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Introduction

In the thesis, the value-distribution of periodic Hurwitz zeta-functions ((s,a;a),s = o + it, is
investigated. The main attention is devoted to the universality of ((s, «; a), i.e., to the approximation

of a wide class of analytic functions by shifts ((s + i, o; a), with 7 € R.

First, we recall the definition of the periodic zeta-function. Let o,0 < o < 1, be a fixed parameter,
and a = {a,, : m € Ng},Ng = NU {0}, be a periodic sequence of complex numbers with minimal
period ¢ € N, i.e., ym1q = G, for all m € Ny. The periodic Hurwitz zeta-function ((s, a; a) is defined,

for o > 1, by the Dirichlet series

((syza)= > — 2 (1)

m=0 (m + a)s

From the periodicity of the sequence, it follows that, for all m € Ny,
|am| < max(\ao\, ‘CL1|, () |aq—1|)-

Thus, we have that the sequence a is bounded. Therefore, the series (1) is convergent absolutely for
o > 1. Hence, by the well known property of Dirichlet series, the function ((s, «;a) is analytic in the
half-plane o > 1.

For analytic continuation to the remained part of the complex plane, the classical Hurwitz zeta-
function is used. Let o be the same parameter as above. Then the Hurwitz zeta-function ¢(s, «) is

defined, for ¢ > 1, by the Dirichlet series

o0

1
(s, ) = Z m,

m=0
and is analytically continued to the whole complex plane, except for a simple pole at the point s =1

with residue 1. The function {(s,a) was introduced by A. Hurwitz in [12]. The periodicity of the

sequence a implies, for o > 1, the equality

[+«
). (2)

The latter equality together with mentioned above properties of the Hurwitz zeta-function gives an

analytic continuation for the function ((s, «;a) to the whole complex plane, except for a simple pole

at the point s = 1 with residue



If @ = 0, then the function ((s, «;a) is entire one.

The periodic Hurwitz zeta-function was introduced in [18].

By the definitions of the functions ((s, «) and ((s, o; a), we have that {(s,a) = ((s, a;a) with
a = {am : am = 1}. Thus, the periodic Hurwitz zeta-function is a generalisation of the classical
Hurwitz zeta-function.

The function ((s, «; a) is connected to an another classical zeta-function - the Lerch zeta-function.
Let A € R, and let a be the same parameter as above. The Lerch zeta-function L(\, «, s) is defined,

for o > 1, by Dirichlet series

i e27ri/\m
Lhvas) =Y
m=0 (m + a)

If A € R, then L(\, «,s) becomes the Hurwitz zeta-function. For A ¢ R, the function L(\, «,s)
continues analytically to an entire function. The function L(\, «, s) was introduced independently in
[38] and [39]. The theory of the Lerch zeta-function is given in [26].

If parameter ) is rational, then the coefficients e2™** are periodic. Therefore, the periodic Hurwitz

zeta-function is a generalization of the classical Lerch zeta-function L(\, «, s) with rational parameter

A

Aims and problems
The aim of the thesis are continuous and discrete universality theorems for periodic Hurwitz zeta-
functions. The problems of the thesis are the following:

1. An extension of a continuous universality theorem for the periodic Hurwitz zeta-function ¢(s, «; a)

with transcendental parameter a.

2. Extensions of a discrete universality theorem for the periodic Hurwitz zeta-function ((s, «;a)

with transcendental parameter a.

3. Continuous and discrete universality theorems for composite functions of the periodic Hurwitz

zeta-function.

4. Estimation of the number of zeros of the periodic Hurwitz zeta-function.

Actuality

Universality of zeta-functions has a great influence to approximation of analytic functions. Zeta-
functions usually can be approximated with a certain accuracy by Dirichlet polynomials that are
finite trigonometric sums. Therefore, universality theorems for zeta-functions allow to reduce an

approximation of complicated analytic functions to the approximation by finite trigonometric sums



that are comparatively simple functions. The described procedure indicate a way for estimation
of complicated analytic functions. For example, this way was applied by physicists for estimation of
integrals over complicated analytic curves [3]. Therefore, universality theorems for zeta-functions have
a big practical use, and this, of course, requires to extend investigations of universality for new classes
of zeta-functions. Since periodic Hurwitz zeta-functions extend the classes of Hurwitz and Lerch
zeta-functions, their universality theorems are the significant impact to applications of approximation
theory.

Universality theorems for periodic Hurwitz zeta-functions have also a series of theoretical appli-
cations. They are used for the proof of the functional independence of a wide class of zeta-functions
which is closely related to one of Hilbert’s hypothesis on the algebraic-differential independence of cer-
tain Dirichlet series. Moreover, universality theorems contain an information on the zero-distribution
of zeta-functions without Euler product over primes. Therefore, we are able to obtain estimates for
the number of zeros for periodic Hurwitz zeta-functions.

In general, universality of zeta-functions is one of popular directions of analytic number theory.
Lithuanian school of analytic number theory is the well-known in virtue of universality results. These

facts also support the actuality of the subject of the thesis.

Methods

The proof of universality theorems for periodic Hurwitz zeta-functions is based on probabilistic limit
theorems on weakly convergent probability measures in the space of analytic functions. This approach
includes the Fourier transform method, the Prokhorov theory on tightness and relative compactness of
families of probability measures, as well as some elements of ergodic theory. Moreover, the Mergelyan
theorem on the approximation of analytic functions by polynomials plays an important role in the
proofs. For estimation of the number of zeros of certain analytic functions, the classical Rouché

theorem is applied.

Novelty

All results of the thesis are new. Some of universality theorems for the function ((s, «;a) extend the
class of values of parameter o. Theorems on the number of zeros of the function ((s, o;a) were not

considered.



History of the problem and main results

The problem of universality of zeta-functions was opened by S. M. Voronin. In [52], he discovered the
universality of the Riemann zeta-function. We remind that {(s) = ((s,1;{1}). The Voronin theorem

has the following form.

Theorem A. Let 0 < r < i. Suppose that the function f(s) is continuous and non-vanishing in the
disc |s| <, and analytic in |s| < r. Then, for every € > 0, there exists a real number T = 7(¢) such
that

max
[s|]<r

((s—%—%—l—zﬁ') —f(s)’ <e.

Thus, by Theorem A, a wide class of analytic functions is approximated with desired accuracy by
shifts of the same function ((s). This is the sense of the Voronin universality.
We note that the first universal object in analysis was constructed by M. Fekete, see [46], [10]. He

proved that there exists a real power series

> ama™ (3)

such that, for every continuous function g(x),g(0) = 0, there exists an increasing sequence {ny} of
positive integers with a property that
klirxgo m;}g amx™ = g(x)

uniformly in « € [—1,1]. However, the series (3) was not given explicitly, only its existence was proved.

After a Fekete’s result, various authors, among them G. D. Birkhoff, J. Marcinkiewicz, who ob-
tained universal objects in analysis, however, all these objects, as the series (3), were not given
explicitly. Thus, the Riemann zeta-function is the first explicitly given universal object in analysis.

Theorem A is a deep result of analytic number theory, therefore, it turned attention of number
theorists. Variuos authors found a more general form for Theorem A. Let D = {s € C: § < 0 < 1}
be the right-hand side of the critical strip. The following notation is convenient for statements of
universality theorems for zeta-functions. Denote by X the class of compact sets of the strip D with
connected complements, and by Hy(K) with K € X the class of continuous non-vanishing functions
on K that are analytic in the interior of K. Moreover, let meas A be the Lebesgue measure of a
measurable set A € R. Then the modern version of the Voronin theorem has the following form, see,

for example, [17], [51].

Theorem B. Let K € X and f(s) € Hy(K). Then, for every € > 0,

| .
I%Iri}loréffmeas {T €[0,7]: fg}}g C(s+it) — f(s)‘ < 6} > 0.

The inequality of Theorem B means that the set of shifts ((s+i7) approximating a given function

f(s) € Ho(K) with accuracy € > 0 has a positive lower density. From this, it follows that the latter set



is infinite. Moreover, analytic functions are uniformly approximated not only on discs, as in Theorem
A, but on general compact sets with connected complements. For example, a compact ring does not
belong to the class X.

After Voronin’s work [52], it was observed that some other zeta and L-functions are also universal
in the Voronin sense. Among them, Dirichlet L-functions [1], [40], [53], [15], [20], [54], [55], [9],
Dedekind zeta-functions of number fields [47], [48], zeta-functions attached to normalized Hecke-eigen
forms [31], [32], [33], [34], [28], L-functions of the Selberg class [50],[44] and other zeta and L-functions.
The above mentioned zeta and L—functions have a common feature - they have Euler’s type product
over primes. For example, the Riemann zeta-function has, for ¢ > 1, the following Euler product
expansion

1\ -1
((s) = H (1 - E)
P

over primes p. It is a reason to thing that the existence of Euler’s product allows to approximate only
non-vanishing analytic functions.

There is an another group of zeta-functions having no Euler product but universal in a bit different
sense. The object of the thesis, the periodic Hurwitz zeta-function ((s, c; a), in general, has no Euler’s
product. The simplest zeta-function without Euler’s product is the Hurwitz zeta-function ((s, o) which

has Euler’s product only in the cases ((s,1) = ((s) and

¢(s5) =2 = 1),

In the case of the functions ((s,«) and ((s,«;a), the class Hyo(K), K € X, is replaced by the class
H(K),K € X, of continuous functions on K that are analytic in the interior of K. The simplest
case is of transcendental parameter a. We recall that « is a transcendental number if there is no
polynomial p(s) #Z 0 with rational coefficients such that p(a) = 0. The first universality result for the

periodic Hurwitz zeta-function was obtained in [14] and is of the following form.

Theorem C. Suppose that the parameter « is transcendental. Let K € X and f(s) € H(K). Then,

for every e > 0,

1
lim inf — meas {T € 10,7 : sup |((s +iT,o;a) — f(s)‘ < 6} > 0.
T—oo T seK

In [9], Theorem C was proved for the sequence a with a,, = 1.
In the thesis, the requirement of Theorem C on the transcendence of the parameter « is replaced
by weaker one. Define the set

L(a) = {log(m 4+ «) : m € Np}.

Theorem 1.1. Suppose that the set L(«) is linearly independent over the field of rational numbers
Q. Let K € X and f(s) € H(K). Then, for every c > 0,

1
lim inf — meas {7’ €[0,7] : sup |¢(s +iT,;0) — f(s)’ < 6} > 0.
T—oo T seK

10



It is easy to see that if « is a transcendental number, then the set L(«) is linearly independent

over Q. Suppose, on the contrary, that there exist k1, ..., k. € Z\ {0} and mq,...,m, € N such that
kylog(my + @) + ... + k. log(m, + «) = 0.

Hence, we find

(m1 4+ o)™ + .. 4 (m, + ) =1.

From this, using the Newton expansions, we obtain that there exists a polynomial p(s) with integer
coefficients such that p(«) = 0. However, this equality contradicts the transcendence of .

On the other hand, we do not know any non-transcendental o, 0 < o < 1, with a linearly indepen-
dent set L(a), however, by the famous Cassels theorem [4], this is theoretically possible. We remind
that « is an algebraic number if there exists a polynomial p(s) # 0 with rational coefficients such that
p(a)) = 0. For example, % is an algebraic number because it is a root of the polynomial 2s? = 1. All
rational numbers are also algebraic. The Cassels theorem asserts that at least 51 percent of elements
of the set L(«) with algebraic irrational « are linearly independent over Q. Thus, it can happen that
the set L(«) is linearly independent over Q with algebraic irrational .

The case of rational « is not easily treated. We recall that rad(m) denotes the product of all
distinct prime divisors of a positive integer m, i.e.,

rad(m) = H .
plm
The condition rad(q) divides b means that every prime divisor of ¢ divides b. We note that the latter
condition is equivalent to the requirement that (bl + a,bq) = 1for alll =0,...,q — 1.

Theorem 1.2. Suppose that « = ¢,a,b € N,a < b,(a,b) = 1,b # 2 and that rad(q) divides b. Let
K € X and f(s) € H(K). Then, for every e > 0,

1
liminf — meas {7’ € 10,7 : sup |C(s + i, g; a) — f(s)
T—o0 T seK b

<e}>0.

Theorem 1.2 for the Hurwitz zeta-function (in this case a,, = 1,¢ =1 and a # 1, %) was obtained
in [1], [9], [54]-

Theorems B, 1.1 and 1.2 are of continuous type because 7 in shifts {(s+47) and ((s+i7, a; a) can
take arbitrary real values. If 7 in the above shifts takes values from a certain discrete set, then we
have discrete universality theorems. Discrete universality theorems for zeta-functions were proposed
by A. Reich in [47]. He proved discrete universality theorems for Dedekind zeta-functions (k(s) of
algebraic number fields K. For o > 1, the function {k(s) is defined by the Dirichlet series

o) = Y s

YT e (N
where I runs over the non-zero ideals of the ring of integers Ok of K, and N(I) denotes the norm of
I. Moreover, (k(s) is meromorphically continued to the whole complex plane with unique simple pole

at the point s = 1.

11



Reich considered the case when 7 takes values from the arithmetical progressions {kh : k € No}
with fixed difference h > 0. A modern version of the Reich theorem is of the following form. We

denote by #A the cardinality of the set A, and suppose that N € Ny.

Theorem D. Let K € X and f(s) € Hy(K). Then, for every e >0 and h > 0,

lim inf #{ngSN:sup QK(S—Fikh)—f(s)’ <e}>0.
N— 00 s€EK

+1
We note that in the case K = Q, Theorem D becomes the discrete analogue of Theorem B for
Riemann zeta-function.
The first discrete theorem for the Hurwitz zeta-function ((s,«) with rational parameter o was

obtained in [1]. The case of transcendental « is more complicated, and it is required that the number

exp {27”} would be rational. A similar situation is known also for the periodic Hurwitz zeta-function

[27].

Theorem E. Suppose that « is a transcendental number, and h > 0 is such that the number exp {2%}

is rational. Let K € X and f(s) € H(K). Then, for every ¢ > 0,

lminf =

#{o <k <N:sup|C(s+ikh,a;a) — f(s)‘ < e} > 0.
seK

For example, the assertion of Theorem E is valid with transcendental o = e~! and h = 27w (log 2) 1.
In the thesis, the following extension of Theorem E is considered. For this, a new hypothesis on

the parameter o and h is applied. Let

2
L(a,h,m) = {(log(m—i-a) tm € NO),W}.
h
Theorem 1.3. Suppose that the set L(a,h,7) is linearly independent over Q. Let K € X and
f(s) € H(K). Then, for every e > 0,

1
#{0 <k<N:sup ’C(erikh,a; a) — f(s)‘ < e} > 0.
1 seK

1}\1{13;1;

We observe that Theorem 1.3 implies a similar theorem of [27] for the Hurwitz zeta-function.
The linear independence of the sets over Q is related in a certain sense to a very important
but complicated problem of algebraic independence over Q. We remind that the numbers ag, ..., o,
are algebraically independent over Q if there is no any polynomial p(sy,...,s,) # 0 with rational
coefficients such that p(aq,...,a,) = 0. It is not difficult to see that if the numbers o and exp {%’T}
are algebraically independent over Q, then the set L(«, h,7) is linearly independent over Q. Actually,

suppose, on the contrary, that the set L(c,h,7) is linearly independent over Q. Then there exist

ki, ...k, k € Z\ {0} and my,...,m, € Ny such that

2k
kylog(my + @) + ... + k. log(m, + k) + Tﬂ =0.

Hence,



Therefore, there exists a polynomial p(sy, s2) # 0 with integer coefficients such that p(c, exp {32}) =
0, and this gives a contradiction to the algebraic independence of the numbers a and exp {%—L’T} By
the famous Nesterenko theorem [45], the numbers 7 and e™ are algebraically independent over Q.
Therefore, for example, we can take o = % and rational A in Theorem 1.3.

A discrete analogue of Theorem 1.2 is of the following form.

Theorem 1.4. Suppose that « = §,a,b € N,a < b,(a,b) = 1,b # 2 and that rad(q) divides b. Let
K e X and f(s) € H(K). Then, for every e > 0,

lim inf
N—oo

1
#{og k<N :sup |C(s +ikh, < a) —f(s)’ < e} > 0.
1 seK b

For the proof of Theorems 1.2 and 1.4, the representation of the function ((s, §;a) by Dirichlet
L-functions is applied. Let x be a Dirichlet character modulo & , i.e., x : N — C is a periodic function
with period k (x(m + k) = x(m) for all m € N), completely multiplicative (x(mn) = x(m)x(n) for
all m,n € N), x(m) = 0 for (m,k) > 1, and x(m) # 0 for (m,n) = 1. The corresponding Dirichlet
L-function L(s,x) is defined, for o > 1, by the Dirichlet series

ms
=1

There exist ¢(k) distinct Dirichlet characters modulo k, where ¢(k) is the Euler totient function:
d(k) =#{1 <m < Ek:(m,k) =1}. A character xo modulo k is called principal if xo(m) = 1 for all
(m,k) = 1. The function L(s, xo) can be analytically continued to the whole complex plane, except

for a simple pole at the point s = 1 with residue

H(l—%),

plk
where p denotes a prime number. If x # xo, then the function L(s, x) is analytically continued to an
entire function, i.e., it is analytic in every finite region of the complex plane. The function L(s, x), for

o > 1, has a representation by the Euler product over primes
x(@)\ !
P

Dirichlet L-functions are closely connected to Hurwitz zeta-functions with rational parameter, namely,

1< l
L(s,x) = 1= 2 x(0¢ (5 7))

=1
and, for a,b € N, (a,b) = 1,a < b,
a b®
(»3)=5m X X@L), )
x (mod b)

where the last sum runs over all Dirichlet characters modulo b. Equality (4) is very useful for investi-

gations of the periodic Hurwitz zeta-function with rational parameter.

13



In Chapter 2 of the thesis, the uniform distribution modulo 1 of sequences of real numbers is
applied for the investigation of discrete universality for periodic Hurwitz zeta-function. We recall
that a sequence {zy : k € N} C R is called uniformly distributed modulo 1 if, for each interval
I=]a,b)Cl0,1),

LG
(1) 0
k=1
where {z\} denotes the fractional part of z; and x; is the indicator function of the interval I, i.e.,

1 ifrel,
0 ifeegl.

xi(x) =
An idea of application of the uniform distribution modulo 1 was proposed in [§], and the following
theorem was proved for Riemann zeta-function.

Theorem F. Let K € X and f(s) € Hy(K), and suppose that 0 < § < 1 and h > 0 are fized numbers.
Then, for every e > 0,

lim inf
N—oo

1 #{0 <k < N:sup|¢(s+ikPh) — f(s)‘ < 5} > 0.
1 seEK

We note that Theorem F is the first result in the theory of discrete universality of zeta-functions
that uses, in place of the arithmetical progression {kh : kK € N}, h > 0, a more general discrete set
{kPh :k € Ng},h > 0.

