2.22)-(2.23) with every & € [0,1) value and all functions
f € L?[0,1].
3 Problem with the unique solution (case A # 0)
Substituting the general solution
u=crzt + c2® + /01 G(z,y) f(y) dy

of the equation (1.1) into nonlocal conditions (1.2), we get the system

(L1, 2%) + e2(L1, 2%) = g1 — fy (L1, G(,y)) f(y) dy,

Lo, ) ealln, ) = go — [ (L0, GG f)dy.
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If A £ 0, we can solve constants c1, co uniquely and obtain the representation
of the unique solution to the problem (1.1)—(1.2), simply denoted by Lu = f.
The unique solution also has the form u = L1 f for every f € L?[0,1] x
R?, where L=1 : L2[0,1] x R? — H?[0,1] is the inverse operator of L :
H?[0,1] — L?[0,1]xR2. Now we are going to investigate the structure of L~!
following the earlier work done by Roman [100, 2011|, where the problem
(1.1)-(1.2) with f € C[0,1] and the classical unique solution u € C?[0,1]
was considered. Here we will adopt her results taking f € L*[0,1] and
looking for u € H?[0,1]. This information helps us to make generalizations
for problems without the unique solution (A = 0) and directs the form how
obtained results in the following section should be represented.

3.1 Representation of the inverse operator

To fulfill our plan, let us first select the particular fundamental system v!, v?

satisfying the biorthogonality conditions (Ly,v’) = 5% for k,7 =1,2. These
functions v!,v? are also known as the biorthogonal fundamental system [100),

Roman 2011]. They are unique solutions to the problems

Lut =0, Lv? =0,

3.2
<L1,'U1> =1, <L2,’U1> =0, <L1a02> =0, <L27U2> =1, ( )

respectively, and can be expressed as follows

2a) (L") (L1, ) =)
L 2@ (a2 , | L) 2)
v = A , v = A

using any other fundamental system {z!, 22}. The biorthogonal fundamental

system v',v? directly gives us the constants
1
=g [ LGNSy k=12
0
from the system (3.1) and represents the unique solution

1
w= e+ ep? + / G () £ () dy.
0

Substituting here the found constants, we use the Fubini’s theorem in mea-
sure spaces and rewrite the unique solution into the form

1
u = /0 Glaay)f(y) dy + g1 (@) + g2’ () (3.3)

47



for all f € L?[0,1] and g1, g2 € R. Since the kernel
G(‘Ta y) = Gc(xv y) - <L17 GC('? y)>vl(x) - <L27 Gc(‘v y))UQ(JZ) (34)

is called the Green’s function for the problem (1.1)—(1.2) [100, Roman 2011],
we introduce the Green’s operator by

1
Gf = [ Gla)iwdy
0
and get the operator representation of the unique solution
uw=Gf + giv' + gov? (3.5)

for all f € L?[0,1] and g1, g2 € R.
On the other hand, we recall u = L~! f with every f € L?[0,1] x R? and
get the following structure of the inverse operator

L = (G, v, v?) : L?0,1] x R* — H?[0,1]. (3.6)

Here G : L?[0,1] — H?[0,1] and v',v? € H?[0,1] (precisely, v',v? € C2[0,1]
according to Subsection 2.1) are also characterized by the inverse operator

as given below

Gf=L7'(£,0,00", o'=L7"0,1,0)", »*=L7'0,0,1)". (3.7)

3.2 Properties of the unique solution

Authors [100, Roman 2011], [125, Stikonas and Roman 2009] obtained var-
ious representations of the unique solution to the nonlocal problem (1.1)-
(1.2), where f € CJ0,1]. For example, the unique solution, if it exists, is
always described by the unique solution

1
w = [ Gt dy
to the Cauchy problem (2.9) as follows
u =1+ (g1 — (L1, u))o' + (g2 — (Lo, u))0’. (3-8)

This representation is also valid if f € L?[0,1] and u € H?[0,1]. Indeed,
we can take the extended form of the Green’s function (3.4) in the formula
(3.5), group functions as desired and change the order of integration for
functionals.

Since the Cauchy problem (2.9) always has the unique solution u€, the
representation (3.8) is always applicable. On the other hand, sometimes
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we know the unique solution to another differential problem, that is not
the Cauchy problem, and desire for some possible representation as (3.8).
Applying the proof, given by Roman [100, 2011] with f € C[0, 1], we answer
that the unique solutions of two relative problems

ﬁU:f, [/l):f,

~ 3.9
<Lk7u> = alm k= 1727 <Lk,U> = Gk, k= 17 27 ( )

where f € L2[0,1], w € H2[0,1] but functionals L; and Ly, k = 1,2, may

be different, are analogously related. We formulate this statement below.

Corollary 1.9. For unique solutions to the problems (3.9), the following

equality is always satisfied

v=u+ (g1~ (L, u)v' + (g2 = (L2, u))v’.

Let us note that here we used the biorthogonal fundamental system v, v?

for the second problem (3.9) only. Furthermore, conditions A #0and A #0
for both problems, respectively, are fulfilled. Applying this corollary, we get
the relation between biorthogonal fundamental systems for these problems
(3.9) as well.

Corollary 1.10. Let A # 0 and A # 0 for problems (3.9). Then their

biorthogonal fundamental systems 0*, 0% and v, v? are related by

(Ly,0Y) (Lo, 0Y) oty [0t
(L1,7%) (Ly, ) v ]\ 22 )

Proof. First, let us take f =0, g1 = g1 = 1 and go = g2 = 0 for problems
(3.9). According to Corollary 1.9, their solutions are v! and v!, respectively,
are linked with the equality
ol =0+ (1 = (L1, 0Y)o! — (Lo, 01 )02,

that can be rewritten in the form (L1, 0%)v! + (Lo, 0Y)v? = o', Afterwards
taking f = 0, g1 = g1 = 0 and g = g2 = 1 for problems (3.9), we ob-
tain other equality (L1, v2)v! + (Lo, 9%)v? = 02, Together they confirm the
statement of this corollary. O

3.3 Properties of the Green’s function

Let us analyze the representation (3.4) of the Green’s function. First, the
measure iy can have at most countably many discontinuity points yg, y1, y2, - - .-
Thus, functions

Lo
(LG ) =G 6 + | GG dla). E=1.2
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may have countably many discontinuities as well, what means that the
Green’s function G(z,y) for every fixed € [0, 1] may have countably many
discontinuities at y = yo,¥y1,¥2,.... In other words, the square [0, 1] x
[0,1] may be divided into N € N rectangular domains (each rectangle
r e 0,1, y1 <y<uy,l=1N,y =0, yv = 1), where G(z,y) in
continuous in y. In each rectangular domain, we apply the properties of the
Green’s function G(x,y) (given in the proof of Theorem 1.2) and proper-
ties (3.2) of v!,v? € C?[0,1] (see Subsection 2.1). From here, we obtain the
following properties of the Green’s function.

Corollary 1.11. For y # yo,y1, Y2, - .. with any = € [0,1], we have:
1) G(z,y) is continuous in (z,y);
2) G(z,y) is C? in x except the diagonal x = y;
3) (0/0x)G(y +0,y) — (0/0x)G(y — 0,y) = 1;
4) LG(-,y) =0 except the diagonal x = y;
5) (L, G(-,y)) =0, k=1,2.

Moreover, a Green’s function G(z, y) for the problem (1.1)—(1.2) can also
be represented by a Green’s function G (z,y) for another relative differential

problem [100, Roman 2011]. We present the following relation.

Proposition 1.12. For the problems (3.9) with A 40 and A # 0, their
Green’s functions é(a:, y) and G(z,y), respectively, are linked with the equal-
1ty

G(z,y) = G(a,y) — (L1, G(,y)v' (x) = (L2, G-, y))v* (@),

for all z € [0,1] and a.e. y € [0, 1].

Proof. We prove it analogously as Roman did {100, 2011] for problems with
f € C[0,1] and classical solutions from C2[0, 1]. O

3.4 Applications to nonlocal boundary conditions

Let us consider the problem with nonlocal boundary conditions

Lu:=u"(x) + a(z)v/(z) + b(x)u(z) = f(x), =x€][0,1], (3.10)
(Lig, u) == (K, u) — Velom, u) = gk, k=1,2. (3.11)
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Here functionals ki, k = 1,2, describe classical parts of conditions (3.11),
whereas 71,2 are parameters holding fully nonlocal conditions, represented
by functionals s, k = 1,2. In example,

1
(Li,u) := u(0)—y1u'(€) = g1, (Li,u) == u’(l)—’yz/o a(z)u(z) dr = go,

where ¢ € (0,1) and o« € L0, 1].

This problem (3.10)—(3.11) is special, because, for vanishing parameters
71,72 = 0, it becomes classical. The unique solution u¢ to the classical
problem is widely investigated, its Green’s function G is practically known.
So, we want to know, how the unique solution u of the problem with nonlocal
boundary conditions (3.10)(3.11) is related to the unique solution u of the
classical problem. According to Roman [100, 2011], we apply Corollary 1.9,
do simplifications and present the desired relation below

w= 0 1 e, uyol + (s, ),

1 v? is the biorthogonal fundamental system to the problem with

where v
nonlocal boundary conditions (3.10)-(3.11). We note that only functionals
21, »o for fully nonlocal conditions here are used. Indeed, this solution is
coincident with the solution u® to the classical problem if parameters 1,2
vanish.

Furthermore, Green’s functions for the problem (3.10)-(3.11) and the

classical problem (71,72 = 0) are similarly linked with the equality
G(z,y) = G (2, y) + 71 (31, G (-, )0 () + 252, G-, y)) 0P (2)  (3.12)

for all # € [0,1] and a.e. y € [0,1]. From here we can also obtain the
following property.

Corollary 1.13. If fully nonlocal conditions for the problem (3.10)—(3.11)
are of the form

e == - rpu(e) + [ awyu(e) da (3.13)

with v; € R, &; € (0,1) and o € L0, 1], then the Green’s function G(z,y) is
continuous on the entire square 0 < z,y < 1 as well as its partial derivatives

(0/0z)G(z,y) and (0?/0x2)G(x,y) except the diagonal x = y.

Proof. First, the Green’s function G(x,y) is continuous on the entire unit
square. Its partial derivatives (0/02)G (x,y) and (8%/02%)G (x,y) are also
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continuous except the diagonal z = y [100, Roman 2011]. Substituting it into
conditions (3.13), we get that (3¢, G°(-,)) is a continuous function for every
y € [0, 1]. According to Subsection 2.1, the biorthogonal fundamental system
v!,v? € C?[0,1]. Then the right hand side of the representation (3.12) is
also continuous on the square 0 < x,y < 1. From here we also see that its
partial derivatives (9/0xz)G(z,y) and (0?/02%)G(z,y) are continuous on the
entire domain 0 < x,y < 1 except the diagonal x = y. O

Remark 1.14. We can also derive that the Green’s function G(z,y) is con-
tinuous on the entire unit square 0 < x,y < 1 and its partial derivatives in
x are continuous except the diagonal z = y if kg, k = 1,2, represent initial
conditions (instead of classical conditions) and fully nonlocal conditions for
the problem (3.10)—(3.11) are of the form (3.13) with &; € (0,1]. Here we
take G(z,y) instead G(z,y) in the expression (3.12). Since G¢(x,y) is
also continuous on the entire unit square and is C? in = except x = y, we

similarly obtain the proof.

According to Corollary 1.13, the expression of the Green’s function (3.12)

gives continuous partial derivatives

2

(@,9) + > (e, GO 9)(09) D (2)

k=1

%

-G(z,y) =

ozt ozt

for ¢ = 1,2, on the entire unit square except the diagonal x = y. Moreover,
the weak derivatives of the unique solution (3.3) can be described using these

classical derivatives of the Green’s function, that is,

9 2
i= [ iyt [ i > @)
k=1

and

z 82 1 82 2
u' = 0 G(w,y)f(y)dw/ 52 G @) ) dy+f(2)+)_ gr(v")" ().

2
Ox —
Here the first derivative v’ is classical since u € H?[0,1] € C1[0,1]. Let us
note that v” is also continuous and u € C?[0, 1] if f € C[0,1].
4 The unique minimizer (case A = 0)

We have just considered the unique solution to the nonlocal problem (1.1)—
(1.2) with A # 0, presented its properties and representations for the Green’s
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function G(x,y). If A =0, then the problem Lu = f is not uniquely solvable
and we cannot obtain such results.

However, here a unique solution also exists but in a little bit different
sense. Precisely, we are going to look for the unique function, which min-
imizes the norm of the residual Lu — f to the problem (1.1)—(1.2) and is
“smallest” among all minimizers of the residual. It is obvious that this
minimizer is coincident with the unique solution w = L~'f if it exists.
Such an extended interpretation of the problem, introducing the minimiza-
tion, always gives the meaning for a unique solution—minimizer to the prob-
lem (1.1)—(1.2), which may have the unique exact solution (A # 0) or not
(A=0).

In this section, we derive properties and representations for such mini-
mizer and its Green’s function. To our amazement, we will obtain literally

similar and relative results as in Section 3.

4.1 The minimum norm least squares solution

If A =0 for the system (3.1), we cannot solve constants cj, ca uniquely and
obtain the unique solution to the differential problem (1.1)—(1.2), simply
denoted by Lu = f. Here the representation u = L™ f is also invalid.

Now the problem (1.1)—(1.2) has a lot of solutions (consistent problem)
or has no solutions (inconsistent problem). For both cases, let us look for
the least minimizer u° among all functions w9 € H?[0,1], minimizing the
residual

Lu? — = inf Lu — 4.1
Lut £ = _inf | 1Eu ], (1)

ie.,

[l <l ¥ u? # u’. (4.2)

Minimization steps (4.1)—(4.2) for the consistent problem means that we
select the unique solution, which has the minimum H?[0, 1] norm among all
solutions. If the problem is inconsistent, we think about an approximate
solution. If there are several approximate solutions, we choose the one of
the minimum norm again.

Since L is the continuous linear operator with the closed range R(L) |6,
Ben-Israel and Greville 2003|, such a minimizer u® for the differential prob-
lem (1.1)—(1.2) always exists and is unique. It is often called the minimum
norm least squares solution. Other authors also use names as the approzi-

mate solution, the virtual solution, the least extremal solution and etc.
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Let us note that every least squares solution, which is the minimizer of

(4.1), can be represented by the minimum norm least squares solution
u? =u® + Py(p)c (4.3)

for some ¢ € H?[0, 1], whereas the minimum norm least squares solution is
always equal to
u" = PN(L)Lug. (44)

Here Py(r) and Py (g1 denote orthogonal projectors onto the nullspace
N(L) and its orthogonal complement N (L), respectively. We accentuate
that Py (g is the zero operator for the problem (2.1) with the unique solution
(d = 0) because here N (L) is trivial. Otherwise (d > 0), the projection onto
the nullspace can be calculated as below

d

Pyrye= Y2 @)z )pzpy (4.5)
=1

for every function ¢ € H?[0,1], where 2!, | = 1,d, is the orthonormal basis
of the nullspace N (L) with respect to the inner product in H2[0, 1].

If the problem (4.1)—(4.2), or simply Lu = f, has the unique solution
u = L7'f, then it is coincident with the minimizer u°. For A = 0, the
problem Lu = f does not have the inverse L™! : L2[0,1] x R? — H?|0,1]
but we have a decision. Since L : H2[0,1] — L?[0, 1] x R? is the continuous
linear operator with the closed range R(L), there exists the unique operator
LT : 1%[0,1] x R? — H?[0,1] satisfying the four operator equations

LL'L=L L'LL'=L' (LL"Y =LL'" (L'L)*=L'L.

The operator LT is often called the Moore-Penrose inverse of the operator
L |6, Ben-Israel and Greville 2003|. Below we list several basic properties of

the Moore—Penrose inverse:

) Lt = L', if L~" exists (A # 0);
) (LT)T = L;

) (Lh) = (L)

) (LT) = R(L*);

) R(L) = N(L*)":

) Ppry)=LL" and P+ = LL.

Moreover, we accentuate the following properties.
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Lemma 1.15. The Moore-Penrose inverse L for the problem (4.1)—(4.2)
is the continuous linear operator with the domain D(LT) = L2[0,1] x R? and
the range R(L') = N(L)*.

Proof. Tt follows from the definition of the Moore—Penrose inverse and its
well known properties |6, Ben-Israel and Greville 2003]. From there, D(L') :=
R(L)® R(L)* = R(L) ® R(L)* = L?[0,1] x R? since R(L) is closed (see
Theorem 1.2). Moreover, R(L') := D(L)N N(L)* = N(L)* because D(L)

is coincident with the entire space H?[0,1] (see the Lemma 1.1). O

The most important property for our investigation says that the Moore—
Penrose inverse describes the minimizer to the problem (4.1)-(4.2) for all
f € L?[0,1] x R? in the form

uw =Lif (4.6)

similarly as the unique solution is represented by v = L™ f, if it exists.
Furthermore, the minimizer (4.6) to the problem Lu = f, which may be
consistent (f € R(L)) or inconsistent (f ¢ R(L)), is always the minimizer
to a consistent problem Lu = Pgr)f [6, Ben-Israel and Greville 2003].

To illustrate the nature of minimizers, we discuss on two examples below.
Example 1.16. The following problem

—u" =0, z¢€l0,1],
u0) =7,  u'(1)—1/(1/2)=0

depends on one parameter v € R. We can directly obtain its unique solution
u=yifv#1. Herey # 1 means the condition A # 0. In Figure 1.1,
unique solutions are presented by solid blue horizontal lines.

The horizontal dashed line denotes the area uw = 1 for v = 1, where the
problem does not have the unique solution. Here we obtain a lot of solutions
u =1+ cx, c € R, those can be represented by rays going through the point
(0,1). So, the problem with v =1 (A =0) is consistent and its general least
squares solution is also of the form u9 = 1+ cx, ¢ € R. Taking particular
values of the constant ¢, we get particular solutions (rays).

Let us now find the unique solution of the minimum H?[0,1] norm. We

minimize the square of its H2[0,1] norm

1 1
4
||ug|‘%{2[o 1] :/ (1+C$)2dx+/ C2d$:§cz—|—c+1,
b 0 0
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y=2

vy=3/2

7=1 =1
v=1/2 u%p:l—gx

\ k/__uc=1+cz, ce[-2,0]
7=0 T T T T T T T >
0.5 \1 v
Uj2 = l—gz

Fig. 1.1. Unique solutions (v # 1) and minimizers (y = 1).

Vanishing the first derivative, we get the equality 8¢/3 +1 = 0 and solve
¢ = —3/8. Since the second derivative is positive with this ¢ value, we indeed
obtain the minimum. So, the calculated function

3
’U/%ﬂ:l—gl‘

is the unique minimizer (red ray in Figure 1.1), introduced in this subsec-
tion. Furthermore, we can get another least squares solution of the minimum
L?[0,1] norm (violet ray)
3
U%Q =1- 51‘
as well as C1[0,1] norm, that is u®, =1 (see Figure 1.1).

So, obtained minimizers differ from each other in the part cx only. In-
deed, cx with an arbitrary constant ¢ represents Py(ryc, ¢ € H?[0,1] in the
formula (4.3). As we see, ug, = uf;, + c’z with ¢© = 3/8.

However, minimizing the C|0, 1] norm

e i e
u p—
C[o,1] [1+c|, otherwise,

we get the interval ¢ € [—2,0] and functions u° = 1 + cx with the minimum

C[0,1] norm ||u°||c = 1. Here we do not have the uniqueness. All rays, those
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lie on the light blue area in Figure 1.1, are minimizers in C[0,1] norm.
We also see that obtained minimizers u%.,, ug, and (o also satisfy this

requirement, i.e., their C[0,1] norms are equal to 1.

This example leads to the following remark. Since the Sobolev embed-
ding theorem gives H?[0,1] C C[0,1], then each least squares solution
ud € H?[0,1] is also from C'[0,1]. Thus, we can look for the minimum
C[0,1] (or C*[0,1]) norm solution among all least squares solutions (4.3).
The minimum C[0, 1] norm solution ug, differs from the minimizer u® = u$;,

with a particular function ¢© € H?[0,1] in
U%« =u’ + PN(L)CO.

If A # 0, then N(L) is trivial and ug = u9,. Otherwise, d > 0 and we
obtain two equivalent representations

d
PN(L)C = Z Zl(x)(zla C)H2[0,1] = Z clzl(:c)
=1 1=1

for ¢ € H?[0,1] and ¢; € R. So, we have the following relation
d
ue = u’ + Z 2!
1=1

for particular constants ¢j = (24, ) g 1 ER 1= 1,d. Since the function
c® € H?|0, 1] is practically unknown, we use another way as in Example 1.16.
Precisely, minimizing the C|0, 1] norm of the general least squares solution

d
uw =u’ + chzl,
=1

we find the particular values of constants ¢; = ¢f and know the minimizer
ug.. However, here we cannot guarantee the uniqueness of the function with
the minimum C[0, 1] (or C'[0,1]) norm differently to the minimizer of the
minimum H?2[0,1] norm! We have the unique minimizer in H?[0,1] norm
because the norm in the Hilbert space is the strictly convex functional but

norms C[0, 1] and C'[0, 1] are not strictly convex.
Example 1.17. Let us now take another problem
—u" =0, z€l0,1],

u(0) = 0, u'(1) —yu'(1/2) =1,
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which for v = 1 is inconsistent. Otherwise, we obtain the unique solution
u=xz/(1—7) taking v # 1. For the inconsistent problem with v = 1, we can
find the minimizer u®, that is also the minimizer to the consistent problem
Lu = Pgr,)(0,0, 1)T. Here we denote €* = (0,0,1)" and calculate

2
2 2 2 s (v,€)
Ppiye” =e” — Pyire” =e” — e

— é(QH(x —0,5);0;1) .

Here we used the function w = (—H(x — 0,5);0;1)", which according to
Corollary 1.4 (d =1, ky = 2 and the auziliary problem: —u" = f, u(0) =0,
W' (1) = 0), generates the nullspace N(L*). Now, we solve the consistent

problem Lu = PR(L)62, that is given in the explicit form

9 1
W= SHE-0.5),  w(0)=0, /(1) - 7w/(0,5) = .

It has the general solution

p 1 dr, x < 1/2,
u’ = cr + — 9
12 | =148z —42°, = >1/2,

depending on one arbitrary constant ¢ € R (d = 1). Minimizing its H?[0, 1]

norm, we find the minimizer

61”12

o 201 1 dr, < 1/2,
a2 —1+4 8z —4a?, z>1/2.

For details, see Section 5. Moreover, minimizing the C[0,1] norm of the

general solution

ooy < | 3 et Bt <e<o,
[0,1] |C+i}7 otherwise,

we get the constant ¢ = (V10 — 4)/3 and the unique minimizer

UG =

V10 —4 1 4,
—+
3 12

12 ] —148z— 422,
Stmilarly, we find another unique minimizer

1 dr, = <1/2,
U%l = —

12 | 148z —42%, x>1/2.
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4.2 Generalized Green’s function

Developing the parallel to Subsection 3.1, let us now investigate the structure
)T _

of the Moore Penrose inverse operator L. First, since f = (f, 91,92
(f,0,0)7 + (0,91,0)" + (0,0,g2) " and LT is linear, we get the following

composition of the minimum norm least squares solution
w = LYf = LT(£,0,0)T+L(0,91,0) T+L1(0,0,92) T = GIf+g109 +gov972,
where we denoted

GIf = L'(£,0,00", v :=L10,1,007, v92:=L70,0,1)". (4.7

From LTf € H?[0,1], we have GY : L?[0,1] — H?[0, 1] is a continuous linear
operator (since LT is continuous and linear) and v9:!,v92 € H?(0, 1].

Now and further we focus our investigation on the following representa-
tions of the Moore—Penrose inverse

LT = (GY, Ugal’ v972)
and the minimum norm least squares solution
u = GIf + gro9t + g09?, YV f e L?[0,1], g1,92 €R. (4.8)

Precisely, for every fixed x € [0, 1], we have GY f(z) € R, because the function
GYf € H?0,1] € C'[0,1] and, furthermore, [|GY f|lc101] < C |G f]l g2(o,1]
for some finite constant C' according to the Sobolev embedding theorem [42,
Evans 2010]. As Locker did [70, 1977], for every fixed = € [0, 1], we also
define the linear functional F : L2[0,1] — R by

(F.fy=Gf(x), V¥ feL?0,1].
It is continuous because it is bounded

(F N =1G7f ()| < sup |GIf(2)] <G fllerpon = ILT(£.0,0) ey

z€[0,1]

<O |ILH(£.0,0) Mgz < C - L 11 £ 22po,y

for the finite constant C'-||LT|| and every f € L2[0,1]. Then according to the
Riesz representation theorem for continuous linear functionals in the Hilbert
space |65, Kreyszig 1978], there exists the unique function GY(x,-) € L?[0, 1]
that F can be represented by the inner product in the space L2[0, 1] as follows

1

(F,f) = GO f(z) = / (. y)f(y)dy, Vf € 120,1],

0
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and this equality is valid for every x € [0, 1]. Thus, the minimum norm least

squares solution (4.8) has the representation

1

u%wz/aaawﬂw@+mw%m+ww%m (4.9)
0

for all f € L?[0,1], g1,92 € R and « € [0,1]. For the particular case A # 0
investigated in Section 3, the problem (1.1)—(1.2) has the unique solution of
the form

1
WﬂZ/Gmwﬂw@+mf@wa%m (4.10)
0

where G(z,y) is the Green’s function and v!,v?

are the biorthogonal fun-
damental system of the problem (1.1)—(1.2). According to the similarity, we
call the kernel G9(z,y) — the generalized Green’s function and the functions
vt w92 — the generalized biorthogonal fundamental system for the nonlocal
problem (1.1)—(1.2).

So, for A # 0, we have that LT = L=, the minimum norm least squares
solution u? is coincident with the unique solution u, the generalized Green’s
function G9(x,y) is coincident with the ordinary Green’s function G(z,y),
the biorthogonal fundamental system v',v? is coincident with the general-
ized biorthogonal fundamental system v9!, v92.

Thus, now we are naturally interested, if they also have similar proper-

ties, and discuss on this question below.

4.3 Properties of minimizers

Let us begin our discussion investigating the minimum norm least squares
solution, where we derive its properties. Firstly, we obtain the following
characterization for the generalized biorthogonal fundamental system that

is the analogue of (3.2).

Theorem 1.18. Every function v9',v92 € H?0,1] is the minimum norm

least squares solution to the corresponding problem

Lv9t =0, L2 =0,

4.11
(L1,v9) =1, (Lg,v9") =0, (L1,v9%) =0, (Lg,v9?) = 1. ()

Proof. The minimum norm least squares solution to the problem (1.1)—(1.2)
is of the form (4.8). Taking f =0 and g; = 1, g2 = 0, from (4.8) we obtain
the minimum norm least squares solution u® = v9%! to the first problem
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(4.11). Similarly, choosing f =0 and ¢g; = 0, g2 = 1, the formula (4.8) sim-
plifies to u® = v92, which now is the minimum norm least squares solution
to the second problem (4.11). O

Let us now consider two relative problems (3.9), where the first problem
has the unique solution, i.e., the condition A # 0 is valid. Here and further
GY(x,y) is the generalized Green’s function and v9'!, v92 are the generalized
biorthogonal fundamental system to the second problem (3.9), which may
have the unique solution (A # 0) or not (A = 0).

Theorem 1.19. If the first problem (3.9) has the unique solution u, then
the minimum norm least squares solution for the second problem (3.9) is

given by
u’ =u— Pyyu+ (g1 — (L1, u))v9" + (g2 — (Lo, u))v92

Proof. Let us take the difference w = u° — u between the minimum norm
least squares solution u° to the second problem (3.9) and the unique exact
solution u to the first problem of (3.9). Now we will show that w is the least
squares solution to the problem

Lw =0, (Ly,w)=gx— (Lg,u), k=1,2, (4.12)

which can be written in the unexpanded form Lw = f with the right hand
side f = (0,91 — (L1,u),g2 — (L2,u))". Since u° is the minimum norm
least squares solution to the problem (2.1) with the right hand side f =
(fa g1, 92)T7 then

Lu® — fl|= inf |[Lv— f|. 4.13

2w~ £l = it [[Eo- ] (4.13
We rewrite the norm as follows |[Lv — f|| = | Lv + (Lu — Lu) — f|| =
|L(v—u) — (=Lu+ f)| = ||[L(v —u) — f|| for all v € H?[0,1]. From here
we have

L —u)—f|= inf ||L(v—u)— f|
IL(u” —u) = f] vel{[gmll (v—u) = f|

or, denoting z = v — u € H?[0,1], obtain

Lw— f||= inf |Lz— f|.
| Lw — f] ZG;{I;MH z— 1|

Thus w is the least squares solution to the problem (4.12) and, according
to the formulas (4.3)-(4.4), it can be represented by the minimum norm
least squares solution w® = Lf. Precisely, rewriting the equality w =
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Py(pyrw + Py(ryw, which is valid according to Subsection 2.1, we obtain
w=Lf+ Pypyw. Since w = u? — u, then

w’ =u+ L f + Py(pyw. (4.14)

Now we take the composition u = Py(g)ru + Py(r)yu and rewrite the rep-
resentation (4.14) into the form u® = Pypyru + Lif + Py (pyu®, because
w+u = u°. From (4.4), we have u® € N(L)*. Then Py(ryu® = 0 and the
previous representation simplifies to u° = PN( L)tu+ Lt f Rewriting into
the extended form, we obtain u® = u — Py(gyu+ (g1 — (L1, u))v?! + (g2 —
(Lo, u))vd2. O

As the unique solution (3.8) is always represented by the unique solution
u® to the Cauchy problem (2.9), similarly we can describe the minimum

norm least squares solution.

Corollary 1.20. The minimum norm least squares solution to the problem
(2.1)~(2.2) can always be represented by the unique exact solution u€ to the

Cauchy problem (2.9) as follows
u® = u® = Py(pyu’ + (g1 — (L1, u))o"" + (g2 — (Lo, u))o??.

Proof. 1t follows from Theorem 1.19 since the Cauchy problem (2.9) always
has the unique solution u°. O

Do generalized biorthogonal fundamenal systems for problems (3.9) also
have a property similar to Corollary 1.107 We can provide the following

answer.

Corollary 1.21. Let A ;E 0 f07’ the first problem (3.9). Then the biorthogo-
nal fundamental system 0*, 02 of the first problem and the generalized biorthog-

1

onal fundamental system vg’ ,v92 of the second problem (3.9) are related by

(L1,0") (L, ") vo! _ Pypyr 0! '
<L1,€)J2> <L2,52> Ug’2 .P]\[(L)J_/Q\}/2

Proof. The proof is coincident with the proof of Corollary 1.10, where we
apply Theorem 1.19. O

Let us note that, for A # 0, we get the trivial nullspace N(L) = {0}.
Here the orthogonal projector Py(r) vanishes in all formulas above. Fur-
thermore, the generalized biorthogonal fundamental system v9! 192 is coin-
cident with the biorthogonal fundamental system v',v2. So, we get that all
results from this subsection are coincident with the corresponding results,

formulated in Section 3.1 for the problem (1.1)—(1.2) with A # 0.
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4.4 Properties of a generalized Green’s function

Let us begin with a representation of a generalized Green’s function, which

is analogous to the definition of an ordinary Green’s function (3.4).

Lemma 1.22. The generalized Green’s function for the problem (1.1)—(1.2)
1s of the form

2
G (x,y) = G(z,y) — Pnp)G(z,y) — > _(Li, G°(, ) ().
k=1

Proof. Let us now consider two problems (3.9) with g = g, =0, k= 1,2.
The first problem (3.9) has the unique solution u¢ = G¢f(x) but the second
problem (3.9) has the minimizer u® = GY f(x). Corollary 1.20 provides the
equality

u’ = G f(x) — PyayGf(x) — (L, GCf)UQ’l(w) — (L2, G f)v?*(x). (4.15)

We will rewrite it. First, we have G¢f(z fo G(z,y) f(y) dy.

Second, applying the Fubini’s theorem in measure spaces for conditions
(1.3), we get (Ly,, G°f) = [y (L, G°(,9)) f(y) dy, kb = 1,2.

Third, if the second problem (3.9) has the unique solution (A # 0), then
P (r) is the zero operator and Py (g, )Gcf( ) = 0. Otherwise, the formula

(4.5) gives the projection Py r)G°f(z) = Lt = Zl LA (2)(2 u®) (200,11
We take weak derivatives of the function u¢ = fo G(z,y) f(y) dy, i.e.,

1

Wy = [ 0/n)G @)W dy + [ 0100w () do

0 T

T 1
(uc)"Z/ (32/3$2)GC($,y)f(y)dy+/ (0%/02*)G(w,y) f(y) dy + f ().

0 T

Substituting these expressions into inner products (2!, u¢) 2 0,1 = (24, ul) 2 0,1]
+((2), () ) p2j0.1) + (21", (u€)") 12(0,1), we change here the order of inte-
gration and have the representation of the projection

1
LG f(z) = /0 Pro(y G () f () dy

with the kernel

d
PN(L)G x y Zzl ( z GC ))H2[07y]+(zl>Gc('ay))H2[y’1}+(zl)H(y))'
=1

Substituting obtained integral representations into (4.15), we get

1 2
u’ :/ <G°’(w,y) G (x,y) = > (Li, G, vg”“(l‘))f(y) dy,
0 k=1
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which is also equal to u® = fol GI(z,y)f(y) dy. From here we obtain the

statement of this lemma. O

Below we present properties of a generalized Green’s function, those are
analogues of properties, listed in Corollary 1.11 for a Green’s function.

Corollary 1.23. For y # yo,y1, Y2, - .. with any x € [0,1], we have:
1) GY9(z,y) is continuous in (x,y);
2) G9(z,y) is H? in x except the diagonal x = y;
3) (8/0x)G(y +0,y) — (9/0x)G(y - 0,y) = 1;
4) LGI(-,y) = —(L1, G(-,y)) Lv9t — (Lo, G(-, y)) LvI2 except x = y;

5) (L, G9(,y)) = (L, G(,y)) — (L1, G(,y)) - (L, v91) — (L2, G (-, ) -
(Ly,v92) fork=1,2.

Proof. 1t follows from the representation of G9(x,y), given in Lemma 1.22.
First, functions v9-!, v92 € H2[0,1] C C[0,1]. Second, the Green’s function
G¢(z,y) is continuous and belongs to C? in x except the diagonal x = y.

!, 1 = 1,d, representing the kernel Py)G(,y), are

Third, functions z
classical solutions 2! € C?[0,1] (see Subsection 2.1). Thus, this represen-
tation of G9(x,y) implies that the generalized Green’s function GY(z,y) is
H?[0,1] ¢ C'[0,1] in 2 except the diagonal z = y and discontinuity points

Y = Y0,Y1,-... Lhen

0GY(z,y) _ 9G(z,y)  OPn@)G(
ox N ox ox

2
D) S L G ) (04 (@)

k=1

for x € [0,1] and y # yo,y1,.... Taking x =y + 0 and x = y — 0, we obtain
the difference

Gy +0,y) _ 9GIy —0,y) _ 9G(a,y) [0 _ 9G<(a,y) |"*
Oz Ox B 0 |,y o B 9r |,y o
a}%va»C?Xxjy) z=y+0 2

(L, G ) (0HY () |20,

Ox a=y—0

Since we have Py ()G(-,v), v9! 92 € C1[0,1], then

z=y+0

=y+0 =y+0
—0, @Y @[T =0, @) (@) =0

OPy ()G (2, )
ox

z=y—0
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The Green’s function G¢ has the jump (0/0z)G(x, y)]w y+0 = 1. Substitut-
ing the differences, we obtain the jump of the generahzed Green s function,
which is equal to 1 as well.

Let us now consider the expression LGY(-,y). It is equal to

LGO(y) = LG(-,y) — LPyyG (-, y) — (L1, G-, y)) Lo
- <L27 GC('? y)>£lvg72 - <L17 GC('? y)>[’vg71 - <L27 Gc('7 y)>£vg’2

if z # y since LG(,y) = 0 and LPy)G(-,y) = 0 except the diagonal
x = y. The proof of the last statement is analogous. O

We can describe a generalized Green’s function using other ordinary

Green’s function as given below.

Theorem 1.24. ]fA~ # 0 for the first problem (3.9), then its Green’s func-
tion G(x,y) and the generalized Green’s function G9(x,y) of the second prob-
lem (3.9) are related by the equality

GY(x,y) = G(z,y) — Pyr)G(z,y) — (L1, G (-, 9)) v (2) — (L2, G (-, y))v"? (2),
for all x € [0,1] and a.e. y € [0,1].
Proof. We obtain the proof similarly as Lemma 1.22 is proved. O

In this lemma, we used the kernel Py(z)G(x,y) of an operator Py(z)G :
L?[0,1] — H?[0,1], which vanishes if A # 0. For A = 0, we rewrite inner
products in the expression

d 1
=> @), Gf) H2[01]—/0 PrnpyG(z,y) f(y) dy

=1

and get the kernel representation

d N
PN(L>G($»?J>=Z'ZI@)<. DR CRE(OF)) P A

=1

+ (ZZ’G("?/))Hﬂnyl,y] T (ZlvG("y))H2[y7yM} T (Zl)”(y)>'

Here yo, 1, ... are discontinuity points of a Green’s function G(z,y) but
[yar—1; yar] denotes an interval, where a fixed y belongs.

Remark 1.25. Proposition 1.12 generates the sequence of Green’s functions,
where one Green’s function is represented by other Green’s function. It gives
the possibility to construct Green’s functions for more and more complicated
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problems with nonlocal conditions. However, from Theorem 1.24, we obtain
that the generalized Green’s function can be expressed using that sequence

of ordinary Green’s functions.

Remark 1.26. Let us discuss a little bit on the representation of Py(r)G(z,y)
for the problem (3.10)—(3.11) with the operator Lu := —u” and nonlocal con-
ditions of the form (3.13). First, there the nullspace N(L) C {1;x} is com-
posed of such orthonormal functions 2!, I = 1,d, in the space H2[0,1] that
(21 = 0. Second, Corollary 1.13 says that the Green’s function is continu-
ous on the entire domain 0 < z,y < 1, its partial derivative (0/0x)G(x,y)
is also continuous except the diagonal. It means that the Green’s func-
tion has the weak derivative (0/0z)G(x,y) on the entire unit square. So,
Py ()G (7, y) simplifies to the following expression

Pnp)G(z,y) = Z )2, GCy) o (4.16)
=1

We will use it considering examples in the last section of this chapter.

So, we again get results those are analogous to the properties of the
Green’s function, given in Subsection 3.3. Furthermore, if A £ 0, then
N(L) = {0} and the function Pyz)GY(r,y) vanish in all expressions of this
subsection. Thus, here obtained results are coincident with the properties

from Subsection 3.3, where the particular case A # 0 was considered.

4.5 Applications to nonlocal boundary conditions

Analogous properties are also valid for the problem with nonlocal boundary
conditions (3.10)—(3.11), investigated in Subsection 3.4. Firstly, we provide
the representation of the unique minimizer u° via the unique solution u<! to

the classical problem (71,72 =0 in (3.11)) as follows.

Corollary 1.27. If the classical problem (3.10)—(3.11) (y1,72 = 0) has the
unique solution uS, then the minimum norm least squares solution to the

nonlocal boundary value problem (3.10)—(3.11) is of the form
u’ = u — PN(L)ud + 1 (3e1, uD w9t 4 49 (e, w092,

Proof. We obtain this corollary applying Theorem 1.19 with (Ly,u") =
gk — Yk {22k, u), since u! satisfies conditions (ky, u) = g, k=1,2. O

Second, the generalized Green’s function for the problem with nonlocal
boundary conditions (3.10)—(3.11) can also be similarly represented.
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Corollary 1.28. If the classical problem (3.10)—(3.11) (y1,72 = 0) has the
Green’s function G(z,y), then the generalized Green’s function of the non-
local problem (3.10)(3.11) is given by

2

Gz, y) = GNa,y) — Py G (2, y) + ) (e, G ) oo (w),
k=1

for all x € [0,1] and a.e. y € [0,1].

Proof. Tt follows from Theorem 1.24, since we have (s, G°(-,y)) = 0 and
(Li, G, 9)) = =y (e, G-, y)) for k=1,2. O

Let us accentuate the boundary value problem (3.10)—(3.11) with non-
local parts s, of the form (3.13) since here we can obtain nice smoothness

properties.

Proposition 1.29. If f € C[0,1], then the boundary value problem (3.10)-
(3.11) with (3.13) has the minimizer u® € C2[0,1].

Proof. If A 0, then the boundary value problem has the unique solution,
which is from C2[0,1] for f € C[0,1]. Such problem was investigated in
Section 3. Let us now consider the case A = 0.

The minimizer u® to the problem Lu = f is also the minimizer to the
consistent problem Lu = f with the right hand side f = ( f g1,02) =
Pp(r)f. This consistent problem has a lot of solutions from H 2l0,1). If
f € C[0,1], then these solutions are from C2[0, 1], where u° is a particular
solution. So, since R(L) and N(L*) are closed, we calculate the projection

d wj
PR(L F=r- PR Lf J- PN(L*)f:f_ZW(wj’f) (4.17)

i=1

with every f € L?[0,1] x R2. Here w’, j = 1,d is the orthogonal basis of
N(L*). Using Corollary 1.4, we can always obtain these functions. From
this corollary we also get that each vector valued function w’ € C[0, 1] x R2.
Indeed, let us consider the case d = 2. Since the Green’s function G¢(z, y) for
the Cauchy problem (2.9) is continuous on the entire unit square 0 < z,y < 1
and nonlocal boundary conditions (3.11) have a special form with (3.13), we
get (Lg, G°(-, )) € C[0,1], k = 1,2. Then we recall f € C[0,1] and from
(4.17) obtain f = Py f € C0,1] x R?. So, from here f € C0,1] and, as
we noted above, the minimizer u° is from C?[0, 1].

