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Introduction

The objects investigated in the thesis belong to analytic number theory. Universality properties of the
Riemann zeta-function and Hurwitz zeta-function are considered. The Riemann zeta-function ((s),

s = o + it, is defined, for ¢ > 1, by the Dirichlet series

oo

((s) =

€

s ’
and can be analytically continued to the whole complex plane, except for a simple pole at the point
s = 1 with residue 1.
The Hurwitz zeta-function (s, ) with parameter a, 0 < @ < 1, is also defined, for o > 1, by the
Dirichlet series

= 1
((s,a) = Z mta)

m=0
and, as the function ((s), has analytic continuation to the whole complex plane, except for a simple

pole at the point s = 1 with residue 1. Clearly, ((s,1) = ((s) and

1 S
¢(s3) == et (0.1)
Thus, the Hurwitz zeta-function is a generalization of the Riemann zeta-function.

The main difference between the functions ((s) and ((s, «) is a fact that the function ((s) has the

Euler product over primes

while the function ((s,«), except for the values & = 1 and a = %, has no such a product. This

difference has a great influence for analytic properties of the functions ((s) and ((s, a).

The function ((s) was already known to L. Euler, however, he considered ((s) as a function of a
real variable s. B. Riemann was the first who began to study ((s) with a complex variable s, and
applied it for the investigation of prime numbers in the set N, more precisely, for the asymptotics of
the function

m(z)=>» 1

p<z



as ¢ — oo. B. Riemann proposed [53] a famous idea, but his further arguments were not mathemat-
ically strict. Only in 1896, C. J. de la Vallée Poussin [59] and J. Hadamard [16], using Riemann’s

ideas, completely proved the asymptotic distribution law of prime numbers in the form

x

(z) = / ljg“u(l +o(1), # = . 0.2)

The function ¢(s,«) was introduced by A. Hurwitz [19]. It has no a direct relation to prime
numbers, however, plays an important role in the theory of Dirichlet L-functions which are the main
tool for the investigation of prime numbers in arithmetical progressions. Since the function ((s, a)
depends on the parameter «, the arithmetic nature of this parameter influences also its analytic

properties.

In general, the functions ((s) and (s, ) are very interesting and important mathematical objects
which appear in solving various problems not only in mathematics but also in other sciences, for

example, in physics.

Now return to universality of zeta-functions. In general, universality in mathematics has a similar
sense as in practice, namely, one object has a certain influence for a wide class of other objects. In
analysis, this influence in usually realized by various types of approximation. Roughly speaking, the
universality, for example, of the function ((s) means that a wide class of analytic in some region
functions can be approximated with a given accuracy by shifts (s + i7), where 7 runs a certain set
of real numbers. If 7 takes arbitrary real values, then we have the continuous universality, while if 7

takes values from the set {kh : k € Ny} with a fixed h > 0, then we speak on the discrete universality.

Aims and problems
The aims of the thesis are discrete universality theorems for the functions ((s) and ((s,a). The
problems are the following.

1. Prove discrete universality theorems for composite functions of the Riemann zeta-function.

2. Prove discrete universality theorems for composite functions of the Hurwitz zeta-function.

3. Obtain information for the number of zeros of some composite analytic functions.

4. Prove a discrete universality theorem for a new class of Hurwitz zeta-functions.

Actuality

Universality of zeta-functions is a very interesting and important phenomenon in mathematics. Uni-

versality theorems of zeta-functions have a lot of theoretical and practical applications. Universality



theorems are used for the proof of various denseness results and of the functional independence type
theorems, they are used to obtain a certain information on the number of zeros of some functions
related to zeta-functions, finally, universality is closely connected to the self-approximation, and, thus
to the Riemann type hypotheses. Practical applications of universality are, of course, related to ap-
proximation problems of complicated analytic functions. Moreover, for practical applications, the
discrete universality of zeta-functions is more convenient than the continuous one, see, for example,
[4]. On the other hand, the works on the discrete universality are not numerous to compare with those
on the continuous universality. To remove this gap between continuous and discrete universality of
zeta-functions, the thesis is devoted to the discrete universality of zeta-functions, and it continues the

investigations of A. Reich, B. Bagchi, A. Lauriné¢ikas, R. Garunkstis, K. Matsumoto and J. Steuding.

Methods

For the proof of discrete universality theorems, the probabilistic approach based on limit theorems on
weakly convergent probability measures in the space of analytic functions is applied. This approach is
combined with continuous operator theory as well as with the Mergelyan theorem on the approximation

of analytic functions by polynomials.

Novelty

All results of the thesis are new. Discrete universality theorems for composite functions of the Riemann
and Hurwitz zeta-functions have been never studied. Also, the above discrete theorems are applied,
for the first time, for the characterization of the zero-distribution. A discrete universality theorem for

the Hurwitz zeta-function is obtained for a new class of parameters.

History of the problem and the results

The first universality result in analysis belongs to M. Fekete, see [49], who proved the existence of a

real power series

o0
E amx™
m=1

such that, for every continuous function g(z), z € [—1, 1], g(0) = 0, there exists an increasing sequence

{mk} C N such that the partial sum

mp
§ :amxm
m=1



converges to g(z) as k — oo, uniformly on the interval [—1,1].

An interesting universality result for entire functions was obtained by G. D. Birkhoff. He proved
[3] that there exists an entire function f(s) such that, for arbitrary given entire function g(s), there
exists a sequence of complex numbers {a,, : n € N} such that

lim f(s+a,) = g(s)

n—oo

uniformly on compact subsets of C.

Later, many analytic objects were discovered, however, all they were not explicitly given, only
their existence was proved. Only in 1975, S. M. Voronin found [60] the first explicitly given analytic
object, and turned out that this object is the Riemann zeta-function ((s). The initial statement of

the Voronin theorem is of the following form.

Theorem A. Suppose that 0 < r < i. Let f(s) be a continuous non-vanishing function on the
disc |s| < r which is analytic in the interior of this disc. Then, for every ¢ > 0, there exists a real
number T = 7(¢) such that

II?\Eg (j(s—l—i-ﬁ-iT)—f(s) <e

holds.

Theorem A shows that the set of values of the function ((s) is very rich. This property of {(s) was
already observed by H. Bohr who proved [5] that the function ((s) takes every non-zero value in the
strip {s € C: 1 < o <1+ ¢} with arbitrary € > 0 infinitely many times. Much more interesting is a
result of H. Bohr and R. Courant [6] that, for § < ¢ <1, the set {((o +it) : t € R} is dense in C.

Since the space of analytic functions is infinite-dimensional one, Theorem A is an infinite-dimensional

generalization of the Bohr-Courant theorem.

Theorem A is a very deep result in the theory of the function ((s), therefore, it was soon observed by
the mathematical community, and improved in the following sense. First, the disc |s| < r was replaced
by compact sets, moreover, it was obtained that the set of shifts {(s+i7), 7 € R, approximating a given
analytic function is infinite. For the latest version of the Voronin theorem, we need some notation. Let
D = {s eC: % <o < 1}. Denote by K the class of compact subsets of the strip D with connected
complements, and by Hy(K), K € K, the class of continuous non-vanishing functions on K which
are analytic in the interior of K. Moreover, let measA be the Lebesgue measure of a measurable set

A C R. Then, in [24], [58] the following version of Theorem A can be found.

Theorem B. Let K € K and f(s) € Hy(K). Then, for every € > 0,

1
liminf —meas{r € [0,T] : sup|((s +iT) — f(s)| < e} > 0.
T—oo T seK

10



By Theorem B, we have that the set of shifts ((s + i7) approximating the function f(s) with

accuracy € has a positive lower density, thus, it is infinite.

Theorems A and B are of the continuous type. A discrete analogue of Theorem B is contained in

the next theorem.
Theorem C. Suppose that K € K and f(s) € Ho(K), and h > 0 is an arbitrary fized number.

Then, for every e > 0,

1
lim inf
T N1

#{0 <k < N : sup|((s+ikh) — f(s)| <e} > 0.
seK

Theorem C with slightly different assumptions on the set K was obtained in [1].

It is not difficult to see that some functions F'(((s)) also preserve the universality property. For
example, define log((s) in the strip D by continuous variation from log((2) € R along the line
segments [2,2 + it] and [2 + it, o + it] provided that the path does not pass a possible zero or pole at
s = 1. If this does, then we take

log {(o +it) = El_igrlo log {(o +i(t +¢)).

Denote by H(K), K € K, the class of continuous functions on K which are analytic in the interior
of K. Then Theorem A holds for log {(s) with f(s) € H(K). By the way, in |22], the universality of
the function ((s) is derived from that of log{(s). Also, a simple application of the Cauchy integral
formula leads to the universality of the derivative ¢’(s) with f(s) € H(K). Therefore, a problem
arises to describe some class of operators F' such that the function F'({(s)) remains universal in the
above sense. In [29], [30], this was done in the continuous case. Denote by H(G) the space of analytic
functions on the region G C C endowed with the topology of uniform convergence on compacta. We

give one example from [29]. Let
S={g€ H(D): g(s) #0org(s) =0}.

Theorem D. Suppose that F : H(D) — H(D) is a continuous operator such that, for every open
set G C H(D), the set (F~'G)(S is not empty. Let K € K and f(s) € H(K). Then, for every
e >0,

1
lim inf Tmeas{T €10, T): sup |F(¢(s+1i7)) — f(s)| <e} >0.

T—o00 seK

In Chapter 1 of the thesis, discrete analogues of Theorem D and other allied theorems are obtained.

Theorem 1.1. Suppose that F : H(D) — H(D) is a continuous operator such that, for every
open set G C H(D), the intersection (F~'G) (S is non-empty. Let K € K and f(s) € H(K). Then,

11



for every e >0 and h > 0,

Ni_l#{ongN: f:E\F(C(S—i—zkh))—f(sﬂ <e}>0.

lim inf
N—o00

The statement of Theorem 1.1 is theoretical, it is difficult to check the hypothesis that the set
(F71G)N S # o for every open set G C H(D). The latter hypothesis can be replaced by a stronger

but simpler one.

Theorem 1.2. Suppose that F' : H(D) — H(D) is a continuous operator such that, for every
polynomial p = p(s), the intersection (F~1{p}) NS is non-empty. Let K € K and f(s) € H(K).

Then the assertion of Theorem 1.1 is true.

The hypothesis that (F~{p}) (S # @ is related to the non-vanishing of the preimage F~1{p}
for each polynomial p. It is clear that if the absolute value of the constant term of a polynomial is
sufficiently large, then this polynomial has no roots in a bounded region. This observation leads to

the following simplification of Theorem 1.2.

Let V be an arbitrary positive number. Define the sets
1
DV:{SE(C:2<U<1, |t<V}
and

Sy ={g€ H(Dv): g(s) #0org(s) =0}.

Theorem 1.3. Let K € K and f(s) € H(K), and let V> 0 be such that K C Dy. Suppose
that F' : H(Dy) — H(Dy) is a continuous operator such that, for each polynomial p = p(s), the

intersection (F~1{p}) (" Sy is non-empty. Then the assertion of Theorem 1.1 is true.

It is not difficult to present an example of the operator F' in Theorem 1.3. Let F : H(Dy) —
H(Dy) be given by the formula

F(g) zclg’+--~—|—ch(r), g€ H(Dy), c1,...,¢. € C\ {0},

and ¢*) denotes the k-th derivative of the function g. In view of the Cauchy integral formula, the
operator F' is continuous. Moreover, it is easy to check that, for every polynomial p = p(s), there
exists a polynomial ¢ = ¢(s) such that ¢ € F~!{p} and ¢(s) # 0 for s € Dy. Then, by Theorem 1.3,

the function
clg'(s) N CTC(T)(S)

is universal in the sense of Theorem 1.1.

12



In Chapter 1, one more class of operators F : H(D) — H(D) is investigated. For ay,...,a, € C,
let

Hria,.a, (D) = {g € H(D): (g(s) —a;)~ € H(D), j=1,....r} [ J{F(0)}

Theorem 1.4. Suppose that F : H(D) — H(D) is a continuous operator such that F(S) D
Hp.,,....a, (D). Forr =1, let K € I, and the function f(s) be continuous and # a1 on K, and analytic
in the interior of K. Forr > 2, let K be an arbitrary compact subset of D, and f(s) € Hp.a,,....a,. (D).

Then the assertion of Theorem 1.1 is true.

From Theorem 1.4, the discrete universality for the functions ¢V (s), N € N, and sin({(s)),
cos(¢(s)), sinh(¢(s)), cosh(¢(s)) follows.

We note that Theorems 1.1-1.4 are the corresponding discrete analogues of continuous universality

theorems for the Riemann zeta-function obtained in [29] and [30].

Theorems 1.1-1.4 were obtained in [51], however, with the restriction that the number exp {%

is irrational for all k € Z \ {0}. In the thesis, we remove this requirement for the number A > 0.

The proofs of Theorems 1.1-1.4 are probabilistic, based on limit theorems on weakly convergent
probability measures in the space of analytic functions as well as on Theorem C and the Mergelyan

theorem [43].

After Voronin’s work [60], it was observed that not only the function ¢(s), but also other zeta and
L-functions are universal in the above sense. S. M Voronin himself obtained [60] the universality of

all Dirichlet L-functions L(s,x) which are defined, for ¢ > 1, by the Dirichlet series

where x is a Dirichlet character, and can be continued meromorphically to the whole complex plane.

Also, zeta-functions ((s, F') of Hecke eigen cusp forms F' of weight s are universal [20], [35], [36], [37].
They are entire functions defined, for o > ”'H , by the series

= c(m

(s, F) =) (m)

ms '’
m=1

where ¢(m) are the Fourier coefficients of the form F. In [26], the universality of zeta-functions
attached to Abelian groups was obtained. All these examples of zeta-functions have FEuler products

over primes.

The another group of universal zeta-functions have no Euler product over primes. The simplest
member of this group is the already mentioned above Hurwitz zeta-function (s, ). Its generalizations

are the Lerch zeta-function

2mwiAm

)\as:im+a o>1,

m=0

13



with parameters A € R and «, 0 < a < 1, and the periodic Hurwitz zeta-function

oo
C(s,a;a) zm—ka o>1,

m=0
where a = {a,, : m € Ny} is a periodic sequence of complex numbers, and « is the same parameter as

in the definition of the functions ((s,a) and L(\, a, s).

The continuous universality of the Hurwitz zeta-function is contained in the following theorem.
We recall that the number « is transcendental if it is not a root of any polynomial p(s) Z 0 with

rational coefficients.
Theorem E. Suppose that o is transcendental or rational number # 1, % Let K € K and
f(s) € H(K). Then, for every e > 0,

1
lim inf —meas{r € [0,T] : sup|((s+ir,a)— f(s)] <e} > 0.
T—oo T seK

Theorem E, for rational «, was obtained independently by S. M. Voronin [61], [62], S. M. Gonek
[15] and B. Bagchi [1]. The case of transcendental o can be found in the monograph [13]. The
universality of the function ((s,«) with algebraic irrational parameter « is an open problem. We
recall that the number « is algebraic if it is a root of a certain polynomial p(s) # 0 with rational
coefficients. For example, the number v/2 is algebraic irrational because it is a root of the polynomial

52 — 2. Obviously, all rational numbers are algebraic.

The cases of rationals « = 1 or @ = % in Theorem E are excluded because of the equalities
¢(s,1) = ¢(s) and (0.1). In these cases, the function ((s,«) remains universal in the above sense,

however, the approximated function f(s) must be non-vanishing on K.
For the function ((s, «), also a discrete university theorem is known.

Theorem F. Suppose that the parameter «, the set K and the function f(s) are as in Theorem E.
In the case of rational o, let the number h > 0 be arbitrary, while in the case of transcendental «, let
h > 0 be such that exp {2%} is a rational number. Then, for every e > 0,

lim inf
N—oo

L 0 <k < N: sup|C(s+ ikh,a) — f(s)] < €} > 0.
1 seK

For rational «, Theorem F with slightly different assumptions on the set K, is given in [1]. It can
be easily seen that those assumptions, in view of the Mergelyan theorem [43], can be replaced by the
assumptions of Theorem F. By a different method, the case of rational o was treated in [54]. For
transcendental «, Theorem F follows from a similar theorem proven in [34] for the periodic Hurwitz

zeta-function.

14



In [31], Theorem E was generalized for composite functions F(((s,«)) with certain operators

F: H(D)— H(D). We present only one example from [31].

Theorem G. Suppose that F : H(D) — H(D) is a continuous operator such that, for each
polynomial p = p(s), the set (F~Y{p}) (" H(D) is non-empty. Let the parameter o, the set K and the
function f(s) be as in Theorem E. Then, for every € > 0,

1
liminf —meas{T € [0,T] : sup |F({(s+iT,a)) — f(s)] <&} > 0.
T—oo T seK

In Chapter 2 of the thesis, discrete analogues of theorems obtained in [31] are proved. For a
sufficiently wide class of operators F, the discrete universality of F'({(s,«a)) can be deduced directly
from Theorem F. We say that the operator F': H(D) — H(D) belongs to the class Lip(3), 8 > 0, if
the following conditions are satisfied:

1° for each polynomial p = p(s), there exists an element g € F~1{p} C H(D);

2° for every set K € K, there exist a positive constant ¢ and a set K7 € IC such that

sup [ F(g1(s)) — Flg2(5))| < ¢ sup [g1(s) — g2(s)|°
seK s€EK,

for all ¢g1,92 € H(D).

