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Notation and abbreviations

1(4)

(fdd) lim
a.S.

d.f.

iid.

r.v.

by definition

:={0,+1,£2,...} the set of integers

:={1,2,...} the set of positive integers

:= (—00,00) the set of real numbers

= (0, 00)

the space of continuous functions defined on a set A
positive constant, which may change from line to line
=1

indicator function of a set A

:= min(z, y)

:= max(x,y)

:= max(z,0)

the greatest integer less than or equal to z (floor)
the least integer greater than or equal to x (ceiling)
the gamma function

the beta function

mean of a random variable X

normal distribution with mean p and variance o2
equality in distribution

equality of finite-dimensional distributions
convergence in probability

convergence in distribution

weak convergence of finite-dimensional distibutions
limit of finite-dimensional distributions

almost surely

(cumulative) distribution function

independent identically distributed

random variable

X



Notation and abbreviations

w.r.t. with respect to
w.l.g. without loss of generality
AR(1) autoregressive process of order 1
LRD long-range dependence
SRD short-range dependence
RF random field



Chapter 1
Introduction

Long-range dependence (also called long memory) is a well-established empirical
fact observed in diverse scientific disciplines and applied fields, including hydrol-
ogy, astronomy, environmental sciences, economics and finance, communication
networks, see [7,8,29] for data examples and numerous references on the subject.
It refers to the persistence of dependence between observations that are far apart
in time or space. In mathematical framework, long-range dependence usually
means the property of a stationary process, when its covariance series is not ab-
solutely convergent. To develop statistical methodology for long-range dependent
data is of great importance. Given the difficulty to specify the law of sample
statistics, a significant part of statistical procedures relies on limit theorems for
sums of observations or their functions. However, asymptotic results and thus
statistical inference under long-range dependence may differ very much from the
classical case of i.i.d. random variables. This thesis is devoted to limit theorems

for spatio-temporal models with long-range dependence.

Aims and problems. We summarize briefly the problems studied in this doc-
toral thesis.

In Chapter 3 we discuss a joint temporal and contemporaneous aggregation of
N independent copies X7, ..., X of AR(1) process X with random autoregressive
coefficient a. Given the point-wise sum of X;,..., Xy, we look for the limit
distribution of its normalized partial sums process as both N and time scale n
tend to infinity. Under assumption that a has a density, regularly varying near the
unit root a = 1 with index 5 € (—1, 1), we show that different limit processes exist
if NY/(+5) /n tends to (i) oo, (i) 0, (iii) u € (0,00). We compare our results to
those obtained by [35,70], where three distinct limit regimes appear for cumulative

network traffic generated by N independent sources at time scale n.
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Chapter 4 complements Chapter 3 as we solve the identical problem for AR(1)
processes with i.i.d. random autoregressive coefficients, but all driven by com-
mon innovations. Under the same assumption on the density of autoregressive
coefficient, for § € (—1/2,0) we obtain different limit distribution of normal-
ized aggregated partial sums process if N9 /n tends to (i) oo, (ii) 0, (iii)
w € (0,00).

In Chapter 5 we discuss estimation of the distribution function G of the au-
toregressive coefficient from N random-coefficient AR(1) series each of length n.
And contrary to [9,92], we take a nonparametric approach to the problem. We
estimate GG by the empirical distribution function of lag 1 sample autocorrelations
of individual AR(1) processes, which are themselves estimates of unobservable au-
toregressive coefficients. We study the limit of the corresponding empirical process
under some conditions on regularity of G and on the relative rate how fast N and
n tend to infinity. We apply the obtained result to testing with Kolmogorov—
Smirnov statistic both simple and composite hypotheses that G equals the beta
distribution function. We perform a simulation study to compare the finite-sample

performance of our test and its parametric analogue due to [9].

In Chapter 6 we consider a random field X defined as a nonlinear function
(Appell polynomial) of a Z*-indexed random field Y. Let Y itself be linear, more
precisely, a moving average of Z2-indexed standardized i.i.d. r.v.s with determin-
istic coefficients decaying slowly (so as to induce long-range dependence in Y') and
possibly at different rate along horizontal and vertical directions. For a nonlinear
random field X, we study the limiting distribution of its normalized partial sums
over rectangles with sides growing at rates O(\) and O(\?) as A — oo for arbi-
trary v > 0. We aim to find the limiting random fields for all ¥ > 0. The main
question is if there exists a change-point vy > 0 such that the limiting random
fields do not depend on ~ but differ for v > vy and 7 < 7 and if so under what
conditions. We extend the results of [89,90], where this phenomenon, referred to

as scaling transition, appears for some linear long-range dependent random fields.

In Chapter 7 we consider a R%-indexed random field X, the so-called random
grain model, that counts sets, which are uniformly scattered on the plane and
of infinite variance in area so that to induce long-range dependence in X. Our
aim is to obtain the limiting random field of normalized partial integrals of the
centered X over rectangles with sides growing at rates O(\) and O(\?) as A — oo
for arbitrary v > 0. We thus extend results on isotropic scaling (v = 1 case)
due to [53]. Moreover, we investigate the total accumulated workload from a

generalized M /G /oo model and relate its asymptotics to the results obtained for

2



Introduction

The

novelty of the results in the thesis:

three different limit regimes identified in the scheme of joint temporal-
contemporaneous aggregation for random-coefficient AR(1) processes; new

limit process in the ‘intermediate’ regime and its properties;

proof that the empirical process, based on lag 1 sample autocorrelations of
individual random-coefficient AR(1) processes, converges weakly to a gen-

eralized Brownian bridge;
proof that nonlinear random fields may exhibit scaling transition;

proof that two change-points may exist in the family of scaling limits (for a

random grain model).

Publications. This doctoral thesis contains the following research articles, which

have been co-authored:

1.

V. Pilipauskaité, D. Surgailis. Joint temporal and contemporaneous ag-
gregation of random-coefficient AR(1) processes. Stochastic Process. Appl.
124(2):1011-1035, 2014.

. V. Pilipauskaité, D. Surgailis. Joint aggregation of random-coefficient AR(1)

processes with common innovations. Statist. Probab. Lett. 101:73-82, 2015.

. V. Pilipauskaité, D. Surgailis. Anisotropic scaling of the random grain model

with application to network traffic. J. Appl. Probab. 53(3):857-879, 2016.

R. Leipus, A. Philippe, V. Pilipauskaité, D. Surgailis. Nonparametric es-
timation of the distribution of the autoregressive coefficient from panel
random-coefficient AR(1) data. J. Multivar. Anal. 153:121-135, 2017.

V. Pilipauskaité, D. Surgailis. Scaling transition for nonlinear random fields
with long-range dependence. Stochastic Process. Appl. 127(8):2751-2779,
2017.

Talks and posters. The main results of the thesis were presented at the following

conferences and seminars:

55th Conference of Lithuanian Mathematical Society, Vilnius, Lithuania,
June 26-27, 2014.
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e 11th International Vilnius Conference on Probability Theory and Mathe-
matical Statistics, Vilnius, Lithuania, June 30-July 4, 2014.

e Ziirich Spring School on Lévy Processes, Ziirich, Switzerland, March 29—
April 2, 2015.

o Journée des Doctorants de 'ED STIM, Nantes, France, April 21, 2016.

e 57th Conference of Lithuanian Mathematical Society, Vilnius, Lithuania,
June 20-21, 2016.

o Conference on Ambit Fields and Related Topics, Aarhus, Denmark, Au-
gust 15-18, 2016.

o Séminaire de Mathématiques Appliquées, Université de Nantes, France,
November 10, 2016.

o Séminaire Probabilités, Statistique et Applications, Université de Poitiers,
France, November 17, 2016.

e 9th International Conference of the ERCIM WG on Computational and
Methodological Statistics, Seville, Spain, December 9-11, 2016.

o Thiele Seminar, Aarhus University, Denmark, January 19, 2017.

e 2nd Conference on Ambit Fields and Related Topics, Aarhus, Denmark,
August 14-16, 2017.

o 34th International Seminar on Stability Problems for Stochastic Models,
Debrecen, Hungary, August 25-29, 2017.

The results of the thesis were also presented at the seminar on Probability Theory
and Statistics held at the Institute of Mathematics and Informatics of Vilnius
University, and at the seminar on Econometrics held at the Faculty of Mathematics

and Informatics of Vilnius University.



Chapter 2
Literature review

In this chapter we review the most important concepts and some results related

to the later parts of the thesis and give references for their in-depth coverage.

2.1 Long-range dependence

A T-indexed stochastic process X is a collection { X (¢), ¢ € T'} of random variables
(r.v.s), where T C R? is the set of indices with d = 1 or 2 in the thesis. If
d > 2, X is usually called a random field (RF) on 7. The law (distribution)
of X is completely determined by its finite-dimensional distributions P(X (¢;) €
Ay, .., X(ty) € A,,) for all Borel sets A; C R, t;, € T,i=1,...,m and m € N.
A stochastic process X indexed by T = Z? or R? is called stationary if X and
{X(t +ty), t € T} have the same law for any ¢ty € T. In case of stationary X
with EX?(0) < oo, its mean function ¢ — EX(¢) is constant and its covariance
function (¢,s) — Cov(X(t),X(s)) depends only on the difference t — s, since
Cov(X(t), X (s)) = Cov(X(0), X (t —s)) for any t,s € T.

In the thesis, we study several examples of stationary X that may have long-
range dependence. We also refer to this property as long memory, which is a more

common term for processes indexed by Z in literature for time series analysis.

Definition 2.1. A stationary stochastic process {X (t), t € Z?} with EX?2(0) < co
and covariance function 7(t) := Cov(X(0), X (t)), t € Z%, is said to be long-range

dependent (LRD) if
> Ir(®) = oo,

tezd

and short-range dependent (SRD) if

S Ir(t)] < oo and Y r(t) #0.

tezd tezd
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The case when
> Irt) <ooand Y r(t) =0
tezd tezd

is referred to as negative dependence.

This definition easily extends to the R%indexed X.
By Bochner’s theorem, the covariance function of a stationary RF X on Z¢

with EX?(0) < oo has the following spectral representation:
r(t) = / <> F(dx), te€ 7z,
[77r77T)d

where F(dz) is a nonnegative finite measure on [—, 7)¢ called the spectral mea-
sure of X and < t,x > is the scalar product of £ and z. In most cases of interest,
the spectral measure is absolutely continuous w.r.t. the Lebesgue measure and is
determined by its density function f(z), z € [—m, m)¢ called the spectral density
of X, which can also describe the dependence of X. In particular, the fact that
the spectral density f is unbounded implies that X has LRD, since the absolute
convergence of the covariance series results in bounded f.

Definition 2.1 being limited to stationary processes with finite second moment,
there are other notions of LRD, see e.g. [22,44,94,95] and [77,86] with references
therein. In the thesis we refer to LRD in the sense of Definition 2.1, unless stated
otherwise. In case d = 2, the dependence of X may vary when quantified along
different directions. This leads to a more detailed classification of LRD/SRD
properties by Definition 7.1 on page 128.

2.2 Random-coefficient AR(1) process

In Chapters 3-5 of the thesis, the following stochastic model plays an important
role. The process X = {X(¢),t € Z} is said to be an autoregressive process
of order 1 (or AR(1)) with random coefficient if it is stationary and for every ¢

satisfies

X(t) = aX(t — 1)+ ¢(b), (2.1)

where innovations {((t), t € Z} are i.i.d. r.v.s with EC(0) = 0, EC*(0) = 1 and
AR coefficient a € (—1,1) is a r.v., independent of {((¢), t € Z}. There exists a

unique stationary solution to this equation, given by the series

X(1) = Y atoc(s), 22)

s<t

6



2.2. Random-coefficient AR(1) process

see [87, Proposition 1]. The series converges conditionally a.s. and in L? for almost
every a € (—1,1). Moreover, if
1
E [1 — a2] < %%
then the series in (2.2) converges unconditionally in L? and X has zero-mean and

covariance function

r(t) = EX(0)X (t) = E[l ‘iltcﬁ}, teZ.

See [92] for spectral properties of r(t) and some other properties of X.

Next, we discuss two types of aggregation considered in the thesis jointly
for copies of the process X in (2.2) and a related problem of estimating the
underlying distribution of the AR coefficient. Recent developments in aggregation
and statistical inference for AR models with focus on the long memory property
can be found in the review [64] and the thesis [86].

2.2.1 Aggregation

Contemporaneous (or cross-sectional) aggregation refers to the point-wise summa-

tion of processes X; = {X;(t), t € Z}, i =1,2,.... The limit aggregated process
X, if exists, is defined as
N
{X(t), t € Z} := (fad) Jim {A]‘Vl ;Xi(t), te z}, (2.3)

where Ay is some normalization. Granger [40] originated the idea that contempo-
raneous aggregation may be a reason for the long memory phenomenon observed
in macro-level economic time series X'

To be specific, consider a huge population of heterogeneous ‘micro-agents’
(such as households or firms), each of which evolves according to a short memory
AR(1) process X; with its own deterministic coefficient a;. Drawing a random
sample from this population leads to the assumption that AR coefficients a; are
i.i.d. r.v.s. Following Granger [40], assume that the common distribution of a; is

continuous with the following density function of beta type

2?71 — 2?7 1 e(0,1), (2.4)

where a > 0, § > 0. To rephrase this, the squared AR coefficient a; is beta
distributed with parameters (o, 3).

Let X;, i = 1,2,... be independent copies of a random-coefficient AR(1)
process X in (2.2) under assumption (2.4) with 8 > 1, which guarantees EX?(0) <

7
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co. Then by the classical CLT, the limit in (2.3) exists for Ay = v/N with X
being a stationary Gaussian process with the same second-order characteristics as
those of the individual ‘micro-agent’, i.e. X has zero-mean and covariance function
EX(0)X(t) = EX(0)X(t) = r(t). If B € (1,2) in (2.4), then r(t) ~ constt'=#
as t — oo, implying that X has long memory. (Note that long memory of single
X is not observable since X is indistinguishable from AR(1) series with the same
deterministic AR coefficient.)

Another limit arises in aggregation of dependent time series. Let X;, ¢ =
1,2,..., be random-coefficient AR(1) processes as X in (2.1), that have i.i.d.
AR coeflicients a;, but are all driven by the same innovations {(;(t), t € Z} =
{C(t), t € Z}. Assume (2.4) with § > 1/2. In this case, under normalization
An = N the limit (in probability) aggregated process X exists and can be written
as X(t) .= > .., Ela""]((s), t € Z, see [87,111]. If B € (1/2,1), the limit X has

“2841 a5 t — 0.

long memory, since EX (0)X (t) ~ const ¢
Following Granger [40], many authors took up the topic of contemporaneous
aggregation, extending it to more general processes. We refer to [37,39,74,87,88,
111,112], for instance.
Let us now introduce another type of aggregation. Temporal aggregation oc-
curs when the frequency at which we observe a variable is lower than the frequency
of its generating model. For a process Y = {Y (), t € Z} accumulating over time,

we define its ‘stock’ as a partial sums process

[n7]

Su(r) =Y _Y(t), 7>0,
t=1
with S,,(0) := 0, whereas

Sp(T) = Sp(t—1) = f: Y(it), 7=1,2,...,

t=n(r—1)+1
represents a ‘flow’, measured per unit of time. Note that evolution of the partial
sum process S,, during a time interval [0, 7] corresponds to an interval [0, n7] on
the original finer time scale for Y.

We may wonder which processes may occur as limits in temporal aggregation
of Y as n — 0o. Under reasonably weak assumptions, Lamperti [58] showed that
all possible limiting processes of suitably normalized .S,, are self-similar. Recall
that a process V = {V(7), 7 > 0} is called self-similar, if for some H > 0,

fdd

{(V(AT), >0} = {\V(r), 7 >0} forall A > 0.

In other words, V' is invariant in distribution under certain simultaneous scaling

of time and space.



2.2. Random-coefficient AR(1) process

Theorem 2.1 (Lamperti [58]). Let {Y(t),t € Z} be a stationary process and
assume there exist a sequence of positive numbers A, — oo such that

[n7]

AN YY) S Vi), 720,
t=1

as n — oo, where the limit process V := {V (1), 7 > 0} is not identically zero and
is stochastically continuous. Then V is a H-self-similar process having stationary
increments, where H > 0 and the normalization A, = nf'l(n) for some slowly

varying function £ at infinity.

The only H-self-similar Gaussian process with stationary increments is a frac-
tional Brownian motion. Let H € (0,1]. A Gaussian process {Bg(7), 7 > 0}

with EBy(7) = 0 and covariance function given by
1
EBH(Tl)BH(TQ) = §<T12H + 7_22H - |7_1 - 7—2’2H)7 71 Z 077—2 Z Oa

is called a standard fractional Brownian motion with (Hurst) index H.

Recall the limit X in (2.3) for independent copies of random-coefficient AR(1)

process under assumption (2.4) with 5 € (1,2). By [88, Theorem 3.1],

[n7]

n ZX(t) < oBy(t), T>0,

t=1
where 0 > 0 is a certain constant and By is a standard fractional Brownian
motion with index H = (3 — )/2 € (1/2,1). A similar fact holds for random-
coefficient AR(1) processes driven by common innovations under assumption (2.4)
with 5 € (1/2,1), see e.g. [87].

There are other classes of long memory processes Y. Limit theory for their
partial sums {S,(7), 7 > 0} can be found in books [8, Chapter 4], [36, Chap-
ter 4]. The methods and results differ significantly from the case when Y has
short memory.

In the thesis temporal and contemporaneous aggregation are treated jointly.
We look for the limit distribution of the normalized joint aggregate (contempora-
neously aggregated partial sums) of random-coefficient AR(1) copies X7, ..., Xy

as N and the time scale n tend to infinity simultaneously.

2.2.2 Estimation of the distribution of the AR coefficient

A statistical problem naturally arises, such as recovering the distribution function
G(z), z € [-1,1], of the random AR coefficient. Estimation of G from the limit

9



Chapter 2. Literature review

aggregated series {X'(0),..., X (n)} was treated in [20,61] and some related results
were obtained in [19, 48, 50]. However, we may expect a much more accurate
estimate if individual series (panel data) are available.

Consider N random-coefficient AR(1) series, each of length n+1: {X;(0),...,
X;(n)}, i =1,..., N, which are independent copies of X in (2.1). Robinson [92]
suggested to estimate the parameters characterizing G' by the method of moments.
[92] identified moments of G in terms of autocovariances of individual random-

coefficient AR(1) processes:

w . [ UG () — r(u) —r(u+2)
= [ aract) = e

where r(u) := EX(0)X (u), w =0,...,n, can be estimated by

miZth)Xi(tﬂ),

and proved the asymptotic normality of the corresponding estimators of (),

u=1,...,n—2,as N — 0o, whereas n remains fixed, under assumption

[ <=

which does not allow for long memory in X and the limit aggregated process X.

Beran et al. [9] considered independent copies X;, i = 1,2,..., of the process
X ={X(t),t=0,1,...}, satisfying the AR(1) equation (2.1) for all ¢ € N with
initial value | X (0)| < C, EX(0) = 0, independent of the AR coefficient a and i.i.d.
standard normal innovations {((t), ¢ € N}. Assume that a has a density function
g given by (2.4) with (a, 8) € (1,00)?. (Recall X and the limit aggregated process
X in (2.3) have long memory if 5 € (1,2).) Given the panel random-coefficient
AR(1) data {X;(t), t =0,...,n,i=1,..., N}, [9] estimated («, ) by the method
of maximum likelihood. The idea of [9] about the likelihood is to replace each
unobservable a;, i = 1,..., N, by its estimate, which in turn is a truncated version

of lag 1 sample autocorrelation of the individual AR(1) process:

= min(max(a@;,, k), 1 — k), where
>ico Xa()Xa(t + 1)

ai,n = , k>0

2o X7 (t)

[9] proved the consistency of the corresponding maximum likelihood estimator

~
A n,k

of (a, B) and its asymptotic normality with the convergence rate v/ N under the
following conditions on the length of series n and the truncation parameter x:
(logk)2N~Y2 = 0, vV Nxk™(@8) 5 0 and vVN&2n"t — 0as N,n — 0o, k — 0.

10



2.3. Aggregation of network traffic models

[9] is the closest in spirit to Chapter 5, where we discuss nonparametric
estimation of the distribution function G of the AR coefficient from panel random-
coefficient AR(1) data. Furthermore, employing the idea of [9], we consider a
different estimator for moments of G and prove its asymptotic normality as N, n —

oo under less restrictive condition on G in contrast to [92].

2.3 Aggregation of network traffic models

To explain the observed self-similarity and LRD in network traffic measurements,
the following model has been proposed. Consider cumulative network traffic as
an aggregate of data streams from a large number of independent sources, where
each source alternates between ON and OFF states depending if it transmits data
(at a constant rate 1) or not. Then it is natural to analyze the total workload
of high-speed network accumulated over time and study the distribution of its
fluctuations around cumulative average.

But firstly, let us introduce the ON/OFF process in a mathematical framework.
Assume the lengths of ON-periods { Xon, X1, Xo, ... } are i.i.d. non-negative r.v.s
and the lengths of OFF-periods {Yyg, Y1, Y2, ...} are i.i.d. non-negative r.v.s with

the Pareto distribution functions:

Fon(z) = P(Xon<az)=1—Coz %", ag € (1,2), (2.5)
For(y) = P(Yor <y)=1—Cony™ ™", aor € (1,2),

where C,,, Cog are finite positive constants (which can be replaced by arbitrary
slowly varying functions at infinity). Note that X,,, Y,g¢ have finite means oy,
Lo Tespectively, but their variances are infinite so that to induce LRD in the
ON/OFF process. We define the renewal sequence {Ty, k =0,1,...} by

k
Ty = Z(Xj—‘f_}/})?
j=0
Xo = BX.., Yy:=BYy+(1—B)Yy,

where B is a Bernoulli r.v. with P(B=1) =1—P(B = 0) = ton/(fon + tor) and

Xon, f/off have distribution functions

/ju _Fy(u)du, P(Vig <y) = L;

~ 1
P<X0n < I) =
Hon

[0 Pty

respectively. Assume all B, X, Yog, {Xon, X1, Xo, ... }, {Yor,Y1,Y5,...} are
mutually independent. Finally, we define a stationary ON/OFF process W =

11
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{W(t), t >0} as

W(t)=10<t<Xo)+ > UTk <t <Tp+ Xpp): (2.6)
k=0
In other words, W (¢) = 1 if time ¢ is in the ON-period, W (t) = 0 if time ¢ is in the
OFF-period. For ay, < aor, we have r(t) := Cov(W(0), W(t)) ~ const ¢t (@on=1)
as t — oo, see [43]. With the covariance function being absolutely nonintegrable,
W exhibits LRD.
Now consider N independent copies W;, i =1,..., N, of the ON/OFF proces
W ={W(t),t>0}in (2.6). Let

Snn(T) = /0 WZWi(t)dt, T >0, (2.7)

be the total accumulated workload from N ii.d. ON/OFF sources by time 7 at
scale n. Taqqu et al. [105] studied the asymptotic behavior of Sy, = {Syn(7), T >
0} in the sequential scheme. More precisely, [105] proved that finite-dimensional
distributions of properly normalized and centered Sy, converge weakly to those of
a fractional Brownian motion as first the number N of sources goes to infinity and
then the time scale n converges to infinity. If limits are taken in reversed order,
the limit distribution of properly normalized and centered Sy, corresponds to
an infinite variance a,,-stable Lévy motion. The increment process of fractional
Brownian motion, fractional Gaussian noise, exhibits LRD. This is in contrast
to stable Lévy motion, which while self-similar too, has independent increments.
In Mikosch et al. [70], the double limits are replaced by a single scheme as N
and n go to infinity simultaneously. Two limit regimes of fast connection rate
and slow connection rate (see Theorem 2.2(i) and (ii) below, respectively) are
identified. In these two regimes fractional Brownian motion and «,,-stable Lévy
motion reappear as limit processes of the scaled centered total ON/OFF workload
accumulated over time. [27] complemented the results of [70] by showing that a

third limit process arises at intermediate connection rate (see Theorem 2.2(iii)).

Theorem 2.2 (Mikosch et al. [70], Dombry, Kaj [27]). Let a := qon < Qo in
(2.5). If N = o0 and n — oo so that

(i) N/n®"1 — oo, then

Snn(T) —ESNa(T) tad
N2 Ga)2 — 0By (1), T>0,

where By = {Bg (1), 7 > 0} is a standard fractional Brownian motion with
index H = (3 —«)/2 and

o2 — 20261 (2 — @) /(o — 1)
‘ o (Non + Moﬁ)3F(4 - O‘) ’

o0

12
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(ii) N/n*~1 — 0, then

SNa(T) — ESNn(T) tad
N1l/apl/a — UOL<T>7 T2 07

where L = {L(1), 7 > 0} is an a-stable Lévy motion with Ee/ () =

exp{—|0|*(1 —isgnftan(wa/2))}, 0 € R, and

P ,uoff(con/ca)l/a O = l-a .
" (:uon + 'U/off)H_l/Q’ “ F(2 - Oé) COS(WQ/2>’

(iii) N/n*' — Yoy + poft)/Con, then

SN,n(T) - ESN,TL(T) fid> Hoft
n Mon + ,uoﬂ

cZ(r/c), 720,

where Z = {Z(7), T > 0} is characterized by the cumulant generating func-

tion of its finite-dimensional distributions.

The ‘intermediate’ process Z = {Z(7), 7 > 0} is zero-mean, non-Gaussian
and non-stable with stationary increments. It is not self-similar and has a repre-

sentation as

Z(T):/RXR {/OTl(u§t<u—|—x)dt}M(dx,du),

where M (dz, du) := M(dz, du)—az~*"'dzdu and M (dz, du) is a Poisson random
measure on R, x R with intensity az=* 'dzdu. Other properties of Z are dis-
cussed in [34,35]. In particular, employing the stochastic-integral representation
of Z, Gaigalas [34] showed that the process is locally and globally asymptotically
self-similar with By and L as its tangent limits. So Z can be viewed as a bridge
between the limiting processes in cases (i) and (ii).

Similar limit theorems as for the ON/OFF hold for other network traffic mod-
els, e.g. renewal-reward process, M/G/oco queue (or infinite source Poisson pro-
cess), see [54,55,68,70,83], with Gaigalas, Kaj [35] being the first to obtain the
limit Z at intermediate connection rate for the sum of independent scaled renewal
processes.

In Chapters 3, 4 of the thesis we discuss joint aggregation of type (2.7) for
copies of random-coefficient AR(1) process, which has a very different dependence
structure from the above-mentioned models.

Finally, let us introduce another popular network traffic model related to the
thesis. M/G/oo queue Wy = {W,(t), t > 0} describes a system where the arrivals
are Markovian, the service times follow some general distribution and there are

infinitely many servers, so jobs do not need to wait. More precisely, let Wy (¢) count

13
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the number of active sessions (or sources in the network system) at time t. The
sessions start at times {7}, k € Z}, which are the points of a rate A homogeneous
Poisson process on R, and throughout each session data are transmitted at rate
1. Assume the transmission durations (session lengths) { Xy, k € Z} are i.i.d.
r.v.s with the distribution function F, given by (2.5), independent of the starting
points of sessions. Then we define the workload process W) by

Wat) = > 1UTp <t <Th+Xy), t>0. (2.8)

k=—o00

Similarly to the ON/OFF case, high variability in transmission durations causes
LRD in the rate at which work is offered: Cov(Wy(0), Wy (t)) ~ const t~(@n=1 a5

t — oo. The so-called infinite source Poisson process

S)\yn(T) = / W)\<t)dt, T 2 O,
0

represents the total accumulated workload by time 7 at scale n. Note, as the
session intensity A — oo and n — oo simultaneously, normalized and centered
Sy» admits the same limits as the total accumulated ON/OFF workload.

In Chapter 7 of the thesis we generalize the network traffic model Wy in (2.8)
for the situation when the transmission rate is random and bound with its duration
and then study asymptotic behavior of the corresponding aggregated workload.
Moreover, Chapter 7 of the thesis treats a random grain model, whose analogue

in dimension 1 the M/G/oo queue is.

2.4 Anisotropic scaling of random fields

Let X = {X(t,5), (t,s) € Z*} be a stationary random field (RF). For arbitrary
v > 0 we study the limit

[Az] [A\y]
- fdd
AN X () BV (wy), (wy) €RE, (2.9)
t=1 s=1

of the partial sums of X over increasing rectangles (0, Ax] x (0, \y]NZ? as A — oo,
where Ay, — 0o is a normalization. Provided v # 1, the sides of the rectangles
grow at different rates O(\) and O(\7) as A — oo, thus v > 0 characterizes the
anisotropy of scaling procedure. Next, let us introduce some general properties of

scaling limits in (2.9).

Proposition 2.3 (Puplinskaite, Surgailis [90]). Let X = {X(t,s), (¢,s) € Z*} be
a stationary RF satisfying (2.9) for some v > 0 and Ay., = NU(N\), where H > 0

14
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and € : [1,00) = R, is a slowly varying function at infinity. Then the limit RF
V, =A{V,(z,y), (z,y) € R1} in (2.9) satisfies the operator-scaling property:

(V,(Az, \y), (z,y) € R2}Y S NIV (2,y), (z,y) € RZY  for all A> 0. (2.10)

Moreover, V., has stationary rectangular increments: for any fized (o, yo) € RZ,

{ny((xmx] X (y(]ay])a T > Zo, Y > yO}
L V(0,2 — w0] x (0,5 — wl), = > 70,y > vo}
= {Vw(l‘ — To,Y — y0)7 T > 2o,y > yO}a

where the increment of V., on a rectangle (zo,z] X (yo,y] C R is defined as

Vw((xma:] X (4o, y]) = Vq,(:c,y) - Vv(xo,y) - V7<377y0) + Vy(xo,yo).

Note (2.10) is a particular case of the operator-scaling RF property introduced
in Biermé et al. [12].

For many RFs, nontrivial V, in (2.9) exists for any v > 0. In that case, with
a given RF X we can associate a one-parameter family {V,, v > 0} of scaling
limits, which characterizes the dependence structure and large-scale properties of
the underlying X. If {X (¢, s), (¢,s) € Z*} are i.i.d. standardized r.v.s, the scaling
limit V,, coincides with a standard Brownian sheet for all v > 0, i.e. {V,, v > 0}
consists of a single element. A similar fact holds for SRD RFs, see e.g. [15,31]
and the references therein. Actually, limit theorems for SRD RFs often assume
a general shape of summation domain, the limit distribution being independent
of the way in which this region tends to Z?. However, a surprising phenomenon
appears for many LRD RFs X, which exhibit a dramatic change of their scaling

behavior at some point vy > 0 in the following sense.

Definition 2.2 (Puplinskaité, Surgailis [90]). We say that the RF X = {X(¢, s),
(t,s) € Z*} exhibits a scaling transition at v, > 0 such that

v, fdd Vi forall v >, V, Yy forall 0 < v <o, (2.11)

fdd
Vi # aV_ for any a > 0.

If V, is the same for all v > 0, then X does not exhibit scaling transition.

In other words, (2.11) says that scaling limits V. do not depend on «y for v > ~,
and v < v_ and are different up to a multiplicative constant (the last condition
is needed to exclude a trivial change of the scaling limit by a linear change of

normalization).
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Scaling transition arises under joint temporal and contemporaneous aggrega-
tion of independent LRD processes in communication networks and economics, see
[27,35,55,70,79], also [90, Remark 2.3]. E.g., let {X;(t) := W;(t)—EW;(t), t > 0},
i=1,2,..., be independent copies of a centered ON/OFF process given by (2.6)
with aon < aog. Align them vertically to define a RF X = {X;(t),t > 0,7 =
1,2,...} with ‘one-dimensional dependence’, exhibiting scaling transition, since

the limit distribution in

ar MY

A;,lw/o > Xi(t)dt BV, (r,y), (r,y) €R?, as A — oo,

changes from a stable Lévy sheet for 0 < v < vy to a fractional Brownian sheet for
Y > Yo = Qon — 1. Indeed, since V,, has stationary rectangular increments, which
are independent in the vertical direction, the limit process {V,(7,1), 7 > 0} arising
in Theorem 2.2(i)—(iii) determines the distribution of V, for v > 70, 0 < v < v
and v = 7, respectively. We observe that for the individual ON/OFF process W,
its properly normalized and centered partial sums process tends to a stable Lévy
motion, though W itself has a finite second moment and exhibits LRD. We can
expect to obtain scaling transition for independent copies of other LRD processes
if asymptotic behaviour of their partial sums differs from fractional Brownian
motion.

Recently, scaling transition has been observed for some classes of LRD Gaus-
sian and aggregated nearest-neighbor autoregressive RFs on Z? in [89,90]. In a
more general way, the phenomenon has appeared for some RF on Z? with d > 2
in [10]. We summarize briefly the results of [89].

Let X = {X(t,5), (t,s) € Z*} be a real-valued stationary Gaussian RF, having

the spectral representation
X(t,s):= / tutsv) /£ (u,v) Z(du, dv), (2.12)
[_7"771']2

where Z(du,dv) is a complex-valued Gaussian random measure on [—m, 71]? with
zero mean and variance E|Z(du, dv)|?

by

= dudv and the spectral density is given

)= e w1 ot

where 0 < hy < hy < 00, h; # 1,1 =1,2, Z?Zl 1/h; > 1 and g > 0 is bounded
and continuous at the origin with ¢(0,0) > 0.
Recall that a zero-mean Gaussian RF By, g, = { By, m,(2,y), (z,y) € R1} is
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a standard fractional Brownian sheet with Hurst index (Hy, Hy) € (0, 1) if

2

1 . , ,
EBy,,m, (xla IQ)BH17H2 (yh y2> = ? H(xZQHZ + yz‘QHl - ‘IZ - yi|2H1)'
i=1

Theorem 2.4 (Puplinskaité, Surgailis [89]). Assume X = {X(t,s), (t,s) € Z*}
in (2.12) and set vy := hy/ha. Then for any v > 0 the limit in (2.9) exists with

;

Hfr+,y/2, h1<1?’72707
Vi, 7>, N
14+~vHS, hiy > 1, v > 7,
‘/7 = V—7 7 < Yo, H(,}/) =
1/2+7H2_7 h’2<17’7§70a
Vyov Y = Yo, _
Hl +7a h’2>177§70;

\

where I’[lJr = <1+h1)/2, HQJF = (1—|—h2 —hg/hl)/2, H{ = <1+h2)/2, H; =
(1+h1—h1/h2)/2 and

BH1+71/2’ he <1, B1/2,H2—> hy <1,

-+ e
V+ = Ohyhy == Ohy by

Bl,H;" hy > 1; BH;,I’ ho > 1;
and O';:: L, are some positive constants and V., is a Gaussian RF given by its
1,12

spectral representation. As a consequence, the RF X exhibits scaling transition at
Yo = hl/hg.

In Theorem 2.4 the RFs V, and V_ have either independent, or invariant
(completely dependent) rectangular increments along one of the coordinate axes,
whereas V,, inherits the dependence structure of the underlying X. This property
of increments is characteristic of limits V. in the presence of scaling transition.

However, for another class of LRD Gaussian RFs, [89] proved the absence of
scaling transition. To be precise, if X is defined by (2.12) with a spectral density
given by

g(u, v)

f(u,v) = METES (u,v) € [~m, 7%,

where 0 < d; < 1/2,7=1,2, and g > 0 is bounded and continuous at the origin
with ¢(0,0) > 0, then, for all v > 0, the scaling limit of X in (2.9) coincides with
a fractional Brownian sheet with Hurst index (d; + 1/2,dy + 1/2).

Results of this type contribute to the large-sample theory of strongly dependent
spatial data by showing that the limit distribution of simple statistics such as the
sample mean may depend on the relation between v and ~y. And if so, these
quantities need to be estimated or decided in advance before applying the limit

theorem.
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Although general properties of {V,,, v > 0} are of interest, in the thesis we
focus on describing the anisotropic scaling limits for specific classes of RFs, see
Chapters 6, 7.
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Chapter 3

Aggregation of independent
AR(1) processes

This chapter contains the article [79]. We discuss joint temporal and contem-
poraneous aggregation of N independent copies of AR(1) process with random-
coefficient a € [0, 1) when N and time scale n increase at different rate. Assuming
that a has a density, regularly varying at @ = 1 with exponent —1 < g < 1, dif-
ferent joint limits of normalized aggregated partial sums are shown to exist when
NY+8) /n tends to (i) oo, (ii) 0, (iii) 0 < < oo. The limit process arising under
(iii) admits a Poisson integral representation on (0,00) x C'(R) and enjoys ‘inter-
mediate’ properties between fractional Brownian motion or random line limit in

(i) and sub-Gaussian limit in (ii).

3.1 Introduction

Since macroeconomic time series are obtained by aggregation of microeconomic
variables, an important issue in econometrics is establishing the relationship be-
tween individual (micro) and aggregate (macro) models. One of the simplest
aggregation schemes deals with contemporaneous aggregation of N independent
copies X; :={X;(t), t € Z},i=1,..., N, of stationary random-coefficient AR(1)
process

X(t) =aX(t—1)+e(t), tez, (3.1)

with standardized i.i.d. innovations {e(t), t € Z} and a random coefficient a €
[0,1), independent of {e(t), t € Z} and such that E(1 —a)™' < co. The limit

aggregated process

N
NTNTX () S x(t), tez, (3.2)
=1
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exists in the sense of weak convergence of finite-dimensional distributions, and is
a Gaussian process with zero mean and covariance function

altl
1 —a?

Granger [40] observed that for a particular type of beta-distributed random co-

E[X(0)X(1)] = E[X(0)X ()] = E[ ] teZ. (3.3)

efficient a, the processes X and X may have slowly decaying autocovariance
functions similarly as in the case of ARFIMA models while normalized partial
sums of X tend to a fractional Brownian motion. Further results on aggrega-
tion of autoregressive models with finite variance were obtained in Gongalves and
Gouriéroux [39], Zaffaroni [111], Oppenheim and Viano [74], Celov et al. [19] and
other papers. In economic interpretation, individual processes X;, i = 1,..., N,
in (3.2) are obtained by random sampling from a huge and heterogeneous ‘popu-
lation’ of independent ‘microagents’, each evolving according to a short memory
AR(1) process with its own deterministic parameter a € [0, 1), the population be-
ing characterized by the distribution (frequency) of a across the population. Thus,
aggregation of (randomly sampled) short memory processes may provide an ex-
planation of long memory in observed macroeconomic time series. See also [8,
page 85], [111], [112, page 238|.

In this chapter we consider the limit behavior of sums

N [nT]
SnanlT) =Y > Xi(t), 720, (3.4)
i=1 t=1
where X;, i = 1,..., N, are the same as in (3.2). The sum in (3.4) represents

joint temporal and contemporaneous aggregate of N individual AR(1) evolu-
tions (3.1) at time scale n. Our main object is the joint aggregation limit of
{AN,Snn(T), T > 0} in distribution, where Ay, are some normalizing constants
and both N and n increase to infinity, possibly at different rate. We also discuss
the iterated limits of {Ay Sn,(7), 7 > 0} when first n — 0o and then N — oo,
and vice-versa. Related problems for some network traffic models were studied
in Willinger et al. [110], Taqqu et al. [105], Mikosch et al. [70], Gaigalas and
Kaj [35], Pipiras et al. [83], Dombry and Kaj [27] and other papers. In these pa-
pers, the role of AR(1) processes X, in (3.4) is played by independent and centered
ON/OFF processes, renewal or renewal-reward processes, or M /G /oo queues with
heavy-tailed activity periods.

Let us describe the main results of this chapter. Similarly to [88,111], we
assume that ther.v. a € [0,1) in (3.1), or the mixing distribution, has a probability
density function ¢ such that

o(z) = ¥(2)1-2)’, x€[0,1), (3.5)
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where § > —1 and 1) is an integrable function on [0, 1) having a limit lim,_,; ()
= 101 > 0. Under the above condition with 0 < § < 1, it immediately follows from
the Tauberian theorem [33, Chapter 13, §5, Theorem 3| that the covariance in (3.3)
decays as ct™?, t — oo, with ¢ = (1;/2)I'(8), implying that partial sums of the
Gaussian process X in (3.2) normalized by n with H := 1—(3/2) € (1/2,1), tend
to a fractional Brownian motion By with Hurst parameter H (see [103]). Hence
it follows that By coincides with the iterated limit of {n=#N~Y/2Sy (1), 7 > 0}
when N — oo first, followed by n — oo. However, when the order of the above
limits is reversed, the limit is a sub-Gaussian (1 + /)-stable process defined in
(3.11). See Theorem 3.1 for rigorous formulations.

