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Notation

Ny and N denote the sets of natural numbers, Ny = {0,1,...} and N = {1,2,...}.

Z denotes the set of integers, Z = {...,—1,0,1,...}.

R denotes the set of real numbers.

[z] denotes the integer part of a real number z.

[x] denotes the ceiling of a real number z, i.e. the smallest integer not less than x.

Z denotes a standard normal random variable.

W denotes a standard Brownian motion.

= denotes weak convergence. For a sequence of random variables (X, )nen,, Xn = Xo
means that X,, converges to X in distribution.

D|0, 1] denotes the space of cadlag functions on [0, 1].
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Introduction

Let T > 0and G := {G(¢) : t € [0,T]} be a mean zero Gaussian stochastic process
defined on a probability space (€2, F, P) with an incremental standard deviation function
oc(s,t) == (E[G(t) — G(s)]*)Y/2, s,t € [0,T]. Let (my)nen be an increasing and
unbounded sequence of positive integers. For each integer n € N, ¢ := iT/m,, i =
0,...,m,, are equally spaced points of [0, 7] making its regular partition, and its mesh

A, :=T/m, =t} —t' , — 0asn — oco. Given a function H : R — R we define

(D

Vi = V(G, H,my) = iH (G(Z)(; i(tf’;l)) |

i=1
called the H-variation of G. When H(x) = |z|", = € R, for some r > 0, V}, is usually
called the r-th power variation of G. We denote it Vn(T) for distinction. Asymptotic
behaviour of V,, as n — oo is the subject of this dissertation.

Suppose that for some real valued function p on [0, T'], o(s, t) is close to the values
p(|t — s|) ast — s uniformly in s € (0,7]. The exact meaning of this assumption is
formulated by Definition 2 below describing the class LSZ(p) of Gaussian processes

with a local variance p. Then one can consider a modified version of V,,, namely

B G H e Z . (G(t?)p(-i)(t?_l)> 7 2)

called the weighted H-variation of G. When H(z) = |z|", x € R, for some r > 0, V,
will be called the weighted r-th power variation of G. As in the case of V,, we denote
this special case by V,\".

If W is a standard Brownian motion on the time interval [0, 1], m,, = 27" for all

n € N and r = 2, it has been known since Lévy [26] that, when properly normalized,
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the second power variation (or the quadratic variation)

gn
2V (W, H, 2" =3 (W(i2™) — W((i—1)27))”
i=1

converges to 1 almost surely. This result is viewed as one of the most celebrated the-
orems of stochastic processes and it has been extended to many directions. An exten-
sion to a wide class of Gaussian processes has been given by G. Baxter [8] and E. G.
Gladyshev [20]. Gladyshev considered a normalized version of ‘7(G ,H, p,m,) with a
particular function p. NorvaiSa [31] showed that Gladyshev’s results are inapplicable
to bifractional Brownian motion and subractional Brownian motion, which are recently
discovered generalizations of a fractional Brownian motion (see Chapter 4). NorvaiSa
[31] extended Gladyshev’s theorem to a class of Gaussian processes that includes bifrac-
tional and subfractional Brownian motion.

R.M. Dudley [16] proved a generalized version of the Lévy’s result for noise pro-
cesses. Moreover, he considered irregular partitions and proved that in order for the
almost sure convergence to hold, the mesh of the partitions must go to 0 sufficiently

fast, i.e.

Jmax tr —t, =o(l/logn), asn — oc.

Klein and Giné [18] studied a modified version of 17752) under hypotheses of [8] and [20]
and studied irregular partitions as in [16] obtaining the same necessary condition for
the mesh of the partitions. Following [18], Malukas [28] extended the results in [31]
for general partitions and proved a central limit theorem in his setting. Using the ideas
in Marcus and Rosen [30] and Shao [39], NorvaiSa [32] further extended the almost
sure convergence in [28]. In the case of regular partitions he proved that for a Gaussian
process G from the class £LSZ(p) and under the hypotheses of Corollary 24 in [32] we
have

lim A, V") =E|Z|'T, almost surely.
n—oo

Following the proof of Theorem 22 and Corollary 24 in [32] one could prove the same
almost sure limit for A, V") as n — oo.
Throughout this dissertation all the random variables are defined on a complete prob-

ability space (2, F, P) if not stated otherwise.
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Forn € Nandi = 1,...,n denote

G(t) — Gt
oa(ti,tiy)

i Yi—1

Xi,n =

3)

Then foralln € Nandi=1,...,n, EX;, =0, Eanzland
V(G,H,n) ZH in)

Let H : R — R be a function such that EH(Z) = 0 and EH?*(Z) < co. The minimal
m > 0, such that EH(Z)H,,(Z) # 0, where H,, is the m-th Hermite polynomial
defined in (1.1), is called the Hermite rank of H (see [41], Definition 2.3). A classical
result by Breuer and Major [13] states the following:

Theorem (Breuer-Major). Let (X;);en be a centered stationary Gaussian family, with
stationary meaning that there exists a function p : Z — R such that E(X;X;) = p(i —
7), i,j € N. Assume furtherthat p(0) = 1and H : R — R has Hermite rank d € N (see
Section 1.2 for the definition of Hermite rank) and satisfies EH (Z) = 0. Finally, assume
that Y, |p(i)|* < oo. Then 0® := var(H(Z)) + 2 .o, cov(H(X1), H(X14;)) is
well-defined and finite. Moreover,

\/_ZH )=0Z, asn— .

Arcones [3] proved a corresponding theorem in the multivariate case and Giraitis
and Surgailis [19] provided some continuous-time analogues of it. It is now usual for
any central limit result involving Hermite ranks and series of covariance coefficients to
be called a "Breuer-Major Theorem”.

Guyon and Leén [21] proved a Breuer-Major theorem for n~'/2V (G, H,n) when G
is a stationary process with a regularly varying covariance function, under a hypothesis
relating the decay of the covariance function and the Hermite rank of /. Considering
power variations of Gaussian and Gaussian related continuous-time processes, func-
tional analogues of the Breuer-Major theorem in [21] were proved in [15], [6] and [7].
See, e.g., [34] and the references therein for some other variations and applications of
the Breuer-Major Theorem.

For a Gaussian process G from the class LSZ(p), under the hypotheses of Theorem

2.1 of this dissertation we prove a Breuer-Major theorem for V"), More specifically, we
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show that
A2V —EVI) = \,Z, asn — oo, (4)

where the variance A\? depends on r and on the asymptotic behaviour as n — oo of sums

over k > 1 of powers of fractions

[p((k + DA + [p((k = DA = 2[p(kA,)]?
2p(An))?

(k) = n(k, Ap) = (5)
(see (2.5) for the exact form of the variance A\? and Remark 2.3 following Theorem 2.1 for
more specific comments). The same weak limit holds for V"), Theorem 2.1 applies to
Gaussian stochastic processes G with stationary increments having a regularly varying
incremental variance R(u) := E[G(s+u)—G(s)]?, u > 0 (subsection 4.2) as well as to
subfractional Brownian motion (section 4.3) and bifractional Brownian motion (section
4.4).
For all n > 1 define functions Y™ : [0, 1] — R with values

[nt]
Y (GLH) = == D [H (X)) — EH(Z) ©

t € [0,1]. Under suitable hypotheses on GG and H stated by Theorem 3.10 we also

proved that there exists a constant A¢, z such that the weak convergence
Y"(G,H) = A\guW

holds in the space D|0, 1] equipped with the Skorokhod topology as n — oo. Moreover,
Theorem 3.10 applies to Gaussian processes G from the class LSZ(p) as is shown in
Theorem 4.11. This is a direct generalization of the results in [15] and [6].

In 1956 Esséen [17] proved the celebrated Berry-Esséen theorem:

Theorem (Berry-Esséen). Let (X;);en be a sequence of independent and identically
distributed random variables with EX, = 0, EX? = 1 and E| X, |*> < co. Define

1 n
U, =—S X, neN.
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Then there exists a constant ¢ € R such that for all n € N

sup |[P(U, < z) —P(Z < x)| < en™ V2,
zeR
Let (X;);en be a centered Gaussian family, H : R — R, v(n) — 0 as n — oo and

denote
S i=7(n) Y H(X).
=1

Suppose S,, = S, as n — oo, and S is a normal random variable. In view of the

previous theorem, relations of the type

(S0, §) = sup[By(S,) ~ By(S)| < ¢(n), neN,

g€
for a suitable class of test functions G and ¢(n) — 0 as n — oo, are called "Berry-
Esséen (type) bounds”. By choosing particular classes G one obtains the Wasserstein,
Kolmogorov and total variation distances between random variables respectively, de-

noted by dw, di, dry. Specifically, one has for random variables X and Y

(X, Y) = sup { [Bg(X) ~ By sp W= <k
THY r—=y
dro(X,Y) :=sup |P(X <z)—-P(Y <x)|, (8)
zeR
dry(X,Y):= sup |[P(X € A)—-P(Y € A)|. 9)
AEB(R)

Let D := {dw, dko, drv }

Berry-Esséen type bounds for the quadratic variation of fractional, bifractional, sub-
fractional and weighted fractional Brownian motions have been obtained by Nourdin and
Peccati [33] and Biermé et. al [10], Aazizi and Es-Sebaiy [1], Tudor [42] and Shen et al.
[40] respectively. Nourdin et al. [34] considered H-variations of stationary Gaussian
fields and proved a Berry-Esséen bound in their setting.

In this dissertation we prove a Berry-Esséen type bound for V,,. In particular, as a

special case of Theorem 3.6 below and under its hypotheses we obtain for some ¢ € R,
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alln >1landd € D

V., — EV,
P =7 <—rrs (e D[ i R
( var(V,)’ > - [Var B 11??2227" ) Z (7 (ks D7 (@, ),

i,k,l=1

where for all n > 1 and (4,7) € {1,...,n}% 1,(4,7) == EX; n, Xj .

In the cases of bifractional and subfractional Brownian motions we prove in Corol-
laries 4.6 and 4.9 that the Berry-Esséen bounds for more general -variations is of the
same order as for the quadratic variations or (more generally) the H,-variations (for
some values of the parameters; see [33]). Thus we extend the results in [42] and [1] and
partially extend those in [33].

Apart from the independent interest in the problem of the limit behaviour of H-
variations of Gaussian processes, some applications to parameter estimation of specific
processes have been considered. Namely, a strongly consistent estimator of the covari-
ance function of the process has been constructed in [20]. Similar estimators were also
constructed in [24], [25], [28] among others. The estimator in [25] was given along with
the convergence rate to the real value of the parameter. As shown in [21], the central
limit theorem does not hold for fractional Brownian motion with the Hurst H > 3/4. To
overcome this problem, generalized quadratic variations have been studied in [24], [14],
[9] and others. Another type of applications is that of the estimation of the integrated
volatility or the integrated variance in econometrics. For that the quadratic, power and
multi-power variations have been used in [2], [4], [S], [7] among others. See [38] for an
overview and some particular results on the topic.

The content presented in this thesis has been created and prepared by the author of
the thesis together with his co-authors. The results obtained in the dissertation are orig-
inal and all of them can be considered as new. The proofs of our theorems rely heavily
on some recent results in the context of Malliavin calculus, namely in [23] and [33]. See
Chapter 1 for these and related results. Chapter 2 contains the proof of our Breuer-Major
theorem. It is based on the paper [29] written by the author of the thesis together with R.
Norvaisa. In Chapter 3 we present the Berry-Esséen bound and a functional version of
the Breuer-Major theorem. These result are from the paper [27] written by the author of
the thesis and accepted for publication. In Chapter 4 we apply our theorems 2.1, 3.6 and

3.10 to particular Gaussian processes. Finally, in Chapter 5 we provide the conclusions.



Chapter 1

Background

1.1 Results from Malliavin calculus

Recent development of Malliavin analysis enabled to prove some convenient limit results
on the Wiener space. Namely, the so called "Fourth Moment Theorem" discovered by
Nualart and Peccati [36] which states that for a sequence of multiple stochastic integrals
of a fixed order the convergence in distribution to a standard normal random variable
is equivalent to convergence of the fourth moment. This result was extended for the
multidimensional case by Peccati and Tudor [37]. Later, combining Stein’s method and
Malliavin calculus quantitative bounds for the Fourth Moment Theorem were given in
[33]. Since then, these results have found many applications and this thesis is not an
exception.

In this section we briefly recall the notions and results from Malliavin calculus we

use to prove our theorems. A standard reference on Malliavin calculus is [35].

1.1.1 Wiener chaos decomposition and generalized multiple Wiener

integrals

Let $) be a separable Hilbert space and a stochastic process X := {X(h) : h € H} be
an isonormal Gaussian process over §) meaning that X is a centered Gaussian family

indexed by the elements of §) and satisfying
EX(h)X(g9) = (h. 9)s,

forall h,g € H.
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Let H,,, m € N, denote the mth Hermite polynomial defined as

Hy(z):=(-1)"ez dxme’T, r € R, (1.1)

and Hy = 1.

For each m € N, let H,, be the closed linear subspace of L?(§2, F, P) generated by
the random variables {H,,,(X (h)) : h € 9,]||h||s = 1}. The space H,, is called the
mth Wiener chaos. It is well-known, that the space L*(Q, o(X), P), where (X)) is the
o-algebra generated by X, can be decomposed into the infinite orthogonal sum of the
subspaces H,,, m = 0,1,... (e.g. Theorem 1.1.1 in [35]).