In [30], Theorem F was extended for a collection of Dirichlet L-functions. Let P be the set of all

prime numbers, h; > 0,...,h, > 0, and

L(hy,....;h;P) = {(h1 logp:p€eP),...,(h-logp:p€ IP)}

Theorem G. Suppose that x1, ..., Xr are arbitrary Dirichlet characters, 5 € (0,1) is a fized number,
and the set L(hq, ..., hy; P) is linearly independent over Q. For j = 1,...,r, let K; € KX and f;(s) €
Hy(K;). Then, for every e >0,

- 1 .
I}H&f N 1#{0 <kE<N: 121;27" Sseull()j L(s +ikPhj, x;) — f;(s)

<5}>0.

The proofs of Theorems F and G are based on the fact that the sequence {k%a : k € Ny}, with
0 < B <1andaeR\{0}is uniformly distributed modulo 1.

An analogue of Theorem F for the Hurwitz zeta-function was obtained in [25].

Theorem H. Suppose that the set L(«) is linearly independent over Q, and 8,0 < 8 < 1, is a fized
number. Let K € X and f(s) € H(K). Then, for everye >0 and h > 0,

imi <E<N: kP h,a) — ‘ .
ljl\rrgl?ofNJrl#{o_k_N fél}}; C(s+ikPh,a) — f(s) <E}>0

In the thesis, the following extension of Theorem H is proved.

14



Theorem 2.1. Suppose that the set L(«) is linearly independent over Q, and that 51,0 < S < 1,
and By > 0 are fivzed numbers. Let K € X and f(s) € H(K). Then, for every e >0 and h > 0

1
#{2 <k < N :sup [C(s+ ihk” log™ k, o; a) —f(s)‘ < 5} > 0.
-1 seK

%giglof
For the proof of Theorem 2.1, the uniform distribution modulo 1 of the sequence {ak® log™ k -
k=2,3,..} with 81,0 < 31 < 1,82 > 0 and every a € R\ {0} is applied.
In Chapter 3 of the thesis, generalizations of universality theorems for periodic Hurwitz zeta-
functions are considered. More precisely, universality of composite functions F(((s,;a)) for some
operators F': H(D) — H(D), where H(D) is the space of analytic functions on D, is proved.

We note that the first universality theorems for composite functions were obtained in [19] and [21].

We remind some of them. We use the notation

S={ge H(D):g(s) #0or g(s) =0}.

Theorem 1. Suppose that F' : H(D) — H(D) is a continuous operator such that, for any open set
G C H(D), the set (F71G) N S is not empty. Let K € X and f(s) € H(K). Then, for every e > 0,

liminf%meas{T €1[0,77] : sup F(((s—i—iT)) - f(s)’ < E} > 0.

T—00 seK

Let ay, ..., a, be a distinct complex numbers, and F : H(D) — H(D) be an operator. Define

Hay,.ooar(D) = {g € H(D) : g(s) # a,§ = 1,...,r} U {F(0)}.
Then the following statement is known [21].

Theorem J. Suppose that F' : H(D) — H(D) is a continuous operator such that F\(S) D Hy, ... q..r(D).
Ifr=1,let K € X, and f(s) € H(K) and f(s) # a1 on K. Ifr > 2, let K C D be an arbitrary

compact subset, and f(s) € Hy, ....a..r(D). Then the same assertion as in Theorem I is true.

From Theorem J, the universality of some elementary functions, for example, sin(((s)), follows.
The universality of composite functions F({(s,a)) was considered in [23] and [22]. For example,

in [23], the following universality theorem was obtained.

Theorem K. Suppose that the number « is transcendental, and that F : H(D) — H(D) is a contin-
uous operator such that, for every polynomial p = p(s), the set F~{p} is non-empty. Let K € X and
f(s) € H(K). Then, for every e > 0,

liminf%meas {T € 10,77 : sup F(C(s + 4T, a)) - f(s)‘ < 5} > 0.

T—o0 seK

A discrete analogue of Theorem K and other discrete universality theorems for F(§ (s,a)) were
obtained in [37]. Now, we state universality theorems for composite functions F((j (s, q; a)) obtained

in the thesis. The first theorem is an analogue of Theorem I.

15



Theorem 3.1. Suppose that the set L(«) is linearly independent over Q, and that F : H(D) — H(D)
is a continuous operator such that, for every open set G C H(D), the set F~'G is mnon-empty. Let
K e X and f(s) € H(K). Then, for every e > 0,

I%Fnl)ioréf%meas {’T €10,7]: Ssgg F(((s—i—iT,a;a)) - f(s)‘ < 6} > 0.

We observe that the hypothesis of Theorem 3.1 that the set F~'G is non-empty is very general,
however, on the other hand, it is difficult to check this hypothesis. In the next theorem, the hypothesis
of Theorem 3.1 on the set F~1G is replaced by a stronger but simpler one. Thus, we have an analogue

of Theorem K for the periodic Hurwitz zeta-function.

Theorem 3.2. Suppose that the set L(«) is linearly independent over Q, and that F' : H(D) — H(D)
is a continuous operator such that, for every polynomial p = p(s), the set F~1{p} is non-empty. Let

K € X and f(s) € H(K). Then the same assertion as in Theorem 3.1 is true.

It is easily seen that, for every polynomial p(s), there exist an another polynomial ¢(s) such that,
for all » € N and ¢y, ..., ¢, € C\ {0}, the equality c1¢'(s) + ... + ¢,.q¢'")(s) = p(s) holds. Therefore, by
Theorem 3.2, the function

al(s,a;a) + .. 4 ¢, (s,050)
is universal in the sense of Theorem 3.2.
The continuity requirement for the operator F' is Theorem 3.2 can be replaced by an analogue of

the Lipschitz condition in the space of analytic functions. More precisely, the following theorem is

true.

Theorem 3.3. Suppose that the set L(«) is linearly independent over Q, and that the operator F :
H(D) — H(D) is such that, for each polynomial p = p(s), the set F~1{p} is not empty, and, for each
K € X, there exists positive constants ¢ and 3, and K, € X that

sup |F(g1(s)) — Flga2(s))| < sup |gi(s) — g2(5)|”
seEK seKy

for all g1,go € H(D). Let K € X and f(s) € H(K). Then the same assertion as in Theorem 3.1 is

true.

It is not difficult to see that, in virtue of the Cauchy integral formula, the operator
F(g) =g¢™),reN,g € HD),

satisfies the hypothesis of Theorem 3.3 with § = 1.
Now we restrict the class of approximated analytic functions, and state an analogue of Theorem
J for the periodic Hurwitz zeta-function obtained in Chapter 3 of the thesis. For different complex

numbers ay, ..., a,., define the set
Ha,,...a, (D) ={g9 € H(D) : g(s) # a;,j = 1,....;r}.
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Theorem 3.4. Suppose that the set L(«) is linearly independent over Q, and that F : H(D) — H(D)
is a continuous operator such that F(H (D)) D Hq,, . a.(D). Forr =1, let K € X and f(s) € H(K)
and f(s) # a1 on K. Forr > 2, let K C D be an arbitrary compact set, and f(s) € Hy, .. qo.(D).

Then the same assertion as in Theorem 3.1 is true.

We see that the set Hg, .. (D) differs a bit from that used in Theorem J. This difference arises
from the fact that, in Theorem J, a condition for F'(S) is used, while, in Theorem 3.4, this condition
is replaced by that for F(H(D)). More precisely, this is related to the approximation of analytic
functions from the class Ho(K), K € X, while, in Theorem 1.1, the approximated functions belong to
the class H(D), K € X.

Solving the equation

sin(g) = f,g € H(D),
we easily find that if f € H_;1(D), then, by Theorem 3.4 with r = 2, the function f(s) can be
approximated by shifts sin({(s + i7,;a)). A similar statement is also true for the shifts
cos(((s + iT, a; a)).

In the thesis, the following general theorem is obtained.

Theorem 3.5. Suppose that the set L(«) is linearly independent over Q, and that F : H(D) — H(D)
is a continuous operator. Let K C D be an arbitrary compact subset, and f(s) € F(H(D)). Then the

same assertion as in Theorem 3.1 is true.

Theorem 3.5 is the last theorem of Chapter 3.

The results of Chapter 3, under the hypothesis that the parameter « is transcendental, are obtained
in [35]. Thus, the results of the thesis are more general that those of [35].

In Chapter 4, applications of universality theorems from previous chapters for estimates of the
number of zeros of the function ((s, «; a) are given.

S. M. Voronin [54] applied the joint universality of Dirichlet L-functions to prove a lower estimate
for the number of zeros of the Hurwitz zeta-function with rational parameter «.. His theorem has the

following form.

Theorem L. Suppose that a = ¢, (a,b) =1, 0 < a < b. Then, for every 01,0, % <oy < o9 <1,
there exists a constant ¢ = c(«a, 01,02) > 0 such that, for sufficiently large T, the function ((s,«) has

more than cT' zeros lying in the rectangle {s €C:01 <0 <09t < T}.

In the thesis, we obtain generalizations of Theorem L. We say that, for a certain function f(s),
the assertion A(o1,09;¢,T) is valid if, for every o1, o9, % < 01 < 09 < 1, there exists a constant ¢ > 0
such that, for sufficiently large T, the function f(s) has more than ¢T' zeros lying in the rectangle

{SE(C:01<0<02,0<t<T}.

Theorem 4.1. Suppose that the set L(«) is linearly independent over Q. Then, for the function

C(s,a;a), the assertion A(oq,09;¢,T) is valid.
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If a,, = 1, Theorem 4.1 extends Theorem L for the Hurwitz zeta-function.

Theorem 4.2. Suppose that o = §,a,b € N,a < b,(a,b) = 1,b # 2 and that rad(q) divides b. Then,

for the function C(s, iz a), the assertion A(o1,092;¢,T) is valid.

Other theorems of Chapter 4 are of discrete type. We say that, for a certain function f(s), the
assertion B(o1,09;¢, @, ko, N) is valid if, for every o1, 09, % < 01 < 09 < 1, there exists a constant

¢ > 0 such that, for sufficiently large N, the function f(s + i¢(k)) has a zero in the disc

o -
‘ B 1+02‘§02 o1
2 2

for more than ¢N integers k, kg < k < N.

Theorem 4.3. Suppose that the set L(«, h, ) is linearly independent over Q. Then, for the function
¢(s,a;a), the assertion B(o1,09;¢,kh,0,N) is valid.

The next theorem is a discrete analogue of Theorem 4.2, with rational «.

Theorem 4.4. Suppose that o = §,a,b € N,a < b,(a,b) = 1,b # 2 and that rad(q) divides b. Then,
for the function C(s, % a), the assertion B(oy,09;¢,kh,0, N) is valid.

The thesis ends by a generalization of Theorem 4.3.

Theorem 4.5. Suppose that the set L(«) is linearly independent over Q, and that 81, 0 < S < 1, and
B2 > 0 are fived numbers. Then, for the function (s, c;a), the assertion B(oy,02; ¢, k5 log™ k, 2, N)

s valid.
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Chapter 1

Various cases of the parameter «

The periodic Hurwitz zeta-function ((s,«;a),s = o + it, depends on the parameter a,0 < o < 1,
and the arithmetic of this parameter is reflected in its analytic properties, including the universality.
We divide the set {« € R: «,0 < a < 1} into three parts: of transcendental, rational and algebraic
irrational numbers. A continuous universality theorem for ((s, «;a) with transcendental o was ob-
tained by A. Javtokas and A. Laurin¢ikas in [14], therefore, it remains to discuss the case of algebraic
parameter . Unfortunately, we have no any idea to obtain the universality of ((s, «; a) with algebraic

irrational a. In place of this, we prove an universality theorem for {(s, a;a) with « such that the set
L(a) = {log(m + a) : m € No}.

is linearly independent over Q. As it was mentioned in the introduction, the Cassels theorems suggests
a conjecture that there exist algebraic irrational numbers « with the set L(«) linearly independent
over Q. Moreover, using of the set L(a) extends the case of transcendental «.

In this chapter, we also consider the universality of {(s, «; a) with rational parameter «. This case
is based on the joint universality of Dirichlet L-functions.

A discrete universality theorem of this chapter also extends the case of transcendental parameter

a discussed in [27], and uses the linear independence over Q of the set

"h

A discrete universality theorem for (s, a;a) with rational parameter «, as a continuous one, also is

Lia, h,7) = {(1og(m+a) cm e N) 2”}.

based on the joint universality theorem for Dirichlet L-functions.

For all proofs, we apply probabilistic limit theorems in the space of analytic functions.

1.1 A continuous universality theorem involving the set L(«)

In this section, we prove the following theorem. We remind that X is the class of compact subsets of

the strip D = {s € C : % < o < 1} with connected complements, and H(K), K € X, is the class of
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continuous functions on K that are analytic in the interior of K.

Theorem 1.1. Suppose that the set L(a) is linearly independent over Q. Let K € X and f(s) €
H(K). Then, for every e >0,

1
lim inf — meas {T €[0,7] : sup |C(s +iT,;0) — f(s)’ < 6} > 0.
T—o0 T seK

For the proof of Theorem 1.1, we apply a probabilistic approach based on weakly convergent
probability measures in the space of analytic functions.

Let X be a metric space, and let B(X) be its Borel o-field. Suppose that P,,n € N, and P are
probability measures on (X, B(X)). We recall that P, as n — oo, converges weakly to P if, for every

real continuous bounded function f on X,
lim [ fdP, = / fdp.
n—oo
X b'e

We start with the definition of one topological structure. Let v = {s € C: |s| = 1}, i.e., 7y is the

unit circle on the complex plane. Define the set

Q= H Tm
m=0

where v, = v for all m € N. The set ) consists of all functions f : Ny — . On €, the product
topology and operation of pointwise multiplication can be defined. Since 7 is a compact set, the set
Q becomes a compact topological Abelian group. Therefore, the probability Haar measure mpg on
(©,B(2)) can be defined, and this gives the probability space (2, B(2),mp). Denote by w(m) the
projection of an element w € Q to the circle v,,, m € Ny, and, on the probability space (Q, B(Q), mgy),
define the H(D)-valued random element ((s,a,w;a) (H(D) is the space of analytic functions on D

endowed with the topology of uniform convergence on compacta) by the formula

amw(m)

C(S,OZ,UJ;CL) = io: T N\s

— (m+a)"

We observe that the latter series is uniformly convergent on compact subsets of the strip D [13].
Let P, be the distribution of the random element ((s,a,w;a), i.e., Pr is a probability measure on

(H(D),B(H(D)) defined by
P:(A) =mp{w € Q:{(s,a,w;a) € A},
Then the following proposition is the main ingredient of the proof of Theorem 1.1.

Proposition 1.2. Suppose that the set L(«) is linearly independent over Q. Then

Pr(A) = %meas {’7’ €10,7]:¢(s,,w;a) € A},A € B(H(D)),

converges weakly to the measure Py as T — 00.
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We divide the proof of Proposition 1.2 into several lemmas. First of all, we will prove a limit

theorem on weakly convergent probabilities measures on 2. For A € B(Q)), define

1 ,
Qr(A) = 7 meas {T €0,7]: (m+a)™":meNy) € A}.
Lemma 1.3. Suppose that the set L(«) is linearly independent over Q. Then Qr converges weakly

to the Haar measure myg as T — oo.

Proof. We will apply the Fourier transform method. It is well known that the characters x of the

group € are of the form
X(w) = [T & (m),
m=0

where only a finite number of integers k,, are distinct from zero. Therefore, the Fourier transform

gr(k), k= {km € Z : m € Ny}, is defined by

or(k) = / [T «* (m)dQr.

) m=0

Thus, by the definition of Qr,
T
1

gr(k) = 7 / (m+a)~"*nTdr,

0

where only a finite numbers of integers k,, are distinct from zero. Hence,

T
1 =
gr(k) = 7 /exp{ — T Z km log(m + a)}alT7 (1.1)
0 m=0
where 3" means that
Z "k log(m + a)
m=0

is a finite sum because only a finite number of integers are non-zeros. Obviously,

gr(0) = 1. (1.2)

Now suppose that k # 0. Since the set L(«) is linearly independent over @, we have in this case that

i m log(m + «) # 0.

m=0

Therefore, it follows from (1.1) after integration that

1- exp{ —iT S 'k log(m + a)}
m=0
1T Y "k log(m + )
m=0

Hence, for k # 0,

Th_{go gr(k) =0,
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and together with (1.2) we have that

) 1 if k=0,
lim g7 (k) =
T—o0 0 if k#0.
Since the right-hand side of this equality is the Fourier transform of the Haar measure my, we obtain

by a continuity theorem for probability measures on compact groups, see, for example, Theorem 1.4.2

of [11], the assertion of the lemma. O

Now, let 6 > % be a fixed number, and, for m € Ng,n € N,

vp(m) = exp{ - (m+a)9}'

n—+ o

Consider the series

((s,a;a) = Z ay(";"_'(jz)?).

m=0

Lemma 1.4. The series for the function (,(s, «;a) is absolutely convergent for o > %

Proof. By the Mellin formula [17], for positive a and b,

b+i00
1
o T —1d _ oG
2m'/ (s)a™ ds =e™?,
b—ioco

where I'(s) is the Euler gamma-function. Therefore, putting

ln(s,a) = fF(f)(n +a)’,neN,
0 \0
we find that
. f+ico 1 (s.0) ) -+ico ;
n(s,a S\ /m-+a\~5 /8 m+ «
—_— 7d [ — F p— d —_ = — = n 5 . 1.3
271 / s(s+a)® * 7 omi / (9)(n+a) (9) exp{ (nJra) } vn(m; @) (1.3)
0—ioc0 0—ioco
Hence,
+oo
vp(m,a) < (m+a)™ / |1n(6 + it, o) |dt < (m + a)?.
Since, by periodicity, the coefficients a,,, are bounded, and 6 > %, this proves the lemma. O

For w € €, define

amw(m)v, (m, o)
(m+a)s

¢(s,a,w;a) = i

m=0
Since |w(m)| = 1, the latter series is also absolutely convergent for o > %

The next lemma consider the weak convergence for

Pr.,.(A) wf %meas {T €[0,T]: ¢(s+it,a50a) € A}

and

N ef 1
Pr.(A) =4 7 meas {T €0,T):¢(s +ir,a,w;a) € A},
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where A € B(H (D)) and & € . For this, the following property of weak convergence of probability
measures will be useful. Let X; and X» be two metric (or topological) spaces. The mapping v : X; —
X, is called (B(X1), B(X;))-measurable if u='B(X;) C B(X;). If u is a continuous mapping, then it
is (B(X1), B(X2))-measurable [2]. Suppose that u is (B(X;), 5(X2))-measurable. Then, it is known
[2] that every probability measure P on (X1, B(X1)) induces the unique probability measure Pu~*
on (X, B(X2)) which is defined, for all A € B(X>), by the equality

Pu~'(A) = P(u'A).
Here u~' A denotes the preimage of the set A. Also, the following lemma is valid [2].

Lemma 1.5. Let P,,n € N, and P be probability measures on (Xl,B(Xl)), and letu: X7 — Xs be a
continuous mapping. Suppose that P, converges weakly to P as n — co. Then P,u™' also converges

weakly to Pu~! as n — oo.

