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Notations

N denotes the set of natural numbers, N = {1,2,...}.

R denotes the set of real numbers.

R™ denotes the positive real half-line [0, c0).

[x] and |z| denote the largest integer less than or equal to x.
R(t) denotes the surplus process of an insurance company.

O(t) denotes the renewal process.

Z denotes the size of a claim.

0 denotes the inter-arrival time, i.e. the time between two claims.
¥(x) denotes the ultimate ruin probability.

1 (z,t) denotes the finite-time ruin probability.

P denotes the probability.

EX denotes the expectation of a random variable X.

DX denotes the variation of a random variable X.

F7 denotes the distribution function of the random variable Z.
F denotes the survival function of the random variable Z or the tail of distribution function
Fy.

F }2 denotes the convolution of the function F; with itself.

F, denotes the equilibrium distribution function of the random variable generated by distribution
function Fz.

S. denotes the class of strongly subexponential functions.

C denotes the class of functions, which have a consistent variation.
S denotes the class of subexponential functions.

L denotes the class of long-tailed functions.

J JIS denotes the upper Matuszevska index.

] denotes the product.

() denotes the intersection.

|| denotes the modulus.

sup denotes the supremum value.

inf denotes the infimum value.

lim sup denotes the limit superior.

liminf denotes the limit inferior.

&7 denotes the positive part of a random variable &.

% denotes convergence in probability.
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Notations

1,ca denotes the indicator function. The function is equal to 1, when z € A and is equal to 0,
when = ¢ A.

d.f. denotes the abbreviation for distribution function.

r.v.s denotes the abbreviation for random variables.

r.v. denotes the abbreviation for random variable.

i.i.d. denotes the abbreviation for independent identically distributed.

UFEND denotes the abbreviation for upper extended negatively dependent.

LEND denotes the abbreviation for lower extended negatively dependent.

f(z) < g(x) denotes that lim sup Ho) <

Tr—r00 g(z) = ’
~ im L@
f(x) ~ g(z) denotes that xlgrolo o = 1.

h—

f(x) = o((g(x)) denotes that lim Iz

s—00 9(T)

=0.
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Introduction

Research problem and actuality

Actuarial science and applied probability ruin theory use mathematical models to describe an
insurer’s vulnerability to insolvency/ruin. In such models key quantities of interest are the
probability of ruin, distribution of surplus immediately prior to ruin and deficit at time of ruin.
In this thesis we concentrate on the characteristics and asymptotic behaviour of ruin probability.

The theoretical foundation of ruin theory, known as the Cramér—Lundberg model was intro-
duced in 1903 by the Swedish actuary Filip Lundberg (see [Lundberg, 1903]). Lundberg’s work
was republished in the 1930s by Harald Cramér (see [Cramér, 1930]).

The model describes an insurance company who experiences two opposing cash flows: in-
coming cash premiums and outgoing claims. Premiums arrive at a constant rate ¢ > 0 from
customers and claims Z1, Zs, ... arrive according to a Poisson process with intensity v and are
independent and identically distributed (i.i.d.) non-negative random variables (r.v.s) with distri-
bution F and mean 8 (they form a compound Poisson process). So an insurer’s surplus process

at time t is described in the following way:

o(t)
R(t)=x+ct— Y Z, t>0,
=1

where:
e x > 0 is the initial reserve;
o claim sizes {Z1, Z, ...} form a sequence of i.i.d. non-negative r.v.s;
e ¢ > 0 represents the constant premium rate;

o O(t) is the number of claims in the interval [0,¢], indeed it is a renewal counting process
generated by r.v.s (inter-arrival times) {61, 65, ...}, which are distributed according to the

Exponential law with mean 1/v;
o sequences {Z1, Za,...} and {01,602, ...} are mutually independent.

The central object of the model is to investigate the probability that the insurer’s surplus
level eventually or at some particular time falls below zero (making the firm bankrupt). This

quantity may be defined as a probability of ultimate ruin or finite-time ruin probability.
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E. Sparre Andersen (see [Sparre, 1957]) extended the classical model in 1957 by allowing
claim inter-arrival times () to have arbitrary distribution functions. Further, by allowing inter-
arrival times to have non-identical distributions or dependent in some way, this model became
inhomogeneous. Insurance companies usually encounter different types of claims, that is why,
nowadays, risk model with inhomogeneous claims becomes more actual. Some authors like
[Albrecher and Teugels, 2006], [Li et al., 2010] investigated ruin probability in the renewal risk
model with dependent, but identically distributed claims and inter-arrival times.

In this thesis we concentrate on not necessarily identically distributed claims and inter-
arrival times. We derive estimates and asymptotic expressions of ultimate ruin probability and

finite-time ruin probability for an inhomogeneous renewal risk model.

Aims and tasks

The main purpose of the thesis is to find realistic conditions so that we could apply similar
estimations of ruin probability for an inhomogeneous renewal risk model like for the homogeneous

one. To be more precise we aim to:

e Establish the requirements under which Lunberg-type inequality would be valid for an

inhomogeneous renewal risk model.

o Investigate the asymptotic behaviour of the exponential moment of the renewal counting

process in an inhomogeneous renewal risk model.

e Find an asymptotic formula for the finite-time ruin probability in an inhomogeneous re-

newal risk model.

Novelty

We prove that well-known estimates and asymptotic expressions for the homogeneous renewal
risk model can be extended to a much more general case of inhomogeneous claims and inter-
arrival times. The assumptions of the theorems are new and they help to apply the results in
more realistic cases of insurance. They extend, generalize and supplement the results on finding
ruin probability obtained by other authors (e.g. [Andrulyté et al., 2015], [Kocetova et al., 2009],
[Tang, 2004]).

Defended propositions

o Established conditions for the Lundberg-type inequality in an inhomogeneous renewal risk

model.

e Established assumptions for the evaluation of the exponential moment tail of renewal

counting process in an inhomogeneous renewal risk model.

e Derived asymptotic formula of finite-time ruin probability for an inhomogeneous renewal

risk model.
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Structure of the thesis

Chapter 1 contains the outlines of classical risk theory. In this chapter we overview the homo-
geneous renewal risk model, present all the necessary definitions and the main critical charac-
teristics.

In Chapter 2 we describe an inhomogeneous renewal risk model and present the differences
from the homogeneous renewal risk model. In this chapter there are also provided the formula-
tions of the main theorems for inhomogeneous renewal risk model. In Theorem 2.1 we present
the conditions for Lundberg-type inequality. Theorems 2.2, 2.3 and 2.4 consider an inhomoge-
neous renewal counting process generated by inter-arrival times, which may dependent in some
way. Finally, in Theorem 2.5 we provide a formula to estimate the finite-time ruin probability.

In Section 3.1 of Chapter 3 we formulate and prove an auxiliary lemma about large values
of a sum of random variables asymptotically drifted in the negative direction. The proof of
Theorem 2.1 we present in Section 3.2.

Chapter 4 consists of four parts. In Sections 4.1, 4.2, 4.3 we provide the proofs of Theorems
2.2, 2.3 and 2.4. In the last Section 4.4 we derive and proove the corollaries, which reassure the
existence of our selected inhomogeneous renewal processes.

Finally, in Chapter 5, Theorem 2.5 is prooved. In Section 5.1 we give all the auxiliary results
which we need. In Section 5.2 we obtain lower estimate of the finite-time ruin probability, while
in the next Section 5.3 we prove the upper estimate for the same probability. Lastly, in Section

5.4 we derive additional Corollary 5.1.



Chapter 1

Outlines of Clasical Risk Theory

1.1 Homogeneous Renewal Risk Model

The theoretical foundation of ruin theory, known as the Cramér-Lundberg model (or classical
compound-Poisson risk model, classical risk process or Poisson risk process) was introduced
in 1903 by the Swedish actuary Filip Lundberg (see [Lundberg, 1903]). Lundberg’s work was
republished in the 1930s by Harald Cramér (see [Cramér, 1930]).

The model describes an insurance company which experiences two opposing cash flows:
incoming cash premiums and outgoing claims. Premiums from customers arrive at a constant
rate ¢ > 0 and claims arrive according to a Poisson process O(t) with intensity v and are i.i.d.
non-negative r.v.s with distribution function (d.f.) F and mean § (they form a compound

Poisson process). So an insurer’s surplus process at time ¢ is described in the following way:

o(t)
Rt)=xz+ct— Y Zit >0, (1.1)
=1

where:
o x = R(0) is the initial surplus;
e ¢ > 0 represents the constant premium rate;

o the sequence {77, Zs, ...} represents claim sizes, wich are i.i.d. non-negative r.v.s;

O(t) is a renewal counting process generated by random variable (r.v.) 6, which is dis-

tributed according to the Exponential law with mean 1/v.

Definition 1.1. Let 01,0,... be a sequence of i.i.d. nonnegative r.v.s. Then the process
) =sup{n>1:01 +02+...+0, <t} (1.2)

is called a renewal process (renewal counting process).

In Figure 1.1 we can see the behaviour of the surplus process R(t).
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Figure 1.1. Behaviour of the surplus process R(t)

E. Sparre Andersen extended the classical model in 1957 (see [Sparre, 1957]) by allowing
claim inter-arrival times to have arbitrary distribution functions. Nowadays the Sparre Andersen
model is one of the most popular and used models in non-life insurance mathematics.

The models described above are examples of a homogeneous renewal risk model.

Definition 1.2. We say that the insurer’s surplus R(t) varies according to the homogeneous

renewal risk model if (1.1) holds together with the following conditions:
e x >0 is the initial reserve;
o claim sizes {Z1,Zs, ...} form a sequence of i.i.d. non-negative r.v.s;
e ¢ > 0 represents the constant premium rate;

e Ot) = Z Ly, <y = sup{n = 0 : T, < t} ds the number of claims in the interval [0,1],
where To =0,T,=01+0+ ...+ 0,, n>=1, and the inter-arrival times {01,0,,...} are

i.1.d. non-negative and non-degenerated at zero r.v.s;
o sequences {Z1,Za, ...} and {61,02,......} are mutually independent.

