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Notation

Sp=>1 1 Xi.
S(ny = max{Si,...,Sp}.
SS* = Z?:1 Qin'Jr'

= Z?:l 0, X;.
X(p) = max{Xy,..., Xp}.
Gn(z) = P(X(n) < ).
STV = X4 X
T = max(z,0).
Z, =01+ +06,.
Hy(z) = n Y (z) + -+ Fy(x)).
Sg) = maxp<s S](?.

For positive functions a(z) and b(x):

a(z) ~b(z) i lim a(z)/b(z) =
a(z) < b(x) if limsup a(x)/b(x ) <
)

T—00
a(x

2 b(x )1fhxrr_1>1nfa( x)/b(x) >

equivalent);

a(x) = o(b(x)) if lm a(x)/b(x) =

a(z) =< b(z) if 0 < liminf b((:r)) < limsup% < oo (also are called weakly
T—00 T—00

|z] denotes the integer part of a real number z.

x V y denotes the maximal value between real numbers = and y.

x Ay denotes the minimal value between real numbers = and .

14 - the indicator function of an event A.

All limit relationships hold for z tending to oo, unless stated otherwise.

viil



Chapter 1

Introduction

The notion of heavy-tailed distribution function (d. f. ) naturally appears in
the analysis of the sum of random variables (r.v.s). Nowadays such functions
are widely applicable in stochastic systems and their importance is obvious:
modeling large claim size in insurance and finance, extremal events and
other risk processes. Various other popular samples follow heavy-tailed d. f.
(distribution of wealth, file sizes in computer systems, connection durations,
web pages sizes and others).

The main characteristic of heavy-tailed distribution is that there are a
few large values compared to the other values of the given sample. Besides
that, not all moments exist and other statistics are used for heavy-tailed d.
f. So the classical central limit theorem or confidence interval formulas can
not be applicable for such distributions. Hence, some special approaches
are needed to handle it.

Since the heavy-tailed r.v.s have the property that the small observations
are asymptotically negligible compared to the largest one, many researchers
try to compare asymptotically the tail probability of the sum with the tail
probability of the maximal element. These and similar asymptotics are
widely described and discussed in many papers and monographs, which
deal with the sum of heavy-tailed r.v.s. We will also discuss a few problems
(arised from the already solved one) of such sums.

In this doctoral disertation we consider the sequence of real-valued r.v.s
X1,...,X, with heavy-tailed d. f.s.

Our first problem is to investigate the asymptotic tail of sum S, :=
X1+ -+ X, for dependent nonidentically distributed summands. Depen-
dence among primary r.v.s is important for practical situations: variables
are often related to each other. In Chapter [3, motivated by the paper of



1. Introduction

[42] (see also [15]), we restrict some conditions to the (heavy-tailed) distri-
bution of X, := max {X1,...,X,} and prove the weak max-sum (see (3.1))
equivalence among quantities P(S, > z), P(X(,) > x) and Sor P(Xi > )
for nonidentically distributed r.v.s. We give some copula-based examples of
dependence structures.

The analysis of the sums S,, led us to the discussion about the ran-
domly weighted sums S9 := Y7 | ©,X;, where X,..., X, are real-valued
r.v.s with some dependence structure and distributions Fi, ..., F),, respec-
tively; ©1,...,0,, are arbitrarily dependent positive r.v.s., independent of
X1,..., X, (Chapter {4)).

We consider two questions. The first of them is about the closure prop-
erty of the sum S9 in the case of long-tailed primary variables Xi,..., X,,.
More precisely, we investigate when, given that distributions Fi,..., F,, are
from the long-tailed distribution class (see Section for definition), the
distribution function (d. f. ) of sum S9 is long-tailed too.

The second question is the asymptotic equivalence of the tail probabili-
ties P(S9 > 2) and P(S9* > z), where S9* := 0, X +--- + 0, X;}, that is,
for a given dependence structure among the heavy-tailed r.v.s Xi,..., X,,
whether it holds that

P(SO > 1) ~ P(S9F > 1) (1.1)

for x — o00?

In Chapter [ we extend the result on the closure property and tail asymp-
totics of randomly weighted sums S© under similar dependence structure
as in [72] for any n > 2. Also, we study the case where the distribu-
tion of random vector (Xi,...,X,) is generated by an absolutely continu-
ous copula. In particular, we show that, if the distribution of (Xi,..., X))
is generated by the FGM copula, marginal distributions are from a cer-
tain class of heavy-tailed d. f. and random weights are bounded, then the
probabilities P(S® > z) and P(S9F > 2) are asymptotically equivalent to
Sor_ P(OyX) > ).

The last subject we investigate (Chapter [5)) is randomly weighted and
randomly stoped sums S,(? = Zle 0;X;, k > 1, where {X1,X2,...} is a
sequence of identically distributed r.v.s, having a certain dependence struc-
ture, with heavy-tailed d. f. Fx; ©1,02,... are some nonnegative r.v.s. We
consider the random maximum of these sums,

St = max Sy



with nonnegative integer-valued r.v. 7. We assume that {X;, Xs,...},
{01,09,...} and 7 are mutually independent. We are interested in the
asymptotics of tail probability P(S((i) > ) and P(Z; > z) as * — oo, where
Zy =01+ + 0O,

In Chapter |5 we specify the conditions, under which relation P(Z; >
r) = o(Fx(z)) holds for a wide class of heavy tailed distribution functions
and dependence structures. Together, we extend the main result in [73] to
a wider class of dependence structure.

All results presented in this dissertation are achieved by the author of
the thesis together with the co-authors. The theorems and propositions
proved in the dissertation are original and can be considered as new. The
main result of Chapter |3|is based on the papers [2I] and [69]. The closure
property and tail probability for randomly weighted sums of dependent
r.v.s are proved in Chapter 4| and submited to the journal. The theorems
presented in Chapter [j] are published in paper [20]. In the last Chapter [f]
we make the conclusions of our results.



Chapter 2

Background

In this chapter we introduce the concepts and notations we use in the dis-

sertation.

2.1 Heavy-tailed distributions

A distribution of r.v. X, supported on [0, 00), is said to be heavy-tailed if
Ec®X = oo for all § > 0 and light-tailed otherwise. We recall the definitions
of some classes of heavy-tailed d. f. s. Let F(z) := 1 — F(z) for all real .
A d. f. F supported on [0,00) belongs to the regularly varying-tailed class
(F € #) if there exists a constant a > 0 such that

lim — =y
holds for any fixed positive y,
belongs to the consistently varying-tailed class (F € %) if

I3
lim lim sup _(xy) =1,

v/l z—o00 F(QJ)

belongs to the dominatedly varying-tailed class (F € 2) if for any fixed
y€(0,1)

F
lim sup ﬂ < 00,
T—00 F($

is long-tailed (F € .2) if, for every fixed v,

F
im £y



2.2 Dependence structures

is subexponential (F € .) if

T2
lim F_ (z) =
T—00 F(:[;)

where F*? denotes convolution of F(z) with itself, and belongs to the class

Z* (is strongly subexponential) if m := f[ zdF(z) < oo and

0,00)
/ F(z —y)F(y)dy ~ 2mF(x), x — oo.
0

If ad. f. F is supported on R, then F belongs to any of these classes, if
the d. f. F(x)1,>0, belongs to the corresponding class. In the case of finite
mean, it holds that

ACECCLLNYCcS CCYL

(see [25], [36]). For the example of d. f. which is subexponential but does
not belong to .* see [1§]; for d. f. which is dominatedly varying-tailed
but not long-tailed (hence, not in . and .#*), see [17] and [24] (Example
1.4.2). For more details on heavy-tailed distributions, see [24].

Denote

F.(y) := liminf ]i(xy)j F'(y) == limsup Flay)

T—00 F(:c T—00 _(l')7

y>1,

and define the upper and lower Matuszewska indices of d. f. F, respectively:

log F log F'
Jif = — lim 28 ) (y)’ Jp = — lim s ) (y)
Y—>00 logy Yy—00 logy
Additionally, let
Ly = lim F,(y).
F yl\% +(y)

Parameter Ly and the Matuszewska indices are important quantities for
the characterization of the classes of heavy-tailed d. f. s. In particular (see,
e.g., [8]), the following four statements are equivalent:

(i) Fe 2, (i) Fi(y) >0 for some y > 1, (i) Lp >0, (iv) J < cc.

Also, F € ¢ if and only if Lp = 1.

2.2 Dependence structures
Recall some concepts of negative dependence.

bt



2. Background

DEFINITION 2.2.1 ([44], Definition 1.1). R.v.s Xi,...,X, are said to be
upper extended negatively dependent (UEND), if there exists a positive con-

stant My, such that, for each real 1, ..., xy,

P(X1 >y, Xy > 2) < My [ [P(XG > 20); (2.2.1)
=1

they are said to be lower extended negatively dependent (LEND), if there
exists some positive constant My, such that for each real x4, ..., x,

P(X1 < 21,...,Xn < xn) < My HP(XZ' < z); (2.2.2)
=1

and they are said to be extended negatively dependent (END), if they are
both UEND and LEND.

When M; = 1 and My = 1 in (2.2.1) and (2.2.2)), the r.v.s X1,..., X,

are said to be upper negatively dependent (UND) and lower negatively de-
pendent (LND), respectively, and they are said to be negatively dependent

(ND) if and both hold with M; =1 and M, = 1, see [22], [9],
58]

For negatively dependent r.v.s one subset of them is "high" and other
disjoint subsets are "low". Such property is rather natural and appears in

life insurance and financial mathematics.

DEFINITION 2.2.2. Random wvariables X1, ..., X, are called pairwise upper
extended negatively dependent (pUEND), if

P(XZ > $ian > xj) < MSP(XZ' > {EZ)P(XJ > :Bj) (223)
forall xj,z; e R, i# 7, 4,5 €{l,...,n}, and some M3 > 0.

DEFINITION 2.2.3. X1,..., X, are pairwise negatively (pND) dependent (or
negatively quadrant dependent, according to [38]), if (2.2.3)) holds with Ms =
1:

P(XZ > xi,Xj > xj) < P(XZ > J,‘Z>P(X] > $j) (224)

forall zj,xj e R, i#j,4,57€{l,...,n}.
Inequality (2.2.4) is equivalent to

P(X; <2, Xj <wj) < P(X; <a)P(X; <) (2.2.5)



2.2 Dependence structures

for all z;,2; € R, i # 4, 4,5 € {1,...,n}. Indeed, if inequality (2.2.4)) holds,
then
P(XZ > fL‘Z)P(XJ > :L‘j) = (1 — P(Xz < :L'Z))(l — P(Xj < ZL‘]))
= 1-P(X; <)) —P(Xj <)+ P(X; <)P(X; < xj)
> P(XZ' > .%‘Z',Xj > $]'>.
It follows, by the formula P(A B) =1 — P(A4) — P(B) + P(AB), that
P(X; < 2)P(X; < ;)
> P(XZ > xi,X]' > .Z'j) -1+ P(Xl < .%'Z) + P(Xj < Z‘j)
= 1- P(XZ‘ < Qiz) — P(Xj < xj) + P(XZ' < Ii,Xj < .73j>
-1+ P(X; < IZ) + P(Xj < J}j),
which is the same as ([2.2.5). Hence, if r.v.s are pND, they are pairwise
UND and pairwise LND at the same time. Note, that pND does not imply
mutual ND ([22]). Also, if r.v.s Xi,..., X, are UND (LND) the any subset
of size 2 < k <n is UND (LND) too.

Acording to Definition [2.2.1} the UND/LND/ND r.v.s have the following
useful transformation properties.

Lemma 2.2.1 ([58], Lemma 1.1). 1) If r.v.s {X},k = 1,2...} are LND
(UND) and {fx(-),k = 1,2,...} are all monotone increasing real functions,
then {fx(Xx),k=1,2...} are also LND (UND) ;

2) if rv.s {Xy,k=1,2...} are LND (UND) and {fy(-),k =1,2,...} are
all monotone decreasing real functions, then {fi(Xy),k = 1,2...} are also
UND (LND);

3) if ru.s {Xg,k =1,2...} are ND and {fx(-),k = 1,2,...} are either
all monotone increasing or all monotone decreasing real functions, then
{fu(Xk),k=1,2...} are also ND;

4) if rv.s {Xg, k = 1,2...} are nonnegative and UND, then for each

n=12 ...,
n n
E(ka) < [T Exw
k=1 k=1

Recall one more dependence structure related to the UEND structure.

DEFINITION 2.2.4 ([73], (2.1)). Identically distributed r.v.s X1,..., X, are
said to be bivariate upper tail independent (BUTI), if P(X; > z) > 0 for all
x € (—00,00),i=1,...,n, and

lim P(XZ > $|Xj > ZL“) =0

T—00

forall1 <i#j<n.



2. Background

Note that the BUTT is strictly larger than the UEND structure. To see
this, consider two positive r.v.s & and & with the joint tail probability

1

P > 2,6 >y) = , >0, y>0.
C>w&>v=oongvnarery “20Y
The marginal distributions are
1
P >x,6&>0=P& >2)=———, >0

(xV1)(1+x) -
and
P 0)=P = > 0.
(§2>y,6>0)=P(& >y) Gty Y2
For x > 1 r.v.s (£1,&) have the BUTT structure:

14+2 1
r 1+ 2x

P(& > z]& > ) = — 0, 1z — oo.

Such a pair (£1,&2) is bivariate upper tail independent, but not UEND
(see [46], Example 3.1):

P& >z6>y) (1+L):OO’

sup sup
ey>1 P(&1 > 2)P(&2>y)  24>1 l+r+y

that is, the fraction not bounded from above by some positive constant M.
DEFINITION 2.2.5 ([41]). Real-valued r.v.s Xi,...,X, with d. f. F,...,F,

are said to be pairwise quasi-asymptotically independent (pQAI) if P(X; >
x) >0 for all x and i, and

lim P(|Xi|AXj > z|X; VX >a)=0, i # ],
T—r00

or equivalently,

I P(1X;| > z, Xj > z)+P(X; < -z, X; > x)
1m

=0.
T—00 P(Xi > :C) + P(Xj > :E)

DEFINITION 2.2.6 ([31]). R.v.s. X1,...,X, are pairwise strong quasi-
asymptotically indepent (pSQAI) if, for any i # j,
lim P(’XZ‘ > :C‘Xj > y) =0. (226)

TAY—00

The property of asymptotic tail independence (Definitions [2.2.4H2.2.6))
means that the probability of two nonnegative random variables to be large
is negligible comparing with the probability of one variable being large.

Bellow we present an implication of dependence structures mentioned in
this chapter. The arrow in Figure means "follows", for example, if r.v.s
are ND, it follows, that they are pND.



2.3 Copula

[n=2}) [n=2}
|Buti| |unD|+| IND| = | ND |=| UND | = LND |
[nnnneg.i.d.j/ﬁ\ I [ |
R vy v R
[ QAL [ UEND | + [ LEND |=[END |
(LA R
[pSQal] <= [pUEND]| + [ pLEND | = |pEND]
[nenneg.) ,ﬂ\ /lAl\
[ e [—

Figure 2.1: Implication of dependence structures

2.3 Copula

In this section we introduce the notion of a copula, which we use later to
construct the dependence between random variables.

By the Sklar theorem (see [51], Theorem 2.10.9), any joint distribu-
tion function F(zy,...,2,) = P(X1 < x1,..., X, < z,,) of a random vector
(X1,...,X,) with the marginal distribution functions Fj(z) = P(X; < x),
1=1,...,n, can be written as

F(z1,...,2n) = C(F1(21), ..., Fn(zy)) (2.3.1)

for all z; € R, ¢ = 1,...,n, where C is a copula. Moreover, if marginals
Fi,..., F, are continuous, then the copula C satisfying is unique and
is given by

Clut, ..., up) = F(F7 ), ..., Fy (w)),
where F, *(u) = inf{z : Fj(z) > u}, i = 1,...,n. Conversely, if C is a
copula and Fi,..., F, are distribution functions, then defines the
n-dimensional joint distribution function with marginals Fi, ..., F,.