Let now N, n increase simultaneously so as

N/+8)
——— " MHE [07 OO], (36)

leading to the three cases (i)—(iii):
Case (i): p =00, Case (ii): p =0, Case (ili): 0 < pu < 0. (3.7)

Our main result is Theorem 3.2 which says that under (3.5) and (3.6), the ‘si-
multaneous limit’ of {Ay, Sya(7), 7 > 0} exists and is different in all three
Cases (i)—(iii), namely, it agrees with the above iterated limits in the extreme
Cases (i) and (ii), while in Case (iii) it is written as {u'/2Z(7/u), 7 > 0}, where
the process Z corresponding to ‘intermediate scaling’ in (iii) is defined in (3.31)
as a stochastic integral w.r.t. a Poisson random measure on the product space
R, x C(R) with mean ¢,2°dz x Pp, where Pp is the Wiener measure on C'(R).
This process enjoys several ‘intermediate’ properties between the limits in (i) and
(ii) and is discussed in Section 3.3 in detail.

Theorems 3.1 and 3.2 can be compared to the results in [27, 35, 55, 70, 83]
and other papers, with [55] probably being the closest in spirit to the present
work. In particular, Mikosch et al. [70] discuss the ‘total accumulated input’
Ann = {38, o Wi(t)dt, 7 > 0} from N independent ‘sources’ at time scale
n. The aggregated inputs W;, i = 1,..., N, are i.i.d. copies of ON/OFF process
W = {W(t), t > 0}, alternating between 1 and 0 and taking value 1 if ¢ is in
an ON-period and 0 if ¢ is in an OFF-period, the ON- and OFF-periods forming
a stationary renewal process having heavy-tailed lengths with respective tail pa-
rameters Qon, Qoff € (1,2), on < Qofr, see [70] for details. The role of condition

(3.6) is played in the above papers by

T THE [0, o],

21



Chapter 3. Aggregation of independent AR(1) processes

leading to the three cases analogous to (3.7):
Case (i’): p=o00, Case (ii’): p =0, Case (iii’): 0 < p < o0,

known as the ‘fast growth condition’, the ‘slow growth condition” and the ‘inter-
mediate growth condition’, respectively. The limit of (normalized) ‘accumulated
input’ Ay, in Cases (i’) and (ii’) was obtained in [70], as fractional Brownian
motion and ag,-stable Lévy process, respectively. The ‘intermediate’ limit in
Case (iii’) was identified in [34,35] and [27] who showed that this process can be
regarded as a ‘bridge’ between the limiting processes in Cases (i’) and (ii’), and
can be represented as a stochastic integral w.r.t. a Poisson random measure on
R, xR, see (3.49), although distinctly different from the corresponding process 2
arising in Case (iii). Related results for some other heavy-tailed duration-based
models were obtained in [52,55,68,83] and elsewhere.

The differences between the respective limiting processes in this chapter and
the above mentioned works can be partially explained by the fact that the ‘memory
mechanism’, or dependence structure, of the AR(1) model is very different from
that of telecommunication models. Contrary to the latter models, the random-
coefficient AR(1) process is non-ergodic (each individual X; picks a random value
a and sticks to it forever), the long memory being a consequence of a sufficiently
high concentration of a’s near the unit root 1. This ‘memory mechanism’ is
very different from the M/G /oo model where each session gets its own duration
and the long memory is essentially due to the occurrence of a few very long
durations. The above differences are reflected in different limit behaviors of the
partial sums of the individual processes (a discontinuous stable Lévy process with
independent increments in the latter case and a continuous sub-Gaussian process
with conditionally independent and unconditionally dependent increments in the
former case), extending also to the ‘slow growth’ limits in (ii) and (ii’). On the
other hand, the ‘fast growth’ limits in (i) and (i’) coincide up to a choice of
parameters, since in both cases Gaussian fluctuations play a dominating role.

In the above context, an interesting open problem concerns possible existence
and description of an ‘intermediate limit regime’ for double sums (3.4), where
X;, 1 = 1,2,..., are general independent and identically distributed processes
such that the iterated limits of (3.4) exist and are different. A particular case
of such X; is the regime-switching AR(1) process with covariance long memory
and Lévy stable partial sums behavior studied in [62,65]. This process is of par-
ticular interest since it combines the dependence structures of random-coefficient

AR(1) and duration models. Other possible generalizations of our results con-
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cern random-coefficient AR(1) process with infinite variance [88] and/or common

innovations [87,111], autoregressive random fields [90]. See also Remark 3.5.

3.2 Main results

Let {e, e(t), t € Z} be i.i.d. r.v.s with Ee = 0, Ee* = 1, and a € [0,1) be a r.v.
independent of {e(t), t € Z}. It is easy to show [88, Proposition 2.1 that there

exists a unique stationary solution to the AR(1) equation (3.1) given by
X(t)=) de(t—k), te (3.8)
k=0

The series in (3.8) converges conditionally almost surely and in L? given a € [0, 1).

Moreover, if
1

1—a

E[ ] < 00,
then the series in (3.8) converges in L? and defines a stationary process with zero
mean and covariance in (3.3).

Consider the following stochastic integral representation of a fractional Brow-

nian motion Bi_(g/2) := {Bi1_(/2)(7), T > 0}:

Bi_g)2)(1) = /]R XR(f(x, T —38) — f(z,—s))Z(dzx,ds), where (3.9)

(1—e*)/z, ifz>0andt >0,
flx,t) =

0, otherwise,

w.r.t. a Gaussian random measure Z(dz,ds) on Ry x R with zero mean, vari-
ance v(dwx,ds) := ¢2°dads and the characteristic function Eexp{ifZ(A)} =
exp{—0?v(A)/2} for each Borel set A C R, x R with v(A) < co. Here 0 < 8 < 1
and v, is the asymptotic constant from (3.5). The representation (3.9) appeared
in Puplinskaité and Surgailis [88, equation (1.5)], as a particular case of a new
class of stable self-similar processes. It is related to the superposition of Ornstein-
Uhlenbeck processes discussed in Barndorff-Nielsen [6, Section 6], see also Sec-

tion 3.3. It easily follows that

EBy_(5/2)(w) B1—(5/2)(v)
= /R R(f(x, u—s) = f(z, —s))(f(x,v — 5) — f(x, —s))v(dz,ds)

_ T WP 0?0~ ju—o>P), ww>0.  (3.10)

22-p5)(1-5)
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Chapter 3. Aggregation of independent AR(1) processes

When —1 < 8 < 0, let V3 be a symmetric 2(1+/)-stable r.v. with characteristic
function given in Proposition 3.5(ii). Let Vj 4 N(0,11/2) be a normal r.v. Thus,
the process {Vs7, 7 > 0} is a random 2(1 4 ()-stable line for any —1 < g < 0.

Next, let W3 > 0, =1 < < 1, be a (1 + [)/2-stable r.v. with Laplace
transform Ee s = exp{—kz0+#/2} 0 > 0, and kg > 0 defined at (3.60). Let
{B(7), 7 > 0} be a standard Brownian motion, EB%*(7) = 7, independent of r.v.
Wjs. The process

We(r) = W;*B(r), >0, (3.11)

has (14 f)-stable finite-dimensional distributions and stationary increments. Ac-
cording to the terminology in [96, Section 3.8], Wj is called a sub-Gaussian pro-
cess.

Finally, we define a random process Z3 := {Z5(7), 7 > 0} depending on

parameter —1 < 3 < 1, through its finite-dimensional characteristic function:

Eexp {i Z (9]-25(7']-)}
j=1
= exp {wl / <e—%fR@;’;l9j(f(m—s)—f(ac,—s)»?ds _ 1>x5d$}’ (3.12)
R4

where §; e R, 7; € Ry, j=1,...,m, m € N, and f is given in (3.9). A Poisson
stochastic integral representation and various properties of Zz are discussed in
Section 3.3.

In Theorems 3.1 and 3.2, Sy, (7) is the double sum in (3.4) of independent
copies of the random-coefficient AR(1) process X (3.8) and the mixing density
satisfies (3.5).

Theorem 3.1. The iterated limits of the normalized aggregated partial sums pro-
cess Sy, are given by

(fdd) lim lim n®/2=INV28y (1

n—o00 N—o0o ( )
(fdd) lim lim n 'N-Y20E08y (1) = Ve if B € (—1,0),
n—o00 N—o00
(fdd) lim lim n Y(Nlog N) Y2Sy,. (1) = Vor if B =0,
(7)

n—o00 N—oo
(fdd) lim lim N~Y0p=128y (1 Ws(7) if B € (—1,1).

N—o00 n—00

Theorem 3.2. The simultaneous limits of the normalized aggregated partial sums

process Sy, when N,n — oo as in (3.6) are given in respective Cases (i)-(iii) of
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3.3. The ‘intermediate’ process

(3.7) by

N2 4G 8y (1) By 4)0)(7) in Case (i) if B € (0,1), (3.17)
N-V20480-180 (1) S Vor in Case (i) if B € (=1,0), (3.18)
(Nlog(N/n))*l/anlSNm(T) Vor in Case (i) if 5 =0, (3.19)

N=V+Bp=1/28, () S Wy(r) in Case (i) if B € (—1,1),  (3.20)

N8 =128, (1) V2207 /1) in Case (iii) if B € (—1,1). (3.21)

Since higher  means smaller chances for the individual AR(1) process being
close to the unit root @ = 1, hence having less memory, it is natural to expect
that this tendency should be reflected in the limit behavior of the partial sums
SN It is most clearly seen in (3.17), as the ‘memory’ of the fractional Brownian
motion By_(gs) decreases with [ increasing. On the other hand, in (3.18) and
(3.20), a change of 3 does not alter the dependence structure of the limit processes
VT and Ws but rather affects their variability since 3 is directly related to the
stability index of these processes. These tendencies can be also observed although
less clearly in the ‘intermediate’ limit of (3.21). However, when § > 1 these
differences disappear and the joint limit of the partial sums process is a usual
Brownian motion independent of 5 and the mutual increase rate of N and n; see

below.

Theorem 3.3. Let > 1. Then, as N,n — oo in arbitrary way,

N8y (1) ¢ oB(1) with o® :=E(l —a)™? < .
Remark 3.1. The question about weak convergence in the Skorohod space D|0, 1]
in Theorems 3.1-3.3 remains generally open, although in some cases ((3.13),

(3.17)) the weak convergence follows rather easily by the Kolmogorov criterion.

3.3 The ‘intermediate’ process

This section discusses the definition and various properties of the process Zgz
arising in the ‘intermediate’ limit (iii) of Theorem 3.2. Let X be a measur-
able space with a o-finite measure p defined on a o-algebra F(X) of measur-
able subsets of X. Let M be a Poisson random measure on X with mean p
and M = M — it be the centered Poisson random measure. The stochastic in-
tegrals [, f(z)M(dz) = [ f(z)M(dz) and [, f(x) = [ f(z)M(dz) are
defined for any measurable function f : X — R Wlth f LA [f(2)|p(dz) < oo
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Chapter 3. Aggregation of independent AR(1) processes

and [ |f(z)] A |f(z)Pp(de) < oo, respectively, as limits in probability of suitable

integral sums, and their characteristic functions are given by
Eelf [ f@Md) _ oo { /(eief(z) _ 1),u(d:c)},
Eelt [ f@M(da) exp{ / (@ 1 —i@f(x))u(dx)}, R (3.22)

We have E [ f(z) M(dz) =0, f € L(X), and E[f F@)M(dz))? = [ fA(x)p(de)
f € L*(X). Moreover,

JU@E Als@Pnn) <o, 1<p<2

E| | f(z dx <oo(:>
a5 JU@E vIr@Pudn) <o, pz2
(3.23)
see Rajput and Rosinski [91], while
B [foman] < colfly o<p<t
Bl [ oM@ < colfly 1<p<z (3.21)

where || f||2 := [, [f(z)[Pu(dz) and the constant C(p) < co depends only on p. For
step functions f =77, f;1(- € A;) € LP(X) taking values f; € R on A; € F(X)
with p(A;) < oo, the first inequality of (3.24) with C(p) = 1 follows from
S MU < S LM and BIM(A)P < EM(A;) = p(A))
The second inequality of (3.24) with C(p) = 2277 < 2 is obtained in [99, Theo-
rem 3.1], by interpolation between L'(X) and L*(X).

Consider a family of ‘elementary’ integrated Ornstein-Uhlenbeck processes

= /du/ —*u=91 (4 > 5)dB(s)

= /R(f(x T —5) —f(z,—s))dB(s), TER, x>0, (3.25)

where B := {B(s), s € R} is a standard Brownian motion and § is defined in (3.9).
For each = > 0 the process {z(7;z), 7 € R} is a.s. continuously differentiable on

R and its derivative 2/(7; ) = dz(7; x)/dr satisfies the Langevin equation
dZ(r;2) = —x2/(7;2)dr + dB(7). (3.26)

Accordingly, the joint characteristic function of z(7;;z;), 7; € R, z; € R, j =

1,...,m, m € N, is given by
Eexp {izejz(Tj;xj)}
j=1
= exp { / (Z 0;(f(z;, 7 — s) — f(z, —3)))2ds}. (3.27)
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3.3. The ‘intermediate’ process

W.lg., we may assume that the process {z(7;z), 7 € R, z > 0} is defined on
the space C(R) equipped with the Wiener measure Pp induced by the Brownian
motion B. In other words, for any cylinder set A = {((-) € C(R) : {(1;) € I}, j =

1,...,m}, 7; € R, and intervals I; C R, j =1,...,m, we have
Pp(A)=P(B(rj) € I;, j=1,...,m). (3.28)

Let M(dz,dB) be a Poisson random measure on the product space R, x C(R)

with the mean
p(dz,dB) = EM(dz,dB) = ¢y 2’dz x Pp(dB(-)), (3.29)

where Pg is defined at (3.28), and let

M(dz, dB) := M(dz,dB) — u(dz,dB)
be the centered Poisson measure. Then, Zj3 is defined as a stochastic integral with

respect to the above Poisson measure:

—~

Zp(7) = / z(t;2)M(dx,dB) +/ z(t;x)M(dz,dB), T >0,
(0,1)xC(R) [1,00) X C(R)
(3.30)

As shown below, for —1/2 < 3 < 1 the two integrals can be combined into a single

one:

Zg(r) = /IR XC(R)Z(T;x)M(dx,dB) (3.31)

= /RJFXC(R) { /R (f(z, 7 — s) — §(x, —s))dB(s)}M(dx,dB).

Proposition 3.4. (i) The process Z3 in (3.30) is well-defined for any —1 < § < 1.
It has stationary increments, infinitely divisible finite-dimensional distributions
and the joint characteristic function is given in (3.12).

(ii) E|Zs(T)[P < oo for any p < 2(14+ ), 0 < p < 4, and EZ5(1) = 0 for
-1/2< < 1.

(i) If 0 < B < 1 then EZ3(1) < 0o and

BIZ5(n) Z5(m)] = = LWL (20 2o ) >0, (3.32)

22-p)(1-5)

() For —1/2 < B < 1, the process Zz in (3.31) has a.s. continuous trajectories.

Proof. (i) It suffices to check that I; := f(o 1xC(R) pu(dz,dB) = C’fol 2Pdr < oo
and I := [, ) om |2(7:2)]* p(dz, dB) = C [ Eplz(;2)|?2Pdz < co. We have
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Chapter 3. Aggregation of independent AR(1) processes

Eglz(1;2)|> = 0%(7; ), where

(x7) A (27)3 N (1-— e_"”)2>

oX(t;x) = /T (f(z, 7 —s) — (=, —s))st < C(

—00

. ((:1:7') Qg(m)S LA gﬂ?) < ST A (ra)). (3.33)

Thus, Iy < oo when 5 < 1. (3.12) follows from (3.22), (3.27) and Ez(r;z) = 0.

The stationarity of increments is immediate from (3.12).

(i) Obviously, it suffices to show E|Z3(7)|P < oo for p < 2(1+ () sufficiently close
to 2(1+4 B) such that 1+ 38 < p < 2(1+ ). Let first 0 < p < 2. Then using (3.24)
we have E|Z3(7)|P < C [ Ep|z(r; 2)[Pa’dx. Since z(7; ) L N(0,0%(r; 2)), we

have Eg|z(7; )P < Clo(7; )P and hence from (3.33) we obtain

1A (:(;T)}pﬁ

o gPde = OrBP/A7178 < oo, (3.34)

BlZa(rp < or [ |
0
Next, let p > 2. Then E|Z5(7)? < oo follows from (3.23) and
/ P dzEg[|z(m;2) P V |2(7;2) 7] < C’/ (Jo(r;2)|P + |o(7;2)[?)2’dz < 0o
0 0

according to (3.34). The fact that (3.34) holds for p = 1 < 2(1 + ) implies
EZs(r)=0for —1/2 < 5 < 1.
(iii) From (3.31), (3.25) and (3.10) we have that for any 7 > 0

EZ;(T) = /R R(f(w, T —35) — f(z, —s))Qy(dx, ds)

L'(B)in 2-5

= BB =g a0

hence (3.32) follows from (3.10).

(iv) From (3.34) and stationarity of increments, for —1/2 < f < land 1 <p <
2(1 + B) sufficiently close to 2(1 + ), we have that E|Z5(T + h) — Z5(7)|P <
Ch\3/2)=1=8 for any 7, h > 0. Since (3p/2) — 1 — 8 > 1, the Kolmogorov criterion
applies, yielding the a.s. continuity of (3.31). Proposition 3.4 is proved. ]

Remark 3.2. Let My(dz,dB) be a Gaussian random measure on R x C(R)
with zero mean and variance p(dz,dB) in (3.29). From Proposition 3.4(iii) it
follows that for 0 < f < 1 the corresponding Gaussian integral of (3.31) is a

representation of fractional Brownian motion:

fdd

By_pa(T) = /R C(R)Z(T;I)M2(dx,dB).
+ X
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3.3. The ‘intermediate’ process

Remark 3.3. As noted in [96], the sub-Gaussian process Wz (3.11) admits a

stochastic integral representation
Wi [ BernaE)
C(Ry)

w.r.t. symmetric (14 3)-stable random measure N on C'(R ) with control measure
v = cgPp, where P is the Wiener measure, see (3.28), and ¢g := ¢y7/2sin(7(1+
B)/2)I'(2+ B). The process Wy can be further represented as a stochastic integral
w.r.t. the Poisson random measure M(dz,dB) on Ry x C(R,) in (3.29), viz.,

W (r) 2 / B p(dw, dB) + / B Mi(dx, dp).

ODxCRy) T Loo)xC(Ry) T

Remark 3.4. Curiously enough, the 2(1 + J)-stable r.v. V3 in Theorem 3.1(ii)
(see Proposition 3.5(ii) below) can be also represented as a stochastic integral
w.r.t. the Poisson measure M(dx,dB):

Vs i/ 2 (1;2)M(dz,dB) +/ Z'(1;2)M(dz, dB),
(0,1)xC(R)

[1,00)xC(R)

where {2/(7;x)} is the stationary Ornstein-Uhlenbeck process in (3.26).

The following proposition describes local and global scaling behavior of the

process Zg.

Proposition 3.5. Let Z3 be defined as in (3.31).
(i) Let 0 < B < 1. Then

¢ Bi_gsa(u) asb— 0.

bR Z5(r + bu) — Zp(7))
(ii) Let =1 < < 0. Then
b (Zs(T + bu) — Z5(1) B uVsy asb—0,

where Vi is a 2(1 + )-stable r.v. with characteristic function

i ~Kyl0P0 I'(=5)
E 0V _ Kﬁ|0|2< +8) Kqi— ¢1 '
e T )

(iii) Let 5 = 0. Then
(blog2(1/b)) M (Zs(7 + bu) — Z5(7)) B uVy asb— 0,

where Vy < N(0,41/2) is a Gaussian r.v. with variance /2.
() Let =1 < B < 1. Then

b2 Z4(br) ¢ Ws(T) asb— oo.
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Chapter 3. Aggregation of independent AR(1) processes

Proof. (i) By stationarity of increments, it suffices to prove the convergence for
T =0, or Bexp{i)_7L, 0,672 Z4(bu;)} — Eexp{id, 0;B1_/2(u;)} for any
u; € Ry, 8, € R, m € N. Using (3.12) and (3.9), the last convergence follows

from

/OOO (1 - eXp / ’Z& f(x,bu; — s) — f(xa—é’))rdb’})xﬁdx
1

= > 0z uy — s) — far, —s))

2 ‘
R+><R le

2
2P dads. (3.35)

Using the scaling property f(x/b, bs) = bf(x, s) of f in (3.9), the Lh.s. of (3.35) can

be rewritten as

p1-8 /OOO <1 — exp{ — bT/R ’ i 0;(f(z,u; — s) — f(z, —s))rds})wﬁdx

and the convergence in (3.35) follows from b1 #(1 —e*"""1) = I (b — 0) and
the dominated convergence theorem, since 0 < 1 —e™* < z for any z > 0 and the

integral on the r.h.s. of (3.35) converges. This proves part (i).
(ii) Using the notation in (3.35), it suffices to show that

/OOO <1 — exp / )Z@ f(x, bu; — s) — f(x, _5))‘2d3}>¢1$6dx

* “ 2(145)
—>/0 <1—exp{ —E’;quj‘ })@Dlxﬁdx:Kﬁ‘;quj (3.36)
Towards this end, consider
1 m
Wit = [ ] 3000 b - 9~ e / 7).
j=1
=: Uy(x;b) + Uy(x; D). (3.37)

Then for any = > 0,

2
T 443 ’ Z —e)| =

U(z), b—0, (3.38)

1| — 2
E’ Z 0ju;
j=1

and
1 bum M 2
\112(37, b) = W/O ‘ ;6](1 — eix(bujis))]_(s < buj) ds
< % bum(ms)2ds < Cb—0. (3.39)
x2h? J,
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3.3. The ‘intermediate’ process

Hence, ¥ (z;b) — ¥(x). From the inequality 1 —e ™ < x, x > 0, it easily follows
the dominating bound 0 < ¥(z;b) < C'min(1,1/z), ¥b,x > 0. The convergence
in (3.36), or [;°(1 — e *@®)zfde — [(1 — e ¥@))2fdz now easily follows by
the dominating convergence theorem.

(iii) As in (3.36), it suffices to show that

I(b) = ¢1/ (1 — e V@b)/181/0))qg —) Ze uj

0
where U(x,b) is defined in (3.37). Split the integral
1/b
o[ [ ) s < (1) + o)
1/b

Then using (3.38) and (3.39) we infer that

1/b m )
Ii(b) ~ /0 (1—exp{—m‘;ﬁjw })dx

(L) TRt
log(1/b) 41og(1/b)  Jij10g1yp) T

1] — 2
~ 2
j=1

On the other hand, using |V (z;b)| < C/(b*x® + bx?), see (3.38), (3.39), with C
independent of x,b > 0 we obtain that

o dz 1
1(b) < C/l/b (0223 + bx?) log(1/b) - O(log(l/b)) = o(b);

proving (3.40) and part (iii).

, (3.40)

(iv) Similarly as above, it suffices to prove that

/Ooo <1 — exp / ‘29 f(z, bu; — s) — f(, buj—1 — s))rds})wﬂﬁdx
- /o (1 _eXp{ 22 292 = Uj—1 })%xﬁdx

i (1+/3)/2
> 20—

, (3.41)
where 0 =: up < uy < -+ < Up,. The Lhus. of (3.41) can be rewritten as [} (1 —

2(1+/3)/2

e*x72‘7(x§b))¢1x5dx, where for any x > 0,

Taiv) = G [ |30y = ) = i by = 5)) s

1"
- J:= 5 ZQJQ(UJ — uj—l)
j=1
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Chapter 3. Aggregation of independent AR(1) processes

as b — oo follows easily by substituting f (3.9) into the integral above. The
dominating bound 0 < J(x;b) < C'min(1,1/z) is elementary and allows to use
the dominating convergence theorem, yielding the convergence in (3.41). Propo-

sition 3.5 is proved. [
Proposition 3.5 entails the convergences

2 Z5(7 /1) = We(r)  and
P Zy(r /) S By _gpe(r),  0<B<1,

nZs(r/p) = TV, ~1<B<0, (3.42)
p(log 1) 2 Z5(7 /) =5 VA, B =0,

as ;4 — 0 and pu — oo, respectively. In other words, the ‘intermediate’ limit in
Theorem 3.2(iii) plays the role of a ‘bridge’ between the limits in Cases (i) and
(ii). Since Wg, Bi_(/2) and 7V} are distinct processes, (3.42) imply that Zg is
not self-similar and not stable.

The definition of Zj in (3.31) naturally extends to a two-parameter random
field {Z5(7, ), (1,x) € R2} defined as a stochastic integral

Zs(r,x) = / z(T;v)M(dy, dv, dB)
(0,2]x(0,1)xC(R)
—|—/ 2(r:v)M(dy,dv,dB), 7,2 > 0,(3.43)
(0,2]x[1,00) x C(R)

with respect to a Poisson random measure on Ry x Ry x C(R) with inten-
sity EM(dy,dv,dB) = dyu(dv,dB) = 1 dyv?dv Pg(dB(+)), see (3.29), where

M(dy,dv,dB) = M(dy,dv,dB) — EM(dy,dv,dB). Then Z3(1) = Z5(r,1).
Note that for each 7 > 0, {Z3(7, x), > 0} is a homogeneous Lévy process with
independent increments. The two-parameter process Zz in (3.43) satisfies the
following properties:

for any (79, z¢) € R%,

{Z5(r + 70,2 + @0) — Z5(T + 70, %0) — Z5(70, @ + 70) + Z5(70,70)} = {Z5(7,2)};
(3.44)

for any ¢ > 0,
{Zs(cr, M *Px)} Sy {03/225(7', )} (3.45)

Property (3.44) is stationarity of increments and (3.45) is an anisotropic two-

parameter scaling (self-similarity) property. Note that (3.45) implies

{(en) e Z5(er, (en)7), T € Ry}
fdd {u1/2ZB(T/M7 1), 7€ Ry} forall ¢ >0, (3.46)
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3.3. The ‘intermediate’ process

which resembles the limit in Theorem 3.2(iii) for N = (cu)'*#,n = ¢ growing as
in (3.6). The two-parameter process {Vs(7, it) := p/>Z5(7/u, 1)} on the r.h.s. of
(3.46) satisfies {Vs(cr,cp), 7 € Ry} 'S {c/2V4(7, 1), 7 € Ry }. A related notion
of self-similarity was introduced in Jorgensen et al. [51], who call a two-parameter
process Y = {Y (7, ), (1, 1) € R3} self-similar with Hurst exponent H and rate

parameter p if for all ¢ > 0,
{Y(CTa CH_IM)? T € R-f—} fgj {CHY(T7 N’)? T € R+} (347)

Note that the two-parameter process {Vs(7,z) = Zg(r, 229)} satisfies the
self-similarity property (3.47) with H = 3/2.

Another self-similarity property was introduced in Kaj [52]. Accordingly, a
process U = {U(1), 7 € R, } is called aggregate-similar with rigidity index p if for
any integer m > 1,

m

{ N UO(r), 7€ R+} e U(r/m?), T € RL ), (3.48)

i=1
where U, i > 1, are independent copies of U. Let {Us(7) = Z5(r%/3,1)},
then Ujs satisfies (3.48) with p := ﬁ, '
c =m0z =1 and the fact that {d ", Zg) (723, 1)} L {Z4(723,m)}.

which again follows from (3.45) with

Remark 3.5. Kaj [52], Gaigalas [34] discussed the ‘intermediate process’
Zg(T) == / {/ 1(s—v<u< s)du}ﬁ(dv,ds), T >0, (3.49)
Ry xR~ J0

where M (dv,ds) = M(dv,ds) — EM(dv,ds) is a centered Poisson random mea-
sure on R, x R with mean EM(dv,ds) = Cv=?2dvds and 0 < B < 1 is a
parameter. The process Zg in (3.49) arises in the ‘intermediate’ aggregation
regime of ON/OFF and infinite source Poisson models in network traffic. See

also [54,55,68,83]. Similarly to (3.43), Zs extends to a two-parameter random
field

Zg(1,x) = / {/ 1(s—v<u< S)du}ﬂ(dy,dv,ds), T, >0,
(0,z]xR4 xR 0
(3.50)
where M(dy, dv,ds) = M(dy, dv,ds) — dyEM (dv, ds) is a centered Poisson ran-
dom measure on Ry x R, x R with mean EM (dy, dv,ds) = dyEM (dv,ds). The
random field in (3.50) satisfies the stationary increment property (3.44) and a scal-
ing property similar to (3.45): {Z(cr, ’z)} iy {cZs(,z)} for every ¢ > 0. These

properties might be typical to random fields arising in the ‘intermediate regime’

33



Chapter 3. Aggregation of independent AR(1) processes

of joint temporal and contemporaneous aggregation of independent copies of ran-
dom processes with long-range dependence. We conjecture that (3.50) and (3.43)
can be linked into a general class of Poisson stochastic integrals on the product
space R x §'(R), where §'(R) is the Schwartz space of tempered distributions
equipped with a o-finite shift and scaling invariant product measure, which in-
cludes the above mentioned ‘intermediate’ limits as particular cases and enjoys

similar local and global scaling properties.

3.4 Proofs of Theorems 3.1-3.3

Proof of Theorem 3.1. Statement (3.13) follows from Theorems 2.1 and 3.1 in
Puplinskaité and Surgailis [88]. Next, consider (3.14). From [88, Proposition 2.3]
we have that for any —1 < § < 0 and any n > 1 fixed,

N2 gy (1) S [nr] Vs

as N — oo. Hence, (3.14) immediately follows. In a similar way, (3.15) is a
consequence of (N log N)~Y/2Sy (1) ¢ [nT]Vy, or

(Nlog N)'2Sx(t) 5 Vo, Sw(t) =D Xi(t), (3.51)

which is proved below.

Similarly to the rest of this chapter, we use the method of characteristic func-
tions. We shall use the fact that the characteristic function of a standardized r.v.
¢ has the following representation in a neighborhood of the origin: there exists an
€ > (0 such that

x(8) := Eel% = e ®9/2 for each [6] < e, (3.52)

where h is a positive function tending to 1 as 6 — 0 (see, e.g., Ibragimov and
Linnik [49, Theorem 2.6.5]). Fix m € N and 8 = (6,...,60,) € R™, then
Yo 0 X(t) = D.nV(s,a)e(s), where J(s,a) = >)" 6, *1(s < t). Using
(3.52) similarly as in [88, pages 519, 521], the convergence (3.51) follows from

Un(0) = NE[1-exp{ - m ;(ﬁ(sva»%(%) }]

>
t=1

2

— U(0) = %

(3.53)
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Arguing further as in [88, page 521], we reduce the proof of (3.53) to Un1(0) —
U(0), where

Uni(0) = N 116 (1—exp{—mgw(s,a))%(%)})da
<o [0 F e

eN 2
~ wl(O<IO§N> +/K/1og1v (1—exp{ lélzg/jlogelif| })dy)
Uil 2 O /GN dy
K

410gN /logN Y

1| oy O
4

since @ f;%ogNy_ldy — 1 when € — 0 and K — oo together with N — oo
but slowly enough (so that log(1/€) = o(log N), log K = o(log N)). This proves
(3.51) and (3.15).

It remains to prove (3.16). Let us first show that

[n7]

n~ Y28, (1) = n~1/? ZX f Mg (1—a)'B(r) asn — oo, (3.54)
where B is a Brownian motion as in (3.11) and a € [0,1) is independent of B and
has the same (mixing) distribution in (3.5). Accordingly, it suffices to show that

for any fixed m e Nandany O =19 <711 < -+ < 7pp, 0 = (01,...,0,,) € R™,

U.(0) = Eexp {m—l/ziej (S1a(75) = S1a(751)) }

— Eexp{ (1—a) 1?@ B(7;- 1))}
= Eexp{—(1/2)(1—@)_2i9]2~(7'j—Tj_l)} =:U(0) (3.55)

as n — 0o, where 51 ,(0) := 0. Denote

m [n7;]

Vs, a) := ZHJ- Z a*1(s < t).

7j=1 t:[nTj,1]+1

Then »77%, 0;(S1,0(75) — S1a(Tj-1)) = X cpurn] Un(s,a)e(s). Let A, == {a:0 <
a < 1—logn/y/n}, A5, := [0,1)\ A,. Note that sup,cy ,ca, 10, (s,a)|/v/n =
O(1/logn) — 0, implying sup,cz qeca, |h(Un(s,a)/y/n) — 1| = o(1). Using this
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Chapter 3. Aggregation of independent AR(1) processes

and (3.52), for n large enough, split U, (0) = U,1(0) + U,2(0), where

Un(8) = E[exp{ - in 3 (&n(s,a))%(%f/’f))}1(a e An)] (3.56)

and Upp(0) = Elexp{in™"? 3" 0;(S1n(7) — Sia(r-1))}1(a € AZ)]. Then
(3.55) follows from U,1(0) — U(0) and U,2(0) =
is immediate from |U,2(0)| < P(a € AS) = o(1).

above, the convergence U,;(0) — U(0) reduces to

nli_)rlgonfl Z (0,(s,0))? = (1 — a) 22 —Tj-1) (3.57)

s<[nTm] Jj=1

o(1), where the last relation

Using (3.56) and the argument

for each a € [0,1). Relation (3.57) follows by splitting the sum on the Lh.s. of
(3.57) a8 30 im] = Dobe0 Doy y]<s<inmy: 7—1] == —00, and noting that

n Y (als,a)? = (1= a) 0 (e — )

[n7r—1]<s<[n7]
for 1 <k <mandn! ngo(ﬁn(s,a))z < COn 'Y (o2 a )P < O (1 —
a®)71(1 —a)™? — 0, for each a € [0,1). This proves (3.57) and (3.54), too.
Let W :={(1 —a)™'B(r), 7 > 0} and W;, i = 1,2,..., be its independent
copies. With (3.54) in mind, it remains to prove that

1/<1+,6>ZW ) 9 W (7). (3.58)

For notational simplicity, we restrict the proof of (3.58) to two-dimensional con-

vergence at 0 < 73 < 7o, Viz.,

Un(61,02) = Eexp {N 1/(1+8) (19 ZW 1) +192i(Wi(7'2) _Wi(Tl))>}

=1

—  Eexp {i6iWs(1) + 165 (WB(TQ) — Ws(m)) } (3.59)
= Eexp{—Ws(nf] + (. —m)03/2)}
= exp{ — kg((n6? + (s — 7)63)/2) 2L

We have Uy (6;,05) = (1 — WXOLLENN where

U (6y,05) = N/O1 (1 _ exp{ _ Nz/(‘ﬁi;&ff = }>¢(a)(1 _ a)fda,

where w(f1,62) = (1/2)(1167 + (72 — 71)03) > 0. From the above expression and

assumption (3.5), it easily follows that for any € > 0,

1 w(ﬁl,eg) 8
Ux(brb) ~ GV [ (1—eXp{ - NA _a)2}>(1—a) da

— kg(w(bs, 05)) /2,
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3.4. Proofs of Theorems 3.1-3.3

where

[ Ay 18
b=y =) s = HﬁF( 5 ) (3.60)
This proves (3.59) and Theorem 3.1, too. ]

Proof of Theorem 3.2. Asin the proof of the previous theorem, we use the method
of characteristic functions. For notational convenience we assume that & = A (0,1)
or h(#) = 1 in (3.52), and that ¢(a) = ¢; > 0, a € [0,1), in the mixing density
(3.5). For the general case, the proof of Theorem 3.2 does not require essential

changes.

Case (i), 0 < 5 < 1 (proof of (3.17)). It suffices to prove that for any fixed
meN 0<7 <+ <Tp,and any 0 = (0y,...,60,,) € R™,

UN,n(O) = Eexp{iN_l/2n_1+B/2ZHJ-SNW(T]-)}

=1
5 BEexp {iZejBl_(ﬂ/Q)(Tj)} —. U(8), (3.61)
=1
as N,n, N/n'*? — co. By definition,
ue) = exp / K(x ﬂdx} where (3.62)

K(x /(Z@ f(z,1; — f(x,—s))) ds

and f is given by (3.9). We also have

Unn(0) = (EHexp{ (%)?)N with (3.63)

SEL
In(s,a) = Z g,
7j=1

Then Uyn,(0) = (1 — \PN’T"(B))N, where

Uy, (0) = N1~ Bexp { - 137 Uals )

[n)]

a1(s < t).

M

t=1

Thus (3.61) will be proved once we show that
Unn(0) — %/ K(z)z?dz as N,n,N/n*™® — oo, for all @ € R™. (3.64)
0
After a change of variable we obtain
UIN [ nith 5
Un,.(0) = =l 1 —expq— SN Knu(z)p | 2°de,
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where

Knn(z) = n3z< (s 1__)>2
Lo [ (- )" e < P

is written as a Riemann sum. By the dominated convergence theorem it follows

that

m i 2
Knn(z) — / <29j/ e =91 (s < t)dt) ds = K(x) for each x > 0(3.65)
RN o

where K (z) is the same as in (3.62). Moreover, the inequality 1 —z <e™*, z > 0,
yields (1 — z/n)Mt=nsl < gma(intl=[nsl)/n < Ce=2(t=5) 2 >0, t > s, and then

| Ky (2 |<CZ/ / 1(s<t)dt>2d - K (x) (3.66)

with K (z) independent of N and n. We conclude by (3.65) and (3.66) that

INn(T) = nﬁﬂ <1 — exp{ — leJ\F;KN’n(w)}> N @

for each x > 0, and that |Jy ()| is dominated by the function K (z) > 0 satisfying

fooo K(x)xPdz < co. Hence the dominated convergence theorem applies and leads
0 (3.64) and (3.61). This completes the proof of Case (i) of Theorem 3.2 for
0<p<1.

Case (i), =1 < B < 0 (proof of (3.18)). Using the notation in (3.61) it suffices to
show that

UN,n(O) = Eexp {iN_1/2(1+B)TL_1 Z ejSN,n(Tj)}

j=1

— Eexp {i(ZHjTj)Vg} = U(@) as N,n,N/n'*P = 00(3.67)
j=1
Here, U(8) = exp{—K3| X7, 0;71?1)} and Un(6) = (1 — “22 )N swhere

Uy n(0) = Wv/ol (1 —exp { - m > (Wals, a))2}> (1 - a)da.