Lemma 1.6. Suppose that the set L(«) is linearly independent over Q. Then Pr, and IADTJL both
converge weakly to the same probability measure P, on (H(D), B(H(D))) as T — oo.

Proof. Define the function u,, : Q@ — H(D) by the formula
Un(w) = Gu(s, @, wia),w € €.

The series for (, (s, a,w;a) is absolutely convergent for o > % Therefore, it is uniformly convergent
on compact subsets of the strip D, and uniformly in w. Hence, we can deal with a partial sum of the
above series. In view of properties of the product topology, we see that this partial sum is a continuous
function. Thus, we obtain that the function u,, is continuous.

By the definition of (, (s, o, w;a), we have that
un ((m+a)™"" :m € Ng)) = Cols, ,wia).
Therefore, for all A € B(H(D)),
Pr,(A) = %meas {7’ €0,7]: (m+a)™" :meNy) € uflA} = Qr(u™tA),

where Qr is from Lemma 1.3. This shows that Pr,, = Qru~'. Since, by Lemma 1.3, Q7 converges
weakly to my as T — oo, using of Lemma 1.5 shows that Pr, converges weakly to the probability
measure P, = mHu:Ll as T — oo.

Now let the function @ : Q@ — H(D) be given by the formula

Un (W) = Cu(s, o, 0w; a),w € L.

Then, similarly as above, we find that B, converges weakly to the probability measure B,=m i, !

as T — co. We have to show that P, = P,. For this, we take a function u : Q — given by
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u(w) = dw,w € Q. Then we see that @, = un(u). Since the Haar measure my is invariant with

respect to translations by point of €2, we obtain that

Py = (un(w) " = (mgu Y, = muu,’ = Py,
and the lemma is proved. O

The next part of the proof of Proposition 1.2 consists of the approximation in the mean of the
function ((s,a;a) by (.(s,a;a), and of the function ((s,a,w;a) by (. (s, a,w;a). For this, we recall
the metric of the space H(D) which induces its topology of uniform convergence on compacta. It is
well known, see, for example, |5], that there exists a sequence {K; : [ € N} of compact subsets of the

strip D such that

D:Gm,
=1

K, C Kjyq forall I € N, and if K € D is a compact subset, then K C K for some [ € N. For
f,9 € H(D), define

Nt SUPser [1(5) — 9(s)]
pUﬂ)iZ;2l1+$£%KJﬂ@_g@H

~

Then p is the desired metric on H (D).

Lemma 1.7. The equality

T
1
lim liminff/p(g(s—i—iﬂa; a), Cu(s +iT, a; a))dT:0

n—oo T—oo
0

holds for all 0 < a < 1 and a.

Proof. In view of (1.3) and the definition of (s, «; a), we find that, for o > %,

04100
1 dz
ra) = — : —_ 1.4
C(s,a5m) 57 / C(s+ z,a;0)ln (2, @) . (1.4)
6—ioco

Let K be arbitrary compact subset of the strip D, and we suppose that s € K. We take o1, % <o <1,
and o1 < 0. Then, moving the line of integration in (1.4) to the left, we obtain by the residue theorem

that

o1—0+100
1 d
Cn(s,a50) — ((s,a50) = — / s+ 2z, a5 a)ln(z,a)—z + R, (s, a;0),
21 A z
01 —0—100

where

R, (s,a5a) = E{les C(s+z,a5a)l,(z,a)z7 (1.5)

If the function (s, «;a) is entire, then R, (s, «;a) = 0. Let L be a simple closed contour of length |L|

lying in D and enclosing the set K. Then, denoting by § the distance of the contour L from the set
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K and applying the Cauchy integral formula, we obtain easily the estimate

1
sup ‘C(s—i—iﬂa;a) —Cn(s—l—iT,a;a)‘ < —/‘C(z—i—iﬂa;a) —Cn(z—i—iT,a;a)“dz\.
seK 276

L

Therefore,

T T
1 1
—/sup|C(S—|—i7’,a;a)—Cn(s+i7,a;a)|d7'<< —/|dz\(/|C(z—|—i7’,o¢;a)—Cn(z+i7,a;a)|d7') <
T seK To

0 L 0

T
L
U sup/ ‘C(U +it +iT, a5 a) — (o + it + iT, o a)|dr. (1.6)
Té seL

0

Here and in the sequel a < b,b > 0, means that there exists a constant C' > 0 such that |a| < Cb. By
(1.5), we have that
C(o+it+ir,a5a) — (o +it +im,a5a) <
+00
/ |C(o1 + it + 4T + iu, o a)|[ln (01 — 0 + iu, @) |du + | Ry (0 + it + i1, a; a)|.

Thus, in view of (1.6),

T
1
T/|C(a—|—it—|—i7‘,o¢;a)—Cn(a+it+i7',oz;a)|d7 <
0
+o0 . T . T
/ln}(01—0+iu,a)|(f/|C(al +it+ir+iu,o¢;a)|d7')du+f/|Rn(0—|—it—|—ir,o¢;a)’d7'. (1.7)
—oo 0 0

If s € L, then t is bounded by a constant depending on the set K. Therefore, using the estimate [13]

T

/‘C(U—I-it,oz;ct)‘2 T

0
which is valid for o > %, and the Cauchy-Schwarz inequality, we obtain that

T T

1 1

T/|C(01+it+i7'+iu,a;a)’du < (T/’C(al +it+i7+iu,a;a)|2d7'> < 14 |ul. (1.8)
0 0

N

Moreover, the well-known estimates for the gamma-function, see, for example, [26], give that

T
/ |Rn (0 + it +i7,a;a)|d7T = o(1)
0

1
T

as T — oo. this and estimates (1.6)-(1.8) lead to

T “+o0o
1
T / sup [((s 4 iT, ;) — (u(s + i, o5 a)) |dT < sup / |ln (01 — 0 + iu, )| (1 + |u])du + o(1) (1.9)
seK seL
0 —o00
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as T'— oo. However, by choice of 01, we have 01 — o < 0. Therefore,

“+o0
lim sup / |ln(o1 — o + iu, )| (1 + [u])du = 0,
n—oo seL

and, in view of (1.9),

T
1
lim liminf? / sup [((s + i, ;) — (s + i, o ) |[dT = 0.

n—oo T—o0 seK
This and the definition of the metric p prove the lemma. O

We also need the analogue of Lemma 1.7 for the functions ((s, o, w;a) and (, (s, a,w;a). For the
proof of such lemma, we will apply some elements of the ergodic theory.
For real numbers 7, we put

ar={(m+a)"" :me Ny},

and define the family of {cpT 1T E R} of transformations on the torus by
or(w) = arw,w € .

Then {cpT 1T E R} is the one-parameter group of measurable measure preserving transformations on
the probability space (Q,B(Q),mg). We say that a set A € B(f2) is invariant with respect to the
group {¢; : 7 € R} if the sets A and A, = ¢(A) can differ one form another at most by a set of zero
my measure. All invariant sets from a sub-o-field of the field B(Q2). The group {¢- : 7 € R} is called

ergodic if its o-field of invariant sets consists only from sets of mg-measure 0 or 1.

Lemma 1.8. Suppose that the set L(«) is linearly independent over Q. Then the group {goT 1T E ]R}

is ergodic.

Proof. The lemma is a one-dimensional case of Lemma 6 from [14]. However, for fullness, we give its
proof.

In the proof of Lemma 1.3, we have seen that the characters x of the group € are of the form

oo

X(w) = H whm(m), (1.10)
m=0

where only a finite number of integers k,, are distinct from zero. Suppose that x is a non-trivial

character (x(w) # 1). Clearly, a, is an element of €2, thus, in view of (1.10),

X(aT) = H (m + (I)_iTkm = exp { —aT Z Em, IOg(m + a>}>
m=0 m=0

where, as above, only a finite number of integers k,, are non-zeros. Since the set L(«) is linearly

independent over Q,

i kmlog(m+a) #0

m=0
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for all k,,, # 0. Therefore, there exists 79 € R\ {0} such that

X(ar,) # 1. (L11)

Let A be an invariant set of the group {cpT 1T E IR}, and let I4 be the indicator function of the set

A. Then the invariant property implies, for every and almost all w € Q and fixed 7 € R, the equality
La(r (@) = La(w). (1.12)
Haar measure my is invariant, i.e.,
mp(A) =myg(wA) = my(Aw)

for all w € Q. Therefore, in view of (1.12), for the Fourier transform I4(x) of the function I4(w), we
have

fa) = / X (@) L () (dw) = / X (@0 @) La (910 (@)) s (deo) =

Q Q

X(am) [ X La(@mi(do) = x(an) L)
Q
This together with (1.11) shows that L4 (x) = 0 for all non-trivial characters x of €.

Now let yo be the trivial character of €, i.e. yo(w) = 1. Suppose that I4(xo) = u. Then the
equalities fA(X) =0 for x # xo and I4 (x0) = u, and the orthogonality of characters

if =
[ xtmtan) = b

A 0 if X # Xo,
give

Fa(x) = u / x(@)m(dw) = ul (x) = a(x).

It is well known that the function 74 (w) is uniquely determined by its Fourier transform. Therefore,
I4(w) = u for almost all w € Q. On the other hand, I4(w) is the indicator function of the set A.
Thus, v = 0 or v = 1. Hence, it follows that I4(w) = 0 or I4(w) = 1 for almost all w € Q. This means

that my(A) = 0 or mp(A) =1, i.e., the group {¢, : 7 € R} is ergodic. O

For the statement of the classical Birkkoff-Klintchine theorem, we remind the definition of the
ergodic process. Let X (7,w) be a random process defined on a certain probability space. The process
X (7,w) is called strongly stationary if its finite-dimensional distributions are invariant with respect
to the translations. The strongly stationary process X (7,w) is called ergodic if its o-field of invariant
sets consists only of the sets of @Q-measure 0 or 1, where @ is the probability measure defined by the

family of finite-dimensional distributions of X (7,w). Denote by EX the expectation of X.

Lemma 1.9. (Birkhoff-Klintchine theorem). Suppose that X (7,w) is an ergodic process, E| X (1,w)| <
0o, with sample paths integrable almost surely in the Riemann sense over every finite integral. Then,

for almost all w,

T—oo T

T
lim l/X(T,o.))dT =EX(0,w).
0
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The proof of the lemma and other elements of the ergodic theory are given, for example, in [6].

We use Lemmas 1.8 and 1.9 for the proof of the following estimate.

Lemma 1.10. Suppose that the set L(«) is linearly independent over Q and o > % Then, for almost

all w € Q,
T

/ C(o + it, a,w;a)dt < T
0
Proof. Let
. > 2
C(U,a,w;a):‘zw _
m=0

(m+a)

The random variables w(m) are pairwise orthogonal, i.e.,

1 if m=n,

[ st -

A 0 if m#n.
Therefore,
. > 1
E((o, o, wia) = »  ————— < o0. (1.13)
i (m+a)

On the other hand, the definition of ¢;(w) shows that

(0, , 00 (w); 0) = |C(0, @, pr(w); @) = [¢(0 + it @, w; @) .

In view of Lemma 1.8, the random process |<(O’ +it, o, w; a)|2 is ergodic. Therefore, Lemma 1.9 and

(1.13) give

T
1 .
lim —/|C(o+it,a,w;a)|2dt:E((o,a,w;a) < o0
T—oo T

0

for almost all w € 2, and lemma is proved. O
Now, we a ready to obtain the analogue of Lemma 1.7 for the functions {(s, o, w; a) and (s, o, w; a).

Lemma 1.11. Suppose that the set L(«) is linearly independent over Q. Then, for almost all w € €,

T
1
lim limsup T /p(((s +iT, a,w; a), Cu(s +iT, oy w; a))dT =0

Nn—00 T_ o
0

Proof. We repeat the proof of Lemma 1.7, and use Lemma 1.10 in place of the estimate

T

1
/’C(U+it,a;u)’2dt<<T, §<0<1.
0

O

Lemmas 1.7 and 1.11 allow to obtain limit theorems in the space H (D) for the functions ((s, a; a)
and ((s,a,w;a). However, we start with some results of probability theory. The family {P} of

probability measures on (X ,B(X )) is called relatively compact if every sequence of elements {P}
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contains a weakly convergent subsequence. The family {P} is called tight if, for every ¢ > 0, there
exists a compact set K C X such that
PK)>1-—¢

for all P € {P}.

The Prokhorov theorem connects the notions of relative compactness and tightness.
Lemma 1.12. Suppose that the family {P} is tight. Then it is relatively compact.

Proof of the lemma is given in [2], Theorem 6.1.

The following statement will be also useful. Denote by L, the convergence in distribution.

Lemma 1.13. Let (X, p) be separable metric space, and Y, X1n, Xon, ... be a X-valued random ele-

ments defined on certain probability space with the measure p. Suppose that, for each k € N,

D
Xin — Xg,

n— oo

and

X 2 X,

k—oc0
If, for every e > 0,
lim limsup pt(p(Xgn, Yn) =€) =0,

k—oo nosoco

then also

vy, 2 x.

n—oo
Proof of the lemma is given in [2], Theorem 4.2.

For A € B(H(D)) and w € ©, define

Pr(A) = %meas {T €[0,T): (s + i, ,w;a) € A}.

Lemma 1.14. Suppose that the set L(«) is linearly independent over Q. Then Pr and Pr both
converge weakly to the same probability measure P on (H(D),B(H(D))) as T — oc.

Proof. Let P, be the limit measure in Lemma 1.6. At first we will prove that the family of probability
measures {P, : n € N} is tight. On a certain probability space with probability measure u, define a

random variable ¢ that is uniformly distributed on the interval [0, 1], and set
X1 =Xrn(s) = (s +iTe, a5 a).

Let X,, be an H(D)-valued random element with the distribution P,,. Then, by Lemma 1.6, we have
the relation

XT,n i) Xn- (1.14)
T—o00

The series for ¢, (s, a; a) is absolutely convergent for o > 1. Therefore,

m+a

0 2
11m/|§no+ztaa dt Z|am|v mo‘)<<z(|am|<oo.
m=0
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This and a simple application of the Cauchy integral formula show that

T

1
sup limsup—/ sup }(n(eriT,a; a))|dT < R; < o0,
neN T—oo A seK;

where K is a compact set from the definition of the metric p,l € N. Let € > 0 be an arbitrary number,

and M; = M,(¢) = R;2'e~!. Then we find that, for all [ € N and n € N,

1
limsup p( sup [ X7, (s)| > M;) = limsupfmeas {7‘ €[0,T]: sup |Cn(s +iT,a5a)| > Ml} <

T—o0 seK; T—o00 seK;
f R

1 . €

lim su —/sup( s+ir, o a)ldr < — = =

PP AT | SR el S 3 = g

0

Hence, in view of (1.14),

p( sup | Xn(s)| > M;) <
seK)

for all [ € N and n € N. Define the set

3
N (1.15)

K.={ge H(D): seulﬁ() l9(s)| < My(e),l € N}.

Then the set K. is a compact in the space H(D), and, in virtue of (1.15),

pXp€K)>1->
for all n € N. Thus, by the definition of X,
P.(K.)>1—¢

for all n € N, i.e., the family of probability measures {P, : n € N} is tight.

Now, by Lemma 1.12, the family {P,, : n € N} is relatively compact. Therefore, every sequence of
{P,} contains a subsequence {P, } such that P, converges weakly to a certain probability measure
Pon (H(D),B(H(D)) as r — oc. In other words,

X, =2 P (1.16)

T—00

Define one more H(D)-valued random element Y = Y7 (s) by the formula
Yr(s) = (s +iT¢, s ).
Then, taking into account Lemma 1.7, find that, for every ¢ > 0,

1
lim limsup p(p(Xr1,,, Y7) > €) = lim limsup 7 meas {7’ € 10,77 : p(¢(s+iT, o a), Gu(s+iT, a;a)) > 5} <

n—00 T _, n—00 T_, -

T
1
lim limsupT—g/p(C(s—i—ina; a),Cn(s—i—iﬂa;a))dT:O.

n—00 T_y~o
0
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This equality, (1.14) and (1.16) show that all hypotheses of Lemma 1.13 are satisfied. Therefore, the
relation

Yr 2 P (1.17)

T—o0
holds. In other words, we have that Pr converges weakly to P as T' — oo. Moreover, the relation
(1.17) gives that the limit measure P is independent of the choice of the subsequence {P, }. Since
the sequence {P,} is relatively compact, this remark implies the relation

X, = P. (1.18)

n—roo

It remains to prove that Pr also converges weakly to P as T — oo. For this, we define the H(D)-valued
random elements

X’T,n(s) = Cu(s+1iT¢ ayw;a)

and

Xr(s) = ((s +iT¢, o, w;0),

where w € €, and repeat the above arguments with using Lemma 1.11 in place of Lemma 1.7, and
the relation (1.18). This leads to the assertion that Pp also converges weakly to the measure P as

T — oo. The lemma is proved. O

We will use the following equivalent of weak convergence of probability measures. We remind that
A € B(X) is called a continuity set of the probability measure P on (X,B(X)) if P(OA) = 0, where
0A denotes the boundary of the set A.

Lemma 1.15. Let P,,n € N, and P be probability measures on (X,B(X)). P,, converges weakly toP

as n — oo if and only if, for every continuity set A of the measure P,

lim P,(A) = P(A).

n—oo
Proof of the lemma is given in [2], Theorem 1.2.
Proof of Proposition 1.2. In view of Lemma 1.14, it suffices to show that the limit measure P in
Lemma 1.14 coincides with P.

We fix an arbitrary continuity set A of the measure P, and, on the probability space (Q, B(Q),m H),

define the random variable n by the formula

1 if ((s,a,w;a) € A,

n(w) = ,
0 if ((s,aq,w;a) & A.

Lemmas 1.14 and 1.15 imply the relation

lim %meas {T €10,7]: ¢(s +iT,,w;a) € A} = P(A). (1.19)

T—o00

33



By definition of 7, we have

]En:/nde:mH{weQ:Q(s,a,w;a) € A} = P:(A). (1.20)
Q

In virtue of Lemma 1.8, the process n(¢,(w)) is ergodic. Therefore, by Lemma 1.9,

T
lim %/n(ng(w))dT =En (1.21)

T—o0
0
for almost all w € ). The definitions of 17 and ¢, show that

1

T
T /77(<p7(w))d7 = %meas {’T €[0,T]:{(s+ir,a,w;a) € A}.
0

From this and (1.20), (1.21), we find that

lim %meas {7’ €[0,T] : {(s +iT,a,w;a) € A} = P (A).

T—o0

This and (1.19) prove that P(A) = P;(A) for every continuity set A of the measure P. However, all
continuity sets constitute a determining class [2]. Therefore, P(A) = P¢(A) for all A € B(H(D)), i.e.

P = P¢. The proposition is proved. O

The proof of Theorem 1.1 also uses the support of the measure P¢. Let P be a probability measure
on (X, B(X)), and the space X is separable. We recall that the minimal closed set Sp C X such that
P(Sp) = 1 is called the support of P. The set Sp consists of all € X such that, for every open
neighborhood G of x, the inequality P(G) > 0 is satisfied.