The time of ruin and the ruin probability are the main critical characteristics of any risk

model. Let B denote the event of ruin. We suppose that

o(t)
B= U{w (w,t) <O}—U{w:x+ct—ZZi<O}.
>0 >0 i=1

That is, we suppose that ruin occurs if at some time ¢ > 0 the surplus of the insurance
company becomes negative or, in other words, the insurer becomes unable to pay all the claims.
The first time 7 when the surplus drops to a level less than zero is called the time of ruin, i.e.

7 is the extended r.v. for which

inf{t >0: R(w,t) <0}, ifwebhB,

T=7(w) =
00, ifwé¢ B.
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The ultimate ruin probability v is defined by the equality
Y(x) =P(B) =P(1 < 0).
The probability of ruin within time s is a bivariate function
U(x,s) =P(r < s). (1.3)

Usually we suppose that the main argument of the ruin probability is the initial reserve z,
though actually the ruin probability together with time of ruin depends on all components of
the renewal risk model.

All trajectories of the process R(t) are non-decreasing functions between times T;, and T},
for all n = 0,1,2,.... Therefore, random variables R(6y + 02 + ... + 0,,), n > 1, are the local
minimums of the trajectories. Consequently, we can express the ultimate ruin probability in the
following manner (for details see [Embrechts et al., 1997a] or [Mikosch, 2009])

Y(x) = IP( inf R(01+ 05+ ...+ 0n) < 0)

O(01+...40,)
:P<inf {x+c(01+92+...+9n)— > Zi} <0>

neN =
= P(;relfN {x — ;(Zz — 091)} < ()>
= P(sup { Z(Zl — c@i)} > x)
neN U555
and the finite-time ruin probability by equality
k
-—P( inf =P Z; —cb; . 1.4
1#(.7;, 8) (Ogtlgs R(t) < O) (1<Il?<ag){(s) i—1 ( ' 091) ~ x) ( )

1.2 Lundberg-type Inequality for Homogeneous Renewal
Risk Model

Below we give a well known exponential bound for 1 (x) in a homogeneous renewal risk model.
(see, for instance, Chapters "Lundberg Inequality for Ruin Probability", "Collective Risk The-
ory", "Adjustment Coefficient" or "Cramer-Lundberg Asymptotics" in [Teugels and Sundt, 2004]).

Theorem 1.1. Let the net profit condition EZ; —cEf; < 0 hold and Ee"?' < oo for some h > 0

in the homogeneous renewal risk model. Then, there is a positive H such that
P(z) < e H2, (1.5)

for all x > 0. If the equality Ee®™(%1=<01) =1 holds for a positive R, then we can choose H = R
in (1.5).



1.8. Properties of Renewal Process

There exist a lot of different proofs of this theorem. The main ways to prove the above
inequality are described in Chapter "Lundberg Inequality for Ruin Probability" of encyclope-
dia by [Teugels and Sundt, 2004]. Details of some existing proofs were given, for instance, by
[Asmussen and Albrecher, 2010], [Embrechts et al., 1997a], [Embrechts and Veraverbeke, 1982a],
[Gerber, 1973], [Mikosch, 2009]. We note only that bound (1.5) can be proved using exponential
tail bound of [Sgibnev, 1997] and inequality (0) < 1.

1.3 Properties of Renewal Process

In the studies of finite-time ruin probability many authors considered renewal processes, which
satisfy the following properties:

(A1) : ]E%(Z) HE)OO L
(A2) : > PO®)=k)(1+e)" = 0
k> (1+0) EO (%) treo

for any ¢ > 0 and some small ¢ > 0.

It is not difficult to find examples of counting processes satisfying condition (A1). For in-
stance, this condition holds for every Poisson process with unboundedly increasing accumulated
intensity function and for every renewal process generated by a r.v. 6 with finite expectation
Ef. Meanwhile, assumption (A2) is quite complex to verify. [Kliipellberg and Mikosch, 1997]
(see Lemma 2.1) and [Yang et al., 2013] (see Lemma 1) proved that this assumption is satisfied
for a Poisson process with unboundedly increasing function E©(t).

[Tang et al., 2001] instead of assumptions (A1) and (A2), supposed that the counting process
O(t) satisfies the following assumption:

(A3): > KPP(O(t) = k) = O(EO(t))
k>(1+6) EO(t)
for any 0 > 0 and some small € > 0,

where 8 > 1 is a certain number related to the regularity of d.f. P(X < z).

If EO(t) — oo as ¢ — oo, then assumption (A3) follows from (A2). The results of
[Tang et al., 2001] generalize the ones of [Kliipellberg and Mikosch, 1997] since [Tang et al., 2001]
showed that assumption (.A3) implies assumption (A1) (see Lemma 3.3) and showed that each
renewal process satisfies condition (A3) in the case where it is generated by a r.v. having a finite
expectation (see Lemma 3.5).

[Leipus and Siaulys, 2009] considered the asymptotic behavior of finite-time ruin probability

in the renewal risk model
o(t)

rct—» Zi, t=0.
=1

Here z > 0, ¢ > 0, Zy,Z5,... are i.i.d random variables with strongly subexponential d.f.,
and O(t) is a renewal process, defined in (1.2), where 61,65,... are independent copies of a

nonnegative r.v. § nondegenerate at zero. The authors of this paper supposed that the renewal
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process O(t) also satisfies condition (\A2) because assumption (A3) is not sufficient to obtain the
desired asymptotic formulas in the case of strongly subexponential claims Z;, Z5, . ... Continuing
their studies on the asymptotic behavior of ruin probability, [Kocetova et al., 2009] obtained that
each renewal process fulfils condition (A2) in the case where the process generator 6 has a finite

positive expectation. Namely, the following assertion was proved.

Theorem 1.2. Let the renewal process O(t) be defined in (1.2) with a sequence 6,041,605, ...
of independent identically distributed r.v.s. If B = 1/ € (0,00), then for every real number
a > A, there exists b > 1 such that

lim " P(O(t) > k)b* = 0. (1.6)

t—o00
k>at

[Chen and Yuen, 2012] and [Lu, 2011] used this assertion considering the large deviation
problem, whereas [Chen et al., 2010], [Bi and Zhang, 2013], and [Wang et al., 2012] obtained
analogous assertions when the generating random variables 61,6, ... are identically distributed

but dependent in some sense.

1.4 Asymptotic Properties of Finite-time Ruin Probabil-

ity in a Homogeneous Renewal Risk Model

The renewal risk model has been extensively investigated in the literature since it was introduced
by Sparre Andersen half a century ago. In this risk model, the claim sizes Z7, Zs,... form a
sequence of i.i.d. nonnegative r.v.s with a common d.f. Fz(u) = P(Z; < u) and a finite mean
B8 = EZ,, while the inter arrival times 61, 05, ... are i.i.d. nonnegative r.v.s with common finite
positive mean Ef; = 1/X. In addition, it is assumed that {Z1,Zs,...} and {61,60,...} are
mutually independent. In this model, the number of accidents in the interval [0, t] is given by

a renewal counting process
O)=sup{n>1:0,+602+...+0, <t}
which has a mean function A\(t) = EO(¢) with A(t) ~ At as t — oo. The surplus process of the
insurance company is then expressed as
o)

Rt)y=a+ct—» Zi, t>0,
=1

where = > 0 is the initial risk reserve and ¢ > 0 represents the constant premium rate.

As mentioned before finite-time ruin probability is a bivariate function, defined by equation
(1.4).

Under the assumptions that 4 = cEf; — EZ; = ¢/A — 8 > 0 and the equilibrium d.f. of Fy

F.(z) = %/Tz(u) du
0
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is subexponential, [Veraverbeke, 1977] and [Embrechts and Veraverbeke, 1982b] established a

celebrated asymptotic relation for the ultimate ruin probability:

oo

P(x,00) ~ l/Fiz(u)du, (1.7)

Definition 1.3. We recall that a d.f. F supported on [0,00) is subexponential (F belongs to the
class S) if
F*2(z) ~ 2F(x),

T—>00

where F*2 denotes the convolution of F with itself.

[Tang, 2004] showed that a formula similar to (1.7) holds for the finite-time ruin probability

as well. More exactly, the following statement was proved in that paper.

Theorem 1.3. If d.f. Fz has a consistent variation and E 67 < oo for some p > 1 —|—JJ§Z, where

1 Fy
Jf = — lim lim inf Z2(%9),
z y—oo logy z—oo FZ(x)

then
z+pu(t)

V) 3 o | Frwa, (1.8)

uniformly for all t such thatt € A = {t : A\(t) > 0}.

Definition 1.4. We say that a d.f. F concentrated on [0,00) (or onR) has a consistent variation
(F' belongs to the class C) if
F
lim lim sup f(xy) =1
YTl z—oo F(LC)

If d.f. F € C has a finite mean m, then the equilibrium d.f. F, is subexponential (see, for

instance, Proposition 1.4.4 in [Embrechts et al., 1997b]). In addition, the upper Matuszevska
index J is finite for each F € C (see, for instance, Section 2.1 in [Bingham et al., 1987]).

In [Leipus and Siaulys, 2009] and [Kocetova et al., 2009], it was proved that the asymptotic
formula (1.8) holds uniformly for ¢ € [a(x), 00) with an arbitrary unboundedly increasing func-
tion a(z) if d.f. Fz € S..

Definition 1.5. A d.f. F belongs to class S. (F is strongly subexponential according to the
definition in [Korshunov, 2002]) if

007 F*2
/F(u) du<oo and lim == (z) =2
J T—00 F'u (;1;)

uniformly in v € [1,00), where

Tz+v__
_ min< 1, Fu)duy, if x>0,

1, i z<O.