DEFINITION 2.3.1 ([51], Definition 2.10.6). For any n > 2, a function
C:[0,1]" = [0,1] s called a n-dimensional copula (shortly, copula) if

(1) Clut,. .., ui—1,0,u;, ..., up) =0 for any i€ {1,...,n};

(2) C(1,..., 0 uj,1,...,1) =wu; for anyi e {1,...,n};

(3) C is n-increasing, i.e. ¥(x1,...,xy) € [0,1]", Y(y1,...,yn) € [0,1]", z; < y;,
i=1,...,n, it holds

xy, if 1€ J,

Z (—)Wlew!, ... ul) >0, where uf =
Yi, if ¢ ¢ J.

Jc{1,...,n}
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In the bivariate case the last property can be simplified. For every
uy, u2,v1, vy in [0,1] such that u; < up and vy < vy, Cug,v2) — Clug,v1) —
C(uy,v2) + C(ug,v1) > 0.

Another important property: for every copula C(uy,...,u,) there exists
Fréchet-Hoeffding lower and upper bounds ([51], Section 2.5). That is

W(ug, ... up) < Clug,...,up) < M(ug, ..., uy),

where Wi(ui,...,u,) = max{d> . ju;—n+1,0} and M(ui,...,up) =
min {uq,...,u,}. The function M is always the copula, while the function
W is the copula in the bivariate case, and it can be the copula for n > 2
with some aditional conditions ([64], Section 2.1.2).

Copula is very convenient tool of modeling the dependence between ran-
dom variables. There are numbers of various forms of copulas and their con-
structions. In [47] we can find the main classes of the copulas: Archimedean,
Marshall-Olkin and Elliptical. The construction of the pair copulas is de-
scribed in [1] and [47]. Below we write the copulas which we will use in our
examples.

1. Independence copula:
Clur, . yup) = [ [ s (2.3.2)
2. Generalized FGM copula:
COFGM Hul 1+ > 650 )1 —u$))™; (2.3.3)

1<i<j<n

with a > 0, m € {0,1,2,...} and the parameters 6;; which are real
numbers such that CS¥GM(y, ... u,) is a proper n-dimensional cop-
ula. Obviously, if the 6;; all are nonpositive and take values from a

corresponding admissible region, then

CGFGM(ul, oo Up) <UL Uy,

i.e. we obtain the LND structure.

The special cases of (2.3.3)) are well-known:
— If m =0, we get the independence copula.
— If m=1and a =1, we get the classical multivariate FGM copula
CFGM(UL .. ,un) = Hul (1 + Z Qij(l — ul)(l — u])> ,
=1 1<i<j<n

10



2.3 Copula

which was introduced by Farlie [26], Gumbel [33] and Morgenstern [50]
in the case n = 2. This copula was widely investigated and used in
practice. The well-known limitation of FGM copula is that it does not
allow the modeling of high dependencies. For example, if n = 2 then
the admissible region for the parameter ;2 is [—1,1] and correlation
p between corresponding uniformly distributed random variables is
p = 012/3, thus the range for correlation p is [-1/3,1/3]. If n = 3, the
conditions for parameters can be summarized as follows: 019+613+023 >
—1, 013 + 03 — 012 < 1, 012 + 023 — 013 < 1, 012 + 013 — O3 < 1.

— If m =1, n =2 and a > 0 we get the copula introduced by
Huang and Kotz [34]. It was shown that the admissible range of ;2 is
—min{l,a™?} < 12 < o' and correlation p between the corresponding
uniformly distributed random variables is p = 36120%(a+2)~2, thus the
range for correlation p is —3(a + 2)"2min{1,a?} < p < 3a(a +2)72

— If m > 1, n=2and o« > 0 we get the copula introduced by
Bekrizadeh et al. [7]. They have shown that the admissible range of
015 is —min{1, (ma?)~'} < 615 < (ma)~! and correlation between corre-
sponding uniformly distributed random variables is given by formula

p = 12 1 1CGFGM(U,U)dudU—3
4 (k+ 1/ )

+ Q
- 122( ) (aF(k+1+2/a)>

Because of the weak dependence generated by the FGM family, many

authors considered the modifications of this class. Examples of modi-
fied FGM copula can be found in [6], [3], among others.

The finding of the admissible region for parameters 60;; in ([2.3.3)
is technical, although straightforward, task. Essentially, it requires
the verification that the corresponding copula density (if exists)
CGFOM () = PCOFGM (g un)/aul . Ou,, is nonnegative for

all uy, ..., up. In the case of copula (2 with m =1,

FMuy, o u) = 14 Y 01— (L +a)ud) (1 — (1+ a)uf)

1<i<i<n

and these conditions can be obtained by considering the 2" cases for

up =0 or 1, k=1,...,n, and verifying that ¢*“M(uy, ..., u,) > 0. For

11
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example, if m = 1 and n = 3, then these conditions are the following:

) al=l if af > 1, o
1+a%0 >0, 0;> 1<i1<3<3, when a>1,
lab-l if ah <1,

and
1 af—1
= if af >1,

1+af>0, 6> e <i<j<3,

el if af <1,

when 0 < o < 1, with 0 := 015 + 613 + 6a3.
3. Ali-Mikhail-Haq copula:

Ul ... Uy

AMH
uy) = CoS1< . (2.3
C*V 5 (uy, ... up) 00 ) (1) 1<6<1. (2.34)

4. Frank copula:

A I (L |
C’F(ul,...,un):——log(l—i—(e ). (e )), 0> 0.

5. Clayton copula:

CNuy, ... up) = (ul_e—i—---—l—u;a—n—i—l)

12



Chapter 3

The max-sum equivalence

In this chapter we investigate the (weak) equivalence relations among the
tail probabilities of the sums Sp o= >0 Xk St S X Sy =
max{S1,..., S} and >}, Fi(z). The analysis of the so-called max-sum
equivalence

P(S(m) > 7) ~P(Sy > 1) ~ P(X(y >x)~ Y P(Xi>2),  (3.1)
=1

where X(,,) := max{Xy,..., X}, has essential applications in ruin theory,
where probability P(S(,) > ) stands as the ruin probability of an insurance
company (see Section . The quantities S,y and S, are the main ele-
ments of modeling the risk management (see [52]). Besides, the asymptotic
relation ([3.1)) allows us to reduce the calculation of P(S(,) > z) to the cal-
culation of P(X,) > z) and posseses the principle of big jump: for large =,
one of n summands Xy, ..., X, is large, while others are relatively small.
Such the sums were investigated earlier in a number of papers. One
of the first studies of sums (for independent identically distributed (i.i. d.)
positive r.v.s) was done in [16]. Geluk and De Vries [32] showed that for i.i.
d. subexponential r.v.s the asymptotic P(S, > z) ~ > P(X; > z) holds
under the proper condition for X;, i = 1,...,n. Later, Geluk and Tang [31]
obtained this relation for dependent subexponential r.v.s with nonidentical
distributions. Geluk and Ng [30] proved the asymptotic P(S(,) > x) ~
P(S, > x) for independent r.v.s with long-tailed distributions Fi,..., F,. In
case of dependent r.v.s, relation (3.1]) was discussed in [59], [37], [74] among
others. Li and Tang [42] showed asymptotic for independent r.v.s.
under the condition that their maximum belongs to the specific class of

heavy-tailed distributions. Below, motivated by the main result of [42], we

13



3. The max-sum equivalence

prove the weak max-sum equivalence
n n
C1) P(X;>2) SP(Sm >2) SC2 Y P(Xi > )
i=1 =1

with some positive constants C; and Cy for dependent r.v.s.

3.1 Main result

The two following propositions (see [69]) present our first results on the
quantities P(Sp,) > z), P(S,(Z“L) > 7) and Gy(7) = P(max{Xy,..., X, } > 2)
when r.v.s are pairwise negatively dependent.

Proposition 3.1.1. Let Xi,...,X, be pND real-valued r.v.s with corre-
sponding distributions Fy,...,F,. If G, € 9, then

P(Spy >2) < PSS >2) S —— Gula). (3.1.1)
La,
Furthermore, if G, € Z N2, then
P(Sp >a) < P(S7>2) S Gulo). (3.12)

Proposition 3.1.2. Let Xy,...,X,, be pND r.v.s.
(i) If G € 2 and Fi(—x) = o(Fi(z)) fori=1,...,n, then

P(Spy >2) > P(Sh>1) 2 La,Gn(z). (3.1.3)
(ii) If G, € € and Fy(—x) = o(F;(x)) fori=1,...,n, then

(i) If G, € £ N2 and F;(A) = 0 for some finite A <0, i =1,...,n, then

relations in (3.1.4) hold.
Using inequality (3.1.2) from Proposition and Proposition

(iii), we obtain:

Corollary 3.1.1. Let X1, ..., X, be nonnegative pND r.v.s. If G, € LN 9D,
then
P(S(n) > CL’) = P(Sn > CL’) ~ an(]})

REMARK 3.1.1. Note that class 2 is closed under max operation, i.e. if
F, € 9 for all k =1,...,n, then G,, € 2 (the inverse statement obviously

14



3.1 Main result

does not hold). Moreover, the constant L¢, appearing in Propositions
and B.1.2] can be estimated from below as follows:

n —1
Lg, > <ZL;> >0, (3.1.5)

k=1

L:=y) To show this, for any y > 0 write

where Lp, := lim,~ ; lim inf Fik(x)

Ghn(zy) P<kL=Jl{Xk g xy}) < > ket P(X > ay)
a"(x) ! T N ! >

P(kL_Jl{Xk > }) P(ZL_JI{XZ > })

P(Xgp >ay)  _ " P(X}, > y)

h=1 P( ‘LZJ1{Xi > J;}) T PXg>a)

n

which implies

1 G F 1
—— = lim limsup M < E lim lim sup —_k(xy) = < o0,
Lg, y/1 Gn(x) — y M Fy(x) — Lp,

or (3.1.5). Hence, Lg, > 0, which is equivalent to G,, € 2.

REMARK 3.1.2. The statement of Corollary [3.1.1] holds if Fy, € ¢ for k =
1,...,nand r.v.s Xi,..., X, are nonnegative pND. To see that G,, € €, note
that for any x,y it holds

Go(zy)  P(Upei Xk > ay})

n
Gue) (UL (% > )
S > it Frlzy) — Zlgiq‘gnP(Xi >y, Xj > y)
B ZZ:1 Fy, (:C)
> min {Fk(fﬁy)}  Dicicjcn Filey) Fi(ay)
1<k<n U Fy () > i1 Fr(@)
by pND property. Hence,
1> lim liminf 22
y\d Gn(z)
JR— n
> lim liminf min {M} — lim lim supZFj(:cy)
YN\ 1<k<n U [j(x) YN o
.
> min {lim lim inf i(my)} = 1,
1<k<n Uy\1 Fi(z)

that is, Lg, = 1 and we know that this holds for consistently varying tail
distributions (G, € €).

15



3. The max-sum equivalence

Later we generalized these two propositions. The improved results with
the wider dependence structure are the main results of this chapter.

Denote the d. f. Hy(z) := n Y (Fi(z) + -+ + Fu(z)) and assume that
H,(z) > 0 for all z. Introduce the following condition:

Z P(Xy >z, X;>2) = o(l)Hp(x), z— oo, (3.1.6)
1<k<i<n

or, equivalently,
P(Xp>2,X;>2) = o)Hp(z) forall kl=1,....n, k<. (3.1.7)

The random variables satisfying allow a wide range of dependence
structures. In particular, they cover the pND r.v.s and even some posi-
tive dependence structures (see Section . They also include the pQAI
structure (Definition , if Xy,...,X, are all nonnegative. Note that
under some stronger dependence conditions, related equivalence results for
subexponential r.v.s were established by Geluk and Tang [31], Jiang et al.
[35].

When X7, ..., X, are real-valued and identically distributed r.v.s, the de-
pendence structure in (3.1.7)) coincides with the BUTTI structure (Definition
2.2.4)):

P(X; >z, X; >
lim P(X; > z|X; > z) = lim (Xi >, X; > 2)

= 0.
T—00 T—00 P(Xj > Q?)

The main result of the chapter is the following theorem, which generalizes
Propositions [3.1.1H3.1.2}

Theorem 3.1.1. Let r.v.s X1,..., X, satisfy condition (3.1.6). If H, € 2
(or, equivalently, G, € 9). Then

P(Sp > ) < P(SYY >2) < Lyl na(x). (3.1.8)

P(Spy >x) > P(Sp>2) 2 Ly nHy(z). (3.1.9)
Here,
Ly, = Lg, and nHy(z) ~ Gu(). (3.1.10)

REMARK 3.1.3. Since pND r.v.s satisfy condition (3.1.6]), Theorem [3.1.]]
generalizes the result of Propositions [3.1.1H3.1.2| and, moreover, the con-

stant L¢, in (3.1.1)), (3.1.3) can be replaced by Ly, .

16



3.2 Proof of main result

REMARK 3.1.4. In the case where Fj, e ¢ C 9,k =1,...,n, we have H,, € €
and thus Ly, =1 in Theorem [3.1.1]

In the case of identically distributed random variables we obtain the
following corollary:

Corollary 3.1.2. Let assumptions of Theorem hold and let X1, ..., X,
be identically distributed with common distribution F. Then relations (3.1.8)

and (3.1.9)) hold with Ly, = Lg, = Lr and Hy,(z) = F(z).

3.2 Proof of main result

We start this section with the following useful proposition.

Proposition 3.2.1. Assume that condition (3.1.6) holds. Then G, (z) ~
nH,(x), and therefore Lg, = Ly, .

PrROOF. We have

n

Gn(z) = P( U{Xk > :1:}) < ZP(Xk > ). (3.2.1)
k=1

k=1

On the other hand,

G_n(.’B) > En:P(Xk > ZL‘) — Z P()(},€ > I,Xl > x) (322)
k=1

1<k<i<n

(3.1.6) and (3.2.1)), (3.2.2) imply that H,(z) is positive if and only if G, (z) >

0 is positive for z — co. Then

Gale) _ i PXe>1) _

lim sup —

nHy(x) nH, ()
and
i inf G_n(l”) ZZ:l P(Xk > SK) — Zl§k<l§nP(Xk >, X > x)
P(Xp>ux, X;>x
> 1—limsup Zl§k<l§n (_k l ) =1,

nHy(z)

implying G, (z) ~ nH,(z) and, thus,

G H,
L¢, = lim lim sup _n(yx) = lim lim sup n_n—(yx) =Lpy,.

NI 2o Gn<$) Nl 200 an(ZL“)

17



3. The max-sum equivalence

First we prove Theorem [3.1.1]
Proof of Theorem Relatlons ) hold by Proposition m

implying the equlvalence of H, € 9 and Gn € 9.
We first show the upper bound (3.1.8). For any 0 < v < 1 and = > 0

write

< (U{X+ (1—v) })+P(S§f>>g;,ﬁ{x,jg(1—v)x}>
k=1
< nﬁn((l—v)x)+P<S§l+)>x,CJ{ } ﬁ F<(1-v) x})

i=1
= Li(v,z) + I2(v,x). (3.2.3)

We have by H, € & that

1 H ((1 -
lim hmsupM = Lpy, lim limsupM = LHnL]ZI1 = 1.
N0 00 L TLH( ) N0 200 Hn(l’) "
As for Iy(v,z), we have
n T n
(+)
12(1}71:) < ZP Sn >x7X;r>ﬁaﬂ{X]:r§<1_v>x}>

IA IA
i[~]= (]
. g
Y /N VS
Q.
X
|
S
Jr
Vv
4
s
<
Jr
Vv
| 8
N—

A
N
g
0
/N
e
+
v
3|
ke
3
e
N—

Hence, by (3.1.6) and assumption H, € 2, we obtain

Ir(v,x)

hrn sup —————
P LT (x)

P(X; > vx/n, X; > va/n) lim sup H,(vz/n)
nH,(vz/n) Hp(x)

iz

< Lpg, limsup
= 0.

