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Introduction

In this thesis, collections consisting from Dirichlet L - functions and Hurwitz or periodic Hurwitz zeta

- functions are considered.

Aims and problems

The aims of the thesis are mixed joint universality theorems for Dirichlet L - functions and Hurwitz
type zeta - functions, i.e., theorems on simultaneous approximation of a collection of analytic functions
by shifts of Dirichlet L - functions which have Euler’s product over primes and by shifts of Hurwitz

type zeta - functions which have no the Euler product. The problems are the following:
1. A mixed joint universality theorem for Dirichlet L -functions and Hurwitz zeta - functions;

2. A mixed joint universality theorem of Dirichlet L - functions and periodic Hurwitz zeta - func-

tions;

3. The universality of composite functions of a collection of Dirichlet L - functions and Hurwitz

zeta - functions;

4. The universality of composite functions of a collection of Dirichlet L - functions and periodic

Hurwitz zeta - functions.

We remind the definitions of functions studied in the thesis. Let x be a Dirichlet character modulo

g € N. The Dirichlet L - function L(s, x), s = o + i7, is defined, for ¢ > 1, by the series

L(87X) = Z X(m)

m S

m=1
If x is a non - principal character, then the function L(s, ) is entire, while, for the principal character
Xo, the function L(s,xo) has analytic continuation to the whole complex plane, except for a simple

pole at he point s = 1 with residue



Moreover, the function L(s, x), for o > 1, has the Euler product over primes

L =1 (1 B x(p)>_

S
p p

Let a, 0 < a < 1, be a fixed parameter. The Hurwitz zeta - function ((s, «) is defined, for o > 1,

by the series

1
((s,a) = Z mv

m=0
and can be analytically continued to the whole complex plane, except for a simple pole at the point

s = 1 with residue 1. We have that ((s, 1) is the Riemann zeta - function ((s), and

Since, for o > 1,

the function ((s, ) has the Euler product over primes in the cases « =1 and a = %, only.

Now let a = {a,, : m € Ny = NU {0}} be a periodic sequence of complex numbers with minimal

period k € N. Then the periodic Hurwitz zeta - function (s, «; a) is defined, for ¢ > 1, by the series

((s,,a) = Z (miima)s'

0

The periodicity of the sequence a implies, for o > 1, the equality

k—1
(5,0,0) = 7 3 g (s, O‘;’”) .
m=0

Therefore, the properties of the Hurwitz zeta - function show that the function ((s, a;a) has analytic

continuation to the whole complex plane, except for a simple pole at the point s = 1 with residue
k-1

>

m=0

If a = 0, then the function ((s, a; a) is entire. Clearly, ((s,a;{1}) = {(s, @).

def

Il

| =

a

Actuality

The zeta and L - functions are the principal objects of analytic number theory. They are used not only
for solving many problems but also are widely studied themselves. Universality of zeta - functions
discovered by S.M. Voronin in 1975 is a very interesting and useful phenomenon having a series of

theoretical and practical applications. From universality theorems, the hypertranscendence of zeta -



functions conjectured [14] by D. Hilbert in 1900 follows, [10], [31], [24], [59], [77], [79]- In the case of
the function ((s), this means that if given continuous function Fy, Fy, ..., Fy : C**! — C are not all

identically zero,then

N
D En(C(s),¢(5), ¢ (5) # 0

m=0
for some s € C. Universality of zeta - functions without Euler’s product can be applied for the
investigation of zero - distribution of these functions [44], [46], [54], [59], [77]. Also, there exists a
relation between the universality and zeros of multiple zeta - functions [65],[66], [68]. Universality can
be applied for the class number problem [63]. We remind that the class number h(d) of a quadratic
number flied Q(v/d) of discriminant d < 0 is equal to number of reduced binary quadratic forms of
discriminant d. Let A~! be set of negative discriminants. Then the universality results of [63] imply
the density in Ry of the set {% :d e A‘l}. The practical applications of universality of zeta -
functions are related to a direct approximation of complicated analytic functions. For example, the
universality of ((s) is applied [4] to path integrals in quantum mechanics. Universality is closely
related to the self - approximation, and thus, to the Riemann hypothesis (RH) that {(s) # 0 for o > %
It is known [77] that RH is equivalent to the assertion that the function ((s) can be approximated
uniformly on compact subsets by shifts ((s + i7). Deep results in this direction were obtained by
T. Nakamura [67], T. Nakamura and b. Parikowski [69], [70], L. Paikowski [71], as well as by R.
Garunkstis [8], R. Garunkstis [8] and E. Karikovas [9], and by E. Karikovas and L. Parikowski [25].
Theses and other examples show that the attention to universality of zeta - functions has a deep
motivation. The schools of universality in various countries (Lithuania, Japan, Germany, Canada,
France, South Korea, Poland ) also clearly confirm the importance of the universality property for

zeta - functions. Therefore, the study of universality of zeta and L - functions is an urgent problem

of the contemporary analytic number theory.

Methods

In the thesis, the probabilistic approach for the proof of universality theorems based on limit theorem
of weakly convergent probability measures is developed. This method includes elements of the mea-
sure and ergodic theory. Also, the results of approximation of analytic functions, in particular, the

Mergelyan theorem, are applied.

Novelty

All results of the thesis are new. The mixed joint universality theorem for Dirichlet L - functions and

Hurwitz type functions were not considered.



History of the problem and results

Universality problem for zeta and L - functions comes back to S.M. Voronin who proved [78], [80] the
universality of the Riemann zeta - function. The initial form of the Voronin theorem is contained in

the following theorem.

Theorem A. Suppose that 0 < r < %, the function f(s) is continuous and non - vanishing on the
disc |s| < r, and analytic in the interior of this disc. Then, for any € > 0, there exists T = 7(¢) € R
such that

g@)ﬂ((s—k % +it) — f(9)| <e.

The function ((s) is called universal since suitable its shifts (s + % + ¢7) uniformly approximate

any analytic target function satisfying the hypotheses of Theorem A.

The Voronin theorem was slightly improved by various authors. Let D = {s € C : % <o <
1}. Denote by K the class of compact subsets of the strip D with connected complements, and by
Hy(K),K € K, the class of non - vanishing continuous functions on K which are analytic in the
interior of K. Moreover, let meas A stand for the Lebesgue measure of a measurable set A C R. Then

a modern version of the Voronin theorem is of the form, see, for example,[31],[77].

Theorem B. Suppose that K € K and f(s) € Hyo(K). Then, for every e > 0,

1
liminf —meas{r € [0;T] : sup |{(s +i7) — f(s)| < e} > 0.
T—oo T seK

Thus, Theorem B extends Theorem A in two directions. First, analytic functions are uniformly
approximated by shifts {(s + i7) not only on discs but on more general compact sets of the class K.
Moreover, Theorem B shows that there exist infinitely many shifts {(s + ¢7) approximating a given

analytic function, the set of such shifts has a positive lower density.

It turned out that some other zeta and L - functions are also universal in the Voronin sense. S.M.
Voronin himself observed [78], see also, [24], [80], that all Dirichlet L - functions are also universal.

Thus, the following result is true.

Theorem C. Suppose that K € K and f(s) € Ho(K). Then, for every e > 0,

1
liminf —meas{r € [0;T] : sup |L(s +i1,x) — f(s)| < e} > 0.
T—o0 T scK

10



Now it is known that wide classes of zeta and L - functions having Euler’s product over primes

are universal in the above sense. Universality for some classes of Dirichlet series

5 o)

m=1

with multiplication coefficients (a(mn) = a(m)a(n) for all m,n € N, (m,n) = 1) was obtained in [26]
- [30] and [57]. The case of zeta - functions of certain cusp forms was considered in [22],[50],[48] and
[51]. In the monograph [77], the universality property was extended to the famous Selberg class [76]

of Dirichlet series.

Some zeta - functions without Euler’s product are also universal in a similar sense. Denote by
H(K),K € K, the class of continuous functions on K which are analytic in the interior of K. The
simplest and most important of zeta - functions without Euler’s product is the Hurwitz zeta - function

((s, ). At the moment, we have the following statement.

Theorem D. Suppose that the parameter « is transcendental or rational # 1, % Let K € K and
f(s) € H(K). Then, for every e > 0,

1
lim inf —meas{r € [0;T] : sup |{(s +iT,a) — f(s)| <&} > 0.
T—o0 T sceK

In a slightly different form, Theorem D for rational o was obtained independently by S.M. Gonek
[13] and B. Bagchi [1]. The case of transcendental o can be found in [47].

The universality property in Theorem D, sometimes is called a strong universality because the

shifts (s + 7, a) approximate functions from a wider class H(K) D Hy(K).

A generalization of the Hurwitz zeta - function is the Lerch zeta - function L(\,«,s) which is

defined, for o > 1, by the series

i e27ri)\m
L(Av Q, S) = 7 Ns°
m=0 (m + Oé)‘

and by analytic continuation elsewhere with a fixed A\ € R. The universality if the function L(\, «, s)
was considered in [32], [33] and [47]. The second generalization of the function ((s, «) is the periodic
Hurwitz zeta - function ((s, o; a). The latter function was introduced in [34]. The universality of the

function ((s, o; a) for transcendental o was proved in [19] and [20].

A more complicated and interesting is the joint universality of zeta and L - functions when a
collection of given analytic functions simultaneously are approximated by shifts of zeta or L - functions.
The first result in this direction also belongs to S.M. Voronon. In [79], he in a not explicit form
obtained the joint universality of Dirichlet L - functions. More precisely, he considered the joint

functional independence of Dirichlet L - function, but his arguments are also applicable to their joint

11



universality. Before the statement of a joint universality theorem for Dirichlet L - functions, we recall

some notation and definitions.

A non - principal Dirichlet character x(m), m € N, modulo ¢ is called primitive if, for (m,q) = 1,
the number ¢ is the smallest period of x(m). If a character x(m) modulo ¢ is non - primitive, then

there exists ¢1,¢1 < ¢, and a primitive character x;(m) modulo ¢; such that
Xl(m) if (m7Q) = 13
0 if (m,q) > 1.

In this case, we say that the character x(m) is generated by a primitive character x1(m). Two Dirichlet

characters are said to be equivalent if they are generated by the same primitive character.
Now we state a joint universality theorem for Dirichlet L - functions.

Theorem E. Suppose that x1,...,Xx, are pairwise non - equivalent Dirichlet characters. For

j=1,...,r, let K; € K and f;(s) € Hy(K;). Then, for every e >0,

1
liminf —meas{r € [0;T]: sup sup |L(s+i7,x;)— fi(s)| <e} >0.
T—oo T 1<j<rseK;

Proof of Theorem E can be found in [40]. In [1],[2] and [24], Theorem E was obtained in a slightly
different form. It is clear that, in joint universality theorems, the approximating functions would
be independent in a certain sense. In Theorem E, this independence is realized by a pairwise non -

equivalence of Dirichlet characters.

The joint universality of Hurwitz zeta - functions has been considered in [7],[35], [62] and [64]. We

state a result obtained on [35]. For j =1,...,r,let 0 < a; <1, and

L(o,...,ap) ={log(m+a;) :meNg,j=1,...,7}

Theorem F[35]. Suppose that the set L(ay,...,a.) is linearly independent over the field of
rational numbers Q. For j=1,...,r, let K; € K, and f;(s) € H(K;). Then, for every e > 0,

1
liminf —meas{r € [0;T]: sup sup |((s+iT,a;) — fi(s)] <e} >0.
T—oo T

1<j<r seK;
Theorem F with a stronger hypothesis that the numbers ag, ..., a, are algebraically independent
over Q has been proved in [64]. We recall that the numbers ay, ..., «, are algebraically independent
over Q if there exist no polynomials with rational coefficients p # 0 such that p(aq,...,a,) = 0.

In [7], the extension of Theorem F was given.

12



Many works are devoted to joint universality of periodic Hurwitz zeta - functions. The first results
of such a kind for periodic Hurwitz zeta - functions with the same parameter o were obtained in [34].
For j=1,...,7,let 0 < oj <1, and let a; = {am; : m € Ny} be a periodic sequence of complex
numbers with minimal period k;. Let k = [k1, ..., k,] denote the least common multiple of the periods

ki,..., k.. Define

a1 @12 - G1p

a1 G2 - G2p
A =

a1 Qg2 - Qgp

Then in [21], the following theorem was proved.

Theorem G. Suppose that the numbers a1, ...,q, are algebraically independent over Q, and

rank(A) =r. Let, for j=1,...,r, K; € K and f;(s) € H(K;). Then, for every e >0,

1
liminf —meas{T € [0;T]: sup sup |((s+iT,a;;a;) — f;i(s)| <e} > 0.
T—oo 1 1<j<r seK;

A more general result has been obtained in [52], where a joint universality theorem is free from a

rank condition.

The most general joint universality theorems for periodic Hurwitz zeta - functions are given in
[36],[37] and [53]. For j =1,...,r, let aj, 0 < a; < 1, be a fixed parameter, I; € N, a;; = {ax;; :
m € Ny} be a periodic sequence of complex numbers with minimal period k;; € N. Then the joint

universality for the functions

C(s,ar;a11), .., C(s,an; 010, )y, C(Sy Qs Or1)y oo, C(S, Qs Opp,) (0.1)
can be considered. Let k; = [kj1, ..., kj;,] denote the least common multiple of the periods k;1, . .., kji;,
and let

aij1 Qg2 - Gl
a2;51 azj2 - Q24

AJ = , J= ]-a T
Ok;j1  Qkjj2 0 Okl

Then in [53] we find the following result.

Theorem H. Suppose that set L(a, ..., o) is linearly independent over Q, and that rank(A;) =
L,j=1,...r. Forj=1,....,r, 1 =1,...,l;, let Kj; € K and fj(s) € H(Kj;). Then, for every

e>0,

1
liminf —meas{T € [0;T]: sup sup sup [((s+iT, o ;a;) — fj(s)] <e} >0.
T—oco T 1<j<r 1<I<k; s€K

13



In [61], H. Mishou began to study the joint universality for zeta - functions having and having no
Euler products over primes. He proved a joint universality theorem for the Riemann zeta - function
and Hurwitz zeta - function with transcendental parameter a. Now, joint universality theorems of

such a kind are called mixed universality theorems. The Mishou mixed theorem is of the form.