9



1. Outlines of Clasical Risk Theory

It follows from Lemma 4 of [Korshunov, 2002] that each d.f. F' € C with finite mean value is

strongly subexponential.

[Wang et al., 2012] (see also [Yang et al., 2011] and [Wang et al., 2013]) generalized the above
results. It was showed that the asymptotic formula (1.8) preserves its form in the case when
the inter occurrence times 61,65, ... obey to certain dependence structures. In the latter pub-

lications already an inhomogeneous renewal risk model was considered. It will be described in

the next chapter.

10



Chapter 2

Inhomogeneous Renewal Risk
Model

2.1 Differences From Homogeneous Renewal Risk Model

In this thesis, we assume that inter-arrival times and claim sizes are non-negative r.v.s which
are not necessarily identically distributed. We call such model the inhomogeneous model and

we present below the exact definition of such renewal risk model.

Definition 2.1. We say that the insurer’s surplus R(t) varies according to an inhomogeneous

risk renewal model if (®)
Rt)=az+ct— Y Z (2.1)
i=1

for allt > 0. Here:
e x > 0 is the initial reserve;

o claim sizes {Z1,Zs,...} form a sequence of independent (not necessarily identically dis-

tributed) non-negative r.v.s;
e ¢ > 0 represents the constant premium rate;

o0
e O(t) = > lyp, <y =sup{n = 0: T, < t} is the number of claims in the interval [0,1],
n=1
where To =0, T, = 61 + 02+ ... + 0,, n > 1, and the inter-arrival times {61,02,...} are
independent (not necessarily identically distributed), non-negative and non-degenerated at

zero r.v.s. O(t) is called an inhomogeneous renewal process;
o sequences {Z1,Za,...} and {01,0s,......} are mutually independent.

It is evident that the inhomogeneous renewal risk model reflects better the real insurance
activities in comparison with the classical risk model or with the homogeneous renewal risk
model.

The inhomogeneous risk renewal model differs from the homogeneous one because indepen-

dence and/or homogeneous distribution of sequences of random variables {Z7, Zs, ...} and/or

11



2. Inhomogeneous Renewal Risk Model

{61,02,...} are no longer required. The changes depend on how the inhomogeneity in a partic-
ular model is understood. In Definition 2.1 we have chosen one of two possible directions used
in numerous articles that deal with inhomogeneous renewal risk models. This is due to the fact
that an inhomogeneity can be considered as the possibility to have either differently distributed
or dependent r.v.s in sequences.

The possibility to have differently distributed random variables was considered, e.g. in the
articles [Bieliauskiené and Siaulys, 2010], [Blazevi¢ius et al., 2010], [Lefévre and Picard, 2006],
and [Raducan et al., 2015]. In the first three works the discrete time inhomogeneous risk model
was considered. In such model, the inter-arrival times are fixed and claims {Z;, Z5, ...} are inde-
pendent, not necessarily identically distributed, integer valued r.v.s. In [Raducan et al., 2015],
the authors considered the model where inter-arrival times are identically distributed and have
the special distribution, while claims are differently distributed with distributions belonging
to the special class. In [Bernackaité and Siaulys, 2015], [Bernackaité and Siaulys, 2017] we deal
with an inhomogeneous renewal risk model, where r.v.s {01, 02, ...} are not necessarily identically
distributed, but the claim sizes {Z1, Zs, ...} have a common distribution function.

There is another approach to the inhomogeneous renewal risk models, which implies the
possibility to have dependence in sequences and mainly found in works by Chinese researchers.
In this kind of models, sequences {Z1, Zs, ...} and {61,602, ...} consist of identically distributed
r.v.s, but there may be some kind of dependence between them. Results for such models can
be found, for instance, in [Chen and Ng, 2007] and [Wang et al., 2013]. Another interpretation
of dependence is also possible, where r.v.s in both sequences {77, Zs,...} and {61,605, ...} still
remain independent. Instead of that, mutual independence between these two sequences is no
longer required. The idea of this kind of dependence belongs to [Albrecher and Teugels, 2006],
and this encouraged Li, [Li et al., 2010] to study renewal risk models having this dependence

structure.

2.2 Main Theorems of the Thesis

In this section we collected all the main assertions of the thesis:
First theorem is formulated to represent Lundberg-type inequality for inhomogeneous re-

newal risk model.

Theorem 2.1. Let the claim sizes {Z1, Za, ...} and the inter-arrival times {01, 02,...} form an
inhomogeneous renewal risk model described in Definition 2.1. Further, let the following three

conditions be satisfied:

(B1) supEe?% < oo with some >0,
ieN

(B2) lim supE(0;1{g,>u}) =0,

U— 00 ieN

1 n
li — EZ; — cE9; .
(B3) limsup - Z( cEf;) <0

n—o00 :
=1

Then, there are constants ¢; > 0 and co > 0 such that ¥(z) < e™* for all x > cs.

12



2.2. Main Theorems of the Thesis

In the next three theorems we present generalizations of Theorem 1.2. In Theorems 2.2 and
2.4 we consider an inhomogeneous renewal process generated by LEND r.v.s. In Theorem 2.3,

r.v.s can be dependent in any way.

Definition 2.2. R.v.s £1,&a,... are said to be upper extended negatively dependent (UEND) if

there exists a dominating constant o such that

P <ﬁ{§k > Jfk}) < og ﬁp(fk > xp)

k=1 k=1
for allm € N and all x1,x2,...,2,.

Definition 2.3. R.v.s &1,&,... are said to be lower extended negatively dependent (LEND) if

there exists a dominating constant B¢ such that

n

P (ﬂ{ﬁk < wk}) < Be H P(&, < )
k=1

k=1
for allm € N and all x1,x2,...,2,.

One can find related concepts of negative dependence and useful properties of negatively
dependent r.v.s | for instance, in [Tang, 2006], [Liu, 2009], and [Chen et al., 2010].
So the first assertion describes the asymptotic behavior of the exponential moment tail in

the case of uniformly integrable inter-arrival times.

Theorem 2.2. Let 01,05,... be LEND nonnegative r.v.s. Suppose that these r.v.s are uniformly
integrable, that is,
ul;rrgo ilelgl[ﬂ (Gil[{ggu}) =0, (2.2)

and for some A € (0,00),

1 n
liminf — E6§; >
miut D

. (2.3)

> =

If ©(t) is an inhomogeneous renewal process (see Definition 2.1) generated by r.v.s 01,0s, ...,
then for every a > X, there exists b > 1 such that
lim " P(O(t) > k)b* = 0. (2.4)

t—o00
k>at

Next theorem shows that the uniform integrability of inter-arrival times is not necessary if

all these times are bounded from below.

Theorem 2.3. Let 01,05,... be arbitrarily dependent random wvariables. Suppose that there
exists a positive constant ¢ such that 8,, = ¢ for alln € N. If ©(t) is an inhomogeneous renewal
process (see Definition 2.1) generated by r.v.s 01,05, ..., then for every a > 1/c, there exists
b > 1 such that relation (2.4) holds.

Further theorem shows that there are cases where relation (2.4) holds for an arbitrary positive

13



2. Inhomogeneous Renewal Risk Model

Theorem 2.4. Let 61,05,... be LEND nonnegative r.v.s for which

lim (Ee—(’n/“ — 1) = —o0. (2.5)
U—00, N—00

If ©(t) is an inhomogeneous renewal process (see Definition 2.1) generated by r.v.s 01,04, . ..,

then for every a > 0, there exists b > 1 such that relation (2.4) holds.

Finally, we show that the asymptotic formula of finite-time ruin probability (1.8) preserves
its form in the case when the inter-arrival times 61, 05, . .. satisfy some additional requirements.
We suppose that inter occurrence times 61, 05, . .. are independent but not necessarily identically
distributed. In fact, we consider an inhomogeneous renewal risk model defined by equation (2.1)
under the following three main assumptions:

Assumption C;. The claim sizes {Z1, Za,...} are ii.d. nonnegative r.v.s with common
distribution function Fz and finite positive mean .

Assumptions Co. The inter occurrence times {61, 6, ...} are independent nonnegative r.v.s
such that:

(021) lim supIE (911{91>u}) =0 5

U—» 00 ieN

>, D6;
(C2) D5 <o,

i=1

. 1
(C23) nh—>H;o - ; E0; = iR

for some finite positive A .

Assumption Cs. The sequences {Z1, Zs,...} and {61,605, ...} are mutually independent.

In the presented model analogously as in the classical Sparre Andersen model, the finite-
time ruin probability ¢(x,t) has expression (1.4), and we denote the mean function of the
inhomogeneous renewal counting process ©(t) by A(t) = EO(¢), where ¢ > 0. The model
assumptions C; and C3 are natural, while assumption Cs needs some additional comments.
Hypothesis Co1 requires that r.v.s {61,605, ...} should be uniformly integrable. Such requirement
is used sufficiently frequently in the study of non identically distributed r.v.s (see, for instance,
[Smith, 1964a] or Chapter II in [Shiryaev, 1996]). We use assumption Cs; together with Cas to
obtain an asymptotic formula for the exponential moment tail of renewal process (see Theorem
2.2) and to obtain an exponential estimate for maxima of sums of uniformly integrable r.v.s (see
Lemma 5.4). These both auxiliary results are crucial to get the upper bound of Proposition
2.7. Requirements Cy3 and Co3 are sufficient in order that the sequence {61, 0s,...} satisfies
the strong law of large numbers (see Lemma 5.3), which we use to obtain the lower bound for
the finite-time ruin probability (see Proposition 2.6). Below we present two sequences of r.v.s
{61,02, ...} satisfying assumption Cs.