The case d = 1 is investigated analogously. Precisely, now in Corollary
1.4 we use the Green’s function G*(z,y) of the problem Lu = f, (Lg,,u) =0,
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(¢,u) = 0. Here (¢/,u) = 0 can be selected as (kj,,u) = 0 or u(0) =
0, or ¢/(0) = 0, or u(l) = 0, or ¥/(1) = 0, which gives A # 0 for this
auxiliary problem. Then Corollary 1.13 and Remark 1.14 says that the
Green’s function G*(z,y) for such auxiliary problem is continuous on the

entire unit square as well. Now analogously as previous, we get u® € C?[0, 1].
O

From here we also obtain the following quality of the generalized biorthog-
onal fundamental system.

Corollary 1.30. For the problem (3.10)—(3.11), where fully nonlocal parts
of conditions are of the form (3.13), we have v9!',v9? € C?[0,1].

Proof. 1t follows directly from Proposition 1.29 since f = 0 is continuous.
O

Similarly applying Corollary 1.28 and Corollary 1.30 with continuity
properties of Gd(x,y) on the unit square, we can derive the property for
the generalized Green’s function.

Corollary 1.31. For the problem (3.10)—(3.11) with (3.13), the generalized
Green’s function G9(x,y) is continuous on the entire unit square 0 < x,y < 1
as well as its partial derivatives (0/0x)G9(x,y) and (0% /02%)GI(x,y) except
the diagonal © = y.

From here we also get that the generalized Green’s function for the prob-
lem (3.10)-(3.11), where fully nonlocal parts ar of the form (3.13), has clas-
sical partial derivatives as below

8iG9($, y) aiGCI(x, y) aiPN(L)Gd(x, y)

= _ cly. g,k (2)
o) 26 Gk G
for ¢ = 1,2, except the diagonal x = y. Moreover, we can obtain weak

derivatives of the minimizer (4.9) using these classical partial derivatives of

the generalized Green’s function, i.e.,

/ -G dy+/ )f(y dy+Zgl vt ()

k=1
and
T 82
W)= | 535G (@y)f(y)dy
0
1 52 2
+ ’ 5,20 (@ D) dy + f(x)+ > ge(w?*) ()



Here (u°)" is continuous because u® € H?[0,1] C C'[0,1]. According to
Proposition 1.29, we have the minimizer u° from C2[0,1] if f € C|[0, 1].

Remark 1.32. Let us note that Proposition 1.29 and Corollaries 1.30-1.31 are
also valid if (k1,u) := u(0) and (ka,u) := u/(0) represent initial conditions

instead of classical conditions.

5 Examples of minimizers

This section is devoted to illustrate obtained theoretical results and get more
familiar with the minimizer and its generalized Green’s function. Here we
investigate minimum norm least squares solutions to second order differential
problems with several popular nonlocal conditions of Bitsadze—Samarskii
and integral type. Representations of generalized Green’s functions and

biorthogonal fundamental systems will also be discussed.
5.1 Problem with one Bitsadze-Samarskii condition
Let us now find the minimum norm least squares solution to the problem
—u" = f(z), ze€l0,1], (5.1)
w(©0) =g1,  u(l) =yu(§) + g2, (5-2)

where v is real and £ € (0,1). We focus on the problem without the unique
solution, i.e., A = 0 or v§ = 1, because the case A # 0 is investigated by
Roman [100, 2011]. Thus, we have v = 1/£ in all formulas below if it is not
said otherwise.

The minimizer is always given by

1
w(z) = /0 () f () dy + 9107 () + gu®2(2) (5.3)

with every f € L2?[0,1] and g1, g2 € R. From Corollary 1.28, we obtain the
representation of the generalized Green’s function

G9(z,y) = Gz, y) — Py(r)G%(z,y) + 1092 (2)GE, y). (5.4)

Here G°(x,y) is the Green’s function to the classical problem (5.1)-(5.2)
(v =0), its expression is given in Example 1.6. Let us note that, for A # 0

(v # 1/€), the Green’s function has the similar representation

G(z,y) = G (a,y) + 70 (2)GV(E, y),

where v? = /(1 — £) [100, Roman 2011].
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Another component of (5.4) is the kernel PN(L)GCI(:C, y). We discussed
on its representation in Remark 1.26. Since here d = dim N(L) = 1 (recall
Example 1.6) and x € N(L) generates the nullspace but 2" = 0, the formula
(4.16) gives

x 1
——— (G Y)) iy = = eyl —y7),  (5.5)
||t||H2 01 8

Py )G (,y) =
where t denotes the variable of integration.

Now we are going to find v92, which is the minimizer to the problem
Lu = (0,0,1)". This problem is inconsistent but the function v92 is also the
minimizer to the consistent problem Lu = Pgg)(0,0, 1)". Let us denote

= (0,0,1)". According to (4.17), we can calculate the projection as

follows

7(“}7 62)7

PRLBZZQZ—
&) w]

where the function

w(z) = (yG(& )7 1 1)T - ({ 2y = 1),

\\/ //\

1—ux,

g T
Ty =151
e )

generates the nullspace N(L*). For details, you can recall Example 1.6. So,

we obtain
2 1 cl 2 T
Prinye? = s (167601 = s el ~ 1)

with the denominator ||w||? = +? fol(GCl(g,y))2 dy + (1 —y)?2+1= (€ +

8)(7— 1)2/3+1 = (€ +3)(1 — £)2/(3¢%) + 1 since 7 = 1/¢.
Let us solve the consistent problem Lu = Pp( L)eg, given in the extended

form
_u” = —’YGCI(&J?)/||7~UH27 (S [07 1]7 (56)
w(0) = (1 —7)/[lw]?, (5.7)
u(l) —qu(€) =1~ 1/|lwl*. (5.8)

We obtain the general solution to the differential equation (5.6), that is

U =cy+ Ccox —

1
Y cl cl
T | GO (@ y)GT(&y) dy
e J, ©leneen

Substituting it into the condition (5.7), we get ¢; = (1 — v)/||w||?>. Since
the problem (5.6)—(5.8) is consistent but d = 1, the last condition (5.8) is

satisfied trivially. Thus, the general least squares solution

1_ 1
T ARl AU GOL

[w [o]?
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depends on one arbitrary constant ¢ € R.

Now we are going to use the formula v9?(x) = Pr(pyru?, that is also
given by v9?(z) = u9 — Pypyw?. First, z € N(L) gives Pypycr = c-
Py(pyr = cx. Second, from the formula (4.5), we calculate the projection
Pyl = z(z, 1)H2[071}/||m|]§{2[0’1] = 3x/8 and have

11—y 1-—»v 1—~ 3
i

- ___'p 1= ——°L
NE a2 ™ Jaw ]2 MBI w2

(0¢)

Third, taking the representation of the kernel (5.5), we obtain

1
s /0 Py )G (2,y)GY (&, y) dy

1
i /Oéw'y(l—f)Gd(&y)dy-

Substituting these expressions above, we get the minimizer

92( )_177_'_ o, i IGCI( )GCl(f )d
T w2 T T el fy Y S

with the particular constant

3 ~—1 1 1
_3.7 +-74yu—fm%§w@.

S8 w2 8wl

(]

Simplifying, we obtain the following representation

1-— 1 1—-8)(2— 1—~)a? <
,092(1,) — Z+CO$ o 5 5( ) 5)( §)$+( , 7)? , o <§,
[|wl]| 6lwl* | =2+ 2+&)z -3z +2°, x>,
with the constant
3(v—1 1
& = (=1 (7 4 180 — 1902 4 3¢t — 48¢9),

8- wl*  160]jw]?

or, recalling v = 1/¢, explicitly

092 = i . £
160 (&3 +3)(&—1)2+3¢2

E1-92-Hr+ (-1,  z<E,
—EB+ QR+ -3¢t + a3, z=¢ )

(3(48§6 — 365 + 19063 — 180£2 — 67€ + 60)z

+480(1 — &) — 80{

So, we found the minimizer to the problem Lu = e?. Substituting the ob-
tained v92 expression as well as the Green’s function G (z, y) and PN(L)GCI(:U, Y)
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into (5.4), we know the full representation of the generalized Green’s function

G9(z,y), that is given below

_ v y<e 1
G (x,y) —{ d0— ). y>o s =)
1 L 3 2
" 160 (§3+3)( )2 + 362 (3 4867 — 3¢ +190¢” — 1807 — 67¢ + 60)

1-92-Oz+(E-12*, =<,
+480(1—5)+80{_§3+g(2+§2)m—3£x2+£x3, z>¢ >><

However, to get the full representation of the minimizer (5.3), we still need
to find the function v9'. Since the problem (5.1)-(5.2) with v = 0 always
has the unique solution (A =1 # 0), we take its biorthogonal fundamental

system 7' = 1 —z, 92 = 2 and apply Corollary 1.21. From there we get the

equality v9! + (1 — y)v92 = PN(L)Lﬁl. Since PN(L)lﬂl =0 — Pyt =

1 — 3z/8, we have the following expression

3
v = (y = 1) +1 - 3%
Substituting the obtain representation of v92, we find v9' and know all rep-
resentations of G9(x,%), v9' and v92. So, now we can always calculate the

minimum norm least squares solution u® with every right hand side by the
formula (5.3).

Let us finally remark that here, investigating the problem (5.1)—(5.2)
with A = 0, we obtained a nice generalization for the case A # 0. First, from
the obtained representations we see functions v9%,v9%2 € C2[0,1], what also
confirms the claim of Corollary 1.30. Second, the generalized Green’s func-
tion GY9(x,y), given by (5.4), is continuous on the entire domain 0 < z,y < 1.
Its partial derivatives (9°/0x)GY(x,y) for i = 1,2 are continuous on the unit
square except the diagonal x = y as well. We note that those features are also
stated in Corollary 1.31. So, the generalized Green’s function GY(x,y) and
the generalized biorthogonal fundamental system v9', v9% have strongly re-
lated representations and the same considered smoothness properties as the
Green’s function G(z,y) with the biorthogonal fundamental system v!,v?
have.
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5.2 Problem with two Bitsadze—Samarskii conditions

Let us now take the differential problem with two Bitsadze—Samarskii con-

ditions

—u" = f(x), xe€][0,1], (5.9)
u(0) =y1u(&1) + g1, u(1) = yu(é2) + g2, (5.10)

where 1,72 are real numbers and &1,& € (0,1). We are going to find its
minimizer (5.3) if the problem does not have the unique solution.

As given in Example 1.7, now we have the condition A = 0 that can be
described by the relation among parameters 1 (1—£1) +728a+7172(€1—&2) =
1. The case v; = 0 is investigated in Subsection 5.1. Thus, now we focus
our study on the problem (5.9)—(5.10) with v; # 0. Here we recall Example
1.7, where we formulated the auxiliary problem

—u" = f(x), ze€][0,1],
u(0) =0,  u(l) —ru(§)=0 (5.11)
and assured that A := 1 — v9&o # 0 for this auxiliary problem. Then we

take its Green’s function G*(x,y) (see (2.21)) in Lemma 1.24 and get the
representation of the generalized Green’s function

GY(z,y) = G*(2,y) — Pnr)G*(z,y) + G (&, y)v?" (z) (5.12)

for the problem (5.9)—(5.10).

First, Remark 1.26 gives the kernel Py G*(z,y). Since here d =
dim N(L) = 1 and 2! := y1£; + (1 — y1)x € N(L) generates the nullspace
but (z1)" =0, we get

1

a < a
PN(L)G (x,y) = .12 (ZlvG ('7y>)H1[0,1]
[E HH2[071}
1+ (1 -z 1

= 7F 9
P 2mE(l— )+ 31 —m)2 3T W

where

Fy) =y(y — D) (B3n&(y—3)+ (-1 +y))
372 (27161 + 3(1 — 1)) { y(1—&), y<é,

&a.

<
I — 282 S(l-y), y=

Second, we are going to find the function v9!. It is the minimizer
to the problem Lu = (0, 1,0)T as well to the consistent problem Lu =
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Pr1)(0, 1,0)". Denoting e! = (0,1,0)", we use the formula (4.17) to cal-
culate the projection as follows
w
Pppel =el — ——(w,el).
" [k
Here we took the function
mé \'
w(zr) = G*&,2); 1 ———
@) (fyl &, 2) 1 —72§2>

from Example 1.7, which generates the nullspace N(L*). Then we get

1 v1&1 )T
P, el = —— (-G ,x;wQ—l;i
R hﬂ?(”l(& Jillwll™ =1 2 3

with the denominator ||w||?> = 7% fol(G“(fl, )2 dy+ (11€1)% /(1 — 7€)% + 1.
Now we can solve the consistent problem Lu = Pg L)el, that is given by

—u" = -G &, 2)/|wl|?, xe[0,1], (5.13)
u(0) = yu(ér) = 1 = 1/||wlf?, (5.14)
u(1) = you(&e) = 1ié1/ (12é2 — 1wl (5.15)

Let us choose such fundamental system z!' = ;&1 + (1 — v)x, 22 = 2/(1 —
v2€2) and write the general solution to the differential equation (5.13) in the

form

1
Y a a
u = 612’1 + 0222 — ||'wl||2/0 G (:c,y)G (évy) dy.

Substituting it into condition (5.15), we solve ca = 71£1/(72€2 — 1)||lw)|?
directly since 2! € N(L) and the Green’s function for the problem (5.11)
satisfies G(1,y) —72G(&2,y) = 0. We do not use the condition (5.14) because
for the consistent problem it is satisfied trivially. So, the general least squares

solution

1
w = c(mé+(1—m)z) - = J;él;”ww - HZ:HQ /O G (z,y)G" (&1, ) dy

depends on one arbitrary constant ¢ € R. Then, we use the formula v9!(z) =

Py(gyrv¥ and obtain the minimizer

gl _ 0 _ _ ,‘Ylglx _ P)/l 1 a a
v (:1:) ¢ (7151—1_(1 71)1‘) (1_7252)2Hw||2 ||’UJ”2/0 G (l’,y)G (gl7y) dy7

where

o3RG H86(1— ) + (1 —16)” Jy Fu)G(&.y) dy
B(1 — 7262)2 (2126 + 261(1 — m) +3(1 — 1)) |
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Third, we need to find another function v92. Taking the biorthogonal

fundamental system o' = (1—72a+ (y2—1)z) /(1 —722), 0 = /(1 —7262)
for the problem (5.11), we apply Corollary 1.21 and get the relation

UgQ _ 7 €1

— vl + P L
1 =282 ML)

Now we calculate

PN(L)JJZ}/Z == 62 - _P]\/'(L)f'l}/2
_ oz m&a+3(1-7) Nné+ 1 —m
1 — 728 1 — 728 2(m&)? 4+ 2m& (1 —m) +3(p — 1)

and we know the full representation of v92.

Finally, substituting obtained v9', G(z,y) and Py(r)G*(z,y) expres-
sions into (5.12), we find the generalized Green’s function G9(x,y) for the
problem (5.9)-(5.10). Together the minimum norm least squares solution
(5.3) can also be formally considered as known.

5.3 Problem with one integral condition

Here we consider the differential problem with one integral condition
- U,/ = f(.’E), T e [O) 1]7 (516)
3
u(0) =g1, u(l) = 'y/ u(x) dx + go, (5.17)
0

where « is a any real number but £ € (0,1]. Let us note that spectral
properties for such problem was studied by Peciulyte [95, 2007].

We investigate the problem without the unique solution again and, sim-
plifying A = 0, obtain the relation v¢? = 2. So, we have v = 2/£2 in all
formulas. Similarly as in previous examples, we get d =1, k1 = 2, kg =1
and formulate the auxiliary problem, i.e., —u” = f, u(0) = 0 and u(1) =0
with classical conditions only. It has the biorthogonal fundamental system

2

v! = 1 — 2, v2 = 2 and the Green’s function G (x,y), presented in Ex-

ample 1.6. So, now we use Corollary 1.28, where the representation of the

generalized Green’s function is given

£
G9(,y) = G (2, ) — Priy G (. 9) + 7 / G\t y) dtv92(z)  (5.18)
0

for the problem (5.16)—(5.17). Since x € N (L) generates the nullspace, the
kernel PN(L)GCI(:U, y) is of the form (5.5).
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Further, we need to find the function v92. It is the minimizer to the
problem Lu = e? or the consistent problem Lu = Pry L)eQ. First, Corollary
1.4 gives the function

T

w(z) = (’Y/O5 Gl(t,x) dt; 7€ — 1;1> ;

which generates the nullspace N(L*). Then we calculate the projection

-
w 1 §
Prne® = ¢ i w.e?) = s (< [ a1 - a6l - 1)
w [w]? Jwl? Xy
with the denominator ||w||? = 2 fol (fo£ Gz, y) dx)Qdy +(y¢-1)2+1.
Now we solve consistent problem Lu = Pp( L)eQ, that is
3
i == [ty dt P, v (0.1 (5.19)
0
u(0) = (1 —~&)/[[wlf?, (5.20)

13
MU—vAuwwx—h%NwW

Substituting the general solution of the differential equation (5.19)

1 ¢
u=cy+ cox — 72/ GCl(a?,y)/ GU(t,y) dt dy
lwl[* Jo 0
into the condition (5.20), we get ¢1 = (1 — 7€) /||w]?. So, the general least

squares solution is of the form

g _ 1=7¢
|w]?

1 §
+cx — Twl? 7 5 / Gd(x,y)/ Gt y) dt dy
w(* Jo 0

with one arbitrary constant ¢ € R. Now applying the formula v9%(z) =
Py(gyru9, we find the minimizer

_ 1 3
ng(x) _ =€ + c°z v / Gd(x,y)/ Gd(t,y) dt dy
0 0

 lw? [o]?

with the constant

1 1 §
= 375—3+’y/ y(1 — o> / Gty dtdy).
swww< , Vv by

Now substituting obtained v9% and Py L)GCI(az,y) expressions into (5.18),
we know the full representation of the generalized Green’s function.
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Lastly, we obtain the function v9! using Corollary 1.21. Precisely, we use
the biorthogonal fundamental system o' = 1 — 2 and 92 = z of the auxiliary

problem in that corollary and simplifying get
3
v = (v - 1) +1 - 3%

Found expressions of the generalized Green’s function GY(z,y) and the gen-
eralized biorthogonal fundamental system v9!, v92 describes the minimum

norm least squares solution

1
w0 = /0 G9(,) () dy + 910 () + 209 (2)

for the problem (5.16)—(5.17) with every right hand side f € L?[0,1], g1, 92 €
R if this problem does not have the unique solution, i.e., 72 = 2 (A = 0).
This minimizer is the exact solution to the problem (5.16)—(5.17) if this
problem is solvable. From Corollary 1.5, we know the solvability condition
that is given below

1 e
92:(1—75)91—7/0 /O Gz, y) dz f(y) dy.

5.4 Problem with other integral condition

Let us now investigate another the differential problem with an integral

condition

—u" = f(x), xz€]l0,1], (5.21)
1
u(0) =g1, u(l) = ’y/o a(z)u(z) dz + g, (5.22)

where 7 is a real number and o € L'[0,1]. Here A = 0 means the equality
1=x fol za(z) dz. So, we have v =1/ fol za(z) dz in all formulas and solve
this problem almost identically as the previous example.

Indeed, we again obtain d = 1, k1 = 2, k9 = 1, formulate the same aux-
iliary problem with classical conditions only, which has the Green’s function
G (x,1). Moreover, Corollary 1.4 gives the function

w(z) = (w/ola(t)Gd(t,x) dt;'y/ola(t) it — 1;1>T,

generating the nullspace N(L*).
The expression of the generalized Green’s function for the problem (5.21)—
(5.22) is also analogous

1
GY(z,y) :GCI(xay)_PN(L)G61(337Q)+7/ ()Gt y) dtv?(x), (5.23)
0
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where the kernel PN(L)GCI(QZ, y) is of the form (5.5). The generalized biorthog-
onal fundamental system is presented below

1
vt = ('y/ at)dt — 1)1}92 +1-— gx,
0

1 1 1 13
6022(3/ Oé(t)dt—3+v/ y(l—y2)/ Gd(t,y)dtdy>.
8- [|lwl| 0 0 0

Using calculated expressions of the generalized Green’s function GY(x, y)
and the generalized biorthogonal fundamental system v9', v9%, we can find

the minimum norm least squares solution

u’ —/ GI(z,y) [ (y) dy + g1v7" (z) + g207* ()

for the problem (5.16)—(5.17) with every right hand side f € L?[0,1], g1, 92 €
R. This minimizer is the exact solution to the problem (5.21)—(5.22) if this
problem is consistent. Corollary 1.5 gives us the solvability condition in the
following form

n=(1- / 2)do)on - // ()G (2, y) d 1) dy

for the problem (5.21)-(5.22) with A = 0, what means fol za(x)dr = 1.

5.5 Problem with two integral conditions

Let us now take the differential problem with two integral conditions
—u = f(x)v x € [Ov 1]a (524)
1 1
u(0) = 'yl/ ar(z)u(x)de + g1, u(l) = 'yg/ ag(z)u(x) dz + g2, (5.25)
0 0
where 71,72 € R and, for simplicity, a1, s € L'[0, 1] are positive functions
on [0, 1].
We note that the problem with v; = 0 was investigated in Example
5.4. So, now we are interested to develop the case with «; # 0. Here the
inequality 1 # 72 fol xag(x) dx is also valid. Let us assure it.

First, we rewrite the condition A = 0, where the problem does not have
the unique solution, in the following form

1 1 1,1
71/0(1—30)@1(36) dx—'yg/oazag(x) de—’)’l’Yz/o /Oal(m)@g(y)(m—y) drdy = 1.
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Let us take the fundamental system z' = 1, 22 =  and calculate

1 1
(Ly, 2y =1— ’72/ as(x) dx, (Ly,2%) =1— ’)’2/ xag(x) dx.
0 0

Now we note that two equalities (L, z') = 0 and (Lo, 2%) = 0, or equiva-
lently o fol as(z)dr = 1 and 7o fol zas(r)dr = 1, are invalid at once. It
is obvious for 79 = 0. Otherwise, we have ~o fol as(x)dr = o fol raz(r) dr
or fol(l — z)az(z) dr = 0. However, fol(l — z)az(x) dzr > 0 for the positive
function ap. Thus, (La, z') = 0 and (Ls, 2?) = 0 do not valid together. In
other words,

1 1
1= ’72/ () du, 1= ’}’2/ ras(z) dr
0 0

cannot be fulfilled together. If one condition is valid, then another is not.
It gives d = 1 and ko = 2 with &k = 1.
Now we recall the inequality 1 # 7, fol zxag(x) dz. If we have the equality,
then
1—71f0041 ) dx 1—72f0a2 ) dx
- fo aj(x)de  1— fo zag(x) dr

=7 /Ola:oq(x)dx- <1 — 72 /01 as(y) d@/) # 0,

since y; # 0, fol zaq(z)dr > 0 for positive ag and o fol as(y)dy # 1 for

A=

1= fol xag(x)dx. It gives the contradiction because we study the case
A = 0. So, for A =0 with v; # 0, the inequality 1 # v fol zxag(x) dr must
also be satisfied.

Now formulate the auxiliary problem

—u" = f(z), =e€l0,1],
1
w(0) =0, u(1) = /0 as()u(x) dz,

where A = 1 — Y2 fo tao(t)dt # 0. It has the biorthogonal fundamental
system

Ul 1-— Y2 fO tOéQ dt — (1 — 2 fO 042 dt) ’U2 _ x
J 1
— o [ tas(t) dt 1 — s [y tas(t)dt
and the Green’s function
1_ < )
G ) = y(d—=), y
r(l—-y), y=u,

T
T
Y2 x !
+ 1 (1— / tag()dt+y/ (1—t)a2()dt)
1 — g [y taa(t)dt 0 y
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Using this Green’s function in Lemma 1.24, we get the representation of the

generalized Green’s function

1
GY(x,y) ZG“(SU,y)PN(L)G“(I,y)Jr%/O ar(t)G(t,y) dt v (x) (5.26)

for the problem (5.24)-(5.25).
First, Remark 1.26 gives the kernel Py(r)G*(z,y). Since here d =
dim N(L) =1 and

2= /Oltal(t) dt + <1 - /01 o (t) dt>:z € N(L)

generates the nullspace but (z1)” = 0, we can always use the formula

Sl
PN(L)G (z,y) = (Zl Ga('vy))Hl[O,l]'

H 1||H2 01

Second, we are going to find the function v9!, which is the minimizer to

the consistent problem Lu = PR(L)el.

Now we use the formula (4.17) to
calculate the projection as follows

w

[[w]?

PR(L)el =el - (w, eh).

Here we take the function

1 T
w(z) = (71 /1 a1 (t)G(t, x) dti1; M Jo ten(t) di )
0

11— fo ao(t) dt

which, according to Corollary 1.4, generates the nullspace N(L*). Then

]
! 1 taq (t) dt
HMW“:Qw/mwﬂwmmmmWL”ﬂbm
HwH 0 1— fo 042 dt

where the denominator is equal to ||w||2 = V1 fol (fol a1 (x)G*(x,y) d:z:)2 dy+

(’}/1 fO ta1 dt) / (1 — Y2 fO 042 dt)
Now we can solve the consistent problem Lu = Pg L)el, that is,

1
—W=—wACMWWw@ﬁNwW reo,1], (5.27)
1
um%ﬂnA<n@W®ﬁm—1—1MwW, (5.28)

1

1 1
u(1)—72/0 ag(x)u(x)dw:—'yl/o tau (1) dt/(1—72/0 an(t) dt) w2
(5.29)
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Let us choose the particular fundamental system

1 1
1 2 X
Zt = 'Yl/ toq (t) dt + <1 —'yl/ oq(t dt>:p, P
0 ) 0 ) 1 — o [ tas(t) dt

and write the general solution of the differential equation (5.24) in the form

u=c1z' + cp2? HZ/ G“my/G“tydtdy

We substitute it into (5.29) and solve the constant co = —y; fo taq (t) dt/

(1 =2 fo as(t) dt)||w||? directly since 2! € N(L) and the Green’s function
Ga(x, y) satisfies homogenous conditions for the auxiliary problem. We do
not use the condition (5.28) because for the consistent problem with A =0
it is satisfied trivially again. Thus, we get the general least squares solution

tay (t) dt 1 1
- oy toat - %2/ G“(x,y)/ G(t,y)dtdy
(1 - fo ag(t) dt) HwH2 [wl]* Jo 0

which depends on one arbitrary constant ¢ € R. Then we use the formula

uwd = cz

v (z) = Py (gyru? and obtain the minimizer

tovy (t) dt
v (z) = ?2t - n fo 1 22— 5 /Ga x,y /Ga (t,y)dtdy
(1 =92 fy oot )HwH2 lel

where ¢® can always be calculated from the following formula

o " fo ton (t) dt ‘ (Zl,ZQ)HZ[o,l]

2
— 2 [y aa(t)dt)|w]2 12 1z

! 1
+ gi! / (zl’Ga("y))Hl[O,l]/ Ga(t,y)dtdy:

”wH2 ”ZIHI—[?[O 1]

3’}/1 fO tOél dt — 8’71 fO Oél dt + 8

37%(0jt0‘1(t)dt)2+4(1—71‘0fa1(t )+3’Ylft041 dt(l—’hfoél y)'

Now substituting obtained expressions of v9', G%(z, y) and Pyp)G(z,y)
into (5.26), we know the generalized Green’s function for the problem (5.24)—
(5.25). Furthermore, taking the biorthogonal fundamental system of the
auxiliary problem (AN # 0) in Corollary 1.21, we find another minimizer

Ug2 B v fol tOél dt 9 gl N " f(]l toq (t) dt + (1 -7 fO Oél dt) 0
1-— Y2 fO tOéQ dt 6(1 — Y2 fO tOéQ dt)
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Since all functions v9', v92 and G9(z,y) are known, then we can also

obtain the minimum norm least squares solution

u’ —/ G (z,y) f(y) dy + 107" (2) + g2v9°(x)

for the problem (5.24)—(5.25) with every right hand side f € L?[0,1], g1, g2 €
R. This minimizer is the exact solution to the problem (5.24)—(5.25) if this
problem is consistent. From Corollary 1.5, we get the solvability condition

1—m [y zaq(z)
g1=gz2- fo —71/ / a1 ()G (z,y) f(y) dz dy
11— fo xag(x)

for the problem (5.24)—(5.25) with A = 0.

5.6 A problem with d =2

Here we are going to continue the investigation of Example 1.8, where we

considered the problem
—u" = f(z), =€l0,1], (5.30)
1
u(0) = —2/ (2=32)u(z)dz + g1, (1) =u (&) + g2, (5.31)
0

depending on the parameter £ € [0, 1).
Let us recall that A is always trivial for this problem and d = 2. We
will find its generalized Green’s function. From Lemma 1.22; we get the

representation

GI(z,y) = G(2,y) — Py(r)G°(z,y) — y(1 — y)*v%" (z) + H(y — v ().
(5.32)
Now we have 1,2 € N(L). Using the Gram—Schmidt process, we con-
struct the orthonormal basis of the nullspace N (L) in the space H?[0,1]

3
2l =1, 22 =4/ =(2z - 1),
13

recall the formula (4.16) from Remark 1.26 and calculate the kernel

PN(L)GC(.CL‘, y) = Zl (217 GC('? y))Hl[O,l} + 2’2 (227 GC('? y))Hl[O,l}

. Using the Green’s function and its partial derivative in the weak sense

y—x, ygflj, a _]-a y<x7
G (2, y) = 9 G, y) = — H(z—y),
(z,y) { 0. y>a Or (z,y) = { 0. y>u (z—y)
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we calculate

. 1 1
Pyn)G(z,y) = —Z(y —1)?+ % (22 — 1)(9y* — 9% + 122 + 11y — 12).

Further, we are going to find the function v92, which is the minimizer to
the consistent problem Lu = Pg( L)el. Example 1.8 gives us two vector func-
tions (— x(1—2)21; O)T and (H(x —£);0; 1)T, those generate the nullspace
N(L*). Using the Gram—Schmidt process, we obtain the orthogonal basis

.
w' = (—a(l-0)%10),  w’= (H(x —O+c z(l-2)%—q 1) :

where we denoted the constant ¢ = 35(3¢* — 8¢3 + 6£2 + 1)/424. Now
according to (4.17), we can calculate the following projection

1 2

(wl,el) w 2

w
- Hw2||2(w ’el)’

[0t |?

where [[w!|[* = 106/105 and ||w?||> = 2—¢—¢?/105. Simplifying, we obtain
PR(L)B1 = (p($)§p1§p2)T of the form

PR(L)EI = 61

pl)=a-H@xz—-&+b-2(1-2)? p=1-b, p=a

For simpler further expressions, here we denoted two constants

Lo 105 - 424(3¢* — 8¢3 +6£2 — 1)
C|lw?]|2 34242 (2 — &) — 35(3¢4 — 863 + 662 — 1)2°
,_ ¢ 105 105 35105 - (361 — 863 + 662 — 1)°

“w?? T 106 T 106 T 34247 - (2—€) — 35(3¢% — 83 + 662 — 1)2

Since d = 2, the solution to the problem Lu = Pp L)61 is equivalent
to the solution of the differential equation —u” = p(z) only. Now we take
general solution to the equation —u” = p(z), that is,

1
w =12t + 2% + / G(z,y)p(y) dy.
0

It describes the general least squares solution to the consistent problem
Lu = PR(L)el or the problem Lu = e! and depends on two arbitrary
constants c1,c2 € R (d = 2). Now we use the formula v9!(z) = Pypyru?

and find the minimizer
1
V@) =t g2+ [ Go(aw)ply) d
0

given explicitly

a

Wl = € § (2 — 1) — 6%953(3952 1024 10) — 2w~ )°H(z — &) (5.33)
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with such values of constants

c‘{z%(l()a(l—é)?’—kb), = 10192(21a(5f4 465~ 6¢% — 8¢ +13) - 230).

Now we look for the function v92, which is the minimizer to the consistent

problem Lu = PR(L)62. Its right hand side (p(z);p1;p2) " is of the form

p(x):Zi-H(x—f)—l—g-x(l—:L‘)Q, pL = —b, pe =1+a,

where @ = —1/||w?||2 and b = —¢/[|[w?||2. Since d = 2, the solution to the
problem Lu = Pg(g, )e is agaln equivalent to the solution of the differential
equation —u” =@ -H(z — £) + b - #(1 — z)2, which differs from the previous
equation —u” = a-H(z — &) + b- (1 — x)? with constants only. Thus, the
minimizer v92 also has the form as (5.33) with @, b instead of constants a, b.

Resuming, the generalized biorthogonal fundamental system can be given
by

% a®

v9F = clf’o—f—c’;’o(Q:z—l)—@x3(3x2—10x+10)—?(x—f)QH(x—f), k=1,2,

with the following values of constants

1 9 c 9 1 1 c? 105
:—b = — = - — —_— R
¢ R TR [w?[? " 106’
ko 3 k
- —(1 b
1 60( Oa( 6) + )7
ko 1 4 3 2 k
; 21 — 463 _ g2 — 13) — 23b%).
Cs 1092( a®(5¢ £ — 667 — 8¢ + 13) — 23b")

So, we know expressions of all functions v9!, v9% and Py(p)G(,y). Sub-
stituting them into (5.32), we also know the representation of the generalize
Green'’s function for the problem (5.30)—(5.31) with A = 0.

6 Conclusions

Below we list basic conclusions of this chapter:

1) A differential problem (1.1)—(1.2) always has the Moore—Penrose in-
verse LT, a generalized Green’s function and the unique minimum norm
least squares solution.

2) For A # 0, we have that LT = L™, the minimum norm least squares
solution u° is coincident with the unique solution u, the generalized

Green’s function GY9(z,y) is coincident with the ordinary Green’s func-

tion G(x,%), the biorthogonal fundamental system v, v? is coincident

with the generalized biorthogonal fundamental system v9!, v9:2.
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3)

The minimum norm least squares solution has literally similar repre-
sentations as the unique solution: it can be described by the unique
solution of the Cauchy problem or the unique solution to other rela-
tive problem (the same differential equation (1.1) but different nonlocal
conditions (1.2)).

The generalized Green’s function also has representations similar to ex-
pressions of the Green’s function: it can be written using the Green’s
function of the Cauchy problem or the Green’s function to other rela-
tive problem (the same differential equation (1.1) but different nonlocal
conditions (1.2)).

The minimum norm least squares solution u® € C2[0,1] if f € C[0,1]
and fully nonlocal parts of conditions (1.2) are of the form (3.13).
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Chapter 2

m-~th order differential
problems with nonlocal
conditions

1 Introduction

In this chapter, we are going to generalize results of Chapter 1 to higher
order differential problems. Here the investigation object is the m-th order

differential equation with m nonlocal conditions

L= w4 a1 () u™ V4 4y (@)u+ao(@)u = f(z), = €[0,1], (1.1)

defined on the real Sobolev space H™[0,1] for m > 2. We take real all
functions ag, ..., an_1 € C[0,1], f € L?[0,1], numbers gz € R and consider
the operator £ : H™[0,1] — L?[0,1]. Here L; € (Cm_l[O, 1])*, kE=1m,
are continuous linear functionals. According to [2, Alt 2016], they can always
be written in the following form

V]

m—

) 1
ru (&) + / w™ D (z) dp(x) (1.3)
0

=0

.

for some numbers v; € R, points §; € [0,1] and a measure p € rcal0, 1].
Let us note that often most nonlocal conditions (1.3) can be represented as

below
oo m—2 1m—1 .
Z awu )(&) / Z ozj(x)u(])(x) dz (1.4)
=1 j=0 0 7=0



for & € [0,1] (here 0 < & < & < & < ...), real numbers a;; and integrable
functions o; € L0, 1].

The structure of this chapter remains as previous in order that we can
comfortably compare results of second order problems to higher order prob-
lems. Here many proofs will be omitted because they are absolutely analo-
gous to corresponding proofs from Chapter 1.

2 The vectorial problem

Let us rewrite the problem (1.1)—(1.2) into the vectorial form
Lu=f (2.1)

with L := (£, L1,..., Ly,)" and the right hand side f = (f,g1,...,9m)' €
L?[0,1] x R™. Now we take the inner product

1
(£.5) = [ 1@ f@)de+o1 i1+t
in the Hilbert space L2[0,1] x R™ and introduce the norm

L1 = 15 2o e = (£ Y2 = I Bagoy + lon 2+ -+ lgm .

where f, f € L?[0,1] x R™. Here we recall the Sobolev embedding theorem
[42, Evans 2010], which gives H™[0,1] € C™~1[0,1] and the inequality

[ullem-110,1) < Cllullgmio,y, — Yu € H™[0,1], (2.2)

with a particular constant C' independent on a chosen u. From here we get
(C™=10,1])* C (H™[0,1])* and, so, each functional Ly, € (C™71[0,1])", k =
1,m, belongs to the dual space (H™[0,1])*. Since £ is also defined on
H™]0,1], we consider the vectorial operator L mapping one Hilbert space
H™[0,1] to another Hilbert space L2[0,1] x R™. Similarly as in Chapter 1,
we obtain the following properties.

Lemma 2.1. The operator L : H™[0,1] — L?[0,1] x R™ is the continuous
linear operator with the domain D(L) = H™[0,1].

2.1 Nullspace of the operator L

As in Chapter 1, we have the closed nullspace N(L) = {u € H™[0,1] :
Lu = 0} and can represent the Sobolev space H™[0, 1] by the direct sum of
orthogonal subspaces as follows

H™[0,1] = N(L) ® N(L)*. (2.3)
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The nullspace of the operator L is a subset of the nullspace N(£), i.e.,
N(L) € N(£) = span{z!,...,2™} C C™[0,1], where 2!,...,2™ € C™[0,1]
are a fundamental system of the homogenous equation Lu = 0. Thus, the
nullity d := dim N(L) € {0,1,...,m}. Precisely, we take the general so-
lution of Lu = 0 in the form u = c12' + ... + ¢,,2™ with arbitrary real

constants and substitute it into nonlocal conditions (Ly,u) =0, k = 1, m.
We obtain the linear system

ci{Ly, 28 + ...+ (L1, 2™) =0,

c1(Lim, 2V + ..+ e (L, 2™) = 0

with respect to constants cy,...,cn. Solving values of constants, we get
that the nullspace N (L) is composed of m times continuously differentiable
functions.

Denoting the determinant of the previous system

<L1, Z1> o <L1, Zm>
A= ,
(L, 2Y) oo (L, 2™)

we separate the following situations:

e d=0< A#0. Then N(L) is trivial.

ed=m<« A =0and all (L,2!) = 0 for k,l = I,m. Then all
constants cy, ..., ¢y, remain arbitrary and N(L) = span {z!,..., 2™}
So, the solution to Lu = 0 is now equivalent to the solution of the

differential equation Lu = 0 only.

e 0<d<m<& A=0and rank({Lg, 2")) = m —d (here k,1 = T,m). In
this case, some m — d constants are solved and represented by other d
arbitrary constants. In other words, there exist d rows in the determi-
nant representation of A above, those are linear combinations of the
rest m — d linearly independent rows. Let us denote these “dependent”
rows by ((Lg,,2%),...,(Lk,2™)) for k;, | = 1,d. The independent
rows are also given by (<Lk].,zl>, ooy (Ly;, 2M)) for Ky, o= d+1,m.
Thus, the solution to the problem Lu = 0 is now equivalent to the
solution of the simplified problem: the equation Lu = 0 with con-
ditions (Ly,,u) = 0, j = d + 1,m, representing linearly independent
rows only.
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2.2 Range of the operator L
Let us begin this subsection with the following property.
Theorem 2.2. The range R(L) of the operator L is closed.

This theorem is proved absolutely analogously as Theorem 1.2 for the
second order differential problem. Let us note that here we take the Green’s
function G¢(x,y) to the Cauchy problem

Lu=f,  u(0)=0, ..., u™D0)=0. (2.4)
This Green’s function G¢(z,y) always exists [100, Roman 2011] and is of the
form N
1 ] Wzy), 0<y<a,
G(z,
)= W(y){ 0, s<y<1
Here W( )= W]z, ..., 2™](y) is the Wronskian of the fundamental system
2l .. 2™ at the pomt y€[0,1], i
) ) o ) (HI()
W2 = ..
2My) () M) () (y)

but W(az, y) is the determinant obtained from the Wronskian replacing the
last column by (2!(x),...,2™(x))". Moreover, this Green’s function has the

following properties:

a) G°(x,y) is continuous on the entire square 0 < z,y < 1 as well as its
partial derivatives (0/02")G¢(z,y), i = 1,m — 2;

b) G°(z,y) is C™ in z except the diagonal = = y;

) (0m71/92m NG (y + 0,y) — (0™~ /0a™ )G (y — 0,y) = 1;

o,

LG (+,y) = 0 except the diagonal = = y;

)
)
)
) (9'/0x%)G(0,y) = 0 for i = 0,m — 1.