Theorem I. Suppose that the number « is transcendental. Let K1, Ko € K, and f1(s) € Ho(K7)
and fy(s) € H(Ks). Then, for every e > 0,

1
liminf —meas{T € [0;T] : sup |{(s+iT) — f1(s)] < ¢
T—oo T seK1

sup |C(s + 7, ) — fas)| < £} > 0.
seEKo

In [23], the Mishou theorem was generalized for a periodic zeta - function and a periodic Hurwitz
zeta - function. Let a = {l,, : m € N} be a periodic sequence of complex numbers. We remind that

the periodic zeta - function ((s;a) is defined, for o > 1, by the series

oo

((sia) =D o,

m=1
and by analytic continuation elsewhere, except for a possible simple pole at the point s = 1.

In [12], the Riemann zeta - function was added to the system of functions (0.1), and, for an obtained
collection of zeta - functions, a mixed joint universality was proved. In the papers [49],[55],[58], [73]
the function ((s) was replaced by zeta - functions of certain cusp forms. Namely, the paper [73] is
devoted to a mixed joint universality theorem for zeta - function ((s, F') attached to a normalized
Hecke eigen cusp form F' and the functions (0.1), in [58], the function ((s, F') was replaced by a zeta
- function of a newform, and in [55] the case of a zeta - function of a cusp form with respect to the

Hecke subgroup with Dirichlet character was considered.

Chapter 1 of the thesis is devoted to a mixed joint universality theorem for Dirichlet L - functions
and Hurwitz zeta - functions. The main result of the chapter is contained in the following statement

[18].

Theorem 1.1. Suppose that x1,...,Xr, are pairwise non - equivalent Dirichlet characters, and
the numbers aa,...,a,, are algebraically independent over Q. For j = 1,...,r1, let K; € K and

fi(s) € Ho(Kj), while, for j =1,... 19, let IA(J- € K and fj(s) € H(I/(\'j) Then, for every ¢ > 0,

1
liminf —meas{T € [0;T] : sup sup |L(s+i7,x;) — f;(s)| <&,
T=oo T 1<j<r s€K;

sup sup |[((s+iT, ;) — ]/”;(s)| <e}>0.
1<j<r se R,

14



We see that, in Theorem 1.1, differently from Theorem G, any rank hypothesis is not needed.

Proof of Theorem 1.1 is probabilistic. Denote by H(G) the space of analytic functions on region
G equipped with the topology of uniform convergence on compacta, and by B(S) the o - field of Borel
sets of the space S. More precisely, the proof of Theorem 1.1 is based on the weak convergence of the

probability measure
1
Tmeas{r €[0;T): (s +i1) € A}, A € B(H"2(D)),

where

(1]

(S) = (L(87X1)7 .- '7L(37X7"1)7<(87O‘1)7 v 7((870‘7“2))'

In Chapter 2 of the thesis, the mixed joint universality of Dirichlet L - functions and periodic
Hurwitz zeta - functions is investigated, and the following statement is proved. The notation of

Theorem H is used.

Theorem 2.1. Suppose that x1,...,Xxq are pairwise non - equivalent Dirichlet characters, the
numbers aq, ..., a, are algebraically independent over Q, and that rank(A;) =1;,7 = 1,....r. For
j=1,...,d, let K; € K and f;(s) € Ho(K;), and, for j =1,...,r, 1 =1,...,l;, let Kj; € K and
fu(s) € H(Kj;). Then, for every e >0,

1
liminf —meas{r € [0;T] : sup sup |L(s+ir,x;) — f;(s)] <¢,
T—oo T 1<j<d seK;

sup sup sup |((s+iT, o5 a5) — fu(s)] <e} >0.
1<j<r 1<I<k; s€Kj;

Proof of Theorem 2.1, as of Theorem 1.1, is probabilistic and based on a multidimensional limit

theorem for a collection of functions
L(val)a ey L(Sa Xd)a C(Sa Qaq; a11)7 DRI <(57a1; alll)? R C(sa Q] Cly-l), e 7((57 (078 aTlr)'

Universality of functions plays an important role in analytic number theory, and in approximation
theory of analytic functions. Therefore, there exists a problem to extend the class of universal func-
tions. One of ways for solving this problem is the investigation of universality of composite functions.
The first results in this direction were obtained in [38] and [42], where the universality of composite
functions F'({(s)) for some operators F' : H(D) — H(D) was considered. For example, the following
theorem takes place. Let S = {g € H(D) : g(s) # 0 or g(s) = 0}.

15



Theorem J. Suppose that F' : H(D) — H(D) is a continuous operator such that, for every open
set G C H(D), the set (F~1G)N S is non - empty. Let K € K and f(s) € H(K). Then, for every
e >0,

1
liminf —meas{T € [0;T] : sup |F({(s +i7)) — f(s)| <e} > 0.
T—o0 T seK

In [46], the ideas of the paper [38] were applied for the Hurwitz zeta - function ((s, ). For example,

in [46], the following generalization of Theorem D was proved.

Theorem K. Suppose that the number « is transcendental, and that F : H(D) — H(D) is a
continuous operator such that, for each polynomial p = p(s), the set F~1{p} is non - empty. Let

K e K and f(s) € H(K). Then, for every e > 0,

1
liminf —meas{r € [0;T] : sup |F(¢(s +i1,)) — f(s)| < e} > 0.
T—oo T seK

The paper [43] is devoted to the universality if the functions F'({(s), (s, «)) for some operators
F: H?(D) — H(D). One of examples is contained in Theorem L.

Theorem L. Suppose that the number « is transcendental, and that F : H*(D) — H(D) is a
continuous operator such that, for every polynomial p = p(s), the set (F~*{p}) N (S x H(D)) is not
empty. Let K € K and f(s) € H(K). Then, for every e > 0,

li%ninf %meas{T €[0;T] : sup |F(¢(s +i7),((s +iT,a)) — f(s)| < e} > 0.

— 00 seK

Finally, in [43], the universality of the composite functions F({(s,a1),...,{(s,a,)) has been con-

sidered. We state one theorem from [43].

Theorem M. Suppose that the set L(aq,...,,) is linearly independent over Q, and that F' :
H"(D) — H(D) is a continuous operator such that, for every open set G C H(D), the set F'G is
non - empty. Let K € K and f(s) € H(K). Then, for every e > 0,

1
liminf —meas{r € [0;T] : sup |F(((s + iT,a1),...,((s+iT,a,)) — f(s)] < e} > 0.
T—oo T seK

Chapter 3 of the thesis is devoted to a generalization of Theorem 1.1. Here the universality of
the function F(L(s,x1),-.-,L(s,Xr ), C(s,a1),...,((s,,,)) is discussed, and several theorems are

obtained.

16



Theorem 3.1. Suppose that the Dirichlet characters x1,...,Xr,, the numbers ay, ..., oy, satisfy
the hypotheses of Theorem 1.1, and that F : H'V"2(D) — H(D) is a continuous operator such that,
for every open set G C H(D), the set (F~1G) N (S™ x H™(D)) is non - empty. Let K € K and
f(s) € H(K). Then, for every e >0,

1
liminf —meas{r € [0;T] : sup |F(L(s +i7,x1),---, L(s + i1, Xxr,),
T—oo T seK

C(S+’L'T,Oél),...,C(S+7:T,O£T2)) - f(8)| < E} > 0

Theorem 3.1 is rather general, however, its hypothesis is difficultly checked. The next theorem is

a simple modification of Theorem 3.1.

Theorem 3.2. Suppose that the Dirichlet characters xi,...,Xr,, and the numbers oy, ..., qr,
satisfy the hypotheses of Theorem 1.1, and that F : H™7"2(D) — H(D) is a continuous operator such
that, for every polynomial p = p(s), the set (F~*{p}) N (S™ x H™ (D)) is non - empty. Let K € K
and f(s) € H(K). Then, for every € > 0, the assertion of Theorem 3.1 is true.

We give an example of Theorem 3.2.

Corollary 3.3. Suppose that the Dirichlet characters x1,...,Xr,, and the numbers aq,..., o,
satisfy the hypotheses of Theorem 1.1. Let {j1,...,j»} # & be a an arbitrary subset of {1,...,7r1},
and {l1,...,lk} # & be a an arbitrary subset of {1,...,r2}. Let K € K and f(s) € H(K). Then, for

every € > 0,

1
lim inf Tmeas{T € [0;T] : sup |L(s + i1, x;5,) - .- L(s +i7, x;,) X
seK

T—o0

X C(s+ir,ay)...C(s+ir,aq,) — f(s)] <e} >0.

The non - vanishing of a polynomial in a bounded region can be controlled by its constant term.
Therefore, in some cases, it is more convenient to consider the space of analytic functions on a bounded

region. For V> 0,let Dy ={s € C: { <o < 1,[t| <V}, and
Sv={g9€H(Dv):g(s) #0or g(s) =0}.
Then we have the following modification of Theorem 3.2.

Theorem 3.4. Suppose that the Dirichlet characters xi,...,Xr,, and the numbers aq,...,qr,

satisfy the hypotheses of Theorem 1.1, K € K and f(s) € H(K), and let V > 0 be such that K C Dy.

17



Let F : H"(Dy) x H™(D) — H(Dy) be a continuous operator such that, for every polynomial
p = p(s), the set (F~*{p}) N (S}} x H™2(D)) is non - empty. Then the assertion of Theorem 3.1 is

true.

In the next two theorems, we approximate analytic functions from a certain subclass of H (D). For

arbitrary distinct complex numbers aq, ..., ag, define

Hy(D) ={g € H(D): (g(s) —a;)~' € H(D),j =1,....k}.

Theorem 3.5. Suppose that the Dirichlet characters xi,...,Xr,, and the numbers aq,...,ap,
satisfy the hypotheses of Theorem 1.1, and that F : H'V7"2(D) — H(D) is a continuous operator such
that F(S™ x H™(D)) D H.(D). If k =1, then let K € K, f(s) € H(K) and f(s) # a1 on K. If
k > 2, then let K C D be an arbitrary compact subset, and f(s) € H.(D). Then the assertion of

Theorem 3.1 is true.

For example, Theorem 3.5 implies the universality of the functions sin(L(s, x1)+L(s, x2)+((s, a1)+
((s,2)) and cos(L(s, x1) + L(s, x2) + (s, a1) + ((s,a2)) with non - equivalent character y; and ya,

and algebraically independent «; and .

The next theorem approximates the functions form the set F/(S™ x H"™(D)).

Theorem 3.6. Suppose that the Dirichlet characters xi,...,Xr,, and the numbers aq,...,ap,
satisfy the hypotheses of Theorem 1.1, and that F': HV"2(D) — H(D) is a continuous operator. Let
K be a compact subset of the strip D, and f(s) € F(S™ x H™(D)). Then the assertion of Theorem 3.1

18 true.
The results of Chapter 3 were obtained in [15] and [17].

In Chapter 4 of the thesis, the universality of the composite function F(L(s,x1),--.,L(s, Xd),
C(syan;a11) ..oy C(sy a5 a1, )s .-, C(Sy Qs 1), .., C(8, 0 05, ) for some classes of operators F' is
investigated. First the approximation of functions from the space H(D) is discussed. Let v =d+1; +
...+ 1. The operator F': H"(D) — H(D) belongs to the class Lip($1,...,8), 81 > 0,...,5, > 0, if
the following hypotheses are satisfied:

1° For every polynomial p = p(s) and all sets K7, ..., Ky € K, there exists an element (g1, ..., g4,
G115y Gias Grls - - - Gri,.) € F~H{p} C HY(D) such that g;(s) #0on K;,j =1,...,d;

2° For all K € K, there exist a constant ¢ > 0 and sets Kj,...,K, € K such that, for all
(9j1:---,950) € H'(D),j = 1,2,

SUp [F(g11(s), -, 910(5)) = Flg21(8), -, g20(5)| < ¢ 3w sup 915 (s) — g25(s)|%.
Theorem 4.1 Suppose that the Dirichlet characters x1, ..., X4, the numbers ay, ..., «, and the se-

qUETLCES A1y« -y O1lyy -y Oply - .., Oy, Satisfy the hypotheses of Theorem 2.1, and F € Lip(B1, ..., 5By)-
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Let K € K and f(s) € H(K). Then, for every e > 0,

liminf meas{7 € [0;T] : sup |F(L(s + i1, x1), ..., L(s + 4T, xa),

T— o0 seK
C(s—i—iT,al;a11)7...,((s+i7,a1;a111)7...,

C(s+im,ar;amn),...,C(s+iT,ara.,)) — f(s)| <e} >0.

For example, the operator F(g1,...,9d, g11s- - G1lys Gris-- - Grl,) = cng‘l) + ...+ cdgénd) +...+

(nll) (nll ) (n'rl) (anT)
ciigyy e gy, U+ Fengy ot cng,y T, where ¢, cgsCrn e Clly - Gt
o, € C\AO}, nay ey g, M1y s e e MLy -, € N, and () denotes the n th derivative

of the function f, belongs to the class Lip(1,...,1).

Other theorems of Chapter 4 are analogues of those from Chapter 3. Let

r
v = E lj.
Jj=1

Theorem 4.3 Suppose that the Dirichlet characters x1,-..,Xd, the numbers aq,...,a, and the
SEQUENCES 011, ... A1,y -« Op1, ..., Op, Satisfy the hypotheses of Theorem 2.1, and that F : H*(D) —
H(D) is a continuous operator such that, for every open set G C H (D), the set (F~1G)N(S%x H* (D))
is non - empty. Let K € K and f(s) € H(K). Then the assertion of Theorem 4.1 is true.

Theorem 4.3 implies the following modification of Theorem 4.1.

Theorem 4.4 Suppose that the Dirichlet characters x1,-..,Xd, the numbers aq,...,a, and the
SEQUENCES A11, ..., 01];,- .., 0r1,..., 00, Satisfy the hypothesis of Theorem 2.1, and that F : H'(D) —

H(D) is a continuous operator such that, for every polynomial p = p(s), the set (F~1{p}) N (S¢ x
H"(D)) is non - empty. Let K € K and f(s) € H(K). Then the assertion of Theorem 4.1 is true.

We note that hypothesis 2° of the class Lip(81, ..., 3,) implies the continuity of the operator F.
However, hypothesis 1° is weaker than the requirement that (F~*{p}) N (S¢ x H*"*(D)) # @.

Sometimes, in Theorem 4.3, it is more convenient to use the space H'(Dy, D) = H%(Dy)x H"'(D)

in place of H(D). In notation of Theorem 3.4, the following version of Theorem 4.3 is true.