The first theorem of Chapter 2 is of the following form.

Theorem 2.1. Suppose that the numbers « and h, the set K and the function f(s) are as in
Theorem F, and that F € Lip(B). Then, for every e > 0,

im i <k< : ) — .
lﬂlgofNJrl#{o_k_N §2£|F(C(s+zkh,a)) f(s)] <e} >0

It easily follows from the Cauchy integral formula that the function F(g) = ¢’ belongs to the class

Lip(1). Therefore, the assertion of Theorem 2.1 is true for the function ¢’(s, a).
Now we state discrete universality theorems for F'({(s, «)) for other classes of operators F.

Theorem 2.2. Suppose that the numbers « and h, the set K and the function f(s) are as in
Theorem F. Let F : H(D) — H(D) be a continuous operator such that, for every open set G C H(D),

the set F~'G is non-empty. The the assertion of Theorem 2.1 is true.
The assumption of Theorem 2.2 on the operator F' can be replaced by a simpler one.

Theorem 2.3. Suppose that F' : H(D) — H(D) is a continuous operator such that, for each
polynomial p = p(s), the set F~{p} is non-empty. Then with a,h, K and f(s) as in Theorem F the

assertion of Theorem 2.1 is true.

For g € H(D), let

F(g) = Clg/ + +C7‘g(r)7 Cly...,Cr € C\{O}

15



Then, clearly, for each polynomial p = p(s), there exists a polynomial ¢ = ¢(s) such that ¢ € F~!{p}.
Therefore, by Theorem 2.3, the function

cil'(s,a) + -+ + CTC:(T)(S, Q)

has a discrete universality property with rational a # 1, % (in this case, h > 0 can be chosen arbitrarily)

and transcendental o (in this case, the number exp {2} must be rational).

In the next theorem, the functions from a certain subset of H(D) are approximated by shifts

F(¢(s+ikh,a)). For aq,...,a, € C, denote

Hal ar(D) :{QGH(‘D): (g(s)ia‘j)il GH(D)7j_1>'~"T}'

gouey

Theorem 2.4. Suppose that the numbers o and h are as in Theorem F, and that F : H(D) —
H(D) is a continuous operator such that F(H(D)) D Hq,... o.(D). Forr =1, let K € K, and let
f(s) # a1 be a continuous function on K, which is analytic in the interior of K. Forr > 2, let K C D

be an arbitrary compact subset, and f(s) € Hy, . q.(D). Then the assertion of Theorem 2.1 is true.

For example, if » = 1 and a; = 0, the discrete universality of ("(s,a), n € N\ {0}, follows. If
r =2 and a; = —1, ay = 1, we have the same property for the functions sin(¢(s,a)), cos({(s, @)),

sinh({(s,«)) and cosh({(s, a)).

The next theorem shows that the functions from F(H (D)) can be always approximated by discrete
shifts of F(((s,@)).

Theorem 2.5. Suppose that the numbers o and h are as in Theorem F, and that F : H(D) —
H(D) is an arbitrary continuous operator. Let K C D be a compact subset, and f(s) € F(H(D)).

Then the assertion of Theorem 2.1 is true.
Theorems 2.1-2.5 are published in [40].

Denote by M (D) the space of meromorphic functions on D endowed with the topology of uniform
convergence on compacta. Clearly, H(D) C M (D). We note that some analogues of Theorems 2.2-2.5

can be also obtained for continuous operators F' : H(D) — M (D).
In Chapter 3 of the thesis, the zero-distribution of the functions {(s) and {(s, «) is briefly discussed.

The zero-distribution of zeta and L-functions is the central problem of analytic number theory,
and the results in the field allow to solve many other important problems. For example, the location
of non-trivial zeros of the Riemann zeta-function ((s) has a direct relation to the distribution of prime
numbers. We remind that the zeros s = —2m, m € N, of {(s) are called trivial and they are implied

by the functional equation

16



where T'(s) is the Euler gamma-function. The trivial zeros do not play an important role in the theory
of {(s). Moreover, it is known that the function {(s) has infinitely many the so called non-trivial zeros
lying in the critical strip {s € C: 0 < o < 1}. The famous Riemann hypothesis (RH) asserts that all

non-trivial zeros of ((s) lie on the critical line o = 3, or that ((s) # 0 for o > 1.

For the proof of relation (0.2), it is sufficient to know that ((s) # 0 on the line o = 1. It is known
[23] that the estimate

Idu ote
m(o) = [ o+ 0la),
2

where ¢ > 0 is and arbitrary number , is equivalent to the non-vanishing of ((s) for ¢ > a. In

particular, the RH is equivalent to the estimate [11]

77(90):/ du + O(Vzlogz).

log u
2

The best known result on the location of zeros of ((s) asserts [22] that ((s) # 0 in the region

0>1- ° ot = 1o > 0,

(log |t]) (log log [¢]) 3
where ¢ > 0 is an absolute constant. This was obtained by H. E. Richert (unpublished). G. H. Hardy

proved [17] that infinitely many zeros lie on the critical line. A. Selberg was the first proving [56] that
a positive proportion of all nontrivial zeros of ((s) lies on the line ¢ = . Now it is know [7] that at
least 41 percent of non-trivial zeros of ((s) in the sense of density are located on the line o = % All
computer calculations also support the RH. For example, it is known [48] that the 10?2 nd zero of

¢(s) and 10 billion of its neighbours lie on the critical line.

Without the mentioned above in terms of the function 7(z), several other equivalents of the RH
are known. One of them is stated in terms of self-approximation and is connected to the universality of
¢(s). Namely, B. Bagchi proved [1] that the RH is equivalent to the assertion that, for every compact
set K C D,

1
liminf —meas{7T € [0,T] : sup|((s+i7) — ((s)] < e} > 0.
T—o0 T secK

Some interesting approximations to this equivalent were made by T. Nakamura [45], T. Nakamura
and L. Pankowski [46], and R. Garunkstis [14]. They considered the inequality
1
liminf —meas{r € [0, 7] : sup |((s +iT) — ((s +idT)| < €} > 0.
T— 00 T seK
Now it is known that the latter inequality holds for irrational d and rational non-zero d = ¢ with

(a,b) =1, |a — b] # 1. To prove RH, it suffices to show that the above inequality holds with d = 0.

S. M. Voronin was the first who applied the universality of zeta-functions for estimation of the

number of zeros. In [61], he proved the following assertion.
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Theorem H. Let a,b e N, 1 <a <b, b+#2, (a,b) =1. Then, for every o1, o2, % <oy <og<l,
there ewxists a constant ¢ = c(a,b,01,09) > 0 such that the function ¢ (s, %), for sufficiently large T,

has more than cT' zeros lying in the rectangle

{s€C:01<0<09, 0<t<T}

Generalizations of Theorem H for linear combinations of various zeta and L-functions can be found
in [25] and [47]. An analogue of Theorem H for ('(s, F'), where ((s, F') is the zeta-function attached to
a Hecke eigen cups form F', was obtained in [27]. The estimates for the number of zeros of composite

functions of ((s) is discussed in [32].

In Chapter 3 of the thesis, discrete versions of the above mentioned results on the estimates of the

number of zeros for composite functions are given.

Theorem 3.1. Suppose that the operator F' is as in one of Theorems 1.1-1.3. Then, for arbitrary
o1 and o9, % < 01 < 09 < 1, there exists a constant ¢ = c(o1, 09, F,h) > 0 such that, for sufficiently
large N € N, the function F(((s +ikh)) has a zero in the disc

o1+ 09
2 b

2 — 01

o _ O
— <
|s =] < =

70-:

for more than ¢cN numbers k, 0 < k < N.
Theorem 3.1 is published in [52].

Now we pass to zeros of the Hurwitz zeta-function ((s,a). We have already mentioned that
the properties of ((s,«) depend on the arithmetical nature of the parameter . H. Davenport and
H. Heilbronn observed [13] that, for transcendental or rational o # 1, 3, the function ((s, a), differently
from ((s), has zeros in the region o > 1. J. W. S. Cassels extended [9] the latter result for algebraic

irrational parameter c. Theorem H shows that, for rational o # 1, %, the function ((s,a) has zeros
in the critical strip {s € C: 3 < ¢ < 1}. A similar assertion to Theorem H, for transcendental «,
was obtained in [33], Theorem 8.4.7. In the paper [42], the latter results were extended for F({(s, «))

with some operators F' defined on H (D).

Chapter 3 of the thesis contains theorems on the number of zeros of the function ((s + ikh, «),
and, more generally, of F({(s + ikh,«)), k € Ny, for some classes of operators F, where h > 0 is a

fixed number.

Theorem 3.3. Suppose that « is transcendental or rational number # 1, % In the case of rational
a, let h > 0 be an arbitrary fired number, while in the case of transcendental o, let h > 0 be such
that exp{%} is a rational number. Then, for all 01,09, % < 01 < 09 < 1, there exists a constant
¢ = c(o1,09,a,h) > 0 such that, for sufficiently large N € N, the function ((s + ikh,«) has a zero in
the disc

o1+ 09
2 b

2 — 01

2

s—5|<Z (0.3)

70—:

18



for more than ¢cN numbers k, 0 < k < N.
The next theorems are analogues of Theorem 3.3 for F({(s,®)).

Theorem 3.4. Suppose that the numbers o and h are as in Theorem 3.3, and that F : H(D —
H(D)) is a continuous operator such that, for every open set G C H(D), the set F~*G is non-empty,
ors—a € F(H(D)) for all a € (%, 1). Then, for all 01,02, % < 01 < 09 < 1, there exists a constant
¢ = c¢(o1,09,a,h, F) > 0 such that, for sufficiently large N € N, the function F({(s + ikh,a)) has a
zero in the disc (0.8) for more than ¢cN numbers k, 0 < k < N.

Let F': H(D) — H(D) be given by the formula

F(g) =gg', g € H(D).
Then it is not difficult to see that s —a € F(H(D)) for all a € (3,1).
Let Hy, .. q,.(D) by the same set as in Theorem 2.4.

Theorem 3.5. Suppose that the numbers « and h are as in Theorem 3.3, and that F : H(D) —
H(D) is a continuous operator such that F(H(D)) D Hg,,. . a, (D), where Rea; ¢ (—%,3), j =

1,...,r. Then the assertion of Theorem 3.4 is true.
For example, we can take F(g) =sing or F(g) = cosg in Theorem 3.5.
Theorems 3.3-3.5 are published in [41].
The last, Chapter 4, of the thesis is devoted to the extension of Theorem F and Theorem 2.3.
Let, as usual, Q be the set of all rational numbers, Q] be the set of positive rational numbers # 1,

and define, for ¢ € Q7 , the set

L(a, q) = {(log(m + a) : m € Ny),logq}.

Theorem 4.1. Suppose that the set L(a,q), for every q € Qf, 1s linearly independent over the
field Q. Let K € K and f(s) € H(K). Then, for every h > 0 such that the number exp {2} is

rational, and every € > 0,

1
N +1

lim inf #{0 <k < N: sup|((s+ikh,a) — f(s)] <e}>0.
N—oo seK

We note that if « is transcendental, then the set L(«,q) is linearly independent over Q. On the
other hand, if « is algebraic irrational, then it is known [9] that at least 51 persent of elements of the

set

L(a) = {log(m + a) : m € Ng}
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in the sense of density are linearly independent over Q. Thus, it is conceivable that, for some algebraic
irrational «, the set L(«, ¢q) is also linearly independent over Q. Unfortunately, examples of algebraic

irrational « with linearly independent sets L(«) and L(«, q) at the moment are not known.

Theorem 4.1 can be generalized for composite functions F({(s,«)) with some operators F :

H(D) — H(D). As example, we give only a generalization of Theorem 2.3.

Theorem 4.2. Suppose that the set L(«,q), for every ¢ € Qf, is linearly independent over Q,
F : H(D) — H(D) is a continuous operator such that, for each polynomial p = p(s), the preimage
F=Y{p} is not empty. Let K € K and f(s) € H(K). Then, for every h > 0 such that the number

exp {27”} s rational, and every € > 0,

NiL O < RSN s sup [ P(C(s o+ k) = f(5)] < 2} > 0

lim inf
N—oo

Theorems 4.1 and 4.2 are published in [8].

For the proofs of all universality theorems obtained in the thesis, the probabilistic method based

on weakly convergent probability measures in the space H (D) is applied.
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Chapter 1

Discrete universality theorems for
composite functions

of the Riemann zeta-function

Let G be a region on the complex plane. Denote by H(G) the space of analytic functions on G
endowed with the topology of uniform convergence on compacta. In this chapter, we obtain discrete
universality theorems for the functions F({(s)), where ((s) is the Riemann zeta-function and F' :

H(D) = H(D), D={s € C: 1 <o <1},is a certain operator.

We observe that the space H(G) is metrisable one. It is well known, see, for example, [10], that

there exists a sequence of compact subsets {K; : | € N} C D such that

o U
=1

K; C Kj4q for alll € N, and if K C G is a compact subset, then K C K; for some [ € N. For
1,92 € H(G), define

oo SGUII() |g1(8) - 92(8)|
_ oot _seKi . 1.1
0(91,92) ; 14 su}() lg1(s) —92(3)\ o
seK;

Clearly, o is a metric of the space H(G). Moreover, ¢ induces the uniform convergence on compacta.
Indeed, let {g,(s) : n € N} C H(G) and g(s). Suppose that g,(s) converges to g(s) as n — oo. Then,

for every compact subset K C D,

sup |gn(s) — g(s)| —— 0. (1.2)
seK n— oo

Therefore, for every [ € N,
sup |gn(s) — g(s)| —— 0. (1.3)
seK; n—00
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Hence, in view of (1.1), o(gn,g9) — 0 as n — occ.

Now let 9(gn,g) — 0 as n — oco. Then, for every [ € N, (1.3) holds. Suppose that K is an arbitrary
compact subset of D. Then there exists lop € N such that K C Kj,. Therefore,

SUp [gn(s) = 9(s)| < SUp |gn(s) = g(s)] T2 0.

sE lo n—oo

Since K is arbitrary, we have that relation (1.2) is true for all compact subsets K C D.

1.1. Statement of the results

We recall that

S={ge H(D):g(s)#0org(s) =0}

An operator F': H(G) — H(G) is said to be continuous at go € H(D) if, for every € > 0, there exists
0 = d(e) > 0 such that

o(F(g), F(g0)) <e

for all g € H(G) satisfying

0(g, 90) < 0.

Moreover, we remind that /C is the class of compact subsets of the strip D with connected complements,
and that H(K), K € K, is the class of continuous functions on K which are analytic in the interior

of K.

The first discrete universality theorem for the composite function F({(s)) uses a hypothesis on the
operator F stated in terms of open sets of the space H (D). Denote by F~1G the preimage of the set

G, h > 0 is a fixe number.

Theorem 1.1. Suppose that F' : H(D) — H(D) is a continuous operator such that, for every
open set G C H(D), the intersection (F~1G) (S is non-empty. Let K € K and f(s) € H(K). Then,

for every e > 0,

N+1#{O§k§N: EEE\F(((S—szh))—f(SH <e}>0.

lim inf
N—oo

The next theorem, in place of the hypothesis (F~1G) (S # @, apply a hypothesis related to all

polynomials. As it will be shown in the proof, the hypothesis of such a kind is stronger, i.e., it implies
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the hypothesis of Theorem 1.1, however, it is more convenient, because it is not easy to describe all

open sets of the space H(D). Denote by F~*{p} the preimage of a polynomial p = p(s).

Theorem 1.2. Suppose that F : H(D) — H(D) is a continuous operator such that, for every
polynomial p = p(s), the intersection (F~1{p}) (S is non-empty. Let K € K and f(s) € H(K).Then

the assertion of Theorem 1.1 is true.

Usually it is expected that the preimage of a polynomial is again a polynomial. The region

D ={seC: 3 <o <1} is not bounded one. Therefore, though a polynomial has only a finite
number of roots, it is not a guarantee that at least one of roots lies in the strip D. This observation
suggests an idea to consider the space of analytic function in a bounded region, because a polynomial

with sufficiently large modulus of the constant term can’t take the value zero in such a region.

For an arbitrary V' > 0, define the analogues of D and S by
1
sz{86C5§<0’<1, |t‘<V}
and
Sy ={g9 € H(Dv) :g(s) # 0org(s) = 0}.

Then we have the following analogue of Theorem 1.2.

Theorem 1.3. Let K € K and f(s) € H(K), and let V > 0 be such that K C Dy. Suppose
that F : H(Dy) — H(Dy) be a continuous operator such that, for every polynomial p = p(s), the
intersection (F~1{p}) (| Sy is non-empty. Then the assertion of Theorem 1.1 is true.