We have mentioned in Introduction (Theorem C) that in [14] the universality of the function
((s,;a) with transcendental a was obtained. However, the transcendence of the parameter « is
only used for the proof of a limit theorem, while the assertion of the support of the measure P is

independent on the arithmetic of a.. Therefore, we have the following statement [14].
Proposition 1.3. The support of the measure P, is the whole space H(D).

Theorem 1.1 is a corollary of Propositions 1.2 and 1.3, and of the Mergelyan theorem on the
approximation of analytic functions by polynomials. The Mergelyan theorem is very important in the

theory of universality of zeta-functions, therefore, we state it as a separate lemma.

Lemma 1.16. Let K C C be a compact set with connected complement, and let f(s) be a continuous
function on K that is analytic in the interior of K. Then, for every € > 0, there exists a polynomial

p(s) such that

sup | f(s) — p(s)| <e.
seK

The Mergelyan theorem was obtained in [41], see also [56].

We also remind the equivalent of weak convergence of probability measures in terms of open sets.
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Lemma 1.17. Suppose that P,,n € N, and P are probability measures on the space (X, B(X)). Then

P, as n — oo, converges weakly to P if and only if, for every open set G C X,

liminf P,(G) > P(G).

n—oo

Proof of the lemma is given in [2], Theorem 2.1.

Proof of Theorem 1.1. By Lemma 1.16, there exists a polynomial p(s) such that
€
sup f(5) = pls)| < 5.
seK
Define the set
€
G. = {g € HD) s sup|f(s) ~ p(s)| < - }.

seK 2

(1.22)

Then G, is an open neighbourhood of the polynomial p(s) which, in view of Proposition 1.3, is an

element of the support of the measure P,. Therefore P;(G.) > 0. This, Proposition 1.2 and Lemma

1.17 show that
liminf Pr(G.) > P:(G.) > 0.
T— o0

Hence, by the definitions of Pr and G,

1
lim inf — meas {7’ €10,T] : sup [¢(s +it,a;a) — p(s)| < E} > 0.
T—oo T s€EK 2

Suppose that 7 € R satisfies the inequality
. €
sup [((s +iT,a5a) — p(s)| < 5.
seEK 2
Then, for such 7, by inequality (1.22),
sup [((s +iT,asa) — f(s)| < e.
seK

Thus,

{T €10,T] : sup [C(s +it,a;a) — p(s)| < <

seK 2 s€K

This and (1.23) prove the inequality

1
lim inf — meas {7‘ € [0,7T] : sup |((s + iT,a5a) — f(s)| < a} > 0.
T—o0 T seK

The theorem is proved.

The result of Section 1.1 is published in [29].
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(1.23)
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1.2 Universality of the function ((s, «;a) with rational parame-
ter «

Theorem 1.1 is true for all periodic sequences a. However, in the case of rational parameter «, the
sequence a has a certain influence for universality of ((s, «;a). We need some conditions connecting
the parameter o and the minimal period ¢ of the sequence a. In this section, we prove the following

theorem.

Theorem 1.2. Suppose that o = ¢,a,b € N,a < b, (a,b) = 1,b # 2 and that rad(q) divides b. Let
K € X and f(s) € H(K). Then, for every e > 0,

1 a
llTlglongmeas {T €1[0,17: §g£|§(5+27' X sa) — f(s)| < 6} > 0.

We note that the condition rad(q)|b is technical and is conditioned by the used method. We believe
that this condition can be removed. The proof of Theorem 1.2 is based on the joint value-distribution
of Dirichlet L-functions.

Let x be a Dirichlet character modulo d. We remind that x is a completely multiplicative
(x(m,n) = x(m)x(n) for all m,n € N), periodic with period d (x(m + d) = x(m), for all m € N)
function defined on N and taking complex values, such that x(m) = 0 for (m,d) > 1 and x(m) # 0
for (m,d) = 1. The corresponding Dirichlet L-function L(s, x) is defined, for o > 1, by the Dirichlet

series
o0
x(m)

L(s,x) = v

m=1

and can be meromorphically continued to the whole complex plane. The function L(s,x) with the
principal character xo modulo d has the unique simple pole at the point s = 1 with residue
()
pld p
where p is a prime number. If x # x(, then the function L(s, x) is entire. There are ¢(d), where ¢(d)
denotes the Euler totient function, of L-functions L(s, x) with characters modulo d.
Suppose that (a,b) = 1,a,b € N. Then the connection between the Hurwitz zeta function and

Dirichlet L-functions is well known, namely,

(+5) =25 X x@Lx) (123

xmod b

where sum runs over all Dirichlet characters modulo b. Since

iqz (s,

we have from (1.23) that if rad(q) divides b, thus, (a + bl,bg) = 1 for all [ = 0,1,...,¢ — 1, then

(s ’%’ qlqz ( a—i—bl)
1=0
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S q—1
b > ar Y Xla+bl)L(s, ). (1.24)

(p(bq) =0 xmod b

Let, for brevity, r = ¢(bg). Then equality (1.24) can be written in the form

S

C(s,%;a) = bT(blL(s,xl)—i-...—&—b,«(s,xl)), (1.25)

where
j—1

b, = Zalyj(a +bl),5=1,...,1.

=0
If 3 # % and a < b, then b > 3. Thus, bg > 3 and r > 2. Moreover, in the right-hand side of (1.25),
at least two coefficients b; are distinct from zero. Actually, if only one b; # 0, say, b1 # 0, then

o5 %) = T2 L(s ),

and we have that the right-hand side has the Euler product

IO

plbg

while the function C(s, % a) has no such a product.

As in section 1.1, we need a limit theorem for C(s, % a) in the space of analytic functions. In this
case, it is convinient, in place of the strip D, to use the rectangle Dy = {s € C: § <o < 1,[t| <V},
where V' > 0 is an arbitrary fixed number. Thus, H(Dy) is the space of analytic functions on Dy
endowed with the topology of uniform convergence on compacta.

Define the set
Q1 = H’va
P

where v, = v for all primes p. With the product topology and pointwise multiplication, the infinite-
dimensional torus €, as €2, is a compact topological Abelian group, therefore, on (Ql,B(Ql)),the
probability Haar measure mpy exists. This gives the probability space (Ql,B(Ql),mlH). Denote
by w(p) the projection of an element w; € €y to the circle v, and extend wi(p) to the set N by the

formula
wi(m) = [ ') men.

pim
pl+11’m

Now, on the probability space (€1, B(€1),m1z), define two H(Dy )-valued random elements

b%w
fi(s,0) = Le1®)
'
and
,
fa(s,w1) = ijL(57w1,Xj)7
i=1
where



Moreover, we put

C(s,%,wl;a) = f1(s,w1) fa(s,w1). (1.26)

We note that the series L(s,ws, X;) is uniformly convergent on compact subsets of Dy for almost all

wy € Q. Denote by Pj¢ the distribution of the random element ((s, ¢,wy;a), i.e.,

Pric(A) = mlH{wl € g(s, %M; u) € A},A € B(H(Dv)).

For A € B(H(Dv)), define

Pir(A) = %meas {7’ € [a,b] : C<s+i7', %;a) S A}.

Proposition 1.4. Under the hypothesis of Theorem 1.2, Pir converges weakly to the measure Pi¢ as
T — oco. Moreover, the support of Pi¢ is the whole H(Dy).
Proof of Proposition 1.4. The function

_r
_7‘

fi(s)
is a Dirichlet polynomial. Therefore, it is well known [17] that

%meas {T €0,T): fi(s+1ir) € A},A € B(H(Dv)), (1.27)

converges weakly to the distribution of the random element fi(s,w;), as T — oo. Moreover, in [20],

Lemma 1, it was proved that
%meas {T €[0,T): (L(s +i7,X1), -y L(s + i7, X)) € A},A € B(H"(Dv)), (1.28)
converges weakly to the distribution of the random element
(L(s,w1,X1), - (8,01, X7)) (1.29)

as T — oo. The function u : H"(Dy) — H(Dy ) given by the formula

w(g1, ey gr) = ijgj,gl, ey gr € H(Dy),
j=1

is continuous, therefore, Lemma 1.5 and the weak convergence of the measure (1.28) show that
1
- meas {T €[0,T] : fols +ir) € A},A € B(H(Dy)), (1.30)

1

converges weakly to the measure Pru™" as T — oo, where Py, is the distribution of the random

element (1.29). By the definitions of Pp, and u, we find that, for A € B(H(Dy)),
PLuil(A) = PL(uilA) = mlH{wl S Ql : (L(57w17X1)7 ...7L(S,W1,XT)) € uilA}

= mlH{wl (S Ql : u(L(s,wl,Xl),...,L(s,wl,Xr)) S A} = mlH{fg(s,wg) S A}
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Now, using the above results on the measures (1.27) and (1.30), and a standard Cramér-Wold method

developed in [26], we obtain that
1
7 meas {7’ € 0,T): (fi(s+i7), f2(s +iT)) }, A€ B(H*(Dy)), (1.31)

converges weakly to the distribution of the random element (f1 (s,w1), fa(s, wg)) as T' — oo. The func-
tion uy : H"(Dy) — H(Dy) defined by u1(g1, 92) = 9192, 91,92 € H(Dy), is continuous. Therefore,
taking into account the weak convergence of (1.31) and Lemma 1.5, we obtain that

%meas {T €[0,7]: fi(s+it)fa(s +iT)},A € B(H(Dv)),

converges weakly to the distribution of the random element f;(s+ i7)f2(s +i7), as T — oo. In other
words, we have that P converges weakly to Pi¢ as T — oo.

It remains to find the support of the measure P.. By lemma 13 of [20] stated for an arbitrary
collection of non-equivalent Dirichlet characters (non-equivalent characters are not generated by the

same primitive character), the support of the measure Py, is the set S}, where

Sy ={g€ H(Dv):g(s) #0or g(s) =0}.

We do not need the equivalence of characters because xi, ..., x, are different characters modulo gb.
We will prove that the support Sy, of the distribution Py, of the random element is the whole of
H(Dy). Really, let g be any element of H(Dy ), and G be its arbitrary open neighbourhood. Since

the function u is continuous, the set «~'G is open as well. Suppose that
(u™tG)N Sy # 0. (1.32)

Then w~'G is an open neighbourhood of a certain element of the support S, of the measure Py
Therefore,

PL (U_IG) Z 0
by the properties of the support. Hence,
Py, (G) = Ppu™(G) = PL(u™'G) > 0.

Since g and G are arbitrary, this shows that the support of Py, is the set H(Dy ). Thus, it suffices to
prove (1.32).

It is well known that the approximation in the space H(Dy ) reduces to that on compact sets with
connected complements. Therefore, Lemma 1.16 can be applied. By this lemma, fore every € > 0 and

compact subset K with connected complement, there exists a polynomial p = p(s) such that

sup |g(s) — p(s)| <&,
seK

since g € H(Dy ), thus, it is continuous on K and analytic in the interior of K. If ¢ is small enough,
then the polynomial p lies in the set G. Thus, the set u~!{p} lies in the set u~*G, and to prove (1.32)
it suffices to show that

(u="{p}) NSy # 0. (1.33)
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It is well known that the non-vanishing of a polynomial in a bounded region, for example, in Dy, can

be controlled by its constant term. Therefore, there exist g1, ..., g, € Sy such that

u(g1, - gr) = P

Actually, we have seen that at least two coefficients b; are distinct from zero. Without loss of generality,

we may suppose that b; # 0 and by # 0. Then there exists C' € C with sufficiently large |C| such that,

for s € Dy,
p(s)+C
() =P g
1
and
CH+by+ ...+ b,
go(s) =~ 4
2
Thus, taking gs3(s) = ... = g.(s) = 1, we have that ¢1,...,g, € Sy and

Z b;g;(s) = p(s).

This shows that (1.32) is true, and we have that the support of Py, is the whole of H(Dy ).
By the construction, {wl(p)} is a sequence of independent random variables. Moreover, in each
L(s,wr1,X;), the characters x; modulo bg occur. Therefore, in

i Xj(m)wi (m)

L(S»WhXj): ms

bl

m=1
the terms with m, (m,b) > 1, are equal to zero. From this, it follows that w;(b) and L(s,w;, x) are
independent random elements for k = 1, ..., 7. These remarks show that the random elements fi (s, w;)
and fo(s,w;) are independent. Since the random element f;(s,w1) is not degenerated at zero, and
the support of the rando element f>(s,w;) is the whole H(Dy ), this shows that the support of the
product fi(s,w1)f2(s,w1) is the whole of H(Dy). In other words, the support of the measure P is
the whole of H(Dy ). The proposition is proved. O

Proof of Theorem 1.2. The theorem, similarly as Theorem 1.1, follows from Proposition 1.4 and
Lemma 1.16.
Let V > 0 be such that K C Dy. Define the set

€
G.={g€ H(Dy):suplg(s) - p(s)| < 5},
seK 2
where, by Lemma 1.16, p(s) is a polynomial such that

sup|f(5) = p(5)] < 5. (1.33)

By the second part of Proposition 1.4, the polynomial p(s) is an element of the support of the measure

Py, therefore, the set G is an open neighbourhood of an element of the support P;¢. Hence,
P (G:) > 0. (1.34)
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By the first part of Proposition 1.4 and Lemma 1.17, we have that
lim inf PIT(GE) Z PIC(G6>
T—o0
Therefore, the definitions of Pipr and G, together with (1.34) give the inequality

R | . a €
hTrrLlOrémeeas {’T € 10,77 : SEEK(S + 4, E,a) —p(s)] < 5} > 0. (1.35)

Let 7 satisfy the inequality

.G €
sup [¢(s + iT, g;a) —p(s)] < 7
seK

Then, in view of (1.33), for such 7

sup |C(s + iT, =3 a) — f(s)| < &.
seK b

This, the monotonicity of the Lebesgue measure and (1.35) give the inequality

1
lim inf = meas {7’ € 1[0,7T] : sup |C(3—|—i7’,g;a) —f(s)] < 5} > 0.
T—oo T s€K b

The theorem is proved. O

1.3 A discrete universality theorem involving the set L(a,h, )

In this section, we approximate analytic functions from the class H(D), K € X, by discrete shifts
C(s + tkh,a;a), k € Ng, where h > 0 is a fixed number.
Define the set

L(a, h,m) = {(log(m + @) : m € Np), 2%}

The main result of this section is the following theorem.

Theorem 1.3. Suppose that the set L(a, h, ) is linearly independent over Q. Let K € X and
f(s) € H(K). Then, for every e > 0,

1
#{0 <k <N:sup|C(s+ikh,aza) — f(5)| < s} > 0.
1 seK

lim inf

N—o00

As it was noted in Introduction, the algebraic independence of the numbers « and exp {2%} implies
the linear independence over Q of the set L(«, h, 7). For example, we can take oo = % and rational h

in Theorem 1.3.

Our proof of Theorem 1.3 is based on a limit theorem for

Py(A) Y ﬁ#{o <k <N:((s+ikh,asa) € A},A € (H(D), B(H(D)),

as N — oo. We use the same probability space (Q, B(Q),mH) as in Section 1.1 and the notation of

the random element ((s, a, w; a).
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Proposition 1.5. Suppose that the set L(a, h, ) is linearly independent over Q. Then Py converges
weakly to P; as N — co. Moreover, the support of P is the whole of H(D).

We begin the proof of Proposition 1.5 with a discrete theorem on the torus Q. Let, for A € B(Q),

Qn(A) = N;—l—l#{o <k<N: ((m—&-a)_ikh :m e N) € A}.

Lemma 1.18. Suppose that the set L(a, h, ) is linearly independent over Q. Then QN converges

weakly to the Haar measure my as N — oo.

Proof. As in the proof of Lemma 1.3, we will apply the Fourier transform method. Let k = {k,, :
km € Z,m € Ng}. Then

gn (k) =/ [T «*"(m)dQu,
Q m=0

where only a finite number of integers k,, are distinct from zero, is the Fourier transform of Q.

Thus, by the definition of Qy,

N oo
ov(®) = 5 O [ tm+ ayior =

k=0 m=0
1 N e
]\H_lkzoexp{ fzkhmzzo km, log(m+a)}. (1.36)

The linear independence of the set L(a, h, ) shows that

i km log(m+a) =0 (1.37)

m=0
if and only if £ = 0 (we have in mind that in (1.37) there is only a finite sum). Moreover, we observe

that, for k& # 0,
exp{ —ih Z Em log(m + oz)} # 1. (1.38)
m=0

Indeed, if the latter inequality is not true, then, for some [ € R,

27l

Z km log(m + ) = -

m=0
and this contradicts the linear independence of the set L(a, h, 7). Now, using the formula for the sum

of a geometric progression, we deduce from (1.36) and (1.38) that

1 if k=0,

gN (E) = 1—exp {—i(N—i—l) S o km log(m+a)}

if k#0.
(N+1) (1—exp {—ih S o km 10g(m+a)})

Obviously, this implies

o —
— —
L r) -
[ENENEN
Yol
o 1©

N on(E) =

42



Since the function

1 if k=0,
g(k) =
0 if kE#0.
is the Fourier transform of the Haar measure, the lemma is proved. O

In the sequel, we use the same function (,(s, a;a) as in Lemma 1.6. For A € (BH(D)), define

1
Pyn(A) = m#{o <k < N:Cols+ikh,asa) € A}.

Lemma 1.19. Suppose that the set L(a, h,m) is linearly independent over Q. Then Py, converges
weakly to a certain probability measure P, on (H(D),B(H(D))) as N — .

Proof. We repeat the proof of Lemma 1.6 with using Lemma 1.18 in place of Lemma 1.3.
Moreover, if u, : @ — H(D) is defined by the formula

up(w) = (s, a,w; a),w € Q,

then we have that Pn = mHugl.

For the approximation in the mean of the function {(s+ikh, o; a) by ¢, (s+1ikh, a;a), the following

Gallangher lemma, is useful.

Lemma 1.20. Suppose that To,T > 6 > 0 are real numbers, and T is a finite non-empty set in the
interval [TO + g, To+T — %] Define

Ns(z)= Y 1.

teT
[t—z| <o

Let S(x) be a complez-valued continuous function on [Ty, T + Tp] having a continuous derivative on
(To, T + Tp). Then

To+T To+T To+T

- 1 3
SN Isor < [ s@Pdr ([ S@Pd [ I8 @Pd)”
teT To To To
Proof of the lemma is given in [43, Lemma 1.4]. O

Let p be the metric on H(D) defined in Section 1.1.

Lemma 1.21. The equality

N

3 3 1 s . y . J—
nhﬁrgohlffnjgop N1 Zp(((erzkh,a, a), (s + ikh, oz a)) =0
k=0

holds for all 0 < a < 1 and a.