Theorem 4.5 Suppose that the Dirichlet characters x1,...,Xd, the numbers ay,...,a, and the
SEQUENCES 11, .., 011,y 0pl,..., 00 Satisfy the hypotheses of Theorem 2.1, K € K and f(s) €
H(K), and V > 0 is such that K C Dy. Let F : H'(Dy,D) — H(Dy) is a continuous operator
such that, for every polynomial p = p(s), the set (F~'{p})N(S& x H" (D)) is non - empty. Then the

assertion of Theorem 4.1 is true.
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Theorem 4.5 can be applied for the operator

F(g1,.--ygv) =191 +...+caga, c1,...,cq € C\{0}.

Other theorems of Chapter 4 are devoted to the approximation of analytic functions from the

image of the set S% x HV1(D) of the operator F': H"(D) — H(D).

Theorem 4.8 Suppose that the Dirichlet characters x1,...,Xxq, the numbers ay,...,a, and the
SEQUENCES 011, ..., 010,y .-, 0p1, ..., 0p, Satisfy the hypotheses of Theorem 2.1, and that F' : H'(D) —
H(D) is a continuous operator. Let K C D be a compact subset and f(s) € F(S? x H*(D)). Then

the assertion of Theorem 4.1 is true.

It is not easy to describe the set F(S?x H'(D)). The next theorem of Chapter 4 is an example with
sufficiently simple set contained in F(S? x H"*(D)). Namely, the following analogue of Theorem 3.5

is valid.

Theorem 4.9 Suppose that the Dirichlet characters x1,...,Xxd, the numbers ay,...,a, and the
SEQUENCES 011y ..y A1fyy .-, 0pl, ..., Op,. Satisfy the hypotheses of Theorem 2.1, and that F : H'(D) —
H(D) is a continuous operator such that F(S? x H*(D)) D Hy(D). Fork =1, let K € K, f(s) €
H(K) and f(s) # a1 on K. For k > 2, let K C D be an arbitrary compact subset, and f(s) €
Hy(D).Then the assertion of Theorem 4.1 is true.

A part of the results of Chapter 4 are contained in [16].
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Approbation

The results of the thesis were presented at the MMA (Mathematical Modeling and Analysis) con-
ferences (MMA 2012, June 6 - 9, 2012, Tallinn, Estonia), (MMA 2013, May 27 - 30, 2013, Tartu,
Estonia), (MMA 2014, May 26 - 39,2014, Druskininkai, Lithuania), at International Conference Alge-
bra, Number Theory and Discrete Geometry: Modern Problems and Applications (May 25 - 30, 2015,
Tula, Russia), at the Conferences of Lithuanian Mathematical Society (2013, 2014, 2015), as well as

at the Number Theory seminars of Vilnius University.
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Chapter 1

Joint universality of Dirichlet L -

functions and Hurwitz zeta - functions

In this chapter, we prove a joint universality theorem on the simultaneous approximation of a collection

of given analytic functions by shifts L(s + 7, x;) of Dirichlet L - functions

L(‘SvXj):ZXj(m)v 0—>17 j:]-,“'yrla

Since Dirichlet L - functions have the Euler product over primes
L(SX»)H(IW)I o>1, j=1,...,m
s XJ . ps ) ) ) ) )

and Hurwitz zeta - functions have no such a product if o; # 1, %, the theorem of this chapter is a mixed
joint universality theorem, and it connects a joint universality theorem for Dirichlet L - functions and

a joint universality theorem for Hurwitz zeta - functions. The functions of the collection

(L(S7 X1)7 e 7L(S7 XT1>7 C(S, 041), R <(8, O‘TQ)) (1'1)
must be in some sense independent, therefore, we use additional hypotheses on the characters x1, ..., Xr
and parameters s, ..., Q..

We recall that D = {s € C: £ < ¢ < 1}, K is the class of compact subsets of the strip D with
connected complements, H(K), K € K, is the class of continuous functions on K which are analytic

in the interior of K, and Hy(K), K € K, is the subclass of H(K) of non-vanishing functions on K.

The main result of this chapter is the following theorem.
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Theorem 1.1. Suppose that xi,...,xr, are pairwise non-equivalent Dirichlet characters, and
that the numbers an, ..., o, are algebraically independent over Q. For j =1,...,71, let K; € K and

fi(s) € Ho(Kj), while, for j =1,... 19, let I/(\'j € K and f](s) € H(I/(\'J) Then, for every ¢ > 0,

1
liminf —meas{T € [0;T] : sup sup |L(s+i7,x;) — f;(s)| <e,
T—oo 1 1<j<r s€K;

sup sup |C(s + i, a5) — fi(s)| < e} > 0.
1<j<ry SEI?J'

We see that the independence of the functions of the collection (1.1) is expressed by the non-
equivalence of the Dirichlet characters x1, ..., Xxr, and by the algebraical independence of parameters

Q1yeeey Opy.

Theorem 1.1 has a series of corollaries on the universality of composite functions which will be

presented in Chapter 3.

Proof of Theorem 1.1 is based on probabilistic limit theorems on weakly convergent probability

measures in the space of analytic functions.

1.1. A limit theorem
Denote by « the unit circle on the complex plane, i.e.,
y={seC:ls| =1},
and define two infinite - dimensional tori
Q= H’yp
P

and

N o0

Q = H 7777/)

m=0

where 7, = ~ for all primes p, and 7, = ~ for all m € Ny. The tori Q and Q with the product
topology and operation of pointwise multiplication, by the Tikhonov theorem, see, for example [72],

are compact topological Abelian groups. Let k = 1 + ro, and

~

Q":Qxﬁlx...xﬂm

where ﬁj = Q) for 7 =1,...,r2. Then again, by the Tikhonov theorem, 2" is a compact topological

Abelian group. Therefore, denoting by B(X) the Borel o - field of the space X, we have that, on
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(QF,B(Q%)), the probability Haar measure m%; can be defined. This gives the probability space
(QF,B(Q%), my). We note that the measure mf, is the product of the Haar measures my and
MAH, - ., Meyp on (Q,B(Q)) and (ﬁl, B(y)), ..., (ﬁrz,B(fAlm)), respectively. For elements of 2%, we
use the notation w = (w,@1,...,Wr,), where w € Q and @; € ﬁj,j =1,...,r3. Moreover, let w(p) be
the projection of w € € to the coordinate space 7,, p € P, and let @;(m) denote the projection of
w; € ﬁj to the coordinate space v,,, m € Ny. For brevity, we put r = r; +72. Now, on the probability

space (7, B(Q%), m%,), define the H" (D) - valued random element Z(s,w) by the formula
E(S7£) - (L(57W7X1)7 cee 7L(57W7XT1)7 C(Sa O‘lawl)a sy C(Sv O‘T27QT2))7

where

and

o0
(s a],wj j=1,...,7r0.
Zo m+aj

Let P= be the distribution of the random element =(s,w), i.e.,

P=(A) = mf, (w € QF : E(s,w) € A), A € B(H"(D)).

Moreover, we will use the notation

(1]

(5> = (L(Sa Xl)a ey L(57X’r1)7 C(sa a1)7 e 74-(57 arz))7
and, for A € B(H"(D)), define
Pr(A) = %meas{T €[0;T]: E(s +it) € A}

Let P and P,,n € N, be probability measures on (X, B(X)). We recall that P, converges weakly

to P as n — oo if, for every real continuous bounded function g on X,

lim gdPn:/ gdP.
b'e b'e

n—oo

We will consider the weak convergence of Pr to P, when T is a continuous parameter, T — oo.

By the definition, this means that, for every real continuous bounded function g on X,

lim gdPT:/ gdP. (1.2)
b'e b's

T—o0

If the function g is fixed, then the relation (1.2) is true if and only if

n—0o0

lim gdPr, = / gdP
X
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for every sequence {T,,},T,, —— oo. Consequently, Pr converges weakly to P if and only if Pr,
n—oQ
converges weakly to P for any sequence {7T,}, T, —— oo. Therefore, the case of continuous
n—oo

parameter does not differ essentially.

Then we have the following limit theorem.

Theorem 1.2. Suppose that the numbers o, ..., q,, are algebraically independent over Q. Then

Pr converges weakly to Pz as T — oo.

Proof. The theorem follows from Theorem 2 of [37]. For j =1,...,71, let a; = {ajm, : m € N}
be a periodic sequence of complex numbers with minimal period k; € N, and let ((s;a;) be the
corresponding periodic zeta - function. Analogically, for j =1,...,r9, let b; = {bjn, : m € Ny} be an
another periodic sequence of complex numbers with minimal period {; € N, and let ((s,;;b;),0 <
a; < 1, be the periodic Hurwitz zeta - function. In [37], under certain additional hypotheses, the
joint universality of the functions ((s;a1),...,¢(s;a.,),{(s, a1561),...,((S, ry; byy) Was considered,
and, first of all, a joint limit theorem in the space H"(D) was obtained. Let, for brevity, a =

(a1,...,ap,),a=(a,...,a.),b=(by,...,b,,) and

C(&g;g, b) = (C(5§ al)a ceey C(5§ ﬂrl),C(S7OZ1; bl)v ceey 4(87 Ay bT2))‘

Then Theorem 2 of [37] asserts that if the sequences aj,...,a,, are multiplicative, and that the

numbers ag,...,a,, are algebraically independent over QQ, then

%meas{T €[0;T]:((s+iT,a;a,b) € A}, A€ B(H"(D)),

converges weakly to the measure P as T' — oo, where F¢ is the distribution of the H"(D) - valued

random element

((s,a,w;a,b) = (((s,w;a1),...,¢(s,w;ar, ), C(s5,@1,a15b1),. .., (5, W0y, Qry; bry)),
where
o~ ajpmw(m)
((s,w;aj):mZ:l . s i=1,...,r1,
and
~ N bjm@;(m)
C(s,aj;W;;05) = m_o(i:‘"jO(lj)Z’J =1,...,79.

It is not difficult to see that Theorem 1.2 satisfies the hypotheses of Theorem 2 of [37]. Indeed,

the characters x1,...,Xr, are periodic completely multiplicative functions. Therefore, Dirichlet L -
functions L(s, x1),. .-, L(s, xr, ) are partial case of the periodic zeta - functions. Moreover, obviously,
the Hurwitz zeta - functions ((s,a1),...,{(s,a,,) are partial case of the periodic Hurwitz zeta -
functions {(s, a1;61),...,¢(s,ar,; br,). In this case, bj1 = ... =bj,, = 1.
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1.2. Support of P=

Let X be a separable metric space, and P be a probability measure on (X, B(X)). We remind that
a minimal closed set Sp € B(X) is called the support of the measure P if P(Sp) = 1. The set
Sp consists of all elements z € X such that, for every open neighbourhood G of z, the inequality

P(G) > 0 is satisfied.

For the proof of Theorem 1.1, the explicit form of the support of the measure P= is needed. We

will use the following lemmas. Let, for brevity, x = (x1,...,Xr ), @ = (@1, ..., @0r, ),

L(S,UJ, X) = (L(Sﬂwaxl)a ceey L(Sawa)(h))

and

C(57Q7Q) = (<(57a17w1)7 e 5C<s7a’F25wT2))'

Moreover, let Pr, denote the distribution of the random element L(s,w, x), i.e.,

PL(A) = my(w € Q: L(s,w,x) € A), A € B(H™ (D)),

where my is the probability Haar measure on (€2, 5(f2)), and let P; denote the distribution of the

random element ((s,a,d), i.e.,

~ ~

P(A) =g (@€ Oy x ... x Oy 1 C(5,0,0) € A), A € B(H™(D)),

~ ~ ~

where my is the probability Haar measure on (21 x ... x Q.,,B(2 x ... x (AZTZ)). Define the set

S={ge H(D):g(s) #0or g(s) =0}.

Lemma 1.3. Suppose that x1,...Xxr, are pairwise non-equivalent Dirichlet characters. Then the

support of the measure Pr, is the set S™ .
Proof of the lemma is given in [40], Lemma 12.

Lemma 1.4. Suppose that the numbers oy, ..., a., are algebraically independent over Q. Then

the support of the measure P is the set H™ (D).

Proof. Let L(cv,...,ap,) = {log(m+ ;) : m € No,j = 1,...,r2}. Then in [35|, Theorem 11,
it was proved that if the set L(a1,...,a;,) is linearly independent over Q, then the support of I is

the set H"2 (D). However, if the numbers a4, ..., «,, are algebraically independent over Q, then the
set L(aq,...,q,) is linearly independent over Q. Indeed, suppose, on the contrary, that this set is
linearly dependent over Q, i.e., there exist integers k1, ..., k,, not all zeros, such that

kilog(mi + aq) + ... + ky log(m, + a,) = 0.
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Suppose that k1 >0,...,k, >0and ky41 <0,...,k, <0. Then

(my+a)® o (my + @)™ = (Mgt + augr )™+ (g + ay)®

However, this contradicts the algebraic independence of the numbers aq,. .., a,.

Therefore, the lemma follows from Theorem 11 of [35].
Theorem 1.5. Suppose tat x1,...,Xr, are pairwise non-equivalent Dirichlet characters, and that
the numbers aq, ..., o, are algebraically independent over Q. Then the support of Pz is the set

S™ x H™(D).
Proof. The spaces H™ and H™ are separable, therefore [13]
B(H™""(D)) = B(H™ (D)) x B(H"(D)).

Therefore, it suffices to consider P= on the set A = A; x As, where A7 € B(H™ (D)) and Ay €
B(H™(D)). Moreover, we observe that the measure m%; is the product of the measures my and mpy

in the above notation, i.e.,
mf{(Al X Ag) = mH(Al)T/T\LH(AQ)

Therefore,

This shows that P=(A) = 1 if and only if the equalities
my(weQ: L(s,w,x) € A1) =1 (1.3)

and

~ ~

M@ e Oy x ... x Qi C(5,0,8) € Ag) =1 (1.4)

hold. However, in view of Lemma 1.3, the minimal set A; satisfying (1.3) is S™ (D), and, by
Lemma 1.4, the minimal set Ay satisfying (1.4) is H"2(D). Therefore, the minimal closed set A
such that Pz(A) = 1 is the set S™ x H™ (D).