We give a simple example. Denote by g(®) the k th derivative of the function ¢ € H(Dy), and
define the operator F': H(Dy) — H(Dy) by the formula

F(g) = clg/—|— +ch(T)7 (/A I{(Dv)7 Cly...,Cr € (C\{O}

For the proof of the continuity of F; we apply the classical Cauchy integral formula, see, for example,
[55]: Let G be a region in C, f(s) be an analytic function on G, T' be a simple contour contained with
its interior in G, and sg € intI". Then, for n =0,1,2,...,

f(")(So) — n'/(f(s)ds

2mi ) (s —so)ntl
r

We use an equivalent of the continuity of operator in terms of sequences: F'is continuous at the point
g if, for every sequence {g,}, g» —— g, we have that F(g,) —— F(g). Let K be an arbitrary
n— o0 n—00

compact subset of the rectangle Dy, G D K be an open set lying in Dy, and let K7 be a compact
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subset such that G C K1 C Dy. We take a simple closed contour L lying in K7\G and enclosing the
set G. Then, by the Cauchy integral formula, we find that

1 . n(2) —g(z
1 Pl ~ Fa(o)] = 35| / 20 ) <

1 gtz
< 57 2 g 2 9n(9) = st (14)
where ¢ is the distance of the contour L from the set K, and |L| is the length of L. Now if g, (s) —
n—oo
g(s) in H(Dy), then
sup [gn(s) = g(s)] —— 0.
seEK, n—oo
This together with (1.4) shows that
sup [F(gn(s)) — F(g(s))| —— 0.
seK n—oo

Therefore, F(g,) —— F(g) in the space H(Dy ), thus, the operator F is continuous.
n—oo

Now we check the hypothesis that the preimage F~'{p} of an arbitrary polynomial p = p(s)
contains an element g such that g(s) # 0 on Dy. We have to prove that, for each polynomial
p = p(s), there exists an other polynomial ¢ = ¢(s) such that ¢ € F~!{p}, and ¢(s) # 0 for s € Dy.

Thus, we take a polynomial
p(s) = agps® +--- +ars+ap, a, #0,
of degree k, and search for a polynomial ¢(s) of degree k + 1 in the form
q(s) = bpy1s" T+ F s+ by, bryy # 0.
First suppose that » < k + 1. Then we find that

q'(s) = (k’ + 1)bk+1$k + -+ 2b28 + bl,

q"(s) = (k+ 1)kbgy15* 1 + - + 2by,

Since F'(q) = p, hence we obtain that

(k+1)ers® 4+ -+ 2c1b95 + e1b1 + (k4 Dkegbpyrs™ 1+ +
2e0by + -+ (k+1Dk...(k—r+ 2)crbk+13k’r+1 + -+ rleb, =

aksk+~-~+als+a0.
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Therefore, we have a system of equations

(k + 1)Clbk+1 = ag,

(k + 1)]{?Cgbk+1 + kciby = ap_1,

T!CTbT + 4 2021)2 + Clbl = Qo

for the coefficients b;, j =k +1,..., 1, of the polynomial ¢(s).
If r > k + 1, then we obtain a similar system of equations. In this case, ¢/)(s) = 0 for j > k + 2.

Having the coefficients bg11,...,b1, we take by to be |bg| sufficiently large, then ¢(s) # 0 for
s € Dy.

In the next theorem, we approximate by shifts F'(¢(s + it)) the functions from some subsets of

H(D). For different as,...,a, € C, and F : H(D) — H(D), define the set

Hray...a, (D) = {g € H(D) : (9(s) —ay)~' € H(D), j=1,...,r} | J{F(0)}.

Theorem 1.4. Suppose that F : H(D) — H(D) is a continuous operator such that F(S) D
Hp.q,....a. (D). Forr =1, let K € K, and the function f(s) be continuous and # a1 on K and analytic
in the interior of K. Forr > 2, let K be an arbitrary compact subset of D, and f(s) € Hp.a,,....a, (D).

Then the assertion of Theorem 1.1 is true.

If r = 1 and a; = 0, Theorem 1.4 implies the universality of the function (¥ (s), N € N. In the case
r=2,a; =1, aa = —1, we obtain the universality for the functions sin({(s)), cos(¢(s)), sinh(¢(s)),

cosh(¢(s)). We remind that

. s __ e—’LS e’LS + e—ZS
sins = ————, cos§ = ————
2i ’ 2
and
. e’ —e”? e’ +e”?
sinhs = ——, coshs= ———
2 2

We consider only the case of sin({(s)). Other functions are considered analogically. We solve the
equation
e — e

5

with respect to g. Putting e’9 =y, we have the equation

y? —2ify—1=0.
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Hence,
y=rfit\/1-f2
and
g=rlog (i /T- 7).

If fe Hpa,-1(D), ie., f(s) #1 and f(s) # —1 on D, the function fi+ /1 — f? is analytic on D,
and fi+ /1 — f2 # 0 on D. Therefore, there exists a branch of logarithm which is analytic and

non-vanishing on D. Thus, g € S, and we have that
F(S) = SIH(S) D HF;l,—l(D)~

Therefore, by Theorem 1.4, for arbitrary compact set K C D, f(s) € H(D) and f(s) #1,—1 on D,

and every € > 0,

#{O < k < N :sup|sin(¢(s +ikh)) — f(s)] < &‘} > 0.

1
+1 seK

lim inf
N—oo

1.2. Limit theorems

In this section, we present probabilistic limit theorems which are applied for the proof of universality.

Let B(X) be the o-field of Borel sets of the space X. Define
Q= H'va
p

where v, = {s € C : |s] = 1} def ~ is the unit circle for all primes p. By the Tikhonov theorem,
see [50], the infinite-dimensional torus €2, with the product topology and pointwise multiplication is
a compact topological Abelian group. Therefore, on (2, B(Q2)), the unique probability Haar measure
mpy exists. This gives the probability space (2, B(2), mg). Let P be the set of all prime numbers.
Denote by w(p) the projection of an element w € €2 to the coordinate space 7,, p € P, and on the
space (2, B(2), mp) define the H(D)-valued random element ((s,w) by the formula
((s,w) = H <1 — w(g}))
» b

We note that the latter product, for almost all w € Q with respect to the measure my, converges
uniformly on compact subsets of the strip D. All above statements can be found in [24]. Let P be

the distribution of the random element ((s,w), ie.,

Pe(A) =mp(weQ:((s,w) € A), Ae B(H(D)).
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We recall that if P,, n € N, and P are probability measures on (X, 5(X), then we say that P,

converges weakly to P as n — oo if, for every real bounded continuous function f on X

lim [ fdP, = / fdP.

n—o00
X X

The proof of Theorem B is based on the assertion that
1
Tmeas{T €[0,T]: {(s+iT) € A}, A€ B(H(D)),
converges weakly to the measure P: as T'— oo, and that the support of P is the set S.

The probabilistic background for Theorem C is more complicated, and we need some additional
definitions. A fixed number h > 0 is called of type 1 if the number exp {Q”Tm} is irrational for all

m € N, and h is of type 2 if it is not of type 1.

Suppose that A > 0 is of type 2. Then there exists the smallest my € N such that the number
exp { #0 } is rational. Let m = umg+v, u,v € Ny, 0 < v < n, and the number exp { 23 } is rational.

Since the number exp {2”%} is rational, the number exp {2”“%} is rational as well. Moreover,

ep{me} ep{?wumo}ep{%rv}
Xp{ —— p = ex Xp<{ —— ¢ .
h h h

Hence, we find that the number

ep{Qm;} ep{27rm}/ep{27rumo}
Xp{ — p = exp{ — X .
h h h

is also rational. However, 0 < v < mg, and mg is the smallest with property that the number

exp {25} is rational. This shows that v = 0, and we have that m = umy, i.e., m is a multiple of my.

Suppose that

2mmy a
PR [T

with a,b € N, (a,b) = 1. Consider the set Py C P,

.a o
Py = pGIP’:ozp#Olng:Hp P
peP

Obviously, we have that the set Py is finite one.

Denote by €, the closed subgroup of the group € generated by p~**, p € P. Then again Q, is a

compact topological Abelian group, therefore, on (€25, B(€2,)), the probability Haar measure m/ can

be defined, and we obtain a new probability space (5, B(Q), m"). The group was considered in [1],

Lemma 4.2.2, and it was proved that Q, = Q if h is of type 1, and
Qp ={weQ:wla) =w)}
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if the number h is of type 2.

On the probability space (Q,, B(Q,), m%), define the H(D)-valued random element (j,(s,wp,) by
the formula
_ wn(p)\
Gnlsoon) = [T (1 - <22
p
p
Let P, be the distribution of the random element (j(s,wp,), i-e.,
Pep(A) = mi{wn € Qp : ((s,wn) € A}, A € B(H(D)).

Clearly, if h is of type 1, then Prj coincide with Fr.

Theorem 1.5. For N — oo,

Pya(A) NLH#{O < k< N:C(s+ikh) € A}, A€ B(H(D)),

converges weakly to Pe p.

Proof. The case of h of type 1 is a partial case of a discrete theorem for Matsumoto zeta-functions

obtained in [21].

The case of h of type 2 is based on the following assertions proved in [39]. Let

ef 1 :
Qua(A) N0k <N: (p~™*" peP) e A}, A e B(Qn).

Then Qy j converges weakly to the Haar measure m/f; as N — oo.

The second assertion is related to the ergodic theory. For brevity, we put ap, = (p~" : p € P).

Then, clearly, aj, € Q. Define the transformation ¢y, (wy,) of 25, by

cph(wh) = aQpWh, W € Qh.

Since the Haar measure m® is invariant with respect to translations by points from Qj, we have that

¢n is a measurable measure preserving transformation on the probability space (Q,, B(Q,), m%). We
recall that a set A € B(Qy,) is called invariant with respect to the transformation ¢y, if the sets A and
¢n(A) can differ one from another at most by a set of m’;,-measure zero. The transformation ¢y, is
ergodic if the o-field of invariant sets consists only from the sets A with m’ (A4) = 1 or m’,(A) = 0.

In [21], it is proved that h is of type 2, then the transformation ¢}, is ergodic.

Now the proof for h of type 2 runs in a standard way. First the weak convergence of Q.
allows to prove limit theorems for certain absolutely convergent Dirichlet series related to ((s). The
ergodicity of the transformation ) together with the Gallagher lemma, Lemma 1.4 of [44], ensures

the approximation in the mean for the functions {(s) and ((s,wp) by absolutely convergent Dirichlet
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series. From this, using a standard method, limit theorems for ((s) and ((s,wy) follow. Finally,
an application of the classical Birkhoff-Khintchine ergodic theorem together with ergodicity of the

transformation ¢ shows that the measure Py j converges weakly to P} as N — oo.

In the sequel, we will use several times the following well-known fact. Let X; and X5 be two metric

spaces, and u : X1 — Xs be a (B(X;), B(X3))-measurable function, i.e.,
u"'B(X3) € B(Xy).

Then every probability measure P on (X7,B(X;)) induces on (X3,B(X3)) the unique probability

measure Pu~! defined by the formula

Pu=Y(A) = P(u"'A), A € B(X>).

Lemma 1.6. Let P,, n € N, and P be probability measures on (X,B(X)) and u: X1 — X5 be a
continuous function. Suppose that P, converges weakly to P as n — co. Then P,u~! also converges

weakly to Pu~! as n — oo.
The lemma is a partial case of Theorem 5.1 from [2].

Lemma 1.7. Suppose that F : H(D) — H(D) is a continuous operator. Then

Prnr(4) " A0 S kS N F(Qls +ikh)) € A}, A € BH(D)),

converges weakly to the measure P, F~1.

Proof. The lemma is an immediate corollary of Theorem 1.5 and Lemma 1.6. Really, we have that,
for A € B(H(D)),

1

= m#{o <Ek<N:((s+ikh) € FT'A} = Py, (F71A).

Pn oy, r(A)

Thus, Py nr = Py, F~1. Since the operator F is continuous, Theorem 1.5 and Lemma 1.6 imply the

weak convergence of Py j r to PC,hF_1 as N — oo.

For V > 0, we denote by Py v and P¢ v the restrictions to the space (H(Dv ), B(H(Dy))) for

the measures Py, and P p, respectively.
Lemma 1.8. For every V > 0, Py v converges weakly to Pep v as N — oo.

Proof. Obviously, Dy C D. Therefore, the function u : H(D) — H(Dy) given by the formula

u(g(s)) = 9(8)|sepy, g € H(D), is continuous. Thus, the lemma follows from Lemmas 1.7 and 1.6.

Lemma 1.9. Suppose that the operator F : H(Dy) — H(Dy) is continuous. Then

Py n,rv(A) = %ﬂ#{o <k < N:F(((s+ikh)) € A}, A€ B(H(Dv)),
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converges weakly to the measure P; v F~' as N — oo.

Proof. We use Lemmas 1.9 and 1.6, and repeat the proof of Lemma, 1.7.

1.3. Supports

In this section, we consider the supports of the limit measures in Lemmas 1.7 and 1.9. For this, we will
use the properties of operators F' in Theorems 1.1-1.4. We remind that if X a separable metric space,
and P is a probability measure on (X, B(X)), then a minimal closed set Sp such that P(Sp) =1 is

called the support of the measure P.

Lemma 1.10. The support of the measure F¢ ), is the set

S={g€ H(D):g(s) #0org(s) =0}.

Proof. In the case of h of type 1, the proof of the lemma is given in [33], Lemma 6.5.5. In the case
of h of type 2, we repeat the arguments of h of type 1 because the random elements ((s,w), w € Q,
and ((s,wp), wn € Qp, have the same form. Moreover, by a different method, the lemma for h of

type 2 is proved in [1], Theorem 5.3.2.

Lemma 1.11. The support of the measure P p, v is the set

Sv ={g € H(Dy): g(s) # 0 org(s) = 0}.

Proof of the lemma completely coincides with that of Lemma 1.10.

Lemma 1.12. Suppose that the operator F satisfies the hypotheses of Theorem 1.1. Then the
support of the measure P; , F~1 is the whole of H(D).

Proof. Let g be an arbitrary element of H(D), and G be any open neighbourhood of g. Since the
operator F is continuous, the set F~'G is open as well. Moreover, by the hypothesis of Theorem 1.1,
the set (F~'G) (S is non-empty. Therefore, there exists an element g; € S which is also an element
of the set F~'G. Thus, F~'G is an open neighbourhood of the element g;. However, the support of
the measure P, consists of all elements g; such that, for every open neighbourhood G of g;, the

inequality P 5(G1) > 0 is satisfied. Therefore, by Lemma 1.10,
PepF7HG) = Pep(F71G) > 0.
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Since g and G are arbitrary, this proves the lemma.

For the investigation of supports of other limit measures, we will apply the Mergelyan theorem on

the appriximation of analytic functions by polynomials. We state this theorem as a separate lemma.

Lemma 1.13. Let K C C be a compact subset with connected complement, and let f(s) be a
continuous function on K which is analytic in the interior of K. Then, for every € > 0, there exists

a polynomial p(s) such that

sup | f(s) — p(s)| <e.
seK

Proof of the lemma is given in [43], see also [63].

Lemma 1.14. Suppose that the operator F satisfies the hypotheses of Theorem 1.2. Then the

support of the measure Pr , F~' is the whole of H(D).

Proof. We will prove that the operator F satisfies the hypotheses of Theorem 1.1. Then the lemma

will follow from Lemma 1.12.

Let € > 0 be an arbitrary fixed number. We fix [y € N such that
Yoot<l (1.5)
2
>l
Let {K; : | € N} be a sequence of compact subsets of the strip D which occurs in the definition of the
metric p in the space H(D). Suppose that, for f,g € H(D),

sup |£(s) = g(s)| < 5.
SEK,

Then, in view of the relation K; C K41, | € N, we find that

sup |f(s) = 9(s)] < 5.
seK;

foralll=1,...,lp — 1. Thus, in virtue of (1.5),

_ 271 seK; <
o(fi9) =2 1+ sup |f(s) — g(s)| —
=1 s€EK;
o seullg |f(s) —g(s)] €
< 1 s€eK; -+ 2_l <;t+5=¢
D TCETICIAE SRR RS
seK; 0

This shows that, in the space H(D), the function g approximates a function f with a given accuracy
if g approximates f with a suitable accuracy uniformly on K for sufficiently large [. Clearly, the sets

K; can be chosen to be with connected complements. For example, we can take closed rectangles.
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Therefore, in the space H(D), we can limit ourselves by uniform approximation on compact subsets

with connected complements.

Let g be an arbitrary element of H (D), and G be an open neighbourhood of g. Then the continuity
of F implies that the set F~'G is also open. We will prove that the set (F~'G) (S is non-empty.

Let K C D be a compact subset with connected complement. Then, by Lemma 1.13, there exists
a polynomial p = p(s) which approximates the function g uniformly on K with desired accuracy.
Therefore, since g € G, we may find a polynomial p(s) such that p € G, too. By the hypothesis of
Theorem 1.2, we have that (F~{p}) (S # @. Thus, (F~'G)(S # @, and the lemma follows from

Lemma 1.12.

Lemma 1.15. Suppose that the operator F satisfies the hypotheses of Theorem 1.3. Then the
support of the measure P v F~' is the whole of H(Dy).

Proof. Let g be an arbitrary element of H(Dy ), and G be any open neighbourhood of g. Then
the set F~1G is open as well. Repeating the proof of Lemma 1.14, we obtain that (F~1G) [ Sy # 2.
Therefore, there exists an element g; € Sy which also belongs to F~'G. Thus, F~'G is an open

neighbourhood of element g;. Therefore, by Lemma 1.11, P 5 v(F~'G) > 0. Hence,
Pc’h’vF_l(G) = ngh’v(F_lG) > 0.
Since g and G are arbitrary, this proves the lemma.

Lemma 1.16. Suppose that the operator F satisfies the hypotheses of Theorem 1.4. Then the

support of the measure P; , F~' contains the closure of the set Hp.q,.. . q,. (D).