Therefore,

(+)
P I I
lim sup (S—>$) < lim lim sup M + lim lim sup _12 (@)

= 1.
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3.2 Proof of main result

To obtain the lower bound, note that for any v > 0 and = > 0

P(S, >x) > P(Sn > x, O{Xk > (1 +v)x})

k=1

> ZP(S” >z, X > (14 0v)z)

k=1
> P(Su >, X > (1+v)a, X; > (1+v)a)
1<i<j<n
= I3(v,z) — I4(v, ). (3.2.4)
Here,
Lv,e) < Y PXi>2,X;>1) = ofHy()) (3.2.5)
1<i<j<n

according to (3.1.6]).
For I3(v,z) we have

I3(v,z) > ZP(Sn — Xi > —vzx, X, > (1 +v)x)

k=1
> (P(Sn — Xk > —va) + Fp((1 +v)z) — 1)
k=1
= (1+v)x ZPS — X < —vx)
= [31(1}, Q?) — [32(1}, x) (326)

Here,

In(v.2) (3.2.7)

lim lim inf ———~— =
v\0 z—00 LH TLH( )

For term I33(v,z) we have

Isp(v,2) = ZP(Z(Xi)>w:> < P(U{X¢>nle}>
1

=1
ik

< nQHn(— Y 135) = o(l)H_n( :17) = o(Hn(z)) (3.2.8)

n — n—1
by the assumption of theorem and by H,, € 2. Hence, by (13.2.4)-(3.2.8),
I I
lim inf M > lim lim inf M lim lim sup M
r—00 L. nH ( ) oN\NO 200 Ly nH ( ) N0 200 LHnan(.T)
I
— lim hmsupM = 1.

N0 z—0o0 LH nH ( )
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3. The max-sum equivalence

This completes the proof. O

Proof of Proposition [3.1.1, We prove only the second part of Proposi-
tion [3.1.1] while the first part is analogous to the proof of the first part of
Theorem B.1.11.

If G, € £ N 2, then substitute vx in the above proof of Theorem [3.1.1
with ¢(x), where ¢(x) is a positive function satisfying ¢(z) — oo, {(z) = o(x),
and

Gn(z — () ~ Gp(z), (3.2.9)
by G, € & (see [31], [28]). Rewrite (3.2.3)) as follows
P(S." > 2) < LK) + ((())
In this case, the estimate for Iy(¢(x)) remains the same, i.e. Iy(¢(z)) =
o(Gp(z)):

L(l(z) = ZZ (X+ LGN @)

=1 J=1
J#i

S 1) € ) -

by the pND property and Proposition [3.2.1 Whereas for I;(¢(z)), due to
(3-2.9) and Proposition [3.2.1] it holds, that I (¢(z)) ~ G():

Il_(f(m)) L . B
Gn(x) Gn(x) Gn(x)

lim sup

Proof of Proposition |3.1.2|

(i) The proof is identical to that of the second part of Theorem m
(ii) See Remark [3.1.4]
(

iii) Again, replacing vz in in the proof of Theorem by the
function ¢(z) given in - for 131 ) we have

I3 (0 ZF (z + U(z)) ~ Gplx + €(z)) ~ Gu(x),

by Proposition [3.2.1] and (|3.2.9|). The term I4(¢(7)) = o(Gy(x)) remains the
same. Finally, I32(¢(z)):

Ip(l()) = ZP(Z M) < P<U{Xi>fm1}>

i

itk ik

< nzn:Fz(—
i—1




3.3 Aplication to ruin theory

for large x by the assumption of proposition. This ends the proof. O

3.3 Aplication to ruin theory

The assumption that the r.v.s Xi,..., X,, are nonidentically distributed is
important for insurance mathematics, because the result can be applied to
some discrete-time risk models with insurance and financial risks, proposed
by Nyrhinen [53], [54]. Namely, set X; = ©.&, where &, k= 1,...,n, are
real-valued r.v.s, which represent the successive net losses for an insurance
company, or can be understood as the total claim amount minus the total
premium income within year &, and ©,, 1 < k < n, are nonnegative r.v.s
which stand for the discount factor from year k£ to year 0. In such a model,
the r.v.s & and ©,, are called the insurance risk and financial risk, respec-
tively, and P(S(,y > x) =: ¢(z,n) represents the finite-time ruin probability
by year n with initial capital x > 0. The obtained asymptotic relations in
Section are important not only from the theoretical point of view, but
also they can be used in practice as a numerical tool allowing to approx-
imate the ruin probability ¢ (x,n) by the tail distribution of the maximal
random variable X(,.

Firstly we study the question when the conditions of the Propositions
and are satisfied for the X = 6.£. The same contitions are
required in Theorem [3.1.1]

Lemma below gives a simple condition for X1,..., X, to be upper,
lower or pairwise negatively dependent.

Lemma 3.3.1. Assume that &,...,&, are independent, almost surely
positive r.v.s, ©1,...,0, are UND (LND, pND) r.v.s, independent of
{&,...,&}. Then ©1&,...,0,&, are UND (LND, pND, respectively).

Proof. Assume that ©4,...,0, are UND r.v.s. Then

P(©1& > x1,...,0,8, > xp)

T
= / / @1 > — .,@n > —>dF§1(y1)...dF§n(yn)
0,00) 0,00) yl Yn
< / / @1 > —) P(@n > x—n)dF& (yl) .. .ngn(yn)
0,00) 0,00) 1 Yn

= @151 > xl ( nfn > xn)

The cases of LND and pND are analogous. O

We obtain the following proposition.
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3. The max-sum equivalence

Proposition 3.3.1. Assume that &1, ...,&, are independent, almost surely
positive r.v.s from 2. Assume also that ©1,...,0, are pND r.v.s, indepen-
dent of &1,...,&, such that P(©; € [a,b]) =1 for all i =1,...,n and some

0<a<b<oo. Then relations (3.1.1) and (3.1.3) hold.

REMARK 3.3.1. Since pND r.v.s satisfy condition (3.1.6)), conditions of
Proposition imply that more general relations (3.1.8)) and (3.1.9)) hold.

Proof. Note that the conditions of the proposition imply
Gp(z) = P(max{©1&1,...,0,8,} <z) € 9, (3.3.1)

since, by Remark [3.1.1] P(max{¢;,...,&,} < x) € 2 and hence, for any
0<y<l,

P(max{@lfl, ceey @nfn} > xy)

< P(bmax{{,..., &} > zy)
P(max{@lfl, e ,@nfn} > .CE) o

Plamax{{,..., &} > 2)
P(max{&1,...,&n} > zya/b)
P(max{&1,..., &} >x)

which is finite because tail of dominatedly varying distribution never

lim sup lim sup

= limsup

turns into zero. It remains to apply Lemma [3.3.1, which says that r.v.s
©1&1,...,0,&, are ND too. Hence, the needed conditions of Propositions
3.1.1 (and Theorem [3.1.1)) are satisfied and required equations hold.
O

Finally note that, in the case F¢ (z) := P(§ < ) € 2 and P(O, €
[a,b]) = 1, the constant Lp, (Fj(z) is the distribution of ©4&;) appearing

in (3.1.5) can be estimated by the constants defined through the function

P (& >xy)
P(&k>z)

Fy,,(y) = liminf y > 1. It is easy to see that

.=, = (b

a
Indeed,
_ i P(Ok&e >ay) . .
L7Y = lim limsup ——=2~ """/ — Jim lim sup
Fi 1 P(Or&, > 1 P(Orti>z)
y/ (Orée > ) o/ DO
_ 1 < 1
= .. o P(Op&>z) — . oo Plagy>ny)
hmy o lim inf _P(e:g:>_xy) hmy\l lim inf P(bgkk> 2)
1 1

limyy lim inf S5 ) DE>y) P(&>ay) P(6>ah)

Pest) Pleos)  myna liminf pre=rs 5=
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3.4 Numerical simulations

3.4 Numerical simulations

In this section we perform some numerical simulations in order to check
the accuracy of the asymptotic relations obtained in Corollary [3.1.1 We
compare the tail probabilities P(S, > z) and G, () for several values of z,
assuming that r.v.s X are distributed according to the common Pareto law
with parameters x, 5 > 0:

F(x;/a,ﬂ)zl—( il )5, 23>0, (3.4.1)

K+ -

which belongs to the class ¢ € ZN%. We assume that {(Xor_1, Xo), k > 1}
are independent replications of (X7, X2) with the joint distribution

Fx, x,(z,y) = max {aF(w)F(y) +(1—a)(F(z)+ F(y) — 1), O}7 (3.4.2)

with parameter a € (0,1) (see eq. (4.2.7) in [51]). Since P(X; > z, X2 >
y) < aF(x)F(y) for all 2,9, X1 and Xs are ND r.v.s. Hence, by construction,
X1,...,X, (n — even) are nonnegative pND r.v.s. Moreover, according to
Remark [3.1.2] G,, € ¢. For our simulations we choose parameters:

1. k=1,8=2and a=0.5 (I case);

2. k=2, 8=2and a =05 (Il case);
3. k=5, =2and a=0.2 (III case);
4. k=5,8=2and a=0.7 (IV case);
5. k=5, 3=3and a = 0.8 (V case).

We set n = 10,20, 50 and x = 100, 500, 1000, 2000. The procedure of the com-

putation of P(S, > z) and G, () in Corollary consists of the following
steps:

o Step 1. Assign a value for the variable = and set m =k = 0;

o Step 2. Generate the dependent r.v.s Xi,..., X, from (3.4.1) and
(3-4.2);

o Step 3. Calculate the sum value and the maximal value of Xy,..., X,:

n
Sn=>Y_ Xi and X, =max{Xy, ..., X,};
=1

 Step 4. Compare the two values S, and X,y with z: if S;, > z, then
m=m+1, and if X,y >z, then k =k + 1;
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3. The max-sum equivalence

o Step 5. Repeat step 2 through step 4, N = 2 x 105 times;

« Step 6. Calculate the estimates of the two tail probabilities P(S,, > z)
and G, (z) as, respectively, m/N and k/N.

For specific values of x, the simulated values of P(S,, > z) and G, (z) are
presented in Table (I-V cases, respectively). It can be found from the
table, that, the larger x becomes, the smaller the difference between the
simulated values of P(S,, > ) and G, (z) is. Therefore, the approximate
relationship in Corollary is reasonable.
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3.4 Numerical simulations

ITcase: k=1, 8=2and a=0.5.
n=10 n=20 n=50
x P(S,>2z) | Gun(x) | P(Sp>x)| Gu(z) | P(Sy>2)| Gunlo)
100 | 0.002060 | 0.001524 | 0.005871 | 0.002942 | 0.080627 | 0.007374
500 | 0.000125 | 0.000118 | 0.000120 | 0.000106 | 0.000394 | 0.000285
1000 | 0.000013 | 0.000013 | 0.000037 | 0.000036 | 0.000101 | 0.000088
2000 | 0.000004 | 0.000004 | 0.000007 | 0.000007 | 0.000017 | 0.000015
IT case: k=2, f =2 and a =0.5.
n=10 n=20 n=50
v | P(S,>z)| Gulx) | P(S,>2)| Gul@) |P(S,>2)| Gu(z)
100 0.011146 | 0.005762 | 0.0560811 | 0.011466 | 0.864862 | 0.028541
500 | 0.000258 | 0.000226 | 0.000603 | 0.000469 | 0.002375 | 0.001171
1000 | 0.000072 | 0.000067 | 0.000141 | 0.000124 | 0.000392 | 0.000300
2000 | 0.000012 | 0.000012 | 0.000026 | 0.000025 | 0.000078 | 0.000069
IIT case: k=5, 8=2and a =0.2.
n=10 n=20 n=50
x P(S,>2) | Gn(x) | P(S,>x)| Gu(x) | P(Sp>2)| Gnla)
100 0.066922 | 0.026984 | 0.294649 | 0.053017 | 0.963822 | 0.127339
500 | 0.001436 | 0.001181 | 0.002333 | 0.003541 | 0.020995 | 0.005916
1000 | 0.000322 | 0.000295 | 0.000744 | 0.000619 | 0.002516 | 0.001488
2000 | 0.000067 | 0.000063 | 0.000170 | 0.000152 | 0.000463 | 0.000354
IV case: k=5, 8 =2and a =0.7
n=10 n=20 n=>50
x P(S,>2) | Gn(x) | P(S,>2)| Gu(z) | P(Sp>2)| Gnl)
100 0.229526 | 0.037845 | 0.895448 | 0.074061 | 1.000000 | 0.175933
500 0.002414 | 0.001694 | 0.007813 | 0.003377 | 0.170259 | 0.008353
1000 | 0.000488 | 0.000412 | 0.001241 | 0.000859 | 0.006647 | 0.002074
2000 | 0.000119 | 0.000111 | 0.000251 | 0.000212 | 0.000847 | 0.000515
Vcase: k=5, =3and a =0.8
n=10 n=20 n=50
r | P(S,>z)| Gulz) | P(Sp>2)| Gulx) | P(S,>2)| Guo)
100 | 0.012617 | 0.001952 | 0.271284 | 0.003838 | 0.999997 | 0.009773
500 0.000023 | 0.000018 | 0.000039 | 0.000069 | 0.000559 | 0.000081
1000 | 0.000002 | 0.000002 | 0.000007 | 0.000006 | 0.000020 | 0.000011
2000 | 0.000001 | 0.000001 | 0.000002 | 0.000004 | 0.000002 | 0.000004

Table 3.1: The empirical values of P(S, > r) and G, ()
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3. The max-sum equivalence

3.5 Modelling negative dependence structures

with copulas

In this section we discuss some copula-based examples of dependence struc-
tures, satisfying (3.1.6)). It is clear that any pND or pUEND r.v.s X3,..., X,

satisfy (3.1.6)).

3.5.1 Generalized FGM copula

Consider the generalized Farlie-Gumbel-Morgenstern (FGM) copula ({2.3.3)).
Note that any pair of variables X, ..., X,, linked by copula (2.3.3) satisfy
P(Xy, <@, X; < y) = CF M (Fy(w), Fi(y)), k # I, where

CHFOM(y v) = ww(1 4 Oy (1 — u®)(1 — v®))™. (3.5.1)

Obviously, implies CGFM(y,v) < wv, k < I, whenever all 0, are
nonpositive. Hence, the generalized FGM copula provides the pND
structure if 0y < 0, 1 < k <1 < n. The following proposition shows that
this copula also captures the pUEND structure.

Proposition 3.5.1. Let the distribution of (Xi,...,X,) be generated by

copula in . Then
P(Xp>2,X;>y) < CuFip(z)F(y), (3.5.2)
where Cy; =1+ max{c, 1}((|0k| + 1)™ — 1).
Proof. For every k < I, by (3.5.1)), we have that
P(Xp < 2, X < y) = Fy(@) By)[1 + 01 — FE(2)(1 = FP ()™
Hence,

P(Xy >z, X; > vy)
= 1-Fp(z) - Fiy) + P(Xp <z,X; <y)
= 1= F(x) — Fy) + Fr(@) Fy) (14 0 (1 — F2 (2))(1 = F(y)))
= F(o)+ Fy) — 1+ (1= F(e) — Fy) + Fr(z)F(y))

<(140 3 (7))
_l’_
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3.5 Modelling negative dependence structures with copulas

where F(z) := 1 — F(z). Using inequality 1 — u® < max{a,1}(1 — u),
u € [0,1], we get

m

P(Xe >0, X >y) < mxm(y)w_guw_ﬁ(y)XZ(’?)W
1=1
(1-+ max{a, 1}(0] + 1" = ) Tl Fi(y).