1.3. Proof of the universality theorem

We start with the statement of the Mergelyan theorem on the approximation of analytic functions by

polynomials. We state it as a separate lemma.
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Lemma 1.6. Suppose that K C D is a compact subset with connected complement, and that f(s)

is a continuous function on K and analytic in the interior of K. Then, for every € > 0, there ewists

a polynomial p(s) such that

sup | £(s) — p(s)] < <.
seK

The proof of lemma is given in [60], see also [81].

We also need an equivalent of the weak convergence of probability measures in terms of open sets.

Taking into account a remark before the statement of Theorem 1.2, we state this equivalent for a

sequence of probability measures.

Lemma 1.7. Let P and P,,n € N, be probability measures on (X,B(X)). Then P, converges

weakly to P as n — oo if and only if, for every open set G of X,

liminf P, (G) > P(G).

n—o0

The lemma is a part of Theorem 2.1 from [3], and there its proof given.

Proof of Theorem 1.1. By Lemma, 1.6, there exist polynomials p1(s), ..., pr, (s) and p1(s), . ..

such
. pi(s)| « &
sup sup |f;(s) — P\ <
1<j<r; s€eK; 2
and
~ - €
sup sup [f5(s) — ()| < 5.
1<j<rs SEI?J'
Define

~ ~ _ €
G={g91,---,9r,G1,---+,9r,) € H(D): sup sup |gj(s)—epﬂ(s)|<§,
1<j<r; s€Kj

~ ~ 9
sup sup [7(s) — B ()| < 5}
1<j<r2 5eR,

Then G is an open set in H" (D). Moreover, by Theorem 1.5, the collection

(€, e pi(s), ..., bry(s)) € H(D)

’Z/)\T‘z (S)

(1.5)

(1.6)

is an element of the support of the measure P=. This means that the set G is an open neighbourhood

of an element of the support of P=. Therefore, the properties of the support imply the inequality

P=(G) > 0. From this, using Theorem 1.2 and Lemma 1.7, we find that

1
lim inf Tmeas{r €[0;T]: E(s+1ir) € G} > P=(G) >0,

T—o0
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or, by the definition of the set G and vector =,

1
liminf —meas{r € [0;T]: sup sup |L(s+ir,x;) —e” )| < E,
T—oo T 1<j<rs s€K; 2

. . €
sup sup |G(s + im,a5) ~ () < 51> 0.
1<j<rs seK;

Suppose that 7 € R satisfies the inequality

sup sup |L(s +iT,x;) — eP)] < =
1<j<r; s€K; 2

Then it follows from (1.5) that, for such T,

sup sup |L(s +i7,x;) — f;(s)| < sup sup |L(s + i, x;) — P |+
1<j<r; s€K; 1<5<r; s€K;

+ sup sup [fi(s) —eP )| < —
1<j<r s€K; 2 2

Similarly, inequality (1.6) shows that, for 7 € R satisfying the inequality

) N €
sup sup [((s+iT,a;) —D;(s)] < 2
1<j<rs seK;

the inequality

sup sup [((s+iT, o) — fi(s)] < ¢
1<j<rs se R,

is valid. From these remarks, it follows that

{r€[0;T]: sup sup |L(s+ir,x;) —eP®| < E,
1<j<r s€K; 2

) N €
sup sup [((s+iT,a5) — Dj(s)] < 5} C
1<j<r se R,

{r€[0;T]: sup sup |L(s+ir, x;)— fi(s)] <e,
1<j<r; s€K;

sup sup [((s+iT, o) — fi(s)] < e}
1<j<rs e,

Therefore, taking into account inequality (1.7), we obtain that

1
liminf —meas{r € [0;T]: sup sup |L(s+i7,x;) — f;(s)] <e,
T—oo T 1<j<r; s€K;

sup sup [((s+iT,a5) — fj(s)| <e}>0.

1<j<r2 SEIA(]'

The theorem is proved.
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Chapter 2

Joint universality of Dirichlet L -
functions and periodic Hurwitz zeta -

functions

Let a = {am, : m € Ny} be a periodic sequence of complex numbers with minimal period k € N, and
let a, 0 < a < 1, be a fixed parameter. We remind that the periodic Hurwitz zeta - function ((s, a; a)

is of the form

oo
a’TTL
s,y a) = —, o >1,
((s,050) ;} it o)
and has meromorphic continuation to the whole complex plane. For j =1,...,r,let a;, 0 < a; <1,

be a fixed parameter, I; € N, a;; = {am;; : m € No} be a periodic sequence of complex numbers with

minimal period kj; € N. In this chapter, we obtain a joint universality theorem for the functions

L(37X1)a R L(Sa Xd)a C(sa aq, all), ) C(saala alll)v RS C(Sv Qyp, arl)v cee 7((87 Ay, arlr)‘ (21)

Periodic Hurwitz zeta - functions, as classical Hurwitz zeta - functions, also have no Euler product
over primes. Therefore, the joint universality of the functions (2.1) is also of mixed type. Now we

state the main result of the chapter.

For j =1,...,r, denote by k; the least common multiple of the periods kj1,...,k;,, and define
the matrix
a151 Qg2 - A1l
4= d2j1 Q252 ccr G2l =11
Qk;j1  Oky52 - Qkjjl;
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Theorem 2.1. Suppose that x1, ..., xq are pairwise non-equivalent Dirichlet characters, the num-
bers ai,...,a, are algebraically independent over Q, and that rank(A;) =1, j = 1...,r. For
j=1,...,d, let K; € K, and f;(s) € Hy(K;), and, for j =1,...,r, 1 =1,...,1;, let K;; € K and
fii(s) € H(Kj;). Then, for every e > 0,

1
liminf —meas{r € [0;T]: sup sup |L(s+ir,x;)— fi(s)] <¢,
Tooo T 1<j<d seK;

sup sup sup |((s+it, o ;a5) — f(s)] <e} >0.
1< <r 1<i<l; s€Kj;

For the proof of Theorem 2.1, a limit theorem in the space of analytic functions for the functions

(2.1) is applied.

2.1. An extended multidimensional limit theorem

We use the same infinite - dimensional tori 2 and €2, however, it is more convenient, in this chapter,

to use the notation €2y in place of Q. Define
QK:QX911 X oo, Xera

where Qq;, = Qq forall j =1,...,r, and K = 14+r. Then we have the probability space (Q%, B(Q"), m%;),
where m/; is the probability Haar measure on (2%, B(Q2")). Let Q] = Q41 X ... X Qy,. Then the mea-

sure mY; is the product of probability Haar measures mg and mf, on (Q,B(2)) and (Q7,B(Q2")),

respectively.
Let
T
w=2_ b
j=1
and

Hyy = Hau(D) = HY(D) x H*(D).

On the probability space (%, B(£2¥), m*%,), define the Hg,, - valued random element using the following
notation. We denote by w(p) the projection of w € Q to 7v,,p € P, and by brevity, w = (w, w1, ..., wy),

a=(a1,..,0.), X = (X1,---,xd) and @ = (A11,.--,017,,---, 01, .., 0, ). Let the Hg, - valued

random element Z(s, x, a,w; a) be given by

E(Sa X5 O, W3 Q) = (L(Sawv Xl)a ceey L(S,(JJ, Xd)7 C(sa a1, W1, all)v LR
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C(57 ay, Wi; a1l1)v R C(S7 ay, Wr; a’rl)7 e 74-(57 a1, Wr; arlm))7

where
-1
SW’X] H( )(p)> I ]:1’ 7d?
p
and
= a w(p
. m]l . _ )
C(s,aj,wjsa;) = Z:O m—i—a] j=1,...,r, 1=1,...1;.

Denote by P= the distribution of the random element Z(s, x, a,w; a), i.e., for A € B(Hg.),
P=(A) = my(w e Q" E(s,x,a,w;a) € A).

Moreover, let

5(57X7g79) = (L(87X1)7 . '7L(S7Xd)7<(87a1;a11)u ey

C(s,ar;a1,), -, C(s,ar5a0), ..., C(s, ar5a.,)).
In this section, we consider the weak convergence of
Pr(A) = %meas{r €0;T]: E(s+it,x,a58) € A}, A€ B(Hg),
as T' — oo.

Theorem 2.2. Suppose that the numbers ay,...,q, are algebraically independent over Q. Then

Pr converges weakly to P= as T — oo.

We note that Theorem 2.2 is more general than Theorem 1.2, therefore, we will give its proof.

Lemma 2.3. Suppose that the numbers o, . .., a,. are algebraically independent over Q. Then

Pr(A) ¥ %meas{r c[0;T]: ((p~ :peP),(m+ay)” 7 :meNy),

L ((m+a,)" imeNy)) € A}, A € B(QX),

converges weakly to the Haar measure m';, as T — oo.
The proof of the lemma is given in [37], Theorem 3.

Let 0p > % be a fixed parameter number, and

m

v (M) = exp {— (—)JO} , myn€N.

n

oo
v (M, ) :exp{— (m—i—a) }, m € Ng,n € N,

n-+a«a
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Define

Ln(&Xj):ZM, jzl,...,d,

m=1

N @i (M, ,
Cn(s,aj;ajl):zw, j=1...,r, 1=1,...1,

m=0 <m + aj)s
and, for wy = (wo, w10, - .., wro) € QF, put
o~ X (m)wo(m)vn (m)
Ln(‘SvvawO) = Z ! ms y )= ]-7 7d7
m=1

Amjiwos (Mm)vn (m, a;)
(m+ ay)*

L i=1,. . L=1,...,1;

o
Culs, w055 051) = )

m=0
It is known [19], [40] that all latter series are absolutely convergent for o > 1. Here the function w(p)

is extended to the set N by the formula

w(m) = H wF(p), meN.
p*|m
p*Hm

Let, for brevity,

En(S,X7Q,Q) = (Ln(sa Xl)u sy Ln(87 Xd)7 Cn(87 a1, all)a ey

Cu(ssarsan, ), Guls,ansap), .., Cals, arsar,)),

and

:n(S7X7Q7Q;Q) = (Ln(&uth)a e 7Ln(5,WaXd)7Cn(3a0417W1§ all)a ey

Cn(s70417w1; alll)a cee ’(’n(saalvwr; arl)v . 'aCﬂ(s,alawT;arlT))'

In the sequel, the following property of the weak convergence of probability measures will be
useful. Let X; and X» be two metric spaces. The mapping h : X; — X5 is called (B(X1),B(X2))
- measurable if h™'A € B(X;) for every A € B(X3), in other words, h™1B(Xz2) C B(X1). It is
well known, see, for example, [3], that every continuous mapping h : X7 — Xz is (B(X1),B(X32)) -
measurable. If i is (B(X1),B(X2)) - measurable, than every probability measure P on (X1, B(X1))
induces on (X2, B(X3)) the unique probability measure Ph~! given by the formula

Ph™Y(A) = P(h™14), Ac B(X>).
Moreover, the following statement is true.

Lemma 2.4. Suppose that P,,n € N, and P are probability measures on (X1,B(X1)), and that
h: X1 — X, is a continuous mapping. If P,, as n — oo, converges weakly to P, then also P,h™", as

n — 0o, converges weakly to Ph~".
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The lemma is partial case of theorem 5.1 from [3].

Lemma 2.5. Suppose that the numbers oy, ..., «, are algebraically independent over Q. Then,

on (Hgu, B(Haw)), there exists a probability measure P, such that
e 1 .
Pr..(A) &f fmeas{T €0;T]: Ep(s+it,x,asa) € A}, A€ B(Hauw),

and

de,

1
Prp.w, (A) f Tmeas{T € [0;T]: En(s+im, x, a,wp;a) € A}, A€ B(Hauw),

both converges weakly to P, as T — oo.

Proof. Define the function h,, : Q% — Hg,, by the formula
hn(w) = En(s, X, @, w;a),w € Q.

In view of the absolute convergence of the series for the functions L, (s, x;,w) and (n(s, o, wj; aj51),

the function h,, is continuous. Moreover,
hn((p_” :p€P),((m+ al)_” :m € Np),...,((m+ a,«)_” :m € Ng)) =E,(s +i7, X, 25 9).
Therefore, we have that Pr, = Qrh,!. This, the continuity of the function h,, and Lemmas 2.3
and 2.4 show that Pr, converges weakly to P, = m';h, Las T — .
Let h : Q% — Q" be given by formula h(w) = wwy,w € 27, and hpw, + 2% — Hag,, be defined by
the formula

hn,go(g) = ETL(S7K7Q7MO;Q)7Q € QF.

Then, repeating the above arguments, we find that Pr, , converges weakly to P, , = m'}{h;}% as

T — oo. However, we have that h, , (w) = h,(h(w)). Since the Haar measure mf; is invariant with

respect to translations by points from 27, from this it follows that

mithy g, = mip(hah) =" = (mih~ht = mih, !

Thus, Prp,, ., also converges weakly to the measure P, = mf;h, ' as T — oo. The lemma is proved.

For the proof of Theorem 2.2, it remains to pass from the measure Pr,, to Pr. For this, the metric

on Hy, is needed. Let {K, : v € N} be a sequence of compact subsets of the strip D such that

K, C Ky41 for all v € N, and if K C D is a compact subset, then K C K, for some v. The existence

of such a sequence {K, : v € N} is proved in [5]. For g1, g2 € H(D), define
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= SuPyek, 191(5) — g2(s)]
y = 2 z .
olor.g2) = > 1+ supyek, |91(5) — g2(s)]

v=1
Then p is a metric on the space H(D) inducing the topology of uniform convergence on compacta.

For Q] = (gj17 e 7gj,d+u) S Hd,uv ] = 1527 we put

Qaru(g) 9,) = | Iax  e(gu, ga1).

Then 944, is a desired metric on Hg,. Let g4 and o, be analogical metrics on H%(D) and H*(D),

respectively.

Lemma 2.6. The equality

1 T
lim limsup — / Od4u(E(s + 17, X, 05 0), Ep (s + i1, x, ; a))dt =0
n—o0 T_yno T 0 - -

holds.

Proof. In [40], it was proved that

1 T
lim lim sup T / 04(L(s +i7,X), L, (s + iT, x)dt = 0, (2.2)
0

Nn—00 T _yno

where

L(‘S’X) = (L(S7 Xl); teey L(Su Xd))

and

Ln(sa X) = (Ln(57X1)7 .. 7Ln(saxd))'

Moreover, in [53], it was obtained that

1 T
lim limsupf/ 0u(C(s +iT,50),¢ (s +iT,a50))dt =0, (2.3)
n—0o0 T 450 T 0 - -n
where
g(sagyg) = (C(S7O[1; all)a o '7<(S7a1; alll)a .. '7C(87047’;a7‘1>7 .. '7<(87a7‘; a'rlr))
and
gn(s’g7g) = (Cn(s7a1;a11)’ .- '7Cn(saa1;a1l1)7 . '7Cn(87ar;u7‘1)a .. 'aCn(s7aT;a7‘lT))~

Thus, the assertion of the lemma follows from (2.2), (2.3) and the definition of the metric g44.