Proof. By the hypotheses for the operator F', we have that, for each element f € Hp.q, 4. (D),
there exists an element g € S such that F'(g) = f. Therefore, for every open neighbourhood G of f,

in view of Lemma, 1.10,
PepF7HG) = Pep(F71G) > 0.

This shows that f is an element of the support of the measure P, , F'~!. Hence, it follows that the set
Hp.q,.....a. (D) is a subset of the support of PC’hF_l. Since the support is a closed set, we have that
the closure of the set Hr.q, 4. (D) belongs to the support of P, F~1.

1.4. Proof of universality theorems

Proof of Theorems 1-4 uses the corresponding limit theorems, explicit forms of supports of the limit

measures in them, as well as Lemma 1.13 (the Mergelyan theorem).
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Additionally, we remind an equivalent of the weak convergence of probability measures in terms

of open sets.

Lemma 1.17. Let P,, n € N, and P be probability measures on (X,B(X)). Then P, converges

weakly to P as n — oo if and only if, for every open set G C X,

liminf P,(G) > P(G).

n—oo

The lemma is a part of Theorem 2.1 from [2].

Proof of Theorem 1.1. By Lemma 1.13, there exists a polynomial p(s) such that
€
sup [ £(s) — p(s)] < 5. (16)
seK
Define the set
€
G ={semD): suplols) o) < 5 |
sEK 2

Since the set G is open, Lemmas 1.7 and 1.17 imply the inequality

1
N+1

#{0 <k < N: F({(s+1ikh)) € G} > Pc , F1(G). (1.7)

lim inf
N—o0

In virtue of Lemma 1.12, the polynomial p(s) is an element of the support of the measure P, F 1.
Since the set G is an open neighbourhood of the polynomial p(s), the properties of the support imply
the inequality Pr,F~'(G) > 0. This together with (1.7) shows that

1
lim inf £30<k <N :sup [F(C(s+ikh)) —p(s)| < = b > 0. (1.8)
N—00 1 seK 2
It remains to replace the polynomial p(s) by the function f(s). Taking into account (1.6), for k
satisfying
sup |F(s +ikh) — p(s)] < 57
sEK 2
we find that
sup |F (s +ikh) — f(s)| < sup |F(s + ikh) — p(s)| + sup |f(s) — p(s)]| < e.
seK seK seK
Therefore,

{O <k < N:sup|F(((s+ikh)) —p(s)| < ;} C {0 <k < N:sup|F(¢(s+ikh)) — f(s)| < 5}.
seEK seK

This and (1.8) shows that

#{0 <k < N :sup|F({(s+ikh))— f(s)] <e}>0.

lim inf
Nooo N+ 1 ock
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The theorem is proved.

Proof of Theorem 1.2. We repeat the arguments of the proof of Theorem 1.1, and, in place of
Lemma 1.12, we apply Lemma 1.14.

Proof of Theorem 1.3. We argue with obvious changes similarly to the proof of Theorem 1.1, and,

in place of Lemmas 1.7 and 1.12, we use Lemmas 1.9 and 1.15.

Proof of Theorem 1.4. We begin with the case r = 1. Using Lemma 1.13, we fix a polynomial p(s)
such that
€

sup | f(s) —p(s)| < - (1.9)

seK
Since f(s) # a1 on K, we have that p(s) # a; on K as well if ¢ is small enough. Thus, we can define
a continuous branch of log(p(s) — a;) which will be an analytic function in the interior of K. Again,
in view if Lemma 1.13, there exists a polynomial p;(s) such that

sup |p(s) —a; — P ] < = (1.10)

sek 4
For brevity, we put hq, (s) = e”*(®) 4 a;. Then we have that h,, (s) € H(D), and, obviously, hq, (s) #
a1. Therefore, by Lemma 1.16, h,, (s) is an element of the support of the measure nghF’l. Moreover,
the inequalities (1.9) and (1.10) imply the inequality

sup |£(5) = ha, ()| < sup |£(s) = pls)] + sup |p(s) = hay (5)] < 5+ 7 = 5. (1.11)
seEK sEK seEK

Let define the set
€
G = {oe HD) s sup oy (4) —g(0)] < 5.
seEK
Then G; an open neighbourhood of the element h,, (s) of the support of P:,F~!. Therefore,
P:n,F7Y(G) > 0, thus, by Lemmas 1.7 and 1.17,

lgninf ! 1# {0 <k <N :sup|F(¢(s+ikh)) — he, (5)] < ;} > P, F7H(G) > 0.
e el

seEK

This and (1.11) give the assertion of the theorem.
Now let r > 2. Define the set
G2 ={a € HD) : sup lo(o) - ()] <.
Since f(s) € Hpuq,,...,a, (D), Lemma 1.16 shows that f(s) is an element of the support of the measure
P:pF~1. Since G» is an open set, hence we have that P, F~'(G) > 0. Therefore, Lemmas 1.7

and 1.17 given the inequality

! 1#{0 <k <N :supl|F(¢(s+ikh)) — f(s)| < 6} > PepF7HG) > 0.

lim inf
N—oco seK

The theorem is proved.
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Chapter 2

Discrete universality theorems for
composite functions

of the Hurwitz zeta-function

Let o, 0 < o < 1, be a fixed parameter. We recall that the Hurwitz zeta-function ((s, @) is defined,

for o > 1, by the Dirichlet series

1
((s, ) = —,
2 vy

and can be analytically continued to the whole complex plane, except for a simple pole at the point

s = 1 with residue 1.

This chapter is devoted to the discrete universality of the functions F'({(s,«)) for some classes of
operators F': H(D) — H(D). It is easy to give an example of such operators. Suppose that F(g) = e
for g € H(D), K € K, f(s) € Hy(K), and h > 0 is as in Theorem F. Then we can define a continuous
branch of the function log f(s) on K, which will be analytic in the interior of K. Suppose that k € Ny

satisfies the inequality

sup |((s + ikh,a) —log f(s)] < © (2.1)

b
scK eMg

where My = max <sup [£(s)], 1). Using the inequality
seK

le¥ — 1] < |s]el*!
which is valid for all s € C, we obtain that, for k € Ny satisfying (2.1) with 0 < & < 1,

sup € HH12) — f(5)] = sup| f(s)[|e€FHm) s 1) 1] <
seK seK

39



< sup | £(5)|[C(s + ikh, o) — log f(s)|elS(sFikRa)Zlog f(5)] o (2.2)
seEK

However, by Theorem F, the set of m € Ny satisfying (2.1) has a positive lower density. Therefore, in

view of (2.2), we obtain that

# {0 <k <N :sup gS(stikh,a) f(s)‘ < E} > 0.

lim inf
N—o00 seK

+1

The later example shows that the composite functions F'({(s,«) can preserve the discrete univer-
sality property for the Hurwitz zeta-function. In this chapter, we describe some classes of operators
F for which any analytic function can be approximated by discrete shifts F'(¢(s + ikh,a)). In other

words, we give generalizations of the results of Chapter 1 for the function ((s, «).

2.1. Lipschitz class

For a sufficiently wide class of operators F' : H(D) — H(D), the discrete universality of F({(s,a))
can be deduced directly from Theorem F. We say that the operator F' : H(D) — H(D) belongs to
the class Lip(5), 8 > 0, if the following hypotheses are satisfied:

1° for each polynomial p = p(s), there exists an element g € F~1{p} C H(D);

2° for every set K € K, there exists a positive constant ¢ and a set K; € K such that

sup |F(g1(s)) = F(g2(s))| < ¢ sup |g1(s) — g2(s)|”
seEK s€eK,

for all g1,¢92 € H(D).
We observe that hypotheses 2° of the class Lip(/) is similar to the classical Lipschitz condition.

Theorem 2.1. Suppose that the numbers « and h, the set K and the function f(s) are as in
Theorem F, and that F' € Lip(8). Then, for every e > 0,

! 1#{0§k§N:sup |F(¢(s+ikh,a)) — f(s)] <€} > 0.

lim inf
N—oo seK

It is easy to see that the operator F' : H(D) — H(D) given by the formula F(g) = ¢, g € H(D),
belongs to the class Lip(1). Obviously, each polynomial has a preimage in H(D). Therefore, it remains

to check hypothesis 2° of the class Lip(g).

Let K; and T be the same as in Chapter 1, page 24. Then, by the Cauchy integral formula, we
have that for g1,92 € H(D) and s € K,

Fg1(s)) = F(g2(s)) z.

1 /91(2) —92(2)

" omi (z — s)2
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Hence,

sup |F'(g1(s)) — Flg2(s))] < 3 52 Sup l91(s) — g2(s)| = ¢ sup [g1(s) — g2(s)I,
seK O seK, seKq

where ¢ = QLFL&L, and the quantities |L| and ¢ are the same as in Chapter 1, page 24. Thus, hypothesis

2° of the class Lip(1) is also satisfied, and we have that F' € Lip(1).

Proof of Theorem 2.1. By Lemma 1.13, there exists a polynomial p = p(s) such that

sup £ (s) = p(s)| < 5. (2.3)

Hypothesis 1° of the class Lip(3) implies the existence of g(s) € F~*{p} C H(D). Let k € Ny satisfy
the inequality
1

, _1 B
Sseu;g)1 [C(s+ikh,a) —g(s)| < ¢ 7 (5) ) (2.4)

where K7 and c are from hypothesis 2° of the class Lip(8). Then, in view of hypothesis 2°, for k
satisfying (2.4),

sup |F(¢(s + ikh,a)) — p(s)| = sup |F(¢(s + ikh,a)) — F(g(s))| <

seK seK
1 B
< csup [C(s +ikh,a) — g(s)]® < c ) =< (2.5)
seK, 2 2
However, by Theorem F,
- 1 . 1 (ENF
<k< : — b .
1}&;1; N 1#{0 <k<N 88611[1?1 IC(s +ikh,a) —g(s)] < ¢ ? (2) } >0
Thus, by (2.5),
5
im i <k< : ) — — . .
lﬂlglof N 1# {O <k<N ESII;'F(C(S +ikh, o)) — p(s)| < 2} >0 (2.6)

From (2.3), we have that

. ) e €
sup |F'(C(s + ikh, a)) = f(s)| < sup [F(¢(s + ikh, a)) = p(s)| +sup [f(s) = p(s)| < 5 + 5 =
seK seK seK
This shows that

{0 <k < N :sup|F(¢(s+ikh,a)) —p(s)] < 6} C {0 <k <N :sup|F({(s+ikh,a))— f(s)| < 5}.
seK 2 seK

Therefore, in view of (2.6), we find that

lim inf
N—oo

! 1#{0 <k < N:sup|F(((s+ikh,a)) — f(s)| < 5} > 0.
seK

The theorem is proved.
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2.2. Other classes of operators [

In this section, we state universality theorems for the composite functions F'({(s, «)) for some other
classes of operators F' : H(D — H(D)). They are analogues of the corresponding universality theorems
of Chapter 1 for the Riemann zeta-function. However, we do not consider the space H(Dy ) because
the shifts {(s + ikh, o) approximate functions from the class H(K), K € K, and we do not need the

non-vanishing of preimages F~!{p} for polynomials p = p(s).

Theorem 2.2. Suppose that the numbers « and h, the set K and the function f(s) are as in
Theorem F. Let F : H(D) — H(D) be a continuous operator such that, for every open set G C H(H),

the set F~'G is non-empty. Then the assertion of Theorem 2.1 is true.

The hypothesis that F~1G # & for every open set G C H(D) is not easily checked. Obviously, it
is satisfied in the case F(H (D)) = H(D). On the other hand, this hypothesis is quite general, and we

can consider its special cases. The next theorem is an example of such a type.

Theorem 2.3. Suppose that F : H(D) — H(D) is a continuous operator such that, for each
polynomial p = p(s), the set F~1{p} is non-empty. Then with o, h, K and f(s) as in Theorem F the

assertion of Theorem 2.1 is true.

The example
F(g) _ Clg/+...+c7ﬂg(7‘), Cly...,Cr € C\{0}7

of operators F : H(D) — H(D) satisfies the hypothesis F'~!{p} # @ for each polynomial p = p(s).
Indeed, always there exists a polynomial ¢ = ¢(s) such that F(¢q) = p, and this was proved in the
example of Theorem 1.3. Unfortunately, other non-trivial examples of operators F', which are not
related to derivatives, are not numerous. Obvious, one of examples is an integral operator

S

F(g) = / g(2)dz, g € H(D),

S0

with sg € D.

Now we state an analogue of Theorem 1.4. For this, we define the subset of analytic functions on

H(D)
Hal,-~»7ar(D) = {g € H(D) : (g(s) 70‘]')71 € H(D)’ Jj= ]-7'"’7'}

with different complex numbers a1, ..., a,. Clearly, the set H,, _ ,, (D) consists of analytic functions
on D which do not take the values aq,...,a,. In the next theorem, we approximate analytic functions

from the set Hy,, . o, (D) C F(H(D)) by shifts F({(s + ikh,«)). Clearly, H,, . (D) C H(D),
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therefore, such an universality is weaker than that above theorem, however, it includes the universality

of some elementary functions.

Theorem 2.4. Suppose that the numbers o and h are as in Theorem F, and that F : H(D) —
H(D) is a continuous operator such that F(H(D)) D Hg,... a.(D). Forr =1, let K € K, and let
f(s) # a1 be a continuous function on K which is analytic in the interior of K. Forr > 2, let K C D

be an arbitrary compact subset, and f(s) € Hy, . o.(D). Then the assertion of Theorem 2.1 is true.

.....

We note that, in the case r = 1, the functions f(s) € H,, (D) also can be approximated by shifts
F({(s + ikh,a)), however, the requirement, of the theorem is weaker than that f(s) € H,, (D).

It is easy to check that the operator F : H(D) — H(D) given by the formula
F(g)=g", g€ H(D), N e N\ {1},

satisfies the hypotheses of Theorem 2.4. Let g, — ¢ in the space H(D). Then, for every compact
subset K C D,

n— oo

sup |gn(s) — g(s)| —— 0.
seK

Hence,

sup [F(gn(s)) — Fg(s)| = sup lgp' (s) — g™ (s) = sup lgn(s) = g(s)lllgn " (5) + -+ + g" ()] —— 0.
seEK sEK seK

Therefore, the operator F' is continuous.
Now let f(s) € Ho(D). Then the equation
gV =f

has a solution g = Y/f € H(D). Therefore, F(H (D)) D Ho(D). Thus, by Theorem 2.4, we have that
if K € K, and f(s) # 0 is a continuous function on K which is analytic in the interior of K, then, for

every € >0 and N € N~ {1}

1
lim inf #{ngSN:supCN(s+ikh,a)—f(s)|<5}>O.
N—o0 ]. scK

The case N =1 corresponds Theorem F. In this case, f(s) is an arbitrary function from the class

H(K).

Theorem 2.4 also implies the universality of the functions F(((s,«)) with the operators F' :
H(D) — H(D) given by the formulae

F(g) =sing, F(g) = cosg, F(g) = sinh(g), F(g) = cosh(g).
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We check the hypotheses of Theorem 2.4 for the operator defined by the hyperbolic cosine. Suppose
that f(s) € H_11(D). Consider the equation

ed+e 9

cosh(g) = 5

=f.
Putting y = €9 gives the equation
y? —2fy+1=0.
Hence,
y=FfEVFP-1,
and
g =log(f £/ f*~1) € H(D).

Therefore, F(H(D)) D H_1,1(D), and we have the universality of cosh(¢(s, ).

The last theorem of Chapter 2 extends the approximation of analytic function from the set

F(H(D)) for all continuous operator F' : H(D) — H(D) by shifts F({(s + ikh, a)).

Theorem 2.5. Suppose that the numbers o and h are as in Theorem F, and that F : H(D) —
H(D) is an arbitrary continuous operator. Let K C D be a compact subset, and f(s) € F(H(D)).

Then the assertion of Theorem 2.1 is true.

Theorem 2.5 is rather general, however, from the other hand, it is difficult to describe the set
F(H(D)). Therefore, Theorem 2.4 is more convenient for the investigation of concrete universal

functions.

2.3. Lemmas

For proving Theorem 2.2-2.5, we will apply as, in Chapter 1, a probabilistic approach based on limit

theorems on the weak convergence of probability measures in the space H(D).

Additionally to the torus €2 defined in Section 1.2, we define one more infinite-dimensional torus

Ql = H va
m=0

where ~,, = ~ for all nonnegative integers m. By the Tikhonov theorem, the torus ; with the
product topology and pointwise multiplication is a compact topological Abelian group. Therefore, on
(Q1,B(£1)), the probability Haar measure miy can be defined, and we have the probability space

(Q1,B(Q1),m1m). We denote by wq(m) the projection of wy € 5 to the coordinate space 7, m € Ny.
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We recall that w(p) is the projection of w € € to the coordinate space 7,, p € P. We extend the
function w(p) to the set N by the formula

w(m) = H w"(p), m € N.
p’|m
p’tm

Suppose that « is a rational number # 1, % Thus, a = % with some a,g e N, 1 <a < gq, ¢ > 3,
(a,q) = 1. Then, on the probability space (2, B(2), my), we define the H(D)-valued random element
¢(s,w,a) by the formula

(swa)=wle 3 L

.
msS
=1

m
m=a(modq)

where w(g) means the complex conjugate of w(g), and denote by P, the distribution of {(s,w, @), i.e.,
Pr(A) =mp(we Q:({(s,w,a) € A),A € B(H(D)).