Given a separable Hilbert space §), for every m > 2, let H®™ and H®™ be, respec-
tively, the mth tensor product and the mth symmetric tensor product of §). The inner
product (-, ) 5o on the tensor product $) ® § is related to the inner product (-, ) by
the equality

(91 @ h1, 92 @ ha)ses = (91, 92)5(h1, ha)s (1.2)

For each m > 2 one can define the mapping I,,, from $H®™ to H,,, called the abstract

multiple Wiener integral, such that
L.(h®™) = H,,(X(h)) (1.3)

for each h € $) with ||h||s = 1 (see [35], Chapter 1). For any f € H®™ (where H°™ is
equipped with the norm vm!|| - ||gem) I, satisfies

E(L.(f))? = m!||f|[Zem- (1.4)

LetY € L*(0(X)) := L*(Q, 0(X), P) satisfy

Y =Y L(fm), (1.5)

m=0

where Iy(fo) := EY and f,, € H®™ for all m > 2. For every m > 1 let J,,, be the

orthogonal projection operator on the mth Wiener chaos H,, that is, J,,Y = L, (f)-



1.1. Results from Malliavin calculus

1.1.2 Contractions

We need to recall a contraction of elements of tensor products of Hilbert spaces. Let
{ex, k > 1} be a complete orthonormal system in §). The collection {¢;, ® --- ® ¢;, :
i1,...,1, > 1} is an orthonormal basis of H®".

Let 1 < r < ¢ be integers. Suppose that elements f € H®" and ¢ € H®? have

Fourier series expansions

o0

f: Z a(jh“'vj'f)ejl@'”@ejw

Jiseensgr=1
[e.@]

g= Z bk, ... kg)ew, @ @ ey,.

ki,....kg=1

Forevery p = 1, ..., r the contraction of order p of f and g is defined to be the element

of H®"T472P given by

f®pg:: Z Z ll,...,lp,zl,...,zr,p)

2155 2r4+q—2p=111,...,lp=1

XO(ly, .ol Zr—pg1s s Zrgga2p)€s @ - @ €y

We apply this formula to the case when f = f1®...®f, € H¥ andg = ¢1®...®g, €
H®1, Using (1.2) the Fourier coefficients of f can be represented as

T

(i, o) = (L@@ frie, @ @e ) per = [ [(fires)m

=1

and similarly the Fourier coefficients of g represented as b(ky, . .., kq) = [ 17—, (9:, ex, ) m-

Due to the linearity of the tensor product we have the contraction

f®’Pg = Z Z H fwel gwel > <fp+1’621>H cee <fT7€Zr—p>H

2150 2rdq—2p=111,....lp=1 i=1

X <gp+17 ezr p+1>H e <QQ7 ezr+q—2p>Hezl ® e ® ezr+q—2p

p o0 [ee} o)
- HZ fz:el gzael > Z<fp+17€z1>H€zl X ® Z <fraezrfp>HezT,p
i=1 ;=1 z1=1 Zr_p=1

oo oo
® : : <gp+17 ez'rfp+1>HeZ'r7p+1 ® T ® : <9117 ezr+q72p>Hezr+q72p

Zr—pt1=1 Zryq—2p=1



1. Background

p
= H<fi>gi>pr+1 R Qfr®Gpt1®- - gy
=1

Finally, letm, M € Nand " € H®™,i=1,..., M. Foreachp € {1,..., m} taking

r = ¢ = m — p in the preceding formulas the following contraction of order p has the

representation
M M M M
DoSEm ey Y = Y e [ = D (i S T @ S

i=1 j=1 ij=1 ij=1

(1.6)

1.1.3 Operators D and L'

Let C3°(IR™) denote the class of infinitely differentiable functions f : R" — R such that
f and its derivatives have polynomial growth and let S(X) C L?(o(X)) be a class of

random variables of the type

where f € C°(R") and h; € Hforalli =1,...,n. LetY € S(X) be asin (1.7). The
(Malliavin) derivative DY of Y is defined to be the $)-valued random element given by

DY := Z ai‘f(X(hl), X (B

Definition 1. Let $; and $), be Hilbert spaces, and 7" : $; — $)- be a linear operator,
defined on some subspace D(T') C $;. T is said to be closable if, given an arbitrary
x € $; alimit point of D(T), for all the approximating sequences {x,, }neny C D(T') of

x, such that T'x,, has a limit, such a limit is the same.

Proposition 1.1 (Proposition 1.2.1, [35]). The operator D : S(X) — L*(0(X), ) is

closable.

The domain of the operator D in L?(o (X)), usually denoted by D2, is the closure
of the class S(X') with respect to the norm

IY]hs = [B(Y?) +E (|DY|2)]"*.

10
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Proposition 1.2 (Proposition 1.2.2, [35]). A random variable Y € L*(o(X)) having
representation (1.5) belongs to DY if and only if

o
Z mm!|| fin|[fem < 00.
m=1

Note that Propositions 1.1 and 1.2 imply that a random variable Y € D%? having
representation (1.5) has a Malliavin derivative

DY = iDIm(fm). (1.8)

m=0

Let Y € L*(Q). The operator L is defined as

LY ==Y ml,Y,
m=1

provided this series converges in L?({2), which is true, e.g., for all Y € D2, Operator
L is the infinitesimal generator of the Ornstein-Uhlenbeck semigroup (see [35], Propo-
sition 1.4.2). For any Y € L%(), we define the pseudo-inverse operator of L as

LY = — Z %JmY.
m=1

One can check directly that for all Y € L*(Q2), LL™'Y =Y — EY (see [34], p.13).
Assume that Y € L?(0(X)) having representation (1.5) satisfies EY” = 0. Then

=1
LYy =Y ——In(fm). (1.9)
m=1

1.1.4 Central limit theorems

We present here a central limit theorem for a sequence of random variables which admit
a Wiener chaos representation used in the proof of Theorem 2.1. Theorem 3 and Remark

1 in [23] give

Theorem 1.3 (Y. Hu and D. Nualart). Let §) be a real separable infinite-dimensional
Hilbert space and let I,,: H™ — $,,, m > 1, be the abstract multiple Wiener inte-

grals. Let (F,),>1 be a sequence of square integrable and centered random variables

11
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with the Wiener chaos expansions

Fn - Z ]m(fm,n)

m=1
for some f,,, € HO™. Suppose that
(i) forallm > 1andn > 1, m!|| funl[Zom < Om, where 327 6y, < 00;

(ii) for every m > 1, lim,,_ o m!||fm7n||%®m =02

(iii) forallm > 2,p=1,...,m — 1, limy o0 | frnn ®p frnnl [2020m—r) = 0.

Then F,, converges in distribution as n — oo to a mean zero normal random variable

. . 2 _ o 2
with the variance 0° =Y > _, 0.

Next result is Theorem 5 from [6] and is used in the proof of Theorem 3.10.

Theorem 1.4 (Barndorff-Nielsen et al.). Let Y, = (Y.},...,Y %) be a d-dimensional

process which has a chaos representation
[o.¢]
k k
YE=>"La(fl,), k=1,....4d
m=1

with f,’,fw € H®™ for all k and n. Suppose the following conditions hold:

(1) forany k =1,...,d we have

(o @]
lim lim sup Z ml|| f% L |[5em = 0;

N—oo
n—o00 =N 41

(i7) foranym > land k,l =1,...,d we have constants C}}} such that

T |43 = R

n—00 ’ ’

and the matrix C™ = (C}})1<k,1<d is positive definite for all m;

(iii) 32, O™ = (' € Rixd;

12
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() foranym > 1, k=1,...,dandp=1,...,m—1

lim ||frl:L,n ®p fTIjL,nH%®2(m*P> = 0.
n—oo
Then we have

Yn:gu §NNd(O’C)

1.1.5 Nourdin-Peccati bound

Using Stein’s method and Malliavin calculus Nourdin and Peccati [33] proved the fol-

lowing theorem which plays a central role in the proof of Theorem 3.6.

Theorem 1.5 (Theorem 3.1, [33]). Let Y € D2 be such that EY = 0 and d € D. If

d # dy, assume also that the law of Y is absolutely continuous. Then
1/2

d(Y,Z) < 2E [(1 — (DY, DL™'Y)5)?]

1.2 Technical lemmas

A Gaussian vector (Z1, ..., Z,), p > 2, is said to be standard Gaussian if EZ; = 0 and
EZ?=1foralli=1,...,p.

Lemma 1.6 (Lemma 3.1, [41]). Let p > 2 and suppose (Z, .. ., Z,) is standard Gaus-

sian. Then
P .
E|H,,(Z1)... Hy(Z,) < [0 — D)7 /myl.
j=1

Next lemma is similar to the part (i) of Proposition 3.1 in [41]. See Definition 3 for

the definition of the classes F,.

Lemma 1.7. Let ¢ € Ny, F' € F, and denote a,, == EF(Z)H,,(Z), m > 2. Let
(Z1,...,Z4) be standard Gaussian, (qy, . . .,qs) € R* be such that ¢; < q for all i =
1,....,4, and (uy,...,uq) € {0,1} foralli = 1,...,4. Then

a
Ay - - - Ay M

...mi
m1! . m4! EHmlful (Zl) ce Hm47u4(Z4) < Q.

13
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Proof. By Lemma 1.6 and the fact that /' € F, we have

@
QM

.mit
m1! . m4! EHml_ul <Zl) T Hm4—u4(Z4)

4> 4G m-uy q
TT 35 el i (552003 ) <o

which ends the proof. [

Letn > 2and X := (X4,...,X,) be standard Gaussian with a covariance matrix
(r(4,7))1<ij<n- Let 2 < p < n. To prove our theorems we will need a lemma for the
expression of the mixed moments EH,,,, (X;,) ... Hp, (X;,), (my,...,m,) € I C NP,
(i1,...,1p) € {1,...,n}?. We formulate the lemma using notation presented below
which will also be used in our proofs of the main results in Chapter 3.

Define a function ¢ : I — R, with values

1 p
= ézmj (1.10)
j=1
form = (my,...,m,) € [. Form € [ andi= (iy,...,4,) € {1,...,n}? denote
E(m, i) := EH,, (X3)... Hp (X;,). (1.11)

Denote 1 := (1,...,1) e NP, Foranz = (xy,...,x,) € NP leta! := 2y!...2,!. LetT

be the gamma function. For m € [ denote

m!

Clm) = T (g ¥ |

Givenanm € [,afunction : {1,...,2¢(m)} — {1,...,p}andanyi = (i,...,4,) €
{1,...,n}? define

R(T, 1) = T(iT(l), iT(g)) .. .T(iT(Qq(m)_l), iT(Qq(m))). (113)

Finally, for a finite set A, let |A| denote the number of its elements.

Lemma 1.8 (Lemma 3.2, [41]). Let n > 2 and X = (X,...,X,) be standard

Gaussian with a covariance matrix (7(i,j))1<ij<n- Let2 < p <mn, I C N’, m =

14



1.3. Notation

(ma,...,mp) € Iandi= (i1,...,i,) € {1,...,n}P. Then

E(m,i)=C(m) Y  R(ri)

T7€T (m)
where T (m) is the collection of functions T : {1,...,2q(m)} — {1,...,p} such that
(1) T(2v—=1) # 7(20), v =1,...,q(m);

(@) T gDl =my i =1,....p

As a special case of Lemma 3 one obtains the well-known fact that for any standard

Gaussian vector (U, Y') Hermite polynomials satisfy
EH,(U)H,,(Y) = m!6,m(EUY )™, (1.14)

where ¢ is the Kronecker delta function.

1.3 Notation

Let G = {G(t): t € [0,T]} be a mean zero Gaussian process. The covariance function
of G is a function T'g: [0,T]* — R with values

Lg(s,t) = EG#)G(s), (s,t) €[0,T]? (1.15)

Let 7 = {t;: i« = 0,...,m} be a partition of [0,77], i.e. a set of numbers ¢; such
that 0 = typ < ¢ < --- < t,, = T. For a function F' : [0,7] — R, its increment
over the interval [t;_1,t;] is AT F' := F(t;) — F(t;_1). For a two variable function

f:[0,T]* = R, its double increment over the rectangle [t;_1,t;] X [t;_1,t;] is

ngtjf = f(ti,tj) — f(tl, tj—l) — f(ti_l,tj) + f(ti_l,tj_l). (116)

In this dissertation only regular partitions of [0,7’] are considered. Namely, given an
increasing sequence of positive integers (1, ),en, for each n € N, the regular partition
7, is defined by equally spaced points t = iT/m,,, i = 0,...,m,, and so its mesh is
Ay =max{t] -t} ;: i =1,...,m,} = T/m,. In this case we write AT F := A{"F
and L7, f = Dg{it?f.

For sequences (ay,)nen and (b, )nen wWe will say that a,, b, if sup,, oy |an|/|bn] < 0o.

We will also say that a,, ~ b, if lim,,_, a,/b, = 1. The following relation will be

15



1. Background

useful
n a—+1
n g a+1 ifao>—1
Zkaw{ afT =T T ’ (1.17)
P logn ifa = —1,
as n — oo.

16



Chapter 2
A central limit theorem

In this chapter we prove a central limit theorem for a weighted r-th power variation of a
Gaussian process having a local variance.

2.1 Formulation of the main result

The class of Gaussian processes considered in this chapter is defined as follows.

Definition 2. Let 7" > 0 and let R[0, 7] be a set of functions p: [0, 7] — R such that
p(0) = 0, p is continuous at zero, and for each § € (0,7),

0 < inf{p(u): u e [0,T]} <sup{p(u): u e [6,T]} < oco. (2.1)

Let G = {G(t): t € [0,T]} be a mean zero Gaussian stochastic process with the

incremental variance function ¢ defined on [0, 7]? := [0, T] x [0, 7] with values
og(s.t) = B[G(t) = G(s),  (s,1) €[0,TT"

We say that G has a local variance if there is a function p € R[0, 7| such that (A1) and
(A2) hold, where

(A1) there is a finite constant L such that for all (s, t) € [0, T]?

oa(s,t) < Lp(|t = s|);

17



2. A central limit theorem

(A2) foreache € (0,7)

lim sup

{‘Ug(S,S—Fh)
510

U sEleT) e (O,(S/\(T—s)]} 0. (22

We say that GG has locally stationary increments if G has a local variance with some
p € R[0,T] and we write G € LSZ(p).