EXAMPLE 1. Let {61,65,...} be independent r.v.s, such that 6;,64,07,... be distributed
according to the Poisson law with parameter 1/A1, r.v.s 0s,65,0s,... be distributed accord-
ing to the Poisson law with parameter 1/Ay and 63, 60¢, 09, ... be distributed according to the
Poisson law with parameter 1/A5. If A\; # Ay # A3 then the renewal counting process ©(t) is
inhomogeneous but assumption Co holds with A = 3A1AaA3/(A1 A2 + A2 ds + A1 A3).

14



2.2. Main Theorems of the Thesis

EXAMPLE 2. Let {61, 65,...} be independent r.v.s distributed in the following way:

1 1 -

1
i+3

The renewal process with such inter occurrence times is also inhomogeneous and assumption Cs

holds again with A = 2 because:

1
iggE((’ﬂl{em}) <

n

1< 1 1 1 1 1
lim — ) Ef§; = lim ~ e =
tm 2 Sre =i S (5 g+ ) <3
5 11 i+1
4 i+3  (1+3)?2  (i+3)/(i+3)

Var(6;) < Z, ieN.

Theorem 2.5. If Assumptions C1, Co and Cs hold, pn:=c/\— >0 and d.f. Fyz € S, then

1 z+p(t)
P(x,t) ol ; / Fz(u)du
xT

uniformly for t € [T,00), where T € A :={t > 0: A\(t) > 0}.

It is evident that Theorem 2.5 follows immediately from two propositions below. Before the

formulation of these propositions we recall definition of long tailed distribution.

Definition 2.4. A d.f. F supported on [0,00) (or on R) belongs to class L (is long tailed) if
for each positive y

im 2@V
Note that S, € & C L due to Lemma 1 of [Kaas and Tang, 2003] (see Lemma A.5 in

Appendix) and Lemma 1.3.5(a) of [Embrechts et al., 1997b] (see Lemma A.3 in Appendix).

Proposition 2.6. Let Assumptions C1, Co and Cs hold, p > 0 and Fz € L. Then for each

TeA
z+pA(t)

1 _
inf 4 > = Fz(u) du.

Proposition 2.7. Let conditions C1, Ca1, Ca3, C3 are satisfied, i > 0 and Fy € S.. Then
T+ pA(t)

1 .
swp Yzt) S - / 7 (u) du
te[T,00) z—oo M

with an arbitrary T € A.
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Chapter 3

Lundberg-type Inequality for
Inhomogeneous Renewal Risk
Model

3.1 Auxiliary Lemma

In this chapter we proove Theorem 2.1. For this we use an auxiliary lemma formulated below. In
Lemma 3.1, the form of conditions for r.v.s 1, 72, 13, . . . is taken from articles by [Smith, 1964b]
and Theorem 2.2. Details of the proof can be also found in Lema 5.4, where a similar assertion

was proved but for bounded r.v.s.

Lemma 3.1. Let n1, 12, 13, ... be independent r.v.s, such that

(D1*) supEe’™ < oo with some § > 0,
1eN
(P27) lim bupIE*I(ImIJl{n< uy) =0,

(D3*) limsup — ZEm < 0.

n—oo
i=1

Then, there are some constants c3 > 0 and c4 > 0 such that

(supZm > (E) cze” “AF

k>1

for all x > 0.

Proof. First of all, we observe that for all x > 0

(engo-s) - o(OfEn1)

k>1 b1

16



3.1. Auziliary Lemma

< ip<§:”i>x>' (3.1)

k=1 i=1

According to Markov’s inequality, for all x > 0, 0 < y < § and an arbitrary k& € N, we obtain

- v 3
P(Zm >CE> = ]P’(e = >ey“’>
i=1
k
< e*yIHEey”i. (3.2)
i=1

Moreover, for an arbitrary ¢ € N and all 0 < y < 4, u > 0, we have
Eev" = 1+ yEn; + E(e?™ — 1 — yn;) (3.3)
and

E(e?” —1 —ymi)
= E((e¥" = Dl c—uy) — YEMily<—uy)
+ E((eym -1- yni)l{—u<m<0}) + E((eym -1- yni)]l{m>0})'

In order to evaluate the absolute value of the remainder term in (3.3), we need the following

inequalities

e’ = 1] < Jv], v <0,
2
e —v—1] < —, v <0,

e —v—1] < —€", v >0.

0| S 0| S

Using these inequalities we get

[E(e?" —1 —yn;)|

2 2
Yy Y yn;
< 29E(Imif g cuy) + EE(nfﬂ{mego}) + E]E(ﬁ?e‘m’l{mm})
yQUQ y2 2 _yn;
< 2ysup E(|ni| 1y, <—uy) + 5 + ?SupE(ni eV g, >01)s (3.4)
ieN ieN
where i € N, 0 < y < d and u > 0.
Since
) eév/2
lim 5— = 00,
V—>00 v
we have
e&v/Z > U2

17



3. Lundberg-type Inequality for Inhomogeneous Renewal Risk Model

for all v > ¢5, where c5 = c¢5(5) > 0.

Therefore,

sup E(n7e’™/?14,501)
1€
< sup E(nl_26577i/21{0<m <cs}) + sup ]E(nizeémﬂﬂ{m>cs})
i€EN €N
< (E +1)supEe < oc. (3.5)
ieN

Choosing u = 4%/? in (3.4) and using (3.5) we get

[E(e”™ — 1 —yni)

3 2
y= 0y 2 uymi
< 2ysupE(|ni|ly,, <« 1 y) + 5 + S supE(nje" 1y,
yieN (‘77| {ni< Tﬁ}) 9 2 ieN (n. {771>O})
yi Ly
< 2supE(|m;| 1y, « + 2+ 2(2 4 1) sup Ee®™
y( i (Il . < %}) 2 2(65 )11615
= ya(y), (3.6)

where i € N, y € (0,6/2], ¢5 = ¢5(d) and

Nl

% + %(cg + 1) sup Ee®™.

a(y) =2supE(|ni|1;, «_ 1)+
() sup (il L c—£y) sup

4,

Conditions (D1*) and (D2*) imply that a(y) | 0 as y — 0.
For an arbitrary positive v we have

supE(\ni\]l{m<0}) = SUPE(|ni|]1{fv<m<O}+|77i|]1{ni<—u})
ieN €N

N

v+ sup B (|71, <—oy)-
€N
So, condition (D2*) implies that
sup B (|1i[Ly,<0p) < oo (3.7)

Denote
T {5/2, 1/(2 sugE(|ni|]l{ni<o})) } .
1€
If y € (0,7], then

y(Eni +aly)) > yEn
YE (il gy, >0p + nil{n,<o})

> yE(nilgy,<oy)

> Ginf E(mily<op)

= —@\sup]E(|77i|]l{ni<0})
€N

> —1/2

18



3.1. Auziliary Lemma

for all ¢ € N.
Therefore, (3.2), (3.3), (3.6) and the well known inequality

In(1+u) <u, u>—1,

imply that
k k
i=1 i=1
k
< e [T+ y(En + ay)))
i=1
k
= exp { —yx + Z In(1 + y(En; + a(y))}
i=1
k
< eXp{ —yz+y Y En +yka(y)}, (3.8)
i=1

where k € N, z > 0 and y € (0,7].
By estimate (3.7) and condition (D3*) we can suppose that

lim sup — Z En; = —cg,

n—o00
=1

for some positive constant cg. Then we have

k
ZEn <—=
i=1

for k > M + 1 with some M > 1. Moreover, there exists y* € (0,7] such that a(y*) < cs/4,
because of a(y) 4 0 as y — 0.
Using results from (3.1), (3.2) and (3.8) we derive

| =

k

sup m>x)
k=1 =1

P<Zn7>x> i P<Zk:m>x>

k=M+1 i=1

Ee? " + Z (Zk:m>x>

P

/\

I

N\

= 11 EM:
(‘D
Ew

i=1 k=M+1 i=1
- k —y eyt Y Encty” ka(y®)
< eV HEey 4 E e i=1
k=1 i=1 k=M+1

19



3. Lundberg-type Inequality for Inhomogeneous Renewal Risk Model

M k oo
< ove ( S [[E ™+ Y eky*06/4)
k=1i=1 k=0
Mk 1
7y*m
< e (TIa+ )
k=1i=1
e (AAM —1) et N
e A1 ey*cﬁ/4_1 =:C3€ s
where:
xz =0,
A =1+ supEe™,

iEN
A(AM —1) N eV ce/4
A—-1 evres/t — 17
ca =y" €(0,7]

C3 =

with quantities M > 1, ¢¢ > 0 and § > 0 which are defined above. The assertion of lemma is

now proved. O

3.2 Proof of Theorem 2.1

In this section we derive the assertion of Theorem 2.1.

Proof. Since

b(x) = P(sup { znj(zi - c@i)} > x)

n=1

i=1
the desired bound of Theorem 2.1 can be derived from auxiliary Lemma 3.1.
Namely, supposing that r.v.s Z; — cf;, i € {1,2,...}, satisfy all conditions of Lemma 3.1, we
get
Y(x) < cre” 7

for all x > 0 with some positive c7, cg irrespective of z.
Therefore,
w(x) < C76768w/26768w/2 < efcgw/Q’

with z > max{0, (2lncy)/cs},

Thus, it is enough to check weather all three assumptions in our lemma are true with random
variables Z; —c#;,i € N. The requirement (D3*) of Lemma 3.1 is evidently satisfied by condition
(B3).