IA

By (3.5.2), FGM copula generates a pUEND structure.

3.5.2 Ali—Mikhail-Haq copula

Consider the copula (2.3.4) and let P(X; < xq1,...,X, < w,) =
CAMH(Fy (21), ..., Fp(2p)). Then, for k # 1,

Fr(z) Fi(y)
1 = 0F(z)Fy(y)

P(Xy <z, X, <y) =

and hence
P(Xp >z, X > y)
Fyy(x) Fy(y) —
1 — 0F(2) Fi(y) < Fp()Fi(y)  (3.5.3)

if =1 <60 <0. In the case 0 < 6 < 1, we have

= 1-F(z) - F(y) +

1
POy <0,X<y) < o ()i, (3.5.4)
1 —
P(Xp>z,X;>y) < - Fp(z)F(y). (3.5.5)
(3.5.4)) is obvious. In order to show (|3.5.5) it suffices to verify that
uv (1 —u)(1—-v)
o — < < < .
1—u v+1—€(1—u)(1—v)_ 0 , 0<u,v<1, 0<6b<1

The proof is straightforward, we omit it.

By (3.5.3)—(3.5.5)), the copula in (2.3.4)) generates the pND structure if

—1 <0 <0 and the pEND structure if 0 < 0 < 1.

3.5.3 Frank copula
Consider the copula (2.3.5) and assume that P(X; < x1,..., X, < z,) =

CY(Fi(x1),...,Fy(zy)). Then P(Xy < 2,X; < v) = QY (Fi(z), Fi(y)), k # L,
where

e—Hu o e—@v o
C¥ (u,v) == —%log (1 + ( L 1))
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3. The max-sum equivalence

In this case the copula density is bounded:

_9(670 _ 1)676(u+v)
(e = 1)+ (e —1)(ef — 1))?
v
(1—e e 20

Thus, denoting the corresponding marginal densities fi(x), we have

Fu,v) =

=I Cp.

P(Xgp >z, X, >y) = / F(Fp(w), Fi(2)) fr(w) fi(2)dw dz
wW>T,z>Y
< cF(2)Fily), k#1

i.e. the Frank copula generates the pUEND structure.

3.5.4 Clayton copula
Consider the copula (2.3.6) and assume P(X; < xq,...,X, < z,) =

COUFA(r), ... Pa(n)). Then P(X; < 2, X; < y) = COFy(x), Fi(y)), where
CNu,v) = (u_o +070 - 1)_1/0.

Note that if § — 0 then C°(u,v) tends to uv, i.e. we obtain the independence
copula, whereas if § — oo then C®(u, v) tends to min(u,v), i.e. comonotonic-
ity copula.

We will show that for any k # [ and z,y € R it holds

P(X), > 2, X; > y) < (14 0)Fy(2)Fi(y).

This implies the pUEND property and, hence, relation (3.1.6)). The proof of
this inequality follows from identity P(X; > =, X; > y) = 1 — F(z) — Fi(y) +
P(Xy < z,X; <y) and the following lemma.

Lemma 3.5.1. For any (u,v) € [0,1]2 and § > 0 it holds
W+ =DV < w4601 —u)(1—v).

PROOF. Denote, for convenience, Cy(u,v) := (v +v=¢ —1)~1/?. Take any
small € > 0 and write

dt

(ot = 1) log(u + v — 1) —ulogu~t — vt log v~
e 2(u=t + o=t — 1)1/

- /(9 Ci(u,v) (u ' +o ' =Dloglu +v" = 1) —u'logu" —v~"logv™"
€

dt.
2(u—t+ov-t—1)
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3.5 Modelling negative dependence structures with copulas

For all (u,v) € [0,1]? and t > 0 we have

Ce(u,v) < Vauw (3.5.6)

and

(ut+ot=1Dlogut +v7t —1) —utlogu™ — v tlogv™! < (1—u)(1—v)
2(u=t+ovt—1) - Vuv '
(3.5.7)
Bound is due to inequality (u=*/? —v=%2)2 4+ 4~%/2p=%/2 > 1. In order
to proof we use the following inequality

(r+y—1)log(zx+y—1)—zlogx —ylogy < (x+y—1)logzlogy, (3.5.8)
for any x > 1, y > 1. Denote
flz,y) == (z+y—Dlog(xr+y—1) —xlogax —ylogy — (x +y — 1) log z log y.
Then follows by noting that f(1,y) =0 for any y > 1 and

D) _ _(1ogatogy-+
ox

By (53,

(wt+ovt—1)loglu™t +v 7t —1) —utlogu™t — v tlogv™?
2(u=t+ vt —1)

-1
x

logy—l—logL) <0, z,y>1.
r+y—1

< logulogw,

where, by inequality logz < (z — 1)//x, x > 1 (see [49], p. 272),

u—1 1-u

UVu — Vu

—logu = log(1/u) <

Inequalities (3.5.6), (:5.7) imply
Colu,v) < Celuyv) + (6 — €)(1 —u)(1 — ).

Taking e — 0, we obtain the desired inequality. O

Summarizing, we have the following corollary.

Corollary 3.5.1. Let r.v.s Xy,..., X, have corresponding univariate dis-
tributions Fi, ..., F,, such that H, € &, and let the dependence structure
be generated by either of the copulas in ([2.3.3), [2.3.4), (2.3.5) or (2.3.6).
Then asymptotic relation holds. If, in addition, H,(—z) = o(H,(x)),
then holds too.
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Chapter 4

Randomly weighted sums and

their closure property

In this chapter we study the closure property and probability tail asymp-
totics for randomly weighted sums S© = ©;X; + --- + 0,X,, of heavy-
tailed dependent random variables Xi,..., X, and positive random weights
©1,...,0,.

Together we prove the asymptotic equivalence between the tail probabil-
ities of Sa) = max{SP,..., 89}, 5§ and S&F := > | ©;X;". Such relation
is not only of theoretical interest but also has practical implications as it
allows, for large z, to replace the sum of real-valued r.v.s by much easier
to handle sum of r.v.s concentrated on [0,00). Also it shows that in the
context of the model with the insurance and financial risk, the tail proba-

bilities of the stochastic present value of the aggregate net losses, SO, and
2!

the maximal net loss, S(n

) asymptotically are the same.

4.1 Literature review

In the case ©1 = --- = ©,, = 1 the convolution closure of class . was proved
in [23] (Theorem 3(b)) when n = 2 (in fact, they proved the closure for more
general class %) and in [52]. The closure property for some other heavy-
tailed classes was studied by Leslie [40], Tang and Tsitsiashvili [61], Cai and
Tang [10], Geluk and Ng [30], Foss et al. [28], Watanabe and Yamamuro
63].

The closure property of randomly weighted sums S© was studied in [12]
and [72].
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4.2 Main results

The probability tail asymptotics for sums S of independent heavy tailed
r.v.s Xi,...,X, with ©,...,0, being nonnegative bounded r.v.s were in-
vestigated in [61], [62], [63], [12], [T1] among others.

Weak equivalence between the quantities P(S > z) and Y. P(6;X; >
z) with r.v.s having a certain dependence structure was proved in [29]. For
pQAI r.v.s Chen and Yuen [I3] showed that P(S® > z) ~ YI' | P(©,X; >
x). The same asymptotics, with some dependence among Xi,..., X, was
considered in [66].

We note that both mentioned questions are closely related: the proof
asymptotic equivalence is based on the uniform closure property.

Recently, Yang et al. [72] considered the randomly weighted sum S9
under the following dependence structure between real-valued r.v.s X; and
XQZ

P(Xy > 2[X1 =y) ~ hi(y)Fa(x) (4.1.1)
- 1.

1
P(X1 > x|Xo =y) ~ hao(y)Fi()

uniformly in y € R, where h; : R — (0,00), k = 1,2, are measurable func-

Y
Y

tions. Such a dependence structure, proposed by Asimit and Badescu [4],
can be easily checked for some well-known bivariate copulas, allowing both
positive and negative dependence, see, e.g., [4], [43], [72]. The main result
of Yang et al. [72] is the following:

Theorem 4.1 ([72]). Assume that X1, X2 are real-valued r.v.s with distri-
butions Fy € £, satisfying relation ; O1,09 are arbitrarily dependent,
but independent of X1, Xo, and such that P(a < ©p <b) =1, k = 1,2, with
some constants 0 < a < b < co. Then the distribution of S? is in &L and

P(SG) > 1) ~P(S5 >z) ~ P(SPT >u),
where Sg) = max{SP, SO}.
Our goal is to is to extend the result on the closure property and tail
asymptotics of randomly weighted sums S© under similar dependence struc-

ture to (4.1.1)) for any n > 2.

4.2 Main results

Let n > 2 be an integer. Consider the real-valued r.v.s Xi,..., X, with
corresponding distributions F, ..., F,, such that Fy(z) >0 for k= 1,...,n,
and assume the following dependence structures.
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4. Randomly weighted sums and their closure property

AssuMPTION A. For each k =2,... n relation

P(Xr>z|X1=vy1, s Xp1 = Uk-1) ~ g1, uk_1)Fr(z)  (4.2.1)

holds uniformly for all (y1,...,y._1) € RF1 ie.

: P(Xy >z Xy =y1,..., Xp 1= Yp_1) _
lim sup — — 1| =0,
T (41 g1 )ERE 9k Yp—1) Fi(2)
where g: RF¥1 = R, := (0,00), k = 2,...,n, are measurable functions.

AssuMPTION B. For each k =2,...,n, relation

k-1 k-1
P(sz‘Xi > | Xy = y) ~ h,(cw)(y)P(ZwiXi > :L‘) (4.2.2)
=1

i=1

holds uniformly for all y € R and wy_; = (wy,...,wp_1) € [a,b]F~!, with
some positive constants 0 < a < b < o0, i.e.

k—
. P( Zi:ll w; X; > :E|Xk = y)
lim sup sup ) =) —1| =0,
T YER W1 €fab]t L | Ay (y)P(Zi:1 w; X; > ac)
where h,(cw): R+— R,, k=1,...,n, are measurable functions, maybe depen-

dent on wy_1.

If, for some i € {1,...,k — 1}, y; = y7 in (4.2.1) is not attainable value
of X; the conditional probability in there is treated as unconditional and
therefore g(y1,...,y;, ..., yx—1) = 1 for such y/. The same agreement holds
for (4.2.2]).

Clearly, the wuniformity in (4.2.1) and (4.2.2) imply that
Egr(X1,..., Xp1) = ER")(X}) = 1 for k=2,...,n.

Our first main result is the following theorem.

Theorem 4.2.1. Let Xq,..., X, be real-valued r.v.s satisfying Assumptions
A, B, and let ©1, . ..,0, be random weights, independent of X1, ..., X,, such
that Pla< 0, <b)=1,k=1,....n, 0<a<b<oco. If F, € &, for all
k=1,...,n, then d. f. P(S9 < x) belongs to Z.

In order to obtain our second main result we have to strengthen the
assumption of dependence from assumptions A, B to the following:

AssuMPTION C. For arbitrary nonempty sets of indices I = {ki,...,kp} C
{1,2,...,n} and J ={ry,...,rp} C {1,2,...,n}\I, relation

P(Zkak > 33|X,~ =y, with r € J) ~ hgw}(yrl,...,yTp)P(Zkak > :IZ)

kel kel
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4.3 Proofs of theorems

holds uniformly for all (y,,...,y,,) € RP and (wy,,...,w, ) € [a,b]™, 0 <
a < b < oo, with some measurable function hgw} RP +— R,, such that
hyfj])(yrl, ..., Yr,) is bounded uniformly in wy, € [a, 0],k € I and (y,,,...,yr,) €
RP.

Clearly, Assumption C implies both Assumptions A and B with
gk, - yk-1) = hglgi,{1,...,k—1}(y1='-’7%—1) and hl(cw)(y) = h?f,)...,k_l},{k}@)a
k=2 ...,n.

Theorem 4.2.2. Let Xq,..., X, be real-valued r.v.s satisfying Assumption
C and let ©4,...,0, be random weights, independent of X1,...,X,, such
that Pla < O <b)=1,k=1,....n, 0 <a<b<oo. IfF, e L forall
k=1,...,n, then

P(SP >x) ~ P(SPT>x) ~ P(SH) > ). (4.2.3)

REMARK 4.2.1. In the case n = 2, conjunction of assumptions A and B
coincides with Assumption C, which is the same as condition (4.1.1]). Thus,

Theorems generalize the result in Theorem [4.1]

REMARK 4.2.2. If conditions of Theorem [4.2.2] are satisfied and X1,..., X,
are independent, then relations were proved in [66] (Lemma 4) and
[12] (Theorem 2.1); moreover, the interval [a,b] can be generalized to (0, b]
if, additionally, ©’s are associated (see Theorem 2.2 in [12]).

4.3 Proofs of theorems

4.3.1 Proof of Theorem 4.2.1]

The proof of Theorem is essentially based on the uniform closure
property of the sum SY := w1 X1 + - -+ + w, X,,: if assumptions A and B are
satisfied and each Fj € %, then the distribution of sum S¥ is uniformly in
Z too.

Lemma 4.3.1. Let Xq,...,X,, be the real-valued r.v.s with corresponding
distributions Fi,...,F, and let Assumptions A, B hold. If F, € £, k =
1,...,n, then for any K > 0 the relation

P(SY >z—K) ~ P(S)>u) (4.3.1)

holds uniformly for all w, € [a,b]".
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4. Randomly weighted sums and their closure property

PROOF. It is sufficient to prove that

limsup sup P(Sy >z = K)
z—00 waelabr (S > 1)

By Remark 4.2.1] relation (4.3.1)) holds for n = 2 (see Lemma 3.1 in [72]).
Suppose that relation (4.3.2)) holds for some n = N > 2, i.e.

(4.3.2)

P(Sy >x—K) ~ P(Sy>ux) (4.3.3)

with above uniformity. We will prove that (4.3.2)) holds for n = N +1. This

will prove the statement of the lemma.
Let € € (0,1) be an arbitrary constant. By Fy.1 € £, we have that

limsup  sup P(wyy1 Xnp > 2 — K)
wnt1€[a,b] P(wyy1XNnt1 > )

il x K
Fni (wN+1 - g)
wn+1€[a,b] F]\]+1 <

x
WN+1
FN zZ — K
< limsup sup i ( a) =1.