Analogically, from [40] and [53], we deduce

Lemma 2.7. Suppose that the numbers aq, ..., «, are algebraically independent over Q. Then the

equality

1 T
lim_ limsup - / Od+u(E(s + 47, X, @, w3 a), En (s + i7, X, @, w; a))dt = 0
| X X

n—=00 T 500
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holds for almost all w € Q.

In what follows, we will use the notions of the relative compactness and tightness of families
of probability measures. Let {P} be a family of probability measures on (X,B(X)). We say that
the family {P} is relatively compact if each sequence {P,} C {P} contains a weakly convergent
subsequence {P,, } to a certain probability measure P as k — oco. The family {P} is tight if, for every

e > 0, there exists a compact subset K = K(¢) C X such that
PK)>1-—¢
for all P € {P}. The notions of the relative compactness and tightness are related by the Prokhorov
theorem which is the following assertion.
Lemma 2.8. If the family {P} is tight, then it is relatively compact.
The lemma is Theorem 6.1 of [3].

Lemmas 2.5 and 2.6 are sufficient for the proof of the weak convergence for Pr. However, the

identification of the limit measure requires one more lemma. Define one more measure

1
Pr(A) def Tmeas{T € [0;T]: E(s +ir, x,a,w;a) € A}, A€ B(Hgu).

Denote by N convergence in distribution. For the proof of Theorem 2.2, the following statement

will be very useful.

Lemma 2.9. Let (X,0) be a separable metric space, and let Yy, X1n, Xon, ... be the X - valued
random elements defined on a certain probability space ((AZ, A, ). Suppose that X, EEN X asn — oo,

and also Xy, DX ask — . If, for every e > 0,

lim limsup p(o(Xgn, Yn) =€) =0,

k—oo nooo
D
then'Y,, — X as n — oo.
The lemma is 4.2 Theorem from [3].
Lemma 2.10. Suppose that the numbers ay, ..., «, are algebraically independent over Q. Then,

on (Hgu,B(Haw)), there ezists a probability measure P such that the measures Pr and Pr, both

converge weakly to P as T — oo.

Proof. Let 6 be a random variable defined on a certain probability space (Q, A, P) and uniformly

distributed on the interval [0, 1]. Define the Hy,, - valued random element

Xy =Xrn(s) = (Xrna(s), - Xrnals), Xoma,a(s), -

XT,n,l,ll (S)a s 7XT,n,7‘,1<5)7 e 7XT,n,r,l7v(S)) = En(s + 29T7 X7 [ Q)
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Then, by Lemma 2.5, we have that

where

X, = (Xn,lv ceey Xn,da Xn,l,la cee aXn,l,ll P aXn,r,lv o 7X7L,T,lr)

—n

is a Hy, - valued random element having the distribution P,, and P, is the limit measure in

Lemma 2.5. We will prove that the family of probability measures {P, : n € N} is tight.

Let K, be the set from the definition of the metric p. Since the series for L,(s, x;) converges

absolutely for o > 1, we have that, for o > 1,

. 1 T |Xj 'Un
i [ ot it = S Ty
From this, by a standard way, we deduce that
1 (T
lim —/ sup |Ly (s +i7,x;)|dt < CyRju, (2.5)
T—o00 0 sek,

where

© 1 \?
R]U:<Z m20'v> ) jzlv"'ad7

m=1

with some C,, > 0 and o, > %, v € N. Similarly, the absolute convergence of the series for ¢, (s, a;; aj;)

leads to the estimate

1 [T ~
lim —/ sup [Cn(s +i7, aj; a5)|dt < CyRjio, (2.6)
T—o0 0 seK,

where

0 3
Rj, = ZM C =1, nl=1,...,1,
(m + a;)*7

m=0
with some a} >0 and o, > %, v e N.

Now let € > 0 be arbitrary fixed number,
M;, = Mj,(e) = C,R;,2° T de™,j =1,...,d,v €N,
and

M1, = Mj1(e) = aijlvzv-Hu&_l,j =1,...,nl=1,...,l;,veN.
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Then the bounds (2.5) and (2.6) imply

limsupP(3j =1,...,d: sup X7, ;(s)| > Mj, or
T— o0 seK,

3(5,0,i=1,...,r,0=1,...,1; : sup | Xrn;i(s)] > M)

seK,

M&

limsup P(sup | Xr,,;(s)] > Mjy)

=1 T—o0 sEK,

ro
+ Z lim sup P( sup | X7 0,5,1(8)] > Mji)
j=11=1 T—o0 seK
d 1
= thsup meas{T € [0,T] : sup |Ln(s +i7,x;)| > M, }
=1 T— o0 T sEK,
ro 1
1
+Z limsup —meas{r € [0,T] : sup [(n(s + T, ;); a5 > M}
oin T T s€K,

d 1 /T
E sup lim sup — / sup |Ly (s + 7, x;)|dt
— _]U neN T—oo 0 seK,

ro T

1 ) 1 )

—|—Z 72 suphmsup—/ sup |G (s + it a5 a5)|dt <
J=11=1 jlv neN T—oo 0 seK,

9 9 9

<W+W:27,U€N.

This together with (2.4), for all n € N, gives

PG =1,-.d: sup X (5)] > My or

sEK

3(5,0,i=1,....,r,l=1,...,0; : sup | Xp ;i(s)| > M)

seK,

< 2%,1) eN. (2.7)
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Define the set

Kd,u - Kd,u(5> = {(917"‘7gd7gll7‘"791[17"’797‘17"’7g’l"lr) S Hd,u :

sSup |gj(s)‘ S ij,j = 1,. . .,d,
seK,

sup |gji(s)| < M, j=1,...,r0=1,...,l;,v € N}.
seK,
Then, by the compactness principle, Kq4, is a compact subset in the space Hy,. Moreover, in view

of (2.7), we find that for, all n € N,
= 1
P(X, € Kgu)=1-P(X, ¢ Kgu)>1-» —=1-¢
v=1 2v
or, by the definition of the random element X, we obtain that, for all n € N,
Po(Kgu(e)) >1—e¢.

Thus, we have proved that the family of probability measures {P, : n € N} is tight. Hence, by
Lemma 2.8, it is relatively compact. Therefore, there exists a sequence {P,,, } C {P,} such that P,,
converges weakly to a certain probability measure P on (Hg,.,, B(Hg.)) as k — oo. This also can be

written in the form

X, — P. (2.8)

Let
Xp=Xr(s) =E(s+1iT0,x,a;a)

be one more Hg, - valued random element on the probability space (Q,A, P). By Lemma 2.6, we

have that, for every € > 0,

lim i sup B(0u (X (s), X1, (5)) > )

n—oo T—00

1
= lim limsup —meas{r € [0;T] : 0a+u(E(s +iT, X, a;a), En(s +i7, X, ;0)) > €}
n—o0 T 4o T - -

T
< lim lmsup o | 0d+u(E(s + 7, X, 20), En(s + i7, X, @ 0))dt = 0.

n—oo T—s £ 0

Along with (2.4), (2.8) and Lemma 2.9, the last equality implies the relation

X, 2P (2.9)
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which is equivalent to the weak convergence of Pr to P as T — oo. Moreover, (2.9) shows that the
measure P is independent of the choice of subsequence {P,,}. Therefore, taking into account the

relative compactness of the family {P, : n € N}, we obtain that

X, 2P (2.10)

" Tooo
It remains to prove the weak convergence of the measure Pr,. We put
Xrnw = XTnw(s) =En(s +i10,x, o, w; a))
and
Xrw = X1w(s) =En(s +i10, x,a,w; a)).

Then, repeating the arguments used above for the random elements X, ., and Xr,, and using (2.10)
and Lemma 2.7, we find, as in the case of Pr, that the measure Pr, also converges weakly to P as

T — 00. The lemma, is proved.

Lemma 2.10 gives the weak convergence of Pr to a certain probability measure P as T — oo. It
remains to show that the measure P coincides with P=. For this, some elements of ergodic theory are

applied.

For 7 € R, let

={(p™:peP),(m+a1) ™ :meNy),...,((m+a,)"" :m & Ny)}.

a,

Then {a, : 7 € R} is a one - parameter group. Define a family of transformations {®, : 7 € R} on
Q" by putting ¢, (w) = a,w, w € Q. Then {®, : 7 € R} is the one - parameter group of measurable
measure preserving transformations on Q7. We recall that a set A € B(2") is said to be invariant
with respect to the group {®, : 7 € R} if, for every 7 € R, the sets A and A, = ®,(A) may differ one
from another at most by mf%; - measure zero. The group {®. : 7 € R} is called ergodic if its o - field

of invariant sets consists only of the sets of m?%, - measure zero or one.

Lemma 2.11. Suppose that the numbers oy, ..., «a, are algebraically independent over Q. Then

the group {®, : 7 € R} is ergodic.

Proof of the lemma is given in [37], Lemma 7, and uses the linear independence over Q for the set

{(logp :peP),(log(m+ai1):p€Ng),...,(log(m+«,):pe Ny}
Now we recall the classical Birkhoff-Khinchin ergodic theorem.

Lemma 2.12. Let a process X (1,w) be ergodic, E|X(1,w)| < oo, and let its simple paths be

integrable almost surely in the Riemann sense over every finite interval. Then

1T
qll—rgof/o X (r,w)dt =EX(1,w)
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almost surely.
The above definitions and proof of the lemma are given in [6], see also [31].

For the proof Theorem 2.2, we will apply one equivalent of the weak convergence of probability

measures.

Let P be a probability measure (X, B(X)). A € B(X) is called a continuity set of P, if P(0A) = 0,
where JA denotes the boundary of A.

Lemma 2.13. Let P,, n € N, and P be probability measures on (X,B(X)). Then P,, as n — oo,

converges weakly to P if and only if, for every continuity set A of P,

lim P,(A) = P(A).

T—o0

The lemma is a part of the Theorem 2.1 from [3].

Now we are ready to complete the proof of Theorem 2.2.

Proof of Theorem 2.2. We have mentioned above that it is sufficient to show that the limit measure

P in Lemma 2.10 coincides with Ps.

Let A be a fixed continuity set of the measure P. Then, by Lemmas 2.10 and 2.13, we have that
1
lim Tmeas{T € [0;T]: E(s + i1, x, a,w; a) € A} = P(A). (2.11)

T—o0

On the probability space (Q7, B(2"), m",), define the random variable

0 if E(s+i7, x,a,w;a) € A4,
f(w) = B

1 otherwise.

It is easily seen that the expectation E¢ of £ is of the form

E§ = /{: E(w)dmf = mf(w € Q% 1 E(s + i1, x, a,w; a) € A). (2.12)

In view of Lemma 2.11, the random process £(®,(w)) is ergodic. Therefore, Lemma 2.12 implies the
equality

lim — (P, (w))dt = EE. (2.13)

On the other hand, the definitions of £ and &, yield

I 1
T/ (P, (w))dt = Tmeas{r € [0;T) : E(s +i7, x, o, w; a) € A}
0
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This, (2.12) and (2.13) show that

1
lim Tmeas{r € [0;T] : E(s +i7, x, o, w; a) € A} = P=(A).

T—oo
Hence, in view of (2.11), we find that P(A) = P=(A). Since A was an arbitrary continuity set of the
measure P, the latter equality holds for all continuity sets of P. It is well known that continuity sets
constitute a determining class, see, for example, [3]. Consequently, P(A) = Pz(A) for all A € B(Hg ),
i.e., P = P=. The theorem is proved.

2.2. Support of the limit measure in Theorem 2.1

This section is devoted to the explicit form of the support Sp. of the limit measure P in Theorem 2.1.

We preserve the notation of Section 1.2 for the set S.

Theorem 2.14. Suppose that x1,...,xq are pairwise non - equivalent Dirichlet characters, the
parameters o, ...,q, are algebraically independent over Q, and that rank(A;) = l;,5 = 1,...,r.

Then the support of P= is the set S x H"(D).

Proof. The space Hg,, is separable one, therefore [3]
B(Hg,) = B(H(D)) x B(H"(D)).
Thus, it suffices to consider P=(A x B), where A € B(H%(D)) and B € B(H"(D)). Let

L(S,X,W) - (L(Sa Xlaw)a cey L(Sa Xdaw))

and
g(’S?Q%?E) = (C(Sv Q, Wi a11)7 cee 74(57 y, Wi alh)a RN C(Sv Ay Wy arl); cey C(S; Oy y W aTlT))v
where w = (w1,...,w,). Since the Haar measure m/; is the product of the Haar measures my and

mf;, we have that

P=(Ax B)=mg(we Q" :E(s,x,a,w;a) € Ax B) =

mp(w e Q: L(s,x,w) € A)my(w € Q" : {(s,a,w;a) € B). (2.14)
In [40], it was obtained that S? is a minimal closed set such that
mu(w € Q: L(s,x,w) € §%) =1,
and in [53], it was proved that H*(D) is a minimal closed set such that
my(w € Q" : ((s,a,w;a) € H'(D)) = 1.

These equalities, the minimality of the support and (2.14) prove the theorem.
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2.3. Proof of Theorem 2.1

The proof of Theorem 2.1 is similar to that of Theorem 1.1, and is based on the Mergelyan theorem

and Theorems 2.2 and 2.14.

Proof of Theorem 2.1. By Lemma 1.6, there exist polynomials p;(s),j = 1,...,d, and pj(s),j =

1,...,70=1,...,1;, such that

€
sup sup [£5(s) = py(s)| <
1<j<d seK;

and

€
sup sup - sup |fu(s) —p(s)| < -
1<j<r1<j<l; seKj

(2.15)

(2.16)

Since f;(s) # 0 on K, we have that p;(s) # 0 on K; if ¢ is small enough, j = 1,...,d. Therefore,

there exists a continuous branch of logp;(s) which is analytic in the interior of Kj;, j = 1,...,d.