Hence to prove (3.67), it is enough to verify that for any 6 € R™

2(14-8)

Uyn(0) = K/g’ S 0, as N,n, N/n*? - co. (3.68)
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3.4. Proofs of Theorems 3.1-3.3

We have > _,(V,(s,a))* = Ro(a) + Ri(a), where

[n7;]
Ro(a) = (1—a?) (ZQZ )

[nTm] [n7;]

Ri(a) Z (Ze 1(s < [n7)] Zat ) . (3.69)

Clearly, Ri(a) < Cmin{n3 n/(1 — a)?} for any 0 < a < 1. After a change of

variable 1 —a = N~V0+8) g we get

N1/(1+8)
1 - .
V@)=t [ (Lo { - (fulo) + Ri@) })elds, @10
0
where
[”TJ] 2
s o —1/(148) ..\ ¢
Ro(z) := (2 N1/1+,8 ‘Z@( — N :1:)>
t=1
j=1
and
- ' Ry(1— N—l/(1+ﬂ)x) ' n N1/1+8)
Ry(z) = N2 < C'min {Nl/(Hﬂ)’ o } — 0. (3.72)

Write Wy ,,(0) = 37, U,(8), where

N1/(+8)

@1(0) = 'lbl/o (1 7R(x /2) ’Bdﬂf

i N1/(+8) )
B,(0) = o / (e~ R/2 _ = Ro@)/2) 13,
0

N1/(+8)

\~I/3(0) = ¢1/ (e—Ro(m)/Q _e—(f?,o( o) +R1 () /2) Bde.
0

Now, relation ¥1(8) — ¢ [;7°(1 — e R@/2)18dz = K| Sy 0520 follows
by the dominated convergence theorem. Relation W5(0) — 0 follows in a sim-
ilar way, since H(z) := e B@)/2 _ =Ro@)/2 _ ( (see (3.71)) and |H(z)| <
1= e fi /2| + 1= e @2 < C(IR(@)] + | Ro(a))) < Cmin(1,1/2) = H(x),

with [ H(z) 2°dz < oo. Finally, W3(0) — 0 follows from the bound (3.72)
NUO+) o1 (3)/2] 18 NV/(48) 5

since |W3(0 )\ < J, 1 — e F@/238de < C [ |Ry(z)|zPdz < C x

N [ | Ba(@)le?de = O((NYO+9)/n)?) = o(1). This proves

(3.68) and (3.18).
Case (i), B =0 (proof of (3.19)). Following (3.67), (3.68), it suffices to show that

D1 2
Un,.(0) — Z(ZIHjTj> as N,n, N/n — oo, (3.73)
]:
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Chapter 3. Aggregation of independent AR(1) processes

where

Uy (0) = ¥ N /0 1 (1-exp{ - 2n2N101g o S (s, )} ) da,

U (s, a) being defined in (3.63). By change of variable 1 —a = x/N arguing as in
the proof of (3.68), relation (3.73) follows from

To(0) = /ON (1 _ exp{ _ %})dx = i(jf;@m)?, (3.74)

U,(0) = /ON (1 — exp{ — %})dx — 0, (3.75)

where Ry(z), Ry(z) are the same as in (3.70) with 8 = 0.
In order to simplify the exposition and notation, we restrict the subsequent

proof of (3.74) to the one-dimensional case m = 7 =1, 0 = 6 € R. From definition

in (3.71) we have Ry(z) = Q1 () + Q2(z), where

o - LS (-2))

@) = 5ya —0 (z/N)) (% ; <1 N %)ty = %

Since ¥ (1—exp{—Qa(2)/(2log(N/m) Nz < =S [ [Qa(e)|dz = Ofrterr)
— o(1), it suffices to show (3.74) with Ry(x) replaced by Qy(z), viz.,

2

00 = [ (1= { - e (G2 (- %)) Por= 5 6

oo 3
Rewrite ®(6) = m SN tog(my) 1 FNﬁn(y)% =Y, (), where

3

1 2 1 1 t\ 2

I'ynly) = — 1 — e P vAnn(y)/4 . Ana(y) = (— (1——) >
Nan(y) y( ) NalY) n yN log(N/n)

— n/N d o 1 d
and (1)1(9) T log N/n fl/(Nlog (N/n)) FNn(y) yy’ CI)2(0) T log(Jl\f/n) fn/N Fan(y)?y’
O3(0) := log(len) [ T (y) 2 2. We have

Q1(0) < Ann(y)—
1(6) log(N/n) J1 /(W 10g(n/n)) ) y

B C n/N l B 1 t 2%
~ log(N/n) / /(N log(N/n)) (n tz <1 yN log(N/”)> > y

C
e — O (t , ith
n?log(N/n) tsZ=1 Nalt+5), Wi
n/N 1 kdy
lan(k) = / - L)Y
wn(k) 1/(N log(N/n)) ( leog(N/n)>
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3.4. Proofs of Theorems 3.1-3.3

xT

Using 1l —z <e™”,

Inn(k) < / expy — ————— p—
wanlk) 1/(N log(N/n)) { leog(N/n)} Yy

x > 0, we obtain

log(N
< Clog (M) 1<k <2n. (3.77)
Indeed, by change of variable z := W(N/n)’ 27 'dz = —y~ldy the integral in

(3.77) for Nlog(N/n) > k can be rewritten as fkk/nlog(N/n) ez dz = Jy + o,
where J; 1= flk ez lde < O, Jy = fk‘l/nlog(N/n) e %z 1dz < 27tz =
log(w) proving (3.77). Using (3.77) we obtain

C = nlog(N/n)
@1(‘9) S W;llog (Zf—l——8>

2n 2nlog (N/n)
nzlog(N/n Zkl ( >
B C 2n C'loglog N/n
~ n2log(N/n) ;klog (?) + log(N/n) Z

loglog(N/n)
O< log(N/n) )ZO(D’

since Zk L k;log( n) < fl xlog(?”)dx < Cn?. Clearly, T'n,(y) <y~ ', implying
d3(0) = O(W) = o(1). Hence, (3.76) follows from ®,(0) — 6?/4. To show
the last relation, split ®9(0) = Pg;(0) + Pos(6), where

D91 (0) = m/ G(y)%, Doy(0) := m /n/N[FN,n - G(y)]%

and G(y) := i(l—e (62/4)). Using the facts that G(n/N)—0%/4 = o(1), [}, % =

n/N y

fl
k/nlog(N/n)

IN

k=

log(N/n) and sup,¢ o1 |G'(y)| < C, we obtain

By (6) — 62/4] < rG<n/N>—92/4r+W /N<G<y>—c<n/zv>>d—j
- O“HW WG’(y)aogy)dy):o(l)

Next, consider ®92(f). Note that Ayx,(y) is monotone in y € (0,1], hence
Anvn(n/N) < Ann(y) < Ann(l) < 1, n/N <y < 1. Moreover, Ay,(n/N) =
(L5, (- m)tf — 1 follows from (1 — m)t — 1,1 <t <n. Using

these facts, we obtain

1
Doy(0) = ;/ {le—(92/4)y1\1v,n(y) [1 _ e—(92/4)y(1—AN}n(y))i| }@
loa(N/m) Juw Ly )

C ! dy
RO o~ 0005
C(1 —Ann(n/N)) =o(1).

IN
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It remains to show (3.75). Using 0 < Ry (z) < C'min(n/N, N/na?), see (3.72),
it follows that @1(0) < W fON R, (x)dz, where the last integral is bounded by
a finite constant independent of N, n. This proves (3.75) and completes the proof
of (3.19), too.

Case (ii), =1 < 8 < 1 (proof of (3.20)). Because of similarities with the proofs
of (3.17) and (3.18), we restrict the proof to the one-dimensional convergence at

7 =1. We have E exp{idN—V/1+An=1/25y (1)} = (1 — \IIN’T"(G))N, where

Upn(0) = @Z)lN/Ol (1 - exp{ _ Plio(a) + Fa(a)) }) (1 - a)Pda

IN2/A+B)p,
and where Ry(a) := 3, o(Vn(s,a))* < (1 —a)?, Ri(a) := Y20 (Vn(s,a))® =

s=1

(1—a)=2Y7_,(1 — a*)% By the change of variables 1 —a = N~Y48z Wy ()

can be rewritten as

N1/(+8) 2 R
02/ ~ R
\I/N,n(e) — 1/)1/ (1 — exp{ — ?<R0(l‘) + 12%))})‘%,8(1:1;,
; T
where
) ) . N3/(148) N1/A+8)
Ro(x) = MR(’(l B Nl/(1+6)> S BN, S g, 0

R = 230 (1= (1= i) ) 1

The above facts entail

00 k |9’1+5 .
_ a—0%/22%\ B3, _ "B _ oW
Uy n(0) — ¢1/0 (1—e )P dx = e log Ee™"7,

hence also the proof of (3.20).

Case (iii), =1 < f < 1 (proof of (3.21)). Similarly as above, it suffices to prove
that for any 8 € R™,

Unn(8) = U, (0) as N,n— oo, NYIA /n — 1 € (0, 00), (3.78)

where

U,(0) := —logEexp {i Zejﬂl/QZB(Tj/M)}

=1 /000 (1 - eXP{ - 2_112/1124 (iﬁj(f(:c/uﬁj —s) —f(z/p, —s))>2ds}>xﬁdx,
see (3.12), and

Un,(0) = wlN/Ol (1 - exp{ - R;%)z/:i;;a) }) (1 —a)’da,
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3.4. Proofs of Theorems 3.1-3.3

with Ry(a), R;(a) defined in (3.69). By change of variable 1 —a = N~/ 0+ we

obtain

N1/(1+8)
Uy (0) = / (1 exp{ — (/2(Fola) + i) } )

where

- NVA+8) (1 — N—1/(+8) 4 m [T\ \ 2
Ro(z) = ( Ze - ,
nx3(2 — N-V+8) — J N1/(1+8)
[nTm]

Ri(z) = Z(Ze( ( W)[mﬂsﬂ)1(sg[mj}))2.

It is easy to verify that for each > 0, Ro(x) — Ko(z), Ry(z) — K(z), where

Ko(x) = %(é@(l—e-wwf
e
Ki(z) = :L’Q/OTM(
_ /(

Note W,(8) = ¢y [;°[1 — exp{—(1/2)(Ko(x) + K:i(x))}]a’dz. The convergence

(3.78) now follows by the dominated convergence theorem using a similar argu-

05 (w73 = 9) = Tl /1, —5)) ) s,

NE

1

<.
Il

2
0,(1 — e~ @/ME=)1 (s < Tj)) ds

NE

1

.
Il

0f(x/p, 75 — 8)>2d8-

NE

1

<.
I

ment as in the proof of Theorem 3.1 in [88]. This proves (3.21) and thereby
completes the proof of Theorem 3.2. O]

Proof of Theorem 3.3. The proof is analogous to that of the previous theorem.

Let Sy, := Snna(1l). We prove only one-dimensional convergence at 7 = 1, or

. Wy (0)\ N
Unn(0) 1= BeSn/ ' (1 —va( )> —e T (3.79)

where

Unaf) = NE[1— e/ _ NE[1 - HX(G%H’

s<n

In(s,a) = Zat_sl(sgt),
t=1

X being the characteristic function of i.i.d. innovations {e(s)}, see (3.52). Let
A, ={a:0<a<1-logn/y/n}, A5 :=10,1)\ A, similarly to the proof of
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Theorem 3.1. Accordingly, split Wy ,,(0) = Wy . (0) + ¥, (0), where
Wy (0) == NE [1 - eiﬂslvn/wn)l“] 1(a € A,),

\Ify\rn(e) = NE [1 — eieSLn/(Nn)m] 1(a € AS).

Since [, (6)] = N|EE[1 - o%51/(N"*|o]1(a € A%)] and B[S, Ja] = 0, B[S2,Ja]
= Y ecn(Un(s,a))? satisfies 35 _ (Un(s,a))?> < 2n/(1 — a)?, we obtain
W (0)] < N(O/E[N 03 (0a(s,0)) (0 € A3)]
s<n

< PE[(1-a)?1(a € AS)] = O ((logn/v/n)’~") =o(1)

due to f > 1. Finally, (3.79) follows from

Wy (0) = NE[1 - exp{ - Qf;n an(s,a))%(%) }] 1(a € Ay)

s<n
0%0?
2 )

—

by (3.55) and by Taylor expansion of the exponent in a standard way. This both
proves (3.79) and Theorem 3.3. O

As a final remark, let us note that the above proof does not require (3.5) and
the conclusion of Theorem 3.3 remains valid under the more general condition
E(l1—a)™? < .
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Chapter 4

Aggregation of AR(1) processes

with common innovations

This chapter contains the article [80]. We discuss joint temporal and contempo-
raneous aggregation of N copies of stationary random-coefficient AR(1) processes
with common i.i.d. standardized innovations, when N and time scale n increase
at different rate. Assuming that the random coefficient a has a density, regularly
varying at a = 1 with exponent —1/2 < 8 < 0, different joint limits of normalized
aggregated partial sums are shown to exist when N'/(+8) /n tends to (i) oo, (ii) 0,
(ili) 0 < p < co. We extend the results of Chapter 3 from the case of idiosyncratic

innovations to the case of common innovations.

4.1 Introduction

Let X; := {Xi(t),t € Z}, i = 1,..., N, be stationary random-coefficient AR(1)
processes

with common standardized i.i.d. innovations {e(¢), ¢t € Z} and i.i.d. random co-
efficients a; € (—1,1),i = 1,..., N, independent of {e(t), t € Z}. Consider the

double sum
N [nT]

Snnl(T) =D > Xi(t), 720, (4.2)

i=1 t=1
representing joint temporal and contemporaneous aggregate of NV individual AR(1)
evolutions (4.1) at time scale n. We discuss the limit distribution of appropriately
normalized double sums Sy, in (4.2) as N, n jointly increase to infinity, possibly

at a different rate. Throughout this chapter we suppose that the distribution of

45
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generic coefficient @ € (—1,1) in (4.1), or the mixing distribution, satisfies the

following two assumptions.

Assumption (A1l). There exist § > —1 and € € (0,1) such that P(a < x) is

differentiable on (1 — €, 1) with derivative
dP(a < z)/dz = (1 — 2)%¢(z), =€ (1—¢1), (4.3)

where 1 is bounded on (1—¢, 1) and continuous at x = 1 with ¢; := lim,_,; ¢ (z) >
0.
Assumption (A2). E(1+a)"'/? < oco.

Assumptions (A1) and (A2) refer to the behavior of the mixing distribution
in the vicinity of a = 1 and a = —1, respectively (the positive and negative unit
roots of generic AR(1) process X = X, in (4.1)). Because of oscillation of the
moving-average coefficients of X when a < 0, the behavior of the mixing distri-
bution near a = —1 is generally less important for partial sums processes than
its behavior near @ = 1, the crucial role being played by the parameter § in
(4.3). Assumption (A1) is similar to (3.5) on page 20 and [87,88,111], although
the ‘typical’ range of § is different in the aggregation schemes with common and
idiosyncratic innovations. The random-coefficient AR(1) process X has finite vari-
ance if and only if EX?(t) = E}__, a?t=) = E(1 — a®)~! < oo, which implies
g > 0in (4.3). It is well-known that under the condition (4.3) with 0 < 5 < 1
(and a € [0,1) a.s.), X has long memory in the sense that its covariance decays
as Cov(X(0),X(t)) = O(t™"), t — oo, so that Y .=, |Cov(X(0), X (t))] = ooc.
Zaffaroni [111], Puplinskaité and Surgailis [87] discussed the existence and long
memory properties of the limit (in probability) X (t) := limy .o N™" 300 | X(2),
t € Z, of aggregated AR(1) processes X; in (4.1), written as a moving-average
X(t) = >°209(j)e(t — j) with (deterministic) coefficients g(j) := E[a], j > 0.
For —1/2 < 8 < 0 in (4.3) and under similar condition on the mixing distribution
near a = —1, the coefficients g(j) ~ I'(1+ 3)j#~1, j — oo, and the (normalized)
partial sum process of X tends to a fractional Brownian motion with parame-
ter H = (1/2) — B € (1/2,1), see [87, Propositions 2 and 4]. We recall that
Granger [40] proposed the scheme of contemporaneous aggregation of heteroge-
neous random-coefficient AR(1) processes as a possible explanation of the long
memory phenomenon in macroeconomic time series. Subsequently, large-scale
contemporaneous aggregation of linear and heteroscedastic heterogeneous time
series models was studied in [19,37,39,74,79,87,88,111,112] and other papers.

Let us describe the main results of the present chapter. Assume that the
mixing density satisfies Assumptions (A1) and (A2) with —1/2 < 8 <0 and N, n
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increase simultaneously so as

N1/1+8)
- 7 HE [07 OO], (44>

leading to the three cases (i)—(iii):
Case (i): p =00, Case (ii): p =0, Case (ili): 0 < pu < 0. (4.5)

Our main result is Theorem 4.3 of Section 4.2 which states that the ‘simultaneous
limit’ of Sy, (7) exists in the sense of weak convergence of finite-dimensional

distributions, and is different in all three Cases (i)—(iii), namely,

N=Inf=02gy (1) 4 03B(1/2)-5(7) in Case (i), (4.6)
N-Y+Dp-12g, () fdd WsB(T) in Case (ii), (4.7)
NV =128, (7) fad 2 Zs(1/ 1) in Case (iii). (4.8)

Here, B(1/9)-p is a standard fractional Brownian motion with Hurst parameter
H = (1/2) — B, o is a constant defined in Proposition 4.2(ii), W3 > 0 is a
(1 4 B)-stable r.v. independent of a standard Brownian motion B, and Zz is an

‘intermediate process’ defined as the double stochastic integral
Zg(T) = / {/ e =) (s < u)du}dB(s) N(dz), 72>0, (4.9)
RXR+ 0

where N = {N(dz), z € R, } is a Poisson random measure on R, := (0, c0) with
intensity v(dr) := EN(dz) := ¢12°dz, independent of standard Brownian motion
B. The existence of the process Zg in (4.9) and its properties are discussed in
Section 4.2. In particular, we show that Z can be regarded as a ‘bridge’ between
the limit processes in Cases (i) and (ii), in the sense that Zs behaves as B(1/2)—g
at ‘small scales’ and as W3B at ‘large scales’. See Proposition 4.2 for rigorous
formulation.

This chapter extends the previous one (based on [79]), where a similar problem
was discussed for stationary random-coefficient AR(1) processes Y; = {Y;(t), t €

Z},1=1,...,N, with independent (or idiosyncratic) innovations:
Yi(t) = a;Yi(t — 1) +¢i(t), te€Z,

where {e;(t), t € Z} are independent copies of {(t), t € Z} in (4.1), indepen-
dent of a; € [0,1), i = 1,...,N. Let Syn(r) = 2N SIMyi(1), 7 > 0, be

the analogue of Sy, (7) in (4.2). In Theorem 3.2 on page 24 under Assump-
tion (Al) with —1 < 8 < 1 and N,n increasing as in (4.4), we obtained joint
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limits of Sy, (7) in the respective Cases (i)—(iii) of (4.5). Namely, the limit pro-
cess of Sy, (7) in Case (i) is a fractional Brownian motion similarly to (4.6),
but the limits of Sy, (7) in Cases (ii) and (iii) differ from (4.7) and (4.8). In
particular, the ‘intermediate process’ Zz in Chapter 3 arising under Case (iii) is
written as a ‘Poisson mixture’ of integrated Ornstein-Uhlenbeck (O-U) processes
ST AJT e =91(s < u)du}dB(s) on the product space Ry x C(R) equipped with
the measure v(dz) x P, with P being the Wiener measure on C(R), while in the
representation (4.9) of Zz, these O-U processes are ‘mixed” w.r.t. x only. These
differences are due to different dependence structure between summands X; and
Y; in the common and idiosyncratic aggregation schemes: the Y;’s are mutually
independent processes while the X;’s are strongly interdependent due to common
innovations.

The results of Chapter 3 and the present chapter are related to the study of
joint limits of the aggregated input in network traffic models, see [27,34,35,55,70,
105] and references therein. See Chapter 3 for a discussion of the relation between

AR(1) and network traffic aggregation schemes and their limit processes.

4.2 Main results

For —1/2 < 8 < 0, define a standard fractional Brownian motion B /2)_s with
Hurst index H = (1/2) — § € (1/2,1) as stochastic integral

T

Bjay-p(7) := Cgl/ ((r —s)% = (=5)1")dB(s), 720, (4.10)

—0o0

w.r.t. a standard Brownian motion B, where C3 := —8B(—8,1+28)/(1 - 283) =
f_loo((l —5)7% — (—5)77)2%ds. Note that EBY, 5 5(1) = 71727, See [36, page 545].

Next, let W3B = {WsB(r), 7 > 0}, —1/2 < § < 0, where W5 > 0 is
a completely asymmetric (1 4+ f)-stable r.v., independent of standard Brownian
motion B = {B(r), 7 > 0} and having the log-Laplace transform log Ee=/"s =
Yy [7(e7" = 1)aPde = —¢y (D(=B)/(1+ B))6*7, 8 > 0. Note, the process WsB
has stationary increments and is self-similar with index 1/2.

Proposition 4.2 details the third limit process arising under (4.4)—(4.5). Before
that, we discuss the double stochastic integral w.r.t. Gaussian and Poisson random
measures.

Let N = {N(dz), x € R} be a Poisson random measure on R, with intensity
v(dz) := EN(dz) := ¢y 2°dz, —1/2 < 8 < 0, independent of a standard Brownian
motion B = {B(s), s € R}. Let N(dz) = N(dz) — v(dz) be the centered Poisson
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random measure. Let L, (p > 1) be the space of all r.v.s £ measurable w.r.t. the o-
field generated by N and B and such that E|{[P < co. Write E = Ex x Ep, where
En,Ep refer to expectation w.r.t. N, B only. For 1 < p < 2 let £L,(R; x R)
denote the Banach space of all measurable real-valued functions h = h(z,s),
(x,s) € Ry x R such that

Ihllz, = (/R+ {/Rh2(x s} 2y(dx)>1/p+/R+{/RhQ(x,s)ds}l/Qu(dx) < 50

Let Lo(Ry x R) consist of all (step) functions h = h(z, s) taking a finite number
of non-zero values h,,(k, j) on squares (k/n, (k+1)/n]x (j/n,(j+1)/n] C Ry xR,
k=0,1,...,7=0,£1,£2,... for some n =1,2,.... For such h € Ly(R, x R),
define the double stochastic integral I(h fR g M, s)N(dz)dB(s) as a sum

Zh (k, )N ((k/n, (k +1)/a))B((j/n. (j + 1)/n]), (4.11)

where B((j/n, (7 +1)/n]) := B((j +1)/n) = B(j/n).

Proposition 4.1. For any 1 < p < 2, the double stochastic integral I(h) =
fR g M@, 8)N(dz)dB(s) in (4.11) extends to any h € L,(Ry x R), by continuity

in Ly, cmd satisﬁes the inequality
E[I(n)[" < Cllhl, (4.12)

with C' > 0 independent of h € L,(R;y x R). Moreover, for any h € L,(R; x R)
and any 0 € R,

Eelfl(h)  _ EBexp{/R (exp {iH/Rh(x,s)dB(s)}—1>V(da7)}

_ ENexlo{_"_2 / ( / h(x,s)N(dx))st}. (4.13)
2 Jr NI,

In particular, I(h) has a mized Gaussian distribution with ‘random wvariance’
fR(fR+ h(x,s)N(dz))?ds.
Proposition 4.2. (i) The process Zz = {Zg(1), 7 > 0} in (4.9) is well-defined
for any 5 € (=1/2,0), as a stochastic integral of Proposition 4.1, and satisfies
E|Zs(T)|P < oo for any p € [1,2(1 + ) C [1,2). Moreover, Zs has stationary
increments and a.s. continuous paths on R .
(ii) (Asymptotic self-similarity.) For any —1/2 < 3 <0,

VD Z50m) S 65Buysy-s(r) asb—0, (4.14)

b2 Z5(br) S WB(r) asb— oo, (4.15)
where 05 := — 1 ['(B)Cp.
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In Theorems 4.3 and 4.4, Sy, (7) is the aggregated sum (4.2), where X; are

stationary random-coefficient AR(1) processes

Xi(t)=> ale(t—s), teZi=1,.. N, (4.16)
s=0
with common i.i.d. innovations {e(t), t € Z} such that Ee(t) = 0, Ee?(¢) = 1, and
i.i.d. random coefficients a; € (—1,1), i =1,..., N, independent of {e(t), t € Z}.
Note that the series in (4.16) converges conditionally a.s. and in Lo for any fixed
a; € (—1, 1)

Theorem 4.3. Let Assumptions (A1) and (A2) be satisfied, where —1/2 < 3 < 0.
Then the simultaneous limits of the normalized partial sums Sy, as N,n — oo
under (4.4) are given in (4.6)—(4.8) in respective Cases (i)-(iii) of (4.5).

Theorem 4.4. Let Assumptions (A1) and (A2) be satisfied, where B > 0. Then,

as N,n — oo in arbitrary way,

fdd

N~ Y28y (1) = o B(7), (4.17)

where {B(t), T > 0} is a standard Brownian motion and o := E(1 —a)™.

4.3 Proofs

Proof of Proposition 4.1. Rewrite I(h) in (4.11) as I(h) = I1(h) + I2(h), where
L(h) = 3y (s 7)o ((R /s (R4 1) /n]) B((5/n, (G+1)/nl), To(h) = 35 a (K, )
x N((k/n,(k+1)/n))B((j/n,(j+1)/n]). By inequality (3.24) on page 26 for pth

moment of Poisson stochastic integrals, it follows that for any 1 < p < 2,

ElL(h)[P

IN

EE[|L(h)["|B]
283 | 37 bk ) BUG /. G+ 1)/m])| (/. (k4 1))

IA

23 (] S bl ) B(G/m G+ 0|}, G 1))

= 2 ST/}, 1))

_ 9 /R + { /R Bz, s)ds}p/ “U(da),
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while
BIL(R)P < {E[L(R)}?

= {Z (S mawtten. G ) a/m}”

J

{2 (| S aeeinam[) “wttssm o vy}
B {/R ([ha(x,s)ds>l/2y(d$)}p

by Minkowski’s inequality. Hence, I(h) in (4.11) satisfies (4.12). The set Lo(R; x
R) being dense in £,(R; x R), the linear map I : Lo(R; x R) — L, in (4.11)
extends by continuity in L, to £,(R; xR) and satisfies (4.12). The second equality

IA

in (4.13) is obvious. Consider the first equality in (4.13), which obviously holds for
h € Lo(Ry x R). Note that L(h) := fR+( el Ja h@)dB(s) _ 1)1 (dz) is well-defined
and satisfies Eg|L(h)| < |€|f]R Ep| [z h(z,s)dB(s)|v(dz) < |0|fIR 1/2|f]R h(x,s)

AB(s)Pu(da) = 10] f,, v(da){ fy, B3(a,5)ds}/2 < [6][hllz, and Re(L(R)) < 0.
Due to these facts, the first equality in (4.13) easily extends to h € L,(Ry x R).
Proposition 4.1 is proved. [

The proof of Proposition 4.2 uses Lemma 4.5. For (z,t) € R, x R define

(1—e ™) /z, ifz>0andt >0,
flz,t) = (4.18)

0, otherwise.
Lemma 4.5. (i) Let L(t,z) = [*_(f(z,7 —s) — f(z,—s))dB(s); Ay(T,2) =
b= 048 (exp{iOb' TP L(7, 2)} — 1); Ao(1,2) = i0L(7,2) for 7 >0, 2 > 0, b > 0,
0 € R. Then
/ Ab(T,x)V(dx)g/ Ao(7, z)v(dz), b— 0. (4.19)
0 0

(ii) Let My(1, z) == exp{ifz~" [} (1—e "*=))dB(s)}—1; Muo(7, z) := exp{ifz "
JydB(s)} =1 forT>0,z>0,b>0,0€R. Then

/000 My(, 2)v(dz) 2 /000 Moo (T, z)v(dx), b— . (4.20)

Proof. (i) Let 1 < p < 2(1+ ) < 2. Using |e® — 1 — | < min(2|z|,2%/2), z € R,
we obtain
|Ap(7,2) — Aog(T,2)] < Cmin (bl+BL2(T, x), |L(T, x)|)
= C{b"P|L(r,z)|1(1 < b"*P|L(7,2)])
+b" P L(, 2)P1(1 > b L(r, 2)|) }
< C’b(1+5)(p_1)|L(T, )P,
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which tends to 0 with probability 1 as b — 0 for any = > 0. Hence

s / (Ma(7,2) = Ao(r, 0)w(de)| < B / Ey|L(r, 2)[Pu(dz)
0 0
O(b(1+ﬁ)(p—1)) = o(1),

since [ Ep|L(r,z)[Pv(dz) < C [;° |o(r, 2)[Pr(dz) < oo by (4.22) with o?(7,2) =
EpL?*(1,z) evaluated in (4.21). This proves (4.19).
(i) Since|My(T,2) — Moo(T,2)| < Cmin(1, [fz" [ e *=9dB(s)|) =: Ly(7, z),

we have
EB/ |IMy(T,2) — Moo(T, x)|v(de)
0
§/ EB]Lb(T,x)]V(da:)+/ Ep|Ly(7,z)|v(dz) =: I + L.
0 €

Since f > —1/2 > —1 and L, is bounded, the integral I; can be made arbitrary
small by choosing € > 0 small enough. The proof is completed by showing that

I, < C/ EB‘SL’I/ e’bx(T’s)dB(s)‘xﬁdx
€ 0
oo T 2
< C/ E}B/Q‘/ e_bx(T_S)dB(s)‘ 2P da
€ 0

C’/OO ‘ /T e 2025 (s
¢ 0

< C/ (zb) 22 dx = 0, b— .

1/2 .
27Nz

IN

This proves (4.20) and the lemma, too. O

Proof of Proposition 4.2. (i) We have h.(z, s) := [ e *“*)1(s < u)du = f(z,7—
s) — f(z,—s), (z,s) € Ry x R, where f(7,z) is defined in (4.18). By Proposi-
tion 4.1, Zs(1) = I(h,) is well-defined provided ||h,||z, < oo for some 1 < p < 2.
From (3.33), (3.34) on page 28 we have

o?(r,x) == / h(z,s)ds < C%(l A (T)) (4.21)
R
and hence
/2 0 /2
/ {/hz(x,s)ds}p v(dr) < OTp/z/ {%(1/\(7%))}27 2P dx
R, R 0 z
< OrPr/A71-8 < o (4.22)

for 1+ 5 <1<p<2(1+ ). Therefore
BIZo(r)P < Cllh |12, < CD-15 1 10-2002) < o (4.23)
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for7>0,1<p<21+p). fR g Nr(z,5)N(dz)dB(s) has stationary

increments because the invariance propertles hT+u($, s) — hy(x,s) = h(x,s — u),

{dB(s +u), s € R} e {dB(s), s € R}, 7,u > 0, hold for the integrand and the

white noise dB. The fact that Zs(7) has a.s. continuous paths follows from (4.23)
and stationarity of increments, and the Kolmogorov criterion [73, Theorem 2.2.3],
by noting that both exponents of 7 on the r.h.s. of (4.23) are strictly greater than
1 for p < 2(1 + B) sufficiently close to 2(1 + ). This proves part (i).

(ii) We use the method of characteristic functions and restrict the proof to the
one-dimensional convergence at fixed 7 > 0; the proof of finite-dimensional con-

vergence follows similarly.

Proof of (4.14). Using (4.13) and the scaling property f(z,bt) = bf(bz,t) we

obtain

br

Up(6) = EBeXp{/OOO (exp{i@bﬂ_l/z/ (f(x,br — s)

—00

~ f(e, —s))dB(s)} _ 1>1/(d:c)}

- EBexp{/OoO (exp{i&blw/ (f(bz, T — s)

—0o0

— f(bz, —s))dB(s)} - 1)V(dx)}
= Epexp { /000 Ay(T, y)l/(dy)},

where we changed a variable to get the last equality with Ay(7,y) defined in
Lemma 4.5(i). Since Re{ [y~ Ay(7,y)r(dy)} < 0, Lemma 4.5(i) implies the con-
vergence Uy(0) — Uy(0) := Ep exp{foOO Ao(7,y)v(dy)} for any 6 € R. It remains
to show that Uy(0) = Eexp{ifosB(1/2)-5(7)}. Usmg the definitions of B(y/2)_s(T )
in (4.10) and f(x,7) in (4.18) and the identity [° f(z, 7)v(dz) = =i T(B)7~
g€ (—1,0), 7 > 0, we obtain

/000 Ao(1,2)v(dx) = 10/ / ,T—58)— f(x,—s))v(dx)dB(s)
= 1005B2)-5(7), (4.24)

where the interchange of the order of integration in the first equality of (4.24) can
be justified by the stochastic Fubini theorem, see [85, Chapter 6, Theorem 65].
The proof of (4.14) is complete.

Proof of (4.15). It is well-known (see, e.g., [96, Theorem 3.12.2]) that the (1+ 3)-

stable r.v. Wjs in (4.15) can be written as stochastic integral w.r.t. Poisson random
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measure N: Wj 4 JoS 27 N(dz). Let us prove that as b — oo,
bt

Vy(0) = Eexp{ieblﬂ/ooo O f(x,bT—s)N(dx)dB(s)}

— Eexp {i@/ x_lN(dx)B(T)} = BB = v (6).
0

Indeed, using (4.13) and scaling properties of f(z,t) and B, we have V,(0) =
Epexp{ [;° My(7,2)v(dz)}, where My(7,x) is defined in Lemma 4.5(ii). Since
Re{ [;° My(7, z)v(dz)} < 0, relation Vi(0) — Vi(0) = Epexp{ [, Mu(7,2)
v(dz)}, b — oo, follows from Lemma 4.5(ii). It remains to prove that

/ / (x,br —s) — f(x, —s))N(dx)dB(s)‘p — 0, (4.25)

b — oo, for some p > 0. Using Loo (07 — 5) — f(z,—s))dB(s) = z7}(1 —
e™™7) [T e **dB(s) and the inequality in (3.24) on page 26 with 0 < p < 1+ <
1,3p/2 > 1+ we obtain

WRI(b,p) < / 71— et /x|pEB‘ / e dB( )‘ v(dz)

c / o) fap /0 N e*%Sds)p v(dz)

< [ faPa (e = ORI — o),
0

I(b,p) :== b P’E

IN

which yields (4.25) and completes the proof of (4.15). Proposition 4.2 is proved.
O]

To prove Theorem 4.3 we need the following lemma.

Lemma 4.6. Let n,(a,s) == Z][fml] a=*1(s <t), s € Z, a € (—1,1). Then as
N,n — oo and N+ /n — 1 € {1, 00},

~2,,26- 12(2% a4, s )

SEZL =1

/ / / ~a(t=9)1 (s <t)dtN(d:c)) ds, p=1, )
(—

BB / (r—8)7" — (—)77)ds,  p=oo

Proof. We use the criterion in Cremers and Kadelka [23]. Rewrite (4.26) as Iy, RN
I, where Iy, = [, A%, (s)ds, I := [, A*(s)ds and

N
nﬁ

Ana(s) = — nn(az, [ns]),

A(s) = / / 1(s < t)dtN(dz), p=1,
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with k := —¢1T'(5). Accordingly (see [23], the second Corollory to Theorem 3),

it suffices to verify two conditions:

Ana(s) S Als) (4.27)
and
1/2
E[ / A?V7n(s)ds} <. (4.28)
R
Relation (4.27) follows from the convergence of the joint characteristic functions:
Eeol 271 0iANn(si) — (1 - @N’n)N — €© = Bel 271 0A() (4.29)
N
for any (0y,...,0,,) € R™, —c0o < 51 < -+ < 8, < 00, m € N, where

Onp = NE[exp {1% iejnn(a, [nsﬂ)} - 1]

and
1/11/ (eXp {12@/ e’x(t’sﬂ)l( < t)dt} 1>xﬁdx, w=1,
o - 0 =1 0
i) 0;A(s;) =ik > _0;((1— ;)" = (=s,)77), jt = oo.
j=1 j=1

Observe that A(s) = ¢y [[7( [y e ™91 (s < t)dt)aldx if g = co. Split Oy, =

ONn1 + Onn2, Where

ONpa = [exp {1— Z@mn . [ns;]) } } (1—e<a<l),

ONnpa = [exp{ 29]17” . [ns;]) } } (-l<a<1l-—e¢),

with the same € > 0 as in Assumption (Al). From n,(a,s) < 2/(1 — a) and
e — 1] < |2| (z € R), we obtain |On 9| < CRPE[(1 —a) '1(-1<a<1—¢)] =
o(1) as B < 0. Next, with hy(z,s) := [I"/"(1 — 2)m1-[s11([ns] < [nt])dt by

change of variable a = 1 — x/n we obtain

1 nl—i—ﬁ m [nT]/n
= i— . [nt]—[ns;] 1< _
ONm1 N/16 (exp {1 N ;9]/0 a 1([ns;] < [nﬂ)dt} 1)
x9(a)(1 — a)’da

= ni\iﬁ /Om (exp {in;6 Zm:ejhn(x,sj)} — 1)1/;(1 — E) 2Bdr

Jj=1

- 0 (4.30)
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in both cases p = 1 and p = oo. This follows from the pointwise convergence

hn(z,s) — fOT e =91 (s < t)dt, (r,s) € Ry x R, and the dominating bound

nﬁﬁ’exp{ 29 o ( Sj)} B 1’1(0 <z <en) < Cmin(l, (1/2)),

which is a consequence of the inequalities e — 1| < |z| (z € R), [1 —u] < e

(u € [0,1]). This proves (4.29) and (4.27).
Consider (4.28). Write Jy,, for the Lh.s. of (4.28). By Minkowski’s inequality,

JN,n L [Z(Znn 0 s >]1/2

se€Z  i=1
1/2
< nf02F [ZnnaS}
SEZ
1/2
= 1/2{ [Znnas} 1(1—-e<a<l)
SEL
1/2
—i—E[Znnas} 1<a§1—e)}
SEL
= JN,n,l + JN,n,2

for the same € > 0 as in Assumption (A1). Since Y _,7:(a, s) + ZLM1 n2(a,s) <
C((1+a)™t+n) for =1 < a < 1—¢, we therefore get Jy 2 = O(n”?) = o(1) under
Assumption (A2). Next, similarly to (4.30), by change a = 1 — z/n of variable
and with the same h,(z,s) as in (4.30), we obtain

en T 1/2
INn1 < C’/ xﬁdx[/ h2(x, s)ds] < C.
0 —o0

This proves (4.28) and completes the proof of Lemma 4.6. O

Proof of Theorem 4.3. We use the method of characteristic functions as in Chap-
ter 3. For notational convenience, we restrict the proof to one-dimensional con-
vergence at 7 > 0. The case of general finite-dimensional distributions does not

require essential changes.

Case (iii) (proof of (4.8)). Let u = 1. As in the proof of Theorem 3.2, we first
assume ¢ to be a standard normal r.v., i.e. € 4 N(0,1). Tt suffices to show that
for each 6 € R,

Eexp{ig N~V 0+0,-1/25, ( )} (4.31)
s Belf%s(T) — By exp / / / 291 (s < t)dtN(dx)) ds}
R: Jo
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as N,n — oo, NY/U+8) /n — 1, where the characteristic function of Z(7) follows
from (4.9), (4.13). Use X;(t) = 3., al"*z(s) and Ee” = e=%"/2 to write the Lh.s.
of (4.31) as

EE[exp {i@N‘l/(lJrﬁ)n_l/2 Z <§: M (@i, s))g(s)}’al, ..ay]

SEZL =1

:Eexp{ (0*/2)N N~2/0+6) _12 (Znn i, S ) }, (4.32)

SEZL =1

with the same 7, (a, s) as in Lemma 4.6. Whence, (4.31) immediately follows from
the above-mentioned lemma.

In a general case of ¢, the above argument needs some modification, see the
proof of Theorem 3.1. Namely, we use the fact (see, e.g., Ibragimov and Lin-
nik [49, Theorem 2.6.5]) that the characteristic function of £ has the following

representation in a neighborhood of the origin: there exists § > 0 such that
Ee% .= e~ (1/2900)  for each || < 6, (4.33)

where h() is a positive function tending to 1 as # — 0. For 0 < p < 1/2 consider
the set Qy, == {a = (a1,as,...) € [0, DN : N (1 —a;)"" < NYO+H)ppY. Then
SWacay sz | it (s, 8)| < 2NVCF)n2 implies

N

sup ‘h(@N‘l/(H’B)n_l/Q Znn(ai7 s)) — 1] = o(1). (4.34)
acQy ,, sEZ Py

For N and n large enough, split Uy ,(0) := Eexp{idN~V1+A)n-128y (1)} =

Unni(0) + Unna(8), where Uy, 1(6) := E[exp{id N~V 48 =128y (1)}1(a €

QNJZ)]’

Unna(0) == Elexp{igN~V+An=125y ()}1(a & Qn.,)]. By Markov’s inequal-

ity, for (1+5)/(14+p) <g<1+p <1, we get

E(SCL (1 —a)™)*
3 1/(14+8), p i=1 i
Unna(0)] < (}1: (1—a)™t > NV < (N5 )"
1/(1+p8
< E{u : )J(N/(+ ))qul—“”p)/“*BHO'
—a n

Using (4.33), (4.34), P(a & Qn,) — 0 and (4.31), we obtain

Unna(6) = Blexp{ = (62/2)N"2/0+p1 37 (Z% a;, s )

s<[n7] =1

><h<9N_1/(1+/B)n_1/2 Znn(ai, s)> }1(0, € QNn)] — Ee'?%5(7)
i=1
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Chapter 4. Aggregation of AR(1) processes with common innovations

and finish the proof of Uy, () — Eel?Z5(7) in the general case of e. Finally, the gen-
eral case of 0 < p1 < oo reduces to p = 1, since n™Y28y ,,(7) = p/?0 Y2 x4 (7/ 1)
with 7 = nu satisfying N0+ /i — 1.

Case (i) (proof of (4.6)). Follows similarly to Case (iii) by using (4.32) and

Lemma 4.6 with p = oo.

Case (ii) (proof of (4.7)). Split

Snn(T) = Bnn1(T) = Bnm2(T) + Enns(7), (4.35)
where
[n7] 1
Sl = Y
s=1 i=1 v
[n7] N [nT]—s—&—l
Snna(r) = Y (Z - )5(5),
s=1 i= v
N 1—s [n7]
a "(1—a;")
YNns(T) = Z (Z i —a )8(8).
s<0 =1 ’
It suffices to prove that
NV =125 () Y WeB(r), (4.36)
Snni(T) = op(NYUHARY2) -y =23

as N,n — oo, NY/(+8) /i — 0. The first relation in (4.36) follows from

[n7] N
n~t? Zs(s) 4 B(r) and N V09 Z(l —a)t S W, (4.37)
s=1 =1

by independence of {(s)} and {a;} and the continuous mapping theorem. In
turn, the first relation in (4.37) follows by the classical central limit theorem for
ii.d. r.v.s with finite variance. A similar statement for sums of i.i.d. r.v.s in the
domain of attraction of stable law (see [49, Theorem 2.6.7]) implies the second
limit in (4.37), because the distribution of (1 — a)~! belongs to the domain of
attraction of the (1 + f)-stable law Wgs: P((1 —a)™! > 2) =Pla>1—271) ~
(1/(1 + B)a~+F) 1 — oo, according to (4.3). The remaining relations in
(4.36) are established in Lemma 4.7. This proves (4.7) and completes the proof
of Theorem 4.3. [

Lemma 4.7. Xy ,,;(7) = 0,(n'/2NY+8)) § =23 as N,n — oo and NV/(H+A) /n
— 0.
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4.3. Proofs
Proof. W.lg., let 7 =1 and Xy, :

= Ynni(l), i = 2,3. We shall prove that for
214+ 8)<p<1+p,

B[Sy pil? = o(nP2NP/O+8)) =9 3, (4.38)
We have E|Xy 2P < EVY, where

1/2 2 . N ety 2y 172
Vo EY?[|Synal?|ar, ... an] :{Z(Z 1l—a-) }
s=1 =1 *
N n 2 1/2 N (1 o a2n)1/2
< =
< Z{Z 1_%)2} Z(l—ai)(l—a)l/z
=1 =1
by Minkowski’s inequality. Hence,
(1 _ a2n)1/2
El¥XNn2P < NEAY,  where Ay := T (4.39)

as p < 1. Split EAY = E[A1(a < 1 —¢€)] + E[A}1(a > 1 — €)] =: A}
the same € > 0 as in Assumption (Al)

Assumption (A2).