€

We can also derive the direct representation of the range R(L). Let us

first consider the composition

f=0010m) = fel+giet +... + gme™

for every vector valued function f € L2[0,1] x R™, where we denoted unit
functions e’ = (1,0,...,0)", e! = (0,1,...,0)7,..., €™ = (0,0,...,1)".
Now we can provide the representation of the range.
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Lemma 2.3.

1) If d = m, then for every f € L?[0,1] we have

1

r = { (1 fnetansonas.. [nctansomn) |
0 0

2) If 0 < d < 'm, then R(L) is represented by the vector function

1
f=re +Z Z Gy (Lo, 0"9) + [ (L, GCy)) f () dy ) €
0

I=1 " j=d+1

+ Z gkjekj, where  f € L*[0,1] and gk; €R for j=d+1,m.
Jj=d+1

Here G%(z,y) is the Green’s function and {v!,... v™} is the biorthog-
onal fundamental system for the problem Lu = f with original conditions
(Lgj;u) =0, j = d+1,m, and conditions (¢, u) = 0, | = 1,d, replac-
ing (Ly,,u) = 0. Here ({,,u) = 0 are selected such that for this auxiliary
problem A # 0. Let us note that (¢,,u) = 0 can always be selected from
independent conditions u(?(0) = 0 or u(¥(1) = 0 for i = 0,m — 1, or their
combination.

Let us recall the nullspace and range theorem. Applying Lemma 2.3, we
can obtain the representation of N(L*) = R(L)* that is given below.

Corollary 2.4. The following statements are valid:

1) if d = m, then N(L*) is spanned by vector functions

wk = _<Lk7GC('7x)>eO + ek7 k=1,m;

2) if 0 < d < m, then N(L*) is spanned by vector functions

m

= _<Lk17 Ga('vx»eo B Z <ij7vkl>ekj + ekla l

j=d+1

I
\')—‘
&

This corollary gives that d = dim N(L) and d* := dim N(L*) are equal.
Applying the Fredholm alternative theorem, we get solvability conditions to
the problem (1.1)—(1.2) without the unique solution (A = 0).

Corollary 2.5. (Solvability conditions) The problem (1.1)~(1.2) with A =0
1s solvable if and only if the conditions are valid:
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1) L0 Gy () dy = g

2) ) 7271: gkj <Lkzvvkj> + f01<Lkz7Ga('7y)>f(y) dy = Gk; fOT‘ l= 1;7 ifO <d<

<Lm7 Gc('a y))f(y) dy = 3dm fOT d=m;

Ct—r

Example 2.6. Let us recall Example 1.6 from Chapter 1. Now we are going
to make the generalization considering the m-th order differential problem
with initial conditions and one Bitsadze—Samarskii condition

u™ = f(z), xel0,1], (2.5)
u(0) = g1, w'(0) = g2, ..., u"D(0) = gm—1, u(l) =Yu(&) + gm (2.6)

for v € R and a point € € (0,1).
Taking the fundamental system 2/ = x7=1/(j — 1)! for j = 1,m, we

calculate the determinant

10 ...0 1—+v
A 01 ... 0 1_75 _17,}/5771—1
) ) G
00 1 (1=96"2%)/(m —2)!
00 ... 0 (1—ym™Y/(m-1)!

From here A = 0 gives the condition v¢™~! = 1, where the problem (2.5)-
(2.6) does not have the unique solution. Conditions u9)(0) = g;, j =
1,m —1, are always independent because the basic (m — 1)-rst order mi-
nor of the m-th order determinant A above is nonzero. Thus, the nullity
for the problem with A = 0 is always equal to d = 1. From here we get
k1 = m, which represents the last condition u(1) = yu(§) + gm. Then other
kj = j—1, j = 2,m, are numbering initial conditions (Ly;,u) := uU=2)(0) =
gj—-1-

Now we formulate the auziliary problem with classical conditions only:
u™ = f u90) =0, j =0,m—2, and u(l) = 0. We obtained it from
the original problem (2.5)—(2.6) taking v = 0 since here A = 1/(m — 1)! is
nonzero. The Green’s function for this auxiliary problem was investigated
in [100, Roman 2011], [48, Hao et al. 2007 and is of the form

GCI(SU, y) — 1 { (:E - y)m—l - mm_l(l - y)m—17

xz,
i

VoA

(m =11 —am 1y, z
Let us take the biorthogonal fundamental system to the classical problem
(v=0)

T D

J.— ,J _ — ;o — m ._ ,m—1
v =z TES ] , j=1m—1, andv™:=2™"". (2.7)




According to Lemma 2.3, the range R(L) is represented by the vector function

m—1 ' 1 T
(ﬁm;@%WNEZ%@mmw+A<Lm9%w»ﬂmmo,
=1

that can be rewritten into the form

m—1 . 1 T
(fgl,..-,gm 1,2%1._5] —fy/ GUEy) fy)d >

Moreover, from Corollary 2.4, we obtain the function

2_1 m—2 T
w(x) = <’VGCI(§,w);7—1W§_1?7§2! e (6 —2)! ’1>

or simplifying

_ 1 WE—2)" = (1 —2)™ 2 <,
M“‘(mzlﬂ{—u—mwﬁ >5’
2 m—2
7—1;75—1;752! Lo 'f )

which generates the nullspace N(L*). Lastly, the solvability condition for
the problem (2.5)—(2.6) with v = 1/é™~1 (that is A = 0) is formulated below

m—1 . 1
Gm = Zggl ._5] —’Y/ GUE ) f(y) dy
We present it in the explicit form
m—1 . 1
Im = Zgjl ._5]'
i m—1 1 ! m—1
_(m—1)!/0(§_y> f(y)dy‘*'(m_l)!/o(l—y) fy)dy

Let us note that for the case m = 2 we use v& = 1 and simplifying obtain
the representation

£ 1 1
92:(1—7)91‘1‘7/0 yf(y)der/E f(y)dy—/o yf(y)dy

If differs from the go expression (2.18) in Example 1.6 of Chapter 1 with
the minus sign by integrals. This is because now we investigate the operator

" but there we considered —u”, where the Green’s function differs with the
Minus Sign.
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3 Problem with the unique solution

Started the investigation with the properties of the vectorial operator L to
the problem (1.1)—(1.2), let us now look at the unique solution. Here we are
going to generalize results of Chapter 1. So, this section is based on Roman’s
work [101, 2011] again, where the problem (1.1)—(1.2) with f € C[0,1] and
the classical unique solution u € C™[0,1] was considered. Now we take
f € L?[0,1] and apply Roman’s results investigating the unique solution
u € H™[0,1] from the Sobolev space.

First, we take the general solution to the differential equation (1.1), that
is

1
u=c12 .. Fep™ +/ G(z,y) f(y) dy.
0

Substituting it into nonlocal conditions (1.2), we obtain the system

Cl<L17 Zl> +...+ cm<L1’ Zm> =01 — f01<L17 Gc('v y)>f(y) dy,
(3.1)

1L, 2Y) + .o e (Liny 2™) = g — [} (Liny GE(,9)) £ (y) dy

and solve constants uniquely if A # 0. Then we know the representation of
the unique solution to the problem (1.1)—(1.2).

Our aim is to investigate the problem with A = 0. To make the clear
background for the further investigation, first we analyze aspects of the
unique solution u = L~! f using the inverse operator L=! : L2[0,1] x R™ —
H™[0,1]. Let us begin our study looking at the structure of this inverse L~}
and its properties.

3.1 Representation of the inverse operator

As in Chapter 1, we can derive the representation of the unique solution

1
u= [ G+ a0 @)+t (@) (3:2)

for all f € L?[0,1] and g1, ..., gm € R. Here we use the biorthogonal funda-

1

mental system v, ...,v"", where each function is the unique solution to the

corresponding problem

Lot =0,
(Ly, 0"y = 5%, k,l=1,m.

(3.3)

k. k = I,m, can also be directly calculated from formulas

Functions v
vP = AF/A, where AF is the determinant obtained replacing the k-th col-

umn in A by the column (z!(z),...,2™(x))". Another component in the
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representation (3.2) is the Green’s function to the problem (1.1)-(1.2) [100,
Roman 2011], which is of the form

G(z,y) = G*(z,y) — (L1, G°(y)v' () = ... = (L, G°(,y))0™ (7). (3.4)

Denoting the Green’s operator by

1
Gf = /0 Gl(z,y)f () dy,

we describe the unique solution as below
u=Gf+ gt + ...+ gn™ (3.5)

with all functions f € L?[0,1] and numbers gi,...,gn € R. From here we

obtain the structure of the inverse operator
L™= (G, v',..., v™) : L*[0,1] x R™ — H™[0,1] (3.6)

since the unique solution is u = L~ f with every f = (f,g1,...,9m)". We
note that G : L?[0,1] — H™[0,1] and v* € H™[0,1], k = 1, m, (precisely, all
v* € C™[0,1] according to Subsection 2.1) are characterized by the inverse
operator as follows

Gf=L7f,0,....,00", o' = L750,1,...,0)7, ..., v™ = L70,0,...,1)".

All here obtained representations are analogical as in Chapter 1.

3.2 Properties of the unique solution

Substituting the extended form of the Green’s function (3.4) into the repre-

sentation (3.2), we rewrite the unique solution into the form
u=u+ (g1 — (L, u))vt + ...+ (gm — (L, u))o™ (3.7)

using the unique solution

1
e = /0 G (z, ) f(y) dy

to the Cauchy problem (2.4). We can also obtain the similar expression to

(3.7) considering two relative problems

Lu = f, Lv = f,
<Ek7u> = gk’? k= 1am7 <Lk,U> = Gk, k= 1am7

(3.8)

where functionals Ek and Ly, k =1, m, may be different. Precisely, we have
the following relation.



Corollary 2.7. For unique solutions to the problems (3.8), the following

equality is always satisfied
v=u+ (g1 — (L, w))o" + ...+ (gm — (Lyn, u))0"™

Here conditions A % 0 and A # 0 for both problems, respectively, are
valid and the biorthogonal fundamental system v*, k = 1, m, for the second
problem (3.8) only is used. On the other hand, biorthogonal fundamental
systems for these two problems (3.8) are always related as given below.

Corollary 2.8. Let A # 0 and A # 0 for problems (3.9). Then their
biorthogonal fundamental systems v°, k = 1,m, and v*, k = 1,m, are

linked with the equality

<N

(L1,0Y) ... (Ly,oY) vl

ST

(L, 0™y ... (Lp,0™) ™
3.3 Properties of a Green’s function

In this section, we present properties of a Green’s function for the problem
with nonlocal conditions (1.1)—(1.2). Let us begin with following features.

Corollary 2.9. For y # yo,y1,Y2,-.. with any x € [0,1], the Green’s func-

tion has such properties:
1) (002G (z,y), i = 0,m — 2, are continuous in (z,y);
2) G(x,y) is C™ in x except the diagonal x = y;
3) (971 /0x™ NGy 4 0,y) — (97102 )Gy — 0,y) = 1;
4) LG(-,y) =0 except the diagonal x = y;
5) (L, G(y)) =0 for k =1,m.

A relation between a generalized Green’s function and an ordinary Green’s

function for two relative problems is given below.

Proposition 2.10. For the problems (3.8) with A % 0 and A # 0, their
Green’s functions é(:c, y) and G(z,y), respectively, are linked with the equal-
ity

G(w,y) = Glx,y) — (L1, G y)0 (x) — ... = (L, G ()0 ™ (@),
for all x € [0,1] and a.e. y € [0,1].
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3.4 Applications to nonlocal boundary conditions

Now we are interested to examine the problem with nonlocal boundary con-

ditions

L= w4y, 1 () u™ V4 4ay(@)u+ao(@)u = f(z), = €[0,1], (3.9)

(Lg,u) := (kg,u) — (s, u) = gk, k=1,m, (3.10)

where functionals i, k = 1,m, describe classical parts but functionals
sk, k = 1,m, represent fully nonlocal parts of conditions (3.10). If all
parameters -y, k = 1,m, vanish, then this problem becomes classical. Let
us note that initial conditions (g, u) := u*~D(0) = g, k = 1, m, can also
be considered as particular classical conditions for m-th order problems.
As in Chapter 1, we ask what is the relation between the unique solu-
tions to the problem with nonlocal boundary conditions (3.9)—(3.10) and the
problem with classical conditions (all 7, = 0) only? Indeed, if the classical
problem (all 4, = 0) has the unique solution u°!, then the unique solution
to the nonlocal boundary value problem (3.9)-(3.10) is described by the

function u as given below

w=u + 1 (e, uol + Ly (5o, uH™.
Here we assumed A # 0 for the problem with nonlocal boundary conditions
(3.10)—(3.11) and took its biorthogonal fundamental system v*, k = T, m.
Similarly, the expression of the Green’s function G(z,y) for the prob-
lem (3.9)-(3.10) can be derived using the Green’s function G (z,%) of the
classical problem. We provide this relation below

m

G(z,y) = GM(w,y) + > (o, GO )" (@) (3.11)
k=1
for all z € [0,1] and a.e. y € [0, 1].
Moreover, following continuity properties for the Green’s function are

valid.

Corollary 2.11. If fully nonlocal conditions for the problem (3.9)—(3.10)

are of the form

oo m—2 1m—2
Geu) =Y Y wu(&) + [ Y aj(@)uV (@) de (3.12)
i=1 j=0 0 j=0

with Yij € R, & € (O, 1) (hGTC 0<é <& <. ) and aj € LI[O, 1], then the
Green’s function G(x,y) is continuous on the entire unit square 0 < xz,y < 1

97



as well as its partial derivatives (0'/0x%)G(z,y), i = 1,m — 2. Moreover,
(0m=1/0x™ V)G (z,y) and (0™/0z™)G(x,y) are also continuous except the

diagonal T = y.

Remark 2.12. Let ky, k = 1, m, represent initial conditions instead of clas-
sical conditions, and fully nonlocal conditions for the problem (3.9)—(3.10)
be of the form (3.12). Then the Green’s function G(z,y) is continuous
on the entire unit square 0 < z,y < 1 as well as its partial derivatives
(0¢/0x))G(z,y), i = T,m — 2. Partial derivatives (0™~ /0x™1)G(z,y) and
(0™ /0x™)G(x,y) are also continuous except the diagonal x = y. We obtain

the proof analogously.

So, we have continuous partial derivatives of the Green’s function

m

88.;7’ <$7y) +Z’Yk<%k,GCl(,y)>(vk)(l)(x)

k=1

%

6xiG(x’y) =

except the diagonal x = y, where ¢ = 1, m. Further, weak derivatives of the

unique solution (3.3) can be described using these classical derivatives of the
Green’s function in the form

) T 87“ 1

u® = G(z,y)f(y) dy +/

x

0 8551

) W) dy+ Y 0O ),

fori =1,m — 1, and

my _ [* O™
u = [ RO ) dy

m

/ DI dy+ F)+ 3 ge(@")™) (@),

k=1

Here derivatives u(®, i = T,m — 1, are classical because u € H™[0,1] C
C™=10,1]. Let us note that u(™ is also continuous and u € C™[0,1] if
feCo,1].

4 The unique minimizer

If A =0, we cannot solve the problem (1.1)—(1.2) uniquely and obtain nei-
ther the representation v = L' f nor the Green’s function. As in Chapter
1, we are going to solve the problem in the least squares sense, consider
properties of the unique minimizer and provide its representations, study a

generalized Green’s function.
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4.1 The minimum norm least squares solution

Let us look for the unique function u® € H™[0, 1], which minimizes the norm
of the residual for the differential problem (1.1)—(1.2)

Lu? — = inf Lu — 4.1
ILu~ fll = _jnt [[Lu- (1.1
and has the minimum H™[0, 1] norm among all minimizers u9 € H™|0, 1] of

the residual
[ull < flw?l] V¥ uf # u’. (4.2)

This minimizer u° for the differential problem with nonlocal conditions
(1.1)—(1.2) always exists and is unique since L is the continuous linear op-
erator with a closed range [6, Ben-Israel and Greville 2003]. If the problem
(1.1)-(1.2) has the unique solution u = L~ f, it is coincident with the min-
imizer u®. As in the previous chapter, we focus our study on the following

representation of the minimum norm least squares solution
uw’ =Lif, (4.3)

where LT : L2[0,1] x R™ — H™[0,1] is the Moore Penrose inverse of the
operator L. The definition of the Moore—Penrose inverse and its properties
are listed in Subsection 4.1 of Chapter 1. In example, we have the following

features.

Lemma 2.13. The Moore-Penrose inverse LT for the problem (4.1)—(4.2)
is the continuous linear operator with the domain D(L') = L?[0,1] x R™
and the range R(LT) = N(L)*.

We emphasize that the minimizer (4.3) to the problem Lu = f is always
the minimizer to a consistent problem Lu = Pg)f [6, Ben-Israel and
Greville 2003].

4.2 The generalized Green’s function

Now we rewrite the minimum norm least squares solution u = Lt f in the

following from

w = GIf + grvdt + .+ gpod™ (4.4)

denoting G9f := LT(f,0,...,0)" and v9! := LT(0,1,...,0)", ..., v9™ :=
L1(0,0, ...,1)T. Here functions v%!,... v9™ € H™[0,1] because LTf €
H™[0,1] with every f, but GY : L?[0,1] — H™[0,1] is a continuous linear
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operator since LT is continuous and linear. From the representation (4.4),

we obtain the desired composition of the Moore—Penrose inverse
LT =(G9, v3, ..., v9™).

As in Chapter 1, we concentrate our investigation on the following ex-

pression of the minimum norm least squares solution

1

eﬂwz/m@wmwwﬂwﬂm+m+%wwm (4.5)
0

which is valid for all f € L?[0,1], g1,...,9m € R and € [0,1]. Here the
kernel GY(x,y) is L2[0, 1] function in y for every fixed € [0, 1]. We obtained
it analogously as in the previous chapter. The representation (4.5) of the

minimizer u° resembles the representation of the unique solution

1
mmz/amwﬂw@+mwm+”wgwwm, (4.6)
0

for the problem (4.1)—(4.2) with A # 0, where G(z, y) is the Green’s function

and o', ..., 0™

are the biorthogonal fundamental system of the problem
(1.1)-(1.2). According to the similarity, we call the kernel G9(z,y) — the
generalized Green’s function and the functions v9:!, ... v9™ — the generalized
biorthogonal fundamental system for the nonlocal problem (1.1)—(1.2).

Thus, if A # 0, we have that LT = L~ the minimum norm least
squares solution u° is coincident with the unique solution u, the generalized
Green’s function GY(z,y) is coincident with the ordinary Green’s function
G(z,y), the generalized biorthogonal fundamental system vk k=1, m, is
coincident with the biorthogonal fundamental system v*, k =1, m.

Do these similarities also imply some relative properties or descriptions
of these functions? We are going to provide the answer to this question
below.

4.3 Properties of minimizers

First, we are going to investigate the minimum norm least solution. Here we
will derive its properties, those are literally analogous to properties of the
unique solution, given in Subsection 3.2. Let us begin with the generalized
biorthogonal fundamental system and obtain the analogue of (3.3).

100



Theorem 2.14. Every function v9' € H™[0,1] is the minimum norm least

squares solution to the corresponding problem

Lv9l =0,

4.7
(L, w9y = 6L k1 =T,m. (47)

Let us now consider two relative problems (3.8). Here and further
G9(z,y) is the generalized Green’s function and v9!, | = T, m, are the gener-
alized biorthogonal fundamental system for the second problem (3.8), which
may have the unique solution (A # 0) or not (A = 0).

Theorem 2.15. If the first problem (3.8) has the unique solution u (A #0),
then the minimum norm least squares solution to the second problem (3.8)

s given by
u’ = u— Pyyu+ (g1 — (L, u))v?! + ..+ (g — (L, 0)) 0™

Below we present the analogue of (3.7), which is the particular case of

the previous theorem.

Corollary 2.16. The minimum norm least squares solution to the problem
(2.1)—(2.2) can always be represented by the unique exact solution u® to the
Cauchy problem (2.4) as follows

u® = u’ — Pypyu + (g1 — (L1, uN vt + . 4 (g — (L, u)) 9™,
Corollary 2.8 is generalized in the following form.

Corollary 2.17. Let A # 0 for the first problem (3.8). Then the biorthogo-
nal fundamental system 0%, k = 1, m, of the first problem and the generalized
biorthogonal fundamental system v9*, k =1, m, of the second problem (3.8)

are related by

<L1, 51> e <Lm, 51> 'Ug’l PN(L)Lgl

<L1, ’i}“m> cee <Lm, 5m> v9m PN(L)Lgm
Let us emphasize that, for A # 0, the generalized biorthogonal funda-
mental system v9*, k = T, m, becomes ordinary biorthogonal fundamental
system v*, k = T,m. Then we also have the trivial nullspace N (L), and
Py (r) vanishes in all expressions above. Thus, we obtain that all results

from this subsection are coincident with the results of Section 3.1, given for
the problem (1.1)—(1.2) with the unique solution if it exists.
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4.4 Properties of a generalized Green’s function

From Corollary 2.4, we obtain the following representation, which is always
valid since G¢(x,y) always exits for the Cauchy problem (2.4).

Lemma 2.18. The generalized Green’s function of the problem (1.1)—(1.2)
is described by the Green’s function G¢(x,y) of the Cauchy problem (2.4),
that 1is,

GY(x,y) = G°(x,y) — Py)G(x,y) = >_(Li, G°(,y)) 0" ().
k=1

Below we list other properties of a generalized Green’s function.
Corollary 2.19. For y # yo,y1, Y2, - . . with any = € [0,1], we have:
1) (0'/02)GI(x,y), i = 0,m — 2 are continuous in (,y);
2) GY(x,y) is H™ in x except the diagonal x = y;

3) (0" 0am )Gy + 0,y) — (9™ H/0am TGy — 0,y) = 1;

4) LGI(-y) = —(L1, G(,y) LoPt — oo = (L, GO, y)) Lo9™ if & y;
5) <Lk7Gg('ﬂy)> <Lk7 (, )> Zl 1<Ll7 (, )> ’ <levg’l> fO?“ k=
1,m.

Moreover, a generalized Green’s function may be described by an ordi-
nary Green’s function of other relative problem. We formulate this relation

below.

Theorem 2.20. If A # 0 for the first problem (3.8), then its Green’s func-
tion G(x,y) and the generalized Green’s function G9(x,y) of the second prob-
lem (3.8) are linked as follows

GY(x,y) = G(z,y) — Pyp)Gla,y) = > (Li, G(, )9 (x)
k=1

for all x € [0,1] and a.e. y € [0,1]. Here Py(r)G(x,y) is the kernel of the
operator Py )G : L?[0,1] — H™[0,1].

Remark 2.21. If A # 0, then the nullspace N(L) is trivial and the kernel
Py(z)G(z,y) vanishes. Otherwise, the projection Py (gyu is given by

d

PN(L)U = Z Zl(iﬂ)(zl, U)Hm[o,u,
=1
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where 2!, | = 1, d, is an orthonormal basis of the nullspace N (L) in the space
H™0,1], ie., (z',29) gmp1) = 0if | # j and (2!, 2") gmpp1] = 1. Recalling
Remark 1.26 from Chapter 1, we get the formula

Pnp)G(z,y) = Z 2 (@)(2, G y)) gm0
=1

for the problem (3.9)-(3.10) with the operator Lu := u(™ and nonlocal

boundary conditions, where fully nonlocal parts are of the form (3.12).

Let us note that here formulated properties of a generalized Green’s
function extend results of Subsection 3.3 to the case A = 0. We also get the
generalization of features of Subsection 4.3 from Chapter 1.

4.5 Applications to nonlocal boundary conditions

For the problem with nonlocal boundary conditions (3.9)—(3.10), we can

present obtained properties in the following forms.

Corollary 2.22. If the classical problem (3.9)—(3.10) (all v = 0) has the
unique solution uc', then the minimum norm least squares solution to the
nonlocal boundary value problem (3.9)—(3.10) is of the form

u® =y — PN(L)UCI + 71 (521, ud}vg’l + .o Y (5o, ud>vg’m.

Moreover, the generalized Green’s function for the problem with nonlocal
boundary conditions (3.9)—(3.10) can also be similarly described.

Corollary 2.23. If the classical problem (3.9)—(3.10) (vx = 0) has the
Green’s function G(z,y), then the generalized Green’s function of the non-
local problem (3.9)—(3.10) is given by

m

G (z,y) = G%(2,y) — Pyy G (z,9) + D o, G )" (),
k=1

for all x € [0,1] and a.e. y € [0,1].

For nonlocal boundary conditions (3.11) with nonlocal parts s of the
form (3.12), we can obtain the following quality.

Proposition 2.24. If f € C[0,1], then the boundary value problem (3.9)-
(3.10) with (3.12) has the minimizer u® € C™|0,1].

The similar property for the generalized biorthogonal fundamental sys-
tem is given below.

103



Corollary 2.25. For the problem (3.9)-(3.10) with (3.12), we have v9* €
C™[0,1] with every k =1, m.

Finally, we get the following feature for the generalized Green’s function.

Corollary 2.26. For the problem (3.9)—(3.10) with (3.12), the generalized
Green’s function G9(z,y) and its partial derivatives (0'/0x")GI(z,y), i =
1,m — 2, are continuous on the entire unit square 0 < x,y < 1. Moreover,
partial derivatives (0™~ 1/0z™ 1GI(x,y) and (0™/0x™)GI(z,y) are also
continuous except the diagonal r =y.

Remark 2.27. Let us note that Proposition 2.24 and Corollaries 2.25-2.26
are also valid if (kg,u) := u*)(0), k = T,m, are initial conditions instead of
classical conditions.

As Corollary 2.26 claims, the generalized Green’s function has classical
partial derivatives

0'GI(z,y)  9'GYNz,y) 3iPN(L)G61(1?a?/) < cl g,k (4)
= o +Z’Yk<%k:G (5 9) (7)Y (z)

except the diagonal z = y, where i = 1, m — 1 . The weak derivatives of the
minimizer (4.5) can be described using these classical partial derivatives of

the generalized Green’s function, that is,

or (i) z g L gi m k(i)
()0 = [ S ) i+ [ 56 ) f0) due Y auo?) O o),
z k=1
for i =1,m — 1, and
(1) = (,f";Gg( D) dy
0 X
b [ iy 5+ D 0 ),

k=1

Here derivatives (u®)®, i = T,m — 1, are classical since u® € H™[0,1] C
C™71[0,1]. Now recalling Proposition 2.24, we know that the minimizer u°
belongs to C™[0, 1] if f € C0,1].

Let us note that all properties above reduce to properties from Subsection
3.4 if A # 0 for the problem with nonlocal boundary conditions (3.9)-(3.10).

Example 2.28. Let us continue the investigation of Example 2.6. Here we
are going to analyze the representation of the minimum norm least squares

solution

/ GI(z,y) f(y)dy + glvgl( )+ oo+ g (2), (4.8)
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where f € L?[0,1] and numbers g, € R, for the problem (2.5)—~(2.6) without
the unique solution, that is v = 1/6m~1. Applying Corollary 2.23, we get

the form of the generalized Green’s function
G9(x,y) = G (x,y) = Pyp)G (2, y) + 707" ()G (&, y), (4.9)

where G (x,vy) is the Green’s function to the classical problem (2.5)(2.6)
(all v, = 0) and it is presented in Example 2.6. Here we have d = 1, and
x™~1 € N(L) generates the nullspace. Using Remark 2.21, we get the kernel

wm—l

PG (z,y) = (" Gt ) gm0,
TP,

So, in the representation (4.9) only the function v9™ remains unknown.
To find v9™, we are are going to apply the similar procedure made for the
second order problem in Subsection 5.1 from Chapter 1. So, v9™ 1is the
minimizer to the problem Lu = e™ as well as to the consistent problem
Lu = Pgye™. Here we recalled the notation e™ = (0,0,...,0, n' e
L2[0,1] x R™. Let us note that we consider the problem (2.5)-(2.6) with
A =0, e, v¥™ 1 =1, according to Example 2.6. Then we can calculate
the projection

Prpe™ =e™ (w,e™)

[w][?

using the function

_ T
YE—1 42 -1 4™ 2—1,1>

w(:v)=<7GC1(§an)§7—1% n 2 T m o)

which spans the nullspace N (L*) and is obtained in Example 2.6. Thus, we
get Pppye™ =

_ T
1 1—9€ 1-7€ 19" o
- _GCl 1 — A . . —1
oz (166 a1 = S A
with the denominator ||w|* = v? fol(Gd(ﬁ,x))Q dy+Z;n:_02('yfj —1)2/()%+
1.

Now we solve the consistent problem Lu = Pg)e™, given in the ex-

tended form

u™ = G @) /|lwl|?, @€ 0,1], (4.10)
u(0) = (1 =€) /(! - lw]?),  j=0,m =2, (4.11)
u(l) = yu(€) =1 - 1/|lw|?. (4.12)
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First, we obtain the general solution to the differential equation (4.10), that
18
’UJ:CO—FClZU—F...CmleL' ”w”2/ GCI iL' y Gd(f y)

Substituting it into initial conditions (4.11), we have ¢; = (1 —~v&7)/((j!)% -
|lwl?), 7 = 0,m — 2. Since d =1 for the consistent problem (4.10)-(4.12),
the last condition (4.12) is satisfied trivially. Thus, the general least squares

solution

m—2 1— §j ) 1
u = .77@‘] s 5 / Gz, )G E, y) dy
: lwl? Jo
depends on one arbitrary constant ¢ € R. Since the minimizer is always of
the form v9™(z) = Py(pyru?, we find its expression
m—2

_ 7 X 1
v Z 1 75 ffj s / Gz, y)GY (&, y) dy
0

2
= ool

with the particular constant

o vEI —1 _ (Cvm_l,l”j)H"L[o,u
G2 flwl* [lam=t

m00,1]

1
9 / m—1 cl cl
+ (x 7G ($7y)) m—1 G (Evy) dya

w2 o™ 20 o

which is obtained from the equality of projections
_ 7 -1 oo (!
et =y s Py + W/O Py Gz, y)G (&, y) dy

Thus, we have just found the minimizer to the problem Lu = e™, which now
gives the full representation of the generalized Green’s function (4.9).

Since our goal is to get the full representation of the minimizer (4.8),
we need to find other functions v9J, j = 1I,m — 1. As given in Example
2.6, the problem (2.5)-(2.6) with all v = 0 always has the unique solution
(A =1/(m—1)! #0). So, we take its biorthogonal fundamental system
0%, k = 1,m, given by (2.7). Applying Corollary 2.17 and simplifying, we

get functions

g -1 S T
v = G e Py J=Tm=1

Resuming, we have the analogous situation as for the second order prob-

lem investigated in Subsection 5.1 of Chapter 1. Precisely, substituting the
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obtain expression of v9™, we find functions v97, j =1, m — 1, and know all
representations of G9(x,y) and v97, j = 1,m. Then we can always calculate
the minimum norm least squares solution u® with every right hand side by
the formula (4.8).

As Corollaries 2.25 and 2.26 say, here all functions v9* € C™[0,1]
and (0'/0x)GY(x,y) fori = 0,m — 2 are continuous on the entire domain
0 < x,y < 1. Moreover, partial derivatives (0™~ /0z™ )G9 (x,y) and
(0™ /0x™)GY9(x,y) are also continuous on the unit square except the diago-

nal xr =y.

5 Conclusions

In this chapter, we generalized results of the previous chapter, where a second
order differential problem with nonlocal conditions was considered. Thus,

basic conclusions are also similarly given:

1) A differential problem (1.1)—(1.2) always has the Moore—Penrose in-
verse LT, a generalized Green’s function and the unique minimum norm

least squares solution.

2) For A # 0, we have that Lt = L~ !, the minimum norm least squares
solution u° is coincident with the unique solution u, the generalized
Green’s function G9(x, y) is coincident with the ordinary Green’s func-
tion G(z,y), the generalized biorthogonal fundamental system v9*¥,
k =1, m, is coincident with the biorthogonal fundamental system v,

k=1,m.

3) The minimum norm least squares solution has literally similar repre-
sentations as the unique solution: it can be described by the unique
solution of the Cauchy problem or the unique solution to other rela-
tive problem (the same differential equation (1.1) but different nonlocal
conditions (1.2)).

4) The generalized Green’s function also has representations similar to ex-
pressions of the Green’s function: it can be written using the Green’s
function of the Cauchy problem or the Green’s function to other rela-
tive problem (the same differential equation (1.1) but different nonlocal
conditions (1.2)).

5) The minimum norm least squares solution u® € C™[0,1] if f € C]0, 1]
and fully nonlocal parts of conditions (1.2) are of the form (3.12).
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Chapter 3

Second order discrete problems
with nonlocal conditions

1 Introduction

In general, the unique solution or the minimizer of the nonlocal problem

Lu:=u"(x) + a(z)u'(z) + b(x)u(z) = f(x), xe€][0,1], (1.1)
(Lk,u) =gk, k=12, (1.2)

which was investigated in Chapter 1, cannot always be found analytically.
Since the computer-programming science nowadays is widely developed, var-
ious numerical methods have been being investigated and applied to differ-
ential problems [51, Hernandez-Martinez et al. 2011], [55, II'in and Moiseev
1987]. Then the nonlocal problem (1.1)—(1.2) is replaced by some discrete
problem that, merely, is described by a linear system of equations

Au=b (AcC™" uecC™ beCm™, (1.3)

Since every linear transformation from one finite-dimensional vector space
to another can be represented by a matrix (uniquely described by the linear
transformation and the fixed bases for the vector spaces), there is one to one
correspondence between the m x n complex matrices C™*™ and L(C™,C™),
the space of linear transformations mapping C™ into C™. Hence, we use the
same symbol A to denote both the linear transformation A € L(C",C™)
and its matrix representation A € C™*". Then the discrete representation
(1.3) of the differential problem (1.1)—(1.2) is equivalent to the statement
that the linear transformation A maps u into b.

In this chapter, we investigate second order discrete problems with non-
local conditions those are analogues of second order differential nonlocal
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problems (1.1)—(1.2). Here considering discrete problems are not necessary
discretizations of differential problems using numerical methods. Various
discrete problems also arise in the theory of graphs, networks. Due to this,
we are interested to consider a wider class of discrete problems, not only
obtained from differential problems.

The structure of the chapter is as follows. First, we define some no-
tation. Second, we formulate a discrete problem with nonlocal conditions
and its matrix representation, discuss on properties of a discrete problem.
Then already known results for the discrete problem with the unique solu-
tion are briefly presented. Further, we investigate discrete problems without
the unique solution. Here we solve problems in the least squares sense and
consider properties of the unique discrete minimizer. Analogous features
for a generalized discrete Green’s function are also derived. Afterwards, we
solve discrete problems in the least squares sense introducing two finite di-
mensional Hilbert spaces. We apply these results to discrete problems, those
approximate differential problems, and obtain sufficient convergence condi-
tions of the discrete minimizer to the minimizer of a differential problem.
Let us note that this chapter is based on papers [83,84,86,88,124, Paukstaité
and Stikonas 2012-2016].

2 Notation

First, we introduce the space of complex linear functions F(X,) := {u |
u: X, — C} defined on the finite set X,, := {0,1,2,...,n}, n > 2. We use
the notation w; = u(i), i € X, and call functions u € F(X,,) by discrete
functions making the difference from continuous functions, investigated in
previous chapters.

For the space of discrete functions F(X,,), we take the standard basis
of complex functions e/, j = 0,n, where €’(i) = (55, i € Xp, and (5g is the
Kronecker delta. Then we can write u = Y 1 ju;e’. It also means that
F(X,) = CHDx1 e every u € F(X,) can be uniquely described by the
complex column matrix u = (ug,ug, ..., u,)" € COFDXLor u = 3" Juel.
Here €* = (1,0,...,0)7, e! = (0,1,...,0)7,..., e® = (0,0,...,1)T are
matrix representations of the standard basis e/, j = 0, n.

Similarly, a linear functional L € F*(X,,) can be interpreted as a complex
row matrix L = (L0, L', ..., L") € C*(+1) For the functional L € F*(X,,)
value at the function u € F(X,,), we use the notation (L, u) or the matrix
multiplication Lu.

In analogous way, the space F(X,, x X,,) is defined [100, Roman 2011]
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and its elements are uniquely described by complex matrices from C(m+1Dx(n+1),
In this work, the one to one correspondence between functions M : X, X
X,, — C and matrices M = (M;;) € Cm+)x(+1) ig represented by M;; =
M(i,j5), i € Xm, j € X,. Further we use notations of the summation
without the sum symbol, that is,

n n
= LUy, MiUj=) MalUy, i€ Xm, je€ X,
= =0

where L € F*(X,,), M € F(X,, x X,,), U € F(X,, x X;). Matrix represen-
tations of two last notations are interpreted as usual matrix multiplications
LU and MU, respectively. So, we understand the multiplication of two dis-
crete functions, i.e., MU, as the discrete representation of the matrix MU,
the multiplication of two matrices. We describe the i-th row of the matrix
M by row;M := (Mo, ..., M;y). Similarly, col;M := (Mo, ..., Mmj)—r rep-
resents the j-th column. Their discrete representations are given by discrete
functions row; M € F(X,,) and col;M € F(X,,), respectively.

Let us remark again that a discrete function u and its matrix represen-
tation u are always equivalent notations for the same function. Thus, the
identity function I =id € F(X,, x X,,) is equivalent to the identity matrix
I =1,.1 of order n + 1. We will use another notation d;; for the Kronecker

delta as well.

3 Formutation of the problem

In this chapter, we investigate a second order discrete problem

(Eu)z = CL%UrH.Q + ailui_;_l + a?ui = fi, 1€ Xp_o, (3.1)
n
(Lg,uy == ZL?qu' =gk, k=12, (3.2)
=0

with functions a®,al,a? € F(X,_2), f € F(X,—2) and the operator L :
F(X,) — F(X,—2). Here gy are complex numbers but Ly € F*(X,) —
discrete linear functionals describing nonlocal conditions.

a? # 0 for all i € X,,_» and consider the non-

Let us take functions az, ;

singular second order discrete operator £, i.e., all rows of its matrix repre-
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sentation

a) a} a3 0 0 0 0
0 af af a2 0 0 0
L= .
0 0 0 0 ...als a2 5 0
0 0 0 0 ... d 5 a5 a2,
are linearly independent. Since discrete functionals Ly, describing nonlocal
conditions (3.2), are represented by row matrices Ly = (LY, L1 ... L}) €
C*("+1) e rewrite the discrete problem (3.1)-(3.2) in the following matrix
form
L
Au = b, A=| 1L (3.3)
Lo

with the right hand side b = (fo, f1,- .-, fu_2,91,92) | € CPFDx1,

3.1 Nullspace of the matrix A

The problem (3.3) has the unique solution if det A # 0. The condition
for the unique solvability of the problem (3.1)—(3.2) is often given by the

nonzero determinant

A:—‘ <L17Z1> <L1,Z’2> ‘

<L27 Z1> <L27 z2>

as well, where 2!, 22 € F(X,,) is any fundamental system of the homogenous
equation (3.1). We obtain it solving the homogenous problem Az = 0.
Precisely, we take the general solution z = 12! + 222, ¢ € C, of the
equation £z = 0. Substituting it into homogenous conditions (Lg,z) =
0, k=1,2, we get the system

CI<L17 Z1> + 62<L17 Z2> = 07
Cl<L2, Zl> + CQ(LQ, 2’2> =0
with the determinant A. Let us denote the nullity of the matrix A by
d := dim N(A) and separate the following cases:
e d=0 < A#0. Then the nullspace N(A) is trivial.

ed =2« if A =0 with all (L, 2!) = 0 for k,1 = 1,2. Then the
general solution to Az = 0 depends on two arbitrary constants cy, ca
and N(A) = span {z', 22}. Thus, the solution to Az = 0 is equivalent
to the solution to the differential equation £z = 0 only.
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e d =1« if A =0 and exists at least one value (L, z') # 0. Emphasiz-
ing the number of the functional, let us say (Ly,, ') # 0. Then we can
solve one constant ¢; but other c3_; remains arbitrary. Here the one
condition (Lg,,2) = 0 (k1 = 3 — k) is dependent because it gives no
additional information how to find the arbitrary constant c3_;. Thus,
the solution to the problem Az = 0 is equivalent to the solution of the
simplified problem Lz =0, (Ly,, z) = 0.

For more study on the nullspace and classifications of the nullity, we
suggest to read these papers [84-87, Paukstaité and Stikonas 2013-2015].

3.2 Range of the matrix A

For the discrete problem (3.1)—(3.2), we can obtain its range representation
R(A) that is given below.

Lemma 3.1.

1) If d =2, then for all f € F(X,—_2) we have

r(a) = { (o i foa SR 7§<L'2,G3>fj)T}.

7=0 7=0

2) Ifd=1 and ky = 1, then for all f € F(X,—2) and g2 € C we have

n—2

R(A) = {<f0;f1; s famos ga(Ly, 0+

=0

-
(L1, G%) 15 gz> }
3) If d =1 and k1 = 2, then for all f € F(X,,—2) and g1 € C we have

n—2 T
R(A) = {<f0;f1; coi i g1 g1(La,0t) + ) (s, GY) f ) }

J=0

Here G¢ € F(X, X Xp—2) is the discrete Green’s function for the dis-
crete Cauchy problem Lu = f, ug = 0, uy = 0. Other discrete Green’s
function G* € F(X, x X,—2) and the biorthogonal fundamental system
v, v? € F(X,) are taken for the problem Lu = f with the original con-
dition (L3_g,,u) = 0 and condition (¢,u) = 0, replacing (Ly,,u) = 0. Here
(6,uy = 0 is selected such that for this auxiliary problem A # 0.