>z/h Fngi(2)

< limsup sup

Let € € (0,1) be an arbitrary constant. Therefore, for any ¢ > 0 there
exists such x7 > K that for all z > 2

P (w X >x— K
1 < sup sup (P N+1 ]\;—1 )
Tr>T1 wN+1€[a,b] (wN+1 N+1 > ‘:E)

<l+e (4.3.4)

< sup sup
T>T1 >3 /b P(XN+1 > Z)

Also, condition (4.2.1]) implies that

(1—€e)Fnt1(@)gn+1(yt, .- yn) < P(Xnyy1r >z Xi=u1,..., XNy =yn)
< (L+e)Fnp(@)gn1(y, - - yn) (4.3.5)

forally; e R,i=1,...,N and = > 2o > 1.
If z > max{bxy, x2}, then
P(Sy,, >z — K)
P(Sy, > )
~ (p, t Jp,)Pwni 1 XNy >0 — K — S wiyil X1 = 1, Xy = yn)dFx(y)
- N
(fD3 + [p ) Pwns1 XN > 2= 30 wiyi| X1 = g1, .., Xy = yn)dFx ()

L (z) + Lia(z) Li(z) Ia(x)
Tt () + Ina(z) max{zm@)’zﬂ(x)}v (4.3.6)
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4.3 Proofs of theorems

where
N
Di o= {(y1,.-un): Y wiyi <3 —bay — K},
i=1
N
Dy = {(y1,--un) s Y wigi > @ — by — K},
i=1
N
D3 = {(yl, .. ,yN) : Zwiyi <z- bZL'Q},
i=1
N
Dy = {(y1,---,yn): Zwiyi > x — bra},
i=1
and Fx(x) = Fx, . xy(z1,...,2n). Since z > bxy, > x93 > x1, relations
(4.3.4), (4.3.5) imply that
[11(%)

sup
EN+1€[a,b}N+1 ]21 (Z’)

N
1+e fD1 PluypiXni1 > o — K = wiyi)gn+1(y)dFx (y)
sup

<
< — N
L= €avnean [ Ploya Xy >z — Y05 wiyi)gn+1(y)dFx ()
N
1+e€ Pluni 1 Xy >0 — K =)0 wiy;)
< sup sup N
I = €uyielab¥ 1 gyeD Pluypi Xy > o — Y50 wiyi)
1 P(X - K 1+ ¢)?

l—€.5p, PXnyp1>2) = 1—¢’

where gn11(y) = gn+1(y1,- - UN).
On the other hand, condition (4.2.2)) implies that

(1= h) (unv)P(SY > 2) < P(SY > 2| Xne1 = yns)

< (1+0hY (yn41)P(SY > o) (4.3.8)

for all yxy41 € R, Wy € [a,b]Y and 2 > 23 > z9. Hence,
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4. Randomly weighted sums and their closure property

o(z) = P(SY >z — bay, S8, > x)

/N7 N

= P(Sy > 2, Xn41 2 0) + P(Sy + wnt1Xn41 > 2, Xni1 <0)

= / P(Sy > z|Xnt1 = ynt1)dF N1 (yn+1)
[0,00)
+ / P(Sy > 2 — wnt1yn+1| XN+1 = yn+1)dF N1 (Yn41)
(_0070)
> (1-9 /[ P(SY > o)) (1) dFy o (yv o)
0,00)

L (1-o / PSY > & — w1 )R (yv 1 )AEw 41 (1)
(_0070)
= (1 - eP(SY > 2)ERY) (Xni1) Tixy 00

L (1-o / PSY > o — w1y s )M (g )AEy o1 (y 1)
(70070)
(4.3.9)

for all Wy, € [a,b)V ! and = > z3. Here, Ehgz,“il(XNH)]I{XNHZO} > 0
because of heavy-tailedness of Fy ;. Similarly, under (4.3.8]),

112(.1')

P(Syi1 > 2 — K, Sy >z —bxy — K)

< PSSy >2—K Sy>2—K)+Plx—bry— K <Sy<z-K)

= PSSy >2— K, Xny112>20)+P(Sy+wnviiXnt1 >2— K, Xy <0)
+ Pz —brg— K< Sy <z-K)

< (A+eP(Sy > — K)Eh%ull(XNH)]I{XNHzo}

+(1+e) / P(SY > 2 — K — wyr1yn )P, (yns1)dFay1 (yni1)
(70070)
+ P(Sy >z —bxe — K) —P(Sy >z — K) (4.3.10)

for z > x3 and all Wy 41 € [a,b]V T
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4.3 Proofs of theorems

Relations (4.3.9)), (4.3.10]) imply that

i La(z)
im sup sup
T—00 EN+1€[a,b]N+l IQQ(I’)

<

P(SY >z —bry — K P(SY >z - K
limsup sup <(N - - ) (N - )>

— € r500 W Elab]N P(S}G > .1') B P(S% > 33’)
1+e , P(SY >z — K)
+ max { limsup sup - ,
—€ 1= wyelaby PSSy > )

: P(SY > —wniiyns1 — K) }
limsup sup sup = )
z—=00 wy€E[a,b]N yn+1<0 P(SN > T — WN{1YN+1)

From hypothesis (4.3.3) we obtain that
112(1') < 1+e

lim su su ) 4.3.11
e ENHe[Eb]NH Ipp(x) = 1—c¢ ( )
Hence, by (4.3.6)), (4.3.7)), (4.3.11)) we get
P(SY.,, >2— K 2
lim sup sup ( N+ul) L ) < (1+e¢) ‘
T—00 Wn41€[a,bN T P(SN+1 > x) 1 —¢
The arbitrariness of € > 0 implies inequality (4.3.2]) for n = N + 1. 0

It is easy to see that the result in Lemma [4.3.1] can be reformulated re-
placing the constant K in by some infinitely increasing function K (x)
(see the arguments in [75]), which does not depend on w. If Lemma [4.3.]]
holds, then

lim  sup
T=0 5, € [a,b]m

P(SY >z — K)
-1/ =0
P(S¥ > z)
holds uniformly for all w, € [a,b]”. We can choose an increasing sequence
of positive numbers {g,,n > 1} such that for all = > ¢,

P(SY >z +n) P(SY >z —n)

-1
P(S¥ > x) P(S¥ > x)

-1

sup
wWnEla,b]™

+ sup <

wWnEla,b]™

S|

If we set K(x) =n, g,—1 < = < g, then we see, that K(x) oo and

_ P(SY >z + K(x))
lim  sup PS> 7)

L0 15, €[a,b]"

—1‘—0.

Thus we have:

Corollary 4.3.1. Assume the conditions in Lemmal[4.3.1. Then there exists
a positive nondecreasing function K(x), satisfying K(z) / oo, such that the
relation

P(S}L” > xiK(x)) ~ P(S}f > x) (4.3.12)

holds uniformly for w, € [a,b]".
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4. Randomly weighted sums and their closure property

Proor orF THEOREM [4.2.1] Using Lemma [£.3.1] we obtain that for any
K >0

P(SO >z —K) = u/ﬂH'u/nP(S%)>>a:——l()P(ChG dwy, ..., 0, € dwy,)

[a,b]"

~ u/a~-u/hP(5ﬁ)>>x)P(Ch,€ dwy, ..., 0, € dwy)
[a,0]"

= P(S9 > 1)

4.3.2 Proof of Theorem [4.2.2]
The proof of Theorem is based on the following lemma. Set S¥* :=

Dkt WXy, iy = max{SY, ..., S}

Lemma 4.3.2. Let X1,..., X, (n>2) be real-valued r.v.s with correspond-
ing distributions Fi, ..., F,, such that each F), € £. Then, under Assump-
tion C,

P(Sy >x) ~ P(SP" >a) ~ P(Sh,) > 1)
uniformly for all wy, € [a,b]™.
PROOF. Since S¥ < SE‘T’l) < S**_ we only need to prove that
P(SYT >2) < P(SY > z). (4.3.13)
Obviously, for positive z, it holds
P(S*t >z) = P(SY > ) +P(S¥ > z,8Y <)

= P(SY>a2)+ ) P(SET >, S <w, A(X))

1
= P(SY>2)+ ) pr, (4.3.14)
1

where the sum ) is taken over all nonempty subsets I C {1,2,...,n} and
T

Ar(X) = (n{szo})n( m{xk<o}).

kel kele
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4.3 Proofs of theorems

Let I = {k1,...,kn} be a fixed subset of indices with nonempty 7¢ =

{ri,...,rn—m}. Set l:=n—m, Fx (x,) = Fx,  .x, (Tpyy ..., xy,) and write
pr
. P(Zkak >,y w X+ Y w X, <2, X >0,k € LX, <0,r € IC)
kel kel rele
< P(Zkak’ > m,Zkak + Zerr <z X, <0,re [C)
kel kel rele
- P(Zkak >, X, < 0,1 € ]C>
kel
_ P(ZkakjLZerr > 2, X, < 0,1 € IC>
kel rele
< / / Zkak>$|Xr—yr7T€[)dFX (yr)
kel
/ / > wXe > w =Yy X, =y € I9)dFx, (y,)
ke[ rele
< (/ /7TI T,y € 1)dFx, X, Y1y Yr)
/ /ﬂ'[ x yrar G IC)dFXrl,...,Xrl (yT'17 e >y7‘l)>
= Cp[’
where

P(Zkelkak > 2| X, = g7 € ]c)
W}(x,y,«,r € [c) = (w) )
h17]c(yr1w--aym)

P<Zk61kak > X = bzre[c yT|XT =Yr, T € Ic)

h%U[)c (yﬁa s 7yTz)

W/[/(:ayr,r el =

and where we have used that, by Assumption C,

sup sup h(ﬁl)c(yrl, ) < C < oo

wi€la,b], k€L (Yry ,...,yr, ) ER!
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4. Randomly weighted sums and their closure property

According to the Fatou lemma, Assumption C and Lemma [4.3.],

/
limsup  sup Pr
=00 wi€la,b],kel P( Zke] wp Xy > l’)

7 (z, yp, 1 € I°)
< limsup  sup ALk dF'x, ..x, YrisYn)
/ / =00 wi€la,b|,kel P Zke] w Xy, > :L’) v s "

1 , c ]C
- / / lim inf inf T (l’ gt ) dFXrlw..,Xrl (y’f‘17 s 7y7"l)

=00 wi€la,b],kel P Zkel wp Xy > :C)

( 00,0) (—00,0)

Since pr < Cp’;, for each subset I in (4.3.14) we obtain that

limsup sup P = 0.

T—00 WpE[a,bm (Zkel wr X > ZE)

This, together with (4.3.14)), imply

. : P(S;) > x) pI
liminf inf —2—" > 1-— limsup sup ——F———
Pr
= 1- limsup sup
Z T—00 Wy E[a,b]™ (Zke] wpXg > ZL‘)
= 1
Thus, relation (4.3.13)) holds and lemma is proved. O

PROOF OF THEOREM [4.2.2]. Similarly, as in the case of Theorem [4.2.1]
the proof follows immediately from Lemma [4.3.2}

P(ST > ) = /~~/P(S;&f+ > 2)P(0; € dwy,...,0, € dw,)

[a,b]™

~ / / Sw >x @1 edw17.. @ Edwn)

[a,b]™
= P(S9 > ).

4.4 The case of copula-based dependence

In this section we demonstrate how the functions g, h,gw) and h?‘}), ap-
pearing in Assumptions A, B and C, can be found when the dependence
structure among Xi,..., X, is generated by n-dimensional absolutely con-
tinuous copula C(uy, ..., uy,).
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4.4 The case of copula-based dependence

4.4.1 General copula dependence
Assume that the distribution of vector (Xi,...,X,) is given by

P(Xy <ap,...,.Xp <ax,) =C(Fi(x1),...,Fpn(zyn)), (z1,...,25) € [—00,00]",

(4.4.1)
where C(u1,...,u,) is some absolutely continuous copula function with cor-
responding positive copula density c(uy, ..., u,). Assume that F,..., F, are
absolutely continuous with corresponding positive densities fi,..., fn.

Consider first the case of assumptions A and B.

Let Ck(uy,...,ur) := Cluy,...,ug,1,...,1), where & = 2,... n, be the
k-dimensional marginal copulas. Also write Cj(u1) = u;. Let the cor-
responding copula densities be cg(uq,...,ur), where £ = 1,...,n. Denote
ak(ul, cooug) = Cr_q(up, ..., up_q) — Crlug, ..., ug) and let

MO (s . . ., up)

cp(ut, ... u) = Jar. Do (4.4.2)

Further, we introduce the following assumption: for any k& = 2,...,n, there

exists positive limit

_ . cplur, . upor, 1 — )
U, 1) =] 4.4.3
cr(ur, .. up—1,1-) L " ( )
uniformly for (ug,...,up_1) € [0,1]FL.
Denote X7,...,X} the corresponding independent copies of r.v.s

X1,..., Xy and set S = w1 X+ +wp X[, k=1,...,n.

Proposition 4.4.1. Assume that the distribution of random wvector
(X1,...,X,) is given by with some absolutely continuous copula
C(u1,...,up) and absolutely continuous marginal distributions F,..., F,.
Then Assumption A is equivalent to (4.4.3)) and in this case functions gy,
k=2,...,n are given by

ak(F1(y1), - s Fim1(Ye-1), 1-)
-1 (F1(y1), - -+ Fr—1(yk-1))

Furthermore, Assumption B is equivalent to the existence of positive limits

Eci(FL(X?), ..., Fre1(XE ), Fu(y) Mygus
W) = i k(F1(XT) * k—1(X3 1)* k(Y)W g > }’(4.4.5>
T—»00 Eck—l(Fl(Xl)a'"aFk—l(X]g_l))]I{S;”jl>m}

91, - Yk—1) (4.4.4)

uniformly for Wy_, € [a,0)* 1, yeR and k=2,...,n.

PROOF. Denote the k-dimensional density function of vector (Xi,..., X})
by le,...,Xk (ylu s 7y/€> ClearlY?

Ixioxeisye) = c(Fr(v), - Fi(ye)) filyr) - fre(ye), (4.4.6)

41



4. Randomly weighted sums and their closure property

which is positive for all k = 1,...,n by the positivity of copula density ¢ and
marginal densities f1,..., f,. Hence,

P(Xi >zl X1=y1,..., Xp—1 = yp—1)

M IP(Xy >z, X1 <y, Xjo1 < ype) 1
oY1 ... Oy XX (Y1, Yk—1)
ce(F1(y1), - Fe1(yg—1), Fr(2)) (4.4.7)
c—1(F1(y1)s -5 Fre1(yr—1))
which follows from (4.4.6) and equality
M IP(Xy >, X1 <, Xpo1 < Y1)
oY1 ... Oyp—1
= c(F1(W1), - Fra(yr—1), Fi(x)) fr(yr) - -« fe—1(yr—1)-
The last equality holds by (4.4.2)).
By (4.4.7), Assumption A is equivalent to
lim c(Fi(y1), - Fe—1(yp—1), Fr(x))
= kW1, Ye—1)er—1(F1(y1), - Fro1(yk-1))
for some positive functions g, uniformly for (yi,...,yp_1) € Rk =

2,...,n. Clearly, the last relation is equivalent to (4.4.3)), and (4.4.4) holds.

Lets deal with Assumption B. Since Fj(z) is absolutely continuous, we

have

w 8P(Sw7 > ank < y) 1
P(SpP | >a|Xp=y) = bl 3 AL (4.4.8)

It is easy to see that

OP(SY | >, Xy, <y)
Ay

= fk(y)/RCk(ﬂ(m),---,Fk—l(uk—1),Fk(3/))f1(U1)---fk—l(uk—l)dul---dUk—l

= fk(y)ECk(Fl(XT)a - >Fk—1(X,Z—1)7 Fk(y))]I{lef+-~-—|—wk,1XZ_1>x}a

where R = {(u1,...,up_1) : Zf:_ll wiu; > x}. Hence, by (4.4.8) and equality
P(SY | > z) = BEcp—1 (F1(XT), - . -, Fk—l(X]:_1>>]I{ngl>m}7 we obtain

 Ea(F(X7), - Fea (X)), Fi(y) Mg >0y PS> 1)
Eck—1(F1(X7), -, Feot (X5 ) Ligpe 0y k-l '

This implies the second statement of proposition. O
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4.4 The case of copula-based dependence

Next we formulate the similar result in the case of Assumption C. For
any (not necessarily nonempty) subsets I = {ki,... . kn}, J ={r1,...,17p} C
{1,...,n}\I denote by cs j(ug,k € I,u,,r € J) the copula density corre-
sponding to random vector (Xy,,..., Xy, Xp, ..., X}, ), i€

fX’fl’ 7kavX71v , (yk17'"7ykm7y7"17"'7y7'p)

= cra(Fe(ue).k € ILE(yp),r € J) [ frlon) T £,

kel reJ

and let cr(ug,...,up,) = cre(up,. .. uk,), ci(Ur,... Up,)

o, g (Upyy - Up,).

Proposition 4.4.2. Assume that the distribution of random vector
(X1,...,X5,) s given by with some absolutely continuous copula
C(uy,...,up) and absolutely continuous marginal distributions F,..., Fy.
Then Assumption C' is equivalent to the existence of positive, uniformly
bounded limits

W)
1 ECI,J(F]C(X;)7]€ejaFT(X;“k)?re J>]I{z wp X >}
= lim rel
C](Fr(yT),T‘ S J) T—00 EC[(F;C(XZ),/C S I)]I{Z wp X;>x}

kel
uniformly for wy € [a,b], k € I, y, € R, r € J and all nonempty sets of
indices I ={ki,... . kn} C{1,2,...,n} and J ={r,...,rp} C{1,2,...,n}\I.