Proof. We apply similar arguments to those used in the proof of Lemma 1.7, however, with an estimate

for the discrete mean square of the function ((s, «; a). For this, we apply Lemma 1.20.
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For § < o < 1, the estimates

T
/ |C(o +it,a;a)|?dt < T (1.39)
0
and
/ |¢' (0 +it, oz a)dt < T (1.40)

are valid. The first of them was already used in Section 1.1 and was obtained in [13], while the second

is implied by the first and Cauchy integral formula. By Lemma 1.20, we find that

N
Z IC(o + ikh +it, s 0)|* <
k=0

1
2

. Nh Nh Nk
E/|C(U+i7'+it,oz;a)|2d7'+ (/|C(U+i7’+it,o¢;a)|2d7/C’(U+i7+it,a;a)|2d7)
0 0 0

This inequality together with (1.39) and (1.40) shows that, for § < o <1,

N
> [¢(o + ikh + it, s a) | < N(1+ [¢]). (1.41)
k=0

The further part of the proof runs in the same way than that of Lemma 1.7. Let K be an arbitrary
compact set of the strip D. Then, repeating the proof of Lemma 1.7 with obvious changes, we find in
the notation of Lemma 1.7 that

sup |C(s + ikh,a;a n(s+ikh,a;0)| <
N+1Z§€£\C ) = Gl )|

N 1
1 3
sup / |ln(0170+iu,a)|(m kE:O\((Jl +ikh + it +iu, a; a)|2) du+o(1)

sEK

as N — oo, where t is bounded by a constant depending on K. This and (1.41) give the estimate

1
N+1Zf§£}< (s + ikh, a;a) — Cu(s + ikh, a; 0)| <

/ |ln (o2 +it, )| (1 + |t|)%dt +0o(1)

as N — oo with o9 < 0. Hence,
lim limsu sup |((s + ikh,a;a n(s+ikh,a;a) =0,
B e S )
and lemma follows from the definition of the metric p. O

Proof of Proposition 1.5. We begin with similar arguments as in proof of Lemma 1.14. On a certain

probability space with probability measure p, define a random variable £ with the distribution

1
= . N
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and put
XN =Xnn(s) =C((s+in,xa).

Let X,, be the H(D)-valued random element with the distribution f’n, where Pn is the limit measure

in Lemma 1.19. Then Lemma 1.19 implies the relation
D
Xnn = X, (1.42)

Let K; be a compact set from the definition of the metric p. Then, for M; > 0, we find that

N

1
sup | Xnn(s)| > M, gi sup |Cn(s + ikh,a;a 1.43
(33 PXoea(6)] > M) < g 3 o 16 I (1.43)

By Lemma 1.20, for o > %
N

Z |Calo 4 ikh, a;a)|? <
k=0

1

Nh Nh Nh

2
/|§n(0+it,a; a)2dt + </|Cn(0+it,a; a)|2dt/|§;(a+it,a;a)2dt) : (1.44)
0 0 0

Since the series for ((s, a;a) and (s, o; a) are absolutely convergent for o > 1,

2, oo 2
llmsupf/|CnU+ztaa|dt Z‘am‘ )<Z(|am|<C1,a<oo

N—oo (m+ ) 2"

and

2 2( % 2
5 lam|?log®(m + a)v2(m, ) am| log m—i—a)
hifnjgop—/K o+it, a; a)|*dt = E (m + 0 < g: 5o < Og,q < 00.

m=0

These estimates and (1.44) show that, for o > 3,

N

N 1
1 1 1
sup lim sup —— C(o + ikh, o; a)|? < sup lim sup <7 (o +ikh,a;a 2) <Oy < 0.
neN N—oo N+1kZ:0‘( )| neN N—oco N+1kZ:0|( )|

Now, an application of the Cauchy integral formula implies

N

sup lim sup sup s+ ikh,a;a)] < Ry < 00.
neN N—oo N+ ZSEKZ |Cn( )| “

We fix ¢ > 0 and put M; , = M; o(¢) = 2'R; 4~ !. Then the above inequality and (1.42) show that

limsup p( sup [Xn,,(s)] > Mio) <

£ (1.45)
Nooo sk 2

for all n € N and [ € N. Define the set
H.={ge H(D): sup lg(s)| < Myal € N}.
Then H. is a compact set in the space H(D), and, in view of (1.45),
w(Xn(s) € He) >1—e.
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Consequently, by the definition of X,

P,(H,)>1-¢

for all n € N. Thus, we proved that the family of probability measures {]5” : n € N} is tight.
Therefore, by Lemma 1.12, this family is relatively compact. Therefore, every sequence of that family
contains weakly convergent subsequence P, to a certain probability measure P on (H(D),B(H(D))

as 7 — oo. Thus,

X, = P (1.46)

r—00

Let the H(D)-valued random element Yy = Yn(s) be given by the formula
Yn(s) = (s + ién, ;).
Then, in view of Lemma 1.21, we obtain that, for every ¢ > 0,

lim limsup ,u(,o(XNJL7 YN)) =

Nn—00 N o0

lim limsup #{0 <k < N:p(C(s+ikh, a;a), Cu(s + ikh, o; a)) > e} <

n—00 N_oc0 1
N
lim limsu s+ ikh,a;a), (o (s + ikh,a;a)) = 0.
Jimm lim sup o +1)51622()/)(« ), Gn( )

This and (1.42), (1.46) show that the hypothesis of Lemma 1.13 are satisfied. Therefore, we have that
D
Yy 25 P, (1.47)

and the definition of Yy shows that Py converges weakly to P as N — oo. Moreover, the relation
(1.47) implies that the limit measure P is independent of the choice of the measure {P,,, }. From this

and the relative compactness of {P,}, it follows that

X, 2 P

n—oo

This means that {P,} converges weakly to P as n — co.

For the identification of the measure P, we apply Propositions 1.2 and 1.3. The linear independence
over Q of the set L(a,h,w) implies that of the set L(«). Therefore, under the hypothesis of the
proposition,

%meas {r€[0,T]:{(s+ir,a;a) € A}, A € B(H(D)),
by the proof of Proposition 1.2, converges weakly as T" — oo to the limit measure P of P, asn — oo,

and that P coincides with the measure P;. Moreover, the support of P, is the whole H(D). Since Py

also converges weakly to the same measure P as N — oo, from this the proposition follows. O

Proof of Theorem 1.3. We argue similarly to the proof of Theorem 1.1. Let p(s) be a polynomial
satisfying (1.22), and

G. = {g e H(D): sup |(s) — pls)| < =}

sEK 2
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Then, by the second part of Proposition 1.5, the set G. is an open neighborhood of an element p(s)
of the support of the measure P. Therefore, by the properties of the support,

P:(G.) > 0.
Hence, by the first part of Proposition 1.5 and Lemma 1.17, we have

liminf Py (G.) > P:(G:) > 0,

N—o0

or, in view of the definitions of Py and G.,

! 1#{0 <k < N :sup|l(s+ikh,a;a) —p(s)| < E} > 0. (1.48)

lim inf
N—o0 seEK 2

Suppose that k € Ny satisfies the inequality
sup |((s + ikh,a;a) — p(s)| < =
seK 2

Then, for such k, the inequality (1.22) implies
sup [¢(s + ikh,a;a) — f(s)| < e.
seK

Therefore,

{0 <k <N :sup|((s+ikh,a;a) —p(s)| < %} C {0 <k <N :sup|C(s+ikh,a;a) — f(s)| < 5}.
seK seK

From this and (1.48), we obtain the inequality

L 1#{0§ k< N :sup|((s+ikh,a;a) — f(s)]| <s} > 0.

lim inf
N—oo seK

The theorem is proved.

Theorem 1.3 is published in [42].

1.4 Discrete universality of the function ((s, «;a) with rational
parameter «

This section is devoted to a discrete version of Theorem 1.2.

Theorem 1.4. Suppose that o« = §,a,b € N,a < b,(a,b) = 1,b # 2 and that rad(q) divides b. Let
K e X and f(s) € H(K). Then, for every e > 0,

L 1#{O§k§N:sup|C(3+ikh,%;a)—f(s)| <5} > 0.

lim inf
N—oo seK
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As in the case of Theorem 1.2, we will apply some elements of the joint value distribution of
Dirichlet L-functions. Also, we will use the notation of Section 1.2.

Let P be the set of all prime numbers. We divide the set of all positive numbers h into two parts.
We say that h is type 1 if numbers exp {25} are irrational for all m € Z \ {0}, and h is of type 2 if
it is not of a type 1.

Let 15, be a closed subgroup of the group €; generated by the element (p~* : p € P). If h is of

2mmo

type 2, then there exists a minimal mg € N such that the number exp | =% } is rational. Suppose

that

2m, m
eXp{ h O}Zm—;,ml,mgeN,(ml,mg):l.

Extend the function wi (p),p € P, to the set N by the formula

wi(m) = H wh(p),m € N.
p'lm

pl+1)(m

Then it is known [1], see also [34], that

Qy if his of type 1,
Dy =
{wl € twi(m) = WQ(ml)} if h is of type 2.

On (th,B(th)), as on (Ql,B(Ql)), also the probability Haar measure mqpy, exists. Denote by
w1p(p) the component of wy, € Q15. Now, on the probability space (th, B(th)), define the H"(D)-
valued random element L(s,wip,X), X = (X1,---s Xr)s DY

L(slywlfux) = (L(817w1h7 Xl)u "'7L(Sluwlh7X’r‘))7

where

w , -1
L(s>w1h7X]):H(1_lh(];)SXJ<p)) ,]:1,...,7".
p

We remind that xi, ..., X, are distinct Dirichlet characters modulo bq. Moreover, for A € BB (H T(D))
and h > 0, we set

1
Pan(A) = 5y #{0 < b < N x (L(s 4 ikhxa). oo L(s + ik, ) € A}

and

Ppn(A) = mign{win € Qup s L(s,win, x) € A},

i.e., Pr j is the distribution of the random element Pr, ;. Let

S={ge H(D):g(s)#0or g(s)=0}.

Lemma 1.21. For every h > 0, Py, converges weakly to Pr , as N — co. Moreover, the support of

the measure P, is the set S”.
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Proof. The lemma was obtained in [1], the proof of Theorem 5.3.1. In the case of h of type 1, the
lemma for a more general case of non-equivalent Dirichlet characters was given in [20]. The case of h

of type 2 is considered similarly, see, for example, the paper [34]. O

Lemma 1.21 is not convenient for the investigation of the function ((s,a;a). As in Section 1.2, in
place of H(D), we will consider the space H(Dy ) of analytic functions defined on a bounded region

Dy ={seC: 4 <o <1t <V}. We recall that
Sy ={ge€ H(Dv):g(s) #0or g(s) =0}.

Let Pyvn(A) and Pryn(A) be the corresponding analogues of Py p(A) and Pr p(A) defined for
A€ B(H"(Dy)).

By same method as Lemma 1.21, the following statement is obtained.

Lemma 1.22. For every h > 0, Py v,n converges weakly to Pr vy as N — co. Moreover, the support

of the measure Pr v is the set SY,.

We note that the weak convergence for Py v follows from Lemma 1.21 by using Lemma 1.5 and
a certain continuous mapping. However, since H"(Dy) D H" (D), Lemma 1.21 does not imply the
explicit form of the support of the measurePp, v 5, and the proof must be repeated.

Now we are in position to prove a discrete limit theorem for the function ( (s, % a). For A €

B(H(Dy)), define

1

Quwa(A) = g #{0 Sk < N2 (C(s +ikh, 330)) € 4},

Moreover, on the probability space (th, B(Qp), mth), define two H(Dy )-valued random elements

b1 (b
G (s.wnp) = LEn(0)
r
and .
Ca(s,win) = Z biL(s,win, X;);
=1
and set

C(S, %, Wih,W; a) = C1(s,win)Ca(s,win)-

Here the coefficients b; are the same as in Section 1.2. Denote by P v 5 the distribution of the random

element Q(s, Wik, W; u), ie.,

P<7V7h(A) = mth{wlh S th : C(S, %,wlh,w; Cl) S A},A S B(H(Dv))

Proposition 1.6. Suppose that a,b and q are as in Theorem 1.4. Then QN v, converges weakly to

the measure Pr v, as N — co. Moreover, the support of the measure P; v, is the space H(Dy ).
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Proof. The function
bS
G(s) = .
is a Dirichlet polynomial. Therefore, we find by a standard method (the case of h of type 2 is discussed

in|34]) that

1
N +1

converges weakly to the distribution of the random element (;(s,wsy) as n — oco.

#{0<k <N :((s+ikh) € A}, A€ B(H(Dy)) (1.49)

For the proof of a discrete limit theorem for the function
def :
Ga(s) = Y biL(s, x;),
j=1
we will apply Lemma 1.22. Let the function u : H"(Dy) — H(Dy ) be given by the formula
U(g]_, "'agT) = Z bjg]7 g1, 9r € H(DV)
j=1
Then the function u is continuous. Moreover, for A € B(H(Dy)),

ef 1 .
Qonvn(A) T #0 <k < N:Gls +ikh) € A} =

1 ) .
m#{o <k<N: u(L(s +ikh,x1), .., L(s + zk;h,xT)) € A} =

1

- <k<N: ; j : A} =

g 1#{0 <k <N:(L(s+ikh,x1), ..., L(s + ikh, xy)) € u A}
PNy,h(u*lA) = PNy,hu*l(A).

Therefore, the continuity of the function u, Lemma 1.5 and Lemma 1.22 show that Q2 n,v,, con-
verges weakly to the measure Py u~! as N — oo. We observe that the measure Pp, v ,u~" is the

distribution of the random element (>(s,w1y). Actually, for A € B(H(Dv)),
Ppvpu ' (A) = Pryvp(u™"A) = migp{win € Qup  L(s, w1, x) €u ' A} =

mign{win € Qs u(L(s,wi,x)) € A} =
min{win € Qun ¢ (s, win) € A}

Now, the weak convergence of the measures (1.49) and Q2 n v, together with a modified Cramér-Wold

method implies the weak convergence for

%H#{O <k < N i (Ci(s+ikh), Gaols + ikh)) € A}7A € B(H*(Dv)),

to the distribution of the random element (Cl(s,wlh)7@(s,w1h)) as N — oo. From this, using the
function u; : H?(D) — H(Dy) given by ui(g1,92) = 9192, 91,92 € H(Dy), we find that, in view of
the equality

¢(5:3:0) = G(9)Gals),
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Qn,v,n converges weakly to the distribution of the random element (i (s, win)Ca(s,win) = (s, ¢, wh; )
as N — oo.

It remains to find the support of the measure P¢ v . Let g be an arbitrary element of H(Dy),
and G be its any open neighbourhood. Since the function u is continuous, we have that the set u =!G
is open as well. If K C Dy is a compact subset with connected complement, then, by Lemma 1.16,

for every € > 0, there exists a polynomial p = p(s) such that,

sup = [g(s) —p(s)| < e.
se K

It is well known, see, for example, [21], that the approximation in the space H(Dy ) can be restricted
to that on compact set with connected complements. Therefore, we can choose the polynomial p(s)
to lie in the set G. The region Dy is bounded, thus, the non-vanishing of the polynomial p(s) can be

controlled by its constant form. Hence, there exists g1, ..., g» € Sy such that

u(g1, s gr) = p-

Really, since o #£ %, we have that b > 3, hence, r > 2. Therefore, at least two coefficients b; in (1.25)
are distinct from zero. Thus, without loss of generality, we may suppose that b; # 0 and bs # 0. Then
we can find C' € C with sufficiently large |C| such that, for s € Dy,

s)+C
o) =P g

1

and
C +b3+...b,
NERRCLUL S

2

If g3(s) = ... = g-(s) =1, then g1, ..., g, € Sy, and

S bigi(s) = p(s).

This shows that
(u=H{p}) NSy # 0.

Since p(s) lies in G, hence,

(u™tG)N Sy # 0.

Therefore, there exists g1 € S§ such that g; € u'G, i.e.,, u"'G is an open neighbourhood of an
element of the set S7,. By Lemma 1.22, the set Sy, is the support of the measure Pp y,,. Hence,

Py p(u™'G) > 0. Therefore,
PL,V7hu_1(G) = PL,V,h(u_lG) > 0.

Since g and G are arbitrary, this shows that the support of the measure P, v ,u~" is the whole H(Dy).

Hence, the support of the random element (»(s,wyy) is also the whole H(Dy).
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By the construction, {w1(p) : p € P} is a sequence of independent random variables. If p|b, then
plgb, thus, x;(p) = 0. Hence,
win(P)x;(P)\ 7L .
L(S7w1h7xj):H(1_ ( )S ]( )> ,jzl,...7’l".
p
ptb
From this, it follows that the random elements (;(s,w1r) and (2(s,w1p) are independent. Since the

random element (1 (s,wyy) is not degenerated at zero, and the support of the random element (5 (s, w1p)

is the whole H(Dy ), we obtain that the support of the random element

C(S, %, Wik; a) = C1(s,win)C2(s,win)

is H(Dy). The proposition is proved. O

Proof of Theorem 1.4. By Lemma 1.16, there exits a polynomial p(s) such that

€
sup g (s) — p(s)] < 5. (1.50)
seK
We take V' > 0 such that K C Dy, and define the set
€
G={geH(Dy): suplg(s) ~ p(s)| < S }.

seEK 2

In view of Proposition 1.6, the set G is an open neighbourhood of the element p(s) of the support of

the measure P v;. Therefore,

PC,V,h(G) > 0. (151)

By the first part of Proposition 1.6 and Lemma 1.17,

lim inf QN,V,h(G) > P(7V,h(G)7
N—o0

thus, by the definitions of Qx v, and G, and (1.51)

1

lim inf #{ogng:sup‘g(snkh,?;a)—p(s)’ <Z}>o (1.52)
N—o0 1 seK b

However, if k € Ny satisfies the equality

)

sup ‘C(s + ikh, E; a) —p(s)) <
seK b

| ™

then, in view of (1.50), the number k also satisfies the inequality

sup ‘C(s + ikh, g;a) - f(s)’ <e
seK b

Therefore, inequality (1.52) implies

1
lim inf #{ngSN:sup‘(j(s—kikh,g;a)—f(s)‘<€}>0.
N—oo ]_ seK b
The theorem is proved. O
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Chapter 2

Application of uniform distribution

modulo 1

In this chapter, we extend, in a certain sense, Theorem 1.3. In Theorem 1.3, the functions of the
class H(K), K € X, are approximated by discrete shifts ((s + ikh, a;a),s = o + it. Thus, for discrete
shifts the arithmetical progression {kh : k € N} with a fixed h > 0 is used. In this chapter, in place
of the latter set, we will use the set {hk™ logﬁz k:k>2}, where h >0,0< f; <1and 3 >0 are
fixed numbers. For the proof of universality, we apply good properties of sequences that are uniformly
distributed modulo 1.

We remind that a sequence {z,, : m € N} is uniformly distributed modulo 1 if, for every interval
I=1la,b) Cl0,1),

1o
Jim — ];XI({xk}) —b—a,

where {u} is the fractional part of u € R, and x7 is the indicator function of I.

In this chapter, we prove the following theorem.