Proof. The proof is analogous to the proof of Lemma 1.3 from Chapter 1,
where we investigated the second order differential problem.
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1) First, the discrete Green’s function G¢ € F'(X,, x X,,_2) for the discrete
Cauchy problem
Lu=f, up =0, wu =0, (3.4)

always exists [100, Roman 2011] and is of the form

1 2h 22— 2l2? j<t ) )
QS = — JH1% A i€ Xy, j€ Xna (3.5)
Y a? - Wiio 0, 1<y
7 9 X J
Here

1.2 2] 1 zj 2

Wj+2 = W[Z , 2 ]j+2 = ]2+ ]2+

Zivl  Zj42

denotes the Wronskian of the discrete biorthogonal fundamental system
{2122} at a point j + 2 for every j € X,,_o.

Further, we take the general solution

n—2
w; = 12 + ozt + g G fis i€ Xn,
J=0

to the discrete equation (3.1). Substituting it into nonlocal conditions (3.2),

we obtain the system

c1(Ly, ) + ea(Ln, 22) = g1 — Y020 (L1, G%) £,
Cl<L2a Zl> + C2<L27 22> =02 — 27;()2<L27 GC]>fJ

Since d = 2, then all (L, 2/) = 0 and we get conditions g; = Z?:_g(L'l, G%) fi
and go = Z?:_g (L3, G) f;- Thus, the range R(A) is composed of the follow-
ing vectors b = (fo;. .5 fa—2:91;92) " = (fo; fus- 5 fu2i D523(L0, G Fii
Z?;(?(L'Q, G,Cj>fj)—r with an arbitrary f € F(X,,—2).

2) Since d = 1, the one condition (Ly,,u) = gi, (here k; = 1, ko = 2)
can be omitted as dependent in the consistent problem (3.1)-(3.2). Then
we choose such condition (¢,u) = 0, that the problem Lu = f, ({,u) =
0, (Lky,u) = g2 has A # 0. According to [100, Roman 2011], his special
problem has the Green’s function G* € F(X,, x X,,_2) and the fundamental
system vl v? € F(X,,), satisfying (¢,v*) = 6f and (Lo, v¥) = 6% for k = 1,2.
In example, (¢,u) = 0 can always be one of independent conditions uy = 0,
u1 =0, up,—1 =0 or u, =0.

As in the part 1) of the proof, we take the general solution

n—2
1 2 a .
u; = c1v; + cv; + E Gi; [ 1€ Xy,
Jj=0
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to the discrete equation (3.1). Putting it into nonlocal conditions (3.2), we
analogously get the system

c1(Ly, v1) + ea(L1,0?) = g1 — S 020(L1, G%) £,
CI<L27U1> + 02<L27U2> =02 — Z?;(?(LQ? GC;>fJ

Since (Lg,v?) = 1, (Ly,v!) = 0 and (L'Z,G’flj) = 0, then ¢ = ¢ and
A = 0 for the problem (3.1)—(3. ) gives (L1,v') = 0. So, the condition
c1(L1,vY) + ca(Ly,v ) =g1— > (Ll, G%) f; can be rewritten in the form
g1 = g2(L1,v >+ZJ s (L17 Gf’})f]. Finally, the range R(A) representation is
given by the vector b = (fo;...; fa—2;91592) " = (foi- -3 fu—2; g2(L1,v?) +
Z?;(?(L’l, Gf’ﬂf};gg)—r with arbitrary g, € C and f € F(X,,_2).

3) The proof is obtained similarly. O

To formulate other results, it is useful to recall the notation

n—2
b= (fo, . fn-2.91.02) =Y _ fie' + g1e" " + gye”,
§=0
where €' = (1,0,...,0)7, e! = (0,1,...,0)T,..., = (0,0,...,1)" are
matrix representatlons of the standard basis €7, j = 0,n, in the discrete

space F(X,). Since the equality R(A)* = N(A*) is always valid, further

we provide the representation of the nullspace N(A™).

Corollary 3.2. The following three statements are valid:

1) if d =2, then N(A*) is generated by two vectors

|
N

n

Z (Ly,GS) el +e" 1 w? = — <L2,Gc)e3+e
=0

<.
Il
o

2) ifd=1 and k1 =1, then N(A*) is generated by the vector

?
no

w = (Ll,G el +e" 1 — (Ly,v2)e”

i
o

3) if d=1 and k1 = 2, then N(A*) is generated by the vector

|
o

n

w = (Ly, G* ) — (Ly,vt)e™ !t 4 e

<
I
=)
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Proof. 1) We have the orthogonality condition (b,b) = 0 for all b € R(A)
and b= (fo,..., fn-2,01,02)" € R(A)*, ie,

n—2 _ 771—2 771—2
Yo fifi+ 3y (LG fi 432 (Ly, GG f =0
j=0 j=0 Jj=0

with arbitrary f € F(X,—2). We rewrite it in the form

n—2 _ o o
(fi + G1(L1, G9) + §2(Ly, G)) fi = 0.
!

Il
=)

Taking f; = d;; for every fixed j € X,,_2, we get conditions ]?j—l—E(L’l, GCJ> +
92(Ly,GS) = 0 or fj = —g1(L},GS) — G2(Ly, GY;) valid with every j €
X2 and G1,92 € C. Thus, the set R(A)* is composed of vectors b =
— Z (91 (Ly, G%)+G2(Ly, G >)ej—|—§1e"*1+§2e” with all g1, go € C, those
are generated by two linearly 1ndependent vectors w! = — Z;:g (Ly, G?j>ej =+
e" 1w =-> <L2,G el +em.

2) We write the orthogonality condition (b, b) = 0 in the explicit form

Z fy + g1(Ly, G%)) fidx + g2 - (Q1(L1,v2> +g2) =0
=0

for every go € C and f € F(X,_2). Since go and f obtain values indepen-
dently, we take go = 0, afterwards f = 0 and as in the part 1) of this proof,
get conditions f] +E<L'1,Gflj> =0,j € Xp_o, and §1(L1,v%) + G2 = 0.
Rewriting we have f; = —§1<L'1,Gf‘]-) and go = —§1<L1, 2). Thus, the
nullspace N(A*) is represented by b = —g; > <L1,G el + gen ! —
g1(L1, v2>e with an arbitrary g1 € R, generated by the one vector w =
-2 <L1,G“>e3 +e" 1 —(L1,v?)e”
3) The proof of the last statement is analogous. O

Now recalling the Fredholm alternative theorem, we get solvability con-
ditions for the problem (3.1)-(3.2) without the unique solution (A = 0).

Corollary 3.3. (Solvability conditions) The problem (3.1)—(3.2) with A =0
1s solvable if and only if the conditions are valid:

1) YUEHLL, GG i = g1, Yoi—a{Ly, G fj = ga for d =2;
2) ga2(L1,v > Z] 0<L1, %}fj:gl ford=1and k1 = 1;
3) g1(La,v') + P <L2, G%)fj=g2 ford=1 and ky = 2.
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Example 3.4. Let us consider a differential problem

—u" = f(x), x€][0,1], (3.6)
w(©0) =g, u(l) —yu(§) = g2 (3.7)

with € € (0,1), a real function f € C[0,1] and v, g1, g2 € R. Let us introduce
the mesh @' := {x; = ih, i € X,,, hn = 1} and the submesh of inner points
wh = {x; =ih, i=T,n—1, hn =1} . We denote f; = f(xi11), i € Xn_o2,
and suppose £ is coincident with a mesh point, i.e., £ = sh for some s =
1,n — 2. Now we approzimate the problem (3.6)~(3.7) by the finite difference
method and obtain the real discrete problem

1 2 1 .
(Eu)l = —ﬁui_ﬂ + ﬁui_u — ﬁuz = fz‘, 1€ Xp_o, (3.8)
(L1,u) :==ug = g1, (Lo, u) := up — yus = ga. (3.9)

Let us take the fundamental system of the homogenous equation (3.8) as

follows z* =1, 22 =z, x € W". Then the necessary and sufficient existence

condition of the unique solution [100, Roman 2011] is given by

(L1,2") (L2, 2%) ‘:
<L1722> <L2722>

1 1—7
0 1—~¢

For v¢ = 1, we have d = 1 and ky = 2, ko = 1 since (L1,2') =1 # 0.
Now we formulate the auxiliary problem Lu = f, ug = 0, u, = 0 with

classical conditions only (take v = 0 in (3.9)) because here A # 0. This
2

=1-79#0 < ~{#L

problem has the biorthogonal fundamental system vl =1 — x, v? = x for

x € W" and the discrete Green’s function

Tiv1 (1 —x;), xi11 < x4,
Gf}—h{ D i€ Xn, jEXno.  (3.10)

zi(1 —zjq1), = < jq1,

So, from Lemma 3.1, we get the range representation
n—2 T
R(A) = { (fo; frso s facsg (U=Ygr =7 Y Gi}fj) }
j=0
Moreover, Corollary 3.2 gives the vector
n—2
w = ’yz Gg;ej +(y—1)e" !t +e",
§=0

which generates the nullspace N(A*). Finally, we present the solvability

condition

n—2
g2=0=Ng —7>_ Giif;
=0
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for the problem (3.6)—(3.7) with A = 0, what gives v = 1/€ in formulas

above.

4 Problem with the unique solution (case A # 0)

Substituting the general solution
n—2
U; = clzil + CQZi2 + Z ijfj, 1€ Xn,
j=0
of the discrete equation (3.1) into nonlocal conditions (3.2), we get the sys-
tem
(L, 21) + ea(Ln, 2%) = g1 = Y201, G9) £,
c1(La, 2Y) + ca(La, 2%) = g2 — 3775 (Lo, GY) [
If A # 0, we solve constants c1, co uniquely and obtain the representation
of the unique solution to the problem (3.1)—(3.2).

On the other hand, for det A # 0, the matrix form Au = b of the dis-
crete problem (3.1)—(3.2) gives another representation of the unique solution
u = A~'b with every right hand side b € C(»*D*1 Now we are interested
to investigate the structure of the inverse matrix A~! € C(*+Dx(n+1)  Here

(4.1)

we recall several results from Roman’s work [100, 2011] to make their gen-
eralizations in the following section for problems (3.1)—(3.2) with A =0, or
equivalently, det A = 0.

4.1 Representation of the inverse matrix

Since the right hand side of the problem Au = b has the particular form
b = (fOu fla DRI fn—27gl792)T with every f = (fO) f17 ey fn—?)—r S C(n+1)><1

and complex numbers g1, g2, the unique solution can be written in the special
form
u=A"1b=Gf+ gv! + gv°. (4.2)
Here G € Cvt)x(=1) and v, v2 € C»+1)*1 are submatrices of the inverse
matrix
A7l = (G, v, v?).
Let us now take the discrete representation of the solution (4.2)

u=Gf+ 91111 + g21}2,

which has the explicit form

n—2
Ui = ZGiij + g1v; + gav7, i € Xp. (4.3)
=0
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Here the kernel G € F(X,, x X,,_2) is also known as the discrete Green’s
function and functions v!,v? € F(X,,) are called the discrete biorthogonal
fundamental system for the problem (3.1)—(3.2) [100, Roman 2011]. Using
the inverse matrix B = A~!, we can always calculate the discrete Green’s
function as well as the discrete biorthogonal fundamental system in the

following way

Gij = Bijv 1€ Xy, JE Xn—2, (44)
v = Bin-1, i€ Xnp,
v? = By, i€ X,. (4.6)

4.2 Properties of discrete Green’s functions

Roman investigated discrete Green’s functions and their properties in [100,
2011]. Firstly, the discrete Green’s function G is the unique solution to
discrete problem

ﬁZG] = 5ij7 1€ Xn_g,

' (4.7)
(L, G;) =0, k=1,2

for every fixed j € X,,_5. On the other hand, discrete functions v' and v?

are unique solutions to corresponding discrete problems

Lot =0, Lv? =0,

4.8
<L1,1)1> = 1, <L2,1)1> = 0, <L1,’U2> = 0, <L2,1)2> = 1, ( )

and can always be obtained from the formulas below

z:i1 <L2721> <L1,Zl> ZZI
1 212 <L27Z2> 9 <L1722> 21'2 .
Uy = A ’ vy = A 5 1€ Xn

Further we present the way to calculate the discrete Green’s function.

Lemma 3.5 (Roman 2011, [100]). If A # 0, then the discrete Green’s func-
tion for the problem (3.1)—(3.2) is given by

Gij = GZC] - vzl<L17GC]> - Uz2<L27Gc]>a (&S Xnv .7 € Xn—2-

The discrete Green’s function G¢ € F(X,, x X,,_2) always exists (3.5) and
describes the unique solution u¢ € F(X,,) to the discrete Cauchy problem
(3.4), ie., uf = Z?:_OQ Gi;fj @ € X, Moreover, the unique solution u® of
the Cauchy problem always represents the unique solution to the discrete

problem (3.1)—(3.2) in the following form
u =1+ (g1 — (L1, u))v' + (g2 — (Lo, u))v’.
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This representation also follows from the other, more general result. Pre-

cisely, unique solutions of two relative problems

Lu=f, Lv = f,

4.9
(Li,u) =g, k=12, (Li,v) =g, k=1,2, (4.9)

where functionals Ek and Lp, k = 1,2, may be different, are analogously
related. We present this statement below.

Corollary 3.6 (Roman 2011, [100]). For unique solutions of problems (4.9),

the following equality is always valid
v=u+ (g1 — (L1, u))v’" + (g2 — (Lo, u))v’.

Moreover, discrete Green’s functions of these problems are also similarly

related.

Theorem 3.7 (Roman 2011, [100]). Discrete Green’s functions G and G of
problems (4.9), respectively, are linked with the equality

Gij = Gij — v} (L}, G ) —v}(Ly,Gj), i€ Xp, j € Xpoa.

Let us note that here we used the biorthogonal fundamental system v', v?

for the second problem (4.9) only. Furthermore, conditions A # 0 and
A # 0 for both problems, respectively, are fulfilled. Applying the previous
corollary, we get the relation between biorthogonal fundamental systems for
these problems (4.9) as well.

Corollary 3.8. Let A # 0 and A # 0 for problems (4.9). Then their
biorthogonal fundamental systems v',9% € F(X,) and v',v?> € F(X,) are
related by

(L) (Lo ) (ol ) _ (5 |
<<L1,f}2> (LQ,TJQ>><03>_<1~)?>7 i€ Xp.

Roman applied these results to problems with nonlocal boundary condi-

tions

([,u), = a?uH_g + allui_H + a?ui = fi, 1€ Xn_g, (4.10)
(Li,u) := (Kg,u) — Yk (s, u) = gp, k=1,2, (4.11)
where A # 0. Here functionals kj describe classical parts but s, k= 1,2

represent fully nonlocal parts of conditions (4.11). For vanishing parameters
v1,7v2 = 0, the problem becomes classical. If this classical problem has the
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unique solution u® € F(X,), then it describes the unique solution of the
problem with nonlocal boundary conditions (4.10)—(4.11) in the following

form

u=u" + 71 (5e1, u) + (502, u).

Analogously, the discrete Green’s function for the problem with nonlocal
boundary conditions (4.10)—(4.11) can also be represented

Gij = Gzcjl + ’Ylvz‘l<%.17 chl> + 72U3<%é, GC]l>7 1€ Xn, j€ Xnoa,

using the discrete Green’s function G € F(X,, x X, _2) of the classical
problem (71,72 = 0).

5 The unique discrete minimizer (case A = 0)

If the condition A = 0 or equivalent condition det A = 0 is satisfied, then
the discrete problem (3.1)—(3.2) does not have the unique solution [100,
Roman 2011]. In this case, the equivalent problem (3.3) has a singular matrix
A. So, the unique solution as well as the discrete Green’s function cannot
be calculated using the ordinary inverse A~! because the representation
u = A~!b and formulas (4.4)—(4.6) are not valid.

In this section, we are going to solve the problem (3.1)—(3.2) with A =0
in the least squares sense. Thus, here we focus on the matrix representation
(3.3) of the discrete problem (3.1)—(3.2). Precisely, we will look for a unique
vector, which minimizes the norm of the residual Au — b and is smallest
among all minimizers. This unique minimizer as well as its representations
are essential objects of our consideration in this section. Here we will derive
its properties. Let us note that obtained results are analogous to all known
properties from the previous section, where the discrete problem (3.1)—(3.2)
with A # 0 only was considered.

5.1 The minimum norm least squares solution

The problem (3.1)-(3.2) with det A = 0 has a lot of solutions (consistent
problem) or no solutions (inconsistent problem). Despite this, we make a
following decision. Instead of the unique solution to the problem Au = b,

n+1)x1

here we look for a vector ud9 € C! , which minimizes the standard

Euclidean norm of the residual
|AuY —b|| < |[Au—b|, VueCrtxL, (5.1)
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Every vector, minimizing the residual (5.1), is called the least squares so-
lution to the problem (3.3) [6, Ben-Israel and Greville 2003]. Among all
least squares solution, we choose the unique solution u® € C™+tDx1 of the

minimum norm
[l <] ¥V u?#u’ (5.2)

This vector u® always exists and is often called the minimum norm least
squares solution to the problem (3.3). Considering its discrete representation
u® € F(X,), we assign it to the equivalent discrete problem (3.1)—(3.2) as
the unique minimizer as well.

Minimization steps (5.1)—(5.2) for the consistent problem means that
we select the unique solution, which has the minimum standard Euclidean
norm among all solutions. If the problem is inconsistent, we have the best
approximate solution. As we will see, there are a lot of approximate solutions
as well. Thus, here we choose the one of the minimum norm again.

Let us note that the problem (3.1)—(3.2) with det A # 0 is also involved
in the minimization problem (5.1)-(5.2) because its unique solution u =
A~'b is coincident with the unique minimizer u®. As the inverse matrix
A1 exists and plays the essential role for the problem (3.1)-(3.2) with
det A # 0, we can also obtain an analogue for the problem with det A = 0.
Indeed, according to Penrose (93, 1955|, every matrix A € C(n+1)x(n+1)
of the discrete problem always has the unique matrix X e C+1)x(n+1)

satisfying all four Penrose equations
AXA =A, XAX =X, (AX)"=AX, (XA)"=XA. (5.3)

This matrix is often called the Moore—Penrose inverse of the matrix A and
is denoted by Af. Several properties of the Moore-Penrose inverse Af are
listed below.

Lemma 3.9 (Penrose 1955, [93]; Moore and Barnard 1935, [81]; Ben-Israel
and Greville 2003, [6]). For every finite matriz A € CF*™ and its Moore—

Penrose inverse AT € C™*F | the following conditions are valid:
1) AT= A1 ifdet A #0 (A#0);

2) (A)i = A;

3) (A%)T = (AT

4) N(AT) = N(A");

5) R(AT) = R(A*);
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6) rank A = rank AT = rank A*;
7) Priay=AAT and Pp gy = ATA.

Another property of the Moore Penrose inverse Al says that it describes

the minimum norm least squares solution
uw’ =A'b (5.4)

of the problem (3.1)—(3.2) analogously as the unique solution is given u =
A~1'b if it exists [93, Penrose 1955], [6, Ben-Israel and Greville 2003], [79,
Mayer 2004|. Using the minimum norm least squares solution u® = A'b,
we also know the general least squares solutions u9, that is,

w! = A'b + Py(gc, Vee COTIxL (5.5)

where P (4) denotes the orthogonal projector onto the nullspace N (A). Let
us note that the minimizer u° is the particular least squares solution, which
is uniquely characterized by the following two inequalities:

|Au® - b|| < [Au—b|, VueCrtxl (5.6)
[0’ < [uf]], Vuf#u’ (5.7)

Moreover, every least squares solution can be represented by the minimum

norm least squares solution
u? = u® + Py(a)c (5.8)

with an arbitrary discrete function ¢ € F'(X,,), whereas the minimum norm

least squares solution is always equal to
Uo = PN(A)LU‘Q. (59)

Let us remark that the minimizer (5.4) to the problem (3.3), which may be
consistent (b € R(A)) or inconsistent (b ¢ R(A)), is always the minimizer
to a consistent problem Au = Pp(4)b [6, Ben-Israel and Greville 2003].

5.2 Generalized discrete Green’s function

Considering the form of b = (fo, f1, ..., fa—2,91,92)" € CTUX1 with every
f = (fo,fi,..., fa2)| € C=Dx1 and complex numbers gi, ga, we write

the minimum norm least squares solution (5.4) in the following special form
u’ = GIf + g1v9! + govI2, (5.10)
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Here G9 € CtDx(n=1) gand vo! vo2 € COHDXL gre submatrices of the

Moore—Penrose inverse
—_— 71 72
AT = (GY, vo1, vo?).

We also get the discrete representation of the minimum norm least

squares solution (5.9)
u’ =GIf + g9t + gov??,

which can be considered in the explicit form
n—2
1 2 .
uf =Y G fi+ gioft + gl i€ X (5.11)
j=0

This representation of the unique minimizer u° € F(X,,) is so literally simi-
lar to the representation of the unique solution (4.3) for the particular case,
investigated in Section 4. Furthermore, formulas (4.3) and (5.11) are coin-
cident if A # 0. Thus, we call the discrete kernel G9 € F(X,, x X, —2) by
the generalized discrete Green’s function and functions v9!,v9? € F(X,)
— the generalized discrete biorthogonal fundamental system for the problem
(3.1)—(3.2) [100, Roman 2011].

Moreover, we can always calculate the generalized discrete Green’s func-
tion and the generalized discrete biorthogonal fundamental system using the
Moore-Penrose inverse B = AT as given below

ngj = Bija 1€ Xy, J€ Xn_oa, (512)
v = Bin1, i€ X, (5.13)
0% = Bin, i€ X, (5.14)

Thus, for det A # 0, we have that AT = A~  the discrete minimum
norm least squares solution u® € F(X,,) is coincident with the unique dis-
crete solution u € F(X,), the generalized discrete Green’s function GY is
coincident with the discrete Green’s function G, the generalized discrete

1

biorthogonal fundamental system v9!,v92 is coincident with the discrete

biorthogonal fundamental system v!, v

5.3 Properties of minimizers

In this subsection we investigate properties of minimum norm least squares
solutions and generalized discrete Green’s functions. Obtained results are
similar to corresponding properties given in Section 4.
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Lemma 3.10. The generalized discrete Green’s function G9 € F (X, x X,—2)

1s the minimum norm least squares solution of the following discrete problem
EZG% = 5’Lj7 (RS Xn—27

5.15
<L}€,quj>:0, k=1,2, (5.15)

for every fized j € X, _o.

Proof. The minimum norm least squares solution of problem (3.1)-(3.2) is
described by the formula (5.11). Let us choose j € X,,_2 and values of the
right hand side f = (50j,51j,...,(571_27J-)—r and g1 = go = 0. Then for a
fixed j € Xp,—2, the form of the minimum norm least squares solution (5.11)
simplifies as follows

n—2 n—2
o __ g9 _ 9gs. . — (9 ;
u; = E Gz‘lfl = E Gildlj = Gij? 1€ X,.
=0 =0

So, for each fixed j € X,,_s generalized Green’s function Gj[’j is the minimum
norm least squares solution of the problem (5.15). O

Lemma 3.11. Discrete functions v9' and v9? from F(X,) are minimum

norm least squares solutions of corresponding discrete problems
Lv9t =0, Lv92 =0,

5.16
(Ll,vg71> =1, <L2,’Ug’1> =0, <L1,v972> =0, <L2,’Ug’2> =1. ( )

Proof. The minimum norm least squares solution of the problem (3.1)-(3.2)
is described by formula (5.10). For this problem, let us choose f = 0 and
g1 = 1, go = 0. Then from the formula (5.10) follows that v9?! is the
minimum norm least squares solution of the first problem (5.12). Afterwards
choosing f = 0 and g; = 0, go = 1, we obtain similarly that v9? is the
minimum norm least squares solution of the other problem (5.16). O

Let us now investigate two relative problems (4.9), where the first prob-
lem has the unique solution, i.e., the condition A # 0 is valid. Here and
further GY9 € F(X,, x X,_2) is the generalized discrete Green’s function and
v9! 19?2 € F(X,) are the generalized biorthogonal fundamental system to
the second problem (4.9), which may have the unique solution (A # 0) or
not (A =0).

Theorem 3.12. If the first discrete problem (4.9) has the unique exact solu-
tion u € F(X,,), then the minimum norm least squares solution u® € F(X,,)
of the other problem (4.9) is given by

u® =u— Pyayu+v9" (g1 — (L1,u) +v9%(g2 — (L2, u)).
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Proof. Let us take the difference w = u° — u between the minimum norm
least squares solution u® € F(X,) of the second problem (4.9) and the
unique exact solution u € F(X,,) of the first problem of (4.9). Now we will
show that w is the least squares solution to the problem

Lw=0, (Lg,w)=gr— (Lk,u), k=12, (5.17)

which can be represented in the equivalent matrix form Aw = b with the
right hand side b= (0,0,...,0,91 — Liu, g2 — Lou)". Since u° is the min-
imum norm least squares solution to the system (3.3) with the right hand
side b= (fo, fi,..., fa2,91,92) ", then the inequality (5.6) is always valid,
ie.,

[Au® — bl < [Av - b]| (5.18)

for every v € C*tDx1 Now we rewrite the norm as follows |[Av — b| =
|Av 4+ (Au— Au) — b|| = ||[A(v—u) — (—Au+Db)|| = ||A(v —u) — b|| for

all v € CtDX1 From here we have
|A(w’ —u) —b|| < |[A(v—u) —b|, VvecChtx
or, denoting z = v — u, obtain
|Aw —b| < |[Az—b|, VzeCmD!

So, w is a least squares solution of the problem Aw = b and, according
to the formula (5.8), it describes the minimizer w° = A'b in the form
w? = Pyg1w. Using the composition w = P41 W + Pyyw, we get
w=A'b+ Pxn(ayw. Now we recall the equality w = u? — u and obtain

w =u+A'b+ Pyayw. (5.19)

Here we take the composition u = Py4ru + PN(é)u and rewrite the
representation (5.19) into the form u® = Py 41 u—i—ATb—i—PN(A)uO, because
w+u = u’. From (5.9), we have u® € N(A)*. Then Py4u® = 0 and
the previous representation simplifies to u® = P N(a)Lu + A'h. Rewriting
it into the extended form

u’=u-Pyu+ (g — Liu)v?! + (g2 — Lou)v9?,

we obtain the statement of this theorem. O

Remark 3.13. Let us note that, for det A # 0, the nullspace N(A) is trivial
and the orthogonal projector Py(4) = O is the zero matrix. If det A = 0,
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then the nullspace N(A) has an orthonormal basis zl, 1 = 1,d, and the
orthogonal projector is represented by the following matrix

d

PN(A) = Zzl(zl)*.

=1

Further, we provide the representation of the minimum norm least squares

solution, which is always applicable.

Corollary 3.14. The minimum norm least squares solution u® to the prob-
lem (3.1)~(3.2) can always be represented by the unique solution u® to the

Cauchy problem (3.4) as follows
W = 1 — Pyayi + (g1 — (L1, w5 + (g — (Lo, u))52

Proof. Tt follows from Theorem 3.12 since the Cauchy problem (3.4) always

has the unique solution u¢. O

Now we present the property of generalized discrete biorthogonal funda-
mental systems for problems (4.9), which is similar to Corollary 1.10.

Corollary 3.15. Let A # 0 for the first problem (4.9). Then the discrete
biorthogonal fundamental system v, 9% € F(X,,) of the first problem and the
generalized discrete biorthogonal fundamental system v9:' v92 € F(X,,) of

the second problem (4.9) are related by

(L1,0") (L2,0") ) (w0l _ [ Pyapd!

(L1,9%) (L2, %) v92 )\ Pyap? )
Proof. The proof is coincident with the proof of Corollary 1.21 from Chapter
1 but here we apply Theorem 3.12. O

5.4 Relations between generalized discrete Green’s
functions

Here we discuss on representations of a generalized discrete Green’s func-

tions.

Theorem 3.16. IfA~ # 0 for the first problem (4.9), then its discrete Green’s
function G € F(X,, X X,,_2) and the generalized discrete Green’s function
GY9 € F(X,, x Xp—_2) of the second problem (4.9) are related by the equality

ngj = Gij — (PN(A)),‘.G.]' —vf’1<L'1, G.j> —U§’2<L'2, G-j), 1€ Xn, J € Xp_o.

127



Proof. For every fixed j € X,,_s, let us investigate two discrete problems
(4.7) and (5.15). Their solutions are u = col;G and v = col;GY, respectively.
Then according to Theorem 3.12, they are related as given

col;GY = col;G — Py(aycol;G — v9 (L1, col;G) — v9?(La, col;G).
Rewriting in the extended form, we obtain the statement of this theorem. [

If the second problem (4.9) has the discrete Green’s function as well,
then Theorem 3.16 simplifies to the result from [100, Roman 2011], which is
formulated in Theorem 3.7. The author also obtained the explicit represen-
tation of the discrete Green’s function (see Lemma 3.5) using the discrete
Green’s function G° of the initial problem (3.4), since it always exists. Now
we present the extension of this result to the generalized discrete Green’s

function.

Corollary 3.17. The generalized discrete Green’s function G9 € F(X, X
Xn—2) to the problem (3.1)~(3.2) is always given by

GY, = G5 — (Py(a))i. GG —vP (L1, GG) —v) (L5, G%), i€ Xy, j € X
Proof. Since every second order discrete initial problem (3.1)—(3.2) has the

discrete Green’s function (3.5), the statement of this corollary follows from
Theorem 3.16 with G = G°. O

Since the condition A # 0 is equivalent to the inequality det A # 0, the
discrete problem (3.3) has a nonsingular matrix and the orthogonal projector
Py(a) = O is the zero matrix. So, we note that all statements, proved in
this section for a generalized discrete Green’s function GY, a generalized

1 192 and the minimum norm

discrete biorthogonal fundamental system v9
least squares solution u°, are coincident with corresponding statements that
are formulated in Section 4 for a discrete Green’s function G, a discrete

1

biorthogonal fundamental system v!,v? and the unique solution w if the

condition A # 0 is satisfied.
5.5 Applications to nonlocal boundary conditions

For the problem with nonlocal boundary conditions (4.10)—(4.11), we obtain
the following representation of the minimizer u° using the unique solution
u! to the classical problem (1,72 = 0).
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Corollary 3.18. If the classical problem (4.10)—~(4.11) (y1,72 = 0) has the
unique solution u® € F(X,,), then the minimizer to the nonlocal boundary

value problem (5.10)—(5.11) is given by

ul = ucl _ PN(A)UCI + 7 <%17 uc1>vgl + 72<%2’ ucl>vg2.

Proof. We obtain this corollary applying Theorem 3.12 with (Lj,u) =
Gk — Yk {22k, u), since u satisfies conditions (ry, u®) = g, k=1,2. O

The generalized discrete Green’s function for the problem with nonlocal
boundary conditions (4.10)—(4.11) can also be similarly described.

Corollary 3.19. If the classical problem (4.10)—(4.11) (y1,72 = 0) has the
discrete Green’s function G e F(X,, x X,—2), then the generalized Green’s
function of the nonlocal problem (4.10)—(4.11) is of the form

GY, = G5 —(Pr(a))i- GG+mvd (56, G 472082 (563, G), i € X, j € Xopoa.

Proof. It follows from Theorem 3.16, since </~$',€,G,le<> = 0 and <L}€,G?}> =
—yk(%k,GFjl-) for k=1,2. O

Example 3.20. Let us now recall Example 3.4, where we approximated the

differential problem

—u" = f(z), xe€]0,1], (5.20)
w(0) =g1,  u(l) —yu(§) = g2 (5.21)

by the real discrete second order problem

1 2 1 )
(Eu)z = _ﬁui—&-Q + ﬁuﬂ_l — ﬁuz = fi, 1€ Xn_g, (5.22)
<L1, u> = Up = 91, <L2,u) = Up — YUs = g2. (523)

Let us take v = 1/€. It gives A = 0, where the discrete problem (5.22)-
(5.23) has neither the unique exact solution nor the discrete Green’s function.
So, now we are going to consider its minimizer and obtain the representation
of the generalized discrete Green’s function.

Indeed, we have the following expression of the minimum norm least

squares solution

i
[\

S
Il

¢ G fi + g1odt + g2v??, i € Xn, (5.24)

s
Il
o
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described by the generalized discrete Green’s function G9 € F(X,, x X,_2).
Let us note [100, Roman 2011] that the problem (5.22)-(5.23) with classical

conditions (v = 0) only always has the discrete Green’s function

Tiv1 (1 —x;), xi11 < x4,
Gf‘-h{ DR i€ Xn, jEXno.  (5.25)

zi(1 — xj41), @i < Tjpa,
Thus, according to Corollary 3.19, we get the following expression of the
generalized discrete Green’s function

GQ Gcl ( N(A )) GCl—f-’y’Ug QG%,

1€ Xy, j€Xpoo. (5.26)
If A # 0, then this representation simplifies to the description of the

discrete Green’s function

sz - Gz] + ’YUZGCI (&S Xn7 ] € Xn—2-

877

Indeed, here P4y = O is the zero matriz and v9? = /(1 —~€), = € ",
1s the unique exact solution to the problem

Lu = 0, <L1,u> = 0, <L2,u> =1.

Another situation A = 0 is different. Here the nullity d = dim N(A) =1
(recall Example 3.4) and x € N(A) generates the nullspace. According to
Remark 5.13, we know the orthogonal projector P 4y = xx ' /||x||? and the
projection of the discrete Green’s function PN(A)Gd = xx' GY/||x|?, that

simplifies to

h 2
(Pria)e s = uxn?Z””G T aaneen Tt na)

To obtain the full representation of the generalized discrete Green’s func-
tion (5.26), we need to find the discrete function v92. It is the unique min-
imizer to the problem Au = €™ as well to the consistent problem Au =
Preaye". Indeed, taking the matriz representation of the minimizer v9?2 =
Afe", we get Av9? = AAfe" = Praye". Here we used the property
AAT = Pray [6, Ben-Israel and Greville 2003].

According to Example 3.4, the nullspace N (A*) is generated by the vector

w = VZ Glel + (y—1)e" ! e (5.27)
Since Ppay = Py(as)s, then Prge” =e" —Pyne" =e" — w/||w|? or
PR(A)en H2 ( Z GCI e’ +( )en_l + (||WH2 - 1)en>
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with the denominator |wl|*> = ~2 Z?;S(Gglj)2 +(1=9)2+1=1+(yv~-

1)2(h&€2+3)/3+ (v —1)2h3/6 converging to (y—1)? = (£ —1)2/€2 if h — 0.

Now we can solve the consistent problem Au = Ppr(4)€", that is,

(Lu)i = GG/ WP, i € Xnoa, (5.28)
uo = (1 =)/ wl?, (5.29)
Uy —yus =1 —1/||w]|?. (5.30)

First, we obtain a general solution of the discrete equation (5.28), i.e.,
~y n—2
— R S E : cl ~cl .
U; = C1 + CoX; ||WH2 P G”st7 1€ Xn

Substituting it into the equation (5.29), we use conditions (L7, G?}) = Gglj =

0 and find the general least squares solution

—2

11—~ 7N Lqvel

W= hen = o S GHES, i€ X, ceR
Jj=0

Here the equation (5.30) is not used to find the constant ¢ because d =1 and
this equation is a linear combination of previous equations. This condition
(5.30) for the obtained u9 expression is satisfied trivially. Since the minimum

norm least squares solution v92 is the unique function from u9, we have

1— n—2
9,2 __ Y o Y cl ~cl .

v; —7+C$'—7ZGG~ 1€ X
! [ C w2 pr i v

with the particular constant

1 3 n n—2
TP T @ awl (” ”Z;ZO 9 )

( —12¢* 4 (7 — 18h)¢&?

1 1
T40(2+h) 6+ (v — 1)2(h% + 2h€2 1 6)

+2(5h% — 9h — 10)€2 + 3h%¢ + 30R3 — 5h2 + 30h — 338 + 360’y>.

We found it calculating the projection v9? = Pyyru? =u9 —Pyyu? =
wd —xx"ud/|x||?. Simplifying we obtain

2= S O |lw|?
R € e 161 ) (65 e

+6(1_§)_h{s<1—s><2—s—2h>mi+<s—1)x§, 7 <&, )

Eh? — 3 4 €24 €% — W)y — 3¢a? +&a?, i =€
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Substituting the obtained v9% expression and representations of the discrete
Green’s function G with (PN(A))i.G.CJl into (5.26), we know the full descrip-

tion of the generalized discrete Green’s function GY9, that is given below

g _ vl —xi) i1 <y h o 2
QY. = h{ ol win) mon >z AFRHETH ziwjp1 (1 — 25 )
h o 2
e (€ - 12(2he 1 61 17 (65 o IwiPe6E = 1)
_h E1—&(2—&—2h)z + (€ —1)a, 2 <&\
ER? — B+ €24+ €2 —hY)x; — 3¢ + &3, i > €
e =8, 241 <&
E(1—zjt1), zjp1 2§

To get the full representation of the minimizer (5.24), we still need to

find the discrete function v9:'.
ot =1—x, 02 =z, x € @", of the classical problem (v = 0) and apply

We take the biorthogonal fundamental system

Corollary 3.15. From there we get the equality v9* 4 (1 —y)v9% = PN(A)Lﬁl.
Since PN(A)Lﬂl = 0! — Pyay0' = 1—3z/(2+ h), we have the following
exTPression

3
o= (= 1=

Substituting the obtain representation of v92, we find v9' and know all rep-
resentations of G9, v9! and v92. So, now we can always calculate the mini-
mum norm least squares solution u® with every right hand side by the formula
(5.24).

Let us now recall the minimum norm least squares solution for the dif-
ferential problem (5.20)—(5.21), investigated in Subsection 5.1 from Chapter
1. However, comparing correspondmg expressions, we obtain no conver-
gence. Indeed, the representation vJ % above does not converge to the function

v92(x). Another discrete functions vf

and G:?j do not converge to functions
v91(x) and GY(x,y), too. Why there is no convergence of the discrete min-
imizer (5.24) to the minimizer of the differential problem (5.20)—(5.21)%
The answer is as follows. First, the form of the minimum norm least
squares solution (5.24) as well as the unique solution
n—2
U = Z Gijfj -+ 911)2-1 + ggvg, 1€ Xy, (5.31)
=0
if it exists, is not applied to investigate the convergence. Since the solution
of the differential problem (1.1)—(1.2) is given by

/ G(z,y) f(y) dy + g1v' (z) + gov* (), x € [0,1], (5.32)
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(consider the analogical representation for the minimizer!), we need to take
the representation of the solution (as well as the minimizer) in the form,
which is compatible with the representation (5.32). Rewriting the represen-
tation G f; = Gijf(xj1) = G%f(l’j_i'_l)h with the modified discrete Green’s
function Gh = h~1 - Gyj, we obtain the correct form

n—2
= ZG%f(l"j—&-l) h+ g1} + gov?, ieX,.
=0

Stmilarly, we consider the minimizer
uf = ZG flio) h+ gro?" 4+ gov??, e X, (5.33)

Second, we have just solved the minimization problem (5.6)—(5.7) using
the standard Fuclidean norm in both minimization steps. However, the min-
imum norm least squares solution of the differential problem (1.1)—(1.2) has
the smallest H?[0, 1] norm among all functions minimizing the L?[0,1] x R?
norm of the residual Lu — f. Thus, the standard Euclidean norm was not
compatible to investigate the convergence.

So, now we introduce the two different norms

1/2

2
ol (Zumz(“l = 1)h+z(“”1 L )h>

. 1/2
bl £2(wr)xr2 = <Z FA(@i)h + g7 +9§> y

i=1

for every u, b € ROFDXL " ond the corresponding inner products those hold
the equality ||u|| = (u,u)'/2. Let us note that here b is not necessary of the
special form b = (f(a:l), f(x2),..., f(acn_l),gl,gg)T e ROHDXL which only
helps to illustrate the similarity to the inner product in the space L?[0, 1] x R2.

Thus, instead of the minimization problem (5.6)—(5.7), now we minimize
the L2(w") x R? norm of the residual

AW — b p2(h)xre < [[A—Db|12(n)xpz, Y ue RMFDXL - (5.34)

and look for the unique minimizer u® € RUHDX1 which has the smallest
norm
[0°l g2y < 0/llga@ry, YV u? #u’ (5.35)

Let us note that the new minimization problem indeed has the unique

minimizer u°® since it can be reduced to the previous minimization problem
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(5.6)—(5.7). Precisely, we need to minimize the norm

n—2 2
1AW= b2y ipe = 3 (Lw)i — f@ie) h+ > (gr — (Liyu))?
j=0 k=1
n—2
(R (Lu); — W2 f(2i1)) + (91 — (L1, u)? + (g2 — (Lo, u))?
=0
n—2
=" ((Lw)i — i) + (91 — (L1, u)? + (g2 — (Lo u))? = [|Au — bJ|?,
=0

which represents the standard Euclidean norm of the residual of the second

order discrete problem
(Lu); := hY?(Lu)i = fi, i € Xn—a, (Li,u)=g1, (Li,u) =go, (5.36)

also given in the matriz form Au = b. Here we denoted the output of the
discrete operator L by fi = Y2 f(zi41), i € Xn_o. As discussed in Section
5.1, there exists a set of functions ud € ROHDXY those minimize the standard

FEuclidean norm of the residual
|Au? —b|| < |[Au—b|, VueRMD* (5.37)
and is of the form

wW=Ab+P c ¢ R(v+1x1

NS
Minimizing the H?(@") norm of the general least squares solution u9, we
find the desired minimizer u°.