PROOF. The proof is similar to that of Proposition [4.4.1, We have

P(Zkak > 2| X, = g7 € J)

kel
OPP(D ey wr Xy > 2, Xp < ypyr € J) 1

a Oy, - - - Oy, Ixe X, W5 Ur,)

where
OPP(D ey wi Xy >z, Xp < yp,r € J)
OYr, ... Oyr,
- 5 / 1.5 k), -+ Fi (), Fos (9 -+ Foy (3,)
reJ S whusa
i
X H fre(ug)dug, ... duy
kel

and fx, . x, Yris- 5 Ur,) = ci(Fr (U)o Fry(ur,)) T fr(yr).  Now the

red
proof follows observing that

P wnXy>w) = Ber(Fu(Xi) s Fl (X0 V(S woxpoe)
kel kel
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4. Randomly weighted sums and their closure property

4.4.2 The case of FGM copula
In this subsection, we assume that C(uy, ..., u,) = CGFGM(

by (2.3.3) with m = 1. In this case,

k
C’k(ul,...,uk) = Hul(1+ Z 02] 1—u])) (449)
=1

1<i<j<k

ULy ..., Up), given

and the corresponding copula densities are given by

celur, k) = 14+ > 0i(1—2u)(1 - 2uy), (4.4.10)
1<i<j<k
k=2,...,n. Everywhere below we assume that the parameters 6;; are such

that cp(ui,...,uy) > 0 for all (uy,...,u,) € [0,1]". Obviously, this implies
that cg(u1,...,u;) >0 for all (ug,...,u;) €[0,1%, k=2,...,n
Next, we make the following assumption:

AssuMPTION D. For each k =1,...,n — 1 there exists limit

lim = Fk(x/%) =: a](cw) € (0,1]

z—o0 Fy(x/wy) 4 -+ + Frp_1(x/wp—1)

uniformly for w, 1 € [a,b]" !

To illustrate Assumption D, suppose that Fy, ..., F, are such that F;(z) ~
¢;G(x) with some positive constants ¢;, i = 1,...,n, and a d. f. G(z) with
G(z) > 0 for all 2. Then Assumption D is satisfied if, e.g., G(x) is some
regularly varying function, i.e. G(z) = L(z)x™, = > 0, a > 0 (L(x) is a
slowly varying function). In this case,

O Ck
k cl(wl/wk)o‘ + -+ cn_l(wn_l/wk)a'

On the other hand, if a = b and G(z) is any d. f. with G(z) > 0 for all z,
then

(w) Ck
it en—1

Next we derive the expressions for functions g, and h,gw)

(w)

case of function h Iy for which the corresponding expression is complicated

, omitting the

and does not carry much interest.
For a distribution F, denote F :=1— 2F = 2F — 1.
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4.4 The case of copula-based dependence

Proposition 4.4.3. Assume thatn > 2 and X1, ..., X, are real-valued r.v.s
whose distribution is generated by FGM copula in (4.4.9)), marginal distri-
butions Fi,..., F, are absolutely continuous and F; € NP, i=1,...,n
Then

> 1<i<k—1 OuFi(y)

9k\Y1, - -5 Yk—1 = 1- — , /{::2,...,71.
( ) cr—1(F1(y1), - Fr—1(yr—1))

If n > 3 and Assumption D holds, then

hl(gw)(y) = 1—Fk Z Qlkalk 1 :3,...,n,
1§lgk 1

where al(fg)_l = al(w)/(agw) 4+ a,(;f)l).

PROOF. We apply Proposition 4.4.1 Obviously,

Crlur, ..., ug)
= (I —up)Cro1(ur, ..., up—1) — ur---up(l —ug) Z O (1 — wy),

implying that ¢ (uq,...,ux) in (4.4.2) is

Gelur, . ur) = (L= w)epa(un, . upon) — ue(l—wg) > Ol = 2u).
1<I<k—1

Hence, condition (4.4.3)) is satisfied (uniformly in (u1,...,u;_1) € [0,1]%71)

and

cr(ug, .. up—1,1—) = h{%<ck1(u1,.. Jup—1) — (1 —u) Z 01k1—2ul)

u
1<I<k—-1

= cp—1(u1, ..., up—1) — Z O (1 — 2uy).

1<i<k—1

Hence, by (4.4.4),

Z1gl§k_1 elk(l - 2Fl(yl))
c—1(Fi(y1), - Fro1(yr-1))

a1, ye—1) = 1-—

Consider now function h;w)(y). For k =2,...,n we have
(w)
W) = i 0D
00 Spkfl(x)
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4. Randomly weighted sums and their closure property

where, by (4.4.5) and (4.4.10)),

o\(ay) = Eep(FUXD), oo Faoa (X 1) Fe) e o
= PSP >a)+ Y OmBR) Fa(X) Ligee 5a)
1<l<m<k—1
+ Fily) > ORER(X])gpe sy,
1<i<k—1
P (@) = Bep1 (FUXT), s Bt (X)) g o)
= PS> a) Y OmBR (X)) Fn(X0) Ly o0
1<l<m<k-1
Rewrite now
(w)
2 z,y
N O]
QDk_l(I)
where
S OER(X) g0 0
(w) 1<I<k-1
bk (m) - Wk - *\ 0 * ’
P(Sk_l > l‘) + Z elmEE(Xl )Fm(Xm)]I{S,@“jl>x}
1<l<m<k-1

It remains to prove that, uniformly in @,_; € [a,b]*!

@) = — Y ey =6 k=30 (4.4.11)

1<I<k—1
Rewrite
b ()
2 Z elkEF}(Xl*)]I{S,g“jl>x} - P(S}guj1 > ) Z O
B 1<I<k—1 1<I<k—1
2 > OmEY ) Liges soy + PSP > ) + P(S)) > ) > Om
1<l<m<k—1 1<l<m<k—1
EF[(XZ )][{Sw* >z}
B 2Z1gzgk—1 Oui P(SP* >x) Zl<l<k 10
n EY;5 Liswe >a) ’

2 Zl§l<m§k—1 Im~P(SpF, 50) T 1+ 21§l<m§k—1 Oim

where Y)© = 2E(Xl*)m(X;;z) - E(Xl*) — Fu(X3).
The desired convergence (4.4.11)) will follow if we show that

(1—a§}g>_1) (SP* > ), 1=1,... k—(4.4.12)

N | —

ER(X ) Mgus say ~

1
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4.4 The case of copula-based dependence

uniformly in @y_; € [a,b)*L.
To show (4.4.12), take Y; = X7, a;(z) = Fi(z) in Corollary below
and note that condition (4.5.16]) is satisfied:

BRI = Fla) [ 22 dRG) = o), i # i
» Fjx)
because, by Assumption D, F;(x) ~ ¢;; F;(x) with some positive constant c;;.
Combining Corollary , Proposition m (i) and using that EF(X]) =
1/2 for all I =1,...,n (since distribution F; has positive density), we get
G s E— i) Filw/w) = Fie/w)

T = EF(X]) lim
T—$00 P<Sk:—1 > :L‘) R Prw) Zk o (x/wz)

1
- §u_agg% I=1,... k-1

uniformly in wy_; € [a,b]*~ (note that 0 < a; ;1 < 1 because Zf:_ll al® =

Lk—1
1 and al(wkll >0, k> 3). Thus, we get (4.4.12)).
The proof of relation (4.4.13)) is similar. If & > 3, then, by Corollary

IEL

L BV L sy
T—00 P(Sw*l > ZE)
EQ2F(X))En(Xy) — FU(X]) = Fa(Xg)) Ligus 50y

p— 1‘
k— 1 — _
(X EF- )T oo (2 10m
— 2EF(X])EFn(X},) lim i Filafw) - l@/wl) (2/wm)

e S Fi (e fwr) - <x/w>
— EF(X]) lim
S e sz 11 i(z/w;)

b1 -
_ 7 F m
CEF(XG) tim 2=t D)) = Enlefen) L
T—00 Z F x/wz 2
uniformly in @,_; € [a,b]*"!. The case k = 3 in (4.4.13)) easily follows from
arguments above and (4.5.18]). The proof is complete. O

Consider now the tail asymptotics of the sum S9 = ©1X1 +--- + 0, X,
., X,) is given by .
The next proposition shows that in this case the probabilities P(S© > z)
and P(S9F > 2) asymptotically are the same and are both asymptotically
equivalent to P(©:X; > z) + --- + P(0,X,, > x). This result follows from
Theorem 1 in [66] proved in the case pSQAI structure (Definition [2.2.6)). It
easy to see that the FGM distribution given by satisfies (see,
e.g., [31]).

in the case when the distribution of vector (X7, ..
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4. Randomly weighted sums and their closure property

Proposition 4.4.4. Suppose that n > 2 and Xi,..., X, are real-valued
r.v.s with corresponding distributions Fy,...,F,, such that F; € £ N 9,
i=1,...,n. Let the distribution of vector (Xi,...,X,) is generated by the

FGM copula in (4.4.9). IfP(0<©r<b)=1, k=1,...,n, then
P(Sy >z) ~ P(S.T >z) ~ P(SH,) > )

~ P(kf}?}in OrXp > 1) ~ ZP(@ka > ). (4.4.14)
k=1

REMARK 4.4.1. The proof of relations in (4.4.14) is based essentially on
two facts: first, the fact that the distribution of the product ©X, where
© and X are independent r.v.s with 0 < © < b a.s. and Fx € ZN 2, is
again in Z N 2 (see Lemmas 3.9 and 3.10 in [61]); second, the result as in
but with products ©; X} replaced by the (dependent) r.v.s Y%, such
that Fy, € N2, k =1,...,n. Alternatively, the relation in (4.4.14)) can
be derived replacing the ©,’s by w;’s and then proving the corresponding
relations uniformly with respect to w, = (wi,...,w,). For instance, using
Proposition [£.5.1] (ii) and representation

P(SY >z) = P(SY >ux)+ Z ©ij / dH;j(y1, - - - yn),

ISi<isn g+ Fwnyn >

where Hij(y1,...,yn) == Fi(y1)... Fu(yn)Fi(y:)Fj(y;), or directly applying
(4.5.1) below for the pSQAI r.v.s, we have that for the FGM copula case it
holds

P(SY >x) ~ P(Sy* > x) ZFk x/wy)

uniformly for w,, € [a,b]". Hence

P(S® > )
/ / (X1 > )+ -+ Plw, Xy, > x))P(@l € dwy,...,0, € dwy)
[a,b]™
= (@1X1 > $) + - (@an > 1‘)

Obviously, the last approach leads to a weaker result as it requires the
restriction ©y € [a,b] C (0,0], k =1,...,n, unless the d. f. s F},..., F,, are in
the class ¢, see Proposition (ii) below.

48



4.5 Auxiliary results

4.5 Auxiliary results

In this section we present some useful statements, which are used proving
the corresponding results in the case of FGM copula.

Proposition 4.5.1. Suppose that Yi,...,Y, are real-valued independent

r.v.s with corresponding distributions Fy,, ..., Fy,.

(i) If Fy, e NP, i=1,...,n, then
Plu1Yi 4+ 4+wY, >x) ~ Zﬁﬁ(x/wi) (4.5.1)
i=1

uniformly for w, € [a,b]™, where 0 < a < b < co.

(i) If Fy, € €, i =1,...,n, then relation (4.5.1) holds uniformly for w, €
(0, 1]".

PROOF. (i) The proof of this fact follows from Theorem 2.1 in [41] (note
that Li’s result also holds for more general, pSQAI, dependence structure).

(ii) Denote S{, = w1Y1 + - -- 4+ w,Y, and write for any § € (0,1) and = > 0
P(Sy,, > x)

n
> ZP(S$7n>x,ini>x+5$)— Z P(w;Y; > x + dx,w;Y; > x + 6x)
i=1 1<i<j<n

w

= pi(@) = py'(a).

Obviously,

n

g < (XPuem) = oS Pulm) @452
1=1

i=1

uniformly in @, € (0,b]". For p{’(x) we have

n
pi(z) > ZP(S{E’WJ —w;Y; > =z, w;Y; > x + 0x)
i=1

n n

= ZP(ini >z +0x) — ZP(SEU/},n —wY; < =z, wY; >z + 0x)
i=1 i=1

= pii(z) — pla().

Here,

i Fy, (14 8)x/w;
liminf inf — pﬂ(x) > liminf inf  min ng +0)z/ w"),
z=00 wae(0p" Y1 Fy(z/w;) — o0 wae(0pn1<isn  Fy,(x/w;)

(4.5.3)
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4. Randomly weighted sums and their closure property

where, for any i = 1,...,n,

liminf inf FYzﬁl + 6)x /w;)
x—00 w,;€(0,d] FYi (x/wz)
>  lim inf M
T—00 z>x /b FY,- (Z)
Fy((1+0)z)

= liminf —= — 1 if 0\ 0 4.5.4
R R o (454)

by the definition of class 4. We get from (4.5.3)—(4.5.4)) that
lim liminf  inf Pi (@) > 1. (4.5.5)

ONO =00 w08 31 | Fy,(z/w;)

For the term p{,(z) we get

n
pa@) < Y P(SY, —wYi < —67)P(w;Y; > )
=1

IN

P(b(Yy + -+ Y, ) < =62) Y Fy,(w/w;)
=1
= o)) Fy(z/w) (4.5.6)
i=1

uniformly in @, € (0,5". [E52), (E55) and (E5.0) imply

P(SY, > @) p¥(z)

liminf inf — > liminf inf — > 1.
100 Wae (00 3y Py, (2/w;) w00 wae (O 35y Fy, (w/wi)
In order to show the upper asymptotic bound in (4.5.1)), write
P(S}“},n > x)
= P(S;’%n > x, U{in;- > dx/(n—1),w;Y; > dx/(n — 1)})
i<j
+ P(sggn > 2, (V{{wii < 6x/(n — 1)} U ;¥ < 0/ (n - 1)}})
i<j
< Y P(wY; > 52/(n — 1)P(wyY; > dz/(n— 1)) + P(U{ini > (1 5):5})
i<j i=1

< (ZP(ini > ox/(n — 1)))2 + ZP(in; > (1—-0)z) = r{’(x) + 15 (x),
i=1 i=1

(4.5.7)
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4.5 Auxiliary results

where we have used that for any sets Ay, ..., A, it holds ﬂlSKan{AZ-UAj} C
Uiz Ny A+ 1t s easy to see that r{(z) = o(1) 3 i, Fy;(z/w;) and, by the
definition of class €,

- ry ()
lim limsup sup —
N0 z—00 1w, (0,5 Zizl Fy, (x/wl)

This and (4.5.7) complete the proof of proposition. O

REMARK 4.5.1. Uniform asymptotic relation was investigated earlier
in a number of papers. Tang and Tsitsiashvili [62] obtained this relation
for independent r.v.s with common subexponential d. f. and weights w,, €
[a,b]", 0 < a < b < oco. Subexponential r.v.s (independent or dependent)
were also investigated by Zhu and Gao [76], Wang [66]. Liu et al. [46]
and Wang at al. [67] proved relation for identically distributed r.v.s
from class .Z N 2 allowing some dependence among primary variables with
weights w,, € [a,b]", 0 < a < b < oo. Li [4I] showed that this uniform
asymptotics holds for nonidentically distributed (with some dependence)
r.v.s from the class ¢ or £ N 2 and wy, € [a,b]", 0 < a < b < 0.

Proposition 4.5.2. Suppose that Y1,Ys,... are real-valued independent
r.v.8 with corresponding distributions Fy,, Fy,, ... and a;: (—00,00) — [0, 00),
i = 1,2, are measurable functions.