Recall the notation in Section 1.3. We are now ready to formulate the main result of

this chapter.

Theorem 2.1. Letr > 0, let T' > O and let G = {G(t): t € [0,T]} € LSZ(p) with
some p € R[0,T]. Let (my,)nen be an increasing sequence of positive integers such that

A, =T/m, — 0asn — oco. Suppose that

(a) there is a constant Cy > 0 such that og(s,t) > Cip(|t — s|) for each (s,t) €
[07 T]Q;
(b) for every integer m > 2 there is a real number V,,, such that the following limit
exists and the equality
Yn
lim Y [k, A0)]" = ¥, (2.3)

k=1

holds for every increasing and unbounded sequence of positive integers (Y, )nen
with values y,, < m,, — 2 for each n € N (the function n is defined by (5));

(c) for every integer m > 2 the following limit exists and the equality

. —1~|m
o A > |7 lre ~ 2" =0
1,]=2
holds, where p(s,t) := —[p(|t — s|)]? for (s,t) € [0,T]2.

Then the central limit theorem

=N, (24

A2V —EBVM) = /A Z

rA G\ aral\’
p(An)

18



2.1. Formulation of the main result

as n — 00, holds, where the variance
=T a,,ml(1+29,,), (2.5)
m=2

here V,,, are defined by (2.3) and the coefficients a,., are given by
U i = A = (M TE[(|Z|" — E|Z|")H,(2)], (2.6)

with H,,, m > 2, being the Hermite polynomials (see (1.1)).

Remark 2.2. In the case » = 2 the variance (2.5) can be given a simpler form. Let
¢, = E|Z]|" for any r > 0. Note that Z> — EZ? = Hy(Z) and ¢, = 3. By (1.14), for
m > 2

1 1
Ao = §E[H2(Z)Hm(Z)] = §(c4 — 1)02m = Oom,

where § is the Kronecker delta function. Therefore Ay = 27'(1 4 2W5).

Remark 2.3. We explain some notation to make sense of hypotheses (b) and (¢) of the

preceding theorem. Using (1.16) one can check that

050

Di,jFG = EI:A,L GA] G] and W

foreachi,j € {1,...,m,}andn € N; here and elswhere 1(0, A,,) := 1. For each such
1,7, n, letting

E[APGA"G o 2 [Te — 277
zn(1,7) = W —n(li —jl,An) = ’][[p(GA g d (2.8)
it follows that
E[A/GATG) -
w =n(li = j|, An) + 2a(i, J). (2.9)

Hypothesis (b) involves the first term of the right side of the preceding decomposition
and describes the variance (2.5) via the limits ¥,,. Hypothesis (c¢) involves the second
term of the right side of the same decomposition and requires its negligibility. Hypothe-
sis () is trivially satisfied with p being the incremental variance of the Gaussian process

G when its increments are stationary.
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2. A central limit theorem

Remark 2.4. If GG is a Gaussian process with possibly non-stationary increments then
the sum V"’ may be different from the r-th power variation V"), Under the hypotheses
of Corollary 24 in [32], we have

V") — ¢, T, almost surely.
Also, under the hypotheses of Theorem 2.1, the asymptotic relation
ANV — e, T) = N2, asn— oo, (2.10)

holds, where the variance A\? is defined by (2.5). The proofs in both cases are the same

as the proofs for the weighted r-th power variation sums v,

Remark 2.5. The proof of Theorem 2.1 given in the next section can be used to prove
the asymptotic relation (2.10) for the general case of V,,. Let p be a standard Gaussian
measure on R, and let H : R — R be a measurable function such that EH?*(Z) < oo
and H has Hermite rank £ > 2. Then H has the unique expansion

H = Z aH,mHma

m>k

with respect to Hermite polynomials H,,, m € N. Here ag,, = (m!)'E[(H(Z) —
EH(Z))H,,(Z)]. Thus, under the hypotheses of Theorem 2.1, we have

AV2(AV, —EH(Z)T) = A\gZ, asn — oo,

where the variance
Ny =T aj,,ml(l+25,),
m=k

and V,,, are defined by (2.3). We do not know at this writing whether the central limit
theorem (2.4) extends similarly under the same hypotheses of Theorem 2.1 and H in the

general case of V.
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2.2. Proof of the main result

2.2 Proof of the main result

Foreachn € Nandi € {1,...,m,}letw;,, := (E(A?G)})Y2and v;,, := w;,/p(A,).
By (A1) from Definition 2 and by the hypothesis (a), for some Cy > 0, all n € N and

eachi € {1,...,m,}, we have
C1 < vy < O (2.11)

By the definition of ¢, = E|Z|", we have for each n > 1

EV, = ¢, i (;&’;))T — ¢, f:v;n. (2.12)

i=1 i=1

Forn € Nandi = 1,...,m,, denote h;, := A’G/w,,. We shall separate the first

term in the sum

Arlz/Q (Vo —EV,) = A711/2 Z Vi (|hinl" = cr)
=1

mn

= AV ([haal” = 6) + A2 ol (|hinl” — ¢) = Ry + Y.
=2
By Chebyshev’s inequality, for any § > 0, we have
P(|R,| > 6) <0 2Anv7, (ERY, — 2¢,Elhy,|" + ¢2)

=0 2 A7 (cor — ).

Using (2.11), since A,, — 0 as n — oo, it follows that R,, = op(1) as n — oo. By

Slutsky’s lemma, it is enough to prove that
Y, = \Z, asn— oo, (2.13)

where \? is given by (2.5).
Let H(x) := |z|" — ¢, for x € R, and let 1 be a standard Gaussian measure on R.
Since Hermite polynomials H,,, form an orthogonal basis for the Hilbert space L?(RR, 1)

and H € L*(R, y), we have the expansion

H= i an H,, = i  Ho, (2.14)



2. A central limit theorem

where the second equality holds due to the fact

a0 = BHy(Z)H(Z) = B(|Z]" - ¢,) = 0,
ar = EH\(2)H(Z) = BZ(| 2] - ¢.) = EZ|Z|" =0,

i.e. H has Hermite rank greater than 1. Then each Y,, has the corresponding expansion

Y, = A:/Q %U:’nf[(h%n) = i (amA}/Q %vzn m(hi,n)> . (2.15)

i=2 m=2

To deal with this expansion we use notation and results concerning the Wiener chaos
decomposition and the abstract multiple Wiener integral /,,, described in Section 1.1.
Let $) be the closure in L? = L*(Q, F, P) of all finite linear combinations of elements
of {A'G/w;p, i =1,...,m,, n € N}. Then §) is a separable Hilbert space with the
inner product being the covariance of its elements, and so the identity map on §) is an
isonormal Gaussian process. Let I,,, be the multiple Wiener integral on $H*™ and J,,, be
the orthogonal projection operator on H,,,,.

Since the L?-norm of h; » is one, by (1.3) we have

Hy(hin) = Im(h?fl”) (2.16)
Foreachm > 2andn > 1 let
Fn = am A2 0f hET (2.17)
=2

Since I, is linear, by (2.15) and (2.16) we have the following Wiener chaos representa-

tion for Y,,

Vo= Ln(fmn)- (2.18)

m=2

By the fact that 1,,,(f) € $,, for any f € H®™, (2.18) and (1.4) we have for all n > 1
and m > 2

M | frnl[oom = E(JnY;)? (2.19)

According to Theorem 1.3, by (2.19), in order to prove (2.13) one needs to check the
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2.2. Proof of the main result

following conditions:

(¢) forevery n > 1andm > 1, E(J,Y,)? < d,,, where Y - 4, < 00;

2.

m?

(i) for every m > 1, there exists lim,, o, E(J,,Y,)? =: o

(131) foreverym >2,p=1,...,m—1,
nh—glo ||fm,n ®p fm,nH%m(m—p) = 0.

Orthogonality of the Hermite polynomials implies orthogonality of the Wiener chaoses
‘H,, and H,, for n # m. Therefore J;Y,, = 0 for each n > 1, and we need to prove
conditions 1. and 2. only for m > 2. Provided these three conditions are satisfied,
Theorem 1.3 assures that (2.13) holds with

2= Z o2,
m=2
Forn > landi,j € {2,...,m,}, let

Tn(l,]> = E(hz,nh],n) (220)

By Cauchy-Schwarz inequality, |r,(i,7)] < 1foralln > landi,j € {2,...,m,}.

Then for any m > 2

Y [l "

255 <i<mn,

< > [ (2.21)

25 <i<ma,

To prove (i), let m > 2. By (2.15) we have
TnYn = @AY 07 Hy (i),
=2

hence by (1.14), (2.11) and (2.21)

E(J,.Y,)? = a2 m!A, Z V; V5 [T, 5)]™

i,j=2
= a2 m! <An Dol 428, D o[ j)]m> (2.22)
i=2 2<j<i<my,
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2. A central limit theorem

< aml <C§TT F20, > (i j)]2> . (2.23)

2<j<i<my,
By (2.20) and (2.9), for each n > 1 and i, j € {2,...,m,} we have the decomposition

E(A7GA"G) 1

n‘>.: = n'_‘ n‘>.7 2.24
ra(i, J) i . [ (li = 31) + 2a (3, 5)] (2.24)

where 7),, is defined by (5) and z, is defined by (2.8). We will prove that for each p > 2,

— p
lim An Z Uzn’l];n[rn(’l',j)]p = lim An Z nn(l j)

n— 00 VinVinn )P
2<j<i<mn 2<j<i<mn ( b1 97")

—=TV,. (225)

By hypothesis (b), we have

Mp—2

: 2
lim Z na(k) < oo. (2.26)
k=1
Then there exists an M > 0 such that
sup{|n, (k)] : 1 <k <m, —2,n>1} < M. (2.27)

Let Q, = {k € {1,...,m, — 2} : [n,(k)| > 1}. We will show that there exists a
K > 0 such that

card(Q,) < K foralln > 1. (2.28)

Suppose it is not true. Then there exists a subsequence (@), ) such that card(Q,,) > ¢

for each 7, and so

mni—2
S k)= D (k) >
k=1 keQn,

for each 7. This contradiction proves (2.28).
Let p > 2,and let Q¢ := {1,...,m, — 2}\@,. By (2.27) and (2.28) we have

mp—2

Yo B = k)P + D (k)P < KMP+ Y (k).

k€Qn keQs, keQS,
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2.2. Proof of the main result

and so by (2.26), it follows that

My —2

= limsu n(K)|P < oo. 2.29

S e =

Let0 < e < 1/2andletp > 2. Let Q1, := [[(m, — 2)e]|,mp, — 2] N Q,, and
T = [[(my —2)e],m, — 2] N Q%. If p is odd, by hypothesis (b) with y,, = m,, — 2

and with y,, = [(m,, — 2)e|, we have

Mp—2
ST B =D B+ DY Ina(k)P
k=[(mn—2)c] k€Qin keQi,
mp—2 My —2
< Y TR+ D nEk) =0
k=[(mn—2)e] k=[(mn—2)e]

as n — oo. If p is even the same consequence follows from hypothesis (b) immediately.

Since A,,m,, = T, we have

M —2 [(mn—2)e My —2
A Z klna(B)[P = Ay Z k‘nn I+ A, Z k|na (k)P
k=[(mn—2)e]
My —2
< €TZ\% WH+T D (k)P
k=[(mn—2)e]

for each n > 1. Since ¢ is arbitrary, by (2.29) and hypothesis (b), we conclude that

Mp—2

lim A, Z k| (K)|P = 0. (2.30)

n—oo

By hypothesis (b), (2.29) and (2.30) it follows that

lim sup A, Z]nn li —7])[P =T + 2limsup A, Z (i — 7)P
oo §,j=2 n—roo 2<j<i<mn

Mp—2
" T
=T+ 2limsup A, Z (A_ - 1—k) |7 (K) P

=T(1+24,) < o0 (2.31)

for each p > 2.
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2. A central limit theorem

We prove next that

mn

p
Sp=0n Y M—mqf as 1 — 00 (2.32)

2<j<i<mn (Vinvjn)" ™"

for each p > 2, which is the second equality in (2.25) above. Let p > 2 and let ¢ > 0.
For eachn > 1, let N, (¢) := [¢/A,]. By condition (A2) of Definition 2, we have

lim sup {|1 —v;n|: Np(e) <i<m,}=0. (2.33)

n—00 -

For each n > 1, we split the sum S,, into two parts as follows

-1 m,

Stn + San = Ay Z o+ > %:Sn. (2.34)

J=2 i=j+1  Np(e)<j<i<mn <Ui,nvj,n
Due to (2.11), for each n > 1 we have

-1 m,

1S0] < A, Z Z ’nnZ_] ]p

=2 i=jt1 (Vi V)"

C2r Mp—2 CQr Mn
< I (R)[P < |7 ().
1213 An Z Cl ;

Also for each n > 1, we have

[Son=Bn D i) S max  |(uiavgn) P=UAL Y (i)
- Np(e)<j<i<ma, —
Nn(e)<j<i<mn 2<j<i<ma
The right side of the preceding inequality approaches zero as n — oo by (2.31) and

(2.33). By (2.30) and hypothesis (b)

Y
nlggo Sop = hm A, Z Un(l ])
My —Np(e)—1

=lim A, Y (mn— Nu(e) = k)nu(k)’ = (T — ),

n—oo
k=1
Let C := C; *’C3" A,. Then C' < oo by (2.29), and

(T —¢e)V, —eC <liminf S, <limsup S, < (T —¢e)¥, +cC.

n—00 n—o00
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2.2. Proof of the main result

Since ¢ is arbitrary, we conclude that (2.32) holds.
Now we turn to the proof of the first equality in (2.25) above. Let p > 2. By (2.24)

and using the binomial theorem we have

Api=Dn > (Winvsn) [rali, )P

2<j<i<mn
B - . . . p
= An Z (Ui,nvj,n)r |f7n(1 ]) - Z”(Z%])
2<j<i<mn VinUjn

B0

2<j<z<mn =0 UZ nYjn

for each n € N. Due to hypothesis (c), (2.31) and Cauchy-Schwartz inequality for
double sums, for 1 < p < mand [ = m — p we have

Au S0 Il = )l )P

2<j<i<mn,
i :
< An( > nn(z'—j>2l> (Zzn(z‘,ﬁ?)
2<j<i<mn i,j=2
% Mn %
— (An > nn(i—j)2l> (AnZzn(z’ ) ) — 0, (2.36)
2<j<i<mn, ij=2
as n — oo. Therefore by (2.36) and (2.11) we bound
N S I U
2<j<i<mn, (Vinjn)
C3" A, o o
<G D Imli= PGP =0, (237)

L egj<i<mn,

as n — oo. Then, by (2.35), (2.32) and (2.37), it follows that

. ap
lim A, = lim A, Z M:T\I/p,

p—r
n—00 n—00 . .
2<j<i<man (U%HUJ,”)

and so (2.25) holds true for each p > 2.
By (2.23) and (2.25) with p = 2 we can bound

E(J,Y,)? < a2m!(C5T + 2C) =: 4,5,
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2. A central limit theorem

where
C:= sup {An Z (Ui,nvj,n)T {rn(zaj)]Q} < 0.
n 2<j<i<my,

Since > °_, a2,m! = EH(Z)? < oo, we have that >~ _, §,, < 0.
For (ii), consider a function f : [0,00) — R with values f(x) := 2" — 1. By the

mean value theorem for any = € R, = # 1, there exists a £, between 1 and x such that

fl@) =r&  (z = 1).