Next, it follows from (D1*) that

sup Ee?(%i=%) < supEe’% < o0.
i€N ieN

So, the requirement (D1*) holds too.
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3.2. Proof of Theorem 2.1

It remains to prove that

lim supE(|Z Cei|1{zi_cgi<_u}) =0. (3.9)

U— 00 ieN

To establish this, we use the inequality

SupE(|Z; — cbill(z,—c0.<—y) < SWE(Zil{z, _co,< u})
1€N 1€N

+ Csup]E(eil{Zi—c97¢<—11})~ (310)
1€N

Taking the limit as u — oo in the first summand of the right side of inequality (3.10) we get

lim supE Ziﬂ{zi,cgig,u})

U— 00 ieN

N

lim supIE Zi]l{Z,;—ceig—u}]l{oigi})

U—» 00 ieN

—+ lim supIE Zil{zi_c‘gig_u}]].{gi>2% )

U— 00 ieN

N

U— 00 i€EN

+ lim supE Zi]l{zifceisfu}]l{f)ﬁi})

U— 00 ieN

= lim supIE Zil{Z,;—CGié—u}]]-{ei>2fuc})

U—» 00 ieN

(
(
(
lim sup E(Z;1(z,< u/2})
(
(
(

< lim supE(Zilig,5 2y)

U—» 00 ieN

= lim supEZ; ]P’(G > 2>

U— 00 ieN

N

supEZ; lim sup]P’(H > o ) (3.11)

ieN U0 jeN

Since x < €7 /7, x > 0, condition (D1*) implies that

supEZ; < oo. (3.12)
ieN

In addition,

91']1 . o
lim Sup]P’(@i > u> = lim bupE(M>
U0 jeN 2c U—00 ;e 0,

2c
< lim —sup]E(@ Leg,>n }) 0 (3.13)

u—o0 U ieN

by condition (52).
Therefore, relations (3.11), (3.12) and (3.13) imply that

lim supE(Z;1{z,—co,<—u}) = 0. (3.14)

U—r 00 ieN

Now take the limit as u — oo in the second summand of the right side of inequality (3.10).
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3. Lundberg-type Inequality for Inhomogeneous Renewal Risk Model

By condition (B2) we have

lim supE(0;17z, cp.<—wr) = lim supE(0;lip s1(7 10
Jim supE (01 z,—co.<-up) = Jim supE(0:1 (9,517, 1))

U— 00 i€EN

We now see that the desired equality (3.9) follows from (3.10), (3.14) and (3.15). This means
that all requirements of Lemma 3.1 hold for r.v.s Z; — cf;, i € N. O
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Chapter 4

Exponential Moment Tail for

Inhomogeneous Renewal Risk
Model

4.1 Proof of Theorem 2.2

In this section, we present detailed proofs of the theorems 2.2, 2.3 and 2.4. For this, we need an

auxiliary lemma about negatively dependent r.v.s.

Lemma 4.1. (see Lemma 2.2 in [Chen et al., 2010]) If r.v.s &1,&a,... are UEND with domi-

nating constant cg, then
n n
(ITet) <o Tz
k=1 k=1

If rv.s &1,&o, ... are UEND with dominating constant ag and g1, 9s, ... are all nondecreasing
real functions, then the r.v.s g1(&1), g2(&2), ... are UEND with the same dominating constant.
If rv.s &1,&2, ... are LEND with dominating constant ae and g1, g2, ... are all nonincreasing

real functions, then the r.v.s g1(£1),92(&2), . .. are UEND with the same dominating constant.

Now we are in the position to prove Theorem 2.2.

Proof. Let us define

Pap(t) = > PO) = k)" = PO + 02+ + 0 < )b

k>at k>at

for all a > A\, b > 0, and ¢ > 0. The random variables 61,60s,... are LEND with some

dominating constant, say x. According to the Markov’s inequality and Lemma 4.1, we have that
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4. Exponential Moment Tail for Inhomogeneous Renewal Risk Model

forallt >0,y >0,and k € N,

P60y 402+ -+ 0, < t)

P (e_y(91+92+“‘+9k) > e—yt>

k
reYt H EevY:
i=1

= reV'g(y).

N

Therefore, for all a > A\, b > 0, ¢t >0, and y > 0, we get

Since log(l+ z) < x for x > —1, we have that for all k € N and y > 0,

k
log g (y) < Zlog(Ee_ya’i) < Zle (Ee~¥% —1)
i=1

= Y (~yEG +eily)), (4.2)

where

ei(y) = Ee ¥ —1+yEb; = / (€7 — 1+ yu) dP(0; < u).

[0,00)

It is evident that for every M > 0,

T A R (LI O

[0,M]
+ / ‘e_y“—lldP(eigu)—i—y / udP(0; < u)
(M ,00) (M ,00)

because of the estimates
}e*mfl+x < 2% and |e*””71| <z

for nonnegative 2. Choosing M = y~'/4, from the uniform integrability (2.2) we obtain that for
every i € N,

lei(y)| <y <yé + 25161515 (91'11{9,91,1/4})) = ye(y)

with a positive function e(y) satisfying the following condition
lime(y) = 0. (4.4)

yl0

From the obtained relation and inequality (4.2) we get the following estimate, which holds for
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4.1. Proof of Theorem 2.2
every k € Nand y > O:

7 log gy

k
Z i +ye(y

Assumption (2.3) implies that for sufficiently large k (k > K, )

??‘\@

?r'M—‘

Xk: 1 a-X_ Sa+\
p 6aX  6Ga\

Thus, for all y > 0 and k& > K, », we get that

1 5a + A
- < - — .
k log g, (y) < y( o E(y)>

According to relation (4.4), we can find § > 0 such that for every y € (0,4), the following
estimate holds:

e(y) <

Therefore, for every y € (0,9) and every k

G6al

> K, x, we have

1 2a + A
%IOggk(y) < - .

Y 3ax
Consequently, by (4.1) we obtain the estimate

_ 2a+ X
Pan(t) <r eV ) e UREED
k>at

for all t > K, x/a, y € (0,4), and b > 1. By choosing

€(0,9) and b*=e¥ Fr >1
for t > K, a/a, we get

* * 2a k
@ab*()<meyt2(e_y Hax )

The desired relation (2.4) immediately follows from the last estimate. Theorem 2.2 is proved

O
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4. Exponential Moment Tail for Inhomogeneous Renewal Risk Model

4.2 Proof of Theorem 2.3

Proof. The statement of Theorem 2.3 is evident because the conditions of theorem imply that

S PO1 40+ O << D B =0

k>at at<k<t/c

for an arbitrary ¢ > 0. O

4.3 Proof of Theorem 2.4

The proof of Theorem 2.4 is similar to the proof of Theorem 2.2. We further present the details.

Proof. According to (4.1) and (4.2), we have that

k
Yab(t Z P(© b < kexp{yt} Z b* exp {Z (Ee™v% — } (4.5)
i=1

k>at k>at
foralla >0,b>0,t>0, and y > 0.
Condition (2.5) implies that

F <e_911/u _ 1) < _i
au

forall w > U and i > K.
Therefore, for all £k > K and y < 1/U, we have

i 3
3 (Be % —1) < —ij(k K).
=1

Substituting this estimate into (4.5), we get that

b k
Pap(t) < eI/ 7 ( 30/ )
e a

k>at

ifa>0,b>0,0<y<1/U and ¢ is sufficiently large (t > (K +1)/a).
We can choose y = y* = 1/(2U) and b = b* = ¢¥ /% > 1. Then we have the estimate

k
e a

k>at
3K/ (2Ua)+1/(Ua) "
S R we P {_QU}
for sufficiently large t, from which the statement of Theorem 2.4 follows. O
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4.4. Corollaries

4.4 Corollaries

In this section we formulate and derive the assertions of the corollaries, which proove the exis-

tence of inhomogeneous renewal processes satisfying assumptions (A1) and (A2).

Corollary 4.1. Let r.v.s 01,05, ... satisfy all conditions of Theorem 2.2. Then,

tlggo]E (@T(t)]l{@(t)>(1+6)/\t})) =0

for all fired r > 0 and 6 > 0.

Proof. Let r and ¢ be fixed positive numbers. We have

E (0" ()liemsatong)) = >, KEPO) =k).
k>(1+6) At

According to Theorem 2.2, there exists ¢ = £(d) such that

Jlim Y (+e)FP®O@1) = k) =0.
k>(146)At

(4.6)

(4.7)

(4.8)

Equations (4.7) and (4.8) imply the statement of the corollary because k" /(1 + €)* < ¢, . for

some positive ¢, . irrespective of k € {1,2,...}.

O

Corollary 4.2. Let 01,05, ... be independent nonnegative and uniformly integrable r.v.s. If

im — P =
n—ro0 N £ A
for some X € (0,00), then EO"(t) ~ A"t" (as t — o0) for each fixed r > 0.

Proof. 1t § € (0,1), then

EO"(t)= Y KPO®)=k+ Y  KPOF)=k).

E<(1+8) At E>(1+48) At
Therefore, due to Corollary 4.1, we get that

EO"(t)
lim su
t—>oop ATET

<(1+6)

for arbitrary § € (0,1).
On the other hand, if 0 < 0 < min{1/2,1/2A} and ¢ is sufficiently large, then

EO"(t) > Y. K'PO®) =k
E>(1—8)At
> (1=08)"Nt"(1—P(0y + 024 -+ 0, > 1)),
where 7 = [(1 — §/2)At].
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4. Exponential Moment Tail for Inhomogeneous Renewal Risk Model

If ¢ is sufficiently large, then

1< 1 < 1< 5
= - . — - — — . < — i — i
P(0y+05+. . +0, > t) IP’(TE:(@ Ef;) > =Y (¢ E@J) ]P’(T' (6; — Ef;) > )

; ; 2(2=9)A
1=1 =1 =1
(4.11)
because for such ¢,
1 a 1 T 1< 1
—|t— E6; = —|t——— -y E§, — -
T 1O 1
> —|(t—=—-7]|=) Eb,—
T ( A ’ T ; D\ )
S )
~2(2-9)A
according to the conditions of the corollary and the choice of §.
We observe that the weak law of large numbers holds for r.v.s 61,6, ... satisfying the con-

ditions of the corollary. Namely, for all e > 0, L > 1, and N > L, we have that

1 N N eN
P (N Z(é)i — EGZ) > 6) < P < Z (9i]]-{0,i§N/L} — Eai]].{gigN/L}) > 2)
=1 =1
al eN
+ P Z (611{91>N/L} _Eei]]-{é‘i>N/L}) > 7
=1
4 N 4 N
< aw 2:: (07 Lqocnny) + ETV;E(M{@»N/L})
4 N
< T ; 0 +* I\IIZEiX ]E(9 ]].{9 >N/L})

which tends to 4/(Le?\) as N tends to infinity. By the arbitrariness of L > 1 we get that
1