+ A} for
. Then A, < CE(1 + a)™?? < C under
Next, by change of variable 1 — a = z/n we obtain

1 _ 2n\p/2
" (1 a )p B
Ay < C'/lE A= (1 —a)’da

— OpBe/2-(146) / - <1 _ <1 _ §>2">”/ Qxﬁ—(sp/z)dag?
0

n

where the last integral tends to [;(1 —e™2*)P/2z8=Gr/2dz < oo for 2(1+ 3)/3 <
p < 1+ [ by the dominated convergence theorem. Therefore, E|Xy, 2P <
C Nn@®r/2=0+8) proving (4.38) for i = 2.

The proof of (4.38) for ¢ = 3 is similar. Namely, E|Xy 3|7 < EVY, where

N 1—s
a; 1 —a™)\2y1/2
= )= {5 (5 )
s<0 =1 @i
< ? < 7 .
>~ Z{Z 1_ai)2 } - Z (1—@2-)(1—@22)1/2
=1 s<0 =1
Hence
1—a"
ElXNns3/P < NEAL, where A; :=

(1—a)(1—a?)'/?
similarly to (4.39). Next, EA; = E[A51(a < 1—¢)]+E[A%1(a > 1—¢€)] = Aj+AY,
where Ay < CE(1+a)™?/? < C and

1
" (1 — an)p B
A3 S ¢ /16 m(l - a> da

CnG/2)~(148) / - (1 _ (1 T )n)pxﬂ—(:%p/z)dx,
0 n
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Chapter 4. Aggregation of AR(1) processes with common innovations

where the last integral tends to [;~(1 — e *)Pz®~ (/2 dz < co. Lemma 4.7 is

proved. [

Proof of Theorem 4.4. We restrict the proof of (4.17) to one-dimensional conver-
gence at 7 > 0. Split Sy, (7) as in (4.35). Then, by the central limit theorem
and the law of large numbers, n='2N=1Sy,.1(7) > ¢B(r) as N,n — oo in an
arbitrary way. It remains to show that Sy ,.;(7) = op(Nn'/?), i = 2,3. W.lg.,
let 7 = 1. According to (4.39), E|Sxn2(1)] < E{E[|Snn2(1)?|ay,. .., an]}? <
NEA,. Split EA; = E[A31(a < 1 —¢€)] + E[A31(a > 1 — ¢€)] as in the proof of
Lemma 4.7. Then E[Ay1(a < 1 —¢)] < CE(1 +a)™ /2 < C. Using 1 — u® <
min(1l,n(l —w)), v € (0,1), for max(0,1/2 — 5) < ¢ < 1/2 we get E[A21(a >
1 —€)] < CniE[(1 — a)?*/?] < Cn? and thus E|Xy,2(1)] < CNn? = o(Nn'/?).
The proof of E|Yy,.3(7)| = o(Nn'/?) is analogous. Theorem 4.4 is proved. O
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Chapter 5

Statistical inference from
panel AR(1) data

This chapter contains the article [63]. We discuss nonparametric estimation of the
distribution function G of the autoregressive coefficient a € (—1, 1) from a panel of
N random-coefficient AR(1) series, each of length n, by the empirical distribution
function of lag 1 sample autocorrelations of individual AR(1) processes. Consis-
tency and asymptotic normality of the empirical distribution function and a class
of kernel density estimators is established under some regularity conditions on G
as N and n increase to infinity. The Kolmogorov—Smirnov goodness-of-fit test for
simple and composite hypotheses of beta distributed a is discussed. A simulation
study for goodness-of-fit testing compares the finite-sample performance of our
nonparametric estimator to the performance of its parametric analogue discussed
in [9].

5.1 Introduction

Panel data can describe a large population of heterogeneous units/agents which
evolve over time, e.g., households, firms, industries, countries, stock market in-
dices. In this chapter we consider a panel where each individual unit evolves over
time according to order-one random coefficient autoregressive model (RCAR(1)).
It is well known that aggregation of specific RCAR(1) models can explain long
memory phenomenon, which is often empirically observed in economic time series
(see [40] for instance). More precisely, consider a panel {X;(¢),t =1,...,n,i =
1,...,N}, where each X; = {X;(t), t € Z} is an RCAR(1) process with (0,c?)
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Chapter 5. Statistical inference from panel AR(1) data

noise and random coefficient a; € (—1,1), whose autocovariance

EX,(0)X,(t) = 0 / L

T2 dG(z)

is determined by the distribution function G(x) = P(a < z), z € [—1,1], of the
AR coefficient. Granger [40] showed, for a specific beta-type distribution G, that
the contemporaneous aggregation of independent processes X1, ..., Xy results in

a stationary Gaussian long memory process {X(¢), t € Z}, i.e.,
N~1/2 ZX fdd as N — oo, (5.1)

where the autocovariance EX(0)X () = EX;(0)X;(¢) decays slowly as t — 0o so
that ), ., |[EX(0)X(t)] = oo

A natural statistical problem is recovering the distribution G (the frequency
of a across the population of individual AR(1) ‘microagents’) from the aggre-
gated sample {X(1),...,X(n)}. This problem was treated in [20,21,61]. Some
related results were obtained in [19,48,50]. Albeit nonparametric, the estimators
in [20,61] involve an expansion of the density ¢ = G’ in an orthogonal polynomial
basis and are sensitive to the choice of the tuning parameter (the number of poly-
nomials), being limited in practice to very smooth densities g. The last difficulty
in estimation of G from aggregated data is not surprising due to the fact that
aggregation per se inflicts a considerable loss of information about the evolution
of individual ‘micro-agents’.

Clearly, if the available data comprises evolutions {X;(1),...,X;(n)}, i =
1,...,N, of all N individual ‘micro-agents’ (the panel data), we may expect a
much more accurate estimate of G. Robinson [92] constructed an estimator for
the moments of G using sample autocovariances of X; and derived its asymptotic
properties as N — oo, whereas the length n of each sample remains fixed. Beran et
al. [9] discussed estimation of two-parameter beta densities g from panel RCAR(1)
data using maximum likelihood estimators with unobservable a; replaced by sam-
ple lag 1 autocorrelation coefficient of X;(1),...,X;(n) (see Section 5.6), and
derived the asymptotic normality together with some other properties of the es-
timators as N and n tend to infinity.

The present chapter studies nonparametric estimation of G from panel RCAR(1)

data using the empirical distribution function:
| N
Gnla '_NZ (@in <), z€[-1,1], (5.2)
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5.2. Estimation of random AR coefficient

where @, ,, is the lag 1 sample autocorrelation coefficient of X;, i = 1,..., N (see
(5.12)). We also discuss kernel estimation of the density g = G’ based on smoothed
version of (5.2). We assume that individual AR(1) processes X; are driven by
identically distributed shocks containing both common and idiosyncratic (inde-
pendent) components. Consistency and asymptotic normality as N,n — oo of
the above estimators are derived under some regularity conditions on G. Our
results can be applied to test goodness-of-fit of the distribution G to a given hy-
pothesized distribution (e.g., a beta distribution) using the Kolmogorov—Smirnov
statistic, and to construct confidence intervals for G(z) or g(x).

The chapter is organized as follows. In Section 5.2 we obtain the rate of
convergence of the lag 1 sample autocorrelation coefficient @; ,, to a; in probability,
the result of independent interest. In Section 5.3 we prove the weak convergence of
the empirical process in (5.2) to a generalized Brownian bridge. Section 5.4 treats
the Kolmogorov—Smirnov goodness-of-fit test for simple and composite hypotheses
of beta distributed a. In Section 5.5 we show that kernel density estimators of
g(x) are asymptotically normally distributed and their mean integrated squared
error tends to zero. In Section 5.6 a simulation study compares the empirical
performance of (5.2) and the parametric estimator of [9] when testing the equality
of G to a given beta distribution. The proofs of auxiliary statements can be found

in Section 5.7.

5.2 Estimation of random AR coefficient

Consider an RCAR(1) process
X(t)=aX(t—-1)+((t), teZ, (5.3)
where innovations {((¢)} admit the following decomposition:

C(t)=bn(t)+c£(t), teZ, (5.4)

where random sequences {n(t)}, {£(¢)} and random coefficients a, b, ¢ satisfy the
following conditions:

Assumption (A1). {n(t)} arei.i.d. r.v.s with En(0) = 0, En?(0) = 1, E|n(0)|?" <
oo for some p > 1.

Assumption (A2). {£(t)} arei.i.d. r.v.s with E£(0) = 0, E€2(0) = 1, E|£(0)]?F <
oo for the same p as in (Al).

Assumption (A3). b and c are possibly dependent r.v.s such that P(b? + ¢* >
0) =1 and Eb? < oo, Ec? < 0.

63



Chapter 5. Statistical inference from panel AR(1) data

Assumption (A4). a € (—1,1) is a r.v. with a distribution function (d.f.)
G(z) := P(a < z) supported on [—1, 1] and satisfying

E(l _1|a‘> - /_1 fﬁ@l < . (5.5)

Assumption (A5). a, {n(t)}, {£(t)} and the vector (b,c)" are mutually inde-
pendent.

Remark 5.1. In the context of panel observations (see (5.10)), {n(t)} is the
common component and {£(¢)} is the idiosyncratic component of shocks. The
innovation process {((t)} in (5.4) is i.i.d. if the coefficients b and ¢ are nonrandom.

In the general case {((t)} is a dependent and uncorrelated stationary process with
FC(0) = 0, BC2(0) = Bt + Be2, EC(0)C(t) = 0, 1 40,

Under conditions (A1)—(A5), a unique strictly stationary solution of (5.3) with

finite variance exists and is written as

X(t) =) d™(s), te (5.6)
s<t
Clearly, EX(t) = 0 and EX?(t) = EC?(0)E(1 — a?)™! < co. Note that (5.5) is
equivalent to

1
E(—) <oo, l<p<L2,
[—Japp/) =" P=

since 1 — |a] <1 —|alP <2(1 —|a|) for a € (—1,1).

For an observed sample X(1),...,X(n) from the stationary process in (5.6),

define the sample mean X,, :=n~'>""" | X(¢) and the sample lag 1 autocorrelation
coefficient

LT (X))~ X (X(E 1) — X,

Z?:l (X(t) - XH)Q '

Ay =
Note the estimator @, in (5.7) does not exceed 1 a.s. in absolute value by the

(5.7)

Cauchy—-Schwarz inequality. Moreover, it is invariant to shift and scale transfor-
mations of {X (¢)} in (5.3), i.e., we can replace {X (¢)} by {pX(t) + p} with some
(unknown) p € R and p > 0.

Proposition 5.1. Under Assumptions (A1)-(A5), for any 0 <~y <1 andn > 1,
it holds
P([@, —a| > ) < C(n” GNP,

with C' > 0 independent of n, .

Proof. See Section 5.7. []
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Assume now that the d.f. G of a satisfies the following Hélder condition:
Assumption (A6). There exist constants Lg > 0 and g € (0, 1] such that

|G(z) = Gy)| < Lole —yl®, =y €[-1,1]. (5.8)
Consider the d.f. of a,:
Gn(z) =P(a, <z), xel[-11]. (5.9)
Corollary 5.2. Let Assumptions (A1)-(A6) hold. Then, as n — oo,

sup |Gn(x) — G(x)| = O(n—rip(%/\(p—n)).

z€[—1,1]

Proof. Denote 0, := @, — a. For any (nonrandom) > 0 from (5.8) we have

sup |Gn(z) —G(x)] = sup |Pla+9, <z)—Pa <z
z€[—1,1] z€[-1,1]

< Lev? + P([a] > ),
implying

sup |Gn(z) — G(2)] < Ley® + C(n™" 4 n~ (A=)
z€[—1,1]

with C' > 0 independent of n,~y. Then the corollary follows from Proposition 5.1
by taking v = 7, = o(1l) such that 2 ~ n_(%/\(p_l))%jp and noting that the

exponent (5 A (p—1)) < 1. O

5.3 Asymptotics of the empirical

distribution function

Consider RCAR(1) processes {X;(t)}, ¢ =1,2,..., which are stationary solutions
to

with innovations {(;(¢)} having the same structure as in (5.4):

More precisely, we make the following assumption:

Assumption (B). {n(t)} satisfies (A1); {&(t)}, (bi,ci) T, as, i = 1,2,..., are inde-
pendent copies of {£(¢)}, (b,¢)", a, respectively, which satisfy Assumptions (A2)-
(A6). (Note that we assume (A5) for every i =1,2,....)
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Chapter 5. Statistical inference from panel AR(1) data

Remark 5.2. The individual processes {X;(t)} have covariance long memory if
conditions (5.5) and [ |1 — 2%|72dG(z) = oo hold, which is compatible with
Assumption (B). The same is true about the limit aggregated process in (5.1)
arising when the common component of shocks is absent (i.e. in case P(b =
0) = 1). On the other hand, in the presence of the common component, the
limit aggregated process has long memory if the individual processes have infinite

variance and condition (5.5) fails, see [87].

Define the sample mean X;,, :=n~'>""" | X;(¢), the corresponding lag 1 sam-

ple autocorrelation coefficient

a L ZEEO-ZIEED K)o ey
’ > (X ( ) — Xin)?
and the empirical d.f.
| X
Gnla :NZ (@in <x), zel[-1,1]. (5.13)

Recall that (5.13) is a nonparametric estimate of the d.f. G(x) = P(a; < z) from
the observed panel data {X;(t),t=1,...,n,i=1,..., N}. In the following the-
orem we show that G ~nn(2) is an asymptotically unbiased estimator of G(x) as n
and N both tend to infinity, and prove the weak convergence of the corresponding

empirical process.

Theorem 5.3. Let the panel data model in (5.10)—~(5.11) satisfy Assumption (B).
Then, as N,n — oo,

sup |[EGy,(z) — G(z)] = O(n~ a5 (AP, (5.14)
z€[—1,1]
If, in addition,
N = o(nets(3AE=1)), (5.15)
then
NGy () — G(z)) = W(z), zel[-1,1], (5.16)

where {W(x), x € [-1,1]} is a continuous Gaussian process with zero mean and
Cov(W(x),W(y)) = Gz Ay) —G(x)G(y), =,y € [-1,1], and = denotes the weak

convergence in the space D|—1,1] with the supremum (uniform) metric.

Proof. Note @y, ...,aN, are identically distributed, in particular, EG Na(z) =
Gn(x) with G, (x) defined in (5.9). Hence, (5.14) follows immediately from Corol-
lary 5.2.
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5.3. Asymptotics of the empirical distribution function

To prove the second statement of the theorem, we approximate G ~nn(z) by

the empirical d.f.

N

~ 1

Gn(z) = d ai <), zel-1,1],
=1

~

Non(@) = G(x)) = NY2(Gn () - G(x)) +
) — @N(x)) Since (A6) guarantees the

of i.i.d. r.v.s ai,...,ay. We have N/2(
Dy () with Dy, (z) == NY2(Gyp(x
continuity of G, it holds

NY(Gy(z) — G(z)) = W(z), ze€[-1,1],

by the classical Donsker theorem. Then (5.16) follows once we prove

sup |Dyn(x)] 2 0.
z€[—1,1]
By definition,
N
Dy(x) = N72Y (1(a; + 6 < 7) = La; < 7)) = Diy, () = Dy, (),
i=1
where 6;,, == @, —a;, 1 =1,...,N, and
N
D?V,n(m) = N71/2 Z 1<$ < a; S xr — 5i,n7 5i,n S 0)7
i=1
N
Dy (x) = N~1/2 Z 1z —0in < a; <z, 0;y > 0).
i=1
For v > 0 we have
N N

Dy, (x) < N™2 Z 1z <a; <x+7)+ N2 Z 1(|0in] > )
i=1 i=1
= V](,(x) + V]Gm.

(Note that Vy,, does not depend on z.) By Proposition 5.1, we obtain

N
EVip = N"12Y P(10i0] > 7) < ONVE (= @2N07 00 4 71,

=1

which tends to 0 when « is chosen as y2™? = n~((?/2AP=1) _ (. Next,

Vi(z) = NY*(Gy(z+7)—Gn(z))
= N1/2(G(;L'—|—'y)—G(ZL‘))+UN($,ZL'+’Y],
Un(z,x+9] = NGy +7) -Gl +17) - NV*(Cy(z) - G(x)).
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The above choice of 2" = n~(@/2Me=D) implies sup,; ;g NV2|G(x + 7) —
G(z)| = O(NY2+2) = 0(1), whereas Uy(x,x + 7] vanishes in the uniform metric
in probability (see Lemma 5.11 in Section 5.7). Since DY, (7) is analogous to

DYy ,(z), this proves the theorem. O

Remark 5.3. (5.15) implies that n > N(@)/e? asymptotically for p > 2. Note
that (o +p)/op > 1 and lim, (0 + p)/op = 1/ for any o € (0,1]. We may
conclude that Theorem 5.3 as well as other results of this chapter apply to long
panels with n increasing much faster than N, except maybe for the limiting case
p = oo for p = 1. The main reason for this conclusion is that a; need to be accu-
rately estimated by (5.12) in order that G N behaves similarly to the empirical

d.f. Gy based on unobserved autocorrelation coefficients a4, ..., ay.

5.4 Goodness-of-fit testing

Theorem 5.3 can be used for testing goodness-of-fit. In the case of simple hy-
pothesis, we test the null Hy: G = Gg vs. Hy: G # G with Gy being a certain
hypothetical distribution satisfying the Hélder condition in (5.8). Accordingly,
the corresponding Kolmogorov—Smirnov (KS) test rejecting Hy whenever

N2 sup |Gya(z) — Go(a)] > c(w) (5.17)

ze[—1,1]

has asymptotic size w € (0, 1) provided N, n, Gy satisfy the assumptions for (5.16)
in Theorem 5.3. (Here, c¢(w) is the upper w-quantile of the Kolmogorov distribu-
tion.) However, the goodness-of-fit test in (5.17) requires the knowledge of pa-
rameters of the model considered, which is not typically a very realistic situation.
Below, we consider testing composite hypothesis using the Kolmogov—Smirnov
statistic with estimated parameters. The parameters will be estimated by the
method of moments.

Write = (p®, ..., u™) T and fiy,, = (ﬁg\l,)n, . ,ﬁg@i)T, where
1 1 N
-1 i=1

Proposition 5.4. Let the panel data model in (5.10)—(5.11) satisfy Assump-
tion (B) with exception of Assumption (A6). If N = o(nﬁ(gm’_l))) as N,n —

oo, then

NY2(finm — 1) L NO,Y), where ¥ = (Cov(a®,a")) (5.18)

1<u,v<m’
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Proof. Write
NY2(finn = 1) = N (i — fin) + N2 (fin = o),

where [iy == + S (@, ... a™)T. We have NY2(jiy — p) 4 N(0,%) as N = oo
by the multivariate central limit theorem. On the other hand, N2 (fiy ,, —fin) — 0
follows from E[a} —a*| < CEla, —a| < C(y+P(|a,—a| > v)) and Proposition 5.1

with 4147 = n=(@/2AE=-1)  proving the proposition. O

Remark 5.4. Robinson [92, Theorem 7] discussed a different estimator of x and
proved it to be asymptotically normally distributed for fixed n as N — oo in
contrast to ours. However, his result holds in the case of idiosyncratic innovations
only and under stronger assumption on GG than in Proposition 5.4, which does not

allow for long memory.

Consider testing the composite null hypothesis that G belongs to the family
G=1{Gy, 0= (a,p)" € (1,00)%} of beta d.f.s versus an alternative G ¢ G, where
1
B(a, 5)
and B(a, 5) = I'(a)'(8) /T (a + B) is the beta function. The uth moment of Gy is

given by

Go(z) = /0 Sl -0 dr, xe [0.1), (5.19)

1 u—1
) = /0 24 dGy(z) = 11%
Parameters «, 3 can be found from the first two moments p = (u™, u®)T as
o P — ) g - p) () — p) (5.20)
pl — (ut)? pl? — ()2
The moment-based estimator é\N,n = (&NW,B\NW)T of @ = (a,)" is obtained

by replacing p in (5.20) by its estimator fiy,. The consistency and asymptotic
normality of this estimator follows by the delta method from Proposition 5.4, see

Corollary 5.5, where we need condition o > 1, > 1 to satisfy Assumptions (A4)
and (AG6).

Corollary 5.5. Let the panel data model in (5.10)—(5.11) satisfy Assumption (B).
Let G = Gy, 0 = (a,8)7, be a beta d.f. in (5.19), where a« > 1, 3 > 1. Let N,n

increase as in (5.15) where o = 1. Then
NY2(Onn — 0) S N(0,Ag), A= AT'S(ATYY, (5.21)
where X is the 2 X 2 matriz in (5.18) and

o /o aum/aﬁ)

A= 0u/00 =
& <0u(2’/8a o /08
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Moreover, §N7n is asymptotically linear:

N
N0, —0) = N7Y23 " lg(a;) + op(1), (5.22)
hiz) = ANa—p 2 u®)T,
where Elg fO l@ dG@ =0 and El9 fO l@ dG@( ) =

Ag.
Corollary 5.6. Let assumptions of Corollary 5.5 hold. Then

NGy p(z) — G5

9Nn

(2)) = Vo(z), = €l0,1],

where {Vy(z), € [0,1]} is a continuous Gaussian process with zero mean and

covariance

Cov(Vy(z), Valy)) = Golz Ay) — Go(x)Go(y) + 0eGo(x) " NgdpGo(y)
- /0 1o (1) TAGly (1) Gl (y) — /0 1 (1) TAGly (1) Gl (),

where 9yGo(x) == 0Gy(x)/00 = (0Gg(x) /D, 0Go(x)/0B), z,y € [0,1], and Ay
is defined in (5.21).

Proof. The d.f. Gy with a > 1,5 > 1 satisfies Assumptions (A4) and (A6) with
0 = 1. Recall Gy(z) :== N! Zfil 1(a; < x), x € [0,1]. Since condition (5.15)
is satisfied, so N2 sup,cp |G () — Gu(z)| vanishes in probability by Theo-
rem 5.3, whereas the convergence NY2(Gy(z) — Gy, (@) = Vi(z), x € [0,1],
follows from (5.22) using the fact that JyGy(z), = € [0,1], is continuous in 6,
see [30] or [106, Theorem 19.23]. O

With Corollary 5.6 in mind, the Kolmogorov—Smirnov test for the composite

hypothesis G € G can be defined as

sup N'2|Gynlx) — Gy, (2)] > ¢5, (W), (5.23)
z€0,1] o n

where cg(w) is the upper w-quantile of the distribution of sup,¢jo 1y [Vo(2)|:

P( sup |Vy(x)| > ce(w)) =w, we(0,1).

z€[0,1]

The test in (5.23) has correct asymptotic size for any w € (0,1), which follows
from Corollary 5.6 and the continuity of the quantile function cp(w) in 0, see [102,
page 69], [106]. By writing N'/2(Gy,(z) — G5, (2)) = NY*(Gnn(x) — G(x)) +
NY2(G(z) — G§N,n<$>>’ it follows that the Kolmogorov-Smirnov statistic on the
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Lh.s. of (5.23) tends to infinity (in probability) under any fixed alternative G ¢ G
which cannot be approximated by a beta d.f. Gy in the uniform metric, i.e., such
that infysup,¢po 1) |G(x) — Gp(x)| > 0. Moreover, even under the alternative, we
preserve the consistency of fiy.,, hence o (w) being a continuous function of
sample moments, converges in probability to some finite limit. Therefore the test
(5.23) is consistent.

In practice, the evaluation of c¢y(w) requires Monte Carlo approximation which
is time-consuming. Alternatively, [98,102] discussed parametric bootstrap proce-
dures to produce asymptotically correct critical values. We note that the assump-
tions of [102, Theorem 1] are valid for the family of beta d.f.s and the moment-
based estimator of # in Corollary 5.6. The consistency of the test when using

bootstrap critical values follows by a similar argument as in (5.23).

5.5 Kernel density estimation

In this section we assume G has a bounded probability density function g(z) =
G'(x), x € [-1,1], implying Assumption (A6) with Holder exponent ¢ = 1 in
(5.8). It is of interest to estimate ¢ in a nonparametric way from @ ,,...,any,
(5.12).

Consider the kernel density estimator

Xr — Eim

| X
/Q\N,n(ff)izN—h;K< ), r € R,

where K is a kernel, satisfying Assumption (A7) and h = hy,, is a bandwidth

which tends to zero as N and n tend to infinity.

Assumption (A7). K :[—1,1] — R is a continuous function of bounded vari-
ation that satisfies [ K(z)dz = 1. Set |K[3 := [', K(z)%dz and py(K) :=
fjl r?K(r)dz and K(z) =0,z € R\ [-1,1].

We consider two cases separately.

Case (i): P(by = 0) = 1, meaning that the coefficient b, = 0 for the common
shock in (5.11) is zero and that the individual processes {X;(t)}, i =1,2,..., are

independent and satisfy
Xi(t) = a; Xi(t = 1) + ¢i&(t), tEZ

Case (ii): P(by # 0) > 0, meaning that {X;(¢)}, ¢ = 1,2,..., are mutually

dependent processes.
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Chapter 5. Statistical inference from panel AR(1) data

Proposition 5.7. Let the panel data model in (5.10)—(5.11) satisfy Assump-
tion (B) and let Assumption (A7) hold. If n®/2"P=Dp14P s o0 then

Egnn(z) = g(x) (5.24)

at every continuity point x € R of g. Moreover, if

n®/2DNP=-1) p1+p _y 5o in Case (i),
(5.25)
n®/2NP=D(p/N)FP — 00 in Case (ii),
then
. . gl K3 if 21 = o,
Nh Cov(gnn(r1), gnn(T2)) — : (5.26)

0 if T1 # X9

at any continuity points x1,x2 € R of g. If Nh — oo holds in addition to (5.25),

then the estimator gy () is consistent at every continuity point x € R:
E[gnn(z) — g(x)* = 0. (5.27)

Proof. Throughout the proof, let Kj(z) := K(z/h), x € R. Consider (5.24). Note
Egna(z) = h'EK,(x—a,), because @y, . . ., ay, are identically distributed. Let

us approximate gy, (x) by

- 1
gN(x) = N_h ZK}L(.T — &l’), x € R, (528)
=1

which satisfies Egy(z) = h'EK,(z — a) — g(x) as h — 0 at a continuity point
x of g, see [76]. Integration by parts and Corollary 5.2 yield

g (x) - Eg(o)] = | / WK —y)|  (529)

< sup [Gn(y) — G(y)]

yE[ 1,1]
_ O(n—((10/2)A(Jv—1))/(1+p))7

uniformly in z € R, where V(K') denotes the total variation of K and V(K) =
V(K}). This proves (5.24).
Next, let us prove (5.26). We have

~ — 1
NhCov(gn(z1),gn(z2)) = EEKh(xl —a)Kp(r2 — a)
g(x)| K5 if 21 = 2o,
0 if T1 §£ 9,
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5.5. Kernel density estimation

as h — 0 at any points z;, zo of continuity of g, see [76]. Split Nh{Cov(gn (1),
gnn(r2)) — Cov(gn (1), gn (22)) } = Z?;l Qi(1,z2), where

Qi(z1,12) = hYEK,(21 —a,)Kp(z2 — @y) — EKp(21 — a) K (22 — a)},
Qa(z1,72) = hYEKy(21 — @) EK (22 — @) — EKy (71 — a)EKy (29 — a)},
Q3(ZL‘1, ZEQ) = (N - 1)h_1 COV(Kh(J,’l - Zil,n), Kh(ZL‘Q - agm)).

Note Q3(x1,22) = 0 in Case (i). Similarly to (5.29),

|Q1(21,22)] = h7! /(Gn(y) — G(y)dKy(z1 — y) Kn(zo — )
R
< Ch i~ (@2Ae-1)/0+p)

since V(Kp (21 — ) Kp(zo — ) < C and |Qa(z1, 22)| < Ch~n=(@/2AP=1)/04p)

0 uniformly in xl, Zo. Finally, by Lemma 5.12,

|Qs(x1,x2)| = ‘// (@10 < y1,02, < y2)

—P (@1, < y1)P(don < y2))dKp (21 — y1)d Ky (22 — 12)
CN

S T sup |P(al,n S ylaa2,n S y?) - P(al,n S yl)P(aZn S yQ)‘
y17y2€[_171}

= O(Nhilnf((p/z)/\(Pfl))/(Hp)) =o(1),
proving (5.26) and the proposition. 0

Remark 5.5. It follows from the proof of the above proposition that in the case
of a (uniformly) continuous density g(x), = € [—1, 1], relations (5.24), (5.27) and
the first relation in (5.26) hold uniformly in z € R, implying the convergence of
the mean integrated squared error:
/ E|gnn(z) — g(z)]*dz — 0.

Proposition 5.8. (Asymptotic normality) Let the panel data model in (5.10)-
(5.11) satisfy Assumption (B) and let Assumption (A7) hold. Moreover, let K
be a Lipschitz function in Case (ii) and assume Nh — oo in addition to (5.25).
Then

B e 40 o

at every continuity point x € (—1,1) of g such that g(x) # 0.

Proof. First, consider Case (i). Since gy, (z) = (Nh)™ Zfil Vin is a (normal-
ized) sum of i.i.d. r.v.s V; v := Kj(z —@;,) with common distribution Vi := Vj y,
it suffices to verify Lyapunov’s condition

E|VN EVN|2+5
NO/2 {Var(Vy)}@+9)/

5 — 0, (5.31)
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Chapter 5. Statistical inference from panel AR(1) data

for some § > 0. This follows by the same arguments as in [76]. Analogously to
Proposition 5.7, we have E|[Vy|**® = E|Kj,(z — @,)|*** ~ hg(z) [, | K (y)]***dy =
O(h) while Var(Vy) = Nh? Var(gn () ~ hg(x)||K||3 according to (5.26). Hence
the Lh.s. of (5.31) is O((Nh)~%2) = o(1), proving (5.30) in Case (i).

Let us turn to Case (ii). It suffices to prove that vV Nh(gnn(z) — g (z)) = 0,
for gn(x) given in (5.28). By |K(z) — K(y)| < Lk|z —y|, x,y € R, for € > 0,

P(VNR[Gy o) ~ ()| > ¢) < P f%i G0l )
< NP(|6n—a|>\/W(%)i>

Lk
< o(n Nh)p/2<ﬂ>l+”n<<p/2>A(p1)> N )
< h -
= o(1)
from Proposition 5.1 and (5.25) with Nh — oc. O

Corollary 5.9. Let assumptions of Proposition 5.8 hold with h ~ ¢N~'/5 for

some c > 0, i.e.,

[NIiS]

o(n 45 ( A(20—1)))

1
Tp

in Case (i),

[N

Ae=1))y in Case (ii).

Moreover, let g € C?[—1,1] and f_ll yK(y)dy = 0. Then
NP (Gxa() = 9(2)) 5 N (u(z), 0% (),

where p(x) = (¢*/2)g" (x)p2(K) and o*(x) == (1/c)g(x)|| K]J3.

Proof. This follows from Proposition 5.8, by noting that Egy(z) — g(z) ~ h?¢"(x)

p2(K)/2 as h — 0 and Egy.,.(7) — Egy(z) = O(h~tn=(#/2Ap=1)/0+p)) by (5.29).
[l

5.6 Simulations

In this section we compare our nonparametric goodness-of-fit test in (5.17) for
testing the null hypothesis G = G with its parametric analogue studied in [9].
In accordance with the last paper, we assume {X;(¢)} in (5.10) to be independent
RCAR(1) processes with standard normal i.i.d. innovations {¢;(¢)}, ¢(0) 4 N(0,1)
and the random AR coefficient a; € (0,1) having a beta-type density g with

unknown parameters 6 := (a, 3)":
2
g(x) = ﬂ$2a_1(1 — 2257 2€(0,1),a>1,8>1. (5.32)
a?
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5.6. Simulations

Note that § € (1,2) implies the long memory property in {X;(¢)}. Beran et
al. [9] discuss a maximum likelihood estimator §N7n7,{ = (N B\]\;m,m)T of § =
(v, ﬁ)T when each unobservable coefficient a; is replaced by its estimate @, ., ==
min{max{a; ,,k},1 — k} with @;,, given in (5.12) and 0 < Kk = kny, — O is a
truncation parameter. Under certain conditions on N,n — oo and x — 0, Beran
et al. [9, Theorem 2] showed that

NY2(On e — 00) > N(0, A1(6y)), (5.33)

where 6 is the true parameter vector,

A6) = (¢1<a> —tia+ ) (et > |
—i(a+5)  i(B) —vi(a+P)

and ¢ (z) := d?InT'(x)/da? is the trigamma function. Based on (5.17) and (5.33),
we consider testing both ways (nonparametrically and parametrically) the hypoth-
esis that the unobserved AR coefficients a4, ...,ay are drawn from the reference
distribution Gy having density function in (5.32) with a specific 6y, i.e., the null
G = G vs. the alternative G # G. The respective test statistics are

T, := N'/2 . Gnn(x) = Go(2)]; To := N(Oxmn — 00)TA(00) (On e — 00)5.34)

z€0,1

Under the null hypothesis, the distributions of statistics 7} and T, converge to
the Kolmogorov distribution and the chi-square distribution with 2 degrees of
freedom, respectively, see (5.17), (5.33).

To compare the performance of the above testing procedures, we compute the
empirical d.f.s of the p-values of T} and T under null and alternative hypotheses.
The p-value of observed T; is defined as p(T;) = 1 — K;(T;), i = 1,2, where K;(y),
i = 1,2, denote the limit d.f.s of (5.34). Recall that when the significance level
of the test is correct, the (asymptotic) distribution of the p-value is uniform on
[0,1]. The simulation procedure to compare the performance of T; and Ty is the
following:

Step (S0). We fix the parameter under the null hypothesis Hy : 6 = 6, with
Oy = (2,1.4).

Step (S1). We simulate 5000 panels with N = 250, n = 817 for five chosen
values 6 = (2,1.2)7,(2,1.3)7, (2,1.4)7,(2,1.5)",(2,1.6)" of beta parameters.
Step (S2). For each simulated panel we compute the p-value of statistics 7} and
1.

Step (S3). The empirical d.f.s of computed p-values of statistics 77 and T; are
plotted.
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Chapter 5. Statistical inference from panel AR(1) data

The values of beta parameters 6, = (2,1.4)7, N, n were chosen in accordance
with the simulation study in [9].

Figure 5.1 presents the simulation results under the true hypothesis 6 = 6,
with zoom-in on small p-values. We see that both d.f.s in the left graph are
approximately linear. Somewhat surprisingly, it appears that the empirical size
of T} (the nonparametric test) is better than the size of Ty (the parametric test).
Particularly, for significance levels 0.05 and 0.1 we provide the empirical size values
in Table 5.1.

Figure 5.2 gives the graphs of the empirical d.f.s of p-values of T7 and T, for
several alternatives 6 # 60y. It appears that for § > [y = 1.4 the parametric test
T, is more powerful than the nonparametric test 77 but for § < [y the power
differences are less significant. Table 5.1 illustrates the empirical power for the

significance levels 0.05, 0.1.

» 9
Q —
3
g o 3
i o S
B ©
q_: o
3 < 3
s ° S
L o
-6_ d
5 Q 3
= T T T T T S T T T T T T
00 02 04 06 08 1.0 0.00 0.04 0.08
p-value

Figure 5.1: [left] Empirical d.f. of p-values of T} and Ty under Hy : 0 = (2,1.4)7;
5000 replications with N = 250, n = 817. [right] Zoom-in on the region of interest:

p-values smaller than 0.1.

The above simulations (Figures 5.1 and 5.2, Table 5.1) refer to the case of
independent individual processes { X;(t)}. There are no theoretical results for the
parametric test 7o, when RCAR(1) series are dependent. Although the nonpara-
metric test 77 is valid for the latter case, one may expect that the presence of the
common shock component in the panel data in (5.11) has a negative effect on the

test performance for short series. To illustrate this effect, we simulate 5000 panels
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w 5% 10%

6 1.2 1.3 14 15 16 1.2 1.3 14 15 1.6
Ty 532 137 .049 208 .576 .653 .223 .103 .315 .702
T, 500 .104 .077 313 .735 .634 .184 .134 .421 .827

Table 5.1: Numerical results of the comparison for testing procedure Hy: 6 =
(2,1.4)7 at the significance level w = 5% and w = 10%. The column for 8 = 1.4

provides the empirical size.

with RCAR(1) processes { X;(t)} driven by dependent shocks in (5.11) with b; = b,
c; = (1 —b*)/2. As previously, we choose 6y = (2,1.4)T, N = 250, n = 817 and
we fix = (2,1.4)" to evaluate the empirical size of T;. Figure 5.3[left] presents
the graphs of the empirical d.f.s of the p-values of 77 for b=1, b= 0.6 and b = 0,
the latter corresponding to independent individual processes as in Figure 5.1. We
see that the size of the test worsens as b increases, particularly for b = 1 when
{X;(t)} are all driven by the same shocks. To overcome the last effect, the sam-
ple length n of each series in the panel may be increased as in Figure 5.3[right],
where the choice of n = 5500 and b = 1 shows a much better performance of T}
under the null hypothesis § = 6y = (2,1.4)" and the alternative (6 = (2,1.5)"
and 6 = (2,1.6)") scenarios.

In conclusion,

1. We do not observe an important loss of the power for the nonparametric KS

test 17 compared to the parametric approach.

2. The KS test T} does not require to choose any tuning parameter contrary

to the test Ts.

3. One can use the KS test 7 under weaker assumptions on RCAR(1) inno-
vations. We only impose moment conditions. The dependence between the

series is allowed by (5.11).
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Figure 5.2: Empirical d.f. of p-values of Ty and T; for testing Hy : 0 = (2,1.4)7
under several alternatives of the form § = (2, 3)T; 5000 replications with N = 250,
n = 817.

78



5.6. Simulations

0 o o ]

O R -

3

g o o _|

CI). o o

S 9 _ © |

- © o

° <t <

S o 7 o |

g [aV] (4]

= - — b=0 - p=1.4

2 = b=06 = B=15

o o | b=1 o | — p=16
Q@ A | | | | | e T | I T I T

00 02 04 06 08 1.0 00 0.2 04 06 08 1.0

p-value

Figure 5.3: [left] Empirical d.f. of p-values of Ty under Hy: 0 = (2,1.4)7 for
different dependence structure between RCAR(1) series : b; = band ¢; = (1—b%)'/?
and N = 250, n = 817. [right] Empirical d.f. of p-values of T} for testing Hy : 0 =
(2,1.4)T. RCAR(1) series are driven by common innovations, i.e., b; = 1, ¢; = 0,
for 0 = (2, 8)"; 5000 replications with N = 250, n = 5500.
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5.7 Some proofs and auxiliary lemmas
We use the following martingale moment inequality.

Lemma 5.10. Let p > 1 and {;,j > 1} be a martingale difference sequence:
E&l&, ..., &) =0, 7 =2,3,..., with E|§;|P < co. Then there ezists a constant
C, < oo depending only on p and such that

Z;; E|£j|p> 1<p<2,
[e'e) 2
(S5, (Bl 7)) p> 2.

"<o, (5.35)

E’ iﬁj
j=1

For 1 < p < 2, inequality (5.35) is known as von Bahr and Esséen inequality,
see [107], and for p > 2, it is a consequence of the Burkholder and Rosenthal
inequality ( [18,93], see also [36, Lemma 2.5.2]).

Proof of Proposition 5.1. Since a, in (5.7) is invariant w.r.t. a scale factor of in-
novations {¢(¢)}, w.l.g. we can assume b*+c? = 1 and E¢?(0) = 1, E|¢(0)|? < .
Then a,, —a = Z?:l Oni, Where
5. aX?(n) 5y L X ()¢t +1)
S X0 — (K, S X0 — (%)
Xo(X(1) + X (n)) — (X,)*(1 +n(l —a))
>y X2(t) — n(X)? '

The statement of the proposition follows from

5n3

P(|0,i] > 7) < C(n~' 4+ n (/20D =P)y (0 <y <1,i=1,2,3).  (5.36)

To show (5.36) for i« = 1, note that 6,1 = L,/(n + D,), where L, := —a(l —
a?)X?(n) and D, = Dy — Dya, Dy = > 1 (1 — a*) X?(t) — 1), Dyo :=n(1 —
a®)(X,)?2. We have P(|6,1] > v) < P(|D,| > n/2) + P(|L,| > nvy/2). Thus, (5.36)

for 7 = 1 follows from
E\Dnl]]”/\2 < Cn, E|Dyp|<C and E|L,|F <C. (5.37)

Consider the first relation in (5.37). Clearly, it suffices to prove it for 1 < p < 2
only. We have D,,; = 2D, , + D!, where

nl»

Dy = (1=d®) Y, Y a®an o (s1)¢(sa),

so<s1<n t=1Vsy

Dy = (1-a) 30 S I (s) - 1),

s<n t=1Vs
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We will use the following elementary inequality: for any —1 < a < 1, n > 1,

s < n,
n a2(1_5) 1= aq2» , s< O,
) = (1) 37 gt [, e
t=1Vs 1 — @?t1=s), 1<s<n

a~*min(1,2n(1 — |a|)), s<0,
< C (5.38)
1, 1 <s<n.