Let ¢ > 0 and N,(¢) := [¢/A,]|. By (2.33) we have that 1/2 < v;,, < 3/2
for all n large enough and i = N, (¢),..., m,. Then for all n large enough and i =
Nu(e)y...,my

|05, = 1 = [f(vin)| < Rlvip — 1],

with R := rmax{(1/2)"1, (3/2)"'}.
By (2.11) and (2.33) we have

Mp Ny (e) mMn
A 05, =T H+A <A DY (W, +1)+4A, > fof, =1
i=2 i=2 i=Nn(e)+1

< (14 CHA,N,(g) + o(1)RA, (m,, — N, (¢))
— (14 CY)e,

as n — 00. Since ¢ is arbitrary, we conclude that

Mn
lim A, E v, =T.
n—00 ’

1=2

Combine this fact with (2.22) and (2.35) to get for all m > 2
lim E(J,,Y,)? = a2m!T (1+29,,).

n—o0

Finally, to check (7i¢), let 1 < p < m — 1. Recall notation (2.17) of f,, ,,. Using the
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2.2. Proof of the main result

representation (1.6) of the contraction of order p we have

An = fm,n ®p fm,n = (Z Uz nhz®77Ln> ®p (Z ’U] nh;@;n>

= A,a2, Z U V5T (4, (h®(m P h® m—p > :

1,)=2

We have to prove that B,, — 0 as n — oo, where

B, = HAan-m?(m—p) = <An7An>H®2<m*P> (2.38)
- A’ia’iﬁ, Z Tp<z ])rp(k l)vzn ]nvk,nUlT,n
1,7,k 1=2

% <h2§i§m—m ® h;%(lm—p)’ h?(nm—P) ® hléigm_p)>

H®2(m—p)
Using the property (1.2) of the inner product on the tensor product of Hilbert spaces we
have

mn

Bn - A?Lafn Z Uz nvj nvk,nvf,nrg(i7j)rz<k7 Z)T:Ln_p(iv k>,r:)zl_p(j7 l)

Gk =2
By (2.11) and (2.24), and by the binomial formula, we bound

cim - o .
—C4ia4 By <AL Y (Inalli = 5D+ 1206 DY (Ina(lk = 1] + |2a(k, D]
2 Ym

i:jzkvl:2

X ([ (le = KD+ [zn (@ R)D™ 7 (a5 = D]+ [2a (G, DD

SEE OO e

5,t=0 u,v=0
where
Dy(s,tu,0) = > |nalli = JDIP12n (i, ) Ina [k = 1P~ |2n(k, D)
0,5k, 1=2

X (8 = RDI™ 27 20 (6 B)[* (15 = L™ 20 (5, DI

Let s,t,u,v be such that s + ¢ + u + v # 0 and let D,, := D,,(s,t,u,v). Then, by the

29



2. A central limit theorem

Cauchy-Schwartz inequality, we can bound

M 1/2
D, < ( > [nnw—j|>p—82n<z;j>8nn<|k—l|>p—tzn<k,l>t]2)

i7j7k’l:2

Mn 1/2
" ( S [alli = K™ 20 k) (15 — 1)z, zm?)

1,7,k 1=2

-~ M 1/2
- <Z [a(li = 120D [Un(lk—ll)ptzn(kal)tf)

ij=2 k=2

M M 1/2
X (Z [ﬁn(\l — K[)™ P2 (4, k)u}z Z [%(\J — )" 2 (7, Z)U} 2) .

i k=2 =2

By the choice of s, ¢, u, v, (2.36) and (2.31) we conclude that AiDn — 0,as n — oo,
and
C4m Mn

W%Bn <AL D> Ina(li = 3D Pk = 1)
2 am

i3,k =2
X |mu(li = EDI™Plna(l7 = IDI™ 7P + o(1) =: By + o(1),

as n — 00. Change the summation variables as follows

ki=k—1, j:=4j—1 and 7:=i—1.

Then

i—j=i—7 and i—k=1—k.

By Holder’s inequality, we see that

Mp—2

Ba <TAL S [nalli = 1) PImn (k) Plna(li = KD Pl ()™
i,j,k=0
o\ 1/2
<7 |a, Z (Z (i — K™ Pl >|>
. . 9 1/2
< (2.3 (Z\nnu@'—j|>|p|nn<j>|m—p) = TU,W,.
i=0 \j=0
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2.2. Proof of the main result

Lete > 0 and let a,b > 1. By the Cauchy-Schwartz inequality, hypothesis (b) and

by a change of summation variables &k := |i — j| we have the following three bounds

[mne] 2
Ura(a,b) == A, Z <Z|77n [i = D1l )I)
[mns mn
<AL Y mlli— D) Q“Znn
=0 5=0
<20, ([mng] + 1)) " 0(3)** D 0al(i)™ = 2Te(1+ Uao) (1 + Uy
j=0 j=0
as n — 0o,
ma (mne/?] ?

Usn(a,b) == Ay ) > nalli = 3D ()

i=[mne]+1 7=0

mn  [mne/2] [mne/2]
<A YT T i >0 mG)*
i=[mpe]+1 =0 j=0
mn [mne/2]
< Au(mn = [magl) D mak)® Y m(i)* =0,
k=[mne/2] 7=0

as n — oo, and

U(ad) =20 S0 (S bl — 3D G)P
i=[mnel+l \j=[mne/2]+1
<A, Y D mi=a YD m()?
i=[mpel+1 j=[mpe/2]+1 j=[mne/2]+1
My —[mne]—1 Mn
<20 (mp = [mag]) > mB)* > m)* =0,
k=0 j=lmne 241

as n — oo. Therefore

limsup U? < lim sup(Uy,(m — p,p) + 2Usn(m — p,p) + 2Us,(m — p, p))

n—o0 n—oo

< 2Te(1 + Uy, ) (1 + Ty,
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2. A central limit theorem

and, since ¢ is arbitrary, U,, — 0 as n — oo. Analogously, one can show that W, — 0
as n — oo. We have proved that B,, — 0 as n — oo, where B, is defined by (2.38),
and so the third hypothesis of Theorem 1.3 holds. Theorem 1.3 yields (2.13) and the
proof of Theorem 2.1 is complete.
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Chapter 3

Berry-Esséen bound and a FCLT

Recall notation (3). For n € N denote X,, := (X;,, ¢ = 1,...,n). Then (X,)nen
is a sequence of standard Gaussian vectors. In this chapter we prove two theorems for
general sequences of standard Gaussian vectors.

3.1 C(lass of functions H

We define the class of functions H we study. Asin (1.1), H,, denotes the m-th Hermite

polynomial.
Definition 3. Let ¢ € Ny. A function A : R — R is said to belong to the class F if

(a) H is continuous and such that there exists a countable partition of R, {[a;, b;]};>1,

such that the restriction of H onto each [a;, b;] has a continuous inverse;

(b) EH2(Z) < 00, EH(Z)Z = 0 and

N |EH(Z)H,,(Z)|ImI _m
5 BHD DItz _

m=0

Remark 3.1. Clearly, the inclusion F, O F; D ... holds. By (b) of Definition 3 and
the fact that Hy(z) = 1 and Hi(x) = z for all z € R, we have that all F' € Fg, such
that EF'(Z) = 0, have the Hermite rank greater than or equal to 2.

Example 3.2. Let H be any polynomial of degree k£ € N satisfying EH(Z)Z = 0 and
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3. Berry-Esséen bound and a FCLT

p,m € N be such that p < k < m. Then repeated integration by parts leads to

V2rEZH,,(Z) :/:cpHm(a:)e2d:c: (—1)’”/:1:"” e zdx
R

dz™
z2 o) dm_l z2
= —2"Hyq(x)e 2|7+ (—1)m+12p/ P! ce” zdr =

dam—r 22
=...= (—l)m“’p!/ e zdx

r dz™=P

= (=1)™PplV/2rEH,, ,(Z) = 0.

It then follows that /I belongs to F, for all ¢ € Ny. Thus all the Hermite polynomials
H,,, m > 2, and their finite linear combinations belong to F, for all ¢ € Ny as well.
Usually, a random variable H(Z) is assumed to be in a fixed Wiener chaos, but in this

chapter the random variable H(Z) can have an infinite Wiener chaos expansion.

Example 3.3. A function H® with values H®(z) := |z|?, p > 0, is a polynomial if

and only if p is an even integer. For a general p and any m € N such that m > p one has

0o .2 0o m 2
V2rE|Z|PH,,(Z) = 2/ 2P Hy(x)e” 2de = (—1)m2/ af——e 2 dx
0 0

22 00 oo B dmfl a2
= —22"Hy i (x)e” 2 |7 + (—1)m+12p/0 a? ldxm_le rdx
> dm_[P] 22
_ (_1\m+Ip] 1Y (i — p—[p] -5
=(-1) 2p(p—1)---(p—[p| + 1)/0 el dx.

However, if m is odd, E|Z|PH,,(Z) = 0, since H,, are odd functions for odd m. By the

previous formula, in the case of odd p we have

dm P 22 1 22 oo
—2p! dr = ——=2p!H,,_p 1(T)e” 7 ||

Vo dmp" V2m

=(-1)*% \/;p‘(m p—2).

for all m > p. For n = 2k — 1 with some k& € N one has by the Stirling’s approximation

k
n!!:@wﬁ(%) . ask — oo. (3.1

2k k! e

EH"(Z)H,,(Z) =

Suppose m = 2k and p = 2+ 1 for some k, [ € N. Then by the Stirling’s approximation
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3.1. Class of functions H

and (3.1) we have

(m—p— 2)!!3% V2(2(k — 1 —1))kt1ek

vm! TR (4rk) A (2k)F s
V2 <e>l+1 (k—1—1)k-t=13F
C (4m)va\2 k*

as k — oo, thus in this case H® does not belong to F,. The general case when p is a

non-integer positive real number remains an unsolved problem.

Example 3.4. A less trivial example is a function H with values H (z) := e"*/2 with

0 < a < 1/3. Itis argued in [41] that in this case

with some A < 1asm — oo, thus H € F, for all ¢ € N,.

Example 3.5. By the proof of Lemma 5.1 in [10] we have

— (=™ - - —1)™
cosST = T;) mflgm(@ and sinz = 7;) WHMJA(@")

for almost all z € R. By (1.14) we thus conclude that for all m € N

|E cos(Z)Ham(Z)| = 1/v/e = |Esin(Z)Hyp 1 (Z)]  and
E cos(Z)Hom1(Z) = 0 = Esin(Z)Hom(Z).

Then for all ¢ € N

S~ B eos(Z) HuZ) s _ 5 B eos(2) Hon ()] 2

— Vml — 2m)!
— \/(2m)le

and likewise for the sine, therefore both sine and cosine belong to F, for all ¢ € Ny.
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3. Berry-Esséen bound and a FCLT

3.2 Berry-Esséen bound

Letn € Nand X := (X;, i = 1,...,n) be astandard Gaussian vector. Given a function
H :R — Rand a vector o := (a1, ...,0,) € R} we define
S(X,H,«) Zal X;) (3.2)

called the weighted H-sum of X with weights o and

S(X,H,a) —ES(X,H,«)
Vvar(S(X, H, o))

W(X,H, «a) =

Theorem 3.6. Let (X,,),en be a sequence of standard Gaussian vectors, X, := (X, 1 =
1,...,n), n € N, with covariance matrices (1,,(%, j))1<i j<n- Let H € F1, d € D and
(an)nen be a sequence of vectors o, = (1, ..., Qn,) € [B1, 02", n € N, where
0 < By < By < oo. Then there exists a ¢ € R such that for all n € N

P (W(X,. H o). Z) < ¢
(W (X, H, ), >_[Var(S(Xn,H7a 21@?2%2

<Y (kD E))

ik,l=1

Remark 3.7. It might be surprising, that the bound is of the same order for all the metrics
in D. However, it is a consequence of the fact, that the random variables considered have

densities as shown in Lemma 3.13.