Pl =

(5

Now estimate (4.11) implies that

N

> (6: — E6;)

i=1

>5> — 0
N—o0

for each fixed positive .

lim P(91+92+"‘+97—>t):0,

t—o0

whereas inequality (4.10) implies that

lim inf EO” ()

t—o00 PNl

>(1-06)" (4.12)

for an arbitrary ¢ € (0, min{1/2,1/2A}). The assertion of the corollary immediately follows from
(4.9) and (4.12). O
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4.4. Corollaries

Corollary 4.3. If r.v.s 01,05, ... satisfy the conditions of Corollary 4.2, then

o(t)

E) 1 as t — o0
EO(t) '

Proof. We can use Lemma 3.3 from [Tang et al., 2001]. According to this lemma, it suffices to

prove that
o)
E (]E@(t) ]1{@(t)>(1+5)IE(~)(t)}) 2.0

for arbitrary § > 0. But this is obvious due to Corollaries 4.1 and 4.2 and the estimate

1 2
E (@(t)]]-{@(t)>(1+6)E®(t)}) < m E (@ (t)]].{@(t)>(1+6/2)>\t}) )

which holds for all sufficiently large . O

By showing assertions of our corollaries we prove a so-called elementary renewal theo-
rem for an inhomogeneous renewal process. Of course, this elementary renewal theorem can
be derived from well-known classical results (see, for instance, [Kawata, 1956], [Hatori, 1959],
[Hatori, 1960], [Smith, 1964a]). However, we have showed that this theorem can be also obtained

using an analog of Theorem 1.2.
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Chapter 5

Finite-time Ruin Probability for
Inhomogeneous Renewal Risk
Model

5.1 Auxiliary Lemmas

In this section, we present lemmas which we use in the proof of Theorem 2.5.

Lemma 5.1. (see Lemma 1 in [Korshunov, 2002]) Let &1,&a, . .. be independent copies of r.v &
with d.f. F¢ and negative mean E§ < 0. If Fr € L, then

z+|E€|n

k
1 _
e A S
hgnlnf 71L1;f1 {P(fgn;?é{n E_l & > gc)/“E§ / Fg(v) dv} >1

Lemma 5.2. (see Lemma 9 in [Korshunov, 2002]) Let &1,&s, ... be independent copies of r.v &
with d.f. Fe and negative mean E{ < 0. If Fy € S, then

k z+|EE|n
lim sup Sup{P( max Z§l>x)/l / Fg(v)dv} <1.
z—00 n>l ISksn |EE|

Lemma 5.3. (see Theorem 6.7 and Lemma 6.8 in [Petrov, 1995]) If n1,m2, ... are independent
o0
r.v.s such that Y Dn;/i® < oo, then
i=1
1 1<
D2 ) Em = 0
k=1 k=1
almost surely, or equivalently
m

1 & 1
EZTL:*E;EW

k=1

lim IP’( sup
n—oo m>=n

>e)0
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5.1. Auziliary Lemmas

for an arbitrary positive €.

Lemma 5.4. Let 11,12, ... be independent r.v.s such that:

1 n
limsup — > Eni = —dy, lim supE(|mi[ 1< uy) =0, mi <d, i €N,
imsup —> Ey b Jim supE(| L<-u) i < da, i

n—o00 :
i=1

for some positive constants di and do. Then there exist positive constants ds and d4, may be

depending on dy, ds, for which
E
]P’(supZm > x) <dge 1% 2> 0.
k21520
Proof. Tt is obvious that
k

(s3> 2) =2 U { Do) < w( L) 61

k212 k=1 = i=1

for an arbitrary positive x.

According to the Markov’s inequality we obtain

k k
P(Zm > .13) < e HEeym (5.2)
i=1 i=1

for each z,y > 0.

We have
Ee¥" = 1+ yEn; +E(e¥" — 1 —yn;), (5.3)
and
(e —1-ym;) = B((e" -~ Dl )
— yEmilg<-2y)
+ E((ey"i -1- ym)ﬂ{—z<m<0})
+ E((e" — 1= ym)po<ni<ay ) (5.4)

ifieN,y>0and z > 0.
Due to estimates

le® —1| < |z, 2 <0; | —xz—1]<2?, 2<0; [e® —2—1| <z, x>0,
expression (5.4) implies that

[E(e"" —1 —yni)| 2B (10|l < 2y) + VEMIL{—zcn<0y) + Y E(07e" Liocn, <ds)

<
< 2y suII\)I E(|ni|]l{m<,z}) + 9222 + chl%eyd2
ic
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5. Finite-time Ruin Probability for Inhomogeneous Renewal Risk Model

foralli e N, y >0 and z > 0.
If we choose z = 1//y, then we obtain

[E(e¥” —1—yn;)| < yely), (5.5)

where e(y) = (y1/2+yd%eyd2 +2sup ]E(|77i|]l{m<7y71/4})) is vanishing function as y | 0 according
ieN
to conditions of Lemma 5.4.

Relations (5.2), (5.3) and (5.5) imply that

P(im>x> gexp{yx+yiEm+yke(y)}, (5.6)

i=1

where £k € N, x > 0 and y > 0.
If k is sufficiently large, say k > K + 1, then

k d,
;Em < D)

because of the first condition of Lemma 5.4 . On the other hand, there exists y* > 0 such that

x| =

because of vanishing function €e(y).

Using the last two estimations and inequalities (5.1), (5.2), (5.6) we get that

k K k o k
P(sup2m>x> < ZP(Zm>x>+ Z P(Zni>x)
k213235 k=1 =1 k=K+1 =1
K k s}
< e YT Z HEey*m + e~y Z ey dik/4
k=1i=1 k=K+1
K *
y*di/4
—y*z y*dak €
< e (kg_:l +ey*d1/41>7
and the assertion of Lemma follows. O

Remark 5.1. It is not difficult to observe that the assertion of Lemma 5.4 follows directly from
Lemma 3.1 if we change the condition n; < da, © € N, by condition sup E € < co provided for
i€N
some positive y. Indeed, Lema 3.1 is a generalization of Lemma 5.4.
In the next two sections the proof of Theorem 2.5 is presented. Esentially, we keep in our
proof the way of [Wang et al., 2012].
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5.2. Proof of Proposition 2.6 (Lower Bound)

5.2 Proof of Proposition 2.6 (Lower Bound)

Proof. Let, as usual, €,6 € (0,1), L € Nand Z; = Z; —c(146)/A, 0; = (1+0)/A—0; for i € N.
For such ¢ we have Z + cé\i = Z; — ¢b;. So, according to (1.4) we get that

Ai @) T, 0; >—L
+e 1<Ln<lg<t>2 )

Isksn 1<k<n
n=1 i=1 —
oo k R . R
> - =
g ;P 121;?%‘”;22 >z +clL, ii‘f;( 6;) < L,O(t) n)
Eo P
g - —
i P(lg’%‘zz HCL)P(?iIf (=0:) < L, 6(1) ”) (5.7)
n?(lfs))\ i=1 >1i

for all positive x and .

Since d.f. F is long-tailed we obtain using Lemma 5.1 that

[P’(II?];‘E(”ZZ >x+cL>
x+\ﬁ\n+cL
1— ~
Ag P(Zl >v)dv
18]
. @+|B|n
> :6 / P<21>u—|—cL)du
5]
. z+|Bln
2(1—5)ﬁ / Fz(u+cL+c(1+46)/\)du
1 Fy L 1+48)/A e
_s.f Z(u+c:c( +8)/A) / Ty (u) du
18] v Fz(u)

x+c L

x

X

x

for n > 1 if z is sufficiently large (z > 21 = 1(0)), where 8 = EZ, = —u(l4+64+08/u) <0
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5. Finite-time Ruin Probability for Inhomogeneous Renewal Risk Model

Substituting the last estimate into (5.7) we get

z+p (1—e)At

liminf inf (¢(x,t) / / Fz(u) du)

r—o0 t>T,

k
(1—¢) inf IP’(supZ( 5) <L,ot) =1 5))\t> (5.8)

(1 + (5) + (Sﬁ t=>T, k>1 =1

for all for €, € (0,1), L € N and T > 0.