Using the independence of {((s)} and a and inequality (5.35) (twice) for 1 < p <2

we obtain
P
BID, P = B[ - an(s1)(s) Y 0 (s2)
s1<n 52<51
P
< CEY |an(s1)(s1) Y @™ ¢(s2)|
s1<n S2<81
< CE Z lan (s1)P Z |a|P(S1—S2)
s1<n $2<81
< CE(1 - |a])” Z|an )P < Cn
s<n

since E(1 — [a])~" < 0o (see (5.5)) and Y_ _ |, (s)[P < Cn follows from (5.38).

Similarly, since {¢?(s) — 1, s < n} form a martingale difference sequence,
EID} P < CEY  |an(s)|” < Cn,
s<n

proving the first inequality (5.37). The second inequality in (5.37) follows by
noting that nX, = > (31_,,,a"*)¢(s) and

(1= a)E[(nX,)%a] = a2<11_ i i (F=%) < Cn_

—a 1—a 1—a

Consider the last inequality in (5.37). We have |L,,| < |2L! + L + 1|, where

L, = (1=d®) Y a®"a ¢ (s1)¢(s2).

52<s1<n

Ly = (1—a’)) " (3(s) - 1).

s<n

We use Lemma 5.10, as above. Let 1 < p < 2. Then E|L]|P < CE}  _ {(1
a®)a®" =P < Cand B[P < CEY _, . {(1—a?)|al"~*V]a[~}» < CE(1—
|a)P~? < O Next, let p > 2. Then E|L![P < CE{Y..., |(1 —a®)a* =922 < C
and E|L;, [P < OB(1 — a®)P{}_,, ., <n a4(”_31)a2(51_52)};/2 < C, proving (5.37) and
hence (5.36) for ¢ = 1.
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Consider (5.36) for ¢ = 2. We have 6,2, = R, /(n + D,,), where R, := (1 —
a®) ' X(t)C(t + 1) and D, is the same as in (5.37). Then P(|6,s] > 7) <

t=1

P(|R,| > nvy/2) + P(|D,| > n/2), where

P(I1Dal > n/2) < (n/4)" P E[Du "2 + (n/4)""E| Do

n~h 1 <p<2,
< C (5.39)

nt, p > 2,

according to (5.37). Therefore (5.36) for i = 2 follows from

n, 1<p<2,

E|R,|” < C (5.40)

nP2 p>2.

Since R, = (1—a%) >, .,_; C(s) "l a5¢(t+1) is a sum of martingale differ-

t=1Vs
ences, by inequality (5.35) with 1 < p < 2 we obtain

BRP < 0B Y |0 -ace) Y o+

s<n—1 t=1Vs

n—1
CE[L—a®P Y > |aft

<
s<n—1t=1Vs
n—1 n—1
< 0E|1—a2|p(2|a|-mz|a|pt+22|a|pf 7)
s<0 s=1 t=s

< CE[l—aP{(1—1al")* +n(l —|af")~"} < Cn,

proving (5.40) for p < 2. Similarly, using (5.35) with p > 2 we get

ER,[? = E[\l—azprH Z{ Z ts<t+1 )P H

,_.

s<n—1 t=1
< cefn-ap{ ¥ (5w ¥ ocervpfd)”V]
s<n—1 t=1Vs
s<n—1t=1Vs
: conmar(zaeFe E ey
5<0 s=1 t=s

< CE|l —a®P{(1 —a®) 2 +n(l —a®)"}2 < CnP?,

proving (5.40) and (5.36) for i = 2.
It remains to prove (5.36) for ¢ = 3. Similarly as above, P(|d,3] > 7v) <
P(|Q.| > nv/2) + P(|D,| > n/2), where @, = (1 — a®){X,(X(1) + X(n)) —
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(X,)?(1+n(1 —a))} and D,, is evaluated in (5.39). Thus, (5.36) for i = 3 follows
from (5.39) and

ElQu" < C{E|(1—a®)X*(n)]" + E|(1 - a®)(X,)*|" (5.41)
+nPE|(1 = a)(1 - o) (X,)*['} < C.

Since nX, = ¥, (3211, a"*)((s), an application of the second inequality of
(5.35) yields

w0 (i + 32 () )

Using 1 — a” < 1 A (n(1 — a)) we obtain E|(1 — a)(1 — a*)(X,,)*” < Cn~? and
E|(1 — a®)(X,)?]P < CE(1 —a)"'n~t. Finally, E|(1 — a?)X?(n)|P < C follows
by the same arguments as E|L,|? < C (see (5.37)). This proves (5.41), thereby
completing the proof of (5.36) and of the proposition, too. n

Let a,ay,...,ay beiid. r.v.s with d.f. G(x) = P(a < x) supported on [—1,1].
Define G (2) i= NS, 1(as < 2), Ux (@) i= NY2(@n(a) — Gla), o € [~1,1],
and wy(0) (= the modulus of continuity of Uy) by

wy(9):= sup |Un(y) — Un(x)|, &> 0.

0<y—z<d

Lemma 5.11. Assume that G satisfies Assumption (A6). Then for all € > 0,
e*P(wn(0) > 6€) < (34 3C)Lad? + N1,
where C' is a constant independent of €, §, N.

Proof. As in [13, page 106, equation (13.17)] we have that

E|Ux(y) — Un(z)P|Un(z) = Un(y)]> < 3P(a € (z,y))P(a € (y, 2]),
E|Ux(y) = Un(z)|' < 3P(a € (z,y])*+ N 'P(a € (z,y))

for —1 < x < y < 2z < 1, where the second inequality treats the 4th central
moment of a binomial variable. Now fix § > 0 and split [—1,1] = U;A;, where
A =[-1+40, -1+ (+1)0],i=0,1,...,12/6] =1, Agss) = [=1+ [2/6]0,1].
According to [109, page 49, Lemma 1], for all € > 0,

e'P(wy () > 66) < (3+30C)maxP(a € A;)) + N1,

where C' is a constant independent of €, §, N. Lemma follows from Assump-
tion (A6) on the d.f. G of the r.v. a. O
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Chapter 5. Statistical inference from panel AR(1) data

Note that if we take 6 = dy = o(1), we then get P(wn(d) >€) — 0as N — oo.

Lemma 5.12. Let @y, G2, be given in (5.12) under Assumptions (A1)-(A6)
with 0 = 1. Then for all v € (0,1) and n > 1, it holds

sup  |P(G1n < 2, o < y) — P(@1, < 2)P(da, < y)| = O(n~(@/2A=D)/0+p))
z,ye(—1,1]

Proof. Define 6;,, := @;, — a;, i = 1,2. For v € (0,1), we have

P(|01n] > yor|don] >7) < P(|01n] > 7) +P([020] > 7)
< C(n—((p/2)/\(p—1))7—p+n—1)

by Proposition (5.1). Consider now

P(@, <z, G, <y) = Plar+ 1, <z, as+ 02, <)

S P(al + 51,77, S Z, a2 + 52,71 S Y, |51,n| S e |52,n| S 7)
+P(|010] > yor|de,| > 7).

Then
P(al + 61,71 S T, as + 52,71 S Y, |51,n| S e |§2,n‘ S 7)
S P(al S X +77 a2 S () +'7, |51,n| S v, |62,n| S 7)
<G +7)Gy+9)
and

Pay + 010 <@, ag + 02,0 <Y, [610] <7, 1020 <)

2Pla <z —7,a<y—7,[010] <7, [020] <)

> Gz =7)G(y =) = P(|01n] > yor[dzn] > 7).
From (5.8) we obtain

Gz £7)G(y £7) — G(x)G(y)]
= [(G(z) + O())(G(y) + O(7)) = G(2)G(y)| < C.
Hence,
Play <z, a5 < y) — G(2)G(y)| < Oy +n~t 4+ n (@/2DAP=D)A=P) (5 49)

In a similar way,

[P(a; < 2)P(ag < ) — G(2)G(y)| < Oy 4+ n~t 4 n~(@/2NE=D)y=p) (5 43)

By (5.42), (5.43), the proof of the lemma is complete with v = ~,, = o(1), which
satisfies v, ~ n*((p/2)/\(p71))7;p' -
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Chapter 6

Scaling transition for

nonlinear random fields

This chapter contains the article [82]. We obtain a complete description of
anisotropic scaling limits and the existence of scaling transition for nonlinear func-
tions (Appell polynomials) of stationary linear random fields on Z? with moving
average coefficients decaying at possibly different rate in the horizontal and verti-
cal direction. This chapter extends recent results on scaling transition for linear
random fields in [89,90].

6.1 Introduction

[90] introduced the notion of scaling transition for stationary random field (RF)
X ={X(t,s), (t,s) € Z*} in terms of partial sums limits

X(t,s)gjvy(:ﬁ,y}, (z,y) eRZ, X — o0, 7>0, (6.1)

(tvs)GK[Az,)\’Y'g]

Dy

where D), — oo is normalization and Kp, vy = {(t,s) € 72 :1<t<Ax,1<
s < Ny} is a family of rectangles whose sides grow at possibly different rate O(\)
and O(\Y) and v > 0 is arbitrary. RF X is said to exhibit scaling transition at
Yo > 0 if the limit RFs V,, = VVX in (6.1) do not depend on « for v > 7, and

v < 7 and are different up to a multiplicative constant, viz.,

X fdd ¢,y X fdd o, x x b ooy
VE=VE(Vy>v), Vo8 =VE (Vy<y), VI #aV2 (Va>0).

Y v

In such case, RF Vjo( is called the well-balanced while RFs V;rX and VX the unbal-
anced scaling limits of X.
It appears that scaling transition is a new and general feature of spatial depen-

dence which occurs for many isotropic and anisotropic RFs on Z? with long-range
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Chapter 6. Scaling transition for nonlinear random fields

dependence (LRD). It was established for a class of aggregated a-stable autore-
gressive models [90], a class of Gaussian LRD RFs [89], and some RFs arising
by aggregation of network traffic and random-coefficient time series models in
telecommunications and economics; see [35,70,79,80], also [90, Remark 2.3]. The
unbalanced limits V¥ in these studies have a very special dependence structure
(either independent or invariant rectangular increments along one of the coordi-
nate axes) and coincide in the Gaussian case with a fractional Brownian sheet
(FBS) By, u, with one of the two parameters Hy, Hy € (0,1] equal to 1/2 or 1.

The above mentioned works deal with linear RF models written as sums
(stochastic integrals) w.r.t. i.i.d. ‘noise’ It is well-known that nonlinear RFs can
display quite complicated nongaussian scaling behavior. See Dobrushin and Ma-
jor [26], also [2,4,36,38,45,59,66,100,104] and the references therein.

The present chapter establishes the existence of scaling transition for a class

of nonlinear subordinated RFs:
X(t,s) =G(Y(t,s)), ()€ /i (6.2)

where Y = {Y(¢,s), (t,s) € Z*} is a stationary linear LRD RF in (6.3) and
G(z) = Ax(z), x € R, is the Appell polynomial of degree k > 1 (see Section 6.2
for the definition) with EG(Y(0,0))? < oo, EG(Y(0,0)) = 0. The (underlying)

RF Y is written as a moving-average

Y(t,s) = Z a(t —u,s —v)e(u,v), (ts) € Z? (6.3)
(u,v)€Z2
in a standardized i.i.d. sequence {e(u,v), (u,v) € Z?} with deterministic moving-

average coefficients such that
a(t, s) ~ const([t|® + |s|22/1)=0/2 |t| + |s| — oo, (6.4)

where parameters ¢, qo > 0 satisfy

1 1
1<@Qi=—+—<2 (6.5)
a g2

In Theorems 6.1-6.5, the moving-average coefficients a(t,s) may take a more
general form in (6.10) including an ‘angular function’. Condition @) < 2 guarantees
that >, ez alt,s)’ < oo or Y in (6.3) is well-defined, while @ > 1 implies
that >_, gz la(t,s)] = oo (in other words, that RF Y is LRD). Note a(t,0) =
O(Jt]=™), a(0,s) = O(]s|~%) decay at a different rate when ¢, # g in which case

Y exhibits strong anisotropy. The form of moving-average coefficients in (6.4)

86



6.1. Introduction

implies a similar behavior of the covariance function ry (¢, s) := EY (0,0)Y (¢, s) =

> (uwyeze A(u, v)a(t + u, s + v), namely,
Cr([t? + [sP2/P) ™2 <y (8, 5) < Co(|t? + [sP2/P) 2, Jt] + || — 00,(6.6)
for some positive constants C7, Cy > 0, where

pi=q¢2—Q), i=1,2. (6.7)

Note p1/pa = ¢1/¢2 and the 1-1 correspondence between (g1, g2) and (p1, p2):

i . 1 1
gi = 22(1 +P), i=1,2, where P:= — 4 —. (6.8)
2 P P2

(6.6) implies that for any integer £k > 1 and P ¢ N,

> Iry(ts)f=coe=1<k<P (6.9)
(t,s)€Z?
See Propositions 6.8 and 6.10. In the case when Y in (6.3) is a (standardized)
Gaussian RF, ry (¢, s)*k! coincides with the covariance of the kth Hermite polyno-
mial Hy(Y (t,s)) of Y and the (nonlinear) subordinated RF X = Hy(Y) is LRD
if condition (6.9) holds. A similar result is true for nongaussian moving-average
RF Y in (6.3) and Hermite polynomial Hy replaced by Appell polynomial A.

The following summary describes the main results of this chapter.

(R1) Subordinated RFs X = A,(Y), 1 < k < P, exhibit scaling transition at the
same point Yy := p1/ps = ¢1/q2 independent of k.

(R2) The well-balanced scaling limit V¥ of X = A(Y) is nongaussian unless
k =1 and is given by a k-tuple I[to—Wiener integral.

(R3) Unbalanced scaling limits V* = V.X, v > 5, of X = A,(Y) agree with
FBS By 1/, with Hurst parameter H{, € (1/2,1) if kpy > 1, and with a
‘generalized Hermite slide’ V:X(z,y) = 2, (y) if kp, < 1, where Z; is a
self-similar process written as a k-tuple [t6—Wiener integral. A similar fact

holds for unbalanced limits V* = VX, 5 < 5.

(R4) For k > P, RF X = A.(Y) does not exhibit scaling transition and all scaling

limits VWX, v > 0, agree with Brownian sheet Bz 1 /2.

(R5) In the case of Gaussian underlying RF Y in (6.3), the above conclusions
hold for general nonlinear function G in (6.2) and k equal to the Hermite
rank of G.
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Chapter 6. Scaling transition for nonlinear random fields

The above list contains several new noncentral and central limit results. (R2),
(R4) and (R5) are new in the ‘anisotropic’ case p; # py while (R3) is new even
for linear RF X = A;(Y) = Y (see Remark 6.1 concerning the terminology in
(R3)). Similarly as in the case of linear models (see [89,90]), unbalanced limits
in (R3) have either independent or completely dependent increments along one
of the coordinate axes. According to (R3), the sample mean of nonlinear LRD
RF X = A,(Y), 1 <k < P, on rectangles Ky v, 7 # 70, may have Gaussian or
nongaussian limit distribution depending on k, v and parameters p;, ps, moreover,

in both cases the variance of the sum Z(t 9 X (t,s) grows faster than A7,

€K\ Ay
or the number of summands. The dichotom;yxo% the limit distribution in (R3)
is related to the presence or absence of the vertical/horizontal LRD property of
X, see Remark 6.4. We also note that our proofs of the central limit results in
(R3) and (R4) use rather simple approximation by m-dependent r.v.s and do not
require a combinatorial argument or Malliavin’s calculus as in [16, 72| and other
papers.

It is well-known that Appell polynomials play a similar role to Hermite poly-
nomials in limit theorems for nonlinear functions of linear nongaussian LRD pro-
cesses, except that they lack the orthogonality property of the latter and therefore
expansions in Appell polynomials are of limited use. See [4,36,101]. Particularly,
the results in (R1)-(R4) hold for arbitrary polynomial G(z) = 37", ¢;A;(z) with
¢ # 0 under suitable moment assumptions on the innovations. However, except
for the Gaussian case, dealing with non-polynomial functions of LRD processes
requires different techniques, see e.g. [45,101], and is much harder in the case of

noncausal spatial models, c.f. [28].

The results of this chapter have direct relevance for statistics of strongly de-
pendent spatial data by showing that the (asymptotic) shape of the spatial region
may have a drastic effect on the limit distribution of linear and nonlinear statistics.

See Section 6.8 (Final comment) at the end of the chapter.

The rest of the chapter is organized as follows. Section 6.2 provides the precise
assumptions on RFs Y and X and some known properties of Appell polynomi-
als. Section 6.3 contains formulations of the main results (Theorems 6.1-6.5) as
described in (R1)—-(R5) above. Section 6.4 provides two examples of linear frac-
tionally integrated RFs satisfying the assumptions in Section 6.2. Section 6.5
discusses some properties of generalized homogeneous functions and their convo-
lutions used to prove the results. Section 6.6 discusses the asymptotic form of
the covariance function and the asymptotics of the variance of anisotropic partial
sums of subordinated RF X = A, (Y). All proofs are collected in Section 6.7.

88



6.2. Assumptions and preliminaries

In this chapter, we denote R, := (0,00), R% := (0,00)?, R3 := R*\ {(0,0)},
Z, ={0,1,...},N:={1,2,... }, Z°%* := {((u1,v1), . . ., (up,vp)) € Z* : (u;,v;) #
(Uj,?]j),l <1 <j§ ]{7}, k e N.

6.2 Assumptions and preliminaries

Assumption (A1). {e, (t,s), (t,s) € Z*} is an i.i.d. sequence with Ee = 0,
Ee? = 1.
Assumption (A2). Y = {Y(¢,s), (t,s) € Z*} is a moving-average RF in (6.3)

with coeflicients

o(t:9) = gy apmyare oG arage) +o0): 1+ bl = o0
(6.10)
(t,s) # (0,0), where ¢; > 0, i = 1,2, satisfy Q = 327, ¢;* € (1,2) (see (6.5)) and
Lo(u) > 0, u € [—1,1], is a bounded piece-wise continuous function on [—1,1].
We refer to Ly in (6.10) as angular function. Assumptions (A1)—(A2) imply
EY(0,0)? = 37, ez a(t, s)* < oo and hence RF Y in (6.3) is well-defined and sta-
tionary, with zero mean EY'(0,0) = 0. Moreover, if E[¢|* < oo for some o > 2 then
E|Y(0,0)]* < oo follows by Rosenthal’s inequality; see e.g. [36, Corollary 2.5.1].
Given a r.v. £ with E|£|* < oo, k € Z,, the kth Appell polynomial A (x)
relative to the distribution of € is defined by Ay(z) := (—i)*d*(e™*/Ee™) /duf| _.
See [4,36] for various properties of Appell polynomials. In what follows, Ag(€)
stands for the r.v. obtained by substituting = = £ in the Appell polynomial A (x)
relative to the distribution of £. Particularly, if E€ = 0 then A;(&) = &, As(§) =
£ — B, A3(€) = & — 3¢EE? — EE3 ete. For standard normal & 4 N(0,1) the
Appell polynomials Ag(§) = Hi(¢) = (—i)kdkei“5+u2/z/duk’u:0 agree with the
Hermite polynomials.

Assumption (A3);. For k € N, E|¢|** < oo and
X ={X(t,s) = A(Y(t,9)), (t,5) € Z*}, (6.11)

where Ay is the kth Appell polynomial relative to the (marginal) distribution of
Y(t,s) in (6.3).
We also use the representation of (6.11) via Wick products of noise variables
(see [36, Chapter 14]):
Ar(Y(t,s)) = Z a(t —uy, s —vy) - -a(t —ug, s —vg) :e(ur,v1) - - e(ug, vg) :
(u,v) €Z2F

(6.12)
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By definition, for mutually distinct points (u;,v;) # (ujr,v5) (§ # 5,1 < g, <)
the Wick product :e(uy, vy)* -+ - e(uy, vy)ki: = H;‘:l Ay, (e(uy,v;)) equals the prod-
uct of independentr.v.s Ay, (e(uj,v;)), 1 < j <. (6.12) leads to the decomposition
of (6.11) into the ‘off-diagonal’ and ‘diagonal’ parts:

Ap(Y(t,8) = Y**(t,s) + Z(t, ), (6.13)
where

Y(ts) = > a(t —ur,s —v1) - alt — wp, s — vp)e(ug, v1) - e(ug, o) (6.14)

(uuv)k

and the sum Zzu,v)k is taken over all (u,v), = ((uy,v1),- -, (ug,vy)) € Z** such
that (u;,v;) # (uj,v;) (i # j) (the set of such (u,v), € Z?** will be denoted by
Z°?%). By definition, the ‘diagonal’ part Z(t,s) in (6.13) is given by the r.h.s. of
(6.12) with (u,v); € Z* replaced by (u,v), € Z?** \ Z**. In most of our limit
results, Z(t, s) is negligible and Y **(¢, s) is the main term which is easier to handle
compared to Ax(Y(t,s)) in (6.13). We also note that limit distributions of partial
sums of ‘off-diagonal’ polynomial forms in i.i.d. r.v.s were studied in [5, 36, 100]

and other works.

Assumption (A4);. (0,0) L 7 and Y (0,0) < Z have standard normal dis-
tribution Z < N(0,1) and X (t,s) = G(Y(t,s)), where G = G(z), x € R, is a
measurable function with EG(Z)? < oo, EG(Z) = 0 and Hermite rank &k > 1.

Assumptions (A1), (A2) and (A4), imply that Y in (6.3) is a Gaussian RF.
As noted above, under Assumption (A4); Appell polynomials A (z) coincide with
Hermite polynomials Hy(z). Recall that the Hermite rank of a measurable func-
tion G : R — R with EG(Z)? < oo is defined as the index k of the lowest nonzero
coefficient ¢; in the Hermite expansion of G, viz., G(x) = > 72 ¢;H;(x)/j! where
ck # 0.

Let L?(R%) denote the Hilbert space of real-valued functions h = h((u,v)y),
(u,v)i, = (u1,v1,...,ug,vx) € R with finite norm [[hlly = {[gor (1, v)i)?
d(u, v) }2, d(u, ), = durdvy - - - dugduy. Let W = {W (du, dv), (u,v) € R?} de-
note a real-valued Gaussian white noise with zero mean and variance EW (du, dv)?
= dudv. Forany h € L*(R**) the k-tuple It6-Wiener integral [oo, h((u, v)g)d*W =
Jgor P(ur, v1, o wg, v) W (dug, doy) - - - W (duy, doy) is well-defined and satisfies

E [oor h((u,0))d*W = 0, E( [gar ((u,v))d*W)? < E1||A[|Z; see e.g. [36].
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6.3 Main results

Recall the definitions of p;, P in (6.7), (6.8); 7o = ¢1/q2 = p1/p2. Denote

Sif'y(xay) = Z X(t, 3)7 Si{'y = Sif,y(l, ].)

(t78)EK[>\r,)\'Yy]

Consider a RF

Vkﬁo (z,y) := / ) h(z,y; (u, ) d* W,  (z,y) € Ri, (6.15)
RQ
where
k
h(z,y; (u,v)g) = / H oo (t — u;, s — v;)dtds, (6.16)
(O,x]X(O,y] =1
tlty) = (2 + [P0 (1 (0 + (s ) (1) € R

Theorem 6.1. (i) The RF VX in (6.15)~(6.16) is well-defined for 1 < k < P
as an Ito—Wiener stochastic integral and has zero mean EV,:;O (x,y) = 0 and
finite variance BV, (x,y)* = K!|h(x,y;-)|[;. Moreover, RF VX, has stationary

rectangular increments and satisfies the operator-scaling property (see [12])

Vi, O, \0y), (2,) € REY S OV (a,y), (,9) € BT}, VA >0,
(6.17)
where H(yo) :== 1+ — kp1/2.
(i) Let RFsY and X = Ax(Y) satisfy Assumptions (A1), (A2) and (A8)x, 1 <
k < P. Then as A\ — oo,

Var(S3,) ~ c(30) A2, c(yg) == R![R(1, 15 )7 (6.18)
and
_ fdd
A H(”’O)Sif%(x,y) — V,f;o (x,y). (6.19)

Next, we discuss the case 1 < k < P, v # ~y. This case is split into four
subcases: (cl): v > 79, k > 1/pa, (¢2): v > v, k < 1/pa, (c3): v < 0, k > 1/p1,
and (c4): v < 70, k < 1/p; (the ‘boundary’ cases k = 1/p;, i = 1,2, are more
delicate and omitted, see Remark 6.2). Cases (¢3) and (c4) are symmetric to (c1)
and (c2) and essentially follow by exchanging the coordinates ¢ and s. Introduce

random processes Z; and Z, with one-dimensional time:

ZH(y) == /R B ()W, 2 () = /R B (o ()T x,ny]RQB;
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where

hﬂ%(%vk):iAy‘

k
=1

oo (Ui, S—v3)ds,  h_(x; (u,v)x) ::/ Haoo(t—ui,vi)dt,
0

(6.21)

and ae(t,s) is defined in (6.16). In Theorem 6.3, * stands for convolution of

functions indexed by R? (see Section 6.5 for definition).

Theorem 6.2. (i) Processes Z," and Z;_ in (6.20) are well-defined for 1 < k <
1/py and 1 < k < 1/py, respectively, as Ito—Wiener stochastic integrals. They
have zero mean, finite variance, stationary increments and are self-similar with
respective indices Hy, :=1—kpy/2 € (1/2,1) and Hy, :=1—kp1/2 € (1/2,1).
(i) Let RFsY and X = Ai(Y) satisfy Assumptions (A1), (A2) and (A3);, 1 <
k < 1/py. Then for any v > 7o, as A — o0,

Var(SfV) ~ c(P)NHO), (6.22)
where H(v) := 14+ ~vH), and c¢(y) := k!||h(1;)||7 > 0. Moreover,
- fdd
A H(V)wa(a:,y) = xZ(y), \— . (6.23)

(i) Let RFs'Y and X = Ag(Y) satisfy Assumptions (A1), (A2) and (AS3),
1 <k<1/py. Then for any v < 7, as A\ — 00,

Var(Sifv) ~ 6(7))\2H(“’),
where H(7y) :==~+ Hy, and c(v) := k!|h_(1;-)||2 > 0. Moreover,
- fdd
A H(“’)Sifv(x,y) — yZ, (x), A — 0.

Remark 6.1. Processes Zi¥ in (6.20) have a similar structure and properties
to generalized Hermite processes discussed in [5] except that (6.20) are defined
as k-tuple It6-Wiener integrals with respect to white noise in R? and not in R
as in [5]. Following the terminology in [81], RFs xZ, (y) and yZ, () may be
called a generalized Hermite slide since they represent a random surface ‘slid-
ing linearly to 0’ along one of the coordinate on the plane from a generalized
Hermite process indexed by the other coordinate. In the Gaussian case k = 1,
a generalized Hermite slide agrees with a FBS By, g, where one of the two
parameters Hy, Hy equals 1. Recall that a fractional Brownian sheet (FBS)
Bu, g, = {Buy.m,(2,y), (z,y) € Ri} with parameters 0 < Hy, H, < 1is a

Gaussian process with zero mean and covariance function

EBH1,H2(x17y1)BH1,H2(x27y2) - (1/4>("E%H1 + xng - |.T1 - x2|2H1)

X (Y™ + ya™ — |y — yo|*2).(6.24)
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Theorem 6.3. (i) Let RFsY and X = Ai(Y) satisfy Assumptions (A1), (A2)
and (A3)k, 1/p2 < k < P. Then for any v > vy, as A — o0,

Var(Sy5,) ~ c(y)A2HO), (6.25)
where H(y) = H, +7/2, H\, = 1+ %/2 — kp1/2 € (1/2,1) and c(y) =
k! Joapx (@oo * o) (1 — ta, s))kdt dtads > 0. Moreover,

fdd

)\_H(V)Sfy(l’»y) fdd C(V)I/QBHEJQ(%?J)’ A — o0. (6.26)

(ii) Let REsY and X = Ag(Y') satisfy Assumptions (A1), (A2) and (A3), 1/p1 <
k < P. Then for any v < 9, as A\ — 00,

Var(SfV) ~ c(y)AHO), (6.27)

where H(y) == vHy, +1/2, Hy, == 1+ 1/(2y0) — kp2/2 € (1/2,1) and c(v) :=
k! fo(o 1}2((%0 * Uoo)(t, 81 — 89))Fdtds;dsy > 0. Moreover,

— fdd
A H(’Y)Si(;y(x7y) — C(’Y)l/zBl/Q,HQ_IC (ZE, y)7 A — 00. (628)

Remark 6.2. Note H}, =1 (kpy = 1) and H,, = 1 (kp; = 1). We expect that the
convergences (6.26) and (6.28) remain true (modulo a logarithmic correction of
normalization) in the ‘boundary’ cases kp, = 1 and kp; = 1 of Theorem 6.3(i) and
(ii) and the limit RFs in these cases agree with FBS Bj ; /2 Or By/91, respectively,
having both parameters equal to 1 or 1/2.

The next theorem discusses the case k > P.

Theorem 6.4. Let RFsY and X = Ax(Y) satisfy Assumptions (A1), (A2) and
(A3); and k > P. Then for any v > 0, as A — oo,

A~ Var(Sif,y) — 0%,
where 0% 1= 37, yeze Cov(X(0,0), X (t, 5)) € [0,00). Moreover, if % >0 then
)\7(1+w)/25§7(x7y) = oxBija(r,y), A — oo

Our last theorem extends the above results to general function G' having Hermite

rank k£ and Gaussian underlying RF Y.

Theorem 6.5. Let X = G(Y) satisfy Assumptions (A1), (A2) and (A4)p. As-
sume w.l.g. that G has Hermite expansion G(x) = Hy(z) + 3272, ¢l (x) /5.
(i) Let 1 <k < P. Then RF X satisfies all statements of Theorems 6.1-6.3.

(ii) Let k > P. Then RF X satisfies the statements of Theorem 6.4.
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According to Theorems 6.2-6.3, the unbalanced scaling limits VX of RF X =
Ai(Y) satisfying Assumptions (A1)—(A3); are given by

X l‘Z,j(y% kp? < 17
V+ (3773/) = 1/2
C+ Bka,l/Q(‘ray)a kps > 1,
Z, (), kpy < 1,
V¥ (2y) = Y ¢ (@) b (6.29)

2
c Bl/Q,H;k(xvy)a kpi > 1,

where c1 = ¢(y) > 0 are constants given in Theorem 6.3. The covariance func-
tions of RFs V¥ in (6.29) agree (modulo a constant) with the covariance of FBS
By, 1, where at least one of the two parameters Hy, Hy equals 1 or 1/2, namely
(Hy,Hs) = (1,Hy,) if kpy < 1, = (H};,1/2) if kp, > 1 in the case of VX,
and (Hy, Hy) = (Hy, 1) if kpy < 1, = (1/2, Hy,,) if kp; > 1 in the case of V.
These facts and the explicit form of the covariance of FBS, see (6.24), imply that
VX f;f aVX (Va > 0), for any k, p;, po in Theorems 6.2-6.3, yielding the following

corollary.

Corollary 6.6. Let RF X = A,(Y) satisfy Assumptions (A1), (A2) and (A3),
1<k<P, kpi#1,i=1,2. Then X exhibits scaling transition at vy = p1/ps.

6.4 Examples: fractionally integrated RFs

In this section we present two examples of linear fractionally integrated RFs Y on
72 satisfying Assumptions (A1) and (A2).

Example 1. Isotropic fractionally integrated random field. Introduce the
(discrete) Laplace operator AY (£, s) := (1/4) 32,1 jpj=1 (Yt +u, s +v) = Y (¢, 5))
and a lattice isotropic fractionally integrated RF {Y'(¢,s), (t,s) € Z?} satisfying
the equation:

(—A)dY(t’ S) = S(t, S)v (630)
where {e(t,s), (t,s) € Z*} are standard i.i.d. r.v.s, 0 < d < 1/2 is the order of

fractional integration, (1 —2)¢ =322 4;(d)27, ¢;(d) := T'(j —d)/T(j + DT (—d).
More explicitly,

(=AY (t,s) = Zw] Y1+ AYY(t,s) = Z b(u,v)Y (t —u,s —v), (6.31)

where b(u, v) 1= > 72 ¥;(d)p;(u, v) and p;(u,v) are j-step transition probabilities

of a symmetric nearest-neighbor random walk {W;, j = 0,1,...} on Z* with
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6.4. Examples: fractionally integrated RFs

equal 1-step probabilities P(W; = (u,v)|Wy = (0,0)) = 1/4, |u| + |v| = 1. Note
> wwyezz |0(u, v)| = 3272, [1(d)] < oo, d > 0, and therefore the Lh.s. of (6.31)
is well-defined for any stationary RF Y with E|Y(0,0)| < co. As shown in [56],
for 0 < d < 1/2 a stationary solution of (6.30) with zero-mean and finite variance

can be defined as a moving-average RF":

Y(t,s)=(=A)"e(t,s) = > alu,v)e(t—u,s—v), (6.32)

(u,v)€Z?

with coefficients

alu,0) = Y vy~ d)py . v) (6.33)

satisfying 37, ,)cze a(u,v)* < oo. Moreover, RF Y in (6.32) has an explicit spec-
tral density f(z,y) = (2m)722729|(1 — cosx) + (1 — cosy)|~%, (z,y) € [-7, 7%,
which behaves as const(z? + y*)™2? as 2% + y?> — 0. According to [56, Propo-
sition 5.1], the moving-average coefficients in (6.33) satisfy the isotropic asymp-
totics:
at,s) = (A+o(1)(#* +s*) =D 2 1% — o0,

where A := 77'T'(1 — d)/T'(d) and hence Assumption (A2) with ¢, = ¢o = 2(1 —
d) € (1,2), @ = 1/(1 —d) € (1,2) and a constant angular function Ly(z) = A,
z € [-1,1].

Example 2. Anisotropic fractionally integrated random field. Consider
the ‘discrete heat operator’ Ay,Y (t,s) =Y (t,s) —0Y (t—1,s) — (Y (t— 1,5+
1)+Y(t—1,s—1)),0< 6 <1, and a fractionally integrated RF satisfying

Acll,zY(t, s) =e(t,s), (6.34)

where {e(t,s)} are as in (6.30). Similarly to (6.32), a stationary solution of (6.34)

can be written as a moving-average RF:
Y(t,s) = Arge(t,s) = Z a(u,v)e(t —u, s —v), (6.35)
(u,0)EZ4 XZ
with coefficients
a(u,v) = Yu(—=d)qu(v), (6.36)
where ¢, (v) are u-step transition probabilities of a random walk {WW,,, « = 0,1, ...}
on Z with 1-step probabilities P(W, = v|Wy = 0) = 0 if v =0, = (1 — 6)/2 if
v = =£1. As shown in [60], > (, ,)cze a(u,v)? < oo and the RF in (6.35) is well-
defined for any 0 < d < 3/4, 6 € [0,1); moreover, the spectral density f(z,y) of
(6.35) is singular at the origin: f(x,y) ~ const(z?+(1—0)%y*/4)~%, (z,y) — (0,0).
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Proposition 6.7. For any 0 < d < 3/4, 0 < 0 < 1, the coefficients in (6.36)
satisfy Assumption (A2) with ¢ = 3/2 — d, g2 = 2¢q1 and a continuous angular
function Lo(z), z € [—1,1], given by

,d—3/2 exp{ B (1/2)2 -1
Lo(z) = { T(d)y/27(1 - 0) 2(1— 0)

0, —1<2<0.

}, 0<z<1,
(6.37)

Remark 6.3. [14,41] discussed fractionally integrated RFs satisfying the equation
AT ALY (t,5) = e(t, s), (6.38)

where A1Y (t,s) := Y(t,s) = Y(t —1,s), AY(t,s) := Y(t,s) = Y(t,s — 1) are
difference operators and 0 < dj,dy < 1/2 are parameters. Stationary solution
of (6.38) is a moving-average RF Y (t,s) = Z(u,v)ezi a(u,v)e(t —u,v — s) with
coefficients a(u,v) := ¥, (—dy)1,(—dz). Following the proof of Theorem 6.1 one
can show that for any v > 0 the (normalized) partial sums process of RF Y
in (6.38) tends to a FBS depending on dy,d, only, viz., A" =725Y (z,y) ¢
c(dy)e(dy) By (2, y), where H; = d; +1/2 and ¢(d;) > 0 are some constants.
See [89, Proposition 3.2] for related result. We conclude that the fractionally
integrated RF in (6.38) featuring a ‘separation of LRD along coordinate axes’

does not exhibit scaling transition in contrast to models in (6.30) and (6.34).

6.5 Properties of convolutions of

generalized homogeneous functions
For a given w > 0 denote
plt,s) = ([t +[s[=)2, pilt,s) =1V p(t,s), (ts)€R.

Let f(t,s) = p(t,s)™"L(t/p(t,s)), where h € R and L = L(z), z € [-1,1],
is an arbitrary measurable function, then f(t,s) satisfies the scaling property:
fO,AZs) = A f(t,s), (t,5) € R2, for each A > 0. Such functions are called
generalized homogeneous functions (see [42]).

We use the notation (a1 %as)(t,s) = [g» a1(u, v)as(t+u, s+v)dudv for convolution
of functions a;, i = 1,2, defined on R?. Similarly, we write [a; x as](t,s) =
Z(u’v)GZQ ai(u,v)as(t +u, s+ v) for ‘discrete’ convolution of sequences a;, i = 1, 2,
defined on Z?. Note the symmetry a;(t,s) = a;(t,—s), i = 1,2, implies the

symmetry [a; x a](t,8) = [a1 * ag](t,—s), (a1 * az)(t,s) = (a1 x a)(t, —s) of
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convolutions.
Let Bs(t,s) := {(u,v) € R* : [t —u| + |s — v| < 48}, Bs(t,s) := R?*\ Bs(t, s).

Proposition 6.8. (i) For any § >0, h > 0,

/ p(t,s) "dtds < co <= h <1+ w (6.39)
Bs(0,0)

and

/ p(t,s) "dtds < oo
B£(0,0)

Z p-i-(tv S)_h <0

(t,s)ezZ?

= h>1+w. (6.40)

(ii) Let h; >0, 1= 1,2, hy + hg > 1 + w. Then there exists C > 0 such that for
any (t,s) € R3,

(7w p ) () < Cplt, )T B <1 4wmi=1,2, (641)
(p" xp7 ") (t,s) < Cpyl(t,s)", hy <1+ w@ < hy, (6.42)
(pi" x pi2)(t,s) < Cpy(t,s) e, hi>1+4+w,i=1,2. (6.43)

Moreover, inequalities (6.41)~(6.43) are also valid for ‘discrete’ convolution [p3™ %
p"?](t, 5), (t,s) € Z? with p(t,s) on the r.h.s. of (6.41) replaced by p, (t,s).

(iii) Let a; = a;(t,s), (t,s) € Z2, satisfy a;(t,s) = pi(t,s) " (Li(t/ps(t,s)) +
o(1)), |t| + |s|] = oo, where 0 < h; < 14+ w < hy + hy, and L;(u) # 0, u €
[—1,1], are bounded piecewise continuous functions, i = 1,2. Let a;n(t,s) =
p(t,s) ™M Li(t/p(t,s)), (t,s) € R?, i =1,2. Then

(G100 * Gos0 ) (t, 8) = p(t,s)T= M= o (t/p(t,5)), (t,s) € R%, (6.44)
and
a1 % as](t, s) = pi(t, )= (Lio(t/pi (L, 8)) + 0(1)), [t + |s] = 00,(6.45)
where

L12(2) := (Groox G200 ) (2, (1 —22)F/?) = / 100 (U, V) 00 (U2, v+ (1= 22)7/?)dudv

W (6.46)
is a bounded continuous function on the interval z € [—1,1]. Moreover, if L1(z) =
Lo(2) > 0 then Lio(2) in (6.46) is strictly positive on [—1,1].
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Proposition 6.9. Let b(t,s) := p,(t,s) "(L(t/p.(t,s)) + o(1)), |t| + |s| = oo,
(t,8) € Z2, boo(t,8) := p(t,s) " L(t/p(t,s)), (t,s) € R?, where 0 < h <1+ w and
L(u) >0, u € [—1,1], is a continuous function. Then for any vy > 0,

BA(’Y) = Z b(tl - t27 S1 — 52) ~ C(7>>\2H(7)7 A— o0, (647)
(ti,si)GK[)\,)\’Y])i:L2
where
1+w— 3, (D)
H(y) == (1+7-"t5=  (1I0)
1++y-14, (IV)
v(hfl) (V)

tz, S1 — 52)dt1dt2d81d52, (I)

/
/ 0 51 — 82)d81d52, (II)

1]2
1]2><]R
/ so(t1 — t2,0)dt1dts, (IV)
0 1]2
/ (t S1 — Sg)dtdSldSQ, (V)
\ RX(O 1}

in respective cases (1): v =w, (II): v > w, h < w, (III): v > w, h > w, (IV):
v<w,h<land (V):y<w, h>1.