Theorem 2.1. Suppose that the set L(«) is linearly independent over Q and that 81, 0 < 1 < 1,
and By > 0 are fivzed numbers. Let K € X and f(s) € H(K). Then, for every e >0 and h > 0,

1
1#{2 <k < N :sup [C(s + ihk™ log™ k,a;a) — f(s)| < £} > 0.

lim inf
N —o00 s€EK

2.1 A limit theorem

For the proof of Theorem 2.1, as for the proofs of universality theorems of Chapter 1, we apply a limit
theorem for weakly convergent probability measures in the space of analytic functions H (D). The
proof of Theorem 2.1 is based on the weak convergence of

Pa(A) = ﬁ#{z <k <N : (s + ihk* log™ k,a30) € A}, A € B(H(D)).
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For other objects, we preserve the notation of Section 1.1. Thus,

o0
Q= H Tm
m=0

where 7, = v for all m € Ny, and, on the probability space (€2, B(Q2), my) with the measure my;, the
H(D)-valued random element (s, «,w;a) is defined by
C(s,ayw;a) = i 7amw(m)
9 b I - (m + a)s M

m=0
The probability measure P; is the distribution of the random element ((s, @, w; a).

The main result of this section is the following proposition.

Proposition 2.1. Suppose that the set L(«) is linearly independent over Q, and B1, B2 and h are as
in Theorem 2.1. Then Py converges weakly to Pr as N — oo. Moreover, the support of Py is the
whole of H(D).

We start with two lemmas on uniform distribution modulo 1.

Lemma 2.1. A sequence {x} C R is uniformly distributed modulo 1 if and only if, for every m €

z\ {0},

n

.1 ;
lim — E exmimer — (),
n—oo N,
k=1

The lemma is called the Weyl criterion. Its proof is given, for example, in [16], Theorem 2.1.

Lemma 2.2. The sequence {akﬁl log™ k: k> 2} with a € R\ {0} and 51, 0< 1 < 1, and B3 > 0

is uniformly distributed modulo 1.

The lemma is a part of a more general assertion for the sequence of the same type with 5, > 0,5 ¢
Z, and arbitrary 3 € R [16], p.31. For its proof the so-called difference theorems are applied.

Lemmas 2.1 and 2.2 are applied for the proof of the weak convergence for

On(A) = ﬁ#{z <k<N: ((m 4 a)ThR T o kg NO) € A},A e B(9).

Lemma 2.3. Suppose that the set L(«) is linearly independent over Q, and that (1, B2 and h are as

in Theorem 2.1. Then Qn converges weakly to the Haar measure mpyg as N — oo.

Proof. As usual, we apply the Fourier transform method. Let gn(k), k = {km, : km € Z,m € No} be

the Fourier transform of Q). Then we have that
(oo}
an(® = [ [Tt (m)aQx,
Q m=0
where only a finite number of integers k,, are distinct from zero. Thus, by the definition of Qy,

1 L5 o
gN(E) = ﬁz H (m+a)72hkmk 1logP2 k _
k=2 m=0
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1 N ‘ 5 s} ,
N1 kZ_Qexp{ — ihkPr log™? k Z km log(m + a)}7 (2.1)

m=0
! .
where > means that in

Z km log(m + «)

m=0

only a finite number of integers k,, are distinct from zero. Clearly,

gn(0) = 1. (2.2)

Consider the case k # 0. The linear independence over Q of the set L(«) ensure that, in this case,

Z m log(m + «) # 0.

m=0
Since h > 0, this and Lemma 2.2 shows that the sequence

{ hkPr log?? k

5 Z/kmlog(m+a):k22}
I

m=0

is uniformly distributed modulo 1. Therefore, in view of Lemma 2.1 and (2.1),

N v (B =0
for k # 0. Thus, by (2.2),
1 if k=0,
lim gn(k) =
N—oo 0 if k#O0.

Since the right-hand side of the later equality is the Fourier transform of the Haar measure, this proves

the lemma. O

Furthermore, we will deal with a limit theorem for absolutely convergent Dirichlet series

L 2\ U Un(m, @)
(nls,050) = ;ﬂ)i(mws
and
amw(m)vy, (m, a)

(m+a)°

Cn(s, a,w;a) = i

m=0

that are the same as in Section 1.1. From the absolute convergence of the series for ¢, (s, a,w;a), it

follows that the function w, : @ — H(D) given by the formula
Up(w) = Cu(s,q,w;a),w € Q,
is continuous one. For A € B(H(D)), let
Pyn(A) = ﬁ#@ <k < N:Culs+ihkP log™ k, o a)) € A}.

Moreover, we put P,, = mgu, !, where the measure mgu, ' is defined by

n

myuy, ' (A) =my(u,'A), A € B(H(D)).
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Lemma 2.4. Suppose that the set L(«) is linearly independent over Q, and that 51,82 and h are as

in Theorem 2.1. Then Py, converges weakly to P, asn — .

Proof. By the definition of the function u,,, we have
un((m + a)fihkfﬁ log?2 k ‘m e NO) _ Cn(S 4 ihkﬁl 10gB2 k, o Cl).

Therefore, for A € B(H (D)),

1 )
Pn n(A) = m#{2 <k<N:uy, ((m + Oz)ﬂhkﬁ1 log™ k€ NO) € A} =

1 kA1 _
ﬁ#{Q S k S N : ((m+a)7lhk6 logﬁz k tm e No) c UnlA} =

QN(U,:LIA) = QN’U,;IA.
This, the continuity of the function u, and Lemma 1.5 show that Py, converges weakly to P as

N — . O

Now we will approximate the function ¢ (s + ihk® log™ k, o a) by Cn(s +ihk™ log™ k, o; a) in the
mean. Let p be the metric in H(D) defined in Section 1.1.

Lemma 2.5. For all o and a, the equality

N
> p(g(s + ihkP1 1og? k, oz a), Cu (s + ihkP 1og™ k. a; a)) =0.
k=1

lim limsup
n—oo N—o00 — 1

holds.
Proof. For 2 < k < N with sufficiently large N, we have

(k+ 1)1 log” (k + 1) — k7 log™ k =

B (1 + %)Bl (logk—l—log (1 n i))ﬁ — KPrlog® k=

k51(1+é+w+...)(logk+l L +...)ﬁ2—k’8110gﬁ2k:

k 2k? ko 2k
B2
6 B Bi(B1 —1) 8, o1 B BB s Clog” N
(#7 + A T e ) los™ k(1 -+ klogk 2k logk to) -k log k> NP

with suitable constant ¢ > 0 not depending on N. Moreover, the estimates (1.39) and (1.40) imply,
for % < 0 < 1, the estimates

T
/ C(o + it + ir, a; 0)[dt < T(1 + |7))
0

and
T

/ |¢' (0 + it + i1, o a)|2dt LT+ 7))
0
for 7 € R. Therefore, taking
5= chlogﬁQN
N1-5
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in Lemma 1.20, we find that

N
S |¢lo + ihkP log k + it oz 0)|* <
k=2

hNP1logP2 N
Ni=F log_BzN / |C(o + i1 + it, a; a) |PdT+
1
hNP1 logP2 N hNP1 logh2 N

1
2
|C(o + 47 +it, o a)2dT / |C’(a+z’7+it,a;a)|2d7> < N(1+t)  (2.3)

for % < o < 1. Let K be a compact subset of the strip D. Then, repeating the proof of Lemmas 1.7
and 1.21, we obtain that

N
1
N1 Z sup ’((s + ihkP log? k, o a) — Cul(s + ihkP log? k. o a)| <
T p=2%cK
+o0o 1 N ) %
/ |ln (01 + iu, )| (Nl Z 1¢(o1 + ihkPr1og?? k + it + iu, a; a) ) du + o(1)
e k=2

as N — oo, where % <o < 1,01 <0, and tis bounded by a constant depending on K. Therefore, by
(2.3),
;XN
—_— Z sup |((s + ihkP log? k, o a) — Culs + ihkP log? k. o a){ <
N - 1 h—2 seK

o0 1
/ |ln (o1 +it, o) | (1 + [t]) 2 dt + o(1)

— 00

as N — oo with o7 < 0. Since, by the definition of 1,,(s, @),

lim [,,(oy +it, ) =0,
n—00

from this it follows that

N

; ; i1 161 B2 cq) i1 .61 B2 . _
nlggowjipjv_lzsuyg(sﬂhk log™ k, a; a) — (o (s + ihk” log™ k, a;a)| = 0,
k=25¢

and the definition of the metric p proves the lemma. O

Proof of Proposition 2.1. On a certain probability space (Q, A, P), define a random variable 6 by the
formula

P(0n = hk® logh k) = o k=2 N
Let H(D)-valued random element Xy , be given by
Xnn=Xnn(s) =Cu(s +ib0n,a;a).

Moreover, let P, be the limit measure in Lemma 2.4, and X,, be a H(D)-valued random element

having the distribution P,. Then the assertion of Lemma 2.4 can be rewritten in the form

Xnm 25 X, (2.4)
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At first, we will prove that the family of probability measures {P, : n € N} is tight, i.e., that, for
every € > 0, there exists a compact set K = K(g) C H(D) such that

P (K)>1-¢

for all n € N. Since the series for (, (s, a; a) is absolutely convergent for o > %, we have that

I ‘amP o (m, a) - |am|2
sup limsup — o +it,a;a)?dt = su 7’§ — < (C < oo
sEIIz T—)oop T /0 ‘C( )| SEII; Z (m + a)2a Z (

Thus, for % <o<1,
T
/ (o + it as @) Pt < T,
0

and, by the Cauchy integral formula,
T
/ ¢ (0 + it, a;a)|Pdt < T.
0

Now, an application of Lemma 1.20, as in the proof of Lemma 2.5, gives for % <o<landT€eR,

N
3" [Calo + ink™ log™ k, a;0)]” <
k=2
RNP1logP2 N
N'=Bilog=P2 N / 1C(o + it, a; a)|2dt+

1

hNP110gP2 N hN"1logP2 N 1
2
( / (o + it o; o) 2dt / (o + ity a)|2dt> < N.
0 1
Hence,
;N
hmsupi Z ’(n (o + ihkP log™ k, o a)’ < () <0
N—o00 N — k 2

for all n € N. Therefore, by the Cauchy inequality,

N
— S [Culo + ik log® k,a30)| < G < o (2.5)
k=2

lim sup
N—o0

for all n € N. Let K;,I € N, be compact sets in the definition of the metric p. Then (2.5) together
with the Cauchy integral formula shows that

N

1
limsup —— Z sup [Ca(s + ihkP1 log™ k, a; a)| <R < o0 (2.6)
Nooo N —1 h—o SEKI

for all n € N. Let ¢ > 0 be an arbitrary number, and M; = M,;(¢) = 2°R;e~!. Then, taking into
account (2.6), we find, for all n € Nand [ € N,

limsup P( sup |Xn,,(s)| > M)
N—oo seK;

1
:limsupN #{2<k<N sup |Cn s—i-zhk*gllogﬁ?k‘ «; a)‘>Ml}
- seK;

N—o00
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N

€
<limsup —— sup |Ca(s + ihkP 1o sz,oz;a < —.
N—)oop (N - I)Ml kz:;sefl()l |< ( & )| 2!
Hence, by relation (2.4), for all n € N and [ € N,
IP’( sup |Xn(s)\ > M) < il (2.7)
seK; 2

Putting

K=K ={ge (HD): sup [g(s)] < Mi.l € N},

we have that K is a compact subset of H(D) because it is uniformly bounded on compact subsets of

the strip D. Moreover, by (2.7), for all n € N,
P(X,(s) e K) >1—c¢,
or, equivalently, for all n € N,
Po(K)>1—¢,

and the tightness of the family {P, : n € N} is proved.
Since the family {Pn :n € N} is tight, by Lemma 1.12, it is relatively compact. Therefore, there
exists a sequence {Pnk} C {If’n} such that Pnk converges weakly to a certain probability measure P

on (H(D),B(H(D))) as k — oo. Thus,
X = P (2.8)

On the probability space (€, A, P), define one more H(D)-valued random element Xy = Xy (s) by
the formula

Xn(s)=((s+1i0n,a;0).

Then, by Lemma 2.5, we find that, for every ¢ > 0,

lim limsupP(p(XmXNm) > E)

n—0o0 N_soo

= lim limsup #{2 <k<N:p(C(s + ihkP1 10g" k, oz a), Cu (s + ihkPr 1og™ k. a; a)) > 5}

n—o0 N oo —1

N
1
< lim limsup N =1 Z p(C(s + ihk" log™ k, a;a), ¢ (s + ihkP log™ k, a; a)) = 0.

T n—o0 Noo P

This equality, (2.4) and (2.8) show that the hypotheses of Lemma 1.13 are satisfied. Therefore, the

relation

Xy 25 P (2.9)

N—o0
is true, thus, Py converges weakly to P as n — oo. Moreover, (2.9) shows that the limit measure P
is independent of the choice of the sequence {Pnk} Since the family {Pn} is relatively compact, this
implies the relation
X, 2 P

N —oc0
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Thus, we have that {P,} converges weakly to P as n — co.

For the identification of the measure P, we apply the weak convergence of the measure

%meas{r €10,T): ((s+ir,a;a)}, A € B(H(D)).
Under hypothesis that the set L(«) is linearly independent over Q, Proposition 1.1 asserts that this
measure converges weakly to Pr as n — oco. In the proof of this fact, it was obtained that P is also
the limit measure of P, as n — oo. Thus, we have shown that P = F¢.

Moreover, by Proposition 1.2, the support of the measure P is the whole of H(D). The proposition
is proved. O

2.2 Proof of universality

Proof of Theorem 2.1. As the proofs of universality theorems of Chapter 1, the proof of Theorem 2.1
uses a limit theorem in the space of analytic functions for the function ((s, @;a), and the Mergelyan
theorem on the approximation of analytic functions by polynomials.
Using Lemma 1.16, we find a polynomial p(s) such that
€
sup |f(s) —p(s) < 5, (2.10)
seEK
and define the set

G={geH(D): supg(s) — p(s)] < “}

Then, G is an open set in the space H(D), therefore, by the first part of Proposition 2.1 and Lemma
1.17, we have the inequality
liminf Py (G) > P:(G). (2.11)

N—o0
Moreover, the set G is an open neighbourhood of the polynomial p(s) that, by the second part of
Proposition 2.1, is an element of the support of the measure P;. Thus, by a property of the support,

PC(G) > 0.

This, (2.11) and the definitions of Py and G give the inequality

1
lim inf #{2 <k < N:sup ’C(s + ihkP log? k, o; a) —p(s)’ < E} > 0. (2.12)
N —oc0 -1 sEK 2

Suppose that k € N satisfies the inequality

sup ‘C(s + ihkP log?? k, o; a) —p(s)‘ <
sEK

| ™

Then, for such & in view of (2.10),

sup ‘C(s—l—ihkﬁl log™ k, a;a) — f(s)‘ <
seK

60



sup [¢(s -+ k™ 1og™ k,a3) = p(s)| + sup |f(5) = p(s)| < 5 + - ==
seK seK 2 2
This shows that

{2 <k<N:sup ‘C(s +ihk® log® k, a; ) —p(s)‘ < g} c
seEK

{2 <k<N:sup ‘C(s+ihk51 log™ k, a; a) ff(s)‘ < 5}.
seK

Therefore,

lim inf L #{2 <k<N:sup ‘Q(s—i—ihkﬁl log™ k, a; a) —f(s)‘ < 5} >
N—oo N —1 seK

1
1#{2 <k<N:sup ’C(s—i—ihkﬂl log™ k, a; a) —P(S)’ < %} > 0.

lim inf
N —o00 seK

This together with (2.12) gives the inequality

1
NN . 271 1.61 B2 Cq)
1}5111an_1#{2§1<:§N.EEE‘C(S—l—zhk log”™ k, o; a) f(s)‘<€}>0.

The theorem is proved.

Theorem 2.1 is published in [36].
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Chapter 3

Universality of composite functions of

the periodic Hurwitz zeta-function

As it was noted in Introduction, it is important to extend the class of universal functions in the
Voronin sense. This chapter is devoted to the universality for the functions F (C (s, a; a)), where
F: H(D) — H(D) is a certain operator. We recall that H(D), D ={s=o0+itc C: § <o <1}, is

the space of analytic functions on D endowed with topology of uniform convergence on compacta.

3.1 Generalization of continuous universality theorems

In this section, we generalize Theorems 1.1 and 1.2 for composite functions.

Theorem 3.1. Suppose that the set L(«) is linearly independent over Q, and that F : H(D) — H(D)
is a continuous operator such that, for every open set G C H(D), the set F~'G is not empty. Let
K eX and f € H(K). Then, for everye >0

| ‘
h%ri)l;éffmeas {’7’ €[0,7]: SEE|F(C(8+’LT,Q;G)) - f(s)] < 6} > 0.

Proof. We will apply elements of the proof of Theorem 1.1 and properties of the operator F'.
By Proposition 1.2,

Pr(A) = %meas {T €[0,T]:¢{(s+ir,o;a) € A},A € B(H(D)),

converges weakly to P as T — oo, where P is the distribution of the random element

C(s,ayw;a) = Z m.

m=0

For A € B(H (D)), define

Prp(A) = %meas {T €[0,T]: F({(s+iT,oz0)) € A}.
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Then we have that, for A € B(H(D)),
1 ) 1
Prp(A) = 7 meas {7’ €[0,T]:¢(s +it,a;a) € F A}.
Hence, Prp = PrF~1, where
PrF~'(A) = Pp(FA), A€ B(H(D)).

Since Pr converges weakly to P as 1" — oo, and the operator F' is continuous, the latter equality and
Lemma 1.5 show that Pr r converges weakly to PCF’1 as T — oo.

It remains to find the support of the measure PCF_l. Let g be an arbitrary element of the space
H(D), and G be any open neighbourhood of g. By the hypothesis of the theorem, the set F~!G
is not empty, and because of the continuity of the operator F is open. Hence, F~!G is an open
neighbourhood of a certain element g; € H(D). Since, by Proposition 1.2, the support of the measure

Py is the whole H (D), hence we obtain by properties of the support that
P:(F'G) > 0.

Therefore,

P.F~YG) = P:(F'G) > 0.

Since the objects g and G are arbitrary, this shows that the support of the measure PCF_1 is the
whole H(D).
The remaining part of the proof is standard. By Lemma 1.16, there exists a polynomial p = p(s)

such that

sup | £(s) ~ p(s)] < 5. (3.1)
seK

Define

G ={g e HD): suplg(s) ~p(s)] < 5}

Then G is an open neighbourhood of p(s) which, in view of the above remark, is an element of the
support of the measure P-F~!. Therefore, P F~'(G) > 0. Using the weak convergence of Pr p to
P:F~1 as T — oo, and applying Lemma 1.17, we obtain that

1
lim inf 7 meas {T €[0,T]: F({(s +ir,oz0)) € G} > P.F(G) > 0.