It is obvious that

(Supz —0,) < L,O(t) > (1—5))\15)

k>1

> (Supz ) P(@(t)}(l—a))\t)—

k>1

Conditions of Theorem 2.5 imply that

WV
~

WV
=

\%
~

i

5

WV
~

WV
~

A A

WV
~

k k
1 ~ 1 ~ 1+6 1 6
- —9; - - >
kZ( 91)4'sz i < 2)\for k>K+1



5.2. Proof of Proposition 2.6 (Lower Bound)

for each sufficiently large K = K(6) and L > 2

So, due to Lemma 5.3,

lim P(supz ) 1. (5.10)

L—oo k>1

In addition, according to Corollaries 4.2 and 4.3

iy P(@(t) >(1-¢) )\t) >1-¢ (5.11)
for some sufficiently large To = Ts (e, d).
The derived estimates (5.8) — (5.11) and the assumption Cy imply that
T+ (1—) At
ligﬂrggf tg17ﬁ2 <1/1(:E, t)/ / Fz(u) du)
1—¢ A ~
> w7 (° (g{;(—ez) <11}
1 o 6
(g R e <55) -
-HP’(@ (1—2¢) )\t)—l)
1-¢ _ (=9 (5.12)

for all for €,d € (0,1) and sufficiently large T5.
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5. Finite-time Ruin Probability for Inhomogeneous Renewal Risk Model

Due to Lemma 4.2 EO(t) ~ At. Therefore

z+puA(l—e)t z+puA(t)
x4+pA(1—e)t z+uA(1+e)t
> / Fz(u) du/ / Fz(u)du
z+pu(1+e)t z+pu(l+e)t
=1- / Fz(u) du/ / Fy(u)du
z+pA(l—e)t T
z+pA(14e)t
>1— (Fz(z + pA(1 — e)t)u)\t2€)/ / Fyz(u)du

>1— (Fz(z+ pA(1 - E)t),u)\t2€)/ / Fz(u)du

 Fg(r 4 pA(1 = e)t)urt2e L 1-3e
Frlz+p 1 —e)t)urt(l—e) = 1—¢

if x > 0,¢ee€e (0,1/3) and t > T3 (T3 > Tg)
The last estimate substituting into (5.12) we obtain

z+p A(t)

liminf inf <w(z,t) / % / FZ(u)du) (5.13)

r—00 t>Tj3

z+p(l—e)A(t)

> 11_ 3 Jiminf inf (w(x,t) / i / 7 (u) du) (5.14)

— €& z—=o0 t>T3

1-—3e 1

T l—e 14+6+63/u (5.15)

for all for € € (0,1/3), 6 € (0,1) and sufficiently large T5.
Now let T be such that A(T) > 0. If z > 0 and t € [T, T3], then due to expression (1.4) we
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5.2. Proof of Proposition 2.6 (Lower Bound)

have

b(a,t) > P(_ (Zicei)>x>

=1
(o) n n n n+1
= ZP(ZZl —cZQi > I,Zei < t,zei > t)
n=1 \i=1 i=1 i=1 i=1
> ZP<ZZi >z +ct,O(t) :n>
n=1 i=1
= Z;P(lglﬁgnzgzi >+ ct> P(O(t) = n)
oo m
n= 1=
> le(1£nn?§n2(zi —c/A) > x—l—cT;;) P(O(t) = n).

Suppose that ¢(z) > 1 is some unboundedly increasing function under condition

Fz(z + pp(x)/Fz(z) ~ 1.

r—00

(5.16)

The existence of such function follows from condition Fz € L. According to Lemma 5.1 we have

Y(a,t) = > P(O(t) =n)Fz(x+c/A + +cTs)
n=1
o z+cTs+pun
> 1=¢ > P(O(t) =n) / Fz(u+¢/X) du
a n=1 x+cT3

> (1—¢) > nPO@F) =n)Fz(z+cTs+c/A + pp(z))

n=1

> (1-e)’Fz(2) EOt) 1 {ew <p@)}

ifte[T,T3) and x > xa = x2(5,¢,T3).

(5.17)

The Holder inequality implies that for sufficiently large = (x > x5 = x5(e, T, T5) > x2)

EO(t)Liot<e) < (Egz(t)>l/2 P(O(t) < ¢())
)

< (]EQZ(TS))UQ\/ P(@(Ts) < ‘P(@) m

< eA(t).

The last estimate and (5.17) imply that

_ THpA(t)
(1) > (1— P Fr()A) > “/i) [ Fwaw
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5. Finite-time Ruin Probability for Inhomogeneous Renewal Risk Model

for alle € (0,1), > a3 and t € [T, T3]. Consequently,

z+p A(t)

liminf inf <w(x,t)/’i / Fz(u)du>>(1—e)3 (5.19)

z—00 te[T,Ts]

The desired lower estimate of Proposition 2.6 follows now from (5.13) and (5.19) immediately
because of arbitrariness of ¢ € (0,1/3) and 6 € (0,1). O

5.3 Proof of Proposition 2.7 (Upper bound)

Proof. In this section, we obtain the assertion of Proposition 2.7. The proof of the assertion
consists of two parts. In the first part of proof we use the way from [Leipus and Siaulys, 2009].
In the second part of proof we use mainly the consideration from [Wang et al., 2012].

Lete,d € (0,1), T € A and 7= Zi—c(1=0)/A, 0; = (1—48)/A—0; for each i € N. According
to (1.4) we have that

k k
z,t) < P max Z + csu 51 > :c)
b, ( )2 >3

1<k (1+e) A (¢ k215

k
* P(Krz?ﬁé{(t) i:l(Zi — ;) >z, Ot) > (1+ 5)A(t)>

Y1(2,t) +Pa(x, 1) (5.20)

if x >0 and t > T. Denoting

k k
— max Z’iv = csu 51.7 + 1 ,
Ct 1<k<(T+e)A(1) ; X k;f; X0 = X0}
we obtain
i, t) = P(G+x>x)
< ]P)(Ct >l‘—u)d]P)(X+ < u)+]P>(X+ > z_y)
[O,E—y]
= 7/’11($ay;t) + 1/)12(%.%75)» (521)

where 0 < y < x/2.

If0<8<1—A3/c=p/(u+p), then B :=EZ, = —p+ 6(u+ B) < 0. In addition, we
have that d.f. P(Z; < u) = Fz(u + ¢(1 — 6)/A) belongs to the class S, due to Lemma 3 of
[Korshunov, 2002] (see Lemma A.1 in Appendix). So, applying Lemma 5.2, we get that

1+¢
18]

Fz(w+c(1=96)/N) dw> dFy+(u),

e—u+|B(1+e)A(t)
wll(xaya t) g (

[0, z—y] T—U
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5.3. Proof of Proposition 2.7 (Upper bound)

where = > 2y, y is sufficiently large (y > z; = x1(d,¢)) and F,+ denote d.f. of r.v. x*.
By the Fubini-Tonelli theorem

1+¢
vyt < /

(L)
( Fz(w—u) dw) dFy+ (u)

6] o)
|y, TR
_ %f / Ty * s (w) duw. (5.22)

x

Conditions of Proposition 2.7 imply that:

I =~ )
7ZE07, — — =

nz‘:l n—soo  \

- 1—

eigTé for each i € N;

tim supE(1A1 5, _,y) <2 Jim supE(|6i/Lp0,5) =0.

U— 00 i€EN

So, due to Lemma 5.4,
Fy+(w) =P(x > w) < cre” *Y, (5.23)

for some positive constants ¢; = ¢1(8) and ¢y = ¢3(d). Applying, for instance, Corollary 2 from

[Pitman, 1980](see Lemma A.2 in Appendix) we obtain

FZ * FX+(U}) ~ E(w)

w—r 00

because of Fi; € S, C L.
Therefore, estimate (5.22) implies that

(142 A(t)

P11(x,y,t) < (1 %?2 / Fz(w)dw, (5.24)

where € € (0,1), § € (0,p/(p+ B)), t > T and = > 2y and y is sufficiently large, i.e. y >
z2(d,€) = 21
Ift > T, then

e+ p(14+) A(t)

o+u(14€) A(¢) THu (D) J Fz(w)dw
— _ — z+p(t)
/ Fz(w)dw = / Fz(w)dw | 1+ T
@ @ | Fz(w)dw
z+p A(t)

< (49 [ Fwdw

xT
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5. Finite-time Ruin Probability for Inhomogeneous Renewal Risk Model

The last inequality and estimate (5.24) imply that

hm su su wll(ér?y?t) < (]' + 5)3 (5 25)
:vﬁoop te[T,I;O) s __ TERTESC) .
[ Fz(w)dw

ife€(0,1),0€(0,p/(p+p)andy >z
To estimate the term t12(x, y,t) from (5.21) we use (5.23) again. If y > xo, then we have

limsup sup P12(z,y,t) < lmsup PO > 2/2)
rroo te[Tioo) THHAD)__ T amso pMT) Fz (x4 pA(T))
Fz(w)dw
efCQx/Q
< limsup —
- (5.26)

because of Fz € S, C S C £ and Lemma 1.3.5 (b) from [Embrechts et al., 1997b] (see Lemma
A.3 in Appendix).

Relations (5.21), (5.24) and (5.26) hold for all y > x2. So, these relations imply that

t 1 3
limsup sup ¥i(2,1) < (L+¢) (5.27)
=00 te[T,00) TTH M) pw—0(p+ pB)
f Fz(w) dw
for all e € (0,1), 6 € (0, /(e + B)) and t € A.
It remains to get a similar inequality for s (x,t). Corollary 4.2 implies that
B < 5w 3z ne0 )
n>(1+e)A(t)
< Y F(@)PO@) =n), (5.28)

n>(1+e/2)At

where z > 0 and ¢ is sufficiently large (¢ > Ty = Ty4(e) > T). According to the Kesten estimate
for d.f. Fz € S, C S (see, for instance, Lemma 1.3.5 (c) in [Embrechts et al., 1997b] (see Lemma
A.3 in Appendix)) we have that

i‘i’é o )

<es(l+A), (5.29)

where A > 0 and c¢3 = ¢3(A) is a suitable positive constant.
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5.3. Proof of Proposition 2.7 (Upper bound)

For each x > 0 and T > T} relations (5.28), (5.29) imply that

wQ(‘T? t)
SUP oA
FElTs o) Fz(w)dw
x
1 F7'(z)
< sup sup—=——"——P(0(t) =n)
pA(T5) tG[T;;,oo)n>(1+E/2))\t'r>O Fz(x + pX(T5))
C3 Fz(ai)
< Sup — sup (1+A)"P(O(t) = n).
PAT5) 230 Fz (2 + pA(T5)) te[rs,00) n>(1+ze/2w

If b=1+ A is chosen for a = (1 +¢/2)\ according to Theorem 2.2, then the last inequality
implies that

li ’(/) 2 (Z‘, t)
imsup sup o
z—00  te[Ts,00) B E(w) dw

<e€

where T = T5(e) € A is sufficiently large.
The last inequality together with equality (5.20) and estimate (5.27) implies that
¢ 1+4¢)?
limsup sup V(1) < (1+¢)