Let us first obtain the discrete function v9? € F(X,,) for the minimiza-
tion problem (5. 34) ~(5.35) of Au = €. The vector v9-2 is also the minimizer

to the problem Au = &" as well as to the consistent problem Au = R(g)’é"
in the standard least squares sense (5.6)—(5.7). Since here €" = e", we
consider the problem Au = PR(g)e”.

For the problem (5.36), we have d =1, ki =2, ky = 1 and x € N(A) =
N(A) as previous but N(A*) is different to N(A*) = N(AT). Let us formu-
late the auzxiliary problem Lu = f, up =0, u, = 0 with classical conditions

(v =0). It has the discrete Green’s function éfjl = hl/2. Gf]lh, where

1€ Xn7 .7 € an2-

clh { Tip1(l — ), Tj41 < T,
ij

zi(l —xj41), @ < Tjp1,

Using Corollary 3.2, we find the vector

W= ,YZGcle]_}_ )en—1+en
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generating the nullspace N(A*) Now we calculate the projection

(w,e") -
PR(g)e” =e" — PN(E*)e” =e" — Bk w,
that can be rewritten in the form
1 -1 ~ 112
PR(Z)e" |~||2 ( ’yZGC e’ + (1 —7)e" " +(1—|w| )e”>.
Let us note that the denominator
n—2 n—2
~ =~ Lh
W12 =) (GH)?+ (1 =72 +1=9) (GZ)h+(1-7)+1,
=0 =0

converges to the norm of the vector valued function w € N(L*) obtained in
Subsection 5.1 from Chapter 1, that is

1
] = 42 / (G9Ey) 2 dy + (1 — )% + 1.
0

It is described by the Green’s function

d =),y
G(f&y)—{ . ;

for the differential problem (5.20)—(5.21) with classical conditions (y =0).
Let us now solve the consistent problem Au = PR(g)en, which is given

by

(Lu); = —GL/|[W)?, i€ Xna, (5.38)
up = (1—7)/[wl?, (5.39)
—qus = 1—1/||w|]%. (5.40)

First, we take a general solution of the discrete equation (5.38)

n—2
;= cl+m,~—ﬁ > GHG = erteami— |~H2 ZGthdhh i€ Xn.

Substituting it into the condition (5.39), we find the general least squares

solution

1— n—2
W = o) ez, - LN adthett e, e X,, ceR

w2 [w]? 4
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However, the condition (5.40) is not used to find the constant ¢ since it is
satisfied trivially for this u9 (here d =1).

Let us note that here obtained u9 is the general least squares solution
to Au = e", i.e., it minimizes the standard Euclidean norm of the resid-
ual Au — &". Together, it is the general least solution of the minimization
problem (5.34), i.e., it minimizes the L?>(w") x R? norm of the residual of
the problem Au = €. Qur aim is to find the function v9?, which is the
unique function from u9 of the minimum H*(@") norm. So, minimizing the
H?(@") norm of u9 above, we find

1— n—2
9,2 2 h,o Y cLh ~clh )
VP = s+ M — = Y GGG h, i€ X
o wlP C w2 = 7 v "

with the particular constant ¢™° = c® + O(h), where ¢ is the constant ob-

tained to represent the minimizer

V@) = - [ 66 ) dy
[lwl]? 0

of the differential problem (5.20)(5.21), considered in Subsection 5.1 from
Chapter 1. Letting h — 0, we obtain that the discrete function vf’g converges
to v92(x;).

Let us now find the discrete function v9t € F(X,), which is the min-
imizer to the problem Au = &" 1 as well as to the consistent problem
Au = PR(A)E"*I in the standard least squares sense (5.6)—(5.6). Making

similar calculations, we obtain the following representation

3(1+h) .

71 e 72
vd —(’Y—l)’Ug —mx, rew’.

Here we again obtain the convergence of the discrete function v9' to the
minimaizer 5
9 (z) = (v — Do9?(z) — 3% x € [0,1],

of the differential problem (5.20)—(5.21).

Now we present the generalized discrete Green’s function

Gy = G = (Py )i G + 100G, i€ Xy j € Xaoo,

for the problem (5.36), simply given by GY = éd—PN(K)éCI+7vg’2r0Wsé°1.
This discrete Green’s function represents the solution of the least squares
problem (5.37) (that is equal to (5.34)), which has the minimum standard
FEuclidean norm. However, we our aim is to find the discrete Green’s function
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GY € F(X,, x X,,—2) describing the minimizer of the problem (5.37) as well
but of the minimum H*(@") norm.
According to Lemma 3.10, for every fived j € X,,_o, the discrete Green’s

function GY is the minimum norm least squares solutions to the problem
(Lu); = 6,02, i€ Xp o,  (Lp,u)=0, k=12
The general least squares solution to this problem is given by
U = G+ (Pyz)iCgy 1€ Xn,
with an arbitrary matric C € ROTDX0HD It can be rewritten as below
Uigj = éfj + ¢jxg, 1€ Xy,

with an arbitrary constant c; € R for every fixed j € X,_2. On the other
hand, the discrete Green’s function GY9 represents the least squares solution
to this problem as well but of the minimum H?*(@") norm. So, GY is also
the least squares solution to the same problem. Then these discrete Green’s
functions differ from each other with the particular constant (e only, that is,

9 _ 9 o,.. .
G = G + cfa, i € Xy,

Now we are going to find these constants ¢] minimizing the H?(@") norm of

the general least squares solution, which is squared below
HcoljU9||§{2(wh) = C?HXH%T?(E}L) + 2¢;(x, c0lj GY) 2y + Hcole9||§12(wh).

Differentiating with respect to c;, we get the following system 2c¢; HXHEQ(W) +
2(x, COljég)Hz(wh) = 0 for every j € X,,—a. From here we solve the constants
(X, COlj ég)Hz (@h)

cd = — ] € X —9
) Epa— "

and observe that c?x = —PHQ(wh)ﬁN(g)coljég. Substituting obtained con-

stant values c°

', we get the representation

GY =GP GY = GI-P 7 G H+vI? row, G- P GY.

(4)

~ ~ ~ ~
He7f PH2(wh),N(Z)Gg = PHz(thN(g)GC —P]V(g)(}C sznie PH2(wh),N(Z)Gg €
N(A) and (see the formula (5.9)) v92 € N(A)T = N(A)T gives vanishing

PHQ(wh),N(g)VQQ. So, we have

H2(@"),N(A) (@"),N(A)

GI=GI-P G+ v 92 row;G.

H2(@"),N(A)
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This discrete Green’s function describes the minimizer of the problem (5.36),
which has the minimum H?(@") norm, i.e., the unique solution to the least
squares problem (5.34)(5.35), that is,

n—2
u¢ =3 Gl fri)h ! + groft + g, i€ X,
j=0

Recalling the desired form (5.33) for the representation and the equality

G = pl/2Gebh | we rewrite the minimizer as below

n—2
,]'L ’1 ’2 )
0= S G gt e gt i€ X,
=0

with the kernel

Gg,h _ Gcl,h -P Gcl,h + ,ng,Q I'OWSGCLh.

H2(@"),N(A)
Let us rewrite it into the discrete form

Gh" = G = (Pyagnyn () G™)ig +70f°G, i € Xy § € Xoa. (5.41)

i sj

Letting h — 0, we have that discrete functions v; ’2, G;"]l-’h converge to con-
tinuous functions v92(xz), G (x,y), respectively, as well as the projection
T

2
H2(@h)

(Prr2@iyn G = I (%, 0, G i gny, i€ X, § € Xnoa,

converges to the projection Py )G (z,y) = a:(t,GCl(t,y))H1[071}/||tH§{2[0 1
Here we denoted the inner product (u, ﬁ)Hl(wh), which defines the norm

n n—1 2 1/2
Uil — U
il = ()i, = (w3 (2522 ) )
=0 =0

for every u € RTDXL " and used the following equality (x, COle'Cl’h)Hl(wh) =

(x, COleCl’h)HQ(wh) because r;11—2x;+xi—1 =0 for everyi € 1,2,... ,n—2.
So, the representation (5.41) converges to the Green’s function

G9(x,y) = G (2,y) = PyyG(x,y) + 707 (2)G (& )

of the differential problem (5.20)—(5.21) pointwise as well.
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6 Minimization problem in different spaces

In the previous section, we investigated the discrete minimum norm least
squares solution and its properties. This solution has the smallest Euclidean
norm among all discrete functions, minimizing the same standard Euclidean
norm of the residual of the discrete problem (3.3)—(3.4). However, the previ-
ous example leads us to extend the interpretation of the minimization prob-
lem (5.1)-(5.2) introducing two different finite dimensional Hilbert spaces
instead of one standard Euclidean space.

Here we are going to investigate the generalized minimum norm least
squares solution, that minimizes the residual of the discrete problem in the
one norm and has the smallest second norm among all minimizers of the
residual in the first norm. The introduction of two different norms allows us
to analyze the convergence of the generalized minimum norm least squares
solution to the minimum norm least squares solution of the differential prob-
lem (1.1)-(1.2). We also obtain properties of the generalized minimum norm
least squares solution as well as its generalized discrete Green’s function.

6.1 The H,; least squares solution of the minimum 7, norm

Let us introduce two inner products (u,v)y,, k = 1,2, for u,v € Ccrt)x1
and denote by Hj the space C"+D*1 with the norm |julz, = (u, u)%j,
respectively. Now we are going to generalize results of Section 5, minimizing

the H1 norm of the residual
||Aug—b||7.[1 < HAu_bHHlv Vue (C(TH_I)Xla (6'1)

by a vector u9 that, in general, may be not unique. We choose the one

solution u® from all minimizers w9, for which the Hs norm is smallest:
[0, < [0/, ¥V ud#u’ (6.2)

This solution u®, which can be called the generalized minimum norm least
squares solution or the Hi least squares solution of the minimum Ho norm,
was also investigated by other authors [6, Ben-Israel and Greville 2003], and
is of the form

w=Al . b (6.3)
with

Al =P Nt AP v

Here AT € C(»tD*(+1) denotes the standard Moore—Penrose inverse of the

matrix A € C D>+ which was investigated in the previous section.
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Moreover, Py, n(a)r is the orthogonal projector onto the orthogonal com-
plement N (A)* of the nullspace N(A) in the space Hy. Here A* : Ho — Hy
denotes the adjoint operator of the discrete operator A = Ay, 34, : Ho — H1.

Since Ay, 34, is the continuous linear operator with the closed range |6,
Ben-Israel and Greville 2003], the discrete operator ALhHQ :Hi — Hais the
Moore-Penrose inverse of Ay, 7, and describes the unique minimizer (6.3)
of the problem (6.1)—(6.2) for fixed finite dimension Hilbert spaces H; and
Hso. Moreover, A;{h% is its matrix representation.

According to [6, Ben-Israel and Greville 2003|, the general #H; least
squares solution of (6.1) is represented by the unique minimizer (6.3) as
below

w =u’+ P’HQ,N(A)Cv Ve € C(n+1)X1,

and, conversely, the minimizer (6.3) is always equal to
uo = PHQ,N(A)J- ug. (64)

Let us note that the minimizer (6.3) to the problem (3.3), which may
be consistent (b € R(A)) or inconsistent (b € R(A)1), is always the H;
least squares solution of the minimum Ho norm to a consistent problem
Au = Py, rea)b [6, Ben-Israel and Greville 2003].

6.2 Generalized discrete Green’s function

Let us consider the form of b = (fo, f1,..., fn_2,91,92) € CPTDX1 with
every f = (fo, fi,--+» fno2)! € C~D*1 and complex numbers gy, gs. As
in the previous section, we write the minimizer (6.3) in the following special

form
u’ = GIf + g vo! 4 gov92. (6.5)

Here G9 ¢ CtDx(n=1) apd vol v92 e CO DXL are submatrices of the

matrix representation of the Moore—Penrose inverse

Al

1 2
by = (G0 0

The minimizer (6.5), given in explicit form
n—2
ud = Z GYifi+ gv? + g?? i e X, (6.6)
=0

is coincident with the representation of the unique solution (4.3) for the
particular case det A # 0, investigated in Section 4. Moreover, it is also
describes the minimizer (5.11) taking the standard Euclidean space instead
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of two different spaces. Hence, we call GY € F(X,, x X,,_2) by the generalized
discrete Green’s function and functions v9'!,v92? € F(X,,) — the generalized
discrete biorthogonal fundamental system describing the H; least squares
solution of the minimum #, norm for the problem (3.1)-(3.2).

This generalized discrete Green’s function and the generalized discrete
biorthogonal fundamental system can always be obtained using the Moore—
Penrose inverse B = A;'[LHQ in the following equalities

ngj = Bij7 1€ Xna ] € Xn—27

g71 _ >
v;" = Bjn-1, 1€ Xy,

(2

972 _ ;
0" = Bip, 1€ X,

Here again, for det A # 0, we have that All.}'[l,’}'[z = A~!, the H; least
squares solution of the minimum Ho norm u® € F(X),,) is coincident with the
unique discrete solution u € F'(X,,), its generalized discrete Green’s function
GY9 € F(X, x X,,_2) is coincident with the discrete Green’s function G €
F(X, x X,,_2), the generalized discrete biorthogonal fundamental system
vl v9? € F(X,) is coincident with the discrete biorthogonal fundamental
system vl v? € F(X,).

6.3 Properties

In this subsection, we present properties of the H; least squares solution of
the minimum Ho norm and its generalized discrete Green’s function, those
literally resemble properties obtained in Subsection 5.3 for the standard
Euclidean space. We omit proofs since they are analogous to corresponding

proofs from Section 5.3.

Lemma 3.21. For every fized j € X,,—o, generalized discrete Green’s func-
tion G9 € F(X,, x Xp_2) is the H1 least squares solution of the minimum
Hao norm to the discrete problem

ﬁng] = 51-]-, 1€ Xp_o9,
(L, G%) =0, k=12

Lemma 3.22. Every discrete function v9' € F(X,), | = 1,2, is the H;
norm least squares solution of the minimum Ha norm to the corresponding

discrete problem
Lyl =0,

(L, v9ty =6t k=1,2.
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Let us now investigate two discrete problems (4.9), where the second
problem has generalized Green’s function G9 and generalized biorthogonal
system v9F, k = 1,2, describing the generalized minimum norm least squares
solution (6.6).

Theorem 3.23. The H; least squares solutions of the minimum Hs norm
u® and v° to problems (4.9), respectively, are linked by the equality

o = 4= Py n(ayu®+ GO (f — Lu®) +09 (g1 — (L1, u%)) +092 (g — (L, u%)).

Proof. Let us denote w = v° — u° (the difference between the minimizers).
Our aim is to show that w is a least squares solution to the discrete problem

Lw=f—Lu®, (Lp,w)=gr— (Lg,u’), k=1,2. (6.7)

We rewrite this problem in the equivalent matrix form Aw = b with the
right hand side b = (]?0,]?1, .. ,]?n,g,gl — Lju®,go — Lou®) ", where ﬁ =
fi—(Lu®);, i € X,—o. Since v is the minimum norm least squares solution to
the system (3.3) with the right hand side b = (fo, f1,..., fn—2,91,92) ", then
the inequality (5.6) is always valid, i.e., [[Av®—Db||31 < [[Av—b]|3p for every
v € CHDXL Now we rewrite the norm as follows ||Av — bz = [|Av +
(AU — Au®) — bl = [A(v— %) — (—Au+b)lz = |A(v—1u%) — bl
for all v.e C»*1)*1 From here we have

IA(V’ = u®) = bl < AV —u) = bl VveCh

or, denoting z = v — u°, obtain |[Aw — bz < Az — b|j;n for all z €
(C(n+1)><1.

So, w is a least squares solution of the problem Aw = b and, according
to the formula (6.4), it describes the minimizer w° = A;-[l 3, P 10 the form
w? =Py, ny(ayrw. Using the composition w = Py, ya)y1 W + Py, nayw,
we get w = Ay 4 b+ Py, vayw. Now we recall the equality w = v —u?
and obtain

vl =u’+ A;r_“}bb + P?—LQ,N(A)W- (6.8)

Here we take the composition u® = Py, y(a)1u® + Py, y(ayu® and reWNrite
the representation (6.8) into the form v = Py, yay1u’ + ATH1,'H2b +
Py, n(a)ve, because w +u® = v° From (6.4), we have v € N(A)*.
Then Py, n4)v? = 0 and the previous representation simplifies to v? =

Py, nayru® + AL17H2b. Rewriting it into the extended form

v =1’ — Py, yayu’ + GI(f — Lu) + (g1 — Liu®)v?! + (g2 — Lou?)v9?,
we obtain the statement of this theorem. O
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Corollary 3.24. Let the first problem (4.9) be (uniquely) solvable. Then the
Hi1 least squares solutions of the minimum Ho norm u® and v° to problems

(4.9), respectively, are related as follows
v = u® = Py, n(ayu® + 09 (g1 = (L1, u%)) + 092 (g2 — (L2, u®)).

Proof. Tt follows from Theorem 3.23 because Lu® = f for the consistent

problem. O

Since the discrete Cauchy problem (3.4) always has the unique solution
u® € F(X,) (for instance, see [100, Roman 2011]), we can obtain the repre-

sentation of the minimizer (6.3) as follows.

Corollary 3.25. The H; least squares solution of the minimum Ha norm
to the problem (3.1)—(3.2) can always be described by the unique solution u®
to the Cauchy problem, that is,

u® = u’ = Py, n(ayu® + 07! (g1 — (L1, u%)) + 092 (g2 — (Lo, u)).

For the problem with nonlocal boundary conditions (4.10)-(4.11), we
obtain the following representation.

Corollary 3.26. If the classical problem (4.10)—~(4.11) (y1,72 = 0) has the
unique solution u® € F(X,,), then the H1 least squares solution of the min-
imum Ha norm to the nonlocal boundary value problem (4.10)—(4.11) is

u® = u? = Py, nayu + 0" (g1 — (L1, u™)) + 092 (g5 — (Lo, u)).
6.4 Relations between generalized discrete Green’s
functions

We are also interested to know a representation of the generalized discrete
Green’s function, which describes the minimizer (6.3). Here we use a discrete

Green’s function, investigated in Section 4, as given below.

Theorem 3.27. If there exists the discrete Green’s function G € F(X,, €
Xn—2) for the first problem (4.9), then the generalized discrete Green’s func-
tion GY9 € F(X,, X X,,_2) of the second problem is given by

GY; = Gij—(Pyy n(a)G)ij—vI (L1, G ) —vP (L, Gj), i€ X, j € X

Here (P, n(4)G)ij is trivial if det A # 0. Otherwise, it denotes the
kernel of the orthogonal projection onto the nullspace N(A) in the space
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Ho -

d n—2
(Pry )G = Y242, Gy =Y (P vGigfjr 1€ Xan,
=1 j=1

where z!, | = 1,d, is a basis of the nullspace N (A), orthonormal with respect

to the inner product in Hs.

Corollary 3.28. The generalized discrete Green’s function for the problem
(3.1)-(3.2) is described by the discrete Green’s function G¢ € F(X,, X X,_2)
of the Cauchy problem (3.4) as below

ngj = G%—(PHZ’N(A)GC)Z‘]‘—U;-QJ<Li, G%>—Uig’2<L'2, ch>’ 1€ Xy, j€ Xn_o.

For the problem (4.10)—(4.11) with nonlocal boundary conditions, we

obtain the following relation.

Corollary 3.29. If there exists the discrete Green’s function G € F(X,, x
Xn—2) of the classical problem (4.10)—(4.11) (y1,72 = 0), then the general-
ized discrete Green’s function, describing the minimizer (6.3) to the problem

(4.10)—(4.11) with nonlocal boundary conditions, is given by

l

G?j = ngl'_(P’szN(A)G 1)U+ 971<%1’ GC1> '92<%.2’ chl>a 1€ Xp, j € Xp_o.

6.5 Applications to differential problems

In this section, we discuss on real discrete problems approximating second
order differential problems (1.1)—(1.2). Recalling Example 3.20, we consider
the real L%(w") x R? least squares solution of the minimum H?(@") norm for
the discrete problem (3.1)-(3.2). In other words, we minimize the L?(w") x
R? norm of the residual

AW — bl 2(unyxpz < AU = bl 120 g2, Vue RO (6.9)

by a vector w9 that, in general, may be not unique. Then we select the one
solution u® from all minimizers w9, for which the H?(@") norm is smallest:

P P S (6.10)

To fulfill our plan, first, we need to represent the unique discrete solution
as well as the discrete minimizer u° in correct forms. We rewrite the unique
discrete solution (4.3) as given below

n—2
= ZG%fjh+glv}+ggviz, 1 € Xn,
j=0
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what is compatible to investigate the convergence to the unique solution

1
u= /0 Gle,y)f(w) dy + g0t (@) + gn?(@),  z € [0,1],

of the differential problem (1.1)—(1.2). Thus, now we get the composition of
the inverse matrix A~™' = (hG"v! v?) with the modified discrete Green’s
function G" = h~'G.

Analogously we partition the Moore—Penrose inverse

Af

- gh 91 9,2
L2(wh)><R2,H2(wh)_(hG ,vI9 v9T)

introducing the modified generalized discrete Green’s function G9" = h~1G9.
It describes the L?(w") x R? least squares solution of the minimum H?(w")

norm

o _ AT
u = ALZ(wh)XRZ,Hz(Eh)b

in the desired form
n—2
uf = Z ij’.hfjh + glvf’l + ggvf’z, i€ X,,
7=0

(compare it with the representation (6.6)).
According to new partitioning of inverses, we rewrite R(A) and N(A*)
representations. Since proofs are so similar, we present only the final ver-

sions.

Lemma 3.30. 1) Ifd =2, then for all f € F(X,—2) we have

n—2 n—2 T
R(A) = {<f0;f1;~--;fn—2; S G b S (L GV h) }
j=0 j=0
2) Ifd=1 and k1 = 1, then for all f € F(X,,—2) and g2 € R we have
n—2 T
R(A) = { <fo;f1; i faas g2(La,0%) + D> (LY, G £ b g2> }
§=0

3) Ifd =1 and k1 = 2, then for all f € F(X,,—2) and g1 € R we have

n—2

.
R(A) = {(fo;fu o famo g1y g1 (L2, vY) + Y (Lo, G4 fih > }

J=0

Here G € F(X,,x X,,_2) is the discrete Green’s function for the discrete
Cauchy problem (3.4). Other discrete Green’s function G¥" € F(X,x X,_2)
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and the biorthogonal fundamental system v',v? € F(X,,) are taken for the
problem Lu = f with the original condition (Ls_j,,u) = 0 and condition
(¢,u) = 0, replacing (Lg,,u) = 0. Here ({,u) = 0 is selected such that for
this auxiliary problem A # Q.

Further, the composition of the nullspace N(A*) is presented.
Corollary 3.31. The following three statements are valid:

1) if d =2, then N(A*) is generated by two vectors

n—2 n—2
wl=— Z(L'l,G,CJ’-h>ej +e" 1 w2 = — Z(L’Q, G,ijh>ej +e";
=0 =0

2) ifd=1 and ky = 1, then N(A*) is generated by the vector
n—2

W= — Z(L‘l,Gflj’h>ej +e" b — (Ly,v%)e™;
§=0

3) if d=1 and k1 = 2, then N(A*) is generated by the vector
n—2

w=— Z(L'Q, G,aj’h>ej — (L, vh)e"™ ! e
=0

Now recalling the Fredholm alternative theorem, we get the solvability
conditions for the problem (3.1)—(3.2) without the unique solution (A = 0).

Corollary 3.32. (Solvability conditions) The problem (3.1)—(3.2) with A =
0 is solvable if and only if the conditions are valid:

1) SITHEL GV b = g1, SIS La, G5 fih = ga for d = 2;

2) go(L1,v?) + E?;g(L'l,G@fjh =gy ford=1 and k1 = 1;

3) g1{La,v') + Z?;(?(L'Q,G@fjh =go ford=1 and k1 = 2.

We note that the nullspace N(A) and its classification remains as pre-
vious (see Subsection 3.1). Here are no changes.

Now we are going to answer what conditions guarantee a convergence of
the discrete minimizer to the minimizer of the differential problem. Thus,
here we recall several ideas from the theory of the discrete convergence.

First, we introduce the projection operator m; : H2[0,1] — H?@"),
which projects a function u € HZ?[0,1] on the mesh @" by the formula
mu = (u(zo),u(z1), ..., u(z,)) . This poitwise definition is correct since
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every function from H?[0,1] belongs to C*[0,1]. Second, for every f =
(f,g1,92)" € L?[0,1] x R? we also take a projector my : L2[0,1] x R? —
L?(wh) x R2. If f € C[0,1], the projector may be given by the formula
mof = (f(wo), f(z1),-. ., f(Tn_2),91,92) . In general, f € L2]0,1] and we
can use the projector

:E’L+1 )
mof = Z ( / )d$> e+ gie" ! + gre”.

Let us denote O(h®) := (O(h?), ..., (O(ha))—r € R(Dx1 and formulate
the following statement.

Theorem 3.33. (Sufficient convergence conditions) Let the following ap-
proximations

A(’Tl'lu) = TI'QL'LL + O(ha), PHZ(wh),N(A) (71'1U) = 7T1(PN(L)U) + O(ha),
Pr2nyxr2,ra)b = m2(Prr) F) + O(h%)

be valid for some a > 0. If sup, ey ||AT | 2@, 2 (Whyxr2 < +00, then the
minimizer u® € H?(@") of the discrete problem (3.1)-(3.2) converges to the
minimizer u® € H?[0,1] of the differential problem (1.1)—(1.2), i.e

[u® — mu’l|ogry = max |uf —u’(z;)| — 0 if n— 0.
xiewh

Proof. The minimizers u® € R™*TUX1 and u® € H?[0,1] are solutions to
consistent problems Au® = P2 nyyp2 ga)b and Lu® = Pp(r) f, respec-
tively. Thus, we obtain the equality Au® — moLu® = P2 nyyr2 ga)b —
w2 Pr)f = O(h®). From here we have O(h%) = Au® — maLu® = Au® —
A(mu’ )+ O(h®), what provides a consistent linear system A(u®—mju®) =
O(h*). The difference u® — mu° is a particular solution to this system and
can be obtained from the general solution

u’ — mu’ = ATO(h) + P 12(wh) k2, N (4)C

with a particular vector ¢ € R(+)*1 Here ATO(h®) = O(h®) because A'
is uniformly bounded. Below we prove that P2 n)g2 y(a)c = O(h?) as
well, what gives u® — mu® = O(h?).

Since u® € N(L)* (see the formula (4.4) in Chapter 1), we have Pypyu’® =
0. Then 0 = m Pyryu’® = Prognxre nea)(mu’) + O(h®) provides the
equality Pr2,n)xr2 v(a)(m1u®) = O(h®). Moreover, u® € N(A)*. Then
considering the orthogonal subspace N(A) in the equality u® — wu® =

147



O(ha) + PL2(wh)><R2,N(A)C) we get 0-— O(ha) = (’)(ha) + PLQ(wh)XR2,N(A)C~
It means P2 (n) g2 ny(a)€ = O(h®). Substituting this expression above, we

have u°® — mu® = O(h®). From here we obtain the desired convergence.

O

7 Conclusions

Principal conclusions of this chapter are formulated below:

1)

A discrete problem (3.1)—(3.2) always has the Moore—Penrose inverse
AT, a generalized discrete Green’s function and the unique minimum

norm least squares solution.

For A # 0, we have that AT = A~!, the minimum norm least squares
solution u° is coincident with the unique solution u, the generalized
Green’s function G:?j is coincident with the ordinary Green’s function

Gj, the biorthogonal fundamental system v!, v? is coincident with the

1 2

generalized biorthogonal fundamental system v9*, v9*.

The minimum norm least squares solution has literally similar repre-
sentations as the unique discrete solution: it can be described by the
unique solution of the discrete Cauchy problem or the unique solu-
tion to other relative problem (the same discrete equation (3.1) but

different nonlocal conditions (3.2)).

A generalized discrete Green’s function also has representations similar
to expressions of a discrete Green’s function: it can be written using
the discrete Green’s function of the Cauchy problem or the discrete
Green’s function to other relative problem (the same discrete equation
(3.1) but different nonlocal conditions (3.2)).

Obtained properties of minimizers are coincident with corresponding
properties of minimizers for differential problems.

The discrete minimum norm least squares solution converges to the
minimum norm least squares solution of the differential problem (1.1)—
(1.2) if conditions of Theorem 3.33 are fulfilled.
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Chapter 4

m-~th order discrete problems
with nonlocal conditions

1 Introduction

In this chapter, we are going to generalize results of Chapter 3. Here we
consider a discrete analogue of the m-th order differential problem with

nonlocal conditions

Lui= w4 a1 (2)u™ D4 taq (2)u+ao(z)u = f(z), = €[0,1], (1.1)
(Li,u) = gr, k=1,m, meN, (1.2)

which was studied in Chapter 2. There we investigated various properties for
the minimizer as well as its generalized Green’s function of the differential
problem (1.1)—(1.2). Similar results can be derived for the m-th order dis-
crete problem as well. Here we omit many proofs because they are obtained

analogously as in Chapter 3.

The structure of this chapter is as follows. First, we introduce the m-th
order discrete problem and study its properties. Then known results for the
unique discrete solution and its discrete Green’s function are presented. Af-
terwards, we investigate the minimum norm least squares solution as well as
the generalized discrete Green’s function. Their expressions and properties
will be given. Finally, we present results for the generalized minimum norm
least squares solution of the discrete problem, where two different finite di-
mensional Hilbert spaces are introduced. Let us note that this chapter is
based on papers [90,91, Paukstaité and Stikonas 2016,2017].
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2 Formutation of the problem

In this chapter, we investigate a m-th order discrete problem

(Lu); : = a Uiy + ...+ CL}UZ'+]_ + a?ui =fi, 1€ Xn_m, (2.1)
n
(Lg,u) := ZLZ:UJ =gk, k=1m, (2.2)
=0

where a°,...,a™ € F(X,—pm) but af,a™ # 0 with every i € Xp,_p, f €
F(Xp-m), Ly € F*(X},), gr € C for k=1, m, and n > m.

Let us recall notations from Chapter 3. For the solution u € F(X,,) to
the problem (2.1)—(2.2), we may obtain two equivalent notations. Precisely,
the discrete complex function u € F(X,,) can be uniquely described by the
complex column matrix u = (ug, u1,...,u,) € C*D*1 Thus, 4 and u
always are two equivalent notations for the same solution. Furthermore, a
discrete linear functional Ly € F*(X,,) can be represented by a complex row
matrix Ly, = (L9, L}, ..., LY) € C*™+1) but a discrete linear operator L :
F(X,) — F(X,_m) is described by the matrix £ = (L;;) € Cn=m+Dx(n+1)

with rows

row; £ = (0,...,0,a?,a},...,a",0,...,0), i€ X, .
W—/
K]

So, we can represent the discrete problem (2.1)—(2.2) by the equivalent sys-
tem

Au=b (2.3)
with the matrix A = (£; Ly;...;Ly,) | € C+Dx(+D) and the right hand
side b = (an f17 SRR fn—magthv cee 7gm)T S (C(n+1)><1'

2.1 Nullspace of the matrix A

This subsection is analogous to Subsection 3.1 from the previous chapter.
Indeed, the problem (2.3) has the unique solution if det A # 0, that is
equivalent to the nonzero determinant

<L1,Zl> <L1,Zm>
A= . s e
(L, 2Y) oo (L, 2™)
Here z!',..., 2™ € F(X,) are any fundamental system of the homogenous

equation (2.1). Let us solve the homogenous problem Az = 0. First, we
take the general solution z = c12' + ... + c22™, ¢, € C, of the equation

150



Lz = 0. Substituting it into homogenous conditions (Ly,z) =0, k = 1, m,
we get the system

Cl<L1,zl> —+ ... +Cm<L1,Zm> =0,

1L, 2 + ...+ e (L, 2™) =0

with the determinant A. Let us denote the nullity of the matrix A by
d := dim N(A) and separate such cases:

e d=0 < A#0. Then the nullspace N(A) is trivial.

ed =m < if A =0 with all (Ly,2!) = 0 for k,l = T,m. Then
the general solution to Az = 0 depends on m arbitrary constants
ck, k = 1,m, and N(A) = span{z',...,2™}. Thus, the solution to
Az = 0 is equivalent to the solution to the differential equation £z = 0

only.

e 0<d<m& A=0and rank({Ly,2")) = m —d (here k,1 = T,m). In
this case, some m — d constants are solved and represented by other d
arbitrary constants. In other words, there exist d rows in the determi-
nant representation of A above, those are linear combinations of the
rest m — d linearly independent rows. Let us denote these “dependent”
rows by ((Lg,,2%),...,(Lk,2™)) for k;, | = 1,d. The independent
rows are also given by (<ij,z1>, ooy (Lyy, 2™)) for Ky, j o= d+1,m.
Thus, the solution to the problem Az = 0 is now equivalent to the
solution of the simplified discrete problem: the equation £z = 0 with
conditions (Ly,,2) = 0, j = d + 1, m, representing linearly indepen-
dent rows only.

For more studies on the nullspace of the m-th order discrete operator,
you can also read the paper [90, Paukstaité and Stikonas 2016].

2.2 Range of the matrix A

For the discrete problem (2.1)—(2.2), we obtain its range representation
R(A).

Lemma 4.1.
1) If d =m, then for all f € F(Xp—m) we have
n—m n—m T
R(A) = {(fo;fl;.-.;fnm, SLLG S (L GC)f) }
=0 =0
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2) If 0 < d < m, then the range R(A) is generated by the vector

n—m n—m
b= Z f1e1—|—2< Z Gk, (L, v + Z (L,» G, )e”erkl
7=0

i= =1 “j=d+1
m
n—m-+k;
+ Z 9k; € !
j=d+1

with every f € F(Xp—m) and gy, € C, j =d+1,m.

Here G° € F(X,, X X,,—m) is the discrete Green’s function for the discrete
Cauchy problem

Lu=f, uj =0, j=0,m—1. (2.4)

Let us note [100, Roman 2011| that this discrete Green’s function G¢ €
F(X, x X,,_n) always exists and is of the form

1 Wi j <
Gc:{ im IS i€ Xneme (25)

ai’ - Wism 0, 1 <j+m,

Here
1 1 1
Zj+l Zj+2 e Zj-‘rm
W Wizt 2 2 2
N m _ j+ j+ T | +m
j+m = [Z yer s R ]j+WL_' J J J

2. 2, .. 2

j+1 j+2 j+m
is the Wronskian’s determinant of the discrete biorthogonal fundamental
system {z!,...,2™} at a point j+m for every j € X,,_p,. Another determi-
nant /W7¢7j+m is obtained replacing the last column of the Wronskian W,
by the column (2}, ..., 2! 2™ T € C™*! for every selected i € X,,.

In Lemma 4.1, other discrete Green’s function G* € F(X,, x X,,_,,,) and
the biorthogonal fundamental system v!,...,v™ € F(X,) are taken for a
problem Lu = f with original conditions (Ly,,u) = 0, j = d+1,m, and
conditions (€,,u) = 0, I = 1,d, replacing conditions (Ly,,u) = 0. These
conditions (¢, u) =0, = 1,d, are selected to obtain the auxiliary problem
with A # 0.

Below we provide the representation of the nullspace of the adjoint op-
erator N(A*).

Corollary 4.2. The following statements are valid:

1) if d =m, then N(A*) is generated by linearly independent vectors

n—m

Lk,G (L, G e’ + enTmEk k=1m.

k}

152



2) if 0 < d < m, then N(A*) is generated by linearly independent vectors

n—m m
Lkl G Z <Lkzv > ki +ekl l=1,d.
Jj=0 j=d+1

Now applying the Fredholm alternative theorem, we get the solvability
conditions to the problem (2.1)—(2.2) without the unique solution (A = 0).

Corollary 4.3. (Solvability conditions) The problem (2.1)~(2.2) with A =0

18 solvable if and only if the conditions are valid:

1) > <L}C,G,Cj)fj:gk, k=1,m, ford =m;

J=0

n—m _
2) S i1 9k (L, vM9) + 30 (L, GS) fi = gry for 1l =1,d if 0 < d < m.
§=0
Example 4.4. Let us continue the investigation of the differential problem

u™ = f(z), xel0,1], (2.6)
u(0) = g1, w'(0) =go, ..., u'™D(0) = gm_1, u(l) = Yu(§) = gm, (2.7)

which was considered in Chapter 2. Here we take again a point & € (0,1),
parameters v, g € R, k=1, m, and a real function f € C[0,1].

We suppose that € is coincident with a point of the mesh @", i.e., &€ = sh
for some positive s € X,,_p, and denote the right hand side by f; = f(xit1),
i € Xp—m. Let us introduce finite differences VOu; = u;, Viu; = wip1 — u;
and VFtlu; = VI(V*u); for k > 0. Then we apply the finite difference
method on the uniform grid @" and consider the following m-th order real

discrete problem

(Eu)l = Vmul/hm =fi, 1€ Xn_m, (28)
(L, u) == V¥ ug/bF L =g, k=T,m—1, (2.9)
<Lm’ u> = Up — YUs = Im- (210)

It can be represented by a linear system (2.3) with the matriv A = A(7y),
v eR.

First, we consider the classical problem (2.6)—(2.7) with v = 0 and the
matriz A = A(0). Let us take the particular fundamental system zF =
¢l k=1, m, and denote the determinant A = det((Ly, 2')), where k,1 =

1,m, by A(L1, ..., Ly) as well. Then applying the additivity property of a
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column of the determinant and remembering that the determinant with two

equal columns is equal to zero, we rewrite the determinant as follows

A= Ao = A(L1, La, . .., Lip—1,6,)
= A(8o,h (61— 60), L3 ..., Ly_1,0n)
=hYA(80,01,L3...,Ly_1,0) — h" T A(80,80,L3 ..., Lyn_1,06,)
= hYA(80,01,L3 ..., Lip_1,60) = ...
= p=m=2m=/2 U A(§y, 61,02, ..., Om_1,0n),

were (6;,u) 1= u;, @ € X,,. Now we observe that

11 1 oo 1
0 h 2 . (m—2)h
A = pm=Dm=D2 g B2 2p)2 L ((m—2)h)° 1
0 Al @Rt L (m—-2)R)" T 1
= p~(m=2)(m-1)/2., V(zo,z1,...,&m—2,1) #0
because the Vandermonde determinant V(ai,...,am) = [I1<;cjcm(@i — a;)
is monzero for every different real numbers ai,...,a, € R. From here fol-

lows that the classical problem (2.8)—(2.10) with v = 0 always has the unique

solution, since the existence condition of the unique solution is always ful-
filled:

At = pmm=2m=D2 T (@5 — ) (23— 1) (w2 — 1) # 0.

0<i<j<m—2

Thus, det A" 0.
Now we note that the determinant A for the problem (2.8)—(2.10) with

every real 7y is of the form
A=A —yA(Ly, ..., Ly_2,0s) = A%1 — ™), (2.11)

where v]" == A(L1, ..., Ly—1, 8;)/ A%, i € X, is the unique solution to the
classical problem (v =0 for (2.8)—(2.10)), that is,

Lu =0, (Lp,u)y =0, k=1,m—1, Uy = 1. (2.12)

For details see [100, Roman 2011] or the following section. So, (2.11) is
equal to zero if and only if yv* = 1. This condition is also equivalent to
det A = 0.

Let us now take the problem (2.8)~(2.10) with the singular matriz, i.e.,
det A = 0 or equivalently, A = 0.
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First, we note that the discrete function v"™ € F(X,,) belongs to N(A).
We can directly verify that it satisfies all homogenous equations (2.8)—(2.10).
Second, the nullity d = dim N(A) = 1 because all rows of the nonsingular
matriz A are linearly independent, and the singular A differs from A
with the last row only. From here it also follows that the functional Ly, is
a linear combination of other rows of A, representing the operator £ and
functionals Ly, k=1,m —1. Thus, ki =m and k; = j—1, j =2,m.

Here we take the classical problem (2.12) as the auziliary problem. Since
A £ 0, it has the discrete Green’s function G € F(X, x X, ) and
the discrete biorthogonal fundamental system v*, k = 1,m. Then we apply
Corollary 4.2 and obtain the vector

n—m n—1

w =" Z Gel + Z VIt mel 4e™

7=0 j=n—m+1
generating the nullspace N(A*). Moreover, Corollary 4.3 provides the nec-
essary and sufficient solvability condition

n—m m—1

VI GEL A+ gkl +gm =0

j=0 k=1

for the discrete problem (2.8)—(2.10) with A = 0 or equivalently det A = 0,

what gives v = 1/v" in formulas above.

3 Problem with the unique solution

In this section, we consider the unique solution to the discrete problem (2.1)—
(2.2), that is also given in the matrix form Au = b. If det A # 0, we have
the representation u = A~'b. Now our aim is to analyze the structure of the
inverse matrix A~ € C(*tDx(+1) which was earlier investigated by Roman
[100, 2011]. This information directs the way how to make generalizations
for problems (2.1)—(2.2) without the unique solution (A = 0 or, equivalently,
det A = 0) in the following section.