Remark 3.8. The more general case when X,, = (X;,, ¢ = 1,...,m,) for some

unbounded sequence (m,,),en can be treated identically.

Proof. Fix ann € N and denote h; = X,,, w;, == a;, forall: = 1,...,n and
r(i,j) == rp(i,j) forall 1 < 4,5 < n. Leth := (hy,...,h,), w = (wq,...,w,),
02 :=var(S(h, H,w)) and F(z) := H(z) —EH(Z), x € R. Then

Y :=W(h, H,w) sz h;) (3.3)

Since H € Fy, we have F' € L*(R, i), where p is a standard Gaussian measure,

and F' has Hermite rank greater or equal to 2 (see Remark 3.1), thus /' can be expanded
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3.2. Berry-Esséen bound

in the base of Hermite polynomials as follows

F= Z o (3.4)

m=

S
3

=
=

where

Let $) be the closure in L? = L?(Q, F,P) of all finite linear combinations of ele-
ments of (X,,),en. Then §) is a separable Hilbert space with the inner product being
the covariance of its elements, and so the identity map on $) is an isonormal Gaussian
process. Let I, be the multiple Wiener integral on $H® and .J,, be the orthogonal
projection operator on H,,,,.

For all m > 2 let

n

1 a
m = — Z—mh®m
/ o Zw m!

1=1

Then by (3.3), (3.4) and (1.3) we have the following Wiener chaos expansion for Y

1 n oo an, 00
v=- Z ;w%Hmwi) = mZQImUm). (3.5)
By (1.4), (3.5) and (1.14)
m'”fm”%@m = E([m(fm)) — E J Y 0_2 Z wle ])
4,7=1
By the fact that F' € F; we have
o0 2 o0 2 .
—m 32 < 00. (3.6)
2 m! oot — m!

Since |r(7,7)| < 1foralls,j € {1,...,n} and by (3.6) we get

o0

ma
S~ ||l o = Z Z wyw;r™
m=2

i,7=1
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3. Berry-Esséen bound and a FCLT

<waj ZJZ

2,7=1 m=

and by Proposition 1.2, Y € D2,

By the definition of the derivative operator and (1.8) we have

Z Z Hp, o1 (hi)hs. (3.7)

i=1 m=2

By the definition of the operator L~! we have

L~ Zzwlmml hy)-

7j=1 m=2

Then by (1.8)

_ I Om
DL7Y = —gzzwimﬂm_l(hj)hj. (3.8)

=1 m=2

By Lemma 3.13, Y is absolutely continuous. Hence, by Theorem 1.5
2
2 -1
P(Y,7) < 2E [1 — (DY, -DL Y>f)] . (3.9)

By (3.7) and (3.8) and since (h;, h;)s = Eh;h; = r(i,j) forall 1 <4, j < n, we have

e:=(DY,-DL™'Y) = % > wiwsbici(hi, hy)s

ij=1
1 n . .
- o2 Z wiwjbicﬂ(%])a (3.10)
ij=1
where
00 oy o 0
bi = 2_2 m[‘[mfl(hz) and Cj 1= ~ ﬁHmfl(h])

By (3.5), (3.6), (1.14) and the Fubini-Tonelli theorem we have

n o 2
Uy my: -
o? = Z Zwiwjmr (,7) (3.11)

i,j=1m=2
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3.2. Berry-Esséen bound

and

O motg; o NS G et
Ebicj = Zm(m')Q (m — 1)!7“ 1(2,j) = Z mr 1(2,]).
m=2 —

m=2

Therefore, by (3.10) we have

1 n oo agn o
Eez;ZZwiwjﬁr (1,7) =1

2,j=1m=2

and
E(1-¢)?=1-2Ee+ Ee? =Ee* — 1. (3.12)

Recall notation (1.10)-(1.13) applied to the vector (hy,...,h,), p = 4 and [ :=
{2,3,...}*. Then by Lemma 1.7 we have

Ay Ay Qs (o .
E . — 1 2 3 4 _ 1 .1
bicibrc E Gy = 1)) (115 — 1)!(m4)!<5'(m , (4,4, k,1)) < oo, (3.13)

me/

and term by term integration in (3.13) is legitimate.

By Lemma 1.8 we have

Em—1,(i,4k1)=Cm—-1) >  R(r(i,jk1). (3.14)

7€T (m—1)
Letm € [ and 7 € T(m — 1). Note that R(7, (, j, k,1)) = r5(i, j)r'(k, ) for some

s,t € Nif and only if m; = ms and mg = my. Let

Tim—1)={reT(m—-1): {v:{r(2v—1),7(2v)} = {1,2}}| =my — 1
and |[{v: {7(2v — 1),7(20)} = {3,4}}| = ms — 1}.
Then

20m=1)g(m — 1)!
(my — )l(mg — 1)

7o (m —1)] =
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3. Berry-Esséen bound and a FCLT

Also, denote 73(m) := 7 (m)\7;(m). Then

o _20mDg(m — 1)
> R(r,(i.4, k1) = (m1 — )(ms — 1)!

7€T1(m—1)
X ™ ) (R D) dmms Omma (3.15)
where 4 is the Kronecker delta function. For all m € I and (i1, 4y, i3,44) € {1,...,n}*
denote
Ay g Az Am
a(m) = ! 2 3 4 and Wiyigizgiy = Wi Wiy Wi Wi, .

(m1 — 1) (m2)!(mz — 1)!(my)!
By (3.11) we have
2

amg mi/s \..ms
Z Z wkl )" (@ 7)™ (k, 1) (3.16)

1,7,k,l=1m1,ma=2

Then by (3.10), (3.11), (3.13), (3.14), (3.15) and (3.16)

n

1 . .
Ee’ — 1= — Z (i, 7)r(k, Dw;jw Z am)é(m —1,(i,7, k1)) — 1
g 0,7,k 0=1 mel
1 ¢ - -
- F Z wijklr<z’])r(k7 l) Z a(m)C(m - 1) Z R(Tu (7'7.]7 k7 l))
1,7,k 01=1 mel TE€T2(m—1)
+ Z ()™ k) | -
mi,mo= 2
1 ¢ - -
- ; Z wz‘jklr(l7j)r(k7 l) Z a(m)C(m - 1) Z R<7-7 <Z7j> k? l))
i,7,k,1=1 me/ T€T2(Mm—1)
By < o .
< U—i S @)tk la(m)lc(m —1) > |R(7, (i,5,k,1))].
1,3,k 1=1 me/] T7€T2(m—1)

(3.17)

Note, that by Lemma 1.8

C(m—1) Z 1 =EHu, 1(2)Hpn,1(Z2)Hpy—1(Z) Hiny—1(Z).

T7€T (m—1)

By Lemma 1.7 withdy = d3 =1, dy =dy =0, u; =...=us=1land 2, = ... =
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3.2. Berry-Esséen bound

Z, = Z we can bound

> Jam)Cm—-1) Y 1<) Ja(m)Cm—1) Y 1<oo. (3.18)

mel r€T3(m—1) mel €T (m—1)

Forallm € [ and 7 € 7 (m — 1) denote

n

D(r):= Y |r(i.)llr(k DIR(T, (i, k, D).

izjzkzlzl

By the fact that forallm € I, 7 € T(m — 1) and (4,75, k,1) € {1,...,n}* we have
|R(7, (i,7,k,1))] <1 and (3.18) we can get the sum in (3.17) inside the series to get

54
Ee? —1< U—j Y Jam)C(m—-1) Y D(r).
mel TET2(m—1)

Letm € [ and 7 € T3(m — 1). Then by the definition of 73(m — 1) for some
ve{l,...,qm—-1)}{r(2v—1),7(20)} # {1,2} and {7 (20 — 1), T (21})} # {3,4}.
Due to symmetry we can assume that {7(2v — 1),7(2v)} = {1,3}. Since m € I,
mo > 2. By Lemma 1.8 there are mo — 1 > 1 coordinates of 7 equal to 2. Therefore
there exists a w € {1,...,¢(m — 1)} such that {7(2w — 1),7(2w)} = {2, s} for
some s € {1,3,4}. Assume that s = 3, which is the most general case. Since for all

(i,7) € {1,...,n}?% |r(i,7)| <1, we can estimate
|R(7, (4,7, k, D) < |r(@, k)||r (4, k). (3.19)

Applying (3.19) and the inequality |ab| < £ (a? + b?) we can bound

n

D(r) < Y [r(i Dllrk, Dllr(, k) (. k)]

ijkl 1
g-Z|rkzy|mk\Z (j, k)

i,k,l=1
SIIE;GE;;L (4,7) Z \r(k, D)||r(i, k)| (3.20)

i,k,l=1
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3. Berry-Esséen bound and a FCLT

Hence, by (3.9), (3.12), (3.17), (3.18) and (3.20) we have
c
d2(Y,Z)§;1rgaXz (,7) ;lhklﬂ r(i, k)|,

where

ci=204 Y atm)lcm—1) > 1,

mel T€T2(m—1)

and the theorem is proved. ]

3.3 Functional CLT

In this section we prove a functional CLT for the partial sum process related to the

sequence of H-variations of a Gaussian process. We prove an auxiliary lemma first.

Lemma 3.9. Let I be any set with four elements, and Dy := {(i,i) : i € I}. For every
symmetric function f : I*\ D; — Ny such that for all i € I

> flig) =2 (3.21)
jen{i}

at least one of the following is true:
(a) there exist some distinct i, j, k,lin I such that f(i,j) > 1and f(k,1) > 1
(b) forsomei € I, f(i,5) > 2forall j € I\{i}.

Proof. Without loss of generality we can assume that 7 = {1,2,3,4}. By (3.21), with-
out loss of generality, we can assume f(1,2) > 1. If f(3,4) > 1, the statement holds.
Suppose f(3,4) = 0. By (3.21), f(3,1) > 1 or f(3,2) > 1. Without loss of generality,
we can assume f(3,1) > 1. By (3.21) again, f(4,1) > lor f(4,2) > 1. If f(4,2) > 1,
the statement holds. Suppose f(4,2) = 0 and f(4,1) > 1. Then, if f(3,2) > 1, the
statement holds. Suppose f(3,2) = 0. Since f(2,3) = 0 and f(2,4) = 0, by (3.21),
f(2,1) > 2. Similarly, f(3,1) > 2 and f(4,1) > 2. The proof is finished. O

Theorem 3.10. Let X, := (X;,, ¢ = 1,...,n), n € N, be a sequence of standard

Gaussian vectors with covariance matrices (1,,(%, j))1<i j<n, 7 € N, a function H € Fy
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3.3. Functional CLT

and sequence of vectors o, = (1, ..., 0nn) € [B1, B2, where 0 < 1 < By < 0.
For all n € N define functions Y™ : [0,1] — R with values

[nt]
no_ 1 , Ny
Y= ﬁ;al,n[mx,n) EH(Z)), (3:22)

t €10, 1]. Suppose that

(a) there exist an M € R such that
2 . . o .
sup {f?% Tn(l,j)} = M; (3.23)

(b) for every m > 2 there exists a real number ., such that for all s,t € |[0,1],
satisfying s < t, the following limit exists

[nt]
1
lim — Y @inary (6,5) = (t = 8)Pp; (3.24)

n—oo M,
i.j=lns]+1

(¢) forall s,t,u,v € [0,1], such that s < t < u < v, we have that the following limit
exists
[nv]

]
: 1 2/ . )
Tim =D Y n0) =0; (3.25)

i=[nu]+1 j=[ns]+1

(d) foreverym >2,1<p<m—1landalls,t € |0,1], such that s < t, we have that

the following limit exists

[nt]
1

lim — Y |GGk, D PG k)P (5, 1)] = 0. (3.26)
i,5,k,l=[ns]+1

Then in the space D|0, 1] equipped with the Skorokhod topology it holds that

Y™ = AW,
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3. Berry-Esséen bound and a FCLT

asn — oo, Y" is defined in (3.22) and

o 2
a,, .
M= § Mq)m with  a,, := EH(Z)H,,(Z), m > 2. (3.27)
m=2

Remark 3.11. Hypotheses (b), (¢), (d) correspond to the hypotheses (i), (iii), (iv) of
Theorem 1.4. Hypothesis (b) determines the limiting variance \?, through the limiting
variances of the increments of Y. By hypothesis (c) the correlation of disjoint incre-
ments of Y should vanish in the limit. The form of the limiting variance \? is standard

in the study of H-variations and has been obtained in [13], [21], [15], [6] among others.