(i) If 0 < Eay (Y1) < o0, Fy, € N D, i=2,...,k, where k > 2 is an arbitrary
integer, and

Eai(Y) iy, sy = oFy,(2) + -+ + Fy,(2)), (4.5.8)
then, uniformly for @y, € [a,b)*, 0 < a < b < oo, it holds

Eay (Yl)]I{wlY1+~~-+kak>a7} ~ Ea(Y1)P(waYe + -+ + wi Yy > 7)
~ Bai(V1)(Fy,(z/wa) + - - - + Fy, (z/wy));
(4.5.9)

(ii) if 0 < Ea;(V;) < 00, Fy, € 2, i = 1,2, and

Bai(Yi)Liyssy = ofFy(z)), i,j=1,2, i #], (4.5.10)
then
Bos (V)a () L yisuntosa) = o(Fvi(e/un) + Foylafuwn)) (45.11)
uniformly for wy € (0,b]2.
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4. Randomly weighted sums and their closure property

(7ii) if 0 < Ea;(V;) < 00, i = 1,2, Fy, € N9, i=3,...,k, where k > 3 is
an arbitrary integer, and

B oy = @)+ + (@), i=12,  (45.12)
then, uniformly for wy, € [a,b]*, 0 < a < b < oo, it holds

Ea1(Y1)a2(Y2) Liu, vi gty say ~ Ba1 (Y1) Eao(Ya) (Fy; (w/ws) +- -+ Fy; (x/wy)).
(4.5.13)

PRrROOF. (i) By Corollary we can choose some positive function K;(x),
K (z) < x such that K;(z) oo and

P(UJQYQ 4+ FwgY, >+ Kl(x)) ~ P(UJQYQ + o wpY > I) (4514)
uniformly for we, ..., wy € [a,b]. Next, write
Ea1 (Y1) Wi, v; £ twrvi>a)

= BEa1 (Y1) L, vi+-trwnvisay Loy vi) <k @)y + Loy vi|> K1 (2)))

=: 21(1‘) + ZQ(SL’)
By (4.5.14)) we have

21(1')
limsup su
I—>Oop wke[fb}k Ea; (Y1)P(weYa + -+ - + w Yy > )

< limsup sup Pluglo o $ iy > 2 = Ki(w))
T z500 Tr€la,b]k P(waYs + -+ + wi Yy > 7)

=1.

This, together with Proposition [4.5.1] (i), yields
i1(z) S Ba1 (Y1) (Fy, (x/wa) + - -+ + Fy, (x/wy))

uniformly in @y, € [a, b]*.
For the lower bound, by (4.5.14) and Proposition [4.5.1] (i), we can write

il(z) > Ear(Y1)Liw, vyt qwn Yis e+ Ko (2) 00| Vi| <K ()}
= Eal( )H{w1|Y1|<K1( nP(w2Ys + -+ +wi Yy > 2 + Ki(2))
~ 1(Y1)P(w2Y2 + -+ wpYy > 1)

a1(Y1)(Fy, (z/w2) + - - - + Fy; (z/wy))

~Y

uniformly in wy, € [a, b]*.
It remains to show that is(x) = o(Fy, (z/we) + - - - + Fy, (z/wy)). Write

IN

Ear(Y1)(Lgw,vi>z/2y T Lwn Yot twnVise/2)) L [vi > Ko ()}
< Ear(Y)Lyy,say@e)y + Ear(Y1) Ly, sk, (2) py Pw2Y2 + - + wi Yy > 2/2).

iz (JI)
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4.5 Auxiliary results

Hence, by assumption (4.5.8)), Proposition [£.5.1] (i) and the definition of
class 7 we get

() S o(Fnle/(20) + -+ T (w/(2)
+0(1) (Frg(/ (2ua) + -+ T (w/ (2uy)))
= o(Falefwn) + -+ T/ ux)

uniformly in @y, € [a, b]*.

(ii) We have by (4.5.10) and Fy, € 2, i = 1,2, that

Ea1 (Y1)a2(Y2) L, vi 4wnYosa)
< Eaz(Y2)Ea1 (Y1) Ty, se/@u)y + Ear(Y1)Ea2(Y2) Ly, w0/ (2u0))
= Eay(Y2)o(Fy, (z/(2w1))) + Ea1(Y1)o(Fy, (z/(2ws)))
= o(Fy; (z/w1) + Fy, (z/w2))

uniformly for ws € (0, b]2.

(iii) Choose Ka(z) > 0 such that Ky(z) <z, K2(z) / oo and
PlwsYs+ -+ +wiYy > o4+ Ko(z)) ~ P(wsYs + - + wp Yy >2)  (4.5.15)
uniformly for ws, ..., wy € [a,b]. Now, split

Eal (H)GQ (YQ) ]I{w1Y1+---+kak >ZE}

= Ba1(Y1)a2(Y2) Ui, v -t Vi sz} (L, Vit ws Va | <Ka(2)}

+ L ViqweYa > Ko(2)}) =0 K1(z) + ka(2).

Similarly as in case (i), we have

ki(z) ~ Bai(Y1)Bax(Ya)(Fy,(z/w3) + - - + Fy, (z/wy)),
ka(z) = o(Fy,(x/w3) + -+ Fy,(z/wy)).

Indeed, by (4.5.15)) and Proposition m (i),

ki(x) < Ea(Y1)ag(Ya)P(wsYs + -+ +wiYy > — Ka(z))
~ Eai1(Y1)Ea2(Y2)P(wsY3 + - - - + wi Yy > )
1 (Vi) Eas () (B (wg) + -+ + Ty (2 /),

(Y1)
(Y1)
(Y1)
ki(z) > Ea1(Y1)a2(Y2) L, vitwsva|<Ko(e)} P (w3Ys + -+ +wi Yy > 2 + Ko(x))
(Y1)
(Y1)

2
=
oy

~ Ea;(Y1)Eaa(Y2)P(wsYs + -+ - + wi Yy > 7)
Ea1(Y1)Eas(Y2) (Fy, (2 /ws) + -+ + Fy; (x/wy))
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4. Randomly weighted sums and their closure property

uniformly for @, € [a,b]*, where we have used that
Ea1(Y1)a2(Y2) Ui, vi4wsva|s Ko(z)y < Ear (Y1) Wy s K (2) /2y Baz(Y2)
+ Eaz(Y2) Lyjyy > iy (2) /2y Ear (Y1) — 0.
For ka(z) we have
ko(z) < Ea1(Y1)a2(Y2)Liw,v; twsvesa/2)

+Ea1(Y1)a2(Y2) Wfjw, vi 4wa Yo > Ko ()} P (wsYs + - -+ +wp Yy > 2/2)
=: ]{?21(1’) + kQQ(.T),

where, by assumption (4.5.12)), Proposition (i) and the definition of
class 2,

ka1(z) < Eaa(Yo)Ear(Y1) Uiy, v, >4y + Ear (Y1) Eao (Y2) Uiy, vy >0 4y

k k
— Eax(v2)o( Y Fyi(a/(dwn) ) + Bar(Vi)o( Y Fii(o/(4u2)))
i=3 1=3
k
= O<ZFYi($/wi))
=3
and
k
koa(x) = 0(1)ZF_Y;(13/(2W))
=3
uniformly for wy, € [a, b]*. O

Corollary 4.5.1. Assume that k > 2 and Y1,...,Y} are real-valued indepen-
dent r.v.s, such that Fy, € £NZ, i =1,...,k. Let a;: (—o0,00) — [0,00),

i =1,...,k, be measurable functions such that 0 < Ea;(¥;) < oo for each i
and let
Ea;(Yi)Liy~yy = o(Fy,(2)), i,j=1,....k, i#]. (4.5.16)
Then, uniformly for wy, € [a,b]*, for all 1 =1,...,k it holds
k
Ear(Y) T vitotwyisay ~ Ba(¥) > Fy(w/wy),  (45.17)
J=1i#l

and for all l,m, 1 <1 <m <k, it holds

Eal (}/Z)Gm (Ym> ]I{w1Y1+~~-+kak >x}

o(Fy, (z/w1) + Fy, (z/w)), k=2,
= k
= Ea;(Y)Eam (Ym) ; ij(:c/wj)(l +0(1)), k>3. (4'5'18)
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4.5 Auxiliary results

PROOF. Observe that (4.5.16)) with i = 1 implies all three conditions (4.5.8]),
(4.5.10), (4.5.12) with ¢ = 1. Then the statement follows straightforwardly
from Proposition [4.5.2] O
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Chapter 5

Randomly weighted and stopped

dependent sums

In this chapter we deal with the tail behavior of the random sums S© :=
2221 O, X} and its maximum S(GT) ‘= maxXj<, S,? with identically distributed
(i. d.) dependent heavy-tailed r.v.s X7, Xo, ..., nonnegative random weights
©1,09,... and nonnegative counting random variable 7. These three quan-
tities are mutually independent.

Also we study the tail distribution of randomly stopped sum

ZT = ('—)l_i_..._i_@T’

because the asymptotic behavior of P(Z; > x) has an influence for the
behavior of the tail distribution of random maximum 58). Such randomly
stopped sums apear in the analysis of collective risk model (for example
[48]), compound renewal model (see [60]), the model of teletrafic arrivals
([27]), the context of weighted branching processes, fixed point equations of
smoothing transforms ([5], [45]), etc.

5.1 Preliminaries

Recently, Olvera-Cravioto [55] studied the asymptotic tail behavior of ran-
dom sum S© and random maximum 58), when X, X»,... are indepen-
dent i. d. random variables with consistently varying common d. f. Fy.
Yang et al. [73] generalized the results of Olvera-Cravioto [55] to a cer-
tain extent. The main results in both papers state that under assumption
P(Z, > x) = o(Fx(z)) and some other conditions on the distributions of r.v.s
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5.1 Preliminaries

{Ok,k > 1}, X and 7, probability P(S((?) > z) is weakly tail-equivalent to
EZk 1 @ka > ZE) that is
(S(@) > ) (S(@) > 1)

0 < lim inf < lim sup < 00.

The asymptotics of the probability P(Z, > z) with i. i. d. heavy-tailed

r.v.s ©;,1 > 1 was studied extensively in the literature. In particular, a
well-known result (see [24], Theorem A3.20)) states that if Fg € . and 7
is light-tailed, then

P(Z; > z) ~ ErFg(z). (5.1.2)

If Fo € N% and F,(z) = o(Fo(z)), then relation ((5.1.2)) was obtained in
[52] and [2]. If Fg € .#*, Denisov et al. [19] proved that

P(Z, > ) ~ ErFo(z) + (Ex@)

In case of some dependence structures within r.v.s ©1, 0o, ..., similar asymp-
totics as were obtained in [65] (for class . N 2), [14], [44] (both for
class €) under some additional conditions.

We now introduce the following assumption.

AssuMPTION E. Let X, X1, Xo,... be a sequence of UEND (with dominat-
ing constant x > 0) real-valued r.v.s with common d. f. Fx € 2, such that
Jp, > 0and Fx(—x) = o(Fx(z)); let ©1,0,... be a sequence of nonnegative
r.v.s (not necessarily independent and identically distributed) and let 7 be
a nondegenerate at zero nonnegative integer-valued r.v. with distribution
function Fr. {X, X1, Xo,...}, {01,09,...} and 7 are mutually independent.

In addition, assume that there exists e € (0, J ) such that
E(X M) < (5.1.3)

and
T Jp, —€ J —|—e
E E 0, <oo, E E 0, < oo (5.1.4)

The following theorem was proved in [73].

Theorem 5.1.1. ([73]) Let Assumption E and conditions (5.1.3)), (5.1.4]) be
satisfied. If

P(Z; >xz) = o(Fx(z)), (5.1.5)

57



5. Randomly weighted and stopped dependent sums

then

< LpEY P(O,X; > x). (5.1.6)

~Y

LpyEY POX;>x) < P(SQ, > 1)

~Y

i=1 i=1

REMARK 5.1.1. Since
u g —€ u Jp —€ a gy —€
EZ@Z = K Z@Z 1{@i§1} +E Z@Z 1{@Z_>1}
=1 ) 1=1
J+ +e€
< ET—f—EZ@

the first restriction in (5.1.4) can be dropped as Er < oo. Besides, if
0,01,0,,... are identically distributed, then

EZ@J e EZZ@J -l-e ) _ J +€Z P

n=0 i=1
— BO/NTE

Clearly, if the random series Z, := ©1+ 02 +... converges almost surely
(it is typical in insurance mathematics, where X; denotes the net loss over
period i and ©; represents the stochastic discount from time i to 0), then

condition
P(Zs >12) = oFx(z)) (5.1.7)

is sufficient for relation (5.1.5) to hold. So that, the statement of Theo-
rem is valid if ((5.1.5) is replaced by (5.1.7)).

Corollary 5.1.1. If Assumption E, conditions (5.1.3)), (5.1.4) and (5.1.7)
are satisfied, then relation ((5.1.6)) holds.

Consider now the case P(Zs = o0) > 0. For example, if ©1,09,... are
nonnegative independent r.v.s, then, according to the Kolmogorov’s three
series theorem, the inequality = < min(z,1) for z > 0 and Problem 2 in
[56] (p. 388), P(Zs = 00) = 1 if and only if Y ;°  Emin{©,1} = co. This
fact can be extended for arbitrarily dependent nonnegative r.v.s as well, see
[57). If, additionally, r.v.s ©,01,0,,... are identically distributed, then the
last condition is equivalent to E© > 0. Identically distributed weights are
rather natural when studying the present value of investment portfolio of n
risky assets with X;, denoting the potential loss of ith asset over a period,
and ©; being the stochastic discount factor over the period. Clearly, in such
a case relation does not hold and some other approaches must be
used in order to obtain the asymptotics of P(Z, > ).

o8



5.2 Asymptotics of P(Zr > x)

5.2 Asymptotics of P(Z. > x)

In this section we study the asymptotics of P(Z; > z), when 01,0,,...
are identically distributed r.v.s. The next proposition is a modification of
Theorem 1 in [70]. In this case, more general dependence structure of r.v.s

O1, 09, ... is considered.

Proposition 5.2.1. Let ©,01,0,,... be nonnegative END r.v.s with com-
mon marginal d. f. Fg and finite positive mean EO. Let 7 be a nonnegative
integer-valued r.v., independent of the sequence ©,01,0,, .. ..

(i) If Fo € 2 and Fg(x) < F-(x), then F, € 9, Er < o0 and

Ly ErFo(z) + LFTFT(%) < P(Z >2) S LyplErFe(x) + Ly F(E@ :
(5.2.1)
(ii) if Fo € 2, F.(z) = o(Fo(x)), then Er < 0o and
LpBErFo(r) < P(Z; > 1) S L]};ETF_@(:E); (5.2.2)
(iii) if Fr € 2, Er < 00 and Fo(x) = o(Fy(z)), then
Ty < < [\F
LpF(gg) S PZ->2) S LpF: (E@) (5.2.3)

For the upper asymptotic relations in (5.2.1), (5.2.2), (5.2.3), the assump-

tion that ©1,09,... are END can be replaced by weaker assumption that
01,09, ... are UEND.