3.1 Representation of the inverse matrix

Since the right hand side of the problem Au = b has the particular form

b = (an f17 cee fnfmagbg% s 7gm)T with every f = (f07 f17 R fnfrn)T S
C+Dx1 and complex numbers gi, . .., gm, the unique solution can also be

written in the special form
u=Gf+gv +...+gnv" (3.1)
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Here G € Cntl)x(n—mt1) and vk ¢ C(vtD*1 1 — T . are submatrices of
the inverse matrix

A7l =(G, vl ..., v™).

Let us now take the discrete representation of the solution (3.1) as follows
u=Gf+gvt+... .+ gno™,

which has the explicit form
n—m
wi= Y Gyfi+gv+...+gmv]", i€ X (3.2)
j=0
Here the kernel G € F(X,, X X,_y,) is also known as the discrete Green’s
function and functions v* € F(X,), k = I,m, are called the discrete
biorthogonal fundamental system for the problem (2.1)—(2.2) [100, Roman
2011]. Using the inverse matrix B = A~! we can always calculate the
discrete Green’s function as well as the discrete biorthogonal fundamental
system in the following way

Gij = Bij7 (NS Xna .7 € Xn—ma (33)
0F = Bipmik, i€ Xn, k=T1,m. (3.4)

(]

3.2 Properties of discrete Green’s functions

According to Roman [100, 2011], the discrete Green’s function G is the
unique solution to the discrete problem
LiGj=0i, i€ Xnm,

. (3.5)
<Lk7G-j> = O, k= 1,m,

for every fixed j € X,_,,. Moreover, discrete functions v!, I = 1, m, are
unique solutions to corresponding discrete problems

Lol =0, (L, =6, ki1=T1m, (3.6)

and can always be obtained from the formulas v! = Al/A for | = T, m.
Here Aﬁ is the determinant obtained replacing the [-th column in A by
2 m

(2}, 2 z

S I )T. Now we can formulate the representation of the discrete

Green’s function.

Lemma 4.5 (Roman 2011, [100]). If A # 0, then the discrete Green’s func-
tion for the problem (2.1)—(2.2) is given by

Gij = Gzcj - v11<L17GCj> T U'Zn<Lm7GC]>? i € Xp, JE Xn—m-
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The discrete Green’s function G¢ € F(X,, x X,_,) always exists [100,
Roman 2011] and describes the unique solution u® € F'(X,,) to the discrete
Cauchy problem (2.3) in the form uf = >7%°" Gf,f;j, i € X,. Thus, the
following representation is always valid

w=u’+ (g1 = (L1, u))v" + .o (g — (L, u))0™,

This representation follows from the other, more general result: unique

solutions of two relative problems

Lu=f, Lv = f,

-~ 3.7
<Lk7u> = §k’7 k= 1am7 <LkaU> = Gk, k= 1am7 ( )

where functionals Zk and Lg, k = 1, m, may be different, are related. We

formulate this statement below.

Corollary 4.6 (Roman 2011, [100]). For unique solutions of problems (3.7),
the following equality is always satisfied

v=u+ (g1 = (L u))v" + ...+ (gm = (Lo, u))0".
The analogous relation between discrete Green’s functions is also valid.

Theorem 4.7 (Roman 2011, [100]). Discrete Green’s functions G and G of
problems (3.7), respectively, are linked with the equality

GU = éij - U11<L1’éj> T Uzm<L.mvé'j>7 1€ Xn, JE Xn—m.

Let us note that here we used the biorthogonal fundamental system
v*, k = 1,m, for the second problem (3.7) only. Since conditions A #0
and A # 0 for both problems, respectively, are fulfilled, we can obtain the
relation between biorthogonal fundamental systems for these problems (3.7)

as well.

Corollary 4.8. Let A # 0 and A # 0 for problems (3.7). Then their
biorthogonal fundamental systems ' € F(X,) and o' € F(X,) (I = 1,m)

are related by

—

(L1,oY) ... (Lp, oY) v ot

<

(L1,3™) ... (Lp, ™)
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Roman also separately investigated the unique solution (A # 0) to a

problem with nonlocal boundary conditions
(Lu); := aM Uiy + . .. + atuiy1 + adu; = fi, 1€ Xp—m, (3.8)
(Lg,u) == (kg,u) — (o, u) = gk, k=1,m, (3.9)
where functionals k; describe classical parts but 3¢, k& = 1, m, represent
fully nonlocal parts of conditions (3.9). If the classical problem (all 75 = 0)

has the unique solution u® € F'(X,,), then the unique solution of the entire
problem (4.10)—(4.11) is given by

w = u + v Gep, u) 4+ A Y (2, u).

Their discrete Green’s functions G € F(X, x X,_,) and G € F(X,, x
Xn—m), respectively, are analogously related

Gij = ijl + v} (54, G?}) + .t (5, G.C}>, 1€ Xn, jE€ Xn_m.

4 The unique discrete minimizer

If the condition det A = 0 or the equivalent equality A = 0 is valid, then
neither the matrix A has the unique inverse matrix A~! nor the problem
(2.1)-(2.2) has the unique solution u = A~ 'b.

In this section, we are going to solve the problem (2.1)—(2.2) with A =0
in the least squares sense. Here we focus on the matrix representation (2.3) of
the discrete problem (2.1)—(2.2) and look for a minimum norm least squares

solution as in the previous chapter.

4.1 Generalized discrete Green’s function
The representation of the minimum norm least squares solution
u’ = Afb (4.1)
to the problem (2.1)—(2.2) as well as the general least squares solution
u = ATb + Pyac, Vee Cixd, (4.2)

are introduced in Subsection 5.1 of Chapter 3. Properties of the Moore-
Penrose inverse Af € C+)*(+1) are also given there. Now considering
the form of b = (fo, f1,-- -, faems G155 gm) | € COTDXT with every f =
(fos f1y ooy foom) | € Cr=m+1)x1 and complex numbers gi, k = 1, m, we
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write the minimum norm least squares solution (4.1) in the following special
form
W = G + gvP! . 4 g v (4.3)

Here GY ¢ CntD)x(n=m+1) and vok ¢ Cr+DX1 | = Ty, are submatrices

of the Moore—Penrose inverse
P 71 b
Af =(GY, v?, ..., vIT).

We also get the discrete representation of the minimum norm least
squares solution
w = GIf + g9t + .+ gpod™,

which can be considered in the explicit form

n—m
w =" GLfi+ g+ 4 g, i€ X, (4.4)
§=0
This representation of the unique minimizer u® € F(X,,) resembles the rep-
resentation of the unique solution (3.2) for the particular case, investigated
in Section 3. Furthermore, formulas (3.2) and (4.4) are coincident if A # 0.
Thus, the discrete kernel G9 € F(X,, x X,_,) is called the generalized
discrete Green’s function and functions v9* € F(X,,), k = 1,m, — the gen-
eralized discrete biorthogonal fundamental system for the m-th order discrete
problem (2.1)-(2.2).
Let us note that the generalized discrete Green’s function and the gen-
eralized discrete biorthogonal fundamental system can always be calculated

using the Moore-Penrose inverse B = AT as given below

G4 = Byj, i€ Xn, j € Xnom, (4.5)
Ug’k = Bz’,n—m—&-ky 1€ Xm k= m (46)

(2

On the other hand, we have AT = A~! for det A # 0. Then the discrete
minimum norm least squares solution u® € F'(X,,) is also coincident with the
unique discrete solution v € F(X,,), the generalized discrete Green’s func-
tion GY is coincident with the discrete Green’s function G, the generalized

discrete biorthogonal fundamental system v9*, k = I, m, is coincident with

the discrete biorthogonal fundamental system v*, k = T, m.

4.2 Properties of minimizers

In this subsection, we investigate properties of minimum norm least squares
solutions and their generalized discrete Green’s functions. Obtained results
extend corresponding properties from Section 3.
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Lemma 4.9. The generalized discrete Green’s function G9 € F (X, X Xp—m)
1s the minimum norm least squares solution of the following discrete problem
(9 — 5. ;
)CZ:G.j g— 51]’ 1€ Xpm, (47)
(L, G%) =0, k=1m,

for every fixed j € Xp—m,.
Below the generalization of (3.6) is given, where A = 0 is valid.

Lemma 4.10. Discrete functions v9!, | = 1,m, are minimum norm least

squares solutions of corresponding discrete problems
Lot =0,

_ (4.8)

(L, v9Y =1, k,l=1,m.

Let us now consider two relative problems (3.7), where the first discrete
problem has the unique solution (A # 0). Here and further G9 € F(X,, x
X,_m) is the generalized discrete Green’s function and v9* € F(X,,), k =
1,m, are the generalized biorthogonal fundamental system to the second
problem (3.7), which may have the unique solution (A # 0) or not (A = 0).

Theorem 4.11. If the first discrete problem (3.7) has the unique exact solu-
tion u € F(X,,), then the minimum norm least squares solution u® € F(X,,)

of the other problem (3.7) is given by
u” =u— Pyayu+ v (g1 — (L1,u)) + ... + 09" (gm — (L, w)).

Further, we provide the representation of the minimum norm least squares

solution, which is always applicable.

Corollary 4.12. The minimum norm least squares solution u® to the prob-
lem (2.1)~(2.2) can always be represented by the unique solution u® to the
Cauchy problem (2.4) as follows

1

u® = u® = Py(ayu® + (91 — (L1, u))v?"" 4.+ (gm — (Lin, u))0?"™.

Now we present the property of generalized discrete biorthogonal funda-
mental systems for problems (3.7), which is similar to Corollary 4.8.

Corollary 4.13. Let A # 0 for the first problem (3.7). Then the discrete
biorthogonal fundamental system 7% € F(X,,), k = 1,m, of the first problem
and the generalized discrete biorthogonal fundamental system vI* € F(X,,),
k =1,m, of the second problem (3.7) are related by

<L1,51> NN <Lm,51> Ug71 PN(A)J_E}J1
<L1,5m> e <Lm, 5m> vdm PN(A)J_gm
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4.3 Relations between generalized discrete Green’s
functions

Below we provide the representation of a generalized discrete Green’s func-

tion.

Theorem 4.14. IfA~ # 0 for the first problem (3.7), then its discrete Green’s
function G € F(Xy, X Xp—m) and the generalized discrete Green’s function
GY9 € F(X,, x Xpn—m) of the second problem (3.7) are related by the equality

ij = Gij — (PN(A))’LG] — ’Ul-g’1<L'1, G]> — ... = Uig’m<L;n, Gj>
forallie X,, 7€ Xpn_m-

Since the discrete Green’s function G¢ of the initial problem (2.4) al-
ways exists, we obtain the representation of the generalized discrete Green’s
function, which is always valid.

Corollary 4.15. The generalized discrete Green’s function G9 € F(X,, X
Xn—m) to the problem (2.1)—(2.2) is of the form

Gy = G5y — (Py(a)i GG — ol (L1, G5) — ... = 0™ (L, G)

forallie X, 7€ Xn_m.

4.4 Applications to nonlocal boundary conditions

For the problem with nonlocal boundary conditions (3.7)—(3.8), we obtain
the following representation of the minimizer u° using the unique solution

u! to the classical problem (v, =0, k=1, m).

Corollary 4.16. If the classical problem (3.7)—(3.8) (vx = 0) has the unique
solution u® € F(X,,), then the minimizer to the nonlocal boundary value
problem (3.7)—(3.8) is given by

w® =u — PN(A)ud + 71 e, uHIY Ly G, w09

The generalized discrete Green’s function for the problem with nonlocal
boundary conditions (3.7)—(3.8) is also similarly described.

Corollary 4.17. If the classical problem (3.7)—~(3.8) (all vz = 0) has the
discrete Green’s function G e F(X,, x Xp—m), then the generalized Green’s
function of the nonlocal problem (3.7)—(3.8) is of the form

Ay , .
GY = G5 — (Prna)i G+ 1v? (56, G5) + -+ m? ™ (565, GS)
for everyi e X, j € Xp—m.
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If A # 0, then the inequality det A # 0 gives a nonsingular matrix for
the discrete problem (2.3) and the zero orthogonal projector Py(4) = O.
Now all statements, proved in this section for a generalized discrete Green’s
function GY, a generalized discrete biorthogonal fundamental system v9"*,
k = 1, m, and the minimum norm least squares solution u°, are coincident
with corresponding statements from Section 3, where a discrete Green’s
function G, a discrete biorthogonal fundamental system v*, k = 1, m, and
the unique solution u were considered.

5 Minimization problem in different spaces

In this section, we investigate the generalized minimum norm least squares
solution, which minimizes residual Au — b of the discrete problem (2.3) in
the one norm and is of the smallest second norm among all minimizers of the
residual. Here we provide properties and representations of the generalized
minimum norm least squares solution and its generalized discrete Green’s

function.

5.1 The H; least squares solution of the minimum 7, norm

Let us take two inner products (u,v)y,, k = 1,2, for u,v € C(nt1)x1

(n+1)x1 1/2

and denote by Hj the space C with the norm [lully, = (u,u)y,,

respectively. In this section, we minimize the H; norm of the residual
|Au? = by, < [Au—bly,, VueCrtHxL (5.1)
and investigate the minimizer u® for which the Ho norm is smallest:
[0®lla, <[0?ll3,,  Vu?#u’ (5.2)

This H1 least squares solution of the minimum s norm is introduced in
Subsection 6.1 of Chapter 3 and is of the form

w=Al b, (5.3)

where ALI 31, 1s the matrix representation of the Moore-Penrose inverse
Al ot ML= Ha.

Considering the form of b = (fo, fi,. ..\ facm> 91, -- - gm) | € CHDx1
with every £ = (fo, f1,...» fuem) ' € C="+Dx1 and complex numbers gy,
k =1, m, we write the minimizer (5.3) in the following special form

W = GIf + vl 4.+ gy, (5.4)
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Here GY € CntDx(n=m+1) apng vok ¢ vtk — T 7, are submatrices

of the matrix representation of the Moore—Penrose inverse

Al

HiHe — (G97 Vg,l? AR Vg,m).

The minimizer (5.4), given in the explicit form
n—m
uf = Z Gy, fi —|—glvf’1 + .ot gmv!™, e X, (5.5)
§=0

is coincident with the representation of the unique solution (3.2) for the
particular case det A # 0, investigated in Section 3. Moreover, it also de-
scribes the minimizer (4.4) taking the standard Euclidean space instead of
two different spaces. Hence, we call GY € F(X,, x X,,_,) by the general-
ized discrete Green’s function and functions v9* € F(X,,), k = 1,m, — the
generalized discrete biorthogonal fundamental system describing the H; least
squares solution of the minimum Hs norm for the problem (2.1)—(2.2).
This generalized discrete Green’s function and the generalized discrete
biorthogonal fundamental system can always be obtained using the Moore—

Penrose inverse B = Al—h,?—[g in the following equalities

7k >
I = Binemik, 1€ Xn, k=1,m.

So, for det A # 0, we have the equality ALLHZ = A~ Then the
‘Hi least squares solution of the minimum Hs norm u® € F(X,,) is also
coincident with the unique discrete solution u € F(X,), the generalized
discrete Green’s function GY € F(X,, x X,,_,;,) is coincident with the discrete
Green’s function G € F(X,, X X, ), the generalized discrete biorthogonal
fundamental system v9* € F(X,,), k = I, m, is coincident with the discrete

biorthogonal fundamental system v* € F(X,), k=1, m.

5.2 Properties of minimizers

In this subsection, we present properties of the H; least squares solution
of the minimum Hs norm. Let us begin with the characterization of the

generalized discrete Green’s function.

Lemma 4.18. For every fixed j € X,_m, the generalized discrete Green’s
function G9 € F(X,, X Xp—pm) is the Hy least squares solution of the mini-
mum Ho norm to the discrete problem

LG =bij, 1€ Xn—m,
(Ly,,G%) =0, k=1m.
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The generalized discrete biorthogonal fundamental system has the fol-

lowing property.

Lemma 4.19. Every discrete function v9' € F(X,), | = 1,m, is the Hy
norm least squares solution of the minimum Hs norm to the corresponding
discrete problem

L9t =0,

(Ly,v9) = 62, k=1,m.

For two discrete problems (3.7), where the second problem has the gener-
alized Green’s function GY and the generalized biorthogonal system v9*, k =

1, m, we obtain following relations.

Theorem 4.20. The Hi least squares solutions of the minimum Ho norm
u® and v° to problems (3.7), respectively, are linked by the equality

v’ = u’ — Py, yayu’ + GI(f — Lu®) + ng’k(gk — (Lg, u%).
=1

Corollary 4.21. Let the first problem (3.7) be (uniquely) solvable. Then the
Hi least squares solutions of the minimum Ho norm (the unique solution)

u® and v° to problems (3.7), respectively, are related as follows
m
v =1’ = Py nayu® + v (ge — (Lg, u®)).
k=1

Since the discrete Cauchy problem (2.4) always has the unique solution
u¢ € F(X,) [100, Roman 2011|, the minimizer (5.3) is always expressed as
below.

Corollary 4.22. The H; least squares solution of the minimum Ha norm
to the problem (2.1)~(2.2) can always be described by the unique solution u®
to the Cauchy problem, i.e.,

u® = u’ — Py, yayu© + 9 (g1 — (L1, u®)) + ... + 9™ (g — (L, u€)).
Moreover, we obtain the following representation.

Corollary 4.23. If the classical problem (3.8)—(3.9) (v = 0) has the unique
solution u® € F(X,,), then the Hy least squares solution of the minimum Ho

norm to the nonlocal boundary value problem (4.10)—(4.11) is given by
u® = u — PHZ’N(A)UCI + 09 (g — (L, u™D)) + ... 4 09™ (g — (L, u)).
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5.3 Relations between generalized discrete Green’s
functions

Let us now provide a representation of the generalized discrete Green’s func-
tion, which describes the minimizer (6.3).

Theorem 4.24. If there exists the discrete Green’s function G € F(X,, €
Xn—m) for the first problem (3.7), then the generalized discrete Green’s func-
tion G9 € F(X,, X Xp—m) of the second problem is given by

ngj = Gij — (PHQ,N(A)G)ij — vl-g’1<Li, G]> — ... — Uig’m<L'm, Gj>

forallie X,, 7€ Xpn_m-
Here (P, n(4)G)ij is trivial if det A # 0. Otherwise, it denotes the

kernel of the orthogonal projection onto the nullspace N(A) in the space
Ho -

d n—m

(PrynvyGh)i =Y _ 42, G (Pryn)@)ijfy, 1€ X,
=1 j=1

where z!, [ = 1,d, is a basis of the nullspace N (A), orthonormal with respect
to the inner product in Hs.

Corollary 4.25. The generalized discrete Green’s function for the problem
(2.1)~(3.1) is described by the discrete Green’s function G¢ € F(X,, X Xp—pm,)
of the Cauchy problem (2.4) in the form

GY, = G — (Pyy n(a)G)ij — oI (L1, GG) — ... — o)™ (L, G5)
forallie X,, j€ Xpn_m-

For the problem (3.8)—(3.9) with nonlocal boundary conditions, the fol-

lowing property is valid.

Corollary 4.26. If there exists the discrete Green’s function G € F(X,, x
Xn—m) of the classical problem (3.8)—(3.9) (v = 0), then the generalized dis-
crete Green’s function, describing the minimizer (5.3) to the problem (3.8)-

(3.9) with nonlocal boundary conditions, is given by

C C 71 - C ,m . C
GY = G§j — (Pry vy Gij + 087 (6, G) + -+ 0! (56,,, GS))

forallie X, 7€ Xpn_m.
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5.4 Applications to differential problems

In this section, our aim is to consider real discrete problems approximating
m-th order differential problems (1.1)—(1.2). Let us recall the minimum norm
least squares solution u® € H™[0,1] to the differential problem (1.1)—(1.2),

which minimizes the norm of the residual

L0~ Flizpapan = _jnt 12— iz

and has the minimum H™[0, 1] norm among all minimizers v € H™0, 1],
i.e.,

HUOHH’"[O,I] < HugHHm[o,l] vV ud 75 u°.

Thus, for m-th order discrete problems, we introduce two discrete norms

m n—k 2
Vkui
[all g @y = <Z ( X ) h) ’

n—m 1/2
)me:(ZfQ(l"i)h+9%+---+93n> ;
=0

b L2 (n

n—m

for every u, b € R("1)*1 and the corresponding inner products those hold

1/2 for each norm, respectively. Here we denoted

the equality ||ul| = (u,u)
= {z; =ih, i € X_ym, nh =1} C @". Let us note that
here b is not necessary of the special form b = (f(zo), f(z1), ..., f(Zn-m), 91,

gm)T e R(Dx1 taking f € C[0,1], which only helps to illustrate the

similarity to the inner product in the space L2[0,1] x R™.

the submesh w”

Now we minimize the L?(w!_, ) x R™ norm of the residual

| AW =bl 2 xpm < [AU=Dlln jgm,  YueRUTX (5.6)

—m

by a vector u?. Then we select the one solution u® from all minimizers u9,

for which the H™(@") norm is smallest:
0l gm @y < 0l gmgny, ¥ uf #u’ (5.7)
This minimizer is represented by the formula

w = ATLZ - b

T
L2(wh_ xR H™ (@)

(w xRm H™ ()

using the Moore—Penrose inverse A We rewrite it in the

form
e

m
w =" G fih+ go?t + .+ g™, i€ X, (5.8)
=0
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which is a discrete analogue of the representation of minimizer

u’ —/ GI(x,y) f(y) dy + g1v@ (x) +. .. + gmv?™ (), x €[0,1], (5.9)

to the differential problem (1.1)—(1.2). Here we used the modified composi-

tion of the Moore—Penrose inverse

.AT ( n m)XRm HTVL( ) (hGg:h Vg,l o Vg’m)

taking the modified generalized discrete Green’s function G9" = h~1G9Y.

For the particular case det A # 0, it reduces to the partitioning A~! =

(hGh v! ... v™) with the modified discrete Green’s function G" = h~1G.
According to this special partitioning, below we provide reformulated

representations of the range R(A) and the nullspace N(A*).

Lemma 4.27. 1) If d =m, then for all f € F(X,—) we have

n—m n—m T
R(A) = {(fo;fl;...;fn_m, SLL G S S (L G S ) }
7=0

j=0

2) If 0 < d < m, then the range R(A) is generated by the vector

n—m n—m
0= 3 g+ 30 (3 ot + 0 G
7=0

i=0 =1 Nj=d+1
m
n—m-+k;
+ E Jk;€
j=d+1

with every f € F(Xn—m) and gy, € C, j =d+1,m.

Here G € F(X, x X,_m) is the modified discrete Green’s function
for the discrete Cauchy problem (2.4). Other modified discrete Green’s
function G*" € F(X, x X,_n) and the biorthogonal fundamental system
v € F(X,), k = 1,m, are taken for a problem Lu = f with original
conditions (Ly,,u) =0, j = d+1,m, and conditions (¢, u) =0, | =1+d,
replacing (Ly,,u) = 0. Here conditions (/x,,u) = 0 are selected to construct
an auxiliary problem with A # 0.

Further, the composition of the nullspace N(A*) is presented.

Corollary 4.28. The following statements are valid:

1) if d =m, then N(A*) is generated by linearly independent vectors
n—m )
wh = — (L, Gf”jfh>ej + e Mtk k=1,m.
§=0
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2) if 0 < d < m, then N(A*) is generated by linearly independent vectors

n—m ) m
Lkaah ) - Z <Lk17 > ]+ekl l=1,d.
7=0 Jj=d+1

Now recalling the Fredholm alternative theorem, we get the solvability
conditions for the problem (2.1)-(2.2) without the unique solution (A = 0).

Corollary 4.29. (Solvability conditions) The problem (2.1)—(2.2) with A =

0 s solvable if and only if the conditions are valid:

1) i <Lk,G,Cj’-h>fjh =gr, k=1,m, ford=m;
=0

2) > gkj<Lkl,vkj>+ > (L}cl,G?j’h)fjh = gy, forl =1,dif0<d<m.
) =

Let us note that the nullspace N(A) and its classification remain as
previous (see Subsection 2.1). Here are no changes.

Example 4.30. Let us now consider the discrete problem (2.8)—(2.10) with
A =0 (equivalently det A = 0). It has neither the unique solution nor the
discrete Green’s function.
In this case Corollary 4.26 provides the representation of the generalized
discrete Green’s function G9" € F(X, x Xp_m), that is,
G = G5 — (Pym gy vy G + 70 "G (5.10)

sj

for every i € X, and j € X,,_,,. Here we use the discrete Green’s function
G € F(X, x Xp_pm) for the classical problem (2.12), where always A #
0. This inequality means the existence of the unique solution u°', the discrete
Green’s function GYP and the discrete biorthogonal fundamental system v* €
F(X,), k=1,m, as well.

In Example 4.4, we got d = 1 and v"™ € N(A). According to [100,
Roman 2011], we can always find this function from the formula v* =
A(Ly,. .. Ly1,8)/A%, i € X,,. Thus, we calculate the orthogonal pro-
jection

pm

(PHm(thN(A)GCLh)ij =t (VTn7 COleCl’h)

V2 o @)

To obtain the full representation of the generalized discrete Green’s func-
tion (5.10), we still need to find the function v9™ € F(Xy,). It is the discrete
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minimizer to the consistent discrete problem Au = PL2(wﬁ_m)me,R(A)en'
Let us calculate the projection PL2(wT’;_m)meen = en_PL2(w2_m)><Rm,N(A*)en

First, we have d =1 and ky = m (see Example 4.4) and, using Corollary
4.28, obtain the vector

n—m m—1
Lh_j -
w =" E Gy'e + g vhen—mTh 4 e,

which spans the nullspace N(A*). Now we calculate

2
Progh  yxrm pa)e” =€ = w(w,e")an ugm/IWlT2n igm
1 n—m m—1
= iz (7 2 G =9 X ke g (w1t
AN 2
where we denoted ||w||? := ||W\|iQ(wzim)me, Hence, we solve the consistent

problem Au = PLQ(wh_ )me,R(A)en: that is

(Lu)i = — G [wl?, i€ Xnm, (5.11)
VEug/hF = —yof /||w|?, k=0,m—2, (5.12)
—yus =1 —1/||w]% (5.13)

First, we take the general solution

n—m
ui:clvil—i-cw?—i-...cmv{” |W|| Z Cthclhh
7=0
of the discrete equation (5.11). Substituting it into conditions (5.12), we find
constants ¢ = —yv¥/|w||?, k = 1,m — 1, those represent the general least

squares solution

cL,h ~clLh
——'yz H2vl+v T HQZG G"h,  ceR.

Since the minimizer is of the form v&™ = P pagny yayru?, we calculate
this projection of w9 and find the expression

m—

h,o m Lh lh
Z szl—i—c - HzZGC GS (5.14)

k=

with the particular constant ¢° = ¢® 4+ O(h). Here ¢® represents the mini-
mizer

m—1

U97m($) — Z 1- ’Yfkil xk—1+coxm—1_ Y 1 GCI(CL‘ y)Gd(§ y) dy
= ((k—1)! |w])? [w]? Jq ’ ’




of the differential problem (2.6)—(2.7) (see Example 2.28 in Chapter 2, where
A = 0 for this differential problem, that is, v¢™~' = 1). Since ¢° — ¢°,
we ask if the discrete minimizer v{"™

v9"™(z) letting h — 07

converges to the continuous minimizer

To provide the answer, we need to discuss on several approrimations.

Let us take the particular fundamental system z* = ¥, k = 1,m. First, we

observe that

o — A(Ll, coes Ly 1, 51) . h—(m—2)(m—1)/2 . A((So, ooy Om_9, 51)

i Acl B h—(m—2)(m—1)/2 . A((So, cee ,5m727 1)

_ V(zo,...,Tm—2,%;) . H0<j<l<m—2(35j —x1)(z; — ) (Tm—2 — ;)
~ V(o sam-21)  Tlogjargm—s (@i — 2)(z; — 1)(@m—2 — 1)
_ [o<jcm—o(Tj — @)
B Hogjgm—z(wj -1

=21+ O(h) = v"™(z;) + O(h).

Here v™(x) = 2™~ is the function from the biorthogonal fundamental sys-
tem of the differential problem (2.12). In this representation, O(h) is ob-
tained of the special form: it is a linear combination of h"‘x{ forj=0,m—2
and finite « = 1,2,. ..

Second, Lemma 4.5 gives the representation GCl h— GC h v; GZ’ZL Above
we proved v]" = v™(z;) + O(h). Let us now recall notatzons for a Green’s
function Gc(w,y) of a differential Cauchy problem (2.4) and derive the ap-
prozimation ij’.h = G°(z4, ;) + O(h). Using properties of determinants, we

obtain that Wi, defined in the formula (2.5), is equal to

1 1 1 1 1.1 m—1,
Ziv1 Zix2 o+ Zjtm Ziy1 Viziy ooV ]+1
2 2 2 2 1,2 m—1,
Wi = Zi ZFjye o Fam | _ | B Vizi, ..V ]+1
m m m m 1 m— 1
2 Zihe oo Zitm i Vol . VTR
Zjl-+1 Vl 1+1/h R VAL 1+1/hm !
2 m—1 2 m—1
_pmmel | 25 ]_H/h ...V 1 /h
m m—1 m—1
Zi ]+1/h ... V J+1/h

= W D2 (W (200) + O(h))

for j € Xy, Similarly, we get fMZJij = pm-1(m-2)/2 (W(mi,xjH) +
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O(h)). Since aj' = h™", we calculate

1 Wigim _ W(wia1) + O(h)
af' " Witm W(zji1) + O(h)

Gl =n7lGG =ht
W) | ogy = o, zj1)+O(h),  forall j+m<i.
W(zj41)
Otherwise ij’-h = Gj; = 0 if we take j+m = i. From the last two formulas,
we get the desired approximation Gij Gz, xj41) + O(h) fori € X,
J € Xn—m.

Substituting obtained approrimations, we represent GCl h— GC h v} Gf{f;
in the form Gdh = G%xj, xjp1) — v"™(2:)G(1,zj41) + O(h). Since the
formula (3.4) in Chapter 2 gives the representation G (z,y) = G(z,y) —

v"™(x)G(1,y) of the Green’s function for the classical differential problem,
we get GCl b= Gl(ay, zj+1) + O(h).

Thzrd the discrete fundamental system vk k = 1,m, is related with the

biorthogonal fundamental system v*(z), k = 1, m, of the classical differential

problem (2.12) by equalities

k _ Acl,k/Acl _ Uk(x) + O(h) _ l'fil — x:n '
CTAA BCER]
for k = T,m —1 and, as proved above, v = v™(x;) + O(h) = 2! +
O(h). We obtain these approzimations rewriting determinants Ad’k =
A8, 61, 0,205, 0k, -y Om—2,0n) and A, k =1, m —1, szmzlarly as
we have just did above for the modified discrete Green’s function Gij .
Moreover, Example 4.4 says that A =0 for discrete problem (2.8)—(2.10)
is equivalent to the equality yv* = 1. Recalling the approzimation v* =
21+ O(h) for all i € X,, we write this equality in the form v§m™1 =
1+ O(h). Letting h — 0, we obtain the condition v¢™~1 = 1, where the
differential problem (2.6)—(2.7) does not have the unique solution.

+O(h) (5.15)

Substituting obtained approxzimations in (5.14), we get the expression

m—1

k—1
g;m __ Z 1 - 'Yf xk*l + coxmfl

= ((k—1)! - ll])®

n—m

v

w2 G i, 2j41)G(E mj11) h+ O(h).

J=0

This representation gives the approzimation v{"" = v9"™(x;) + O(h), what
means the convergence of that discrete minimizer to the continuous mini-
mizer. We note that other relations v’ K — 9k (2) + O(h) fork=T,m—1
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are also valid. Here we find discrete functions

g,k

VI = oI £ Py ) vy v =1m-1,

from Corollary 4.13 (where we take % = v, k = T,m) and then apply
obtained approximations.

Moreover, we rewrite the orthogonal projection in the form
Lh ! 1 el
(Prrm @), na) G )i = W(tm_ LGt 241)) gympg gy + O ).
™[0,1]
Substituting relations G%’h = GYwi, vj41) + O(h), (PHm(wh)7N(A)GC1’h)ij =
Py G (@i, xj41) + O(h) and vI™ = v9™(x;) + O(h) into the expression
S h
(5.10), we get the approzimation G?j = GI(xs,xj41) + O(h).

Let us now put approrimations of the generalized discrete Green’s func-
tion G%?h = GY(zj,zj41) +O(h) and the generalized biorthogonal fundamen-
tal system v; b= v9F(2;) + O(h), k = 1,m, into the representation of the
discrete minimum norm least squares solution (5.8). Here we observe its
convergence to the minimum norm least squares solution (5.9) of the differ-

ential problem.
The basic conclusion of this example in formulated below.

Corollary 4.31. The minimizer of the discrete problem (2.8)-(2.10) con-
verges to the minimizer of the differential problem (2.6)—(2.7).

Below we suggest the way how to investigate the convergence of the
discrete minimizer to the minimizer of a differential problem.

To formulate the convergence conditions, we need to introduce the pro-
jection operator 7y : H™[0,1] — H™(w"), which projects a function u €
H™[0,1] on the mesh @" by the formula mu = (u(zo), u(x1),...,u(z,))".
This poitwise definition is correct since every function from H™[0, 1] belongs
to C™~10,1]. For every f = (f,g1,...,9m) ' € L?[0,1] x R™ we also take
a projector my : L2[0,1] x R™ — L2(wh_ ) xR™. If f € C[0,1], the projec-
tor may be given by mof = (f(z0), f(x1),..., f(n_2),91,92,--,Gm) . In
general, f € L?[0,1] and we can use the projector

n—m 1 Tip1 ' m
o f = Z <h /x f(zx) dm) e + nge"*m”.
=0 3 k=1
Theorem 4.32. (Sufficient convergence conditions) Let the following ap-
proximations
A(’Tl'lu) = 71'2L'LL + O(ha), PHm(wh),N(A) (7r1u) = 7T1(PN(L)U) + O(ha),

Pror yxrm pa)b = m2(Prr)f) + O(h%)

—m)
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be valid for some o > 0. If sup,cn HATHHm(ah)’Lz(wh_ yxrm < F00, then

the minimizer u® € H™(w") of the discrete problem (2.1)~(2.2) converges to
the minimizer u® € H™[0,1] of the differential problem (1.1)—(1.2), i.e.,

[u? = mu’| o@ry = max lui —u’(z;)] =0 if n—oo.
;€W

6 Conclusions

In this chapter, we generalized results of the previous chapter, where a second

order discrete problem with nonlocal conditions was investigated. Basic

conclusions of this chapter are formulated below:

1)

A discrete problem (2.1)—(2.2) always has the Moore—Penrose inverse
AT, a generalized discrete Green’s function and the unique minimum

norm least squares solution.

For A # 0, we have that AT = A~!, the minimum norm least squares
solution u° is coincident with the unique solution u, the generalized
Green’s function ij is coincident with the ordinary Green’s function
G;j, the biorthogonal fundamental system v*, k=1, m, is coincident
with the generalized biorthogonal fundamental system v9* &k =T, m.

The minimum norm least squares solution has literally similar repre-
sentations as the unique discrete solution: it can be described by the
unique solution of the discrete Cauchy problem or the unique solu-
tion to other relative problem (the same discrete equation (2.1) but

different nonlocal conditions (2.2)).

A generalized discrete Green’s function also has representations similar
to expressions of a discrete Green’s function: it can be written using
the discrete Green’s function of the Cauchy problem or the discrete
Green’s function to other relative problem (the same discrete equation
(2.1) but different nonlocal conditions (2.2)).

Obtained properties of minimizers are coincident with corresponding

properties of minimizers for differential problems.

The discrete minimum norm least squares solution converges to the
minimum norm least squares solution of the differential problem (1.1)—
(1.2) if conditions of Theorem 4.32 are satisfied.
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Chapter 5

First order differential systems
with nonlocal conditions

1 Introduction

In this chapter, we consider a linear system of first order differential equa-

tions with nonlocal conditions

d ¥ S Kl l k
% = Za (x)u + f (l‘), HS [07 1]a (11)
=1

m

Z<Lklaul> = 9k, k= 17m
=1

(1.2)

where we take real numbers g and all functions v* € H'[0,1], f* € L?[0,1],
a* € C[0,1], Ly € C*[0,1]. Similar complex system was also studied by
Bryan [20, 1969]. He derived the expression of the Green’s matrix and stud-
ied its properties for the system with, as he called, general linear boundary
conditions. Generalized Green’s functions for systems of ordinary differen-
tial equations and general conditions were also investigated by Boichuk and
Samoilenko [13, 2004|. Authors obtained a representation of a generalized
Green’s matrix and solvability conditions in quite abstract form. We also de-
rive similar results for the system (1.1)—(1.2) in the form, applied particulary
for the problem with nonlocal conditions.

The structure of this chapter is as follows. First, we represent this sys-
tem into the vectorial form and consider its properties. Then the case of
the unique solution is investigated. We obtain several representations and
properties of the unique solution and its Green’s matrix. Afterwards, the
problem without the unique solution is considered. Here we discuss on the
unique minimizer of the residual, derive its properties and representations,
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study a generalized Green’s matrix. Several examples are also given. Let us
note that this chapter is based on the paper [89, Paukstaité and Stikonas
2017].

2 The vectorial problem

Introducing notations w = (u',u?,...,u™) ", ' = ((u'), (W?),..., (um)’)T,
A(z) = (a"(x)), f=(f' ., f™", L = (L, - -, L), the system can
be written in the equivalent form
Lu:=u —Au=f, (2.1)
<Lk,u) = gk, k= l,m. (2.2)

Here (L, u) is the usual matrix multiplication Lyu, where brackets empha-
size only the nature of nonlocal conditions. Similarly, (Ly,U) = LU for
every m x n matrix U = (UY) on [0,1]. We also use the two dot notation
(Ly., U7y := 3" (L, Ul for every j = 1,n and denote the m-th order
matrix valued identity function by I = I,;,xm.

Let us take the short description of the problem
Lu=b (2.3)

with the operator L := (L, Ly, ..., L,,)" and the right hand b = (f*,..., f™,
Gy gm) | € (L2[0,1))™ x R™.

Since every function u* € H'[0, 1], then for the Hilbert space (H'[0,1])™
= H'0,1]x...x H'[0,1] (here m times) we take the standard inner product

and the norm
1/2
|| = (u,u)/? = <Z [ HHl[O 1]> , Y u e (HY0,1)™

Analogously, for the space (L2[0,1])™ x R™, we introduce the norm

1/2
Ib] = (b,b)"/% = (an Broy+at) .+ W L201)" xR,

The Sobolev embedding theorem [42, Evans 2010] says that H'[0,1] C
C'[0,1] and the inequality

lullcpy < cllullapy, — Yue H'0,1], (2.4)

is valid for a particular constant ¢ independent on a chosen u. Thus,
(C[0,1])* C (H'[0,1])* and each functional Ly € (C[0,1])" belongs to the
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dual space (H'[0,1])*. Tt also means that vector valued functionals Lj, be-
long to the dual space of (H'[0,1])™. Since L is defined on (H'[0,1])™,
then the vectorial operator L maps one Hilbert space (H'[0, 1])™ to another
Hilbert space (L2[0,1])™ x R™.

Lemma 5.1. The operator L : (H'[0,1])™ — (L?[0,1])™ x R™ is the con-
tinuous linear operator with the domain D(L) = (H'[0,1])™.

Let us note that this proof is analogous to the proof of Lemma 1.1 from
Chapter 1. In this chapter, we omit analogous proves emphasizing particular
technical details if needed.

2.1 Existence of the unique solution

Let us consider the condition of the existence of the unique solution to the
problem (1.1)—(1.2). This condition was represented by other authors [19,
Brwon and Krall 1974, [20, Bryan 1969|. However, developing the parallel to
m-th order differential equations with nonlocal conditions, we present here
this condition in the similar form as an existence condition for the unique
solution to the m-th order equation is given in [100, Roman 2011].

So, we investigate the existence of the unique trivial solution z = 0 to
the homogenous problem

Z = Az, (2.5)
Liz)=0, k=T,m. (2.6)

The fundamental system of the equation (2.5) is composed of m linearly
independent vector functions z!, | = I,m, those can be represented by the
m x m order fundamental matrix Z(z) = (2!(z),...,2™(x)). Then we put
the general solution to (2.5), which is z = Y | ¢2! for ¢, € R, | = 1, m,
into conditions (2.6) and obtain the system of m homogenous equations with

unknowns ¢;, [ = 1,m, as follows

Z(Lk,zl)cl = O, k=

=1

1, m.

So, the system has only the trivial solution z = 0 or equivalently ¢; =0, [ =

1, m, if and only if the determinant of the previous system is nonzero

<L1,Z1> <L1,22> e <L1,Zm>
A — <L2, Zl> <L2, ZQ> . <L2, Zm> ?é 0. (27)
(L, 2Y) (L, 2%) ... (Lp,z™)
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It literally resembles the existence condition of the unique solution to a m-th
order differential equation with m nonlocal conditions, which was studied in
Chapter 2.