Proof. By Theorem 15.6 in [11] it is sufficient to show that for any s, ¢, u € [0, 1] such
that s < u < t, there exists a constant C' such that for all n € N

B(Y Y)Y =Y)* < C(t =)’ (3.28)
and for any ¢; < ... <t € [0, 1] we have as n — oo

S A

t19 t10 " te_1

(Y” A ) = AWy, Wy = Wy, Wy = Wi, ). (3.29)
We start with (3.28). Fix an n € N. Since H € Fy, its Hermite rank is greater or
equal to 2, and with a,,, defined in (3.27) we have
oo am
H—EH(Z) =Y —Hpu,

m=2
thus for all ¢ € [0, 1]

[Tbt] o0
n 1 Ay,
Y; = ﬁ i:E 1 O n mE:2 %Hm<X2,n> (330)

Let [ := {2,3,...}* and define a function a : I — N with values

Ay Amy Qg Ay

a(m) = mi !mglmg!m4!

form € I. Let s,t € [0, 1] be such that s < ¢. Recall notation (1.10)-(1.13) applied
to the vector (X ,,..., Xnn),p=4and [ = {2,3,...}*. Then by Lemma 1.8, (1.11)
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3.3. Functional CLT

and (1.12) we have

E(m, (i,5,k,1) =C(m) Y R(,(i,j k,1)) (3.31)
T7€T (m)

forallm € I and (4,7, k,1) € {1,...,n}*. By Lemma 1.8

Cm) > 1=EH,,(2)Hy,(Z2)Hy,(Z)Hp,(Z). (3.32)
T€T (m)

Sinceforallm € I,7 € T(m)and (i, 5, k,1) € {1,...,n}* wehave |R(1, (i, j, k,1))| <
1, by (3.32) and Lemma 1.7 withd; = ... = dy = u; = ... = u4 = 0 and
Z1=...= 44 = Z we can bound

S latm)lc(m) 37 [R(r (g kD) < 3 fatm)Clm) 3T 1< 00, (333)

mel TET (m) mel TET (m)

Forallm € [ and 7 € T (m) denote

[nt]

D(T) = ﬁ Z ’R<7—7 (L]akal)”

i,J,k,l=[ns]+1

Then by (3.22), (3.31) and (3.33) and the Tonelli-Fubini theorem we can change the
order of integration and then get a sum inside a series to obtain

[nt]

1 o
E(y;n - Y:gn)4 = ﬁ Z ai,naj,nak,nal,n Z a(m)C(m) Z R(Tv <Z7j> k? l))
,4,k,l=[ns]+1 mel T7€T (m)
< By Y la(m)ic(m) Y D(r). (3.34)
mel TET (m)

Letm € [ and 7 € T (m). Forz,y € {1,2,3,4}, x # y, define

q(m)
fT('r?y) = Z X{{‘ray} - {T(QU - 1),7’(21})}}7

that is, if, for example, x = 1 and y = 2, then f,(x,y) is the power of r,(i,j) in
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3. Berry-Esséen bound and a FCLT

R(7,(i,7,k,1)). By (ii) of Lemma 1.8 we have for all i € {1,2,3,4}

> fg) > 2, (3.35)

je{1,2341\{i}
therefore by Lemma 3.9 at least one of the following is true:

L (f-(1,2) > Land £,(3,4) > Dor(f-(1,3) > Land f,(2,4) > Dor(f-(1,4) > 1
and f,(2,3) > 1);

2. forsome i € {1,2,3,4}, f-(i,7) > 2forall j € {1,2,3,4}\{i}.

Consider case 1. Suppose f-(1,2) > 1 and f;(3,4) > 1 (the other two cases are

symmetric). By (3.35) we have the following possible cases:

() f-(1,2) > 2and f(3,4) > 2;

(ii) f-(1,2) > 2and f.(3,u) > 1 for some u € {1,2};

(iii) f-(1,2) =1and f,(1,3) > 1 and f,(4,u) > 1 for some u € {1, 2, 3};
(iv) f-(1,2) =1and f,(1,4) > 1 and f.(3,u) > 1 for some u € {1,2,4}.

Note that the cases (iii) and (iv) are symmetric. In case (i) we have that the power of
rn(i,j) and r,(k, 1) in R(T, (i,7,k,1)) is at least 2. Since |r,(i,7)] < 1forall 4,5 €
{[ns] + 1,...,[nt]} we can bound

|[R(7, (4, 5, k. D)| < 136, ) (K, D).

Therefore, by (3.23)

1 o
D(T) < ﬁ T?L<Z7j)r721(k> l)
i,j,k,l=[ns]+1
1 [ : nt] — [ns]\ 2
- 26,5) | <M (T) . (336)

In case (ii) we bound (if f,(3,1) > 1; the other case is symmetric)

|R(7, (i, k, D) < (i, ) Ira(k, Dra(k, 7).
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3.3. Functional CLT

Then by the inequality |ab| < $(a* + b?) and (3.23) we have

[ni]
1 . .
D(1) = — 7 (1 )| (K, D (K, 4)
i,4,k,l=[ns]+1
1 nt| [nt]
,j,0=[ns]+1 k=[ns]+1
2
< M? (M) ) (3.37)
n

Finally, in case (iii) we bound for some s € {i, j, k}
|R(7, (4,7, k, D)| < |rn(i, 5)rn(k, Ora(i, k)ry (1, 9)|

Again, by the inequality |ab| < 1(a? + b?) and (3.23) we have

[nt]

DI D Irali ralh Drai B)rall )
i,5,k,l=[ns]+1
1 [rt] [rt]
oz O iRl Y (00 +r30s)
i,5,k=[ns]+1 I=[ns]+1
[nt] [nt]

Y Y (R k)

j,k=[ns]+1i=[ns]+1

< M? <M)2 (3.38)

o n

IN

IN

If, on the other hand, case 2. happens, then without loss of generality we can assume,
that f-(1,7) > 2forall j € {2,3,4}. Then

[R(7, (i, k. D)| < (i, ) (i, k)

and by (3.23)

[nt] [nt] [nt]
1 . 1 . .
D7) < = RERLN S Y R Y 6k
4,4,k l1=[ns]+1 1,j,l=[ns]+1 k=[ns]+1
2
t —
n
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3. Berry-Esséen bound and a FCLT

By (3.34), (3.36), (3.37), (3.38), (3.39) and (3.33) we bound

n

2
EY"-Y")'<C (M) : (3.40)
where

C:=BM*Y |a(m)lC(m) Y 1.

mel T€T (m)

By the Cauchy-Schwartz inequality, for any t; <t < ¢, (3.40) gives

nty) — [nt nt) — |nt
B - vy - v < o () (0 c o, e
Let us show (3.29). Let0 = tp < t; < ... < t, € [0,1] and denote Z" :=
V' —=Y" ,neN v=1,..,u Let$ be the closure in L> = L*(Q, F,P) of all

finite linear combinations of {Z",7 = 1...,u, n € N}. Then §) is a separable Hilbert

—1?

space with the inner product being the covariance of its elements, and so the identity
map on §) is an isonormal Gaussian process. Let I,,, be the multiple Wiener integral on
$H®™ and J,, be the orthogonal projection operator on H.,,.

Forallm>2 neN v=1,... ulet

[nt.]

1 Am,
717}171 = E : Ain 'X;@r?zn

Z'Z[ntv_l]+1
By (3.30) and (1.3) we have foralln e N, v =1,... u

[ntv

] o0 0
n 1 m v
ZU - % Z OéivanZQ%Hm(Xi,n) = Z [m( m,n)’

i:[ntU,1]+l

and we want to apply Theorem 1.4. For that we need to check its hypotheses (i) — (iv).
By (1.4) for (i) — (4i7) it is sufficient that forall m > 2, v = 1,...,u and n € N there

exist sequences (0, )m>2 and (02)),,>2 such that

E(J,Z")? <6, and lim E(J,Z")° =02

n—oo
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3.3. Functional CLT

with ) 50, < 00, and forall g,v = 1,...,u such that ¢ # v

lim EJ,,Z Jp, Z” =0.

n—oo

Letv € {1,...,u} and m > 2. Then

[nty] 9
" 1 a,
E(JmZ»U )2 - ﬁ E 7 na]nm (Z j)
i,j=[nty_1]+1 '

Since |r,, (i, 7)| < 1, by (3.24) for all n large enough and 7, j € {1,...,n} we can bound

[nty]
a . a?

1
E(J.Z))? < 2= > tinara(i,5) < 2 (t — teo1) (P2 + 1) =1 0.
n

2
m
m/! m!
ivj:[ntvfl]+1

Since H € F, we have ZmZQ Om < 00. By (3.24) we also have

2

lim E(J,Z")? = (ty — ty_1) ..

n—o0 m)!

Letm > 2and gq,v = 1,...,u be such that ¢ # v. Then by (3.25)

TL v [’I”Lt ]
n . ai 1l o - moe
EJ,.Z, Jqu = i E § il (4 )
= [nty—1]4+1 j=[ntq—1]+1
a?n62 1 ntv] [ntQ] o
S m'QE E E Ti(@,])—)o,

i=[nty—1]+1 j=[ntg—1]+1
as n — oo. Finally, for the hypothesis (iv) by (1.6) we have

[nto]
(7% 1 .o ®(m—p) ®(m—p)
VR, fr o= E 0 0P (1, ) X P o Xem™P
m,n P Jmm m!n s s n( ]> ,Mn Jmn

i:j:[ntv—l]+1

and by (1.2) and (3.26)

||fr1;1,,n ®P f:”b,nszﬁ@m :< ;}J’Ln®p mn?fmn®17 fmn>ﬁ®2(2m 2
[nty]

az, 1
= (m')2 ﬁ E QG O n Al n Xy
' i,k d=[nty, _1]+1

oy (@, 3)rn (k, Drg =P (i, k)P (5,1)
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3. Berry-Esséen bound and a FCLT

[ntv]

az, By 1 - I
< = > R DG kYR ()

V2 2
(m) " i:jzk:l:[ntvfl}‘i‘l

which converges to 0 as n — oo. By Theorem 1.4 we conclude that
(Z7,...,Z0) =&, €~ N,(0, N diag(ty, ta —t1, ..., ty — tu_1))

where ) is defined in (3.27), thus we have proved (3.29) and our theorem. Il

3.4 Appendix

We present here a proof that the random variable Y in the proof of Theorem 3.6 is

absolutely continuous. We prove an auxiliary lemma first.

Lemma 3.12. Let A C R have Lebesgue measure zero, n € N, D C R" x A be closed

and g : D — R be a continuous function. Then

S:={(z,9(z,¢) : (z,¢) € D}
also has Lebesgue measure zero.

Proof. Let N € N and denote Iy := [—N, N]. Let ¢ > 0. Then for some k£ € N there
exist {a;, b; }¥_; C R such that

k
AnIy | Jlaib], and 0<b—a;<efk, i=1,..Fk (3.41)

=1

where the intervals (a;, b;) are pairwise disjoint.

Since g is continuous, it is uniformly continuous on (I o UY [a, bz]) ND =: Dy.
Let n > 0 and § > 0 be such that |g(x) — g(y)| < n holds whenever z,y € Dy satisfy
[z —yll2 < 0.

Let (B;) 3-]:1 be a regular partition of [y, into hypercubes such that their interiors
are pairwise disjoint and let (C)) , be a regular partition of | J}_, [a,, b;] such that their

interiors are pairwise disjointand forall j =1,..., Jandl =1,...,L

l|lz —ylls < dforall z,y € B; x C.
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3.4. Appendix

By (3.41) we have that for some constant R € R
= (¢/0)R. (3.42)

Forallj =1,...,Jand [ = 1,..., L let b; be any element of (B; x C;) N Dy.
Thenforallj=1,...,Jandl=1,...,L

9(z,¢) € [g(bj1) —n,9(bjr) +nl, (3.43)

forall (z,c) € (B; x C;) N Dy.
We will show that the set

Sy ={(z,9(z,¢)) :z€Iy,ce ANIy,(z,¢) € D}

has Lebesgue measure zero. By (3.41) and (3.43) we have

= U U{(z,g(%c)) : (z,¢) € DyN(B; x C))}

Therefore, due to the fact that (B;) are pairwise disjoint and by (3.42) we can bound

A" (Sy) < Z > XNTFYB; x [g(bj) =, g(bj) + n))

J

B;) > Allg( »9(bjt) + 1)

=1

M“

“TT

L(2N) =26 'R(2N)"e

where \?is the Lebesgue measure on RY. Since ¢ is arbitrary, we conclude that \" ™ (Sy) =
0 forall N € N. Since S' = [J,,cy Sn, A"T1(S) = 0. O

Lemma 3.13. Let G := (X;, i = 1,...,n) be a Gaussian vector, a function H € F
and o == (v, ..., ap) € R Then S(G, H, o) defined in (3.2) has a density.

Proof. Let A C R, have Lebesgue measure zero and f : R® — R, be a function with
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3. Berry-Esséen bound and a FCLT

values
flxy,...,2,) = ZoziH(a:i), (x1,...,2,) € R™
i=1

Then S(G, H, ) = f(G). Let {[a;, b;]};>1 be the partition from Definition 2 for the
function H. For j > 1 let H"Y) be the restriction of H onto [a;, b;] and denote

n—1
D; := {(z,c) ER" ' x A: 3z € a,b;]: a, HY (z) = c — ZaiH(zi)} :

Then D; is closed forall j > 1. Let J := {j > 1: D; # 0} and for all j € J define

functions g; : D; — R with values

gj(z,¢) == (H(j))_1 (04;1 <c — ZaJJ(zJ)) ,

(z,¢) € D;. Then

FHA) ={z eR": f(z) =cforsomec € A} = | J{(z,95(2,0) : (z.¢c) € D;}.

jeJ

Since for all j € J, g; is continuous on D;, by Lemma 3.12, f~'(A) has Lebesgue

measure zero and therefore
P(S(G,H,a) € A)=P(f(G) e A) =P(G e f1(A) =0.

Then by the Radon-Nikodym theorem S(G, H, «) has a density. O
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Chapter 4
Applications

In this section we apply Theorems 2.1, 3.6 and 3.10 to several Gaussian processes.

4.1 Fractional Brownian motion

A fractional Brownian motion By := {Bg(t), t € [0,T]} with the Hurst index H €
(0, 1) is a mean zero Gaussian stochastic process with the covariance function

Fp(s,t) :=Tp,(s,t) = = (T + 3 — |t — s]*7)

| —

for (s,t) € [0, T]?. Its incremental variance function is given by
o, (s,t) =1[s =t (s,t) € [0,T]%. “4.1)

By Proposition 15 in [31], By € LSZ(py) with pg(u) = uf! = op,, (s +u,s), u > 0.

In the case p = py, the function 7 with values (5) is equal to the function 7y given by
nu(k) =271 [(k+ 1) + (k — 1) = 2k*"] = n(k, A) (4.2)

foreach £ > 1 and A > 0. Let ny(0) := 1. Then ng (k) = ny(—k) for all k € Z and

ny behaves asymptotically as

nu(k) ~ H(2H — 1)|k]*" 72, |k| — oo. (4.3)
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4. Applications

Letr > 0 and H(z) := |z|", x € R. For each n € N we have

V(BHtumn) = V(BHuﬂapHumn)

for any increasing sequence (m,,) of positive integers (cf. (1) and (2)).
The following statement is known (see e.g. [13]). We prove it as a consequence of
Theorem 2.1.