PROOF. The proof follows similarly as in [70].
(i) As in the proof of Theorem 1 of [70], split

L(1-e)z(EO) "]

M 00
P(Z; >x) = (Z + Y+ >
n=1 1—€)x(

n=M+1 n=|( E©)~1]+1

= Q1+ Q2+ Qs (5.2.4)

)P(Zn > z)P(r =n)

for each triplet e € (0,1), M € N, 2 > 0 such that [(1 —¢)z(E©)~'| > M + 1.
Clearly, by conditions of the proposition, F. € 2, because

F joa Fo Fo
lim sup _(:By) < limsup ﬂ lim sup ﬂ lim sup ﬂ

T—r00 FT J]) T—00 F@(Iy) T—00 F@(l‘) T—00 FT(J})

Moreover, conditions of the proposition imply Er < oo. Indeed, since
lim sup,_,, Fr(7)/Fo(z) < ¢1 for some ¢ > 0, Ve € (0,1) 3z* : sup, - Fr(z) <
(14 €)c1Fo(z) < 2¢1P(© > z) and we obtain that P(r > z) < 2¢1P(© > 1),
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5. Randomly weighted and stopped dependent sums

x > x*. Hence

Er = / P(r > z)dz = / P(r > x)dx —|—/ P(r > z)dx
[0,00) [0,z*) [x*,00)

< x*+201/ P(O© > z)dr < z"+20EO < oc.
[2*,00)
Using Lemma below, for each fixed M it holds
M
Q1 < F_@(x)L;; Z nP(r =n). (5.2.5)
n=1

For the term Qo write

[(1—€)z(EO) "]

Q2 = Z P(Z, —nE© >z —nEO)P(r =n)
n=M-+1
[(1—e)z(B6)™"]
< Z P(Z, —nEO > ex)P(1 = n),
n=M-+1

where, by Lemma m, P(Z, — nEO® > ex) < conFg(exr) for some cz =
cole, k,EO). Since Fg € 9, Fglex)/Fo(r) < c3 for some finite constant
c3 = c3(e). Hence, similarly to (3.3) in [70], it follows that

[(1—)x(E6)~"]
Qs < o Z Fo(ex)nP(1 =n)
n=M-+1
l[(1-e)z(EO)™]

< cocsFe(x) Z nP(r =n)

n=M+1
< esFo(n) Z nP(r =n) (5.2.6)
n=M-+1
with some ¢4 = c4(e, k, EO). Finally,
Qs < > P(r=n)=F((1—ez(EO)Y). (5.2.7)

n=[(1—€)z(E@)~!|+1

Relations ((5.2.5)—(5.2.7) and (5.2.4) imply that, for all € € (0,1), M € N

and sufficiently large z,

P(Z; > x)
Ly ErFo(x) + Ly Fr(z(EO©)~1)
Q2 Q1 Q3
L ErFo(v) max { L ErFo(z) Ly F (x(EO) ) }
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5.2 Asymptotics of P(Zr > x)

Hence,
. P(Z; > x)
limsup —5—— ——=
z—o0 L BETFe(x) + Ly Fr(z(E©)~1)
Yo P = 1) >y nP( = n) Fr((1— o))
< cotp, Do (Dol PO =) gy 00
< ¢l Er + max e yLp 1£S£p ()

Letting M — oo and € N\, 0, we obtain the statement in case (i).

The proof of asymptotic lower estimate of is similar to the proof
in [70]. We present it here for convenience. For any e € (0,1), positive
integer M and sufficiently large z (e.g., [ (1 + €)z(EQ)~1]) > M) we have

P(Z;>zx) > Q1+ Qq, (5.2.8)

where 1 is the same as earlier and

Qq = Z P(Z, > z)P(r = n).

n=[(1+0)2(EO) | +1

Conditions of the proposition and (5.4.2)) imply that

M
lim inf _Ql > Z lim inf m P(r =n)

Fo(z) — Fo(z)

M
> Lp, ZnP(T =n).

n=1

Therefore,
liminfL > 1. (5.2.9)

Lg, ErFg (x)

For term 4 we have

Qs > > P(é—E@>—€E@)P(T:n)

n 1+e€
n>(14+€)z(EO)
> inf P (é —EO© > — EO ) FT((l + 6)$(E@)71).
n>(1+e)z(EO)—1 n 1+e¢€

By Lemma [5.4.4] we have that

lim P(é—E@>—6E@) — 1,

n—00 n 1+¢€

so that

lim inf — @4 > 1. (5.2.10)
Lp Fr((1+¢e)z(EO)~1)
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The lower estimate of (5.2.1]) follows from relations (5.2.8)—(5.2.10]), be-
cause for sufficiently large x, any € € (0,1) and positive integer M

P(Z; > x)
Lp,ETFg(z) + Ly F,(2(E©)~1)

> mi { Q1 Q4 }
> min — , __ )
Lp,ETFeo(z) Lp Fr(z(E©)™1)

(ii) The proof of this part follows the proof of the same part in Theorem
1 of [70]. Similarly as in part (i), for the upper estimate Q3 < Fr((1 —
€)z(EO)™1) = o(Fg(x)) for every fixed € € (0,1). For the lower estimate we
have that P(Z, > ) > Q1, since Q4 = o(Fg(z)).
(iii) For the lower estimate, by (5.2.8)—(5.2.10)), Q1 = o(F-(z)) then P(Z, >
x) > FT((l + e)x(E@)’l) for any fixed € € (0,1).

The proof of the upper estimate is analogous to the proof of the same
part in Theorem 1 of Yang et al. [70]. For completeness of the proof we

write it here. For every € € (0,1) we have

P(Z.>z) = > P(Zy>a)P(r=n)
n<(l—e)z(EO)!
+ P(Z, > x)P(t =n)
n>(l—e)z(EQ)—1!
= J1 + Ja. (5.2.11)

Because Jo < F((1 — €)z(EQ)™1),

J
lim lim sup ————— < L;l. (5.2.12)
O gne Fr(2(EO)L) -
According to Lemma [5.4.5] there exists a sequence of UEND r.v.s
Y1,Ys,... such that, almost surely, ©, < Y,, n = 1,2,..., Fy € 9,

Fy (7) = o(Fy(z)). Therefore,

J < > P(Z) >a)P(r=n)

n<(l—e)zpy

X Z P(Z, > z)P(t =n)
(1—e)zpy ' <n<(1-€)z(EO) !
S (5.2.13)

with finite gy := EY > EO and ZY := >} _ ¥}, n > 0.
Using Lemma we obtain for sufficiently large 2 and some positive
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5.3 Asymptotics of P(Zr > x)

constants c5 = c5(€), cg = cg(€)

Ji1 < Z P (Z}L/ —npy > ELL‘) P(T = n)
n<(l—e)zpyt
< o Z nFy (ex)P(1 = n)
n<(1—e)zpsy’
< cgBETFy(2).

Hence, using Fy(z) = o(F;(z)) and F, € 2, we have that for every fixed
ee(0,1)
: Ju
1 — = 0. 5.2.14
1m sup F (2(E0) 1) ( )

Finally, we deal with Jj2. Clearly,
Zn E©e¢
< e — pu—
Jig < > P(n E@>1_€)P(T n)
(1—e)zpy' <n<(1—e)z(EO) -1

< sup P (é —EO > (F®)€> ﬁ((l - (—:)x,u;l).

n>(1—e)zuy’ n — €

By Lemma [p.4.4] the first term in the last expression vanishes as 2 — oo
for every fixed € € (0,1). This and assumption F; € 2 imply that (with the

same e)
: J12
1 — = 0. 5.2.15
oo By (2(B6) ) :219)
The upper estimate in (5.2.3) follows from (5.2.11])—(5.2.15)). O

The following result for strongly subexponential r.v.s is proved by
Denisov [19] (Theorem 1 (ii)).

Proposition 5.2.2. ([19]) Let ©,01,0,,... be a sequence of nonnegative
independent r.v.s with common d. f. Fg € .* and finite positive mean
EO©. Let T be a nondegenerate nonnegative integer-valued r.v., independent
of ©,01,0,,.... If there exists ¢ > EO such that F,(z) = o(Fe(cz)), then
Er < o0 and

P(Z, > ) ~ ErFg(). (5.2.16)

REMARK 5.2.1. Note that in more restrictive cases, the assumption of
Proposition can be simplified. For example, if the same main con-
ditions of the proposition hold, Fg € £ N 2 and F,(z) = o(Fg(x)), then
relation holds (see [52] (Theorem 2.3) and [19] (Theorem 8)).

REMARK 5.2.2. It is easy to see that, under the conditions of Proposi-
tion |5.2.2} the closure of the class .#* holds, i.e. Fz. € .#* (see [39]).
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5.3 Main results

Applying results in Section [5.2, which deal with case of identically dis-
tributed r.v.s. ©1,0,,..., we obtain the following theorems, which consti-

tute the main results of this chapter.

Theorem 5.3.1. Let r.v.s ©,01,0,,... be identically distributed and let
Assumption E be satisfied. Assume that and EO7Fx ¢ < oo hold.

(i) If Fo € 2 and either Fg(x) ~ ¢*F-(x) for some c* > 0 or F,(z) = o(Fg (7)),
then relation holds;

(ii) if Fr € 2, ET < 00 and Fg(z) = o(F- (7)), Fr(z) = o(Fx(x)), then (5.1.6)
holds.

PROOF. First note that condition E(X*)!*¢ < oo implies J, > 1 and, thus,
EO < co. Observe that, by Markov’s inequality and Lemma [5.4.1]

Fo(x) < 2~ Vix TR T = o(Fx (). (5.3.1)

(i) From the (i) part of Proposition we have that F, € 2, if
Fo(z) ~ ¢*Fr(r). Then we note that F,(z/EO) = o(Fx(x)) is equivalent to
Fr(z) = o(Fx(z)) if F, € 9, Fx € 9. Combining this and , from
(5.2.1]) we get that condition is fulfilled.

Similarly, if F,(z) = o(Fe(z)), then holds, for Fg € 2. Hence,
under , condition (5.1.5)) is satisfied.

(ii) Conditions imply that relation ([5.2.3)) holds and (5.1.5)) is satisfied.
|

The next theorem presents the case of the strongly subexponential class
S

Theorem 5.3.2. Let ©,01,09,... be i.i. d. r.v.s. and let Assumption E be
satisfied. Assume that (5.1.3)) and BEO7F T < o0 hold. If Fo € * and there
exists ¢ > EO such that Fy(z) = o(Fg(cx)), then (5.1.6) holds.

PROOF. Proposition and relation (5.3.1)) imply the main condition
(5.1.5)). Hence, relation ([5.1.6]) holds. O

5.4 Auxiliary lemmas

The first lemma is a well-known property of class 2 (see [61], Lemma 3.5).
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Lemma 5.4.1. For a d. f. F € 9 with its upper Matuszewska index Jj it
holds that
t? = o(F(z)) forany p>J}.
Next two lemmas are used in proving Proposition [5.2.1]

Lemma 5.4.2. Let ©1,0,,... be pUEND r.v.s with common d. f. Fg € 9.
Then, for any fired n > 1,

P(Z,>z) < L};nF_@(x) (5.4.1)
If, in addition, Fo(—) = o(Fe(x)), then for any fized n > 1

P(Z, >z) 2 Lp,nFe(z). (5.4.2)

PROOF. It is obvious that inequality (5.4.1)) holds for n = 1. If n > 2, then
for any fixed € € (0,1),
P(Z, > )
< P(@i>%,@j>% forsomel§i<j§n)
ex ex . .
+ P(Zn > x and {@i <—oro;< —} for every pair 1 <1i,j < n)
n n
=: P(A)+P(B).
Clearly, B C { Zn, > 2,05 > (1 — ¢)z for some j and ©; < <€ for all ¢ # j}.
Using this and the definition of pUEND,

P(Z,>z) < Z <@> ) ZP@>1—€)

1<i<j<n

o (= (€T\\? —
< kn (F@ (E)) +nFo((1—e)x).
Here, since Fg € 2, for any n > 2 and € € (0,1), it holds that (Fg(ex/n))? =
o(Fg(x)). Hence,

P(Z
lim sup M < nlim lim sup M

T—>00 F@ (ZE) N0 z—00 @( )
= nLFl.
e

Consider now the lower estimate. For n = 1 relation ((5.4.2)) is evident.
Suppose that n > 2. For e € (0,1) and = > 0 we have

P(Z,>z) > P(Zn >, max. Or > (1+ 6):1:')

ZP(Z” > x,0 > (1 —|—e)m)

>
k=1
— Z P(Zn > 2,0, > (1+¢€x,0; > (1+6)x)
1<i<j<n
= P —P. (5.4.3)
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5. Randomly weighted and stopped dependent sums

According to the conditions of lemma, r.v.s ©;,0; are pUEND for all i # j.
Thus,

P, < Z P(@i > (1+e€)zx, 6> (1+ e)m) <k (nF@((l + e)x))Q. (5.4.4)
1<i<j<n
Since ©1, 09, ... are identically distributed, we have for P;

P > ) P(Zy— 6 > —ex, 6> (1+6)2)

k=1
n

> Z (F@((l +e)x)+P(Z, — O > —ex) — 1)
k=1

= nFe((1+ex)— Z p (Z O, < ex) . (5.4.5)
k=1 =

£k

For fixed k&

n
P Z@l<ex> < P(@l<—%f0rsomelgl§n,l7ék)
=1

14k
< nF(—g)
n

Hence, conditions of the lemma imply that

iP(i@l<—ex>

. h=1 1k . F(—<)
lim sup — < nlimsup =———2%— =
z—00 nF((1+€)z) a—oo F((14+€)x)
for each fixed € € (0,1). The last relation and ([5.4.5)) yield

z—=00 nf((1+ €)x)
for fixed e € (0,1) and n > 1.
Relation follows now from ((5.4.3)), (5.4.4)), (5.4.6) and the defini-
tion of Lp. Lemma is proved. O
The next lemma is a generalization of Corollary 3.1 in [58], where the
structure UND has been used. The proof is almost identical to the proof of
Corollary 3.1 in [58] and, thus, is omitted.

Lemma 5.4.3. If ©1,09,... are UEND r.v.s with common d. f. Fg € 2
and mean EO© = 0, then, for each v > 0, there exists a constant ¢ = c¢(k,7),
independent of x and n, such that

P(Z, > x) < enFe(x)

for all x > ~vyn and n > 1.
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The following auxiliary result is the law of large numbers for END r.v.s.
The proof of lemma can be found in [11].

Lemma 5.4.4. Let &1,&,... be a sequence of identically distributed END
r.v.s. If E|&1| exists then, almost surely,

€1+"'+£n
n

— E& (5.4.7)

as n — 0.

The last lemma is the generalization of Lemma 4 in [70] with UND r.v.s.
Here we use the UEND structure, but it does not change the proof.

Lemma 5.4.5. Let ©1,0,... be a sequence of UEND r.v.s with common
d. f. Fe satisfying Fo(0—) > 0 and Fo(z) = o(F-(x)) for some d. f. F, € 2.
Then there exists a sequence of UEND r.v.s ni,n2,... with common d. f.
F, € 9 such that, a.s., O, <np, n=1,2,... and F,(z) = o(ﬁ(m))
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Chapter 6

Conclusions

Here we make the conclusions of the main results obtained in this disserta-

tion.

1. Tail distributions of S5 ; S(n) and the sum S P(X; > z) are weakly
equivalent, if primary random variables X,..., X, are dependent ac-
cording to a certain structure and the distribution of maximal element
is dominatedly varying-tailed.

2. The sum S of dependent (under the given structure) random vari-
ables X1,...,X, belongs to the class ., if the marginal distributions
Fi,...,F, are from the long-tailed distribution class. Besides that,

the tail distributions of S9, $9* and S@) are equivalent if random

(n
weights O1,...,0, are bounded and independent of random variables
X1,...,X,. For example, this result holds if dependence of random

variables X1, ..., X,, is generated by the well-known FGM copula.

3. With the assumption that identically distributed UEND random vari-
ables X1, Xs ..., bounded random weights ©1, 09, ... and the stopping
moment 7 are heavy-tailed, the asymptotic lower and upper bounds
for the tail distribution of S(@;) (maximum of randomly stopped sums)
are derived. The conditions for this result are shown for the wide
class of heavy tailed distribution functions and dependence structures.
With some additional requirements the tail distribution of the sum of
random weights is asymptotically negligible compared to the tail dis-
tribution of r.v.s X1, Xo. ...
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