Applying Lemma 1.6 once more, we find polynomials ¢;(s),j =1,...,d, such that

sup sup [p;(s) — )] < =
1<j<d s€K; 4

Combining this with (2.15) gives

sup sup |f;(s) — %] <
1<j<d s€K; 2

By Theorem 2.14,
(6q1(5)7'"76(]d(5)7p11(s)7"'7p1l1(3)""7pT1(S)7"'7p7"l7‘(8))
is an element of the support of the measure P=. Therefore, setting

. €
G={g€Hy,: sup sup \gj(s)—eqﬂ(s” < =,
- 1<j<d s€K; 2

S
sup sup sup [g;(s) — pi(s)] < 5},

1<j<r 1<5<1; €K

we obtain, by Theorem 2.2, Lemma 1.7 and properties of the support, that

1
lim Tmeas{T € [0;T]: E(s +i1,x,a;8) € G} > P=(G) > 0.

T—o0

Clearly, in view of (2.16) and (2.17),

{r€[0;T]: sup sup |L(s+ir,x;) —e¥)] < E,
1<j<d s€K; 2

. e
sup - sup - sup |((s 47, a305) = pu(s)| < 5} C
1<j<r 1<j<l; s€K;,
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(2.17)

(2.18)



{r€[0;T): sup sup |L(s+it,x;) — [;(s)| <e,
1<j<d s€K;

sup sup sup |((s+iT, a5 a5) — fu(s)] < e}

1< <r1<5<l; s€K

Therefore, the definition of G and (2.18) complete the proof of the theorem.
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Chapter 3

Universality of composite functions of
Dirichlet L - functions and Hurwitz

zeta - functions

In this chapter, we use Theorem 1.1 to extend the class of universal functions. Namely, we consider

the universality of functions

F(L(s,x1), - L(8,Xr, ), C(8y 1), ., C(8, try )

for some classes of operators F': H"7"2(D) — H(D).

3.1. Statement of the results

We start with a general theorem.

Theorem 3.1 Suppose that the Dirichlet characters x1, ..., Xr, and the numbers ay, ..., oy, satisfy
the hypotheses of Theorem 1.1, and that F : H™'V"2(D) — H(D) is a continuous operator such that,
for every open set G C H(D), the set (F7'G) N (S™ x H™(D)) is non-empty. Let K € K and
f(s) € H(K). Then, for every e >0,

lim inf %meas{,r € [OvT] : sup |F(L(53X1)a . 'aL(57XT1)7C(57a1)7 . '74(57057“2)) - f(S)‘ < 5} > 0.
seEK

T—o0

The main requirement for the operator F that the set (F~1G)N(S™ x H"2(D)) would be non-empty

can be replaced by a stronger but simple one.
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Theorem 3.2 Suppose that the Dirichlet characters x1, ..., Xxr, and the numbers a1, ..., oy, satisfy
the hypotheses of Theorem 1.1, and that F : H™'V"2(D) — H(D) is a continuous operator such that,
for every polynomial p = p(s), the set (F~{p}) N (S™ x H"2(D))is non-empty. Let K € K and
f(s) € H(K). Then the assertion of Theorem 3.1 is true.

The next corollary gives an example for Theorem 3.2.

Corollary 3.3 Suppose that the Dirichlet characters x1,...,Xr, and the numbers as, ..., o, sat-
isfy the hypotheses of Theorem 1.1. Let {ji,...,jr} # @ be arbitrary subset of {1,...,7m1}, and
{li,..., Ik} # @ be arbitrary subset of {1,...,m2}. Let K € K and f € H(K). Then, for every e > 0,

1
liminf —meas{T € [0;T] : sup |L(s +it,x;,) ... L(s +i7, ;)X
T—oo T seK

X ((s+ir,apy)...C(s+im,ay) — f(s)] <e} >0.

The strip D is not bounded, therefore, it is not easy to ensure the non-vanishing of a polynomial.
However, the problem of non-vanishing becomes simpler if we consider polynomials on a bounded
region. Thus, sometimes it is more convenient to deal with the following modification of Theorem 3.2.

For arbitrary fixed V > 0, let Dy ={s € C: 1 <o < 1,|t| <V}, and

Sy ={g € H(Dv): g(s) # 0 or g(s) = 0}.

Theorem 3.4 Suppose that the Dirichlet characters x1, ..., Xr, and the numbers ay, ..., o, satisfy
the hypotheses of Theorem 1.1, K € K, f(s) € H(K), and let V > 0 be such that K C Dy. Let
F:H™"(Dy)x H2(D) — H(Dy) be a continuous operator such that, for every polynomial p = p(s),
the set (F~*{p}) N (S{} x H™2(D)) is non-empty. Then the assertion of Theorem 3.1 is true.

The above universality theorems are rather general, in them functions from the whole space H (D)
are approximated. The next theorems are devoted to approximation of analytic function from certain

subsets of H(D).

Let ay,...,ax be arbitrary distinct complex numbers. Define the set of analytic functions Hy (D)

by

Hi(D) = {g € H(D) : (g(s) —a;)"* € H(D).j = 1,.....k}.

Theorem 3.5 Suppose that the Dirichlet characters x1, ..., Xr, and the numbers as,. .., oy, satisfy
the hypotheses of Theorem 1.1, and that F : H"7"2(D) — H(D) is a continuous operator such that
F(S™ x H™=(D)) D Hy(D). If k=1, then let K € K, f(s) € H(K) and f(s) # a1 on K. If k > 2,
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then let K C D be an arbitrary compact subset, and f(s) € Hx(D). Then the assertion of Theorem 3.1
18 true.

It is not difficult to see that from Theorem 3.5 the universality of the functions sin(L(s, x1) +
L(s, x2) + ¢(s, 1) +((s, a2)), cos(L(s, x1) + L(s, x2) + ((s, a1) + ((s, a2)), sinh(L(s, x1) + L(s, x2) +
C(s,a1) + ¢(s,a2)) and cosh(L(s, x1) + L(s, x2) + ¢(s, a1) + {(s, a2)) follows provided the characters

x1 and x2o are non-equivalent, and the numbers a; and a5 are algebraically independent.

The last theorem of the chapter is of the following form.

Theorem 3.6 Suppose that the Dirichlet characters x1, ..., Xxr, and the numbers ay, ..., oy, satisfy
the hypotheses of Theorem 1.1, and that F : H7"2(D) — H(D) is a continuous operator. Let K be

a compact subset of the strip D, and f(s) € F(S™ x H™(D)). Then the assertion of Theorem 3.1 is

true.

Theorems 3.1 and 3.4 — 3.6 were obtained in [15], while Theorem 3.2 and Corollary 3.3 were

proved in [17].

3.2. Limit theorems

For the proof of universality theorems stated in Section 3.1, we will use the probabilistic method.
Therefore, we start with certain limit theorems in the space of analytic functions for composite func-

tions. These theorems are based on Theorem 1.2. We recall that
1
Pr(A) = Tmeas{T €[0;T):E(s+ir) € A}, A e B(H" (D)),

where

(1]

(S) = (L(87X1)7 .- '7L(37X7"1)7<(S7O‘1)7 v >C(S7arz))7

and r = ry + 3. Moreover, Ps is the distribution of the random element Z(s,w).

Theorem 3.7 Suppose that the numbers oy, ..., q., are algebraically independent over Q, and

that F : H"t"2(D) — H(D) is a continuous operator. Then
Prp(A) ¥ %meas{T €[0;T): F(E(s +ir)) € A}, A € B(H(D)),
converges weakly to PsF~' as T — oo.
Proof. By the definitions of the measures Py and Pr g, we have that, for A € B(H(D)),

Prrp(A) = %meas{T €[0;T): F(E(s +i7)) € F1A} = PrF~1(A).

Therefore, the assertion of the theorem follows from Theorem 1.2, Lemma 2.4 and the continuity of

the operator F.
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Now, for V' > 0, denote by Pry and Pz y the restrictions of the measures Pr and P, respectively,
to the space (H™(Dy) x H™(D),B(H™ (Dy) x H™(D))). More precisely, for A € B(H™(Dy) x
H™ (D)),

1
Pryv(A) = Tmeas{T €0;T]: E(s+i1) € A}
and
Pzyv(A) =mi{w € Q" : E(s,w) € A}

Theorem 3.8 Suppose that the numbers aq,...,ar, are algebraically independent over Q. Then

the measure Pry converges weakly to Pz y as T — oo.

Proof. The mapping hy : H7"2(D) — H™ (Dy) x H™(D) given by the formula

()., (s)) € H™" (D),

T1 =T2

hv (g, (5):9,,(s) = (g, (s)lsenv9,,(5)), (g

T1 =Tr2 T

is continuous because Dy C D. Moreover, Pry = PTh‘_,l. Therefore, the theorem, as Theorem 3.7,

follows from Theorem 1.2 and Lemma 2.4.

Theorem 3.9 Suppose that the numbers oy, ..., q., are algebraically independent over Q, and
that F : H"V"2(Dy) — H(Dy) is a continuous operator. Then
o 1 — .
Pryr(A) ¥ Tmeas{T €[0;T]: F(E(s+1ir)) € A}, A € B(H(Dv)),

converges weakly to P= v F~! as T — oo.

Proof. By the definitions of Pry and Pr v, p, we have that, for A € B(H(Dy)),

Prvr(A) = %meas{T €0;T]: F(E(s+ir)) € A} =
%meas{T €[0;T): F(E(s +i1)) € FT*A} = Pry F1(A).

Therefore, the theorem is a corollary of Theorem 3.8 and Lemma 2.4.

3.3. Supports

In this section, we present explicit forms of the supports the limit measures in theorems of Section 3.2.

Theorem 3.10 Suppose that all hypotheses Theorem 3.1 are satisfied. Then the support of the
measure P=F~! is the whole of H(D).
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Proof. Let g € H(D) be an arbitrary element, and G be its open neighbourhood. Since the operator
F is continuous, the set F'~1G is also open, and, in virtue of the hypothesis (F~1G)N(S™ x H™ (D)),
contains at least one element of the set S™ x H"2(D). Thus, the set F~1G is an open neighbourhood
of a certain element of the set S x H"2(D). Therefore, by Theorem 1.5, we have that P=(F~'G) > 0.

Hence, P=F~1(G) > 0. Since g and G are arbitrary, this inequality proves the theorem.

Theorem 3.11 Suppose that all hypotheses Theorem 3.2 are satisfied. Then the support of the
measure P=F~! is the whole of H(D).

Proof. Let g = g(s) be an arbitrary element of H(D), and G be any open neighbourhood of g. In
[42], it was noted that the approximation on H (D) reduces to that on compact subsets K C D with
connected complements. Moreover, by Lemma 1.6, for every € > 0, there exists a polynomial p = p(s)
such that

sup|g(s) = f(s)] <&
If € is small enough, we have that the polynomial p(s) belongs to G. Since F' is continuous, the set
F~1G is open. Moreover, in view of the inequality (F~1{p}) N (S™ x H™(D)) # &, it follows that
(F71G)N(S™ x H™(D)) # 2. This shows that F~'G is an open neighbourhood of an element of the
set S™ x H"2(D). This and Theorem 1.5 imply the inequality P=(F~'G) > 0. Thus, P=F~}(G) > 0,

and the theorem is proved.

Lemma 3.12 Suppose that x1,...,Xr, are pairwise non-equivalent Dirichlet characters, and that
the numbers a1, ..., o, are algebraically independent over Q. Then the support of Pz y is the set

ST x H"™(D)).

The proof of the lemma completely coincides with that of Theorem 1.5.

Theorem 3.13 Suppose that all hypotheses of Theorem 3.4 are satisfied. Then the support of the
measure Pz y F~! is the whole of H(Dy).

Proof. We apply arguments similar to those of the proof of Theorem 3.11. We take an arbitrary
g = g(s) € H(Dy) and an arbitrary open neighbourhood G of g. Let K C Dy be a compact subset
with connected complement. By Lemma 1.6, there exists a polynomial p = p(s) which approximates
on K the element g with a desired accuracy. This means that p approximates g in the space H(Dy ).
Therefore, we may suppose that p belongs to G. Since the set (F~'{p})N (S} x H2(D)) is non-empty,
from this it follows that (F~1G) N (S{* x H™(D) # @. Thus, repeating the proof of Theorem 3.1 and
using Lemma 3.12, we obtain that P=F~!(G) > 0. This proves the theorem.

Theorem 3.14 Suppose that all hypotheses of Theorem 3.5 are satisfied. Then the support of the

measure P=F~ contains the closure of H,.(D).
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Proof. In virtue of the relation F(S™ x H™(D)) D Hy(D), we have that, for every g € Hy(D),
there exists g1 € S™ x H"2(D) such that F(g1) = g. Let G be an arbitrary open neighbourhood of g.
Then F~'G is an open neighbourhood of g;. Therefore, by Theorem 1.5, we find that

P=(F7'G) = P=F'(G) > 0.

This shows that ¢ is an element of the support Sg of the measure P=F~!. Since g is arbitrary, we

have that Hy(D) C Sr. However, since Sr is a closed set, S contains the closure of Hy (D).

Theorem 3.15 Suppose that all hypotheses of Theorem 3.6 are satisfied. Then the support of the
measure P=F~! is the closure of the set F(S™ x H"*(D)).

Proof. Let g be an arbitrary element of the set F/(S™ x H"™ (D)), and G be its arbitrary open
neighbourhood. Then there exists g; € S™ x H"2(D) such that F(g;) = g. Thus, F~'G is an open
neighbourhood of the element g;. By Theorem 1.5, S™ x H"2(D) is the support of the measure P=.
Therefore, P=(F~'G) > 0. Hence, P=F~1(G) > 0. Moreover, again by Theorem 1.5,

P=F~'(F(S™ x H™(D))) = P=(S™ x H™(D)) = 1.

Therefore, since the support is a closed set, the support of P=F~! is the closure of F(S™ x H"2(D)).