< +e€ 5.30
@00 te[Ts,00) TTHAY) p—6(p+ B) ( )
[ Fz(w)dw

x

It remains to estimate ¢ (x, t) in the case when t € [T, T5]. Suppose that function 1

< pl@) <
Vv, x = 1, satisfies property (5.16). If z > 1 and ¢t > T, then due to (1.4) we have

P(x,t)

N

k
P Z; >z, O(t) <
( | nex >, O(t) @(ﬂ)

i=1

k=175

Z;
+ <1<Il?<a(z){ Z +csup20 >z, 0(t ())

V1(2,t) + (@, t) (5.31)
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Applying Lemma 5.2 we obtain

o)

N\
N
T
—
IKM:
N
V
=
D
o
NG,

VA
=
A/
AY=]
A
/N
N
|
> o
N—
)
13}
=)
S~
=
©)
=
Il
E

/A

z—cp(x)/A

Ffe-252)

N
=
_|_
NS
>
=
N

if t < T5 and =z is sufficiently large. Consequently,

U1 (2, 1) _1l+te

limsup sup < 5.32
z—00 te[T,Ts] THp () L ( )
Fz(w)dw
because of condition (5.16).
On the other hand,
~ k: ~
balet) <Y ﬂ”(mx S Zi x> xT <z - (), O(f) = n)
n>e(x) i=1
+ P(xT >z — o))
= Po(,t) + Poa(, ). (5.33)

Using (5.23), the fact that Fz € £ and Lemma 1.3.5 (b) from [Embrechts et al., 1997b] (see
Lemma A.3 in Appendix) we have

limsup sup Va2(2,1) < limsup cle;@(m—w(m)) =0. (5.34)
T—00 te[T,Ts)] $+Pj‘>\(t)F7Z(w) dw z—o0  UANT)Fz(x + pX\(Ts))

x

42



5.3. Proof of Proposition 2.7 (Upper bound)

If « is sufficiently large, then Lemma 5.2 implies

’(Zgl(l',t) = Z / ]P’( max Zk:z >z — y) d]P’(XJr <y, 0() = n)
=1

1<k<n 4
n>2(@) [0, 2= ()] =

z—y+|Bln
< ! _t c Z / ( / Fz(w) dw) dP(x" < y,0(t) =n)
Pl e 0 0 tan N o2
< W+ Y n [ Fle-pd( <p0l)=n)
el 10,5 (a)]
= (1+¢) Z nP(Z+x" >z, xT <z —¢(x),0(t) =n)
n>p(z)
< (149 Z nIP’(Z+X+ >a,xT <x—p@), Z<x— o), 0) :n)
n>p(z)
+ (I+¢) Z nP(Z >z —p(z), O) =n)
n>p(x)
= (1+&)(Pani(z, t) + Dara(z, 1) (5.35)

Using the Hélder inequality we get

12212(%” = E(m —p(z)) ]E@(t)]l{@(t)><p(r)}
< F(z— o(x)) (E@Q(t)>1/2 (P(@(t) > so(ﬂc)))l/2
Therefore,
Po12(z, 1)

limsup sup
z—=00  te[T,Ts) I+HA(t)Tz(w) dw

x

F(r — 1/2
sy L2 = 2(@))

) 1/2
< e ey (BONm) (PO > pla))

=0 (5.36)

according to property (5.16).
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Finally, if ¢t € [T, T5] and « is sufficiently large, then

bon(z,t) < Z nP(Z+x" >z ¢(x) <Z<x—¢(x),0(t) =n)
n>p(x)
z—¢p(z)
= / Z nP(x* >z -y, O(t) =n)dFz(y)
plo) ")
z—¢p(z)
= / IE(G(t)]l{x+>z—y}ﬂ{e<t>>w<z>}> dFz(y)
e(z)
z—¢p(z) 12
Ee20)” [ (Pact > o) dFalw)

()

N

z—p(z)
(ClE@Z(TE)))l/Q / e~ @02 qFy(y)

()

/N

z—p(z)
< e / Fz(z — y) dFz(y)

e(z)

because of the Holder inequality, estimate (5.23) and Lemma 1.3.5 (b) from [Embrechts et al., 1997b)
(see Lemma A.3 in Appendix). Therefore, property (5.16) and Theorem 3.7 from [Foss et al., 2011]
(see Lemma A.4 in Appendix) imply that

. $211 (x,t)
imsup sup
z—00 te[T,Ts) ® E(w) dw

o 1 z—p(x)
limsup — 2% Fo(z — y) dFs(y)

o(z)
=0.

The last inequality together with relations (5.31) — (5.36) implies that

t 1

limsup sup prs )\Zf)(x’ ) < +E.

r—00 te[T,Ts] ® T(w) dw H
z

x

Consequently, due to estimate (5.30), we have that

t
limsup sup V(z,1) < max{

p—ou+p) 7 u

z—o00 te[T,00) TrpA(t)

(Ltef® 1+e}7
FZ(w)dw

x

where € € (0,1), § € (0,/(n + 8) and T € A. We obtain the assertion of Proposition 2.7 by
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5.4. Corollary

letting € and § to zero in the last estimate. O

5.4 Corollary

According to Corollary 4.2 A\(t) ~ At if ¢ — oco. Therefore, Theorem 2.5 implies the following,
more simple asymptotic formula for the finite-time ruin probability in the case when the horizon

of time t is restricted to a smaller region.
Corollary 5.1. Under conditions of Theorem 2.5

TH+pAt

(x,t) ~ 1 / Fy(u)du

x

uniformly with respect to t € [a(x), 00), where a(x) is an unboundedly increasing function.

Obviously, Corollary 5.1 follows immediately from Theorems 2.5 and 2.2 because S, C
S C L due to Lemma 1 of [Kaas and Tang, 2003] (see Lemma A.5 in Appendix), Lema 2 of
[Chistyakov, 1964] (see Lemma A.6 in Appendix) and Lemma 1.3.5(a) of [Embrechts et al., 1997b]
(see Lemma A.3 in Appendix). According to Corollary 4.2 A(t) ~ At if ¢ — oo. Therefore, Corol-
lary 5.1 implies more simple asymptotic formula for the finite-time ruin probability in the case

when the horizon of time t is restricted to a smaller region.
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Conclusions

In this last Chapter, a brief summary of the results obtained is given.

e We proved a theorem about the possibility to apply Lundberg-type inequality in an in-
homogeneous renewal risk model. We consider the model with independent, but not

necessarily identically distributed claim sizes and the inter-occurrence times.

e We obtained that the exponential moment tail of an inhomogeneous renewal process van-
ishes exponentially at infinity. This property holds for inter-arrival times having different
distributions and satisfying certain dependence structures. The obtained property can be

used to prove weak law of large numbers for an inhomogeneous renewal process.

o By showing assertions of our corollaries we proved a so-called elementary renewal the-
orem for an inhomogeneous renewal process. This elementary renewal theorem can be
derived from well-known classical results (see, for instance, [Kawata, 1956], [Hatori, 1959]
[Hatori, 1960], [Smith, 1964a]). We showed that this theorem can be also obtained using

the derived property of the exponential moment tail of inhomogeneous renewal process.

e We gave an asymptotic formula for the finite-time ruin probability for an inhomogeneous
renewal risk model and we found out that it was insensitive to the homogeneity of inter-

occurrence times.

e Possibly, the asymptotic formula for the finite-time ruin probability for an inhomogeneous
renewal risk model holds uniformly for all ¢ € A, not only for ¢ € [T,00) with T € A.
At the moment, we do not know how we can extend the region of uniformity without

additional requirements.
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Appendix

Lemma A.1.(see Lemma 3 in [Korshunov, 2002]) Let G and H be two long-tailed distributions
on RT. If G € 8, and c1G(x) < H(x) < oG (z) for some ¢1 and c2, 0 < ¢ < ca < 00, then
H e S..

Lemma A.2. (see Corollary 2 in [Pitman, 1980]) If Fx € S, Fy(z) = o (Fx(z)), z — oo,
then Fx iy (z) ~ Fx(x), 2 — 00 and Fx,y € S.

Lemma A.3. (see Lemma 1.3.5 in [Embrechts et al., 1997b])
textit(a) If F' € S then, uniformly on compact y-sets of (0, 00),

lim 7F(j —Y)

Jim =1 (A1)

(b) If (A.1) holds, then for all € > 0,

" F(z) — 00, X — 00

(c) If F € S then, given € > 0, there exists a finite constant K so that for all n > 2

e (2)
F)

<K(+e)", x=0.

Lemma A.4. (see Theorem 3.7 in [Foss et al., 2011]) Let the distribution F on R be long-
tailed. Then the following are equivalent:

(a) F is whole-line subexponential, i.e. F' € Sg.

(b) For every function h with h(x) < x/2 for all x and such that h(z) — oo as x — oo,

z—h(x)
F(x —y) dF(y) = o(F(z)) asx — oo. (A.2)

h(z)

(¢) There exists a function h with h(x) < x/2 for all x, such that h(z) — co as v — oo and F'
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Appendiz

is h-insensitive and the relation (A.2) holds.

Definition A.1. (see Definition 3.5 in [Foss et al., 2011]) Let F be a distribution on R with
right-unbounded support. We say that F' is whole-line subexponential, and write F' € Sg, if F is
long-tailed and

FxF(z) ~2F(x) asz — oc.

Lemma A.5. (see Lemma 1 in [Kaas and Tang, 2005]) Let F be a d.f. supported on (—oo, 4+00)
with finite [ F(u) du. If condition
0

F*Q
lim U (I)

Y =2
T—00 Fv (I)

holds for some fired 0 < v < oo, then F' € S. Here

T+v__
rnin{l7 J F(u)du} if x>0,

1 if z<O.

for some v > 0.

Lemma A.6. (see Lema 2 in [Chistyakov, 1964]) If a d.f. F of a non-negative r.v. belongs to
the class S, then F' is long-tailed (F € S).
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