6.6 Covariance structure of

subordinated anisotropic RFs

In this section from Propositions 6.8 and 6.9 with @ = ~,, p(t,s) = (Jt|* +
|5|2/70)1/2 we obtain the asymptotic form of the covariance function of ry(t,s) :=
EX(0,0)X(t,s) and the asymptotics of the variance of anisotropic partial sums
S, of subordinated RF X = A,(Y).

Proposition 6.10. Let RF X = Ai(Y) satisfy assumptions (A1), (A2) and

(AS)y.
(i) Let k > 1. Then X(t,s) = Y**(t,s)+ Z(t,s), where Z(t,s) is defined in (6.14)

and
rz(t,s) = O(p(t,s) "), |t] + [s| = oo. (6.49)
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(ii) Let 1 < k < P. Then
rx(t,s) = klp(t,s) " (Lx(t/p(t,s)) +o(1)), |t|+ |s| — oo, (6.50)

where Lx(2) = ((aoo * @00 ) (2, (1 — 22)0/2))E | 2 € [~1,1], is a strictly positive con-
tinuous function and as is defined in (6.16). Moreover, rz(t,s) = o(p(t, s) "),
t] + |s| — oo.

(iii) Let k > P. Then

rx(t,s) = O(p(t, s)” PNt 4 [s| — oo (6.51)

Clearly, (6.50) implies Cyp(t, s) 7" < rx(t,s) < Cop(t,s) "1 for all [t| + |s| >
C3 and some 0 < C; < 00,1 = 1,2, 3. The last fact together with Proposition 6.8(i)

implies the following corollary.

Corollary 6.11. Let X = Ai(Y), k > 1, be the subordinated RF defined in
Proposition 6.10 and satisfying the conditions therein.

(i) Let 1 < k < P. Then ) ez rx(t,s)| = 0o. Moreover, 3 ; |rx(0,s)] =
00 = kpy <land) , ., |rx(t,0)] = co0 <= kp; < 1.

(it) Let k > P. Then 3, gz |rx(t, s)| < oc.

Remark 6.4. Following the terminology in [81], we say that a stationary RF X =
{X(t,s), (t,s) € Z*} with finite variance has vertical LRD property (respectively,
horizontal LRD property) if 3 __, |rx(0,s)| = oo (respectively, >, ., |rx(t,0)] =
o0). From Corollary 6.11 we see the dichotomy of the limit distribution in The-
orems 6.2-6.3 at points kps = 1 and kp; = 1 is related to the change of vertical
and horizontal LRD properties of the subordinated RF X = A, (Y).

Corollary 6.12. Let X (t,s5) = Ap(Y(t,5)) = Y**(t,s) + Z(t,s), 1 < k < P,
kp; # 1,1 = 1,2, be the subordinated RF defined in Proposition 6.10 and satisfying

the conditions therein. Then for any v > 0, as A\ = oo,
Var(Sy,) ~ Var(S3) ~ e(7) A0 (6.52)

and

Var(S5.) = O(A'), (6.53)
where H(y) € (1 +7)/2,14) and c(v) are defined in Theorems 6.1-6.3.
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6.7 Proofs

6.7.1 Proofs of Propositions 6.8-6.10 and Corollary 6.12

Proof of Proposition 6.8. With the notation o := p(t,s) we have that (¢,s) —
(o,t/0) is a 1-1 mapping from R X [0, 00) to [0, 00) x [—1, 1]. Particularly, if w =1
then (g, arccos(t/o)) are the polar coordinates of (¢,s) € R x [0,00). We use the

inequality:
2

plts +ta, 81+ 52) < Co Y plti, si), (6.54)

i=1
with Cy := 1V 2%~ which follows from

2
p(tl + tg, S1 + 82)1/\171 S Z'O(t“ Si)l/\w, (ti, Sz’) S Rz, 1= 1, 2. (655)
i=1
(i) W.lg., let § = 1. Then [y, o p(t, s) "dtds < 4 [} #="dt [}/ (14+u2/=) /2,
where the inner integral = O(1) if h > w, = O(t" ) if h < @, = O(|logt|) if
h = w, as u — 0. This proves (6.39) and (6.40) follows analogously.

(ii) After the change of variables: u — pu, v — 0%v, 0 := p(t, s), we get

(0" xp7"2)(t,5) = Q”w"“"‘?/RQp(u,v)‘hl/)((t/@)+u,(8/9w)+v)_h2dudv,

= Ql+w_hl_h2 (Il ‘f‘ ]2 + ]12), (656)
where
j- / o, 0) ™ (2] 0) + u, (5/67) + v) " dudv,
Bs(0,0)
[2 = / Ce dudv, 112 = / ... dudv
Bs(—t/0,—s/0%) B§(0,0)nB§(—t/0,~s/07)

with & > 0 such that B;(0,0) N Bs(—t/0, —s/0%) = 0 for any (¢, s) # (0,0). The
integrals I; < C,i=1,2by (6.39) and 0 < h; < 1+w, i = 1,2. Next, by Holder’s
inequality with A := hy + ho,

I, < / p(u,v)"dudv < C,
B(0,0)
in view of (6.40) and

/ p((t/0) + u, (5/6°) +v)dudu = / p(u, v) dudo.
B§(—t/0,—s/0%) B$(0,0)

This proves (6.41).
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Next, consider (6.42), or the case 0 < hy < 1+ w < h;. By changing the
variables as in (6.56), we get (p;" xp~"2)(t,8) < o"FF M 2(I] + I, + I15), where
I, < C, I3 < C are the same as in (6.56), whereas

I} = / (07" V p(u,v)) ™ p((t/0) + u, (s/07) +v) "dudv.
Bg(0,0)

Note that if given small enough § > 0, then (6.55) implies p((t/0) + u, (s/0%) +
V)% > 1 — p(u,v)"® > 1/2 for all (u,v) € B;s(0,0), and hence I} < Cgh~1==
Jgo p+(u,v) "M dudv < Co™ =177 according to (6.40). Since p(t,s)' ="~ =
o(p(t,s)~"2) as |t| + |s| — oo, the proof of (6.42) is complete.

Finally, consider (6.43). We follow the proof of (6.42) and get (p;" xp;"2)(t, )
< oMteTmTha ([ 4 [) + I15) with the same I} < Co" 1% [}, < C, whereas

5= | p(,0) ™ (07 V p((t/0) + u, (5/07) +v)) " dudo.
Bs(—t/0,—s/0%)

For small enough § > 0, we have p(u, v)"® > 1—p((t/0)+u, (s/0%)+v)"% > 1/2
for all (u,v) € Bs(—t/o,—s/0%), and hence I} < Co"™ "% [, pi(t + u,s +
v)"2dudv < O™~ 177 by (6.40). Using p(t, s)1T=m=h2 = o(p(t, s)M"h2) as |t|+
|s] = oo, we conclude (6.43). Extension of (6.41)—(6.43) to ‘discrete’ convolution
[plh1 * pl’”](t,s) requires minor changes and we omit the details. This proves
part (ii).
(iii) It suffices to show (6.45) for (¢,s) € Z x Z, (t,s) # (0,0), in which case
pi(t,s) = p(t,s). We have [a; x as](t,s) = Zijzo[a’i * al](t,s), where a?(t,s) =
pi(t,8) MLt/ py(t,s)), at(t,s) = a;(t,s) — ad(t,s) = o(py(t,s)7h), i = 1,2.
Clearly, (6.45) follows from
ol e i s)  Lalt/p(t )| =0 (657
t|+|s|—o0
and
[ai x a3](t, s) = o(p(t, s)"F="72), (i, 5) # (0,0), 4,5 = 0,1, [t|+[s| = oc.

(6.58)

The proof of (6.58) mimics the proof of (6.57) and is omitted. To prove (6.57),

write [af x ad](t, s) as the integral: [af x ad](t,s) = [go a¥([u], [v])ad([u] + ¢, [v] +

s)dudv. After the same change of variables u — ou, v — p%v, ¢ := p(t,s) as in

the proof of (ii) we obtain [al x a3](t, s) = o' *=~M="2[ (¢/0), where

Ly(2) ::/ Go(u,v; z)dudv, z € [—1,1]
R2
and where
gg(u’ v Z) = al@(ﬂ’ T))G’ZQ(?} + z, v+ (1 — 22>W/2)7
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with @ := [pu] /0, ¥ := [0%v]/0® and

io(u,v) = (07" V p(u,v))_hiLi (u/(07"V p(u,v))), i=1,2, (6.59)

since s/0% = (1 — 22)%/2 for z = t/o € [-1,1], s > 0. Then with a;(u,v),
i = 1,2, defined by the statement of Proposition 6.8(iii) we get that

Go(U, V3 2) = Goo (U, U5 2) 1= Q100 (U, V) A200 (U + 2,0 + (1 — 22)w/2) (6.60)

as 0 = p(t,s) — oo (|t| + |s| — o0) for any fixed (u,v;z) € R? x [—1,1] such that
(u,v) € {(0,0), (—2, —(1—2)™2)} and u/p(u,v), (u+2)/p(u+z,v+ (1 —22)7/?)

being continuity points of Ly and L, respectively. Let us prove that
Ly(z) = Lia(z) as o — o0 (6.61)

uniformly in z € [—1, 1], which implies (6.57), viz., | L,(t/0)—L12(t/0)| < sup,e;_q
|Lo(2) — Lia(2)] = o(1) as ¢ — oo. The uniform convergence in (6.61) fol-
lows if limy oo Ly(2,) = Li2(2) holds for any z € [—1,1] and every sequence
{#,} C [-1,1] tending to z: lim, , 2z, = z. Choose § > 0 and split the difference
Ly(z,) — L12(2) = I1 + Iy + 112, where

- / (90103 2) — goo ut,v; 2))dudly,
Bs(0,0)

[2 = / ...d’l,LdU, [12 = / ...dudv
Bs(—z,—2") B§(0,0)NB§(—z,—2")

with the notation 2’ := (1 — 22)®/2. Note that p(z,2') = 1 and § > 0 is chosen
small enough so that Bs(0,0) N Bs(—z,—2") = (. Let us first check that |I;],
1 = 1,2, can be made arbitrary small by taking sufficiently small §. Towards this

end, we need the bound
‘aig(ﬂa 6)’ < Cp(ua ’U)fhl} (u7 U) € R27 1 =1,2. (662)

Indeed, by (6.54), p(u,v) < Cyx(p(u,0) + p(u — @,v — v)), where |u —u| < g7,
lv — ¥ < 07% and hence p(u — @, v — ) < /207", with C > 0 dependent only
on @ > 0. Therefore, p(u,v) < V204 (p(1,7) + 07') < 2v2C,(p(@t, ) V 07 ?)
implying

p(i, ) V o7t > (2v205) L plu, v), (6.63)

or (6.62) in view of the definition of a;, in (6.59). Using (6.62) it follows that

190(1, V3 25) = oo (u, 03 2)| < Cp(u, v) ™ (p(u+ 2o, v+ 25) " + plu+ 2,0+ 2') 7).
(6.64)
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From (6.64) we obtain |[;]| < Cfa;(o 0) p(u,v)Mdudv < CF#M = o(1) and
similarly, |Io] < C6'*®~h2 = o(1). Hence it suffices to show that I;5 — 0 (z, — 2),

viz., that for each § > 0
/ |9o(u, v; 2,) — goo(u, v; 2)|dudv — 0 as p — oo. (6.65)
B§(0,0)NB§(—2,—2")

From (6.55), p(u+ zp, v+ 2))" > p(u+ z,v + 2")""% — (§/2)""% /2 > (1/2) p(u+
2,0 + 2')% for all (u,v) € B§(—z,—2') and o large enough that p(z — z,, 2" —
Z)11® < (6/2)'% /2 (in view of z, — z). Hence and from (6.64) we obtain that
the integrand in (6.65) is dominated on B§(0,0) N B§(—z, —2') by an integrable
function independent of g, viz., |g,(u, v; 2,) — goo (u, v; 2)| < Cp(u,v) ™™ p(u+z,v+
2')7"2. Since this integrand vanishes a.e. on B§(0,0) N B§(—z, —2') as ¢ — 0o,
see (6.60), relation (6.65) follows by the dominated convergence theorem, proving
(6.61). The continuity of L2 (6.46) follows similarly by the dominated convergence
theorem.

It remains to prove the strict positivity of Lis in the case where Li(z) =
Ly(z) =: L(z) > 0. Under assumption of piecewise continuity of L and L # 0
a.e., we can find 0 < |z] < 1 and & > 0 such that L(z) > § for any |z — 2| <
5. We also have |u/p(u,v) — (u+ 2)/p(u+ z,v + 2')| < p(u,v)™t + |1 — p(u +
2,0+ 2')/p(u,v)] = O(p(u,v) %) uniformly in z € [~1,1] for p(u,v) > 1.
Indeed, this follows from |1 — (p(u + z,v + 2')/p(u,v))""®| < p(u,v) "“ by
(6.55), when combined with 1 —2z < @w (1 —2%),0<z < 1,if 0 < @w < 1 and
plu+ z,v+ 2')/p(u,v) < 2C, for p(u,v) > 1 by (6.54). Hence, given K large
enough |u/p(u,v)—(u+2)/p(u+z,v+2")| < 6/2 for all (u,v) € B%(0,0). Next, we
choose the interior point (ug,vg) of B%(0,0) such that ug/p(ug, vo) = 2. In view
of continuity of u/p(u, v), there exists € > 0 such that |z —u/p(u,v)| < §/2 holds
for all (u,v) € B:(ug,vo) C B%(0,0). Consequently, L(u/p(u,v))L((u+ 2)/p(u+
z,0+2")) > 6% > 0 for any z € [—1, 1] and all (u,v) € B-(ug,vo). Finally, Li(2) >
0*(2C2) ™" [4 (o wp) P v) M7 "2dudv > 0, proving Lip(2) > 0,2 € [~1,1], and
part (iii). Proposition 6.8 is proved. O

Proof of Proposition 6.9. Rewrite the L.h.s. of (6.47) as

By(y) = /f{ b([ta] — [ta], [51] — [sa])dtrdtadsydss, (6.66)

2
(AAT]

where K = {(t,5) € R2: ([t],[s]) € K}

Case (I): v = w. By changing the variables in (6.66) as t; — AM;, s; — A%s;,
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i = 1,2, we obtain A™?"(®) B, () = fR4 ,[;)\(tl,tg, s1, $2)dt1dtads;dss, where

DAt to st s0) = Da(((Ma] = Ma])/A (WTs1] — [A7s2])/A%)  (6.67)
< 1(([M], [\=s:]) € (0, A] x (0,\7], i = 1,2)

with by(t,s) :== (A2 V p(t, 8))"(L(t/(A"1 V p(t, s))) + o(1)) as A — oo. Then
’5,\(t1, tg, S1, 82) — boo(tl — tz, S1 — 82)1((ti, Si) € (O, 1]2, 7 = 1, 2), A= o0,

point-wise for any (ty,ts,51,82) € R, (t1,51) # (t2,s2) fixed. The dominating
bound

ATV (W] = M) /A, (A1) = [\7s0]) /AT) > Cp(ts — t, 51— s2),

follows by the same arguments as (6.63). These facts and the dominated conver-
gence theorem justify the limit limy_,o, A™2"(®) B, (w) = C(w) since the integral
C(w) < Of(—LlP p(t,s)~"dtds < oo in (6.48) converges by Proposition 6.8(i).

Case (II): v > w, h < w. By changing the variables in (6.66) as t; — i;,
s; — \Ns;, i = 1,2, we obtain A\"2H) By (y) = fR4E,\(t1,t2,31,32)dt1dt2d31d32,

where

ba(ty ta, s1,82) o= ba(([Ma] — [Ma]) /N, ([Ns1] — [N7s2]) /)
KL((AG], [V'si]) € (0, 0] x (0, X7, i = 1,2)

with by(t,s) := (A= Vp(t,s)) " (L(t/ (A= Vp(t,s)))+o(1)) as A — co. Hence
since y/w > 1 it follows that

gx(tbt% 81, 82) = boo (0,51 — 52)1((4,5:) € (0, 1}271' =1,2), A— o0,

point-wise for any (t1, s, 51, 82) € R, 51 # 55 fixed. Note by (0,5) = L(0)|s| "=
is integrable on [—~1,1] due to h < w. The limit limy_,o, A7) B, (w) = C(w)

can be justified by the dominated convergence theorem using the bound
ATV p(([A] = X)) /A ((Ns1] = [V7s]) /A7)
> A7V p(0, ([Ns1] = [A7s2]) /A7)
> Cp(0, 51 — s2),

which follows by the same arguments as (6.63).

Case (III): v > w, h > w. By changing the variables in (6.66) as t; — M;, i = 1,2,
51— 89 — ATs1, 55 — A8y, we obtain A2 B, (y) = fR4EA(t1,t2,sl,32)dt1dt2
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dsids,, where
EA(tl,t%sl, so) = by(([M1] = [M2]) /A, ([NTZs1+ AVso] — [AVsq]) /A7)
x1([At;] € (0,)], i =1,2,
[(A¥s1 4+ AVsa] € (0, 7], [NVsq] € (0,\7])

with by(¢,s) :== (A2 V p(t, 8)) " (L(t/(A"1 V p(t,s)) + o(1)) as A — co. Then
g/\(tl,tg, S1, 52) — boo(tl — tQ, 81)1((t1,t2, 82) € (O, 1]3), A — o0,

for any t; # t3, s1 € R\ {0}, so € R\ {0, 1} fixed since v > w implies 1(0 <
[AZs1 + AVs9] < A7) — 1(0 < s < 1). The dominating bound

AV (] = D)) /A, (A1 + XVsa] — [Ns2]) /A7) > Cp(ty — t, 1)

follows in the same way as (6.63), because |([A¥s1 + AVsg] — [AVsa]) /AT — 51| <
2A"®. Then the dominated convergence in (6.47) is proved in view of C(y) <
Cf—11 Jg p(t, s)""dtds < oo,

Cases (IV) and (V) can be treated similarly to Cases (II) and (III) and we omit
the details. Proposition 6.9 is proved. O]

In the rest of the chapter, we apply Propositions 6.8 and 6.9 with @w = v and
use the notation p(t,s) = (|t|? + |s|?/70)Y/2, (t,s) € R2.

Proof of Proposition 6.10. (i) Since Z(t,s) = 0 for k = 1, let £ > 2 in what
follows. According to (6.12),

k-1
Z(t Z Z. (t —uy, s —v)P ot — g, s — ;)P4 (6.68)
=1 (D); (u,v);
X Ajp,|(e(ur, v1)) -+ Ajp, (e(us, vi),
where the sum Z( p), is taken over all partitions of {1,2,---  k} into ¢ nonempty

sets Dy, ..., D; having cardinality |Dy| > 1,...,|D;| > 1, |Dy| + -+ + |Di| =
k. Thus, (6.68) is a decomposition of Z(t,s) = A,(Y(t,s)) — Y**(¢,s) into a
sum of stationary ‘off-diagonal’ polynomial forms of order ¢ < k in ii.d. r.v.
Aip,|(e(ug,ve)), 1 < € <4, with max(|Dy|,--- ,|D;|) > 2. From (6.68) it follows
that

IEZ(0,0)Z(t,s)| < CZ > H [la|? * |a|%](t, s), (6.69)
i=1 (d);,(d'); £=1
where the second sum is taken over all collections (d); = (d,...,d;), (d'); =

(d),...,d}) of integers dy > 1, d, > 1 with 3,_, dy = >°,_, d;, = k. See [36], proof
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of Theorem 14.2.1. Then a(t,s)* < Cp(t,s)~%, a(t,s)% < Cp(t,s)~%, where
Be := dequ, B} := djq:. By Proposition 6.8(ii),

IEZ(0,0)2 t5|<02 > Hpts e, (6.70)

(d);,(d"); €=
where
2(]1—1—’}/0:]?1, lfdg:dlgzl,
we = @, ifdy>2,d,=1ordy=1,d,>2, (6.71)

21, if dy > 2, d) > 2.

Relations (6.71) and max;<¢<; d¢ > 2, max;<¢<; d, > 2 imply 22:1 wy > 2¢q; and
hence (6.49).

(ii) Since RFs {Y**(t,s)} and {Z(t,s)} are uncorrelated: Cov(Y**(¢,s), Z(u,v))
= 0 for any (t,s), (u,v) € Z?, relation (6.50) follows from (6.49) and

Cov(Y**(t,s),Y*(0,0)) = klry (¢, 8)"(1 + o(1)), |t| + |s| = oc. (6.72)

To show (6.72), note that the difference |ry (¢, s)*k! — Cov(Y**(t,s), Y**(0,0))| =
|([a = a](t, s))* DI TTE, a(t + ws, s + vi)a(u;, v;)|k! satisfies the same bound
as in (6.70) and therefore this difference is O(p(t, s)72%) = o(ry (t, s)*¥) according
0 (6.49). This proves (6.72) and part (ii).

(iii) follows similarly to (ii) using (6.49) and | Cov(Y*(t, s), Y**(0,0))| < k!([|a| *
lal](t, s))* < Cp.(t,s)~*1. Proposition 6.10 is proved. O

Proof of Corollary 6.12. Relation (6.53) follows from (6.49) and Proposition 6.8(i)
since the Lh.s. of (6.53) does not exceed Z(tl’SI),(t27S2)€K[A’m |rz(t —ta, s1—s2)| <
NS eze [r2(t,8)] < CNFYST e pi(t,s) 720 and the last sum converges
by Proposition 6.8(i) due to 2¢; > 1 + 7.

Relations (6.52) follow from (6.53), the orthogonality of {Y*¥(¢, s)} and {Z(t,s)}

and

Vi, = Var (Z(t,s)eK[A,m] Yok(t, s)) ~ c(y)AZHO). (6.73)
In turn, (6.73) follows from
Vi = k! Z ry (t; — ta, 51 — 52)F ~ c(7) N (6.74)
(t1,51),(t2,52) €K x A7)
and
Vi, — WV, = o(A2HO), (6.75)
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Relation (6.74) follows from ry(¢,s) = [a * a(t, s), Propositions 6.8(iii), 6.9 and
the fact that the asymptotic constants C(y) in (6.47) coincide with ¢(7y) in Theo-

rems 6.1-6.3. (The last fact follows by exchanging the order of integration in these

integrals, e.g. ¢(7o) in (6.18) writes as ¢(yo) = k! [pon (f(o 12 Hle Aoo(t — Uiy s —

vi)dtds)2 Hle du;dv; = k! f(0,1}4 boo (t1 — to, 81 — S9)dt1dtadsidsy = C(7p), where
boo(t,8) = ((aoo * aso)(t, 8))F, see (6.44).) Finally, the difference in (6.75) can be
estimated as in (6.69)(6.70) and therefore this difference is O(A*7) = o(A2H))
as shown in (6.53). This proves (6.73) and the proposition. O

6.7.2 Proofs of Theorems 6.1-6.5 and Proposition 6.7

We use the criterion in Proposition 6.13 for the convergence in distribution of off-
diagonal polygonal forms towards [t6—Wiener integral which is a straightforward
extension of [36, Proposition 14.3.2].

Let L?*(Z?) be the class of all real functions g = g((u, v)x), (u,v), € Z?*, with
S ez 9, 0)0)? < 00 and Qulg) = 0, 9((w, v))e(ur, v0) - (g, vy,
g € L*(Z*) be a k-tuple off-diagonal form in ii.d. r.v.s {e(u,v)} satisfying
Assumption (Al). For gr, € L*(Z**) (A > 0,y > 0) define a step function
Gan € L2(R%) by

ng)\ﬁ((u’ U)’C) = )‘IW(H_VO_I)/QQAW(P‘v/%ul]) P‘A/UIL S [/\’Y/A/OukL [)"yvk])’
(u,v), € R*. (6.76)

Proposition 6.13. Assume there exists h, € L*(R*) such that limy_e [|gr —
hollk = 0. Then Qr(gry) = faar (1, 0))AFW (X = o0).

Proof of Theorem 6.1. (i) Let us show that the stochastic integral Vi (z,y) is
well-defined or ||h(z,y;-)||x < oo, where h(x,y; (u,v);) is defined in (6.16). It
suffices to consider the case x = y = 1. By (6.41), (6.39) of Proposition 6.8,
(1,15 )| = f(0’1]4((aoo * oo )(t — t2,81 — 82))Fdt dtadsidsy < Cf(0,1]4 p(ty —
ty, 81 — 82) " *Pidt dtyds dsy < oo since kpy < 1479 = 1+ p1/ps or k < P holds.
The self-similarity property in (6.17) follows by scaling properties a.,(At, A\7°s) =
Aay(t,s), {W(dMu, dXov)} 'L {AO+0)/217 (du, dv)} of the integrand and the
white noise, and the change of variables rules for multiple [t6—Wiener integral,
see [25], also [36, Proposition 14.3.5].

(ii) Relation (6.18) is proved in Corollary 6.12. Let us prove (6.19). Recall the de-
composition X (¢, s) = Y**(t,s)+ Z(t,s) in (6.13). Using Var(SZ_ ) = O(\T0) =

A7"}'0
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o(A21(0)) "see (6.53), relation (6.19) follows from

_ . fdd
Qk(g)\,v()(J:)y; )) =A Hiro) Z Y k(t7 S) - Vk),(vo (ZL‘, y>7 (677)
(t:5) €K rg A0 4]
where
gan (5 (w0 1= AT Yt = s =) et = s = ),

(t,8)EK xg 370y

(u,v), € Z*. (6.78)

Using Proposition 6.13 and Cramér—Wold device, relation (6.77) follows from

T || D2 G (o) = bl )| =0, (6.79)
for any m > 1 and any 6; € R, (z;,5;) € R2, 1 < ¢ < m, where the limit
function h(z,y; (u,v)) is given in (6.16). We restrict the subsequent proof of
(6.79) to the case m = 0, = 1, (z1,y1) = (x,y) since the general case of (6.79)
follows analogously. Using (6.10), (6.78), (6.76) and notation ay(t,s) := (A7t Vv
p(t,s))" 2 (Lo(t/ (A1 V p(t,s))) +0o(1)), A = oo, and X := A\ similarly to (6.67)

we get
k
gA,“fo (]J, Y; (u, U)k) = /R2 H a}\([kt];\[Aui] ’ [ s};/[/\ Uz‘])
i=1
x1(([Mt], [Ns]) € (0, Az] x (0, N'y])dtds
= h(z,y; (u,v)i) (6.80)

point-wise for any (u,v);, € R (u;,v;) # (uj,v;) (i # j) fixed. A similar
inequality to (6.63), viz.,

TV p(p‘ﬂj\[)‘u], [’\/s];,[)‘/v}) >cp(t —u,s —v), Vtu,sveER, (6.81)

holds with some constant ¢ > 0 independent of ¢,u, s,v € R, implying the domi-

nating bound

k

|§)\:’YO (.’L‘,y, (U,U)k” S C Hp(t — Uiy S — Ui)iqldtds = g(ﬂ?, y: <U’7 'U)k),
(0,27] x(0,2y] i=1

where ||g(x,y; -)|lx < 0o by (6.41), (6.39) of Proposition 6.8, so that (6.79) follows
by the dominated convergence theorem in view of (6.80). Theorem 6.1 is proved.
O

Proof of Theorem 6.2. As noted in Section 6.3, part (iii) follows by the same ar-

gument as part (ii) by exchanging the coordinates t and s and we omit the details.
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(i) Let us show that the stochastic integral in (6.20) is well-defined or ||h (y; -)||x <
0o, where h(y; (u,v)g) is defined in (6.21). Indeed by (6.41) of Proposition 6.8
|y (y; HIZ = f(o’l]Q((aoo*aoo)(O, 51— 89))kdsidsy < Cf(o,ﬂ? p(0, 51— s9)"P1ds; dsy
<C f[q,l] |s|7*P2ds < oo since kpy < 1. The remaining facts in (i) follow similarly
as in the proof of Theorem 6.1(i).

(ii) Relation (6.22) is proved in Corollary 6.12. Similarly to the proof of (6.19),

the weak convergence in (6.23) follows from

fdd

Qulgan(z,y:)) = AT Y 7 Yt s) S aZif (y), (6.82)

(tvs)eK[)\z,)\'Yy]

where

Ian (@5 (w,0),) = AHO) Z at —ur,s —v1) - alt — uk, s — vg),

(t,8)EK ra, AT y)
(u,v)r € 72"

Again, we restrict the proof of (6.82) to one-dimensional convergence at (z,y) €

R?. By Proposition 6.13 this follows from
Jim {[gay (2,55 ) = xh (y:-) |l = 0, (6.83)

where, with N := X7, N := M/ X = o(\"), axi(t,s) := (\) " Vp(t,s)) " (Lo(t/
(A)7HV p(t, 5))) + o(1)),

k
EA,W(I; Y3 (U’ U)k:) = /RQ H aym ( D\t}_)\[l),\’/ui] , [)\/s];,[)\’vi])
1=1
x1(([At], [X's]) € (0, Az] x (0, Ny])dtds
= why(y; (=, 0)k) (6.84)

point-wise for any (u,v)y € R¥*, (u;,v;) # (uj,v;) (i # j) fixed.
The dominating convergence argument to prove (6.83) from (6.84) uses Pratt’s

lemma [84], as follows. Similarly to (6.81) note that

% V. P([/\t];},’\”u], [)Js];,[Xv]) > Cp((}\t/)\//) —u, s — ’U),

with ¢ > 0 independent of ¢, u,s,v € R and hence

k
Gy (3 (w0)i)| < C / [T o(O8/X") = s, s — vi)~dtds
(0,2z] x(0,2y] i=1

= OG)\((U, U)k)
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with C' > 0 independent of A > 0, (u,v), € R*. Clearly, limy o G\((u,v);) =
G((u,0)r) =22 [, T, p(ui, s — v;)"9ds point-wise in R* and

IGAIE = /(02] oo ((p_ql*p_“)(()\//\”)(tl—tg),sl—32))kdt1dt2dsld52
,2z]2 % (0,2y]?

— (o™ % p~™)(0, 51 — 52))kdt1dt2d81d82 = |G} < o0
(0,22 % (0,2y]?

by (6.41) of Proposition 6.8 and condition 1 < k < 1/ps, or ps = ¢2(2— Q) < 1/k.
Thus, application of [84] proves (6.83). Theorem 6.2 is proved. O

To prove Theorem 6.3 we use approximation by m-dependent variables and

the following CLT for triangular array of m-dependent r.v.s.

Lemma 6.14. Let {&,;, 1 <i < N,}, n > 1, be a triangular array of m-dependent
r.v.s with zero mean and finite variance. Assume that: (L1) &, 1 <i < N, are
identically distributed for any n > 1, (L2) &, = & 4 ¢, EE — EE < oo for
some r.v. & and (L3) Var(SN €,:) ~ 02N,, 02 > 0. Then Ny >N ¢, N
N(0,0%).

Proof. W.l.g., we can assume N,, = n in the subsequent proof. We use the CLT
due to Orey [75]. Accordingly, let &7, := &ul(|&u| < ™'/?), af, := E¢7,, o7, =

ni nij
Cov(&];, &) Tt suffices to show that for any 7 > 0 the following conditions
in [75] are satisfied: (0O1) n='/23"" a7, = 0, (02) ™' Y7 o7 — o2, (03)
B 07 = O(1), and (04) S, P(l6w] > 702) - 0
Consider (O1), or n'/2a7 — 0, a7 := a7,. We have 0 = n'/2E¢, = n'/2a] + K,
where |k, | := n'/2|EE,1(16,] > ™'/?)| < 77'EE21(|€,| > ™n!/?). Therefore, (O1)
follows from

EE21(|¢,] > /%) — 0. (6.85)

Using the Skorohod representation theorem [97] w.l.g. we can assume that r.v.s
&, &, n > 1, are defined on the same probability space and &, — £ almost
surely. The latter fact together with (L2) and Pratt’s lemma [84] implies that
E|¢2 — ¢%| — 0 and hence (6.85) follows due to P(|&,| > 7n'/2) — 0, see [T1,
Chapter 2, Proposition 5.3]. The above argument also implies (O4) since P(|&,| >
™m'?) < 172n71EE21(|€,| > Tn'/?) by Markov’s inequality. (O3) is immediate

from (L1) and (L2). Finally, (O2) follows from (L3), (O1) and
n~t > B(&nilns — &0:60;) — 0. (6.86)

1<i,j<n,li—j|<m

Let & = &u — & Since [B(&uny — €467 < BELE, + 6180, + ELE0)] <
CEY2€21(|¢,| > Tn'/?), relation (6.86) follows from (6.85). Lemma 6.14 is proved.
[
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Proof of Theorem 6.3. Again, we prove part (i) only since part (ii) follows simi-
larly by exchanging the coordinates ¢ and s.

Relation (6.25) is proved in Corollary 6.12. Let us prove (6.26). Similarly as in
the case of the previous theorems, we shall restrict ourselves with the proof of

one-dimensional convergence at (z,y) € R2. For m > 1, A > 0, define stationary

RFs

Xn(t,s) = Ar(Ynl(t,s)), where
Yiu(t,s) = Z a(t —u, s —v)e(u,v), (6.87)
(u,0)€Z2:|s—v|<[\10]m
and where A, stands for the Appell polynomial of degree k relative to the distri-
bution of Y,,(t,s). Note X,,(t1,s1) and X,,(ta, s2) are independent if |s; — so| >
2[\°]m. Then

Nx+1
Sy = Y Xalts)= ) Unnli), (6.88)
(t,8)EK rz, A7y i=1

where N, := [[Ay]/[\°]] = O(A7°) and

Unm(i) = > > Xon(t, s). (6.89)

1<t<[Aa] (i—1)[A10]<s<i[A 0]
Note Uy (i) and Uy,,(j) are independent provided |i — j| > 2m hence (6.88) is
a sum of 2m-dependent r.v.s. The one-dimensional convergence in (6.26) follows
from standard Slutsky’s argument (see e.g. [36, Lemma 4.2.1]) and the following

lemma. Theorem 6.3 is proved. O

Lemma 6.15. Under the conditions and notation of Theorem 6.3(i), for any

v > and anym=1,2,...,

Var(S35 (#,9) ~ o, y) A0 and (6.90)
AHOGXm (2,y) S N(0,02 (x,y))  as A — oo, (6.91)

where o2,(x,y) is defined in (6.93). Moreover,

lim limsup A~2#0) Var(Sy (z,y) — Sf;”(x,y)) = 0. (6.92)

m—o0 N o0

Proof. By adapting the argument in the proof of (6.25) and Proposition 6.9 Case

(III), we can show the limits

)\—QH(’Y) Var(Siffy" (f[,‘7 y)) — k"y/ ((aoo’m * aoo,m)(tl — 19, 3))kdt1dt2d3

(0,z]2xR
= op(z,y) (6.93)
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and

)\72H(’Y) Var(Sif’y(x, y) — Si{;ﬂ (QU, y))
_ \2H(O) Z { Cov(X(ty,51), X (L2, 52))

(ti’si)eK[Az,)ﬁy] ,1=1,2

— Cov(X (t1,51), Xm(te, s2)) — Cov(Xp(t1, s1), X(ta, $2))
+ Cov(X,n(t1, 1), Xpn(t2, 32))}

— ]{I'y/ Gm(tl — 1o, S)dtldthS, A— o0, (694)
(0,7]2xR

where G, (,8) 1= (Ao * oo) (t,8))* — ((Aoom * oo ) (t,8))F — (Ao * Goom ) (t, 8))F +

((@oom * Aoom)(t, 8))* and
oo (t, 8) := Lo(t/p(t,s))p(t, s)""1(|s| <m), (t,s) € R (6.95)

is a ‘truncated’ version of a.(t,s) in (6.15). Since |G, (2, 5)| < 4((Aoo * oo)(t, 8))*
and G,,(t, s) vanishes with m — oo for any fixed (¢,s) # (0,0), (6.92) follows
from (6.94) by the dominated convergence theorem.

The proof of (6.91) uses Lemma 6.14. Accordingly, let N, := [[Ay]/[\"]] and
& = A"HOOU, (i), where H(7) = 14— kp1/2 is the same as in Theorem 6.1
and Uy, (i) are 2m-dependent r.v.s defined in (6.89). Note Uy, (i), 1 < i < Ny,
are identically distributed and A0 N2 ~ XHFMy1/2 Thus, condition (L1) of
Lemma 6.14 for £,;, 1 < i < N,, is satisfied and (L3) follows from Var(Zf\[:*1 Exi) ~
A~2H0O0) Var (S37 (2, y)) ~ X002, (2, y), see (6.90). Finally, condition (L2), or

G = A0, L (1) B¢, EE, — EE

follows similarly as in Theorem 6.1 with the limit r.v. £ given by the k-tuple

[t6-Wiener integral:
T 1 k
{::/ {/ / Haoo,m(t—u@,s—vg) dtds}de
r2t ~Jo Jo
and aoom(t, s) defined in (6.95). This proves (6.91) and Lemma 6.15, too. O
Proof of Theorem 6.4. The proof is an adaptation of the proof of CLT in [36,

Theorem 4.8.1] for sums of ‘off-diagonal’” polynomial forms with one-dimensional

‘time’ parameter. Define

Xn(t,s) = Ap(Yn(t,s)),
Yiu(t,s) = Z a(t —u, s —v)e(u,v), (6.96)

(u,0) €Z2:|t—u|+|s—v|<m
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where Ay stands for the Appell polynomial of degree k relative to the distribution
of Y;,,(t, s). Note the truncation level m in (6.96) does not depend on A in contrast
to the truncation level m[A°] in (6.87). Similarly to Lemma 6.15 it suffices to
prove for any v >0, m=1,2,...,

Var(Sf;”(:v y)) ~ zyoy A, )\*(HV)/QSifZ‘(x,y) RN N(0,zyo% ) (6.97)
lim limsup A~ Var(S (2, y) — Sy (z,y)) =0, (6.98)

m—ro0 A—00

where 0%, = 37 gez2 Tx, (1, 8) and rx, (¢, 5) i= Cov(X,,(0,0), X,n(t,5)). Note
X (t1,81) and X,,(t2, s2) are independent if |t; — to] + |s1 — s3] > 2m. There-
fore 37 ez Irx,. (2, s)| < oo and (6.97) follows from the CLT for m-dependent
RFs, see [15]. Consider (6.98), where we can put z = y = 1 w.l.g. We have
>\_(1+,Y) Va’r(S/{f'y - Sifgb) < Z(t,s)ez2 ‘¢m(t7s>|7 where (,bm(t?S) = COV(X(0>O> B
Xn(0,0), X(t,s) — X,u(t, s)). From (6.69), (6.70) and (6.72) we conclude that

| Cov(X(0,0), X (t,5))] + | Cov(X(0,0), X, (t,5))] + | Cov(X,,,(0,0), X, (2, 5))]|
< Cp+<t, 5)*(’9271)/\(2111)

as in (6.51), with C' > 0 independent of m. Hence |¢,,(t,s)| < Cpy (¢, s)~FrAZa)
=t ¢(t,s), where > 72 &(l,s) < 0o, see Proposition 6.8(i), also Corollary
6.11(ii). Thus, (6.98) follows by the dominated convergence theorem and the
fact that lim,, o ¢m(t, s) = 0 for any (¢,s) € Z%. Theorem 6.4 is proved. O

Proof of Theorem 6.5. (i) Split X = Xj + Xj, where X} = >, ., ¢;X;/j,
X;(t,s) == H;(Y(t,s)). Since all statements of Theorems 6.1-6.3 hold for RF
Xy = H(Y) and Cov(Xy(t1,s1), Xp(t2, 82)) = 0, V(t;, 8;) € Z?, i = 1,2, it suffices
to show that

Var(Spk) = o(A2H0)), X = oo, (6.99)

for H(7) defined in Theorems 6.1-6.3. By well-known properties of Hermite poly-
nomials, Var(Sii) = Zjo k+1Cj Z Var(S) 7)/(j!>27 Var(SfZ/) =J! E(ti,si)eK[,\ym],i:LQ
ry(ty — to,s1 — S2)? < 7184 11(N), where 3p 1 (N) = Z(tivsi)EK[A,AW]vi:LQ lry (t, —
ty, 81 — 82)|F for j > k + 1 since |ry (¢, s)| < 1 according to Assumption (A4)y.
Therefore, Var(Sii,;) < 252k GN8N < EG(Y(0,0))*Zk41()), where
Yes1(A) = o(A2HM) follows by Proposition 6.9. This proves (6.99) and part (i).