If « is transcendental, then, on the probability space (21,8(Q1), m1g), we define the H(D)-valued
random element ((s,ws, ) by the formula
o~ wi(m)
(o) = 3 2

m=0 (m

and denote by Py its distribution, i.e.,

PIC(A) = mlH(wl € Ql : C(s,wl,a) € A),A S B(H(D))

1

Lemma 2.6. Suppose that o is a rational number # 1, 3,

Then

and that h > 0 is an arbitrary number.

def 1

Py(A4) S 5 #0 Sk <N ((s+ikh,0) € A}, A€ B(H(D),

converges weakly to P as N — oo. If o is transcendental and h > 0 is such that exp{%’r} 5 a

rational number, then Py converges weakly to Pic as N — co.

For rational ¢, the lemma was obtained in [1], and, for transcendental ¢, the lemma is given in

[34].
Now we state a limit theorem for composite functions.

Lemma 2.7. Suppose that F : H(D) — H(D) is a continuous operator. If « is a rational number

#1, % and h > 0 is an arbitrary number, then

Pap(4) " {0 S B < N F((s +ikh,) € A}, A € BH(D),
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converges weakly to P.F~' as N — oco. If « is transcendental and h > 0 is such that exp {Qf} is a

rational number, then Py r converges weakly to PlCF’l as N — oo.

Proof. Since, for all A € B(H(D)),

Py r(A) #{0 <k < N :((s+ikh,a) € FT'A} = Py(F~1A),

TN+l

we have that Py p = Py F~1. Therefore, the lemma is a consequence of Lemmas 2.6 and 1.6.

We also need the explicit form of the support of the limit measure in Lemma 2.7. Since the space
H(D) is separable, we know that the support of a measure P on (H (D), B(H(D))) is a minimal closed
set Sp C H(D) such that P(Sp) = 1. The set Sp consists of all g € H(D) such that, for every open
neighbourhood G of g, P(G) > 0. We will use the following assertion.

Lemma 2.8. The supports of the measure P; and Pi; both are the whole of H(D).
Proof of the lemma for P, is given in [1], and, for the measure P, can be found in [39].

Lemma 2.9. Let F : H(D) — H(D) be a continuous operator such that, for every open set
G C H(D), the set F~'G is non-empty. Then the supports of the measures PeF~* and PicF~! are
both the whole of H(D).

Proof. Let g be an arbitrary element of H(D), and G be any open neighbourhood of g. Since F is
continuous, the set F '@ is also open, and, moreover, by the assumptions of the lemma, non-empty.

Thus, F~1G is an open neighbourhood of a certain element g; € H(D). Therefore, by Lemma 2.8,
P:(F7'G) >0 and Py (F7'G) > 0.
Hence,
P F 1 G)=P:(F'G) >0
and
Py FHG) = Pic(F7'G) > 0.
Since g and G are arbitrary objects, this proves the lemma.

Lemma 2.10. Let F : H(D) — H(D) be a continuous operator such that, for every polynomial
p = p(s), the set F~1{p} is non-empty. Then the supports of the measures PCF’1 and PlCF’l are
both the whole of H(D).

Proof. We have seen in the proof of Lemma 1.14 that the approximation in the space H (D) reduces
to that on compact subsets with connected complements. Therefore, we can use the Mergelyan theorem

(Lemma 1.13).
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Let g € H(D) be an arbitrary element, and G be any open neighbourhood of g. If K € K, then,
in view of Lemma 1.13, for every € > 0, there exists a polynomial p(s) such that
sup lg(s) —p(s)| <e.
Thus, the polynomial p(s) € G if the number ¢ is small enough. Since, by the hypothesis of the
lemma, the set F~1{p} is non-empty, the set F~1G is also non-empty. Therefore, the lemma follows

from Lemma 2.9.

Lemma 2.11. Suppose that F : H(D) — H(D) is a continuous operator. Then the supports of
the measures P.F~' and PicF~"' both are the closure of F(H(D)).

Proof. Let g be an arbitrary element of F'(H (D)), and G be any open neighbourhood of g. Then
there exists g € H(D) such that F(g;) = g. Therefore, the open set F~!G is non-empty, and

Lemma 2.8 gives

P.FYG)=P:(F'G) >0

and
P F7HG) = Pie(F7'G) > 0.
Moreover,
PP (F(H(D))) = P(H(D)) =1
and

PicF~Y(F(H(D))) = Pic(H(D)) = 1.

Since the support is a closed set, the last four relations show that the supports of the measures P, F~!

and P F~! both are the closure of F(H(D)).

Lemma 2.12. Let F : H(D) — H(D) be a continuous operator such that F(H(D)) D Hg,,....q, (D).
Then the supports of the measures P F~' and PicF~! both contain the closure of the set Hy, . (D).

Proof. By Lemma 2.11, both these supports are the closure of F(H(D)). Since F(H(D)) D
Hg, .4, (D), we have that the closure of F'(H (D)) contains the closure of the set Hy,, . q, (D). There-

fore, the supports of considered measures contain the closure of the set H,, 4, (D).
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2.4. Proof of universality theorems

Proof of Theorem 2.2. By Lemma 1.13, there exists a polynomial p = p(s) such that

sup £ (s) = p(s)] < 5. (2.7)

Define

G ={scmD)ssup o) - )] < 5 |

Then G is an neighbourhood of the polynomial p(s). In view of Lemma 2.9, the polynomial p(s) is an

element of the supports of the measures P.F~* and Py¢F~'. Therefore,
P.F7YG) >0 and P :F~Y(G) > 0.

This and Lemmas 2.7 and 1.17 imply the inequalities

#{0<k < N:F(((s+ikh,a)) € G} > P.F 1 (G) >0

lim inf
Nooo N+ 1

for rational «, and

lim inf
Nooo N+ 1

#{0<k<N:F({(s+ikh,a)) € G} > P FYG)>0
for transcendental .. Hence, by the definition of G,

lim inf
N—o0

! #{ngSN:sup|F((N(s+ikh,a))p(s)| < 5} >0
1 seK 2

for rational and transcendental o. Combining this with (2.7) gives the assertion of the theorem.

Proof of Theorem 2.3. We repeat the proof of Theorem 2.2 with application of Lemma 2.10 instead

of Lemma 2.9.
Proof of Theorem 2.4. We separate two cases, r = 1 and r > 2.

Let » = 1. Then, by Lemma 1.13, we find a polynomial p(s) such that
€

sup |f(s) —p(s)] < ; (2.8)
seK

Since f(s) # a; on K, we have by (2.8) that p(s) # a1 on K if € is small enough. Therefore, there
exists a continuous branch of log(p(s) — a1) on K, which is analytic in the interior of K. Applying
Lemma 1.13 once more, we find a polynomial ¢(s) satisfying

3

sup [p(s) —a; — €| < (2.9)

seK 4
We set g1(s) = e?*) + a;. Then gi(s) € H(D), and gi1(s) # a1 on D. Thus, gi(s) € Hy,, (D).
Therefore, by the assumption of the theorem that F(H (D)) D H,, (D) and Lemma 2.12, we have that

g1(s) is an element of the supports of the measures P;F~! and P;cF~!. Define

61 ={a€ D) swplo(s) ~ (o) < 5}
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Then G is an open neighbourhood of the function g;(s), thus, by the above remark, P, F~1(G1) > 0
and Pi¢F~(Gy,) > 0. Therefore, Lemmas 2.7 and 1.7, and the definition of the set Gy, show that

.. 1 . € 1
<k< : - — s> .
1}\?35?]\[4-1#{0—16—]\] Sg}g|F(§(s+zkh,oz)) g1(s)] < 2} > P F7(Gy) >0 (2.10)
for rational «, and

lim inf
N—oco

! 1# {0 <k <N :sup|F(¢(s+ikh,a)) —gi(s)| < ;} > P F7H(Gy) >0 (2.11)
seK

for transcendental . Inequalities (2.8) and (2.9) imply

sup |£(s) = g1(s)| < 5.
seK

This shows that, for k € Ny satisfying (2.10) or (2.11),

sup [F(¢(s +ikh)) — f(s)| <e.

This together with (2.10) and (2.11) proves the theorem.

Now let r > 2. Define

Gy — {g € H(D) : supg(s) — £(5)] < } |

seEK
By the hypothesis of the theorem and Lemma 2.12, the function f(s) is an element of the supports of
the measures PCF_1 and PlCF_l. Thus, the set G5 is an open neighbourhood of an element of the

supports of the measures P.F~! and P;¢F~!, and hence,
P.F~HGe) >0
and
P F71(G2) > 0.

Therefore, using Lemmas 2.7 and 1.7 again, we obtain, by the definition of G5, that

! 1#{0§k§N:sup |F(¢(s +ikh, o)) — f(s)] <5} > 0.

lim inf
N—oo seK

The theorem is proved.

Proof of Theorem 2.5. We use Lemma 2.11 and apply the same arguments as in the proof of the

case r > 2 of Theorem 2.4.
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Chapter 3

Zeros of the functions ((s) and ((s, a)

in the critical strip

In this chapter, we present a certain information on the number of zeros of the functions F({(s+ikh))
and F(¢(s + ikh,a)), k € Ng, h > 0, for some classes of operators F' : H(D) — H(D). For this,
we will apply universality theorems of Chapters 1 and 2. Moreover, we will use the classical Rouché

theorem.

3.1. Zeros of functions related to ((s)

Universality theorems for the Riemann zeta-function ((s), Theorems B and C, do not give any infor-
mation on zeros of ((s) because approximated functions in these theorems belong to the class Hy(K).
The picture changes when composite functions F({(s)) are considered. Then the shifts F(¢(s+i7)) or
F(¢(s+ikh)) approximate analytic functions from the class H(K), and we can derive some information

on zeros of these shifts. More precisely, this is described in the next theorem.

Theorem 3.1. Suppose that the operator F is as in one of Theorems 1.1-1.8. Then, for arbitrary
o1 and oo, % < 01 < 09 < 1, there exists a constant ¢ = c(o1, 09, F, h) such that, for sufficiently large
N €N, the function F(((s+ ikh)) has a zero in the disc

o1+ 09
2 )

02 — 01

—ol <
s—5< 2

~
) 70-_

for more than ¢cN numbers k, 0 < k < N.

Before the proof of Theorem 3.1, we remind the Rouché theorem.
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Lemma 3.2. Let G be a region on the complex plane, K be a compact subset of G, and f(s) and
g(s) be analytic functions in G such that

1£(s) = g(s)| <[f(s)]

for every point s in the boundary of K. Then the functions f(s) and g(s) have the same number of

zeros in the interior of the set K, taking into account multiplicities.
Proof of the lemma can be found, for example, in [55].

Proof of Theorem 3.1. Define

3
g1 — —

4

)

)

f(s) =s—0 and 0 < ¢ < 22557, Moreover, let K = {5 eC: |s — %| < cro}. Then, clearly, K € K
and f(s) € H(K). Then, by Theorems 1.1-1.3 we have that

go :max(

lim inf
N—oo

11# 0<k<N: sup |F(C(s+ikh))—f(s) <eb>o.

_3
‘s 4|§00

From this, it follows that there exists a constant ¢ = ¢(o1, 02, F, h) > 0 such that, for sufficiently large

N,
1
——#0<k<N: sup |F({(s+ikh))—f(s)|<ep >ec (3.1)
N+1 (o3| <o
The circle
s -5 =222 (32)
2
lies in the disc
3

s—i’= (5—3)+<3—2)‘§|5—3|+ a—i’=“2;"1+ A_i’. (3.4)
If G > 3, then, in view of (3.4), we have that
s—§702_01 01+02—§202—§§00.
4 2 2 4 4
If&<%,then 01<%,and
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Thus, we have that in both the cases, s lies in the disc (3.3). Therefore, for k € Ny satisfying (3.1),

we obtain that

max  |F(C(s+ikh)) — (s — 5)| < 022_0"1. (3.5)
|s—5|=225%1

This shows that, in the disc

|S_3|§%7

(3.6)
the functions f(s) = s — o and g(s) = F(¢(s + ikh)) satisfy the hypotheses of Lemma 3.2. However,
the function s — & has precisely one zero s = 7 in that disc. Therefore, the function F({(s+1ikh)) also
has one zero in the disc (3.5). Since, in view of (3.1), the number of such k, 0 < k < N, satisfying

(3.5), is larger than ¢, this proves the theorem.

3.2. Zeros of the Hurwitz zeta-function

In this section, we obtain an analogue of Theorem 3.1 for the Hurwitz zeta-function (s, «). For this,
we apply a discrete universality theorem (Theorem F) for ((s,«), and we have the following result.

We preserve the notation of Section 3.1.

Theorem 3.3. Suppose that « is transcendental or rational number # 1, % In the case of rational
a, let h > 0 be arbitrary fired number, while in the case of transcendental o, let h > 0 be such
that exp{%”} is a rational number. Then, for all 01,09, % < 01 < 09 < 1, there exists a constant
¢ = c¢(o1,02,,h) > 0 such that, for sufficiently large N € N, the function ((s + ikh,a) has a zero in
the disc

02 — 01
2

s — o] <
for more than ¢cN numbers k, 0 < k < N.

Proof. We take f(s) =s—0, K = {s eC: {s — %| < 00} and 0 < e < 225574 in Theorem F. Then,

by Theorem F, we have that

lim inf
N—oo

#LO0<E<SN: sup |{(s+ikh,a)—f(s)|<ep >D0.

3
|s—3[<o0

+1

Therefore, there exists a positive constant ¢ = ¢(o1, 02, o, h) such that, for sufficiently large N,

#L0<k<N: sup [{(s+ikh,a)— f(s)]<ep >cN. (3.7)

._ 3
|s—%|<o0
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Since the circle |s — 7| = 257 lies in the disc ‘8 — %’ < 09, we have that, for k € N satisfying (3.7),

the inequality

max  |C(s+ikh,a) — (s —6)| < 2L,
|S_3|:02gf’1 20

is satisfied. Thus, the functions s — ¢ and (s + ikh, ) on the disc K satisfy the hypotheses of
Lemma 3.2. Hence, repeating the arguments of the proof of Theorem 3.1, we obtain the assertion of

the theorem.

3.3. Zeros of functions related to ((s, )

This section is devoted for analogues of Theorem 3.3 for composite functions F({(s,a)) with some

operators F': H(D) — H(D).

Theorem 3.4. Suppose that the numbers o and h are as in Theorem 3.3, and that F : H(D) —
H(D) is a continuous operator such that, for every open set G C H(D), the set F~1G is non-empty,
ors—a € F(H(D)) for all a € (%, 1). Then, for all 01,05, % < 01 < 09 <1, there exists a constant
¢ = c(oy,09,a,h, F) > 0 such that, for sufficiently large N € N, the function F({(s + ikh,a)) has a

zero in the disc

02 — 01

— 5 <
|s =7 < =

for more than ¢cN numbers k, 0 < k < N.

We give an example of an operator F' : H(D) — H(D) such that s—a € F(H(D)) foralla € (3,1).
Let

F(g) =99, g € H(D).
We solve the equation
99'=s—a
with respect to g. We have that
—(¢*) = s —a.
Hence, we find that
¢ =5>—2as+C
with arbitrary C € C, and

g=4(s>—2as + C)3.
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If s2 — 2as + C =0, then

s=a+t Va2 -C.

Therefore, there exists Cy € C such that s> — 2as + Cy # 0 on D. Thus, there exists a function
g € H(D), we can take, for example, g(s) = (s> — 2as + CO)%, such that F(g) = s — a. Hence,
s—a€ F(H(D)).

Proof of Theorem 3.4. First we observe that if s —a € F(H(D)), where F : H(D) — H(D) is a

continuous operator, then, for every compact subset K C D and every € > 0,

lim inf
N—oo

! 1#{O§ k<N :sup|F(¢(s+ikh,a)) — (s —a)| < 5} > 0. (3.8)
sEK

Really, this is partial case of Theorem 2.5 with f(s) = s — a.

Since a € (%, 1), we can take a = o = % Then an application of Theorem 2.2 and (3.8) shows

that there exists a positive constant ¢ = ¢(o1, og, a, h, F) such that, for sufficiently large N,

# {o <k < N:sup|F(C(s+ikh,a)) — (s — o) < 21 } > cN. (3.9)
se K 20

Moreover, we have that the functions s—& and F(((s+ikh,a)), inthedisc K = {s € C: |s — 2| < 00},

satisfy the hypotheses of Lemma 3.2. Hence, the theorem follows.

Theorem 3.5.Suppose that the numbers o and h are as in Theorem 3.3, and that F : H(D) —
H(D) is a continuous operator such that F(H(D)) D Hg,, . 4. (D), where Rea; ¢ (—31,3),j =

1,...,r. Then the assertion of Theorem 3.4 is true.

Proof. Let f(s) and K be as in the proof of previous theorems of this chapter. Since Rea; ¢
(—%,3), we have that f(s) =s—5 #a;on D, j=1,...,r. Indeed, for s € D,

1 1
*5 <Re(578) < 57

since 3 < o < 1and 3 <& < 1. Therefore, we have that the function f(s) on the disc K satisfies the

hypotheses of Theorem 2.4, and the further proof runs in the same way as that of Theorem 3.3.

We consider the example F'(g) = sing. Suppose that f(s) € H_q 1(D) and solve the equation

. eig J— eiig
sing=——— = f.