Corollary 4.1. Let r > 0, H € (0,3/4) and (my,)nen be an increasing sequence of
positive integers such that A, = T /m,, — 0 as n — oco. Then

ABy|\
(M) — cr] = \.Z, asn — 0,

Mmn

where the variance

N =T Z a2, m! (1 +2 Z T]H(]{?)m>
m=2 k=1

and coefficients a,, are defined by (2.6).

Proof. 1t is enough to check the hypotheses of Theorem 2.1 for the Gaussian process
G = By. Itis clear that By satisfies the hypothesis (a) of Theorem 2.1 with C; = 1.
Since H < 3/4, by (4.3) and (4.2), the hypothesis (b) of Theorem 2.1 holds for By.
By (2.7), for each n € Nand (i,7) € {1,2,...,m,}, we have O}, Fiy = 27007,
where j(s,t) = —[pu(|s — t])]> = —|s — t|* for (s,t) € [0, T]2. Thus the hypothesis
(¢) of Theorem 2.1 holds for By. The conclusion of Corollary 4.1 now follows from
Theorem 2.1. O

Corollary 4.2. Let H € (0,3/4], F' € F, d € D and for all n € N denote

. V, —EV,
V., = F nHA?B and 7, = —2.
; ( ) var(V},)
Then for some c € R and for alln € N
n~1/2 if H € (0,1/2),

d(Zn, Z) < cq n=32 fH € [1/2,3/4),
(logn)~Y/% if H = 3/4.
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4.1. Fractional Brownian motion

Remark 4.3. If F = H,, when 0 < H < 1/2 the same rates of convergence of V}, for
fractional Brownian motion with the Hurst index H have been obtained in [33] (Theorem
4.1), [34] (Example 2.7) and [10] (Propositions 6.6 and 6.7). In all of the aforementioned
papers the bound has been improved when 1/2 < H < 3/4 and a bound was also proved
inthe case H € [3/4,1—1/(2q)). Therates in [10] are shown to be optimal. One cannot
expect to prove convergence to a normal random variable when H > 3/4 in Corollary
4.2. For general F'-variations it was shown in [21] (Theorem 2) that in case F' has
Hermite rank 2, V,, converges in distribution to a random variable in the second Wiener

chaos.

Proof. Let B, := (n"A"By, i =1,...,n)and o, :== (1,...,1) € N". By (4.1) for
all n € N B, is a standard Gaussian vector and by (3.2) we get Z,, = W(B,, F, a,).
Therefore our aim is to apply Theorem 3.6 to Z,,.

By (2.7) and (4.2) fori,5 € {1,...,n}

ra(i, j) = TP EAY By A By = T2 07 Fy = nu (i — j).

Then by (4.3)
Zr i,7) Zn (i—j)= i 77?{(7") <2277H <127A(H 1) (4.4)
7=1 r=—i+1 r=0

and for all m > 2

Z m(i,j) =n+2 Z ny (i —7) —n+22n—

i,j=1 1<i<j<n

—_

n—

~n+2H2H - 1)) (n— k)EmEHI=2)

k=1
as n — o0. By (3.11) we thus have
n if H e (0,3/4),
var(V, 4.5
Z '1321 H{ nlogn if H=3/4, (42)

as n — oo, where a,,, := EF(Z)H,,(Z), Z ~ N(0,1), m > 2 and the constant cp g
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does not depend on n. Also, by (4.3)

> rai k(b D =D <Z |7 (i, k)| ) (Z 52 (i — >

ik, l=1 k=1 \i=1 k=1 \i=1
n n 2 n 2
<> <2Z |nH<r>|> <n (Z r2<H—”> . 406
k=1 r=0 r=1

When 0 < H < 1/2, we have Y o2 72H=D < 00, Assume 1/2 < H < 3/4. By
(1.17) we have

n 2
n (Z r2<H1>> It 4.7)
r=1

Finally, set H = 1/2. It is well-known that B, /2 is a standard Brownian motion and

in this case (7, k) = 0 whenever i # k. Therefore

Z]rnzkrnkl)\—z 2k, k) = n. (4.8)

i,k,l=1

By Theorem 3.6, (4.4), (4.5), (4.6), (4.8) and (4.7) there exists a constant ¢ € R such
that foralln € N

d*(Z,, 7Z)

| /\

[Var 2121?2227" i,7) Z|rnzkrnkl)\

ik d=1
! if 7 € (0,1/2),
nti=3  if H € [1/2,3/4),
(logn)™! if H = 3/4,

A

which completes the proof. []

4.2 A class of Gaussian processes with stationary incre-

ments

Following Guyon and Ledn [21], Barndorfl-Nielsen et al. [6] considered a class of
Gaussian processes defined as follows. Let G = {G(t) : ¢ € [0,7]} be a mean zero

Gaussian process with stationary increments. Let R: [0,00) — R be a function with
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values
R(t) :=04(s,s +t) = E(G(s +t) — G(s))?, t>0. (4.9)

In [6], the Gaussian process G is assumed to satisfy the conditions (i) — (#ii), where

(i) R(t) =tPLo(t) for some 3 € (0, 2) and some positive slowly varying at 0 function

Ly, which is continuous on (0, 00);

(ii) R"(t) = tP=2Ly(t) for some slowly varying at 0 function Ly, which is continuous

on (0, 00);

(14i) there exists a b € (0, 1) such that

) L>(y)|
imsup sup
w0 yelzat) |Lo(2)]

Under (i) — (ii) with 8 € (0, 3/2) a functional central limit theorem in the Skorokhod
space D([0,T]?) is proved in [6, Theorem 6]. This yields a central limit theorem for
V(G,r, RY? n) under the same hypotheses.

We will show that the hypotheses (i) — (i27) with 5 € (0, 3/2) imply the hypotheses
of Theorem 2.1 for any Gaussian process with stationary increments. It is clear that
G € LSI(p) with p = R'/2, and the hypothesis (a) of Theorem 2.1 holds with C; = 1.
As for hypothesis (b) we have

R((k+1)A) + R((k — )A) — 2R(kA) _

n(k,A)

foreach £ > 1 and A > 0. By Lemma 1 in [6] we have that for any m > 2

nh_)r&Zan:l/n :in =V, < oo,
—1 k=1

where 73 is defined by (4.2) and (y,,) is any increasing and unbounded sequence of

positive integers with values y,, < n — 1 for each n > 2. Thus the hypothesis (b) of

Theorem 2.1 holds for GG. Due to stationarity of increments, by (2.7) we have D" FG =
1 n —

27'07;pforalln € Nandid,j € {1,...,n}, where p(s,t) := —R(|t — s|), (s,t) €

[0, T)?. Thus the hypothesis (c) of Theorem 2.1 holds for G, and so the conclusion of

Theorem 2.1 must hold. We have proved the following corollary.
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Corollary 44. Let G = {G(t): t € [0,T]} be a mean zero Gaussian process with
stationary increments and let R be a function with values (4.9) satisfying the hypotheses
(i) — (i) with B € (0,3/2). Let v > 0 and A,, :== T /n for each n € N. Then

WZ

where the variance

( |—A 5|)> —cr] = N4, asn — 0,

=T i a? m! (1 +2 i ng(k)m>
m=2 k=1

and coefficients a,, are defined by (2.6).

4.3 Subfractional Brownian motion

A sub-fractional Brownian motion with index H is a mean zero Gaussian stochastic

process Gy = {Gy(t) : t € [0, T]} having the covariance function Ry with values
Ru(s,t) := s 442 % [(s+ )" + s —t]*"],
(s,t) € 0,T]? (see [12]). Its incremental variance function is given by
aéH(s,t) = |s — t|*H + (s +t)2H — 221 [t2H + SZH} ,

(s,t) € [0, T]?. The Gaussian process Gz has no stationary increments. By Proposition
17 in [31], Gy € LSZ(py) with py(u) = u?, u > 0. The following bound is from
[12]:

g < Zanlsb) g (4.10)

where 3; ;= V2 —22H-1 Al and By := 2 —22H-1 v 1 forall¢,s € R.

Corollary 4.5. Let H € (0,3/4), let r > 0 and let (m,,),en be an increasing sequence
of positive integers such that A,, =T /m,, — 0 as n — oco. Then

AL Grl INIe AN
( Y
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4.3. Subfractional Brownian motion

where the variance

=T Z a2, m! (1 +2 Z nH(k)m> ,
m=2 k=1
Ny is defined by (4.2) and coefficients a,.,, are defined by (2.6).

Proof. 1t is enough to check the hypotheses of Theorem 2.1 for the Gaussian process
G = Gy. We can assume that H # 1/2. By (4.10), Gy satisfies hypothesis (a). Since
the local variance function py for Gy is the same as in the case of fractional Brownian
motion, we conclude by the same arguments as in the proof of Corollary 4.1 that the
hypothesis (b) of Theorem 2.1 holds for G.

To check the hypothesis (¢) let f(z,y) := (x + y)* for (z,y) € R1. By (2.7), for
eachi,j € {2,...,m,} we have

o O [Re — 27 o] OF;Ru o
Z(Z,j) = . pH(An)P = AJ2H _WH(’Z_JD

= 1[(z—|—j) +(i+j -2 =2(i+5—1)*]

(z,y) dxdy
——— 2 dxdy = —C ;
/21/]1 0xdy /21/31 (z +y)21-H)

where C' := H|2H — 1| > 0. Let m > 2 and N > 2 be integers, and let o := 2m(~1),
Using the inequality (z + y)? > 2zy and the fact that H < 1, it follows that

al dxdy "
Ay =™ S 20, )" = <// )
N Z|<>| 2\ ) G

(L) -G )

<a (Z m(H— 1>) . 4.11)

i=1

Since H < 3/4 and m > 2, we have m(H — 1) < —1/2, and so there exists a § > 0
such that m(H — 1) — 1/2+ § < —1. Then

N
(N1 AN)Y2 < Z H1<£Z m(H=1)=1/2+5
= N2 = No L
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Taking N = m,, and letting n — o0, it follows that the hypothesis (c¢) holds for G.
The proof of Corollary 4.5 is complete. O

Corollary 4.6. Let H € (0,3/4], F' € Fy, d € D and for all n € N denote

AP —E
Z F ( G ) and Z, .= u
(7 ) var(V,)

UGH i Yi—1
Then for some c € Rand alln € N

n~1/2 if H € (0,1/2),
A7, Z) < cd wH i e [1)2,3/4),
(logn)~'/? if H = 3/4.

Remark 4.7. The same rates of convergence for the H,-variations of subfractional
Brownian motion have been obtained in [42] (Theorem 3.1). When H = 1/2 we have
the case of a Brownian motion, which in turn is a special case of fractional Brownian
motion. It then follows from Remark 4.3 that the rate for H = 1/2 is optimal. Optimal-
ity of the rates when H € [0, 3/4]\{1/2} is still an open problem.

Proof. Let B, := (A'Gy/og, (), i=1,...,n)and o, := (1,...,1) € R™
Then B, is a standard Gaussian vector and by (3.2) we get Z,, = W (B, F, v,). There-
fore our aim is to apply Theorem 3.6 to Z,,.

Foralli,j € {1,...,n} we have

ArGyATGy

ali,J) = B o
( ) UGH(tz7tz 1)UGH(tj7tj 1)

Since H € (0, 3/4], by (4.10) we have
(2/3)T "™ |EATGATGy| < |ra(i, )| < 2T 270" |EATGHATGy| . (4.12)
Let ny be as in (4.2). It is easy to check that for all 7, j € {1,...,n}
T2 EA}G A} G = (i = j]) + 2(i, 4), (4.13)
where
2(i,7) =27 200+ — 1) — (i 4 5)* — (i + 5 — 2)*H].
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In the proof of Theorem 2.1 it was shown that if H < 3/4, then for all m > 2 we have
Z (i, j) ~nT (1 + 2277?}(1@)) , asm — 00.

ij=1 k=1

Consider the case when H = 3/4. By (4.11) for all p > 2

n n 2
> Jz(i, ) < (Z k:‘p/"‘) <dn, asn — oo, (4.14)

ij=1 k=1

by (1.17). Also, by (1.17) and (4.3) for all p > 2

n—1
2”3/4 _”+2Z R (K N”+ ”Zk o Zk_p/2+1
2,7=1 k=1
| ifp=2
qd OB BPES i S o (4.15)
n if p> 2,

By the Cauchy-Schwarz inequality, (4.14) and (4.15) forallm > 2and 1 < p < m we

have

Z (i = 31)2" (i, 5)

nlogn

n

1/2 ! 1/2
2 (| — g (4, 4 4.16
< (nlogn § Mgy ([0 ]|)> <nlogn§ z (w)) , (4.16)

,j=1

which converges to 0 as n — o0o. By (4.13), the binomial theorem, (4.15) and (4.16) we
have for all m > 2

n n

> TP (BATGyATG )™ = nsalli — jI) + 20, 5)]™

i,j=1 J

.
I¥
—

I

mo (")t = =5

“S
[
I

n5j4(li = jl) + o(nlogn), — (4.17)

QS

<.
Il
—

Il
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asn — oo. By (3.11), (4.12), (4.17) and (4.15) we thus have
oo 2 n
Zm - ~ Cnl 4.18
var( Zm ”ZIT i, )™ nlogn, ( )

as n — oo, where a,, := EF(Z)H,,(Z), m > 2 and the constant C' does not depend
on n.
The proof of Theorem 3.1 in [42] shows that forall H € (0,3/4] andalli =1,...,n

ST g) <14+ ) A (4.19)
j=1 j=1

and
Z\rnzkmkl|<}n<2k2Hl> (4.20)
i,k,l=1

asn — oo. By (4.19), (4.20), (1.17), (4.18) and Theorem 3.6 there exists a constant
¢ € Rsuch that foralln € N

d*(Z,, 7) < [Var 2{2&);27“ i,7) Z |70 (B, D) rn (4, k)|
i,k,l=1
n! if H € (0,1/2),
< =3 i H € [1/2,3/4),
(logn)~' if H = 3/4,
finishing the proof. []

4.4 Bifractional Brownian motion

Let0 < T <o00,0< H< land0 < K < 1. A bifractional Brownian motion with
parameters (H, K) is a mean zero Gaussian stochastic process By x = {Bu i (t) : t €

[0, 7]} having the covariance function C'y i with values

Cr (s, t) == 2K {(tgH + SQH)K — |t — S‘ZHK} ’
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4.4. Bifractional Brownian motion

(s,t) € [0, T)? (see [22]). The Gaussian process By f is a selfsimilar stochastic process

of order HK € (0,1) and its incremental variance function is given by
0125H,K(57t) — 217K[|t _ 8‘2HK _ <t2H + 82H)K] + t2HK + SQHK

for each s,t > 0. The Gaussian process By i has no stationary increments. By Propo-
sition 18 in [31], By.x € LSL(pux) with ppx (u) = 20-K)/2y4HK "y > 0. By Propo-
sition 3.1 in [22] we have

1 BHK(Svt)
< TBux\SY 421
\/§ B pH,K(|S t|) N ( )

forall t,s € R.