(ii) For large K € N, K > k, split X = Xy + X, where XK(t, s) == Zf:k
c;Hi(Y(t,s))/5! and Xi(t,s) = 377y ¢ Hi(Y(t,5))/5). Then Var(SX ) <
(3072 k116 /3) %k 41(A) as in the proof of part (i), implying Var(S ) < Ceg A,

where ex = Z;O K41 Cj c?/j! can be made arbitrary small by choosmg K large
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enough. On the other hand, by Theorem 6.4, )\_(H”)/QSi;(x, ) ad ox,Bij21/2(,
y) for any j > k and the last result extends to finite sums of Hermite polynomials,
: _ ¢ fdd 5
viz., A (1+V)/2S§§(:v,y) — 0%, Bija1/2(7,y), where 0?(,( = > (1.5)eze Cov(Xk (0,
0), Xk (t,s)) — 0%, K — oco. See e.g. [36, proof of Theorem 4.6.1]. The remain-

ing details are easy. Theorem 6.4 is proved. [

Proof of Proposition 6.7. The transition probabilities ¢,(v) in (6.36) can be ex-
plicitly written in terms of binomial probabilities bin(j, k; p) := (I;) P (1 —p)F,
k=01,...,7=01,. . k0<p<I:

qu(v) = Zbin(u —ju;0)bin((v+4)/2,5;1/2), weN, |v|<wu.  (6.100)
=0

Similarly to [56, proof of Proposition 4.1], we shall use the following version of the
Moivre-Laplace theorem (Feller [32, Chapter 7, §3, Theorem 1]): There exists a

constant C' such when j — 0o and k — oo vary in such a way that

(j ! N 0
then
bin(j, k; p C  Clj—kpP
1 )(jkp)2 — 1| < E + T (6101)
\/27kp(1—p) eXp{= g )

Let us first explain the idea of the proof. Using (6.100) and replacing the binomial
probabilities by Gaussian densities according to (6.101) leads to

1 — 1 1 (j— (1 —0)u)?
alu,v) ~ Ezgruﬁﬂd znw1—9ﬁfmp{_ 26(1 = f)u }
1 v?
jw/QeXp{__§3}
ud=3/2 i 1 exp{ (G/u) = (1= 9))2}
T(d)v/27 <= uy/270(1 — 0) [u 20(1—0)/u
y 1 exp{ B UQ/U}
Vilu 2j/u

uld—3/2 1 1 exp{ B (x—(1— 9))2}
T(d)v2r Jo \/270(1 —0)/u 20(1—0)/u

x%exp{ — U;iu}dx

X

ud—3/2

v?/u
" T mﬂ1—9fmp{_2uf-@}
= p(u, v)d_3/2L0(u/p(u, U))
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with Lo(z), z € [—1,1], defined in (6.37). Here, factor 1/2 in front of the sum
in the first line appears since bin((v + j)/2,5;1/2) = 0 whenever v + j is odd, in
other words, by using Gaussian approximation for all (even and odd) j we double
the sum and therefore must divide it by 2. Note also that in the third line, the
Gaussian kernel m exp{— W} acts as a d-function at v =1 — 60
when u — oo.

Let us turn to a rigorous proof of the above asymptotics. For (u,v) € Z2
(u,v) # (0,0), denote o = (u? + vH)V2 2z := u/p € [~1,1], then u = zp,

v? = ov/1 — 22. It suffices to prove
0 a(u,v) — Lo(z) = 0 as |u| + |v] = oo. (6.102)

By definition (see (6.36), (6.37)), (6.102) holds for u > 0, z > 0 hence we can
assume u > 1, z > 0 in what follows. Moreover, for any € > 0 there exists K > 0
such that

3/2—d

0 a(u,v) <e and Lo(z) <e (V1<u<v"? o> K). (6.103)

The second relation in (6.103) is immediate by lim, 0 Ly(2) = Lo(0) = 0 and
z=u/o< 0""/0— 0 (0 — o). To prove the first relation we use Hoeffding’s
inequality [46]. Let bin(j, k; p) be the binomial distribution. Then for any 7 > 0,

> bin(j, k; p) < 26727, (6.104)

0<j<k:|j—kp|>Vk

(6.104) implies bin((v + §)/2,7;1/2) < 2e7/% < 2e7**/2 for any |v] < u, 0 <
j < u. Also note that 1 < u < v*/% implies 2v% > up"/'°. Using these facts and
(6.100) with Y7 bin(u — j,u;0) = 1 for any 1 < u < v”/® we obtain

¢ la(u,v) < Cg** g, (v) < Co¥* e < 0Pl I 0, - o,

proving (6.103). Hence, it suffices to prove (6.102) for u — oo, 0 < v < u®/”.

Next, we give the proof for v even, the proof for v odd being similar. Denote

,D"‘(U,,U) = {0 <j< u/2 |2] — u( 8)| < U 5 and "U’ < j3/5},
D (u,v) = {0<j<u/2:|2]—u(l—80)>u*®or |v] >j3°}.

Split a(u, v) = Yu(—d) Y- o<jcusn Pin(u — 25, u; 0) bin(v/2+ j, 2j;1/2) = a™(u,v) +
a” (u,v), where a®(u, v) := b, (—d) > jeDt(uw) - - - - 10 suffices to prove that

0% dat (u,v) — Lo(z) = 0 and  0%2 %4 (u,v) — 0 (6.105)
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asu — 00, 0 < v < u??. To show the first relation in (6.105), let j* := [u(1—6)/2]

and

a*(u,v) :==bin(v/2 + ji, 250; 1/2)1p,(—d) Z bin(u — 2j, u; 9),

JjE€D* (u,v)

then

a*(u,v) —at(u,v) = Y,(—=d) Z bin(u — 2j, u; 0)

JED (u,)

x (bin(v/2 + ji, 255 1/2) — bin(v/2 + j,24;1/2)).

According to (6.101), for j € D (u,v), ji € D" (u,v),

1 2142
bin(v/2 +7,25;1/2) = ——e™" /4J(1+O(j_1/5))
mJ

1 2 45
— v/ -1/5
= € 14+ O(u™"?)),
VT ( )
1 "
bin(v/2 + 5, 2j551/2) = ——e™" /i (14 O(u™1%)).
T

Using c_u < j < cyu, j € D (u,v) for some ¢y > 0, and elementary inequalities
we obtain that |ﬁe_”2/4j — e /4l < CuTM0* /v for some O ¢ > 0 and

T
hence the bound
| bin(v/2 + j5, 2555 1/2) — bin(v/2 + ,2j;1/2)| < Cu~7/10e=ev"/u

for all j € D" (u,v) and all u > 0 large enough. Therefore since Zjem(w) bin(u—
27,u;0) < 1 we obtain

Q3/2’d]a*(u,v) _ a*(u,v)] < CQ3/2fdu77/10+dflefcv2/u _ Q’l/‘:’L*(z) < Cp’l/‘r’,

where L*(2) := Cz417/10e=eV (1/2°=1 5 € (0, 1], is a bounded function. As a con-
sequence, it suffices to prove the first relation in (6.105) with a™(u, v) replaced by

a*(u,v). This in turn follows from relations ——=e "/ ~ ——L__e~v*/2u(1-0)

VA v/ Tu(1-6)/2 !
thu(—d) ~T(d)"'u""", and

> bin(u—2j,u;0) > 1/2 as u — oo, (6.106)

JEDT (u,w)

each of which hold uniformly in 0 < v < u*/%. Let us check (6.106) for instance.
Since c_u < j < cyu, j € D¥(u,v) for some c. > 0, see above, so u*/? = o(j%/°)
and (6.106) follows from

B'(u) - 1/2 and B"(u) — 0, (6.107)
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where B'(u) 1= Y77 bin(u — j,u;0)1(j is even), B"(u) := > 7 bin(u — j,u;0)
1(|j — u(1 — 0)] > u*?). Here, the first relation in (6.107) is obvious by well-
known properties of binomial coefficients while the second one follows from (6.104)
according to which B”(u) < Ce™24""* — 0. This proves the first relation in (6.105).

The proof of the second relation in (6.105) uses Hoeffding’s inequality in (6.104)
in a similar way. We have a™(u,v) < aj(u,v) + ag (u,v), where aj (u,v) =
V(=) X ocicutju(t—)zus/s PN — G, u50) < Cut~le™" implying **~4a; (u,
v) < Cu0/9B/2-d+Hd-1) =201 _y () (3 — o) uniformly in o] < 4%/, Finally,

ay (u,v) = 1h,(—d) Z bin(u — j, u; )

0<j<u:|j—u(1-0)|<ud/5,w>(j/2)3/°
x bin((v +7)/2,5:1/2)
< Ou! Z e—v2/2j < Cude—cgul/5
cru<j<uw>(j/2)%/5
for some positive constants ci, ¢, > 0, implying 0%?%a; (u,v) < Cu(10/9)B/2=d)+d
e~ (u — oo) uniformly in |v| < u®/® as above. This proves (6.105) and

Proposition 6.7, too. O

6.8 Final comment

Limit theorems for weakly dependent RFs usually assume very general shape of
summation domains (spatial regions), the limit distribution being independent of
the way in which these regions tend to infinity. Particularly, van Hove’s condition
(see e.g. [17]) roughly says that the volume (cardinality) of spatial region grows
faster than that of its boundary. For rectangular domains, van Hove’s condition
means that all sides of rectangles grow to infinity in an arbitrary way.

The situation is very different for LRD RFs. We prove that for a class of
nonlinear LRD RF X on Z? and rectangular domains with sides increasing as
O(n) and O(n?), the limit distribution of sums of X depends on 7 in a crucial
way. Specifically, there exists 7o > 0 such that the limit distribution is different
whenever v < g, 7 = 79 or 7 > 7. For partial sums of Gaussian or stable LRD
RFs, a similar trichotomy (termed scaling transition) was observed [90], [89].

The above facts have important implications for statistics of strongly depen-
dent spatial data. The quantity v > 0 can be broadly interpreted as the ratio of
the vertical and horizontal dimensions of the sampling region (an ‘external scale
ratio’) while 79 = p;/p2 can be defined as the ratio of the ‘vertical and horizontal
Hurst exponents’ of the RF (an ‘internal scale ratio’). Since the limit distribution

of simple statistics such as the sample mean or the sample variance may depend
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on the relation between ~ and 7y, these quantities need to be estimated or decided
in advance before applying the limit theorem. Particularly, deciding on the value
of 7 in a concrete situation might be difficult. For panel data, this is a question of
dealing with either long, or short panel which is not easy to answer and then the
natural limit theory leads to models where the limit is independent of how the
numbers of horizontal (time series) and vertical (cross section) panel observations
tend to infinity [78]. Nevertheless, for some panels with LRD, a ‘scaling transition’
occurs, see [79], and the above question must be answered in a practical situation.

Let us also mention some open problems related to the present chapter. It
is of interest to extend our results for nonlocal functions or vector-valued RFs,
particularly for covariance estimates, c.f. [3,47]. Several works note that in many
practical applications, sampling regions are non-rectangular, and possibly of a
nonstandard shape, see [24,57]. Extending scaling transition to such domains
seems possible but is open at present. Using the terminology in [57], our results
are limited to positively dependent RFs while the case of negatively dependent
RFs is completely open. Finally, a complete description of anisotropic scaling
limits of LRD RFs on Z”, v > 3, remains a challenging task, see [89].
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Chapter 7

Anisotropic scaling of

the random grain model

This is an extended version of the article [81]. We obtain a complete description
of anisotropic scaling limits of random grain model on the plane with heavy tailed
grain area distribution. The scaling limits have either independent or completely
dependent increments along one or both coordinate axes and include stable, Gaus-
sian and ‘intermediate’ infinitely divisible random fields. Asymptotic form of the
covariance function of the random grain model is obtained. Application to super-

posed network traffic is included.

7.1 Introduction

It is well-known that many random fields (RFs) exhibit different scaling behavior
in different directions. Important examples of RFs with such behavior is frac-
tional Brownian sheet (FBS) and various classes of stochastic partial differential
equations driven by FBS, see e.g. [2] and the references therein. For stationary
RF Y = {Y(t,s), (t,s) € R?} the simplest form of anisotropic scaling is obtained
by taking partial integrals Sy, (x,y) = f(o,Aa:]x(o,My} Y (¢, s)dtds over rectangles
(0, Az] x (0, \y] C R% whose sides grow with A — oo at different rate O(\) and
O(X") (provided v # 1). The (large-scale) behavior of Y is reflected in the scaling
limit

a3 S, y) = Va(a,y) as A — oo, (7.1)

where ay , — 00 is a normalization. Moreover, if a, , is regularly varying at infin-

ity with exponent H(vy) > 0, the limit RF V,, in (7.1) has stationary rectangular
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increments and satisfies the self-similarity property:
{V,(Az, \y) } & (MO, (2,y)}  for each A > 0;

see [90], which is a particular case of the operator-scaling RF property introduced
in Biermé et al. [12].

[90] observed that for many RFs Y on Z* or R?, (nontrivial) scaling limits
in (7.1) exist for any v > 0, resulting in a one-dimensional family {V,, v > 0}
of scaling limits termed the scaling diagram of Y below. Since scaling limits
characterize the dependence structure and large-scale properties of the underly-
ing random process, the scaling diagram provides a more complete ‘large-scale
summary of Y’ compared to the (isotropic or anisotropic) scaling with fixed 7 > 0
discussed in [1,2,16,26,59,67,100,108] and elsewhere. Scaling diagrams of some
classes of long-range dependent (LRD) Gaussian and aggregated nearest-neighbor
autoregressive RFs on Z? were identified in [89,90]. It turned out that for these
RFs, there exists a unique point vy > 0 such that the scaling limits V, ad V. do not

depend on 7y for v < 7 and 7 > 79 and V, f;iéd V_. [90] termed this phenomenon
scaling transition (at v = 7). Scaling transition also arises under joint temporal
and contemporaneous aggregation of independent LRD processes in telecommu-
nication and economics, see [35,55,70,79,80], see also [90, Remark 2.3]. In this
chapter we obtain a different kind of scaling diagram (see Figure 7.1) with two
change-points 7_ < 7, of scaling limits which shows that this concept might be
more complex and needs further studies.

The present chapter studies scaling limits (scaling diagram) of random grain
model:

X(t,s) ==Y 1(((t—x:)/RY, (s —w:)/R; ") € B), (t,s) €R?, (7.2)
where B C R? (‘generic grain’) is a measurable bounded set of finite Lebesgue
measure leb(B) < oo, 0 < p < 1 is a shape parameter, {(z;,v;), R;} is a Poisson
point process on R? x R, with intensity dzdyF(dr). We assume that F is a
probability distribution on R, having a density function f such that

f(r) ~cr 7 asr — o0, forsomel < a <2 ¢ >0. (7.3)

The sum in (7.2) counts the number of uniformly scattered and randomly dilated
grains (x;,y;) + RY B containing (¢,s), where RF'B := {(RPz, R'"Py) : (z,y) €
B} C R? s the dilation of B by factors R and R'"? in the horizontal and vertical
directions, respectively. The case p = 1/2 corresponds to uniform or isotropic di-
lation. Note that the area leb(R” B) = leb(B)R of generic randomly dilated grain
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is proportional to R and does not depend on p and has a heavy-tailed distribution
with finite mean Eleb(R" B) < oo and infinite second moment Eleb(R” B)? = oo
according to (7.3). Condition (7.3) also guarantees that covariance of the ran-
dom grain model is not integrable: [5, | Cov(X(0,0), X (t,s))|dtds = oo, see
Section 7.3, hence (7.2) is a LRD RF. Examples of the grain set B are the
unit ball and the unit square, leading respectively to the random ellipses model
X(t,s) = 32, 1((t — 2:)2/R? + (s — )2/ R ") < 1) and the random rectangles
model: X(t,s) = >, 1(z; <t < z;+ Ry < s <y + RQ"’). Note that for
p # 1/2 the ratio RP/R'™? = R?~1 of sides of a generic rectangle tends to 0 or co
as R — oo implying that large rectangles are ‘elongated’ or ‘flat’ and resulting in
a strong anisotropy of the random rectangles model. A similar observation applies

to the general random grain model in (7.2).

‘intermediate Poisson_’ ‘intermediate Poisson.’
a_-stable Lévy slide, a-stable Lévg sheet, a-stable Lévy slide,
l<a<l+p l<ac< l<a<2-p
0 v- D+ 00
FBSheet(1/2, H-), FBSheet(H,,1/2),
1+p<a<?2 2—-p<a<?

Figure 7.1: Scaling diagram of a random grain model.

Our main results are summarized in Figure 7.1 which shows a panorama of
scaling limits V, in (7.1) as v changes between 0 and co. Precise formulations
pertaining to Figure 7.1 and the terminology therein are given in Section 7.2.
Below we explain the most important facts about this diagram. First of all note
that, due to the symmetry of the random grain model in (7.2), the scaling limits
in (7.1) are symmetric under simultaneous exchange = <>y, 7 <> 1/y,p< 1 —p
and a reflection transformation of B. This symmetry is reflected in Figure 7.1,
where the left region 0 < v < _ and the right region v, <~ < oo including the

change points of the scaling limits

1— o
P =21 (7.4)

o= ——,
a—(1-p) p

are symmetric with respect to the above transformations. The middle region
V- < 7 < 74 in Figure 7.1 corresponds to an a-stable Lévy sheet defined as a

stochastic integral over (0,x] x (0,y] with respect to (w.r.t.) an a-stable random
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Chapter 7. Anisotropic scaling of the random grain model

measure on R . According to Figure 7.1, for v > ~ the scaling limits in (7.1) ex-
hibit a dichotomy depending on parameters «, p, featuring a Gaussian (fractional
Brownian sheet) limit for 2 —p < @ < 2, and an a,-stable limit for 1 <o <2—p

with stability parameter

_a-pr
=1,
larger than the parameter a. The terminology a-stable Lévy slide refers to a RF

> (7.5)

oy

of the form 2L, (y) or yL_(z) ‘sliding’ linearly to zero along one of the coordi-
nate axes, where L, are ag-stable Lévy processes (see Section 7.2 for definition).
Finally, the ‘intermediate Poisson’ limits in Figure 7.1 at v = ~. are not stable al-
though infinitely divisible RFs given by stochastic integrals w.r.t. Poisson random
measure on R? X R, with intensity measure c¢dudvr=—=dr.

The results of this chapter are related to those in, e.g. [11,27,35,53,55,70,79,80,
89,90] in which different scaling regimes occur for various classes of LRD models,
in particular, heavy-tailed duration models. Isotropic scaling limits (case v = 1)
of random grain and random balls models in arbitrary dimension were discussed
in Kaj et al. [53] and Biermé et al. [11]. The monograph [69] provides a nice
discussion of limit behavior of heavy-tailed duration models whose spatial version
is the random grain model in (7.2). From an application viewpoint, probably the
most interesting is the study of different scaling regimes of superposed network
traffic models [27,35,55,70]. In these studies, it is assumed that traffic is generated
by independent sources and the problem concerns the limit distribution of the
aggregated traffic as the time scale T" and the number of sources M both tend
to infinity, possibly at different rate. The present chapter extends the above-

mentioned work, by considering the limit behavior of the aggregated workload

process:
Tx
Ayx(Tz) = Wk (t)dt, where (7.6)
0
Wirk(t) = Y (Ri PANK)L(z; <t <a+ R, 0<y; < M), t>0,

and where {(z;,v;), R;} is the same Poisson point process as in (7.2). The quantity
Wk (t) in (7.6) can be interpreted as the active workload at time ¢ from sources
arriving at x; with 0 < y; < M and transmitting at rate R; P A K during time
interval (z;,z; + RP]. Thus, the transmission rate in (7.6) is a (deterministic)
function (RP)(1=P)/? A K of the transmission duration R? depending on parameter
0 < p <1, with 0 < K < oo playing the role of the maximal rate bound.
The limiting case p = 1 in (7.6) corresponds to a constant rate workload from
stationary M/G/oo queue. Theorems 7.9-7.11 obtain the limit distributions of the

122
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centered and properly normalized process {Ay x(Tx), > 0} with heavy-tailed
distribution of R in (7.3) when the time scale T, the source intensity M and the
maximal source rate K tend jointly to infinity so as M = T7, K = T” for some
0<v<oo,0<f < oo The results of Theorems 7.9 and 7.10 are summarized
in Table 7.1. The workload process in (7.6) featuring a power-law dependence
between transmission rate and duration is closely related to the random rectangles
model with B = (0, 1]?, the last fact being reflected in Table 7.1, where most (but
not all) of the limit processes can be linked to the scaling limits in Figure 7.1 and

where 7., a are the same as in (7.4), (7.5).

Parameter region Limit process
(1+9)(1-p)<af<oo 1<a<?2 a-stable Lévy process
l<a<?2p (a/p)-stable Lévy process

O<af <1+ -
B ( 7)( p) 1V2p <a<2 Brownian motion

a) Slow connection rate: 0 <y < 7.

Parameter region Limit process

I<a<2p FBMotion, H = (3 — (a/p))/2
1V2p <a<?2 Brownian motion

0<aif <7y

vy < aif <7y Gaussian line
l<a<2-p :
v < ayf < oo ay-stable line

Ve <apf<oo 2—p<a<2 FBMotion, H=(2—a+p)/2p

b) Fast connection rate: vy, < v < oo.

Table 7.1: Limit distribution of the workload process in (7.6) with M = T7,
K=T%

The rest of the chapter is organized as follows. Section 7.2 contains rigor-
ous formulations (Theorems 7.1-7.6) of the asymptotic results pertaining to Fig-
ure 7.1. Section 7.3 discusses LRD properties and asymptotics of the covariance
function of the random grain model. Section 7.4 obtains limit distributions of the

aggregated workload process in (7.6). All proofs are relegated to Section 7.5.
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Chapter 7. Anisotropic scaling of the random grain model

7.2 Scaling limits of random grain model

We can rewrite the sum (7.2) as the stochastic integral

X(t,5) = /RR 1((“—“2) c B>N(du,dv,dr), (t,s) € R%,  (7.7)

rP rlfp

w.r.t. a Poisson random measure N(du, dv,dr) on R? x R, with intensity measure
EN(du,dv,dr) = dudvF(dr). The integral (7.7) is well-defined and follows a
Poisson distribution with mean EX (¢, s) = leb(B) [;* 7F(dr). The RF X in (7.7)

is stationary with finite variance and the covariance function

Cov(X(0,0), X (¢, 5))

_t _
:/ 1((2%) e B, (“— . ‘9) e B)dudvF(dr). (7.8)
R2xR. rPortP rp 7P

Let

Az ANy
Say(z,y) = /o /0 (X(t,s) — EX(t,s))dtds (7.9)

_ /szR {/OM/OM1<(¢;—F“‘;_—_;’) eB)dtds}N(du,dv,dr)
+

for (z,y) € R%, where N(du,dv,dr) = N(du,dv,dr) — EN(du,dv,dr) is the

centered Poisson random measure in (7.7). Recall the definition of ~y:

1—0p « 1
Vo= ———, Y =——1L
a—(1-p’ " p
In Theorems 7.1-7.6 we specify limit RFs V, and normalizations a, , in (7.1) for
all v > 0 and o € (1,2), p € (0,1) as in Figure 7.1. Throughout the chapter

we assume that B is a bounded Borel set whose boundary 0B has zero Lebesgue
measure: leb(0B) = 0.

7.2.1 Case 7_ <7y <y

For 1 < a < 2, we introduce an a-stable Lévy sheet

La(,y) = Za((0,2] x (0,3]), (z,y) € RY, (7.10)

as a stochastic integral w.r.t. an a-stable random measure Z,(du, dv) on R? with
control measure c*dudv and skewness parameter 1, where the constant o is given
in (7.31). Thus, Eexp{i0Z,(A)} = exp{—1leb(A)c*|0|*(1 — isgn(f) tan(mra/2))},
6 € R, for any Borel set A C R? of finite Lebesgue measure leb(A) < oo. Note
EZ,(A) =0.
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7.2. Scaling limits of random grain model

Theorem 7.1. Let v <y <7y, 1 <a<2. Then
)\_H(V)S,\ﬁ(x, Y) fad Lo(z,y) as A — oo, (7.11)

where H(7y) := (14 )/« and L, is an a-stable Lévy sheet defined in (7.10).

722 Casesy>7,l<a<2—-pandy<~vy,1l<a<l+p

For 1l <a<2—-pand 1 < a < 1+ p introduce totally skewed stable Lévy
processes {L4(y), y > 0} and {L_(z), z > 0} with respective stability indices
ax € (1,2) defined as

a—0p a—1+p
l—p ' p

and characteristic functions
Eexp{ifLi(1)} := exp{—0“*|0|** (1 — isgn(f) tan(ray/2))}, 6 € R, (7.12)
where 0%+ is given in (7.36) and ¢®- can be found by symmetry, see (7.27).

Theorem 7.2. (i) Let v > vy, 1 <a <2—p. Then
A HOS, (2, y) ¢ zLi(y) as A — oo, (7.13)

where H(7y) := 14 v/ay and Ly is the oy -stable Lévy process defined by (7.12).
(ii) Let 0 <y <~v_, 1 <a<1l+4p. Then

AHOS, (2, y) 9 yL_(z) as A — oo,

where H(7y) := v+ 1/a_ and L_ is the a_-stable Lévy process defined by (7.12).

723 Casesy>v,2—p<a<Z2andy<~vy,14+p<a<?2

A standard FBS By, g, with Hurst indices 0 < Hy, Hy < 11is defined as a Gaussian
process with zero mean and covariance
1
EBp, m, (01, Y1) By (T2, 42) = ;l(l’le +ay " — |y — @)
2

x (i 4+ 43 — |y — o)

)

(z;,y;) € R3, i =1,2. The constants o and o4 appearing in Theorems 7.3(i) and
7.4(i) are defined in (7.40) and (7.42), respectively. The corresponding constants

o_ and o_ in parts (ii) of these theorems can be found by symmetry (see (7.27)).
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Chapter 7. Anisotropic scaling of the random grain model

Theorem 7.3. (i) Let v > vy, 2—p < a<2. Then
)‘_H(,Y)S)\,"Ax’y) fd_(; O-+BH+,1/2(:E7y) as A — 00, (714)

where H(y) := Hy +~/2, Hy == 1/p—~./2 =(2—a+p)/2p € (1/2,1) and
B, 12 is an FBS with parameters (H,,1/2).
(ii) Let v <v_, 1+ p<a<2. Then

)\_H(W)S,\,w(l'a Y) < o_Bijpn. (z,y) as X — oo,

where H(y) :=~vH_+1/2, H :=1/(1—-p)+(1—p—a)/2(1 —p) € (1/2,1) and
Bijo,u_ s an FBS with parameters (1/2,H_).

Theorem 7.4. (i) Let v > vy, a =2 —p. Then
AT (log ) 7V28, (2, y) ¢ 04 Bi1j2(x,y) as A — oo, (7.15)

where H(v) :=1+4/2, By1/2 is an FBS with parameters (1,1/2).
(ii) Let v <~y_, o« =1+ p. Then

AT (log \) 7128, (2, y) = G- Bijoa(r,y) as A — oo,

where H(y) := v+ 1/2 and By is an FBS with parameters (1/2,1).

7.2.4 Cases 7=+

Define ‘intermediate Poisson’ RFs Iy = {Ii(z,y), (z,y) € R2} as stochastic

integrals

t— _
I (x,y) = / / 1((=5 ) € B)dtdsM (du, dv, dr)7.16)
Rx (0,y] xR J (0,z] xR rP CplTP

t s— —
I_(z,y) = / / 1((—, 5’1—_”) B) dtdsM (du, dv, dr)
(0,2]xRxR4 JRx(0,9] res P

w.r.t. the centered Poisson random measure M (du,dv,dr) = M(du,dv,dr) —
EM (du,dv,dr) on R?* x R, with intensity measure EM(du,dv,dr) = c¢ydudv

rAta)dy,

Proposition 7.5. (i) The RF I in (7.16) is well-defined for 1 < a <2,0<p <
1 and E|l{(z,y)|? < oo for any 0 < ¢ < ay A 2. Moreover, if 2—p < a < 2 then
E|l (z,y)]* < 0o and

EL (v, 1)1 (72,92) = U-QrEBH+,1/2(ZU1ayl)BH+’1/2(x2’y2)7 (7.17)
(xzayz) € Ri? 1= 1a 27
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7.3. LRD properties of random grain model

where o, Hy are the same as in Theorem 7.3(i).

(ii) The RF I_ in (7.16) is well-defined for 1 < o < 2, 0 < p < 1 and
E|I_(z,y)|? < oo for any 0 < q¢ < a_ A 2. Moreover, if 1 +p < a < 2 then
E|l_(z,y)]* < oo and

EI—(%;?Jl)I—(%;yz) = UgEBl/Q,H,(xla91)31/2,1{,(952,@2);
(:Uz,yl) c Ri, = 1, 2,
where o_, H_ are the same as in Theorem 7.5(ii).

Theorem 7.6. (i) Let v =7,, 1 <a <2. Then
AHOS, () ¢ I (z,y) as A — oo, (7.18)

where H(7y) :=1/p and RF I, is defined in (7.16).
(ii) Let y =v_, 1 <a < 2. Then

AHOS, () ¢ I (z,y) as A — oo,
where H(7y) :=~v_/(1 —p) and RF I_ is defined in (7.16).

Remark 7.1. The normalizing exponent H () = H(~, «,p) in Theorems 7.1-7.6
is a jointly continuous (albeit non-analytic) function of (v, o, p) € (0,00) x (1,2) X
(0,1).

Remark 7.2. Restriction a < 2 is crucial for our results. Indeed, if o > 2 then

for any v > 0, p € (0,1) the normalized integrals tend
_ fdd
A (1+,Y)/ZS/\,W(:E7?/) — 031/2,1/2(1‘,?/) as A — 0,

to a classical Brownian sheet By /s /o with variance 0 = leb(B)? [ r*F(dr). We
omit the proof of the last result which follows a general scheme of the proofs in
Section 7.5.

7.3 LRD properties of random grain model

One of the most common definitions of LRD property pertains to stationary ran-
dom processes with non-summable (non-integrable) autocovariance function. In
the case of anisotropic RFs, the autocovariance function may decay at different
rates in different directions, motivating a more detailed classification of LRD as in
Definition 7.1. In this section we also verify these LRD properties for the random
grain model in (7.2)—(7.3) and relate them to the change of the scaling limits or
the dichotomies in Figure 7.1; see Remark 7.3.

127



Chapter 7. Anisotropic scaling of the random grain model

Definition 7.1. Let Y = {Y (¢, ), (t,s) € R?} be a stationary RF with finite
variance and nonnegative covariance function py(¢,s) := Cov(Y(0,0),Y (¢,s)) >
0. We say that:

(i) Y has short-range dependence (SRD) property if [,, py(t,s)dtds < oo; other-
wise we say that Y has long-range dependence (LRD) property;

(i) Y has vertical SRD property if f[_QQ}XR py (t,s)dtds < oo for any 0 < @ < o0;
otherwise we say that Y has wvertical LRD property;

(iii) Y has horizontal SRD property if fo[fQ,Q] py (t, s)dtds < oo for any 0 < @Q <
00; otherwise we say that Y has horizontal LRD property.

The main result of this section is Theorem 7.7 providing the asymptotics of
the covariance function of the random grain model in (7.2)—(7.3) as [t| + |s| — o0

and enabling the verification of its integrability properties in Definition 7.1. Let
w = (|t|"Y? + |s|YAPYP_ for (t,5) € R2.

For p = 1/2, w is the Euclidean norm and (w, arccos(t/w)) are the polar coordi-

nates of (t,s) € R? s > 0. Introduce a function b(z), z € [-1, 1], by

b(2) = c; /0 " leb (B N (B + (2, (1 — |z]1/p)1’p/r1’p)>>r’“dr, (7.19)

playing the role of the ‘angular function’ in the asymptotics (7.20). For the random
balls model with p = 1/2 and B = {2? + y* < 1}, b(2) is a constant function

independent on z.

Theorem 7.7. Let 1 < a<2,0<p<1.

(i) The function b(z) in (7.19) is bounded, continuous and strictly positive on
[—1,1].

(ii) The covariance function p(t,s) := Cov(X(0,0), X(¢,s)) in (7.8) has the fol-

lowing asymptotics:
p(t,s) ~ b(sgn(s)t/w)yw=@"VP a5 |t| + |s| = oco. (7.20)

Theorem 7.7 implies the following bound for covariance function p(t,s) =
Cov(X(0,0), X(t,s)) of the random grain model: there exist ) > 0 and strictly
positive constants 0 < C_ < C'y < oo such that for any || + |s| > @,

C_ (Y7 + [s]/EP) < p(t, 5) < (P + || /0P e, (7.21)

The bounds in (7.21) together with easy integrability properties of the function
(|7 4 |s|/O=P)) 1= on {|t| + |s| > Q} imply the following corollary.
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Corollary 7.8. The random grain model in (7.2)—~(7.3) has:

(i) LRD property for any 1 < a < 2,0<p<1;

(ii) wvertical LRD property for 1 < a < 2 — p and vertical SRD property for
2—p<a<2andany 0 <p<l;

(iii) horizontal LRD property for 1 < o < 1+ p and horizontal SRD property for
l+p<a<2andany 0 <p<l.

Remark 7.3. The above corollary indicates that the dichotomy at &« =2 — p in
Figure 7.1, region v > v, is related to the change from the vertical LRD to the
vertical SRD property in the random grain model. Similarly, the dichotomy at
a = 1+4pin Figure 7.1, region v < v is related to the change from the horizontal
LRD to the horizontal SRD property.

[90] introduced Type I distributional LRD property for RF Y with two-
dimensional ‘time’ in terms of dependence properties of rectangular increments
of V,, v > 0. The increment of a RF V = {V(z,y), (z,y) € Ri} on rect-
angle K = (u,z] x (v,y] C R% is defined as the double difference V(K) =
Viz,y) — V(u,y) — V(x,v) + V(u,v). Let £ C R? be a line, (0,0) € £. According
to [90, Definition 2.2], a RF V = {V(z,y), (z,y) € R%} is said to have:

« independent rectangular increments in direction ¢ if V(K) and V(K') are
independent for any two rectangles K, K’ C R% which are separated by an

orthogonal line ¢/ L /;

o dnvariant rectangular increments in direction ¢ if V(K) = V(K') for any

two rectangles K, K’ such that K’ = (z,y) + K for some (z,y) € ¢,

o properly dependent rectangular increments if V has neither independent nor

invariant increments in arbitrary direction /.

Further on, a stationary RF Y on Z? is said to have Type I distributional
LRD [90, Definition 2.4] if there exists a unique point vy > 0 such that its scaling
limit V,, has properly dependent rectangular increments while all other scaling
limits V., v # o, have either independent or invariant rectangular increments in
some direction ¢ = £(y). The above definition trivially extends to RF Y on RZ.

We end this section with the observation that all scaling limits of the random
grain model in (7.2)—(7.3) in Theorems 7.1-7.6 have either independent or in-
variant rectangular increments in direction of one or both coordinate ares. The
last fact is immediate from stochastic integral representations in (7.10), (7.16),

the covariance function of FBS with Hurst indices Hy, Hy equal to 1 or 1/2 (see
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also [90, Example 2.3]) and the limit RFs in (7.13). We conclude that the random
grain model in (7.2)—(7.3) does not have Type I distributional LRD in contrast to
Gaussian and other classes of LRD RFs discussed in [89,90]. The last conclusion
is not surprising since similar facts about scaling limits of heavy-tailed duration

models with one-dimensional time are well-known; see e.g. [62].

7.4 Limit distributions of

aggregated workload process
We rewrite the accumulated workload in (7.6) as the integral

AM7K(TI')

Tx
:/‘ “H”Akj/ L(u < ¢ < ut r)dtfN(du, dv,dr), (7.22)
Rx (0,M]xR4 0

where N (du,dv, dr) is the same Poisson random measure on R? xR, with intensity
EN(du,dv,dr) = dudvF(dr) as in (7.2). We assume that F'(dr) has a density
f(r) satistying (7.3) with 1 < @ < 2 as in Section 7.2. We let p € (0,1] in (7.22)
and thus the parameter may take value p = 1 as well. We assume that K and M

grow with 7" in such a way that
M=T",K=T° forsome0<~vy<oo,0<p<o0.
We are interested in the limit distribution
b (An i (Tz) — BAy (T2)) S A(z) as T — oo, (7.23)

where by = by, g — 00 is a normalization.
Recall from (7.4) and (7.5) the definitions
o} a—p

Y4=——1, a;= :
P I—p

For p = 1, let oy := oo. By assumption (7.3), transmission durations R, i € Z,
have a heavy-tailed distribution with tail parameter at/p > 1. Following the ter-
minology in [27, 35,53, 70], the regions v < 74, v > v, and v = v, will be
respectively referred to as slow connection rate, fast connection rate and interme-
diate connection rate. For each of these ‘regimes’, Theorems 7.9, 7.10 and 7.11

detail the limit processes and normalizations in (7.23) depending on parameters

B, a, p.

130



7.4. Limit distributions of aggregated workload process

Apart from the classical Gaussian and stable processes listed in Table 7.1,

some ‘intermediate’ infinitely divisible processes arise. Let us introduce

I(x) := /RXR {/Oz I(u<t< u—l—rp)dt}/\/l(du, dr), x>0, (7.24)

where M (du,dr) is a centered Poisson random measure with intensity measure
cfdur*(Ha)dr. The process in (7.24) essentially depends on the ratio «/p only and
is well-defined for 1 < a < 2p and 1/2 < p < 1. Under the ‘intermediate’ regime
this process arises for many heavy-tailed duration models (see e.g. [27,35,55]). It

was studied in detail in [34]. We introduce a ‘truncated’ version of (7.24):
() ;:/ {7 A 1)/ L < t < utr)dt}M(du,dr), x>0, (7.25)
RxR 0
and its Gaussian counterpart
Z(z) == / {(rl—p A 1)/ u<t<u+t rp)dt}Z(du,dr), x>0, (7.26)
RxR 0

where Z(du, dr) is a Gaussian random measure on R x R, with the same variance

1+ dr as the centered Poisson random measure M (du, dr). The processes

cfdur_(
in (7.25) and (7.26) are well-defined for any 1 < @ < 2, 0 < p < 1 and have the
same covariance functions.

The RFs defined in Section 7.2 reappear in Theorems 7.9-7.11 for the certain
grain set, namely the unit square B = (0,1]2. Recall that a homogeneous Lévy
process { L(x), z > 0} is completely specified by its characteristic function Ee'*(),
6 € R. A standard fractional Brownian motion with Hurst parameter H € (0, 1]

is a Gaussian process {By(x), x > 0} with zero mean and covariance function
(1/2) (=2 +y*" — |z — y"), 2,y > 0.

Theorem 7.9 (Slow connection rate). Let 0 < v < v,. The convergence in (7.23)
holds with the limit A and normalization bp = T™ specified in (i)-(v) below.

(i) Let (1+v)(1—p) < af < 0. Then H := (1+7v)/a and A := {L,(x,1), = > 0}
is an a-stable Lévy process defined by (7.10).

(i) Let 0 < af < (1+7v)(1 —p) and 1 < o < 2p. Then H := + (1 +v)p/a and
A= {Lqp(x), x > 0} is an (a/p)-stable Lévy process with characteristic function
given by (7.48).

(iii) Let 0 < af < (1 +79)(1 —p) and 1 V2p < a < 2. Then H := (1/2)(1 +~v +
B(2—a)/(1—p)) and A := {o1B(x), v > 0} is a Brownian motion with variance
o? given by (7.49).
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(iv) Let 0 < aB < (1 +7)(1 —p) and a = 2p. Then by := TH(log T)'/? with
H =06+ (1+7v)/2 and A := {61B(z), x > 0} is a Brownian motion with
variance o2 given by (7.50).

(v) Let aff = (1+~)(1 = p). Then H := (1+7)/a and A = {L(z), > 0} is a

Lévy process with characteristic function in (7.51).

Theorem 7.10. (Fast connection rate.) Let vy < v < oo. The convergence in
(7.23) holds with the limit A and normalization by = T™ specified in (i)-(iz)
below.

(i) Let 0 < a8 < vy and 1 < a < 2p. Then H == H+ B+ /2 and A =
{02Bg(x), x > 0} is a fractional Brownian motion with H = (3 — a/p)/2 and
variance o3 given by (7.52).

(7i) Let 0 < a8 < vy and 1V 2p < a < 2. Then H and A are the same as in
Theorem 7.9(iit).

(iii) Let v4 < ayff < yand 1 < o <2—p. Then H =1+ (1/2)(v + 5(2 —
a—p)/(1 =p) and A = {zZ, x > 0} is a Gaussian line with random slope
Z ~N(0,032) and o3 given in (7.53).

(iv) Let v < a;f < oo and 1 < a <2—p. Then H =1+ v/a; and A =
{xL(1), z > 0} is an ay-stable line with random slope L (1) having o -stable
distribution defined by (7.12).

(v) Let v < a;f <occand2—p < a < 2. Then H == H, +7/2 and A =
{04 Bu, 1/2(x, 1), x > 0} is a fractional Brownian motion with H = Hy = (2 —
o+ p)/2p and variance o3 given by (7.40).