24
Using the notation y = €%, we arrive to the equation
2 ; —
y° —2iyf —1=0.
Thus,

y:Zfi\/_fQ—"_la
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and

g=log(if £/ —f2+1).
Since f(s) € H_11(D), the function \/—f2 +1 € H(D), and

g=log(if +v/—f*+1) € H(D).

Therefore, F(H(D)) > H_11(D). Moreover, since a; = —1 and as = 1, we have that Rea; ¢ (-3, 3),
j = 1,2. Thus, all hypotheses of Theorem 3.5 are satisfied for the operator F(g) = sing, g € H(D),
and, for all 01,09, % < 01 < 09 < 1, there exists a positive constant ¢ = ¢(o1, 02, «, h) such that, for
sufficiently large N € N, the function sin({(s + ikh, )) has a zero in the disc

02 — 01

2

s -8l <

for more than ¢N numbers k£, 0 < k < N.
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Chapter 4

Discrete universality theorems for the

Hurwitz zeta-function

The discrete universality of the Hurwitz zeta-function (s, ) is described by Theorem F. However,
in that theorem, the parameter « is transcendental or rational # 1, % The case of rational « is
completely solved, in this case the number h > 0 is arbitrary. In the case of transcendental «, it is
required that A > 0 must be such that the number exp {2%} would be rational. It remains the case of
algebraic irrational a which is an open problem. In this chapter, we extend the case of transcendental

parameter o.

4.1. Results
Let Q be the set of all rational numbers. Denote by Q] the subset of Q of positive rational numbers
# 1, and define, for ¢ € Q7 , the set

L(a, q) = {(log(m + @) : m € Ny, log g)}.

The main result of this chapter is the following theorem.

Theorem 4.1. Suppose that the set L(«,q), for every ¢ € Qf, is linearly independent over the
field Q. Let K € K and f(s) € H(K). Then, for every h > 0 such that the number exp{%—f} is

rational, and every ¢ > 0,

#{0<k<N: sup [C(s +ikh,a) — f(s)] <€} > 0.

1
+ 1 seK

lim inf
N—oo
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It is not difficult to see that, for transcendental «, the set L(a, q) is linearly independent over Q.

Indeed, suppose that there exists the numbers k1, ..., k., k € Z ~ {0} such that
ki log(mi + @) + -+ + k. log(m, + a) + klogq = 0.
Then
(my + )k - (m, +a)frgbF —1=0.
This shows that the number « is a root of the polynomial
(my + )" - (m, + )" — 1
with integer coefficients, and this contradicts the transcendence of «. The equality
kilog(my + o) + -+ - + k. log(m, +a) =0

with kq,..., k., kK € Z ~ {0} also leads to the contradiction.

On the other hand, it can happen that the set L(c,q) is linearly independent over Q with some
algebraic irrational . This conjecture is supported by the Cassels theorem [9] that at least 51 percent

of elements of the set
L(a) = {log(m+ ) : m € No}

with algebraic irrational « in the sense of density are linearly independent over Q. Therefore, one can
conjecture that there exists an algebrais irrational « such that the set L(«) in linearly independent
over Q. Hence, the set L(«,q) also can be linearly independent over Q. Thus, Theorem 4.1 extend
the case of transcendental « in Theorem F. However, Theorem 4.1 is non-effective because we do not

know any algebraic irrational « with linearly independent over Q the set L(a, q).

Obviously, the set L(a,q) with rational « is linearly dependent over Q. Indeed, let a = ¢, a,b €
N, b > 1, (a,b) = 1. Then the set

a
{log 3 log g}

with ¢ = ¢ is linearly dependent over Q because it contains two equal elements.

Theorem 4.1 can be generalized for composite functions in the same way as Theorem F was

generalized in Chapter 2. We present only an analogue of Theorem 2.3.

Theorem 4.2. Suppose that the set L(a,q), for every ¢ € Qf, is linearly independent over Q,
F : H(D) — H(D) is a continuous operator such that, for each polynomial p = p(s), the preimage
F~Yp} is not empty. Let K € K and f(s) € H(K). Then, for every e > 0,

! 1#{0 <k <N :sup|F(((s+ikh,a))— f(s)| < E} > 0.

lim inf
N—oo seK
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As in the case of Theorem 2.3, we have the universality of the function F({(s + ikh, «)) with an

operator

F(g):clg/—f—-u—kcrg(T), Cl,...,CTG(C\{O}, gGH(D)

For proving of Theorems 4.1 and 4.2, we use limit theorems on weakly convergent probability

measures.

4.2. Main lemma

In section 2.3, we have defined the torus §2; which is the product over the set Ny of unit circles. For

convenience of the notation, in this section, we will denote ©; by €, i.e.,

Q= H Tms
m=0

where v, = v for all m € Ny. For m € Ny, we will denote the projection of w € Q to the circle 7,,.

In this section, we will prove a discrete limit theorems for probability measures on (€, B(£2)).

The torus € is a compact topological Abelian group. Therefore, for proving of a limit theorem,
with will apply the method of Fourier transforms. We recall that a continuous function x : 2 — v is
a character of Q if x(wiwz) = x(w1)x(w2). All character of §2 form a group G which is called the dual

group or character group. The Fourier transform of the measure p on (2, B(Q2)) is defined by

/X(W)du, X€G.

Q
It is known [33] that the dual group of 2 is isomorphic to
Y
m=0
where @@ denotes the direct sum, and Z,, = Z for all m € Ny. An element k = (kg, k1,...) € D acts

on 2 by the formula

oo

E— ot = T] wbr(m),
m=0

where only a finite number of integers k,, are distinct from zero. Therefore, the Fourier transform of
the measure p on (€2, B(Q)) is

whm (m)dpu. (4.1)
o m=0
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For probability measures on compact groups, a continuity theorems in terms of Fourier transforms

is valid [18]. We state a theorem of such a type in the form of the following lemma.

Lemma 4.3. Let P,, n € N, be a probability measure on (2, B(?)), and g, (k) be the corresponding
Fourier transform. Suppose that g,(k), for all k € D, converges to a continuity function g(k) as
n — oo. Then on (Q,B(R)), there exists a probability measure P such that P, converges weakly to P

as n — oco. In this case, g(k) is the Fourier transform of the measure P.
The lemma is a partial case of Theorem 1.4.2 from [18].

Let my be the probability Haar measure on (2,58(€2)). Thus, we have the probability space
(Q,B(2),mg). Then {w(m) : m € Ny} is a sequence of independent complex-valued random variables

defined on the probability space (2, B(Q, m)).

Let, for A € B(Q),

def

Qn(A) Y ——#{0<k<N:((m+a) " :meNy)eA}.

N+1

In this section, we consider the weak convergence of @y as N — oco. The next lemma is the main

result of the section.

Lemma 4.4. Suppose that the set L(«a,q), for every q € Qf, is linearly independent over Q.
Then, for any h > 0 such that exp {%’T} is rational, the measure Qn converges weakly to the Haar

measure myg as N — o0.

Proof. In view of (4.1), we have that the Fourier transform gy (k) of Qu is

/Hw m)dQw,

where only a finite number of integers k,, are distinct from zero. Thus, by the definition of @y,

N oo

g (k) = N:_ ZH (m + )~ ikkmh — Ni_lzexp{zkth log m+a)} (4.2)

k=0 m=0 m=0
where only a finite number of integers k,, are distinct from zero. The linear independence over Q of

the set L(«, ¢) implies, obviously, that of the set L(a). Therefore,

Z km log(m +a) =0

m=0
if and only if £ = 0. Here and in the sequel, we have in mind that the above sum is finite. Moreover,

we observe that

exp {ih Z km log(m + a)} #1 (4.3)

m=0
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for k # 0. Indeed, if the above inequality is not true, then

exp {—z’h Z km log(m + a)} = ¢?mia

m=0

with some a € Z. Hence,

—ih Z km log(m + o) = 2mib

m=0

for some b € Z ~ {0}, and

2me

> kmlog(m + o) = = (4.4)

m=0
with some ¢ € Z ~\ {0}. Since the number exp {27”} is rational, the number exp {%} is also rational

number, say, ¢ # 1. If ¢ > 1, then by (4.4),

Z km log(m + o) —log g = 0,

m=0
where only a finite number of integers k,, are not zero. However, this contradicts the linear indepen-

dence of the set L(c,q). If ¢ < 1, similar arguments hold with log %.

Taking into account (4.3) and using the formula for the sum of geometric progression with denom-
inator
exp {ih Z km log(m + a)} ,
m=0

we find from (4.2) that, for £k = 0,

1 —exp {—z’(N + 1)h io Em log(m + a)}
gn (k) = " : (4.5)
(N +1) (1 — exp {—z’h > kmlog(m + a)})

m=0

Clearly, gn(0) = 1. Therefore, by (4.5),

1if k=0,

gn (k) = 1fexp{7i(N+1)h i:o o 1og(m+a)}

if k + 0.

(N+1) <lfexp{7ih mi:o . 1og(m+a)}>

Hence,

1if k=0,
lim gn(k) =
o 0if k#0
The function
1if £=0,
g(k) =
0 if k#0,



is continuous in the discrete topology. Moreover, g(k) is the Fourier transform of the Haar measure
mpy. Indeed, the measure mpy is the product of the Haar measures on (v, B(m)), m € Ng. Thus,

the Fourier transform g(k) of my is

3 = [ [ & Gmjan (1.6
m=0,
Vm

where 4 is the Haar measure on (Ym,B(vm)). Clearly, if £ = 0, then g(k) = 1. If k,,, # 0 for some
km € Z, then

2T 2mik 1

/wkm (m)dp = /eikmxdﬂc S ———}
Ko

Thus, in view of (4.6), g(k) = 0 for k # 0. This shows that g(k) = g(k). Now Lemma 4.3 proves that

Q@n converges weakly to my as N — oo. The lemma is proved.

4.3. Limit theorems for absolutely convergent series

In this section, using Lemma 4.4, we will obtain limit theorems on the weak convergence of probability

measures on (H(D),B(H(D))) defined by terms of absolutely convergent Dirichlet series.

For a fixed number o1 > %, and m € Ny, n € N, let

-l (222)")

and define
¢ (S Oé) o f: 'Un(mvo‘)
m=0 (m + a)s
and
= w(m)v, (m, )
Q.
s o, w mZ:O m+o¢ , W E

In [33], it was proved that the Dirichlet series for the functions (,(s,«) and (,(s,a,w) converge

absolutely for o > 1. For a fixed @ € Q, define

Pnn(A) = #{O<k<N Cn(s+ikh,a) € A}, A€ B(H(D)),

N+

and

Prna(A) = g #0 <k < N:Guls +ikh a,0) € A}, A€ B(H(D)).

N—|—

Lemma 4.5. Suppose that the set L(«a,q), for every q € Q+ is linearly independent over Q.
Then, for every h > 0 such that the number exp{ } is rational, Py, and Py, 5 both converge

weakly to the same probability measure P, on (H(D),B(H(D))) as N — 0.
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Proof. For proving of the theorem, we apply standard arguments used in the continuous case [33].

Define the function w, : 2 — H(D) by the formula

un(w) = Cn(57a?w)'

The absolute convergence of the series for ¢, (s, a,w) implies the continuity of the function u,,. More-

over, for A € B(H(D)),

Py n(A) = ﬁ#{o <k <N :Guls,a, (m+ )™ m e Ny)) € A}

= m#{O <E<N:u,(((m+a) ™ meNy) € A}

= m#{O <E<SN:((m+a) ™ meNy) cu, A} = Qn(u, ' A).

Therefore, we have that Py, = Qnu, . The Lemmas 4.4 and 1.6 together with the continuity of u,

show that Py, converges weakly to P, = mpyu, Las N — oo.

It remains to consider the measure Py, 5. Let the function u, 5 : Q@ — H(D) be given by the

formula,
Upo(w) = Cu(s, a, Ww).

Then, similarly as above, we find that the measure Py, 5 converges weakly to mHu;la as N — oo.
Let u : & — Q be given by u(w) = &w. Then we have that u,, 5 = u,(u). Now we use the invariance

of the Haar measure my, i.e., for all A € B(2) and w € Q,
mpy(A) =my(wA) = my(Aw).

Therefore, in view of the definition of u,

1

L= my(upu) ™t = (mpuHu,t = mpu,t = P,.

n,w

mgu

Thus, the measures Py, and Py, g both converge weakly to P, = myu,, Las N — 0.

4.4. Approximation in the mean

For s € D and w € €, define
o w(m)
s, W) = —
o) = D oy
Then in [33] it is proved that the latter series converges uniformly on compact subset of the strip

D for almost all w € Q. In other words, ((s,a,w) is a H(D)-valued random element defined on the

probability space (2, B(R2), mg).



To pass from the function (,(s,a) to {(s,«), and from the function ¢, (s, a,w) to ¢(s, a,w), we

need certain approximation results. In this section, we approximate the above functions in the mean.
We start with auxiliary results.

Lemma 4.6. Suppose that % <o < 1. Then, for T — oo,

T

/ |C(o +it,a)|?dt < T.
0

The lemma is Theorem 3.3.1 of [33].

Lemma 4.7. Suppose that % <o < 1. Then, for T — oo,

T
/ ¢ (0 + it, ) |?dt < T.
0

Proof. By the integral Cauchy formula, we have that

C/(s,a)z%m. / (i(i’j))zdz,

|z—s|=46

where the circle |z — s| = 0 is lying in D. Then, for some o7, % < 01 < 1, by Lemma 4.6,

2
T T 2T

(' (o +it,a)]Pdt = | |— o dz| dt < [ |((o1 +it)|"dt < T.
0/ / 2m _/ (z — o) 0/

0 |z—o|=6

The Gallagher lemma connects continuous and discrete mean-values. We state it as the following

lemma.

Lemma 4.8. Let Ty and T > 6 > 0 be real numbers, and T be a finite set in the interval
[To+ 3,To +T — §]. Define

Ns(z)= > 1,
teT

[t—z| <o

and let S(z) be a complex-valued continuous function on [Ty, T 4+ Ty] having a continuous derivative

on (To, T +Tp). Then

N

To+T To+T To+T

1
SN OISO <5 [ Is@Pd | [ Is@Pa [ 1S @P
teT To To To
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The lemmas is Lemma 1.4 of [44], where its proof is given.
Let o0 be the metric of the space H(D) defined in Chapter 1.

Lemma 4.9. The relation

1
lim lim sup

N
+ikh, a), ¢ (s + ikh, =0
Jim tim sup +1,§9“(5 ikh, @), Cn(s + ikh, @))

holds for all h >0 and a, 0 < a < 1,

Proof. An application of Lemma 4.8 gives, for fixed o, % <o <1,

N Nh
1
S I6lo + ik + it ) < / (o + i7 + it, o) Pdr
k=0 0
Nh Nh %

+ /|§(U+i7+it,a)|2d7' /\C'(o+i7—|—it,a)\2dr
0 0

Therefore, Lemmas 4.6 and 4.7 imply the estimate

N
> I¢(o + ikh +it, a)|* < N(1+ [t]). (4.7)
k=0

Let 01 > % be the same as in Section 4.3. Define

In(s,a) = —T <S> (n+ ).

g1 g1

Then a straightforward application of the Mellin formula

1 b+ico
5 I'(s)a™*ds =e"%, a,b >0,
b—ioco
leads to a formula
1 o1+i00 d
Gals,0) = 5= / C(s + 2, )ln(2, a)f. (4.8)
o1 —100

Let % < 09 < 1 and 02 < 0. Then, moving the line of integration in (4.8) to the left, we obtain, by
the residue theorem, that

o9 —0o—+1i00

Cn(s,a) = ((s,a) = ZLT('Z / C(s+ z, a)ln(z,a)% + R, (s, ), (4.9)

where

Ro(s,a) = Res,—1_s((s + 2, a)l(z,0)2z 7 .
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Let K be an arbitrary compact subset of the strip D, and let L be a simple closed contour of
length |L| lying in same compact set of D and enclosing the set K such that the distance ¢ of L from
the set K in strongly positive. Then, applying once more the integral Cauchy formula, we find that

1
sup [C(s + ikh,a) — (o (s + ikh, )| < 375 / |¢(z + ikh, ) — (2 + ikh, a)||dz].
seK

L

Hence,

1
+ikh, @) — Ca(s + ikh,
NHng}gICs ikh, a) = Gu(s + ikh, )|

< —/\dz| <Z|C (Rez + ikh + ilmz, o) — ¢, (Rez + ikh + ilmz, a)|>

L
< %snp E |C(o + it + ikh, ) — (0 + it + ikh, o). (4.10)
seL k=0

Moreover, in view of (4.9),

C(o + it +ikh,a) — (p(o + it + ikh, a)

< / |C(og + it + ikh + i1, )||l, (02 — 0 +iT, @)|dT + | Ry (0 + it + ikh, &)]

— 00

Therefore,

N
1
¥ > [¢(o + it +ikh,a) — (a0 + it + ikh, o)

k=0
N
< | (o2 — 0 + i1, a)] iZ\c(o + it + ikh +iT, )| | dT
n\Y2 ) N . 2 )
R
+N§|Rn(a+it+ikh,a)|. (4.11)

We observe that t is bounded for s € L. Thus, using (4.7) and the Cauchy type inequality, we find

N N 2
1 L , 1 o , 2
N E |C(og + it + ikh +iT, )| <€ (N E |C(og + it + ikh + iT, )] ) L 1+ |71]. (4.12)

k=0 k=0
Taking account the properties of the gamma-function, see, for example, Chapter 1 of [33], and applying

Lemma, 4.8 once more, we obtain that

N
3 Rulo + it + ikh, )] = of1) (4.13)

as N — oo. Now, from (4.10)-(4.13), we conclude that

Z sup |¢(s + ikh, ) — (o (s + ikh, )| < sup / lln(02 — o +iT,a)|(1 + |T])dT +0(1) (4.14)
seK s€L
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as N — oo. By the choice of 02, we have that 0o — o < 0. This implies, in view of the definition of

ln(s, @), that

lim /\ln(ag—U—|—2'7'7oz)|(1—i—\T|)dT:O7

n— oo
— 00

and (4.14) implies the equality
N

Z sup |((s + ikh,a) — (s + ikh,a)| = 0.
k=0 €K

lim li
Jn towsup =

This and the definition of the metric ¢ prove the lemma.