T—00

Hence, by the definition of G,

1
lim inf — meas {7’ €1[0,T] : sup [F(¢(s +iT, o5 2)) fp(s)‘ < 5} > 0.
T—oo T seK

This together with inequality (3.1) proves the theorem. O

The hypothesis of Theorem 3.1 that F~'G # () for every open set G C H(D) can be replaced by
a stronger but simpler one. Thus, we have the following theorem. Denote by F'~!{p} the preimage of

a polynomial p.
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Theorem 3.2. Suppose that the set L(«) is linearly independent over Q, and that F : H(D) — H(D)
is a continuous operator such that, for every polynomial p = p(s), the set F~1{p} is non-empty. Let

K € X and f(s) € H(K). Then the same assertion as in Theorem 3.1 is true.

Proof. We observe that the compact sets K; in the definition of the metric p can be chosen to be
with connected complements. For example, we can take closed rectangles. Moreover, the quantity
p(91,92), 91,92 € H(D), is small if
Sup g1(s) = 92(5)|

is small enough for sufficiently large [ € N. Thus, the approximation in the space H(D) reduces to
that on compact subsets of the strip D with connected complements.

We will prove that, for every non-empty open set G C H(D), the set F~'G is non-empty. Let
G C H(D) # 0 be an arbitrary open set, and g € G. Suppose that K € K. Then, by Lemma 1.16,

for every € > 0, there exists a polynomial p = p(s) such that

sup |g(s) — p(s)| <e.
seK

Therefore, if ¢ is small enough, we may assume that p € G, too. By the hypothesis of the theorem,
this shows that the set =!G is non-empty. Thus, we obtained the hypothesis of Theorem 3.1, and

the assertion of the theorem follows from Theorem 3.1. O

In the next theorem, we replace the hypothesis on the continuity of the operator F' by a certain

analogue of the Lipschitz type condition in the space of analytic functions.

Theorem 3.3. Suppose that the set L(«) is linearly independent over Q, and that the operator F :
H(D) — H(D) is a such that, for every polynomial p = p(s), the set F~*{p} is not empty, and for
each K € X, there exist positive constants ¢ and 3, and K1 € X such that

Sél}];; |F(g1(s)) — F(g2(s))| < csseui]?1 l91(s) — gg(s)‘ﬁ

for all g1,92 € H(D). Let K € X and f(s) € H(K). Then the same assertion as in Theorem 3.1 is

true.

Proof. By Lemma 1.16, there exists a polynomial p = p(s) such that inequality (3.1) is valid. Suppose
that 7 € R satisfies the inequality
1
sup |C(s +iT,a50a) — g(s)| < B (E) ﬁ, (3.2)
se Ky 2
where g € F~1{p}, and K; € X corresponds the set K in hypothesis of the theorem. Then, for the

same 7, by the inequality of the theorem, we have that

C(s+i¢,a;a)fg(s)’6 gc(c_% (%)%)B:E. (3.3)

sup F(C(s + iT,a;a)) fp(s)‘ < ¢ sup
seEK s€eK1

By Theorem 1.1, the set of reals 7 satisfying inequality (3.2), has a positive lower density, i.e.,

liminf%meas {7’ €[0,7]: sup [¢(s+iT,a5a) — g(s)| < c_%<%>ﬁ} > 0.

T—o0 sEK,
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This shows that
R | ‘ €
hTDiloréff meas {T € 10,17 : ésg};g |F(¢(s +im,az0)) — p(s)| < 5} > 0.
Combining this with (3.3) proves the theorem. O

We will prove that the operator F': H(D) — H(D) given by

where ¢(™ denotes the n-th derivative of g, satisfies the hypothesis of Theorem 3.1. For this, we recall

the Cauchy integral formula, see, for example, [49].

Lemma 4.1. Suppose that G is a domain in the complex plane, g(s) is an analytic function in G,
and L is a simple contour with its interior int L in G. Then, for sy € int L,
|
9@ (s0) = i/&ds

2mi ) (s —so)ntt
L

Obviously, the set F~!{p} is not empty for each polynomial p = p(s) because the equation
cg™(s) = p(s) = ars® + ap_18 71 + ...+ ag

has the solution
+n n

1 ays® aps
9(s) = c<(k T T 10n> € H(D).

Now, let K, K; € X and G is an open set such that K C G C K3, and let L be a simple closed contour

lying in K7 \ G, and containing inside the set K. Then, in view of Lemma 4.1, for g1, g2 € H(D) and
seK,

F(g1(s)) — F(ga(s)) = C% (zi]((:))n-i-ldz'
Therefore, L
sup [F(g1(5)) — F(g2(5)) | = ;77: /Wdz' =
L
02—7;! suplgi(s) - gz(S)l(Zldj,m = Csmplan(s) ~als)l < O sup |rls) = 520)

with a certain positive constant C. Thus, in this case § = 1.

Now, let aq, ..., a, be distinct complex numbers, and

Hah...,ar(D) = {9 € H(D) : g(s) # aj,j =1, ---aT}-

Thus, Hy, ... 4. (D) is a subset of the space of analytic functions not taking any value aq, ..., a,. In the

next theorem, we approximate analytic functions from the set Hy, . 4. (D).
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Theorem 3.4. Suppose that the set L(«) is linearly independent over Q, and that F : H(D) — H(D)
is a continuous operator such that F(H(D)) D Hq,...a. (D). Forr=1, let K € X and f(s) € H(K)
and f(s) # a1 on K. Forr > 2, let K C D be an arbitrary compact set, and f(s) € Hy, .. qo.(D).

Then the same assertion as in Theorem 3.1 is true.

Proof. As in the proof of Theorem 3.1, we have that

Prp(A) Y % meas {T €[0,T): F(C(s +im ;) € A}, A€ B(H(D)),

converges weakly to the measure P F~!

as T — oo. Thus, it remains to give explicitly the support
of P.F~'. Let g be an arbitrary element of the set F(H(D)), and G be any open neighbourhood of
g. Then there exists g; € H(D) such that F(g;) = g. Hence, by the continuity of F, the set F~'G is
an open neighbourhood of the element g;. Since the support of the measure P, by Proposition 1.2,

is the whole of H (D), this shows that P:(F~'G) > 0. Thus,
P.F7HG) = P:(F'G) > 0. (3.4)

Moreover,

P.F~Y(F(H(D))) = P.(F~'F(H(D))) = P:(H(D)) = 1.

Since the support is a closed set, this together with (3.4) proves that the support of the measure
P.F~! is the closure of the set F(H(D)).
The case r=1. By the Lemma 1.16, there exists a polynomial p(s) such that
€
sup | f(s) = p(s)] < 7 (3.5)
seEK
Since f(s) # a1 on K, we have that p(s) # a; on K as well if ¢ is small enough. Therefore, we can
define on K a continuous branch of the logarithm log (p(s) —a1) which will be analytic in the interior

of K. Applying Lemma 1.16 once more, we find a polynomial p;(s) such that

sup ‘(p(s) — al) — epl(s)| < <. (3.6)

sEK 4

We put gi(s) = e”*®) + a;. Then g,(s) € H(D) and g1(s) # ay, in other words, g;(s) € H,, (D).
Since by the hypothesis of the theorem, Hy(D) C F(H(D)), and the support of P;F ! is the closure
of F(H(D)), we have that g; is an element of the support of the measure P.F~'. Define

Gi={geH(D): sup |/ (s) = g1(s)] < -}

Then G is an open neighbourhood of the element gy, therefore, we have that PCF’l(Gl) > 0. Using

the weak convergence of Pr p to PCF_1 as T'— oo, hence we obtain by Lemma 1.17 that

o1 ) €
lim inf 7 meas {T €[0,7): sup |F(¢(s +im,a50)) — p(s)| < 5}
> P.F~1(Gy) > 0. (3.7)
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In view of inequalities (3.5) and (3.6),
€
sup [ f(s) — g1(s)| < sup [f(s) = p(s)[ + sup |p(s) — g1(s)| < 5. (3.8)
seK seK seK
Suppose that 7 € R satisfies the inequality

sup {F({(s +it,a;a)) — gl(s)’ <
seK

DO ™

Then, by (3.8),

sup |F(((s + it aza)) = f(s)] < sup [F(((s +ir, aza)) — gi(s)] + sup [f(s) — g1 (s)] < e.

seK seK seK
Therefore,
{T € (0,7 : sup |F(((s+it,cz0)) —g1(s)| < ;} C {7’ €[0,7] : sup |F(¢(s+iT,oza)) — f(s)] < 5}.

sEK sEK
This together with (3.7) proves the theorem in case r=1.
The case r > 2. Since f(s) € Hy,,...a.(D) and Hy, . 4, (D) C F(H(D)), and the support of

P:F~! is the closure of F(H(D)), we have that f is an element of the support of the measure P F~!.
Define the set

G2 ={geH(D): suplg(s) — £(s)] < e}

Then P.F~1(G2) > 0, and the definition of G5 and Lemma 1.17 give the inequality
1
lim inf — meas {7‘ €[0,7T] : sup ‘F(C(s +iT, 05 0)) — f(s)| < 5} > P F~1(Go) > 0.
T—oo 1 seK

The theorem is proved. 0

We give some examples of operators satisfying the hypothesis of Theorem 3.4.

1. Let F(g) =sing. Then F(H(D)) D H_1,1(D). Actually, it is well known that

— el

27

) ets
sSin s =

We take an arbitrary function g € H_; 1(D) and solve the equation
etf —e it

% 7

Hence,

etf —emi — 219 = 0.
Therefore, taking = = e/, we obtain the equation
2 o _
¢ —2ixg—1=0.

Hence,

r=1ig+t+/—g*+ 1.
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Since g € H_11(D), g # —1,1 on D. Therefore, ig + \/—¢% + 1 # 0 and lies in H(D), and we find
that
1
f= glog(ig—l- \/—gz—i-l)
is an element of H (D). This shows that F/(H (D)) D H_;1(D), and, by Lemma 3.4, the functions from
the set H_1 1(D) can be approximated by shifts sin (C(s +iT, a)) with, for example, transcendental
a.

2. Let F(g) = coshg. We will prove that F(H(D)) D H_11(D). Similarly as above, we take
arbitrary g € H_; 1(D) and consider the equation

o~ f
A

From this, putting = e/, we find the equation
22 —2xg+1=0.

Thus,
r=g++g> -1

Since g € H_11(D), g # —1, 1. Therefore,

f=log(9+g*>—1) € HD),

and F(H(D)) D H_y,1(D). Thus, by Theorem 3.4, the functions from the set H_; (D) can be

approximated by shifts cos (¢(s + i7, ; a)) with transcendental .

Theorem 3.5. Suppose that the set L(«) is linearly independent over Q, and that F : H(D) — H(D)
is a continuous operator. Let K € D be an arbitrary compact subset, and f(s) € F(H(D)) Then the

same assertion as in Theorem 3.1 is true.

Proof. In the beginning of the proof of Theorem 3.4, it was obtained that the support of the measure
P.F~! is the closure of F(H(D)). Thus, in Theorem 3.5, we approximate analytic functions from the
support of the measure P; F~!. Therefore, the proof of Theorem 3.5 coincides with that of Theorem

3.4 with » > 2. We note that in the proof we do not use the Mergelyan theorem (Lemma 1.16). O
Theorem 1.2 also can be generalized for composite functions.

Theorem 3.6. Suppose that o = ¢,a,b € N,a < b,(a,b) = 1,b # 2 and that rad(q) divides b,
and that, for V.> 0, F : H(Dy) — H(Dy) is a continuous operator such that, for every open set
G C H(Dy), the set F~1G is not empty. Let K € X and f(s) € H(K). Then, for every e > 0,

I%iorlf%meas {7’ €[0,7]: fél}}; ’F(C(s—i—in%;a)) — f(s)| < 5} > 0.
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Proof. By Proposition 1.4,
1
Pir(A) = 7 meas {T €1[0,7]: Q(s +iT, b ) € A} A€ B(H(D)),

converges weakly to the measure Pj¢ as 1" — oo, where Pj¢ is the distribution of the random element

b*
4(57%7(&)1; ) wl Zb L S wl’XJ

For A € B(H(Dv)), define
1 a
Pirp(A) = 7 meas {T €10,7]: F((j(s +iT, g,a)> € A}.
From the definitions Pi7 and Pi7 g, it follows that, for A € B(H(Dy)),
L 1
Pirp(A) = 7 meas {7’ €[0,7]: C(s—km’ 5 ) e F~ A}

Therefore, Pirrp = Py F~1, thus, the continuity of F, weak convergence of Pip to Piras T — oo,
and Lemma 1.5 imply the weak convergence of Pir p to PlCF*1 as T — oo.

We will prove that the support of the measure Pi¢ is the whole of H(Dy ). We take an arbitrary
element ¢ € H(Dy) and its any open neighbourhood G. Since the set F~'G is not empty and
the operator F' is continuous, we have that F~'G is an open neighbourhood of a certain element
g1 € H(Dv). By the second part of Proposition 1.4, the support of he measure Pj. is the whole of
H(Dy). Thus,

P (F7'G) >0

Hence,

PicF7HG) = Pie(F'G) > 0

Since g and G are arbitrary, this shows that the support of the measure Pi¢F~' is the whole of
H(Dy).
Now, let V' > 0 be such that K C H(Dy ). Define the set
G ={g e HDY): smplg(s) = f(s)] < 5 }-
where p(s) is a polynomial satisfying (3.1). Then G is an open neighbourhood of p(s), i.e., is an
open neighbourhood of an element of the support of the measure Pi¢F~'. Hence, PicF~'(G) > 0.

Therefore, in view of weak convergence of Pi¢ g to PicF~! and Lemma 1.17, we find that

R | . a -
hmmemeas {T €1[0,T] :F(C(s—i—w,g;a)) € G} > P F1(@) >0,

T—o0

or, by the definition of G,

N ir, |
thilorémeeas {7- €[0,7): fg}[; F(C(s+17, g,a)) —p(s)’ < 5} > 0.

Combining this with (3.1) proves the theorem.

Next theorem is an analogue of Theorem 3.2.
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Theorem 3.7. Suppose that o = ¢,a,b € N,a < b,(a,b) = 1,b # 2 and that rad(q) divides b, and
that F : H(Dy) — H(Dy) is a continuous operator such that, for every polynomial p = p(s), the set
F~Y{p} is not empty. Let K € X and f(s) € H(K). Then the same assertion as in Theorem 3.6 is

true.

Proof. We will prove that the hypotheses of the theorem satisfy those of Theorem 3.6, i.e, that for
every non-empty set G C H(Dy), its preimage F~'G is also non-empty. Thus, let G C H(Dy),
G # (0, and let g € G. We take K € X, K € Dy . Then, using Lemma 1.16, for every € > 0, we find a
polynomial p = p(s) such that
sup lg(s) —p(s)| <e.

If ¢ > 0 is small enough, this shows that the polynomial p(s) lies in G. Therefore, by the hypothesis
of the theorem, the set F~!'G is non-empty. Thus, by Theorem 3.6, the assertion of the theorem
follows. O

Let
Hy, .. 0.(D)= {g € HDvy) :9(s) =aj,j = 1,...,7"}.

Theorem 3.8. Suppose that o = ¢,a,b € N,a < b,(a,b) = 1,b # 2 and that rad(q) divides b, and
that F : H(Dy) — H(Dvy) is a continuous operator such that, F(H(Dy)) C Ha, ... 4, (Dy). For
r=1,let K e X, f(s) € HK) and f(s) # a1 on K. Forr > 2, let K C D be an arbitrary compact
set, and f(s) € Hy, ... a.(Dv). Then the assertion of Theorem 3.6 is true.

Proof. We argue similarly to the proof of Theorem 3.4. We consider the support of the measure
PicF~!. Let g be an arbitrary element of the set H,, .. (Dv), and G be any open neighbourhood
of g. Then there exists an element g; € H(D) such that F(g1) = ¢g. Hence, by the continuity of
the operator F, the set F~'G is an open neighbourhood of the element g;. By Proposition 1.4, the
support of the measure Pi¢ is the whole of H(Dy ), thus, Pi¢(F~'G) > 0. Hence,

PicF7HG) = Pie(F'G) > 0.

This shows that the support of PicF~! contains the set H,, o (Dy). Moreover, the support is
closed set, thus, the support contains the closure of Hy,, . (Dv).

The case r=1. Let V > 0 be such that K C Dy. By Lemma 1.16, there exists a polynomial
p(s) satisfying inequality (3.5), and there exists a polynomial p;(s) satisfying inequality (3.6). Let
g1(s) = eP*®) 4-a;. Then gy(s) € H(Dy) and g1(s) # a1, hence, g1(s) € H,, (Dy). Since the support
of the measure P;¢F~! contains the closure of H,, (Dy ), we have that g; is an element of the support

of PlCF’l. Define the set

G ={geH(Dy): sup /(s) — 0 (s)] < 1,

The set G is open, thus, it is an open neighbourhood of the element g;, hence, the inequality

PicF71(G1) > 0 is true. Since Pir g converges weakly to P F !, we obtain that
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liminf%meas {T €[0,7] : sup F(C(s—l—iT, g;0.)) —gl(s)’ < %} > P F7H(Gy) > 0. (3.9)

T—o0 sEK b
In view of (3.5) and (3.6),

€
sup [ f(s) = g1(s)] < 5
seK

Hence, using the inequality

sup |F(¢(s + i, g; a)) — g1(s)| <

)
seEK b

DN ™

we find that

sup |F(C(s + i, %;a)) — fls)| <.

Therefore, it follows from (3.9) that

o1 . a
l%ﬂi}loléffmeas {7’ €[0,7]: EEE F(C(s+z7’,g,a)> - f(s)‘ < 6} > 0.

The case r > 2. Since the support of the measure PlCF*1 contains the closure of the set
Hg, .. .o (Dyv) (as in the case r = 1, we take V' > 0 such that K C Dy ), we have that f(s) is an
element of the support of PjcF~!. Let

Gz ={9 € H(Dy) : supg(s) — [(s)] < ¢}

Then G is an open set of the element f(s), thus, PicF~!(G3) > 0. Therefore, the weak convergence

of Pipr to PlgF*1 as T — oo implies the inequality

1
lim inf — meas {7‘ €[0,T] : sup F(((s + 4T, g; a)) - f(s)| < 6} > 0.
T— 00 T seK b
The theorem is proved. O

We give one example. Let
We consider the equation

where f(s) € H_o(Dy). We find that
g(s) =—2£+/22 - (2 f(s)) = -2+ /24 f(s).

Since f(s) # —2 on Dy, we have that g(s) = =2+ /2 + f(s) belongs to F(H(Dy)). Therefore, by
Theorem 3.8, the functions of the set H_(Dy ) can be approximated by shifts F(C(s +i7, 45 a)).
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3.2 Generalization of discrete universality theorems

This section is devoted to generalizations of Theorem 1.3, 1.4 and 2.1 for composite functions.

We start with an analogue of Theorem 3.1.