3.4. Proof of universality theorems
Proof of Theorem 3.1. By Lemma 1.6, there exists a polynomial p(s) such that

sup f(s) = p(s)| < 5. (3.1)

Define the set
€
G={g€ H(D):suplg(s) —p(s)| < 5}
seEK 2

Then G is an open neighbourhood of the polynomial p(s). By Theorem 3.10, the polynomial p(s) is an
element of the support of the measure P=F~!. Thus, P=F~!(G) > 0. Hence, in view of Theorem 3.7

and Lemma 1.7, we have that
1
li%ninf Tmeas{r €[0;T]: F(E(s +i1)) € G} > P=FY(G) > 0.
— 00
From this, using the definition of the set G, we find that

1
liminf —meas{r € [0;T] : sup |F(E(s + i7)) — p(s)| < E} > 0. (3.2)
T—o0 T seK 2

Suppose that 7 € R satisfies the inequality

- ) €
sup |F(E(s +i7)) — p(s)] < 5
seK
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Then, for such 7, inequality (3.1) implies

sup [F(E(s +i7)) = f(s)| < sup [F(E(s + 7)) — p(s)]
seK seEK

e €
+sup |f(s) —p(s)| < =+ = <e.
se K 2 2

This shows that

{r€[0;T]: SSE|F(E(S+ZT)) —p(s)| < %} C

{re[0;T]: §g£|F(E(S+ZT)) — f(s)] < e}

Therefore, taking into account inequality (3.2), we find that

1
liminf =meas{r € [0;T] : sup |F(E(s +i7)) — p(s)| < e} > 0.
T—oo T seEK

The theorem is proved.

Proof of Theorem 3.2. We repeat the proof of Theorem 3.1 with Theorem 3.11 in place of Theo-

rem 10.
Proof of Corollary 3.3. We take the operator F': H%"2(Dy) — H(Dy ) given by
F(gi,. s 9m3 91,2 9r2) = iy - 95,901 - - - G-
Then the operator F is continuous. Moreover, for every polynomial p = p(s), we have that
F(,...,L:1,...,L,Gi,1,....1)=p
and
(1,....1;1,...,1,G,,,1,...,1) € S x H™ (D)

with g;, = p. Thus, the hypotheses of Theorem 3.2 are satisfied, therefore, we have the assertion of

the corollary.

Proof of Theorem 3.4. The proof is similar to that of Theorems 3.1 and 3.2. Define the set
€
Gy ={g € H(Dv) : sup |f(s) = p(s)| < 5},
seK

where the polynomial p(s) satisfies inequality (3.1). Then, by Theorem 3.8 and Lemma 1.7, we obtain
that

lim inf lmeas{T €0;T]: F(E(s+1iT)) € Gv} > Pav(G).
T—oo T ’

Moreover, Theorem 3.13 shows that P=F~!(G) > 0. These two inequality give inequality (3.2) which
together with (3.1) proves the theorem.
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Proof of Theorem 3.5. We consider separately the cases » = 1 and r > 2. First let r = 1. By
Lemma 1.6, we find a polynomial p(s) such that

sup [ f(s) — p(s)| < = (3.3)

s€K 4
Since f(s) # a1 on K, we have that also p(s) # 0 on K provided the number ¢ is small enough.
Therefore, on K there exists a continuous branch of the logarithm log(p(s) — a1) which is analytic in
the interior of K. Again by Lemma 1.6, there exists a polynomial ¢(s) such that

sup |[p(s) —a; — €| < = (3.4)

seK 4
Clearly, we have that e4®) + a; € H(D) and ) 4 a; # a; in the strip D. In other words, the
function e4(®) + q; is an element of the set H; (D). Therefore, in view of Theorem 3.14, ed(5) 4 aq is

an element of the support of the measure P=F~!. Define the set
€
Gi1={ge H(D):sup|g(s) —e!® —ay| < =}.
seK 2

Then, similarly as above, we have that P=F~1(G}) > 0, and obtain, by Theorem 3.7 and Lemma, 1.7,
that

1
lim inf —meas{r € [0;T] : sup |F(Z(s + i) — e?®) —a;| < E} > 0. (3.5)
T—oo T seK 2

Inequalities (3.3) and (3.4) show that

sup |f(s) — ™) —ay| < sup [f(s) — p(s)| +
seK seK

_et® g <S¢
+Ssgg|p(s) e a | 4+4 5

This and (3.5) prove the theorem in the case r = 1.

Now let r > 2. Define the set

Go={g€ H(D): sup lg(s) — f(s)| < e}

By the hypotheses of the theorem and Theorem 3.14, the function f(s) is an element of the support of
the measure P=F~!. Thus, P=F~1(G3) > 0. This together with Theorem 3.7 and Lemma 1.7 prove

the theorem in the case r > 2.

Now we will prove the universality for the functions defined after the statement of Theorem 3.5.
We will consider only the case of the function cos(-), the cases of other functions are similar. Suppose

that f(s) € Ha(D) with a; =1 and az = —1. In view of the formula

eis _|_e—is
—g = coss,
we have to solve the equation
et9(s) 4 g—ig(s)
- 9 = f(s)
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with respect to function g(s). Denoting y = €'9(9)| we obtain the equation
y> —2f(s)y+1=0.

Hence,

y=f(s) £V [(s) -1
Therefore, taking the case with the sign "+" and the principal branch of the logarithm, we have that

9(5) = +1og((s) + V75 1)

is an analytic function on D. Then the function

cos(g1 + g2 + g3 + 94)
with g1 = 1,92 = —1, g3 = ¢(s), g2 = O satisfies the equality

cos(g1 + g2 + gs + g4) = f(s).

Moreover, ¢1,g2 € S and g3, g4 € H(D). This shows that cos(g1 + g2 + g3 + g4) D Ha(D) with a1 =1
and agz = —1. Thus by Theorem 3.5, the function cos(L(s, x1) + L(s, x2) + ¢(s, 1) + ((s, a2)) with
non-equivalent Dirichlet characters x; and x2, and algebraically independent «; and «s is universal.

For example [11], we can take a; = (V/2)7! and ay = (V/4)7!.

Proof of Theorem 3.6. We use Theorem 3.15 and repeat the proof of Theorem 3.5 in the case
r> 2.
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Chapter 4

Universality of composite functions of
Dirichlet L - functions and periodic

Hurwitz zeta - functions

In this chapter, we consider the universality of the function

F(L(s,x1), -, L(s,xa), {(s; 15011), -+, G (s, an5 011 )55 C(s, s G-, (85 s, )) - (41)

for some classes of operators F' : HY(D) — H(D), where v = d—+1;+...+[,. For this, we apply, except
for Theorem 4.1, the probabilistic method based on Theorem 2.1. Also, we preserve the notation of

Chapter 2.

We divide universality theorems for the function (4.1) into two groups. The first group consists of
universality theorems on the approximation of analytic functions from the class H(K), K € K, thus
from space H(D). The second group deals with approximation of analytic functions from the set

(F(S% x H"' (D)), where vy = Iy + ... +,.

4.1.Application of the Lipschitz type inequality

In this section, we consider a sufficiently wide class of operators F' : HY(D) — H(D) described as
follows. We say that an operator F' belongs to the class Lip(S1,...,5,) with 81 > 0,..., 5, > 0 if the

following hypotheses are satisfied:

1° For each polynomial p = p(s) and all compact subsets K, ..., Ky € K, there exists an element
g = (91,19, 9115 G101+ 1 Gris -+ Grl,) € F~1{p} ¢ HY(D) such that gi(s) # 0on Kj,j =
1,...,d;
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2° For all K € K, there exist a constant ¢ > 0 and sets Ki,...,K, € K such that, for all
(91:---9j0) € H'(D),j =1,2,

sup |F(g11(5), - -, 910(s)) — F(g21(5), - -, gau(s)| < ¢ sup sup |g1;(s) — ga;(s)|".
seK 1<j<v seK;
We note that hypothesis 2° is an analogue of the classical Lipschitz condition.
Theorem 4.1 Suppose that the Dirichlet characters x1,. .., X4, the numbers o, ..., a, and the se-

QUENCES 11, .., Q1fy s, Opl, .- ., Qp, Satisfy the hypotheses of Theorem 2.1, and F € Lip(B1,...,By)-

T

Let K € K and f(s) € H(K). Then, for every e > 0,

lim inf meas{T € [0;T] : sup |F(L(s + 7, x1), .-, L(s + T, Xd),

T—o0 seK

C(s+imag;a11),...,C(s +im,ar;a1,), .-, C(s +iT, ;1) .., (s + i, s 00,)) — f(8)] <€} > 0.

Thus, Theorem 4.1 belongs to the first group of universality theorems on approximation of analytic

functions from the space H(D).
It is not difficult to give an example of application of Theorem 4.1. Define the operator F' :
H"(D) — H(D) by the formula

F(.gl?'"agdaglla"'7gll17'"79T17"'7grl7.) = Clggnl) ++Cdg;nd) + ...+

cllgﬂm) +...+ clllgizul) + ...+ crlgylb”) +... 49

(ri,.)
i, ’

where ¢1,...,¢d,C11, -+, Cliyy e o3 Cr1y ey G, € C\{O}, 1, ooy ng, MA1, ooy MLty e e oy My ey Mg, €N
and ¢(™ denotes the n th derivative. For each polynomial p = p(s) and all sets K,..., K4 € K, there
exists an element g € F~'{p} C H"(D) such that g;(s) # 0 on K;,j =1,...,d. Indeed, if

p=0p(s) = aps® + ar_15" "1+ ... +ag, ar#0,

then we can take g = (1,...,1,1,...,1,1,...,1,gy,), where

( ) 1 ak8k+m~z,,. N N ags™rir )
. (8) = — ).
9rts o \k+1)... (k+nm0) 1. 1.,

Clearly, we have that g;(s) =1# 0 on K;,j =1,...,d,, and F(g) = p. Thus, hypothesis 1° of the
class Lip(f1,...,By) is satisfied.

Hypothesis 2° of the class Lip(f31, ..., 3,) follows from the well - known Cauchy integral formula

which we state as the following lemma, see, for example [75].
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Lemma 4.2 Let G be a domain in C, f(s) an analytic function in G. Then, for sy € intL and
n € Ny,

f(n)(so) = n'/L( f(s) ds.

2mi s — 50)t1

We write the operator F' in a more convenient form
~ @)
F(gla v 79’[)) = chgjn]
j=1

with obvious changes of the notation. Let K € K, and K C G C K, where G is an open set and
K, € K. Moreover, let L be a simple closed contour lying in K3 \ G and containing inside the set K.
Then Lemma 4.2 shows that, for (g;1,...,9jv) € H'(D),j =1,2 and s € K,

|F'(g11(5), - -+, 910(5)) — F(g21(8), - - -, g20(8))| =

zv:cjnj!/ glj(z)v---792j(2)dz <
= 2mi (2 —s)mtl <

> 1651 Cysup g1 (s) — ga;(s)| <
=1 seL

c sup sup |g1;(s) — g2;(s)]
1<j<v s€K;

with some constants C; > 0,j = 1,...,v, and ¢ > 0. Thus, we have that F' € Lip(1,...,1). Moreover,
in this case K1 =...= K, = K;.
Proof of Theorem 4.1. Lemma 1.6 implies the existence of polynomial p = p(s) such that

sup £(s) = p(s)| < > (4.2)

Using hypothesis 1° of the class Lip(531,...,[,), we have that, for all sets Ki,...,Kq € K, there

exists an element (g1,...,9d,G11,---sGrlys---sGris--->Gri,) € F71{p} such that g;(s) # 0 on Kj,j =
1,...,d. Suppose that 7 € R satisfies the inequalities

sup sup |L(s+iT,x;) — g;(s)| < ciﬁ( )% (4.3)

1<j<dseK;

=1 ™

and

sup sup sup [((s+iT,a55a5) —gu(s)| <c F(=)7, (4.4)

1<j<d 1<I<l; s€K;;

W |

where the sets K1, ..., Kq, K11,..., K15+, Kp1,..., K, € K correspond the set K in hypothesis 2°
of the class Lip(p, ..., By), and 8 = mini<,;<, f;, with notation K, = Kqy,l=1,...,0l1,..., Ky =

Kaviy+.. 41, 141, 0 =1,...,1.. Then, in view of Theorem 2.1, the set of 7 € R satisfying inequalities
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(4.3) and (4.4) has a positive lower density. Moreover, hypothesis 2° of the class Lip(81, . . ., 3,) shows

that, for the same 7,

sup |F(E(5 + iT,X,Q, Q)) - p(5)| S
sEK -

¢ sup sup |L(s+it,x;) — gj(s)|’3"+
1<j<d seK;

sup sup sup |[((s+iT,a5;50a5) 7gjl(5)|ﬂj <
1<j<d 1<I<l; s€K

B €8 €
2cc B(—)8 = —. 4.5
B (5)F =5 (45)
We recall that here x = (x1,...,xda), @ = (a1,...,a;), a = (a11,...,017,,...,0r1,..., 0., ) and

[1]

(S7X7g’g) = L(S7X1)7 tt 7L(S7 Xd)?((sﬁ al;a11)7 ]

C(Sa a1, alll)a ey C(S,O{T; aT1)7 ey C(S7 Qo a’rl,,')a

and the notation B1; = Ba+i, L =1,..., 1, ..., Bri = Ba+i1+..41,_1+1, L = 1,..., 1, is used. Thus, by

the above remark, inequality (4.5) and monotonicity of the measure, we obtain that

1
liminf —meas{r € [0;T] : sup |F(E(s +iT, x,@,a)) — p(s)| < E} > 0.
T—oo T sEK - 2

Combining this with inequality (4.2) proves the theorem.

4.2. Approximation of analytic functions from the space H(D)

In Theorem 4.1, analytic functions from the class H(K) are approximated. In this section, we develop

the latter approximation. We recall that
S={g e H(D): g(s) # 0 or g(s) = 0},

and that

r
V1 = E lj.
j=1

Theorem 4.3 Suppose that the Dirichlet characters x1,...,xd, the numbers ay,...,a, and the
SEQUENCES O11y ..., A1fyy .-, 0p1, ..., Op,. Satisfy the hypotheses of Theorem 2.1, and that F : H(D) —

H (D) is a continuous operator such that, for every open set G C H(D), the set (F~*G)N(S%x H"*(D))
is non - empty. Let K € K and f(s) € H(K). Then the assertion of Theorem 4.1 is true.

We note that Theorem 4.3 is a generalization of Theorem 3.1.
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The hypotheses (F~1G) N (S? x H"' (D)) # @ for every open set G C H(D) is general but
sufficiently complicated. Obviously, it is satisfied if every ¢ € H(D) has a preimage in the set
S x H"*(D). On the other hand, Theorem 4.3 implies the following modification of Theorem 4.1.