The case of the approximation of {(s, o, w) by (, (s, a,w) is more complicated, and we need a result

of the ergodic theory.

Let, for 7 € R,
Aro = {(m+ )" :m e Ny},
and let the one-parameter family {¢, : 7 € R} of transformations on § be defined by
Ora(w) =arow, we Q.

Then we have that {¢;, : 7 € R} is a one-parameter group of measurable transformations on €.

Indeed, arq is an element of Q. Therefore, a; A € B(Q) for A € B(Q). Hence,
era(A)={weQ: ¢ (w) €A} ={weN:wea A} € B(Q),

and ¢, o is measurable for every 7 € R. Obviously, the set {¢r o : 7 € R} forms a group. We have
that ©r, o ©r,a = ©r 41,00 P0,o is the unit element, ¢_ , is the inverse element of ¢, ,, and, clearly,

all axioms of a group are satisfied.

Moreover, the group {p;, : 7 € R} is measure preserving. From the invariance of the Haar

measure my, we find that, for every A € B(Q) and 7 € R,
mpgw €N :praw)eA)=mylweQ:we a;’iA) =mpy(A).
Now we recall some notions of the ergodic theory. A set A € B(€2) is called invariant with respect
to {¢ra : 7 € R} if the sets A and A, = ¢, o(A) differ one from another at most by a set m g-measure

zero. All invariants sets form a sub-o field of the field B(£2). The group {¢- o : T € R} is called ergodic

if all invariant sets have mg-measure 1 or 0.

We remind that L(«) = {log(m + «) : m € Ng}.
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Lemma 4.10. Suppose that the set L(a) is linearly independent over Q. Then the group {pr o :

T € R} is ergodic.

Proof. We have seen in the proof of Lemma 4.4 that a character x of €2 is of the form

me , weEQ,

where only a finite number of integers k., are distinct from zero. Let y be a non-trivial character of

Q, i.e., x(w) # 1. Then we have that

x(arq) H m+ ) ”km—exp{—ZTZk logm—f—a)}
m=0

m=0

Since the set L(«) is linearly independent over Q, then

Z km log(m +a) =0

m=0

if and only if k = {k,,} = 0. Therefore, there exists 79 € R such that

o) # 1. (4.15)

Let A € B(©) be an invariant set of the group {¢, : 7 € R}, and I4 be its indicator function,
ie.,
1if we A,
IA(w) =
0 if w¢gA.

Then

IA(G’T(],Q? w) = IA(W)

for almost all w € €2 because the sets A and a, A differ one from on other at most by a set of

my-measure zero. Let f(x) denote the Fourier transform of f. Then we have that

Tat) = / 3 (@) La(w)dmg = / X(airy 0) 4 (@1 o) dirz

Q Q

= X(aro) / (@) La(@)dmar = x(arn.a)Ta ().

Q

Therefore, in view of (4.15), for a non-trivial character y,

Ta(x) = 0. (4.16)

Now let xo be the trivial character of Q, i.e., xo(w) = 1. Suppose that IAA(XO) = u. Then, using

the orthogonality of characters

0 if X # X0,
/X(w)de =
Q L if X = X0,

67



and (4.16), we find that, for any character y of 2,

Fat) = u [ x@)dma = i) = () (417)
Q

The function I4(w) is uniquely determined by its Fourier transform I A(x). Thus, by (4.17), we see

that I4(w) = u for almost all w € Q. Thence, [4(w) =1 or [4(w) = 0 for almost all w € Q. Therefore,

mp(A) =1 or mpy(A) = 0. This proves the ergodicity of the group {¢, : 7 € R}.

For the sequel, we need the classical Birkhoff-Khintchine ergodicity theorem. First we remind
some definitions. Let (7,w), 7 € T, be a random process defined on the probability space (SA), F, 1),
and X be the space of all finite real functions z(7), 7 € 7. Then the family of finite-dimensional
distributions of the process £(7,w) determines a probability measure @ on (X, B(X)). Then on the
probability space (X, B(X),Q), a translation transformation g, mapping each function z(7) € X to
x(7 + u), can be defined.

A random process £(7,w) is called strongly stationary if all its finite-dimensional distributions are

invariant with respect to the transformation g,.

Let Ay = gu(A), A € B(X). A set A € B(X) is called an invariant set of the process {(7,w) if,
for every u € R, the sets A and A, can differ one from another at most by a set of ()-measure zero.
A strongly stationary process is called ergodic if its o-field of invariant sets consists only of sets of

@-measure 1 or 0.

Now we state the Birkhoff-Khintchine theorem as the following lemma. Denote by E£ the expec-

tation of a random element &.

Lemma 4.11. Suppose that the random process £(T,w) is ergodic, E|{(T,w)| < oo, and that its

sample paths are integrable almost surely in the Riemann sense over every finite interval. Then

T—oo T

T
lim l/§(7’,u})d7’:Iiﬂf((),(,u).
0

The above remarks and the proof the lemma can be found, for example, in [12].

Lemma 4.12. Suppose that the set L(«) is linearly independent over Q, and % <o < 1. Then,
for T — oo,

T
/ IC(o + it, 0, w)[2dt < T
0

for almost all w € Q.
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Proof. Let, for brevity,

2

Gloa) = [l = |3 A

m=0

Using the pairwise orthogonality of the random variables w(m),

[ tmiztayim = titm=m

Q 0 if m #n,
we find that
- _ (= [ wm) o~ w1
E¢ (o, a, w) —/ (o, ,w)dmpy = / Z_:O (m + a)7 Z_:O htay Z:O T <oo. (4.18)
Q Q m= m= m=

Moreover, by the definition of the transformation ¢, ., we have that

o~

C(Ua «, @T,a(w)) = |C(Ua Q, a77aw)|2 = K(U +iT, o w)‘z

and, in view of Lemma 4.10, the random process |((c +i7, «, w)| is ergodic. Therefore, by Lemma 4.11
and (4.18), we obtain that

T
1 ~
lim —/|§(a—|—z’7’,o¢,w)|2d7' =E({(0, a,w) < 00
T—oo T

0

for almost all w € Q. This proves the lemma.
Now we are ready to prove an analogue of Lemma 4.9.

Lemma 4.13. Suppose that the set L(a) is linearly independent over Q. Then, for almost all
w e Q,

N

Z o(¢(s + tkh, a,w), Cn(s + ikh,a,w)) = 0.
k=0

lim i
e N N 1

Proof. We apply arguments similar to those used in proof of Lemma 4.9.

From Lemma 4.12 and the integral Cauchy formula, it follows that, for % <o<land T — oo,

T
/ (0 + it, 0 w)[2dt < T
0

for almost all w € Q. This, Lemmas 4.12 and 4.8 lead, for almost all w € 2, to the estimate

N
D 1¢(s + ikh + it, )| < N(1+ [t]).
k=0

Therefore, the remained part of the proof completely coincides with the corresponding part of the

proof of Lemma 4.9 with one difference that all estimates are valid for almost all w € €.
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4.5. Discrete limit theorems for ((s,«) and ((s, a,w)

For A € B(H(D)) and w € , define

Pn(A) #{0 <k < N : (s +ikh,a) € A}

TN11
and

Pn o, (A) #{0 <k <N :{(s+ikh,o,w) € A}.

T N+1

In this section, we will consider the weak convergence of Py and Py, as N — oo. For this aim,

we need some results from the theory of weak convergence of probability measures.

Let {P} be a family of probability measures on (X, B(X)). This family is called tight if, for every
g > 0, there exists a compact set K = K(¢) C X such that

P(K)>1—¢

for all P € {P}. The family {P} is called relatively compact if each sequence {P,,} C {P} contains a

weakly convergent subsequence to a certain probability measure on (X, B(X)).

The Prokhorov theorem connects the notions of tightness and relative compactness. We need only

the direct Prokhorov theorem which is contained in the next lemma.
Lemma 4.14. Suppose that the family {P} is tight. Then it is relative compact.
Proof of the lemma can be found in [2], Theorem 6.1.

Let {£,} be a sequence of X-valued random elements defined on a certain probability space
(ﬁ,}", w). This sequence converges to a random element ¢ in distribution as n — oo (§n 2, f)
n—

if the distribution of &,

w(@eQ: & (@) € A), AeB(X),
converges weakly to the distribution of £

W@ eQ: @) e A), AeB(X),
as n — oo.

We will use the following assertion.
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Lemma 4.15. Let the metric space (X,d) is separable, and let n,,, &1, Eon, - . . be X -valued random
elements on the probability space ((AZ,]-", ). Suppose that, for each k, n _r, &k, Ek kL) ¢, and
n—o00 — 00

that, for every € > 0,

lim limsup p{d(&kn,nm) > €} = 0.

k=00 nooo

Then 1, —2— €.

n—

The lemma is Theorem 4.2 from [2], where its proof is given.

Lemma 4.16. Suppose that the set L(«,q), for every q € Q+ 1s linearly independent over Q.
Then, for every h > 0 such that the number exp{ } s rational, the measures Py and Py, both

converge to the same probability measure P as N — 0.

Proof. By Lemma 4.5, the measure Py, converges weakly to the measure P, as N — oo. Let
X, (s) be the H(D)-valued random element with the distribution P,. Moreover, let 65 be a discrete

random variable defined on a certain probability space (2o, B(£2), ) and having the distribution
wly =kh)= ——,1=0,...,N.
Define an H(D)-valued random element Xy ,(s) by
Xnn(s) = Cu(s+ibn, ).
Then we can write the assertion of Lemma 4.5 for the measure Py ,, in the form

Xvan(s) == Xuls): (4.19)

Let K; be a compact set in the definition of the metric . Then, using (4.7) with ¢t = 0,

N
1
o+ikh,a)? < N, - <o<1
P , - :
k=0

we deduce by the integral Cauchy formula that

N
> sup [C(o +ikh,a)]* < N
b— OSGKZ
For this and from the relation
N
lim hmsup;z sup |((s + tkh, ) — (s + ikh, )| =0
n—oo N_yoo N + o sEK, " ’

obtained in the proof of Lemma 4.9, we find that

N

sup lim su su s+ ikh,a)| < Ry < oo. 4.20
suplimsnp =7 3 sup [ ) < R (4.20)
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Now let € > 0 be an arbitrary number, and M = M;(¢) = 2!R;e~!. Then (4.20) and the Chebyshev
type inequality yield

i (sup Pl > 0 =
seK

1
[ <k<N: ikh M
N+1#{O_k_ SS§1§L|CH(S+Z ,a)| > }
N

1 5
< - (s 4+ ikh, Q)| < = 4.21

Clearly, the relation (4.19) implies

D
sup | Xnn(s)] —— | Xn(s)].
SEK[ N—oo
Combining this with (4.21) gives

1 <sup | X (s)] > M) < % (4.22)

seK; 2
Let
K=K()={g9ge€ H(D): sup |g(s)| < M, l € N}.
seK;

Then the set K is uniformly bounded on compact subsets, therefore, it is a compact subset of H(D).

Moreover, in view of (4.22),

1
HXn(s) € K)21—ed o =1-¢,
or
P(K)>1—¢

for all n € N. Thus, the family of probability measures { P, : n € N} is tight. Therefore, by Lemma 4.14,
this family is relatively compact. Hence, there exists a subsequence {P, .} C {P,} such that P,
converges weakly to a certain probability measure P on (H (D)), B(H(D)) as r — oo. In other words,

we have that

X, —2 P, (4.23)

r—00

Define one more H(D)-valued random element
Xn(s) =C((s+ibn, ).
Then, in view of Lemma 4.9, we find that, for every ¢ > 0,

lim limsup p (0 (Xn($), Xnn(s)) > ¢€)

n—00 N_y00

= lim limsup
n—00 N_y00 1

#{0 <k < N : o(C(s + ikh,a),(n(s + ikh, o)) > €}
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N
1
< lim limsup ——— s+ 1kh,a),(n(s + ikh,a)) = 0.
Jim lim sup +1>€kzzo‘9(<( ), Gl )

This, (4.19), (4.23) and Lemma 4.15 show that
D
Xy —2 P, (4.24)

N —o0

and the later relation is equivalent to the weak convergence of Py to P as N — oo. Moreover,
relation (4.24) shows that the measure P does not depend on the sequence { P, }. Thus, the relative

compactness of the family {P, : n € N} implies the relation

X, —2—P. (4.25)

n— oo

It remains to consider the weak convergence of the measure Py . Define the H(D)-valued random

elements
XNnw(8) =Cu(s +i0n, a,w)
and
Xnw(s) =C(s+ibn,a,w).

Then, repeating the above arguments, and using (4.25) and Lemma 4.13, we find that Py, also

converges weakly to P as N — oo.

4.6. Main limit theorem

In this section, we will prove a limit theorem on the weak convergence of the measure Py with

explicitly given limit measure. Denote by P the distribution of the random element ((s, o, w),i.e.,

Pe(A) =mp(we Q:({(s,q,w) € A), A€ B(H(D)).

Theorem 4.17. Suppose that the set L(«, q), for every q € Qf, is linearly independent over Q.
Then, for every h > 0 such that the number exp {2%} 1s rational, the measure Py converges weakly

to the measure P as N — oo.

In view of Lemma 4.16, it remains to identify the limit measure in that lemma. For this, we will

apply some elements of ergodic theory.
Let
Aho = {(m+a)™" :m e Ny},
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and, for w € Q, let

Ph,a(W) = apaw.

Then, similarly to the case of ¢, ,, we have that ¢, , is a measurable measure preserving trans-
formation on the probability space (Q,B(Q2),mp). A set A € B(Q) is invariant with respect to the
transformation ¢y, o if the sets A and A = ¢y, o(A) can differ one from another at most by a set of
zero my-measure. The transformation ¢y, o is ergodic if its o-field of invariant sets consist only of

sets hawing my-measure equal to 1 or 0.

Lemma 4.18. Suppose that the set L(«,q), for every q € QT, is linearly independent over Q.

Then the transformation ¢y, o is ergodic.

Proof. Let x be a non-trivial character of . As in the proof of Lemma 4.4, we have that

oo

x(w) = H Wk (m), weQ,

m=0

where only a finite number of integers ky, are distinct from zero. Clearly, ay o € 2. Therefore,

X(ana) = H (w+ a)—ikmh = exp {—z’h Z km log(m + a)} .
m=0

m=0

Thus, in view of (4.3),

Y(ana) # 1. (4.26)

Let A € B(€2) be an invariant set of the transformation ¢y, o, and let I4 be its indicator function.

Then

Ta(ap,ow) = L4 (w)

for almost all w € Q. Hence, denoting by ]?the Fourier transform of a function f, we have that
Tax) = / () Ta(w)dmy
/ an,ow)la(anow)dmy
Q

— x(ana) / (@) La(w)dmar = x(an.a)Ta(x)

in virtue of the invariance of the Haar measure my, and multiplicativity of x. Therefore, by inequality

(4.26), for a non-trivial character

IA(x) =0. (4.27)
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Now let yo be the trivial character of 2, and 1, 4(x0) = u. Then, using the relations

0 if X 7& X0
/X(w)de =

) 1 if x = xo,

and (4.27), we find that, for any character y of ,

a0 = u / x(@)dmy = ul(x) = A0x).
Q

Hence, as in the case of Lemma 4.10, we obtain that my(A) = 0 or my(A) = 1, i.e., the transformation

©h,a is ergodic.
Now we state the individual Birkhoff-Khintchine theorem.

Lemma 4.19. Let ¢ be a measurable measure preserving ergodic transformation on the space

(ﬁ,}", w). Then, for every integrable with respect p function g

Proof of the lemma can be found in [57].

We also will use the equivalent of weak convergence of probability measures in terms of continuity
sets. We remind that a set A € B(X) is called a continuity set of a measure P on (X,B(X)) if
P(OA) =0, where 0A is the boundary of A.

Lemma 4.20. Let P,, n € N, and P be probability measures on (X,B(X)). Then P, converges

weakly to P as n — oo if and only if, for every continuity set A of P,
nh_}rrgc P,(A) = P(A).
The lemma is a part of Theorem 2.1 from [2].
Now we are ready to prove Theorem 4.17.