If A =0, then the nullspace N(L) is nontrivial. Denoting the nullity
d := dim N (L), we separate the following cases:

e d=0< A#0. Then N(L) is trivial.

ed=m<< A =0andall (Ly,2') = 0 for k,1 = T,m. Then all
constants cy, ..., ¢y, remain arbitrary and N(L) = span{z!,... 2™}
So, the solution to Lz = 0 is now equivalent to the solution of the
differential equation z’ = Az only.

e 0<d<m<e A=0and rank((Ly,2")) = m — d (here k,1 = 1,m).
Here m — d constants are solved and represented by other d constants,
those remain arbitrary. In other words, there exist d rows in the deter-
minant representation of A above, those are linear combinations of the
rest m — d linearly independent rows. Let us denote these “dependent”
rows by ((Lg,,2%),...,(Lg,2™)) for k;, | = 1,d. The independent
rows are also given by ((ij,z1>, ooy Ly, 2™)) for kj, j=d+1,m.
Thus, the solution to the problem Lz = 0 is now equivalent to the
solution of the simplified problem: the equation 2z’ = Az with con-
ditions (Ly;,2) = 0, j = d + 1, m, representing linearly independent

rows only.

Let us note that the nullspace N (L) is closed according to Lemma 5.1 [65,
Kreyszig 1978]. Then the entire space (H [0, 1])™ is represented by the direct
sum of orthogonal subspaces as below

(H'0,1))™ = N(L) ® N(L)*. (2.8)

Moreover, the nullspace N(L) is composed of continuously differentiable
functions 2! € (C'[0,1])™, I = 1,m, because all functions a* € C|0,1] [34,
Coddington and Levinson 1955].

2.2 Range of the operator L

We can ontain the following result.

Theorem 5.2. The range R(L) of the operator L is closed.
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This theorem is proved analogously as Theorem 1.2 for the second order
differential problem in Chapter 1 is proved. We take the unique solution to

the Cauchy problem

w=Au+f, uF0)=0, k=T,m. (2.9)

According to [34, Coddington and Levinson 1955], its unique solution is
given by u¢ = [ K(x,y) f(y) dy, where K (z,y) = Z(z)Z ' (y) is the m-th
order Cauchy matriz. Now we introduce the Green’s matrix G¢(z,y) =
(Gc’kl(:n, y)) (here k,1 =1,m) to the Cauchy problem as follows

K
G (z,y) = { (@.9), v<e, (2.10)
0, y>a,
and get another description of the unique solution
1
w = [ @)y (211)

The Green’s matrix has such properties:
1) G(y+0,y) -Gy - 0,y) = I;
2) G°(z,y) is C in (z,y) except the diagonal x = y;
3) G°(z,y) is C! in z except the diagonal x = y;

4) (0/0x)G(x,y) — A(x)G(z,y) = 0 except the diagonal z = y;

5) (Lk,G(-,y)) =0, k=1,m.

Applying these properties of the Green’s matrix G¢(x,y), we obtain the
proof of the Theorem 5.1 analogously as Theorem 1.2 in Chapter 1 is proved.

We can also obtain the direct representation of the range R(L). We omit
proves again because they are analogous to corresponding proves in previous
chapters. First, we need to discuss on the composition

b= g gm) T =D (fFe" + gre™)
k=1

for all b € (L%[0,1])™ x R™. Here we denoted the unit vectorial functions
el = (1,0,...,0)7, e = (0,1,...,0)7,..., 2™ = (0,0,...,1)T. Now we
can provide the representation of the range.

Lemma 5.3.
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1) If d =m, then R(L) is generated by the vector function

1 1 T
_ (fls.--;f’”; [ e s, [ Lo dy)
where f = (fl,...,fm)T = (LQ[O, )™

2) If 0 < d < m, then R(L) is generated by the vector function

S 1
b= Z Z( Z 9k; Lkla 7+ /0<Lkl7G“(‘,y)>f(y)dy)em“fl

k=1 I=1 \j=d+1
m
k-,
T Z gk, €,
j=d+1

where £ = (f*,...,f™7T € (L?0,1))™ and gk; €R forj=d+1,m.

Here G%(x,y) = (G**(z,vy)) is the Green’s matrix and {v!,... v™} is
the biorthogonal fundamental system for the problem Lu = f with original
conditions (Ly;,u) =0, j = d+1,m, and conditions (€, u) =0, | =1,d,
replacing (Ly,,u) = 0. Here (£;,,u) = 0 are selected such that for this
auxiliary problem A # 0. For details see the following section.

According to [100, Roman 2011]|, properties of L implies the closeness of
N(L*), where L* : (L?[0,1])™ x R™ — (H'[0,1])™ is the adjoint operator
of L. Then the nullspace and range theorem gives N(L*) = R(L)*, which

representation can also be derived in the following forms.
Corollary 5.4. The following statements are valid:

1) if d =m, then N(L*) is generated by vector functions

m
==Y (L, GV el +emE k=T,
=1

2) if 0 < d < m, then N(L*) is generated by vector functions

m m
w' == (Ly,.,G™'(,2))e! = D (Lp,, v")em™ i 4 emthe 0 =T,
=1 j=d+1

This corollary gives that d = dim N(L) and d* := dim N(L*) are equal.
Now applying the Fredholm alternative theorem, we get the solvability con-
ditions to the problem (1.1)—(1.2) without the unique solution (A = 0).

Corollary 5.5. (Solvability conditions) The problem (1.1)~(1.2) with A =0
1s solvable if and only if the conditions are valid:
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1) [ Lk, G y)) f(y) dy = gi, k = T,m, for d =m;

2) Z;n:d+1 k; <Lk47vkj> + f01<Lk47Ga('7y)>.f(y) dy = Gk, f07’ = m Zf
0<d<m.

Example 5.6. Let us consider a differential system (m = 2) with the

Bitsadze—Samarkii condition

(W' =w?+f, (W) =/

The solution to homogenous equations (z*) = 2% and (22)' =0 (f5, 2 =0
above), gives the scalar problem (%) = 0, which has the fundamental system
{1;2} and the general solution 2' = ¢; + cox. Then 2* = (2') = co. From
here, we obtain the fundamental system z' = (1,0)7, 22 = (z,1)" for the
differential system and calculate

<L1> z1> <L2> z1>
<L17 z2> <L2’ z2>

1 11—~
0 1-1¢

A=

If A#0, i.e., v§ # 1, the problem (2.12) has the unique solution.

Let us now focus on the problem with v§ = 1 (case A = 0). Since
(L1,2') = 1 does not vanish, then d = 1 and ky = 2, ko = 1. Now we
formulate the auziliary problem (u') = u? + f1, (u®) = f2, v'(0) = 0,
ul(1) = 0. It is obtained from the problem (2.12) taking v = 0 and has
A’WZO = 1. The auxiliary problem has the biorthogonal fundamental system
vl=(1—-2,-1)", v2=(2,1)" and the Green’s matriz

Ga.y) = ( (0/0y)C(@,y)  —Cay) >
(0%/020y) G (2, y) —(9/92)G%(z,y)

In this representation we used the Green’s function

GCI(JZ y) _ y(l - JJ), Yy <,
’ z(1—y), y>u,

for the scalar problem —u” = f, u(0) =0, u(1) =0 (for details, you should
see Example 5.16). We can directly verify that the Green’s matriz G (x,y)
describes the unique vectorial solution to the system (2.12).

From Lemma 5.3, we get the range representation

1 T
b= (fl;f2;91;91<L2>Ul>+/0 L2,GCI('7Z/)>f(y)dy> ;
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which simplifies to

1 o T
o= (1m0t [ (- G ens W+ EHEn W)y
Corollary 5.4 provides the function

a cl cl T
w(r) = (“YayG (& x); —G (S,w);7—1;1>

~1, x> ¢ -1, r>¢ &

generating the nullspace N (L*). Below we formulate the solvability condition
for the system (2.12) without the unique solution (A =0), that is v = 1/¢
below:

1
g2 = gu(1— )+ /0 (— (fde(g,wfl(y) T Gd(&y)f2<y)>dy-

Sitmplifying, we obtain

§ 1
9 291(1—7)+(1—7)/0 (fl(y)—ny(y))dy—/g (Fr)+w=1),*()) dy.

3 Problem with the unique solution (case A # 0)

Substituting the general solution

1
O S / G (e, ) () dy
0

of the equation (2.1) into nonlocal conditions (2.2), we use the Fubini’s
theorem in measure spaces and get the system

CI<L17Z1> +.o T+ Cm<L17zm> =01 — f01<L1, GC(7y)>f(y) dy,
(3.1)

c1(Lm, z1> + .o+ oL, 2™) = gm — f01<Lm7 G°(-,y)) f(y) dy.

If A # 0, we solve constants ¢y, ..., ¢, uniquely and obtain the represen-
tation of the unique solution to the problem (1.1)—(1.2), simply denoted by
Lu =b.

The unique solution also has the form w = L~1b, where L~ : (L?[0, 1])™ x
R™ — (H0,1])™ is the inverse operator of L : (H*[0,1])™ — (L?[0,1])™ x
R™. In this section, we are going to investigate the structure of the operator
L~ and its properties.
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3.1 Representation of the inverse operator

First, we select the particular fundamental system v!, [ = 1, m, satisfying
the biorthogonality conditions (Lj,v') = 52 for k,l = 1,m. Let us call
functions v, | = I, m, by the biorthogonal fundamental system. They are

unique solutions to the problems

(v = Av',
<Lk,vl> = 5;6, k=1,m,

(3.2)

respectively. Then the general solution to the problem (2.1) can also be

represented by
n 1
ule) = > (@) + [ G ). (33)
k=1 0

The biorthogonal fundamental system v, | = T, m, directly gives the con-

stants

1
e = g — /0 (L G y)) F(y) dy, &k =T,m,

from the system (3.1). Putting these expressions into (3.3), we obtain the
following representation of the solution

1 m m
ule) = [ (G () = 32 oM@ G ) F0) dy + Y 9ot (a)
0 k=1 k=1

or simply X .
wle) = [ Gla)fwdy+ Y g (o) (3.4)

0 k=1

Here we denoted the kernel
G(x,y) = Gc(x7y) _ka(x)<Lk7Gc('>y)>v (3'5)
k=1

which is called the Green’s matriz for the problem with nonlocal conditions
(2.1)—(2.2). Let us now introduce the Green’s operator

1
Gt = [ Gls i
It gives the following expression of the unique solution

u=Gf+qv +... +gnpo™ (3.6)

for all £ € (L?[0,1])™ and gx € R, k = 1, m.
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Now recalling another representation of the unique solution w = L™ f,

we obtain the following structure of the inverse operator
L= (G, v, v™) (LP[0,1])" x R™ — (H' [0, 1])™. (3.7)

Here G : (L?[0,1])™ — (H'0,1]))™ is the Green’s operator and v' €
(H'[0,1])™ (precisely, v' € (C'[0,1])™ according to Subsection 2.1) are also
characterized by the inverse operator as given below

Gf=L'(f"0,...,07, ol=L7te™, ..., o™=L"lte.

3.2 Properties of the unique solution

Using the formula (2.10), we rewrite constants in the form ¢, = g — (Lg, u®),
k = 1,m. Now we put these values of constants into the formula (3.3) and
get the representation of the unique solution to the problem (2.1)-(2.2) via

the unique solution u¢ to the Cauchy problem as below
m
w =" (gr = (Li, u))v" +u. (38)
k=1

Let us now consider two problems with the same equation but different

nonlocal conditions

u' =Au+tf, v'=Av+ f,

~ 3.9
<L >:gk7 kzl’m’ < >_gk’ k:]‘)m’ ( )

supposing these problems have unique solutions w and v, i.e., both A #0
and A # 0, respectively. The difference w = v — u is the unique solution to
the problem

w = Aw, (L, w) = g — (Lk,u), k=1,m.

For this problem, we apply the formula (3.8), which represents the unique
solution to (2.1)—(2.2). Now u® = 0 and right hand sides gy, are replaced by
gk — (Lg,u) for k =1, m. So, we obtain

m
w = Z gk — (L, u))o".
k=1

Recalling the notation w = v — u, we get the following property.

Lemma 5.7. The relation between the solutions of the problems (3.9)
v=u+Y (gc — (L, u))v", (3.10)
k=1
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is valid, where v, | =1, m, are the biorthogonal fundamental system of the

second problem (3.9).

Let us take biorthogonal fundamental systems ', { = 1, m, and v!, | =
1,m, for problems (3.9), respectively. These functlons are unique solutlons
to problems (3.9), where f = 0 and gy = g = 6L, k,I = I, m. For every
fixed [ = T, m, we apply the formula (3.10) taking v = v' and u = ', i.e.,

m

:vl—i-z — (L, 9")v", l=1m.
k=1

Rewriting, we obtain the linear system
n
Z Ly, v )v* =9, !
k=1

with the nonsingular matrix ((Ly,9')), k,I = 1,m, since (2.7) is valid for

I
3

every fundamental system and, particulary, for z! =o', [ =1, m.

Lemma 5.8. The relation

m

S (L, =3, 1=Tm, (3.11)
k=1

between the fundamental systems for the problems (3.11) is valid.

The obtained relation between two biorthogonal fundamental systems
allows us to find the biorthogonal fundamental system if the biorthogonal
fundamental system for other relative problem is known.

3.3 Properties of a Green’s matrix

First, every condition (2.2) can also be represented by

1
L) = [ dwouw, k=T,
0

where py, is a 1 x m row matrix of bounded variation elementwise. Thus, px
can have at most countably many discontinuity points y;, { = 1,2,3,..., and
need only be differentiable almost everywhere, i.e., uj = Lj almost every-
where. Thus, for every fixed = € [0, 1], the Green’s matrix (3.5) may have at
most countably many discontinuities at y;, [ = 1,2,3,..., as well |20, Bryan
1969]. In other words, the square [0,1] x [0,1] may be divided into N € N
rectangular domains (each rectangle x € [0,1], ;-1 <y <y, | = 1, N,
yo = 0, yy = 1), where the Green’s matrix (3.5) may satisfy the analogue
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of classical properties of the Green’s matrix (2.10) or the Green’s function
from Chapter 2. Indeed, properties of the Green’s matrix for the prob-
lem with nonlocal conditions, except the discontinuities, were obtained by
other authors [19, Brown and Krall 1974], |20, Bryan 1969|, where nonlocal
conditions where often called general conditions. Below we list several prop-
erties, those resemble the classical results for the Green’s function, or can
be obtained applying the properties of (2.10) to (3.5). So, except the dis-
continuities at lines y = yo, y1, y2,..., for x € [0,1], we have the following
properties of the Green’s matrix (3.5):

1) Gy +0,y) =T =YL, v*(y)(Li, G°(-,y)),
Gy —0,y) = = >0, v (y)(Ly, G°(-,y));

2) Gy+0,y) -Gy - 0,y9) = I;
3) G(z,y) is C in (z,y) except the diagonal = = y;
4) G(z,y) is C' in x except the diagonal z = y;

5) (0/02)G(z,y) — A(x)G(x,y) = 0 except the diagonal z = y;

6) (Lk,G(-,y)) =0, k=1,m.

Let us write solutions to problems (3.8) with g = g, =0, k = 1,m, via
their Green’s matrices

/Gx'y y) dy, v( /Gwy y) dy,

respectively. Putting them into the formula (3.10), we can get

/1 G(x,y) f(y) dy = /1 G(z,y)f(y) dy—i@k /1 G(-y)f(y) dy)o* (x)
0 ’ 0 7 —"" Jo ’

m

1 ~ ~
/ Gl ) dy = | (Glas) =3 v @)(Ew Gl £ )

k=1

From here we obtain the following formula.

Lemma 5.9. The relation
G(z,y) = G(x,y) — >_v"(@)(Lk, G(-,y)) (3.12)
k=1

between two Green’s matrices for the problems (3.8) is valid.
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3.4 Nonlocal boundary value problem

Let us investigate the unique solution u to the problem with nonlocal bound-

ary conditions

u'=A@)u+ f, z€l0,1], (3.13)
<Lk7u> = <K’kau> - 7k<zk’u> = 9k, k= 1,m, (314)

where Ky describe classical parts of conditions (3.14) but 3¢, represent fully
nonlocal parts, 7. € R, k = 1, m. We suppose that the classical problem
(3.13)(3.14) (1 = 0, k = 1,m) also has the unique solution . Putting
these solutions into the formula (3.12), we obtain the representation of the
unique solution to the nonlocal boundary value problem (3.13)—(3.14) via
the unique solution to the classical problem only as given bellow

u=u + Z”}’k(%k, u)ok, (3.15)

Here v*, k = T, m, is the biorthogonal fundamental system of the nonlocal
boundary value problem (3.13)-(3.14). Applying (3.12) to the Green’s ma-
trix G(z,y) of the nonlocal boundary value problem and the Green’s matrix
G (x,y) of the classical problem, we obtain very analogous relation.

Lemma 5.10. The Green’s matrix and the Green’s matriz for the classical
problem are related by the equality

G(z,y) = G, y) + Y wv® (@) (s, G, ) (3.16)
k=1

Let us note that all properties of the unique solution and representa-
tions of the Green’s matrix, obtained in this section, resemble analogical
results for m-th order ordinary differential equation with nonlocal condi-
tions. Comparing properties from Chapter 2, we see the similarity and ask
the following question. What is the relation between the Green’s matrix for
the system and the Green’s function for the m-th order differential problem

with nonlocal conditions?

The answer to this question is given in the following section.
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4 m-~th order ordinary differential equations with

nonlocal conditions

Now we are going to apply obtained results to the m-th order ordinary
differential equation with nonlocal conditions

™ + a1 ()™ a2 4 ao(@)u = f(z), z €[0,1], (4.1)

(Lk,U) = Z<Lkla u(lil)> = 0k, k= 17 m, (42)
=1

where a; € C[0,1], j = 0,m — 1, f € L?[0,1] and Ly € (C[0,1])" with

gr € R, k,1 = T,m. First, introducing notation u* = u* =1

, k=1,m, we

rewrite the problem (4.1)—(4.2) into the equivalent first order system for m

equations
ky _ o, k+1 T T
u ) =u" kE=1,m—1,
o o (43)
(W™ = f—apu' —a1u® — ... — ap_1u™
with nonlocal conditions
m
d (Lwu')=gr, k=T,m. (4.4)
=1
Denoting the vector of unknown functions w = (u',u?,...,4™)7, this sys-
tem can also be written in the vectorial form
u =Au+ f,
d (4.5)

<Lk7u'> = Zl";l<Lkl7ul> = Gk, k= 17m7

with the m-th order square matrix and the right hand side

0 1 0o ... 0 0 0
0 0 1 ... 0 0 0
A= , f=1..
0 0 0o ... 0 1 0
—ap —a1 —a ... —Qm—2 —Qm—1 f

4.1 Green’s function via Green’s matrix

Since (4.1)—(4.2) and (4.5) describe the same problem but in different forms,
the problem (4.1)—(4.2) has the unique solution v € H™[0, 1] if and only if
the system (4.3) has the unique vectorial solution u, where u* = u#=1) ¢
H'0,1], k = 1,m, and vice versa. Let us say gx = 0, k = 1,m, and take
their solutions, i.e., the unique solution to (4.1)—(4.2)

1
u(z) = /0 Glry)fw)dy, =01, (4.6)
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described by the Green’s function G(x,y) of the problem (4.1)-(4.2), and

the unique solution to the system (4.5)

1
u(z) = /0 Glo.y)fy)dy,  ze0.1], (4.7)

represented by the Green’ s matrix G(z,y) of the system (4.5). Simplifying
(4.7), we get

1
() = / G (e ) fy) dy, k=T (48)
0

Since u¥ = u*~1) | k =T, m, we differentiate (4.6) and obtain the following

relation.

Lemma 5.11. The last column elements of the Green’s matrix for the system
(4.4) are represented by the Green’s function of the scalar problem (4.1)—(4.2)

n the form
ak:—l

Oh—1
Corollary 5.12. The Green’s function for the problem (4.1)—(4.2) can be
represented by the function from the Green’s matrixz of the system (4.4) by

G (z,y) = G(z,y), E=1m. (4.9)

G(:C, y) = Glm(xa y)'

Remark 5.13. Thus, their properties (discontinuity points, jumps, properties
of derivatives) have to be the same. Indeed, according to Roman [100, 2011],
on particular rectangles = € [0,1], 1 <y < y; for = 1, N (they depend
on nonlocal conditions (4.2)), the Green’s function G(z,y) and its partial
derivatives from the first to (m — 2)-th order in z, i.e., (8’ /027)G(z,y), j =
0,m — 1, are continuous but the (m — 1)-th order partial derivative is also
continuous except the diagonal x = y, where it has the jump

m—1 m—1

WG(?/JF 0,y) — DT

All these properties of the Green’s function confirm the properties, given in

Subsection 3.3, for the elements Gy, (x,y) of the Green’s matrix. Moreover,
here we obtain additional smoothness properties GI™ e C™=10,1] except
the diagonal x = y and discontinuity points g, y1, Y2, - - ..

4.2 Green’s matrix via Green’s function

Formulas (4.9) represent the last column of the Green’s matrix G(z,y). To
find the next to last column, we consider the system (4.5) with the different
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right hand side

w=Au+f, (Lpu)=0 k=1,m, (4.10)

where u = (u',u?,...,v™)" and f: (0,...,0, f™ 1 0)T. The solution to
this system is represented only by the next to last column of the Green’s

matrix

1
%m=4<ﬁm1@wvm1@wy k=Tom  (411)

From the structure of equations (4.10), we get u* = (u')*=1 k=T m — 1,
and u™ = (u')™=1— fm=1  Let us temporarily suppose f™~! € C''[0,1] and
observe that the system (4.10) is equivalent to the problem (4.1)-(4.2) for
the function u! with f = (f™ Y —ay,_1f™ %, and gp = (L, f™°1), k=
1,m. By [100 Roman 2011], it has the solution u!(z) = Y1, grv¥(z) +
fo (y) dy, that is,

Z Lkmafm 1 (x)

+/ G ) (™Y W) — ama ) @) dy. (412)
0

Since the Green’s function is given by the equality G(x,y) = G(z,y) —
S R (@) (Lg, GS(+,y)), we are going to rewrite the integral

1

| Gy W) dy (4.13)
::Jﬁ (G () = S @) (L, GG (P () dy (4.14)
k=1

in another form. First, applying the integration by parts formula, we have

1
‘/wmeHﬂm y = —G(z,0)/™1(0) /Gwyﬁ*uw
0

since G°(x,1) = 0. Second, using the Fubinni’s theorem in measure spaces,
the integration by parts again and properties of the Green’s function G(x, y)
for the Cauchy problem (see Subsection 2.2 in Chapter 2), we get

AwﬂKMWl @;Azmh Go( ) (™Y () dy
Z/ / 510 (@ y) dua (@) (F771) () dy
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/ / 889; 11 (z,9) (f™ ) (y) dy dpua ()
- Z/ (axz—lG%w,y)fm—l(y) ,
/axl gy C @™ )d?J)dﬂkl Z/ < aalz a0 1 0)

1 al
+ 67 () —/0 ch(xay)fmfl(y) dy)dukl(fﬂ)
0

1
——<LkaGc(‘70)>f’"1(0)+<Lkm,fm1>—/0 (Lmafch(-,ny’"*l(y) dy

y=z—0 ol-1 y=1

+ WGC(%y)fm_l(y)

y=z+0

Now the integral (4.14) is given by

[ cwnimywa=cwonr=o- [ e wa
0 ’ ’ 0 83/ ’
Y e >(<Lk, L0 F™0) + (Lims ™)

1
- /0 (Lie 5 G ™ )y
600577 0) = 3B 770 w) — [ (L G 7 )
2 kms ; k;ay Y y)ay
m 1
= = 3o P00 = [ G0 )

Here we used the equality G(z,0) = 0, because the Green’s function satisfies
the homogenous equation (4.1) for > 0 and homogenous nonlocal condi-
tions (Lg, G(-,0)) = 0. Thus, G(x,0) vanish as the unique solution to the
homogenous problem with A = 0.

Now, the representation of the function (4.12) simplifies to
1 N 1
ul(e) = - / (5:6000) + an1()Gla) ) 7 ) (1.15)

- /yj /yM ) /yM< (@, y) + am- 1(y)G(m»y)>fm‘l(y) dy,

j=1, j#M

1

where z € [ypr—1;yar]. Differentiating the function u', we find other func-
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tions

N Yj x Ym ok
dw=- 2 [T [ (e
@== > |+ 4] |grigdey

10 ey Glo) ) 77 0)

for k = 2, m. Here we used properties of the Green’s function G(z,y), which
is C™~2 in z but has the jump on the diagonal (9™~!/(9z™ 20y))G*(z,x —
0) — (8™ 1/(0x™20y))G(z,x + 0) = —1 for y € [y;j_1;y;] [100, Roman
2011]. Let us note that obtained representations of functions uk k=1, m,
are valid if f™~1 € L2[0,1].

Since the formula (4.11) can be rewritten in the form

‘ M m—1 1
s [F [+ [T e et
Yj—1 YM—1 z

J=1,j#M

where the Green’s matrix is continuous in (z,y) on each subdomain, then
other representation (4.15) gives the equality

o ok—1
MG(%W—‘M—I( )8 =G, y), k=1,m.

Gk,mfl(wjy) - _

Similarly, we find the [-th column of the Green’s matrix investigating
the system (4.10) with the right hand side f = (0,...,0,f4,0,...,0)T for
I =T1,m—2. Now we get v! = (u") Y, i =1,1, and ult? = (u1)H=1 —
(fH0%=1Y i =1,m — 1. Here the system is equivalent to the problem (4.1)—
(4.2) for the function u! with f = (f1)(m=0 — " Par(FHD )it fl e
C™10,1], and g, = 37 Lo, (fHED), k= T, m. According to [100,
Roman 2011], it has the solution

m 1
= Fa)+ [ Gle,y)fly)d
;gk /0 Yy)r\y)ay

Differentiating this function and making simplifications as previous, we write
all solutions in the form

() —/01 Gz, ) fy)dy, k=Tm,

with the kernel

y gm+k—1-1 m—l—-1 gk—1
G"(z,y) = W Z l+i(y)WG($7y))



for k = 1,m and | = 1,m — 1. To make sure, we can verify directly that
functions u*, k = I, m, are solutions to the system (4.10) with the right
hand side f = (0,...,0, f.,0,...,0)7.

Recalling Lemma 5.11, we obtain the following feature.

Lemma 5.14. The Green’s matriz can be described by the Green’s function
of the scalar problem as below

y gm+k—i-1 m—l—-1 gk—1
G™(2,y) = W Z l+z(y)WG(fC7 y))

fork,l=1,m.

4.3 The second order problem

Let us now take the second order system (m = 2)

W) = w2+ 1, () = apu! + aru® + f2,
<Lk,u) = <Lk1,u1> + <Lk2,u2> =0, k= 1,2,

where f* € L2[0,1] and Ly; € C*[0,1]. It has the Green’s matrix

—a1(y)G(z,y) — Gy(z,y)  G(z,y)
_al(y)G%(%y) - Ggy(%y) Gﬁn(%y) ’

which is described by the Green’s function G(z,y) for the scalar problem

G(l‘, y) = (

W'+ oo+ ao(ehu = f(@), @€ [0,1],
(L, u) := (L1, u) + (Lpo, v’y =0, k=1,2.

Example 5.15. Let us consider the Cauchy system

(W =u?+ f1, (u?) = f3
u'(0) =0, u%(0)=0,

which can also be written in the matriz form v’ — Au = f, u(0) = 0. If
fl e Co,1], we obtain the scalar problem

(ul)” = f(:l:)a US [07 1]7
u'(0) =0, (u')'(0) = f'(0)

with the right hand side f = (f')' + f2. The differential equation —u" = f
has the solution

1
= e + ey + / Go(z,9) f(y) dy,
0

193



represented by the Green’s function G°(x,y) = (x—y)-H(x—y). Substituting
the general solution into initial conditions, we get c; = 0 and cz = f1(0).

Below we make simplifications

=1 (0)e + / - (Y ) + ) dy
0
=—/ f1<y>dy+/ (x — ) f2() dy
0 0

and find another function u* = (u')' — f' = [* f2(y) dy. From here we know
the representation of the Green’s matrix

¢ _( “H@@-y) (z-y) H(z-y)
o) = ( 0 H(z — y) )
_ ( ~(GYylz,y)  G(x,y) )

~(GYay @) (G)ylwry) )

which represents the unique vectorial solution u = fol G (z,y)f(y) dy to the
Cauchy system.

Example 5.16. Let us take a differential problem with the Bitsadze—Samarkii

condition

—u" = f(x), x € [0,1],

u(0) =0;  u(1) = yu(§),
where f € L?[0,1] is a real function and v € R, & € (0,1). According
to [100, Roman 2011], it has the unique solution and the Green’s function
y(l—=z), y<uz, ve ) y(1=§), y<§,
(l—y), =<y, 1—75{5(1—1/)’ £ <y,

if and only if v # 1. Denoting uy = u and us = u’, we rewrite the problem

(4.16)

G(l‘,y) = {

(4.16) into the equivalent system
(u') =u®+ f1, (u?) = f?
ul(0) =0, wu'(1) =7u'(§)
with f'' =0, f2 = —f. This system has the Green’s matrix
Gy(x,y)  ~Cla,y) ) |
Gry(2,y) —Golz,y)

Applying properties of the Green’s function G(z,y), we can directly obtain

G(‘T?y) = (

properties of the Green’s matriz, those are formulated in Subsection 3.5.

Let us remark, that this Green’s matrix has the minus sign since the
operator —u" has the Green’s function G(z,y), given above, which differs
with the minus sign from the Green’s function of the operator u’.

194



5 The unique minimizer (case A =0)

For A = 0, the problem (2.1)—(2.2) is not uniquely solvable. Hence, we are
going to solve it uniquely in the least squares sense.

Let us now emphasize the specific of our problem. Instead of the whole
vectorial problem Lu = b, most authors analyzed the operator Lu = u' —
Awu, whose domain is determined in part of the Stieltjes integral boundary
conditions fol duru = g, k = 1,m, that in our notations correspond to
(Ly,u) = gk, k = 1,m. Indeed, they solved the problem (2.1)—(2.2) in the
least squares sense minimizing only the residual w' — Au — f by functions
u, satisfying conditions f01 d pi(z)u(z) = gk, k=1, m.

In this section, we minimize the norm of the residual of the whole vecto-
rial problem Lu — b by functions from the domain D(L) = (H'[0,1])™ (see
Lemma 5.1). We obtain the unique least squares solution for our considering

least squares problem, present its properties and representations.

5.1 The minimum norm least squares solution

If A = 0, the differential system (1.1)-(1.2) may have a lot of solutions
(consistent problem) or no solutions (inconsistent problem). From Corollary
5.5, we know the solvability conditions of the differential system. However,
for both cases, we look for a unique vector valued function w® € (H1[0, 1])™,
which has the minimum norm among all minimizers u9 € (H'[0,1])™ of the

norm of the residual

g _ — 1 —
[Lu? = bl|(z2[0,17)m xrm = ue(Hlln[(f)’l])m [ILw = bl|(z2[0,17ym x & (5.1)
ie.,
1wl zroym < 1l arpoapym, ¥V u? # u’ (5.2)

Minimization steps here are interpreted analogously as in previous chapters
for differential and discrete problems.

The minimum norm least squares solution u° always exists and is unique
since L is the continuous linear operator with the closed range |6, Ben-Israel
and Greville 2003]. Moreover, the operator L : (H'[0,1])™ — (L?[0,1])™ x
R™ has the Moore-Penrose inverse LT : (L2[0,1])™ x R™ — (H[0,1])™,

which describes the minimizer
u® = L'b (5.3)

similarly as the unique solution is represented by uw = L7!b, if it exists.
Let us note that the system (1.1)—(1.2) with A # 0 is also involved in the
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minimization problem (5.1)—(5.2) because its unique solution u = L~1b is
coincident with the unique minimizer w°.

Every least squares solution, which is a minimizer of (5.1), is character-
ized by the minimum norm least squares solution

u? =u’ + Py(p)c

with an arbitrary vector valued function ¢ € (H'[0,1])™. Let us note that
the minimum norm least squares solution u° is the unique function among
all minimizers w9, which belongs to the orthogonal complement N(L)* since
u® = Py(g)yru? |6, Ben-Israel and Greville 2003|.

5.2 Generalized Green’s matrix

Let us develop the parallel to Subsection 3.1 studying the structure the
Moore Penrose inverse LT. Since the right hand side is of the form b =
(fYY. o f™ g1, 9m) = (f7,91,...,9m) " and the operator L' is linear,

we get the following composition of the minimum norm least squares solution
ul = LTb — G!Jf + g1'vg’1 + ...+ gm'vg’m,

where we introduced the operator G : (L2[0,1])™ — (H'[0,1])™ and vector
valued functions v9* € (H'[0,1])™ by formulas

GIf =L (f",0,...,0)7, vk = LTe™* k=1 m.
So, we get the representation of the Moore—Penrose inverse
LT =(G9, v, ..., v9™).

Let us note that GY is a continuous linear matrix valued operator ele-
mentwise. The linearity is obvious because L is linear. Second, each k-th
component (k = 1,m) of the vector valued function GYf can be partitioned
into the composition (G9f)* = GIFL 1 4. 4+ GIF™ f™ introducing opera-
tors G9* : 12]0,1] — H'[0,1]. Hence, we get the partitioning G9 = (G9*).

To proof the continuity, we observe that G9*' f € R for every fixed
x € [0,1] and a function f € L?[0,1]. Here we applied the Sobolev em-
bedding theorem, which says that G9* f € H'[0,1] C C[0,1] and gives the
inequality ||G9’klf|\c[071] < C||G9’klf|\H1[0’1] with a particular finite constant
C' independent of f. Now for every fixed = € [0, 1], we define the linear
functional Fy; : L2[0,1] — R by

(Fu, f) = Go¥f(z), V¥ feL*0,1].
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It is continuous because it is bounded

[(Fra, )] = |G9¥ f ()] < sup GO ()] = |G fllopo
ze|0,

<O GM fll = C- I(LH(fe) oy < C - ILT(feD) o ym
<L 1 fllz20.

for the finite constant C - ||Lf|| and every f € L2[0,1]. Then accord-
ing to the Riesz representation theorem for continuous linear functionals
in the Hilbert space [65, Kreyszig 1978|, there exists the unique function
G9K(x,-) € L2[0,1] that Fy; can be represented by the inner product in the
space L2[0,1] as follows

1
(Fu, f) = GO f(z) = / GOM(a, ) f(y)dy, Vf € L2[0,1],
0

and this equality is valid for every x € [0, 1].

Let us now denote the m-th order matrix valued function composed of
these functions G9*(z,y) by G9(z,y) = (G9*(z,y)). Then the minimum
norm least squares solution (5.3) can be given by

1

u’(z) = / GI(a, ) F(W)dy + o (@) ..+ gt (@) (5.4)
0

for all £ € (L2[0,1])™, numbers g1,...,gm € R and = € [0,1]. For the
particular case A # 0 investigated in Section 3, the problem (1.1)—(1.2) has
the unique solution of the form

1
ulz) = / Gl ) FW)dy + 90' (@) + ..+ g™ (@), (5.5)
0

where G(x,%) is the Green’s matrix and v*, k = 1,m, are the biorthogonal
fundamental system of the problem (1.1)—(1.2). According to the similarity,
we call the kernel G9(z, y) — the generalized Green’s matriz and the functions
v9F k= T, m — the generalized biorthogonal fundamental system for the
nonlocal problem (1.1)—(1.2).

For A # 0, we have LT = L~'. Here the minimum norm least squares
solution u? is coincident with the unique solution wu, the generalized Green’s
matrix G9(x,y) is coincident with the ordinary Green’s function G(z,y), the
generalized biorthogonal fundamental system v9*, k = 1,m, is coincident
with the biorthogonal fundamental system v*, k = 1, m.
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5.3 Properties of minimizers

We can derive properties and representations of minimizers those extend
known results for the system with the unique solution. Since proofs are
analogous as in previous chapter, we provide results without proofs. Let
us begin with the following characterization of the generalized biorthogonal

fundamental system that is the analogue of (3.2).

Lemma 5.17. Every function v9', | = 1,m, is the minimum norm least
squares solution to the corresponding system

Lv9! =0,
(Lg,v9Yy = 6L, k,1=Tm.

Let us now consider two relative systems (3.9), where the first system
has the unique solution, i.e., the condition A # 0 is valid. Here and fur-
ther G9(z,y) is the generalized Green’s matrix and v9*, k = T, m, are the
generalized biorthogonal fundamental system for the second problem (3.9),
which may have the unique solution (A # 0) or not (A = 0).

Theorem 5.18. If the first problem (3.9) has the unique solution w, then
the minimum norm least squares solution for the second problem (3.9) is
given by

m
u’ =u— Pypyu+ Y (gk — (Lp, u))v?*. (5.6)

k=1
Below we formulate the representation of the minimizer, which is always
applicable since the Cauchy problem (2.9) always has the unique solution

uC

Corollary 5.19. The minimum norm least squares solution to the system
(1.1)-(1.2) is of the form

u’ = u’ — Pyryu®+ (g1 — (L, u))v9' + ..+ (g — (L, u))v9™.

The generalized biorthogonal fundamental systems for problems (3.9) are

also related. We present their connection below.

Corollary 5.20. Let A 0 for the first problem (3.9). Then the biorthogo-
nal fundamental system v', | = 1, m, of the first problem and the generalized
biorthogonal fundamental system v9*, k = 1, m, of the second problem (3.9)

are related by

m
> (L, 000 = Py, 1=Tm.
k=1

198



5.4 Properties of a generalized Green’s matrix

We can obtain the representation of a generalized Green’s matrix, which is
analogous to the definition of an ordinary Green’s matrix (3.5).

Lemma 5.21. The generalized Green’s matriz for the system (1.1)—(1.2) is
of the form

GY(z,y) = G*(z,y) = Py(p)G“(x,y) = Yo" ()(Ly, G°(y)).  (5.7)
k=1

In this formula, we used the kernel Py (r,)G(w, y) of an operator Py ,)G* :
(L?[0,1])™ — (H'[0,1])™, which vanishes if A # 0. For A = 0, we rewrite

inner products in

d 1
Pyp)G°f(z) =) 2'(@)(Z, GF)anppym = /0 Py )G (2, y) F(y) dy
=1

and get the kernel Py r)G“(z, y), which is equal to

d

S 2() ((zl, G () oy + (2 G + (<zl>’<y>)T).

=1

Here 2!, 1 = 1,d, is the orthonormal basis of the nullspace N(L).
As in Subsection 3.3, the following properties of the generalized Green’s

matrix (5.7) are derived.

Lemma 5.22. Fory # yo, 41, Y2, ... with any z € [0,1], we have:
1) Gy +0,y) = Gy = 0,y) = I;
2) GI(z,y) is C in (x,y) except the diagonal x = y;
3) GI(z,y) is H' in x except the diagonal x = y.

Moreover, the generalized Green’s matrix can be described using a Green’s

matrix of a relative problem as given below.

Theorem 5.23. If the first problem (3.9) has the ordinary Green’s matriz
G(z,y), then the generalized Green’s matriz for the second problem (3.9) is
given by

m

Gg(x’y) = G(l’,y) - PN(L)G(mvy) - ng’k(ﬂfok, G(7y)>7 (58)
k=1

for all x € [0,1] and a.e. y € [0,1]. Here Py)G(x,y) denotes the kernel
of the operator Py (r)G : (L?[0,1])™ — (H'[0, 1])™.
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5.5 Nonlocal boundary value problem

Below we apply obtained results to the problem with nonlocal boundary
conditions (3.13)—(3.14). We suppose that the classical problem (3.13)-
(3.14) (3 = 0, k = 1,m) has the unique solution u!. Then the minimizer
of the full problem (3.13)—(3.14) is given by

m
u’ =u — PN(L)uCl + Z i (3, u )9
k=1

Here v9*, k = 1,m, is the generalized biorthogonal fundamental system
of the nonlocal boundary value problem (3.13)—(3.14). Applying (5.8) to
the Green’s matrix G(z,y) of the nonlocal boundary value problem and the

Green’s matrix G%(x,y) of the classical problem, we obtain very analogous

relation.

Lemma 5.24. The relation

m
Gg(x’ y) = GCI(‘T’ y) - PN(L)GCI(ma y) + Z r)/kvg7k(x)<zk? GCI('? y)>
k=1
between the generalized Green’s matrix and the ordinary Green’s matrix for

the classical problem is valid a.e.

Let us note that Py (g, is the zero operator if A # 0. Then the biorthog-
onal fundamental system v9*, k = 1, m, is equal to the biorthogonal funda-
mental system v*, k =1, m, and all results from this section are coincident
with analogous properties for the unique solution and the Green’s matrix,

given in Section 3.

Example 5.25. Let us recall Example 5.6 and continue the investigation of
the differential system

(u') =u®+ f1, (u®) = f?
ut(0) = g1, (1) =yul(§) + g

It has the unique solution if the inequality A # 0 is valid, i.e., v§ # 1. The
Green’s matrix for this problem is presented in Example 5.16. Let us find

(5.9)

the generalized Green’s matrixz for the case A =0, that is v = 1.
First, the problem with classical conditions (v = 0 above) has A # 0 and,
according to subsection 4.3, has the Green’s matrix

cl P _ (8/(‘)y)Gd(x,y) _GCI(xv y) T
&) = ( (67 /0x0y) G (z,y)  —(0/0x)G(z, ) ) T
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which is represented by the Green’s function

for the scalar problem —u” = f, u(0) = 0, u(1) = 0 with f = —f? — (f1)".