Corollary 4.8. Let HK < (0,3/4), letr > 0and let (m,,)nen be an increasing sequence

of positive integers such that A,, =T /m,, — 0 as n — oc. Then
INEFTAY INVFPIAY
(W —E W = )\7»Z7 asn — oo,

mn

=1

where the variance

XN =T a,m (1 + 25y (k4 1)K 4 (k- 1)K - szHK)m> .

m=2 k=1

and coefficients a,., are defined in (2.6).

Proof. It is enough to check the hypotheses of Theorem 2.1 for the Gaussian process
G = By By (4.21) By  satisfies the hypothesis (a) with C; = 271/2,
Recalling notation (5) of n(k, A,) we have for k£ > 1

nn(k) — 2_1AT_LQHK (AiHK(/{J + 1)2HK 4 AiHK(]{? . 1>2HK . 2A2HK]€2HK)
— 2—1 ((l{? + 1>2HK + (]{3 . 1)2HK o 2]{32HK) — 77HK<k)

Since HK < 3/4, by (4.3) the hypothesis (b) of Theorem 2.1 holds for By k.
To check the hypothesis (c) let f(z,y) = (2*# + y*")X, (z,y) € R%. By (2.7)

with I'¢ = Cy x and p = ppg, foreach i, j € {2,...,m,} we have

O[Cr i — 27 pur] 07 Chr o
[Pk (An)]? oA (i = 1)

2(i,7) =

63



4. Applications

[(iQH +j2H)K 4 ((Z - 1)2H 4 (] o 1>2H)K
T+ (] 1)2H)K (6= 1)+ 2"

dxdy
= dd =C
/ll/Jl 8338’3; [1]1x2H+y2H2K’

where C' := 2K (1 — K)H? > 0.
Let m > 2 and let N > 2 be integers, and let o := 2"™(5X~2)_ Using the inequality
(r + y)? > 2y and the fact that H K < 3/4, we have

N )2H-1 m
Ay =C™ )k dxd
v S ar =3 ([ [ i)

DN | —

1,j=2 1,]=2
2H 1 m N i K m 2
<az</ / 2K)d:vdy) =« Z(/ x lda:)
i,j=2 J=1 i=2 \i—l

<a (Z z’m<HK1>> : (4.22)
=1

Since HK < 3/4and m > 2, m(HK — 1) < —1/2, and so there exists a 6 > 0 such
that m(HK —1) —1/2+ 6 < —1. Then

N
A2 < (HK—1) \/__ m(HK—1)—1/2+5
(N - N1/2 ZZ - NS¢ Z ’

Taking N = m,, and letting n — oo, it follows that the hypothesis (c) holds for By k.
The proof of Corollary 4.8 is complete. O]

Corollary 4.9. Let HK € (0,3/4], F € F, d € D and for all n € N denote

e S (B g, BB

UBH K (tz ) tz 1 V&I‘(Vn)
Then for some c € Rand alln € N

n~1/2 ifHK € (0,1/2),
d(Zn, Z) < cq n*E=32 ifHK € [1/2,3/4),
(logn)~Y2 if HK = 3/4.

Remark 4.10. The same rates of convergence for the quadratic variation of bifractional
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4.4. Bifractional Brownian motion

Brownian motion have been obtained in [1] (Theorem 3.2). Since fractional Brownian
motion is a special case of a bifractional Brownian motion (when K = 1), it follows
from Remark 4.3 that the rate for HK € (0,1/2] is optimal. Optimality of the rates
when HK € (1/2,3/4] is still an open problem.

Proof. Let B, := (A}Br /0B, (t,ti 1), i = 1,...,n)and a;, :== (1,...,1) €
R™. Then B, is a standard Gaussian vector and by (3.2) we get Z,, = W(B,, F, a,).
Therefore our aim is to apply Theorem 3.6 to Z,,.

Foralli,j € {1,...,n} we have

A?BHJ(A;LBH,K

OBH,K (t?, t?_l)O'BH’K(t;}’ t?_l) .

ro(i,7) = E
By (4.21) we have

T2HE2 K \EAY By k A By | < |ra(i, )

< 2T MR BAT By kA B k| . (4.23)

Let nyx be as in (4.2) with H replaced by H K. It is easy to check that for all
i,7€{l,...,n}

TR TRBAY By A} By e = nax (i — j|) + 2(, ), (4.24)
where

2(i ) =27 [ 4 ) (G =D+ (G-
—(i2H 4 (] o 1)2H)K - ((Z o 1>2H +j2H)K] ]

In the proof of Theorem 2.1 it was shown that if H K < 3/4, then for all m > 1 we have

Z (i, j) ~nT (1 + Qan}K(k)> , asn — 0o.
k=1

ij=1 =

Consider the case when HK = 3/4. By (4.22) for all p > 2

n n 2
Z |2(i,7)|P < (Z k;_p/4> <dn, asn — oo, (4.25)
1

ij=1 k=
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by (1.17).
By (4.25) and (4.15) we have that (4.16) holds for the function z of this corollary,

thus by the same arguments as in (4.17) we have for all m > 2

Z T3m/2p3m/2 (EA}BuxA'Byg)" = Z n374(|i = j|) + o(nlogn)  (4.26)

i,j=1 i,j=1

asn — oo. By (3.11), (4.23), (4.26) and (4.15) we thus have

var(V, i %” i ~ Cnlogn, 4.27)

i,7=1

as n — oo, where a,, := EF(Z)H,,(Z), m > 2, and the constant C' does not depend
on n.

In the proof of Theorem 3.1 in [1] it is shown that

n

> k(i g) <14y IR (4.28)

j=1 j=1
and
n—1 2
Z 7 (i, K)o (K, )] < Zk“’K 24in <Z kQHK‘2> (4.29)
ik,l=1 k=1
as n — oo. By (4.28), (4.29), (1.17), (4.27) and Theorem 3.6 there exists a constant

¢ € R such that

d*(Z,, 7)

| /\

T QEL%ZT 03) S kDG, B

1,k l=1
n=t if HK € (0,1/2),
< nME=3 i HK € [1/2,3/4),
(logn)™! if HK = 3/4,

as n — o0, finishing the proof. ]
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4.5. Processes with a local variance

4.5 Processes with a local variance

Our next step is to apply Theorem 3.10 to processes having a local variance. Some of
the hypotheses of our Theorem 4.11 come from Theorem 2.1. See Remark 2.3 for an

explication of these hypotheses.

Theorem 4.11. Let T > 0 and G := {G}, t € [0, T} be a mean zero Gaussian process
from the class LSZ(p) with some p € R[0,T), H € Fy and

(a) there is a finite constant C'y > 0 such that for all (s,t) € [0, T]?

Cip([t = s|) < oa(s, t); (4.30)
(b) it holds that
(0 )
sup ¢ max < o0 .
np 1Sisn £ oa(ty, tf )oa(ty, t] )

(c) for every integer m > 2 there is a real number V,, such that the following limit

exists and the equality
Yn
lim D (k)™ =V, (432)
k=1
holds for every increasing and unbounded sequence of positive integers (Y )nen

with values y,, < n — 2 for each n € N (the function n is defined by (4.2));

(d) foreveryp > 2

. 1 - n _o—1X1|P _
s 2T 2R =0

), (s,t) € [0, T2

where p(s,t) := —p*(|t — s

Then in the space D|0, 1| equipped with the Skorokhod topology

Y"(G,H) = A\g.uW asn — oo,
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where Y is defined by (6) and

oo 9
aH,m
:TZ2 (14 20,)
and with H,,, m > 2, defined in (1.1) we denote
apgm =EH(Z)H,(Z). (4.33)

Proof. We will apply Theorem 3.10. For that we need to check its hypotheses (b) — (d)
since (a) coincides with (4.31). Forn € Nand (7,5) € {1,...,n}?let

i) =B ()

1 Yi—1 7 Yj—1

Let [ = J = {1,...,n}. In the proof of Theorem 2.1 it was shown that under the

hypotheses given we have for all m > 2

—ZZT i, ) ZZm i — 4™ + o(1), (4.34)

i€l jed ’LGI jeJ

as n — 00, and

lim ~ ZZ% (Ji = D)™ = T(1 +2W,,).

i€l jeJ

By similar arguments one would show the equality in (4.34) forany I, J C {1,...,n},
and conclude that forany 0 < s <¢ < 1andall m > 2

[nt]
.1 mye o
nll_>n010 0 E[ 5 (i, 7) =Tt —s)(142¥,).
i,j=[ns

It was also shown that for every m > 2,1 < p < m — 1 we have

R . e
Jim —5 ;1|rﬁ(z,3>r£<k,l>m PO, k)P (5,0 =0,
7,], =

thus we are left to check the hypothesis (¢). Let s,¢,u,v € [0, 1] be such that s < ¢ <
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4.5. Processes with a local variance

u < v. Assume t = u, with the case ¢ < u being easier. By (4.34) we can bound

[nv] [nt
1 o o 1
— > D i) == ) Z [ (1 = 3)]* + o(1)
i=[nu]+1 j=[ns]+1 i=[nu]+1 j=[ns
1 [nv]—[nt]
<= > (Int) = s)md(int) = [ns] +i = 1)
=1
[nt]—[ns]
— s 2 1).
+ n Z ZT}”(Z)_’_O( )

=1

By (2.30) the second term on the right hand side converges to zero. As for the first one,

by (4.32) we can write

[nv]—[nt] [nv]—[ns]—
Y m(nt] —[ns] +i—1)= nn(k)
i=1 =[nt]— [ns
[nv]—[ns]— [nt]—[ns]—1
= nn(kr) + > mk) =0,
k=1 k=1
as n — 0o, which completes the proof. [

Corollary 4.12. Theorem 4.11 applies to subfractional Brownian motion process with
index H < 3/4 and bifractional Brownian motion process with parameters (H, K')
satisfying HK < 3/4.

Proof. Bifractional Brownian motion with parameters (H, K') belongs to LSZ(pp k)
with pg g(u) = 20782y HE > (), (see Section 4.4) and subfractional Brownian
motion with parameter H belongs to LSZ (pgr) with pgr(u) = v, u > 0, (see Section
4.3). Hypotheses (a), (¢), (d) were checked for subfractional and bifractional Brownian
motions in Corollaries 4.5 and 4.8 respectively. Hypothesis (b) holds for subfractional
Brownian motion by (4.19) and for bifractional Brownian motion by (4.28). This com-

pletes the proof. [

Remark 4.13. Given a process G € LSZ(p) with some p € R[0, 7], and a function
H : R — R one could consider the modified H-variations of G with o (¢!, t!" ;)
replaced by p(t? — t ;) in (1). If there exists a function g : R, — R, which is
bounded on compact intervals, such that H (xy) = g(x)H (y) for all x,y € R (which is

the case with the power function, for example), and there exists a constant /& such that
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og(s,t) > Kp(|t — s|) forall (s,t) € [0,T)? then

i=1 i Vi—1

and by (4.10) and (4.21) we can apply Theorem 3.6 to bifractional and subfractional
Brownian motions to get the same order of the Berry-Esséen bound as in Corollaries
4.6 and 4.9.

If g is also continuous at 1 and g(1) = 1 then one can prove an analogue of Theorem
4.11 to bifractional and subfractional Brownian motions with the partial sum process

corresponding to (4.35).
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Chapter 5
Conclusions

During the doctoral studies at Vilnius University, we have studied the [ -variations of
Gaussian processes with possibly non-stationary increments. In this last Chapter, a brief

summary of the results obtained is given.

* In the second Chapter we investigated the special case of power variations of
Gaussian processes having a local variance. We obtained a central limit theorem

for these variations, which is a generalization of some previous results.

* In the third Chapter we considered general sequences of standard Gaussian vectors
and the weighted H-sums of these vectors. We proved a Berry-Esséen bound for
three distances between these [{-sums and a standard Gaussian random variable.
In this chapter we also considered partial sum processes corresponding to these

H-sums and proved a functional central limit theorem for them.

* In the fourth Chapter we applied the results obtained in the previous chapters
to fractional Brownian motion, processes with stationary increments, subfrac-
tional Brownian motion, bifractional Brownian motion and processes having a
local variance. The rate of convergence in the central limit theorem obtained was
the same for fractional, subfractional and bifractional Brownian motion and was

argued to be optimal in some cases.
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