Proof of Theorem 4.17. Let A be a fixed continuity set of the limit measure P in Lemma 4.16.
Then, by Lemmas 4.16 and 4.20,

. 1 ,
ngnoo m#{o <k <N :({(s+ikh,a,w) e A} = P(A). (4.28)
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On the probability space (2, B(Q2), my), define a random variable 6 by

if A
o) = 1 if {(s,a,w) € A,
0 if ¢(s,a,w) & A.

then, clearly, the expectation of 6 is

]E(O):/deH:mH(wEQ:((s,a,w) € A) =P (A). (4.29)
Q

Since, by Lemma 4.18, the transformation ¢y, o is ergodic, using of Lemma 4.19 shows that

1 K

A}gnoo Niil 2 0(oh o(w)) =EO (4.30)

for almost all w € 2. However, by the definitions of § and ¢y, 4,

D k@) = g #O S S N (s + ikh,a,w) € ).

Therefore, in view of (4.29) and (4.30),

1
i _— <k<N: ] =
A}grcl)ON_’_l#{O_k_N ((s+tkh,a,w) € A} = P:(A)

for almost all w € Q. This and (4.28) show that P(A) = P¢(A) for any continuity set A of the
measure P. However, it is known [2] that all continuity sets constitute a determining class. Hence,

P(A) = FP:(A) for all A € B(H(D)). The theorem is proved.
Theorem 4.17 implies a limit theorem for the composite function F'({(s, «)).
Let, as in Chapter 2, for F : H(D) — H(D),
def

Pyr(A) % %ﬂ#{o < k< N:F(C(s+ikh,a)) € A}, A€ B(H(D)).

Theorem 4.21. Suppose that the set L(a, q), for every q € Qf, is linearly independent over Q,
and that F : H(D) — H(D) is continuous operator. Then, for every h > 0 such that the number

exp {27”} is rational, the measure Py p converges weakly to the measure PCF*1 as N — oo.

Proof of the theorem uses Theorem 4.17 and completely coincides with that of Lemma 2.7.

4.7. Supports

In Chapters 1 and 2, we have seen that, for proving of universality theorems, the explicit forms

of supports of the limit measures in limit theorems on weakly convergent probability measures in
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the space of analytic functions are needed. In this chapter, we consider limit theorems under new

hypotheses, therefore, we must check the supports of the limit measures in them.

Theorem 4.22. Under the hypotheses of Theorem 4.1, the support of measure P is the whole of
H(D).

Proof. The measure P; does not depend on h. Moreover, since the linear independence over Q of
the set L(a, ¢) implies that of the set L(«), in [28] it was obtained that the support of P; is the whole
of H(D).

Theorem 4.23. Suppose that the numbers o and h, and the operator F satisfy the hypotheses of
Theorem 4.2. Then the support of the measure PgF_1 is the whole of H(D).

Proof. We apply the same arguments as in the proof of Lemma 2.10. Let g be an arbitrary element
of H(D), and G by any open neighbourhood of g. Since F is continuous, the set F~1G is open, too. By
Lemma 1.13 and the approximation in the space H (D), there exists a polynomial p = p(s) € G. Since,
by a hypothesis of the theorem, the preimage F~!{p} is non-empty, we have that F'~'G is an open
neighbourhood of some element of the space H(D). Thus, in view of Theorem 4.22, P:(F~'G) > 0.

Therefore,
P FHG)=P:(F'G) >0

for every open neighbourhood G of arbitrary element g € H(D). Thus, the support of P.F~! is the
whole of H(D).

4.8. Proof of universality theorems

Theorems 4.1 and 4.2 are consequences of Theorems 4.17, 4.22 and 4.21, 4.23, respectively.

Proof of Theorem 4.1. By Lemma 1.13, there exists a polynomial p(s) such that
€
sup [£(s) — p(s)] < 5. (431)
seK
Define
€
G ={ae D) swplgls) - (o) < 5 }.
seK 2
Then G is open neighbourhood of the polynomial p(s) which, by Theorem 4.22, is an element of the
support of the measure P;. Thus, P;(G) > 0. Therefore, using Lemma 1.17, we have, by Theorem 4.17,
that

im i <k< : ) > .
I}H?ofzv+1#{0— k<N :({(s+ikh,a) e G} > P:(G) >0

7



Thus, by the definition of G,

! 1#{O<k<N:supC(s+ikh,a)—p(s)|<5}>0. (4.32)

lim inf
N—o0 sEK 2

If k € Ny satisfies the inequality
sup [C(s + ikh, @) = p(s)] < =,
seEK 2

then, in view of (4.31), we find that

sup [C(s + ikh,a) — f(s)] < e.
seK
This shows that
#{O <k < N :sup|((s+ikh,a) —p(s)| < E} < #{OS k<N :sup|((s+ikh,a) — f(s)] <€}.

seK 2 seEK

Thus, the assertion of the theorem follows from (4.32).

Proof of Theorem 4.2. We use Theorems 4.21 and 4.23 in place of Theorems 4.17 and 4.22, and
repeat the proof of Theorem 4.1.

Theorem 4.2 is only one example of universality theorems for composite functions under new
hypotheses on the numbers o and h. Obviously, we can state other allied theorems of Chapter 2

under new hypotheses involving the linear independence over Q of the set L(«, q).
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Conclusions

In the thesis, the following assertions of discrete type were obtained:

1. Discrete universality theorems for composite functions F'({(s)) with some operators F' : H(D) —
H (D) on the approximation of a wide class of analytic functions by shifts F'({(s + ikh)), where

¢(s) is the Riemann zeta-function, k € Ny, and h > 0 is a fixed number, are valid.

2. Discrete universality theorems for composite functions F(((s,a)) with some operators F' :
H(D) — H(D) on the approximation of a wide class of analytic functions by shifts F({(s +
ikh, «)), where ((s, @), is the Hurwitz zeta-function, k € Ny, and for some types of the numbers

a, 0 <a<1,and h > 0, are valid.
3. The composite functions F(((s + ikh)) and F(((s + ikh,)), for all 01,02, 3 < 01 < 02 < 1,
and sufficiently large N have a zero in the disc

02 — 01
- 2

s_O'1+0'2
2

for more than ¢N numbers k, 0 < k < N, where ¢ = ¢(01,09, F, h,«) is a positive constant,

¢ = c(o1,09, F, h) in the case of the Riemann zeta-function ((s).

4. An extension of a discrete universality theorem for the Hurwitz zeta-function ((s, ) with tran-

scendental parameter o exists.

79



Bibliography

[1] B. Bagchi, The statistical behaviour and universality properties of the Riemann zeta-function

and other allied Dirichlet series, Ph. D. Thesis, Indian Statistical Institute, Calcutta,1981.
[2] P. Billingsley, Convergence of Probability Measures, Wiley, New York, 1968.

[3] G. D. Birkhoff, Démonstration d’un théoréme élémentaire sur les fonctions entiéres, Comptes

Rendus Acad. Sci. Paris 189(1929), 473-475.

[4] K. M. Bitar, N. N. Khuri, H. C. Ren, Paths integrals and Voronin’s theorem on the universality
of the Riemann zeta-function, Ann. Phys. 211(1991), 172-196.

[5] H. Bohr, Uber das Verhalter von ((s) in der Halbebene o > 1, Nachr. Akad. Wiss. Gottingen ||
Math. Phys. K1. (1911), 409-428.

[6] H. Bohr and R. Courant, Neue Anwendungen der Theorie der Diophantischen Approximationen

auf die Riemannschen Zetafunction, J. reine Angew. Math. 144(1914), 249-274.

[7] H. M. Bui, B. Conrey, M. P. Young, More than 41% of the zeros of the zeta function are on the
critical line, Acta Arith. 150(2011), 35-64.

[8] E. Buivydas, A. Laurin¢ikas, R. Macaitiené, J. Rasyté, Discrete universality theorems for the
Hurwitz zeta-function, J. Approximation Theory 183(2014), 1-13.

[9] J. W.S. Cassels, Footnote to a note of Davenport and Heilbronn, J. London Math. Soc. 36(1961),
171-184.

[10] J. B. Conway, Functions of One Complex Variable, Springer, Berlin, Heidelberg, New York, 1978.
[11] H. Cramér, Ein Mittelwertsatz in der Primzahltheorie, Math. Z. 12(1922), 147-153.
[12] H. Cramér, M. Leadbertter, Stationary and Related Stochastic Processes, Wiley, New York, 1967.

[13] H. Davenport and H. Heilbronn, On zeros of certain Dirichlet series I, J. London Math. Soc.
11(2)(1936),171-185.

[14] R. Garunkstis, Self-approximation of Dirichlet L-functions, J.Number Theory. 131(2011), 1286-
1295.

80



[15] S. M. Gonek, Analytic properties of zeta and L-functions, Ph. D. Thesis, University of Michigan,
1979.

[16] J. Hadamard, Sur les zéros de la fonction ((s) de Riemann, Comptes Rendus Acad. Sci. Paris

122(1896), 1470-1473.

[17] G. H. Hardy, Sur les zéros de la fonction ((s) de Riemann, Comptes Rendus Acad. Sci. Pris
158(1914), 1012-1014.

[18] H. Heyer, Probability Measures on Locally Compact Groups, Springer-Verlag, Berlin, Heidelberg,
New York, 1977.

[19] A. Hurwitz, Einige Eigenschaften der Dirichletschen Funktionen F(s) = Y (£)-%, die ber der

Bestimmung der Klassenzahlen bindren quadratischer Formen auftreten, Zeitschrift Math. Physik

27(1887), 86-101.

[20] A. Kac¢énas and A. Laurinc¢ikas, On Dirichlet series related to certain cusp form, Lith. Math. J.
38(1998), 64-76.

[21] R. Kacinskaité, A discrete limit theorem for the Matsumoto zeta-function in the space of analytic

functions, Lith. Math. J. 41(2001),344-350.

[22] A. A. Karatsuba and S. M. Voronin, The Riemann Zeta-Function, Walter de Gruyter, New York,
1992.

[23] H. von Koch, Sur la distribution des nombres premiers, Comptes Rendus Acad. Sci. Pris

130(1900), 1243-1246.

[24] A. Laurincikas, Limit Theorems for the Riemann Zeta-Function, Kluwer Academic Publishers,

Dordrecht, Boston, London, 1996.

[25] A. Laurin¢ikas, On the zeros of linear combinations of the Matsumoto zeta-functions,

Lith. Math. J. 39(1998), 144-159.

[26] A. Laurincikas, The universality of Dirichlet series attached to finite Abelian groups, in: Number

Theory, M. Jutila and T. Metsinkyld (Eds), Walter de Gruyter, 2001, pp. 179-192.

[27] A. Laurin¢ikas, On the derivatives of zeta-functions of certain cusp forms, Glasgow Math. J.

47(2005), 87-96.

[28] A. Laurintikas, On the joint universality of Hurwitz zeta-functions, Siauliai Math. Semin.

3(11)(2008), 169-187.

[29] A. Laurincikas, Universality of the Riemann zeta-function, J. Number Theory 130(2010), 2323-
2331.

81



[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

A. Laurincikas, Universality of composite functions, in: Functions in Number Theory and Their
Probabilistic Aspects, K. Matsumoto et al (Eds), RIMS. Kokytroku Bessatsu B34, RIMS, 2012,
pp. 191-204.

A. Laurin¢ikas, On the universality of the Hurwitz zeta-function, Intern. J. Number Theory

9(2013), 155-165.

A. Laurincikas, On zeros of some analytic functions related to the Riemann zeta-function, Glasnik

Matem. 48(2013), 59-65.

A. Laurinc¢ikas and R. Garunkstis, The Lerch Zeta-Function, Kluwer Academic Publishers, Dor-
drecht, Boston, London, 2002.

A. Laurincikas and R. Macaitiené, The discrete universality of the periodic Hurwitz zeta-function,

Integral Transforms Spec. Funct. 20(9-10), (2009), 673-686.

A. Laurin¢ikas and K. Matsumoto, The universality of zeta-functions attached to certain cusp

forms, Acta Arith. 98(2001), 345-359.

A. Laurincikas, K. Matsumoto and J. Steuding, The universality of L-functions associated with

new forms, Izv. Math. 67(2003), 77-90.

A. Laurinéikas, K. Matsumoto and J. Steuding, Discrete universality of L-functions for new forms,

Math. Notes, 78(2005), 551-558.

A. Laurin¢ikas, K. Matsumoto and J. Steuding, Universality of some functions related to zeta-

functions of certain cusp forms, Osaka J. Math. 50(2013), 1021-1037.

A. Laurincikas, K. Matsumoto and J. Steuding, Discrete universality of zeta-functions of certain

cusp forms (submitted).

A. Lauriné¢ikas, J. Ragyté, Generalizations of a discrete universality theorem for Hurwitz zeta-

functions, Lith. Math. J. 52(2012), 172-180.

A. Laurincikas, J. Rasyté, On zeros of some composite functions, in: Analytic Methods of Anal-
ysis and Differential Equations: AMADE2012, S. V. Rogosin and M. V. Dubatovskaya (Eds),
Cambridge Scientific Publisher, Cambridge, 2013, pp. 99-105.

A. Laurinikas and D. Siauciunas On zeros of some analytic functions related to the Hurwitz

zeta-function, Chebysh. sb. 13(2012), No. 2, 172-180.

S. N. Mergelyan, Uniform approximations to functions of a complex variable, Uspechi Mat. Nauk

7(1952), 31-122 (in Russian).

H. L. Montgomery, Topics in Multiplicative Number Theory, Springer-Verlag, Berlin, Heidelberg,
New York, 1971.

82



[45] T. Nakamura, The generalized strong recurrence for non-zero rational parameters, Arch. Math.

95(2010), 549-55.

[46] T. Nakamura and L. Pankowski, Erratum to "The generalized strong recurrence for non-zero

rational parameters", Arch. Math. 99(2012), 43-47.

[47] T. Nakamura and L. Pankowski, On universality for linear combinations of L-functions,

Monatsh. Math. 165(2012), 433-446.

[48] A. Odlyzko, The 10*2 nd zero of the Riemann zeta function, in: Dynamical, Spectral, and
arithmetic zeta functions, Contemp. Math. 290, Amer. Math. Soc., Providence, RI, 2001, pp.
139-149.

[49] J. Pal, Zwei kleine Bemerkungen, Tohoku Math. J. 6(1914/15), 42-43.

[50] V. Paulauskas, A. Rackauskas, Funkciné analizé. I knyga. Erdvés, Leidykla UAB "Vaisty Zinios",
Vilnius, 2007.

[51] J. Rasyté, On discrete universality of composite functions, Math. Modelling and Analysis,
17(2012), 271-280.

[52] J. Rasyté, On zeros of some composite functions, Liet. Matem. Rink. LMD Darbai, 52(2011),
19-22.

[53] B. Riemann, Uber die Anzahl der Primizahlen unterhalb einer gegebenen Grosse, Monats-

ber. Preuss. Akad. Wiss. Berlin (1859),671-680.

[54] J. Sander and J. Steuding, Joint universality for sums and products of Dirichlet L-functions,

Analysis, 26(2006), 295-312.
[55] D. Sarason, Complex Function Theory, Amer. Math. Soc., 2007.

[56] A. Selberg, On the zeros of the Riemann zeta-function, Skr. Norske Vid. Akad. Oslo 10(1942),
1-59.

[57] A. N. Shiryaev, Probability, Springer, New York, 1995.

[58] J. Steuding, Value-Distribution of L-Functions, Lecture Notes in Math. 1877, Springer-Verlag,
Berlin, Heidelberg, 2007.

[59] C. J. de la Valée Poussin, Récherches analytiques sur la théorie des nombers premiers, I-III,

Ann. Soc. Sci. Bruxelles 20(1896), 183-256, 281-362, 363-397.

[60] S. M. Voronin, Theorem on the "universality" of the Riemann zeta-function, Izv. Akad. Nauk

SSSR, Ser. mat. 39(1975), 475-486(in Russian)= Math. USSR Izv. 9(1975), 443-453.

83



[61] S. M. Voronin, Analytic properties of Dirichlet generating functions of arithmetic objects, Thesis,

V. A. Steklov Istitute of Mathematics, 1977(in Russian).

[62] S. M. Voronin, Selected Works: Mathematics, Ed. A. A. Karatsuba, Publishing House MGTU

im. N. E. Baumana, Moscow, 2006(in Russian).

[63] J. L. Walsh, Interpolation and Approximation by Rational Functions in the Complex Domain,
vol. 20, Amer. Math. Soc. Collog. Publ., 1960.

84



Notation

N set of all positive integers

P set of all prime numbers

Ny set of all non-negative integers
Q set of all rational numbers

Z set of all integers

R set of all real numbers

C set of all complex numbers
m,n, k,l positive or non-negative integers
P prime number

s=o+it,oteR i=+v—1 complex variable

F~'G preimage of a set G

#A number of elements of a set A

measA Lebesque measure of a measurable set A C R
¢(s) Riemann zeta-function defined,

for ¢ > 1,by the series

()= 3 2,

m=1

and by analytic continuation elsewhere
C(s, ) Hurwitz zeta-function defined,

for o > 1, by the series
() = 3 gk
m=0
and by analytic continuation elsewhere
I'(s) Euler gamma-function defined,
for o > 0 by the integral
IL(s) = Tefxxs’ldx,
0
() number of prime numbers not exceeding x
logz =log, x
D={seC:3<o<1}

H(G) space of analytic functions on G
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S ={ge H(D):g(s) #0org(s) =0}

f(@) =0(g(x)), g(x) >0,z € X means that there exists a constant C' > 0
such that, for z € X
|f(z)| < Cg(z)

fl@) < g(x), g(x) >0,z € X mean that f(z) = O(g(x)), v € X
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