Theorem 3.9. Suppose that the set L(a, h, ) is linearly independent over Q, and that F : H(D) —
H(D) is a continuous operator such that, for every open set G C H(D), the set F~1G is not empty.
Let K € X and f(s) € H(K). Then, for every ¢ > 0,

im in N1+ 1#{0 <k<N:sup F(C(S+ikh,a;a)) —f(s)\ < 6} > 0.

lim inf
seK
Proof. We use the probabilistic way as in all theorems of the thesis. Proposition 1.5 asserts that

Py (A) = m#{o <k <N:((s+ikh,a:a) € A} A € B(H(D)),

converges weakly to the measure P as N — oo, where P is the distribution of H(D)-valued random
element
2 apmw(m
5 a, Wy Cl
Z (m + a
m=0

We will deal with weak convergence of

def

Pyp(A) & 7#{0 <k<N: F(g(s +ikh, o a)) e A},A € B(H(D)).

N +1
The definitions of Py and Py p show that, for A € B(H(D)),

Py p(A) = m#{o <k < N:((s+ikh,a;a) € F™ 1A}

thus, the equality Py r = PyF~! holds. Since, by Proposition 1.5, Py converges weakly to P as
N — o0, and the operator F' is continuous, the above equality together with Lemma 1.5 imply the
weak convergence of Py r to PgF’1 as N — oo.

Now, we discuss the support of the measure PCF’l. Since, by Proposition 1.5, the support of P is
the whole of H(D), we find by repeating the arguments of the proof of Theorem 3.1 that the support
of P.F~! is the whole of H(D).

Let p(s) and G be the same as in the proof of Theorem 3.1. Then Lemma 1.17 and the weak

convergence of Py r give the inequality

lim inf Nir 1#{0 <k<N: F(C(s+ikzh,a; a)) € G} =
lim inf ! #{0 <k <N :sup F(C(s—l—ikh,a;a)) —p(s)’ < E} = P.F1G) > 0.
N—o00 N+ 1 s€EK 2
This inequality and (3.1) give the assertion of the theorem. O

The next theorem is a discrete analogue of Theorem 3.2.

Theorem 3.10. Suppose that the set L(«, h, ) is linearly independent over Q, and that F : H(D) —
H (D) is a continuous operator such that, for every polynomial p = p(s), the set F~1{p} is non-empty.
Let K € X and f(s) € H(K). Then the same assertion as in Theorem 3.9 is true.
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Proof. We will prove that the hypothesis of the theorem that the set F~*{p} is non-empty for every
polynomial p implies that of Theorem 3.9 that the set F~'G is non-empty for every open set G C
H(D). This follows from Lemma 1.16. Actually, let g € G. Then, by Lemma 1.16, there exists a

polynomial such that

sup [g(s) — p(s)| < e
seK

for every K € K. Hence, if ¢ > 0 is small enough, we have that p(s) € G. Therefore, since F~1{p} # 0,
we obtain that F~1G # ) as well. This remark and Theorem 3.9 prove the theorem. O

Let the set Hy, .. 4.(D) be the same as in Theorem 3.4.

Theorem 3.11. Suppose that the set L(a, h, ) is linearly independent over Q, and that F : H(D) —
H(D) is a continuous operator such that F(H (D)) D Ha,,. 4, (D). Forr =1, let K € X, f(s) €
H(K) and f(s) # a1 on K. Forr > 2, let K C D be an arbitrary compact set, and f(s) € Hy, .. 4. (D).

Then the same assertion as in Theorem 3.9 is true.

Proof. The proof is analogical to that of Theorem 3.4. As it was noted in the proof of Theorem 3.9,
Py r converges weakly to the measure P.F~! as N — oo. Moreover, it was obtained that the support
of the measure P.F~! is the closure of the set F(H(D)).

The case r=1. Using the notation of the proof of Theorem 3.4 and the weak convergence of the

measure Pr g, we obtain that

L. 1 . € 1
<k< ©S : — — 5 > . .
1%510%“#{0 Sk<N:sw F(C(s+zkh,a,a)) gl(s)‘ < 2} > PFHG) > 0. (3.10)

Suppose that k& € Ny satisfies the inequality

:glg F(C(s + ikh, a; a)) — gl(s)’ <

[NCRNO)

Then, in view of (3.8),
sup [ F (¢(s + ikh, a5a)) = f(5)| < sup |[F(¢(s + ikh, a5a)) = g1(5)| + sup [ (s) = gn(s)] < e.
seEK seK seK
Therefore,
{o <k<N:sup F(C(s+ikh,a; a)) —gl(s)‘ < g} c {o <E<N:sup F(C(s+ikh,a; a))—f(s)‘ < 5}.
seEK seK
This and (3.10) give the inequality of the theorem for r = 1.
The case r > 2. Let the set G be from the proof of Theorem 3.4. Then P.F~!(G2) > 0, and
Lemma 1.17 together with the definition of G5 gives the inequality

N 1 . 3 1
<k< : : — — > .
1}52}?5 +1#{07k7N Ssgg F(C(s—l—zkh,a,a)) f(s)‘< 2}7P4F (G2) >0
The theorem is proved. 0

Also, generalizations of the discrete universality for (s, a;a) with rational parameter « for com-

posite functions is possible. In virtue of similarity to the above theorems, we present only one theorem.
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Theorem 3.12. Suppose that o = ¢,a,b € N,a < b,(a,b) = 1,a # % and (bl + a,bq) = 1 for all
1=0,..,g—1, and that, for V> 0, F : H(Dy) — H(Dy) is a continuous operator such that, for
every open set G C H(Dy), the set F~1G is not empty. Let K € X and f(s) € H(K). Then, for

every € > 0,

1
limnf 1#{0 Sk<N:sup F(C(s+z’kh, %;a)) - f(s)} < 5} > 0.
Proof. By Proposition 1.6, we have that, for V' > 0 and h > 0,

Qnvan(4) = ﬁ#{o Sk<N:((s+ikh Tia) € A} A e B(H(Dy)),

converges weakly to the measure Py, as N — oo, where Py, is the distribution of the random

element

a b win(b)
C(& gﬂ*’lh;a) = 1fh()ijL(S,mej)

j=1
in the notation of Section 1.4. For A € B(H(Dy)), define

Qn,v,rn(A) = %H{O <k<N: F(C(s + ikh, %; a)) € A}.

This and the definition of Qx,v,;, show that, for A € B(H(Dv)),

1

Qnyv,rn(A) = N1

{0 <k<N: C(s—l—ikh,%;a) c F—lA}.

Therefore, the equality Qn,v.rn = QNy,hF*1 is true. Since Qn,v,n converges weakly to FPr v as
N — o0, and the operator F'is continuous, this equality together with Lemma 1.5 implies the weak

Las N — .

convergence for Qn,v,rn to Py F'~

Now, consider the support of the measure P,y F~'. We take an arbitrary element g € H(Dy ),
and an arbitrary open neighbourhood G of g. Since the operator F is continuous, the set F~'G is
open, too, and, by the hypothesis of the theorem, is not empty. This means that F~'G is an open
neighbourhood of a certain element g; € H(Dy). Therefore, by second part of Proposition 1.6, we

have that Py, (F~'G) > 0. Hence,
PC,V,hF_l(G) = Pg,v7h(F_1G) > 0.

Since g and G are arbitrary, we obtain that the support of the measure P(,V,hF_l is the whole of
H(Dy).
Define the set

G ={g e HDV): suplg(s) ~ p(s)] < 5,

where V' > 0 is such that K C Dy, and p(s) is a polynomial satisfying the inequality

sup|£(s) = p(s)] < 5. (3.11)
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The polynomial p(s) is an element of the support of the measure P v, F~1, therefore, Pr v, F~1(G) >

0. Hence, in view of the weak convergence of Qn,v,r, and Lemma 1.7, we obtain that

L. 1 . a 1
<k< : - >
lim inf 1#{0 < k<N F(((s +ikh, b,a)) €G} = PoyaF(G) >0,

or, by the definition of G,

lim inf
N—oo

L 1#{0 Sk<N:suw F(C(s+ikh,%;a)) —p(s)’ < %} > 0.

This and (3.11) prove the theorem. O

Similarly, other versions of the generalization of Theorem 1.4 for composite functions can be
obtained.

Now, we give one generalization of Theorem 2.1 for composite functions.

Theorem 3.13. Suppose that the set L(«) is linearly independent over Q, F : H(D) — H(D) is a
continuous operator such that, for every polynomial p = p(s), the set F~*{p} is non-empty, and B,
0< B1 <1, and B2 > 0 are fized numbers. Let K € X and f(s) € H(K). Then, for every ¢ > 0 and
h >0,

1
lim inf #{2 <k<N:sup F(C(s 4 ihEP log?? &, o a)) - f(s)‘ < 5} > 0.
N—ooco N —1 seK
Proof. By the Proposition 2.1,

Py(A) = ﬁ#{z <k < N:C(s+ihkP log® k,a;a) € A} A€ B(H(D)),
converges weakly to the distribution P¢ of the H(D)-valued random element
= apmw(m
(s,,w;a) mZ:O (m+a)
as N — oo. Moreover, the support of P is the whole of H(D). For A € B(H(D)), define
Py.r(A) = r#{z <k<N: F(C(s +ihkP1 log® k, o a)) c A}.
Then we have that Py = PyF~!. This, the continuity of the operator F, the weak convergence of
Py to Pr as N — oo and Lemma 1.5 show that Py r converges weakly to PCF_l.
First, we observe that, for every open set G C H(D), the set F~'G is non-empty. Actually, let
G # () be an open set, and g be its arbitrary element. Then, in view of Lemma 1.16, for every § > 0,
there exists a polynomial p = p(s) such that
sup [g(s) — p(s)| < 0.
seK
for K € X. Hence, with sufficiently small J, we obtain that the polynomial p(s) also lies in G.
Therefore, by the hypothesis of the theorem, the set F~'G is non-empty.
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Since the operator F is continuous, the set F'~1G is open. Thus, there exists an element g, € H(D)

such that the set F~1G is its open neighbourhood. Hence, it follows that
P:(F'G) >0,

and this shows that P F~!(G) > 0 for every open neighbourhood G of an arbitrary element g € H (D).
This shows that the support of the measure P F~! is the whole of H(D).
Now, let

G ={g € H(D) : sup lg(s) = p(s)] < 5 }.

where p(s) is arbitrary polynomial. Then, by the above remark on the support of PCF’l, we obtain

the inequality

lim inf #{2 <k<N: F(((s + ihkPt log™ k, o a)) c G} > PFY(G) > 0. (3.12)
N—o00 -1
Hence,
1 €
CNUE <k< . g -1 1.81 B2 . _ ’ < )
1}\1;1;1(13 — 1#{2 <k<N :g}g F(C(s + thk" log k,a,a)) p(s)| < 2} >0

However, by Lemma 1.16, we may choose the polynomial p(s) to satisfy the inequality

sup [ £(s) = p(s)| < 5.
seK

This and (3.12) give the assertion of the theorem. O
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Chapter 4

Estimations for the number of zeros of

the periodic Hurwitz zeta-functions

We recall that, for a certain function f(s), the assertion A(o1,09;¢,T) is valid if, for every oy, 09,
% < 01 < 09 < 1, there exists a constant ¢ > 0 such that, for sufficiently large T, the function f(s)

has more than ¢T zeros lying in the rectangle
{s=0c+iteC:01<0<09,0<t<T}.

In this chapter, we prove that, for periodic Hurwitz zeta-functions and some their generalizations, the

assertion A(cy,09;¢,T) and its discrete analogue are true.

4.1 Continuous case

We start with the classical Rouché theorem on the number of zeros of a certain pair of analytic

functions.

Lemma 4.1. Let G be a domain in the complex plane C, K a compact subset of G, and f(s) and
g(s) analytic functions in G such that

[£(s) = g(s)| < [f(s)]

for every point s in the boundary of K. Then the functions f(s) and g(s) have the same number of

zeros in the interior of K, taking into account multiplicities.
Proof of the lemma can be found, for example, in [49], Section X.12.
Theorem 4.1. Suppose, that the set L(«) is linearly independent over Q. Then, for the function

((s,;a), the assertion A(oy,09;¢,T) is valid.
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Proof. We use the notation

Jo—T and py =

09 — 01

2 )
and apply Theorem 1.1 with K = {s eC:ls—op| < po} and f(s) = s — 0g. Then the inequality of
Theorem 1.1

1
lim inf — meas {T € [0,7] : sup ‘C(s +iT,a50) — f(s)‘ < 6} >0
T—o0 T seK

with € > 0 means that the Lebegue measure of the set 7 € [0, T] such that

sup [((s, a;a) — f(s)] <e, (4.1)
seK

for sufficiently large T, is greater than ¢T', where ¢ = ¢(01, 02, a; a) is a certain positive constant. We

take ¢ to satisfy the inequalities

1
O<e< = inf |f(s)="22.
2 [s—ool=po

Then the functions f(s) and ((s+i, «; a) on the disc K satisfy the hypotheses of Lemma 4.1. Actually,
they are analytic in K, and, on the boundary of K,
sup  [((s +iT,a50) — f(s)] <e < sup [f(s)]-
[s—col=po [s—ool=po
Therefore, since the function f(s) = s — o has precisely one zero in the interior of K, the function
C(s+1i7, a; a) also has one zero in the interior of that disc. However, the number of 7 € [0, T'] satisfying

(4.1) is greater than ¢T'. Hence, for the function (s, «;a) the assertion A(o,09;¢,T) is valid. O
We recall that ¢ is the minimal period of the sequence a.

Theorem 4.2. Suppose that o = §,a,b € N,a <b,(a,b) = 1,b # 2 and that rad(q) divides b. Then,

for the function C(s, % a), the assertion A(o1,092;¢,T) is valid.
Proof. We use the notation of the proof of Theorem 4.1. By Theorem 1.2, for every € > 0

o1 . a
hTrri)lOr(l)ffmeas {T €10,7]: SSEE |C(s+27,g;a) — f(s)| < 5} > 0.

This means that the Lebesgue measure of the set 7 € [0, 7] such that

sup [( (s, %;a) — f(s)] <&, (4.2)
seK

for sufficiently large T, is greater than ¢T', where ¢ = ¢(01,09;a,b;a) is a certain positive constant.

The further proof uses Lemma 4.1 and (4.2), and completely coincides with that of Theorem 4.1. O
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4.2 Discrete case

We say that, for a certain function f(s), the assertion B(o1,09;¢; @, ko, N) is valid if, for every o1, 09,
< 01 < 09 < 1, there exists a constant ¢ > 0 such that, for sufficiently large N, the function

1
2
f(s+ip(k)) has a zero in the disc

o1+o 09— 0O
‘_ 1+ Q‘S 2 1
2 2

for more than ¢N integers k, kg < k < N.

Theorem 4.3. Suppose that the set L(«, h, ) is linearly independent over Q. Then, for the function
C(s,a;a), the assertion B(o1,09;¢;kh,0,N) is valid.

Proof. Let o, po, K and f(s) be the same as in the proof of Theorem 4.1. Then, by Theorem 1.3, for

every € > 0, the set of integers k£ > 0 satisfying the inequality

sup [((s + ikh,a;a) — f(s)] < ¢ (4.3)
seEK

has a positive lower density. We take

1
O<e<- inf |s—ool =22 (4.4)
2 |s—oo|=po 2

Then

sup  |((s + ikh,aza) — f(s)| < inf |f(s)].

[s—aol=po [s—col=po
Thus, the functions ((s + ikh,«;a) and f(s) on the disc K satisfy the hypothesis of Lemma 4.1.
Since the function s — oy has one zero in that disc, the function {(s+ ikh, a; a) also has precisely one
zero in that disc. However, there exists a constant ¢ = ¢(o1, 02, @, a,h) > 0 such that the number of

k,0 < k < N, for which inequality (4.3) holds, for sufficiently large N, is greater than ¢N. O

Theorem 4.4. Suppose that o = §,a,b € N,a < b,(a,b) = 1,b # 2 and that rad(q) divides b. Then,

for the function C(s " a), the assertion B(o1,09;¢,kh,0,N) is valid.

’ E;
Proof. By Theorem 1.4, we have that, for every € > 0, the set of integers £ > 0 satisfying the inequality
sup [¢ (s + zk;h sa) — f(s)| <e (4.5)
seK
has a positive lower density. Here we use the same notation as above. Suppose that the number ¢

satisfies inequalities (4.4). Then

sup |§(s—|—ikh,%;a> —f(s)| < inf |f(s)].

ja—ool=o Ja=ol=o

This shows that the functions C(s +ikh, §;a ) and f(s) = s— o9 on the disc K satisfies the hypotheses

of Lemma 4.1. From this and (4.5), the theorem follows with certain ¢ = ¢(o1,02,a,b,a,h) >0. O
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Theorem 4.5. Suppose that the set L(«) is linearly independent over Q, and that 51,0 < 81 < 1, and
B2 > 0 are fived numbers. Then, for the function ((s, «; a), the assertion B(oy, oa; ¢, hk5 log™ k, 2, N)

is valid.

Proof. We recall that the same notation as above for K and f(s) is used. By Theorem 2.1, we see
that, for every ¢ > 0, the set of integers k > 2 satisfying the inequality

Ss:};z ’((s + ihkP log” k, o a) — f(s){ <e (4.5)
has a positive lower density. Therefore, choosing the number e satisfying (4.4), and applying the
properties of inequality (4.6), we obtain analogically as above that there exists a constant

c=c(o1,09,a,a,h, 81, B2) > 0 such that the assertion B(oy, 09, c, hk™ log? k, 2, N) is valid. O

Similarly, it is possible to obtain lower estimates for the number of zeros of composite functions of

C(s,z0).
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Conclusions

1. The periodic Hurwitz zeta-function with parameter « such that the set {log(m + a) : m € Ny}

is linearly independent over Q has a continuous universality property.

2. The periodic Hurwitz zeta-function with parameter « such that the set

{(log(m +a):mée NO)7 27”}, h > 0, is linearly independent over Q has a discrete universality

property.

3. The periodic Hurwitz zeta-function has a discrete universality property on the approximation

of analytic functions by shifts ¢(s + ik log™ k, o a), 0 < By <1, Bz >0.

4. Composite functions F(C (s, a)) for some classes of the operator F' in the space of analytic

functions have continuous and discrete universality properties.

5. Universality theorems for the periodic Hurwitz zeta-function imply lower estimates for their

number of zeros.
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Notation

P prime number

Jk,,m,n,r q non-negative integers

h fixed positive number

i=+—1 imaginary unity

P set of all prime numbers

N set of all positive integers

Ny set of all non-negative integers

R set of all real numbers

Q set of all rational numbers

C set of all complex numbers

s=oc+1it,o,t €R complex variable

H(G) space of analytic functions on G

B(X) Borel o-field of the space X

X Dirichlet character

L(s,x) Dirichlet L-function defined,
for o > 1, by

> 9
Lis,) = ¥ X,
m=1
and by analytic continuation elsewhere

C(s, ) Hurwitz zeta-function defined, for o > 1, by
o0
C(S,Oé) = Z m:
m=0
and by analytic continuation elsewhere

C(s, a5 a) periodic Hurwitz zeta-function defined, for o > 1, by
o0
Q(s, a3 CL) = Z (7r:1-|:na)s , 4= {am}ﬂ
m=0

and by analytic continuation elsewhere

meas A Lebesgue measure of A C R
#A cardinality of A

F~l@ preimage of a set G
F~{p} preimage of a polynomial p
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