Theorem 4.4 Suppose that the Dirichlet characters x1,...,Xxq, the numbers ay,...,a, and the
SEqUENCES 011, ..., 010y, .-, Op1, ..., 0p, Satisfy the hypotheses of Theorem 2.1, and that F' : H'(D) —
H(D) is a continuous operator such that, for every polynomial p = p(s), the set (F~1{p}) N (S x
H"1 (D)) in non - empty. Let K € K and f(s) € H(K). Then the assertion of Theorem 4.1 is true.

Clearly, hypotheses 2° of the class Lip(f1, ..., 3,) implies the continuity of the operator F. How-
ever, on the other hand, hypotheses 1° of the class Lip(S, ..., 3,) is weaker than the requirement of

Theorem 4.3.
Theorem 4.4 is a generalization of Theorem 3.2.

Non-vanishing of the polynomial p(s) on a bounded region can be controlled by its constant term.
Therefore, sometimes it is more convenient, in place of Theorem 4.3, to have a generalization of

Theorem 3.4. We preserve the notation used in Theorem 3.4.

Theorem 4.5 Suppose that the Dirichlet characters x1,...,Xd, the numbers ay,...,a, and the
SEQUENCES 11, .. 010,y 0rl,..., 00 Satisfy the hypotheses of Theorem 2.1, K € K and f(s) €
H(K), and V > 0 is such that K C Dy. Let H°(Dy,D) = H*(Dy) x H*(D) and F : H*(Dy, D) —
H(Dv) be a continuous operator such that, for every polynomial p = p(s), the set (F~{p}) N (S x
H" (D) is non - empty. Then the assertion of Theorem 4.1 is true.

Before the proof of the stated above theorems, we will give some auxiliary results of probabilistic

type. We preserve the notation of Chapter 2.

Theorem 4.6 Suppose that the numbers oy, ..., «, are algebraically independent over Q, and that

the operator F : HY(D) — H(D) is continuous. Then
o 1 .
Prp(A) < Tmeas{T €0;T]: F(E(s+it,x,a;a)) € A}, A e B(H(D)),

converges weakly to PsF~1 as T — oo.

Proof. In our notation, we have that Hy, = Hg,.(D) = HY(D) Therefore, we may use Theo-

rem 2.2, where the measure
Pr(A) = %meas{T € [0;T]: E(s+i7, x,a50) € A}, A€ B(Hgu),
is considered. From the definitions of Pr and Pr r, we find that, for all A € B(H"(D)),
Prp(A) = %meas{T €1[0;T): E(s+ir,x,as0) € F'A} = Pr(F~'A) = PrF1(A).
This, Theorem 2.2, the continuity of F' and Lemma 2.4 prove the theorem.
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For the proof of universality theorems, we also need the explicit form of the support of the measure

P-F~'. For this, we will apply Theorem 2.14.

Lemma 4.7 Suppose that the hypotheses of Theorem 2.1j are satisfied, and that the operator
F: H°(D) — H(D) is continuous. Then the support of the measure P=F~" is the closure of the set
F(S? x HY(D)).

Proof. Let g be an arbitrary element of the set F'(S% x H%(D)), and G be any open neighbourhood
of g. From the continuity of F, we have that the set F~'G is open as well. This means that F~!G
is an open neighbourhood of a certain element of the set S¢ x H*(D). Therefore, Theorem 2.14 and
properties of the support imply that P=(F~'G) > 0. Hence, P=F~1(G) > 0. Moreover, again in

virtue of Theorem 2.14,

P=F~Y(F(S? x H"(D))) = P=(S* x H"(D)) = 1.

Since g and G are arbitrary, and the support of P=F~! is a closed set, from this the lemma follows.

Proof of Theorem 4.3. Tt is not difficult to see that, under hypotheses of Theorem 4.3, the support
of the measure P=F~! is the whole of H(D). Indeed, if (F~'G) N (8% x H*(D)) # @ for every open
set G C H(D), we have that, for every element g € H(D) and its any open neighbourhood G, there
exists an element of the set F(S? x H*(D)) which belongs to the set G. This shows that the set
F(SY x H*(D)) is dense in H(D). Since, by Lemma 4.7, the support of the measure P=F~! is the
closure of the set F(S% x H*(D)), from this we obtain that the support of PzF~1! is the whole of
H(D).

In view of Lemma 1.6, there exists a polynomial p(s) satisfying inequality (4.2). Define the set
€
G={ge€ H(D):sup|g(s) —p(s)| < 5}
seEK 2

Obviously, G is an open neighbourhood of the polynomial p(s) which is an element of the support
of the measure P=F~!. Thus, P=F~!(G) > 0. Therefore, Theorem 4.6 and Lemma 1.7 imply the

inequality
1
li%nmf Tmeas{T €[0;T): F(E(s +it,x,a;0)) € G} > P=F1(G) > 0,
— 00 &
or, by the definition of G,

1
liminf —meas{r € [0;T] : sup |F(Z(s +i7, x,; a)) — p(s)| < E} > 0. (4.6)
T—oo 1 seK - 2
Suppose that 7 € R satisfies the inequality
5

sup |F(E(s +im, x,a;0)) — p(s)] < =.

seK - 2
Then, for this 7, inequality (4.2) shows that

sup |F(E(s + i1, x, a5 a)) — f(s)] <
seK
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sup |F(E(s + 7, x, s a)) — p(s)|+
sEK -

sup | f(s) —p(s)] <e.
seEK

Thus, we have that

€
{r €[0;T]: sup |F(E(s+ir,x,a5a)) —p(s)| < =} C
seK - 2

{T €[0;T] : sup |F(E(s +iT,x,a;8)) — f(s)| < e}
seK
Combining this with (4.6) implies the inequality
1
liminf —meas{rT € [0;T] : sup |F(E(s + i1, x,a;a)) — p(s)| < e} > 0.
T—oo 1 seK -

The theorem is proved.

Proof of Theorem 4.4. In the proof of Theorem 3.2, we have observed that the approximation
in the space H(D) reduces to that on compact subsets with connected complements. Using this
remark, we will show that the hypotheses of the theorem imply those of Theorem 4.3. Let G C H(D)
be an arbitrary non - empty open set. Then, in view of Lemma 1.6 and the above remark on the

approximation in the space H (D), there exists a polynomial p = p(s) € G. Therefore, the hypothesis
(FHph) N (8 x HY(D)) # &
implies that of Theorem 4.3 that the set
(F'G)n (S? x H*(D))
is non - empty. Therefore, the theorem is a corollary of Theorem 4.3.

Proof of Theorem 4.5. The approximation in the space H(Dy ) also reduces to that on compact
subsets with connected complements. Therefore, as in the proof of Theorem 4.4, using of Lemma 1.6

shows that the hypotheses that
(FHpH) N (SY x H*(D)) # &
for every polynomial p = p(s) implies the hypothesis that
(F71G)N (S x HY(D)) # @ (4.7)

for every open set G C H(Dy ). Thus, it suffices to repeat with corresponding changes the proof of
Theorem 4.3.

Denote by Pg vy the restriction of the limit measure Pz in Theorem 2.2 to the space HY(Dy, D).
Then it follows from Theorem 2.2 and Lemma 2.4 that

1
Tmeas{T €[0;T]: E(s +i7, x,a50) € A}, A € B(H"(Dvy, D)),
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converges weakly to Pz y as T' — oo. This together with Lemma 2.4 and the continuity of F' leads to

the weak convergence of

def

1
Pry,p(A) = gmeas{t € [0;T] : F(E(s + 7, X, as0)) € A}, A € B(H(Dv)),
to Py F~tas T — oo.

Repeating the proof of Theorem 2.14 shows that the support of the measure Pz is the set
S x H(D). Now the continuity of the operator F together with (4.7) gives that the support of the
measure Pz y F ! is the whole of H(Dy ). To obtain this, it suffices to repeat the proof of Lemma 4.7
and the first part of the proof of Theorem 4.3.

The remaining part of the proof is similar to that of Theorem 4.3. We take a polynomial p(s)
satisfying (4.2) and define the set

Gy ={g € H(Dv) : sup lg(s) = pls)| < 5}

Since p(s) is an element of the support of Pz yF~', we obtain from the weak convergence of the

measure Pry g that
1
hTminf Tmeas{T €[0;7): F(E(s +i7,x,;0)) € Gy} > P=yvF 1 (Gy) > 0.
—00 s
Hence, by the definition of Gy,
1
liminf —meas{T € [0;T] : sup |F(E(s + i1, x,a;a)) — p(s)| < E} > 0.
T—oo T s€K - 2
Combining this with (4.2) shows that
1
liminf —meas{r € [0;T] : sup |F(E(s + iT, x,a;a)) — f(s)] <e} > 0.
T—oo T seK -

The theorem is proved.

We give an example of an operator satisfying the hypothesis of Theorem 4.5. Suppose that

F(g1,...,90) =c191 +...+caga, c1,...,ca € C\{0}.

Let p(s) be an arbitrary polynomial. Then, taking

g1(8) =...=ga—2a(s) =1,
ga-1(s) = — ! C,
Cd—1
1
ga(s) = Q(P(S) +C),
and
gar1(s) = ... = gu(s) =1,



where |C| is sufficiently large, we have that

F(gl7 cee 79’0) = p(S)
Moreover, g1(s) #0,...,g4(s) # 0 on H(Dy) if |C| is large enough. Thus,

(F~{p}) N (S x H'(D)) # 2.

4.3. Approximation of analytic functions from subsets of H(D)

In this section, we approximate analytic functions from the set F(S¢ x H*(D)).

Theorem 4.8 Suppose that the Dirichlet characters x1,-..,Xd, the numbers aq,...,a, and the
SEQUENCES 011, ... 011,y Op1, ..., Op, Satisfy the hypotheses of Theorem 2.1, and that F : H'(D) —
H(D) is a continuous operator. Let K C D be a compact subset and f(s) € F(S? x H*(D)). Then

the assertion of Theorem 4.1 is true.

Obviously, the set F(S? x H*(D)) depends on the operator F, therefore, in general, its structure
is not known. However, we can approximate analytic functions from some simple subset of F(S% x

H*(D)). Thus, we have the following generalization of Theorem 3.5. We recall that, for ay,...,a; € C,
Hy(D)={g€ HD): (9(s) —a;)"t € H(D),j=1,...,k}.

Theorem 4.9 Suppose that the Dirichlet characters x1,...,xd4, the numbers ay, ..., «, and the se-

qUENCES G171, ... 011y« 0pl, ..., 00, Satisfy the hypotheses of Theorem 2.1, and that F : H’(D) —

r

H(D) is a continuous operator such that
F(S? x H*(D)) D Hy(D).

Fork=1,1let K € K, f(s) € HK) and f(s) # a1 on K. For k > 2, let K C D be an arbitrary
compact subset, and f(s) € Hy(D).Then the assertion of Theorem 4.1 is true.

Proof of Theorem 4.8. Since f(s) € F(S? x H*(D)), we have, in view of Lemma 4.7, that f(s) is
an element of the support of the measure PzF~!. Consequently,P=F~1(G) > 0 for

G={9€ HD): sup lg(s) — f(s)] < e}

Therefore, from Theorem 4.6 and Lemma 1.7, and the definition of G, it follows that

1
liminf —meas{r € [0;T] : sup |F(E(s + iT, x,a;a)) — f(s)] <e} > 0.
T—o0 T seK -
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Proof of Theorem 4.9. First suppose that k£ = 1. By Lemma 1.6, we can find a polynomial p(s)
such that

sup £ (s) = p(s)] < . (4.8)

By the hypotheses of the theorem, f(s) # aj, on K. Therefore, p(s) # 0 on K as well if £ > 0 is small
enough. Hence, on K there exists a continuous branch of the logarithm log(p(s) — a1) which will be
an analytic function on the interior of K. Applying Lemma 1.6 once more, we can find a polynomial

q(s) such that

sup [p(s) —a; — )| < =

up : (4.9)

Let, for brevity, ga,(s) = a1 + %), Then g, (s) € H(D) and g,,(s) # a; on D. This shows that

1

Ja, (8) € Hi(D). In view of Theorem 4.7, the support of the measure PsF~' contains the closure of

the set Hy(D). Therefore, the function g,,(s) is an element of the support of the measure P=F~!.
Hence, P, F~1(G) > 0, where

G ={g € H(D) : 5uplg(s) = g0, (5)] < 3}

This together with Theorem 4.6 and Lemma 1.7 shows that

1
liminf —meas{r € [0;T] : sup |F(E(s + i, x,;a)) — ga, (s)| < e} > 0. (4.10)
T—oo T seK -

It is easily seen that inequalities (4.8) and (4.9) imply the inequality

sup [£(s) = gau (5)] < 5.
seEK

This and (4.10) yield the assertion of theorem in the case k = 1.

The case k > 2 is contained in Theorem 4.8.
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Conclusions

In the thesis, the following universality results were proved:

1. Collections consisting from Dirichlet L - functions with pairwise non - equivalent characters and

from Hurwitz zeta - functions with algebraically independent parameters are jointly universal.

2. Collections consisting from Dirichlet L - functions with pairwise non - equivalent characters
and from periodic Hurwitz zeta functions with algebraically independent parameters are jointly

universal.
3. Some classes of composite functions of collections described in 1. are universal.

4. Some classes of composite functions of collections described in 2. are universal.
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Notation

P set of all prime numbers
N set of all positive integers
Ny set of all non - negative integers
R set of all real numbers
R+ set of all positive real numbers
C set of all complex numbers
1=+/-1 imaginary unity
s=o+1it,o,t €R complex variable
H(G) space of analytic functions on G
B(X) Borel o - field of the space X
x(m) Dirichlet character
2, convergence in distribution
¢(s) Riemann zeta-function defined, for ¢ > 1, by
o0
s)= X e
m=1
and by analytic continuation elsewhere
L(s, x) Dirichlet L - function defined, for o > 1, by
o0
Lis,x) = Y X,
m=1
and by analytic continuation elsewhere
(s, @) Hurwitz zeta - function defined, for ¢ > 1, by
for o > 1, by
= 1
C(S,O{) = Z (m+a)s?
m=0
and by analytic continuation elsewhere
C(s,a;a) periodic Hurwitz zeta - function defined, for o > 1, by

for o > 1, by
g(S,Oé; CL) = 270(7,&_77710()57

and by analytic continuation elsewhere
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measA
Fla
F~H{p}

Euler gamma-function defined,
for o > 1, by
I(s)= [e “u*"1du,
0

and by analytic continuation elsewhere
Lebesgue measure of A C R
preimage of a set G

preimage of a polynomial p
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