(vi) Let 0 < ayB < v and o = 2p. Then by := TH(logT)Y? with H :=
B+ (14+7)/2 and A := {0:B(z), x > 0} is a Brownian motion with variance o3
in (7.54).

(vit) Let oy =~v4. Then H := (1/2)(1+~v+(2—«)/p) and A = {Z\(x), x>0}
in an intermediate Gaussian process defined by (7.26).

(viii) Let oy =~y and 1 <a <2 —p. Then H =14 and A = {x?,xZO},
where a slope 7 is a r.v. defined by (7.55).

(iz) If 74 < apff < 0o and o = 2 — p. Then by := TH(logT)'/?, H =1 + /2
and A :={0yBi12(x,1), x > 0} = {2Z, & > 0} is a Gaussian line with random
slope Z ~ N(0,52) and 52 given by (7.42).

Theorem 7.11. (Intermediate connection rate.) Let v = .. The convergence
in (7.23) holds with the limit A and normalization by := T specified in (i)-(v)

below.
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(i) Let 0 < a B < vy and 1 < < 2p. Then H =1+ and A :={I(x), x > 0}
is defined by (7.24).

(ii) Let 0 < a8 < vy and 1V 2p < a < 2. Then H and A are the same as in
Theorem 7.9(iii).

(iii) Let 0 < oy B < vy and o = 2p. Then H and A are the same as in Theorem
7.9(iv).

(iv) Let oy B = 4. Then M :=1/p and A := {I(z), z > 0} is defined by (7.25).
(v) Let v4 < a B < oco. Then H :=1/p and A :={I,(z,1), x > 0} is defined by
(7.16).

Remark 7.4. Note that p = 1 implies v, = a — 1. In this case, Theorem 7.9
reduces to the a-stable limit in (i), whereas Theorem 7.10 reduces to the frac-
tional Brownian motion limit in (v) discussed in [70] and other papers. A similar
dichotomy appears for [ close to zero and 1 < o < 2p with the difference that
a is now replaced by a/p. Intuitively, it can be explained as follows. For small
B > 0, the workload process Wy i (t) in (7.6) behaves like a constant rate process
Ky 1(x; <t <z + RV, 0 <y < M) with transmission lengths R? that are
i.i.d. and follow the same distribution P(RY > r) = P(R; > r'/P) ~ (c;/a)r=(@/P),
r — 00, with tail parameter 1 < a/p < 2. Therefore, for small 5 our results agree
with [70], including the Gaussian limit in Theorems 7.9(iii) and 7.10(ii) arising

when the R!’s have finite variance.

Remark 7.5. As it follows from the proof, the random line limits in Theo-
rem 7.10(iv) and (iii) are caused by extremely long sessions starting in the past
at times z; < 0 and lasting RY = O(T"/"), v, < v < ay B or R = O(T+P/+),
v+ < ayff < 7, respectively, so that typically these sessions end at times x;+ RY >
T.

7.5 Proofs

7.5.1 Proofs of Sections 7.2 and 7.3

Let

ri=p’ pp

X*(t,s) = /RQXR_,_ 1<<t—_u u) € B*)N(du,dv,dr), (t,s) € R?

be a ‘reflected’ version of (7.7), with B replaced by B* := {(u,v) € R?: (v,u) €
B}, p replaced by 1 — p and the same Poisson random measure N (du,dv,dr) as

in (7.7). Let S; _ (y,z) == [ OAJ*I(X*(t,s) — EX*(t,s))dtds, (y,z) € R2,

)\*,’Y* 0
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be the corresponding partial integral in (7.9). If A,, v, are related to A, v as
A = A,y = 1/v then
* fdd
S)\* 'y*< ) = S)\,'y(l’, y) (727)

holds by symmetry property of the Poisson random measure. As noted in the
Introduction, relation (7.27) allows to reduce the limits of Sy, (z,y) as A = oo
and 7 < 7 to the limits of S} __ (y,7) as Ax = oo and 7, > 7.y := a/(1—p) - L.
As a consequence, the proofs of parts (ii) of Theorems 7.2-7.6 can be omitted
since they can be deduced from parts (i) of the corresponding statements.

The convergence of normalized partial integrals in (7.1) is equivalent to the

convergence of characteristic functions:
E exp {iag}v Z 0,5~ (24, yl)} — Eexp {i Z 0, V., (i, yl)} as A — oo, (7.28)
i=1 i=1

forallm=1,2,..., (z;,y;) € R%, 6, € R, i =1,...,m. We restrict the proof of
(7.28) to one-dimensional convergence for m = 1, (z,y) € R2 only. The general

case of (7.28) follows analogously. We have

Wi,(0) = logEeXp{19aA ,YS)\7 x,y)} (7.29)

Az A7 y t o o
_ / / / L ”) € B)dtds)dudvf(r)dr
]R2><R+ axv rer

where ¥(z) := e — 1 — iz, 2 € R. We shall use the following inequality:

U (2)| < min(2|z,2%/2), z€R. (7.30)

Proof of Theorem 7.1. In the integrals on the r.h.s. of (7.29) we change the vari-
ables:

t—u S — U

—t, =5, u— A, v— N, r— MO

rp

This yields Wy, (0) = [~ ga(r) fa(r)dr, where
INGE )\(HQ)H(”)J‘“()\H(VW) — cprm N 00
according to (7.3), and
ga(r) = / U (0hy(u,v,r))dudo,
R2
hx(u,v,7r) = ?"/B 100 <u+ APt <2, 0 < v+ A2017Ps < g)dtds,

where the exponents 6y :=1—H(y)p = (v+ —7)/(1+74) >0, 02 : =y —H(7)(1—
p) = (v =7-)/(L+7-) > 0. Clearly,

hy(u,v,7) = 1leb(B)r1(0 <u <z,0<v<vy), \— o0,
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for any fixed (u,v,7) € RZ x Ry, u &€ {0,2}, v € {0,y}, implying
ga(r) — xy¥(0leb(B)r)

for any r > 0. Since [y, h(u,v,r)dudv = zyrleb(B) and hy(u,v,r) < Cr, the
dominating bound |[gx(r)| < Cmin(r,r?) follows by (7.30). Whence and from

Lemma 7.12 we conclude that

Wiq(0) = W, (0) == JCZ/Cf/ (1B _ 1 ihleb(B)r)r-1t)dr.
0

It remains to verify that

W,(0) = —zyo®|6]*(1 — isgn(f) tan(ra/2)) = log Eexp{ifL,(z,y)},

where
0% := csleb(B)“ cos(ra/2)['(2 — a)/a(l — ). (7.31)
This proves the one-dimensional convergence in (7.11) and Theorem 7.1, too. [
Proof of Theorem 7.2. In (7.29), change the variables as follows:
t—= X, s—uv— \ImP/lamp)g
u— NPV @Ry N, NPy, (7.32)
This yields Wy, (0) = [~ ga(r) fa(r)dr, where
Fa(r) = A/ emp) g\ @)y o= (He) - ) o0, (7.33)
and gx(r) == [o W (0hx(u,v,r))dudv with
x )\—51t _
ha(u,v, 1) = / dt/ 1(( u’ 18 ) € B)l(() < v+ A5 < y)ds(7.34)
0 R re reP
where 0 :==py/(a—p) — 1= (v —74)/7+ >0, 2 :=y(a— 1)/(aw — p) > 0. Let

B(u) :=={v € R: (u,v) € B} and write leb; (A) for the Lebesgue measure of a set

A C R. By the dominated convergence theorem,

1((_“ i >6B>ds(735)

rpplop

ha(u,v,7) = h(u,v,r) = 21(0<v < y)/
R

= 21(0 < v < y)r'Pleby(B(—u/rP))

for any (u,v,r) € RZ xRy, v € {0,y}, implying

gx(r) = g(r) == /R2 U (Oh(u,v,r))dudv = yrp/ U (fzr' P leby (B(u)))du

R
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for any r > 0. Indeed, since B is bounded, for fixed r > 0 the function (u,v)
hy(u, v, 7) has a bounded support uniformly in A > 1. Therefore it is easy to verify
domination criterion for the above convergence. Combining hy(u,v,r) < Cri=r
with [oo ha(u, v, r)dudv = zyrleb(B) gives |ga(r)| < Cmin(r,r*7?) by (7.30).
Hence and by Lemma 7.12, Wy ,(6) — W,(0) := ¢; [;° g(r)r~0F®)dr. By change

of variable, the last integral can be rewritten as
W.(0) = cryz®(1—p)* / lebl(B(u))‘“du/ (€% — 1 —ifw)w P dw
R 0
= —(ya®)o*+ 0] (1 — isgn(6) tan(ma /2)) = log Bexp{ifL, (1)},
where

ciI'(2 — oy ) cos(may /2)
(1 =pap(l—ay)

thus completing the proof of one-dimensional convergence in (7.13). Theorem 7.2

oy L

/ leby (B(u))™ du, (7.36)

is proved. [

Proof of Theorem 7.3. In (7.29), change the variables as follows:

t— M, s—v—= APy, v— N, = AP (7.37)
We get Wy (0 fo ga() fa(r)dr, where
fir) = )\(1+a)/pf()\l/pr>7
gr(r) = /R2 NHHEMN=LP g (g \V/P)=HO ) (4, v, 7)) dudw, (7.38)
with

ha(u,v,7r) = /dt/ (0<v+ A%<yl ((t—u = p)eB)ds
— O<v<y/dt/ T1p>EB)ds

= 10<v<y)r _p/ leby (B((t —u)/r?))dt

=: h(u,v,r) : (7.39)

as A — oo, for all (u,v,7) € R xRy, v € {0,y}, since 6 := 1+~ —(1/p) >0
Note that 2(H(y) — 1/p) = v — v+ > 0 and hence

AN2HO=VPIg (GANVP=HO (4, 0, 7)) — —(62/2)h* (u, v, 1), X — o0.

Next, by the dominated convergence theorem

2
() = gr) o=~ [ 02w, r)dud
R2
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for any r > 0. Using [, ha(u, v, 7)dudv = zyleb(B)r and hy(u,v,r) < C'min(r'?,
r) similarly as in the proof of Theorem 7.2 we obtain |gx(r)| < C' [o. h3(u, v, r)dudv
< Cmin(r?>7?,r?). Then by Lemma 7.12,

Waa(6) = Wy(0)i= 7 [ gy 0 = — (0% /21020,
0

where

2 / du / / leby ( ((t—u)/rp))dt)zrl—a—%dr, (7.40)

where the last integral converges. (Indeed, since u + leb(B(u)) = [1((u,v) €
B)dv is a bounded function with compact support, the inner integral in (7.40)
does not exceed C(1 A r?)1(Ju] < K(1 + r?)) for some C, K > 0 implying 02 <
C [T (LATPY (14 1P)rt=*=2Pdr < oo since 2 — p < a < 2.) This ends the proof of

one-dimensional convergence in (7.14). Theorem 7.3 is proved. O
Proof of Theorem 7.4. After the same change of variables as in (7.32), viz.,
t—= M, s—v— X2 uw— XNy oy Ny, o N2

we obtain Wy, (0) = [;° ga(r) fa(r)dr with fx(r) as in (7.33) and g (r) = [, ¥(
(log \)~Y2hy(u, v, 7))dudw, Where

x A0t —
hy(u,v,r) = / dt/ 1(( p u, rlS_P> € B)l(O < v+ A5 < y)ds,
0 R

0 i=py/2(1—p)—1=(y—74)/7+ >0, 2 := /2 > 0 are the same as in (7.34)

and

—u s
ha(u,v, 1) = h(u, v, 1) .:x1(0<v<y)/Rl<<rp i p) €B>ds

c.f. (7.35). Below we prove that the main contribution to the limit of W) ,(6)
comes from the interval A™°"/? < r < 1, namely, that W) ,(8) — Wy (0) — 0,

where
WELO) = [ e (741

62 ! d
~ Y / d / R (u, v, r)dudv
210g>\ A—61/p r3-p R2

- —%Q;ﬁycf /R (leby (B(w)))2du— / B

log A Jy-s10 T

92"“2 2
= 2 O-Jr‘r Yy = W‘{<9)7
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where
o3 = %/{Rleb(/}? N (B + (0,u)))du (7.42)
and where we used the fact that [, h*(u, v, r)dudv = z?yr*=* [, leby(B(u))*du =
z?yr*? [Lleb(B N (B + (0,u)))du.
Accordingly, write Wy (0) = W3 _(0) + W, _(0) + Wy _(0), where W _(6) :=
fo/\_al/p gx(r) fa(r)dr and W (0) := [° ga(r) fa(r)dr are remainder terms. Indeed,
using (7.30) and

/ ha(u, v, r)dudv = zyrleb(B), hy(u,v,r) < C(\%7r) Ari7P. (7.43)
R2

it follows that

C < dr _1/2
\WIW(Q)] < (log 1172 /1 e /}R2 h(u, v, 7)dudv = O((log ) ~1/2) = o(1).
Similarly,

O)\51 A —%1/p
d h dud
log)\/o rfa(r) 7’/R2 A(u, v, 7)dudv

O)\(;l A—%1/p C Al/p
log A /0 r fr(r)dr = Moz /0 r f(r)dr

= O((log\)™") = o(1),

Wi, <

IN

since §; = py/2(1 —p) — 1.

Consider the main term Wy _(6) in (7.41). Let /VIV/AW(H) = /\1_51/,, fa(r)dr

" 2log A
Jg2 M3 (u, v, r)dudv. Then using (7.43) and |¥(z) + 22/2| < |z]?/6 we obtain

— C 1 B
WEL0) = W) < oo /A G /]R a0, 7)clucy
C ! 3—2
(log )3/ /Amp?“ Pfa(r)dr
C ! 3/2
W/O Tﬁpdr = O((lOg )\)7 / ) = 0(1)

Finally, it remains to estimate the difference |fI/I7,\77(6’) —W,(0) < C(JL+ JY),

where

1 1
J = oz ) //\WP fa(r)dr /11@2 |R3 (u,v,7) — h?(u,v,7)|dudv,
1 1
/A 2—p o p—3 d
Jy Tog A //\él/pr | () — cprP=2|dr.

Let

Iy (u,v,7) = ZL‘/R 1((_—u, i) € B)l(O < v+ A5 < g)ds.

rpP rl_p
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Then J, < Ji + Jiy, where J§; := (log\)™* f/\l_(;l/p Sa(r)dr [oo |R3(u,v,7) —
12 (u, v, 7)|dudv, Ji, = (log \)~ f/\ 51 Sa(r)dr [oo W2 (u,v,7) — h2(u, v, 7)|dudv.
Using the fact that B is a bounded set with leb(0B) = 0 we get that

|hx(u, v, 1) —ﬁ)\(u,v,rﬂdudv

R2
<yr/ dt/
R2
< re(A

517= P

, ) € B) —1((—u, s) € B)|duds

where €(z), z > 0, is a bounded function with lim, ,o€e(z) = 0. We also have
ha(u,v,7) + ha(u,v,7) < Cr'™? as in (7.43). Using these bounds together with
fa(r) < CrP=3 r > A\7%/P we obtain

1 1
Jiilog A < C/ APy = C’/ e(2)z 'dz = o(log \),
A—%1/p A

761

proving J4; — 0 as A = co. In a similar way, using [, 1w, v, 7) = h(u, v, r)|dudv
< ar fou 1((—u,s) € B)|1(0 < v+ A2 Ps < y) — 1(0 < v < y)|dudvds <
Cr?7PA=% we obtain J},log A < CA™% fol r~Pdr = O(A™%2), proving J}, — 0 and
hence J{ — 0. Finally, J{ = (log \)™" [, r27?| f(r) — ¢;yrP~3|dr — 0 follows from
(7.3). This proves the limit limy_,o Wy ,(0) = W,(0) = —(0%/2)52 2%y for any

6 € R, or one-dimensional convergence in (7.15). Theorem 7.4 is proved. O

Proof of Proposition 7.5. We use well-known properties of Poisson stochastic inte-
grals and inequality (3.3) in [79]. Accordingly, I (z,y) is well-defined and satisfies
E|L (z,y)]! <2J,(x,y) (1 < g < 2) provided

o0 t_
Jy(x,y) = cf/ r(Ha)dr/ dudv‘/ 1(( “ 18 ) € B)dtds‘
0 Rx(0,y] (0,2] xR re T plep

o X t_
_ ny/ Tq(lp)(Ha)dr/du‘/ leb, <B< u))dt’q<oo.
rpP
0 R 0

Split Jy(x,y) = cfy[fol dr + [[7]...dr =: ¢py[J' 4+ J"]. Then J” < C [ r10=7)
r~0F9dr [1(ju] < CrP)du < C [ r?-P=0F)tpdr < oo provided ¢ < (a —
p)/(1 — p). Similarly, J < Cfol rd=P) =0t qr| [1(]t] < Crp)dt|? < Cfol rat=p)
r=(Fe)tardr < oo provided a < ¢. Note that a < (a — p)/(1 —p) < 2 for
l<a<2—-pand (a—p)/(1 —p) >2for 2—p<a<2. Relation (7.17) follows
from (7.14) and Jo(z,y) = o2ya*+ by a change of variables. This proves part

(). The proof of part (ii) is analogous. O

Proof of Theorem 7.6. Using the change of variables as in (7.37) we get W, ,(6) =
Jo° ax(r) fu(r)dr with the same fi(r), ga(r) as in (7.38) and hy(u, v,r) satisfying
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(7.39). (Note H(y) = H(yy) = 1/p hence \#0+)=(1/") = 1 in the definition of
gx(r) in (7.38).) Particularly, (GhA(u v 7’)) — U(Oh(u,v,r)) for any (u,v,r) €
R? x Ry, v € {0,y}. Then gx(r) — = Jgo Y(Oh(u,v,r))dudv follows by
the dominated convergence theorem. Usmg Jgo ha(u, v, r)dudv = xyrleb(B)
and h,\(u v,r) < Cr we obtain |gx(r)] < Cmin(r,7?) and hence W, ,(0) —
I g(r)r=0Fdr = logEexp{if.(z,y)}, proving the one-dimensional conver-

gence in (7.18). The proof of Theorem 7.6 is complete. O

Proof of Theorem 7.7. (i) Write D,(z,y) = {(u,v) € R?*: (u—2)*+(v—y)? < r?}
for a ball in R? centered at (z,y) and having radius r. Recall that B is bounded.
Note that inf,ci—1(|2|/r? + (1 — [2[Y/@=D)1=P /p1=P) > comin(r—?,r~1P)) for
some constant ¢y > 0. Therefore, there exists o > 0 such that for all 0 < r < ry
the intersection B, , := BN (B+ (z/r?, (1—|2|"/?)'=? /r'=P)) = @ in (7.19). Hence
b(z) < C < oo uniformly in z € [—1,1].

Let (z,y) € B\ 0B. Then Dy, (x,y) C B for all » < rg and some r9 > 0. If
we translate B by distance ry at most, the translated set still contains the ball
Dyy(,y). Since sup,eyq(Jz|/r? + (1 — |2]V/?)1 77 /r17P) < 2max(r?, r=07P),
there exists r; > 0 for which inf,~,, leb(B,,) > 712, proving inf.ep-1,110(2) > 0.
The continuity of b(z) follows from the above argument and the continuity of the
mapping z — leb(B,,) : [-1,1] — Ry, for each r > 0.

(i) Let s > 0. In the integral (7.8) we change the variables: u — rPu, v — r'=Pu,
r — w'/Pr. Then

plt,s) = w—(a—l)/P/ leb(By/w,r) fuw(r)rdr,
0

where f,,(r) = wFO/P f(w/Pr) — c¢;r=(+9) - co. Then (7.20) follows by
Lemma 7.12 and the afore-mentioned properties of leb(B;/,, ). Theorem 7.7 is

proved. O

In this chapter we often use the following lemma which is a version of Lemma 2
in [53] or Lemma 2.4 in [11].
Lemma 7.12. Let F' be a probability distribution that has a density function
[ satisfying (7.3). Set fa(r) := NTef(Ar) for X\ > 1. Assume that g, g, are
measurable functions on Ry such that gx(r) — g(r) as X — oo for all r > 0 and
such that the inequality
lga(r)| < C (1P A rP2) (7.44)

holds for all r > 0 and some 0 < 1 < a < B, where C' does not depend on r, \.
Then

/ gx(r) fa(r)dr — Cf/ g(r)yr~1F9dr  as A — 0.
0 0
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Proof. Split [ gr(r) fo(r)dr = ([ + [)qr () fr(r)dr =t () + Ia(A), where
€ > 0. It suffices to prove

lim I,(\) = cf/ g(r)yr~0F¥dr and limlimsup I;(\) = 0. (7.45)

A—00 e—0 A—00

The first relation in (7.45) follows by the dominated convergence theorem, us-
ing (7.44) and the bound fy(r) < Cr~(+® which holds for all r > p/\ and
a sufficiently large p > 0 by virtue of (7.3). The second relation in (7.45)
follows from [I;(A)| < C [5r? fa(r)dr = CAx*~ fo’\e P2 f(z)de < CA*F2 4
CXe=P2 [A gt qy < C(AF2 4 2o, O

7.5.2 Proofs of Section 7.4

Proof of Theorem 7.9. We have
Wras(6) = logEexp {i0b;" (A (Tw) — BAux(T)) } (7.46)

Tx
— T’V/ ‘1’<9T7H(7“17p A Tﬁ)/ u<t<u+ rP)dt) duf(r)dr,
RxR, 0

where U(z) = e — 1 — iz, 2 € R, as in Section 7.5.1.

(i) Let 0 < p < 1,6, == B—(1+7)(1—=p)/a > 0,0 :=1—(1+7)p/a =
(v+ — v)p/a > 0. Using the change of variables (¢t — u)/m? — t, u — Tu,
r — T/ in (7.46), we obtain

Wrq,5(0) = /OOO gr(r) fr(r)dr, (7.47)

where fT( ) — T(1+a) 1+'y)/af( T+7)/a )and
gr(r) == / U (O(r' 2 AT )rPhp(u, 1)) du
R

and where hp(u,r) = fo 0 < u+ TPt < 2)dt - 1(0 < u < z) for
fixed (u,r) € R x Ry, u € {0,2}. Hence gr(r) — g(r) := x¥(0r) follows by
the dominated convergence theorem. The bound |g7(r)| < C min(r,r?) follows
from (7.30) and [, hr(u,r)du = x with hp(u,r) < 1. Finally, by Lemma 7.12,
Wry,5(0) = mep [ W(0r)r~ 0 dr = log Eexp{ifL,(x,1)}, proving part (i) for
0 < p < 1. The case p = 1 follows similarly.

(ii) By the same change of variables as in part (i) we get Wy, 5(6) as in (7.47),

where
gr(r) == /R\II(H((T_(SWI_I’) A 1)rphT(u,r))du,
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where 6y, fr(r), hr(u, ) are the same as in (7.47) except that now ¢; < 0. Next,
gr(r) — x¥(0r?) by the dominated convergence theorem while |gr(r)| < C min(r?,
r?) follows by (7.30) and [, min(hy(u,r), h3(u,r))du < C. Then Wy, 5(0) —
W, 5(0) == xcy [ W (9rP)r~(F)dr follows by Lemma 7.12. To finish the proof of
part (ii) it suffices to check that

W,s(0) = —x% Ccos (%) |6|~/» <1 —isgn(f) tan (%))(7.48)

=: logEexp{ifL.p(x)}.

(iii) Denote §; == 14+~ —af/(1 —p) > 0,09 :=1—pB/(1 —p) > 0. Then by
change of variables: (t — u)/r? — t, u — Tu, r — T% =Py we rewrite Wy, 5(6)
as in (7.47), where fr(r) := TO+)B8/(=p) f(TB/(A1=P)y) and

gr(r) = / T51W(9T’51/2(7‘1’p A D)rPhy(u,r))du
R

with hr(u fo (0 < u+ TPt < x)dt — 1(0 < u < ). Then gp(r) —
—(62/ 2)( P A 1)2 *?x by the dominated convergence theorem using the bounds
|U(2)] < 2%/2, z € R and hy(u,r) < 1(—r? < u < z). Moreover, |gr(r)| <
C min(r??,r?) holds in view of [; hf(u,r)du < C. Using Lemma 7.12 we get
Wrn,5(0) = —(60%/2)xcy [7(rt 7 A 1)2r2P=0F0)dr = —(6%/2)0tx, where

2ce(1 —
o= ¢l =p) < 00 (7.49)

(2 = a)(a—2p)

since max(1,2p) < o < 2. This proves part (iii).

(iv) By the same change of variables as in part (iii), we rewrite Wy, () as in
(7.47), where

gr(r) = / T51\IJ(9T_51/2(10g )"V (P A 1)rphT(u,7"))du
R

and fr(r) and 1, d > 0 and hp(u,r) = fo (0 < u+ TPt < x)dt — 1(0 <
u < z) are the same as in (iii). We spht WT,”;(Q) = Wy, 5(0) + W 5(0) +
W;{%ﬁ(Q) and next prove that Wy 5(6) = fo gr(r) fr(r)dr and Wi ,(6) =

Jrsvs20 97(7) fr(r)dr are the remainder terms, whereas

T91/2p ‘92 e 751/
Wf%’y,ﬁ(e) = [ gT(T)fT<7")dT ~ _Elogg/l ,),,2p—(l+2p)dr

2
9/\2

= _50-11‘_ W%ﬁ(e)7

where

= st = (14 9)(1 - p) - 20B). (7.50)



7.5. Proofs

By (7.3), there exists p > 0 such that fr(r) < Cr=0+20) for all r > p/TH/(-P),
Using this bound along with [, hr(u,r)du =z, hp(u,r) < 1 and (7.30), we get

. c o )
]WT’%B(Q)] logT/O 2 fr(r)dr = O((log T) ™) = o(1),
+ oz = (1+2p) 1/2
o) < —_— Py = log T~ =o(1).
Wi g0 € Coors [ s = 0((1ogT) ") = of1)
We now consider the main term W%%B(G). Let /VIV/Tmﬁ(H) = —% 1T61/2p r2p

fr(r)dr [o h3(u,r)du. Then, by |¥(z) 4+ 2%/2| < |z[/6, z € R, it follows that

— C T31/2p
|W’1Q:'Y:5<8) - WT,%:B(0>| S (].Og T)3/2T51/2 /1' T3pr(T)d7’/H§h:%(u,T)du

C T81/2p
P19
e S

= O((logT)~*?) = o(1).

Finally, we estimate |WT7%@(9) — W, 5(0)] < C(Jp + J}), where

1 T91/2p
J = logT/ TQPfT(T’)dT/ \RZ(u,r) — 1(0 < u < z)|du,
1 R
1 T91/2p
J7 = logT/ 2| fr(r) — cpr= 2P| dr,
1

Using

/ B2 (0, 1) — 1(0 < u < 2)|du
R

1
< 2/ dt/ 1100 < u+ TPt < 2) — 1(0 < u < z)|du < CrPT ™%,
0 R
we obtain Ji. < C(logT)~'T~* flTél/Qp rP~tdr = o(1), since d1/2 < &, for v < 4.
Then JY. = o(1) follows from (7.3), since |fr(r) — cpr= 12| < ecpr=(142) for all
r > p/TP(=P) and some p > 0 if given any € > 0. This completes the proof of
Wr~5(0) = —(0%/2)01x = log Eexp{ifo,B(z)} as T — oo for any 0 € R.

(v) After the same change of variables as in part (iii) we get Wy, 5(0) in (7.47),

where
gr(r) == /R\I/(Q(T’l_p A l)rphT(u,T))du

with the same fr(r) and hr(u,t) — 1(0 < u < ) as in (ili). By dominated
convergence theorem, gr(r) — x¥(0(r'™? A 1)rP), where we justify its use by
(7.30), and hz(u,r) < 1(—r? < u < z). The bound |gr(r)] < Cmin(r?,r?)
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follows from (7.30) and [ hr(u,7)du =  with hy(u,r) < 1. Finally, by Lemma
7.12,

Wrq5(0) = xcf/ T(O(r' 7 A D)r?)r= Ty =: log Eexp{ifL(z)}. (7.51)
0
The proof of Theorem 7.9 is complete. O]

Proof of Theorem 7.10. (i) Denote 6; := 1+~ —a/p = v — vy > 0 and §y :=
(1—p)/p—p > 0. By changing the variables in (7.29): t — Tt, w — Tu, r — T'/Pr
we rewrite Wy, 5(0) as in (7.47), where fr(r) := TU+)/Pf(TPr) and

gr(r) = /RT&\I/(GT&/Q((T‘SZFP) A 1)h(u,r))du

with A(u,r) = [ 1(u < t < u+ r?)dt. The dominated convergence gr(r) —
g(r) == —(0%/2) [, *(u,r)du follows by (7.30). The latter combined with [, h*(u
r)du < Cmin(L,7?) [ h(u,r)du < Cmin(r?,r?) gives the bound |gr(r)| <

C min(r?, r?"). Finally, by Lemma 7.12, Wr, 5(0) — —(6?/2)032* | where

! 2dud
o5 = cf/ (/ 1(u<t<u+rp)dt> i:
RxR \JO r

— 26f
T a@-a/p)B-a/p)a/p—1) (7.52)

proving part (i).

(ii) The proof is the same as that of Theorem 7.9(iii).

(iii) Let &y := v — ayfB > 0,9 := ayfB/y, —1 > 0. By change of vari-
ables: t — Tt, u — TPy p — TPy we get (7.47) with fr(r) :=
T(+e)8/(=p) f(TB/(1=P)y) and

(1) = / TG (OT=5/2(r72 A 1) hr(u, 7)),
R

with hp(u,r) == [ 1(0 < (T7%2t —w)/r? < 1)dt — h(u,r) := 21(—r? < u < 0).
Then (7.30) and h2(u,r) < 21(—r? < u < 1) justify the dominated convergence
gr(r) = —(0%/2)(r' P A1)*rP2?. By (7.30) and [ hi(u,r)du < C [ hy(u,r)du <
Cr?, we have |gr(r)] < Cmin(r?,r*?). Finally, by Lemma 7.12 Wr., 5(0) —
—(62/2)a%cy [ (r'7P A 1)2rP= () dr = —(62/2)2%0% with

2 2c (1 —p)
T ) 75

proving part (iii).
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7.5. Proofs

(iv) Denote 0; = 8 — v/ay > 0,02 = v/v+ —1 > 0. By the change of
variables: t — Tt, u — TV, r — TV +Pr we get (7.47) with fr(r) =
T4/ v4p f(T1/74Pr) and

gr(r) = /R WO AT hp(u, r))du,

where hp(u,r) = fo u < T2t < u+rP)dt — h(u,r) = 21(—1? < u <
0). Then gr(r) — = [V Ozr'P1(—r? < u < 0))du and Wy, 5(0) —
cr fo7 g(r)r=(te) dr = 10gEexp{1¢9xL+( )} similarly to the proof of Theorem
7.2(11).

(v) Set 0y ==y —v4 > 0,60 := — (1 —p)/p > 0. After a change of variables:
t —Tt,u— Tu, r — TYPr, we get (7.47) with fp(r) := TU+/P f(TV/Pr) and

gr(r) = / THG (T2 (1 A TV h(u, r))du,
R

where h(u,7) == [ 1(u <t < u+rP)dt. Then gr(r) — g(r) :== —(6%/2) [ r?*—P
h2(u,r)du and Wr,5(0) — ¢ [;° g(r)r=0F9dr = —(62/2)0% 2?1+ similarly to
the proof of Theorem 7.3(i).

(vi) We follow the proof of Theorem 7.9(iv). By the same change of variables,
we rewrite Wy, 5(0) as in (7.47). We split W, 5(0) = Wi 5(0) + Wp_, 5(0) +
W;{%B(Q) with the same W;%B(O) being the remainder terms. Note that now
0y < 01/2, since v > ;. Next, we split Wp_ 5(0) = Wr_ 5(0) + W7 5(6), where

T%1/2p

Wios®) = [ arfe)dr Wi @)= [ arl)frtr)ar

Td2/p
Analogously to the proof of Theorem 7.9(iv), we show the convergence Wy, 5(6) —
—(6?/2)53z, where

) 1 ﬂ
~2 2 {
. . *

09 ‘= Cy —Cf( 1 ) (75 )

Using (7.30) and [, hy(r,u)du = z with hp(r,u) < z(T°/r?), we get

C TR gy
" < - 2
Wins®l < oo [T [

T92/p r

<

CT? /T‘W” dr
log T

which completes the proof of Wr., 5(8) — —(6?/2)552 = log E exp{i052,B(x)} as
T — oo for any 6 € R.

[ i = OllosT) ™) = o(1),

vii) By the same change of variables as in part (i), we rewrite Wr., 5(f) as in
P8
(7.47), where

or(r) = [ TROT IR A ) du
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and where 01, h(u,r), fr(r) are the same as in (i). Then gr(r) — —(0%/2) [ h*(u
r)du along with [, h*(u,r)du < Cmin(r?,r*") and (7.30) imply Wr, 5(0) —
—(02)2)c; [7° [ (PP A 1)2R2 (u,r)r- ) drdu =: log Eexp{i0Z(x)} as T — oo
for any 8 € R, by Lemma 7.12.

(viii) By the same change of variables as in part (iii) we obtain Wr, g(f) as in
(7.47), where gr(r) :== [ U(O(r'"? A1)hy(u,r))du with fr(r), 0, =v/7+ —1>0
and hr(u,r) = fo u< T~ 521& < u+rP)dt — z1(—r? < u < 0) the same as in
(iii). Using [g hr(u,r)du = zr? and hy(u,r) < z yields |gr(r)| < C'min(r?, r?77)
from (7.30). Hence, by Lemma 7.12; it follows that

Wi 5(6) = 1 / V(0(r A 1)) dr = log Eexp{ifzZ}.  (7.55)
0

(ix) By the same change of variables as in the proof of part (iv), we rewrite
Wr5(0) as in (7.47), where

gr(r) == /R\Il(é(logT)_l/Q(rl_p A T‘Sl)hT(u,T))du

with 01, 09 := /v — 1 > 0 and hp(u,r) = fo u < Tt < u+ rP)dt —
zl(—r? < u < 0) =: h(u,r) and fr(r) being the same as in (iv). We split
Wrp(0) = Wi 5(0) + WYQVB(H) + W;fwj(Q) and next prove that Wi 5(0) :=
fOT_62/p gr(r) fr(r) and Wi ;(0) := [ gr(r) fr(r)dr are the remainder terms,

whereas

WO (6) = /1 PV frrydr ~ —L /1 dr /h2<u r)du
Bapini T—éz/pgT g 21ogT Jp-saw 7P Ji ’

where the constant 775 is given in (7.42). Using [, hy(u,r)du = xr? and hy(u,r) <
x A (T°2rP) along with (7.30), we show that

C oo
’W;’%g(e)‘ < W/I rfr(r)dr = O((logT)~ 1/2) o(1),
B CT62 T—%2/p C T/P
Wio®l < oo [ i) = o [
= O((logT)™") = o(1).
To deal with the main term W2 (6), set ,Wvaﬂ(@) = — ZIZzT ; 570 T207P) fir (1) dr
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Jg h3(u,r)du. From |¥(z) + 2%/2| < |z|?/6, we obtain

7 C ' 3(1— 3
Wi o0) =W o0 < o [ 0 n(r)ar [

T—%2/p

C ! .
Qo 7O
= O((logT)~%?) = o(1).

Finally, we consider |fW/ng(0) — W, 5(0)] < C(Jp + JI), where

1 [t _

o= 1ogT/T_52/fz(1 p)fT(r)dr4’h%<u’r)_h2(u’r)’du’
1 ! _ _

Jr = logT/TaQ/p 2P| fr(r) — cpr?7dr.

Using

[ V) = 12l
R
< C’/ dt/ 1(u < T7%2t <u+7rP) — 1(—r? < u < 0))|du < CT™*
0 R

we obtain Jy < C(logT) T2 fT1_52/p r~(+P)dr = O((logT)™) = o(1). Then

JIh = o(1) follows from (7.3), since | f7(r)—c;rP3| < ecprP=3 for all r > p/T7/2(1=P)

and some p > 0 if given any e > 0. This finishes the proof of Wy, 3(8) —
—(62/2)% 2* = log E exp{i05% By 1/2(x, 1)} as T — oo for any 6 € R.

The proof of Theorem 7.10 is complete. O]

Proof of Theorem 7.11. (i) By the same change of variables as in Theorem 7.10(i),
we rewrite Wy, 3(6) as in (7.47), where

gr(r) == /R\I/(H((T‘52T1_p) A 1)h(u,7’))du — /R\II(Qh(u,r))du =:g(r),

since g := (1—p)/p— 0 = v+ /oy — > 0 with h(u, r), fr(r) being the same as in
Theorem 7.10(i). Using (7.30) along with [, h(u,r)du = 2r? and h(u r) < rP, we
get |gr(r)] < Cmin(r?,r?). Hence Wy, 5(0) — ¢; [ [ W(Oh(u,r))r= ) drdu
=: log Eexp{ifI(z)} by Lemma 7.12.

(ii), (iii) The proof is the same as that of Theorem 7.9(iii), (iv) respectively.

(iv) By the same change of variables as in Theorem 7.10(i), we rewrite Wr ., 3(0)
as in (7.47), where g(r) := [, U(0(r'"? A 1)h(u,r))du with h(u,r), fr(r) being
the same as in Theorem 7.10( ) Then lg(r)] < C'min(r?, r?) follows from (7.30).
By Lemma 7.12, we get Wr., 5(6) — ¢ [~ g(r)r= 0 dr = log E exp{if1(z)}.

(v) By the same change of variables as in Theorem 7.10(v), we rewrite Wy, 3(0)
as in (7.47), where fr(r), gr(r) are the same as in Theorem 7.10(v) except for
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6y = 0. Then gr(r) = g(r) :== [ V(0r'Ph(u,r))du and [gr(r)] < Cmin(r,r?)
from (7.30) lead to Wy, 5(0) — ¢f [° g(r)r= 0+ dr = logEexp{ifl (z,1)} by
Lemma 7.12, similarly to the proof of Theorem 7.6.

The proof of Theorem 7.11 is complete. O
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Chapter 8
Conclusions

In this last chapter, we review the main research contributions of this thesis.

o We identified three distinct limit regimes in the scheme of joint temporal-
contemporaneous aggregation for independent copies of random-coefficient
AR(1) process. We obtained three limit processes respectively. We showed
that the process, arising in the ‘intermediate’ regime, admits a Poisson in-
tegral representation and can be regarded as a ‘bridge’ between the other
two limit processes. The ‘intermediate’ limit of cumulative network traffic
studied in [27,34,35,55], though different, but has similar properties.

o We identified three different limit regimes in the scheme of joint temporal-
contemporaneous aggregation for copies of random-coefficient AR(1) pro-
cess, all driven by common innovations. We showed that a new process
arising under ‘intermediate’ scaling can be regarded as a ‘bridge’ between

the other two limit processes.

o We proved that the empirical process based on lag 1 sample autocorrela-
tions of individual random-coefficient AR(1) series weakly converges to a
generalized Brownian bridge under certain conditions. Applications of the
obtained result arise in statistical inference from multiple random-coefficient
AR(1) series, which are long enough so that lag 1 sample autocorrelations
accurately estimate the unobservable AR coefficients. In particular, we jus-
tified testing with Kolmogorov—Smirnov statistic both simple and composite
hypotheses, that AR coefficient is beta distributed.

o We proved that a nonlinear RF, defined as the Appell polynomial of some
stationary linear LRD RF on Z2, may exhibit scaling transition. Such be-

ing the case, scaling transition occurs at the point 7y > 0, independent
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of the degree of the Appell polynomial even if the underlying linear RF is

anisotropic.

o For the random grain model on R? with LRD, we obtain two change-points
0 < 7~ < 74 (distinct even in the p = 1/2 case) in its scaling limits,
which shows that the concept of scaling transition requires further study.
We showed that for v > ., the random grain model can have two different
scaling limits, depending on «, p. We relate this dichotomy to the change
from the vertical LRD to the vertical SRD property in the random grain
model. A similar result holds for 0 < v < ~_.

The following are some directions for future research.

« An interesting open problem concerns joint temporal-contemporaneous ag-
gregation of independent copies of regime-switching AR(1) process, which
combines the dependence structures of both random-coefficient AR(1) and
network traffic models, see [62,65].

o Another possible generalization concerns joint temporal-contemporaneous
aggregation of random-coefficient AR(1) processes driven by innovations of

infinite variance.

o Ifrandom AR coefficient a has a regularly varying density near the unit root,
then 1/(1—a) is heavy-tailed distributed with the same index. We will adapt
some Hill-type estimator of a tail index to the context of panel random-

coefficient AR(1) data and study asymptotic properties of this estimator.

e One may ask if some random field model can have more than two change-

points in the family of its scaling limits.
o It is of interest to obtain scaling transition for RFs on R? as A — 0.

« For all models considered, it would be useful to strengthen the weak con-
vergence of finite-dimensional distributions to the weak convergence in the

space of functions.
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