So, we can obtain the generalized Green’s matrix from the following formula
G(x,y) = G%(x,y) — Py)G" (z,y) — 709 (@)row1 G (&, y).  (5.10)

Since d = 1 (see Evample 5.6) and 2% = (x,1)T € N(L), we calculate

the projection
PN(L)GCI(:L'ay) = ((z27 GCI('ay))(Hl[O’y])z + (Z27 GCI('»Z/))(H1[y71])2

o 42 1 2(B5+3y) zly—9d)
+((z2)(y))> MM__M< 54+3y2 y—y° >

Now we are going to find another unknown function v9? = (v9251 v9%2)T
in the expression (5.10). It is the minimizer to the problem Lu = e*. Ac-
cording to properties of minimizers [100, Roman 2011/, it is also the mini-
mum norm least squares solution to the consistent problem Lu = PR(L)e4.
Thus, we calculate the projection

4 4 w

Prpe =e — ||'w||?L2[o - ('w,e4)(L2[o,1])2xR2-
R X

Here we took the function w = (7(3/8y)Gd(§,x); G, x)y — 1; 1)T,
which generates the nullspace N(L*) = R(L)*. Hence, we obtain the fol-
lowing representation of the problem Lu = PR(L)e4

(ul) = u? = 7(0/9y) G (€, 2) /| w]*, (5.11)
u?) = *de(& o)/ |wl?, (5.12)
u'(0) = (v = 1)/[lwl|f?, (5.13)
ul(1) = yur(§) =1 -1/[w|?, (5.14)

where ||lw]|| = HwH(L2[0,1])2xR2 =2—-¢+ (1 —7)2(3¢2 +2¢ +1)/2. We take
the fundamental system z' = (1,0)7, 22 = (2,1)" (see Evample 5.6) and
get the general solution

e 9/0y)Ge(€,
e T ( i ) v
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for c1,c2 € R. Substituting it into conditions, we find c; = (1 —)/|lw|?

and know the general least squares solution

o [P [ (@O0EE)
R A “’”( —Gel(e,y) )dy’

to the problem (5.11)—(5.14), depending on one arbitrary constant ¢ € R.
Taking c® = (560 + 706* + 18762 — 120€) /280(€5 — €4 — €3 4262 — € +1), we

obtain the desired minimizer v92.

We found this constant value applying the
property v9? = Pypyu?. Below we present the explicit form of the vector

valued minimizer

T A T / (G, (2, 9) (G, (€, y) + G, ) G (€, ) dy,

it o [ ] (G () (C)(6,9) + (G, ) G(E, ) dy.

Finally, we substitute obtained expressions into (5.10) and have that the
generalized Green’s function G9(x,y) is equal to

(G, + 2T 00 () (G (€ ) —Go+ TS g2 ()G (€, ) |
(G, + B — 9 22(@) (G (6y) (G, + LT 00 22(2) G € )

L can be found from Corollary 5.20,

Let us note that another minimizer v9
which gives the equality (L1, v )v9! + (Lo, v')v9? = PN(L)Lﬁl. Here we
take the biorthogonal fundamental system ' = (1—z,—1)T, v? = (2,1)7 for

the problem (5.9) with classical conditions (v = 0) and, simplifying, obtain

3
UgJ = (’7 - 1)’0972 + (17 O)T - ﬁ($7 1)T'
Since we know the generalized biorthogonal fundamental system v9:!, v92

and the generalized Green’s matriz G9(x,y), we can also calculate the min-

imizer using the representation

1
u’ = /0 G(z,y)f (y) dy + 10" (z) + g2v??(2).

6 Conclusions

Basic conclusions of this chapter are formulated below:

1) A differential problem (1.1)—(1.2) always has the Moore—Penrose in-
verse LT, a generalized Green’s matrix and the unique minimum norm

least squares solution.
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2)

For A # 0, we have that L' = L~! the minimum norm least squares
solution w? is coincident with the unique solution w, the generalized
Green’s matrix GY is coincident with the ordinary Green’s matrix G,
the biorthogonal fundamental system v*, k = 1, m, is coincident with
the generalized biorthogonal fundamental system v9*, k = 1, m.

The minimum norm least squares solution has literally similar repre-
sentations as the unique solution: it can be described by the unique
solution of the Cauchy problem or the unique solution to other rela-
tive problem (same differential equations (1.1) but different nonlocal
conditions (1.2)).

A generalized Green’s matrix also has representations similar to ex-
pressions of a Green’s matrix: it can be written using the Green’s
matrix of the Cauchy problem or a Green’s matrix to other relative
problem (same differential equations (1.1) but different nonlocal con-
ditions (1.2)).

A Green’s function of a scalar problem describes a Green’s matrix of
a differential system, which is obtained representing a scalar problem

in a system form, and vice versa.
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Chapter 6

First order discrete systems
with nonlocal conditions

1 Introduction

In this chapter, a linear system of first order discrete equations with nonlocal
conditions is considered. We are going to develop an analogy to Chapter 5,
where first order differential systems were investigated.

The structure of this chapter is as follows. First, we introduce some
notation. Then we represent a discrete system into the equivalent “matrix”
form and consider its properties. Afterwards a problem with the unique so-
lution is investigated. Here we obtain several representations and properties
of the unique solution. A discrete Green’s matrix is also studied. Later, the
problem without the unique solution is considered in the least squares sense.
Here we discuss on the unique discrete minimizer of the residual, derive its
properties and representations, study a generalized discrete Green’s matrix.

An example is also given.

2 Notation

In Chapter 3, we introduced a discrete function u € F(X,,), which can be
uniquely described by the complex column matrix u = (ug, u1,...,u,) €
C+Dx1 " Let us now denote the collection of functions u* € F(X,), k =
T,m, by U = (ul,u?,...,u™ T € F™(X,) = F(X,) x ... x F(X,). We
also take its matrix representation U = (u',u?,...,u™)" € Cmx(n+1),
Similarly, a collection of linear functionals L; € F*(X,), [ = 1,m, can
be given by L = (L1,La,...,Ly) € (F™(X,))" but its matrix matrix
representation is of the foorm L = (L{,LJ,...,L}) € Crtlxm  For a
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functional L € (Fm(Xn))* value at U € F™(X,,), we use the notation
(L,U)Y = Y (Lyuly = S0, 570 Livd = Y%, Liu!, where Lju! are
usual multiplications of matrices L; € CY*("+D and ut € CHD*1, Let us
denote its matrix representation by (L, U), where brackets emphasize the
nature of nonlocal conditions.

Analogously, a space F™*™2(X, x X,,) is defined. It is composed
of my x my order matrix valued functions M = (M*) for k = 1,m; and
I = 1,mg, those elements M* ¢ F(X,, x X,,) are uniquely represented
by complex matrices from Clm+)x(n2+1) - T this work, the one to one
correspondence among discrete functions M* : X, x X,,, — C and matrices
Mk = (Ml’jl) e Clmthx(n2+1) jg represented by Mi];-l = M*M(i,5), i €
Xn,, J € Xp,. In other words, an element M € F"™>*™2 (X, x X,,) can
be understood as a “matriz of matrices” since M = (IM*).

We also use the notation of the double summation without the sum
symbol as

ny mi

(LMD =>">"LiMl,  1=Tms, j€ X,

§=0 k=1

where L € (F™>*™2(X, x an))*y M e Fm>m2(X, x X,.). Let us
denote matrix representations of the last notation by (L, M) € C™2*(n2+1),
In this chapter, we will use the matrix valued zero function O of any desired

dimensions as well.

3 Formulation of the problem
Let us investigate a first order discrete system with nonlocal conditions

(LU)¥ Zaklul =fk ie X, ., (3.1)

m

S (L) =gr, k=T,m, (3.2)
=1

where functions U = (u',...,u™)T € F™(X,), F = (f',...,f™7"
F™(X,_1) and a* € F(X,_1), gr € C. Here £ : F"™(X,,) — F™(X,_1) is
the discrete operator and Ly € F*(X,,) are discrete linear functionals. De-
noting collections of functionals by Ly = (L1, Lg2,--., Lrm) € (Fm(Xn))*
for every k = 1, m, this problem is given by

JCU':‘F7 (Lk,U>:gk, kzzl,m.

206



We also use the following description
AU =B (3.3)

of the problem (3.1)—(3.2) with an operator A := (L, L1,...,Ly,) : F"™(X,) —
F™(X, 1) xC™and B=(F,g1,...,g9m)" € F™(X,_1) x C™.

3.1 The discrete Cauchy problem
Let us now consider a discrete Cauchy problem

m
ufﬂ = Zafluﬁ +fF e X, (3.4)
=1

uk =0, k=T1,m. (3.5)

It always has the unique solution U¢ € F"(X,,). To prove the existence of
the unique solution, we take the homogenous Cauchy problem

m

2k = Zaflzll-, i€ Xn_1, (3.6)
=1

=0, k=T,m. (3.7)

Substituting conditions (3.7) into the equation (3.6) with ¢ = 1, we find
all 2F = 0. Applying the mathematical induction, we find all trivial values
zf = 0 uniquely for every k = 1,m and ¢ € X,,_1. Thus, the homogenous
Cauchy problem has only the trivial solution, what means that the Cauchy
problem (3.4)—(3.5) with every right hand side always has the unique solution
U*€. We are going to obtain its representation.

To find the unique solution, we will use the method of variation of pa-
rameters. Here we need to take the fundamental system of the homogenous
equation (3.6). First, the problem (3.6)—(3.7) has m(n + 1) equations and
m(n + 1) unknowns, where all m(n + 1) equations are linearly independent
since this problem always has the unique solution. Second, the subsys-
tem (3.6) has mn linearly independent equations with m(n + 1) unknowns.
Thus, we can solve exactly mn unknowns via other m unknowns, those re-
main arbitrarily, what gives the nullity dim N(£) = m. It also means that
a fundamental system of the equation (3.6) is composed of m linearly in-
dependent solutions Z' € F™(X,,), | = 1,m, those matrix representations
are Z! = (21%) € C™*( 4D where k = T,m and i € X,,. Let us denote the
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discrete fundamental matrix at a point ¢ € X, by

1,1 2,1
z. :

m,1
i % 7
1,2 2,2 m,2
7, — Zi Zi i
1,m 2m m,m
zZ Zi zZ,

So, the general solution to the homogenous equation (3.6) is given by
zf = clz1 ky CQZQk + ...+ cmz;n’ , where k = 1,m and i € X,,. Then we
look for the unique solution to the problem (3.4)-(3.5) in the form (method
of variation of parameters)

uf = ¢l +c222k+... mmk chzjk (3.8)

with unknown functions ¢ € F (Xy), Il =1, m. Substituting this representa-
tion into the problem (3.4), we rewrite

m m
LR SRS ST oD o
=1 j=1
m m m
= Zd( Zit Za / > + Z(CZH - C’Z)Zgﬂ = Z(CZ-H - Cg)zgﬂ'
j=1 j=1 J=1
Here we used trivial equalities z; fl Sy aflzzj 1= 0 since (3.6) are valid

for a fundamental system Z! € F™(X,,), [ =1, m.

Let us denote the difference Ei 1= =

i1 C'Z and obtain the system

m

k .
Zzﬂzzﬂ_ k=1m, 1€ X,_1,
Jj=1

with unknowns E’ff 4+1- Since the discrete fundamental matrix Z;;1 is non-
singular at every point ¢ + 1, we find ¢, = Y% (Zi41) ¥ fl. Recalling
notation Efﬂ = cfﬂ — cf, we solve

Now we substitute these values in the formula (3.8) and obtain the repre-
sentation



of the general solution to the problem (3.4) with m arbitrary constants cé.
Here we introduce the notation the discrete Cauchy matriz at a point (i, 7)
by Kij = Zi(Zj11)~! € C™™ for every fixed i € X, j € Xp_1.

Using initial conditions (3.5), we find trivial constant values ¢} = 0
since functions 2% € F(X,,) for fixed k,l are linearly independent as a
fundamental system at the point ¢ = 0. Thus, we find the unique solution

= > Zl 1 Kkl l to the problem (3.4)—(3.5). Now we introduce the
discrete Greens matmx G° e F™*™(X,, x X,,_1) for the Cauchy problem:

KM j<i
Lkl y ] 2, . :
G?j - { Oaw j =, k,l=1m, i€X,, je€ X, 1, (3'9)

and have the unique solution of the form

n—1 m
k Skl .
= § § Gim 1 k=T1,m, i€ X,. (3.10)
7=0 =1

3.2 Existence of the unique solution

Let us now obtain a condition of the existence of the unique solution to
the problem (3.1)—(3.2). It is equivalent to investigate the existence of the
unique trivial solution Z = O to the homogenous problem AZ = O, that is

LZ =0, (3.11)
(L, Z) =0, k=1,m. (3.12)

We put the general solution of the probem (3.11), whichis Z = >} oA
for ¢, € C, I = 1,m, into conditions (3.12) and obtain the system of m

homogenous equations with unknowns ¢;, [ = 1, m, as follows

m
> (L, ZYe =0, k=Tm.
=1

So, the problem has only the trivial solution Z = 0 or equivalently ¢; =
0, I = 1,m, if and only if the determinant of the previous system is nonzero

(L1, ZY) (L1,Z%) ... (Li,Z™)
Ao | (B2 20 (L2 (L2 | gy
(Liny ZY) (Liny Z2) ... (L, Z™)

If A =0, then the nullspace N(A) is nontrivial. Denoting the nullity
d := dim N(A), we separate the following cases:
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e d=0< A#0. Then N(A) is trivial.

e d=m< A=0andall (L, Z') = 0for k,l = 1,m. Then all constants
ci,...,Cn remain arbitrary and N(A) = span{Z!,..., Z™}. So, the
solution to AZ = O is now equivalent to the solution of the differential
equation £Z = O only.

e 0<d<m< A=0and rank((Lg, Z')) = m — d (here k,l = 1,m).
Here m — d constants are solved and represented by other d constants,
those remain arbitrary. In other words, there exist d rows in the deter-
minant representation of A above, those are linear combinations of the
rest m — d linearly independent rows. Let us denote these “dependent”
rows by ((Ly,, ZY),...,(Ly,, Z™)) for k;, | = 1,d. The independent
rows are also given by ((Lg;, zZh, ..., (Ly,,2Z™)) for kj, j = d+1,m.
Thus, the solution to the problem AZ = O is now equivalent to the
solution of the simplified problem: the equation £LZ = O with con-
ditions (Ly,, Z) = O, j = d + 1, m, representing linearly independent

rows only.

3.3 Range of the operator A

We are going to obtain the representation of the range R(A). We omit
proofs again because they are analogous to corresponding proofs in previous
chapters. First, we need to discuss on the composition

m
B=(f" i ™ g1 gm) =Y (fFEF + g BT
k=1

for all B € F™(X,,—1) x C™, where we took discrete matrix valued functions
EFecF "(X,—1) x C™. Now we can provide the representation of the range.

Lemma 6.1.

1) If d =m, then R(A) is generated by the matriz valued function
m n—1 m
B=Y <f’“Ek +) 0 (L, G,Cj’.'l)f;Em““),
-1 j=0 1=1

where F = (f',...,f™7T € F™(X,_1).

2) If 0 < d <m, then for F = (f',....,f™7" € F™"(X,_1) and gi, € R,
i=d+1,m, R(A) is generated by the matriz valued function
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m d m n—1 m
B = kaEk+Z < Z gki<Lkzvvki> +ZZ LkzaGa ! fg)Eerké

k= (=1 “i=d+1 j=01=1

—_

m
+ Z gki Em+ki .
i=d+1

Here G € F™™(X, x X,_1) is a discrete Green’s matriz and V',
[ = 1,m, is the biorthogonal fundamental system for the problem LU =
F with original conditions (L, U) = 0, j = d+1,m, and conditions
(£, U) =0, l =1,d, replacing (Ly,,U) = 0. Here (£,,U) = 0 are selected
such that for this auxiliary problem A # 0. For details see the following
section.

Since the nullspace and range theorem gives the equality N(A*) =
R(A)*, we can provide the following representation.

Corollary 6.2. The following statements are valid:

1) if d = m, then N(A*) is generated by functions W, those at a point
1 € X, are equal to

m
ZLk, (Lp, GSHE + E™F . p=T,m.

2) if 0 < d < m, then N(A*) is generated by functions W*, those at a

point i € X, are equal to

=2 (L GEVE' = 3 Ly VI E™ 6 4 Erthe, (=Td,
=1 j=d+1

This corollary gives that d = dim N(A) and d* := dim N(A*) are equal.
Now applying the Fredholm alternative theorem, we get the solvability con-
ditions to the problem (3.1)—(3.2) without the unique solution (A = 0).

Corollary 6.3. (Solvability conditions) The problem (3.1)~(3.2) with A =0

1s solvable if and only if the conditions are valid:

1) S0 S L, G = gi, ke =Tom, for d =m;

2) S et G Ly, V) + 3020 ST (L, GS ) fE = g, for € =T1.d if
0<d<m.
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4 Problem with the unique solution (case A # 0)

Substituting the general solution
n—1 m
uf = c1zi1’k —i—...—l—cmz;mk + ZZG%klle
=0 1=1

of the equation (3.1) into nonlocal conditions (3.2), we get the system

(L1, ZY) + ..+ en(Ln, Z™) = g1 — S0 Y (L, GV FL

e (4.1)
ct{Lim, Z') + ...+ (L, Z™) = g — Z}Zl > 121 (L, chl>f]l

If A # 0, we solve constants ¢y, ..., ¢, uniquely and obtain the represen-

tation of the unique solution to the problem (3.1)—(3.2), simply denoted by

AU = B.

On the other hand, the unique solution is also described by the inverse
operator A~ : F™(X,,_1) x C™ — F™(X,,) in the foom U = A~!B. Thus,
first, we are going to investigate the structure of the operator A~! and its
properties.

4.1 Representation of the inverse operator

Let us take the particular fundamental system V! = (vﬁ’k), I =1,m (here
k =1,mandi € X,,), which satisfies the biorthogonality conditions (L, V)
= 6! for k,1 = T, m. We call these functions V!, I = T, m, by the biorthogonal
fundamental system. They are unique solutions to following problems

LVi=o0,

4.2
<Lk7 Vl> = 6%47 k= 17m7 ( )

respectively. So, the general solution to the problem (3.1) is represented by

n—1 m
uf = el 4 oo™ +ZZGCH (4.3)
7=0 I=1
The biorthogonal fundamental system V!, | = 1, m, directly gives us the
constants
n—1 m
-l
Ck:gk_ZZ<Lk7ch>jla kzlvma
j=11=1

from the system (4.1). Putting these expressions into (4.3), we obtain the
following representation of the solution

n—1

m m
ckl @,k c l m,k
g v, (L¢, G g )f]—i—gv + .ot gmy;
j=0 1=1 =1
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Let us denote the kernel

m
Kl 0,k -l
Gyt = G3" = uMLe, GYY), (4.4)
/=1

where i € X,,, j € X,—1, k,Il =1, m, and obtain the representation

n—1 m
SOG4 grof T+ g, (4.5)
7=0 =1
simply given by
U=GF+gV'+.. . +g,V™ (4.6)

We call the kernel G = (ijl) € F"™™M(X,, x X,,_1) by the discrete Green’s
matriz for the problem with nonlocal conditions (3.1)-(3.2).

Let us recall the representation of the unique solution U = A~!'B using
the linear inverse operator A= : F™(X,, 1) x C™ — F™(X,,). Thus, we
get the following composition

Al=(@G, v ..., v™

via the discrete Green’s matrix G and the biorthogonal fundamental system
vii=1m.

4.2 Properties of unique solutions

Using the formula (3.10), we rewrite constants in the form ¢ = g — (L, U°),
= 1, m. Substituting them into (4.3), we obtain the following representa-

tion of the unique solution.

Lemma 6.4. The unique solution
m
U=> (gr— (L, U)0" + U°
k=1

to the problem (3.1)~(3.2) is always described by the unique solution U€ to
the Cauchy problem (3.10).

Let us now consider two problems with the same equation but different

nonlocal conditions

LU =F, LV =F,

- 4.7
<Lk7U> = §k7 k= 1am7 <Lk7 V> = Gk, k= 1am7 ( )

supposing these problems have unique solutions U and V, i.e., both A #0
and A # 0, respectively.
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Lemma 6.5. The relation between the solutions of the problems (4.7)

k=1
is valid, where V', 1 =1, m, are the biorthogonal fundamental system of the

second problem (4.7).

A similar relation is obtained for discrete Green’s matrices as well. We

present it below.

Lemma 6.6. Discrete Green’s matrices G and G for two problems (4.7),
respectively, are linked with the equality

m
GH =GN N "uiML, Gl ieXn jEXu, ki=Tm.
/=1

Another relation is gieven for biorthogonal fundamental systems.

Lemma 6.7. The relation
AL, VHYVE=V!  1=Tm,
k=1

1s valid between the fundamental systems ‘N/l, l=T,m, and V¥ k=1 m,
for the problems (4.7), respectively.

4.3 Nonlocal boundary value problem

Let us now take a discrete problem with nonlocal boundary conditions

LU =F, (4.8)
(Li, U) = (kg, U) — (00, U) = gp, k=1,m. (4.9)

Here kj describe classical parts but 3¢, represent fully nonlocal parts of
conditions (4.9), v, € R, k = 1,m. If the classical problem (4.8)—(4.9)
(yx = 0, k = I,m) has the unique solution U, then Lemma 6.5 provides
the following relation.

Lemma 6.8. The unique solution U to the problem (4.8)—(4.9) and the
unique solution U to the classical problem (all v, = 0) are related as given
below .
U=U"+> (s, UV
k=1
Here V¥, k =1, m, is the biorthogonal fundamental system of the nonlocal
boundary value problem (4.8)—(4.9).
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Discrete Green’s matrices are also similarly connected.

Lemma 6.9. The discrete Green’s matrix G for the problem (4.8)-(4.9)
and the discrete Green’s matriz G for the classical problem (all v = 0) are
related by the equality

m
Kl okl 0k ol
/=1

5 The unique minimizer (case A = 0)

If A = 0, we cannot solve the problem (3.1)—(3.2) uniquely since the problem
may have a lot of solutions or no solutions. We are going to solve the problem
in the least squares sense, consider properties and representations of the

“best” least squares solution.

5.1 The minimum norm least squares solution

Let us take an inner product (B, B); and the norm | B, = (B,B)}/2
in the space F™(X,_1) x C™ for every B, B € F"™(X,_1) x C™. In the
space F™(X,), we consider another inner product (U, U), with the norm
U2 = (U, U);/2 for U,U € F™(X,). For instance, we will use two inner
products (B,E)(Lz(wh))mem and (U, ﬁ)(H1(wh))m with norms

1/2
1Bllz2n_yymsm = (By B) (12 nyymm

m 1/2
(W By b r )
k=1

m 1/2

— 1/2 _ ko, ky2
||UH(H1(Eh))m - (U7 U)(Hl(wh))m - <;(u ) U )Hl(wh)>
in the example below (case m = 2); here all functions U, U € F™(X,,) and
B,B € F™(X,_1) x R™ are real, and we denoted the norm [l or_ ) =
(2?2—01 f2h) Y2 for every [ € F(X,—1).
Introducing two different norms, we can minimize the norm of the resid-

ual

|AU? — BJ|; = |AU — Bl (5.1)

inf |
UeF™(Xy)
and look for a unique discrete matrix valued function U° € F™(X,,), which

has the minimum norm
U2 < [[U9)2 VYU £U° (5.2)

215



among all minimizers UY € F"(X,,) of the norm of the residual.

This minimizer U? is called the minimum norm least squares solution
to the problem (3.1)-(3.2). It always exists and is unique since a finite
dimensional discrete operator A is continuous linear with the closed range [6,
Ben-Israel and Greville 2003]. Moreover, the minimum norm least squares
solution

U°=A'B (5.3)

is described by the Moore-Penrose inverse AT : F™(X,,_1) xC™ — F™(X,,)
of an operator A : F™(X,) — F"™(X,—1) x C™.

Using the minimum norm least squares solution, we can represent all
least squares solutions U9 = U°+ Py (4)C with an arbitrary discrete matrix
valued function C' € F™(X,,). Here Py 4) denotes the orthogonal projector
onto N(A), the nullspace of A. The minimum norm least squares solution
is also uniquely characterized by the equality U® = Py(4).UY. Moreover,
the function U? is always the minimizer to the consistent problem AU =
PpaB.

5.2 Generalized discrete Green’s matrix

Since B = (F,g1,...,9m)' € F™(X,_1) x C™ and the Moore-Penrose in-
verse AT is linear |6, Ben-Israel and Greville 2003], we rewrite the minimizer
(5.3) in the special form

U’=GIF + g V9 4+ ... +g, Vo™ (5.4)

Here we introduced an operator GY : F"(X,_1) — F™(X,,) and functions

Vie F™(X,), l =1,m, those are parts of the Moore-Penrose inverse
Al = (@9, vl .. vem),

The minimizer (5.4) can also be given in the discrete form

n—1

Jkl Lk sk
@)F =3 GE gl 4 g™, (5.5)
=0 I=1

<

where kK = 1,m and i € X,,. This representation simplifies to the formula
(4.5) of the unique solution if it exists (A # 0). Thus, we call the kernel GY =
(ijkl) € F"*™(X, x X,,—1) by the generalized discrete Green’s matriz and
the set of discrete matrix valued functions V9! = (vf’l;k) € F™(X,) — the
generalized biorthogonal fundamental system for the problem with nonlocal

conditions (3.1)—(3.2).

216



5.3 Properties of minimizers

Let us begin with the following characterization of the generalized discrete
biorthogonal fundamental system that is the analogue of (4.2).

Lemma 6.10. Every function V9! | = 1, m, is the minimum norm least

squares solution to the corresponding problem

LVl =0,
(L, Vo) = 6L, k1=T,m.

Since the proof is analogous as in previous chapters, we omit it. We
present other results without proofs as well.

Let us now consider two relative problems (4.7), where the first problem
has the unique solution, i.e., the condition A # ( is valid. Here and further
GY is the generalized discrete Green’s matrix and V9% k = T, m, are the
generalized discrete biorthogonal fundamental system for the second problem
(4.7), which may have the unique solution (A # 0) or not (A = 0).

Theorem 6.11. If the first problem (4.7) has the unique solution U, then
the minimum norm least squares solution for the second problem (4.7) is of
the form

U°=U — PyayU + > _(gx — (Lt U)) VI,
=1

Since the discrete Cauchy problem (3.4)-(3.5) always has the unique
solution U*®, we obtain the following representation.

Corollary 6.12. The minimizer of the problem (3.1)~(3.2) is always given
by
U°=U°~ Py U+ (g — (L, US))VIF,
k=1

For a problem with nonlocal boundary conditions (4.8)-(4.9), we can
derive one more description of the minimizer as well.

Corollary 6.13. Let the classical problem (4.8)—(4.9) (all v = 0) has the
unique solution U, Then the minimizer of the problem (4.8)—(4.9) is de-
scribed as below

U° =U" — Py U+ i {se,, U VI,
k=1

The generalized biorthogonal fundamental systems for problems (4.7) are
also related. We present their connection below.
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Corollary 6.14. Let A # 0 for the first problem (4.7). Then the biorthogo-
nal fundamental system ‘7Z, [ =1,m, of the first problem and the generalized
biorthogonal fundamental system V9% k =1, m, of the second problem (4.7)
are related by

S (L, VHYVIE = Py VL I=Tm.
k=1

5.4 Properties of a generalized discrete Green’s matrix

Let us provide the representation of a generalized Green’s matrix, which is
analogous to the definition of an discrete Green’s matrix (4.4).

Lemma 6.15. The generalized discrete Green’s matrix for the problem (3.1)—
(3.2) is of the form

m
=1

where 1 € Xy, j € Xp—1, k, 1 =1,m.

Here we denoted by (PN( A)G)Z the kernel of the discrete operator
Pyna)G @ F(Xy—1) — F™(Xy). The following description of a gener-

alized discrete Green’s matrix is also valid.

Theorem 6.16. If the first problem (4.7) has the discrete Green’s matrix
G, then the generalized discrete Green’s matriz for the second problem (4.7)

s given by

m
Gg Kl _ sz ZU 9,6k (Ly, G
=1

forallie X, j € Xn_1, k,l=1,m.

For the problem with nonlocal boundary conditions (4.8)-(4.9), we ob-
tain the following relation.

Corollary 6.17. Let the classical problem (4.8)—(4.9) (all v = 0) has the
discrete Green’s matriz G. Then the generalized discrete Green’s matrix
for the problem (4.8)—(4.9) is of the form

m
N 1kl 1 Lk 1,-1
ngj = GC (P N(A )GC) Uig ’yg<}tg,G_Cj >
=1
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Example 6.18. Let us now continue the investigation of the differential

system with the Bitsadze—Samarkii condition

(') =u®+ f1, (u?) = f?

w(0) = g1, ul(1) =7ul(§) + g2 (5.6)

where functions f1, f? € C[0,1], g1, 92,7 are real numbers and a point & €
(0,1).

Let us denote f} = fl(z;), f2 = f2(z;) for i € Xn—1 and suppose & is
coincident with a point of the mesh @", i.e., &€ = sh for some s = 1,n — 2.
Approzimating the differential problem (5.6) by the finite difference method,

we obtain a discrete problem

S

T —) uZ, , —u?
’“h 7z+1h L= i€ X, (5.7)

:u22+fi1a 7
(L1,U) := u[l) =g, (L2, U) := u}l — ’yu; = go. (5.8)

We note that the solution to the problem (5.7)—(5.8) is equivalent to the

solution of a second order discrete problem

1 1 1

 Uig —2uz Ty
2

u(l) = g1, u}L — ’yu; = g9, (5.10)

- fi? 1€ Xn—Q; (59)

which is obtained rewriting equations (5.7) in the form (5.9) and denoting
fi=—f2—(fL1— f1)/h. From here we can find the solution u}, i € X,
and then calculate another function u = (u; —u})/h — f} fori € Xn—
but u2 =u2_, +hf?_,.

The homogenous equation (5.9) has the fundamental system z' = 1 and
22 =z, x €@ It gives the fundamental system Z' = (1,0), Z% = (z,1)T

for the homogenous problem (5.7) as well. Now we calculate

1 1—»v
0 1-—9¢

If A#0, i.e., & # 1, then the problem (5.7)—(5.8) has the unique collection
of solutions U = (ut,u?) € F?(X,,).

First, we solve the problem (5.9)-(5.10) for the discrete function u' €
F(X,). Since v¢ # 1, the problem (5.9)—=(5.10) has the discrete Green’s
function

A= =1—n¢.

(L1,Z%) (L3, Z%) |
(L1,2% (L3, 2% |

/iv + YLi xj—f—l(l_f), j+
i, 1=98 | & —z41), j+
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fori e X,, and j € X,,_2, but we denote Gi‘n 1 =0, G _1 = 0. It describes
the general solution to the equation (5.9) in the form
n—1 Gh . !
u; —01+02$1+ZG fih —01+02$Z+ZG f]h Z L ’] fJ
J=0 J=0
with two arbitrary constants c1,co € R. Substituting it into nonlocal condi-

tions (5.10), we find the unique solution

1 —1
ul =g O, +ZG fjhz Oy =Climpy e x,,

Using formulas u? = (u}y —u})/h— f} fori€ Xn_1 and u? =u2_, +
hf2_,, we get

uf:gll(_75 +ZV+G f7h— va G fih—fl ieX

Here we introduced two notations V+G (G?HJ G?’j)/h and V_G?j =

(G — Gy

ij—1)/h. Now we can write the unique solution in the form U =

g1V1 + g2 V2 + G'"F using the biorthogonal fundamental system

T T
V1:<1+(7—1)x77—1> ’ V2:( x ’ 1 )
L=~ 1-9¢ 1—=78 1-17¢

and the discrete Green’s matriz G, which at a point (i, j) is given by

h vV_Ghk ~Gh, . .
G, = ( V+(V_G2hj)]— 555/ —V+Cj¥?j ) , 1€Xn, jE X1 (5.11)
Comparing this expression with the representation of the generalized Green’s
matric G(z,y) in Example 5.16, here we see additional 6;;/h. We note that
it simplifies since V+(V_G£Lj) = —1+46;5/h contains 0;;/h with a plus sign.
Moreover, we considered Green’s matrices in the previous chapter, defined
on two domains x < y and x >y (i.e., see the formula (2.10) in Chapter
5).

If A =0, the problem (5.7)—(5.8) does not have the unique solution nor
the discrete Green’s matrixz. Thus, we are going to derive its generalized
discrete Green’s matric GI™.

Formula (5.3) provides the representation
L1.
GY; = G} — Py Gy + V76! (5.12)
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via the discrete Green’s matrix

c V_GC»Lh —Gc»lfh
Gi;h - Clvﬁj . p cl,h ) 1€ Xp, JEXn-1,
v+(v*Gij ) - 51]/h _V+Gij

obtained taking v = 0 in (5.11). Here V+(V_G§J1-’h) —0;j/h = (=140;;/h)—
dij/h=—1 foralli € X, and j € Xp_1.

Since (L1,Z') =1 # 0, we get d = 1 (we have 0 < d < 2 = m
according to Subsection 3.2) and ki = 2, ko = 1 for the problem (5.7)—(5.8)
with A = 0. We also see that Z* € N(A) and calculate the discrete kernel
(PN(A)GCLh)ij, which is equal to

Z2 ( Gclh) _ —;X
12213 (H'@)* ™ (24 h)(T + h)
% ( 13i(5 — h + ]’L + 3:L‘j+1(173j+1 — h)), $i($j+1(1 — h) — l’?+1) )
5—h+h?+3zj41(zj41 — h) zjp1(1 —h) — x?+1 .

(Pyn(a)G™")ij =

Now we are going to find the function V92, It is the minimizer to the
problem AU = E*. According to properties of minimizers [6, Ben-Israel
and Greville 2003/, it is also the minimum norm least squares solution to
the consistent problem AU = PR(A)E4.

Thus, we calculate the projection

w

Py EY=FE* -
(4) W

(W, EY) (12 )y2xre-

Here [W || == [[W{[ 2(, )y2xwe Jor the function W; = (ny_Gdh —y G,

v —1; 1) , which genemtes the nullspace of the adjoint operator, i.e., W €
N(A*) = R(A)*. Let us note that we have an approzimation |W|> =
||’I.U||%L2[0’1D2XR2 + O(h), where the vector function w = (v(0/0y)G (&, z);
—GNE, ) v — 1, 1)T generates the nullspace N(L*) = R(L)* for the dif-
ferential problem (5.6).

Now we write the problem AU = PR(A)E4 in the explicit form

uk, , —ul u —u2
—H = AV GG WP, S = G| WP (5.13)

up = (v = 1/[W]?, (5.14)
n—ug=1-1/|W]|?. (5.15)

We solve this problem analogously as the corresponding differential problem
from Example 5.25 in Chapter 5. That is, we take the general solution U
to discrete equations (5.13), substitute it into the condition (5.14) (another
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condition is satisfied trivially), find constant ¢i value and obtain the general
least squares solution UY. Calculating the projection V9?2 = PyaUY, we

find the desired minimizer. Below we present it in the explicit form

g21 _ v —1 ho clh‘ cLh cLh  ~clh
o e e ||W||2Z V-G G G
252 ho cl,h cl,h cl,h cl,h
v H=c HW||2 Z ViV_G - V_Gy'+ VG GG htO(h)
Jj=0, j#i

with the constant c® = ¢ + O(h), which describes the minimizer V92 of
the differential problem (5.6) (see Example 5.25 in Chapter 5). Finally,
we substitute obtained expressions into (5.10) and have that the generalized
Green’s matrix Gf]?h is equal to

14 14

5432

cLh | @i(5+323,,) g,2:1 cl,h clh | mi(zjp—z3,,) 9,2:1 ~clh
VoG + = = VaGy =G+ o + 0 G
Lh z 2;2 Lh Lh | jt1—a 2;2 lh
Vijngj + 171“ — ’Y’Uf V,sz —VZGSJ M + ’}/’Ug GC

plus a term O(h). This equality is valid if i € X, j € Xpu—1 and i #j + 1
(observe the analogy to a differential case, where x # y!). Recalling Example
5.25 in Chapter 5, we get the approximation G%’.h = GY(zj,xj41) + O(h)
foralli € Xy, j € Xpn—1 ifi # j+ 1 (except x = y, where the Green’s
matric GY(x,y) has the jump). For i = j+ 1, that is j = i — 1, we get
the vanishing element (G’g’h)” fE h = O(h) in the sum (5.16) below for
a chosen number i.

Applying Corollary 6.14, we find another minimizer

1 , 1 3(1+h) x _
Vgl_(v_l)vg2+<0>_(2—{—h)(7—{—h)<]_>v ZUELL)h.

Since we know the generalized biorthogonal fundamental system V91, V9.2
and the generalized discrete Green’s matriz G9", we can always calculate the
minimizer using the representation U° = GINF + g, VI 4+ oV 92| that ea-
plicitly is

—_

n—

m
S TGN D+ grof 4+ g™, (5.16)
=0 1=1

<.

where k =1,2 and i € X,,.
Let us finally note that discrete functions V91, V92 converge to continu-

L w92 (representations in Example 5.25, Chapter 5) and the

ous functions v9
generalized discrete Green’s matriz GO converges to the generalized Green’s

matriz G9 pointwise (see the formula (5.10) in Chapter 5) if h — 0 except
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the diagonal x = y. From here, we also get the pointwise convergence of the

discrete minimizer U° of the minimizer u® to the differential problem (5.6).

Below we suggest the way how to investigate the convergence of the
discrete minimizer to the minimizer of a differential problem. First, for
every function u € (H'[0,1])" we take its discretization myu = (u*(z;)) €
R™*("+1) on the mesh @". This formula is correct since u € (H'[0,1])™ is an
elementwise continuous function. Second, for every f = (f',..., f™, g1,...,
gm)" € (L%0,1])™ x R™ we also take some projector m : (L2[0,1])™ x
R™ — F™(X,,—1) x R™.

Theorem 6.19. (Sufficient convergence conditions) Let the following ap-

proximations

A(wlu) = 772Lu + O(ha),
Py (a)(miu) = m Pyyu + O(hY),
PrayB = myPgp) f + O(h%)
be valid for some a > 0. If sup,en [|AT|l1.2 < 400, then the minimizer U° of

the discrete problem (3.1)~(3.2) converges to the minimizer u® € (H'[0,1])"™
of the differential problem (1.1)—(1.2) from Chapter 5, i.e.,

|U° = miu®|[ c@hyym = G*I}Pali( . \uf’k —u®F(z)| = 0 if n— oo.
z, €W, k=1,m

6 Conclusions

Below we present principal conclusions of this chapter:

1) A discrete problem (3.1)—(3.2) always has the Moore—Penrose inverse
AT, a generalized discrete Green’s matrix and the unique minimum

norm least squares solution.

2) For A # 0, we have that A" = A~! the minimum norm least squares
solution U? is coincident with the unique solution U, the generalized
discrete Green’s matrix GY is coincident with the ordinary discrete
Green’s matrix G, the biorthogonal fundamental system V¥, k = 1T, m,
is coincident with the generalized discrete biorthogonal fundamental
system V9F k=T, m.

3) The minimum norm least squares solution has literally similar repre-
sentations as the unique solution: it can be described by the unique
solution of the discrete Cauchy problem or the unique solution to other
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relative problem (same discrete equations (3.1) but different nonlocal
conditions (3.2)).

A generalized discrete Green’s matrix also has representations similar
to expressions of a discrete Green’s matrix: it can be written using the
Green’s matrix of the discrete Cauchy problem or a Green’s matrix
to other relative problem (same discrete equations (3.1) but different

nonlocal conditions (3.2)).

Obtained properties of minimizers are coincident with corresponding
properties of minimizers for differential problems.

The discrete minimum norm least squares solution converges to the
minimum norm least squares solution of a differential problem (3.1)—
(3.2) if conditions of Theorem 6.19 are valid.

224



General conclusions

Basic conclusions of this thesis are formulated below:

)

Considered problems always have Moore-Penrose inverses, generalized
Green’s functions/matrices and unique minimum norm least squares
solutions.

For A # 0, a Moore-Penrose inverse is coincident with an ordinary
inverse, a minimum norm least squares solution is coincident with a
unique solution, a generalized Green’s function/matrix is coincident
with an ordinary Green’s function /matrix, the biorthogonal fundamen-
tal system is coincident with the generalized biorthogonal fundamental
system in both the differential and discrete cases.

In all cases, a minimum norm least squares solution has literally similar
representations as a corresponding unique solution: it can be described
by the unique solution of a Cauchy problem or the unique solution
to other relative problem (the same differential /discrete equation but

different nonlocal conditions).

A generalized Green’s function also has representations similar to ex-
pressions of a Green’s function: it can be written using the Green’s
function of a Cauchy problem or a Green’s function to other relative
problem (same differential/discrete equations but different nonlocal
conditions). For generalized Green’s matrices, we have the analogical

statement.

Obtained properties of discrete minimizers are coincident with corre-
sponding properties of minimizers for differential problems.

Under certain conditions (Theorems 3.33, 4.32 or 6.19), a discrete min-
imum norm least squares solution converges to a minimum norm least

squares solution of a differential problem.
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